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We consider the detailed dynamics of an array of quantised superfluid vortices in the framework of
general relativity, as required for quantitative modelling of realistic neutron star cores. Our model
builds on the variational approach to relativistic (multi-) fluid dynamics, where the vorticity plays
a central role. The description provides a natural extension of, and as it happens a better insight
into, existing Newtonian models. In particular, we account for the mutual friction associated with
scattering of a second “normal” component in the mixture off of the superfluid vortices.
PACS numbers:

I.

INTRODUCTION

In order to understand observational data for astrophysical neutron stars we need to account for the presence of
superfluid components in the star’s interior. This is true both for phenomena involving short (dynamical) timescales —
where superfluidity leads to additional modes of oscillation (akin to the second sound seen in laboratory experiments
on Helium) — and long (secular) timescales — where superfluidity both quenches the nuclear reactions that lead to
cooling due to neutrino emission and at the same time opens up new channels that may lead to fast cooling during
specific epochs. The presence of superfluidity has significant impact on the behaviour and evolution of these extreme
systems. In the case of dynamics, superfluidity provides an explanation both for the restlessness seen as timing
noise and the occasional glitches observed in young radio pulsars [1–4]. Meanwhile, on evolutionary timescales, X-ray
observations of thermal emission from young neutron stars may provide constraints on the superfluid parameters. A
celebrated example of this is provided by the youngest known neutron star in the galaxy, situated in the Cassiopeia
A supernova remnant [5, 6].
If we want to model realistic scenarios and make maximal use of our understanding of nuclear physics (relating both
to the bulk equation of state at supranuclear densities and the relevant superfluid parameters, like pairing gaps and
entrainment parameters [7]), then we need to carry out our analysis within general relativity. This is well known, yet
key aspects of the theory for neutron-star superfluidity have not been developed to the level we require. A particular
case in point concerns the so-called mutual friction, a dissipative channel which is directly related to the presence
of quantised vortices in a rotating superfluid [8–11]. Estimates suggest that this mechanism may provide the main
damping mechanism for various classes of neutron star oscillations and that it is a likely candidate for limiting the
growth of modes that are driven unstable by the emission of gravitational waves via the so-called CFS-mechanism
[12–15]. The mutual friction is also thought to be the main coupling mechanism associated with pulsar glitches
[9, 16, 17].
In this paper we discuss quantised vortices in superfluids and provide a detailed relativistic formulation for the
vortex mutual friction. At the formal level, our analysis has similarities with [18], but we pay more attention to the
connection with underlying microphysics, as required in order to prepare the ground for future quantitative models
for superfluid neutron-star dynamics.
II.

NEWTONIAN MODEL

In order to provide context for our approach to the relativistic vortex problem, we start by exploring the Newtonian
case. This provides useful intuition and illustrates the intimate link between the vorticity conservation and the
macroscopic fluid dynamics.
We assume that we are dealing with an array of aligned vortices, which we can average over in order to arrive at a
“hydrodynamical” model (ignoring for the moment issues related with vortex “tangles” and turbulence [19–22]). The
starting point for the discussion is the quantised vorticity vector κi , cf. [23–25], which represents the macroscopic
rotation of the superfluid1 . As the vortices are quantised, we can assign a vortex number density (per unit area) N
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Throughout the paper, we express vectors in terms of their components in a coordinate basis. Hence, we distinguish between contravariant
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to each fluid element. Doing this, it follows that the macroscopically averaged vorticity can be written
W i = ǫijk ∇j pk = N κi ,

(1)

where pi is the canonical momentum of the superfluid [23], κi = κκ̂i where κ̂i is a unit vector in the vortex direction and
κ = h/2 the quantum of circulation (the factor of 1/2 arises from the fact that we are ultimately interested in neutron
stars, where neutrons become superfluid by forming Cooper pairs). Equation (1) simply states the Onsager-Feynman
quantisation condition.
In absence of mechanisms that create or destroy vortices the vortex number density is conserved. This means that
we have

j
(2)
∂t N + ∇⊥
j N uv = 0 .
where the derivative acts in the plane orthogonal to the vortex array;


j
j
j
∇⊥
i =⊥i ∇j = δi − κ̂ κ̂i ∇j

(3)

Equation (2) can be seen as the definition of the collective vortex velocity uiv . Taking the time derivative of (1) we
see that

i
j
(4)
∂t W i = −κi ∇⊥
j N uv + N ∂t κ .

Next we note that, in absence of other forces acting on the vortices, the vector κi is Lie transported along the flow
uiv (although also in the plane perpendicular to the vortices). This means that
∂t κi + ⊥ij Luv κj = 0,

(5)

Luv κi = ujv ∇j κi − κj ∇j uiv .

(6)

where the Lie derivative is defined by

Combining these results with the fact that ∇j W j = 0, which is obvious from (1), we arrive at the vorticity equation

=0.
(7)
∂t W i + ǫijk ∇j ǫklm W l um
v

It is worth noting that, this is the standard vorticity equation which we would obtain if the did not have the projections
in (2) and (5). Basically, the result shows that the canonical vorticity, W i , is locally conserved and advected by the
uiv flow. If we rewrite the vorticity equation (7) as a total outer product, we see that we must have
∂t pi − ǫijk ǫklm uvj ∇l pm = ∇i Ψ ,

(8)

where Ψ is an, at this point, unspecified scalar potential.
Let us now suppose that the vortices do not move with the bulk flow. Letting the latter be represented by ui we
have a velocity difference v i = uiv − ui . This enables us to use the vorticity definition (1) to rewrite (8) as


i
n ∂t pi − ǫijk ǫklm uj ∇l pm − ∇i Ψ = −N nǫijk κj vk = −fM
(9)

where n is the number density associated with the superfluid condensate. Written in this form, the right-hand side of
the equation provides the Magnus force exerted on the fluid by the vortices. From the construction it is clear that this
effect is only present when the vortices and the fluid are not moving together. However, in order for this to be possible
i
that would act
we need some other component in the system, interacting with the vortices to balance the force fM
on the vortices. This is, for instance, the case in the celebrated two-fluid model for superfluid Helium, where the two
components are the condensate and thermal excitations (phonons and rotons). A similar model applies to neutron
stars, where superfluid neutrons co-exist with a conglomerate of charged particles (protons, electrons and muons) in
the outer core of the star. Ignoring the multi-fluid aspects for a moment, we can compare (9) to the standard Euler
equations. Thus we see that Ψ accounts for the pressure (and gravity, as required).

object and covariants ones, although they are related via the spacetime metric; κi = gij κj , where the Einstein summation for repeated
indices is assumed. Associated with the metric we have the anti-symmetric Levi-Civita tensor ǫijk , which is used to express cross
products etcetera, in the usual way. A key reason for using this description is that it extends readily to general relativity.
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III.

RELATIVISTIC VORTICITY CONSERVATION

This results so far summarise the fluid dynamics of a single superfluid condensate which rotates by forming vortices.
The argument outlines the strategy we now want to reproduce in the context of general relativity.
The “standard” approach to relativistic fluid dynamics takes as its starting point the stress-energy tensor, usually
in the perfect-fluid form;
Tab = (p + ε)ua ub + pgab ,

(10)

where ua is the fluid four-velocity, p is the pressure and ε the energy density, and uses the requirement that the
divergence of Tab must vanish to obtain the equations of motion. This procedure is straightforward, but extending it
to more complex situations is less so. One reason for this is immediately obvious if we consider the double role of ua
in (10). The four-velocity defines the frame of the observer that measures the energy, temperature etcetera. In the
standard setting this tends to be taken to be the rest-frame of the fluid, so that ua describes the fluid flow as well.
In a multi-component system the choice of frame is less obvious. This is clearly illustrated by the classic problem of
relativistic heat-flow [27, 28].
More complicated settings require a more adaptable approach. Hence, we base our discussion on Carter’s convective
variational principle [26], which allows for an arbitrary number of interpenetrating fluid components. In the last few
years, this strategy has led to progress on problems involving relativistic superfluids [29–31], the vexing issue of
causality in heat flow [27, 28], elastic systems [32, 33], non-ideal magnetohydrodynamics [34] as well providing new
insights into dissipative fluid systems [35].
In the case of a single fluid component, the variational model involves a conserved number flux na , satisfying
∇a na = 0 .

(11)

The momentum conjugate to this flux, µa , (obtained via a variation of the relevant energy functional with respect to
the flux) satisfies
na ωab = 0 ,

(12)

where the vorticity ωab is defined to be the anti-symmetrised derivative;
ωab ≡ 2∇[a µb] ,

(13)

Tab = pgab + na µb .

(14)

and the stress-energy tensor is given by

Noting that na = nua , where n is the number density and µa = µua , with µ the chemical potential, and making
use of the (integrated) first law of thermodynamics
nµ = p + ε ,

(15)

it is easy to show that (14) is equivalent to (10). Moreover, it follows that (11) and (12) imply ∇a T ab = 0. The two
descriptions of the problem are identical, as they have to be.
The variational model contains the same information as the standard approach, but it is more directly linked to
the conservation of vorticity. In fact, the definition of the vorticity, equation (13), implies that its exterior derivative
vanishes;
∇[a ωbc] = 0 .

(16)

Whenever the Euler equation (12) holds, this leads to the vorticity being conserved along the flow. That is, we have
Lu ωab = 0 .

(17)

The upshot of this is that the equations of motion (12) can be seen as an integrability condition for the vorticity.
Although it is a slight side-issue as far as the present discussion is concerned, it is worth noting that (12) implies
that the flow vector ua is a zero eigenvalue eigenvector for the vorticity tensor ωab . This means that the vorticity
tensor satisfies the degeneracy condition
ωa[b ωcd] = 0 ,

(18)
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which in turn implies that the vorticity tensor must have rank 2. From this we learn that there exists a tangent
subspace of eigenvectors ea which satisfy
ea ωab = 0 ,

(19)

spanned by a unit worldsheet element tangent bivector [36]. In his approach to the vorticity problem, Carter focusses
on this bivector [37]. This leads to a elegant description which provides useful insight into the geometry of the
problem. As we will demonstrate elsewhere, this turns out to be useful if one wants to formulate a description of
vortex elasticity. However, in the present context — where our main interest is in the friction which affects the vortex
motion — it is more natural (at least in the first instance) to focus on the corresponding (quantised) vorticity vector.
IV.

QUANTISED VORTICES

In order to obtain a relativistic formulation for the vortex mutual friction, let us parallel the Newtonian analysis
and work with the quantised vorticity vector, rather than the tensor ωab . As usual, the vorticity vector is obtained
from the vorticity tensor as;
1 abcd
ǫ
ub ωcd .
2

(20)

ωab = −ǫabcd uc W d .

(21)

Wa =
Conversely, we have

For the moment, we are assuming that the vortices move with fluid flow, in which case there is a unique four-velocity
ua . We will relax this assumption later.
We can see from (20) that the vorticity vector is orthogonal to the flow, ua W a = 0, and also from (21) that the
Euler equation (12) holds. Next, we use the conservation of vorticity (17) to find an evolution equation for W a ;


Lu W a + W a ∇b ub − ua W b u̇b = 0,
(22)
where u̇a = ub ∇b ua is the acceleration. This can be written


hab Lu W b + W b (∇c uc ) = 0,

(23)

where the spacetime projection is given by

hab = δba + ua ub ,

(24)

Lu ǫabcd = −ǫabcd (∇e ue ) .

(25)

and we have made use of

It is straightforward to show that (23) reduces to (7) in the Newtonian limit.
Let us now express the vorticity in terms of a collection of quantised vortex lines. In analogy with the Newtonian
analysis, this means that vorticity vector is written
W a = N κa

(26)

We then have
N κa =

1 abcd
ǫ
ub ωcd
2

(27)

N ua =

1 abcd
ǫ
κb ωcd
2

(28)

and

From these results, it follows that
⊥ba ∇b (N ua ) = 0

(29)
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where the projection ⊥ba is the same as in the Newtonian case (which is natural, since κa is a spatial vector in the
frame associated with the flow ua ). Making use of these results we see that
Lu ωab = 0

−→

κb ∇a (N ua ) + hba Lu κa = 0

(30)

leads to
˜ a Lu κb = 0
⊥
b

(31)

where the combined projection, into the plane orthogonal to both ua and κa , is
˜ b = hc ⊥b = δ b + ua ub − κ̂a κ̂b
⊥
c
a
a
a

(32)

In the Newtonian limit, these results lead back to the conservation law (2) and the equation for the motion of a single
vortex (5). (We only need to keep in mind that, in the relativistic formulation the four-velocity ua relates to the
collective vortex three-velocity uiv in the Newtonian case, as long as the vortices move with the flow).
Let us now ask what would happen if the vortices do not move with the flow, say due to friction associated with
a second fluid component in the mixture. Then we need to make a distinction between the motion of the (array of)
vortices uav and the bulk flow ua . Introducing the relevant velocity difference v a we can write the vortex velocity as
uav = γ̃ (ua + v a ) ,

ua va = 0 ,

γ̃ = 1 − v 2

Vorticity conservation then implies that

−1/2

.

uav ωab = 0 .

(33)

(34)

Of course, we can always rewrite this as
ua ωab = −v a ωab ≡

1 M
f ,
n b

(35)

where the right hand side defines the relativistic analogue of the Magnus force. It is easier to see this correspondence
if we make use of the definition for ωab , (21). This leads to
fbM = −nv a ωab = nN ǫabcd v a ucv κd = nN ǫbad κa v d ,

(36)

where we have introduced the short-hand notation (relevant for a right-handed coordinate system moving along the
flow)
ǫabc = ǫdabc udv .

(37)

Hence, from (35) and (36), we arrive at the final equation of motion
na ωab = fbM .

(38)

The Newtonian limit of this equation of motion leads us back to (9), as expected.
The situation we have just described is, of course, somewhat artificial. In order for the argument to make sense,
something must prevent the vortices from moving with the bulk flow. The resolution to this is obvious. The description
of a real superfluid tends to require two components, and it is the interaction between the vortices and this second
component that effects the relative vortex flow.
V.

A TWO-FLUID MODEL WITH FRICTION

In order to design a complete model for vortex friction, we need to consider a system of (at least) two fluids (one
of which rotates by forming vortices). As a clear, physically motivated, example we will consider the case where we
distinguish the flow of matter from that of heat/entropy, as in He4 . Let the first component have particle density
n and the second component s, and the corresponding fluxes be na = nua and sa = suas . The first component
represents the superfluid condensate and the second could represent thermal excitations in a laboratory system (or a
conglomerate of protons and electrons in the case of a neutron star core).
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The matter component is assumed to be conserved;
∇a na = 0 ,

(39)

∇a sa = Γs ,

(40)

but the entropy is not (necessarily);
where Γs ≥ 0 in accordance with the second law of thermodynamics.
This two-fluid system is governed by an energy functional (de facto the Lagrangian) Λ(n, s), from which we obtain
the momenta that are conjugate to the individual fluxes
µa =

∂Λ
∂na

,

and

µsa =

sa

∂Λ
∂sa

(41)
na

The variational derivation also provides the stress-energy tensor
Tab = Ψgab + na µb + sa µsb

(42)

Ψ = Λ − na µa + sa µsa

(43)

where the (generalised) pressure is
In general, the model allows for nontrivial relations between momenta and fluxes, as in the case of the entrainment
effect which plays a central role for neutron star cores [26]. However, in the interest of clarity we will not discuss such
features here.
Assuming that the two fluids are coupled by friction [27, 28], we have two coupled equations of motion [35]
na ωab = Rnb

(44)

s
sa ωab
+ µsb Γs = Rsb ,

(45)

s
= 2∇[a µsb]
ωab

(46)

and
where ωab was defined in (13) and
µsa

T usa ,

−uss µsa

and
=
where we identify the temperature as T =
[27, 28]. If we assume that there are no external
“forces” acting on the system then the left-hand sides of (44) and (45) add up to the divergence of the stress-energy
tensor vanishing. Thus, the combined right-hand sides must cancel, so we have
Rna + Rsa = 0.

(47)

Moreover, due to ωab being antisymmetric, we see from (44) that
na Rna = 0.

(48)

We can also use (45) and (47) to see that
(sa µsa ) Γs = sa Rsa = −sa Rna = −sa nb ωba .

(49)
a

As the two fluids do not have to move together we can (again) introduce a relative velocity, w , such that
−1/2
.
uas = γ (ua + wa ) ,
ua wa = 0,
γ = 1 − w2

(50)

Using this in (49), we find

sT Γs = sγwa nb ωba ≥ 0 .

(51)

sa Rna = sγwa Rna ≥ 0,

(52)

We also see that we need
which can be satisfied by assuming a friction force
Rna = αwa ,

with

α > 0.

(53)

At this point, we can make contact with the discussion of quantised vortices from Section IV. We then see that (38)
suggests that we identify
Rna = nN ǫabc κb v c = faM

(54)

This relation is key to our analysis as it relates the friction in the two-fluid system to the vortex dynamics. It is the
relativistic analogue of the starting point for the standard discussion of mutual friction in Newtonian systems [8–11]
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VI.

MUTUAL FRICTION

From a microphysics point of view, one would expect the mutual friction to arise from the scattering of the second
component in the system (the heat/thermal excitations in our example) off of the vortex cores [9–11]. In order to
account for this, we introduce yet another relative velocity;
uav = γ̂ (uas + q a ) ,

ua qa = 0,

γ̂ = 1 − q 2

−1/2

.

(55)

There are, of course, only two independent relative flows in the problem. Combining the relative velocities (33), (50),
and (55) we see that
γ̃ = γ̂γ

(56)

q a = γ (v a − wa ) .

(57)

and

Mesoscopically, after averaging over the vortex array, the vortices move under the influence of two forces. The Magnus
force is balanced by dissipative scattering off the normal component. This leads to the force balance;
αqa = −Rna = −ǫdabc udv κb v c ,

(58)

assuming that we ignore the inertia of the vortices (which should be insignificant in most realistic situations). We can
rewrite this as
1
wa = va + ǫabc κb v c ,
η

(59)

η = αγ/γ̃ ≥ 0

(60)

where

is the friction coefficient. In fact, is useful to decompose κa into components parallel and orthogonal to the flow ua ;
κa = κk ua + κa⊥

where

κa⊥ ua = 0

(61)

in which case we have
1
wa = va + ǫabc κb⊥ v c .
η

(62)

We now have all the information we need to keep track of the vortices as the system evolves. However, in most
practical applications it is convenient to eliminate the vortices from the description [8]. To do this, we start by
rearranging (62) to find an expression for v a in terms of wa . Then, we can plug the result back into the expression
for Rna . The method we use to rearrange (62) is exactly the same as in the Newtonian problem [10, 11]. In the first
step, we find that
1 2 ˜g c
g
g
ǫeaf g ue κ⊥
f wa = η (v − w ) + κ⊥ ⊥c v ,
η

(63)

˜ g = δ g − κ̂g κ̂⊥ ,
⊥
c
c
⊥ c

(64)


2 ˜c
b c
g
2
2
ǫbgcd ǫeaf g ub κc⊥ ue κ⊥
f wa = −κ⊥ ⊥d wc = −ηǫbgcd u κ⊥ w − η + κ⊥ (wd − vd ) .

(65)

where

with κa⊥ = κ⊥ κ̂a⊥ . The second step leads to

and we arrive at the final result;

vd = wd +



1
η 2 + κ2⊥

h
i
˜ c wc .
ηǫbgcd ub κc⊥ wg − κ2⊥ ⊥
d

(66)
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We now use this in our Magnus force expression (54) to find





η2
η
d b
2 ˜c
M
c
ǫdabc u κ⊥ w +
κ⊥ ⊥a wc ,
fa = N γ̃
η 2 + κ2⊥
η 2 + κ2⊥

(67)

which can be used in (38) to close the system of equations. It is worth noting that it follows from the second law (52)
that η ≥ 0.
We have reach the endpoint of the model development; the equations that need to be solved in order to model a
relativistic superfluid with quantised vortices which cause friction as they interact with a normal fluid component.
The final equations that need to be solved to obtain the detailed dynamics can be written in different ways, but a
practical way to consider the problem involves the overall energy/momentum conservation;
∇a T ab = 0

(68)

where the stress-energy tensor for the two-fluid system is given by (42), and an additional Euler equation for the
superfluid;
na ωab = fbM
VII.

(69)

CONCLUDING REMARKS

The rationale for developing a model for quantised superfluid vortices and mutual friction in general relativity
is clear. If we want to describe phenomena like radio pulsar glitches, neutron star seismology and other problems
involving the presence of a superfluid component in a quantitative fashion then we need to make use of a realistic
equation of state for matter. This demands a fully relativistic stellar model and the associated fluid dynamics. One
would obviously not expect the local vortex dynamics to be much affected by relativistic gravity. After all, one could
always model a fluid element in a local inertial frame. The main issue in writing down the model is consistency.
At the end of the day, the model we have designed may not represent a huge leap forwards. Nevertheless, we have
taken a necessary — not necessarily trivial — step towards a better understanding of realistic neutron star superfluid
dynamics.
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