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composition, on expansion.
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interaction. The figure shous (TV - Tr)/Tr
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Figure 8 Equilibrium distribution of electrons 99
interacting with blackbody radiation. The
figure illustrates the momentum tranfer rate

per electron RK»N /N8 against radiation

temperature TrD for a range of electron

temperatures Te'
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THERMODYNAMICS OF MODEL UNIVERSES
by Gerald Alan Resves

The objectives of this research are (1) to examine the
general thermodynamics of oscillating and ever expanding
universes, and (2) to discuss a relativistic, quantum-
mechanical approach for the momentum transfer during electron-
photon scattering in the early universe., First, model
universes are studied by means of continuum matter-radiation
cosmological models and their generalisations (see points
(d)-(f) below) as follows : (a) The connection between the
matter-radiation interaction and the irreversibility of
oscillating models is discussed, and the consequences of
various interactions and how they affect the temperature and
entropy changes in the model are traced. (b)'Heat death!
characteristics (ever expanding case) are also considered,
(c) It is shown for the first time that the relativistic
equations allow the energy of an oscillating universe to
decrease by the end of a cycle. (d) A neu model, a
continuum=particle model, has been introduced. This model
incorporates the continuum interactions and, in addition,
includes particle interactions such as annihilation and
element formation. (e) It is found, as in earlier models,
that energy is gained during the cycle. This corresponds to

an entropy generation per baryon of 6°4 x 106k. (f) At the

epoch with T}s= 270 K, the model predicts a nonstandard

feature, namely a neutrino temperature slightly above this

value at 'R,= Tv==2~7éK. All models are illustrated with

e
numerical computations.

Secondly, 2 comparison is made between the classical
Thomson interaction and a relativistic, guantum-mechanical
approach, using the Klein-Nishina formula, for the electron-
photon scattering interaction. In each case the rate of
momentum transfer to the electrons by the radiation is
computed numerically for, (i) a single electron moving
through blackbody radiation; and (ii) an equilibrium
distribution of electrons interacting with blackboby radiation.
The dependence of the transfer rates on temperature and
electron velocity was also studied. The Thomson scattering
transfer rate was in good agreement with the Klein=Nishina

transfer rate at temperatures T < 1D7l<, but at higher

temperatures the Klein-=Nishina momentum exchange departed
from the corresponding classical Thomson prediction. Many
cosmological models begin at high temperatures so the Klein-
Nishina interaction ought to be used in such studies.
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GENERAL INTRODUCTION

1.1 Historical and observational background ;s the

standard model

Astronomy and cosmology are often given the
distinction of being the oldest sciences. From earliest
times man has been curious about the universe he finds
himself in and it was the Greeks, around the second
century B.C., who first investigated the idea of an
infinite universe. The Greeks made systematic measurements
of the heavens and were able to predict the position of
the celestial objects. They proposed that the Sun, Moon,
and planets were attached to spheres thch rotated at
different rates with respect to each other, and which in
turn rotated about the Earth.

The principle of a geocentric world system was
retained until the sixteenth century when Copernicus
argued for a heliocentric world system. The Copernican
view was quickly given a quantitative basis following the
discovery of Kepler's laws of planetary motion and Newton's
law of gravitation.

The next major advance in cosmology began with
the advent in 1916 of Einstein's general theory of
relativity. By combining inertial and gravitational forces
within its framework, general relativity provided a
relativistic theory of gravitation, and this soon led to a
relativistic interpretation of cosmology.

The aim of relativistic cosmology was to describe
the dynamical structure of the universe as a whole by
taking gravitation, as interpreted by general relativity,
as the dominant interaction. To try and solve the problem
in its complete generality by incorporating all the planets,
stars, galaxies, etc. into the model, was clearly impractical
and probably insoluble. To simplify the task local
irregularities and details were smoothed out, and attention
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could then be concentrated on simply the gross features
of the universe.

In 1922 A.Friedmann discovered a solution of
the general relativity equations by imposing the hypothesis
that the material content of the universe was homogeneous
and isotropic in distribution. This sclution predicted
that test particles in the model would in general be
undergoing mutual expansion or contraction.

Little attention was paid to Friedmann's evolving
universe until it was independently rediscovered in 1927 by
G.Lemaltre. For, just two years later F.Hubble, using the
100 inch Mount Wilson telescope, reported that the spectral
lines in the light from stars in 18 nearby galaxies
predominately exhibited a shift in wavelength towards the
red end of the spectrum. He found the farther a galaxy
was from the Earth, the greater was the redshift, If Aob
and ) are the observed and emitted wavelengths

respettively and defining the redshift as z= (Aﬂb— A@mb/kem’

Hubble annouced a roughly linear relationship between the
distance of a galaxy and its redshift =z.

The frequency shift of the stellar spectral lines
had in fact been reported a number of years sarlier by
Vo.S5lipher. He began a survey of spiral nubulae in 1912
and of the 41 objects he listed, 36 exhibited a redshift.
However at this time it was not certain whether the
nubulae were within the Milky Way or separate star systems
situated’beyond our galaxy. It was not until 1925 that
Hubble, by measuring the apparent magnitude of variable
stars of knouwn intrinsic luminosity, established that the
spiral nubulae were indeed well outside our galaxy.

Hubble, in collaboration with Humason, continued
the galactic surveys into the 1930's, and extended the
programme to more distant galaxies. They verified the
linearity of the redshift-distance relation and by
plotting cz against distance (c is the velocity of 1light),
gave the constant of proportionality as 550 Km s ol Mpc™ -1
(where 1 pc = 326 light vyears). This constant later

hecame knoun as the Hubble constant H.

=10~



In 1936 Hubble, by reaching to the limit of the
Mount Wilson telescope, made one of the deepest optical
surveys by counting galaxies out to distances ~1000 Mpc.

On these scales he found no evidence of clustering and his
results provided the first clear indication that galaxies
were distributed homogeniously when averaged over very
large scales.,

The most favoured interpretation of the
cosmological redshift was, and still is, the Doppler shift
caused by the motion of the distant galaxies away from the
observers on Earth. This result was therefore in accordance
with the Friedmann model,

The linearity of the redshift-distance relation
had in fact been anticipated theoretically back in 1923
when H.Weyl, by studying a particular class of Friedmann
models (the de Sitter solution), was able to show that the
solution implied a linear relationship betueen the velocity
of test particles and their mutual distance, provided the
distance was small enough. E.Milne later pointed out that
the linear relationship, or the Hubble law as it was
subsequently called, was an immediate consequence of the
homogeneity and isotropy assumptions.

The discovery of the extragalactic redshift was
followed by theoretical calculations om the properties and
mechanics of ever expanding and contracting Friedmann
universes. These calculations focused on the problem of
noninteracting and interacting matter-radiation continuum
universes — the matter and radiation being smoothed out to
form uniform distributions. The continuum models discussed
general thermodynamic properties;and temperature and entropy
variations in oscillating and ever expanding universes
(Lemaitre 19313 Tolman 1931, 1934). Although this approach
was developed in later research (Davidson 1962; McIntosh
19683 May and McVittie 1970, 1971), with so little empirical
data available these models could only supply broad insights

into the properties that might be found in more realistic

models,
With the completion of the 200 inch telescope at

Mlount Palomer in 1950 the galactic surveys were taken up

again. More information could now be gained on the value
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of H, and a second aim was to try and select one of the
various Friedmann models as the best approximation to the
observed universe.

One way of selecting between the different models
was to measure the deceleration of the galactic recession gu-
ing to the galaxies mutual gravitational attraction. This
deceleration is described mathematically by the parameter
g, and if at the preseht epoch g>» % then the universe will
eventually stop expanding and collapse back onto itself.

But if g ( % then the gravitational attraction is unable
to stop the galabtic expansion and the universe will continue
to expand indefinitely.

In 1956 Humason, Mayall, and Sandage, after an
extensive survey using the 200 inch Mount Palomar telescope,
gave the Hubble constant as H~ 180 Km s==1 Mpcgq and the
deceleration parameter as gm 37, Durimg %he following
years further observations brought both H and g to lower
values. In 1968 Sandage estimated that H~ 75 Km s~ f"l;:n:“1
and analysis by Peach in 1970 led to ge 15,

Observational values of H and o have undergone

2

much revision and are still not agreed even within a factor
of two., For while the speed of galactic recession is readily
measured by the redshift of the spectral lines, the determin-
-ation of the cosmic distance presents a more complicated
problem because of the difficulty in finding reliable
'standard candles! in extragalactic objects. For example,
Vaucoulers (1982) and Aaronson et al. (1980) give

H~95 Km s~ Mpe~| and Kristian et al. (1978) have q (16,

whereas Sandage and Tammann(1982) estimate H =50 Km s”qmpc"'1
and Yahil et al. (1980) report g (002 .

A number of surveys have taken up Hubble's 1936
programme of using galactic counts to test the assumptions
of homogeneity and isotropy of the galactic distribution.
A survey by Sandage et al. in 1972 assumed the universal
mass density to have the distribution e miras, where r is
the distance from our locality. They found that B does
not differ significantly from zero when r 1is averaged
over scales of ~ 100 Mpc. A study by Davis et al. (1982)

suggests that galaxies supercluster (a cluster of cluster
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of galaxies) up to scales ~60 Mpc. Observations by
Kirshner et al. (1981) report an apparent absence of
galaxies, in the direction of the Bottes constellation,
over a volume corresponding roughly to a cuboid of side
100 Mpc, and measurements by Bahcall and Soneira (1982),
using the Abell catalogue of galaxies, suggest a second
void of similar dimensions. Although further observations
have not been able to support Kirshner's results (Balzano
and Weedman 1982; Sanduleak and Pesch 1982),the dimensions
of the voids are still small compared to the uniﬁerse as

a whole and their presence would not undermine the
fundamental principles of homogeneity and isotropy assumed
by the standard model (Zeldovich et al. 1982),

Modern deep surveys on scales of ~ 1000 Mpc
are still beset by the same problems as Hubble's 1936
programme of controlling the systematic errors and
estimating the evolution of the distant galactic sources.
A deep survey by Tyson and Jarvis (1979) suggests some
deviation from homogeneity, although the size of the
deviation is about what is expected before the correction
for the shift of the galaxy spectrum into the red and
for the allowance of cumulative errors (Peebles 1980).

The discovery of quasars and very active
extragalactic radio sources provide further probes into
deep space because many of these sources are thought to lie
at very large distances ~ 3000 Mpc. Their distribution
across the sky is very close teo random and gives further
support to the evidence that the matter distribution on
large scales is very close to being homogeneous and
isotropic (Fanti, Lari, and Olori 1978; Seldner and
Peebles 1978),

If the matter at the present epoch is under
mutual recession then an extrapolation back in time leads
to the conclusion that the matter was once in a very dense
state. In 1948 R.Alpher, H.Bethe, and G.Gamow considered
the physics of the early stages of such a universe. They
suggested that the universe was initially very hot as well
as very dense and the resulting thermonuclear fusion
reactions would build up simple nuclei such as deuterium

and helium.
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Further analysis by Alpher and Herman predicted
that the radiation left over from the hot initial stages
should still be present and pervade the universe as highly
redshifted isotropic blackbody radiation at a temperature
~5 K (Alpher and Herman 1950). The discovery of this
microwave radiation was made in 1965 by A.Penzias and
R.Wilson. They found the radiation to be highly isotropic
and apparently with a blackbody distribution at a
temperature =3 K,‘ Recent measuremsnts confirm the
isotropy of the radiation and show that flucuations in its
temperature Tr over angular scales are only ATE/N}'(ZX1O“
(Partridge 19803 Uson and Wilkinson 1982).

During the early universe the radiation is
strongly coupled to the matter via the Compton scattering
of the electrons and photons. As the matter cools on
expansion, the electrons combine with the protons to form
hydrogen atoms, The coupling between the hydrogen atoms
and the radiation is exceedingly weak and the radiation
expands essentially adiabatically under the universal
expansion. The radiation temperature Tr varies inversely
with the expansion factor and the high degree of isotropy
of the radiation indicates that since recombination the

4

universal expansion has been isotropic about the Earth to
an accuracy of at least two parts in ten thousand.

The discovery of the background radiation was
followed by more detailed calculations on the formation of
elementary nuclei by using particle model universes to study
the early hot stages of expansion (Peebles 1966; Wagoner,
Fowler, and Hoyle 1967; Wagoner 1973). These models
described the particle types and particle interactions of
the matter and predicted a characteristic mass abundance M,
of helium-4 ﬁgﬂm,ze%..za% 3 hydrogen M, ~ 70% - 80% : and

e
minor traces of deuterium D, helium=3 Hg, and lithium=7 Lz

These predictions can be checked by observations,
although an allowance must be made because the abundances
at the present epoch, particularly in the vicinity of stars,
may not reflect their true primordial value, as all these
elements can be either created or destroyed in stellar

evolution. Searle and Sargent (1972) made observations of
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young, metal poor, dwarf galaxies and found that the Hg mass
abundance lies in the range 27% - 31%. Recent measurements
of the abundances on dwarf galaxies (0live et al. 1981;
Kinman and Davidson 1982), and on Jupiter and Saturn (Gautier
and Owen 1983), have brought the estimate of the primordial
Hz mass abundance down a little to ~ 24%.

The abundance of the primordial trace elements O,
Hi, and Lz s are less well known because of the uncertainty
of their production and destruction during stellar nucleo-
-synthesis. By observing the spectral lines of interstellar
material, Vidal-Majdar et al. (1977) give the present day
deuterium to hydrogen mass fraction as 'V1O"5, After making
corrections for the destruction of deuterium during galactic
evolution, the pregalactic deuterium mass abundance is
estimated to be My = 5 x 10> (Pagel 1982). Calculations
show that the deuterium abundance produced in the early universe
is very sensitive to the initial baryon density (Waganer 1973),
and an abundance this high suggests an open universe,

A present day helium-=3 mass abundance MHszx 8 x 18"5
e

has been proposed by Rood et al. (1979) by observing the
emission lines in HII1 regions. They report that this valus
however, can only be an upper limit on the primordial Hz
abundance because Hz produced by stellar nucleosynthesis

could entirely swamped the cosmological contribution. An
estimate of the lithium-7 abundance has been made by Spite and
Spite (1982) by observing very old, metal poor, duarf stars,
They find M7 5x 107"
to the pregaiactic value because the destruction of the lithium

and claim this value must be close

has not been effective in the outer layers of these stars.
The two pouverful assumptions of homogeneity and
isotropy imposed on the material content of the universe
are sometimes referred together as the ‘'cosmological
principle?. Another important assumption adopted by the
Friedmann model, and by most other cosmological studies,
is the invariance of the physical laws governing the model.
Cosmological events extend over enormous space and time
scales, so do the laws of physics which are found to hold
good at the present epoch and locality have universal

significance ? Ffor example, the events of the early
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universe are predicted by the standard model to have
pccocurred AJ101G years ago. By extrapolating the theory
back to this point we are assuming the laws of the present
can be 'scaled up'! and still remain applicable to such
remote events in space and time. Cosmology is unlike any
other branch of physics in the sense that the events it
attempts to describe are unigue. There is not available
for study many universes whose common properties and laus
can be established, but only one observable universe and
study can only be made of this one single phenonena,

One way to test the invariance of the physical
laws is to make a comparison between the physical constants
(such as G, h, c, ey m )s at distant spacetime points with
their present day laboratory values. First, it can be
asked if these fundamental constants are changing in our
locality with time. Technigues such as analysis of
radiocactive decay, observations of planetary distances, and
study of the motion of the Moon, have showun that there is
little evidence of changes in the constants during the
history of the Earth (Tayler 1980).

Secondly, it can be enquired if the physical
constants might show variations with location from the
Earth. By studying the spectral lines in guasars, objects
which are thought to be very remote in space and time,
Tubbs and Wolfe (1980) set stringent limits on the variation
of coQQDme,ﬂnp (where ot is the fine structure constant

and gp is the gyromagnetic ratio of the proton). If tD is
the current age of the universe then they find that

m? gpme/mFJ is spatially uniform to a few parts in 104

after the epoch t=x DoDStO, and they exclude time
variations to the same degree of accuracy subsegquent to
t = 0-20t, . They conclude that for a complex quantity

0

like m?gpme/mp to be uniform throughout most of space-

-time, suggests that the physical laws are indeed globally

invariant.

e have seen in this section that the standard
model was first proposed in the 1920's by fFriedmann and
Lemaltre, During the following sixty years the observational
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technigues have gresatly improved and the empirical data have
become more testing and stringent. However, the
Friedmann model remains in good agreement with the
observational constrainsts and it continues to be the most

favoured cosmological model.

12 Outline of this investigation

The main objectives of this investigation are:
(1) To make a further development of continuum Friedmann
universes by studying the conseguences of various matter-
radiation interactions and how they affect the temperature
and entropy changes in the model, and to discuss the
connection between the interaction and the irreversibility
of oscillating models., 'Heat death' characteristics (ever
expanding case) are also considered (Chapter 2). (2) To
devise a new model, a continuum-particle model, which can
include the effects of particle interactions such as

annihilation and element formation and, in addition, can

incorporate the continuum interactions (Chapter 3).

(3) To generalise the classical Thomson matter-radiation
interaction by developing a relativistic, gquantum-mechanical
approach for the momentum transfer during electron-photon
scattering. This leads to an expression for the momentum
transfer rate between the electrons and photons which is
applicable at high temperatures T > 107 K, and which
predicts the well known Thomson scattering formula when

temperatures are lower T < 107 K {(Chapter 4).

The motivation for these objectives arises from
four facts ¢ (i) The Friedmann models are in reasonable
agreement with many independent observations (see Section 1.1).
(ii) Observational evidence has, so far, been unable to
select between the oscillating and ever expanding
solutions to describe the universe, so further discussion
of both model types must be expected to remain important.

(iii) Much current research combines particle physics and
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cosmology and has been particulary successful in studying
the sarly universe, However, this approach deals with
short time intervals and does not in general describe
persisting trends or cumulative effects over long time
scales., To describe such effects and trends one has to
pass from these particle models to continuum models.

(iv) In the standard model of the early universe the main
thermal interaction between the matter and radiation is
the classical Thomson scattering of the photons and free
electrons. Many cosmological studies begin at very high
temperatures when the classical approximation is no longer
valid, and to find the energy transfer between the matter
and radiation at these high temperatures one needs a more
general, relativistic, gquantum-mechanical expression for
the electron-photon scattering interaction.

We have seen in Section 1.1 how the Friedmann
models are still in good agreement with the observational
constraints arising from the abundance of elements, the
distribution and redshift of extragalactic sources, the
background microwave radiation etc. Conseguently a large
part of cosmological research has been focused on the
Friedmann solution, although the question of selecting
between the open and closed models to describe the observed
universe remains undecided.

The mass density of the universe measured on the
scale of clusters of galaxies by inferring from the
dynamical structure of the clusters, suggests an open
universe (Davis et al. 19803 Symbalisty, Yang, and Schramm
19803 Press and Davis 1982), although Linscott and Erk
(1980) claim there may be sufficient intergalactic material
to stop the universal expansion and cause a recontraction.
Luminous nucleonic matter appears incapable of accounting
for the mass of clusters of galaxies (Faber and
Gallanger 19793 Ford et al. 1981), and one approach has
been to assume that large quantities of matter are hidden
in nonluminous material, such as very cold stars, dead
population III stars, black holes etc. (Gott et al. 1974;
Field 1976).
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Alternatively the hidden mass may lie in
nonnucleonic forms., It has been proposed that relic
neutrinos may solve the missing mass problem (Couwsik and
McClelland 1972: Lee and Weinberg 1977). Serious
consideration is being given to the existence of neutrinos
with nonzero rest mass (an estimate by Lyubimov et al., 1981,
has 14eVg mias 46 eV ), and massive neutrinos could dominate
the mass density of galactic clusters should the neutrino
mass be of a few tens of el (Rephaeli 1982; Melott 1983), If
neutrinos have only a small mass nxkg 14 eV, then they can
still dominate the universal mass density and may indeed
close the universe (Schramm and Steigman 1981). Similar
attention is now being given to massive gravitinos (Bond,
Szalay, and Turner 1982; Weinberg 1982), photinos (Cabibbo,
Farrar, and Maniani 1981;:; Sciama 1982), and axions (Ipser and
Sikivie 1983: Stecker and Shafi 1983). Further discussion of
recontrating models must be expected therefore to become
more urgent.

Much of the earlier cosmological research focused
on the problem of noninteracting and interacting matter-
radiation continuum models and their subsequent thermodynamic
predictions (Tolman 1934; Davidson 1962; May and McVittie
1970, 1971). Although these questions are still considered
in later work (Park 1973; Landsberg and Park 1975; Emslie and
Green 1978: Szekeres and Barnes 1979), much current research
is concerned with the early evolution of the universe from its
very hot and dense initiasl state by combining elementary
particle physics with cosmology (eg., Wagoner, Fowler, and
Hoyle 19673 Wagoner 1973; Olive et al. 1981; Steigman 1982).
This particle approach, however, studies short time intervals
and does not in general discuss trends or cumulative effects
over long time scales, and may not be expected therefore to
describe the evolution of the universe in all respects. To
discuss and gain information on such effects and trends, one
has to turn from these particle models to continuum models.

For these reasons this investigation develaps
a continuum-particle model (Landsberg and Reeves 1982). In
accordance with the foreqoing arguments, this model
should be of Friedmann type, be able to take account of
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the continuum interactions, and to include some nucleo-
-synthesis. The theory should be flexible enough so that

both oscillating and ever expanding universes can be discussed
and features which manifest themselves over long time intervals
studied (the phrase 'oscillating universe' means here a

universe which undergoes one or more expansions and
recontractions).,

The investigation begins with a further
development of the continuum models (Chapter 2). The
continuum theory is derived (Sections 2.1 =12.4), and the
histories of the models are traced by soclving the equations
numerically., The effect of interaction between matter and
radiation is considered on oscillating and ever expanding
universes and it is shown how the interaction affects the
temperature and entropy of the model (Sections 2.5 and 2.6).
The connection between the interaction and the irreversibility
of an oscillating model, manifested by an increase in the
total ensrgy during the cycle, is discussed in some detail
(Section 2.7). Previous studies on oscillating universes
have described this asymmetry (Tolman 1934: Landsberg and Park
1975: Neugebauer and Meier 19763 Donald 1978), and by
attributing this phenomena to pressure effects it is shown
here for the first time how the eguations can bring about a
decrease in the energy of the model (Section 2.7 , and
Landsberg and Reeves 1980).,

Other related studies on continuum oscillating models
discuss universes with noninteracting components and such
models tend to be time reversible (Tolman 1934; Cohen 1967;
Emslie and Green 1978). Two phase interacting models will in
general be time irreversible and with entropy increase esven
during the contracting period (Anderson and Witting 1973:
Landsberqg and Park 1975), although the universes discussed by
Schumacher (1964) and Schmidt (1966), which predicted an entropy
decrease during contraction, are a noteworthy exception.

The continuum-particle theory is devised in
Chapter 3, This model is solved numerically and expansion
is begun at temperatures low enough (T =2x 10° K) for the
equations of the model (Sections 3.1 -3.5) to be adequate,

To approach the singularity more closely would mean taking

two and three body reactions into account (for example,
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n+e o p+§e, pte n+v , p+e°+ve->n ), and would
detract from the basic simplicity of the theory, although
in principle the theory could be extended to cover this
range.

The continuum-particle model furnishes a
reasonable account of the development of the universe
beyond the present epoch and can therefore be taken through
a (truncated) cycle in the case of an oscillating
universe (Section 3.6) . The model lends itself to a study
of the energy and entropy changes during an oscillation
and its particle features allow the helium abundance to be
worked out (as a check) at the same time (Section 3.3) .
The helium mass abundance for this model was 27:1% (this
abundance is sensitive to the initial baryon density ®ho
and can be pulled down somewhat by using a louer’QbB).

It is found that energy is gained during a cycle and this
corresponds to an entropy generation per baryon of
Bed x 106 k, where k 1is the Boltzmann constant,

The continuum-particle model contains radiation,
electron and muon neutrinos, and matter consisting of
neutrons, protons, and electrons and positrons. Expansion
begins with all the components in thermal equilibrium at
the temperature 1'32><109 Ke Thereafter, the neutrinocs
are taken to be thermally noninteracting. The nesutrinos
decoupling at 2 x 1890( is below the temperature assumed in
the standard calculations (for example, Peebles 1966;
Wagoner, Fowler, and Hoyle 1967), which take the neutrinos
to be thermally noninteracting below temperatures ~5 x1018 Ke
The justification and consequences of a lower neutrino
decoupling temperature are discussed and it is shoun how
the louver decoupling temperature leads to the neuw result :

T, = Ty (2°74 K) > T. (270 K) at the present epoch (Section 3.8).

e
The model universes presented here, although

comparatively simple, are reasonably flexible and do not
require excessive computer time. The continuum models are
useful in describing the general thermodynamics and
cumulative effects and trends of model universes, whereas
the advantage of the continuum-particle models is that they

include the effects of particle interactions such as
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anpnihilation and element formation, and in addition they

can incorporate the continuum matter-radiation interactions.

Like many other cosmological models, the model
universes studied here are hybrid thesories in the sense
that they combine the standard equations of cosmology, which
take gravitation into account, with the equations of
thermodynamics and statistical mechanics in which
gravitation is usually ignored. Ffor systems in which the
gravitational field is important, classical thermodynamics
and statistics have to be replaced by a general
relativistic interpretation of thermodynamics and statistics
(Tolman 1934). This investigation will not however develop
this line of argument and it must suffice here to merely
point out the problem. More realistic models must await
further studies regarding the use of thermodynamics and
statistical mechanics in the presence of strong
gravitational fields,

In the early universe z ~ 1000, the dominant
interaction betwsen the matter and radiation is the
Compton scattering of the photons and free electrons. In
the classical limit, when the electron velocity is much less
than the velocity of light v << c, and the radiation
temperature Tr<‘107 Ky this scattering becomes the Thomson
scattering process. Thomson scattering has often been
included in cosmological studies by calculating the momentum
transfer rate FTh’ from blaékbody radiation to an electron
(Weymann 1965; Peebles 1971). Fr, represents the drag
force on the electron as it moves through the radiation
(Thomson scattering is not, houever, a true absorbtion
process., Normally it refers to scattering when the incident
photon energy is much less than the rest energy of the
electron and with no energy exchange between the photon and
electron., In line with the literature we shall nevertheless
continue here to refer to FTh as the 'Thomson drag'). The
models presented here begin at temperatures T > 107 Ky as

do most cosmological models, and it is the purpose of

7K

and electron velocities v~ ¢, the Thomson interaction must

Chapter 4 to show that at radiation temperatures Tr > 10

be generalised to take into account quantum and relativistic

effects (Reeves and Landsberg 1982).
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7 K, the

scattering cross section of the electron is no longer a

At high radiation temperatures Tr > 10

constant as given by the Thomson cross section U}h » but
becomes dependent on the incident radiation frequency.

The Klein=Nishina cross section Thon must then be adopted.
For the scattering of electrons and photons when Tr > 107K,
one needs to change to the more complicated UR-N s and for
v~ c one must include the relativistic Doppler effect on
the incident radiation freguency. This leads to a
relativistic, guantum-mechanical expression, the 'Klein-
Mishina drag!? FKeN s for the momentum transfer rate
between the radiation and electrons (Section 4.2). At
lower radiation temperatures Tr 'S ?07 K, and slow electron
velocities vc, 1t is shown that FK«N becomes the
classical Thomson formula F.. (Section 4.3) .

Although it is well known that at high radiation
temperatures Ok -N always lies below c}h (Heitler 19543
Tucker 1975), an explicit study of the resulting decrease
of the theoretical momentum transfer rate for the electron-
photon scattering interaction is discussed here for the
first time. The momentum transfer rate from the radiation
to the electrons is worked out numerically for the cases,
(i) a single electron with velocity v moving through
blackbody radiation at temperature Tr (Section 4.4) 3
(ii) an eguilibrium distribution of electrons at temperature
Te interacting with blackbody radiation (Section 4.5).
Graphical information is presented in each case and a
comparison made with the Thomson scattering prediction.

The dependence of the Klein-Nishina FKmN and
Thomson FTh transfer rates on the electron velocity v and
and the radiation temperature Tr is discussed., It is shoun
(Section 4.4) that the Klein-Nishina interaction has a
weaker dependence on Tr than the T;ie law given by the
Thomson interaction, but has a stronger dependence on v
than the linear dependence of the Thomson expression.

For a distribution of electrons in thermal
equilibrium with blackbody radiation Tr = TEE T, it
is found (Section 4.5) that at temperatures T < 107 K the
classical Thomson momentum transfer rate is in qood

agreement with the relativistic and quantum-mechanical

™



Klein-Nishina expression. If T is increased, then at
temperatures 1O7§<< T < 5x% ?GQK the Klein-Nishina
interaction predicted a momentum transfer rate below the
Thomson value, i.e., the electrons and radiation are more
weakly coupled at these temperatures in the Klein-=Nishina
interaction case than in the corresponding Thomson case.
However at higher temperatures T > 5 x WDQK, the Klein-
Nishina expression predicted the momentum transfer rate to
increase rapidly with increasing T and conseouently to
rise above the value predicted by the Thomson formula,
i.e., the electrons and radiation are more strongly coupled
at high temperatures with the Klein=-Nishina interaction
than with the corresponding Thomson interaction. The
strong coupling at high temperatures predicted by the
Klein-Nishina interaction results from the incident
radiation intensity increasing rapidly in the direction
opposite to the electron's motion as v = ¢ owing to the
relativistic Doppler effect.

Finally, Chapter 5 summarises the main results
of the investigation and considers which parts of the
work could be developed further. The Index gives a list

of the symbols used in the text,
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CONTINUUM MODELS

2.1 Introduction

The continuum models consist of uniform
distributions of matter and blackbody radiation with
absolute temperatures Tm{t} and Tr(t)@ Particle features
such as particle types, slement formation, pair creation
and annihilation etc., are not considered in these models.
Expansion begins with the matter and radiation in thermal
equilibrium. The matter and radiation exchange enerqgy

during expansion,

2.2 Oynamical eguations

For a homogeneous and isotropic universe
general relativity yields the relations (see for example

Misner, Thorne and Wheeler 1973),

<o

22 2
2 R Keg - 8r s
R S S A (2.1)
R c
4 2
R Ko - 8nG
pr St B L (2.2)

where ¢ is the total mass density and p is the total
pDressures. R is the scale factor and the notation
‘=4/dt has been adopted, G and c¢ have their usual
meanings and K 1is the curvature index. K can have

the values =-1,0, and +1, and distinguishes between the
ever expanding and oscillating models because, by
equation (2.2) if K==1 or 0 then R is always positive
(ever expanding case), and if K =+1 then R becomes

zero during expansion beyond which the universe contracts

(model with oscillation).,
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3

Multiplying equation (2.2) by R~ and
differentiating, the left hand side is then ﬁRz times
the left hand side of equation (2.1). Conseguently

g (ec?R%) +
dt

(2.3)

il
-]
w

3
pd (R7)
dt

which expresses the constancy of the total energy in a
comoving volume. UWriting U==%ﬂR3Qc2 , where U is the
total energy in a small comoving sphere of volume V,

equations (2.2) and (2.3) become

o + 4ripR R

The matter and
exchange enerqgy and this
(2.5) by an equation for

e

+ 4np.R R

where Ei is the rate of

component and satisfies

o+

=8 L ke? (2.4)

2 (2.5)

i
o
@

radiation components can
genables one to replace eguation

each component,

= £ (i =m,r), (2.6)

energy transfer to the ith

E = 0 . (2.7)
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?.3 FEguation of state and interaction

2.3.,1 Equation of state; radiation

In addition to the dynamical eguations, one
needs an equation of state for each component. For

blackbody radiation,

1 Ur
= . s 9
Pr 3 ¥ (2.8)
4
u. = avt_’ , (2.9)

where V is the volume and a is the blackbody constant,

2.3.2 Equation of state; matter

For the equation of state for the matter one
could adopt the relativistic gquantum gas (see, eg.,
Chandrasekar 1939; Landsberg 1965). However, rather
than become involved in the details and complications
as to the nature of matter at high temperatures and
densities, it is sufficient for the present purposes to
adopt an interpolation formula (H&nl 1971)., If
URE = Nm02 is the total rest energy of the matter, the
interpolated equation must have the accepted limiting

cases;

- 2 classical
PRV = S(Um"URE)’ Um'°URE<<URE ( case )’ (2.10)

2
U
=1 RE relativistic
pmV 3151 ZUm ’ Um>>!JRE ( case ) - (2.17)
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To find an interpolation betueen the
relativistic and classical regimes, equation (2.11) is
augmented by two further terms so that the pressure formula

R . -
becomes an expansion in terms of Um ¢

2 3 4
U U U
I RE RE RE
pmv = zU - 50t a3t oa,—% . (2.12)
m Um Um

The coefficients a, and a, are constants and are
determined by imposing the constraint that ecuation
(2.12) must predict the classical equation (2.10) when

Um - URE L URE ° In the classical regime ue

can write Um/URE = 1 + x, where x<<1, and with

this notation equation (2.12) becomes

Z 3
Dw‘i.zlﬁ@_._lgﬁ.ﬁ,+a(i&§)+aiﬁ§)
m URE 3 URE 2 Um 1 Um Z Um
a a
- 12 ; X 2(?1' ) + 1 + 2 .
X
(1+x)2 (1+x)°
, 2 . .
Neglecting x terms and higher gives
v, - 1 5 _ -
Pa T = z v a, t oa, ¢+ (6 2a, 332) X o (2.13)
RE
Rewriting equation (2.10) as
u
Y 2 m 2
- Y I (2.14)
mURE 3 (URE ) 3

and relating equation (2.14) with (2.13), we have

=29~



1 -
e -é' + a,% + ’32 = 0
5 - 2
- 231 — 3&2 = F

ices, ay= 1/3 and a,= - 1/6 .+ The interpolation
formula (2.12) is then

Z 3 4
b= 1, —atee oalre o1 URe
P 3 "m 2 U 3 2 6 7 9
m 8 u
m m
or
p = i m w(um ) (2.15)
P A ) _m , i
m 3V URE
where
3 1 1
“l](Y> = 1 bl "“""‘2" + -—-3- - ----Z . (2016)
2y y 2y

The entropy of the matter %n is given by

_ 1
s = Tm(dum + pmdU) s (2.17)

and the matter temperature Tm is determined by

Pl = NkT (2.18)

where k 1is the Boltzmann constant and N is a constant,

For the entropy of the radiation one has

_ 4 3
5. = =zalll (2.19)
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and from eguations (2.8) and (2.9), the radiation

temperature satisfies

b = +a T;‘ . (2.20)

2:3,2%3 Thomson interaction

The matter and radiation exchange energy via
Thomson interaction. This depends on the presence of
free electrons and so will be effective during the early
expansion when the matter is ionised by the high
temperatures. This interaction takes the form (Weymann

1965; Peebles 1971), (se p7#),

- 4 _
€= AT, (Tr ’rm) ; (2.21)

where A contains, amongst other constants, the number of
electrons which is unspecified in the continuum models.

A is therefore an arbitrary parameter (the exact
gxpression with A defined is used in the continuum-
particle model, Chapter 3 Section 3.4). The Thomson
interaction (2.21) is the low temperature limit of the
more general Klein-Nishina interaction (see Chapter 4,
and Reeves and Landsberg 1982). The interaction (2.21)
is however adequate for the present purposes.

The interval over which the Thomson
interaction is effective is called the opaque period,
During the expansion the energy transfer €, 0o0es
suddenly to zero when the electrons and protons
recombine. This marks the beginning of the

transparent period. In a model with oscillation the

interaction is effective again during contraction

—_— s



because the re-ionization of the atoms produces fres
electrons.
A second type of interaction is the

T%-radiation lauw (Landsberg and Park 1975);

U u

m 7 r m R (2.22)

where B is a constant. Its effect is given here

for comparison purposes (see Figures 2 and 3 below).

2.4 Reduced units and the model in numerically

tractable form

To simplify the computation of the equations
and to remove the constants, we take a new unit
(denoted by the subscipt ru) for the scale factor R,

time t, and energies U, : R s L s and U
i TU Tu Ty

respectively., The scale factor, time and total

energies are rewritten as

R = R_r, t = t_ T, Uj = U 4y e (2.23)

It is convenient to choose the units Rr

U so that
TU

t and
u ? ru *

4
R3S = 3(NK) g4 (2.24)

TUu 3
lmaUru

4 2
t2 - 3§3Nk240 Qéi (2025)



where 0 1is a constant and

- 2
Uru s ch e (2326)

2.4.17 Dynamical equations and interaction in reduced

units

The main eguations for calculation are the
dynamical eguations, the interaction and the equation

of state :

22 o 26(%n * Yrl _ ke?, (2.27)
? R
C
L] 2° o~ -
U; + 4mp,R°R = ¢ (i = myr), (2.28)
€ = AT“(T - T) (2.29)
m rVr m’ ? ¢

by

= i.gﬂ gﬂ = 1.83 (2.30)
Pm 3UWURE’ Py 3 v .

With the new units (2.23), and using the
notation ‘ =d/dt, squations (2.27) and (2.28) become

2 2.2
2 = 2GUrutru(um * Ur) _ Ke toy s (2.31)
02R3 r R2
ru ru

=33



R3 £ t
’ 4 _ru 2 s - Em _ry 5 o
u + zﬂ--—-v U lp(um)r r = U (i=m), (2.32)
TU
3
R . t
R T SV P ... B (i=r), (2.33)
r 3 v r u
Ty
where V= &«R3/3 = 3

= AﬁRrurS/S, The number of particles

N is not yet specified for the model, and so Ur s the

rest enerqgy, can be so chosen that,

(2.34)
R

With the notation 1 = € t_ /U and
m m ru Ty
A
C = Kc (tru/ﬂru)2 , equations (2.31) to (2.33) simplify
to
2 um + ur
r’ juseid 2 - huad C 9 (2935)
u_ Y(u )
/ - _ _m m
Yp
u’ = —-~—=71' - 1 , (2.37)
r r m
The 'reduced?! interaction I is
e t t
o= Zmmuoo o Idpdg o Logy (2.38)
m U U T T m
ru TuU
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The matter and radiation temperature sguations,

(2.18) and (2.9), take the form in the new units,

P
Tm = Wk~

2
““3‘"“‘[}}(1-' )U s

Using (2.39) and (2.40) to express

interaction (2.38) takes the form

t

- TU
Im = A al
u
- T
r1574
where P and (

0 =

The parameter A contains, amongst other

constants,

Uru Yo
ur al

A
'( 4¢rR3 )5/4
ru

A

are defined as

1
t_ u*
Ty T

1
Z

U

u
— -—-E'I*J(u)u

* u @(Um)] »

3

u_t
TU Tu

SNkaﬁrfﬂ
ru

3

3

L4

and T
r

not yet specified in the continuum models.,

(2.39)

(2.40)

(2.41)

the number of electrons in the model which is
A is there-

-fore an arbitrary parameter, and so P can be chosen to

-35=



. ) _ (.4 .3 \5/4 -1 =1/4 .
be unity, i.e., t_. (azﬂﬂru} AT UL e Uith
this value of tru s 0 becomes
3
u 1
— ru _K_l_ 3 Z
g = 3Nk(azﬁRru} . (2.42)

1
4

u 3
1= —?é%z-[ur - Q r‘L“RW(Um)] o (2.43)

The expressions for Rru and tru s given by

equations (2.24) and (2.25), now follow from equations
(2.34) and (2.42). The model starts in thermal equil-

=ibrium, and hence initially Im = [, From equation
(2.43) and the initial data of Table IA, one has

1 3

P == 4 1 s °
u g 0ry umDV(umo), i.e. G 2.208,

74,2 The entropy ecuations in reduced units

The radiation entropy, equation (2.19), is

rewritten in the new wunits as

Or

5. = 4QNk(rur)%, (2.44)



2

where equation (2.42) has been used to replace Rru .

With the matter temperature and pressurs
expressed by eguations (2.39) and (2.30) respectively,

the matter entropy is rewritten as

- A
ds, = Tm(dum t P, dv)

3k Yr
= 5 [UI'U dum + UI‘U M<Um) Td? °
mc l;i(um)um

with u_ = Nme? (equation (2.26)), the matter entropy

becomes
dum dr
ds = BNk | e . (2.45)
m Ylu )ug r

The total entropy S is derived from

ds = dSm + dS_ .

The eguations to solve are the three coupled
differential equations (2.35) to (2.37), together with the
interaction (2.43). A fourth order Runge-Kutta method
(see for example Scheid 1968), was used to find a
numerical solution (employing Fortran language) for r,
u_, and u. as a function of time <. The matter and

radiation temperatures and entropies are determined
throughout the model's history by equations (2.39), (2.40)
and (2.44), (2.45) respectively.
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2.5 Uscillating model

The earlier results (Landsberg and Park 1975)
for the T%- interaction (2.22), wvere confirmed by an
independent calculation. UWhen the model was run without
interaction, it was established that the cycle is time
symmetric about the instant of maximum expansion and has
constant entropies (2.44) and (2.45). Thus, as expected,
the system has no ‘arrow of time', and irreversibility is
due to the exchange of ensrgy between the components.

Expansion begins with the matter and radiation
in thermal equilibrium and with zero net interaction,
Putting I =0 in equation (2.43), the initial equil-
-ilbrium condition for the scale factor and matter and

radiation energiss is

% = Qr

[on 308 04}

Ym0 w(umD) s

where Tgs U g and u.g are initial values., The model

has a singularity at r =0 and the computation starts
just away from this point at r =027, umg==ur0==2-0,
and « =0-025,

Figure 1 shows (in reduced units) the scale

factor R, the matter-~radiation temperature Tm’/Tr’ and

entropy change S, for one cycle. During the trans-
parent period, there is no energy exchange betwesen the
matter and radiation which expand adiabatically, and
with no change in their entropies., On contraction Tm

and Tr increase and Tm’/Tr approaches unity.
When Tm/Tr = 1, the interaction I, equation (2.43),

is small and the entropy reaches a stationary value

(Figure 1), Tm/Tr then overshoots unity somewhat and

the entropy shows a further increase.
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The cycle was stopped when the scale parameter
had returned to its initial value (Table IA). This
value uwas chosen for numerical convenience and because
temperatures and densities were high enough for thermal
equilibrium between matter and radiation to be a good
approximation. That this is so is confirmed by the
closeness to equilibrium at the final cut-off. Table I
gives a comparison of data for the initial and final
states. Figure 1 shows that the entropy increases
even in the contracting phase.

On terminating the contraction at the value
of the initial scale factor one finds that there is extra
energy in the final state and that the model collapses
faster than its initial expansion. These results are
consistent with those obtained by lLandsberg and Park
(1975), although the effect is larger here ocwing to
the change in interaction from equation (2.22) to

equation (2.21).

2.6 Ever expanding model

By taking a zero curvature index, K= 0 1in
equation (2.4), the models of Section 2.5 become ever
expaﬁding. Figure 2 shows the temperature difference
AT=T_ =T against time for (a) T4 interaction,

(b) Thomson interaction, (c) zero interaction. Because
the temperature difference AT is zero initially, and
again after a sufficiently long period, it must have an
extremum during the approach to the heat death. This
feature is confirmed in Figure 2, The maximum AT is
of course greatest in Figure 2c , and beyond the

turning point a heat death develops as AT goes to zero.
The entropy generated depends quite strongly on the
chosen interaction, and thgre is no increase of entropy

==



Table I

Parameters for continuum, oscillating, Thomson scattering models near the beginning and

end of an oscillation

MODEL A MODEL B
Sarameter Initial At maximum Final Initial At maximum Final
state value of R state state value of R state
Ll AN 0025 3891 7756 0-025 3.818 7611
Vﬂ/og ¢ o o 0270 2709 0270 =270 2645 0270
Tm o o o o 14375 555 14748 25926 0745 20363
Tr e 5 o o 14375 1370 14489 12088 1307 13314
Uh o o o o 2000 128 2031 3000 1038 2507
Ur s o o e 2000 0166 2064 1000 J+128 1472
ufot o o o 4000 1194 4085 4000 1166 3979
TR e e 5361 0 ~5.426 5+361 0 -5346
S 6 e o 6 o 0 g-032 0065 0 0+965 0157
Model A : Model with matter and radiation initially at the same temperature (TmD::er) in
reduced units (see Section 2.4 ).
Model B in reduced units (see Sections 2.7 and 2.4).

Model with Tmoj>T

r0
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after the interaction has ceased (Figure 3). Each case
attains a time independent entropy which exceeds, or is
equal to, the entropy at earlier times, as expected

from thermodynamics, and confirmed in Figqure 3 .

2.7 Comparison of initlal and final states in the

continuum oscillating model

To what extent is a closed universe symmetric
about its point of maximum expansion? Taking a
particular element of the cosmological fluid in the
expanding phase, will that same element return to an
identical state when it returns to the same volume
during the contracting phase ?

Tolman (1934) discussed this topic gqualitat-
-ively by using the anmalogy of a mixture of gases
enclosed in a cyclinder with movable piston. Tolman
suggested that if the gases undergo a series of
expansions and contractions, then in general becauss
of the failure to maintain equilibrium in the gas mixture
and with the resulting irreversible processes taking
place between the gases during the expansion, a small
net amount of work will be necessary by the piston to
secure a recompression to the initial volume. Tolman
concluded that the entropy and energy of the gas mixture
will increase after each oscillation.

Cosmological studies on oscillating universes
have discussed models with noninteracting companents and
such models tend to be time reversible (Tolman 19343
Cohen 19673 Emslie and Green 1978). Other related
studies have discussed interacting models and thess are
in general time irreversible and confirm Tolman's
conclusions that energy and entropy increase after each
oscillation (Landsberg and Park 1975; Neugbauer and Meier
19763 Donald 1978; Dicus et al. 1982; Petrosian 1982).
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These conclusions are further borne out by the
oscillating models discussed in Section 2.5 . By
inspecting Table IA we can summarise the results as
follows ¢ On terminating the contracticn at the initiasl
scale factor one finds for the final values relative to
the initial values 3 (a) the energy density of both the
matter and radiation has increased ; (b) the numerical
value of the rate of change of the scale factor has
increased; (c) the total entropy has increased. Also
we have the additional result confirmed in Section 2.5
(d) a noninteracting model is symmetric about the point
of maximum expansions

It is argued here that these phenomena can he
attributed to pressure effects and that this interpre-
-tation leads one to expect opposite phenomena - louwer
energy and IRl - values at the cut-off scale factor than
at the initial expansion corresponding toc the same scale
factor — if the model's pressure history is arranged
appropriately (lLandsberg and Reeves 1980).

The argruments involved are as follows. In

-S
noninteracting models one has TrDCR and TmOCi? R

1< s£2, while for the interacting case T. fallsmore

rapidly than R°1 and ‘ﬂn more slowly than in the
corresponding noninteracting case. Hence, taking an
instant with the same scale factor R in an interacting
and the corresponding noninteracting model, we can expect
the temperatures and therefore the pressures to be

different in the two models.
By checking the continuum models already

discussed, which have initially Tm = Tr’ and using the

pressure equations (2.8) and (2.15), it is found that
the pressure in the interacting model exceseds that for
the corresponding noninteracting case. For example,

writing the total pressure as p= pm4'pr, then during

the expanding phase of the Thomson interacting model
(section 2.5), at the 'reduced! scale factor r = 0-5 the
total pressure in reduced unitswas p= 13-684, whereas

the corresponding noninteracting model at the same scale

b5



factor has p= 13594 ., This means that the increase in
the matter pressure resulting from the interaction
dominates the decrease in the radiation pressure. As a
result of this greater pressure, the model does an extra
amount of work compared to the noninteracting case before
it arrives back at its final contraction point. The
noninteracting model remains symmetric, while the extra
work done by the interacting model manifests itself at
that stage as extra energy in the components., If this
assertion is correct then, conversely, if the pressure

in the interacting model were less than in the corres-
=ponding noninteracting case, there should be less energy
at the final cutt-off scale factor than was initially
nresent in the model.

As this argument is based largely on nonrelat-
~ivistic considerations, it must be checked from the
relativistic equations. When this is daone, it is found
that by taking a model with Tm}Tr initially, the drop
in the matter pressure due to the interaction dominates
the increase in the radiation pressure and so gives a
resultant decrease in the total pressure compared to the
noninteracting cass. For example, for a Thomson inter-
-acting model with (in reduced units) u = 30, u =10
and Tm0(25°93)>Tr0(12-D9) (see Table IB), then during the
expanding phase at the scale factor r= 05, the inter=
-acting model has p= 13.800, while the corresponding
noninteracting case has p = 14333,

The initial and final data for this model are
given in Table 1B and confirm that the final total energy
and rate of change of scale factor are less than their
initial values. The cycle ends with the components closer
to eguilibrium than at the initial expansion. Although the
overall energy has decreased, the entropy has still
increased, in agreement with thermodynamics.

The continuum models are useful in giving the
general time-dependence of thermodymamic variables, general
statements about entropy changes etc., but for comparison
with cosmological data, one has to turn to more realistic

models, This approach is discussed in the next chapter.
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CONTINUUM=-PARTICLE MODELS

3.1 Introduction

The continuum models discussed in Chapter 2
neglected the particle nature of the matter, so particle
interactions such as particle creation and decay,
formation of simple nuclei, etc., could not be discussed.
This chapter considers a generalization of the continuum
case by developing a continuum-particle theory (Landsberg
and Reeves 1982). This model can incorporate the
continuum interactions, and its particle features include
the effects of annihilation and decay, and allow the

helium abundance to be worked cut at the same time. The

model furnishes a reasonable account of the development
of the universe up to and beyond the present epoch, can
be taken through a (truncated) cycle in the case of an
oscillating universe, and lends itself to a study of the
enerqy and entropy changes during the oscillation.

The continuum=particle model is solved numeri-
-cally and expansion is begun at temperatures low enocugh
(T=2x10°K ) for the equations to be adequate. The
disadvantage of taking only some reactions is that the
detailed processes occurring near the singularity at
very high temperatures (7> 2 x ?DgK ) and densities cannot
be discussed, and can only be included at the cost of
considerable complications. This would howsver detract
from the simplicity of the model, although in principle
the theory could be extended to allow the calculation to
begin closer to the singularity,

The model contains radiation, electron and muon
neutrinos, and matter consisting of neutrons, protons,
electrons and positrons. The electrons and positrons can

annihilate and the neutrons can decay. A highly simplified
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reaction network is adopted and enables one to trace the
thermal history of a umiverse with oscillation or a

universe with indefinite expansion.

3.2 Chosen initial data

The initial data is given by equations (3.1) = (3.3)
and (3.5) (below) , with all the components starting in
thermal equilibrium. This input dats is in broad
agreement with the generally accepted early universe
(Weinberg 1972), and corresponds to a starting time of
22°5s after the big bang. All the variables with a
subscipt 0 denote initial values and the neutron and
proton components are written with a subscipt n and b,
respectively. A subscipt b denotes baryons. The initial

temperature, scale factor, and baryon density are

9

To =T = Tyg = Tyg = 2°0x10° K, (3.1)
e !

Ry = 8e3x 1078 cm, (3.2)

(6 +p ). = = 2:40x1077 g em™> (3.3)

Qn ?p n - ?,bU S ° °

The abundance by number of a particle type i to

the total number of baryons is defined by

0, (t)

xi(t) = » | (3.4)

where ni(t) is the number density of particles type i at
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time t, and nb(t) = nn(t)-+np(t} is the baryon number
density. The total number of baryons Nb-= ny Y, where

Y is the volume, is conserved. The initial neutron

number abundance is chosaen to be

X.g = 0-1604 (3.5)

(Weinberg 1972). There is still some discussion of the
value of the neutron half-life t% » for the neutron decay

n = p+e + v . Ue adopt here the estimate t; = 1013
2

minutes (Bondarenko et al. 1978).

A somewhat high initial baryon density has been
chosen because this chapter concentrates on a closed,
K=+1, model. By equations (3.4) and (3.5) the ratio of
the initial neutron to proten number density is

nno‘/ngﬂ = 01910, and with the initial density, equation

(3.3), the baryon number density is initially

- - .. 21 . 22 =3
=gt ngg = 203011 x10°7 + 142045 x 10°° cm

1+4346 x 1022 em™2 , (3.6)

i

The most nonstandard feature of the initial data is the
equilibrium condition (3.1) for the neutrinos. The
justification and consequences of this will be discussed

in section 3,8.
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3,3 The early universs

3.3,7 Neutron decay and element formation

In the early universe when temperatures and
densities are too high for the nucleons to become bound
into nuclei, the neutrons and protons will interchange

. . . - + e
via the weak interactions: p+e < n-+ve s Nte & p-+ve
p+ea+'\}; “>n, Let Thp be the decay rate of a n to p

(the probability per second that a neutron will decay to
a proton), and let r n be the decay rate of a p to n.
If Nn(t) and Np(t) are the total number of neutrons and

protons at time t, then the change in Nn in a time

interval t -t + dt will be

dNn(t) = ran(t)dt - T Nn(t) dt . (3.7)

p np

Dividing (3.7) by N, and using the notation of equation

(3.4), the rate of change of the neutron number abundance

X is
n

X (t) = r__x (t) = r X (t) . (3.8)

As the temperatures and densities fall on
expansion and reach the initial values assumed here
(equations (3.1) and (3.3) ), the rates of the two and
three body reactions becomes negligible (Weinberg 1972),
and the remaining important reaction is the
decay n —>p<+e“~+§é s which proceeds at the rate of free

neutron decay and must be taken intoc account. Eguation

-51=



(3.8) simplifies to

a(6) = =x X (8), (3.9)
or

Xn(t) = N exp(=—rnpt ) s (3.10)
where r__ = 1n2/10-13 minutes” (Bondarenko et al.

1978). The initial data is chosen to be in general agree-
-ment with the standard big bang model and with the
assumed initial baryon density,; equation (3.3), one has

Ng = 0°1640 (Weinberg 1972). .

When the temperature has dropped below 107 K,
the protons and remaining neutrons rapidly fuse into
deuterium via the reaction n+p = D+%¥ , and no further
neutron decay takes pla%%, The %ste1for the deuterium

- =

reaction is Ty ~ 4 x10 ng, cm s {see for example,

Wagoner, Fowler, and Hoyle 1967), where n, 1is the
baryon number density. During the element formation
21 -3 =1

periocd N~ 5x 10 cm s 50 one has T, ~ 200 s

during this period.
The universal expansion rate is H=R/R s where
R is the scale factor and H is Hubble's constant. At

the time of element formation we have H~5 x 1075 s°1,yhich

is considerably  slower than the deuterium reaction

rate Ty oo The deuterium reaction will therefore proceed

much faster than the universal expansion and to a good
approximation the deuterium abundance will relax to an
equilibrium, Fermi distribution. For a general element
type 1 and nuclear mass me s this distribution takes the

form

-1
E.(g) = p;
ni(q) = geiﬁqqu exp : =+ 1 ,  (3.11)

i3 KT
m

uvhere ns is the number density of the particles type i in
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a momentum range o -> g+ dg, Ei(Q) is the total energy
of one particle, Hi its chemical potential, and 9 the
number of spin states.

The nucleons are nonrelativistic at the
temperatures treated here and at reasonably low densities,
so equation (3.11) can be approximated by the Boltzmann
distribution and one can write the total particle energy

2

as Ei(q) = mgc” + q2/2mi . The particle number density

ny then becomes

4 2 -mic” g -q”
ﬂi(Q) = 95 3 g~ dg exp T | exp ;;f;;“ o (3.12)
h m i m

If the temperature is too high the nuclei will be broken
up just as quickly as they form, but as the temperature
continues to fall on expansion the abundance of the
element type i 1is found to rapidly rise from zero to its
final value at a temperature ‘Tg s, called the 'freezing-inf
temperature for the element type i.

To calculate Tg‘, equation (3.12) is integrated
over momentum to find the number density n, at a general
temperature Tm . To proceed with the integration, the

following recurrence relation proves useful,

e
~551w«2) s20.

o
o~
0
L—
)
©
i
sy
X
X
&}
[
X
il

3

Writing y = a?x, then for I(0) one has
)

1(o) = "j'_"i' e dy
a2
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i.8.,

%

I(U) = ..._1.....1{ ,
23%

(see for example Abramowitz and Stegqunm 1972, p302). 1(2)
then yields

1(2) = "5?’5 10) = T a . (3.13)

=1

Now writing ai§(2mikTm) and using the result (3.13),

the integration of equation (3.12) over all momenta gives

2
=m.,c  + u
- 4t i iln 3/2
ng = 9y —p exp = % (QmikTm)
h
27m, kT 3/2 -m c2 + M
= qg i m exp =1, (2.14)
1 hZ kT
m

Let Ai be the nucleon number and Qi the
proton number for the element type i, then each nuclsus
contains Ai «Pi neutrons. The neutrons and protons
have nearly equal mass, so to a good approximation the

abundance by mass of the element 1 to all baryons is

3

-
-
o

O fiee

(3,15)

where ny is the number density of all baryons (bound

plus free baryons). Let n. and np be the number density
of the free neutrons and free protons respectively, then
the abundance by mass of the free neutrons and free protons
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to all baryons is just Mn’= nn /nb and Mp==rnj/nb respec-

~-tively. n. and np can be introduced into the equation (with

the view that the chemical potentials His Hpys Pp’ will later
cancell out), by rewriting (3.15) as a relation between Moy

M, and M_ :
n p

n, [, Ay =Py al - P, [ng\ i P
M, = A, = [-2 Mmoot = m o, (3.16)
M np

Substituting the number density equation (3.14) into the mass

abundance equation (3.16), one has

, 3 -
2rm kT _\ 2 “m.c? 4 p A= /m Ni=Pi/m Vi
1 m 1 1 1 n ]
My = A;9; 2 P T ™ n_ -
h n 2
(3.17)
The number density of free neutrons and free
protons, n_ and n_, is determined by equation (3.14)

with i=n and i= p, respectively, and with 9, = gp = 2,
Substituting the expressions for n, and np into eqguation

(3.17), and using the approximations rm1= mp = m and

m, = A,m_ in the 3/2 power term only, yields

i ib

3
2t m KT\ 2 ~m.cl4p\ A -1 A.-P, P
A ib m exp . = n, *t Mmoot Tom t
1g1 2 kT b n n
h m
M, =
1 3A,
— > - 5
A 2ﬁmkam 2 -m ot H -m_cC +pp
., =P,
2 X exp — (Al l) exp = P,
m m
(3.18)

-55-



The chemical potential Hi is conserved in the

reactions so Ni can be written as a sum of the neutron and

proton chemical potentials;: H; = pi“p4'(gi.° ﬂi)pn s Now

substituting p, into equation (3.18), the mass abundance

mi becomes after some cancellation,

5 AR,=1 A,-P, = 5 5 5
n2q. notoom t ot t -mc4m e (A, =P )+m c°P,
i 94 b n o i n i i o i
Mi = exp
i 3 (A=) “
2um kT
b m
h2
3
Af o; A=P. Py A=t BE
= M i u exp| = 3.18
n D D KT ) ( )
m
_ 2 2 Z . . e
where BE, = =m,c” + m c (A,-P,)+m c“P, is the binding
i i n i i p i
energy of the nucleus of species i, and w 1is defined as
3
ﬂbh 1 1
Vs 3/2  _3/2 (3.20)
(Zﬁmbk) T
2 A-P. P
The coefficient %-Ai giW% 1 Mp in equation

(3.19), is of order unity because all its terms are either

just greater than or just less than one. The dominant
A,=-1
terms in (3.19) are the exponential term and u .

At large matter temperatures Tm s Mi will be very small,
but W& will rise rapidly as Tm decreases on expansion.

The mass abundance of an element i1 will become large in

~56=



comparison to the mass of all baryons when WE approaches

unity, i.e.,

W = exp|—2 v (3.27)

Ww is very small during the element formation period, and

equation (3.21) is satisfied when the matter temperature Tm

has fallen to the value Ts s Where

BE,
- i
f (ﬁi-1)kllnxﬂ

T;' is called the 'freezing-in' temperature for the

element type 1.
The temperature at which deuterium, i = D, with

nucleon number AD== 2 and binding energy BED-— 222 MeV,

"freezes-int! will be

D _ 222 NMeV
Tf\ - k,lnw’ (3022)

D
£

and the neutrons no longer underge decay.
The 'freezing=in' temperature for helium-4 ,

At T the neutrons bscome bound into deuterium atoms

H; s of binding energy 283 MeV, |is

o4
e 283 PMel
T = LRIJ _LEr 3,23)
f 3kflﬂ§dl (

Because the Hél nuclei have a greater binding energy than
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deuterium, the deuterium atoms and remaining protons
. . . : 4 .
will become rapidly incorporated into He via a sequence

of reactions like D +p %Hes +% , D+D =-» Hez + n,

HS + n = H:' + ¥, D+D-9He'4 +¥, and it is assumed that

all the deuterium atoms at the deuterium freezing-in time

t;) form into helium,

Although the freezing-in temperature for H;L,
equation (3.23), is higher than the freezing-in temperature
for deuterium, equation (3.22), the helium cannot form
before deuterium because the temperatures and densities
are too low for the occurrence of the required many body
reactions, for example n+p+n+p 4>P%f (Weinberg 1972).

Hence the final helium-4 abundance will be

D . 4 3]
an at tf abundance by mass of He after tf o

A H; abundance of 27¢1% by mass is found

(this abundance is sensitive to 4o and can be pulled doun

somewhat by using a lower initial baryon density). The
freezing=in time and temperature are respectively 28

minutes and B8¢7 x 10° K.

3.3.2 Electron-positron pairs

During the early universe the high energy
radiation creates electron=-positron pairs. As the matter
cools on expansion, the pairs will annihilate into photons,
feeding energy into the radiation component., For an
oscillating model the reverse process occurs on contraction.

The number density of electronsplus positronsbound in

-



nairs nep, is given by

(3.24)

. - +
where m, is the mass of an e or e , and

s

23 m k
b =|—=—]| = 4+829 x 1015 om=3 k=372
h

N

L]

Fquation (3.24) is a classical equilibrium
distribution (see eg., Tolman 1934), and holds as long

as mec2>§<Tm° This distribution is justified because

during the early stages of expansion thermal equilibrium
is maintained between the matter and radiation by the

Thomson interaction (discussed in Section 3.4), and by
equation (3.1) we have initially mecz/kTm = 297,

Putting "ﬂn= TmB in equation (3.24), the initial number

density of electrons plus positrons bound in pesirs is

n = 24227 x 10%8 o™,
epl

or

20429 g em™> . (3.25)

erD

To ensure charge neutrality in the model there

must be an additional number of electrons Nog* equal to

the initial number density of protons npD . At time t and
temperature Tm s the total number density of electrons plus

positrons ng s will be

_ decay
ne(Tm,t) = nep(rm) tngg tong (t) , (3.26)
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= decay . .
where Moy npo s and ﬁe (t) is the number density

of electrons released from the neutron decay n 9'p‘+e@-+{i
at time ¢t .,

The initial photon and neutrino mass densities

are
aT;g -3
0r0 = 5~ = 134°7 g cm . (3.27)
C
4
aTl
7 v -3
= po. = = Pan T e = 58493 g cm - . (3.28)
?vea PVeD Pvp ?VPD 6 ~_2

By comparing equations (3.3), (3.25), (3.27) and (3.28)
one has er8>eveg> eep{} > Ppg v hence model is

initially radiation dominated. Using equation (2.19) to
give the radiation entropy, the initial radiation entropy
per baryon n, is

3
aT

n = 3—%2 = 5:624x107° erg K7
b0

44074 x 10k ,

i

where k is the Boltzmann constant.
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3,4 Fouation of state and interaction

3.4.17 Equation of state 3§ matter

In the continuum-particle model expansion begins
at a temperature 2 x189 K and with the matter semi-
relativistic. The egquation of state for the matter must
be expected therefore to take into account special
relativistic effects, and to express the total energy of
the matter Um s as a function of the matter temperature Tm’

In order to relate L%z and Tm one could adopt
the full relativistic-quantum gas (see for example
Chrandrasekhar 1939). However this would add considerable
complications to the model because of the integrals which
occur, and at the temperatures and densities treated here
it is sufficient for our purposes to adopt an approximate
series expansion for Um in terms of Tm (Honl 1971).

The Gibbs canonical probability distribution Dj s
gives the expectation value of the total energy of a
perfect gas of N particles as (see for example Baierlein

19713 Landsberg 1978),
(u_» = NZZEZ.D.
m jJ
J

-E./ kT
N Ezgj e J m

=Ej/k?m

J

J . (3,29)
h|

where Pj is the probability that the particle is in the
eigenstate . with the eigenvalue Ej‘ The summation j

is over all eigenstates wj o
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Let r and p signify the position and momentum
of a particle, and replacing the summation over all eigen-

states by an integration over phase space, equation (3.29)

becomes
"E(.I:. P P)/kTm
N E(r,P) e - ¢’ d3p
phase h3
space
(uy = s
-E(r,p) /KT
. Isp / m d3£ dSE
phase ho
space
(3.30)

. ; 3
where h is the planck constant and h~ is the volume occupied

in phase space by each state. dsgcf%: is the infipitesimal
volume in phase space in which the pgrticle's position is
within the region d3£ = dxdydz around the position r,
and that its momentum is within a region dSEEE dpxdpydpz

around the value p .

£

The energy of the particles in the gas will in
general be dependent only on the magnitude of their
momentum and not on their position and direction of motion.
For a fixed magnitude of the momentum, equation (3.30)
yields an integration over all directions. For an
infinitesimal momentum range p->p+dp, an integration
over a thin spherical shell of radius p and thickness dp

yields a volume 4ﬂp2dp. Fguation (3.30) simplifies to

o
N E(p) e‘E(D)/kTm p? dp
0
(o= » . (3.31)
;E(p)/k?m 2
0
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Special relativity gives the connection between
the total energy £, and momentum p, of a particle of

rest mass My s @s

2
£2 = %52 4 (mocz) , (3.32)

where ¢ 1is the velocity of light. Using the notation

— 2 - 2
= E/ch and a = myC /kTm s <Um > becomes

(U > =
m

= , . (3.33)

Defining
o

1
Y = je(e:?-w)? e"2E 4¢ (3.34)
1

{i\r/ May }:'c Sogub?-b 59( ubing {Z&Sf‘e,{ ‘P‘-iﬂié’(%i’kj)“
equation (3.33) can be reuritten as

il

i
=
=]
0

(Invy) . (3.35)



Expanding the sguare root in the integrand of
equation (3.34) in declining powers of E (note €£31),

one has

The integration of the first term in (3.36) can be

simplified by integration by parts. Thus,

2

- _ =at | E Z2E 2

- e ( a + ?2 + 3) Y (3937)
a a7 i

The third and fourth terms in the integrand of eguation
(3.36) can be neglected in comparison to the first and
second terms because, for small € the third and fourth
terms are less than one, and for large £ they become
vanishingly small (Abramowitz and Stegun 1972, p228).
With the third and fourth terms neglected and
with the result (3.37), ecuation (3.36) gives after

integration,

- oema [l . 2, 2 _e2
Y= (a s 3) 5a
a a
= -2l L 2 2
= . (28 + Ly 3) : (3.38)
a a



Substituting (3.38) back into eguation (3.35), the total

energy of the gas becomes
= - 2 2 o4 2 4 1) -
Um = Nch 35 ln(83 + a2 + 28) a

6 + 4a + 182

= 2 2

- Nm C ? 1 3 + 1 )
Za + Za” + féﬁ‘a

Summing over all particle types i, and introducing the
temperature dependence, the eguation of staete for the

matter becomes

6+4a(T)+—-a (T)

2a (T ) + 2a (T )+ “‘8 (T )

(3.39)

where 1i=n,p,e denotes the neutrons, protons, and

electrons plus positrons, and a.(T7_) = m.c2/kT _ .
i‘t'm i m

The equation of state (3.39), can be checked
for extrapolation by taking the two extreme cases ai<<1
(relativistic) and a;»>7 (classical). Expanding the
denominator of (3.39) first in increasing powers of a;
for the relativistic case, and then in increasing powers

-1 . ,
of ai for the classical case, we have respectively

-
i

N, m,c2 r(6+l&a + = 2) ( 5— Sa, + ) 1-
m MMy 17 72% 728, T2 TR )

i

_ )
2 12 2 8 , 2
| = - e e
U yNimic (6 +4a, + ai)( = 7t te o)+ 1
- a, .
1

a; <1,

a1,
i



Neglecting a{z terms and higher for the case ai<<1 R
and aiaz terms and lower when ai>)1, the matter energy

Um has the accepted limiting cases

2

Ni(micz) | 2
Um = 3N KT+ ———— kT _>»m.c
T iom kT m i
m
i
Uy = {%.m,cz + NLkT } kT <<m.c2 o
m ii i m m i
i

The dependence of the matter pressure p. on the
total energy Um’ is given by the interpolation formula

(see Section 2.3.2, equation (2.15) ) as,

b= oA Umw(um) (3.40)
! - Sy e 9 e
m 3V URE
where
- S N K
m(y} = 1 2 + 7 4 ’

2 .
and URE = Ejmimic is the total rest energy of the

matter. 1

3.4.,2 Eguation of state : photons and neutrinos

The photon and neutrino total energies and

pressures as a function of their temperatures are,
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_ 20 2.\ 7 .4 _\z .4
UV = 9,C Vv o= Zikjc v o= }E}E&aTj\!’ pv—»Ei;BaT s (3.42)
J J J
where a 1s the blackbody constant and I=V, Y ’7J’-ﬁ

denotes the four neutrino types,

3.4.3 Thomson interaction

The temperature dependence of the Thomson
interaction was introduced in Section 2.3.3, eguation
(2.21), for the continuum models. UWith the constants
explicity shown the Thomson interaction takes the form
(Weymann 1965; Peebles 1971),

4a._. akN
- Th e 4 _
sm = ~—~;i;;~» T, (Tr Tm) . (3.43)

where €m is the rate of energy transfer betueen the
matter and radiation, U}h is the Thomson scattering
cross section and has the value 6-625 x10'25 sz.

N is the total number of electrons plus positrons,

e
and me is the rest mass of an electron or positron.
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3.5 Dynamical eguations

The continuum=particle model is governed by
the dynamical eguations (2.4) and (2.6). They are
modified by the following : (i) a noninteracting neutrino
sea giving an extra component i =V, in equation (2.6).
(ii) The addition of the neutrino total energy in equation
(2.6). (iii) The inclusion of the energy production rate
in equation (2.6) for i=r, due to the e"e” annihilation

d(EeNep)/dt, where Ee is the total energy of an e or e+9

and Nep is the total number of electrons plus positrons
bound in pairs. UWith these modifications the dynamical
equations for the scale factor R, matter energy Um s

radiation energy Ur s and neutrino energy Uv become

U +U_+ U
g2 = 26 m _r V.7 (3.44)
2 R
C

0 + 4mp RR = ¢ (3.45)

m m , m °

-] 20 @ o

proed e e + o
U, + 4np R°R € (Ee Nep Eg Nep) (3.46)
0 + 4mp R°R = 0. (3.47)

v Y ¢

During expansion the e°e+ annihilate and the
energy from the annihilation is fed into the radiation
component. Inm 2 model with oscillation the reverse process
occurs on contraction. The number of particles of type i,
Ni, is a function of time because the electrons and
positrons annihilate and the neutrons decay. The rate of

L

change of the electron-positron pair number density, nep R

is given by the differential of equation (3.24), and the

wfh =
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rate of change of the neutron number abundance Xn s 13
determined by eguation (3.9) .

The equation of state for matter (3.39),
expresses the matter energy %n as a function of matter
temperature T . The dynamical equation (3.45) can there-
= fore be written as a differential eguation in Tm rather

than Um o Using the notation

6+4a(T)+-—a (T)

1
+
pS= )
A

fi(Tm)
2a, (T ) + 28 (T ) o+ -a (T )

the total matter energy Um’ expressed as a function of

temperaturs Tm becomes

m

- 2
u (Tm,t) = ZNi(Tm,t)mic fi(Tm) s (3.48)
i
where 1= n,p,e denotes neutrons, protons, and slectrons
plus positrons, and as previous ai(Tm) = micz/kTm . With

this notation the total energy of & paticle type i is
(T ) = micz F.(T ) . Differentiating equation (3.48) to

find E}m yields

/ 3 2 ? e
Z[Ni(Tm,t)mic fi(Tm) + Ni(Tm,t)mic f’i(Tm)J .

i=n,p,e

i

0, (T, »t)

Writing the summation out in full and noting that the
expressions fi are explicit functions of temperature
only, and &n and Np are functions of time only,

one has
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-
df—‘n(ém} %

dT m
m

0 (T ,t) = mncz () F (T ) + N ()

+ 2-53 (t)f(?)+m(t)m)°
" 1 Y p''m p daT_ T

i

. df (T )«
+ m e N (T 5t) fe(Tm) + Ne(Tm,t) — T
m

(3.49)

Using equations (3.4) and (3.26) and with
Ni==niv where V is the volume, the total number of
neutrons Nn s total number of protons ND s and total

number of electrons plus positrons Ne’ is respectively

Nn(t) = ><n(1:)t\sb » (3.50a)
MO [1 - xn(t)] N (3.50b)
N, (T st) = Nep(Tm) Nyt Nedecay(t) , (3.50c)

decay — - - - i
where N (t) = N !\in(t) N g ><n(11:)mb , is the

nO
total number of electrons released from the neutron decay

at time t . The rate of change of Nn’ Np s and Ne is

respectively
N(E) = x (B)Ng
N (E) = = X (e)Ny
&e(fg’mgt) = &ep(Tm) - %n(t)mb ,
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X (t) (see equation (3.9) ). Using

where X (t) = -1
n np 'n
equation (3.24) to evaluate N s the rate of change

then becomes

of N
e
hd mCZ 7
NT,t) = 3B e[S )T N (1) - x(t) N
? R 27 ] m ep’ m A
m kT
m
(3o51)

Substituting (3.57) into the matter energy equation
(3.49), and them substituting the new expression for U

into the dynamical equation (3.45), we obtain

, F(T )
N(t)f(T) + m(t}——-—-_-r;——— m

m_C
n
> [ df (T )
+ mc” [ N(t)F(T ) + Nn(t)—-E’—-—— T
[ad \ [ [nd [nd m /
° m C2
2 R 3 L, _e I I ;
+ mc Nep(rm) 3 *| 5 > T Xn(t}f\éb f*e(z"m}
mo kT
m
df (T_) . 5 e )
+ Ne(Tm,t)-—-a—T-—;- T + dwp (T JRTR = E(T ,T_
(3.52)

After rearrangment, equation (3.52) gives the rate of

change of the matter temperature as

20
»T.) = 4mp (T )RR = gfT ,t)

° 1
T = e | E (T
m gq(Tmst) mom

2 R
- Smec Nep(Tm) fe(Tm) -R—J s (3.53)
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where the functions 91(Tm’t) and géTm,t) are defined as

2
_ 2 3 My C
g,i(Tm,t) = Nep(Tm)mec f*‘e(Tm) 57 5
m kT
m
df (T_)
z it m
+ N(Tm,t)m c = .
i=n,p,e
Tee (3.54)
and
- Y 2 e
g2(Tm,t) = (Ni(t)mic f‘i(Tm)} + Xn(t)Nbfe(Tm),
i=ngp
(3.55)

Equation (3.53) is the dynamical equation for
the matter written as a differential equation in Tm »
and replaces the matter energy dynamical equation (3.45).
The eguations to solve are the four coupled differential
equations (3.44), (3.46), (3.47), and (3.53), together
with the neutron decay equation (3.10), and the interaction
(3.43), A fourth order Runge-Kutta method (see for
example Scheid 1968), is used to find a numerical solution
(using a Fortran program) for the variables R, Tm’ Ur’

and UV as a function of time.
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3,6 The later universe ; oscillating model

The Thomson interaction (3.43) is very strong
and is able to hold the matter and radiation temperatures
together until the electrons and photons recombine at
Tmﬁ 4000 K (Peebles 1971). After recombination the
photons scatter off the resulting hydrogen atoms. Using
a similar form to equation (3.43) but with the mass of a
hydrogen atom, this interaction is found to have
negligible effect. The neutrinos are noninteracting
(except for gravitation) over the temperature range 1

considered here and expand adiabatically with Tv s TV“:R o

e H

On contraction the matter temperature increases,
the hydrogen is ionised and the interaction again becomes
effective. The cycle was stopped, as in the continuum
model, when the scale factor returned to its initial value.
The final temperature was 21 x'lD9 K, which is still below
the temperature at which helium becomes unstable, i.e8.,
4x107 K at the final densities of n_~10°% cn™>,

treated here (evaluated from equations (3.23) and (3.20))

Figure 4 showus the composition of the matter
during the expanding phase, DOuring the radiation-neutrinoc
ensrgy dominated era and after the e=e+ annihilation,

1/2 because the radiation, like the neutrinos,

one has Roet
expands essentially adiabatically (after the ece+ have
annihilated the energy transferred from the radiation to

the remaining electrons by the Thomson interaction is

very small relative to the total radiation energy Uz )s

with the radiation and neutrino energy densitiss e and Oy ¢
falling as Ra{ Also by equation (3.44) we have

e o -
Rcz(ur-+ Uv)/R during this period, i.e., R2ec R™2  or

Roctq/za Hence the 1n Ur and 1In Uv curves in

Figure 4 have slope - % during the radistion-neutrino

erae.
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After recombination when the model bhecomes
matter dominated and when the curvature index term Kc2
is still small relative to Um/R , one has Rcct2/3
the matter expands adiabatically with the matter energy
density O falling as R°3 , and by eauation (3.44) uwe

L or fo:tz/3 - Hence the

bherause

have RZ« U /R, i.e., RcR”

In Ur and 1In Uv curves in Figure 4 have slope = 2/3

during this period. After the e"e” annihilation the
total matter energy Um remains essentially constant at
its rest mass value (Figure 4).

Figure 5 illustrates the scale factor R and

temperature ratio Tm/Tr for the computed cycle. The cycle

is almost, but not precisely, symmetrical about the time
of maximum expansion. ‘

Table II gives a comparison of the data between
the initial and final states., As in the continuum model,
they are not identical. The neutrino component in non-
-interacting and has identical initial and final energies,
while the matter and radiation components have more energy
in the final than in the initial state, with the radiation
daminating this effect. The extra energy in the final

70 -1
arg K ', l1.8.,

an increase in the entropy per baryon of 6°4 x106 k

during the cycle (S is defined to be zero initially).

state means an entropy increase of 3.0 x 10

3.7 The later universe : ever expanding model

The ever expanding continuum-particle model is
of limited interest because the early stages are very
similar to the oscillating model already discussed
(Section 3.3), while the later stages develop like the
ever expanding continuum model discussed in section 2.6 .

This model is therefore not pursued further.
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Table 11

Parameters for oscillating, Thomson interaction, continuum-particle model with Tm rf}:TverTv“O
Present state Maximum

Parameter Initial state (Tr=2°70 K) expansion Final state
R(CM) voveennonooncos 8+300 x 100 6-061 x 102/ 80542 x 1027 8300 x 10 '8
E(8) coveseconanconns 2224 1.561 x 10" 49495 x 10" 8990 x 10"/
U (eT@) vevevnoanennn 7.022 x 1072 5+170 x 10 ° 5.170 x 10 ° 7.104 x 10" 2
Py (g i N 2.400 x 1072 6+163 x 10”22 2.202 x 10722 2.400 x 10”2
T (K) ceeennnnennnnns 2.000 x 10° 3.366 x 107" 14695 x 1071 24096 x 10°
U_(era) ceveeennnnnns 2.900 x 10°° 3.749 x 107 2+660 x 10 2.957 x 1080
T (K) eeennnnnnnnnnns 2.000 x 10° 2700 1916 2.096 x 10°
U, (e7Q) veveerrennnnn 5.073 x 1080 6.948 x 10" 5.926 x 10 5.073 x 1000
[N (K) eoonoones 2.000 x 10° 2.739 10943 2.000 x 10°
Utot(e};g) 8+675 x 10°0 5.170 x 1070 5+170 x 10 ° 8735 x 1050
Ngp =eseeesnesrncsns 5.327 x 108° 0 0 5.442 x 10°°
H(km s~ Mpc™ 1) weoe 2+816 x 1077 97-66 0 ~ 24826 x 10"
] occosssssscsssccsss 0500 14720 o 0500
S(erg K™ 1) cevencones 0 10516 x 1070 1.516 x 10'° 34033 x 100
S/BATYONS seacensonss 0 32197 x 10° K 34197 x 10° K 6-395 x 10° k




3.8 Discussion of the neutrinoc temperature

At the present epoch with T =270 K, the
cantlnuum -particle model predicted a nonstandard result,
namely a neutrino temperature slightly above the radiation

temperature at T = T, (274 K ) > Tr(2°?D K). The standard
e K
calculation (eg., Peebles 1966; Wagoner, Fowler and Hoyle

1967) has Tr(2°70 K) > T, = T, (1+91K), and there are

€ H ,
two physical reasons for this new result.
The first departure from the standard calculation
arises because on the present model the neutrinos do not

decouple at A*5x1010 K as assumed in the standard model,

but at, or near, 2 x109 Ko The reason resides in the
neutral and charge current reactions which help to couple
the nesutrinos with the matter visa ei~+\g - ei‘+\g,
ei+-—% ~=9ei+-\'); . e++e'<—->ve +§1; , and similar
reactions for \L (there may exist a third neutrino type
Vs but its inclusion in the model would not significantly
change the results presented here). While the matter
remains dominated by e”e+ pairs, i1.e., down to around
2><189§< or so0, these currents are able to lock the matter
temperature to the neutrino temperature (Bludman 1976).
This is the temperature at which the continuum-particle
model is started, and it is thus reasonable to start with
all components in eguilibrium at that temperature. There-
~after the neutrinos are taken to be thermally
noninteracting. The reasonableness of this argument is
further supported by the observations of Weinberg (1974),
who reports that the neutrinos go out of thermal eguili-
=brium at temperatures somewhat above or below 3 x109 K,
and by Dolgov and Zeldovich (1981) who suggest that the
neutrino and matter temperatures are locked doun to
T <05 MeV (i.e., T <39 x10°
in the sense that kinetic energy is 3kT7/2 ).

Thus the energy and entropy released by the

eae+ annihilation after the temperature has fallen below

K if equipartition is used
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5><1G1O Ky, was in the previous theories transferred

solely to the radiation sea, but on the present initial
conditions, the annihilation energy and entropy can be

thought of as being fed also into the neutrino sea until
the neutrinos decouple at 'T~2><109!<. The e“e+ pairs
disappear at ~5 x108 Ky, and so their energy and entropy
is transferred solely to the radiation sea only over the

temperature range 2 x109 K to n15><108§< and not over the

10

larger ranmge 5x10 ~ K to ~5 x108 K as assumed in the
standard model. The effect of this sharing of the
annihilation energy between matter, radiation, and
neutrinos above the temperature 2 x1Gg Ky, is thus to drag
down 1%; and Tr in the present model below what one

would find in the standard work. TV and Tv are ,

relatively increased, ° a

The second departure from the standard
calculation depends on the fact that mecz/kT at 2 x 109K
when the model starts, is already as large as 297 .
The pairs are therefore no longer extreme relativistic,
although their kinetic energy is still significant hbecauss
3kT/2meczrv 0«5 . The neutrinos are decoupled at this
temperature, and if the matter and radiation are regarded
as independent for the moment, then TOCR"S, where 1<¢(s£?2
for matter and s=1 for radiation and neutrinos. This
means that energy is being transferred by the Thomson
interaction from the radiation to the pairs, uhich is
opposite to the direction of the energy transfer produced
by e“e+ annihilation. Some of the kinetic energy of the
pairs is continually being lost to the general expansion
and hence further enerqgy is transferred from the radiation
to the pairs by the interaction to maintain equilibrium.
The result of the interaction is therefore to lower Tr

but not TV and Tv (as the neutrinos have decoupled).
e H
This effects terminates when the e°e+ have annihilated

at w5 x108§<, Figure 6 shous the ratio (TV - Tr)/Tr
e

for the early universe (where Iv = TV at all times).
e

After the annihilation period the ratio reaches a constant

value since both T and Tr fall like R“TG

VEB
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These argquments show that the value of the
present day neutrino temperature is rather sensitive to
the exact temperature at which the neutrino sea decouples
from the other components. If the lepton neutrinos \g
wvere to decouple at a different temperature to the muon

neutrinos ﬁ; then we would have today ”R% % T\?J » The
result Tv > Tr in the continuum-particle model implies
e

that during the period when the temperature fell from
2:(1096< to around S:<188l(, the energy transferred by the
Thomson interaction from the radiation to the matter
exceeded the energy gained by the radiation during this
same period from the pair annihilation.

The models in this chapter began expansion at
temperature 2 x 189K with the matter semi-relativistic.
The matter and radiation transferred energy according to
the Thomson scattering formula (3.43). This interaction
assumes however, that the velocity of the electrons is
much less than the velocity of light, v <L ¢, and that
the radiation temperature is reasonably louw Tr < 107 Ko
The models discussed here begin at temperatures greater
than this, so one can ask is the Thomson scattering
interaction a good approximation when Tr> 107 K and when
v~c? Can a more general interaction be developed
which takes into account the guantum and relativistic
effects at high radiation temperatures and fast electron
velocities, and how would this guantum-relativistic
expression compare with the Thomson prediction as regards
the matter-radiation enerqy transfer ? These questions

are addressed in the next chapter.

=B -



CHAPTER FOUR

THERMAL INTERACTION BETWEEN MATTER AND

RADIATION IN THE EARLY UNIVERSE

Introduction

The Klein=Nishina interaction

The classical 1limit 3§ the Thomson interaction
Single electron moving through blackbody radiation

Faguilibrium distribution of electrons interacting

with blackbody radiation

-82-

page
83

86

91

94

98



THERMAL INTERACTICN BETWEEN MATTER AND

RADIATION IN THE EARLY UNIVERSE

4,1 Introduction

The models described in Chapters 2 and 3 made
use of Thomson scattering between the photons and free
electrons as the main matter-radiation thermal interaction.
During expansion this interaction was easily capable of
maintaining the matter and radiation in thermal equilibrium
until the electrons and protons recombine, when the
temperatures separate,

Strictly, Thomson scattering refers only
to when the incident photon energy is much less than the
rest energy of the electron. The change in the photon
freguency due to the scattering is then negligible, and
no energy is transferred between the electron and photon,
More generally when the change in the photon fregquency is
important, is referred to as Compton scattering if
the photon loses energy to the electron after scattering,
and if the photon gains energy from the electron then it is
often referred to as inverse Compton scattering. The
interaction (3.43) gives the enerqgy transferred between the
matter and radiation by the Compton scattering when electron
velocities are low and when radiation temperatures Tr(197!<,
However, in line with the literature (eg. Peebles 1971), we
shall continue here to refer to the energy transfer
equation (3.43) as the 'Thomsaon interaction'.

Thomson scattering has often been included in
cosmological studies (see for example Felton and Morrison
19663 Pesbles 19683 Pinkau 1980). If FTh is the momentum
transfer rate from blackbody radiation at temperaturs Tr
to an electron moving with velocity v through the radiation,

then

v 4
F GC c Tr 9 (4"1)
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(Weyman 1965; Peebles 1971), where c is the velocity of
light, and the negative sign indicates that the radiation
acts as a drag force on the electron as it moves throuch
the radiation. FEgquation (4.1) is derived by assuming the
electron velocity is much less than the velocity of light
v <<ty and that the radiation temperature TE < ?07 Ko
fiany cosmological studies begin at temperatures greater
than this and it is the purpose of this chapter to show
that at high radiation temperatures Tr > 107 Ks and for
glectron velocities near the velocity of light vec, the
Thomson interaction must be generalised to take into
account quantum and relativistic effects (Reeves and
Landsberg 1982).

At high radiation temperatures Tr > 10 K, the
scattering cross section of the electron is no longer a
constant as given by the Thomson expression a}h (see
equation (4.8) below), but becomes dependent on the
incident radiation freguency. The Klein-Nishina cross
section akeN must then be used in full (c}h represents
a special case). For the scattering of electrons and
photons when ‘Tr )18? K, one needs to change to the
more complicated cng » and for v~ c one must include

the relativistic Doppler effect on the incident radiation

7

freaquency. This legads to the Klein-Nishina momentum
transfer rate F,_, (section 4.2 ). For low radiation
temperature and slow electron velocities it is shown that

F becomes the classical expression FTh , eguation (4.1)

K=N
(Section 4.3) .

While it is knouwun that at high radiation
frequencies YN always lies below h (Heitler 1954;
Tucker 1975), an explicit study of the resulting decrease
of the theoretical momentum transfer rate for electron-
photon scattering is discussed here for the first time. The
dependence of FK»N on Tr and v/c is illustrated
graphically (Section 4.4), and in particular for T, »»1 and
v/c o, Fu_y is shoun (equation (4.27) below) to have the

dependence to first order in v/c 3
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F oc - ¥ Tr3 [ln(b?r) + %—] , (4.2)

where b is a constant,

In the early universe when temperatures are high
the helium and hydrogen atoms are ionised and the matter
component comprises uniform distributions of nuclei and
free electrons. This leads to the study of the momentum
transfer rate from radiation to an eguilibrium distribution
of electrons and, using the Klein-Nishina formula, this
transfer rate RK-N s 1is worked out here for a range of

11,

electron temperatures Te between 1Q5¥< and 10 " K, and fer

a range of blackbody radiation temperatures between 187K
and 1072 K (Section 4.5) .

The transfer rate RK«N is then discussed with
the electrons and radiation in thermal equilibrium
To=T.=7T (Te==Tr would apply to the early universe),
It is shown (Section 4.5), that at temperatures T < 107 K
the Klein=Nishina and Thomson expressions predict similar
momentum transfer rates (although the net transfer rate is
zero at Te = Tr, the electrons and radiation will continue
to exchange momentum at thermal equilibrium ; the rate of
momentum loss by the electrons as they move through the
radiation will be ecual and opposite to their momentum gain
from the radiation due to the action of the Brownian motion
of the photons). For electrons and radiation in thermal
equilibrium at temperatures 107 K €T < 5x 189K , the Klein-
Nishina interaction predicted the transfer rate to lie belou
the corresponding Thomson transfer rate, i.e., the electrons
and radiation are more weakly coupled at these temperatures
in the Klein-Nishina case than in the classical Thomson case.
However, at high temperatures T > 5 x 109K, the Klein=Nishina
expression predicted the transfer rate to increase rapidly
with increasing T and consequently to rise above the value
predicted by the Thomson expression, i.e., the electrons and
radiation are more strongly coupled at high temperatures with
the Klein-=Nishina interaction than with the corresponding

Thomson interaction,
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4,2 The Klein-Nishina interaction

e take blackbody radiation which is isotropic
in a frame Eg and an electron moving with a velocity v
along the X-direction in EU . The radiation intensity
(energy per unit area per second) in a frequency interval

¥ -~=->v9~f'd\fJ and solid angle interval ﬂo —9!16 + dﬂg s in the

frame ED is given by the Planck spectrum as (see for example

Pauli 1958),

e
=

v,) dv, dft = dy, dog (4.3)

I504) dy 0

0
©
X
ie
r
o
e '
{
NS 3

where TrD is the isotropic radiation temperature.

If I and v are the radiation intensity and
radiation freqguency as measured in the rest frame of the
electron E , and using the invariance property
IG/YE = I/v3 between the two frames E, and E, then the

radiation intensity in a frequency interval v = v + dv and
solid angle interval N - SL+ da  in the electron's frame

E  becomes

1
Idavde = —3 v° dv da
i)
i
= 2h dv do . (4.4)
o2 (hvO )
exp -1
kT_g

Expressing VW in the exponent of eqguation (4.4) as a
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function of the electron system frecuency Vv, and if
8 1is the angle between the X -axis and the direction
of the incident photon as measured in the electron's
frame £, then the transformation for Y is (see eg.,
Jackson 1962, ean. (11.38) ),

Y} = Y l;i£22§£% R (4¢5)
(1-4£%)2

where A= v/c . The radiation intensity ecuation (4.4)

is then

3
2h v dv dn
I(v,v,8) dv dn = = T 7775050 . (4.6)
N ] e B
r0 (1-47)

The electron cross section UR-N’ in £ is

given by the Klein-Nishina scattering cross section

(Pamraning 1973),

_ 3 1+ 2(v) [22(0)[1 + ]
S-n(V) = 77 23?\}\; (2 :+2z(:§\)) N 1”[“’*22("}])
' _anfr+2zv)] - 2 52(v) . (4.7)
2z(v) [1 + 22(\?)] g

Here z(v)zshv/(mecz) , ¥ is the incident radiation
freguency as measured in frame E , and my is the rest

mass of the electron. The Thomson scattering cross
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section is (Heitler 1954),

2

8 e - =25 2
g Py o 6’65 B ®
o 5t x 1 cm (4.8)

where e is the electronic charge.

At low radiation frequencies z (<1, and using

1
the expansion 1n(1+ x) = x--%x2 + %XS - %xa + 6 e 6
the cross section dk«N simplifies to
- 3 1+ 2 2 3 4
G%—N = 3 G%h 23 (52(1 ~z+422 =4z +8Bz + . . )

- (22o222+%z3«424+§§2-25+ o o )) + (1=2

_ 3 4 48 2 4 2
= 7 a}h[(1+Az)( 7 ~bz+tg 20 - o) t 2T+, . @

26 _2
O'frh(1=22+“§"2 +0 0.),

mecznhv° (4.9)

At high radiation frequencies

z>»» 1, and using the
approximation (1+z)~z, 0.y becomes,

L 3
O%-n T %

9

4z
z

1 1
h {jg[%-—ln(Zzﬂ + ?;ln(Qz} — QL]

3

ey

1 1 2
50T 3 {ln(22)+ 2], m,c << hy . (4.10)

R
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There will be a momentum transfer to the
electron along the X-direction due to the action of the
radiation (the radiation acts as a drag force). The
momentum intensity of the radiation (momentum per unit
area per second) in a frequency interval v -=»v +dv and
solid angle interval n »*n+dn , as measured in the
electron frame E will be I{v,v,8)dvdn/c . The rate
of momentum transfer to the electron in this freguency

and solid angle interval will then be

o N(v) 1(vsv,8) dvda cos8 . (4.11)
- c

Integrating over all frequencies and solid angles gives
the total rate of momentum transfer to the electron:

dpy (V)

FK_N(U) = -

(V) 1Vo8) s avdn . (4.12)
C

v

For an equilibrium
distribution of elesctrons of total number N8 interacting

with the radiation, the rate of momentum transfer ﬁK»N s

will be

e
|

FK-N(V) Ne S(V) dV 2 (éf’?z:}

where s(v) dv is the probability that the speed of an
electron lies between v and v+dv. 1In the standard

model of the early universe, the electron temperature Te
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is sufficiently high, and the electron number density ng
sufficiently low for the nondegeneracy conditiong

=3/2 ¢<¢1, to be easily satisfied, and hence

nehS(ﬂkme)
for the electrons to have vanishingly small chemical

potential (Weinberg 1972). It is then possible to write
as a relativistic Maxwell-Boltzmann distribution (Wienke

1975),

2
s(v) = m;; ) Sl exp Elv) , (4.14)
(1- %) kT,

whers Mm% is the relativistic electron mass and
Y
E(v) = me%c2 = mecz/(1-=ﬁ2)2 is the total relativistic

energy of the electron. The constant & has the value
- 2 2
8 = mlokT_K,(mc®/kT ) (4.15)

and ensures that the distribution (4.14) is correctly

normalised with j;(v) dv =1 ., K2(y) is the modified

v
Bessel function of second order,

(%) (y/2)?
(%)

K, (y)

and | (n) is the gamma function,

fﬁ(n) = Jﬂxn°1 e™* dx , n»o0 .
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4,3 The classical limit : the Thomson interaction

For any constant cross section such as

equation (4.8), one has

vy = Pl
Th = dt
- & 2h v3 cos 8 dvy dan (4.16)
- Th 3 hy 1+ Bcos B ) ’
c exp """‘“"-““"‘; -
KTeo (1 - %)
v L ’

To integrate eaquation (4.16) over frequency v, the

following two relations prove useful,

c?
3 1
b -
= > 3 b(n+T)x (4.17)
bx
e -
n=0
where e»bx <1, and (see eg., Abramowitz and Stegun 1972,
9255>y
o
e’ y" dy = n! (4.18)
0

s 2y%
Writing xshv/kTrD and b= (1+gc0s8)/(1- )2 , and

using the relation (4.17) in ecuation (4.16), we obtain

ot
4
kT bl
Fo{v) = o cos 8 dn 2£~£§l~ x> e b(n+1)x dx
Th Th 3
\ (ch)
a X h=0 (4.19)
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wvhere x ranges from 0 o0 Now writing y= —b(n+1)x

and x3=-—y3/Cb3(n+1)3) , and with the result (4.18),

equation (4.19) becomes

4 o0
(v) = B d z[kTrO] 3! (4.20)
FTh v = G}h cos I —-~j§ ~Z-~u~fz . o
(ch) b (n+1)
ieR n=0

The summation term in equation (4.20) can be evaluated
by using the standard result (Abramowitz and Stegun 1972,
p807),

o o3 4
1 = 1 = "1:-”' s a’}
— — 55 (4.27)
(m+1) m
m=0 m=1

Substituting (4.21) into equation(4.20) and writing

15

a = S«Sk“/(15c3h3) = 75641 x 10~ erg em™S K4 , one has

)4

2 (wk 4 cos 8
Frolv) = o = T €985 dp
Th Th 0
15 (3 T 4
fL
-~ T
4 2 ?
R al g (1-£7) cos8 sin g
Th =3 sin8 d8 ,

(’)*{-ﬁcosa)[i
0 (4,22)

where a is the blackbody constant, Neglecting ﬂz
terms and higher and integrating over 8, FTh finally

becomes,
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I
9

Frp(v)

and after integration over 8, vields

4

= -4
FTh<V) h 3 G'Th aTrG EY (4023)

0l

The negative sign in equation (4.23) indicates, as expected,
that the force is in the direction opposite to the
electron's motion. For an eguilibrium distribution of
electrons interacting with the radiation, the transfer rate

with Thomson scattering RTh s will be

Rip = FTh(u) Ng s(v) dv . (4.24)

v
Multiplying F., , equation (4.,23), by the electron

velocity v, will give the rate of change of the electron's

enerqy, £ say, and defining the electron temperature Te

by the eguipartition law %kTe = %mevz s we have for £ ,
4
e B 4c}h akTrD ;
= vhyy 77 BEXEEREE

Imposing the constraint that when Trgﬂ= Te the rate of

energy loss by the electron will be equal to its rate of
energy gain from the radiation, we can expect the net rate

of enerqgy transfer to the electron, €e say, when T}g 7 Te

=03



to be,

4
e _ Aa%hakTrD(T

e m C r0
2

e Te) . (4.25)

which satisfies the condition &€ =0 when T =T
e v e

Equation (4.25) is the interaction per electron used in

the continuum=-particle model Csee equation (3.43)) .

4.4 Single electron moving through blackbody radiation

The Klein-Nishina expression for the single
electron case, equation (4.12), was integrated numerically
and a comparison was made with the corresponding Thomson
case, equation (4.23) (Figure 7). The numerical
procedure adopted to evaluate the integrals in (4.12) uas
taken from the University of Southampton 'NAG' computer
library, routine D01 DAF developed from Patterson 1968.

Figure 7 shows the ratio FK»N/FTh over a

radiation temperature range up to 1812 K and for two

values of the electron velocity, 10 cm s~ and 0.9c.
The ratio decreases with increasing temperature. This
means that the radiation temperature dependence of the
momentum transfer rate, F, from the radiation to the
electron is weaker when the Klein=Nishina formula is used
than the T* lauw given by equation (4.23). Although it is
known that at high radiastion temperatures TY N always
lies belou CE T the decrease in the dependence of the
transfer rate FK-N on the radiation temperature has not
been shown in detzail before,

In regard to the dependence on the electron
velocity v for a given radiation temperature, one has

Feey in the Thomson case and a stronger than linear
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FIGURE 7 Single electron moving through blackbody radiation. The figure shows the ratio

of the momentum transfer rates for the Klein-Nishina to Thomson interaction FK-N /F

} Th*
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dependence at the higher temperatures (where the Klein-
Nishina formula must be used). This gives the effect of
having the high velocity curve lying above the curve for
nonrelativistic velocities in the figure. The velocity
dependence is due to the radiation intensity, equation
(d.B). In the Thomson case (uhere Fis conventionally
derived by going to first order in v/c only, as in
equation (4.23) ), CETR is a constant, whereas in the Klein-
Nishina case the cross section SET equation (4.7), is
freguency dependent. Although electron-positron andg
other particle-antiparticle pairs form at radiation
temperatures 'v109 K and higher, the matter and radiation
are always close to thermal eguilibrium and hence the
blackbody distribution, equation (4.6), is still valid.
Figure 7 shows that for fixed TrD the ratio
FK_N/FTh increases uhﬁg the electron velocity is
increased from 10 cm s to 0°¢9c, This result can be
checked analytically by discussing the velocity dependence

of FK«N in the limiting case of TrD 31 and ve~c .

The scattering cross section is then given by egquation
(4;30% and to a good approximation the blackbody radiation
distribution at high temperatures can be described
by one major frequency, V = cT g /(0289 cm K). The

max
cross section (4.10) then becomes

-
_ 3 7 1
GK“N(TF{:}) - bTra [ln(bTrO) + 2} 9 (4:26)

where b=2n/(0-289m_c) cm”' K. Substituting the
cross section (4.26) and the radiation intensity equation
(4.6), into the momentum transfer rate FK»N , eguation
(4.12), and again using the relations (4.17) and (4.18) to
evaluate a similar integral over frequency ¥V &as treated

in equations (4.16) to (4.22), one obtains
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g, 2he™> v° cos 8 dy dn
F = S _1Ih [ln(bT )+l} Y
K=N 4571 r0 2 1+ Acos 8
™ i CLATITY B
0 (1-47)
v n
T
4
aT 2,2
1 =
- %G_Th ZbTrO [l (bT Q)+%] ( ) cosB sin8 d8
rg- (1+pcos8)”
0

Neglecting 186 terms and higher and then integrating over

B, one has

1t
cos 8 sinB dB

(1 +ﬁcos 9)“

3
-
abr[] {1n(bTrD) +-;-} (1= zlgz +ﬁ“)

_ 3
F = 8%h

0

aT3

= Soy, er [ln(bTrD) *‘;‘J“ - 2f° ’“/34)(‘”%3 - 8p° - 165°-..)

aT
;G [ln(bTrD)4~%Jﬁ(1-+ﬁ2-+ﬁf—+,,) . (4.27)

= 7 %

where T 53> 71 and vec. The negative sign in (4.27)
indicates that the force is in the direction opposite to
the electrons mgtion. Dividing (4.27) by the Thomson

transfer F, , equation (4.23), the ratio of the Klein-

Nishina to Thomson transfer rate leads to

{m(mww%} (1 +/52+/54+., ) .

Thus, as the electron becomes relatiuistic,/gincreases and
brings the ratio FK_N/FTh closer to 1, as confirmed in

Figure 7 .
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4,5 FEqguilibrium distribution of electrons interacting

with blackbody radiation

For an equilibrium distribution of electrons
immersed in a sea of blackbody radiation, Figure 8 shous
the momentum transfer rate per electron RK-N’/Ne » (based
on equations (4.13) and (4.12) ) , for a range of electron
temperatures Te s against radiation temperature TrG (the
triple integral arising from equations (4.13) and (4.12)
was evaluated by Routine D01 FCF, *NAG' Computer Library,
developed from Dooren and Ridder 1976). RK-N is negative
because the radiation acts as a drag force on the
moving electrons, and this drag increases (becomes more
negative) with increasing TE and TrD « In particular,
for constant Te s the drag increases slighty less rapidly
with each increase in TrO {(the curves in Figure 8 have
slighty decreasing slopes), whereas for constant T the
drag increases rapidly with each increase in Te because
the radiation intensity, ecguation (4.6), rises rapidly in
the electron's direction of motion as v -»c.

RK—N represents the rate of change of the
momentum of the electrons as they travel through the
radiation sea. The electrons will not come to rest because
they will alsoc gain momentum from the action of the
Brownian motion of the radiation. The net rate of momentum
transfer will be given by the difference between these two
mechanisms, and in particular, when Te:zTrD the net
transfer must fall to zero, i.2., the rate of momentum
gain will be equal and opposite to R Cequation (4.13)7)

Although the net transfer between the electrons
and radiation is zero when Te::TrD s the electron and
radiation will continue to exchange energy and momentum
during thermal equilibrium. The magnitude of the total
momentum transfer rate at thermal equilibrium will be
twice lﬁxaml because the electrons will gain momentum
from the action of the Brownian motion of the photons at

the same rate as they lose momentum through the radiation

drag.
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FIGURE B8 Eqguilibrium distribution of electrons interacting with
blackbody radiation. The figure illustrates the
momentum transfer rate per electron RK—N/Ne against TrD

for a range of electron temperatures Te“
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Figure 9 makes a comparison between the
momentum transfer rate at thermal ecuilibrium, ?’ETE = TrO’

for the Klein-Nishina and Thomson cases by illustrating

Ric-n /Rin

1812K, The figure shows that for electrons and radiation

in eguilibriun at temperatures T < 107K, then RK«N‘/RTh ~ 1,

for a range of temperatures T between 106§< and

i.e.; ths Thomson expression RTh is in good agreement with
the Klein=Nishina formula RK~N at temperatures below

107 K. A temperatures 10' K< T < 5x10°K the Klein-Nishina
formula predicted a2 lower momentum transfer rate than that
predicted by the Thomson case, i.8., the Klein-Nishins
interaction has the electrons and radiation more weakly
coupled in this temperature range than the corresponding
Thomson interaction prediction. However, at higher
temperatures T2 5 x 109K, Figure 9 shouws that the Klein=
Nishina expression predicted the momentum transfer rate to
increase rapidly with increasing T and conseguently to

rise above the value predicted by the Thomson formulsa,

i.e., the electrons and radiation are more strongly coupled
at high temperatures in the Klein-=Nishina interaction case
than in the corresponding Thomson scattering case. The
strong coupling at high temperatures T > 5 x 109K predicted
by the Klein=Nishina interaction results from the incident
radiation intensity increasing rapidly in the direction
opposite to the electrons motion as v = ¢ owing to the

relativistic Doppler effect.
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CHAPTER FIVE

CONCLUSION
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CONCLUSION

The general thermodynamics of model universes
have been studied by means of continuum and continuum-
particle models. The former have been considered in
earlier literature and this investigation begins with a
further development of such models (Chapter 2). A
continuum-particle theory is then devised. This model
is a generalisation of the continuum theory and is
introduced here for the first time (Chapter 3). Universes
with oscillation and indefinite expansion have been
discussed for both model types. Cutting ocut the
singularities, the follow points have been found ;

(1) A new feature of ever expanding models is pointed
out, namely that there is a maximum in the temperature
difference Tr - Tm » before the 'hsat death'! is
approached (Figure 2). This is accompanied by a drop in
the matter-radiation interaction to such an extent that
the matter and radiation develop independently and each
component expands adiabatically and with constant

entropy (Figure 3).

(2) A radiative T4- and a Thomson scattering interaction
between matter and radiation have been investigated for
continuum models., It is found that (a) the general
performance of ever expanding and oscillating models is
rather insensitive to the choice betuween them; and (b) the
entropy generated depends quite strongly on the
interaction (Figure 3). Confirming earlier work, it is
also found that the entropy increases even in the

contracting phase (Figure 1).

(3) On terminating the contraction of an oscillating
model at the initial scale factor, one finds for the final
values relative to the initial values in both continuum
and continuum-particle models (Tables IA and II) :

(a) The numerical value of the rate of change of the scale
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factor is increased ; (b) The energy densities and
entropies of bath matter and radiation are increased.

(4) Considering a continuum-particle, oscillating,
Thomson scattering model the following points emerge :

(a) Starting at 20 x TDgK, approximately 22 seconds
after the'big bang', and terminating at the appropriate
scale factor, it is found that the matter and radiation
temperatures have increased slighty to 21 x109 Ky while
the neutrino component, which is thermally noninteracting,
has identical initial and final temperatures (Table II),
The cycle is almost, but not precisely, symmetriec about
the instant of maximum expansion (Figure 5).

(b) At the present epoch with T.= 2:70K, the neutrino
temperature is predicted to be slighty above this value
at T, =T, = 2:74K (Figure 6)., This is due to (i) the
neutrsl and charge current reactions which encourage the
neutrinos te stay in thermal equilibrium with the matter
to around 2 x 10° K : and (ii) the Thomson interaction
which produeces a reasonably large transfer of energy from
the radiation to the matter before the disappearance of
the e"e’ pairs at around § x 108 k (Figure 4).

(c) The extra energy in the final state when compared to

70 erg K-T

the initial state means an increase of 3.0 x 10
in the entropy of the model. This corresponds to an
entropy generation per baryon of 6-4.x106£< during ths

cycle,

(5) For a continuum, oscillating, Thomson scattering
model which is initially out of equilibrium with

TmO > Tro , one finds for the final vslues relative to

the initial values a quite neu regime (Table IB) as fellouws:
(a) The numerical value of the rate of change of the

scale factor is decreased.

(b) The total enerqgy density is decreased.

(c) The model is closer to equilibrium.

(d) The entropy is increased.

=104~



In the models discussed in this work, and in
many other cosmological studies, the dominant interaction
between the matter and radiation is the Thomson scattering
of the photons and free electrons. In Chapter 4 a more
general interaction was developed by taking into account
the fact that at high radiation temperatures Tr > 187 Ky
the scattering cross section of the electron is no longer
a constant but becomes dependent on the incident radiation
frequency (the Klein-Nishina cross section must then be
adopted), and for electron velocities approaching the speed
of light v ~ ¢, one must include the relativistic Doppler
ef fect on the incident radiation freguency. This leads to
a relativistic, guantum-mechanical expression, the Klein-
Nishina interaction, for the electron-photon momentum
transfer rate.

A comparison is made between the Klein-Nishina
interaction and the classical Thomson interaction by
numerically computing for both cases the theoretical
momentum transfer rate from the radiation to the electrons
for two examples ; (i)a single electron moving at velocity
v through blackbody radiation at temperature Tr (Figure 7)
and, (ii) an equilibrium distribution of electrons at a
temperature Te interacting with blackbody radiation
(Figures 8 and 9). Graphical information is presented in

gach case and the results can be summarised as followus :

(6) At radiation temperatures T.< 107 K and electron
velocities v < 0<1¢c, the classical Thomson expression for
the electron's momentum transfer rate is in good agreement
with the relativistic, guantum-mechanical Klein-Nishina

approach (Figures 7 and 9).

(7) The Klein-Nishina interaction has a weaker radiation

temperature dependence than the T;is law of the classical

Thomson case. At radiation temperatures Tr > 1D7K and
with v kept constant, the Klein-Nishina formula predicts
a less rapidly increasing momentum transfer rate with
increasing Tr than that predicted by the Thomson
scattering interaction (Figure 7). In particular at

T, = 10"2 Kk and v = 10 cm s°?, the reduction is of order

5 x 10“3 below the Thomson value.
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(8) The Klein-Nishina interaction has a stronger
dependence on the electron velocity v than the linear
velocity dependence of the classical theory. At electron
velocities v > 0«1 ¢ and with Tr kept constant, the Klein-
Nishina expression predicts a more rapidly increasing
momentum transfer rate with increasing v than that
predicted by the Thomson interaction. In particular at
To=10"7
the Klein-Nishins interaction predicted a ~ 5 times

K and with v increased from 10 cm s~ to 0-9c,

greater increase in the transfer rate than the corresponding

increase predicted by the Thomson interaction (Figure 7).

(9) Ffor an eguilibrium distribution of electrons at
temperature Te interacting with blackbody radiation at
temperature Tr, the momentum exchange between the electrons
and radiation increased with increasing Te and Tr . At
constant Te the Klein=Nishina interaction predicted the
drag on the electrons to increase less rapidly with each
increase in Tr’ whereas for constant Tr the drag

increased more rapidly with each increase in T (Figure 8).

(10) For a distribution of electrons in thermal

equilibrium with radiation, T_= T = T, one finds (Figure 9):
(a) At temperatures T < 1O7i< the Thomson and Klein-Nishina
approaches give similar results for the electron- radiation
momentum exchange.

(b) At temperatures 10
interaction predicted a lower momentum transfer rate than

"K «T <« 5x10°K the Klein-Nishina

the corresponding classical Thomsan case, i.2., the Klein-
Nishina interaction has the electrons and radiation more
weakly coupled at these temperatures than the corresponding
classical prediction.

(c) At high temperatures T > 5 x10° K, the Klein-Nishina
expression predicted the momentum transfer rate to increase
rapidly with increasing T and consequently to rise above
the value predicted by the Thomson formula, i.e., at high
temperatures the Klein-Nishina interaction predicts the
glectrons and radiation to be more strongly coupled than

the corresponding classical Thomson interaction prediction.
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(11) Many cosmological studies begin at temperatures
much greater than 187 Ky, so the Klein-Nishina interaction
ought to be used in these circumstances. In the
cosmological models discussed here the Klein-Nishina
interaction, like the Thomson interaction, is easily
capable of maintaining thermal equilibrium between the

matter and radiatione.

e end this report by considering which parts
of the work are open to further discussion and
investigation.

A nonstandard feature of the continuum-
particl??%%s the prediction of a neutrino temperature
slightly above the radiation temperature. In particular,
at the present epoch with T =2-70K then T,= Tr/0‘9857,
whereas the standard model has TV== Tr/1-40a at this
epoch (Peebles 1966; Wagoner, Fowler, and Hoyle 1967).

A higher neutrino temperature would have
important conseguences for the universal mass density
and for the mass density on scales of clusters of galaxies,
Ordinary nucleonic matter appears incapable of accounting
for the dynamically inferred mass on the scales of
galactic clusters, and this mass discrepancy may persist
down to scales of binary galaxies (Faber and Gallanger
1979). 1t has been suggested that relic neutrinos,
clustering on large scales, could account for the hidden
mass. Calculations show that if the neutrinos have a
temperaturs 'RJ= Tr/1°404 at the present epoch then the
mass discrepancy can be accounted for by neutrinos if the
neutrino mass falls within the limits 4 eV ¢ my 20eV,
and if they have small mass m, < 1«4 eV then the
neutrinos could still dominate the universal mass density
(Schramm and Steigman 1981). '

The number density of relic neutrinos depends
sensitively on the temperature during the early universe

because n, m‘tf » Hence a higher Iv would significantly
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increase the number of primordial neutrinos and would
lover the limits imposed on m, for the neutrinos to
dominate the universal mass density. Also, more
neutrinos would participate in gravitational collapses,
giving lower constraints on m, for the neutrinos to
make up the mass discrepancy 1in galactic clusters.

Both clesed,K=1, and open, K= -1, model
universes have been studied in this work. The closed
models could be investigated further by taking them
through additional cycles. This would not be possible
however, for the continuum-particle model because the
final temperature on contraction, 2°1 x189 Ks was
inadequate to decompose the Hg . To take the final state
as the starting point for a second cycle would not be
reasonable since further contraction would have meant
higher temperatures and with the Hi nuclei eventually
breaking up.s To investigate further cycles would
require additional work on the decomposition of the
elements on contraction.

In all the interacting oscillating models
discussed here which began in thermal equilibrium, the
entropy S increased during both the expanding and
contracting phases, and the model collapsed to the
initial scale factor with a greater total energy U and
a greater IRl value than with which it started. Houwever
the dependence of the energy and entropy generated during
a cycle on the model's initial data requires further
study. Also, if the oscillating model is taken through
many expansions and contractions, would the entropy and
total energy increase with each cycle and without 1limit ?
If the total energy U is increased with each cycle then
the scale factor at the point of maximum expansion Rmax
would increase with each cycle because, by eaquation (2.2),
one has Rmaxazu at the instant R =0 (note that
this multicycle arqument assumes that the end of one,
truncated, cycle can be connected to the beginning of the
next cycle by taking the data at the fimal contraction
point as the initial conditions for the next cycle; the
region close to the singularity having been 'cut out' by

the model).
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An extrapolation back to earlier cycles
would imply that each successive esarlier cycle contains
less enerqy and entropy and expands to a smaller scale
factor Rmax than its neighbouring later cycle., How
far back could this be taken ? It suggests that a very
early cycle would be essentially devoid of energy and
entropy and undergo only a small oscillation. The
creation of energy and entropy would occur through
repeated oscillations, with the maximum scale factor
increasing with each later cycle. This multicycle model
possesses therefore an infinite future but only a finite

past,
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INDEX OF SyYymMBOLS

Physical constants

Velocity of light c=2-9979 x10'° cm s~
Gravitational constant G=6-6732 x 1078 dyn cm? g
Boltzmann constant k=1.3806 x 10" © erg og=1
Planck h=6:6262 x 107°/ erg s
Electronic charge e=4-8033 x 10”10 esu
Electron mass me==9°1096><10"28 )
Proton mass m, = 16725 x 10724 g
Neutron mass m =1:6749 x 10~ 24 g
5 4
Blackbody constant a= B kK
15 3.3
ch
= 745641 x 10" 12 erg em™> %k~4
g [e2\°
. -8 [e
Thomson cross section d}h- 7 7 >
m_c
e
= 626525 x 1072° em?
Curvature index K=+1, 0, =1
Variables
t - time
- scale factor
i - total energy of component i
03 - mass density of component i
Ti - temperature of component i
Py - pressure of component i
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5 - entropy of component i

i

Ei - rate of energy transfer to component i

Ni - total number of particles type i

m. - mass of particle type i

Ei - total energy of a particle type i

95 - number of spin states of particle type 1
Ni abundance by number of particles type i

xi::ﬁ; to the total number of baryons

Nimi abundance by mass of particles type i
mi::meb to the total mass of baryons

- the 'freezing-in'! temperature of element type i

A11 extensive variables used in the continuum and

continuum-particle models refer to a comoving volume V(t),

v(t) szfﬂ? dr df d¢ ,

r 8¢

where g is the determinant of the spacelike part of the
Robertson-Walker metric (Robertson 1936; Walker 1936),

P A 2 , 2
dr“+ r“(d8° + sin“8 d¢)
ds? = c?dt? - R2(t) ¢ ,

2172
4

and where r, 8, and ¢ are the comaving coordinates.
R(t) is the scale factor at time t, and the limits of

integration on the volume V(t) are so chosen that

4

3
zmre (t) .

v(t) =
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