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CLASSIFICATION OF PHASE TRANSITIONS IN THIN
STRUCTURES WITH SMALL GINZBURG-LANDAU PARAMETER"

G. RICHARDSON! AND J. RUBINSTEIN*

Abstract. Thin superconducting structures are considered. We compute the limit where the
thickness and the Ginzburg-Landau parameter tend simultaneously to zero with a preferred scaling.
The new equations enable us to divide the parameter space into regimes of first order or second order
phase transition. The results are discussed in light of recent experiments.
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1. Introduction. Superconducting materials exhibit a phase transition from a
normal state, in which they behave like conventional metals, to a superconducting
state in which they can support electric currents without resistance and exhibit the
so-called Meissner effect, namely a tendency to expel magnetic fields. This phase
transition is commonly associated with a critical temperature T, below which the
material enters the superconducting state. This, however, applies only in the absence
of a magnetic field. Where a magnetic field H is applied to the sample the transition
takes place across some (sample geometry dependent) curve in H-T space which we
represent schematically in Figure 1.1. The purpose of this paper is to investigate
this phase transition for thin structures made from a certain class of superconducting
materials at low magnetic fields. In order to do this we make use of the Ginzburg-
Landau (GL) model of superconductivity [7]. In this model the superconducting
charge carriers (electron pairs) are represented by a complex order parameter 1 (x),
which is defined such that |i)(z)|? is proportional to the number density of these
charge carriers.

Phase transitions are classified into two types: first order (discontinuous) and
second order (continuous). First order phase transitions are associated with a jump
in some quantity (in this case the GL order parameter 1) as a controlling parameter
is varied (in this case temperature T'). They are also associated with hysteresis in this
quantity as the controlling parameter is swept up and down through the phase tran-
sition. In a second order phase transition the quantity of interest (here ) bifurcates
continuously from its initial state (the normal state ) = 0). Both types of transition
are exhibited by superconductors in the change from the normal state 1 = 0 to the
superconducting state 1) # 0. In bulk samples the order of this transition depends
upon a material property, namely the GL parameter «. It is known that the transition
is of first order if £ < 1/v/2 and second order if x > 1/4/2 [17]. This is one of the
facts that has led to a distinction being drawn between type-I materials (k < 1/v/2)
and type-II materials (k > 1/ v/2). In contrast to bulk superconductors recent exper-
iments [11, 19] on thin structures indicate a second order transition even in materials
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Fi1G. 1.1. A schematic representation of the dependence of normal/superconducting phase tran-
sition on temperature T and magnetic field H.

with rather small values of k (for example, aluminum, where x = 0.28). In order
to explain this difference in behaviors we investigate the limit in which the thickness
of the structure goes to zero at the same time as x tends to zero. In particular we
choose the distinguished limit which captures the crossover between type-II behavior,
favored by thin geometries, and type-I behavior, favored by low values of .

From a mathematical viewpoint, a second order phase transition occurs whenever
the bifurcation of the superconducting solution from the normal solution is supercriti-
cal, and a first order transition occurs whenever it is subcritical. A heuristic argument
can be made for the magnetic field generated by superconducting currents favoring a
subcritical bifurcation. Therefore one can say that a strong Meissner effect (low k) is
generally associated with a first order transition, whereas a weak Meissner effect (large
k) is typically associated with a second order phase transition. If, however, the sam-
ple has at least one thin dimension, then the sample’s ability to change the magnetic
field via the Meissner effect is diminished. Thus thin samples of low-x materials may
exhibit second order transitions. We shall derive models for superconductivity in thin
domains in the distinguished limit, as the thickness of the domain and & tend to zero,
in which it is possible to find both first and second order phase transitions. We shall
use each of these models to derive an eigenvalue problem whose solution determines
the position of the normal/superconducting phase transition in H-T' phase space; and
to find a criterion which may be used to determine whether this phase transition is
of first or second order. A similar eigenvalue problem and criterion have been derived
from the full GL equations by Chapman [5] for a body of arbitrary shape. However,
the practical application of this more general treatment is limited by the difficulty of
solving the eigenvalue problem.

Limit models for thin superconducting domains have previously been derived by
Chapman, Du, and Gunzburger [6] (thin films) and by Rubinstein and Schatzman
in [14] (thin strips) and [15] (thin networks). In these works the authors consider
the limit where the thickness of the domain goes to zero. In [13] we have derived a
different model in which we considered the limit of vanishing thickness together with
strong applied magnetic fields. All these models have proved useful to study a variety
of problems. In particular they have been used to confirm experimental results such
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as the Little-Parks oscillation [10], [8], and even to predict new effects [3] (see also
[12]). The new models we derive here complement these works. They enable us to
derive precise criteria for classifying the phase transitions. They also serve as a useful
tool for understanding such structures well into the nonlinear regime.

In section 2 we formulate the GL model for superconductivity. It turns out that
the appropriate canonical scaling depends on the geometry and even on the topology
of the sample. We therefore consider separately the cases of thin cylindrical shells
(section 3), thin films (section 4), and thin wires (section 5). In each case we consider
how the magnitude of the GL order parameter 1) varies with temperature for different
constant magnetic fields (in practice this is mathematically convenient). However,
we lose no generality in doing so as the surface representing |¢)| as a function of
magnetic field and temperature can be reconstructed from these slices. Finally we
discuss our findings in section 6. One of our main conclusions is that the classification
of materials into type-I or type-II is fairly meaningless in mesoscopic domains. A
material can exhibit both types of behavior depending upon its geometry. In fact,
even when the geometry is fixed, the type of phase transition can vary as the applied
magnetic field changes.

2. Problem formulation. The GL equations are, appropriately nondimension-
alized, as follows:

(2.1) (V—iA)?yp =T (v -1)v,

(2.2) VA(VAA) = <|w|2A LWy - wvw*)) ,
(2.3) B=VAA,

(2.4) [B Ny, =0, EB A NJ =0

(2.5) N - (V —iA) 9|y, =0.

Here the dimensionless parameter x is the GL parameter, and I' is related to the
coherence length £(T") by

l2
= 6—2’

where [ is the problem lengthscale. Close to T, the critical temperature, below which
superconducting state is energetically favorable in the absence of magnetic field, T’
can be approximated by I' = a(T. — T') where a is a positive constant.

It is possible to reduce the number of dependent variables in (2.1)-(2.3) by the
introduction of the gauge invariant variables

(2.6) ¥ = fe¥X, Q=A-Vyx.

r

This leads to the following nondimensional system of equations in V:
(2.7) Vif=T(f° - f) + f1QI%,

(2.8) j:VABz—%(sz),
(2.9) B=VAQ,
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which couple to Maxwell’s equations

VAB=0, V-B=0,
(2.10) )
B — B.,:e, as |x| — oo

in the exterior domain V¢ via the jump conditions (2.4) and the boundary conditions

af

(2.11) Q- Nlyy =0, aN

=0.
v

3. A thin cylindrical shell. Consider a thin superconducting cylindrical shell
V, with axis in the z-direction, subject to an axial magnetic field. Then the center
surface of the cylinder can in general be described by r» = (z,y) = q(s) and the inner
and outer surfaces by

r =q(s) + eD(s)n(s), r =q(s) — eD(s)n(s),

respectively, where n(s) is the inward pointing normal to the surface » = q(s) and
€ = ak? < 1 (note that m is not the same as N, the normal to the surface of the
shell). Points & within the cylinder may be described in terms of the orthogonal local
coordinates X, s, and z such that

T =q(s) —eXn(s)+ ze,

(here s is the dimensionless distance around the two-dimensional curve r = q(s)
which increases by 27 as a complete circuit is made). Since this coordinate system
is orthogonal we can use standard results to write the vector operators grad, div,
curl, and Laplacian in terms of the derivatives of X, s, and z and the basis vectors
e; =xx/|xx|, es = xs/|xs|, and e,. In terms of these coordinates we find

e, 0N € oN oN
B VE=T5X T ax) 0s T 0z
_ 18141 kA] 1 8142 8143
B2V A= c OX +(1+ekX) + (14+€kX) Os +¥’
2y 10%9 ) L9 ( 1 89\, o0
(3.3) V7 = 2 X2 + e(1+ekX)O0X * (14+€kX)0s \ (14 €kX) ds 0822’
1 0As3 0A, 0A; 10A;
ANA=e, - - s\ 3, ~~3%
v € ((1+ekX) ds 82) € (Bz e(?X)
3.4 104, | kA 1 0A
: \edX  (1+eX) (1+ekX) 0s )’

where we write A = A e, + Ase, + Ase, and k is the curvature of r = g(s). We look
for a solution to (2.7)—(2.9) of the form

B=B(X,s)e.. Q=Qi(X,s)e,+Q2X,s5)es, f=f(X,s),

use the vector operators found in (3.1)-(3.4), and expand in powers of € to find
1 k
(35)  ghxx+ Thx —BXfx+ fu =T = )+ £(Q2 +QF) +O(e)),
1 r
(3.6) Bie, — - Bxe, = —“T 2 (Q1ex + Qaes) + O(eB),

(3.7) B = %Qz,x +kQ2 — Q1,5 + O(€|Q)).
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We take the divergence of (2.8) and expand this in powers of € to find

10

(3.8) oy (F7Q1) + - (f2Q ) +kf2Q1 = O(ef?|Q)),

and finally we write down the boundary conditions (2.11) in terms of the new variables
and in powers of e:

Ly '(s = O(¢? ! eD’ =O(¢
(i epin)|  =o@n. (pxrerin)| <o,
(3.10) (@1 ~ D' (@) |-y = OIQD), (@1 + D' (5)Q2)lx—_p(y = OIQ)

We now seek an asymptotic solution to the system (3.5)—(3.10) of the form
F=FOX,5) +efD(X,8) + EfP(X,5) +

(3.11) Q=Q9V(X,s)+eQV(X,s)+---,
B =BO(X,s)e, +eBY(X,s)e, + -

Substituting this expansion into (3.5) and expanding to O(1/e) yields
(3.12) FO =5, Y =fN),
while proceeding to O(1) gives an equation for f(?):

(313) P + 79 =07 - 1) 4+ FOQO” 1+ Q).

Boundary conditions on this problem are then obtained by substituting (3.11) into
(3.9) and expanding to O(¢); they are

(3.14) & - D'(5)fO'(s) =0, [ +D(s)fOs) = 0.

X=D(s) X=-D(s)

Equations and boundary conditions for Q(O) are obtained from the leading order
expansions of (3.7), (3.8), (3.9), and (3.10) and have the solution

(3.15) QO = QP (s)e,

Proceeding to O(1) in (3.8) we find the equation for le)

(3.16) FOQY, + < ( FO2QW )
with boundary conditions arising from the O(e) term of (3.10):
(3.17) QN -pQf| =0 @V+DeY| =0

Integrating (3.13) and (3.16) between X = —D and D and applying the boundary
conditions (3.14) and (3.17), respectively, we find the governing equations for f(®(s)

and ng)(s); these are

(0)
(3.18) 117 (P e ) =1 - 1) + 100"

(3.19) = (D 7O Qg°>) —0.
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Consider now the behavior of the magnetic field. Substituting expansion (3.11)
into (2.10) which holds in V., the unbounded part of V¢, and the nonsuperconducting
region enclosed by the cylinder V;,,;, we see that

BO) — Bt in Vege, BO) = Bz-(gg = const. in Vipe.
In the superconducting domain V' we find
BY = arf@*QQ.

Integrating this between X = —D and X = D (recall that the inner surface is given
by X = —D and the outer by X = D) then gives the following expression for the
magnetic field in the interior of the cylinder:

© _ B, — 2aDTfO*Q.

int —

(3.20) B

Consider now the magnetic vector potential A. To leading order this is solely de-
termined by the magnetic fields in V¢ and V,; such that where we expand A as
A=A 1AM 4 ... and substitute this into (2.3), we find

VAAD =By inVew, VAAD =By in Vi
In order to solve for A© an equation giving its gauge must also be specified (typically
V- A©® =0). In order to relate (3.18) and (3.19) to the magnetic vector potential it
is helpful to transform back to complex variables (¢, A) where
. !
v = FO(s)exp(ix(s)), Q) = AP (s) - x'(s),

AP (s) = A© . g/(s .
2(s) 46y

Equations (3.18) and (3.19) can easily be shown to be equivalent to
d o)\ 1dD (dp® . (o
2 _ia 0 LaD (v’ 0 - 1p© (15©@)2 — 1
(ds’2 VUt pas \Tas M2 Y v (W@ ~1),
¢»©  periodic on (0, 27)
By making the one-dimensional gauge transformation
- s (0) 27
Y@ = )(s)exp (z/ AP (u) — ——’ZW du) , FO = / AL () du,
0 0

this in turn may be shown to be equivalent to

d  FON?_ 14D (dp FO . i
(3.21) (a"a?) P pa \as i) =T (9 -1),
¢ periodic on (0,2n)

Here F(© is the leading order magnetic flux threading the cylinder. It is related to the
superconducting current flowing in the ring through (3.20) which, when we introduce
S (the area enclosed by the cylinder), we can write in the following form:

(0) - (0) i - dib - dib*
(3.22) e _B..,—2Dr (Wf + % (w*‘fi—f _ g )) .

S 2m ds

By taking ¥ multiplied by the complex conjugate of (3.21) and subtracting ¢)* mul-
tiplied by (3.21), it may be verified that the right-hand side of (3.22) is independent
of s.
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Summary. We have derived a model, comprised of (3.21) and (3.22), which de-
scribes superconductivity in a thin hollow cylinder made from a low-x material. The
equations (3.21) and (3.22) form a closed system. Given the applied magnetic field
B..t, we can solve it to find the superconducting order parameter ¥ in the cylinder
and the magnetic flux F enclosed by it.

3.1. Transition to the superconducting state: A first or second order
phase transition? In this section we shall (I) show how the model (3.21)—(3.22) can
be used to calculate the value of T' at which a superconducting solution bifurcates
from the normal solution ¥ = 0 and (II) derive a criterion to work out whether this
bifurcation is subcritical (first order) or supercritical (second order). Dropping the
superscript on F we look for an asymptotic solution lying close to the normal solution
by making the following expansion:

b= ot
I'=Tg+---,
F=Fo+-,

where 6 < 1. Substituting the above into (3.21)-(3.22) and expanding to leading
order we find the following eigenvalue problem for g:

_ _ D _
L¢0=(i—l@> Yo + l'd——<%— —¢0>+F0¢0=0,

(3.23) ds D ds \ ds ;
Yo periodic on (0, 27)
(3.24) Fo = SBext.

Thus, given the applied magnetic field Be,¢ it is possible to calculate Fo and then,
by looking for solutions to (3.23), calculate the value of I'(Bezt) at which a super-
conducting solution first bifurcates from the normal solution as I is increased (and
temperature decreases); this is the first eigenvalue T'g of (3.23). In order to calculate
whether this bifurcation is subcritical or supercritical we need to proceed to higher or-
ders in the asymptotic expansion of 9 to investigate how the amplitude of ¢y depends
upon small deviations of " away from I'g. The expansion proceeds as follows:

b =600+ 8%+,
I'=To+ 6T+,
F=Fo+8F +

Substituting this into (3.21)-(3.22) and expanding to first order we find the following
inhomogeneous problem for ;:

- d dD ~ 5~ ~
Ly = H(s) = f;( do +1 ( ;io‘i‘%d—i/)o))+Fo|¢0|2¢0—rl¢o,

Y1 periodic on (0, 27)

(3.25)

together with an equation for the constant

(3.26) Fi = —2a8DT, (|¢0|2}—° : (1/,0‘1_11’_9 _ Od;!;o» .
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FiG. 3.1. The dependence of |C| on I'1. In (a) there is a supercritical bifurcation while in (b)
there is a subcritical bifurcation.

Using the solution ¢ to the homogenous version of (3.25), we can write a solv-
ability condition for (3.25):

2
(3.27) A solution exists to (3.25) iff DyjH(s)ds = 0.
0

We now seek to relate the amplitude of 1[)0 to I'; via this solvability condition. In
order to do this it proves helpful to write

Yo = Cw, where C € C

and w is a solution of (3.23) normalized such that f027r D|w|*ds = 1. Making the
above substitution in (3.27) and evaluating the integral using the definitions of H(s)
and F; found in (3.25) and (3.26), we find

2m

I4[C[? = TolCP? (
0

Ky,=D (|w128%;z£ +2 <w*iii—1;} —wdw )) = const.

D|w|*ds — 4aSK3,> ,

2 ds

The bifurcation is supercritical (second order) if a superconducting solution exists
for 'y > 0 (see Figure 3.1(a)) and subcritical if no superconducting solution exists
for T’y > 0 (see Figure 3.1(b)). It is straightforward to show that Ty > 0, and it thus
follows that

2
D|w|*ds — 4aSK?2 > 0 = supercritical bifurcation,
(3.28) 0 2

D|w|*ds — 4aSK? < 0 = suberitical bifurcation
0

3.2. An example: The uniform ring. We consider a shell of uniform di-
rpensionless thickness D and set & = 1. A superconducting solution, of the form
1 = 6Ce*™*, where C is a complex constant, bifurcates from the normal solution at

Best \* B
I'="Ty= (m - §—e—t> ,  where m = nint <M> ,
27 2
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Wl os| 1Bl os}

0
01

FIG. 3.2. The dependence of |tho| on T for a uniform ring with o« = 1. In graph (a) (Bezt/2.0—
m)2 = 0.25; in case (b) (Begt/2.0 — m)? = 0.125. In each case the three different plots represent
different values of D. For the dotted line D = 5.0, for the dashed line D = 3.5, and for the solid
line D = 2.0.

where nint(A) is defined to be the integer closest to A. We can use the criterion (3.28)
to show that this bifurcation is subcritical (first order) iff

2
2DS (m_ SBm) -

T 2m
Since the solution of the full problem (3.21)-(3.22) has the form
Y =Ee™, EeC,

we can pursue the solution which bifurcates at I' = T'g into the fully nonlinear regime.
Substituting for 1 in (3.21)—(3.22) we find the following problem for £ and F:

either E =0,

F\ 2
Ef=1-(m->—) /T
e (m-5)
F T F Begt ™M
-D - — DI + — - — -—]=0.
(m 271') +( +S>(m 27r>+<2 S) 0
Numerical solutions to this problem, which show the dependence of )| = |E|

upon I', are plotted in Figure 3.2 for the special case of S = 7, a = 1, and for different
values of D and (Begt/2 — mm/S).

4. The thin film problem. In this section we consider a thin superconducting
film occupying the domain

V; = {(m’yaz) € Ra : (.T,y) € VOa —6d1(.’1§,y) <z< GdQ(I,y)}
and subject to a perpendicular magnetic field Begte,. Here we take

e=an2, k<1,
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where a, di, and dy are all O(1). In order to determine the effect of the applied
magnetic field on the superconductor we need to solve the GL equations in V. and
couple these to Maxwell’s equations in the exterior. Since the film is thin we consider
a method for approximating the GL equations in V.. We rescale z with the thickness
of the thin film by introducing the scaled variable Z such that

z=¢€Z,

and rewrite (2.7)-(2.8), which hold in V., accordingly:

(41) 022+ fea + f) =T (£ = ) + QP
(4.2) €B3, — B2z = —al'f2Q,,

(4.3) Bi,z —€Bs, = —al'f2Q,,

(4.4) €(Ba,s — Biy) = —al'f2Qs,

(4.5) Q1,z = O(¢|BY), Q2,z = O(¢|B)).

Taking the divergence of (2.8) gives an additional equation that proves useful when
carrying out the asymptotic analysis

1o

(4.6) -5z (F'Qs) + (5% (f2Q1) + ;% (sz2)> =0.

On the upper and lower boundaries of the thin film the conditions (2.11) yield

(4.7)
fz - e (dl,a:fa: + dl,yfy)|Z=d1 = O(GQf)a fz + e (d2,a:fz + d2,yfy)|Z=_d2 = 0(62f)7

Q3 —€(d1,2Q1 + d1,yQ2)| ;_y, =0, Q3+ €(d2zQ1 +d2yQ2)|,__,, = 0.
We now seek an asymptotic solution to (4.1)-(4.6) of the form
B =BY 1+ 0(e), Q=Q9 +eQM +...
f= f(O) +€f(1) +62f(2) R

Substituting this expansion into (4.1) (at leading and first order) and (4.5) (at leading
order) we see that

fO =fO®@,y), O =fD(gy),
Q¥ =% (z,y), QY =P (z,y).

Since f(® is independent of Z it follows from (4.6) that ng) is also independent of

Z; applying the boundary condition (4.8) leads to the conclusion that ng) =0 and
hence that

(48) QY = Q" (@ e: + Q5" (@ yle,.
Proceeding to O(e) in (4.6) we find

©200) 1+ 9 (0250, 9 (10250 _
OR8N + 5, (57 + 5 (10%0f) =0
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Integrating this equation with respect to Z between Z = —dy and Z = d; and applying
the boundary condition (4.8) at first order (O(¢)) gives rise to the following relation
between f(© and Q(¥:

1o} 2 .(0) 0 2 0)
4 _(D %! ) _<D ©) =0,
(4.9) 5z (D1°Q) + 5. (D7"Q5)
where D(z,y) = di(z,y) + d2(z, y) is the dimensionless thickness of the film. We can
find a further relation between f(© and Q® by taking the O(1) expansion of (4.1),
integrating this with respect to Z between Z = —dy and Z = d;, and applying the
boundary condition (4.8) at O(e?); this relation is

1 (0 (0fON 0 (L0FONY _ /03 w0 L 00O
(4.10)5(%@ ax>+5§<Da_y)>_F(f0 — 1O) + FOIQO.

In order to couple (4.9) and (4.10) to Maxwell’s equations in the region exterior to
V. (and thus relate Q(O) and f© to the applied magnetic field) it is advantageous to
reintroduce the original variables ¢ and A, and the phase of the order parameter x
(as defined in (2.6)). These have the following expansions:

A:A(0)+€A(1)+...’
XZX(O)+€X(1)+”'7
¢:¢(0)+€w(1)+....

Comparing these variables to the leading order behavior of Q, through (2.6) and (4.8),
we see that

X(O) = X(O)($7y)7
@ = fO(z, y)exp(ix 'V (z,y)).

It follows that the behavior of the superconducting thin film is determined, to leading
order, by the components of the leading order vector potential A© tangential to the
film. In fact we can rewrite (4.9) and (4.10), in terms of a(® = A§°) (z,y,0)e; +
Ago) (z,y,0)e, and ¥, as follows:

(4.11)(V — ia@)2p© & %VD _ (vw“’) _ ia(0)¢<o>) — (0 (|¢<o>|2 _ 1) "oy

It now remains to find one more set of equations relating a(® to ¥ and the
applied magnetic field B = B,:e,. Returning to (4.2)—(4.4), we see that there is an
O(1) jump in the magnetic field across the film. Integrating these equations between
Z = —dy and Z = d; we find

(4.12)
Bz, = i (z,y) + O(e), [Ba)i=™, = =5 (z,y) + O(e), [Bs]IZ%, = O(e),
where

§© = _oqrp <|¢<0)|2a<o> 5 (0" vy Oy )) ,
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By taking account of the continuity of magnetic field across the boundaries z = ed;
and z = —edy, linearizing (4.12) onto 2 = 0, and applying Maxwell’s equations (2.10),
we can write the leading order problem for the magnetic vector potential outside the
film as follows:

VZA® = —iO(z,4)8(2),

v-A© =,
VAA® - B.e, as x| — oo.
Solving for A© gives
. 1 i© (¢
(413 A% w..2) = B+ [ [ (y(f Ziz ol
where A is such that
(4.14) VAA=e, V-A=0.

Setting z = 0 in (4.13) thus gives rise to a further relation between a(® and ¢(®,
namely,

oo | /V (el (""‘”*W“’)’¢‘°>V¢‘°>*))]“’"’dcdn

(€= 02+ (y—n2)?
(4.15) =47 (BeztA(-Ta y) - a(O)(m’ y)) .

In order to close the system comprised of (4.11) and (4.15) we need to specify the
boundary conditions on dVj; it is clear that this is

4.16 N-(V-ia®)y®| ~
(4.16) @™ )| =

The system (4.11) and (4.15) together with the boundary condition (4.16) bear
some similarity to a system of integral equations proposed in [16] for the particular
case of superconducting disks.

4.1. Transition to the superconducting state: A first or second order
phase transition? In this section we use the model (4.11), (4.15), and (4.16) to find
an eigenvalue problem whose solution gives the values of I', as a function of the applied
magnetic field Bes¢, at which a superconducting solution bifurcates from the normal
solution ) = 0 @ = B.;;A. By taking account of the nonlinear terms in the model
we then find a criterion which can be used to work out whether the bifurcation of the
superconducting solution is supercritical (second order) or subcritical (first order).

Henceforth the superscripts on v and a, in (4.11), (4.15), and (4.16) are dropped.
We search for superconducting solutions of these equations bifurcating from the nor-
mal solution by looking for an asymptotic solution of the form

b=6uo+ e,
a=a0+...’
F=Tg+--,
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where § < 1. Substituting this expansion into (4.11), (4.15), and (4.16) and taking
the leading order terms in § leads to the following eigenvalue problem for 1)g:

Lo = (¥ ~ iao)’* Yo + VD - (Vb ~ iaovo) + Tovp =0,
N . ( - ZO‘O) wO = 07

Vo

(4.18) ap = ea:tA(-T, y)

(4.17)

For any given applied field By the value of I' at which a superconducting solution
first bifurcates from the normal solution, as I' is increased, is the first eigenvalue of I'y
of (4.17). In order to investigate whether this bifurcation is subcritical or supercritical
it is necessary to proceed to higher orders in the expansion of ¥, a, and I':

Y =6 + 831 +-- -,
a=a0+52a1+~--,
['=Tg+6T;+---

Substituting the above into (4.11), (4.15), and (4.16) and expanding to first order
gives rise to the following inhomogeneous problem for 1);:

(4.19) Ly = H(z,y) = <F0|¢0|2¢0 — 1o + 2a0 - @190

+i (a1 -Viho + V- (a11ho) + %VD . alwo) >,

(4.20) N - (V —iao) Y1lay, = iIN - a1tolay, ;

aro / / |wo|2ao + 5 (0" Voo — %o Vho"))] (¢, )
v (z =02+ (y—m»)"?
Since v is a solution to the homogeneous version of (4.19)-(4.20), H(z,y) will need

to satisfy a solvability condition in order to show that a solution to these equations
exists. It is possible to derive this condition starting from the relationship

(4.21) a1(z,y) d¢dn

[ | 2 (w5t = (Bun) ) av = [ D1 (7~ o) v — v (V + o) 5] - NS
Vo Vo

We can substitute for various terms in the above using the complex conjugate of
(4.17), (4.19), and (4.20) to find the following condition:

(4.22) / ; D3 H(x,y)dV = /6 y iDJtpo|*a; - NdS.

Finally, by manipulating D3 H (x,y) we can find a surface term to cancel with that
on the right-hand side of (4.22) and this leaves the following solvability condition:

423
/ / (Tolol* = Tu[ol?) + 2a: - ( (ao|wo| + 5 W50 - wovws)))dvzo.
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Our goal now is to use this condition to relate some norm of 9 to I'; and in
particular to find out whether there is a nontrivial solution of v for positive values of
I'; (a supercritical bifurcation) or for negative values of I'; (a subcritical bifurcation).
In order to do this it is helpful to write g in terms of w, a normalized solution of the
eigenvalue problem (4.17):

Yo =Cw, where C e€C and / D|w|?*dV = 1.
Vo

Substituting for 1o and a; in (4.23) we find the following relationship between |C|
and I';:

(4.24) IC2=T|C|*,  where

Snolf =g [ ([ e s

K,=D (BmA|w|2 2( w*Vw — wVw* ))

The bifurcation is supercritical (second order) if a superconducting solution exists for
I'; > 0 (see Figure 3.1(a)) and subcritical if no superconducting solution exists for
I'; > 0 (see Figure 3.1(b)). It thus follows that

(4.26) T < 0 = subcritical bifurcation

Y > 0 = supercritical bifurcation, }

4.2. An example: Calculation of the normal/superconducting transi-
tion in an annulus. We consider the annular domain {V; : r € [y, 8]} where (r, )
are radial coordinates with origin at the center of the annulus (we shall also make use
of the corresponding cartesians £ = rcosf and y = rsinf). In order to determine
how a thin annular superconducting film of uniform dimensionless thickness D (and
with @ = 1) makes the transition from the normal to superconducting states, we look
for solutions to the eigenvalue problem (4.17) of the form

wO = C’UJ(T, 9)7 ag = Bea:tA7

‘ B .
w(r8) = fr)e™, 2x [ DPGIrdr =1, A= e
ol

Substitution of the above into (4.17) yields the following:

I 2
(4.27) pral +f(r0_(%_"§) >=O,
(4.28) £ = £ =0.

We compute the normal/superconducting transition curve by solving this eigen-
value problem numerically with different integer values of m. The value of T" at which
the transition occurs is given by T' = Tyt (Begt) = ming,ez(To(Bezt, m)). In Figures
4.1 and 4.2 plots of I'.;4 versus Be;: are made for annulus of inner radius a = 0.5 and
outer radius b = 1.0.

b
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12 S —T r T — v T
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Bezt 6 \

0 0.5 1 15 2 2.5 3
r

FiG. 4.1. The normal/superconducting transition curve for an annulus of inner radius a = 0.5
and outer radius b = 1.0 and dimensionless thickness D = 5.0. Dashed lines represent a second
order phase transition and solid lines a first order one.

12 e ———————— T

10 .

Bezt 6T

0 05 1 15 2 25 3
r

Fi1G. 4.2. The normal/superconducting transition curve for an annulus of inner radius a = 0.5
and outer radius b = 1.0 and dimensionless thickness D = 7.0.
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In order to calculate whether this transition is subcritical (first order) or super-
critical (second order) we need to evaluate Y in (4.25). We note first that

Begir m
Ko =70 (257 - 2 e,

//vo ((z—¢ 4yn)n) )1/2d<dn

Df2 (BeztR/2 — m/R) .
(4.29) /R 7/¢ o r2+R2—2chos(¢> e (ey cos ¢ — ez sin @) RdRd9,

and then that

where { = Rcos¢, n = Rsing, and z = rcosf, y = rsinf. With the aid of
some simple substitutions and formulas 3.674 (part 3) and 8.126 (parts 2 and 4) of
Gradshteyn and Ryzhik [9] we can perform the integral in ¢ contained in (4.29). After
some algebra we obtain the following expression:

(4.30)

7’) — s BeztR m R
[ myﬂ““““l1”“”(“7——§)GGJd&

where

6= [ T2k (2E) -—a+ne(22)).

1+p 14+p 1+p

and where K(.) and E(.) are the complete elliptic integrals of the first and second
kind, respectively.
By substituting (4.30) into (4.25) we find that

T=27rDF0[Lﬁrf4 dr——// ( )( (R)(%—%))
(4.31) x (fQ(r) (% —?)) de'r].

Where T > 0 the normal/superconducting transition is supercritical, and where T < 0
it is subcritical.

This criterion is used in Figures 4.1 and 4.2 to distinguish between sub- and
supercritical sections of the curve I' = I'.¢(Best). We observe alternating sections
of supercritical and subcritical transitions. This peculiar result means that the phase
transition depends not only on the geometry but also on the applied magnetic field.

5. The thin wire. We consider a thin wire with typical variations in its cross-
section occuring on a lengthscale comparable with its length (i.e., an O(1) lengthscale),
and of typical nondimensional width €, where ¢ <« 1. Following a previous paper by
the authors [13] we represent points « inside, or sufficiently close to, the wire in terms
of local coordinates (X,Y,s) defined about the centerline of the & = r(s) (here s is
arclength). These are such that a point  with coordinates (X,Y,s) is at position

(5.1) x =7(s) +eXn(s) +eYb(s),
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where n and b are, respectively, the normal and the binormal to the curve & = r(s)
(again note that m is not the same as N the normal to the surface to the wire). This
coordinate system is nonorthogonal since the basis vectors

ox/0X 0x/dY Ox/0s

eI:—? ey:—7 eS:—

|0xz/0X| |0z /oY | |0x/0s|
are not all mutually orthogonal off the curve = 7(s). However, for O(1) values of
X and Y they are close to being orthogonal. This property is used in [13] to find
asymptotic expansions, in powers of €, for the vector operators gradient, divergence,

and curl in terms of (X,Y,s) and the curvature k and torsion 7 of the centerline of
the wire. These expressions are as follows:

< or 8F)+esaF(1+ekX+O( ),

P=(ax
(
(7
(&

(5.2) VF =

(5.3) —kP1 + O(¢e| P)),

s
(8P2 oP, > oP; OP; )
v a9y Yy

0P, 6P2> OP;

m|»—n mlr—l ml»—l

(54) VAP= 8—Y€$ - a—Xe

8P, 0P\ 0P
X oY) as )"
oP, oP, 0P,

OPs OPs
X—+Y——= O(e|P
+T< 8X+ EYa es + O(e| P)),
where we write the vector P in the form P = Pie,+ P>e,+ Pse;. It proves convenient
to define a function G(X,Y, s) which takes negative values inside the wire V, is zero
on the boundary AV, and is positive outside the wire in V¢. The cross section of the
wire Q(sg) about the point @ = r(sg) is then given by

Qso) ={(X,Y): G(X,Y,s0) < 0}.

We write the vector operators in (2.7), the divergence of (2.8), and the boundary
conditions (2.11) in terms of the local coordinates. We obtain

+

S Uxx )= g = [0 - 1) + £ - £l
(5.5) +O0 (fx, fr,€fs),
(5.6) Gxfx + Gy fy +€Gsfs|pq) = O (fx, € fy, ),
(5.7)
10 o 0 .2 0 (2 2
< (B_X (f?Q1) + v (f Q2)) + s (f?Qs) — kf°Q1 =0 (ef,€lQ|),
(5'8) GXQI + GYQQ + 6GsQ3|aQ(s) =0 (€2|Q|) .

We assume that f and @Q have expansions in € which have an O(1) term at leading
order; this assumption is justified a posteriori. Solving for f in Q(s) using (5.5) and
(5.6) gives

(5.9) f=F(s)+O0(),
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while solving for @ on §2(s) using (5.7) and (5.8) gives
(5.10) Q = Q3es + O(e).

Integrating (5.5) over €(s) then yields

(5.11)
1 IxGx + fyGy dl =

= =D[[(F?-F)—-F" +F// Q2dXdY + O(e),
62 89(3) (G2X +G§/)1/2 [ ] Q(s) 3

where we define D(s), the dimensionless thickness of the wire, by

D(s) = / dXxdy.
Q(s)

Substituting for (fxGx + fyGy)|aa(s) in (5.11), using (5.6), and then making use of
the relation

(5.12)1/ G(X,Y,s)dXdY:// %dXdy_/ _Gh_y
ds J Jags) Q(s) 0 oa(s) VG + G2

which holds for any smooth function 6(X,Y,s), we find the following equation for
F(s):

(5.13) % (DF'Y=DI(F} - F)+F / QZdXdY + O(e),
Q(s)

(5.14) F(s) periodic on [0, 27].

Performing similar manipulations on (5.7) and (5.8) as we did for (5.5) and (5.6)
above, we find an equation for the conservation of electric current in the wire:

(5.15) % l / /Q “ F%(5)Qs3(X,Y,s)dXdY | = O(e).

We can now use (2.8) to calculate the total current I flowing across any cross section
Q(s),

€2

(5.16) I=—

T+ 0(e), where I= —1"// F2Q3dXdY = const. 4+ O(e).
Q(s)

We obtain an equation for Q3(X,Y,s) in a cross section €(s), valid to O(e), by
substituting (2.9) into (2.8) and using the expansion of curl found in (5.4),

De? .
(5.17) Qaxx +Qsyy = K—ZFng +O0(e)  in Qs).

This couples to Maxwell’s equations (2.10a) (with zero current density) outside the
wire in ©2°. We choose to write these in the form V A (VAQ) =0,VAQ = B, where
Q and its first derivatives are continuous across the boundary 99Q(s). Taking the e
component of the former of these two equations we find

(5.18) Qaxx +Qayy =0()  inQ(s).
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As R = (X2+Y?)!/2 tends to infinity, the right-hand side of (5.17) appears as a point
source for the potential QJ3. Therefore Q3 has the following asymptotic behavior:

2

(5.19) Q3 ~ —267”32 log R + 3(s) + O(elog R) as R — oo,

where 7 is given by (5.16). Notice that this behavior represents the effect of a current
size €2Z/k? flowing along the wire. Notice also that the logarithmic growth uniquely
determines the far field behavior, and that the additive O(1) term (3(s) is determined
by the shape of the cross section (s).

Hence, if we can find Z, we shall have sufficient boundary data to solve for F(s)
and Q3(X,Y,s) up to O(e). In what follows we shall consider how, by matching the
preceding inner analysis for Q3(X,Y, s) to the vector potential A in a far field region
we can find a relation between Z and the average of 3(s) over the ring. In order to
accomplish the matching it is helpful to write down the following relation between Q3
and A3 (the tangential component of the vector potential in the inner region) which
is based on (2.6):

(520) Qg =A3—n— h/(S) + 0(6)

Here n is an integer, termed the winding number, defined by

n_/2ﬂ' B_X
N 0 Js

and h(s) is a 27 periodic function of s.

Far field region and matching. We consider a far field with characteristic length-
scale comparable to the length of the wire (i.e., O(1)). On this lengthscale the thick-
ness of the wire is small O(e) and we thus write B and A as follows:

ds,
X=Y=0

62 63 62 ~ 63
Bo = _2bo + Beztez +0 <_2) ) Ao = _2(7'0 + BeztA +0 (_2) .
K K K K

Here the subscript o denotes a far-field term and A is defined by (4.14). Substituting
the above into (2.10) we find the following system for b,:

(5.21) VAb, = I/ 6(x —q(s))t(s)ds, V- b,=0,

(5.22) b, — 0 as |x| — oo,

where v is the curve © = g(s) and t(s) is the tangent to this curve. Here the singular
term on the right-hand side of (5.21) arises because a current size ¢2Z/x? flows along
the wire. We solve this system in terms of a, for which we choose the gauge

V-.a,=0.

Substituting for b, = V A a, in (5.21) yields an equation for a,,
Via, = —I/ 6 (x — q(s)) t(s)ds,
¥

with solution

(5.23) = Z/Ldr

a. —
° T dr e —q(7)|
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In order to use Van Dyke’s matching principle [18] we need to calculate the expansion
of a,(x(X,Y,s)) in terms of the inner variables defined in (5.1). We write R =
(X2 +Y?)'/2 and expand the integral in (5.23) as follows:

524/|wXYt(sT)) ‘“‘[/“ /S+L /M] T e

where € < L < 1. Following Batchelor [1] we write eu = (7 — s)/R in the last of
these integrals and expand ¢(7) and |z(X,Y,s) — g(7)| in powers of € about 7 = s to
obtain an asymptotic expansion for the term

/S+L t(T) i
s—1 |[®(X,Y,s) —q(7)|

/eR L/eR u
=t(s) [/L ——l—du+6kX/ —2- } + O(el).

_1jer (1+u2)1/2 Lyer (14 u2)3/2

Evaluating the integrals in the above expansion and substituting the result into (5.24)
and (5.23) yields the leading terms of the expansion in inner variables of a,:

(5.25) ao(z(X,Y,s)) =T (% log (%) + M(s)) t(s) + O(eloge),

S—-L
(5.26) M{(s) = % Jim, <[ /O /S +Ll )|dT + 2log Lt(s ))

From this it follows that the expansion of the tangential component of the far-field
vector potential (in inner coordinates) is

2

€7 eT (1 2 A
2 IOgR + 7 <% log (E) + AI(S)) + Bzt A - t(S) +

t(s) Ao(z(X,Y,s)) = —

Matching fo Q3ds to fo - A,ds, using (5.20), we find the following relation
between Z and the averaged value of B(s):

27 27 27
(5.27) B(s)ds = 2I <log <2) +/ ]W(s)ds) + Beat A - t(s)ds — 2mn.
K2 0 0

0

Given the winding number n, the equation above is sufficient to close the inner prob-
lem, consisting of equations (5.13), (5.14), (5.16), (5.17), (5.18), and (5.19), for F(s)
and Q3(X,Y, s).

5.1. Asymptotic solution of the model given by equations (5.13), (5.14),
(5.16), (5.17), (5.18), (5.19), and (5.27). Since F' and @3 are expected to have
expansions in € with O(1) leading terms Z will likewise have an O(1) leading term.
The solution of the system under discussion will only differ at leading order from the
model discussed previously in [12, 14] if the first term on the right-hand side of (5.27)
is of comparable size to the other term on the right-hand side of this equation. The
canonical scaling for € is thus

€% log <1> k2.
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Having made this assumption we seek an asymptotic solution to (5.13), (5.14), (5.16),
(5.17), (5.18), (5.19), and (5.27) in powers of log(1/¢) of the form

() )
7 =170 = g3
Tlogizg T P g T
(1) (1)
©, s oo popo, _F
Qs = T log(i/a T " log(1/e)

Substituting this expansion into (5.13), (5.14), (5.16), (5.17), (5.18), (5.19), and
(5.27), taking the leading order term, and solving for ng) we find the following:

(5.28) QY = B)(s),

(5.29) %di (DFO) =r(FO° - FO) 4 FOQO?,
(5.30) 70 = _TDF©?Q® = const.,
(5.31) /O v BOds + 27n = Begy 02” A -t(s)ds + T,

We adopt the same methods as those used in section 3 to formulate this model in
terms of the complex variable ¥(?) and the leading order magnetic flux cutting the
ring F(© such that

- FO
3O = FO(s)exp(ixV(s), @ = 5= —xV"(s)

In terms of these new variables (5.28)—(5.31) are

2 ~
s 5 7+ 592 (-] - (501 -1),

P periodic on  (0,2m)

(5.33)

2 . - 7(0) *
LN - FO - dyp© - dyp(©)
0) — . — Op2l__ 4 ° (0)y* A

To leading order we have just the same problem that we derived for the thin cylindrical
shell, namely, (3.21) and (3.22). At this order the analysis of the phase transition
therefore proceeds as in section 3.1. A higher degree of accuracy can be obtained
by taking further terms in the expansions of Z, 3, @3, and F in inverse powers of
log(1/e).

6. Conclusion. We have derived canonical models for thin superconducting ge-
ometries in certain distinguished limits as the thickness of the superconducting do-
main and the GL parameter « tend to zero. These models capture the competing
effects of small , which favors type-I behavior (a first order normal/superconducting
transition), and the small aspect ratio of the domain, which favors type-II behavior
(a second order normal/superconducting transition). We found that the preferred
scaling in which the various effects are of the same order depends crucially on the
geometry. For example, the scaling for thin shells and thin films was k2 ~ €, while
the scaling for thin wires was k2 ~ €2 loge™!, where ¢ is the domain aspect ratio. Our
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main results are found in (3.21) and (3.22) for thin cylindrical shells, (4.11), (4.15),
and (4.16) for thin films, and (5.13), (5.14), (5.16), (5.17), (5.18), (5.19), and (5.27)
for thin wires.

We used our new equations to compute the boundaries in the parameter space
that separate regimes corresponding to different kind of phase transition. Of partic-
ular interest are Figures 3.2 and 4.1 for the case of annular thin films. While the
normal-superconducting transition curves exhibit the expected Little-Parks oscilla-
tions, a large set of superconducting solutions, bifurcating from the normal state, are
subcritical (first order). This effect becomes more pronounced as the applied magnetic
field is increased. This is in agreement with the heuristic argument we presented in
the introduction, according to which the Meissner effect favors a subcritical transition.
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