Applied
Mathematics
Letters

PERGAMON Applied Mathematics Letters 13 (2000) 97-99

www.elsevier.nl/locate/ami

The Mixed Boundary Condition for the
Ginzburg Landau Model in Thin Films

G. RICHARDSON* AND J. RUBINSTEIN'
Faculty of Mathematics
Technion, Haifa 32000, Israel

(Received and accepted April 1999)

Abstract—The mixed boundary condition for the Ginzburg Landau model of superconductivity is
considered in thin films. A simplified model is derived in the asymptotic limit of very small thickness.
We also show that under certain conditions there is no nucleation of superconductivity at all. © 2000
Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

The Ginzburg Landau (GL) model for superconductivity concerns two unknown fields, see [1]. A
complex order parameter u and the magnetic vector potential A. We consider the GL model in
cylindrical domains of the form

Q={z,y,z|(z,y) € Q, -l <z <}, (1)

where €, is a bounded two-dimensional domain. The lengthscale of the problem is normalized
by R = (Qo/27)/2.
The energy functional is then written as [2]

G(u,A)=/Q%(|u|2—1)2+\(V—iA)u|2+52/\'1/Ra|VxA—He|2. (2)

Here H, is the external magnetic field, the parameter A is related to the temperature 7' through

RT,-T

g L. ©

k is a temperature independent material parameter, T is the critical temperature in the absence
of magnetic fields, and &, is a material parameter. Equating the first variation to zero gives rise
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to the associated Euler Lagrange equations

— Au+iV - Au+iA Vu+ |A]*u + du (Jul* - 1) =0, T €}, (4)
Vx(VxA-H,)=xr"223@(V —id)u)lg, T € R3, (5)
(V—idu-v=0, T € 9. (6)

In [3], de Gennes has proposed to modify (6) when the superconducting region is adjacent to a
metal. His new condition takes the form

(V—-id)u-v=—pLu, (7)

where 3 is a positive parameter and v is the normal to the boundary. Equivalently, one can
modify the GL functional by adding a surface energy term [, Blu|? to G(u, A). We shall refer to
the new functional as the Modified Ginzburg Landau (MGL) functional, and to the parameter 3
as the de Gennes coefficient. The mutual interaction between the superconducting material and
its surrounding normal material is termed the proximity effect.

Considerable experimental activity in superconductivity concerns materials with a small lateral
dimension. It is, therefore, useful to compute the asymptotics of the MGL functional as the
thickness tends to zero. Such limits provide simpler equations for the equilibrium states and
prevent the need to define a very fine mesh in the process of seeking a numerical solution. Limits
of this kind have been derived [4,5] for GL functionals of type (2). We shall derive the associated
asymptotic limit for the MGL model. For this purpose, we set | = ¢, where ¢ is a small positive
parameter, and denote the superconducting domain by €Q..

We expect the energy in the thin film to be of O(e). We thus rewrite a scaled version of the
MGL in the form

1 A . 2 1
Ge(w, 4) = o= | S (uf-1)*+|(V—id)ul + o [ [VxA-H+2 [ b (8)
2¢ Q. 2 26)\ R3 2 89,

Notice that we implicitly assume the canonical scaling 8 = eb. It is convenient to split the
boundary of €, into

a0, = U D;, Dy = Qo x [—¢], Dy =Qp x [¢], D3 = 9Qq X [—¢,€]. 9)

To characterize the minimizers (u¢, A¢) of G, we introduce the functional
A 2 .
F(v) = /Q = (0P = 1) + 8ol + 1 (V2 - ido)ol?, (10)
0

where A. is the vector potential associated with the applied field, i.e., V x 4, = H,, and ¥V,
is the two-dimensional gradient operator. The natural setting to formulate a convergence result
is to associate with a function u, defined over Q., its lateral average @ = (1/2¢) [°_u(z,y, 2) dz.
The natural function space for minimizing F is the Sobolev space H!(€p).

THEOREM. Let (ue, Ac) be a sequence of minimizers of G.. Then it is possible to extract from it
subsequences (f., A¢) such that &, converges in H'(§)) to a minimizer of F(v), and A, converges
in HY(R3) to A..

PRrROOF. Consider the functional

A

2
Cl(u, A) = Qle/ = (10 = 1)% + bful? + (9 — i)ul? + o
Qe

5o RaIVxA—He|2. (11)

Clearly G! — G, = bR,, where R, = (1/2¢) [, [ul? — 3°3(1/2) [, lul?.
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The statement of the theorem holds for the minimizers of G:(u, A) by the same arguments as
in [4,5]. Therefore, it remains to show that G} is a small perturbation of G, i.e., that lim_,o R.(ue)
=0.

A minimizer u. of G, satisfies the maximum principle |u| < 1. Therefore, |, Da lue|2 < Ce.
Define the restriction of u, to D;, i = 1,2 by u; .. We can write

.Mw=ii/ﬂmtmfﬂﬁﬁ- (12)
146 Q. ’

Since all terms in G, are positive, the inequality
Gelue, Ac) S G(1,A) £ C
implies
/ (V —iAd) uel® < 2Ce.

‘/Qc

Combining (12) and (13), we obtain the desired estimate for R, and complete the proof.

In particular,
Oue|

2
< . 1
e 2Ce (13)

REMARK. It is easy to generalize the theorem to include the case in which the de Gennes coeffi-
cient b and the domain thickness [ vary with z and y.

When the temperature (or the magnetic field) is sufficiently high, the global minimizer is given
by the pair (u, A) = (0, A.), where V x A, = H,. This solution is called the normal state. A
phase transition occurs when this state bifurcates into a stable nontrivial solution for the order
parameter. Returning to our original formulation (4)—(6), the bifurcation equation for the MGL
is given by the spectral problem for the first eigenvalue ), for the operator —(V —i4,)?, i.e.,

(V—iA)Y=-Nt, z€Q (14)
together with the boundary condition
(V—iA)y-v=—p, T € 0. (15)

The eigenvalue ), is determined by the applied field H, through the potential A.. The transition
temperature T is then determined by (3). It is clear that the effect of the de Gennes coefficient
is to increase A, i.e., to reduce 7. One might think that if 8 is above a certain critical value Gy,
the shift in A, will push the transition temperature below absolute zero, and therefore, there will
be no phase transition at all.

We note, however, that A,(3) < A¢, where ) is the first eigenvalue for (14) with a homogeneous
Dirichlet boundary condition. In addition, £2/R? is typically very small. Thus, the effect of
shifting A,(8) is not significant. The situation is different in a thin film. Assume that the
nondimensional thickness € is of order & /R. Then if 8 = O(1), we get A, = O(e~2). Thus, if 3 is
larger then some O(1) critical value, the transition temperature will be too small, and therefore,
the normal state will not lose stability and no phase transition will occur.
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