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Abstract

The void electromigration process in the strip geometry is investigated analytically and numerically. The void is

assumed to travel either along the axis of symmetry of the metal strip or at the boundary. In each case, the shape, the

velocity of the void and the characteristic electrical current are predicted. Ó 2000 Published by Elsevier Science B.V.

All rights reserved.

PACS: 66.30.Qa; 68.35.Ja; 85.40.Qx; 03.40.Gc

1. Introduction

Metal conductors subjected to intense electrical
currents can exhibit the phenomenon of surface
electromigration. A void can form within the
conductor (nucleating either in the interior or at a
boundary) and then ``drift'' within the conductor,
changing its shape as it does so. Since the
conductors are thin, the problem is almost two-
dimensional (2D). Typical experimental con®gu-
rations include the case in which the lower
conductor boundary is set on some rigid insulating
substrate with the upper boundary open to the air
(assumed insulating), and the case in which both
boundaries are adjacent to rigid insulators. This
drift of voids within conductors is due to the dif-
fusion of atoms from one part of the void
boundary to another, driven both by the electric

®eld and by interfacial tension (which causes the
atoms to move along the boundary to positions of
large curvature).

The problem is of interest because such migra-
tion of voids within conductors is a relatively
common form of circuit failure in electrical com-
ponents. Experimental evidence suggests that for a
long thin conductor subjected to a uniform electric
®eld at its ends, a void at the conductor boundary
will undergo fairly steady translation for a time,
with a steepening pro®le, until some critical void
shape is attained. At this point the void motion
becomes visibly unstable; a narrow ®nger emerges
from the void and propagates transversely to the
electric ®eld until it has traversed the conductor
height, and circuit failure occurs [1]. Damage of
this kind can be suppressed by covering the ex-
posed surfaces of the conductor with a layer of
glass (``passivating'') but in this case approxi-
mately circular voids nucleate in the interior of the
conductor, and these can again deform and cause
failure. Both geometries (voids at a conductor
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boundary, and voids in the interior of a conductor)
are therefore of interest and investigated in this
paper.

Most of the existing literature on this problem
is either experimental [1,3,7,11,14], numerical
simulations [2,12,13,18], or concerned with circu-
lar or nearly circular voids translating in in®nite
conducting media [5].

The layout of this paper is as follows. We begin
by setting out the mathematical model in Section
2, and develop a complex variable formulation in
terms of conformal mappings to numerically solve
the steady propagation of voids, ®rst inside the
metal strip, and then at the boundary. In partic-
ular, we show that steady propagating soliton-like
voids do not exist. To treat unsteady distortion of
the boundary, we prefer an approach similar to
that used to describe surface waves on inviscid
¯uid of ®nite depth. In the appropriate parameter
regime we ®nd that `long-wavelength' voids are
described by a nonlinear fourth-order di�erential
equation, which must then be solved numerically.
Several solution types are presented. Finally, we
discuss the implications of our results and present
our conclusions.

2. The model

Consider a single crystal metal ®lm thin enough
so that it may be considered to be e�ectively 2D.
The upper and lower edges of the ®lm are the lines
y � �a. A constant electrical current I � 2aRE1
¯ows through the metal ®lm from x � �1 to
x � ÿ1, where Ex ! ÿE1 (E being the electric
®eld) for x!1 and R is the conductivity of the
®lm. After a typical nucleation time, not consid-
ered here, a void with boundary C has formed and
moves due to the imposed electric current. The
electrical potential / satis®es the 2D Laplace
equation

r2/ � 0 with ~E � ÿr/ �1�
within the ®lm. No current ¯ows through the ®lm
edges, so that

En � ~E � n̂ � 0 on the void C �2�
and Ey � 0 for y � �a.

The contour C moves because surface self-dif-
fusion and electromigration produce a mass cur-
rent along it. For simplicity, we assume that the
surface tension c and adatom mobility M are to a
good approximation isotropic. Let h � ĥ�S�
(where S is the arclength along c) be the turning
angle of an arbitrary point on C (Fig. 1). (Note
that ÿp=26 ĥ�S�6 0 for S P 0.) The point on the
void edge moves with a normal velocity

vn � ÿoSJ � ÿ�ÿMXco2
Sj� Z�eMoSES�; �3�

where ES is the tangential component of the elec-
tric ®eld, X the atomic volume, and Z�e is the ef-
fective charge of a metal ion [5]. The sign of the
curvature j is chosen to be positive if the center of
curvature lies within the void. With this conven-
tion, j is positive in the ®gure and j � oS ĥ.
Physically, this curvature term indicates that the
atoms di�use toward positions with large curva-
ture. The sign of Z�e is not necessarily positive:
when the surface di�usion of the ions is dominated
by the collisions with the electrons (the so-called
electron wind) the e�ective charge becomes nega-
tive. In this case, the analysis still applies, but one
has to reverse the sign of the imposed electric ®eld;
the void migration follows the imposed current if
the e�ective charge of the ions is negative, and the
void moves in the opposite direction otherwise. In
this part, we assume that the ®lm edges at y � �a
are ®xed to an insulating material; the edges
therefore do not deform as time passes. In the
second part of the paper, the distortion of one
border will be considered.

We will seek the steady state ``bubble shape''
void which travels along the axis of symmetry of
the strip with constant velocity U. We employ a

Fig. 1. Diagram of void electromigration within a conductor

metal strip.
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moving frame of reference in which the void's
center is at the origin and set /�0� � 0. For con-
venience, we assume that Z�e > 0 and introduce
the dimensionless variables ~x � x=a, ~y � y=a, ~E �
E=E1, and ~t � Z�eME1t=a2. From this point on,
we drop the tildes. In dimensionless units, the
boundary condition to be applied along the void is

oES

oS
ÿ a

o2j
oS2
� U sin hT � ÿU

oy
oS

on the void;

�4�
with

a � Xc
Z�eE1a2

�5�

and U the dimensionless parameter such that

v � U
Z�eME1

a
: �6�

From a theoretical point of view electromigration
belongs to the same class of Laplacian free
boundary problem as the viscous ®ngering insta-
bility [8±10]. The numerical and theoretical meth-
ods are standard by now. For the steady growth,
we have adapted the conformal mapping tech-
nique of McLean and Sa�man [4] explained in the
next section.

2.1. Conformal mapping

In a previous paper, one of us has stressed the
similarities between electromigration and the Sa�-
man±Taylor (ST) instability in the strip, in the
steady case. In particular, the case of an in®nite
void was especially surprising since a selected width
of 2=3 compared to the strip width was found nu-
merically without surface tension. From an exper-
imental point of view, it is perhaps more realistic to
consider ®nite-sized voids. In viscous ¯ow, they
have been less studied both experimentally [6] but
also analytically [15±17]. To numerically ®nd the
shape and the velocity of the void numerically, we
choose the conformal mapping technique of
McLean and Sa�man [4] which is in fact a
hodograph method. Instead of working in the
laboratory space, we use the plane of the complex
potential U � /� iv and de®ne the r-plane by

r � s� it � exp p��/ÿ /0 � iv��: �7�

Recall that

Ex � E1 � ÿ1; Ey � 0 as x! �1
and ÿ1 < y < 1: �8�

So

/ � x as x! �1; and ÿ1 < y < 1: �9�

In the r-plane the bubble occupies a segment:
r � s with s 2 �1; s2

0�. For symmetric bubbles
(right±left symmetry or symmetry with respect to
the y-axis), the potential / is an odd function of x
so the middle of the bubble is represented by
s � s0 � exp �ÿp/0�. At this point, the tangent to
the bubble is horizontal. But with capillarity, this
symmetry is destroyed and the point of horizontal
tangent is no longer at the origin, middle of the
bubble. In this case, we will parametrize it by
s � s1. The growth x-axis is transformed into
�1;1�, and the upper part of the strip: �y � 1� into
the negative s axis: �ÿ1; 0�. The complex electric
®eld becomes

q exp �ÿi�h� p�� � ÿ 1

E
dU
dz
; �10�

where E is the magnitude of the electric ®eld at the
top of the void: y � �k, (s � s1) corresponding to
the middle when it has the right±left symmetry.
The growth rate of the void U becomes U � E=k, q
is the solution of

bqs
d

ds
qs

dh
ds

� �
� q � y

k
; �11�

with b � p2aE. The analyticity of z as a function of
U or r gives the useful relation for the shape

z � x� iy � ÿ 1

Ep

Z 1

s

exp �ih�
q�s0�s0 ds0 � L

2
: �12�

So the length L of the void and its width k are
given by

L � 2

Ep

Z 1

s2
0

cos h
q�s0�s0 ds0; �13�
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with

k � ÿ 1

Ep

Z 1

s1

sin h
q�s0�s0 ds0 � ÿ 1

Ep

Z s2
0

s1

sin h
q�s0�s0 ds0:

�14�

Finally, the Cauchy relation between the real and
imaginary part of ln�q exp�ÿih�� on the s-axis
gives:

ln q�s� � ÿ �sÿ s1�
p

P:P:

Z 1

s2
0

h�s0�
�s0 ÿ s1��s0 ÿ s� ds0;

�15�

where P.P. means that the principal part of the
integral is considered.

2.2. Finite voids without curvature e�ects

Combining the interface condition: q � y=k
with Eqs. (12) and (15), we can de®ne a unique
integral equation for the ®nite-size void. Noting
that =Ss1 � s0 for this case, one ®nds

1

2
ln 1

�
� 2

Ekp

Z 1

s

sin h�s0�
s0

ds0
�

� ÿ�sÿ s0�
p

P:P:

Z 1

s2
0

h�s0�
�s0 ÿ s0��s0 ÿ s� ds0: �16�

This integral equation appears to have two inde-
pendent parameters: the product Ek (equivalent to
Uk for the ST problem [8±10]) and s0, but in fact
these two parameters are connected, contrary to
the ST instability. Only one parameter can be
varied freely for example s0, then the bubble size is
completely ®xed and also the electric ®eld.

For s0 values slightly less than 1, in®nitely small
voids are expected. For viscous ¯ow, this corre-
sponds to ellipsoidal bubbles [15±17] with a rela-
tive velocity (compared to the velocity at in®nity)
varying from 1 to 2, the latter limit corresponding
to circular bubbles. These circular bubbles are in
fact the solution of the in®nite geometry, being so
small that they do not feel the strip-geometry. In
this limit of circular patterns of small radius R for
the electromigration problem, the growth of the
void can be solved explicitly

z � ÿ 1

E�1ÿ E� �E
2R2 � �/� ivÿ Ez�2�1=2

ÿ /� ivÿ Ez
E

: �17�

On the circular void with k � R, R being the ra-
dius, one has: / � Ex and v � 0 which is com-
patible with the boundary condition y � kq. So on
the void one obtains

z � ÿ R
�1ÿ E� 1

�
ÿ y2

R2

�1=2

� iy; �18�

which proves that E is selected and is equal to 2.
As a consequence, the velocity is 2=R, a rather
classical result [5].

Another limit concerns that of large voids given
by s0 ! 0: in this case, characteristic values such as
k and Ek (with k � 0:66, the limiting k value of an
in®nite void [2] and Ek � 2 giving E � 3) must be
obtained numerically. It turns out that we have
found that E varies from 2 up to 3 (see Fig. 2); k,
the half width of the void varies from 0 up to 0:66,
and the product Ek varies from 0 to 2. Somewhat
surprisingly, we note that the void remains almost
circular: even when the width occupies half the
strip, the length L remains close to 2k as con®rmed
by Fig. 3. Note that the ratio L=2k is always
greater than 1. Finally, the velocity of the void is
rather easy to predict; its value is given by:
U � E=k. Since E varies from 2 to 3 and k from 0

Fig. 2. The electric ®eld calculated at the top of the void versus

its half width k.
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to 2=3, the growth rate is a rapidly decreasing
function of the void size as shown in Figs. 4 and 5.

2.3. Finite voids with capillarity

Previously we have shown that, in the absence
of surface tension, voids of arbitrary length can
exist. Once the length is ®xed, all other charac-
teristics of the growth are determined such as the
complete shape of the void (and hence its width),
the ratio between the electric ®eld at the widest
point of the void and the electric ®eld at in®nity,
and of course the growth rate U. In viscous ®n-
gering surface tension is responsible for the selec-
tion process, that is, it selects k once the length of
the bubble is ®xed. The bubbles appear elongated
from the limit of an in®nite ®nger to the limit of a

tiny circular bubble. This means that here also the
ratio L=2k is always greater than 1.

For the electromigration problem, selection
comes from the conditions of existence, and one
might wonder what will be the role of the equiv-
alent capillarity. It turns out that the e�ect of
surface tension is entirely di�erent. Note that
`surface tension' does not act on a completely
circular void, whatever its strength. At ®xed sur-
face tension, increasing the length of the void from
0 (which is still possible in some limit), one notices
that the half width increases remaining very close
to half the length. So the void remains circular in
shape and the electric ®eld E still has a value close
to 2. At some typical length for the void, this so-
lution seems to disappear, although we have no
rigorous proof of it. The only thing we can say is
that we cannot ®nd solutions above some critical
length L0�a� which depends on the value of the
capillary coe�cient a. Two other surprising results
must also be stressed. First, when one increases the
surface tension from 10ÿ2 up to 10, for example,
the numerical results are still very close indicating
the poor in¯uence of surface tension as shown by
Fig. 6. Secondly, although slightly elongated, the
voids are only weakly elongated along the y-axis,
contrary to what is found for viscous drops and
for voids without capillarity. This indicates that
since k is geometrically restricted to 1, and since L
will remain smaller than 2k, there is no chance of
observing an in®nite void in this geometry. This
explains why the in®nite ®nger cannot exist in
presence of surface tension [2]. Surface tensionFig. 4. The eigenvalue ``Ek'' versus the half width k.

Fig. 5. The growth rate versus the relative width k of the void.Fig. 3. Half the length of the void versus half the width k.
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prevents the growth of large structures and thus
really plays a stabilizing role.

3. Voids at a conductor boundary

We consider now the distortion of the lower
edge of the ®lm (y � 0, when the current is swit-
ched o�) and we look for steady propagation of a
soliton-like void, the other edge (line y � a) re-
maining stuck. Although we are seeking a `soliton'
void of ®nite extent, the easiest treatment involves
the whole edge, with perhaps exponentially de-
creasing tails. In the last part of this paper, a
weakly nonlinear analysis derived from standard
asymptotic methods similar to those used in hy-
drodynamics is proposed. The previous conformal
mapping method can be adapted without di�cul-
ty. The void boundary C will be oriented like the x-
axis, and the arclength along it (S) will be taken to
be 0 at the top of the void. As previously, the void
is a `streamline' and is assumed to be the whole
lower edge. v has a constant value on the bound-
aries where the normal component of the electric
®eld vanishes. On the distorted border, we choose
v � 0. Since at �1, v is equal to y, one deduces
that v � 1 when y � 1. With the r-mapping de-
®ned by r � exp p�/� iv�, the void is transformed

into the positive half s-axis: r � s, where
s 2 �0;1�, and the upper part of the strip: y � 1
into the negative s-axis: �ÿ1; 0�. Here,we choose
as the modulus of the electrical ®eld q0 � Eq where
E is the value at the top of the void. Taking into
account the conditions at in®nity, Eq. (11) is
transformed into

ap2q0s
d

ds
q0s

dh
ds

� �
� q0 � V

y
k
� 1; �19�

with k being the relative height of the void com-
pared to the width of the strip and V � �Uk�.
From Eq. (19), one observes that in the absence of
the surface tension, the maximum value of the
electric ®eld q0 is obtained at the location on the
border of the maximum height of the void. One
now needs to relate y to s as previously for Eq. (12)

z � x� iy � ik� 1

p

Z s

1

exp�ih�
q0�s0�s0 ds0; �20�

which implies thatZ 0

1

sin�h�
q0�s0�s0 ds0 �

Z 1

1

sin�h�
q0�s0�s0 ds0 � ÿk: �21�

Now, we must relate q0 to h, by using the Cauchy
relation between the real and imaginary part of
ln�q0 exp�ÿih��. Note that, on the real s-axis, h
vanishes for s < 0, and so we obtain

ln q0�s� � ÿ 1

p
P:P:

Z 1

0

h�s0�
�s0 ÿ s� ds0: �22�

Moreover we require that
R1

0
�h�s�=s�ds � 0,

which is obviously true for a symmetric bump.
One can now prove by contradiction that this

set of equations has no solution in the absence of
surface tension. To obtain the contradiction, we
®rst de®ne an upper bound for k using the theorem
of the extremum of the modulus of an analytical
function. We know that the extrema of the mod-
ulus are located on a boundary. If we consider
q0 � jdU=dzj, its maximal value is attained on the
border for y � k, at the top of the bump. Consider
now

R
Ex dy along a vertical line going from one

border to the other. This quantity is independent
of x and its value at �1 is simply 1. So

Fig. 6. The electric ®eld E and the length L of the void versus k
for two values of the capillary coe�cient a: a � 10 (continuous

line), and a � 0:01 (crosses and squares). Note that solutions

cannot be obtained numerically above a typical threshold for

the k value, which itself depends on a.
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Z 1

0

E1;x dy � 1 �
Z 1

y�k
Ex dy6

Z 1

y�k

dU
dz

���� ����dy

6 �1ÿ k��1� V �; �23�
which implies

k6 V
1� V

: �24�

We now establish a lower bound for k using the
asymptotics at x � �1 of the previous equations.
Since h vanishes at both ends, one can assume
h � h0ss as s! 0, h � ÿh0sÿs as s!1 and s
being a positive number less than 1. Taking into
account Eqs. (20) and (19) one derives the behav-
iour of q for s! 0

q � 1� V
pk

h0

ss

s
�25�

and for s!1 one ®nds

q � 1� V
pk

h0

sÿs

s
: �26�

One can also derive the asymptotics of the right-
hand side of Eq. (22). For s! 0, the leading be-
haviour is cot�ps�h0ss and for s!1 it is
cot�ps�h0sÿs with the restriction 0 < s < 0:5.
So matching the asymptotic expansions, one
obtains:

V
k
� ps cot�ps�: �27�

Since px cot�px� is always less than 1 for
0 < x < 0:5, taking into account Eq. (24), one ®-
nally ®nds the following bounds for k:

V 6 k6 V
1� V

; �28�

which is of course impossible except in the limit
V ! 0, as k! 0. This limit represents a lineari-
zation of the set of equations for small h values, or
the situation of a semi-in®nite strip. Such solutions
are immediately destroyed by the nonlinearities.

One might wonder if steady solutions can be
restored with surface tension. There is little chance
of recovering solutions at tiny surface tension, thus
we examine the case of in®nite surface tension di-
rectly using Eq. (4). If such solution exists, it
would imply that there exists a threshold for a say

ac such that below ac, no solution appears, but
above ac, with enough surface tension, a steady
void can propagate. The limit a!1 implies that
U also goes to1 so that, to leading order, Eq. (4)
reduces to:

o3h
oS3
� U

a
sin h: �29�

The quantity m � U=a must be of order 1 for a
nontrivial solution. It turns out that this equation
has no solution which decays at �1. Multiplying
both sides of Eq. (29) by oh=oS and integrating one
gets

o2h
oS2

oh
oS

� �1
ÿ1
ÿ
Z 1

ÿ1

o2h
oS2

� �2

dS � m�ÿ cos�h��1ÿ1 � 0:

�30�

Since h vanishes at both extremities, this equation
has no solution which damps at in®nity, whatever
the m-value. So clearly, even at strong surface
tension, a steady void of ``®nite extent'' with a
bump-shape cannot propagate if one restricts to
the physical model of electromigration presented
above. The asymptotic analysis explained below
arrives to the same conclusion: there is no soliton-
like void which travels at constant velocity along
the border. However, note that these voids, if they
exist are not fatal.

4. An asymptotic model for voids at a conductor
boundary

In this section we use asymptotic methods to
derive a simpli®ed model for the motion of a void
at a conductor boundary. We return to the di-
mensional problem, writing A � Z�eM and
B � MXc for convenience. The problem is shown
in Fig. 7, with a void on the upper boundary which
is described by y � g�x; t�, with g�1; t� � 0 and
g�ÿ1; t� � Q.

Suppose the initial pro®le is of the form
g�x; 0� � g0N�x=l�, so that l and g0 are lengthscales
of the disturbance in the x- and y-directions, re-
spectively. We then scale
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x � l�x; y � h0�y; g � g0�g; t � lg0

AE1
�t;

/ � E1l �/:

The appropriate time scale comes from the
kinematic boundary condition, and depends on
whether the electric ®eld or surface tension
dominates the void motion. Our choice as-
sumes that the electric ®eld e�ect either domi-
nates, or is comparable with, the surface tension
e�ect. We also introduce the two dimensionless
parameters

� � g0

h0

� \amplitude"

\depth"
; d � h0

l
� \depth"

\wavelength"
:

This rescaling yields the dimensionless model
(dropping overbars for convenience):

d2/xx � /yy � 0 ÿ 1 < y < �g; �31�

/y � �d2gx/x on y � �g; �32�

ÿgt � �ox � �gxoy�
/x � �gx/y

�1� �2d2g2
x�1=2

 !

� c�
o
ox

1

�1� �2d2g2
x�1=2

(

� o
ox

gxx

�1� �2d2g2
x�3=2

 !)
on y � �g; �33�

/y � 0 on y � ÿ1; �34�

/x � 1; g � 0 as x!1; �35�

/x �
1

1� �Q� ; g � Q� as x! ÿ1; �36�

where dimensionless coe�cients Q� and c� are de-
®ned by

Q� � Q

g0

; c� � Bg0

Al3E1
c�� 6O�1��:

We now assume that d� 1 and � � 1, that is, a
long-wavelength but deep void, and seek an as-
ymptotic solution of the form / � /�0� � d2/�1��
O�d4�, g � g�0� � d2g�1� �O�d4�. Substitution in
(31)±(35) at leading order yields:

/�0� � /�0��x; t�; �37�

g�0�t � /�0�xx ÿ c�g�0�xxxx; �38�

/�0�x � 1; g�0� � 0 as x!1; �39�

/�0�x �
1

1� Q�
; g�0� � Q� as x! ÿ1; �40�

whilst at ®rst order we ®nd the following problem
for /�1�:

/�1�yy � /�0�xx � 0; �41�

/�1�y � 0 on y � ÿ1; �42�

/�1�y � g�0�x /�0�x on y � ÿ1: �43�
Integrating Eq. (41) between y � ÿ1 and y � g�0�

and applying Eqs. (42) and (43) gives

o
ox

/�0�x 1
ÿ�
� g�0�

�� � 0; �44�

expressing conservation of electric current. We
integrate (44), apply conditions (39) and (40) and
use the result to eliminate /�0�x from (38). Writing
f � g�0� � 1 and k � 1� Q� this yields the follow-
ing parabolic nonlinear PDE for the free surface
evolution:

ft � 1

f

� �
x

� c�fxxxx � 0;

f �1; t� � 1; f �ÿ1; t� � k: �45�
Thus we have a model with just one dimensionless
parameter c� which measures the relative e�ects of

Fig. 7. The full problem in the dimensional variables.
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surface di�usion due to the surface tension and
surface di�usion due to the electric ®eld. The
model is easily shown to conserve void area (when
this is ®nite).

4.1. The case of negligible surface tension

Here the void motion may be approximated by
Eq. (45) with c� � 0, which is a ®rst order non-
linear wave equation for f with implicit solution

f �x; t� � f0 x

 
� t

f �x; t�2
!
; �46�

where f0 is the initial void pro®le. Solutions are
wave-like, with e�ective wavespeed 1=f 2; thus the
void pro®le steepens since the deeper parts of the
pro®le move faster. Hence these solutions exhibit
®nite-time blow-up, occurring when fx becomes
in®nite for some point on the pro®le.

Despite the general formula (46), it is di�cult to
®nd closed-form solutions for a realistic initial
pro®le f0. However, there is one initial (compact
support) pro®le for which we can solve explicitly:
this is the initially `pointy' pro®le given by

f0�x� �
1; jxj > 1;�����������������������������

k2 ÿ x�1ÿ k2�
q

; ÿ1 < x < 0;�����������������������������
k2 � x�1ÿ k2�

q
; 0 < x < 1:

8>><>>:
For t > 0 the pro®le is still in three parts:
ÿ1ÿ t < x < s�t�, s�t� < x < 1ÿ t, where s�t� is
the position of the pointy tip; and the remainder of
the x-axis, for which f � 1. To ®nd the void pro®le
for t > 0 we have to solve the following equation
for f:

f � f0�x� t=f 2� �
�����������������������������������������������
k2 � �1ÿ k2��x� t=f 2�

q
(which reduces to a quadratic for f 2) on the ap-
propriate regions. The position of the tip s�t� is
then determined by the condition that the two
parts of the pro®le meet up at this point. We ®nd
(choosing the sign of the square-root consistent
with the initial data):

f �x; t� � 1���
2
p k2
ÿ � x�1ÿ k2�

� �k2
h
� x�1ÿ k2��2

� 4t�1ÿ k2��1=2�1=2; �47�
s�t� < x < 1ÿ t; ÿ1ÿ t < x < s�t�;

s�t� � ÿ t

k2
:

Thus the deepest point of the void travels with
constant speed, which means (since void
speed � 1=f2) that the void maintains a con-
stant depth. Blow-up occurs when fx ®rst becomes
in®nite, which for this case happens at the point
x � s�t�ÿ, at time t� � k4=�1ÿ k2�. The evolu-
tion of such a void for k � 0:65 is shown in Fig. 8.

4.2. Numerical time-dependent solutions

We have been unable to ®nd any explicit solu-
tions of eq. (45) for c� 6� 0, so we must solve it
numerically. We present solutions with f ��1� �
1 and f �ÿ1� � k for the cases k < 1, k > 1, k � 1.
We use a semi-implicit scheme (the �1=f �x term is
treated explicitly) based on the Crank±Nicolson
scheme for the usual di�usion equation (the only
complicating factor is that the system of matrix
equations obtained is not tri-diagonal but 5-diag-
onal). Figs. 9 and 10 show the evolution of semi-
in®nite voids with initial pro®le

f �x; 0� � k� �1ÿ k��tanh x� 1�=2;

Fig. 8. Evolution of the ZST void solution (47) for k � 0:65.

The pro®le is shown at times t � 0; t � 0:15 and t � 0:309 � t�.
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so that f ��1; 0� � 1 and f �ÿ1; 0� � k. For
Fig. 9 k is 0:5; numerically this appears to be rather
a stable situation, the steep initial pro®le smooth-
ing out as time increases. Surface tension becomes
less and less important for large times.

Fig. 10 shows the analogous solution for the
case k � 1:5. The initial pro®le develops a small
peak in advance of the moving disturbance and a
small pit behind it, and the advancing wavefront
steepens. It appears that this solution is ap-
proaching a travelling wave form; this is discussed
further in Section 4.3. Finally, Fig. 11 shows a
solution for which f ��1� � 1. The initial distur-
bance is symmetric: f �x� � 1ÿ 0:6 exp��xÿ 25�2�.

If we take higher values of the surface tension
parameter c�, the damping (stabilising) e�ect in
Fig. 11 is severe (even with the value chosen it is
signi®cant); one has to take c� quite small to get
any kind of interesting behaviour. Nonetheless, the
behaviour displayed in Figs. 10 and 11 is intrinsi-
cally di�erent from that of the ZST (c� � 0) model
of Section 4.1; in particular, with c� > 0 the pro®le

cannot develop an actual shock. Fig. 9 does dis-
play the same characteristics as the ZST model
though, and in fact the long-time asymptotics of
such solutions are given by the ZST model.

4.3. A travelling wave solution of (45) in the case
k > 1

We again assume boundary conditions
f �1� � 1, f �ÿ1� � k and seek a solution of the
form f �x; t� � F �x� ct�. The equation for F may
be integrated once, giving

cF � 1

F
� c�F 000 � 1� c; �48�

using the boundary condition at �1. The condi-
tion at ÿ1 gives the relation c � 1=k; thus c > 0,
and if waves exist they travel from right to left.
Multiplying through by F 0 and integrating again
we ®nd

c�
Z 1

ÿ1
�F 00�2 dx � log c� 1

2c
�1ÿ c2�:

The left-hand side is clearly positive, and the right-
hand side is positive for 0 < c < 1 and negative for
c > 1. Hence a necessary condition for a nontrivial
travelling wave solution is 0 < c < 1, i.e., k > 1,
which we might have anticipated from Figs. 9±11.
We can ®nd numerical solutions to Eq. (48) to-
gether with the boundary conditions F ! 1 as
x!1, F ! k as x! ÿ1, using a shooting
method. The result of such a calculation is shown
in Fig. 12 (crosses), together with the long-time
behaviour of a time-dependent simulation like that
of Fig. 10. Here, larger values of c� and k than

Fig. 11. Numerical solution of (45) for an initial pro®le

f �x� � 1ÿ 0:6 exp��xÿ 25�2� and c� � 0:1. The pro®le is shown

at times t � 0; 8; 16; 24; 32 (in the dimensionless units).

Fig. 10. Numerical solution of (45) for an initial pro®le

f �x; 0� � k� �1ÿ k��tanh x� 1�=2 (k � 1:5) and c� � 0:1. The

pro®le is shown at times t � 0; 8; 16; 24; 32 (in the dimen-

sionless units).

Fig. 9. Numerical solution of (45) for an initial pro®le

f �x; 0� � k� �1ÿ k��tanh x� 1�=2 (k � 0:5) and c� � 0:1. The

pro®le is shown at times t � 0; 4; 8; 12 (in the dimensionless

units). Note the nonuniform scaling of horizontal and vertical

axes, to make the void shape evolution easier to see.
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those of Fig. 10 are used, for purposes of illus-
tration, but clearly the main features of the evo-
lution are identical. In particular, it is easily
checked from Fig. 10 that the wavefront is moving
with a speed close to the expected value of
0:666 � 1=k.

5. Conclusion

Void electromigration is a Laplacian free
boundary problem. To treat it we have adapted
two analytical methods standard in Hele-Shaw
¯ow: the conformal mapping and the `shallow-
waves' methods. With the ®rst one, we focus on

steady voids travelling in the middle of the strip or
at the boundary. Since we have found that no
steady solutions can travel along the boundary, we
have examined the case of time-dependent solu-
tions. We derive a simpli®ed equation by asymp-
totic analysis. It turns out, that this equation
develops ®nite-time singularity in absence of cap-
illarity. With capillarity, well-behaved solutions
are obtained.
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