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Summary
We analyse the motion of a line disclination in a nematic liquid crystal using the methods of
formal asymptotics in the limit as the thickness of its core tends to zero. The disclination
appears as a singularity in the field equations for the director and the fluid velocity. Its motion
is governed by a law obtained from a local analysis about its core.

1. Introduction

So-callechematic liquid crystalsare comprised of rigid rod-like molecules with rotational symmetry
about their long axis and reflectional symmetry about the plane made by their two short axes. At
high temperatures nematics are isotropic and behave in every way much like a conventional liquid.
However as the temperature of the substance is lowered it undergoes a phase transition that takes it
from theisotropic state, in which there is no ordering between molecules, torbeatic state in

which the individual molecules show a tendency to align along a common direction. The alignment
of the molecules in the nematic state results in optical anisotropy, which is readily detected, and
may also result in markedly anisotropic flow properties.

Using the concept of a directar which is a vector that gives, in some sense, the average direction
of the nematic molecules, Frank and Osekr2) modelled the static properties of the nematic state.
The resulting theory does not distinguish betweanandn since the ends of a particular molecule
are indistinguishable. The Frank—Oseen theory was subsequently generalized, to include time-
dependence, by Ericksen and LesBe4, 5, 6) resulting in a model which predicts the evolution of
the director fielch and the fluid flow fieldv.

While both these theories have been rather successful at modelling many of the phenomena
exhibited by nematics they have not been able to satisfactorily account for singularities in the
director field, termedlisclinations, which are commonly observed in such materials (see de Gennes
(7)). Such disclinations occur either at a point, from which the director radiates, or along a curve.
In the latter case, as a circuit is made about the disclination curve the director field rotates through
an integer multiple ofr, and thereby preserves, in the sense thatandn are indistinguishable,
the single-valuedness of the director off the curve but leads to a singularity on the curve. Viewed
in terms of the Frank—Oseen and the Ericksen—Leslie models the disclination line has not only a
singular director field but also infinite energy. In order to resolve this paradox EricBdmag
noted that the degree of alignment between the rod-like nematic molecules may vary spatially (even
at constant temperature) and that the molecules should be totally unaligned (in the isotropic state)
on the disclination curve. Modelling this variable alignment requires the introduction of an order
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parameter S which gives a statistical measure of the orientation of the molecules and is such that if
S = 1themolecules are all perfectly aligned parallel to the director n; if S= 0 thereisno ordering
of the molecules and the material is in the isotropic state; and if S = —% all the molecules are
aligned in a plane perpendicular to n. Another model along similar lines has been proposed by de
Gennes (7, 9) but requires the introduction of a second-order parameter. Given that no compelling
evidence has been presented to favour either model over the other we opt for the simpler Ericksen
model.

The aim of this paper is to use the methods of formal asymptotics to calculate the velocity of
arectilinear disclination line in a physically relevant regime in which the ratio of the width of the
disclination core to all other lengthscales in the problem, ¢, is vanishingly small. We base our
calculation on the very general model given in (8) making some additional assumptions about the
precise nature of the liquid crystal. The calculation isthus not entirely general and we would expect
the result we obtain to be dightly modified for materials with properties other than those specified.
Our result bears some similarity to a particle-field model proposed by Denniston (10) to describe
nematic disclination dynamics. We start in section 2 by writing down the Ericksen model (8) and
then use this to repeat calculations made by Pismen and Rubinstein (11) and Mottram and Hogan
(12) of the core structure of astatic disclination. In section 3 we proceed to derive the law of motion
for adisclination, a calculation that bears some similarity to the derivation of the law of motion for
a superconducting vortex (see Peres and Rubinstein (13) and Chapman and Richardson (14)) and to
the law for defects in a complex scalar field subject to the nonlinear heat equation (see Neu (15)),
but which also has some novel features brought about by the interaction of the disclination with
the fluid velocity field v. In this context we note the work of Pismen and Rubinstein (11) who also
derive the disclination law of motion from (8) but neglect the fluid velocity field and so arrive at
a result substantively different from ours. In section 4 we illustrate the law of motion with some
examples and finally in section 5 we draw our conclusions.

2. Themodd

The Ericksen model (8) describes the evolution of the director n, the scalar-order parameter S and
the fluid velocity field v within a nematic liquid crystal. In order to write down equations for
these quantities, based on this model, we require knowledge of the Helmholtz free-energy density
¢(n,Vn, S, VS, T) of the material. This scalar quantity depends on the temperature T of the
material and is such that its integral over the domain of the liquid crystal is minimized when the
systemisin stable equilibrium.

In writing down the equations we shall make some simplifications consistent with the material
being sufficiently weakly nematic that, to leading order, the fluid flow isindependent of the director
field. In other wordswelook at aliquid crystal for which the equilibrium value of Sissmall enough
that the fluid-flow properties are only weakly anisotropic. In terms of the original paper (8) thisis
equivalent to setting the anisotropic viscositiesw; = a2 = a3 = a5 = ag = 0 while retaining the
isotropic fluid viscosity a4/2. It followsthat 1 = y» = 0. We shall also assume that the anisotropic
relaxation parameter for the order parameter is negligible and set 83 = 0, from which it can be
inferred that 8, = 0.

Having made these simplifications Ericksen’s model reduces to an equation for the momentum
of thefluid:

dvj

Pgp =i @
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Here the time derivative is the convective derivative

d_2 +(v-V)
dt ot ’
and the stress is defined as follows:
N ¢ kL
Gijz_p&j_—ank,jnkj_s 7S, + (vi,j+vj,i)- 2

This couplesto the incompressibility condition
vj,j =0, (€©)
an equation describing the evolution of the order parameter

3 0 [ 0 ds
<E> +B2——=0 4

S 09X

(here B, is apositive relaxation parameter for S), and to the two equations describing the evolution
of the director field

In|=1, )
w ANn=0, (6)
where
d a ad
m=— ()22 @)
0xj \ onj j an;
Introducing the modified pressure
P=p+¢
and using therelation njn; ; = 0 we rewrite equation (1) as
dv ds Ol4
= _V vVS—
L p—B2 Sd + = 2 (€))

It remains to specify the Helmholtz free-energy density and, in order to give the reader some idea
why the various terms are included, we split this up into three parts,

¢, VN, S VS T) =¢1(ST)+¢2(5n,Vn, T) +¢3(VS, T). 9

Thefirst term ¢1 gives the free energy for a bulk transition, that is to say, one for which S = S(T)
and n = const. Following de Gennes (7) we writethisasaquarticin S:

? S gawa)

$1(ST) = Q(T)Sz(——(S*(T)+S(T)) 5 ) SYT) > S(T), (10)
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this being the simplest functional form that can be used to model afirst-order phase transition. The
parameters S* and S are, respectively, the values of S at which the energy ¢ has alocal minimum
and alocal maximum. Thereisalso another local minimum at S = 0, corresponding to the isotropic
state. The values of ¢1 at the two local minima determine whether the isotropic state S = 0 or the
nematic state S = S* is preferred (that is, isaglobal minimizer of the energy).

The second term in the energy ¢» givesthe distortional energy. It isrequired that this decreasesto
zero at S = 0 and that it be consistent with the distortional energy used in the Frank—Oseen theory.
We employ the so-called one constant approximation of the Frank—Oseen energy (see deGennes (7))
and anatural choice for the distortional energy is thus

$2(S,n,vn, T) = 1K(T)Sni jni j,

where K (T) is a temperature-dependent function of proportionality which gives a measure of the
contribution of gradientsin the director field to the energy.
Thelast term in the energy ¢3 servesto penalize gradientsin the order parameter

¢3(VS, T) = 3D(T)|VS]2,

the function of proportionality D(T) giving a measure of the contribution of gradientsin Sto the
energy.
We now make the isothermal non-dimensionalization

S=5S, x=Lx, v=UYV,
ag Lt/ uup’

t:—’ p:

T2 u L’

where L isatypical lengthscale of the problem (usually the size of the apparatus or atypical inter-
disclination distance) and U is the (as yet undetermined) typical fluid velocity of the problem.T
Then, on substitution of the non-dimensionalized Helmholtz free-energy density (9) into the non-
dimensionalized versions of the governing equations (3) to (8), we find the following dimensionless
system of equations describing the evolutionary behaviour of anematic liquid crystal:

Inl=1, (11)

7' =2S(V'S.V)n + S2v'?n, (12)

7’ An=0, (13)

—5/3}% 1+ DVv3s = ;ZS’(S’ —1)(S —b)+ S|V'n, (14)
av _ /' 5 oS 2,

V.V =0, (16)

T We shall show that the fluid veloci ty scale depends upon the the velocity of the disclination which itself is dependent on
loca gradientsin the director field.
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with corresponding dimensionless parameters, which include the Reynolds number Re and the
Ericksen number ¢, defined as follows:

LU LU - D
Re="—  i=E— pB=-_,
1 K S K

e= 51/2 E—ﬂzs*z b—E
"L\ 0 2= T

Henceforth the primed superscript, denoting the dimensionless variable, is dropped.

It is of interest to note the similarity between (11) to (16) and the time-dependent Ginzburg—
Landau (TDGL) equations of superconductivity (see (14, 16)). This is most marked when the
director field is constrained to lie in the (X, y)-plane (say) and so may be written as n =
(cosyr, sinyr, 0). It is not surprising therefore that there should be some similarity between the
derivation of the law of motion for a line defect (vortex) in a superconductor (13, 14) and that for
aline defect (disclination) in a nematic liquid crystal. However, there is an important difference
between these two sets of eguations, namely that whereas the time derivatives in the TDGL
equations are partial derivatives those in (11) to (16) are convective derivatives. Thus while there
is a specia frame of reference for the TDGL equations (being the frame of the superconducting
medium), equations (11) to (16) areinvariant under rigid-body translation. This causes some notable
differences between the calculation of superconducting vortex and nematic disclination velocities
and makes the latter calculation, perhaps, rather more subtle.

2.1 Estimating the size of the dimensionless parameters in the model

The dimensional parameters D, Q and 8, have not, to our knowledge, been measured for any
nematic liquid crystal. Despite this we can make sensible guesses as to the relative sizes of some of
the more important dimensionless parameters. It isknown for instance that the core of adisclination
(that is the region in which the order parameter deviates significantly from S*) is extremely small.
In his book Chandresekhar (17) quotes afigure of 10~% cm. Aswe shall show in section 2.2, € gives
ameasure of the radius of the disclination core to the typical lengthscale L of the problem. Taking
an experimental lengthscalein therange L = 10~4 cmto 1cm givese = 10~ %to 102

We can estimate sizes of the Ericksen and Reynolds number, up to the undetermined velocity
scaling U, using typical values of p, u and K S+? (the elastic constant) taken from (7)

p=10gecm™3,  u=025gcm tsecl, K S*2 = 10 8 dyn. 17
It is harder to say much about the parameters D and S,. All we can say for certain is that if D
exceeds a certain O(1) size it leads to an unphysical infinite energy density (though not infinite
energy) along the disclination line (see section 2.2). Fortunately though, the method used to
calculate the disclination velocity is fairly robust with respect to the size of these parameters; the
only necessary requirement isthat 0 < > < 1/e.

2.2 Anisolated disclination

Disclinations are characterized by a singularity in the director field along a line and a zero of the
order parameter S along the same line. The singularity is such that as a circuit is made about the
disclination line the director n rotates through an integer multiple of = (say N). Although this does
not ensure the single-valuedness of n away from the disclination line it is consistent with n being
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indistinguishable from —n. We now find a disclination solution for equations (11) to (15) making
the solution ansatz

S=9(r),
n=cos(c+ %N9>e5<+sjn<c+ %Ne)q,

=cos((3N-1)6+c)e+sin((§N-1)0+c)e,
v=0,

where N isan integer, r and 6 are polar coordinates. We find that S satisfies

-1d / ds 1 N?S
and, in order that the Helmholtz free energy be finite, the solution must satisfy the boundary
conditions

S(0) =0, (19)
dS/dr - 0 asr — oo. (20)

Far from the origin S asymptotes to a constant with one of three possible values 0, b and 1. In
order to ascertain which of these possible values gives rise to a physicaly pertinent solution we
must briefly consider their stability. Any solution for which S — b asr — oo must be unstable
since S = b gives a maximum of the bulk energy ¢1 (see equation (10)). The asymptotic behaviour
S — Oasr — oo will be stable if ¢1 has a global minimum for S = 0 but gives rise to a rather
dull solution S = 0 corresponding to a uniform isotropic state. However, if S = 1 is the global
minimizer of ¢1 one can expect to find stable disclination solutions with asymptotic behaviour

S—>1 as r — oo. (21)

We rescale distance with €| N|, the typical width of the disclination, such that r = ¢|N|R. Under
such arescaling the system (18), (19) and (21) becomes

A2(olzs. 1ds

S
@+Eﬁ)=8(5—l)(s—b)+— (22)

4R2’

where A = DY2/|N|. In order that this match to the outer solution and satisfy (19) and (21) we
require the boundary conditions

S(0) =10, (23)
S—»1 a R— x. (24)

We have performed several numerical solutions of this problem, using a NAG routine, for different
values of A and b (see Fig. 1). A proof of the existence of a solution to a very similar problem,
describing the core structure of a superconducting vortex, has been given by Berger and Chen (18).
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Fig. 1 Solutions for the order parameter close to an isolated disclination. In (I)a (b, A) = (0-3,0:5), ()b
(b, A) = (0-3,0-35), (INa (b, A) = (0-5,0:5), (I)b (b, A) = (0-5, 0-375), (II)c (b, A) = (0-5, 0-25)

REMARK. As R — 0 the solution of (18) has the asymptotic behaviour S ~ kRY @A) (where
k is some constant). This leads to a singularity in the energy density at the origin if A > %
The total energy of the disclination, though, remains bounded provided A is positive. There is
something inherently unsatisfactory in theinfinite-energy-density scenario which leads usto suggest

that physically relevant values of A lieintherange A < %

3. Motion of arectilinear disclination

We shall consider atwo-dimensiona setup in which disclinations and boundaries lie parallel to the
z-axis and look for solutions to (11) to (16) which are independent of z and which have director
fields of the form

n = (cosy(x,y,t),siny(x,y,t),0).

We choose as our outer lengthscale L the lengthscale for typical separations between disclinations
and boundaries. This also is the lengthscale for typical variationsin the director field.

Inner region. We define alocal coordinate system (¢, 6) about one of the disclination cores
X — q(t) = ¢ cosbe; + ¢ sindey, (25)

where e; and e, are conveniently chosen unit base vectorsin the (x, y)-planeand q(t) isthe position
of the disclination at timet. Inner coordinates are obtained by introducing the stretched variable R,
such that ¢ = ¢|N|R. Provided that the velocity of the fluid relative to the disclination is not too
large (that is, &8> <« 1/¢€) the solution to (11) to (16), at leading order in the inner regions, is the
same as that for the isolated disclination since the convective time derivatives do not enter at this
order; thus we find the leading-order inner solution has the following form:

i =c+ 3N6 +o(1),

s =5%R) +o(),
Vi =0(1/e),



56 G. RICHARDSON

where S(O) (R) satisfies (22) to (24) and c is a constant determined by matching to the outer solution.

Outer region. In the outer region, away from the disclination core, we cannot expect the leading-
order solution to retain cylindrical symmetry yet we require it to match to the inner region. We thus
expand in the outer region as follows:
Yo=15" + O(e?),
S=1+ 0(e?),
Vo =0(1/(¢?E2)).
Substituting this expansion into the governing equations (11) to (15) yields the leading-order outer
equation
vy = 0. (26)
Matching to the inner solution using Van Dyke's matching principle (19) gives aboundary condition
on v
Yy ~c+iINg a0 (27)

Given boundary conditions on the edge of the liquid-crystal domain and the positions and strength

of any other disclination we can solve exactly for wéo) . Thiswill enable usto match back to theinner

solution at next order and hence determine the disclination velocity. However, instead of solving for

éo) in some particular domain we seek to relate the next few termsin its expansion for small ¢,

<go)=c+%NQ+d1§0059+d2§5in9+--~, (28)

to the disclination velocity. We will thus arrive at alaw of motion, relating the expansion of wéo)
about the disclination to its velocity, which can be used to investigate the motion of disclinations
in arbitary two-dimensional geometries. In section 4 we illustrate its use by considering three
examples: (1) the interaction of two disclinations in an infinite medium; (I1) the interaction of a

disclination with a parallel planar wall on which the natural boundary condition 81p(§0)/ on =0is
imposed and (I11) the interaction of a disclination with a parallel planar wall on which the ‘strong
anchoring’ boundary condition wc(,o) = congt. isimposed.

In order to simplify the ensuing calculation we now set

d; =0, (29)
by making ajudicious choice of the unit base vectors e; and e;.

Inner expansion. Matching the asymptotic behaviour of wéo) for small ¢ to ; it becomes clear
how to proceed with the inner expansion:

S=5R +e§V+ -,
Yi=c+ INO+eNyP ..
vi=INNVO 4o

1
€
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Substituting this expansion into the governing equations (11) to (15) and refering to the definition
of theinner coordinate system (25) we find the following relations for S(l) and xpi(l):

@ 2D
1979 _z (0 0’
A2 S 1977\ VO . 0/ _
(R3R< 8R>+R2 392) 8’32(' eR>51

(0) @
(0)2 ©0) 1\ 9
—2(1 _— i 6 T
(33 1+b)s +b+4R2>s ey (0
3(0)2 19 Rawi(l) + = azwi(l) + iO)—a S(l) + 23(0) 3(0)/—8%(1) =0 (3D
RAR IR RZ 962 RZ 96 IR '
together with arelation for the leading-order velocity v(O)
02 2 ©
- 7
WO = i T (32)
in terms of the stream function MIO) defined by
1@ 9@
(0) i i
S —eR——— — G ——. 33
W T®RRTe %R (39

Here we have made the reasonable assumption that Re = 0(1/¢) which alows us to neglect
the inertial terms in the fluid-momentum equation at leading order. In order to match v; to the

asymptotic behaviour of the outer solution (28), (29) we require wi(l) ~ thRsing as R — oco. With
this motivation we look for a solution to (30) to (33) of the form

v =m(R) sine,
5(1) =a(R) cosé,
9 — g(R) sine.

The system of equations (30) to (33) then reduces to

(0)/
a .99

A? =)= =
<a + R ) B2 R

R2
a (33(0)2 ~20+b)§% +b+ 4—;2> + S(FO:Z : (34)
5 (m" +R- %) S 2 25050 o (35)
éz ddR <R2g”’ 39 + %) = —Ez(s'(z;)zg. (36)

We now proceed to look for a solution to (36). In thelimit R — O, 3(0) and g have the following
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asymptatic behaviour:
S(O) ~ ks R1/(28)

g~ Gi(R 1+ O(R Y2y 4+ Go(RlogR + O(R*™ YA logR)) (aR— 0, 37
+G3(R+ O(RM/A)) 4 G4(R3 4+ O(R3H1/A))

and, if the fluid velocity v; isto remain finite at the origin, we require G; = G, = 0. For large R
the asymptotic behaviour is given by
1
(0)
~1— e
3 4(1-b)R2 +
g~T1(R 1+ 0O(R)+TI2(RlogR+ O(R3logR)) (&R — oo (38)

+T3(R+ O(R3) + Ty(R®+ O(R™ 1Y)

In order to match to the outer expansion we must set I'4 = 0. It now remains to determine one more
of the the unspecified constants Gz, G4, I'1, "2 and I'3 to complete the boundary-val ue problem for
g. We do this by obtaining a solvability condition on the system (34) to (36). Taking the derivative
with respect to R of (22), the equation for 3(0) gives

(0)” (0)/ 0
7" 2 1 S
A2 ([ g@” S~ 3 — 59 (350° _211p)s@ 1pyr =y _ 3 39
(S + R = S S A+b)g~ + +4R2 >Re (39)

Multiplying this by aR and subtracting the result from (34) multiplied by Rﬁ(o)/ resultsin arelation
which may, after some manipulations which make use of (35) and (36), be written as an exact
differential. Integrating this between R = § and R = A wefind

/ AN 3 A 1| m (02 2 ’
A2 I:R<a/§(0) _ aa(o) >]5 + & |:R29/// _ Sg/ + ﬁg]a _ E |:ST + S(O) m/:| _ (40)

$
The idea now is to match 1//i(l) and S(l) to the outer solution, thereby obtaining the asymptotic
behaviour of a and m as R — o0, and then find the solvability condition on (34) to (36) by taking
thelimitsA — oo and§ — 0in (40). In other words we use the Fredholm aternative to show that a
and m have solutions satisfying appropriate boundary dataif and only if g has a certain asymptotic
behaviour at infinity. In order to do this we must first establish the possible asymptotic behaviours

of (35), (36) as R — 0and R — co. Inthe former limit we find

4 % [00 <R1+1/(2A) 4. ) to (R*H/(ZA) 1. ) +o (RH/(ZA) + - )

£B2G3 (log(R) RMHY/(2A)
+C3<R1/(2A)_l+-~->+8ﬂ2 3( 9B +.-)| sR-0

4N 1+2A

m ~ [Co(R+'-°)+C1(R_1_1/A—I-‘”) —CZ(Rl_l/A—i--‘-)

B £B2G3 (R(logR — 1 — 2A)
—ca(R14... R—0
o (R +) + = < 1+ 24 sR=s
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whilst in the latter
~ 12 (=D L) L) (; >_ (# )
a [el(R exp( A R+ € (1—b)R+ €3 R3(1—b)+
Ao [ A=DTERN N (_EBela logR
+e4<R exp( A R]+ 21-Db? R + SR — oo,
A2R-5/2 (1— b)1/2 1
m~ | e 1-b exp X R)+--- +ez(R+-~~)+es<§+--->
A2R™5/2 (1-byl/? §BoI'1  logR

Matching to the leading-order outer solution for wéo) (whose expansion close to the inner region is

givenin (28), (29)) we find that

ee=0 and e =dsgn(N),
where d; is an order-one constant determined by solving for wéo) in the outer region. Consider now
the expansions for a and mas R — 0. It isclear that unlessc; = ¢z = 0 the expansions of § and
i will break down close to the origin. For similar reasons, where A < 1 we also require

co = 0. (42)

As remarked upon in section 2.2, unless A < % the energy density develops a singularity at the
origin. Ruling out this singular behaviour thus enforces the boundary condition (41). Even where
one does not rule out this possibility the only sensible choice for the remaining boundary condition
on (34), (35) isthat the solution pair (a, m) has the lowest singularity possible at the origin, which
is equivalent to requiring (41) be satisfied. Finally, by taking the limits§ — 0, A — oo in (40),
we can show that solutions of (34), (35) for a and m exist if and only if the remaining boundary
condition on (36) is

_ dasgn(N)

'y = e

(42)
We now have sufficient boundary data to find a unique solution for g where B2 < 0 (see Appendix
B for a proof of the existence of such a solution). Examples of such solutions are given in Figs 2
and 3 (the boundary condition I', = —1 is used and the constant I" which is evaulated from these
calculationsis the corresponding value of I'3).

The result given in equation (42) also enables us to determine the velocity scaling U; our
assumption that vi(O) is order one necessitates that & be also order one. A suitable choice for U
istherefore

K §+2 o 1
= E = —.
4ul 4
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Fig. 2 Thisplot shows the results of a numerical calculation for g’ where we impose the boundary condition
g~const.tRasR — 0and g ~ —RlogR as R — oco. After solving we take a further term in the large R
expansiong ~ —Rlog R+I"Rand evaluate I". Inplot (1) b = 0-3, A = 0-35; with f» = 6:0, I' = —0-90; with
B2 =20, =—423. Inplot (I1) b = 0-3, A = 0-5; with fo = 6:0, ' = —1:66; with o = 2:0, ' = —5-55

M o0e _ m oop
r B>=60 -
—1-0j - —1-0;\\ Bo=60
—20F+ B2=20 -20F T~
—30} —30} TTe-l_
—40}+ —40
_50F}+
—60L
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0-0 2:0 4.0 6:0

Fig. 3 This plot shows the results of a numerical calculation for g’Nwith the same boundary conditions as
above. In plot (I) b= 05, A =025 with B2 =60,T =122 with 8o = 2:0,T = 043. Inplot (II) b = 05,
A = 0'5; with 8 = 6:0, ' = —0-52; with 8o = 2:0," = —3-70

3.1 Matching theinner velocity to the far field

It remains to match the velacity field in the inner region to the outer and hence to determine the
velocity of the disclination ¢. Thisis complicated by the fact that the fluid velocity does not decay
over the inner region but has instead a logarithmic singularity as R — oo,

Vi(O) ~ —Nd> ((|ogR_f*)e1—sin9€g) asR — oo. (43)

Here d; is the magnitude of the gradient of the regular part of the phase of the director field at
the disclination, e; is the vector orthogonal to this (see (28) and (29)), and I' = I's/(sgn(N)d>).
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The parameter T isthusindependent of N and d, and may be obtained di rectly by solving (36) with
boundary conditionsg ~ const.RasR — 0and g ~ —RlogR as R — oo; I' isthen obtained by
taking afurther termin the large R expansion of g

g~ —RIogR+TR+--- asR— 0. (44)

We expect this parameter to be O(1) (see Figs 2 and 3) except where B> < 1 and therefore lie
close to the eigenvalue g2 = 0. In such cases we can use an asymptotic method to calculate an
approximate value for I" (see Appendix C):

4

ﬁ + 0, 52 < 1
B2 [3° RSV dR

r=-

If one now tries to match the leading-order inner-velocity field (43) to an intermediate region
in which inertial terms in the fluid-velocity eguation are negligible one finds that the velocity
necessarily grows unboundedly at infinity; this is the Stokes paradox. In the case of arigid body
moving in an infinite viscous medium, the Stokes paradox is resolved by taking the scale of the
far-field region (in our case the intermediate region) large enough so that inertial terms appear
in the far-field equations (see Oseen (20) and Proudman and Pearson (21)). As far as this work
is concerned, however, an intermediate region is necessary (case 1) only if inertial terms become
comparable with viscous terms on a lengthscale much smaller than the outer (the latter is on the
lengthscale of inter-disclination and disclination—wall separations). There are two other possible
scenarios.

Case Il: this occurs when inertial terms are insignificant on the outer lengthscale, so that we must
match the singularity in the inner solution onto the Stokes equations, which we then solve in the
bounded outer region.

Case I11: this ocurs when inertial terms are comparable with viscous terms on the outer lengthscale
and the outer velocity problem isfully nonlinear.

In order to determine which of these possibilities occurs we must find the lengthscale L at which
the corresponding Reynolds number Re becomes comparable with one. In dimensional terms the
fluid velocity v generated by the disclination at a distance L from its coreis of order

v = O Ks* lo } fore « E < }
=9\ 209 eSS
The Reynolds number is thus of order
_ KS2 (L 1
Re= 0 — I -],
© (p 412 (L) °g(e>)

from which we find that inertial terms become significant on alengthscale much less than the outer
(and we must match to an intermediate Oseen region) if

K S2
42

1
0 log <—) > 1, casel, (45)
€
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or areinsignificant in the outer region if

K S*2 1
piz log <—) < 1, casell. (46)
Au €

In practice we only expect to observe case |1; using the typical figures given in (17) and taking the
lengthscale L = 10~% cmto 1 cm gives Re = 4-6 x 10 to 5:5 x 10~°. We shall, therefore, only
treat case Il here, relegating discussion of case | to Appendix A.

3.2 Disclinations with interacting velocity fields (case I1)

We now treat the scenario in which inertial terms are insignificant on the outer lengthscale as
determined by typical disclination—disclination and disclination—wall separations. In such aregime
it is natural to match the inner velocity straight on to an equation for the outer velocity. For
convenience, however, we choose to write down the outer coordinates moving with the disclination,
distinguishing the outer variables written in the moving frame with a hat:

o R s dS
Re(Vo - V)Vo=—V o + V2Vo - ,BZVSJW,

V. \7020,
lo=—  0onaQ(t),
where

2
Re = pRS
42

«1

and 9Q(t) is the boundary of the domain in the moving coordinates. Matching to the inner region
we see that expansions for ¥y, S, Po and ¢ proceed as follows:

Uo=10g(1/|eNDIL + 9 + .-,
S$=1+0(?),

Po=10g(1/|eND B> + PEY + -+
q=10g(1/|eNDG? + P + .-,

such that the leading-order fluid velocity satisfies the Stokes equations for viscous flow

~vpP + vHP =0,
V-9 =0,

together with the boundary conditions

09 ~ —Ndge, ¢ —0,
10 =—g9  onosQ.

This has the unique solution

09 = —Ndber = §@ = Nder
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At next order we again find Stokes equations, which we write in terms of a stream function ;lf)l) ,

viad =o,
A (1 ~ (1
o _ 1oas’  opg

o c 89 S 8§ eﬁv
but here the boundary conditions are non-trivial:
AP ~ C — Ndxclogcsing + NdoI'csind as¢ — 0,
1900 5D
_ﬂeg _ ﬂeo — _q(l) on I (t),
¢ 00 ¢

where C is an unknown constant. We now rewrite the above in terms of coordinates that are
stationary with respect to the boundary 9<2:

Vi =0, (47)
i) ~ C — Ndaclogcsing + (NdoI' + (¢ - ep))csing — (Y - ex)ccosé  asc — 0, (48)
@ 0
Mo =

onog2, 49
aul/on =0 (“49)

where uél) isthe stream function for the first-order velocity written in the stationary frame, namely

Y + g, We may rewrite (47) together with the singular part of (48) as

VA = —47 N da(ez - V)(S(X — )8 (Y — G2)), (50)

which can then be solved with boundary condition (49) to obtain the unknown termsin (48), namely
C, (Nl + (@ - &) and (P - e2).

REMARK. Evenwhere 8> <« 1 and I isthus O(1/85) the matching procedure described above
gives the correct disclination velocity provided we evaluate it up to and including the * O(1) terms
(which now contain aterm of O(1/82) arising from I').

3.21 Summary. Consider a situation where there are a number of disclinations inside the liquid-
crystal domain with strengths Nj and at positions gj. In order to find the velocities of the
disclinations we must first solve

vZyl® =0, (51)

VYO ~ Nj <(X_ql,j)9y— (Y — 02,j)&

2 \ (x—=qu)?+(y —q2))?
with appropriate boundary conditionson 92, to find the phase of the director. We then determinethe
regular part of the gradient of the phase at the jth disclination, dy,j&; j, by expanding the solution
for ¥o@ about the disclination

> as|x —qj| — 0, (52)

VYO ~ Nj <(X—CI1.,j)€y— (Y —02.j)&

2 (X_qu)2+(y_qzj)2)+d2,jez,j+"' as|x —qgj| — 0. (53)



64 G. RICHARDSON
We must now distinguish between case |, in which the criterion (45) is satisfied, and case I, in
which the criterion (46) is satisfied.

Case I: in this scenario the result obtained in (53) is sufficient to obtain both the leading-order and
the first-order terms in the velocity; we find

Gy = Nj doj <)»(6, Nj) +log

N; dz +1—V—F)(ez,;/\ez)+0(1). (54)

Here A(e, Nj) is defined by the transcendental equation

A =log = —logA.
eRe|N; |

Casell: here we can use the result obtained in (53) to find the leading-order velocity:

¢ = Nj dz j log(1/[eN;j)ezj A &+ O(D). (55)

The next term is found by solving an auxiliary problem for the stream function uﬁ,l) of the fluid
velocity

VAuS = —am > "Njda j(e2 - V)(E(X — G ))S(Y — 02,j). (56)
j
@ _
o' =0 | onag, (57)
s’ /dn =0

and expanding the solution about each disclination core

(X—ql,j)2+(y—qz,j)2>
2

1/2
1 ~ —Njdy j log (((X — L)+ (Y- CIZ,j)2> > (€25 V) (

X =2+ (y—azj)?
2

+C+(P~V)( )+O((X—Q1,j)2+(y—CI2,j)2)- (58)

The two-term dimensionless velocity law for the jth disclination follows from this expansion and
that madein (53); it is

g = Njdojlog(l/leNjDexj A&,
— (P (2 Aep) ez + (P ez — Njd ) &2 1 &) + O(eloge). =

4. Examples of disclination motion

In this section we apply the law of motion obtained in the previous section to some particular
examples. For brevity we restrict our discussion to the physically relevant scenario in which the
Reynolds number is small (that is, case I1).
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4.1 Disclination—disclination interaction

Consider two disclinations of strengths N; and N2 lying in an infinite medium at positions x =
(Q1, 0) and x = (Q2, 0) respectively. Solving for w(()O) from (51) and (52) we find

© _ N1 (x—Quey —yec Nz (X — Q)¢ — y&
° 2 (x—Qp2+y? 2 (x—Q2+y? "’

By comparing our solution with equation (53) we calculate the regular parts of the gradient of the
phase, do 121 and dz 2ep 2, on the disclinations at x = (Q1,0) and x = (Qg, 0) respectively.
Substituting these results into the law of motion (55) we obtain the velocity of the disclination at
leading order

v, (60)

NN NN
T 2(Q1—- Q2 2(Q1—Q2)

If we require the next term in the velocity we must solve the auxiliary problem for the fluid
velocity (57)

Iog}i‘jLO(l), Oy =

1
log|— 1.
Ny 09‘ ‘+O()

Q1 N

N1N
VA = ———=— (8(x — Q)8'(y) — 8(x — Q&' (y))..
1 = 55, —ay X~ Q') —8x = Qué'Y)

Requiring that the velocity V A (uf)l)ez) be bounded at infinity alows us to determine a unique

solution for /,L(()l), namely

NN 172 2
@ _ 1—2 2 _ 2 _ 2 _ 2 .
Mo = 201 — Qy) (ylog <<y + (x—Q2) ) ) ong((y +(X—Qy ) ))

from this and (60) we obtain the disclination velocities

. NiNg Q1— Q2| -

Q= 2(Q1—Q2) (Iog €N1 F) *Oeloge),
- N1 N Q1— Q2| =

=50, = g (0| T | =) + Ol

REMARK. Thus same-sign disclinations repel each other, moving along their line of centres,
whilst opposite-sign disclinations are attracted to each other along their line of centres.

4.2 Disclination—wall interaction

Consider a situation in which a disclination at x = (g1, 0, 0) lies parallel to an infinite planar wall
stretching along the (y, z)-plane.

Natural boundary conditions. Firstly we shall investigate the motion of the disclination where the
natural boundary condition 31//(()0) /ox = 0on x = 0isimposed on thewall. Solving (51) and (52)
for wc(,o) we find

vyo = N <(X —quey —ye (X +que — yex)
© 2\ x=qp2+y? X+ q)2+y?
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We evaluate the regular part of the gradient of the phase on the disclination, which we find to be
doezj = —Ney/(401), and hence deduce the velocity at leading order:

g1 = Nzlog< - >+
YT Tag P\ €N

To obtain the first-order correction to the velocity we must first solve for the stream function of the
fluid flow which satisfies

N2 ,
Vi = 5 - AW,

1
us’ =0

onx =0.
aul Jax = 0 }

The solution to this problem is

™ _

N2 ) 2\ 1/2 ) 2\ 1/2
e rm(ylog(((X—ql) +y?) )—ylog(((X+q1) +v?) ))

N2 [e's] s X2
+—/ ds.
21 Joo 2+ 52\ (X2 + (y — 9)?)

Expanding the stream function about the disclination, comparing the result with (58) and then
referring to (59) we find the disclination velocity, correct to first order,

] N2 2011) ~> N2 00 SZqZ
=—— (log(Z2)-F +_/ ——L__ds+ O(eloge).
O 4CI1( 9<6|N| 7)o @t 50 (eloge)

The phase of the director constant on the boundary. We now investigate the motion of the
disclination where the boundary condition

v =const.  onx =0,

isimposed on the wall. With this boundary condition we find that the gradient of wéo) satisfies

vyl = N ((X —quey — Y& | (X+que — yex>

2\ (x—qn2+y? (X + )2 +y2

Evaluating the regular part of the gradient of the phase on the disclination we find dye; =
Ney/(4q1). It follows that the leading-order velocity is equal and opposite to that in the previous
example (natural boundary conditions imposed on the wall). It is easy to show that the stream
function for the fluid flow is also the same, except for a sign change, as for the previous example.
The disclination velocity, correct to first order, is thus

] N2 qu) ~> NZ /oo Squ
=—|log| — | -T}) - — ————ds+ O(eloge).
- 4q1< g(eINI 7)o (@453 (cloge)
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Summary. We find that a disclination is attracted, along the shortest path, towards a planar
boundary on which the natural boundary condition awéo)/ oan = 0 holds, whereas, if the angle of
the director wéo) is specified equal to some constant along the boundary, the disclination is repelled
from the boundary along a path perpendicular to the boundary.

5. Conclusion

We have derived alaw of motion for aline disclination in anematic liquid crystal from an asymptotic
analysis of the Ericksen model. We found that the disclination velocity ¢ is determined by a local
expansion of the phase of the director field about the disclination. Where wéo) has the expansion
(with 6 defined in the standard way about the point (X, y) = (01, 92))

8 ~ % +C+da((y — Qo) COSV — (X — ) SNV) + -+ as(X, y) — (a1, P),
such that the local behaviour of the director field as (x, y) — (q1, Q2) is
n~(cos(%N0+c)a<+§n(%N9+c>q,)
+dy (ycosy — xsinv) (cos(%N0+c)e),—sin(%N9+c)ek>+...,

the leading-order dimensional disclination velocity ¢ is

2

. NK S*
g=0d

anl (61)

2
log(1/e) (cosvey + sinvey) + O (LM) .

4ul

Remarkably the leading-order disclination vel ocity depends only on the structure of the core through
the dimensionless parameter ¢ which gives a measure of its radius in comparison to a typica
lengthscale of the problem. Moreover the other parameters which appear in the velocity law, K S+2
(the elastic constant) and 1 (the viscosity), are parameters occurring in the standard L eslie—Ericksen
model in which it is assumed that S = const. = S*.

In cases where the Reynolds number of the fluid flow generated by the moving disclination is
either very large or very small (experimental data suggests that it is amost aways very small)
we were able to calculate the fluid flow field and, from this, the next term in the expansion of the
disclination velocity. We notethat it is possibleto generalize our analysisto situationsin which there
isafluid flow in the liquid crystal, resulting from sources other than the motion of the disclination
itself, and that in such circumstances the disclination is transported with a vel ocity equal to the sum
of the velocities arising from the regular part of the gradient of the director field and of the flow field
on the disclination line.

Finaly we draw the reader’s attention to some areas of future work arising from the work in
this paper. The present work uses almost the simplest continuum model with which it is possible
to describe the motion of a disclination. It is therefore of interest to examine the effects of the
terms (describing the action of the director field on the fluid flow and vice versa) which have been
neglected in our treatment of Ericksen’s model. These terms lead to anisotropic flow properties
and, in order to examine their effects on the disclination velocity, it is necessary to solve a linear
partial differential equation for the leading-order fluid velocity field in the inner region. Again the
velocity field will grow like log R for large values of R (here R is the distance from the centre
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of the disclination on the inner lengthscale). The direction and magnitude of the logarithmic term
can be obtained by looking for a solvability condition on the inner equations at first order. In
essence, therefore, it is necessary only to find two ‘basis solutions for the leading-order inner
velocity field (using some numerical method) and then derive a solvability condition to find the
appropriate coefficients of the basis solutions. We also think that it is possible to extend our analysis
to look at the effects that biaxiality may have on the mation.
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APPENDIX A
Matching the inner solution to an intermediate solution and determination of the disclination velocity in casell

Consider now the scenario where the Oseen lengthscale is much smaller than the outer lengthscal e, determined
by typical disclination—disclination and disclination—boundary separations (the regime given by (45)). Inline
with Proudman and Pearson (21), who were the first to satisfactorily resolve the Stokes paradox, we introduce
an intermediate Oseen region that moves with the disclination and has polar length coordinate f'; thisis defined
by the scaling

L 4,2 1
f =¢|N|R, where — = = , Al
€IN] L~ ,Ks2.  Rei(e. N) (AD

|

g:
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and A(e, N) isan, as yet undetermined, large parameter. In thisregion (15), (16) become

1 dvip L Szlnt
= — \Y% V — v A2
e N) dt T Pint + VVint — B2 Snt» (A2)
V - Vint =0, (A3)
Vint ~ —q asf — 00, (A4)

where the subscript int denotes an intermediate variable. Matching to the inner region at leading order we see
that

ﬁ) e — N ((Iogf—f)el—sineeg) asf — 0.

The expansions for Vint, Sint, Pint and ¢ thus proceed as follows:

Vint ~ —daN log (

0 1
Vint = A(€, N)Vl(nt) |(nt) +oo

Sm=1+0 ((%)2) ,

pint = = (A6, N)RY + Pl ++++)

(M

4= NGO +4b 4

where the unknown parameter A and the unknown lengthscale L are determined by matching the velocity to
the inner solution and by the rescaling carried out in (A1). Thisleads to atranscendental equation for A:

A:Iog( 1 )—Iogk.
eRe|N|

Substituting the expansion of the intermediate variablesinto the governing equations (A2) to (A4) and matching
to the inner solution gives the following problem for the leading-order velocity:

vO vO © 2,(0
(lnt V) int =~V Pint TV Vint

(0)
& th -

vO
Vint

0,
~ —Ndyeq asf — 0,

V|(r(1)t) ~—40 asf — oo.

This system has uniform solution

v@

0 .
Ving = —Ndoeq, pi(nt) =0 = 49 =Nde.

At first order we obtain a non-trivial problem for the velocity, which we formulate in terms of /Ll(r}t) the

stream function for vI m , asfollows:
(V2 + Nda(er - V) V2l =0, (A5)
ud ~ —Ndy(flogi —F)sing  asf — 0, (A6)
1 a“l(r::-t) aﬂ_u(nlt) ~ gD asf - oo (AT)

F a0 af
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By imposing the boundedness of 3 V“l(r}t) /of at infinity we can find a unique solution of (A5), (A6). Referring

to (21, 22) we seethat thissolution is

&, Nds|f\ fsin(n(@ + 7)) .
i =_Nd22¢n<| 22| ) - +mfsing  for Ndp > 0, (A8)
n=1
0 s
1 INda|f\ sin(ng) .
wi =Nd2 Y ¢n ( 22 ) ———+misng  for Ndp <0, (A9)
n=1

where
dn() = 2K1()In() + Ko Un42() + Th=1()),

and In and Ky, are modified Bessel functions of the first and second orders respectively. In order that the
matching to (A6) be complete we requirem = dyoN(y — 1—log(4/(INdy|)) +I'), where y is Euler’s constant.
By considering the asymptotic behaviour of (A8) inthelimitf — oo and the boundary condition (A7) we may
obtain the contribution to the disclination velocity at this order:

4 -
oD = Nd (1+Io (—)— —1") .
q 2 g INdy| 14 €1

APPENDIX B
The existence of a solution to the inner-fluid-vel ocity problem
We write equation (36) in the following way:

d (1d RQ(R) ) = —Bon(R)g(R B1
d_R<ﬁd_R( ( )))——ﬁzn( DA(R), (B1)
d /1d

ar <Ed_R (RQ(R))> =Q(R), (B2

where n(R) is the positive function n = (ﬁ(o)/)z/ R2. Multi plying (B1) by Rg and integrating by parts twice
we find the following relation:

A

d d A
[gﬁ(RQ)—Qﬁ(Rg)} Jrf(s RQ2 + fonRg2dR = 0.

8

Taking the limits§ — 0 and A — oo and referring to the asymptotic behaviour of g given in (37) and (38) we
see that, where 8, > 0, no non-trivial solution exists to the homogeneous problem given by equation (B1) and
the boundary conditions G = Go =T =T, =0.

The rest of the proof is standard. We write g in terms of basis functions

9(R) = Ag1(r) + Bga(R) + Cgz(R) + Dga(R),
wherethe g; are solutions to (B1) with the asymptotic behaviours
g~RL g~RIgR g3~R g4~ RS

as R — 0. Thus where g sdtisfies the boundary conditions G; = G, = Owefindthat A= B = 0. As
R — oo we make the following series expansions of g3 and ga:

g3 = a1(R™1+ O(R™%)) + ap(Rlog R+ O(R™3log R)) + a3(R+ O(R™3)) + aa(R® + O(R™1)),
01 = BL(R™E+ O(R™®) + B2(Rlog R+ O(R3log R)) + B3(R+ O(R™3)) + B4(R® + O(R™1)).
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If no non-trivia solution existsto (B1) with the homogeneous boundary conditionsGy; =Gy =T =14 =0
it follows that «482 — w284 # 0. Hence aunique solution exists to (B1) with the non-homogeneous boundary
conditions Gy = Gp =T'4 =0, T2 # 0; itisg = I'2(0384 — Gaxta)/(2Ba — aaf2).

APPENDIX C
Calculation of I for 5 small
In order to obtain I" we must solve equation (36) together with the boundary conditions

g~const.R asR— 0, g~ —RlogR aR— oco. (CyH

Then T is obtained by taking a further term in the large R expansion of g (see equation (44)). However, no
solution to this problem can be found where 8, = 0 since a solution exists to the homogeneous problem given
by equation (36) and the boundary conditionsg ~ const.Ras R — O and g ~ const.R as R — oo; namely
g = const.R. Where 2 « 1 we can calculate an approximate solution to the problem by writing (36) in the
form (B1) and (B2) and expanding g and €2 in powers of fo:

Q
9=L g+, @="0240 4.
B2 B2
Substituting this expansion into (B1), (B2) and (C1) and taking the leading term we find
d /1d d /1d
dr (ﬁﬁ (RQO)> =0, dRrR (ﬁﬁ (RQO)) = Qqo, (C2)

with boundary condition gg ~ const.Ras R — 0 and gg ~ const.R as R — oo. This has solution
do = AR, Qo=0. (C3)

In order to determine the coefficient A we proceed to next order in the expansion where we find

(0)/\2
d /1d §7) d /1d
— (== (Rap)=- — (== R )= (C4)
dR(RdR( 1)) e %0 dR(RdR( 91)) 1
with boundary conditions
g1 ~cont.R asR — 0O, g1 ~ RIogR asR — oco. (C5)

Multiplying (C4)1 by Rgg and subtracting (C2), multiplied by Rg; and then integrating by parts twice results
in the following relation:

3 02
§ )gng.

d d d d 5
—(RQ1) — 91—=(RRp) — 21—=(R Qo— (R =—
|05 (R — 81 i (Re) — 21 4 (Reo) + o (Rew | = |
We then substitute the result obtained for gg, take the limits § — 0 and . — oo, and apply the boundary
condition (C5) to find a condition on A; thisis
J5° R§)2dR

It follows that

= +0@1) forfr <1l

B2 [§° RSVH2dR



