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Abstract

This paper develops a fault-tolerant iterative learning control law for a class of linear time-delay dif-
ferential batch processes with actuator faults using the repetitive process setting. Once the dynamics
are expressed in this setting, stability analysis and control law design makes use of the generalized
Kalman-Yakubovich-Popov (KYP) lemma in the form of the corresponding linear matrix inequalities
(LMIs). In particular, sufficient conditions for the existence of a fault-tolerant control law are devel-
oped together with design algorithms for the associated matrices. Under the action of this control law
the ILC dynamics have a monotonicity property in terms of an error sequence formed from the dif-
ference between the supplied reference trajectory and the outputs produced. An extension to robust
control against structured time-varying uncertainties is also developed. Finally, a simulation based
case study on the model of a two-stage chemical reactor with delayed recycle is given to demonstrate
the feasibility and effectiveness of the new designs.

Keywords: Iterative learning control, batch processes, finite frequency range design, fault tolerant
control, time-delay systems

1. Introduction

Iterative learning control (ILC) is a method of iteratively updating the control input to a system
that repeats the same task over a finite duration. Each execution is known as a trial, or pass, and
the sequence of operations is that a trial is completed, where the finite duration is known as the trial
length, the system resets to the starting position and then the next trial can begin, either immediately
after resetting is complete or after a further period of time has elapsed. Since the first work, widely
credited to [1], ILC has become an established area of control systems research, where the survey
papers [2, [3] are one source of the literature up to their years of publication.

In most designs, a reference trajectory is specified and the current trial error is the difference
between this signal and the output. The core aim of ILC is to force the sequence formed by the
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errors to converge to zero or to within an acceptable tolerance as measured by the norm on the
underlying function space. Moreover, this convergence should be monotonic in the trial number.

In application, an ILC law most often constructs the current trial input as the algebraic sum of
the input used on the previous trial and a correction term. The correction term can be designed
using data from the complete previous trials or a finite number thereof. A particular feature is the
possibility to use non-causal temporal information provided it has been generated on a previous trial.

Since this first work, ILC research has found application in many ares, such as robotic systems,
e.g., [4, 5], motion systems, e.g., [6], automotive systems, e.g., [7] and batch processes, e.g., [§], where
for this last area the survey paper [9] is a starting point for numerous applications areas in process
control. A particular feature of many applications is experimental testing. There has also been an
application in robotic-assisted stroke rehabilitation, e.g., [10] [I1], with supporting clinical trials. In
this last application, the ILC law is used to control the assistive stimulation applied to the relevant
muscles in the affected limb as the patient makes repeated attempts at completing a specified finite
duration task, e.g., reaching out with the affected arm to an object across a table top. Once an
attempt is complete the arm is reset to the starting location and in this time plus a rest period,
the control signal for the next attempt can be computed using data collected during the previous
attempt. If the patient is improving then as the trial number increases the patients voluntary effort
should increase and the applied stimulation decrease. Exactly this feature was detected in the clinical
trials.

A common approach to ILC design for discrete dynamics is by a form of lifting. Consider, for
simplicity, the single-input single-output (SISO) case where, since the trial length is finite, the input
and output on any trial can be represented by super-vectors formed by assembling the values at the
sample instants into column vectors. The result is that the ILC dynamics can be represented by
a linear matrix difference equation in the error dynamics. Hence tools from discrete linear systems
theory can be used to analyze trial-to-trial error convergence and control law design.

Given the finite trial length, trial-to-trial error convergence does not require that the system
is stable, i.e., all eigenvalues of the state matrix have modulus strictly less than unity. Of course,
there will be consequences for the transient dynamics along the trials in such a case. One solution
is to design a feedback control law to stabilize the dynamics and then apply the ILC design to the
controlled dynamics. An alternative is to use a 2D systems formulation, i.e., systems that propagate
information in two independent directions, which in ILC are from trial-to-trial and along the trial
respectively. Early work on this approach includes [12]. Repetitive processes are a particular subclass
of 2D systems have their origins in modeling physical examples [I3] for control purposes. These
processes are characterized by a series of sweeps, or passes, through dynamics defined over a finite
duration. On each pass an output, termed the pass profile, is produced that acts as a forcing function
on and hence contributes to the dynamics produced on the next pass.

The repetitive process setting for ILC design has progressed through to experimental verifica-
tion [4]. Design in this setting is a one step process where the control law includes stabilization
of the state dynamics on each trial. Also the design methods extend naturally to robust control
design where, unlike the lifted setting, matrices formed as the product of nominal state-space model
matrices and those from the uncertainty description are always excluded. Moreover, ILC design in
this setting transfers directly to differential dynamics, i.e., to cases where design by emulation is the
only or preferred setting for analysis and design.

In many industrial processes, time-delays often occur, e.g., in the transmission of material or
information between different parts of a system, which, if not compensated, can cause serious de-
terioration of the stability and performance. Chemical processes are a common industrial source of
time-delay systems and there has been research on ILC design for such systems by treating them as
differential batch processes over a finite time on each trial. For example, a robust 2D ILC law com-
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bined with the output feedback has been applied to batch processes with state delay and time-varying
uncertainties [14].

Industrial control systems usually operate under challenging conditions, which expose the system
to faults that, in turn, can cause loss, or serious degradation, of stability and/or performance. More-
over, ILC schemes could be especially sensitive to faults due to the repeated nature of the demand on
the control actuator. For such cases, a fault tolerant ILC design is required. Of course, this problem
arises in the non-ILC case, see, e.g., [I5], where necessary and sufficient conditions for stabilization
while retaining a desirable level of the closed-loop performance in the presence of actuator/sensor
faults or failures, and also plant-model mismatches, are given.

The design of ILC laws for monotonic trial-to-trial error convergence together with controlled
dynamics along the trials, in the SISO case for simplicity, requires frequency attenuation over the
complete spectrum. This could be very difficult to enforce in some cases and also in many practical
examples, systems properties need only be enforced over finite frequency ranges. Moreover, in other
examples it will be required to impose different specifications over finite frequency ranges. One way
of solving these problems is to use the generalized Kalman-Yakubovich-Popov (KYP) lemma, see,
e.g., [16] for discrete systems with experimental verification in the absence of time delays and no
compensation for possible faults. The corresponding results for differential linear systems are given
in [17].

This paper develops new results for ILC design applied to differential linear systems with time-
delays with the following novel contributions:

e the finite frequency range ILC law design is extended to the fault tolerant control problem for
time-delay differential batch processes with actuator faults;

e monotonic trial-to-trial error convergence conditions for the controlled ILC dynamics are de-
rived;

e the extension to robust control against structured uncertainty.

This paper is organized as follows: Section [2] describes a class of linear differential batch processes
in the state-space form with actuator faults and a time-delay in the state. Also the ILC design
problem is formulated in an equivalent differential linear repetitive process setting. In Section
the corresponding fault tolerant ILC law is designed and sufficient conditions for its existence are
developed in terms of generalized KYP lemma and LMIs constraints, which ensure that the nominal
and uncertain controlled dynamics are monotonically convergent and stable over a finite frequency
range. Section {4 illustrates the feasibility and effectiveness of the new design by a simulation-based
application to a two-stage chemical reactor with delayed recycle streams. Finally, the main results
are summarized in Section [5| together with some possible areas for further research.

Throughout this paper, the null and identity matrices with the required dimensions are denoted
by 0 and I, respectively, and the notation X < Y (respectively X > Y') is used to represent the
negative definite (respectively, positive definite) matrix X — Y. The notation () denotes transposed
elements in a symmetric matrix and p(-) denotes the spectral radius of its matrix argument, i.e.,
if \j;1 < i < g, denote the eigenvalues of a ¢ x ¢ matrix, say H, p(H) = 112?<xq |Ai]. The symbol

diag{ X1, X, -+, X,,} denotes a block diagonal matrix with diagonal blocks X1, Xo, -+, X, and
sym(A) = A + AT, ® denotes the Kronecker matrix product, the superscript * denotes the complex
conjugate transpose of a matrix and Ry denotes the positive real numbers.

The following lemmas are used in the proofs of the main results.

Lemma 1. [18] Given matrices X, Y, ® = ® and A(t) of compatible dimensions,
d+ XAM)Y +YTAT)XT <0, (1)
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for all A(t) satisfying AT (t)A(t) < I if and only if there exists an € > 0 such that
d4+eXXT +e7vTy <. (2)

Lemma 2. [20] Given a symmetric matriz Y € RP*P and two matrices A, ¥ of column dimension
p, there exists a matrix W such that the LMI

T +sym {ATWE} <0,
holds if and only if the following two projection inequalities with respect to W are satisfied:
AYTTAL <0, st <o, (3)

where A+ and L are arbitrary matrices whose columns form a basis of the null spaces of A and
respectively.

2. Problem formulation

2.1. System description

Consider a class of differential linear time-invariant batch processes with a single delay and
dynamics described in the ILC setting by the following state-space model over 0 <t<a<oo, k>0

.Z‘k(t) :Axk(t) + Adxk(t — d) + Buk(t),
yr(t) =Cai(t),

where the subscript & denotes the trial number, « is the fixed and finite trial length and z(t) € R™,
ug(t) € R™ and yg(t) € RP are, respectively, the system state, input and output vectors respectively;
d is the unknown time-delay constant satisfying 0 < d < d, where d is a known upper bound. No
loss of generality arises from assuming x(t) = zox,t € [—d,0] on each trial.

To include actuator faults, write the control input vector as

(4)

ue() = [urp(t) - wig(t) o wmr®)],

and let .
uf(t) = [ufk(t) ufk(t) uan,k(t)] ,

represent the failed actuator with the following fault model, see, e.g. [19],
ufk(t) =Tu;i(t), i=1,2,--- ,m,

where

0<I[ <I;<T; i=1,2---,m.

= X9 =

The parameters T';(I; < 1), T;(T; > 1) in this fault model are assumed to be known, i.e., the unknown
scalars I'; are assumed to vary within a known range. In particular, I'; = 1, corresponds to the fault-
free case uf = u;, I'; = 0 corresponds to a complete failure, 0 < I, < T; < land 1 <T; < Ty
correspond to partial failures, e.g., partial degradation of an actuator or the abnormal case when the
faulty actuator output is larger than the normal controller output. Introduce

:dla‘g {fhPQa o 7fm} )

:dlag {217£27 e 7£m} ’ (5)
T :dlag {F17F27 e 7Fm}7
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and

q :dla'g {q17 q2,- - 7Qm} )
qo =diag {q10, 20, ** s gmo} ,

_ _ (6)
q':(ri‘i‘Ei) " _Li-L
7 92 » 470 fz +£Z

Introducing the notation

Iy =diag {T'o1,T02,- -+ ;Tom} »
[To| =diag {|To1|, [Toz2|," -, [Toml}
Loi =T — ¢i) /s,

and using and @, I' can be written as

where
To| 2qo=1. (8)

In this paper it is assumed that the upper and lower bounds on the fault range of each actuator
fault are known, i.e., [; and T;. Hence an additional parameters ¢;, as the entries in the vector ¢
in @, can be used to scale the original range of the unknown scalars I'; such that " in can
be treated as a structured uncertainty of form with known and unknown vectors qg and I'g
respectively. This model for faults is very useful since the unknown vector I'g can be eliminated
by application of Lemma [1| and hence it is possible to cover a wide range of vectors I' and obtain
less conservative conditions than previously reported designs in this area. In comparison to the well
known polytopic form , the number of LMIs required will be lower since in the latter each vertex
must be considered. Hence for analysis and design, with the actuator faults model included is
replaced by

iy (t) =Axp(t) + Agzy(t — d) + BTug(t),
Yi(t) =Cak(t).

The design of the ILC law can now proceed in one of two general settings. The first is to sample
the dynamics and then apply the lifting approach, i.e., since the trial length is finite a column vector
of, e.g., the input, can be constructed where, in the SISO case for ease of presentation, the entries
are the values at the sampling instants along the trial. Repeating this step for the output enables the
ILC trial-to-trial error dynamics to be described in terms of a linear difference equation in the trial
number k. The basic ILC design problem then is to ensure that trial-to-trial error convergence occurs
to zero or ‘sufficiently close’ as measured by an appropriate norm and standard systems theory can
be used.

Given that the trial length is finite, trial-to-trial error convergence can be enforced for systems
that are unstable, which, of course, produces unacceptable dynamics along the trials since the trial
length is finite and the along trial dynamics are bounded but not uniformly. If this behavior is
unacceptable the lifted model based design requires that a stabilizing control law is first designed
and implemented and then ILC applied to the resulting dynamics. This is a two-step design procedure
for which an alternative is to use a 2D systems setting where one direction of information is from
trial-to-trial and the other along the trial.

Repetitive processes are a particular class of 2D systems where a series of sweeps are made through
a set of dynamics defined over a finite duration. Once each sweep is completed, the dynamics reset to

(9)
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the starting location and the next sweep is made. On any sweep, the output on the previous sweep
explicitly contributes to the current sweep output and hence the link to ILC dynamics.

Repetitive processes are a natural setting for ILC design and previous results have been ex-
perimentally validated. This setting is a one-step design and can be extended to robust control.
Moreover, it extends naturally to cases where design in the differential domain and then sampling
for implementation is the preferred or only option. Next the representation of differential repetitive
processes and the associated stability theory are given as background to the new ILC design in this

paper.

2.2. ILC as a repetitive process

The state-space model of a differential linear repetitive process [I3] over the finite pass length «
is

.%"k+1(t) :.Al'kJrl (t) + Buk+1 (t) + Boyk (t),

Y+1(t) =Cxpy1(t) + Dugr1(t) + Doyr(t), 10)

where, on pass k, xx(t) € R™, ug(t) € R™ and yi(t) € RP are respectively, the process state, input
and pass profile (output) vectors. To complete the process description it is necessary to specify the
boundary conditions, i.e., the pass state initial vector sequence xx(0), k& > 1, and the initial pass
profile yo(t). In this paper, the initial state vector on each pass is taken as the zero vector and the
initial pass profile vector entries are assumed to be specified over the pass length as known functions
of t.

In , Boyx(t) and Doy (t) represent the contributions of the previous pass profile vector to the
current pass state and pass profile vectors respectively. This inter-pass interaction is the source of the
unique control problem for these processes where the sequence of pass profiles {yj}r>1 can contain
oscillations that increase in amplitude from pass-to-pass, i.e., with increasing k. Such behavior cannot
be regulated by the application of standard linear systems control action and this has motivated the
development of a stability theory and control law design algorithms, which is an ongoing area of
research.

The stability theory [13] for these processes splits into the properties of asymptotic stability and
stability along the pass respectively. Asymptotic stability guarantees a bounded sequence of pass
profiles (i.e. output signals) for a bounded initial pass profile over the finite and fixed pass length
«, whereas stability along the pass is stronger since it requires this property uniformly, i.e., for all
possible values of the pass length. Asymptotic stability is a necessary condition for stability along
the pass. To conform with the ILC literature, the terms pass is replaced by trial in the remainder of
this paper.

Stability along the trial of processes described by is characterized by the following result.

Lemma 3. [13] A differential linear repetitive process described by (@ is stable along the trial if
and only if

i) p(Do) <1,
ii) all eigenvalues of the matriz A have strictly negative real parts, and,
iii) all eigenvalues of G(jw) = C(jwl — A)"1By+Dy, have modulus strictly less than unity V real
frequencies w.

The first condition in the above Lemma is the necessary and sufficient condition for asymptotic
stability. This condition is independent of the along the trial dynamics and holds even if A has
eigenvalues with real parts greater than or equal to zero. Even if this matrix is required to be stable
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in the standard linear systems sense then this does not guarantee stability along the trial, a counter-
example to this claim is given in [I3]. To achieve stability along the trial also requires condition i)
and this condition requires that each frequency component of the initial trial profile is attenuated
from trial-to-trial.

To formulate the ILC design problem in the repetitive process setting, consider a system de-
scribed @D and a ILC law that constructs the current trial input as that used on the previous trial
plus a corrective term, i.e., a law of the form

uk(t) = ’u,kfl(t) + Tk(t), (11)

where 7 (t) is the correction term computed using an algorithm that makes use of previous trial data.
Given the reference signal y,(¢), the error on trial k is

ex(t) = yal(t) — yu(t), (12)

and introduce for analysis purposes only the vector

m(t) = /0 [k (r) — 251 (7)) (13)

Without loss of generality, it is assumed that y4(0) = yx(0) = Cz(0) and, due to the initial conditions
assumed for (4)), 7x(0) = 0. Hence

Me(t) = /Ot [2k(T) = &1 (1)} dT = Any(t) + Aank(t — d) + BT /Ot ri(7)dr, (14)
and
x(t) = exa(8) = ~Clanlt) = ms(0)] = ~CAm() ~ CAani(t — ) BT [ nfrar. (19
Suppose that the modification term in the ILC law takes the form

Ti(t) = Kinig(t) + Kaép—1(1), (16)

where K7 and Ky are the control law matrices to be determined. This control law correction term is
the sum of state feedback control based on 7y (t) plus a feedforward term based on the previous trial
error (er_1). Moreover, by (L1)-(16) the controlled ILC dynamics can be written as a differential
repetitive process with time-delays as

0 (t) =Ang(t) + Agni(t — d) + Boer—1(t),

ex(t) =Cni(t) + Cani(t — d) + Doeg—1(t), (a7)

where
A=A+ BI'K;, C=-C(A+ BI'K;)=—-CA,
Cy=—CAy, By=BI'Ksy, Dy =1 — CBI'K,.

The repetitive process stability theory [13] applies to this case and gives, on applying Lemma (3| the
following necessary and sufficient conditions for stability along the trial of the controlled dynamics.

Lemma 4. A differential linear repetitive process described by is stable along the trial ¥ d € [0, d]
if and only if
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1) :0<D0) < 17 A
ii) all eigenvalues of the matriz (A + e 7“4 Ay) have strictly negative real parts Vw € Ry U oo and

d € [0,d],
iii) all eigenvalues of G(jw) = (C—i—e‘jwdCd) (ij—A—e_deAd)_l Bo+ Dy have modulus strictly

less than unity Yw € Ry Uoo and d € [0, d].

The last condition in this result requires frequency attenuation of the previous trial error over the

complete spectrum for any delay d € [0, d], a point returned to later in this paper.

Remark 1. It is important to stress that the repetitive process dynamics, i.e., where the previous
trial output affects the current trial output arises only from the application of the ILC law. Hence the
analysis in this paper is not relevant to other batch processes where such a property is not present.

3. Design of a fault tolerant controller over a finite frequency domain

Applying the Laplace transform to (17) (see [13] and the cited references on how detrimental
effects due to the finite trial length can be avoided) gives

Epy1(s) = G(s) Ex(s), (18)

with
. . —1
Gjw) = G(8)lsmgr = (C+e71C, ) (jwl —A=eT944) " By+Do. (19)

Hence the tracking error converges as k — oo if and only if
p(G(jw)) <1, Vw € Ry U oo. (20)

The last inequality can be replaced by the requirement that there exists a Hermitian matrix P(jw) > 0
such that
G(jw)* P(jw)G(jw) — P(jw) < 0, Yw € R4 U oo,

but the dependence of P(jw) on w is unknown. One possible approach to solve this problem is to
use the same constant matrix Vw € Ry U oo.

Lemma 5. Consider a differential repetitive process described by with corresponding transfer-
function matriz . Then holds if there exists P = 0 such that

[G(‘ij)r[ﬁ _QP][G(II?'W)]KO’VWERJFUOO. (21)

PROOF. Omitted since the result follows from direct application of Lyapunov stability theory for
standard linear systems.

Remark 2. As shown in [2I] the use of real symmetric matrix P instead of a Hermitian matrix
introduces no additional conservatism and hence the computational load is reduced.

It is known, see, e.g. [22], that some ILC laws exhibit poor transients during the convergence process
even if is satisfied. In particular, the tracking error may grow over the initial trials before
converging as k — oo. To avoid this problem, a stronger convergence criteria is required and, in
particular, monotonic trial-to-trial error convergence holds if

7(G(jw)) <1, w € Ry Uoo, (22)
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where () denotes the maximum singular value of its matrix argument. In common with much of
the ILC literature (22)) is used from this point onwards. Moreover, since

7(Gjw)) <1 & |G(jw)lo <1, w € Ry Uoo,

then implies that
lerr1(®)lly < NG(s) ]l lex (D)2,

where || - ||2 denotes the Lo norm. Hence, it is obvious that

lex ()]l < IG(5) 1% lleo ()]l

and therefore if

1G(jw)

then monotonic trial-to-trial error convergence occurs in Ly. Additionally, holds provided
is feasible for P = I.

In applications, it may be required to impose different frequency constraints over finite frequency
ranges, e.g., over a low range of frequencies, depending on the application considered. Moreover,
at least finite frequency ranges for any disturbances present can often be obtained for physical
examples. The stability theory of Lemma {4} or equivalents, imposes the same condition over the
complete frequency spectrum and this may be conservative in some cases. An alternative whereby
different specifications can be specified over different frequency ranges is possible as developed in the
remainder of this paper using the generalized KYP lemma.

One practically relevant case would be where it is only required to impose stability along the trial
over a finite frequency range, i.e., [|G(jw)||,, < 1, Vw € Q, where Q denotes the finite frequency range
of interest. Hence each design specification should be given not for the entire frequency range but for
a certain frequency range of relevance. Thus a set of specifications would generally consist of different
requirements in various frequency ranges. One way of dealing with this case is to modify to
|Gjw)|l < 1, Vw € Q, where Q is a finite frequency range of interest. In general, it could be
required to impose different specifications over a low frequency range specified by |w| < w;, a middle
frequency range specified by w; < w < wy and a high frequency range specified by |w| > @y, where
the frequency limits are application dependent. See [16] for results with experimental verification for
discrete systems without time delays and fault free.

The analysis in the remainder of this paper makes use of the following result, which is Theorem
1 in [23] for the single delay case.

<1, weRyUoo, (23)

loo

Lemma 6. [23/ For a given real symmetric matriz II of compatible dimensions and any delay d
satisfying 0 < d < d, a transfer-function matriz G(jw) defined by satisfies the condition of
over a specified frequency range ) if there exist P >0, Z >~ 0, @ >~ 0 and X > 0, such that

T
A Ad Bo 7 A Ad BO
[I 0 0 ] (<I>®P+\IJ®Q+‘1J0®dZ)[I o 0 ]
T X -—dlz d-1z 0 (24)
+| € Ca Do | € Ca Doy, &'z -X-d'z 0| <o
0 0 I 0 0 I 0 0 0

Moreover, the following frequency domain inequality also holds

T e
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where
0 I I 0
=7 o]0 0]

and ) is specified by the following choices for W

Ol 02 ] , if |w| <w; (low frequency range)
wi
-1 j‘wﬁ"wz . ]
U= jEites WfWQ ] if w1 <w < wy (middle frequency range)
L 2
(1) 0 9 ] , if |w| > wp (high frequency range)
L ~Wh

Remark 3. This last result requires P > 0 and X > 0 to guarantee that all eigenvalues of the
matrix (A + e 7?A4,) have strictly negative real parts [23].

The inequality conditions of Lemma [f] are not convex and to obtain LMI conditions on which
to base control law design further development (not given in [23]) is required, based on decoupling
the repetitive process state-space model matrices using matrix variables arising from the generalized
KYP Lemma and the projection lemma (Lemma [2)). To proceed set II = diag {I,—I} in and
then implies that is satisfied for the different frequency ranges defined by the matrix W.

Next, introduce

I 0 I 0 0 0 0 0 0 0 0

0 I|_|0T1 ct o ¢t o 0 X-d'z d'zZ 0
T=1ool%loo| e o|M et o] Tlo d'z —x-—d'zol| 29

00 00 Dl 1 Dt 1 0 0 0 0

where = = (<I> QP+YRQ+ Y y®dZ ) is the only matrix whose block entries depend on chosen
frequency range, i.e., low, middle or high. Also the matrix = can be partitioned as

E:©®P+\IJ®Q+\I/0®JZ:%‘%, (27)

e for the low frequency range

where

- [E1]5 9
== ——1 = , 8
BIE O .
e for the middle frequency range
E:[El‘Eﬂ:(—Q—Fc{Z‘P-FjWCﬂ (29)
LD[E] | 0 | —=mmQ
e and for the high frequency range
52[51\521:[Q+JZ\ P ] (30)
[D]2s] | & [-=0]”
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and can be rewritten as

.A Ad Bo A Ad BO
I 0 0 I 0 0
o 1 ol Ylo 1 o=
0 0 I 0 0 I

This last inequality is of the form of the first of those in (3|) where

A Ay By

T B
A A E

0 0 I

and for this AL, A = [ -1 A A; By ] Moreover, to use the result of Lemma, |2[ it is required to
find £ that satisfies the second inequality of . Choosing

=[BI I 0 0], (31)
gives
I 00
.| -BIL 00
= 0 I 0]’
0 0 I

where [ is a given scalar and the desired formulations for low/middle/high frequency range are
obtained by selecting S as:

e 3 =0 for low and middle frequency range,
e 3> 0 for high frequency range.

The above analysis introduces a slightly different formulation for the high frequency range since =
in cannot be negative definite because @ and Z are positive definite. Also with the ¥ and X+
given above, the second inequality in becomes

. 21— BA(E5—CTC— X +dZ)—B(Z+EF)  —pCTC,— BdZ  —BCTD,
Lyl = (%) C’ng—X—d_lZ CgDo < 0. (32)
() () DiDy 1

The first two new results in this paper can now be derived where, unlike Theorem 1 in [23], the high
frequency range is considered separately since it requires § > 0 (not § = 0) and hence the resulting
LMI is more complex.

Theorem 1. An ILC scheme described as a differential linear repetitive process of the form
under an actuator fault of the form () . is stable along the trial and hence monotonic trial-to-trial
error convergence occurs for the performance specifications over low and middle frequency ranges
given in and any delay d satisfying 0 < d < d if there exist matrices P=0,Q=0, X0,
7 - 0, .5, L and a scalar €1 > 0, such that

O = [ 21) 82 ] <0, (33)

11



where

2 Z-5T 0 0 0 0 0
1 2 B B
0, — (*) Ty Ty ¢BL o Ty c1g0B (¢X1)" 0. _ I —e190CB 0
' » V2= , 93 = (*) —e1l 0 ,
O S S S O SIS -
(*) (*) (*) —1 Te 0 qLT
and

S=w12, =8T2,8,5, = $75,5,25 = ST=239, X = $7XS,2 =5725,Q = STQS,
T) =23+ X —d ' Z+sym{AS+qBX,}, Ty = AgS+d ' Z, T3 =—-X —d ' Z, (34)
Ty = — (CAS+qCBX))" , Ts = — (CA48)" , T = (I—qCBL)" , P = STPS.

If this LMI is feasible, the corresponding matrices in the control law are given by
K, =X15"! K,=L. (35)

PROOF. Suppose that there exist P 0, Q = 0, X = 0, Z =0, S, L and a scalar £; > 0, such that
the LMI (33) is feasible. Then application of the Schur’s complement formula to (33|) gives

s+ 190’ HiHy " + 617" FRTF <0,

where
=1 Z-ST 0 0 o0 0
(*) T1 T2 qBL T4 B
D= | (%) (%) Ts 0 Ty |, H = 0 ,Fi=[0 ¢X1 0 gL 0].
*) () () —-I Tg 0
O I B O B CO N ~CB

Based on and applying Lemma |1} this last inequality yields

b, + sym {leoFl} < 0.

Next, by introducing Sy =234+ X —d 2+ sym{.AS}, this last inequality can be rewritten as

5 287 0 0 0
(x) Hy  d'Z+A8 By STCT
(%) (%) ~X —d! 0 ST%}F =<0,
(x) ) (%) -1 Dy
L () () (*) (x)  —I |

and pre- and post-multiplying this last inequality by diag {S_T, S—T 8T 1, I} and its transpose,
respectively, gives

E1 Ep-W 0 0 0
()  E3 d'z+wTA; wTB, cT
*) ) ~-X —-d'z o cT | <o, (36)
(*x) () (*) ~-I  Dj
SN (%) ) -1
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where 23 = E5 4+ X —d1Z + sym{ATW?}. Another application of the Schur’s complement formula
gives that holds if and only if

2 B -W 0 0
(x) Z3+CTC CTCy+d ' Zz+WTA; CTDy+WTB <0
(*) (*) CleC’d - X-d'z Cg'Do '
(%) (%) (%) D§Dy — I

Clearly, feasibility of this last inequality implies that Dg Do — I < 0 and therefore the condition ) of
Lemma [ must hold. Moreover, the last inequality can be rewritten as

T +sym {ATWE} <0, (37)

where T is defined in and A = [ -1 A A; By }, ¥ o= [O I 00 ] Moreover, 3 =
[ 0 1 00 ] is obtained by setting § = 0 in . Therefore, by Lemma [2| it follows that is
feasible if and only if holds. Hence conditions #i) and 4ii) of Lemma [4| must hold and the proof
is complete.

Selecting § > 0 and using a similar approach gives the following result for control law design in
the high-frequency range.

Theorem 2. With the notation of , an ILC scheme described as a differential linear repetitive
process of the form under an actuator fault of the form — is stable along the trial and
hence monotonic trial-to-trial error convergence occurs for performance specifications over the high
frequency range and any delay d satisfying 0 < d < d if there exist P = 0, Q = 0, X = 0, Z = 0,
matrices S, L and positive scalars B, €9 such that

[ 2,-BS—BST =Z,—ST+AS+qBX: BA4S BgBL 0 0 0 ]
() T, T, qBL Ti eqB (¢X1)"
(*) (*) T3 0 T5 0 0
B2 = (%) (%) (%) —I Tg 0 qgL™ =<0, (38)
(%) (%) (x) (0 —I —£2¢CB 0
(%) (%) G I € B CO I | 0
I (%) (%) (G I G B €O (%) —e2l

If this LMI is feasible, the corresponding matrices in the control law are given by .

PRroOOF. This follows from routine changes to the proof of the previous result to account for 8 > 0.
Hence the details are omitted.

3.1. Practical itmplementation issues

In applications terms a critical problem is to achieve the desired shape of o(G(jw)) over the
complete frequency range to account for the spectra of exogenous signals, to penalize regulated
variables and to specify the level of plant model uncertainty. In particular, the possibility to impose
different performance specifications has considerable practical significance since common performance
issues occur over different frequency ranges. For example, trial-to-trial error convergence rate is in the
‘low’ frequency range whereas low sensitivity to disturbances and sensor noise are in ‘high’ frequency
range. To impose different performance specifications in different frequency ranges, divide the entire
frequency range, i.e., from w = 0 to w = oo, into H intervals (not necessarily containing the same
number of frequencies) such that

H
[07 OO) = U [wh—bwh]a (39)
h=1
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where wy = 0 and wy = o0o. Then the LMI conditions in Theorems |1| and [2, respectively, can be
applied over these frequency intervals. In particular, the control performance for low frequency range
is imposed over the first interval, i.e. h = 1 and those for the high frequency range over the last
interval, i.e. h = H. The specifications for the middle frequency range can be defined over remaining
intervals for 2 < h < H — 1. Furthermore, the LMI condition in Theorems [I] and [2] guarantee that
7(G(jw)) < 1 (where G(jw) is defined in(19))) over the prescribed frequency ranges. However, some
practical control specifications require that o(G(jw)) < p where 0 < g < 1. This means that the
prescribed level of attenuation of some frequencies is required. For instance, by minimizing u in the
low frequency range a higher speed of monotonic trial-to-trial error convergence is obtained. These
specifications can be easily included in the LMI conditions of Theorems [l| and [2| respectively, by
replacing the term —I by —u2I in block (4,4) of ©1 in and block (4,4) in (38).

The last issue is to solve the problem when control specification cannot be satisfied over some
frequency ranges. This means that the learning has to be performed over these frequencies where the
LMI condition of Theorem [1]is satisfied. The remaining frequencies should be cut-off by a low-pass
filter (which can be implemented as the zero-phase filter, e.g., by using the filtfilt routine in
MATLAB) with cut-off frequency equal the highest frequency for which the result of Theorem |[1] is
valid.

3.2. Uncertain dynamics

The results of Theorems [I| and [2] can be extended to case when there is uncertainty in the model
of the system to be controlled. As in other areas, it is assumed that the uncertainty lies in a
particular model structure and in this paper the case considered is where the matrices A and Ay of
a process are not exactly known. In particular, it is assumed that dynamics are subject to time-
varying structured uncertainties, resulting in dynamics to be controlled described by the state-space
model

i (t) = (A+ 6A) wk(t) + (Ag + 0Aq) w(t — d) + BTug(t),
Yi(t) =Cry (1),
where the uncertainty is assumed to be of the form

[ 6A 644 | =EAQ) [ F F; ], (40)

and E, F, Fy are known constant matrices of compatible dimensions. Also A(¢) is an unknown, real
and possibly time-varying matrix with elements satisfying

AT(®)A(t) <1, VYt €0,0], (41)

i.e., A(t) belongs to a ball of matrices of unit radius V¢ € [0, «].
Applying the same control law as in the ideal model case results in the controlled dynamics
state-space model
() =Ang(t) + Agne(t — d) + Boer_1 (1),

R R X (42)
ex(t) =Cni(t) + Cane(t — d) + Doeg—1(t),

where
A=A+8A+BTKy,Ay= Ay + 64,4, By = BTK»,
C=—C(A+06A+BTK;)=—-CA, Cq=—C(Aq+6Aq), Dy =1 — CBI'K>.

The following results are the uncertain model versions of Theorems [I| and [2| respectively.
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Theorem 3. With the notation of , an ILC scheme described as a differential linear repetitive
process of the form with uncertainty structure modelled by — and under the actuator
fault description () 1s stable along the trial and hence monotonic trial-to-trial error convergence
occurs for the performcmce specifications over low and middle frequency ranges (25) and any delay d
satisfying 0 < d < d if there exist matrices P 0, Q > 0, X = 0, 7 - 0, S, L and positive scalars
€1 and A1 such that

©11 MHy Ff

(*) =\l 0 <0, (43)

(6 () —MI

where ©11 is given by and
T
Hy=[0 E" 00 —(CE" 0 0| ,R=[0 FS FS 00 0 0].
If this LMI is feasible, the control law matrices K1 and Ko are given by .

PROOF. Suppose that the LMI is feasible. Then application of Schur’s complement formula
to (43]) gives

O11 + MHHY + \['FI Ry <0, (44)
and by Lemma [I], this inequality is feasible if and only if
O11 + sym {HQA(t)FQ} <0,

holds. This last inequality is applied to uncertainty case and by the result of Theorem feasibility
of ensures that a differential linear repetitive process of the form is stable along the trial
and the proof is complete.

Theorem 4. With the notation of , an ILC scheme described as o differential linear repetitive
process of the form with uncertainty structure modelled by — and under the actuator
fault description (5| . is stable along the trial and hence monotonic tm’al—to—trial error convergence
occurs for performance speczﬁcatwns over the high frequency range and any delay d satisfying
0 < d < d if there exist matrices P00, Q -0, X-0,2-0,8, L and positive scalars B, €2 and
Ao such that

©12 M\eHy Ff

(%) —XoI 0 <0, (45)

(*) () —Ael

where O13 is given in . If this LMI is feasible, the control law matrices K1 and Ko are given

by .

ProoOF. This result is proved, with routine changes, in the same way as Theorem Hence the
details are omitted.

For implementation, back substituting in for n(t) and ey (t) gives

up(t) = up—1(t) + Ki(wp(t) — wp-1(t)) + Ko (@ (t) — 2p-1(t))- (46)
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4. Case study

To illustrate the application of the new design, a two-stage chemical reactor with delayed recycle
streams is considered, where it is assumed that both of the reactors are isothermal continuous stirred
tank reactors (CSTR). A reactor recycle does not increase the overall conversion and reduces the
cost of a reaction and therefore it is commonly used in industrial applications. The input to be
recycled must be separated from the yields and then travel through pipes. The total recycle time
therefore introduces delays into the state. Consider the irreversible reaction A, — B, with negligible

uy, (1), fresh  feed _| \

u,, (1), intirstaie Sfeed

#(0), Product  stream

=
R |

X, t=d) 13 x, ,(8), Product  stream

recycle

Figure 1: Two-stage chemical reactor train with delayed recycle streams.

heat effects that is completed in a two-stage reactor system. The reactor temperature is maintained
constant and therefore only the composition of the product streams from the two reactors needs to
be controlled. The manipulated variables are the feed compositions to the two reactors. Also, the
flow rates to the reactor system are fixed and only the compositions vary.

Suppose that the fresh feed of pure A, is to be mixed with the recycle stream of unreacted A,
with recycle flow rate R. The mass balance equations that govern the reactors shown in Fig. [I|are [24]

& (t) = — % + ki) p(t) + V%fL'Q,k(t —d)+ %Ul,k(t)a (47)
Fok(t) = — (g + k2 ) w2 (t) + T2y 4 (8) + Bug(t),

where 27 ;(t) and x9(t) are the compositions and for i = 1,2,, §; are the reactor residence times,
k; are the reaction constants, Fy is the feed rate, F» is the interstage feed rate and Fjo is the
second product stream, respectively. Also V; are the reactor volumes and the time-delay range is
0 < d<d=1,whered = 1is used in the simulation results given below. In operation, this time-delay
differential system needs to execute the same reaction task over a finite duration and introducing

T T

ap(t) = [ 21 () 23,@0) |, we(t) = a(t) = [ yT(t) vd (1) ],

the nominal system state-space model of the form is obtained with C = I and

— (L F R
A— (91 + kl) 0 B 71 0 Ay= 0 A 0, = \%1 0y = Va
Fpo—F>+R _ (i—i-kg) ) 0 % ) 0 0 ) F1+R+Fy’ Fpot+R
V2 92 2
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In the simulations below the model parameters used are k1 = ko = 0.5, Vi = V5 =0.25, F} = 5 =
0.25, Fy = 0.15, Fjo = 0.4, R = 0.1. Suppose that the recycle flow rate R, the raw material feed rate
Fy and the interstage feed rate Fb are subject to uncertainty. Then

25 0 0 0.4 10 10
A= [ 1 —2.5]"4"_[0 0 ]’B_[o 1]’0_[0 1}’

and the uncertainty (see ) is specified by

10 04 0 0 05 _
b= [0.5 1}’F_[ 0 0.5}’Fd—[0 0 ],A(t)—sm(%).

The state initial vector x;(0) and the input vector ug(0) are assumed to be zero Yk > 0 and the
reference trajectories, termed set-points from this point onwards, are:

ot 0 <t <40,
2+ mgt, 40 <t < 100,
y14(t) =

2.5+ 55t, 100 < ¢t < 250,

3 250 < t < 300,
=5t 0<t<60
05+ g5t, 60<t<120
yaa(t) = 1.5, 120 <t < 150

15+ 15t, 150 <t <250
25, 250 <t <300

Applying the Fast Fourier Transform (FFT) (sampling at 300 Hz) gives the plot of Figure
where the significant harmonics are in the range 0 to 10 Hz, which is taken as the low frequency
range. Hence w; = 62.84 rad/sec.

Partial degradation and wear from repeated control operation could lead to faults arising during
the trials and it is assumed that an actuator fault in the operation valve for the feed rate could occur
in this low frequency range. As a numerical example, it is assumed that 0.5 < <T' < T=1and
hence ¢ = diag{0.75,0.75}, qo = diag{0.33,0.33}. It is also assumed that no actuator faults occur
arise before k = 25 trials have elapsed.

To evaluate tracking performance from trial-to-trial, let e;x, ¢ = 1,2 denote the errors on trial k.
Then the convergence measure is the root mean square (RMS):

300
RMS(iE) = o5 [ (a(t) =),

where the smaller the value of this quantity the better the tracking performance along the kth trial.
Next two possible scenarios are considered.

Scenario 1. Nominal system with a constant fault

Consider the case when the operating valve is always partially blocked in the reaction process .
This constant partial fault in the nominal system causes the actuator to drop to 70% of its normal
value from 20 th trial onwards. Hence I' = diag{0.7,0.7} and completing the ILC design gives the
corresponding matrices in as

K, 1.6914 —0.0301 } Ky = [ 0.5513 0

| —0.5838 1.6821 0 0.5513 |’
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Figure 2: The output reference trajectory (a) and its corresponding frequency spectrum (b).

and the achieved minimum performance level p in the chosen frequency range is 0.4762. The simu-
lation results obtained for this design are shown in Figs. Before the fault occurs, the tracking
errors display the monotonic decreasing property with rapid reduction from trial-to-trial. Once the
fault on trial 25 occurs, the tracking performance deteriorates for some subsequent trials but then
recovers to achieve close tracking again.

Scenario 2. Uncertain system with a time-varying fault

In this scenario, the operation valve is partly blocked by a time-varying fault in the reaction
process (7). In this case the time-varying fault matrix I' = diag{0.6 + 0.1sin(¢),0.6 + 0.1sin(¢)} is
used from trial 25. Solving the LMI of in Theorem |3| gives the control law matrices

K 1.7673 —0.0321 } Ky = { 0.5702 0

| —0.8766 1.8847 0 0.5702 |’

and the achieved minimum performance level p in the chosen frequency range is 0.5020. The sim-
ulation results obtained for this design are shown in Figs. [B{I2] These confirm that the fault does
affect the outputs produced and hence the tracking performance but this is still a baseline acceptable
design.

5. Conclusion

This paper has considered the iterative learning fault tolerant tracking control problem for a
class of differential linear time-delay batch processes. Based on the repetitive process setting and
the generalized KYP lemma, a fault-tolerant control law design has been developed and extended to
the uncertain model case. The KYP lemma setting enables the application relative case of imposing
performance specified over finite frequency ranges to be included. To highlight the new results, a
simulation-based study on the model of a two-stage chemical reactor with delayed recycle streams
has been given.

These results are the first on this approach and there are many areas to which further research
could profitably be directed. One area is that the current control law is state feedback based and if
all states are not available for measurement either an observer is required or the theory is extended
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to a control law that uses only output information. Given that the trial length is finite and all data
is available once a trial is complete, zero-phase filtering can be applied to the previous trial data
before computing the next control mitigate against unmeasurable disturbance effects. Extending the
theory to include disturbance attenuation is also a possible topic for future work. Also the inclusion
of Hoo/H2 performance measures is another area for possible future research.
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