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Abstract— A multiple model switched repetitive control (RC)
framework is developed for a general class of system and widely
used RC update structure. This guarantees stability and robust
performance under the assumption that the true plant model
belongs to a plant uncertainty set specified by the designer. A
comprehensive design procedure for the candidate model set
and RC update is presented based on novel application of gap
metric analysis to RC, and switching of the corresponding RC
schemes is achieved efficiently using a bank of Kalman filters.

I. INTRODUCTION

Repetitive Control (RC) is a design technique for high

performance trajectory tracking or set-point regulation in

the case where the reference trajectory and/or system dis-

turbances are periodic, see, for example, [1]. There is no

resetting action between periods, and the aim is to use

error data from previous periods to modify the control

input such that the tracking error is reduced. Expanding

RC robustness to uncertain plant dynamics or disturbance

periods has been studied for many years. For example,

frequency based methods to expand robustness for non-

harmonic frequencies are considered in [2], and reducing

sensitivity to period variations is addressed in [3]. A range

of adaptive RC schemes have also focused on unknown or

variable periods, see e.g. [4], [5] and references therein.

In [6] a switching mechanism is formulated for a class

of SISO first order nonlinear systems, which may include

an integrator chain, with a disturbance of unknown period.

This approach is extended in [7] by employing a switched

adaptive RC design to provide stabilization when both the

parametrized nonlinearity and period are unknown. However

current adaptive RC schemes inevitably restrict the underly-

ing plant structure and the uncertainty. Performance and ease

of application and are also limited by permissible RC forms.

This paper extends the gap metric analysis of [8] to RC, in

order to develop a rigorous adaptive framework that provides

comprehensive robustness guarantees for a general class of

RC update. The class of estimation based multiple model

RC (EMMRC) is introduced, and comprises a bank of plant

models, covering a region of plant-space in which the ‘true’

plant lies. An estimation process based on past observations

ranks the models’ ability to explain the observations, and the

best fitting model is then used to determine the RC update

for each trial. EMMRC is an extension of the framework of

[9], [10], an axiomatic approach concerned with feedback

control stabilization. To apply this approach to RC we first

embed the ‘lifted’ RC control action within its structure, and

also incorporate tracking by considering stabilization around
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Fig. 1. Closed loop [P,C] with reference yref and disturbance udis.

a shifted equilibrium corresponding to the noise free response

to the tracking input. Finally we derive robust stability results

to provide a comprehensive EMMRC framework for design.

II. PRELIMINARIES

Let S := map(Z,Rh) denote the collection of all maps,

where h ∈ N. Define the restriction of a signal v ∈ S over

the interval I = [a, b] by v|I := (v(a), · · · , v(b)) where

a ≤ b, a, b ∈ Z, and similarly for I = [a, b). Let Tt :
S ∪b∈Z S|[0,b] → S, t ∈ Z denote the truncation operator:

(Ttv)(τ) = {v(τ) if τ ∈ dom(v), τ ≤ t, 0 otherwise .

Define signal space V ⊂S and extended signal space Ve ⊂S:

V := {v ∈ S | v(−t) = 0, ∀t ∈ N; ‖v‖ <∞} (1)

V[a,b] :=
{
v ∈ S|[a,b]

∣∣ ∃x ∈ V s.t. v = x|[a,b]
}

Ve := {v ∈ S | ∀t ∈ Z : Ttv ∈ V} (2)

where ‖ · ‖ = ‖ · ‖2. The input and output signal spaces are

defined as: U := V ×· · ·×V = Vm,Y := V ×· · ·×V = Vo,

and let W := U × Y . Given a plant P : Ue → Ye satisfying

P (0) = 0 and a controller C : Ye → Ue satisfying C(0) = 0,

the closed-loop system [P,C] in Fig. 1 is defined by

y1 = Pu1, u0 = u1 + u2 − udis (3)
y0 = y1 + y2 − yref , u2 = Cy2. (4)

Here yref ∈ Ye and udis ∈ Ue are externally applied biases,

and wi = (ui, yi)
� ∈ We represents the plant input and

output (i = 1), disturbances (i = 0) and observations (i = 2).

Given bias w̄ = (ū, ȳ)� ∈ We, define biased signal spaces

Uū = {u ∈ Ue | u− ū ∈ U},Yȳ = {y ∈ Ye | y − ȳ ∈ Y},
and Ww̄ = Uū × Yȳ . We associate Uū,Yȳ,Ww̄ with norms

‖u‖ū = ‖u− ū‖, ‖y‖ȳ = ‖y − ȳ‖, ‖w‖w̄ = ‖w − w̄‖
and will use notation ‖Ttw‖w̄ = ‖Tt(w − w̄)‖, ‖w|I‖w̄ =
‖(w − w̄)|I‖. Denoting w̄0 = (udis, yref)

� as the external

bias, we can define the maps from external to internal signals

ΠP//C :Ww̄0 →We : (w0 + w̄0) �→ w1 (5)

and ΠC//P = I − ΠP//C . [P,C] is well-posed if for all

w0, w̄0 ∈ We there exists a unique (w1, w2) ∈ We×We such

that (3)-(4) hold. We use the following concept of stability:
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Fig. 2. RC controller: a) non-lifted form Cc and b) lifted equivalent Cc.

Definition 1: Let closed loop system [P,C] be well-posed.

[P,C] is said to be gain stable with respect to the external

bias w̄0 ∈ We if there exists a scalar 0 < M <∞ such that:

‖ΠP//C‖w̄0
= sup
w ∈ Ww̄0

, τ > 0

‖Tτ (w − w̄0)‖ �= 0

‖Tτ (ΠP//Cw −ΠP//Cw̄0)‖
‖Tτ (w − w̄0)‖ < M

(6)

and similarly for ‖ΠC//P ‖w̄0
. Let P parametrize a collection

of plant operators, Pp. For example, PLTI(m, o) ∈ P is the

set of all (A,B,C,D) ∈ ∪n≥1R
np×np ×R

np×m×R
o×np ×

R
o×m such that (A,B,C,D) is minimal and

Pp : Ue → Ye, u1 �→ y1, p = (Ap, Bp, Cp, Dp)

xp(k + 1) = Apxp(k) +Bpu1(k)

y1(k) = Cpxp(k) +Dpu1(k), xp(−k) = 0, k ∈ N (7)

Hence y1(−k) = (Ppu1)(−k) = 0 for all k ∈ N. Also define

P̄LTI(m, o) := {(A,B,C,D) ∈ P | D = 0}. Analogously,

define CLTI(m, o) to be the set of all control operators, Cc,

parametrized by (A,B,C,D) ∈ ∪n≥1R
nc×nc × R

nc×o ×
R

m×nc × R
m×o such that (A,B,C,D) is minimal.

III. REPETITIVE CONTROL FRAMEWORK

Let Pp, p = (Ap, Bp, Cp, Dp) ∈ P̄LTI(m, o), be the

plant model, and consider the system shown in Fig. 1 and

defined by (3)-(4). Suppose udis and yref are N -periodic, i.e.

yref(k) = yref(k+N) and udis(k) = udis(k+N) for a given

N > 0 and all k ∈ N. The RC tracking problem is to design

controller Cc, c ∈ CLTI(m, o) such that when w0 = 0 the

plant output asymptotically converges to the reference, i.e.

lim
k→∞

y1(kN + i) = yref(i), i = 0, · · · , N − 1 (8)

RC design is typically conducted using one-sample advance

operator q. The most common RC update structure is

u2(k +N) = Qc(q)(u2(k) + Lc(q)y2(k)), ∀ k ∈ N (9)

where Pp(q)=Cp(Iq −Ap)
−1Bp and the filters have form

Qc(q) =
bQc
−mQc

qmQc + · · ·+ bQc
nQc

q−nQc

aQc
0 + · · ·+ aQc

nQc
q−nQc

, (10)

Lc(q) =
bLc
−mLc

qmLc + · · ·+ bLc
nLc

q−nLc

aLc
0 + · · ·+ aLc

nLc
q−nLc

, (11)

where nQc
+ nLc

≤ N . The nominal control evolution is

u2(k+N)=Gp,c(q)u2(k)+Qc(q)Lc(q)(yref(k)−Pp(q)udis(k))

where Gp,c(q) = Qc(q)(I + Lc(q)Pp(q)). This yields the

well-known sufficient condition for closed-loop stability of

‖Gp,c(q)‖∞ < 1. (12)

In particular, taking Qc = I guarantees that (8) holds when

w0 = 0. The RC control structure (9) is shown in Fig. 2a).

A. Lifted Setting Representation
The proposed EMMRC framework operates in the so-

called ‘lifted’ domain, in which signals are segmented as

ui(k)=[ui(kN), ui(kN + 1), · · ·ui((k + 1)N − 1)]�∈RmN,
yi(k)=[yi(kN), yi(kN + 1), · · · yi((k + 1)N − 1)]�∈RoN ,

with wi = (ui,yi)
� ∈We =WN

e for i ∈ {0, 1, 2}. Also

udis := udis(k)=[udis(0), udis(1), · · ·udis(N − 1)]�∈ R
mN,

yref := yref(k)=[yref(0), yref(1), · · · yref(N − 1)]�∈ R
oN .

The plant dynamics are therefore equivalently expressed by

Pp : Ue → Ye : u1 → y1, p = (Ap, Bp, Cp, Dp)

xp((k + 1)N)︸ ︷︷ ︸
xp(k+1)

= AN
p︸︷︷︸

Ap

xp(kN)︸ ︷︷ ︸
xp(k)

+[AN−1
p Bp, · · ·Bp]︸ ︷︷ ︸

Bp

u1(k)

y1(k) =

⎡
⎢⎢⎣

Cp

CpAp
...

CpA
N−1
p

⎤
⎥⎥⎦

︸ ︷︷ ︸
Cp

xp(kN)︸ ︷︷ ︸
xp(k)

+

⎡
⎢⎢⎣

Dp 0 · · · 0

CpBp Dp
. . .

...
...

. . .
. . . 0

CpA
N−2
p Bp· · ·CpBpDp

⎤
⎥⎥⎦

︸ ︷︷ ︸
Dp

u1(k)

(13)

where xp(k) ∈ R
np , and p ∈ PLTI(o,m) :=

{(A,B,C,D) ∈ PLTI(oN,mN)}. If causal (mQc
= mLc

=
0) lifted operators Lc and Qc can similarly be realized as

Qc : Ue → Ue : (v + u2)→ z :
xQc(k + 1) = AQcxQc(k) +BQc(v + u2)(k)

z(k) = CQcxQc(k) +DQc(v + u2)(k)
(14)

where z(k) = u2(k + 1), xQc(k) ∈ R
nQc , and

Lc : Ye → Ue : y2 → v :
xLc(k + 1) = ALcxLc(k) +BLcy2(k)

v(k) = CLcxLc(k) +DLcy2(k)
(15)

with xLc(k) ∈ R
nLc . Hence controller Cc has lifted form

Cc : Ye → Ue : y2 → u2, c = (Ac, Bc, Cc, Dc)⎡
⎣xLc

xQc

u2

⎤
⎦

︸ ︷︷ ︸
xc

(k+1)=

⎡
⎣ ALc 0 0
BQcCLcAQcBQc

DQcCLcCQcDQc

⎤
⎦

︸ ︷︷ ︸
Ac

⎡
⎣xLc

xQc

u2

⎤
⎦(k)+

⎡
⎣ BLc

BQcDLc

DQcDLc

⎤
⎦

︸ ︷︷ ︸
Bc

y2(k)

u2(k) =
[
0 0 I

]︸ ︷︷ ︸
Cc

⎡
⎣xLc

xQc

u2

⎤
⎦ (k) + 0︸︷︷︸

Dc

y2(k) (16)

where xc(k) ∈ R
nc , nc = nLc

+ nQc
+ mN , and c ∈

CLTI(o,m) := {(A,B,C,D) ∈ CLTI(oN,mN)}. This is

shown Fig. 2b) where q is the trial domain one-sample ad-

vance. Likewise, the disturbance-free RC update relationship

(9) has the lifted representation Gp,c : Ue → Ue : u2 → z :⎡
⎣ xp

xLc

xQc

⎤
⎦

︸ ︷︷ ︸
xGp,c

(k + 1)=

⎡
⎣ Ap 0 0

−BLcCp ALc 0
−BQcDLcCp BQcCLc AQc

⎤
⎦

︸ ︷︷ ︸
AGp,c

⎡
⎣ xp

xLc

xQc

⎤
⎦(k)+

⎡
⎣
⎡
⎣ −Bp

BLcDp

BQc(I +DLcDp)

⎤
⎦

︸ ︷︷ ︸
BGp,c

,

⎡
⎣ Bp 0

−BLcDp BLc

−BQcDLcDp BQcDLc

⎤
⎦
⎤
⎦

︸ ︷︷ ︸
B0,Gp,c

[
u2

w̄0

]
(k)
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Stabilizing controller design procedure

K : P → C (18)

Estimator X : We → map(N,map(P,R+))

: w2 �→ [k → (p �→ rp[k])] (19)

Minimising operator

M : (map(N,map(P,R+)))→ map(N,P∗)
:
[
k �→ (p �→ rp[k])

] �→ [
k �→ sf (k)

]
(20)

sf (k) := argmin
p∈G

rp[k], ∀k ∈ N (21)

Delay transition operator

D :map(N,P∗)→ map(N,P∗) : [k �→sf (k)] �→ [k �→ s(k)] (22)

s(k) :=

{
sf (k) if k − ks(k) ≥ Δ(s(ks(k)))

s(ks(k)) else
(23)

Δ : P → N (24)

ks(k) := max{i ∈ N | 0 ≤ i ≤ k, s(i) �= s(i− 1)} (25)

Overall switching operator

S : We → map(N,P∗) : w2 �→ s (26)

S = DM(X,G) (27)

Controller C : Ye → Ue : y2 �→ u2 (28)

u2(k) = CK(s(k))(y2 − Tks(k)−1y2)(k) (29)

TABLE I

EQUATIONS SPECIFYING THE EMMRC ALGORITHM.

z(k) =

CGp,c︷ ︸︸ ︷[ −DQcDLcCp DQcCLc CQc

] [ xp

xLc

xQc

]
(k)

+
[
DQcDLcDp︸ ︷︷ ︸

DGp,c

,
[ −DQcDLcDp DQcDLc

]]︸ ︷︷ ︸
D0,Gp,c

[
u2

w̄0

]
(k)

(17)

where xGp,c(k) ∈ R
nGp,c , nGp,c

= np+nLc
+nQc

. If Lc and

Qc are non-causal, parts of the one period delay contained in

(9) must be split between these operators, as shown in [11].

These calculations are straight-forward and yield the same

forms of Cc, Gp,c on which subsequent analysis is based.

IV. THE EMMRC STRUCTURE

The EMMRC structure is shown in Fig. 3, with operators

summarized in Table I. Here K is a control design procedure

that assigns a stabilising controller Cc, c ∈ C to each plant

Pp,p ∈ P , such that [Pp,Cc] is gain stable. The powerset

of P is denoted P∗ and G ⊂ P is a constant set of

candidate plant models thought to represent the true plant.

For each p ∈ G we implement an estimator X which uses

observations w2 to generate a residual rp[k] at sample k.

These are fed to minimization operator M , which returns

the index, sf , of the plant with minimal residual. Operator

D delays the free switching signal sf to prevent instability

due to rapid switching, by associating a minimum delay

Δ(p) with every plant which must elapse before another is

permitted. The signal s then determines the atomic controller

choice CK(s(k)) corresponding to the selected plant. These

components comprise switching operator S shown in Fig. 3.

Pp

arg

min

N                  E

E( )p
1

E( )p
n

||   ||.

||   ||.

� D

C

Ss

sf rp
1

rp
n

dp
1

dp
n

u2
y2

y1

y y+0u u+0 dis u1- -
+ +

X

ref

*

q Q q( ) +
-1

L q( )
K( )p

1
K( )p

1

q Q q( ) +
-1

L q( )
K( )p

1
K( )p

1

q Q q( ) +
-1

L q( )
K( )p

n
K( )p

n

q Q q( ) +
-1

L q( )
K( )p

2
K( )p

2

M

Fig. 3. EMMRC structure: switch S outputs signal s which determines
atomic controller choice CK(s(k)). Delay operator D generates s from free
switching signal sf , which in turn is generated from minimization operator
M acting on residuals rp[k] from estimator X . Pp∗ denotes the true plant.

V. ATOMIC RC PROPERTIES

Proposition 2: If update (9) satisfies nLc
+ nQc

< mN ,

then the minimum interval length, σ(c), that (uc
2,y

c
2)

� must

be observed to uniquely determine the initial conditions of

Cc is σ(c) = 2. Here uc
2 = Ccy

c
2 , yp

1 = Ppu
p
1 , and

up
0 = up

1 + u2 − udis, y
p
0 = yp

1 + y2 − yref , (30)

σ(c) = min

⎧⎪⎪⎨
⎪⎪⎩k ≥ 0 :

∀l ≥ 0,
uc
2 = Ccy

c
2, ûc

2 = Ccŷ
c
2,

(uc
2,y

c
2)

�|[l,l+k] = (ûc
2, ŷ

c
2)

�|[l,l+k],
yc
2 = ŷc

2 ⇒ uc
2 = ûc

2

⎫⎪⎪⎬
⎪⎪⎭

Similarly, if p satisfies np ≤ oN , then σ(p) = 1.
Using this information, we can then define the properties that

will be required of the set of atomic closed loop RC systems:
Assumption 3: There exist functions α, β : P × C × R×

R→ R such that the following holds:

1) (Linear growth of [Pp,Cc]): Let p ∈ P , c ∈ C
and the closed-loop system [Pp,Cc] be well-posed. Let

l1, l1, l2, l3, l4 ∈ N, l1 < l2 ≤ l3 < l4 and I1 = [l1, l2), I2 =
[l2, l3), I3 = [l3, l4). Suppose w2,w

c
2 ,w

p
1 ∈We, wp

0 ∈W
satisfy equations (30) on I1 ∪ I2 ∪ I3. Suppose either

wc
2 |I1 = 0, wc

2 |I2∪I3 = w2|I2∪I3 or

wc
2 |I1∪I2∪I3 = w2|I1∪I2∪I3

where |I1|= l2− l1≥max{σ(p), σ(c)}. Then, in both cases:

‖w2|I3‖w̄2 ≤ α(p, c, |I2|, |I3|)‖w2|I1‖w̄2

+ β(p, c, |I2|, |I3|)‖wp
0 |I1∪I2∪I3‖. (31)

2) (Stability of [Pp,CK(p)]): Let p ∈ P and x ∈ N. Then

α(p,K(p), a, x)→ 0 as a→∞ (32)

and α is monotonic in a.
These properties are underpinned by projection map ΠC//P :[
xp

xc

]
︸ ︷︷ ︸
xp,c

(k + 1)=

[
AGp,cBGp,c

CGp,cDGp,c

]
︸ ︷︷ ︸

Ap,c

[
xp

xc

]
(k)+

[
B0,Gp,c

D0,Gp,c

]
︸ ︷︷ ︸

Bp,c

(w0+w̄0)(k)

w2(k)=

[
0 Cc

−Cp DpCc

]
︸ ︷︷ ︸

Cp,c

[
xp

xc

]
(k)+

[
0 0

−Dp I

]
︸ ︷︷ ︸

Dp,c

(w0 + w̄0)(k)

(33)
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where xp,c(k) ∈ R
np+nc . In addition define for a ≥ 0:

Ka
p,c =

[
Aa−1

p,c , · · · Ap,cBp,c, Bp,c

]
, Oa

p,c =

⎡
⎢⎣

Cp,c
Cp,cAp,c

...
Cp,cA

a−1
p,c

⎤
⎥⎦

T a
p,c =

⎡
⎢⎢⎣

Dp,c 0 · · · 0
Cp,cBp,c Dp,c · · · 0

...
...

. . .
...

Cp,cA
a−2
p,c Bp,c Cp,cA

a−3
p,c Bp,c · · · Dp,c

⎤
⎥⎥⎦ (34)

We can now state the EMMRC control design procedure:

Proposition 4: Let control design K : P → C be such

that given p ∈ P , c = K(p) ∈ C is the lifted realization of

(9) with the filter Qc(q) and Lc(q) forms (10), (11) chosen

to satisfy (12). Then Assumptions 3(1) and 3(2) hold, with

α(p, c, |I2|, |I3|) =ρ(Ap,c)
|I2|‖O|I3|

p,c‖‖Vp,c‖‖V −1
p,c‖(Yp+Yc)

β(p, c, |I2|, |I3|) =ρ(Ap,c)
|I2|‖O|I3|

p,c‖‖Vp,c‖‖V −1
p,c‖Yp

+
∥∥[O|I3|

p,cK
|I2|
p,c , T

|I3|
p,c

]∥∥ (35)

where ρ(·) is the spectral radius, Vp,c contains the eigenvec-

tors of Ap,c, and Yp =
∥∥[Bp − ApC

†
pDp, ApC

†
p

]∥∥, Yc =∥∥∥∥∥
[[
AcBc, Bc

]−A2
c

[
Cc

CcAc

]†[
Dc 0

CcBc Dc

]
, A2

c

[
Cc

CcAc

]†]∥∥∥∥∥
Moreover, if w0 = 0, convergence follows

lim
k→∞

(
ΠCc//Pp

w̄0

)
(k) = Cp,c

(
I −Ap,c

)−1
Bp,c (36)

and, if Qc(q) = I , satisfies convergence requirement (8).

Proof: The proof is omitted for brevity.

Assumptions 3(1) and 3(2) are the biased, lifted extensions

to the framework developed in [9]. The next result shows

how to design RC controllers to minimize α(·), which will

later be seen to be critical to maximize robust performance.

Theorem 5: Let the RC update (9) be designed such that

‖Gp,c(q)‖∞ < γ ≤ 1 with the poles of Gp,c(q) having

magnitude less than γ
1
N . Then

ρ (Ap,c) < γ (37)

Proof: The proof is based on application of structured

singular value analysis to (33), but is omitted for brevity.

Note: (i) setting γ = 1 in Theorem 5 retrieves stability

condition (12), and (ii) in the case of causal Qc(q), Lc(q),
the poles of Gp,c(q) equal those of Pp(q), Qc(q) and Lc(q).

VI. ROBUST PERFORMANCE OF RC

We next establish a region of robust stability around each

atomic RC controller, measured using the gap metric.

Theorem 6: Let p,p1 ∈ PLTI, and suppose the control

design K : PLTI → CLTI is such that Cc, c = K(p), is the

lifted realization of (9) in which Qĉ, Lĉ are chosen to satisfy

the conditions of Theorem 5. Then

‖ΠPp//Cc
‖w̄0

≤ b−1
Pp,Cc

(38)

where

bPp,Cc =

(∥∥I −Dp,c

∥∥+ ∥∥Cp,cVp,c

∥∥∥∥V −1
p,cBp,c

∥∥
1− γ

)−1

. (39)

If the gap metric, �δ(p,p1), between lifted plants satisfies

�δ(p,p1) < bPp,Cc (40)

then the closed loop system [Pp1
,Cc] is gain stable.

Proof: The proof is omitted for brevity.

Theorem 6 establishes a robust stability bound for any lifted

plant p1 within a ball of radius bPp,Cc around the nominal

lifted plant, p, as measured using the gap metric. This results

also holds for the original unlifted plant descriptions p, p1 ∈
PLTI, since it can be shown that �δ(p,p1) ≤ �δ(p, p1), and

hence condition (40) can be replaced by �δ(p, p1) < bPp,Cc .

VII. ESTIMATORS

The required EMMRC estimator properties are biased,

lifted extensions of those in [9], [10], and can be stated as:

Assumption 7: Let λ ∈ R be given. The residual operator

X factorises X = NE with the norm operator N and the

estimation operator E given in Table II, and:

1) (Causality): E is causal.

2) (Weak consistency): For all p ∈ PLTI there exists a

map Φλ : map(N,Rh)→ R
(m+o)N(λ+1), such that for all

(w2, w̄2, w̄0) ∈We ×We ×We and for all k ∈ N,

‖ΦλE(w2−w̄2+w̄0)(k)(p)‖≤‖Rλ,kE(w2−w̄2+w̄0)(k)(p)‖,
ΦλE(w2 − w̄2 + w̄0)(k)(p) ∈ N [k−λ,k]

p,w̄2
(w2). (41)

where the set of weakly consistent disturbances for plant

p ∈PLTI and observation w2 = (u2,y2)
� isN [a,b]

p,w̄0
(w2) :={

v∈W |[a,b]
∣∣∃(up

0 ,y
p
0 )

�∈We :v =
(
Rb−a,bu

p
0 ,Rb−a,by

p
0

)
Rb−a,bPp

(
up
0 −u2+udis

)
=Rb−a,b(y

p
0 − y2+yref)

}
(42)

where a ≤ b, a, b ∈ Z, and restriction operator Rσ,t :
S → R

h(σ+1) is given by Rσ,tv := (v(t − σ), · · · ,v(t)).
3) (Monotonicity): For all p ∈ PLTI, for all k, l ∈ N with

0 ≤ k ≤ l and for all (w2, w̄2, w̄0) ∈We ×We ×We,

‖E(w2−w̄2+w̄0)(k)(p)‖≤‖TkE(w2−w̄2+w̄0)(l)(p)‖.
4) (Minimality): There exists μ > 0 such that for all k ≥ 0,

for p ∈ PLTI and for all (w0,w1,w2, w̄2, w̄0) ∈ W ×
We ×We ×We ×We satisfying equations (3) and (4),

‖E(w2 − w̄2 + w̄0)(k)(p)‖ ≤ μ‖Tkw0‖. (43)

5) (Continuity): For all k ∈ N, p,p1 ∈ PLTI,

(w2, w̄2, w̄0) ∈We ×We ×We

‖E(w2 − w̄2 + w̄0)(k)(p)− E(w2 − w̄2 + w̄0)(k)(p1)‖
≤ �δ(p,p1)‖Tkw2‖w̄2

(44)

Proposition 8: The biased infinite horizon operator:

XA
w̄0

(w2)(k)(p) = rAp,w̄0
[k]

= inf{r ≥ 0 | r = ‖v0‖, v0 ∈ N [0,k]
p,w̄0

(w2)}. (50)

where k ∈ N and w2 ∈We, satisfies Assumption 7.

Proof: The proof is omitted for brevity.

Operator (50) can be efficiently implemented as follows:
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Estimator

X : We → map(N,map(PLTI,R
+))

: w2 �→ [k → (p �→ rp[k])] (45)

X = NE

Estimation Operator

E : We → map(N,map(PLTI,map(N,Rh))) (46)

: w2 �→
[
k �→ (p �→ dp[k])

]
(47)

dp[k] : N→ map(N,Rh)

dp[k] = (dp[k](0), dp[k](1), . . . , dp[k](k), 0, · · · )
Norm Operator

N : map(N,map(PLTI,map(N,Rh)))

→ map(N,map(PLTI,R
+)) (48)

:
[
k �→ (p �→ dp[k])

] �→ [
k �→ (p �→ ‖dp[k]‖ = rp[k])

]
(49)

TABLE II

FACTORISATION OF THE RESIDUAL OPERATOR

Theorem 9: Suppose a Kalman filter is applied to unlifted

plant p = (Ap, Bp, Cp, 0) ∈ PLTI with interconnections

(3),(4), using equations

x̂(t+ 1/2) = x̂(t)− Σ(t)C�
p [CpΣ(t)C

�
p + I]−1

· [y2(t)− yref(t) + Cpx̂(t)]

Σ(t+ 1/2) = Σ(t)− Σ(t)C�
p [CpΣ(t)C

�
p + I]−1CpΣ(t)

x̂(t+ 1) = Apx̂(t+ 1/2) +Bp(u2(t)− udis(t))

Σ(t+ 1) = ApΣ(t+ 1/2)A�
p +BpB

�
p , (51)

where x̂ : [0, τ ] �→ R
np , τ ∈ N, Σ : N �→ R

np×np . Then

rAp,w̄0
[k] = rKF

p ((k + 1)N − 1) (52)

where the residual r : N→ R
+ for 0 ≤ τ is

rKF
p (τ)=

[∑τ
t=0 ‖y2(t)−yref(t)+Cpx̂(t)‖2[CpΣ(t)C�p +I]−1

]1
2

.

Proof: This is an extension to analysis in [9], [10].

Hence, from (50) and (52), estimator X can be efficiently

implemented for each candidate plant p using a standard

Kalman filter applied to unlifted plant p.

VIII. NOMINAL STABILITY & GAIN BOUNDS

Let U ⊂ PLTI be the uncertainty set we seek to control,

which contains the true plant. Let G ⊂ PLTI be a suitable

sampling of U specifying the available candidate plant set.

Definition 10: C(U,K,Δ, G,X) is a standard EMMRC

controller if the following conditions are satisfied:

• RC design K : PLTI → CLTI satisfies Proposition 4.

• Δ is a delay satisfying ∀p ∈ U that Δ(p) > 2 +

logγ

(
2‖O2

p,K(c)‖‖Vp,K(c)‖‖V −1
p,K(c)‖

(
Yp + YK(c)

))
.

• Estimator X = NE is defined by (45)-(52).

• Switching operator S(X,G) is given by (19)-(27).

• Switching controller C is defined by (28)-(29).

The gain bounds that follow depend on the size and geometry

of a ‘cover’ of the plant uncertainty set U , rather than on

the plant uncertainty set itself. The notion of the cover is

as follows. Let H ⊂ PLTI be a plant set and let ν :=
map(PLTI,R

+) be given. Now define for p ∈ PLTI

B�δ(p, ν(p)):={p}∪
{
p1 ∈ PLTI | �δ(p,p1) < ν(p)

}∩ U,

to be the set of plants that reside within a neighbourhood of

radius ν(p), as measured by �δ, around p. For an appropriate

choice of (H, ν), the union of the corresponding neighbour-

hoods in U then leads to a cover for U , so that

Definition 11: (H, ν) is a cover for uncertainty set U if

U ⊂ R where R := ∪p∈HB�δ(p, ν(p)).
The main result that follows gives gain bounds for the in-

terconnection of ‘true’ plant p∗ with the EMMRC structure.

Theorem 12: Let p∗ ∈ U ⊂ PLTI where U is

an uncertainty set with finite cover (H, ν). Suppose

C(U,K,Δ, G,X) is a standard EMMRC scheme with G ⊂
U . Suppose (w0,w1,w2, w̄0) satisfy (3),(4), and

∃ p ∈ G, �δ(p,p∗) < ε χν(H, ν) (53)

for ε > 0. If

π(U,H, ν, ε,p∗) > 0, (54)

then:

‖Tkw2‖w̄p∗
2
≤ γ̂(U,H, ν, ε,p∗)‖w0‖ (55)

where the ideal control input for the true plant is

w̄p∗
2 = lim

k→∞
[
ΠCK(p∗)//Pp∗ w̄0

]
(k),

and χν , π, γ̂ are defined in Table III.

Proof: This follows the structure of the unbiased case

([10], Theorem 7) but embeds a range of biases on the

various signals, estimators, metrics and operators.

A. The EMMRC Design Procedure

Theorem 12 enables transparent selection of model set G:

(54) specifies a maximum value of ρ = εχν(H, ν), which

is used in (53) to specify a maximum distance between

elements in G. Therefore G can be designed by constructing

a covering of U by gap balls of radius ρ with centre pi ∈ G.

Since �δ(p,p1) ≤ �δ(p, p1), this can be designed transparently

in the unlifted plant space.

Both (54) and gain bound (55) are invariant to the number

of elements in either U or G, but instead scale (exponen-

tially) with the number of elements in H . The use of (H, ν)
thereby embeds substantial improvement on previous bounds

within the field of multiple model adaptive control, which

scaled exponentially with the number of elements in the

candidate plant set (i.e. with G).

Control design K must associate each p ∈ G with a stable

controller. To choose candidate model set G either:

1. Include as many plant models as hardware permits, to

ensure (54) is satisfied (this does not degrade performance

bounds since they depend only on the cover), or

2. Define (H, ν) as a minimal controller set that stablises

U using the robust stability margin of Theorem 6. Then

compute a more conservative set G using equations (53)

and (54).
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B. Example EMMRC Application

Consider electrical stimulation of muscle for stroke reha-

bilitation, considered in, for example [12]. The angle of a

joint in response to electrical stimulation can be modeled by

Pp∗(q) =
(q − e

Ts/a)

q2 − 1.845q + 0.86
· 0.015

1− eTs/a
(56)

where a is uncertain, but known to be within [−0.01, 0.01].
Selecting sampling time Ts = 0.01, and setting N = 125,

defines uncertainty set U ⊂ PLTI. The update employed by

each atomic EMMRC controller is chosen to be gradient-

based RC [13]. Control design procedure c = K(p) is then

defined by Proposition 4 with Lc(q) = bPp(q)
∗ and Qc(q)

a zero-phase filter with cut-off frequency 3 Hz. Choosing

b = 0.5 then satisfies Theorem 5 with γ = 0.76. The robust

stability margin of Theorem 6 (equation (40)) shows that

stabilisation of U can be achieved using a minimum of two

controllers. In particular, a suitable set {Pp1 , Pp2} is

(q − e−2) 0.015
1−e−2

q2 − 1.845q + 0.86
· 0.015

1− e−2
,

(q − e2) 0.0151−e2

q2 − 1.845q + 0.86
· 0.015
1− e2

.

We hence define cover set H = {Pp1 ,Pp2}. Choosing Δ =
10, equations (53), (54) yield the radius for G

ρ ≤ (21/2(1 + γ̄2
1(H,U))γ4(U))−1 = 4.376× 10−4.

The radius of the uncertainty set U is 0.1435, hence

327 estimators are sufficient. Plants with parameter a ∈
{−9.94 × 10−3,−9.88 × 10−3, · · · , 0} are associated with

controller K(p1) and plants with parameter a ∈ {0.06 ×
10−3, · · · , 9.88 × 10−3, 9.94 × 10−3} are associated with

controller K(p2). Equation (55) guarantees the gain bound

‖Tkw2‖w̄p∗
2
≤ (8.45× 104)‖w0‖.

is satisfied when EMMRC is applied to the true plant.

IX. CONCLUSIONS

A multiple model switched adaptive approach to RC

has been developed, providing guaranteed robustness and

performance bounds for an unknown true plant. By applying

gap metric based analysis to RC, the EMMRC framework

addresses the problems of performance degradation and

instability that have been key issues in RC research.
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