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1. FINDING §;(#) IN EXAMPLE 3.1
Recall Y; is the number of successes out of m = m,, trials on item i. We study how §;(6) =
|(d/dB)e;(0)] varies with m.
Write f(b;yi) = —yilog {logit ' (b)} + (m — y;) log {1 —logit ' (b)} and g(b;0,y;) =
f(b7 yl) - lOg (b(b, 07 0)7 so that

Li0) = [ exp{-g(bi0.)}db

In the following, we drop the data y; from the notation for convenience. Write 13(0) for the
maximizer of g(-, ), and

. d"g
9r(0) = Fp

By equation (4) of Shun & McCullagh (1995), the error in the Laplace approximation to the
log-likelihood ¢;(#) is 15

7 (5(0);0).

Z 3" na(P)(=1) G4y (0) - - - Gy (0){52(0)} )

=1 Pepm

where P = p1|...|py, is a partition of 2/ indices into v blocks of size 3 or more, and ny(P) is
the number of partitions @) of 2/ indices into [ blocks of size 2, such that () is complementary to
P.
Write hp(6) = gip,((0) - . .g‘pv‘(e){gz(e)}—l. Then hp(f) = O,(m*~!), since §.(0) =
Op(m) for each r. 20
Differentiating (1) gives

1 d
=3 g 3 ma(P)(1) b (6). @
=1 PePy;

and

v

*hP Z[gm ) [T 91,10){52(0 ngwp] (6){g2(0 )F“*”], 3)

i=1 JF#

where §/.(6) = (d/d6)3, (6).
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For each r, we have

N _ d (") (1(p0)-
3,0) = 5 {47 00):0) )
dg") - db(8)
W{b( ); 0} + 20 — > 0r1+1(0). 4)
We now study the size of each of the terms in (4). We have
g 0 o" ' B
8 s0) = {5 toeo:0.0) | = 0,00, G)
and
drs1(8) = Oy(m). (©)

For each 0, b(0) satisfies g1 {b(0); #} = 0. Differentiating this with respect to 6,
db(6 0
) g2 000); 0} + “15(0):6) = 0.
But
on -3
g (b:0) = =266,
SO
db(B) s _
A0) — 20(0)042(0)) " = Op(m ™). ™

Substituting (5), (6) and (7) into (4) gives that g/.(#) = O,(1) for each r. From (3) we then
have

d ol
—5hp(0) = Op(m =1,

The highest order terms in (2) come from partitions with (I, v) = (2,1) or (3, 2), and so 6;(6) =
Op(m™2).

2. FINDING 63 (8) IN EXAMPLE 3.2

Kaufman (1949) provides an exact expression for the normalizing constant for an Ising model
on an n X m lattice, with o = 0 and periodic boundary, as

Znxm(0, B) = {25inh(28)}"™? A, (8) /2,

where

and

AL (8) = [] 2cosh {masgs1a(8)/2},  AZ(8) = [ [ 2sinh {masgs1(5)/2}
q=0 q=0

ARL(8) = [T 2cosh {masgn(8)/2} A(8) = T 2sinh {m azen(8)/2}

q=0 q=0
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where
ain(B) = cosh™* {cosh(28)?/ sinh(28) — cos(wl/n)}

forl > 1, and ap »,(8) = ao(B) = 28 + log {tanh(53)}.

Using the approximation Z, (%) (B) to Zmxm(B), the error in the log-likelihood is 45

mXxm

ek (B) = (m — k + 1) log Ay (8) — (m — k) log Ag—1,n(B) — log A m(B).
Differentiating this with respect to 3,

d d - d - d _
%e,&‘z) (8) = (m =k +1) 75 {log Aem(8)} = (m — k) 75 {10g Ae1m(8)} = 75 {log Anm(8)}
(8)
and
d i ~ d (i) 0
a5 los dn(®) =335 {10g AD,.(8)} r.(8),
where 70, (8) = A (8)/ Anm(B). We have
d n
35 Los AL ()} = m/2 ZO g1 n(8) tanh{masgi1,n(8)/2}
=m/2)  dhyi1,(B) + Olmexp{—ao(B)ym}] s
q=0

as m — oo, since tanh(x) = 1 4+ O{exp(—2z)} as x — 00, and azq+1,,(8) > ao(5) > 0.

Similar expressions may be obtained for the derivatives of the other {log Aq(f)m (8)} terms, and
combining these gives

ddﬁ {log Anm(8)} = mS2 (B (8) + mSiE) (B)rii,(8) + Olm exp{—ao(B)m))]

where S = S0y 10(8): S = iy Gy (), T (8) = () + 1l (5) and

rﬁlezn(ﬁ) = rn32n(ﬁ) + rfﬁn(ﬁ). Define 55
f(2:8) = dg {—1+cg — cos(x)} /*{1 + cg — cos(x)}~/?

where dg = 4cosh(23) — 2 cosh(28) coth(28)? and ¢ = cosh(283)?/sinh(28). Then

as,(B) = f(jm/n; B), and n_lS,(f)(B) and n_lef)(ﬁ) are both trapezium rule ap-

proximations to I(83) = 5 2n f(x; B)dx. Write R%O)(ﬂ):n_l&(f)(ﬁ)—](ﬁ) and

2r JOo
Rgf)(ﬁ) = n15% (B) —I(B) for the error in each of these approximations to the inte-
gral. 60

LEMMA 1. For each B < B, Rn(8) = max{|RY(8)],|RY)(8)|} = O{exp(—bsn)}, where
bg = 2cosh™'{—1 + cosh(23)?/sinh(2/3)}.

Proof. We apply the results of Trefethen & Weideman (2014) to show exponentially fast con-
vergence of these trapezium rule approximations to I(3). These results depend on properties of
the integrand f(z, /3), considered as a function of complex-valued z. There are a branch points e
of f(z,) at a distance ag = cosh™*{—1 + cosh(2)?/ sinh(28)} from the real axis, and the
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function is analytic for —ag < Im 2 < ag, so by Theorem 3.2 of Trefethen & Weideman (2014),

|8 (8)| = Ofexp(~2a5n)} = Ofexp(~bsn))}.
The same argument holds with R () in place of R (B8), so Ry (B) = O{exp(—bgn)}, as
required. O

We now prove the main result.
LEMMA 2. If k — oo as m — 00, 5 (B) = O{m?k exp(—bgk)} + o(1).
Proof. We have

C;,iB {log An,m(ﬁ)} = mn[(ﬂ) + mntn,m(ﬁ) + O[m eXp{—CLo(,B)m}]

where o (8) = R (B)r{h(8) + R (B)rh(B).
Substituting this into (8), the contributions from the mnlI () terms cancel, and the combined
remainder terms are always o(1), since m? exp{—ao(8)m} = o(1). We are left with

L e0(B) = (m — k + Vit m(8) — (1 — Kty m(B) — mtmm(8) + o(1).

agm
Then
5 ) = | L
W) = | H0)

(m — k + D)mkltm(B8)] + (m — k)m(k = 1)ltr—1,m(8)| + m®[tmm(B)] + o(1)

<
< (m— k+ DmkRy(8) + (m — k)m(k — D)Ry_1(8) + m*Run(8) + o(1)

since |tn,m(8)] < |RY (B)|riom(8) + RS (8)|r$h(8) < Ra(8)
= O{m*k exp(—bgk)} + o(1)

by Lemma 1, as required. O
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