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The inclusion of heavy quarks, such as the charm quark, poses difficulties in Lattice QCD
simulations. These need to be overcome in order to make predictions of hadronic observ-
ables including a charm quark such as the decay constants fp and fp,. We first establish
the region of validity of simulating heavy quarks with domain wall fermions (DWFs) in
a feasibility study. We then carry out dynamical simulations with RBC/UKQCD’s
N =2+ 1f ensembles at three lattice spacings (a=! = 1.73 — 2.77 GeV) including two
physical pion mass ensembles. From this we make a prediction for the decay constants

fp and fp, and, using experimental input, the corresponding CKM matrix elements.

In the first part of this work we investigate the suitability of domain wall fermions
(DWF) as a lattice regularisation for heavy quarks. We generate four quenched QCD
gauge ensembles with the tree-level improved Symanzik gauge action and inverse lattice
spacings in the range 2.0 — 5.7GeV. On these we carry out an exploratory study to
identify a region in the DWF parameter space that displays minimal cut-off effects. We
find this region for the domain wall height Ms = 1.6 allowing for bare heavy quark
masses satisfying amy < 0.4, independent of the lattice spacing. Below this limit we
maintain desirable features of DWF such as approximate chiral symmetry and O(a)-
improvement. Based on this, we carry out a detailed scaling study of the decay constants
of heavy-strange pseudoscalar mesons and the dispersion relation of heavy-heavy and
heavy-strange pseudoscalar mesons. We find mild a? discretisation effects for the heavy-
strange decay constants and the heavy-strange dispersion relation. The cut-off effects
for the heavy-heavy pseudoscalar dispersion relation are somewhat more pronounced.
On our ensembles we find a? effects for heavy masses beyond the charm quark mass and
large momenta (|p| ~ 1.6 GeV). The findings of the pilot study establish the basis for

simulations of charm quarks with domain wall fermions.

In the second part of the presented work we simulate heavy-light and heavy-strange

pseudoscalar mesons on RBC/UKQCD’s 2 + 1f ensembles with pion masses as low
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as 139 MeV and inverse lattice spacings ranging from 1.73GeV to 2.77GeV. From
this data we extract the decay constants fp and fp,. We devise two different fit
ansatze to process this data and carry out a full systematic error analysis. We find
fp = 208.7(2.8)stat (T13)... MeV, fp, = 246.4(1.9)sat (t};g)sys MeV and fp./fp =
1.1667(77)stat (158

) sys

)sys'

Finally, using experimental input we extract the corresponding CKM matrix elements.
We find |V, = 0.2185(50)exp. (732),,, and [V, = 1.011(16)exp. (F'§),,, Where the first
error comes from the experimental input and the second from our determination of the
decay constants. We compare our results with the existing literature and find good
agreement between our central values and competitive errors. This work constitutes the
basis of RBC/UKQCD’s wider charm physics program.
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Chapter 1

Introduction

The aim of particle physics is to probe our understanding of the forces governing nature
at the smallest length scales. We have a well established theoretical model of the known
fundamental particles called the Standard Model (SM), which describes their interactions
under the strong, the weak and the electromagnetic forces. Whilst this model is in good
agreement with experimentally measured observables, it still stands in contrast to some
observations that indicate shortcomings. For example, it fails to explain dark matter
and dark energy. This implies that there is yet unknown New Physics (NP), which

particle physicists hope to discover and understand.

To date, we lack a clear indication of discrepancies between theoretical predictions (from
the SM) and experimental measurements. This situation might change with the accumu-
lation of more experimental data at current and future experiments, and the associated
increase in precision. However, to be able to draw conclusions from this we also need
to reduce the theoretical uncertainty to a comparable precision. One way in which the
validity of the SM can be tested is by over-constraining its parameters by studies of

different processes which involve the same parameters.

Many predictions from the SM can be made to high precision by analytical calculations,
however there are some, in particular concerning processes involving the strong force at
low energies, for which this is not the case. In such cases one has to resort to alternative
methods, such as effective theories or other non-perturbative tools. Methods concerned
with large scale numerical simulations of non-perturbative dynamics are described col-
lectively by the fields of Lattice Quantum Field Theories (LQFTs), which in the case of

the strong interaction is Lattice Quantum Chromodynamics (LQCD).

In this work, we develop a formalism that allows us to simultaneously simulate charm
quarks and physical light quarks, whilst maintaining control over all systematic errors.
This is done by first carrying out a pilot study in chapter 5 to test our mechanism,

which is then used in large scale simulations including ensembles with physical pion
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masses. From these simulations we make a prediction for quantities (the decay constants)
associated with charmed mesons. In combination with experimentally measured data
and other known inputs, this leads to the determination of two of the fundamental

parameters of the SM.

The main result of the pilot study is the region of parameter space in which we can

simulate heavy quarks with Moebius domain wall fermions (MDWTF), defined by

Ms=1.6 and

(1.1)
amyp, < 0.4.

Here Ms5 is a parameter specific to our choice of discretising the fermions action, called
domain wall fermions (DWFs), whilst a is the lattice spacing and my, is the mass of the

heavy quark in bare units.

Our main prediction from simulations with physical pion masses are the D and D, decay
constants fp and fp,, respectively, their ratio and the Cabibbo-Kobayashi-Maskawa

(CKM) matrix elements |V.4| and |V,s|. The numerical results are

fD = 208.7(2-8)stat (tié)sys MeV
st = 246.4(1.9)stat (i_ig)sys MeV
fp +60
= = 1.1667(77
fD ( )Stat (—46)sys (12)

and
’Vcd| = 0.2185(50)exp(t§?)1at
H/cs| = 1.011(16)exp(i1£19)lat'

Combined with determinations of other CKM matrix elements this allows for a test of
the unitarity of the CKM matrix and therefore of the SM.

Whilst these are quantities that have been computed in the past, to date there is only
one other result that simulates directly at physical pion masses [18] and our result is
amongst the most precise determinations. Furthermore, our mechanism extends beyond
the physical value of the charm quark mass and could, in the future, be used to extrap-
olate to predictions for mesons containing a b quark. Finally, our set-up allows for the
inclusion of charm quarks in the wider RBC/UKQCD physics programme, allowing for

other quantities to be determined.

The remainder of this thesis is structured as follows: In chapter 2 a brief introduction
to the SM and its properties is presented. In chapter 3 we will introduce Lattice QCD
and its methods, followed by a more detailed discussion of our particular formulation
of Lattice QCD, namely domain wall fermions (DWFs) in chapter 4. In chapter 5 we
will introduce and summarise the results of the pilot study which explores the possible

parameter space of our simulations. Having found an optimal point in this parameter
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space, in chapter 6 we then present the study of the decay constants at physical pion
masses, which produces the main results of this thesis. Finally, we summarise our results

and outline possible applications and future work in chapter 7.

I note that the following three chapters do not present original work but rather sum-
marise knowledge I have obtained from textbooks, reviews, lectures and discussions. I
want to explicitly acknowledge some quantum field theory (QFT) textbooks [9, 19, 20],
lattice quantum chromodynamics (LQCD) text books [21-24] and reviews published by
the Particle Data Group (PDG) [1]. I want to particularly highlight that I obtained a
significant part of the knowledge presented in this chapter from Part III of the Mathe-
matical Tripos which I took in 2011/12.






Chapter 2

The Standard Model of Particle
Physics

The Standard Model (SM) describes the interactions of the known fundamental (as
opposed to composite) particles under the strong, the weak, and the electromagnetic
forces. The SM is based on symmetries, which we can observe in nature. In particular,
it is a quantum gauge theory, meaning it is described by a local gauge group. It is

defined by constructing the most general Lagrangian that satisfies these symmetries.

In the following, we will first outline the underlying symmetries of the SM (section 2.1),
then we will introduce the particle content of the SM in section 2.2, before constructing
the Lagrangians of the electroweak sector and the strong sector in sections 2.3 and 2.4,
respectively. From this we will derive the CKM matrix in section 2.5 and discuss how
we can determine these in practice in section 2.6. Finally Heavy Quark (HQ) physics is

discussed in section 2.7.

2.1 Symmetries of the Standard Model

The SM Lagrangian includes all Lorentz invariant terms, whilst also being gauge invari-

ant under SU(3)¢c, SU(2)r, and U(1)y gauge symmetries.

There are also three important discrete symmetries called parity (P), charge conjugation
(C) and time reversal (T). Parity reverses the spatial coordinates of each point in space-
time, whilst time reversal reverses time, i.e.

at = (zg,x) L - (xg, —)

(2.1)

NT 9T

= (xg, @) - (—zp,x) .



6 Chapter 2 The Standard Model of Particle Physics

Charge conjugation interchanges particles with their antiparticles. If an interaction
obeys any of the above discrete symmetries, it means that physical processes do not

change under this transformation.

Experimentally, it is found that the strong force and electromagnetism obey parity as a
symmetry, but the weak interaction does not [25, 26]. We will see how this is reflected
in the Lagrangian of the weak interaction in section 2.3. It was postulated that the
weak interaction might still conserve combined charge conjugation and parity (CP), but
is was shown experimentally in 1964 that this is not the case [27]. However, the strong
and the electromagnetic forces obey CP symmetry and all three forces obey combined

CPT symmetry.

The SM is a quantum gauge theory, and therefore has a local gauge group. This gauge
group is
SU(3)C X SU(Z)L X U(l)y, (2.2)

where C' stands for colour, L stands for left-handed weak isospin and Y stands for
Hypercharge. Throughout this chapter we will see how these symmetries give rise to
the force carriers of the SM and reproduce the known interactions. Any term that is
included in the Lagrangian of the SM is required to leave said Lagrangian invariant

under any of these symmetry transformations.

SU(2)r, x U(1)y is referred to as the electroweak sector [28-30] and will be discussed in
section 2.3. Whilst this is a symmetry of the Lagrangian, it is spontaneously broken by
the vacuum. This phenomenon is called electroweak symmetry breaking (EWSB) [31-
34] and gives rise to a number of interesting properties. In particular, this gives rise to
the CKM matrix [35, 36], which will be introduced and discussed in section 2.5. SU(3)¢c
is the gauge group of quantum chromodynamics [37], which gives rise to the strong force.

Its properties will be discussed in section 2.4.

2.2 Particle Content

In this section, we will give a brief introduction of the fundamental particles present in
the SM. Particles with odd-half-integer spin (1/2) are known as fermions, particles with
integer spin (0, 1) as bosons. The fermions come in three generations and are further
split into leptons and quarks. The leptons are comprised of the charged leptons (electron
e, muon  and tau 7), each of which has a corresponding neutral neutrino (ve, vy, vr).
Composite particles that contain bound states of quarks are called hadrons. The known
hadrons are mesons (containing a quark and an anti-quark) and baryons (containing

three quarks). Table 2.1 presents a summary of these particles and their interactions.
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‘ Particles ‘ strong weak EM ‘ spin el. charge
% | charged leptons (e, u, 7) X v v o|1/2 -1
.S | neutral leptons (ve, vy, vr) X v X | 1/2 0
z up-type quarks (u, ¢, t) 4 v v | 1/2 +2/3
= down-type quarks (d, s, b) v v | 1/2 -1/3
photon (v) X X v 1 0
2 W= X | +1
% A X v X 1 0
aa gluons (g) v X X 1 0
Higgs X v X 0 0

Table 2.1: The known particles of the SM and some of their properties.

2.3 Higgs and Electroweak Theory

The electroweak part of the SM corresponds to the SU(2)r x U(1)y part of the gauge
group (2.2). As hinted at in the name, the electroweak theory [28-30] combines the
theory of the weak interaction with Quantum Electrodynamics (QED). We have already
mentioned that the weak interaction breaks parity, so we will need to ensure that this
feature is reproduced by the SM. In the following we will show how spontaneous sym-
metry breaking (SSB) [31-34] causes the symmetry group SU(2)r, x U(1)y to break into
U(1)gar due to the Higgs potential. We will show how this gives rise to the gauge bosons
for the weak (W=, Z%) and the electromagnetic force (7). In 2012, the Higgs boson was
independently discovered by two experiments at CERN, namely by the ATLAS [38] and
CMS [39] groups, confirming the final missing piece of the SM.

2.3.1 Gauge Fields and the Field Strength Tensor

For the remainder of this chapter (unless stated otherwise), the Einstein summation
convention is used, meaning that repeated indices are summed over. We will start
by introducing the terms of the Lagrangian that are purely gauge dependent. The

corresponding term in the Lagrangian is

L F (@) ™ (), (2.3)

Egauge(x> = _4

where the field strength tensor F),, is defined as
F,Lw = [D/M Dll] s (24)

and the covariant derivative D, depends on the underlying gauge symmetry. For SU(2)x
U(1) we have

1
Dy = 0, +igAj(z)T" + iig'Bﬂ(w)Y. (2.5)
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Here 7° = ¢%/2 are the SU(2) generators, defined in terms of the Pauli matrices 0! and
the index ¢ = 1,2,3. Some properties of these generators are listed in Appendix A.1.1.
Y is the generator of U(1)y, called weak-hypercharge. The gauge fields A, (x) and By (x)
are elements of SU(2)y and U(1)y respectively, g and ¢’ are the couplings of the gauge
fields.

2.3.2 Fermions in the Standard Model

In the SM, a fermion 1 of mass m is introduced by including a term of the form
LDirac = Y () (le - m) P(x) (2.6)

in the Lagrangian. Here I§ = YD, where v# are the Dirac gamma matrices obeying
the Clifford algebra as described in Appendix A.2 and D, is the covariant derivative

appropriate to the fermions under consideration, e.g. (2.5) for the case of the electron.

We can decompose fermions into a left-handed and a right-handed part, such that

=1 +Yr
bp=Pp=5 (17 2.7)
vr= Py =3 (147,

where 5 = i70y17273. The Dirac part of the Lagrangian (2.6) then becomes

Lpirac = @ (le - m) (0

2.8
= (ViYL + YRilPvR) — m (YR + YrYL) - 28)

Equation (2.8) remains invariant under a rotation of the left-handed and right-handed
components by the same phase «, ¥, g — €y, g. This U(1) symmetry is known as a
vector symmetry with the conserved Noether current J(/L = 1pyH1) associated with fermion

number. So for the case of leptons, this shows that the lepton number is conserved.

We will now treat left-handed and right-handed fermions differently. We place the left-
handed ones into SU(2), doublets and the right-handed ones into SU(2), singlets. We

will see that this ensures that the weak interaction does not obey parity in section 2.3.4.

For my = 0 we additionally have a so-called chiral symmetry or axial symmetry U(1)4,
where left-handed and right-handed components rotate with a different phase, i.e. ¥ —
eio‘”/5¢. This is most easily seen in the chiral basis in which 5 is diagonal. The form
the gamma matrices take in this basis is presented in Appendix A.2. The associated
Noether current for this process is J4 = 1y*y51 with divergence 9,J!} = 2imiy5v, so

it is only conserved in the massless limit.
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2.3.3 Electroweak Symmetry Breaking

In addition to the field strength tensors associated with the SU(2)y and U(1)y gauge

groups the electroweak sector includes the Higgs field ¢, which enters the Lagrangian as

Lrwss = (Du¢)' (D"¢) — V(¢)

2.9
V(g) = —p? o] + Xo|*, 29

where p and A are positive real coefficients and ¢ is the Higgs fields which is a complex
scalar field of the group SU(2)r. D,, is the covariant derivative for SU(2);, x U(1)y. We

+ 0
can choose the gauge such that ¢ = % (Z()) becomes ¢ = % <¢0> where ¢ is real.

V(¢) has a non trivial minimum at |¢| # 0 and hence acquires a vacuum expectation

1 (0 1 0
(9)=—= <v> =% a7 | (2.10)

value (vev) v

Note that transformations
¢ — i @7 iB@)/2 (2.11)

with a! = a? = 0 and o® = 3 leave (¢) invariant, leaving an intact symmetry even
after acquiring the vev, i.e. after spontaneous symmetry breaking. This gives rise to one

massless gauge boson - the photon.

We now substitute the definition of the covariant derivative (2.5) and the transformation
(2.11) into the Lagrangian (2.9) at the point defined by (2.10) and collect terms quadratic
in the fields. From this we obtain the masses of the gauge bosons. With the re-definitions

of the fields and the generators

1
L L ) + 1, .2
W, _E(AM:FZAM) with To=T kT
1
0 3 : 29 3 .2
Z'u = ﬁ (gA/j' — g/BH‘) Wlth COS HWT — s HWY (212)
g +g
1
Ay=——— (943 +¢'B,) with Q=7"+Y,

we find the coefficients of the quadratic terms in these redefined fields to be

v
mw 295
v
mz =/ g*+ g B (2.13)
my = 0.

So we find one massless gauge boson A, (the photon) and three massive gauge bosons

(W# and Z). The charge associated with the remaining U (1) gjs symmetry is the electric
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charge @, which can be determined by noting that Q = 73 + Y1. Here the quantum
numbers 73 and Y are the third component of the weak-isospin and the weak hypercharge,

respectively.

Note that at tree-level we can relate the masses my, and mz by
my = mz cos by, (2.14)

where Oy is the Weinberg angle defined by

/ /
tan Oy = g—, sin Oy = 9 cos By = g
g

/g2+g’2’ gz_,_ga'

(2.15)

Using this, the covariant derivative for leptons can be written as

lg - -
Duzau_ﬁ(W:T++W#T ) -

where we defined the unit charge e = |e| = gsin Oy .

1g . .
P Z, (7% — sin® Ow Q) —ieA,Q, (2.16)

Within the SM, neutrinos are massless (even though there is now experimental evidence
of small neutrino masses [40, 41]). We have seen in (2.8) that the mass term connects
left-handed and right-handed parts of a fermion. This means a massless particle (such

as the neutrino) has no way to flip chirality and can therefore remain purely left-handed.

Recall further (compare table 2.1) that neutrinos only interact weakly, whilst charged
leptons interact weakly and electromagnetically, but not strongly. The W boson only
couples to left-handed fermions [28-30]. The electroweak theory is constructed by treat-
ing the electron and the neutrino in the same way, by placing the purely left-handed
neutrino and the left-handed part of the electron in a doublet l.(z), which forms a repre-
sentation of the SU(2) group called weak-isospin. The right-handed part of the electron

is put into an weak iso-singlet r(z)

[ ve(x)
o) = (eL(x)> (2.17)

re(z) = er(x).

Ensuring that e;, and er carry an electric charge of —e and 1 is electrically neutral

Ql. = <0 0 ) le Qr = —r. (2.18)

implies that

0 -1

Given Q =734+ Y1 and 7% = %3 we can conclude eigenvalues for vy, ey, and er, which
are listed in table 2.2
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fermion 73 Y Q
vr, 1/2 —1/2 0
er, -1/2 —-1/2 -1
€R 0 -1 -1
uy, 1/2 1/6 2/3
UR 0 2/3 2/3
dy, -1/2 1/6 —1/3
dr 0 -1/3 -1/3

Table 2.2: The electroweak quantum numbers of the fermions of the SM

2.3.4 Interactions between Leptons and Gauge Bosons

To incorporate all generations, we will now extend our definition of [, and r to L and R:

L) = (le@) (@) L)

(2.19)
R(@) = (r@) nu(e) r(@)).

The different generations only differ in their masses, so in particular the quantum num-

bers listed in table 2.2 are the same for all generations.
After EWSB the part of the Lagrangian that governs interactions between the leptons

and the gauge bosons is given by

int

ot _ - _
L = gLA*WETL — q (2L7“B“L + R’y“BuR)

(2.20)
=g (JMH/V,]L + JW, Zng) +eA, T,
The four currents are given by
= (TL'er)
Yove
1
J'LL? = — (e MI/
w ﬁ( LY L)
1 (2.21)
L = D. 3 .. 92
T = i | 2 P ((P) +sin® wy (P) P
P=L,R
T = Y PY*Q(P)P.
P=L,R

The first two currents only couple to left-handed particles and hence have the J =V — A

structure typical for the weak interaction. Here V and A stand for the vector and azxial
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quark \ mass/MeV M S-scale \ charge/e \ I I, \ S C B T
up (u) 23707 2GeV 2/311/2 +1/2]0 0 0 0
down (d) 48105 2GeV -1/311/2 —=1/2]0 0 0 0
strange ($) 95+5 2GeV -1/3 1 0 - -1 0 0 O
charm (¢) | 1.275 £ 0.025 x 103 me 2/3| 0 - 0 1 0 0
bottom (b) | 4.180 4 0.03 x 103 my, -1/3] 0 - 0 0 -1 0
top (t) ~ 1.7 x 10° my 2/3 | 0 - 0 0 0 1

Table 2.3: The six quarks of the SM and their masses and quantum numbers.
The light quarks up and down have isospin quantum numbers whilst the heavy
quarks have quantum numbers Strangeness (S), Charm (C), Bottom (B) and
Top (T) [1].

current respectively defined by

Ju(@) = ¥y (@)1 (1 = 75) Pa(2)
Vu(z) = 1 ()72 () (2.22)
Ap(x) = Py (@)7u75¢02(2),

where 1 (z) and ¥2(z) are fermions. We note that V' and A transform differently under
parity, i.e. V — A By + A, so parity is not conserved under the weak interaction,
in agreement with what we set out to describe. However, V and A also transform
opposite to each other under charge conjugation, so combined CP is conserved. Another

observation is that no flavour changing neutral currents (FCNC) are present.

2.4 Quantum Chromodynamics

We now turn to Quantum Chromodynamics (QCD), i.e. the gauge field theory of quarks
and gluons and their interactions, also known as the strong force. The properties of the
six known quarks such as their masses and their quantum numbers are summarised
in table 2.3. In this section and the corresponding appendices we will summarise the

relevant features and definitions needed for the purpose of this thesis.

2.4.1 QCD Lagrangian

QCD is described by the SU(3)¢ part of (2.2) [37, 42]. The Lagrangian density of QCD

is given by

ﬁQCDZ—ZFS,( YFCH (2 +Z¢fa iDay, — mpdap) Yy (), (2.23)
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where the index f runs over the Ny = 6 flavours that are present in the theory, here
the 6 quarks. Both terms of (2.23), the field strength tensor and the fermionic part, are
similar to terms we encountered in the previous section. In the following we will explain

their ingredients in more detail.

The gauge group SU(3) has 8 generators t¢ = %)\C, where \C are the Gell-Mann
matrices and the index C runs from 1 to 8. The generators t¢ are traceless anti-
hermitian 3 x 3 matrices. Their elements can be written as t% where a,b = 1,2,3 and
a,b are referred to as colour indices. The 8 generators of SU(3) are listed in Appendix
A.1.2. In the following, unless stated otherwise, lower case Greek letters (1 and v) run
over the space time components ¢, z, y, z (labelled 0 to 3), lower case Roman letters (a, b)
are colour indices that run from 1 to 3 where N¢ is the number of colours defined by
SU(N¢) so No = 3 for QCD. Finally upper case Roman letters (C) run over the 8

generators taC;) of the gauge group, which are themselves 3 x 3 matrices.

The potential or gauge field A, can be decomposed into its components as
Apan(z) = AS (2)t5). (2.24)

For any group element g(z) of the local gauge group G, ie. g(x) € G = SU(3), it

transforms as

Au(z) = Al(z) = gz Au(2)g~ () - gls<a#g<x>>g-1<x>, (2.25)

where g, is not to be confused with a group element but is the coupling constant. Under

the same local gauge transformation g(x) € SU(3) fermions 9 (x); transform as

Vra(r) = Yo (2) = gap(x)sp(z). (2.26)

Similarly to the electroweak case (compare (2.5)), we construct the covariant derivative
D,, such that the Lagrangian remains invariant under the gauge transformation (2.25).
One obtains

Dy = 0y + gs Ay = 0 + gs ASLE, (2.27)

where the colour indices are suppressed. By construction equations (2.25), (2.26) and

(2.27) ensure gauge invariance of the Lagrangian.

Now we can define the gluonic field strength tensor F),, (compare (2.4)) as
F,uz/ - [D,uaDl/] y

F;g/ = 8#‘45’ - al/Ag + Js [A,ua AI/]O (228)
= 0,AT — 0,AT + giifAPC AL AT,
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where fABC are the structure constants of SU(3) and F,, = F, uc;,tc. This already illus-
trates one of the most important implications of (2.23). Due to its non-abelian structure,
QCD allows for gluon self-interactions; i.e. 3-gluon vertices (ggg) with coupling strength
proportional to gs, and 4-gluon vertices (gggg) with coupling strength proportional to

gz, are present.

In principle, one could also add a theta term proportional to €., F'*Ff? to the
Lagrangian (2.23). Whilst this term obeys gauge and Lorentz invariance it would break
CP invariance for QCD. However, experimentally, this term seems to be absent with
bounds of [0 < 10719 [1, 43]. This is known as the strong CP problem.

From (2.23) we can see that QCD has 6 + 1 fundamental parameters (N; = 6 quark
masses and the coupling gs). This means that after fixing the quark masses and the

coupling constant g5, QCD is fully defined.

2.4.2 Confinement and Asymptotic Freedom

In QCD the value of the coupling constant g5 or equivalently the coupling strength ag,
defined by

~gi(w)
=& (2.29)

depends on the renormalisation scale p at which a process is considered. We define the

s ()

B function as

das
Blas) = p? dZQ, (2.30)

where p is the energy scale of the process under consideration. If the (arbitrary) renor-
malisation scale 2 is taken to be close to the typical momentum transfer Q? of a process,
the value of the coupling constant g at this scale indicates the effective strength of the in-
teraction. This behaviour with scale can be understood from the Renormalisation Group
Equation (RGE) of the coupling strength. This results in the QCD f function [1, 20]
33 —2ny , 3

Blas) = %t O(a?). (2.31)
Note that ns here is the effective number of (approximately) massless flavours, i.e. the
number of flavours satisfying m; < p. Measurements of the coupling strength as a

function of the energy scale are shown in figure 2.1 [1].

One important feature of (2.31) is that for ny < Ny = 6 the leading term is negative.
This implies that for large energy scales p the coupling constant gets small leading to

the phenomenon known as Asymptotic Freedom [44, 45].

From figure 2.1 we can see that at low energy scales () the coupling strength increases,
yielding strong interactions at low energies. This causes the phenomenon of confine-

ment [46], i.e. the behaviour that quarks are very tightly bound and only appear in
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Figure 2.1: Experimental evidence for the running of the strong coupling con-
stant. The figure is taken from ref [1].

bound states which form colour singlets. In particular, this implies that the standard
perturbative approach of ordering processes by powers of the coupling constant is inap-

plicable in this regime.

2.4.3 Symmetries of QCD

In addition to gauge and Lorentz invariance, the Lagrangian (2.23) displays further
symmetries. Recall that fermions can be split into left-handed and right-handed parts
and that the only term in the Lagrangian that mixes the two is proportional to the mass
of the fermion. We have already seen that fermions obey a U(1)y vector symmetry
YL, R — eio‘wL,R(:U). For the case of QCD, flavour is a conserved quantity so each of the
Ny = 6 flavours are individually conserved. The electroweak sector allows for flavour
changing currents so quark flavour is not a conserved quantity in the SM, but the total
number of quarks is. Similar to the lepton number in the case of leptons, we define the

baryon number B, which is conserved in QCD, as
B= 1 E Q (2.32)
3 f f7 V- .

We have also seen before that a massless fermion (my = 0) possesses an additional

U(1)a awial or chiral symmetry 91, g — €**751). This symmetry rotates left-handed and



16 Chapter 2 The Standard Model of Particle Physics

right-handed components with a different phase, and is most easily seen in the chiral

basis. The form the gamma matrices take in this basis is presented in Appendix A.2.

For N massless flavours these symmetries can be generalised to a flavour symmetry
by placing the flavours into a multiplet and allowing for simultaneous left-handed and
right-handed rotations, yielding U(N), x U(N)g [47, 48]. This symmetry group can be
decomposed as SU(N)r x SU(N)rxU(1)4 x U(1)y. We have already seen that U(1)y
gives rise to baryon number conservation ((2.32)). When quantising the theory, one finds
that in addition to the term imvys1, an additional term proportional to €uvpo Y FPT
arises in the divergence of the axial current [49, 50]. This is called the azial anomaly

and means that U(1)4 is not a symmetry, even in the massless limit.

The fact that quarks have a non-vanishing mass, breaks chiral symmetry explicitly, but
the three (two) lightest quarks are (much) lighter than the typical interaction scale of
QCD (typically defined by Agcp ~ 250 — 700 MeV [1]), so QCD possesses approzimate

chiral symmetry. We introduce the mass matrix
M = diag(my, mg, ms) (2.33)

and place the three quark fields into a multiplet to write the Dirac part of the lightest
three flavours of the QCD Lagrangian (2.23) as

U(z) (i) — M) ¥(z). (2.34)

SIS
=
&
S

|
/N
<
s
&
<
=
&
<
P
g
N—
I

One can show that the associated Noether currents of SU(3)4 x SU(3)y are

JZ’“:i@(x)’y“'y‘r’%\ll(:c) and
B o (2.35)

T = W (),

respectively, and have divergences

Oyt = iU {M,\"} ¥ and

_ (2.36)
B! = iU [M, A\ .

Here the \* are the generators of the symmetry group, in the case presented here SU(3)
(cf. Appendix A.1.2). Whilst we considered three light quarks here (SU(3)), the same
discussion holds for restricting to only two quarks considered to be light (SU(2)), i.e.
only considering the up and the down quark as light.

For mass degenerate quarks, i.e. m, = mg = mys = m the commutator [M, \%] vanishes

and SU(3)y becomes an exact symmetry. In the limit of SU(2) this symmetry is called
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150SPIN.

The first line of (2.36) is called the non-singlet axial Ward Identity (AWI) and its right-
hand-side only vanishes for zero quark masses. For degenerate but non-zero quark masses
the left-hand-side of the AWI becomes proportional to the pseudoscalar density [47].
Since m,,, mg and (to a lesser degree) mg are small compared to the typical interaction
scale of QCD, the AWI is only slightly broken. From Goldstone’s theorem we expect
pseudo-Goldstone bosons corresponding to the broken generators of SU(N)4. When
considering SU(3) these are the eight pseudoscalar mesons which can be written as
multiplets of SU(3)y [47, 51, 52|, often expressed as

™ v i /A S (2.37)
—— -0
K K —y/2n°

Since the masses of the up and the down quarks are small, chiral symmetry should only be
slightly broken. One can show that if this symmetry is approximately intact there should
be a negative parity partner for the nucleon N*, however this is not seen in experiments,
indicating that spontaneous chiral symmetry breaking (SxSB) must occur [1, 9, 51, 52]

(in addition to explicit chiral symmetry breaking by the quark masses).

2.4.4 Interactions between Quarks and Gauge Bosons

Quarks interact via the weak, strong and electromagnetic force. To allow for interactions
between quarks and electroweak gauge bosons, in analogy to the above, we put pairs of
left-handed quarks into SU(2) doublets and the right-handed parts into SU(2) singlets.
We differentiate between up-type quarks u, c, t and down-type quarks d, s, b. We define

Up = (ur,cr,tr)  Ur = (ug,cr,tr) (2.38)
Dp = (dr,sp,br)  Dr = (dr,sr,br)-
We now form SU(2) doublets Q7 = (U: D% ) where i labels the generation, i.e.
) AN\T T
Qf = (vi py) =((ur do). (cx so) (to br)) - (2.39)

whilst the entries of Ur and Dp form singlets.

The sums in the electromagnetic and neutral currents (J%,, and J%) from (2.21) now run
over P € {L,R,Qr,Ugr,Dgr}. The charged currents J{fVJr and Jﬁ,_ get additional con-
tributions of 1/y/2 (UL'WDL) and 1/v/2 (ELWMU L), respectively. The corresponding
values of Q, Y and 72 are listed in table 2.2.
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2.4.5 Interactions between Fermions and Higgs

Let us now focus on the Higgs-Yukawa term for fermions, i.e. the terms that couple the
scalar ¢ to the fermions. We have seen previously that a mass term necessarily mixes
left-handed and right-handed components, but due to the different quantum numbers
of left-handed and right-handed components, a simple mass term would not be gauge

invariant. Instead, we introduce terms of the form
%(ukawa = _Aeie ~¢per+ h.c., (240)

mixing left-handed and right-handed components. There the dot product is between the
SU(2) doublets ¢ and ;. When the scalar field assumes a vacuum expectation value
(vev) v, this gives rise to fermion masses. In (2.40) we assumed a single generation.

Substituting in the vev, for the case of the electron we get

1
‘C%{'ukawa = _ﬁAevéLeR + h.c., (241)

SO
At (2.42)

me =
We can generalise this to multiple generations of leptons (labelled by ) by writing

cevton — NN ¢ R+ he. (2.43)
l

For quarks the same principle holds, but since there are two types of right-handed quarks,

there are two terms in the Yukawa term of the Lagrangian. We obtain

£t = 3 N Quatu D8 QhaelUL | e 2t
—_——— —

Yukawa
(I e8]

where €, is the antisymmetric tensor of SU(2) (a,b € {1,2}) and 4,5 € {1,2,3} label
the three generations of quarks. We can note that C'P transforms (I) and (/) into
their hermitian conjugates, so as long as )\Zj and N7 are real the Yukawa term of the

Lagrangian is C'P invariant.

Contrary to the lepton sector, different generations are connected by the matrices )\ilj
and \;/. However, these can be diagonalised using unitary matrices to obtain a basis of
mass eigenstates:

Ay = Ty ST

(2.45)
Ag = TyAgS),
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where the matrices A, 4 are now diagonal and S, 4,7, 4 € U(3). Now transform the
fields as

Ul s T Uk s SUUTI
O (10
Ln—>TdDL DR»—>SdDR

and note that the two components of the SU(2) doublet @1, transform differently. Then

at the vev, one obtains
coark —vﬁiLAZng% — vﬁiLAfoiz + h.c.

Yukawa
=~ (mp Dy D + m UL U,) (2.47)
A

where miD7U = UA%J] (no summation) are the quark masses. However, the transfor-
mation (2.46) will have to be carried out for the entire Lagrangian, in particular for
the weak currents. This gives rise to the famous CKM matrix [35, 36], which will be

discussed in the next section.

2.5 The Cabibbo-Kobayashi-Maskawa Matrix

We will now apply the rotations (2.46) to the weak currents, e.g
JF =Tt Df — U TI Tk DY = T+ VEk. DY (2.48)

The matrix T2/ T gk = V@&, is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [35,

36]. It relates the mass eigenstates d, s, b to flavour eigenstates d’, s, b'.

d Vid Vus Vb d d
S1=1V Ve V| |s|=Veru|s]|. (2.49)
v Vie Vis Vi b

In the SM the CKM matrix is unitary, i.e. it satisfies
VCTfKMVCKM = VCKMVgKM =1. (2.50)

This leads to conditions of the form

Z Vupl* =1 for U € {u,c,t}

D=d,s,b
> VuplP=1  for De{d,s,b}
U=t (2.51)
Z VU1DVU*2D =0 for U1 75 UQ
D=d,s,b

> Vup,Vip, =0 for Dy # Dy
U=u,c,t
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(0,0) (1,0)

Figure 2.2: Schematic illustration how unitarity can be represented as a unitar-
ity triangle. For further explanations, refer to the text.

The former two equations arise from the diagonal entries of (2.50), the latter two from
the off-diagonal entries. If the left-hand side of either of the first two equations adds up
to a number different than one this would indicate new physics (NP). If they add up to
less than one, one possible interpretation is a hint for a fourth generation. The second
type of equation can be interpreted as a so-called unitarity triangle. To see this, pick for
example Dy = d, Dy = b in the last equation of (2.51) and consider V74V, as a vector

in the complex plane. Then the unitarity constraint implies

VidViy, | VidVi

VudVili + VegVis + VgV =0 =
d ub+ d Cb+ td Vb ‘/cd‘/;l; VchCE

=1 (2.52)

If this equation holds, this traces out a closed triangle in the complex plane with lengths

Via Vi, VudVey
b vy | a0 vy

mental data combined with theoretical predictions can predict the lengths of these sides

as shown in figure 2.2 which is taken from the PDG [1]. Experi-

of this triangle as well as the angles. Unitarity corresponds to the triangle being closed.

A complex 3 x 3 matrix has 9 complex, or equivalently 18 real parameters. Unitarity
provides 9 constraints, leaving the CKM matrix with 9 degrees of freedom: 3 rotations
and 6 phases. We can use relative phases of the quark fields to absorb 5 of these 6
phases into redefinitions of the quark fields, leaving one physical phase in the CKM
matrix. This implies that )\:ff and Aﬁlj can be complex and hence, the Yukawa term of
the Lagrangian allows for C'P-violation in the Standard model. This is the only known

source of direct CP violation in the SM.

The CKM matrix is often parameterised in terms of the 4 remaining degrees of free-
dom [53, 54]. Most commonly used is the Wolfenstein parametrisation. This introduces

3 real parameters (\, A and p) and one complex phase 1. Up to O(\*) the CKM matrix
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Figure 2.3: Current uncertainties in the unitarity triangle plotted in the p — 7,
plane. The plot is taken from [2].

then reads
—\2/2 A AX3(p —in)
Voxkm =1+ -2 —)2/2 AN2 +O\Y. (2.53)
AN(1—p—in) —AN? 0

The variables p and 7 can be related to more convenient variables p and 77, which ensure
that p + i = — (VuaVyy) / (VeaV}). Since p = p (1 + A2+ --), the parametrisation
(2.53) is the same for both choices [1, 2, 54, 55]. A global fit combining theoretical and

experimental data and imposing unitarity currently gives [1, 2, 56]

A = 0.22537(61)
A=0.814(13})
p=0.117(21)
7 = 0.353(13).

(2.54)

The fact that 7 is different from zero, means that there is indeed a complex phase and
the CKM matrix does allow for CP violation.

The current status of the various constraints is collected by the CKM-fitter collabora-

tion [2]. The latest values as shown by this collaboration are presented in figure 2.3.
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Figure 2.4: Pictorial representation of the decay D — [Ty, at leading order in
agMm. The shown gluons are non-perturbative and indicate strong interactions.

2.6 Extracting CKM Matrix Elements

To test the unitarity of the CKM matrix by means of equations of the type (2.51), we
need to determine the CKM-matrix elements from first principles. Equation (2.48) shows
that the elements of the CKM matrix indicate the strength of a particular interaction.
For example, consider the leptonic decay D — [Ty with ¢ = d, s at leading order. A
schematic diagram for this process, without electromagnetic interactions, is shown in
figure 2.4.

Since the mass of the W boson (m%v = 80.385(15) GeV [1]) is significantly larger than
the typical energy of a weak process considered in this work, we can construct an effec-
tive Lagrangian by integrating out the W boson propagator. The effective interaction

Lagrangian of the weak interaction is given by

_Gr
V2

where G is the Fermi constant and J,(x) is given by (2.22).

Ly = J(2) T (2), (2.55)

The decay rate I' of the leptonic decay D(t,) — [Ty is given by

2
G2 TD,, m2
" "D,

(2.56)

Here the meson mass mpy,; the lepton mass m; and the mean lifetime TDy,, are known
experimental inputs, whilst the decay rate I' is measured experimentally. If the value of
the CKM matrix is precisely known experimentally or from some other calculation, the
SM prediction (2.56) can be tested. If the CKM matrix element is not precisely known,

then theoretical predictions of the decay constant fD<S> combined with the experimental
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Figure 2.5: Historic development of the determination of V,; (left) and Vi,
(right) from inclusive (red squares) and exclusive (blue circles). The shown data
is compiled from the world averages presented in ref [1] and previous editions [3—
7].

measurement of I' yield a value of the CKM matrix element under consideration. Fur-
thermore, the same CKM matrix element can appear in more than one process. E.g.
V,q appears in Dt — [Ty, and D° — 7717y, as well as the decays of their respective
antiparticles. Ignoring electromagnetic interactions between the quarks and the W bo-
son, the quarks and the leptons, and the W boson and the leptons, (i.e. considering the
minimal order in agys) we can schematically write an experimental observable I' as a
product of a CKM matrix element Vogar, weak and electromagnetic contributions and

strong contributions, in particular,
Fexp. = Vorm (WEAK) (EM) (STRONG) . (2.57)

The weak and electromagnetic contributions can be calculated perturbatively, whilst the

strong contributions are calculated non-perturbatively on the lattice.

Unitarity of the first row and column of the CKM matrix have been extensively tested
and at the current precision the data is compatible with unitarity [57]. In the other
two columns(rows) there are still larger uncertainties, which need to be reduced for a
precise test of the SM. Most famously, as shown in figure 2.5, there is a persistent tension
between the determination of the world average of the CKM matrix elements V,,;, (left)
and V,;, (right) from inclusive (unspecified final state) and exclusive (specified final state)

processes [1].
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2.7 Heavy Quarks

The SM has six quarks: up (u), down (d), strange (s), charm (c¢), bottom (b) and top
(t). Table 2.3 summarises their masses and quantum numbers [1] and shows that their
masses differ over many orders of magnitude. Whilst SU(2) (SU(3)) still appears to
be a good flavour symmetry for the light up and down (up, down and strange) quarks,
the charm, bottom and top quarks are too massive to be considered “light”. The top
quark has a mean half-time of 7 ~ 10724 s and is expected to decay too quickly to form
bound states [58]. Contrary to the top quark, the charm and the bottom quarks - which
are often referred to as Heavy Quarks(HQ) - do form bound states and produce a wide

range of experimentally measurable processes.

Heavy quarks have been studied in many different experiments including (but not limited
to) CLEO (CLEO-I, CLEO-II, CLEO-III and CLEO-c at Cornell University, Ithaca, NY,
1979-2008), Belle (K.E.K., Tsukuba, Japan, 1999-2010), BaBar (SLAC, California, 1999-
2008). Currently BES III (Beijing, China, 2008-current) and LHCb (CERN, Geneva,
Switzerland, 2010 - current) as well as the multi-purpose experiments ATLAS and CMS
explore the properties of particles including charm and bottom quarks and in the near
future (~2018) with Belle II a new B-factory is expected to start taking measurements.
With this large variety of experimental efforts in charm and bottom physics it is impor-
tant that the theoretical predictions arising from the SM are continuously improved to

match the experimental precision.

There are a number of effective theory approaches [23, 59] for treating bound states that
contain Heavy Quarks. These include heavy quark effective theory (HQET) and non-
relativistic QCD (NRQCD). HQET [60-66] applies to systems with one heavy quark of
mass my and one or more light quarks. In the static limit (mpg — oo) the heavy quark is
stationary at the center of the coordinate system. HQET then expands around this point
in powers of 1/my. Since the energy scale, A, of the light quarks is of the order of a few
hundred MeV, the expansion parameter in HQET for a charmed meson is mAc ~ 1/5 and
may not be a good approximation at leading and subleading order [67, 68]. NRQCD [69]
is concerned with quarkonia states (containing a heavy quark and its antiquark) Q@ and

expands in the (non-relativistic) quark velocity v.

Whilst these effective theory approaches have a small expansion parameter for the case of
the bottom quark, the charm quark is in a region where one has to check the convergence
of the effective theory. In addition, effective theories introduce additional parameters
that would need to be tuned for numerical simulations, which is costly. Furthermore, for
numerical simulations, some cancellations rely on the light quarks to be simulated with
the same action as the charm quark (e.g. GIM mechanism [70]), which would not be
possible if an effective theory approach is chosen for the charm quark. For this reason
we aim to make predictions for charm quantities from direct simulations. However, the

mass of the charm quark is at the limit of what is achievable in current simulations, so
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we need to assess in detail whether simulating the charm quark directly is feasible. We

will first investigate this for our choice of fermion discretisation in chapter 5.






Chapter 3

Lattice Quantum

Chromodynamics

In this chapter we will introduce the basic features of Lattice QCD. After a brief motiva-
tion in section 3.1, in section 3.2 we will outline how to discretise QCD. More specifically
we will focus on the gauge field in 3.3 and on the fermion fields in 3.4. In section 3.5
we will discuss how to include dynamical fermions into our simulations. We will outline
how we can assign physical scales to the simulated data in section 3.6. In section 3.7
we will explain how we can extract hadronic observables from the simulations. Finally,
section 3.8 gives a brief summary of the systematic errors that arise in lattice QCD
simulations. As this chapter is a review and not original work, it relies on a number of
sources from which I obtained my knowledge. In addition to the cited original work,
this includes [21-24] as well as knowledge obtained in lectures, discussions, workshops

and conferences.

3.1 The Need for Lattice QCD

As mentioned above (recall figure 2.1 in 2.4.2), at low energies QCD is non-perturbative.
This means that the “standard” approach (called perturbation theory) of calculating di-
agrams ‘order-by-order’ in the coupling constant is bound to fail. To overcome this
problem various approaches have been devised. These include QCD sum rules [71-73]
(for a summary, see e.g. ref [74]), AAS/CFT (AdS/QCD) approaches [75] and effective
theories such as Heavy Quark Effective Theory (HQET) [60-62, 66] and chiral pertur-
bation theory (xyPT), just to name a few.

Whilst most other approaches are based on some further ad hoc model assumptions
and/or are limited in the range where they are applicable, Lattice QCD (LQCD) is able
to provide ab initio predictions. LQCD numerically simulates QCD starting directly

27
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on the Lagrangian level and all systematic errors can be systematically improved pro-
vided sophisticated algorithms, understanding of the underlying discrete field theory,
and sufficient computing power. So Lattice Quantum Chromodynamics is a systemat-
ically improvable tool to make ab initio predictions about the nature of QCD in the

regime where the coupling is strong.

3.2 The Idea of Lattice QCD

The expectation value of an observable in the path integral formalism in Minkowski

space is given by .
©) = [ Plalo@) e sia), (3.1)

where @ is short for all involved fields and Z is determined by requiring (1) = 1. We can
Wick rotate [76] (¢t — i7) the path integral (2.23) into Euclidean space [46, 77]. Upon
Wick rotation the path integral turns into

©) = [ Plalo@)exp(~ssla]), (32)

where Sg is real and positive. However, (3.2) is infinite dimensional and therefore ill-
defined. This is overcome by restricting the degrees of freedom to a finite (though very
large) number of degrees of freedom by placing the theory on a finite lattice. As we will
see, this allows for numerical Markov Chain Monte Carlo (MCMC) simulations of QCD

and therefore for the estimation of hadronic observables.

The minus sign in (3.2) enables us to re-interpret the factor exp (—Sg[®]) as a Boltzmann
weight, allowing for a statistical estimation of (O). This is done by sampling the phase
space with a MCMC simulation to obtain a set of N field configurations 7; and estimating

the integral numerically as
<0>~1ZO(T)+0< ! ) (3.3)
o i p 75 .
Provided the 7; are drawn with the correct probability, i.e.

P(T;) xexp (—Sg[Ti]) (3.4)

and sample all of the phase space correctly (ergodicity), this gives a statistical estimate
of the expectation value of the observable O [46, 78].

We render (3.2) finite dimensional by introducing a 4-dimensional lattice of length L,
in the p direction and a finite lattice spacing a. It is conventional to choose the cubical
spatial volume, i.e. L, = L, = L, = L and a larger time extent T". From this we obtain

a 4-volume V; = L3 x T and a spatial volume V3 = L3. Formally, the lattice is defined
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as the set of points
A={an,:n;=0,1,...,N—1;ns=0,1,...,Np — 1,n, € N°} (3.5)

where N and Nt are integers. Derivatives are replaced by finite differences and integrals
by Riemann sums, i.e.
/ d'z f(z) = a ) f(n). (3.6)
neA
Note that this renders the path integral finite-dimensional. By placing the simulation
into a finite volume we need to choose appropriate boundary conditions (BCs). It is
customary to work with periodic BCs but anti-periodic, open and twisted [79, 80] BCs

have also been used.

The finite volume causes momentum modes to be quantised, whilst the discrete nature
of the lattice causes momenta to be restricted to the Brillouin zone. The set of accessible

Fourier momenta A for the case of periodic BCs is restricted to

A= {pu = %nu DX, <y < Xmy, € Z} . (3.7)
"

QCD has ultraviolet (UV) divergences which need to be removed. This is usually done
by first regulating the theory by introducing a maximum momentum A or a cut-off and
then matching this regularised theory to some renormalisation scheme. On the lattice
the regularisation is automatically enforced, since the inverse lattice spacing provides a
cut-off and therefore acts as a UV regulator. In addition, the finite volume introduces
an infrared (IR) regulator. The correct physics is therefore recovered in the limit where

the cut-off is taken to infinity.

In the case of QCD, we have two types of fields: fermionic fields ¢ and g live on the
lattice sites, whilst gauge fields U, live on the links between neighbouring sites. This
is illustrated in figure 3.1 [1] and will be discussed in more detail in the subsequent
sections of this chapter. In addition to the finite volume and the finite lattice spacing,
a further discrepancy between the lattice simulation and nature is the symmetry of
space-time. The lattice reduces Poincaré symmetry to that of a hypercube. For states
with non-vanishing momentum this symmetry is reduced even further. In any lattice
simulation we need to carefully and systematically remove those effects, i.e. we must
understand how to obtain the value an observable O takes in nature from measured
values of O(a, V). To do this, we need to keep all physical parameters that define the
theory fixed, meaning we take the continuum limit along a line of constant physics. The

extrapolation to vanishing lattice spacing is called the continuum limit.



30 Chapter 3 Lattice Quantum Chromodynamics
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Figure 3.1: Schematic illustration of a two dimensional lattice taken from ref

[1].

3.3 Discretising QCD

Recall the QCD action (2.23) (suppressing colour indices and considering only a single

fermion flavour)

SQCD—/d4$EQCD

= [t (~FREFO 6 - m) ) o

= SclA] + Sr[¥, v, A].

In the last line of (3.8) we have split the action into the pure gauge part Sg and the
fermionic part Sp. After rescaling gAj, — Aj, for later convenience, the Euclidean

versions of these read )
Sa = ? d*z Fg,(a:)Fg,(x)

(3.9)
Sp = /d4xw (’ny# + m) 1,

where ’yf refers to the Euclidean version of the gamma matrices which are summarised
in Appendix A.2. Note that in Euclidean space there is no distinction between upper
and lower indices. Further note that the pre-factor in S now explicitly involves the

coupling.

When discretising the action (3.9) we replace continuous derivatives 0, by finite differ-

ences. This is not a unique choice, since one can choose the forward (9,,), backward (9;;)
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or symmetric ((9, + 9;;)/2) derivative. We define

au¢($) =
9,9(x) =

(¢(z + ap) — ¢(z))
(¢(z) — o(x — afr)),

(3.10)

QI

where [ is a unit vector in the y direction. For brevity, we will now set a = 1, but will

reintroduce it again when considering the leading order of discretisation effects.

Recalling that the gauge transformations (2.25) and (2.26) have been constructed to
ensure gauge invariance of the action, we require this to also hold for the discretised
version. On the lattice we choose an SU(3) element Q(z) for each lattice site x. So in

analogy with (2.26) we then get

p(n) = ¢'(n) = Q(n) P(n)

_ . _ 3.11
B(n) — P (n) = (n) 2l (n). (3.11)

However, the discretised form of the kinetic term mixes fields at neighbouring sites and

introduces terms like ¥(n)(n + fi), which would no longer be gauge invariant since
d(n)(n+ i) = O(n) QF(n) Un+ ) ¥(n + o). (3.12)
Instead we introduce a new field U, (n) with a direction p and require that
Uu(n) = U, (n) = Q(n) Uu(n) Qf(n + ). (3.13)

Uu(n) is called a link variable and can be understood as linking the lattice site x to the

lattice site n + i, as illustrated in figure 3.1. Now the quantity

$(n) Up(n)(n + i) (3.14)

is gauge invariant. We are now in a position to define the discretised fermion action.
Using the symmetric discrete derivative and replacing the integral by a sum over all

lattice sites we get

SpD.0.U) = 3 () |30, A VOO | (315
I

neA

Note that this does not use the Einstein summation convention. For convenience we

define a backwards pointing link U_,, as
U_p(n) =Ul(n— ). (3.16)

Using (3.11) and (3.13) it is easy to verify that gauge invariance is satisfied. Fermions

described by (3.15) are called naive fermions - more about this later.
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The link variables U, (n) are related to the lattice gauge fields A, by
Uu(n) = exp (iA,(n)). (3.17)

Unlike the continuum theory, we treat the Lie algebra-valued fields A,(n) as the funda-

mental degrees of freedom as opposed to the Lie group-valued fields U, (n).

Now that we have defined the link variables U,,(n) we need to construct a discrete version
of the gauge action in (3.9) that is built from these objects. To do this, first notice that
taking the product of the link variables along any path P, from x to y

P[Py = [ ] Uu(n) = Up() Uy, (& + 1) -+ Uy, (y — fir1) (3.18)
Pay

transforms as

P[Pay] — Q(z) P[Pey] Q1 (y) (3.19)

since all intermediate matrices 2 cancel. In particular, there are two types of gauge
invariant objects that can be built from this. The first option is to attach quark fields
on either side of P, the second one is to choose P to be a closed loop and to take the
trace over the matrices ). The simplest choice for such a closed loop is the plaquette

Uuw(x) (compare figure 3.1), defined by
Uw(x) = Up(2) Uy (x + aft) Ul (x + ad) US (). (3.20)

From this we can construct the Wilson gauge action [46] S [U] as
2
SalUl= 5> > Rltr(1 = U (n))]- (3.21)
g neA p<v

Reintroducing a, substituting (3.17) and (3.20) into (3.21) and Taylor expanding A, (n+

V) as

Au(n+10) = Au(n) + adyAu(n) + O(a?), (3.22)
demonstrates the equivalence to the continuum version (3.9) in the limit @ — 0. More
precisely

4
a
SqlU] = 27 >N tr(Fuw(n)Fu(n) + O(a?), (3.23)
nGA w,v

so the leading discretisation errors are O(a?).

We have now constructed a discrete version of the QCD action (3.9), which reproduces

the continuum action in the limit ¢ — 0.

One can modify these to improved actions to eliminate the leading O(a) lattice artefacts.
Such improved gauge actions include the tree-level improved Symanzik gauge action [81,
82] and the Iwasaki gauge action [83-85].
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3.4 Fermion Actions and Chiral Symmetry

In this section we will discretise the fermion action. We will first investigate the proper-
ties of naive fermions as formulated in (3.15). We will find that these lead to unphysical
additional particles called doublers. We will then see how these can be removed by
adding the Wilson term [46] and how this leads to the loss of chiral symmetry. We will
briefly introduce the Nilsen-Ninomiya theorem [86] which will lead us to chiral fermions

and the domain wall formulation discussed in chapter 4.

3.4.1 Naive Fermions

Recall the fermion action Sg[), v, U] for a single flavour with mass m as defined in (3.15).
We can rewrite this bilinear into matrix form introducing the naive Dirac operator

D(n|m) connecting lattice sites n and m. We define it as

Se[, 9, Ul=a* Y Y Y ¥(n) n\mx% b(m )B (3.24)

n,meAN a,b a,8

In addition to the space-time indices n and m, the Dirac operator also carries Dirac
indices (Greek letters) and colour indices (Roman letters). Comparing (3.15) and (3.24)
we find the naive form of the Dirac operator to be

Uu (n)ab 5n+[¢ m U—u (n)ab 571 il

D(n\m)gg = (ag 2 B 0 G0 Oah Onm- (3:25)
I

In the free case (U,(n) = 1) this operator can be inverted analytically to obtain the
propagator of a free fermion. We start by transforming the Dirac operator into Fourier

space. One obtains

2 1 —ip-na iqg-ma
Divla) = (57 D2 ¢ " D(nlm)c

n,meA

|A| Z e—z(p q)na (Z St e zqua —e —iqua _|_m]1> (3.26)
2a

n,meA

= 5p,qD(p)7

where |A| = N3 x Ny is the total number of lattice sites and D(p) is

7
D =ml + — i . 3.27
(p) =ml + " ; Yy sinpya ( )

The inverse of (3.27) is given by

1m —da™! >_u Yusinpua

D(p)~" =
() m? +a=23" sin® p,a

(3.28)
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The inverse of the position space Dirac operator is found by transforming f)(p)_1 back

into position space, i.e.

D Y(n|m) = ]/1X| ZD(p)*leip'(”*m)“, where p € A. (3.29)
A
The inverse of the Dirac operator is the quark propagator. Since poles in the propagator
correspond to physical particles and therefore the simulated particle spectrum, we now
investigate the poles of the massless (m = 0) free propagator in momentum space.
Contrary to the continuum formulation which has exactly one pole at p = 0, we find
that the lattice formulation of naive fermions has 16 poles in the Brillouin zone A (since
sin? (p,a) vanishes for p, = 0 and p, = 7/a). This means instead of one physical particle
(with a pole at p, = (0, 0, 0, 0)) we describe 15 additional particles, the doublers.

These unphysical particles will need to be removed from the theory.

3.4.2 Wilson Fermions

Since we need to take the continuum limit ¢ — 0 to recover the continuum theory, we
may add any irrelevant (i.e. higher dimensional) operators, i.e. terms that disappear in
this limit. The first suggestion for how to remove doublers came from Wilson [46] and
makes use of this property. Wilson proposed to add a dimension-five term, such that

the momentum space Dirac operator becomes

~ o 1
D(p) = D™ (p) + 1= (1 —cos (pua)), (3.30)
a
o
where we momentarily wrote out the factors of a. For p, = 0 this term does not

change the propagator, leaving the physical pole unchanged. However, each momentum
component with p, = 7/a behaves as an additional mass term and adds a contribution
of 2/a to the propagator, causing the additional particles to become infinitely heavy and
therefore to decouple from the theory in the limit of @ — 0. We can find the form of the
Wilson term for the case of the free theory by Fourier transforming the additional term

in (3.30) back into position space to obtain

. . Ontim — 20 On—p
D(n|m>Wllson _ D(n|m)nalve _ az n+p,m 2n,2m + on Hm (3‘31)
a
I

The additional term is proportional to a discretised Laplacian. In the presence of a
gauge field these derivatives can be made gauge invariant by inserting link variables
as before (compare (3.15)) leading to the forward and backward covariant derivatives
(recall that we set a = 1)

Dy(n)ip(n) = Up(n)y(n+ 1) —3(n)

(3.32)
Dy (n)ip(n) = ¢(n) = Uu(n — @)ib(n — f1).
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With this the Wilson Dirac operator then reads

i Una(sn Am_Uf na(sn—Am
D(n|m)\;\2ﬂson _ Z (’Yu)aﬁ M( ) b On+p, H( ) b i, + mda,@ 6ab 5n,m

o 2a
n
_ Z Uu(n)ab 5n+ﬂ,m - 25n,m 5ab 5&6 + U—u (n)ab 5n—ﬂ,m
% (3.33)
m
4 1 +4
= <m + a) 5n,m dab 5046 - % Z:H (]l - '7#)(15 Uu(n)abén-‘rﬂ,m-
u:

We have now formulated a theory in which the doublers decouple in the continuum
limit, but as we shall see this comes at the expense of chiral symmetry. Whilst this is
not a problem in principle and can be recovered in the continuum, it poses problems
for renormalisation procedures, since it induces mixing between different operators that
is otherwise not present. It also affects cut-off effects, in particular, the leading order
discretisation errors of a theory that possesses chiral symmetry is O(a?), so simulations
are automatically O(a)-improved. Therefore, maintaining chiral symmetry is a desirable

feature of a chosen fermion discretisation.

3.4.3 The Nielsen-Ninomiya Theorem and its Implications

We will now return to chiral symmetry as outlined in section 2.4.3. We recall that
the massless continuum fermion action remained invariant under transformations of the

form

Yo Y s el (3.34)

This invariance holds if the massless Dirac operator D anti-commutes with 75, so the

condition for chiral symmetry can be rewritten as
{D,v5} = D5+ D = 0. (3.35)

Recalling the Wilson fermion action (3.31), it is apparent that the Wilson term does not
obey chiral symmetry, even for vanishing quark masses. Moreover, the Nielsen-Ninomiya
Theorem [86] states that it is impossible to find a Dirac operator in an even-dimensional
Euclidean space-time that satisfies all the following conditions simultaneously. Our
presentation of the Nielson-Ninomiya theorem follows the formulation of ref [87] in ref
[22].

1. D(p) is a periodic, analytic function of p,. This ensures the locality of the coordi-

nate space Dirac operator.

2. D(p) o< yupy for a|p,| < 1. This ensures that the Dirac operator has the desired

continuum form as the continuum limit is approached.
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3. D(p) is invertible everywhere except pu = 0. This condition ensures that it is

possible to calculate a propagator and the absence of doublers in the theory.

4. D(p) satisfies (3.35). This is the statement that guarantees chiral symmetry.

There are a number of different fermion formulations that will give up one of these
conditions. We have already encountered Wilson fermions which do not obey chiral
symmetry. Naive fermions have 16 doublers. Staggered fermions [88] have four tastes and
Creutz fermions [89] reduce the number of particles simulated by the fermion propagator
to two. In chapter 4 we will see how domain wall fermions can circumvent this theorem

by generalising the condition for chiral symmetry.

3.5 Dynamical Fermions and Ensemble Generation

We have seen how to discretise the gauge field in section 3.3 and the fermionic part in
the previous section. Before moving on to extracting hadronic observables we need to

address how to simulate dynamical fermions, i.e. fermions that exist in the gluonic sea.

When considering the fermion action (3.24) one can see that it is quadratic in the quark
fields. So we can integrate the quark fields in the partition function Z (compare (3.2))
analytically [90, 91]. Taking into account that fermions obey Fermi-Dirac statistics (i.e.

anti-commute) and therefore are represented by Grassmann variables, we find that

Ny
zz/p[xp,\y,m exp | —SalU] = 3 Sy, Ty, U]

d (3.36)

Ny
:/D[U] T[det (D107 | exp (=Salv)).
!

The sea quarks are captured in the Ny factors of the determinant of the Dirac operator
with the corresponding mass of the fermion. When simulating dynamical fermions, the

probability distribution that is sampled is

Ny
Poc | [[det [Df[U]] ]| exp (—SalU]), (3.37)
f

so the determinant is absorbed into the probability distribution and acts as a weight
factor [21, 78]. This poses algorithmic challenges, since unlike the gauge action, the
determinant is highly non-local, i.e. includes the gauge fields at all points of the lattice.
So depending on whether sea-quarks are neglected (the quenched approrimation) or
included, different algorithms are more or less suited to generate the Markov Chain of

gauge configurations. We will list the algorithms which were employed for the generation
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of the ensembles mentioned in this thesis. Amongst others, algorithms relevant to Lattice
QCD include the heat-bath algorithm [92], over-relaxation [93-95] and hybrid Monte
Carlo [96] (HMC). In practice we simulate commuting pseudo fermions ® [97] by noting
that

det D = / D[®] exp (—®(n) D! (n|m)®(m)). (3.38)

So given a starting field configuration 7, this configuration is then evolved as a Markov
Chain to create trajectories T; with the correct probability distribution, as given by
(3.37). The sum of all these trajectories is called an ensemble. At the beginning of
generating an ensemble, the system needs to thermalise before reaching an equilibrium.
After that one needs to address the autocorrelation between successive trajectories in the
algorithm. For this one typically looks at the behaviour of a (slowly varying) observable
O and calculates the autocorrelation time 7. One then restricts the configurations in

the ensemble to be for example every 7i,tth trajectory.

On all ensembles used in the remainder of this thesis we determined the autocorrelation
time 7y of the so-called topological charge Qiop. This is assumed to couple strongly to

the slowest evolving mode of the algorithm [98]. The topological charge is defined as

@rop = 32;2 a' Y tr| B () Eru ()] (3.39)

n,pu,v

However, for algorithms which are invariant under parity (such as the ones we are using),
it has been shown that it is sufficient to look at the slowest varying parity invariant
mode [98]. So for our purposes we can consider ij(Q%op) rather than 7in(Qop) Which

varies more rapidly.

3.6 Scale Setting

Full QCD has 7 parameters that need to be fixed: the 6 quark masses and the coupling
constant. The large number of orders of magnitude separating the light and the heavy
quarks (compare table 2.3) makes is very difficult to include all 6 quarks in a single
simulation. Instead simulations are often restricted to a smaller number of sea quarks,
iie. Ny =2, Ny =2+1or Ny =2+ 1+ 1 flavours. The 2 refers to the fact that up
and down quarks are treated as mass-degenerate light quarks. This reduces the number
of parameters even further. For example, in our Ny = 2 + 1 flavour simulations we
need to fix three parameters: the coupling constant, the light (degenerate up and down)
quark mass and the strange quark mass. For example, this can be done by using the
values m,, mg and mgq as physical inputs to set the values of m;, ms and a respectively.
Furthermore, since this thesis is concerned with charm physics we also need to fix the
charm quark mass (e.g. using mp, mp, or my,), even though for the remainder of this

thesis we will only consider valence charm quarks.
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State Jre T Mesons
1

Scalar 0T+ ao, fo, -
Pseudoscalar 0~ > 7w, K, D, Ds, ne...
Axial vector 11T ’yi > ay, fis.
Vector 1= 4 p,w,...

Tensor 17~ A9 by, by

Table 3.1: Quantum numbers for bilinear operators of the form (3.40) in the
continuum [1, 9]. J is the spin, P and C are parity and charge conjugation
respectively. The presented list is only exemplary and presents some of the
lightest states as well as states of particular interest to this work.

Once we have set the scale a using some physical input (such as mgq) we can also
relate this to a more precisely measurable gluonic quantity. There are a number of such

quantities e.g. the Sommer scale [99] or the Wilson flow [100, 101].

3.7 Extraction of Hadronic Observables

A lattice calculation evaluates the path integral (3.2) numerically by carrying out a
measurement on each configuration and from this deduces a stochastic estimate of the
expectation value of an observable O (compare (3.3)). Now that we have discretised
the action and produced ensembles with the correct probability distribution, it remains
to address the properties of the operators O of which we want to deduce expectation

values. We then need to connect the expectation values (O) to hadronic observables.

3.7.1 Operators and Observables

Different hadrons differ by their quantum numbers such as spin (J), parity (P) and
charge conjugation (C'). To deduce hadronic matrix elements we need to identify in-
terpolating operators that create states with the correct quantum numbers from the
vacuum. In nature we only observe colour singlets, so we will construct such states.
The most general mesonic form for a local colour-singlet operator O at some position

Zop = (Top, top) is given by local quark bilinears of the form

O(wop) = ¥, (zop) L1, (Top)- (3.40)

Here I' is some Dirac structure, and f; and fs refer to the flavour of the respective quark
fields. Table 3.1 lists some of the different choices of I' and the quantum numbers that

are induced by these.

In this thesis we will be concerned with properties of pseudoscalar mesons such as pions,

kaons and the D and D mesons and the 7. meson. This means that we will consider
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Dirac structures I' for pseudoscalars (y5), axial vector currents (7,7s) and vector currents
(7u). We project to an operator of definite momentum using a discrete Fourier Transform
(FT)

Z O(, top)e @ Por, (3.41)

V| 3 nels

where |A3] is the number of lattice sites in the three-volume V3. Given periodic boundary

@(popv tOp)

conditions, the (discrete) values the spatial momentum p,, is allowed to take are

2
pE %n where n; € {—-X;/2+1,---,X;/2}. (3.42)

The observables under consideration will be masses (m) and energies (F(p)) and matrix
elements. In particular, we will calculate the Euclidean matrix element (0] A4 |P(p)) of
a pseudoscalar meson P. From this we extract the decay constant fp which enters the

decay rate (compare e.g. (2.56)) using
(0l A4 |P(p)) = Ep(p) fp- (3.43)

This holds exactly for the conserved axial vector current A. However, as will be discussed
later in chapter 4, we can instead use a local version A of this current which then needs

to be renormalised (compare (4.15)).

The next point that needs to be addressed is how physical quantities such as masses,

energies and matrix elements can be deduced from expectation values of these operators.

Consider the expectation value of the product of two interpolating operators, one (O;rrc)
that creates a state at some source (src) position and one (Og,x) that destroys said state
at some sink (snk) position. By translational invariance we can fix the source position
to be the origin zg. = (0,0). We then insert a complete set of states >, ) <:| with
Ey<Ei < FEy--- to get

= Z i <0’ Own(2,)OL.(0,0) )0>

% ‘”“"”ZgE 5 (0 10snk<“ ) (7] Ohet0.0|0)
g (a0 ) et 00 )
= 3 S oy (0] 00,00 ) (] (0.0 o) e
:zwt)@]oﬂkmo 1) (o] 0L 0.0 -

_Z ZsnknZ, srcn o~ En(p)t
)

Pn=pP

(3.44)
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where we have defined Z; ,, = (0| O; |n) for i = src, snk and assumed the temporal extent
T of the lattice to be sufficiently large that we can consider the initial and final state
well separated. So for sufficiently large ¢, all states with E,, > Ejy are exponentially
suppressed. So the dominating state is the ground state of the particle, i.e. with the
lowest energy which has the quantum numbers induced by . Assuming we are in
the region of ¢t where the ground state of the desired particle dominates, we can fit
the correlator data to the functional form (3.44) and extract the energies and matrix
elements. Due to the boundary conditions, we will also have a backwards travelling part

~En(T=1)  The sign of this distribution depends on the time-

with the same exponential e
reversal behaviour of the observables, in particular for Oy = Og the contributions
have the same sign whilst for e.g. Ognk = 75, Osre = Y4775 the contributions have the
opposite sign. The former case amounts to a cosh [(1/2 — t) E(p)] time behaviour, whilst

the latter leads to sinh [(T/2 — t) E(p)].

3.7.2 Propagators

We now tackle the question of how to compute <Osnk(x)(9§rc(0)> in practice. For sim-
plicity, we consider the same operator O(z) = u(x)ysd(x) which creates a charged pion
at the source and the sink and place the source position at the origin. We calculate
the expectation value of this operator creating a pion from the vacuum at xg. = (0, 0),

propagating to the sink gk = (Tsnk, tsnk) Where it annihilates into the vacuum again.

From Wick’s theorem [102] we know that the time ordered product 7 is the sum of all
possible contractions. For simplicity we project to p = 0 and consider Ogx = Ogc =

uvysd. We obtain
Co(t)lpmo = <o‘ TO(x, 1) 01(0,0) ‘o>

=> (0| Tu(, t)ysd(x,t) d(0,0)y5u(0,0)[0)

— | (3.45)

1 _ - I 1
= / D[, v, Ule eVl ;u@,tmd(w,t)d(o,0)v5u<0,0>

1

- Z /DWKL/J’ U]eisE[Eﬂ%U] Ztrh%sd(oa O‘CC,t)’)/5Su($,t|0,0)L

where we have used mﬁgfy“ = —v5 and {7,,75} = 0 (cf Appendix A.2). More generally,

for two flavour off-diagonal quarks (i.e. a charged current; compare (2.48)) we get

C(1)lp=0 = { @1 (1) ankt> ()] 41 (0) e 0)])

1 — - 3.46
= ig /D[Zbﬂ/% U]eisE[w’w’U] Ztr[rsnksqz (0]2)TsreSq, (20)], (3:40)



Chapter 3 Lattice Quantum Chromodynamics 41

where the 4+ depends on the exact structure of I'y,c and I'gyx. Most of the mesons we
will consider are flavour off-diagonal, i.e. have two distinct valence quarks (in particular
this is true for D and Dy), and therefore do not have quark-disconnected diagrams. In
the case of flavour diagonal valence quarks there are additional possibilities for the Wick
contractions, i.e. quark-disconnected pieces, that need to be taken into account. In the
case of the (fictitious) ns and the 1. and J/¥, such quark-disconnected contributions

exist and must in principle be considered.

So to carry out a measurement on a given configuration, the key ingredient to calculating
masses and matrix elements is to invert the Dirac operator D to find the propagator.
The equation that needs to be solved for this (using the Einstein summation convention)
is
D(n|m) ap S(m|r)pe = dac dae On,r- (3.47)
af Be

The Dirac operator is a large object, so to calculate its inverse we need to make use of
numerical solvers. However, contrary to the Dirac operator, which is a large but sparse
matrix, the propagator is not sparse. It is a square matrix of size (|A| X 4gpin X 3colour)2.
A lattice typical to the presented work has spatial extent N = 48 and temporal extent

N7 = 96. Even numerically it is not feasible to calculate this inversion exactly in full.

Instead we only calculate one column of the inverse matrix by solving the linear equation

(suppressing spin and colour indices into vector/matrix notation)
> D@, tly. t)(y.t) = n(.t). (3.48)
y,t

Here D is the Dirac operator of the used fermion discretisation, 7 is the source vector
and 1 is the desired solution vector, which is the propagator from the source to all
other points. We solve the above twelve times for each source position - once for each
combination of spin and colour. The exact choice of possible source vectors 1 will be

discussed in section 3.7.4. From solving (3.48) we obtain the solution vector ¥ (y,t) as

U@, t) =Y S(w,tly,t')n(y,t), (3.49)

y,t’

which is the column of the propagator from the source to all other points.

Having found Dq_11 (z|xse), (3.46) suggests that we also need to find the propagator
Dq_z1 (Zsre|z) from all points x back to the source position xg.. However, we can utilise
~5-hermiticity present in nearly all incarnations of the Dirac operator, which relates DY
to D as

DT = 45 Dns. (3.50)
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This property also holds for the inverse Dirac operator, allowing to efficiently compute

two point functions by noting that

ST(m,t\O,O) = 753(070|$at)75' (351)

Large efforts within the lattice field theory community are directed at finding efficient
algorithms to solve the linear equation (3.48), tailored to the exact form of the chosen
fermion discretisation and therefore the form of the Dirac matrix. We will just briefly
mention two such solvers, which have been used in the data generation for the works
presented here. The first one is the Conjugate Gradient (CG) algorithm [103] (reviewed
for example in ref [104]) which is an iterative method suitable for symmetric, positive
definite matrices. The second one is the Hierarchically Deflated Conjugate Gradient
(HDCG) algorithm, developed by P. Boyle [105]. This was vital in particular for the
calculation of many physical light quark propagators, which are numerically very costly
as the Dirac matrix becomes more and more ill-conditioned as the quark masses are

reduced.

When computing heavy quark propagators with CG-type algorithms round-off errors
can affect the result [106]. To ensure that this is not the case, we implemented and

monitored the time slice residual [106] defined as

_ Dy — |
re = max (W), (3.52)

where D is the Dirac operator, i the source vector and 1 the solution vector. The norm

|z|, is defined as the norm of the vector x restricted to the time slice t.

3.7.3 Effective Mass

Recall that LQCD simulations always provide statistical estimates of observables which
therefore have a statistical uncertainty. This means that (3.44) suggests that there
is a time slice ty,;; from which onwards the excited state contamination is sufficiently
suppressed to be subleading to the statistical uncertainty. In the region of tn, < t <
T — tmin one assumes the correlation function to be dominated by the ground state. So
in this region we can fit the data to the ansatz (3.44) and extract the energy and the
matrix elements of the ground state. One problem that needs to be addressed is how to
find this time slice t,in. To achieve statistical accuracy it is desirable to be able to choose
this value as small as possible, since the signal-to-noise ratio grows over time [107, 108].

Ways of achieving this are presented in section 3.7.4.

The effective mass meg(t) provides a visual measure to test whether or not a correlation

function is dominated by the ground state for a given time ¢t. There are a number of
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Figure 3.2: left: Example of a pseudoscalar meson correlation function C(t)
(top panel) and the associated effective mass ameg (bottom panel) on the
coarser physical pion mass ensemble of RBC/UKQCD (m, = 139MeV, a~! =
1.73 GeV; later introduced as C0). The example here is shown for a light-light
meson. right: The top panel shows the relative error on the same correlation
function as a function of time, whilst the bottom panel simply zooms into the
plateau region of the effective mass.

different ways to define this quantity. Taking into account the backwards travelling
contribution, (3.44) is modified to
Z% on Zenkn _E.T/2 eBn(T/2-t) L o—En(T/2-1)

CoBlpmo = Y Zien T g ,

(3.53)
n

where Zg.. and Zg, are the matrix elements between the QCD vacuum and the operator

at the source and the sink respectively as defined before. Equation (3.53) can be rewrit-

ten in terms of a hyperbolic cosine or hyperbolic sine, respectively. In the following we

will denote cosh and sinh as func. The convention for the effective mass that is used in

the remainder of this thesis is given by ameg satisfying

C(t+a) _ func [(¢t + a — L) meg]
C(t) func (¢ — %)moﬂ"]

(3.54)

The main feature of the effective mass is the fact that the exponential decay is removed

so that a visual inspection of the data becomes more feasible.

The left-hand side of figure 3.2 shows the behaviour of the correlation function and the
effective mass as a function of time for the example of a light-light meson on one of
RBC/UKQCD?’s physical pion mass ensembles. The right-hand side of the same figure
shows the relative error of the correlation function as well as a zoom into the region
where the effective mass plateaus. We can clearly identify a plateau towards the centre
of the lattice, starting from time slices t,in/a ~ 15. This suggests that in this region the

correlation function is dominated by the ground state and the excited states have decayed
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away. This means that one can now fit the expected functional form, as suggested by
(3.44) to the data obtained for t € [tmin, tmax] Where tyayx is usually chosen to be T'/2!.
Naturally, one needs to verify that small perturbations of i, and t,.x have no influence

on the obtained fit results to assess systematic errors arising from the choice of fit range.

3.7.4 Sources and Smearing

Figure 3.3 shows that for mass non-degenerate mesons the signal-to-noise ratio grows
exponentially [107, 108] with time, so it is desirable to decrease ty,i, as much as possible.

Rewriting the matrix elements as Z,, for brevity, we can re-express (3.44) as

1 _
Co(t) = Z 5 | Z|2 e~ Ent
n

n
1 1
- 2F, 2F,

1 2 —FEot Ey |Z1|2 —AFt
= —|Zo|e Pt [ 14+ = e +ee ]
2E0| | ( El |Z(]|2

| Zo|? e~ Pt |Zy e Brt 4. (3.55)

We see that the contamination of excited states at a given time ¢ depends on the dif-
ference AE = E; — Ey between the energy of the lowest lying state Ey and the next
higher state with the same quantum numbers F;. This implies a bound in ¢,,;; below
which one no longer fits the pure ground state. Additionally, this difference Fy — Ey
decreases as the quark masses get heavier, leading to less suppression of the excited
states and correspondingly later plateaus than in the case of light quarks. To reliably
extract hadronic observables from this, one can fit the n first excited states. This leads
to an increase in fit parameters and one has to be careful that the choice of ¢,;, does
not influence the fit result. Alternatively one can choose a spatially extended or smeared
source that approximates the spatial form of the physical ground state wave function
more closely than a naive point source. This results in decreasing the ratio | Z;|* /| Zo|*
in (3.55) and therefore suppresses the contamination of excited states stronger for earlier

time slices.

However, if one is interested not only in energies but also in the matrix elements (as in
the case of the decay constants), one has to take care to extract the matrix elements from
local operators, i.e. not smeared ones. This can still be achieved when using smeared
sources, e.g. by placing the operator of interest at the sink and smearing the sources.
Alternatively one can produce correlation functions with smeared as well as local sources
and fit them simultaneously. This increases the number of fit parameters in the fit, but
also the amount of data that enters the fit. One type of such spatially extended sources

extensively used throughout this thesis is Gaussian smearing [109]. The idea here is to

Data points at the centre of the temporal extent of the lattice are prone to be undersampled and
typically have large error bars. For such cases - which we will frequently encounter as we increase the
mass splitting between the two quark masses - we often choose tmax < 7/2.
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apply a smearing operator H to the source in a gauge-covariant fashion. The smearing
operator we use has 2 parameters: the number of Jacobi iterations N that the smearing
operator H is applied and the smearing radius r, defined in the following. The smearing

operator acts in colour space (so we suppress the trivial Dirac indices) and is defined by

2
ZZ < n,mOab + NA[U]ab(mm)) m(m), (3.56)

where A[U] is the gauge covariant Laplace operator in the spatial directions, i.e.
AlU Z 20n,m — Uj(n,1)6,, 5 0 — Us(n —j,0)16, 5 . (3.57)

In the above we have suppressed colour indices into matrix/vector notation for notational
convenience. The smeared source ° now is found from applying the smearing operator
H N times to the original source n’ where a summation over all space points is implicit
(since we keep t fixed), i.e

= H Yyl (3.58)

In the limit of N — oo this becomes a Gaussian of width r. Note that we can also
smear the quark field after the inversion, i.e. at the sink. For a meson consisting of
two flavour off-diagonal quarks, having unsmeared and smeared sources and sinks this

allows for 2* = 16 combinations of the smearing.

The effect of smearing can be seen in the left-hand side of figure 3.3. The figure shows the
effective mass for a strange-heavy meson on the ensemble Q3 (introduced later, compare
table 5.1). In all four cases, the source and the sink of the strange quark are local,
whilst the source (1st index) and sink (2nd index) of the heavy quark can be local (L)
or smeared (S). One can clearly see an earlier approach to the plateau for the smeared

cases, allowing for the inclusion of earlier time slices into the fit.

So far we considered point sources, i.e. sources which are located on a single site of
the lattice (compare 3.47) and are sensitive to local fluctuations of the gauge field. In
addition they do not make use of the entire volume [110], so to maximise the information
extracted one would need to place many point sources across the volume and hence have
to perform many inversions of the Dirac operator. An increase in precision can be
obtained from using Np;; stochastic sources 144 (2, t,) (for fixed t,) with colour and spin
indices a and «, respectively and sitting at the site x, provided their (hit-)expectation

value satisfies

n — n n Nu S8
<77a,o¢(x tm)n( )T(y7t$)> = . Zna,a(w tﬂ?)nlg gT(yﬂtz) Y 5ab5a,35m,y (359)

in the large-hit-limit (i.e. the limit N — o00). Furthermore, it is worth noticing

that the gauge and the hit average commute, so even by only placing as few as a single
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Figure 3.3: Impact of source/sink smearing and Zo-Wall sources illustrated for
a heavy-strange pseudoscalar meson. left: Effect of smearing on the observed
plateau on the ensemble Q3 from the quenched pilot study with point sources.
The first letter in the legend refers to whether the source of the heavy quark is
local (L) or smeared (S)). Similarly the second letter refers to the sink. right:
Same cost comparison of the statistical accuracy of the correlation function
between a point source and a Zy-Wall source on the ensemble CO.

stochastic source on each configuration the correct large hit behaviour is recovered [110].
Placing such stochastic sources across the entire spatial volume allows for full volume
averaging. One distribution D which has been advocated [111, 112] is that of complex

Zo X Zs numbers, i.e.
1
D=<ze —(+1+1i),. 3.60
{re sezn] (3.60
Recall the definition of the two-point correlation function (of flavour off-diagonal oper-
ators) projected to zero momentum in terms of the propagators (compare (3.46)) and
insert a delta function in spin, colour and space-time into it. Assuming that the large

hit limit is satisfied, we obtain

Clty,ty) = <Z tr[CankSgn (U, ty |2, to) TSy (cc,tm\y,ty)}>

a:7y g
= < Z tr | TonSe, (Y, ty |, t) <77(:13)?7T(z)>n FsrcSq1<z=tz’yaty)}>
r,y,z2 g lta=t.
- <Z tr ankqu(yaty’wvtw)n(w)n(z)TFsrC75Sgl (y’ty\27tz)75}>
Yz ng ltz=t:
= <Z 7| Tank Sz (Y, Ly, t)1() Dareys [So, <y,tyrz,tz>n<z>m]>
Y,z gn Ita=ts
(3.61)

Here (-) , and (-),, represent the gauge average and the large hit limit, respectively.

Further, we omitted the hit index (n) of the source vectors n(™ () as well as suppressed
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Figure 3.4: Schematic quark flow diagram for a general mesonic two point
function.

spin and colour indices into vector/matrix notation. In the second line we inserted a
delta function in spin, colour and space and assumed the large hit limit (3.59) to be
satisfied. In the third line we used vs-hermiticity of the propagator(3.51) and the fact
that the large hit limit and the gauge limit commute. We also assumed that the source
vectors 7™ (x) are diagonal in spin space, and noted that (I'syys)T is diagonal in colour

space, so the multiplication of these two terms can be interchanged.

Equation (3.61) shows that for a given time slice tg¢, we can use the same noise vector
for both propagators, introducing noise only once. It also means that we only need to
invert the Dirac matrix once per flavour. So at the expense of introducing noise, we
can sample the full 3-volume of the source time-plane with one inversion. This is known
as the one-end-trick [110, 113]. In the remainder of this thesis, these sources will be
referred to as Zo-Wall sources [110]. Other noise reduction techniques include low-mode-
averaging [114, 115], all-mode-averaging [116-118], deflation [119] and distillation [120]
but will not be discussed in detail as they go beyond the scope of this thesis.

The limitation of Zy-Wall sources is the fact that we lose the possibility of projecting
to momenta other than zero. This is not a problem for observables such as masses
and decay constants, but for example for dispersion relation studies we have to restrict
ourselves to point sources. It is worth noticing that we can (and will) combine the two
methods and produce Gaussian smeared Zs-Wall sources to have the benefit of both

strategies.

Figure 3.4 is a schematic QCD quark flow diagram summarising the constructions we
use for a generic meson two point function. We first pick a source time-plane g and -

for the case of Zy-Wall sources - 144 (), which is diagonal in spin, randomly drawn from
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the distribution D at every spatial position x. In the case of a point source we simply
choose one site and place the source there. We then optionally apply Gaussian smearing
at the source (L™ for local or S for smeared) before solving the equation (3.48) for
each flavour f present in the problem, hence producing all propagators of interest (¢
and ¢ in the figure). We can then again apply the smearing to the sink position of
the propagator (Link for local or Sf’“k for smeared). Here ¢ labels the propagator under
consideration. Finally we insert all desired spin structures I'y,c and I'gy at source and

sink and project to the desired momenta (p = 0 for Zy-Wall sources).

3.7.5 Statistical Methods - Resampling

Whilst for observables which are directly measured (primary observables), it is possible
to assign a statistical error directly, this becomes more difficult for deduced or secondary
observables, particularly if they are determined non-linearly from the underlying data.
This is usually done by resampling. In this thesis we will adopt the bootstrap resampling
method [121, 122], (which is a generalisation of the jackknife resampling method), which

we will briefly outline in the following.

Assume that N.g,r independent measurements have been taken. We will create Npoot
bootstrap samples. Each bootstrap sample is found by randomly drawing N.ons mea-
surements from the N.ons measurements that were carried out, but with replacement.
We now treat the Nyoot samples as our measurements and every treatment to the data
is carried out bootstrap sample-by-bootstrap sample. The statistic error for any quantity
(primary or secondary) can now be determined from the bootstrap distribution of this
quantity. We stress, that the error assigned by any resampling method is an estimate,

i.e. has an uncertainty itself [123].

3.7.6 Correlator Fits

In all cases the data is first folded before further processing, i.e. symmetrised around
t = T/2 and then only the range 0 < t < T/2 is considered. Within this range an
interval [tmin, tmax] is chosen and the data of time slices inside this interval will enter
into the fit. Fits are performed as a numerical iterative procedure by means of a least
square fit of the data to the functional form f(t) that we expect. In particular, we

minimise x? defined by
X = (O(t:) = [(t:) covi; (C(ty) — f(t) - (3.62)

Here C(t;) is the value of the correlation function on the time slice t; and cov the
covariance matrix. From these fits we then extract the parameters that enter the func-

tional form (3.53), in particular we obtain matrix elements and energies. The estimated
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covariance matrix that enters the fit is defined as
1 N
coviy = 5 D (CW(t) = (C@))) (CPit) = (1)) (3.63)
k=1

where N is the number of measurements that enter the fit, C*) is the kth measurement
of the correlation function and the normalisation A depends on the exact resampling
that is used to obtain the statistical errors. In particular, A = N(N — 1) if the raw data
is used, A = N/(N — 1) for Jackknife resampling and A = N for Bootstrap resampling.
In the limit of infinite data (N — o0) the estimated covariance converges to the true
covariance matrix. With finite statistics, the covariance matrix may be poorly estimated
and ill-conditioned (i.e. numerically close to singular). In this case a correlated fit (as
defined by (3.62)) often does not converge and one restricts the covariance matrix (3.63)

to its diagonal part before inverting. This is referred to as an uncorrelated fit.

An indication for the goodness-of-fit is the reduced 2,
2 _ .2
Xred = X~ /d.0f, (3.64)

where d.o.f is the number of degrees of freedom, i.e. the difference between the measured
data points that enter the fit and the number of parameters the fit needs to determine.
For a correlated fit, the value of x? in combination with the number of degrees of freedom
also has a probabilistic interpretation to asses how good the fit is. For a correlated fit
and a sufficiently large number of degrees of freedom to a known fit function, most

probable value is X?ed =1.

In the case where we neglect correlations by performing an uncorrelated fit, even though
the data has inherent correlations, there is no probabilistic interpretation of the value

of x? but merely serves as an indication.

3.8 Systematic Errors

Additional to the inherent statistical error, the lattice methodology necessarily intro-
duces some systematic errors that need to be removed and controlled. The finite volume
causes ‘around-the-world’ effects, i.e. self-interactions between particles at lattice sites
n and their counterpart across the boundary of the system. For a given particle of mass
m these effects are expected to be exponentially suppressed by e~ [124]. This means
that the lightest hadron of the system determines the volume needed to keep these finite
volume effects at bay, which in any dynamical simulation is the pion. It is found that

for m,L 2 4 finite volume effects are at the percent level [125].

Some discretisation errors are expected to grow as powers of am, where m, are the quark

masses [1]. It follows that discretisation effects will grow quickly as the mass mg of the
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heaviest quark under consideration is increased. To be able to simulate large values of
the quark mass without introducing large discretisation errors, small lattice spacings
are needed [126, 127]. To ensure control over discretisation errors, it is important to
calculate the same physical observables on lattices with different lattice spacings and
then fit this to a polynomial in the lattice spacing a to extrapolate to a = 0. This
is known as a continuum limit. A number of lattice discretisations ensure automatic
O(a)-improvement, meaning discretisation errors proportional to the lattice spacing are
not present. In this case the first term that needs to be fitted when determining lattice
artefacts are O(a?). This is the case for domain wall fermions, which will be discussed

in detail in the next chapter.

The constraints imposed by simultaneously keeping discretisation and finite volume er-
rors under control become more and more restrictive as the ratio between the lightest
and the heaviest simulated mass decreases. In particular the pion mass m, and the bare

heavy quark mass my, are required to satisfy
LV <my <my <al. (3.65)

This enforces a bound on the range of masses and energies that can be simulated on a
given ensemble and is one of the reasons why ensembles with physical pions masses have
only recently become feasible. Further systematic errors arise from the assumptions one
makes in lattice QCD simulations. Up to date, most collaborations treat the up and
the down quark as mass degenerate (strong isospin) and ignore electromagnetic effects
(weak isospin). Throughout the remainder of this thesis these assumptions will also be

made here.



Chapter 4

Domain Wall Fermions on the
Lattice

In the previous chapter we have seen that a Dirac operator satisfying (3.35) is not suitable
to simulate chiral symmetry on the lattice. We will now generalise this condition of chiral
symmetry and introduce domain wall fermions ([128] and further developments in refs

[129-132]) to see how we can circumvent the Nielsen-Ninomiya Theorem [86].

This chapter is organised as follows. After briefly outlining how a fifth dimension can
circumvent the Nielson-Ninomiya Theorem in section 4.1 we will discuss the formulation
of domain wall fermions in section 4.2. Finally we will outline the relation between

DWFs and the Ginsparg-Wilson relation in section 4.3.

4.1 Effects of a Domain Wall in an Infinite Fifth Dimension

Assume a fermion that lives in 5 dimensions. The usual 4 infinite space-time dimensions
with coordinates x, y, z, t as well as a fifth dimension with coordinate s. Furthermore,

we will assume an s-dependent mass term that flips sign at s = 0, i.e.

+m 5§>0
m(s) = . (4.1)
—-m s§<0

We assume that the gauge field with which the fermion interacts lives in the 4 usual

space-time dimensions. The Dirac equation this fermion ¥ needs to satisfy then reads

[ + 505 +m(s)] ¥(x,,s) =0, (4.2)

51
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where D is some 4-d Dirac operator. We can now transform (4.2) into an eigenvalue

problem by separation of variables, assuming a solution of the form

U(zy,8) = Y [an(s) Pr + ba(s) Pl n(2), (4.3)
where
Prp =Py = 1 i;‘”. (4.4)

Substituting this into (4.2) one obtains

[0s + m(s)] an(s) = anbp(s)
[_88 + m(s)] bn<3> = anan(s) (4'5)
(I + an) Yn(x) =0,

for some eigenvalues a,,. We can now note, that for a,, = 0 the last line is the Dirac
equation for a massless fermion. Furthermore, for the case of «, = 0 the equations for

an(s) and b, (s) decouple and are easily solved to give

CLn(S) = Ae_ foé m(sl)dsl — Ae— fg m\s|ds’
; 4.
bu(s) = Betdi mas’ — g ot Jy mislas’ (4.6)

However, the solution b,(s) is not normalisable and therefore not a physical solution.
So, in summary, there is an infinite tower of fermions 1, (x) with masses |a,| > 0
(bulk modes) and a single massless right-handed fermion exponentially localised near
the defect at |s| = 0.

On the lattice we will always have to choose a finite fifth dimension. This implies that
we will necessarily have more than one defect, e.g. choose a compact fifth dimension
of extend 2sy with periodic boundary conditions (¥(s) = ¥(s + 2sg)) and a mass term
m(s) = m|s| /s with two defects (at s = 0 and s = s9). Now, contrary to before, both
solutions are normalisable and we find two exponentially localised massless chiral modes;
the previous right-handed mode at s = 0 and a left-handed mode at s = £sg9. How-
ever, recalling that terms breaking chiral symmetry mix left-handed and right-handed
components and that these modes are exponentially localised a distance sy apart this
residual chiral symmetry breaking is expected to be small. We will define a measure for

this residual chiral symmetry breaking, called the residual mass in the next section.

4.2 Domain Wall Fermions on the Lattice

Following on from the previous section, the idea in the formulation of domain wall
fermions is to simulate a 5-dimensional lattice with chiral fermions bound to a 4-

dimensional slice of this fifth dimension. However, in a numerical simulation we are not
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able to simulate a continuous or infinite fifth dimension. So we extend the 4-dimensional
lattice volume A defined in (3.5) to a 5-dimensional volume A5 = A x Ly where L; is
the finite extent of the fifth dimension

As = {(any,s) : an, € A\;s€0,--- ,Lg—1}. (4.7)

The action for a 5-dimensional fermion ¥ (single flavour) of mass my reads (spin and

colour indices are suppressed into matrix/vector notation)

SEW T, v, Ul(my, Ms) = Z W(n, S)D5DW(n,s|m,t;mf,M5)\IJ(m,t), (4.8)
(n,s),(m,t)EAs

where the gauge fields U,(n) live in the 4-dimensional space. We will see that my is
indeed the fermion mass and will discuss the impact of the domain wall height Ms
subsequently. We note that to cancel a bulk infinity that arises in the Ly — oo limit,

we also include a bosonic Pauli-Villars type term into the action which is given by [133]

Spv [6¢ o, U](la M5) = 6(”7 8)D5DW(I>(n7 $|’I7’L, i1, M5)<I>(m> t)' (49)

The domain wall Dirac operator D5DW can be decomposed into two parts, one that is

parallel and one that is orthogonal to the 4-dimensional space-time slices:
DEW (n, s|m, t;my, Ms) = 8. Dl (n|m; Ms) + Snm D (s]t;my). (4.10)
The orthogonal term connects the sites in the fifth dimension and is given by

D(slt;my) = 054 — (1= 85,0,-1) P 6s14 — (1 — 050) PrOs—1

(4.11)
+my (Prds, 1,100+ Prs00r,—1) -

We can see that the surface terms are eliminated by the term 1 — 65 7,1 and 1 — dp,
respectively. We note that the only term that mixes the 4-dimensional slices at s = 0
and s = Ly —1 is proportional to the constant m ¢ which resembles a mass term (compare
(2.8)). In particular, for my = 0 the boundaries are not directly connected since the
only terms that mix the 4-dimensional slices at s = 0 and s = Ly — 1 are proportional

to my, in agreement with our interpretations as the fermion mass.

We define the 4-dimensional fermion fields v and 7 from the fields at the boundaries of

the fifth dimension, as

Y(n) = r(n) +yr(n) = PL¥(n,0) + Pr¥(n, Ly — 1)

- o - (4.12)
) + ¢R(n) = \IJ(TL, O)PR + \I/(n, Ly — 1)PL.

<
=
I
<
=
S
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So the 4-dimensional fermion is constructed as a superposition of a left-handed mode at

s = 0 and a right-handed mode at s = Ly — 1. The scalar density is now given by

P(n)p(n) = [I( —1)P 4+ ¢(n,0)Pg| [PL¥(n,0) + Pr¥(n, L, — 1)]
ﬁ(n Ls— 1)P U(n,0) + ¥(n,0)Pr¥(n, Ls — 1). (4.13)
= Yr(n)vr(n) + ¢ (n)Yr(n).

However, due to the finiteness of the fifth dimension, there are additional contributions
that mix the left-handed and the right-handed modes due to the propagation through
the fifth dimension, leading to a residual chiral symmetry breaking. This gives rise to a

small mass term called the residual mass. More about this later.

The parallel term is the usual Wilson Dirac operator as defined in (3.33), however we

replace the mass m by —Mj5 where the new parameter Ms is the domain wall height.

We define the local four-dimensional axial and vector currents as

Vi (n) = ¥(n)t"yp(n) (4.14)
Aji(n) = ()t (n)

These are related to the conserved currents Vj(n) and Aj(n) by multiplicative renor-

malisation constants Zy and Z4 respectively, i.e.

Z4A5(n) = Aj(n)

(4.15)
ZyVi(n) =V,(n).

For exact chiral symmetry these renormalisation constants are related by Z4 = Zy [134].

The conserved vector current is uniquely defined by
Ls—1
o) = 3 jo(n,s), (4.16)
s=0

where

B+ iy $)(L+7) UL "0, 5) = 9, 8)(1 = 3) Uyt sb(n + i 5)|
(4.17)

The conserved axial current (for my = 0 and Ly = 00) we use is derived in ref [135]. The

Ju(n,s) =

DN |

axial current satisfies the partially conserved axial Ward identity (PCAWI). In particular

Af, has a non-zero divergence [131] and satisfies

AR AL (n) = 2mJE (n) + 2, (n), (4.18)
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where

J&(n) = =V(n, Ls — 1) Ppt*¥(n,0) + ¥(n,0)Prt*¥(n, Ly — 1)

= P (n)ys5t*P(n) = P(n) (4.19)
JS,(n) = =W(n, L;/2 — 1) Ppt*¥(n, Ls/2) + ¥ (n, Ls/2) Prt*¥(n, Ls/2 — 1),

and A, f(n) = f(n) — f(n — 1). In particular the current Jg, (n) is defined at the mid-
point of the fifth dimension and is sensitive to the residual chiral symmetry breaking
effects from the propagation of the left-handed and right-handed modes across the fifth
dimension and J¢(n) is the pseudoscalar density. We quantify this effect of residual
chiral symmetry breaking by the residual mass which we will now define from expec-
tation values of (4.18). In practice we measure correlation functions projected to zero

momentum, given by
Y a(AuAu(n)P(0)) =D ([2amyP(n) + 2J54(n)] P(0))

=2amy Y _(P(n)P(0)) +2  (Js(n)P(0))
o (s

(=]
VS
3
N—
o
—
(@)
N—
~—

=2> (P(n)P(0)) (am rt+

We can see that the second term in the last line of (4.20) has the form of a mass term.

We define the effective residual mass amSk

(t) to be exactly this quotient, i.e.

eff (t) _ En <J5‘1(n’ t)P(O’ 0)> (4.21)

aAMyes(t) = > (P(n,t)P(0,0))

So to extract the residual mass amyes we look for a plateau region in (4.21), and fit the
data to a constant. As long as the value of myes is sufficiently small compared to my

the four dimensional fermions as defined by (4.12) are chiral to a good approximation.

4.3 The Ginsparg-Wilson Equation

The first step of resolving how chiral fermions might be simulated in a doubler free
theory arose from the rediscovery of the Ginsparg- Wilson equation [136], suggesting a

modification to (3.35) that disappears in the continuum, namely

D(z|y)ys + 5D (xly) = aD(z[2)y5D(z]y). (4.22)
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Left and right multiplying this by D~1(2/|z) and D~!(y|y) respectively and relabelling

x — 2’ and y — 3’ one obtains
v D~ (aly) + D7 (zly) s = avsd(x — y). (4.23)

So for x # y this reduces to the condition for chiral fermions (3.35) whilst for x = y this

gives rise to a contact term on the right-hand side.

The importance of the Ginsparg-Wilson equation comes from the fact that we can define
a modified chiral transformation which reproduces the continuum one in the limit of
a — 0, namely

P — 1A =5D)y, Y et D), (4.24)

If D is a Dirac operator obeying (4.22), then this is a symmetry of the massless action.

Using the generalised 5 (75) and generalised projectors (JsR, L)

Y5 =5(1 —aD)

- 1+4
Pp= = (4.25)
. 1 —A
PL = 2 Bk y
and noting that
DPr 1 = PL gD, (4.26)

we can split the spinor into a left-handed and a right-handed part, analogous to the

continuum definitions

Yrr = Prry Ypr =UPrL. (4.27)

As in the continuum theory, the massless part of the fermion action does not mix left-

handed and right-handed components, whilst the mass term does.

There are two commonly used formulations that make use of the Ginsparg-Wilson rela-
tion (4.22). The first one, domain wall fermions was presented above and approximates
(4.22), recovering exact chiral symmetry in the limit Ly — co. The second one are the
overlap fermions [137, 138]. It is possible to show that they are equivalent in the limit
of Ly — oo [139, 140].

Overlap fermions are found to be computationally more expensive than domain wall
fermions. Furthermore, recently a re-formulation of the traditional Shamir domain wall
fermions (SDWF) [129-132] was found to obtain the same level of residual chiral symme-
try breaking with a smaller extent of the fifth dimension [141-143]. These are referred
to as Moebius domain wall fermions (MDWF). The exact formulation of the domain

wall fermions used in the subsequent chapters is described in ref [144].



Chapter 5

Heavy Quarks - A Pilot Study

with Domain Wall Fermions

Recalling the discussion about effective theory descriptions of systems containing heavy
quarks (HQET and NRQCD) from section 2.7 one could imagine to try and make pre-
dictions from these instead of full relativistic QCD simulations. On the lattice there is
one further approach of dealing with heavy quarks, namely the relativistic heavy quark
(RHQ) action [145-147]. In addition to it not being clear a priori whether HQET and
NRQCD converge fast enough for the charm quark, NRQCD has the shortcoming that
it is impossible to take a well defined continuum limit (¢ — 0). This introduces a
systematic error that is difficult to estimate and control. Whilst the RHQ action can
in principle be used to make predictions for quantities containing charm quarks, it re-
quires tuning of more parameters as well as additional calculations of renormalisation

constants.

As advertised in chapter 4, DWFs are automatically O(a)-improved, which is of par-
ticular importance since quantities containing heavy quarks can be affected by strong
cut-off effects. Furthermore, it simplifies the renormalisation procedure. However, ac-
cessible lattice spacings in state-of-the-art ensembles are limited due to critical slowing
down [98, 148, 149]. In this chapter, we will establish a formulation of domain wall
fermions that allows for the simultaneous simulation of light and charm quarks. We
designed the following pilot study to determine a region in the domain wall parame-
ter space in which one can feasibly simulate heavy quarks (charm and beyond) whilst

keeping discretisation effects under control.

After a brief phenomenological motivation (section 5.1), we will outline our strategy
in section 5.2. Section 5.3 introduces the ensembles used in this study. Section 5.4
summarises the initial scan in parameter space leading to the run set-up presented in 5.5
for further investigation of the scaling of some basic observables. Section 5.6 summarises

our findings, leading to the conclusions presented in section 5.7.

o7
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5.1 Phenomenological Motivation

Experimentally there is a wide activity in charm and bottom physics. For example, in
the case of leptonic decay rates of D and D4 mesons, experiments such as CLEO-c¢ [150—
153], BESIII [154], Belle [155] and BaBar [156] have produced a wide range of results.
Meanwhile, LHCb is still ongoing and Belle II will soon start taking measurements.
With such a projected increase in experimental data, we need to work to reduce the the-
oretical uncertainties to fully exploit the experimental results. For example, as discussed
previously (compare section 2.5), we need theoretical input of the decay constants to

extract the CKM-matrix elements from this.

There are a number of different calculations on the lattice which require a valence charm
quark (fp, fp,, D and Dy semi-leptonic decays, contributions to the Hadronic Vacuum
Polarisation (HVP),...). Additionally, there are also an increasing number of 2+ 1+ 1f
simulations. To exploit symmetry arguments such as the Glashow-Iliopoulos-Maiani
(GIM) mechanism [70], it is important to use the same discretisation between the charm
and the lighter quarks. Finally if we manage to push the heavy quark mass beyond
the charm quark mass and towards the regime of bottom physics, we might be able to
provide a fully relativistic description of b-like quarks. Even if we are unable to reach
as far as the mass of the b-quark, Methods such as the ratio method [157, 158] can be

used to make contact with the physical bottom mass.

5.2 Outline of the Pilot Study

The main purpose of this study is to investigate whether there is a region in the domain
wall parameter space (Ms,Ls) for which we can find desirable features to simulate heavy
quarks, in particular charm. Amongst these desirable features we hope to find that basic
observables such as the decay constants fp and fp, have small discretisation effects. We
also investigate how well the dispersion relation is reproduced by the lattice data. As

max

part of this study we establish an upper bound in the bare input quark mass am;

below which our discretisation is suitable.

To keep the numerical cost feasible and with view of having a testing ground we decided
to carry out this pilot study in a quenched theory. This neglects the need to calculate
the (expensive) determinants in (3.36). It also allows for cheaper algorithms such as
over-relaxed [94, 95] heat-bath [92] in the production of the gauge ensembles. No sea-
quark masses need to be tuned and the reach in the lattice spacing is extended by brute
force. So we can mitigate critical slowing [98, 148, 149] to some extent. Because we
are mainly interested in the effect of the heavy quark, we can reduce the cost even
further, by simulating a small volume of L ~ 1.6fm. It is desirable to keep this volume

fixed amongst the different ensembles, to ensure the same finite size effects and to have
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Figure 5.1: Topological charge evolution and histograms of the different en-
sembles. From left to right the lattice spacing decreases from a~! = 2.0 GeV
(left) to a=! = 5.7 GeV. The exact parameters are given in tables 5.1 and 5.2.
The first row shows the topological charge as measured on every Ngpth (com-
pare values in table 5.1) trajectory. The bottom row shows the corresponding
histograms.

similar accessible Fourier momenta (compare (3.7)). Since a quenched theory does not
approximate nature well, results from this study are only taken as a guideline, but we

expect that the qualitative features carry over to the dynamical case.

The pure gauge ensembles generated for this study are presented in section 5.3. On
these gauge ensembles we calculated mesonic two point functions of two mass degenerate
heavy quarks (heavy-heavy meson) for a variety of different values of (M3, L) presented
in section 5.4. For the optimal choice found here we then did a full scaling study of the
meson dispersion relation (section 5.6.3) (heavy-heavy and heavy-strange mesons) and

the decay constants (section 5.6.4) (heavy-strange mesons).

5.3 Ensembles

Since the main purpose of this study was to establish the cut-off effects of heavy-light
quantities, the main aim for the ensemble generation was a large range in lattice spac-
ings'. To achieve this whilst keeping the computational cost bearable, we simulated pure
gauge configuration in a comparably small constant spatial volume of L ~ 1.6 fm. The
chosen gauge action is tree-level improved Symanzik [81, 82] and was generated with
the Heat-bath algorithm [92, 94, 95]. We generated SU(3) ensembles at § = 4.41, 4.66,
4.89 and 5.20. The coarser three ensembles were produced with CHROMA [159] (with

added heat-bath routines), whilst the finest ensemble was generated by a code which is

!The ensembles were generated by Marina Kristi¢ Marinkovié¢ (Q1-Q3) and Francesco Sanfilippo (Q4)
under supervision of Andreas Jiittner and Peter Boyle. This includes the numerical ensemble generation,
the measurement of the Wilson flow and the topological charge and the determination of autocorrelation
times.
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Name ﬁ L3 x T/a4 Nsweeps Tint (Qtop) Tint (Q%op) Nsep Nconfs

QL 441 165x32 10k 15(3) 10.5(1.6) | 100 100
Q2 466 | 243x48 20k 160(60) 74(22) 200 100
Q3 489 | 323x64 600k 200(100) 170(80) 500 111

Q4 520 | 48 x96  1.4M | 28000(13000) 12000(4000) | 40000 59(36)

Table 5.1: Ensemble properties of the quenched gauge ensembles: Lattice sites,
number of sweeps, autocorrelation time and number of configurations. On the
fine ensemble additional configurations were generated later, so some measure-
ments take the original 36 configurations whilst others have the full statistics of
59.

Name /3 Plaquette wo/a a~1[GeV]  L[fm
QL 441 0.62637(3)  1.767(3) 2.037(08) 6)
Q2 4.66 || 0.651421(12) 2.499(8) 2.861(09) 1.655(5)
Q3 4.89 || 0.671257(5) 3.374(11) 3.864(12) (5)
Q4 5.20 | 0.694149(4) 5.007(28) 5.740(22) (6)

Table 5.2: Ensemble properties of the quenched gauge ensembles: Plaquette,

Wilson flow measurement, Lattice spacing and physical volume. Note that the

uncertainty of wghys is propagated into the uncertainty of physical quantities.

specifically optimised for the IBM BG/Q [160]. We gratefully acknowledge the use of
the IRIDIS High Performance Computing Facility in Southampton (generation of the
ensembles Q1-Q3) and computing time on the BG/Q in Edinburgh, granted through
the STFC funded DiRAC facility (generations of the ensemble Q4 and all subsequent

measurements).

Throughout the ensemble generation the topological charge @ (compare (3.39)) was
monitored (measured with the GLU package [161]).

The square of the topological charge Q%Op is assumed to couple strongly to the slowest
evolving mode in the evolution of the algorithm [98] (cf. section 3.5). The autocor-
relation time of Q%Op was then calculated. In the following we restrict ourselves to
trajectories spaced by Ngep > 27int(Q,,) [123]. The values of 7int(Q3,,) (measured in
number of sweeps), Ngep and the resulting number of configurations are given in table

5.1. The topological charge Qop measured on these configurations is shown in figure 5.1

The lattice spacing was determined using the Wilson flow [100, 101] taking the value

wh™® = 0.17245(99)fm [144]2. The main ensemble parameters are listed in table 5.2.

5.4 Scan of the Domain Wall Parameter Space

In a first step we scanned the domain wall parameter space (M5, Ls) and the heavy

quark masses amy. To this end we calculated heavy-heavy two-point functions for a

*Note that the value in [10] differs as it used wp™* = 0.176(2)fm from [101]
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Figure 5.2: Scan in M5 for a range of heavy quark masses on the coarsest en-
semble (Q1). The vertical blue dotted line is the normalisation point, whilst the
solid blue line is the physical charm mass defined by the 1, = 2.9836(6) GeV [1].

variety of values of (Ms, Lg,amy) on the coarsest two ensembles. In the remainder
of this chapter we will ignore quark disconnected contributions to 7. (compare section
3.7.2). This is justified since these are expected to be small [162] and since this study is
designed to give a qualitative understanding of the limitations of domain wall fermions
to simulate heavy quarks. On the coarsest ensemble (Q1) we simulated values of M; €
{1.2,1.3,1.4,1.5,1.6,1.7,1.8,1.9}, keeping Ls = 12 fixed and varying 0.1 < amj, < 0.9.

As discussed in section 4.2 decay constants need to be renormalised by a renormalisation
factor Z4 (compare (4.15)). Since we are not interested in making physical predictions
from the quenched theory, we instead build ratios to cancel the renormalisation con-
stants. These renormalisation constants are mass-independent in the limit of a — 0,
so any mass dependence they display at a finite lattice spacing can be interpreted as a

discretisation effect. To do this we build the ratio

fan(ma.) _ fan

fhh (mref) ;‘L%f )

(5.1)

where we chose m™f = 1.5 GeV. To obtain f™f we simply linearly interpolate the values
around mpp ~ 1.5 GeV to this value. The results of this first scan are shown in figure
5.2. We observe the appearance of a kink when going beyond a certain critical mass

amﬁrit which depends on the value of M5 which is typically around amffit 2 0.4. Recall
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Figure 5.3: Overlay of three values of M5 for the two coarsest ensembles Q1
(closed symbols) and Q2 (open symbols). The left panel shows the entire range,
whilst the right panel zooms into the region around the physical charm quark
mass. Again the vertical blue dotted line is the normalisation point, whilst the
solid blue line is the physical charm mass defined by the 7. = 2.9836(6) GeV [1]

the existence of bulk modes in the fifth dimension (c¢f. (4.6) in section 4.1) and that
their behaviour depends on the values of Ms and my. Beyond this critical value (i.e.
at the location of the ‘kink’) the displayed behaviour is non-physical. Such a limitation
of domain wall fermions is expected from the free theory [163, 164] due to the energy
scales of the bulk modes not being well separated from the energy scale of the desired

state. For these reasons we restricted ourselves to the region in amy up to this kink.

We observe that in the region far below the charm quark mass, the different curves are
close to each other, whilst for amj ~ am, a significant effect is observed. This indicates
that discretisation effects are strongly M5 dependent. Also the reach in the heavy-heavy
pseudoscalar mass before the appearance of this kink depends strongly on the chosen
value of Mjs. For example, M5 = 1.9 (the upwards facing green triangles) just about
allows to reach charm (for the present lattice spacing), whilst M5 = 1.6 (black stars) or

Ms = 1.2 (green squares) allow to reach further in the heavy quark mass.

In a second run we reproduced a subset of the M5 (M5 € {1.4,1.6,1.8}) values on the
next finer ensemble (Q2). A flat continuum limit is indicated by values on Q1 and Q2
which lie on top of each other. The result of this scan is presented in figure 5.3. It can
clearly be seen that the values M5 = 1.4 and M5 = 1.8 indicate large cut-off effects with
opposite signs, whilst for M5 = 1.6 the approach to the continuum appears to be flatter.

This was found to be the optimal choice (black stars) amongst the simulated values.

It now remains to investigate this behaviour and see whether other quantities are linked
to this behaviour around amj; 2 0.4. As introduced in (4.21) the residual mass Mmyes
gives an indication of the residual chiral symmetry breaking. For domain wall fermions

to approximate chiral symmetry well, this quantity is required to remain small. For



Chapter 5 Heavy Quarks - A Pilot Study with Domain Wall Fermions 63
0.0018, i i : . : :
x 8 am, =0.10 L] M; =12 A
0.0016] = 5 ¥ am, =015 § M, =13 >
4 N $ am, =0.20 & M; =14
0-0014r . i Y am, =025 107 H ¥ Mz =15 . »
0.0012 * I am, =030 —%— M; =16 “
X r 3 — 7

— ¥ am, =035 ) 0 My =17 R

B 0.0010- H Al & am, =040 &N %o M; =18

- S

&3 R 1 am, =045 ot 23

< 0.0008} 38

s x x g 107}
0.0006}

:""5-'§!E‘k> *
0.0004 L -
[ 3 =
x> wag g PEE R I -
0.0002} -,i <<x z i a2k
ctiibtggaiiitiiieegiie, ||
B X X X . X ol |
0'00000 5 10 15 20 25 30 0.0 0.5
at

Figure 5.4: left: Effective residual mass as a function of time for a variety of
input quark masses for a choice of Mj5 1.6 and Ly = 12 on the coarsest
ensemble (Q1). right: The residual mass taken from the central time slice as a
function of the bare input quark mass for varying values of M5 on the coarsest
ensemble (Q1).

sufficiently large times the time dependence of the numerator and denominator should
cancel, so that we expect the effective residual mass (i.e. the value of the residual mass
as a function of the time slice) to plateau in that region. As can be seen from the left-
hand panel of figure 5.4, this is indeed the case for small input quark masses. However,
for an input quark mass of amy > 0.4 the effective residual mass does no longer plateau
and does not remain bounded. This happens to be in the same region where we observe
the kink in figures 5.2 and 5.3. Lacking a plateau to which we can fit a constant, we
instead take the central time-slice as an indication of the value of the residual mass.
The described behaviour persists for all values of M5 as can be seen from the right-hand
panel of the same figure (note the logarithmic scale on this panel). For this reason we

restrict our future simulations to values of am;, < am§™

= 0.4. Attempts to increase
the extent of the fifth dimension reduced the absolute value of the residual mass but did

not change the qualitative behaviour observed in the left panel of figure 5.4.

So we have established an upper bound on the input quark mass (am%rit 2 0.4) as well
as a choice of the domain wall height (M5 = 1.6), yielding indications of small cut-off
effects. Finally, even on the coarsest lattice spacing, we are able to reach the physical
value of the charm quark mass whilst observing the upper bound described above. For
amp < 0.4 by inspection figure 5.4 gives values of amyes < 0.0005 which corresponds to a
residual mass in physical units of mes < 1 MeV. Since (for otherwise fixed physics) the
residual mass decreases as we approach finer lattice spacings (compare e.g. ref [144]),

we chose Lg = 12 to be a sufficiently safe bound. In summary our choices are

Ms; =16
(5.2)

amy, < am§™ = 0.4

Ly =12.
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Name f smearing radius amsg amp,
P Zo P Zo start step  stop
Q1 441 28 4.5 0.034, 0.036 | 0.036, 0.037 | 0.1 0.05 0.4
Q2 4.66 | 4.0 6.0 0.024, 0.026 | 0.024, 0.026 | 0.066 0.033 0.396
Q3 4.89 || 88 7.5 0.018, 0.020 | 0.018,0.020 | 0.07 0.04 0.39
Q4 520 || 11.7 11.7 0.011, 0.013 | 0.0118, 0.0133 | 0.04 0.04  0.28

Table 5.3: Simulated strange and heavy input quark masses amy, and the choices
of smearing radii for heavy quark masses. The simulated bare quark masses are
quoted in lattice units for the MDWF action. The heavy quark masses starting
from “start” with a step of “step” and ending at “end” are simulated. rf = and
rZ2 refer to the choice of the smearing parameter for the Gaussian smearing of
the source/sink of the propagators for the point and Zy noise sources, respec-
tively. For the Gaussian smearing we employed 400 smearing iterations. All
measurements are carried out with MDWF with parameters Ly = 12.

With this set of parameters we will now carry out a series of studies on all four ensembles

to investigate the exact continuum limit scaling.

5.5 Run Set-Up

We are interested in the pseudoscalar dispersion relation as well as the pseudoscalar
decay constants. We therefore decided to do two separate studies: the first study employs
point sources propagators to allow for definite momentum projections whilst the second
one uses stochastic sources [110] leading to better statistics due to volume averaging
and is representative of our strategy for the dynamical Ny = 2 + 1 runs at physical
pion masses. For the point source data set we projected to momenta ap = QY”TL with

In*=0,1,---,3.

Given the small volume, we employed Gaussian source/sink smearing [109, 165] (compare
section 3.7.4) to improve the overlap of the ground state with the vacuum. Whilst Zy
sources are just point sources distributed over a large volume, the effect of smearing is
the same between the two. Finding the optimal smearing radius was an iterative process,
so the chosen smearing radii differ between the two studies. Once a smearing radius was
determined on the coarsest ensemble, it was then scaled by the ratio of lattice spacings
for the other ensembles. Table 5.3 lists the smearing radii and the bare simulated strange
and heavy quark masses. For cost reasons we only simulated local strange quarks, but
simulated and contracted all combinations of local and smeared heavy quarks. In all

cases we monitored the time slice residual as defined in (3.52).
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Name f P Lo
N, confs N hits N, meas N, confs N hits N, meas
Q1L 441 100 8 800 100 2 200
Q2  4.66 100 8 800 100 1 100
Q3  4.89 111 8 888 111 1 111
Q4  5.20 36 8 288 59 2 118

Table 5.4: Number of measurements for the simulations with point sources (IP)
and Z2-Wall sources (Zz2). Neongs 18 the number of configurations on which
we have measured, Ny is the number of different measurements on the same
configuration.

5.6 Analysis

To investigate the continuum scaling of the dispersion relation and the decay constants,
we produced strange-strange, strange-heavy and heavy-heavy two-point functions. From
fitting these to the expected functional form (compare (3.53)) we extract masses, energies
and decay constants. This is described in section 5.6.1. We then fix the strange quark
mass for all strange-strange and strange-heavy observables as outlined in section 5.6.2.
In a final step we interpolate the observables at the physical strange quark mass to
reference heavy meson masses (mp, or m,, ) before taking the continuum limit. This is
done for the pseudoscalar dispersion relation in section 5.6.3 and for the pseudoscalar

decay constants in section 5.6.4.

As mentioned previously, we generated two distinct data sets corresponding to the two
source types. The statistics for the two data sets are listed in table 5.4. In the case
of the point sources, the origin was translated in space and time between consecutive
measurements to sample more of the lattice volume. In both studies measurements on
the same configuration but on different source positions were binned into one effective
measurement. For the point source correlation functions we averaged all possible spatial
orientations of p for a given p?. Le. for n? = 1 we average (£1,0,0), (0,%+1,0) and
(0,0,+£1).

5.6.1 Correlation Function Fits

There is an important difference in our simulations for the decay constants and the
dispersion relation. For the former we are interested in matriz elements and therefore
need to resolve the individual amplitudes Zg and Zg,x as introduced in equation (3.53).
In the study of the latter, we are interested in the masses and energies only, so we
can restrict ourselves to fitting the time behaviour without disentangling the product
Zsrc Zsnk -
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Figure 5.5: Example correlation function fit for a strange-strange meson on Q1
in the dispersion relation study. The left (right) plot corresponds to the lighter
(heavier) simulated strange quark mass. In each case, the top panel corresponds
to the correlator data that is actually fitted, whilst the bottom panel denotes the
effective mass as defined in (3.54). The lines in both plots are the fit results, the
larger symbols are data points that enter into the fit. Here a and p correspond
to A and P in (5.3), respectively; LLLL indicates that both operators are local
at source and sink.

For strange-heavy mesons we have 4 smearing combinations (heavy quark local/smeared

at source/sink). For the decay constant analysis we choose

{Fsrm ank} € {P =5, A=Ay = 7475}7 (53)

again leading to 4 different combinations. In the following we will drop the subscript 4
and take it to be understood that A refers to the time component of the axial vector
current. All combinations of smearings and the Dirac structures (used here) induce
states of the same energies, so the correlation functions can be fitted simultaneously.
Let us recall the most general functional form (at sufficiently large ) of the correlation
function
|z zbd Tt

(Ounte(1) Oue(0) = =k (o7t =T0)) (5.4)
where the gamma structure in Oge, Ognk can be P or A and a (c¢) correspond to the
source smearing (L or S) for the first (second) quark field and b (d) to the sink smearing.
For the decay constant analysis we are interested in the local matrix element <0} AI;L ‘Ds>
(compare (3.43)), where LL corresponds to both quark fields being local at the operator.
The simplest way to achieve this would be to insert A at the source and the sink and
leave all quark fields local at source and sink, however the signal quality is a lot better
for other correlators, so a combined fit of multiple correlators is favourable. Figure 5.5
shows the example of a correlation function fit for the case of a strange-strange meson on
the coarsest ensemble. The results for the correlation function fits for the strange-heavy

mesons for the decay constant as well as the dispersion relation study are summarised
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Figure 5.6: Example of the interpolation to the physical strange quark mass for
the ensembles Q1 (left) and Q4 (right) in the point-source study. The red data
points are the simulated strange quark masses and the corresponding 7, masses.
The black error band shows the value of m, = 0.6858(40) GeV converted into
lattice units. The magenta data point shows the result of the fit determining

amb™s.
Name [ P-source Zo-source
am!  am? amB™s am} am? ampB™s
Q1 4.41 || 0.034 0.036 0.03454(43) | 0.036  0.037  0.03455(63)
Q2  4.66 || 0.024 0.026 0.02434(22) | 0.024 0.026  0.02416(36)
Q3  4.89 || 0.018 0.020 0.01774(17) | 0.018  0.020  0.01805(33)
Q4  5.20 || 0.011 0.013 0.01165(22) | 0.0118 0.0133 0.01145(31)

Table 5.5: Simulated strange quark masses on all ensembles for Zs-Wall sources
(left) and point sources (right) as well as the physical value in both cases.

in Appendix B in tables B.1 to B.4 and B.5 to B.8, respectively.

5.6.2 Interpolation to the Physical Strange Quark Mass

To be able to take a continuum limit of strange-heavy quantities such as fp, we need

to ensure that the strange quark mass that is used reproduces the same physics on each

ensemble. So on each ensemble we fix the bare strange quark mass by using the fictitious

particle ns consisting of a strange and an anti-strange quark but no disconnected con-
tributions. A value for the mass of this 7, is given in [166] to be m, = 0.6858(40) GeV.
We first find the physical strange quark mass by linearly interpolating m,,, (am,) to this

value and then interpolate O(amyg) to this value for all observables O which include a

strange quark. The results of this interpolation are summarised in table 5.5 and an ex-

ample is shown in figure 5.6. Note that the values obtained for the two different source

types are compatible within stochastic errors.
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Now that we have found the physical strange quark mass we linearly interpolate all

quantities involving a strange quark to this value.

5.6.3 Dispersion Relation

We know that in the continuum the dispersion relation implies that the energy F of a

particle is related to its spatial momentum p and its mass m by
E*(m,p) = m® + p”. (5.5)

We want to test whether our discretisation of the heavy quark can reproduce this result

in the continuum limit. At finite lattice spacing this relation is modified to

3
..o faE\ . o ram . o [ ap;
sinh <2> = sinh (7) + E_l sin <7> : (5.6)

Recall that the Fourier momenta accessible on a lattice of spatial extent L are limited to
A, ie. p= %’rn where n is a vector of integers. This implies that the slightly different
volumes (compare table 5.2) of the different ensembles cause slightly different momenta.
We correct for this by defining a reference volume L™ = 1.648fm and interpolating the
simulated momenta p™ to the Fourier momenta allowed in this volume. This correction

is done according to

ref

. 3 i 3
ESlm Slm
E*f = 2¢71sinh ™!, | sinh? <a 5 > - Z:sim2 <apg> + zjsin2 <ap;) (5.7)
=1

=1

Figure 5.7 shows the simulated data and the correction to the reference momenta. We
can see that the heavy-strange mesons are only mildly affected by lattice artefacts, whilst
for heavy-heavy mesons with large heavy quark masses the lattice artefacts become
significant. We can also see that lattice artefacts grow with the momentum. We note
that even on the coarsest ensemble (a=! ~ 2GeV) we are nearly able to reach the

physical value of the charm quark mass.
We now introduce reference masses

miS = 1.3GeV, 1.6 GeV, 1.9690 GeV (= mb"*) and 2.4 GeV

(5.8)
mi = 2.0GeV,2.5GeV, 2.9836 GeV (= mb™*) and 3.5 GeV

to fix the heavy quark mass to be the same on the different ensembles and interpolate
the data to these reference values. This means we now have obtained a set of energies
FE at the same momentum p with the same orientation at the same reference mass and
- if present - with the same strange quark mass. We are now in the position to carry

out the continuum limit for each reference mass and each momentum using two different
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Figure 5.7: Dispersion relation of heavy-strange (left) and heavy-heavy (right)
mesons on the coarsest ensemble (Q1). The coloured data points correspond to
the simulated data at the given momenta and heavy quark masses. The dotted
coloured lines corresponds to the expected continuum dispersion relation. The
solid black lines indicate the physical values of the Dy (left) and the 1. mesons
(right). The black vertical dash-dotted lines introduce the reference momenta
defined by L*' with the momentum-corrected data points on top (coloured
crosses).

ansatze
E%*(a = 0) = E%*(a) + Cya® and

20 _ 2 2 4 (5'9)
E*(a=0) = E“(a) + D2a” + Dya™.

Figure 5.8 shows examples of such continuum limits for the case of a heavy-strange
meson at the physical Dy (left) as well as for a heavy-heavy meson at mﬁle,f = 2.5GeV
(right). We note that the correlator quality of the ensemble Q3 was poor for large
momenta (|n|?) leading to large error bars. The solid red and dash-dotted blue lines
show a continuum limit according to the first equation of (5.9) including all ensembles
and only the finest three, respectively. The green dotted line are a continuum limit fit
to all data points using the second line of (5.9). We can see that in the case of the
heavy-strange mesons (left), the continuum behaviour is very flat even at the largest
simulated momentum and the physical D; meson mass. For heavy-heavy mesons the
continuum limit is flat and well behaved for the smallest (top right) and the largest
(bottom right) momentum. However, O(a*) effects become present for the coarsest
ensemble at n = (1,1,0) (middle right). However, leaving out the coarsest ensemble of
fitting the O(a?) effects gives acceptable results. The fact that the largest momentum
appears to be less affected by discretisation effects, might arise due to the larger error

bars.

Figure 5.9 shows the continuum limit for all reference masses and all momenta. The

dotted lines depict the continuum dispersion relation for a meson of the given mass. We
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Figure 5.8: Examples of the continuum limits of the pseudoscalar dispersion
relation for heavy-strange (left) and heavy-heavy (right) mesons for the three
different reference momenta (increasing from top to bottom) at the physical
charm quark mass. The black circles correspond to the data at finite lattice
spacings. Note that the large error bar for the ensemble Q3 in the right col-
umn arises from poor quality of the correlator data at large momenta. The red
diamonds and the corresponding solid line and error band show the result of
the continuum limit extrapolation using all four ensemble and assuming O(a?)
effects only (compare the first line of (5.9)). The blue squares, the dash-dotted
line and the blue error band show the results of the same fit-ansatz but ne-
glecting the coarsest ensemble. The green dotted lines show the results of a
fit-ansatz including O(a*) effects (second line of (5.9)). Finally the star is the
energy of the meson computed using the continuum dispersion relation (5.5)
and the meson rest mass.
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Figure 5.9: Continuum extrapolated results for the heavy-strange (left) and
heavy-heavy (right) meson energy as a function of the momentum for the differ-
ent reference masses. Each dotted line depicts the continuum dispersion relation
(5.5) for the associated reference mass. All fit result shown arise from the fits
of the form presented in the first line of (5.9). For the heaviest reference mass
(mgp, = 2.4 GeV and my;, = 3.5 GeV respectively), only the three finer ensembles
enter the continuum limit since the heavy mass reach of the coarsest ensemble
is not sufficient. This results in the larger error bars.

see that the continuum dispersion relation is reproduced by our lattice data, in particular

for heavy-strange mesons. This is promising for dynamical studies of heavy-light mesons.

5.6.4 Decay Constants

In this section we examine the behaviour of heavy-strange decay constants. This is one
of the prime quantities that we aim to make a prediction for from the full 2+ 1f theory.

To do this we define the quantity ®p

Op = fp/mp, (5.10)

where P is a pseudoscalar meson, and fp and mp are the decay constant and meson
mass of P respectively. Heavy Quark Effective Theory predicts that in the static limit
(mp — o0), ®p tends to a constant and that one can expand ®p near the static limit
as a polynomial in 1/mp. For the purpose of the work presented here, we do not
make use of HQET and therefore neglect any matching between HQET and our data.
However, we still find it convenient to consider the quantity ® rather than the decay
constant itself, since it behaves more linearly in the inverse heavy meson mass as we
will see later. We stress, that this is purely a choice and that no assumptions of HQET
enter in the decay constant study. Having interpolated the decay constant data to the

physical strange quark mass we now follow a similar procedure as in the dispersion
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relation study and introduce reference heavy meson masses to fix the heavy quark mass
to be the same on all ensembles. One further complication arises from the need to
renormalise the decay constant data before being able to combine data from different
ensembles. Since this is only an exploratory study and since we do not aim to make
any phenomenologically relevant predictions from the data presented in this chapter,
we decided to eliminate the need to renormalise the data by following the approach
presented in section 5.4. So in addition to the reference masses (5.8) we introduce a

normalisation mass m3*™ = 1.0 GeV and define the ratio Ry, to be

frzf mref

£ s sh

Run(m5) = oo o v - (5.11)
s V ''%s

Figure 5.10 shows the continuum limits of Ry, at the various reference masses. We

consider two different approaches to the continuum limit, namely

R1 (a)
R1 (a)

0) + Dy a?,
)+ D2 (5.12)
0) + Eya® + Eya*.

R(
R(

a
a

The results are illustrated in figure 5.10 as solid and dashed lines with error bands,

respectively, and the resulting fit coefficients are listed in table 5.6.

For the two lightest reference masses, 1.3 and 1.6 GeV, the slope of the continuum limit
is compatible with zero. For higher masses the continuum limit starts exhibiting a
significant slope. In fact, the dimensionless term Dsa?/R (a = 0), which indicates the
fractional amount of discretisation errors, is around 3% for the physical D meson on the
coarsest ensemble (a~! ~ 2GeV), and of O (2%) on the next finest one (a~* ~ 2.9 GeV).
At the level of statistical precision achieved here the fits reveal only a very mild sensitivity
to higher order (O(a')) coefficients: Ej is compatible with zero within one standard
deviation. These results are promising indicate that we are able to simulate D and
Dy meson decay constants in the full 2 + 1f theory without having to remove large

discretisation effects.

5.7 Conclusion

In our choice of the domain wall action we find a region in parameter space (M5 =
1.6,amy, < 0.4) which allows for the simulation of the physical charm quark mass on
lattices with inverse lattice spacings as small as = ~ 2 GeV. We tested the continuum
limit behaviour of some basic quantities of interest such as the dispersion relation and
the decay constants. We recover the correct continuum behaviour of the dispersion
relation for heavy-strange and heavy-heavy mesons for the first three accessible Fourier
momenta. In the case of heavy-strange mesons, the approach to the continuum of the

dispersion relation is very flat and for our level of precision can be well described by
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2
mg%f [GeV] R,—o lE); [[gS\\//2]] Ei[GeV 4] X2 /dof p
13 1.223(05)  0.08(05) 0.15 0.86
' 1.219(09)  0.17(16)  -0.37(64) 0.02 0.89
16 1.418(09)  0.01(08) 0.07 0.93
) 1.417(16)  -0.04(28) 0.1(1.0) 0.12 0.73
m 1.616(14) -0.23(11) 0.43 0.65
Ds 1.631(25) -0.53(43) 1.1(1.5) 0.43 0.51
9.4 1.819(27) -1.16(32) 1.71 0.19
) 1.902(71) -3.9(2.1) 17(14) - -

Table 5.6: Results of the continuum limit extrapolation for the heavy-strange
decay constants. For a given reference mass, the first line summarises the results
for the linear extrapolation in a?, the second line the quadratic extrapolation in
a?. We also show corresponding results for the y?/dof and p-values. Note that
obeying amy, < 0.4 bounds the reach in the heavy quark mass such that for the
reference mass 2.4 GeV only the three finer ensembles are considered. Since this
leaves no degrees of freedom in the fit, we cannot assign a value for x?/dof or a
p-value.

O(a?) effects. As the bare input charm quark mass increases, heavy-heavy mesons show
O(a*) effects for large momenta. The heavy-strange decay constants also show a flat
approach to the continuum up to the physical charm quark mass. Since we expect
these features to carry over to the dynamical case, these results are encouraging for the
simulation of charm quarks with domain wall fermions. In addition to allowing for an
additional parameter choice (Ms5) influencing the approach to the continuum, this allows
to incorporate the GIM [70] mechanism for simulations with DWF light quarks, as has

been recently demonstrated [167].

The outcomes of this chapter constitute the foundation for the next chapter, as it enables
us to study the decay constants of D and Dy mesons in a dynamical theory with Ny =
2+ 1 on the RBC/UKQCD ensembles with physical pion masses [144].
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Figure 5.10: Continuum limit of the ratio of heavy-strange decay constants at
different reference pseudoscalar masses with linear (dashed shaded error band,
square-symbols) and quadratic (dotted lines, diamond symbols) polynomials in

a’.



Chapter 6

D and Dy Decay Constants from
Ny =2+ 1 Lattice QCD

After a brief review of the literature in section 6.1, we present our study of the de-
cay constants D and D mesons, yielding a prediction for fp and fp, as well as the
corresponding CKM matrix elements [12]. For the purpose of this study we simulated
light-light, light-heavy, strange-heavy and heavy-heavy pseudoscalar mesons on 7 differ-
ent ensembles with pion masses ranging from 139 to 430 MeV and inverse lattice spacings
ranging from 1.73 to 2.77 GeV. These ensembles are described in section 6.2. The set-up
of our simulation of the heavy quark was strongly guided by the findings of the pilot
study presented in the previous chapter and is summarised in section 6.3. From fits
to the correlation functions we extracted masses and matrix elements and hence decay
constants as described in section 6.4. In section 6.5, we then inter/extrapolate the data
to physical quark masses (m;, ms and m.) and vanishing lattice spacing. We assess the
outcome of this analysis and give a quantitative estimation of the systematic errors in
section 6.6. Finally, we extract the corresponding CKM matrix elements and compare

our results to the published literature in section 6.7.

6.1 Review of Previous Results

Experimentally the quantities [Veq| fp+ and [Ves| fp+ can be determined (compare sec-
tion 6.7). The current global averages, stated by the Particle Data Group (PDG) [168]
are

Vealfps = 45.91(1.05)MeV  and  |Vi|fps = 250.9(4.0)MeV,  (6.1)
combining the results from CLEO-c [152, 169-174], BES [175], Belle [176] and BaBar [177].

On the theoretical side, a number of lattice calculations of fp+ and f,+ have been

published in the past, using a variety of different fermion discretisations. In particular,

75
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Figure 6.1: Summary of lattice predictions for fp and fp, (left) and their ratio
(right) [8]

the choice of the charm quark discretisation ranges from highly improved staggered
quarks [178], the Fermilab approach [145], the overlap operator [137], Osterwalder-
Seiler fermions [179] to Wilson fermions [46]. The Flavour Lattice Average Group
(FLAG) [8, 57, 180] summarises these results and publishes global averages (based on
selection criteria). Figure 6.1 is taken from the most recent report of the Flavour Lat-
tice Averaging Group (FLAG) [8] and shows the current status of lattice predictions for
fp and fp, and their ratio, summarising the results from refs [18, 158, 162, 181-194].
The results are ordered by the number of flavours in the sea, in particular results for
Ny =241 [162, 185-187] and Ny = 2 + 1 + 1 [18, 181, 183] are stated. Given that
theoretical predictions of fp and fp, have now reached sub-percent precision, indepen-
dent determinations of these quantities are vital. It is important to note that for a given
number of sea flavours the most precise results (refs [18, 183] for Ny = 2+1+1 and refs
[162, 187] for Ny = 2 + 1) are based on an overlapping set of gauge configurations and
are therefore not completely independent results. We aim to carry out an independent
computation of these decay constants with domain wall fermions in the sea as well as
in the valence sector. In particular we will use the physical pion mass ensembles of the
RBC/UKQCD collaborations [144] and utilise the charm quark discretisation presented

in the previous chapter.

6.2 Ensembles

The ensembles used for this study are summarised in table 6.1. All ensembles use the
Iwasaki gauge action [83-85] and have 2+ 1 flavours in the sea. One of the main improve-
ments of recent lattice QCD calculations, is the inclusion of (near) physical pion mass
ensembles. We make use of two such ensembles [144] labelled CO (‘C’ for ‘coarse’) and
MO (‘M’ for ‘medium’). This eliminates the need for a large chiral extrapolation, which

to date is a source of large systematic uncertainties. Whilst these ensembles existed prior
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I} Name | L3 x T/a4 a’l[GeV] L [fm
2.13 COo 48% x 96 1.7295(38) (
213 C1 243 x 64 1.7848(50) (
213 (2 243 x 64 1.7848(50) (
225 MO | 64% x 128 2.3586(70) 5.3539(3

(86) (
(86) (
1 (

mx[MeV] mxL
) 139 3.863(05
) 340 4.570(1
) 430 5.790(1
) 139 3.781(
) 300 40721
) (1
) (

2.25 M1 323 x 64  2.3833(86
2.25 M2 323 x 64  2.3833(86
231 F1 483 x 96 2.774(10)

360 4.854
235 4.053

Table 6.1: This table summarises the main parameters of the used ensembles.
All of these use the Iwasaki gauge action with 2 + 1 flavours in the sea.

to this work, to obtain a controlled continuum limit we created a gauge ensemble at a
third lattice spacing (labelled F1, ‘F’ for ‘fine’). Aiming for an inverse lattice spacing of
a~! ~ 2.8 GeV and physical pion masses whilst maintaining the constraint of m,L > 4
(compare section 3.8) requires N 2 80 which was not computationally feasible. Instead
we chose to allow for a slightly heavier pion mass of m, ~ 235MeV, allowing for a
lattice with N = 48 sites per spatial direction. This however forces us to have a small
extrapolation in the pion mass. Therefore, to investigate the pion mass dependence
of the observables, we also included RBC/UKQCD’s older 2 + 1f ensembles with pion
masses between 300 MeV and 430 MeV labelled C1, C2 [195, 196] and M1, M2 [197].

The scale is set in one global fit that includes further ensembles not listed here. The
physical inputs to determine the light and strange quark masses and the scale are m.,
mp and mgq respectively. The details of this global fit are described in ref [144] and we
repeated this fit after including results for wq, tg, fr, Mz, fx and mg for the ensemble
F1, leading to the values listed in table 6.2. On all ensembles the Wilson flow [100, 101]
was measured. As an outcome of this global fit we obtain the physical light and strange
quark masses as well as the value wghys = 0.8742(46) GeV ! [144] to relate measurements

of the Wilson flow to physical units.

Table 6.2 lists the parameters of the light and strange quark sector. The S/M column
refers to Shamir [129, 131] or Moebius [141] domain wall fermions. My and Ly are the
domain wall height and the extent of the fifth dimension as described before. am;** and

amsea

are the degenerate up/down mass and the strange quark mass that propagate in
the sea. amE™® and a~! are outputs of the global fit described in [144] with the addition

of the new fine ensemble. There are peculiarities to note from this table:

(a) Even though f is the same amongst all the coarse (medium) ensembles there is
a slight shift in the lattice spacing between the physical point ensemble CO (MO)
and the non-physical pion mass ensembles C1, C2 (M1, M2). This is due to the
change in action from Shamir to Moebius. However, the parameters of the Moebius

domain wall fermions were chosen, such that the approach to the continuum limit
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Name | S/M M5 Ly | amj® am$*? amB™* a~1[GeV]
Co M 1.8 24| 0.00078  0.0362 | 0.03580(16) 1.7295(38)
C1 S 1.8 16 0.005 0.04 0.03224(18) 1.7848(50)
2 | s 18 16| 001 0.04 | 0.03224(18) 1.7848(50)
MO M 1.8 12 | 0.000678 0.02661 | 0.02540(17) 2.3586(70)
ML | S 1.8 16| 0004 003 |0.02477(18) 2.3833(36)
M2 | S 1.8 16| 0006 003 |0.02477(18) 2.3833(86)
FI | M 1.8 120002144 0.02144 | 0.02132(17) 2.774(10)

Table 6.2: Ensemble parameters for the light sector of RBC/UKQCD’s Ny =
2 4+ 1f Iwasaki gauge action ensembles.

as well as the leading oder discretisation effects agree, making it feasible to combine
data from both incarnations of the domain wall action into the same analysis' For
the purpose of this work, we simply take the lattice spacings as defined in table
6.1.

sea

5¢% in the sea and the

(b) There is a mistuning between the strange quark mass am
physical strange quark mass amghys. Whilst we have partially quenched the strange
quark mass to its physical value on the ensembles C1, C2, M1 and M2, we simulated
the unitary sea quark mass on the remaining ensembles (CO, M0, F1). However,
this mistuning is at most 5% and we will discuss in section 6.5.1 how this is taken

into account.

6.3 Run Set-Up

For the physical point ensembles (CO, M0) and the fine ensembles (F1) the physical

strange quark mass was not known yet at the beginning of runs relevant to this work.

sea

sea) strange quark mass. Contrary to

We therefore simulated the unitary (i.e. ams = am
this, for the auxiliary ensembles (C1, C2, M1, M2) the physical strange quark mass was
known prior to these runs, so we directly simulated the physical strange quark masses

hys
amb™®.

Recall from chapter 5 that we found the optimal region in the domain wall parameter
space for heavy quarks to be M; = 1.6, Ly = 12 and am; < 0.4. For this reason
we simulated the heavy quarks with these values for a number of heavy quark masses
satisfying the bound amy, < 0.4. The exact choice of all simulated masses is summarised
in table 6.4. On the coarser physical point ensemble we additionally simulated one
data point above this bound, i.e. amyj = 0.45 to check whether this bound indeed

applies. When consulting the residual mass (compare (4.21)), which served as indicator

"More detail concerning this can be found in ref [144].
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Figure 6.2: The time behaviour of the residual mass for the coarser physical
pion mass ensemble (CO). The bound established in the quenched study of
amy, < 0.4 still holds in the dynamical case.

Name | start step stop | hits N total
Co 420 20 2160 | 48 88 4224
C1 4690 40 8650 | 32 100 3200
C2 3050 20 5050 | 32 101 3232
MO | 1200 20 2780 | 32 80 2560
M1 770 20 2410 | 32 83 2656
M2 580 20 2080 | 16 76 1216
F1 4000 40 7240 | 48 82 3936

Table 6.3: Number of measurements and trajectories on which we measured.
Measurements were carried out between start and stop in intervals of step. N
is the total number of configurations, hits the number source positions of the
stochastic noise sources.

for unphysical behaviour in the quenched study we find that this does indeed plateau
for amy, < 0.4 but no longer plateaus for amy > 0.4. This is shown in figure 6.2.

Table 6.3 summarises the number of measurements on each of the ensembles. To improve
the statistical signal we employed Zg-Wall sources [110] (c.f. section 3.7.4) on a large
number of time planes, shown by the column hits in table 6.3. This was made possible by
the use of the HDCG algorithm [105] for the light (including strange) quark sector. All
heavy quark propagators were inverted with a standard CG solver [103]. The stopping
criterion was chosen, by monitoring the time slice residual (compare (3.52) in section

3.7.2) to ensure convergence.
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Name | amy amsg aTrL';’f”e

CO0 | 0.00078 ams® 0.3, 0.35, 0.4, 0.45

C1 | 0.005 am®™® amsea 0.3, 0.35, 0.4

C2 | 0.01 amb™s 0.3, 0.35, 0.4

MO | 0.000678 am* 0.22, 0.28, 0.34, 0.4
M1 | 0.004 amB™® amse* .22, 0.28, 0.34, 0.4
M2 | 0.006 amb™s 0.22, 0.28, 0.34, 0.4

F1 | 0.002144 am® 0.18, 0.23, 0.28, 0.33, 0.4

Table 6.4: Moebius domain wall parameters for the heavy quarks of all ensem-
bles. All quoted values for amj are bare quark masses in lattice units. As
described in the text, the value indicated in red was only used to verify our as-
sumptions about the applicability of the quenched pilot study to the dynamical
case.

6.4 Correlation Function Fits

As described in sections 3.7.4 and 3.7.6 we need to determine the range t € [tmin, tmax)
for each correlation function in which we fit the data to the functional dependence to
then extract masses and decay constants. Correlation functions typical for this work are

shown in figure 6.3 and figure 6.4.

Note that the scale is the same for all top panels in figures 6.3 and 6.4. We find that
the data is very clean for correlation functions of two mass-degenerate quarks (figure
6.3), but gets very noisy as the difference in mass between the two quarks increases
6.4 as expected from the Lepage argument [107, 108]. In particular this implies that
the D meson is far noisier than the D, meson and that data on MO is noisier than on
C0. Additionally, we observe that the signal-to-noise ratio also gets poorer as the light
quarks approach the physical values, so the ensembles presented here have the worst
plateaus of this study. Since the simulations leading to the data presented here, were
part of a larger measurement program, with the light quark propagators being used for
a number of different applications which required local interpolators, Gaussian source

and sink smearing would have been prohibitively expensive [16, 198-200].

By a first visual inspection of figure 6.4 we note that due to the constraint amy < 0.4
we are unable to reach the physical charm quark mass on the coarse ensembles (ampg ~
0.97 = mpg ~ 1.7GeV). However, on the medium ensembles (ampg ~ 0.89 = mpg ~
2.1 GeV) we are able to go slightly beyond the physical charm quark mass.

Since our primary interest are the decay constants of D and Ds; mesons, we need to
extract Z4 = (0| A4 |P) for P = D, D,. From the top panels in figures 6.3 and 6.4 we
can see that the operator insertions (aa) and (pa) give larger errors than (ap) and (pp).
So we fit the correlation function data of the latter two ((ap) and (pp) where the first

operator is inserted at the sink and the second one at the source) to the functional form
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Figure 6.3: left: Coarser physical point ensemble (CO0). right: Finer physical
point ensemble (MO0). The top plots show the pion, whilst the bottom plots show
the heaviest simulated mass point (amy, = 0.4) for the connected part of the 7.
In each plot the top panel shows the relative error on the correlation function
for all four combinations of operators listed in (5.3). The bottom panel shows
the effective mass for the combinations ap and pp only, as these are statistically
more precise.

of the correlation function. We can also see that the signal deteriorates in the center of
the lattice. We found that restricting to tmax < 7'/2 aids in the fit of the correlation
function. The correlation function of the (pp) channel settles into the ground state later

than the (ap) channel which will play a role when considering excited state fits.

The underlying data was folded (compare section 3.7.6) in all cases. Following this, the

fitting strategy for this study was threefold:

1. Uncorrelated ground state fits:

The first approach was to fit the ground state in an uncorrelated fashion to have

a benchmark for further more evolved fitting procedures.

2. Correlated ground state fits:

Where possible we investigated correlated fits. This becomes a problem when data
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Figure 6.4: left: Coarser physical point ensemble (CO0). right: Finer physical
point ensemble (M0). The top plots shows heavy-light correlation functions
(D-like), whilst the bottom plots show heavy-strange correlation functions (Ds-
like). In all cases the simulated heavy quark satisfies amy; = 0.4. In each plot
the top panel shows the relative error on the correlation function for all four
combinations of operators listed in (5.3). The bottom panel shows the effective
mass for the combinations ap and pp only, as these are statistically more precise.

that enters the fit has large errors leading to large uncertainties in the covariance
matrix. This can lead to an ill-conditioned covariance matrix and therefore unsta-
ble fits. We investigated a number of ways to try and circumvent this as will be

discussed in this section.

3. Uncorrelated excited state fits:
To be able to reduce the value of ., we chose to fit not just the ground state
but also the first excited state for the cases where we are interested in the matrix
elements rather than just the masses, namely for the heavy-light and the heavy-

strange correlation functions.

Given the complications we found for correlated fits (numerically ill-conditioned covari-

ance matrix) we did not consider correlated excited state fits.
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Figure 6.5: Variation of fit parameters for the example of the heaviest heavy-
light meson (amj; = 0.4) on the two physical pion mass ensembles (left: CO0,
right: MO). The data shown is for the case of uncorrelated ground state fits.
The grey band are the results from an uncorrelated ground state fit with ¢/a €
[14,30) in the case of CO and t/a € [22,27) in the case of MO.

In addition to the heavy-light and heavy-strange correlation functions, the interpolation
to vanishing lattice spacing and physical quark masses requires the pion mass and in
some cases the 7, mass. Since masses are measured very precisely (compare figure
6.3), we restricted ourselves to simple uncorrelated ground state fits to extract these
quantities. For consistency we also fitted my and the results we found for m, and mg

are in good agreement with ref [144].

Whilst other methods are available to increase the signal one can extract such as distilla-
tion [120] and formulating a generalised eigenvalue problem [23], this was too costly for
the present study. We aim to include these methods as well as source and sink smearing

in future work.

Figure 6.5 shows uncorrelated ground-state fit results for a heavy-light meson in the
case of the CO and the MO ensemble. In both cases the heaviest heavy quark mass
(amyp, = 0.4) is shown. The horizontal grey bands show the chosen fit result. In the
case of the C0O ensemble, the data is well behaved and the central value of the fit results
does not depend strongly on the choice of ¢,,;,, provided this is chosen sufficiently large
(tmin/a > 13). We can also not resolve any dependence on the choice of tyax. In the
case of the ensemble MO the situation is different. We can observe a dependence with
tmin as well as tyax. Furthermore, figure 6.4 shows that the plateau is very short in the
case of MO (22 < ¢/a < 26). This leads to the need to explore different approaches.

The next step was to attempt correlated ground state fits. The results for the example
of MO are shown in figure 6.6. We can see that the results strongly depend on the
choice of iy but plateau in the region of tyin/a 2 23 as expected from the uncorrelated
ground state fits (compare figure 6.5). However, this still leaves us with comparably

short plateaus, so instead we attempt to also fit the first excited state.



84 Chapter 6 D and Dy Decay Constants from Ny = 2+ 1 Lattice QCD

0.900 I I & I‘i & I I I —

£ 0.898 4 i

S0.896 % * (* & f—
0.894 . . . . . 1
g

18 Y

T

[0 tp/a=]* & &
Aty /a=32

R

14 16 18 20 22

Figure 6.6: Variation of fit parameters for the example of the heaviest heavy-
light meson (amy, = 0.4) on M0. The data shown is for the case of correlated
ground state fits. The grey bands are the results from an uncorrelated ground
state fit with ¢/a € [22,27) in the case of MO.

0.904
0.902

e LI IR oW H H:

0.894
0.892f

5 RN N v ¥ g Q.

55.5 1 60— .
550l @ tuw/a=24 | 2 @t /a=2 1
3 54.5¢ i@ =2 d T 57F _39 ]
E ol O tuw/a=28| @ p} ﬁ “% ORI ILE 2R 9 tua/a=32 L5 o i)% % ]
> ias  tu/a=32 L/ S ¥ty /a=40 I
53.0 5 23 ]
2 4 6 B 10 6 7 B 9 10 11 12 13
tyin/@ tuin/@

Figure 6.7: Variation of fit parameters for the example of the heaviest heavy-
light meson (amj; = 0.4) on the two physical pion mass ensembles (left: CO,
right: MO0). The data shown are the fit results for the mass and matrix elements
of the ground state obtained from uncorrelated fits including the first excited
state. The grey band are the results from an uncorrelated excited state fit with
t/a € [8,30) in the case of CO and ¢/a € [12,41) in the case of MO.

One way to cope with the short and noisy plateau is to additionally fit the first excited
state. We systematically vary tmi, and tp.x again to find a range over which small
variations in the fit range do not have any impact on the final result. To be able to
resolve the first excited state we need to reduce ty;, to a value smaller than that for
the ground state fit. We stress that we are not actually interested in the results for
the first excited state in this study, so that our main interest is stability of the fit with
respect to the ground state fit results. Figure 6.7 shows this variation again in the case
of heavy-light mesons for the heaviest simulated heavy quark mass for the case of the

two physical pion mass ensembles. The large error bars on some of the data points with
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large tmin arise when we no longer have sufficient data to sufficiently constrain the two

states.

As can be seen from the grey bands in figures 6.5 and 6.7, the fit ranges ¢ and tmax
have been chosen conservatively, such that variations in the fit range are compatible
with the fitted result. This has been checked for all correlation functions and ensures
that we do not have to account for a systematic error from the choice of the fit range. 1
summarise the results of the correlation functions fits for pions, D, D and 7. in tables
C.1,C.2, C.3 and C. 4.

6.5 Further Analysis

Having obtained data for observables O at finite lattice spacing a and simulated quark
masses my, ms and my, it now remains to find the value of these observables at the
physical values of the quark masses as well as at vanishing lattice spacing. Furthermore,

we need to renormalise the data to be able to make contact with experiment.

The analysis is split into two parts. We first renormalise the data and correct for the
mistuning in the strange quark mass that is present on some ensembles (compare table
6.2). Since the correction of the mistuning corrects the bare matrix elements, the order
in which these two steps are done does not matter. In a second step we then explore
two different approaches of obtaining results at the physical value of the light and charm

quark masses as well as at vanishing lattice spacing.

From the quenched study as well as a first inspection of the data produced here, we

empirically found that the quantity

Bp = fpy/mp (6.2)

(where P = D, D;) behaves linearly in the inverse heavy mass. For this reason we will
carry out the analysis using a simple polynomial ansatz in 1/myg where H = D, Dg, 1,

to describe ®p (compare e.g. figure 6.11). We will remove \/mp only in the final step.

6.5.1 Strange Quark Mass Mistuning

The mistuning between the physical mass mghys and the simulated sea quark mass on
each ensemble is listed in table 6.5. From this we see that the mistuning on C0O and MO
is 1.1 and 4.8% respectively. The mistuning on F1 is below 1% and compatible with
zero. On C1, C2, M1 and M2 we simulated directly at the physical strange quark mass,
S0 no mistuning is present in the valence mass. We neglect any partial quenching effects
since this is only a sea quark effect and expected to be subdominant to the valence effect

which we will quantify to be very small. However, on C1 and M1 we also simulated all
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ami® amB™s Amg am$™
CO | 0.0362 0.03580(16) | -0.0112(45) ams®
Cl | 0.04  0.03224(18) | (-0.2407(69)) | amE™® amse
C2 | 004  0.03224(18) - amih®
MO | 0.02661 0.02540(17) | -0.0476(70) amse®
M1 | 003  0.02477(18) | (-0.2111(88)) | am®™* amsea
M2 | 0.03  0.02477(18) - amB™*
F1 | 0.02144 0.02132(17) | -0.0056(80) ams®

Table 6.5: Comparison of am} s and am$®®. The mistuning is defined as

I h N )
Amg = (mE™® — m) /mEY®. amS™ lists which strange quark masses have

been simulated.

heavy-strange quantities with a unitary strange quark mass, allowing to determine the
slope ap for each observable O which we then apply to correct for the mistuning. The
slope a is defined by

OPYs — 0w (1 + apAmy), (6.3)

where Amg = (mE™® — ms) /mP"* The ap are defined so that they are dimensionless.

The values we find for o for the observables mp_, fp, and ®p, are tabulated in table 6.6
and shown in figure 6.8. The values for ap on the coarse and medium ensembles can be
directly deduced from the simulated data on C1 and M1, respectively and is shown in
the left plot in figure 6.8. The vertical solid black line corresponds to the physical value
of the charm quark mass. From the left-hand side of the same figure we can see that
the values of ap have a mass and a lattice spacing dependence, i.e. ap = ap(a, mp).
So to obtain the values of « for the fine ensemble, we need to undertake additional
extrapolations. First we extrapolate the data in the inverse heavy meson mass to the

ref) " This extrapolation is shown by the faint red

values which were simulated on (mj
(coarse) and blue (medium) points in the right-hand side of figure 6.8. In a second step
we extrapolate this value to the lattice spacing of the fine ensemble for each reference

mass to obtain the green data points in the same figure. This is done according to

1 1
a(a,my) = ala,my") + Co ( B phys>

m"]c mnc

(6.4)

afa, mie) = (0, mie) + C a?

Choosing the heavy meson that fixes the heavy quark mass to be the 7. masses that we
simulated on the fine ensemble ensures that we remain independent of any valence light

and strange quarks.

Note that no valence light quark is present in the considered quantities. Therefore, we
assume the value of o to be independent of the light sea quark and just apply it directly
to the simulated data to obtain OP™* for the cases where the unitary rather than the

physical strange quark mass was simulated. Another advantage of this procedure is that
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spacing \ amp, \ Qm af oo ‘
0.30 | 0.06026(31) 0.0967(18) 0.1262(20)
coarse | 0.35 | 0.05341(33) 0.0982(22) 0.1243(24)
0.40 | 0.04801(37) 0.0994(27) 0.1229(29)
0.22 | 0.06353(55) 0.1064(41) 0.1375(43)
medium 0.28 | 0.05335(70) 0.1113(65) 0.1375(68)
0.34 | 0.04650(89) 0.1171(98) 0.140(10)
0.40 | 0.0417(11)  0.124(14)  0.145(15)
0.18 | 0.06630(80) 0.1083(51) 0.1408(53)
0.23 | 0.0562(10)  0.1167(94) 0.1442(99)
fine 0.28 | 0.0490(12)  0.123(13)  0.147(14)
0.33 | 0.0437(14)  0.127(16)  0.148(16)
0.40 | 0.0383(16)  0.131(19)  0.150(19)

Table 6.6: Values of « for the three observables (O = mp_, fp,, ®p,). Details
about how these were determined can be found in the text.
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Figure 6.8: left: The values of « for the coarse (red circles) and medium (blue
squares) ensembles as a function of the inverse 7. mass. The black vertical solid
line corresponds to the physical value of m,,, from ref [1]. right: In addition to
the data from the left plot, the small red and blue symbols show the values of «
extrapolated to the values of the 7. masses measured on the fine ensemble. The
green diamonds are then obtained from extrapolating this to the lattice spacing
of the fine ensemble (compare (6.4)).

PhyS is automatically propagated

the uncertainty of the physical strange quark mass ams
® with the correct width. Building the

products ap x Amgs (compare the values in tables 6.5 and 6.6) we can see that the

by creating a bootstrap distribution for amb

correction needed is indeed small and below %-level in all cases.

To assess the systematic error from this procedure we consider the next term in the
3). This would be of the form 350 (Amy)?
magnitude to ap, i.e. (|fo] < 0.2) and using the largest mistuning with |[Am,| < 0.05,
the correction is bounded by 0.025%.
0.00009 GeV®/2, for fp,/fp to an uncertainty of 0.0003. Given the small values of these

expansion (6. . Assuming that $» has a similar

For ®p, this corresponds to an uncertainty of
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corrections, we neglect effects of the mistuning of the strange quark in the sea as these

are expected to be smaller.

6.5.2 Renormalisation

To make contact between lattice regulated data and quantities in a continuum theory,
we need to find the renormalisation constants to renormalise the heavy-light current.
Since we use a mixed current, i.e. we use a different value of M5 for the light and
strange quarks (M5 = 1.8) to the heavy quarks (M5 = 1.6), we do not have a conserved
current. However, since this is only a small modification of the action, we assume the
impact on renormalisation constants to be small. In all of the following we will extract
the renormalisation constants from the light-light current and then attach a systematic
error devised from a non-perturbative renormalisation (NPR) study. Within the Rome-
Southampton scheme [201] the effects of changing the action? are investigated. The
estimate of the systematic error arising from this is found to be below percent level and

is discussed in more detail in section 6.6.
The light-light renormalisation constant can be found from fitting the time behaviour
of the relation

C(t—1/2) +C(t+1/2) 20(t +1/2)
2L (t) LE—1)+L{E+1)

1
78 (1) = 5 (6.5)
to a constant [135, 144]. Here C(t) is the conserved point-split current defined on the
links between the lattice sites [135] whilst L(t) is the local current defined on the lattice

sites.

The folded time behaviour of the light-light current for all ensembles scaled to the interval
[0,1) is shown in figure 6.9. As expected we can see a lattice spacing dependence. The
slight difference between C1 and C2 (M1 and M2) arises from the slightly different light
quark mass m;. We can also identify a plateau region to which we can fit a constant to
obtain the values of the renormalisation constants. The results of these fits are listed in

table 6.7 and are in good agreement with [144].

6.5.3 A First Impression of the Data

Before moving to the analysis of the discretisation errors, the chiral behaviour and the

heavy quark dependence, we will take a brief look at the data in figures 6.10 and 6.11.

Figure 6.10 shows the ratio of decay constants as a function of the inverse of the mass of
the 1, meson. This figure confirms our earlier observation that we are not able to reach

the physical value of the charm quark mass on the coarse ensembles C0O, C1 and C2. We

2Done by A. Khamseh under the supervision of P. Boyle and L. Del Debbio



Chapter 6 D and Dy Decay Constants from Ny = 2+ 1 Lattice QCD 89

0.71 ...........—0—0—.—.+.—.—.—.—0—0—.+.—.—.—.+0—.—0+.+.—.—.+.—.+.—.J

0.0 0.2 0.4 0.6 0.8 1.0

t/(T/2)

Figure 6.9: The time behaviour of Z¢T(¢) scaled to the interval [0, 1] for all
ensembles. The solid lines correspond to the fit results obtained by fitting a

constant to the plateau region of the data. The fit results are summarised in
table 6.7.

ens Z”
Co | 0. 711920(24)
C1 | 0.717247(67)
C2 | 0.717831(53)
MO | 0.743436(16)
(39)
(40)
(19)

M1 | 0.744949(39
M1 | 0.745190(40
F1 | 0.761125(19

Table 6.7: The values for Z4 for the various ensembles found from fitting a
constant to the time dependence shown in figure 6.9.

observe little heavy quark mass dependence but a significant light quark dependence.
Moreover, we observe that as the pion mass increases the value of the ratio of decay
constants approaches unity. This is in agreement with intuitive understanding since
in the limit of m; = ms we reach the SU(3) symmetric point and Ds and D become

indistinguishable.

Figure 6.11 shows the renormalised values of ®p in physical units for P = D (left) and
P = D, (right). We can observe a number of features of the data shown here. Both,
the D and the D, meson decay constants show a strong dependence on the heavy quark
mass and - at the level of our statistical resolution - a linear behaviour as a function of
the inverse 7. mass. In the case of the D-meson a strong light quark mass dependence is
visible, which is expected due to the valence light quark present in the D meson. From

comparing the data for CO and MO, we find that the lattice spacing behaviour appears
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Figure 6.10: The ratio of the decay constants as a function of the inverse 7, mass.
The black vertical solid line (labelled 'phys’) corresponds to the physical value
of m,,, as stated by the Particle Data Group [1]. The red circles, blue squares
and green diamonds show data from the coarse, medium and fine ensembles,
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Figure 6.11: The quantity ®p as a function of the inverse 7. mass for P = D
(left) and P = Dy (right). Again, the black vertical solid lines (labelled ’phys’)
correspond to the physical value of m,,, as stated by the Particle Data Group [1].
The red circles, blue squares and green diamonds show data from the coarse,
medium and fine ensembles, respectively.

to be rather mild. Contrary to this, the D; meson displays a smaller light quark mass

dependence (again to be expected, since the light quark only enters as a sea quark).

6.5.4 Fit Strategies

As discussed above, we need to obtain the value of each observable at physical quark
masses and vanishing lattice spacing, i.e. at (a = O,mf’hys,mghy S,mlghys). We have
already fixed my to its physical value, so it remains to fix the light and the heavy quark

and to take the continuum limit.
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We will fix the quark masses by considering appropriate meson masses, e.g. we fix the
light quark mass by reproducing the physical neutral pion mass m o = 134.9766(6) MeV [1]
as was done in ref [144]. We have a number of choices for the meson H that fixes the
charm quark mass. The ones we will consider are H = D, D, and 7.. Each of these has
slightly different advantages and disadvantages attached. The D meson is comparably
noisy and has a strong light quark dependence, making it difficult to disentangle the
extrapolation to physical light quark masses from the the interpolation to the physical
charm quark mass. The Dy is statistically cleaner and is less affected by the light quark
mass than the D, but due to the mistuning of the strange quark mass, we had to correct
for the value of the D, mass. Finally the 7, is statistically the cleanest, but we do not
have the disconnected contributions. However, these are assumed to be small [162] and
other collaborations also find good agreement between the two ways to set the charm
scale neglecting these contributions [18]. Reference [162] estimates an effect of less than
0.2% for the contributions due to electromagnetic and quark-disconnected distributions

to the mass of 7.

We will investigate all three choices and use the spread as an indication of potential
systematic errors. The masses of these mesons, stated by the Particle Data Group [1]
are
mp+ = 1.8695(4) GeV
mp: = 1.9690(14) GeV (6.6)
my, = 2.9836(6) GeV.

We will now proceed in two steps. First we will carry out a local analysis of the data
and consider the parameters that need to be fixed, one-by-one. For this study we will
first fix the heavy quark mass by introducing a set of reference masses ml}fff. We will

interpolate the data on all ensembles to these values to obtain O(a, my, m?hys, m}”ff). We

then carry out a combined chiral-continuum limit to obtain O(a = 0, mfhys, mEs mieh).
In a final step we then interpolate the results obtained to the physical value of my to fix
the charm quark mass to its physical value. In the second analysis we fix all parameters
in one global fit. In the case of a correlated fit, this allows for a meaningful y?-value and

a probabilistic interpretation of the quality of the fit via the p-value.

6.5.5 Local Fit to Extrapolate to the Physical Point

To minimise light quark effects and avoid effects from the strange quark mass correction
we choose H = 7. to fix the heavy quark mass. We introduce reference masses linearly
in 1/my, such that one of the reference masses corresponds to the physical 7. mass and
such that the range where we have data is fully covered. The data is linearly interpolated
to these reference masses. This is shown for the observables ®p and ®p, in figure 6.12.
Note that for the lowest three reference masses we have 3 distinct lattice spacings, whilst

at other two reference masses we only have two lattice spacings.
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Figure 6.12: ®p as a function of the inverse 7. mass for P = D (left) and
P = D; (right). The simulated data is shown by the circles. The dotted
lines correspond to the reference masses, the solid line to the physical charm
mass. At these reference masses, the interpolated data on all ensembles is shown
(squares). The crosses are the extrapolated data points for the coarse ensembles.

In the second step we do a combined chiral-continuum limit fit to this data at each

reference mass using the ansatz
2
Ofa. i, ") = 00 ™ ) + Cen i) a2+ € i) (2 — (w2 (6

This assumes the same slope with the pion mass for all ensembles. The results of all
chiral and continuum limit fits are listed in table 6.8. Examples of this interpolation
for two reference masses in the case of the Dy meson are shown in figure 6.13. In the
left plot of this figure, all lattice spacings are present, whilst the coarse ensembles can
not reach the heavy quark mass of the right plot. In each plot the left-hand panel
shows the extrapolation to the physical pion mass whilst the right-hand side shows the
extrapolation to vanishing lattice spacing. The dotted coloured lines correspond to the
fit result for the given lattice spacing (left-hand panels) and pion masses (right-hand
panels). We can see that the result is far better constrained in the region with 3 distinct

lattice spacings.

Finally the data needs to be interpolated to the physical charm quark mass. This is

done by fitting the values obtained at the reference masses mfff to the functional form

1 1
(0, m?hys’ mghys’ mghys) = 0O(0, m?hys’ mghys’ mp) + Ch (m — phys) . (6.8)
Mec mnc

Figure 6.14 shows this interpolation in the heavy quark mass. In each case the magenta
star shows the result obtained at the physical value. The results of the heavy quark

interpolation in table 6.9.
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observable ‘ mit [GeV] ‘ O(a=0, mphys) Cy Cer x%/d.o.f ‘
o~ | 23256 0.2531(25) 0.202(12) -0.0129(95) L.172
§ 2.6138 0.2707(33) 0.216(16)  -0.016(12)  0.688
S 2.9836 0.292(16) 0.264(58)  -0.06(11)  0.543
&0 3.4057 0.310(20) 0.276(72)  -0.07(13)  0.394
o~ | 23256 0.3045(17) 0.0652(85) -0.0179(61) 0.517
L | 26138 0.3256(20) 0.071(10)  -0.0253(73) 0.715
X 2.9836 0.3449(86) 0.061(26)  -0.019(51)  0.075
< 3.4057 0.3623(100) 0.063(30)  -0.018(59)  0.157
2.3256 1.1531(31) 20.520(42)  0.028(33)  1.598
N 2.6138 1.159(11) -0.538(55)  0.009(42)  0.693
& 2.9836 1.158(57) 0.65(21)  0.09(39)  1.153
3.4057 1.154(70) 0.63(26)  0.11(49)  0.932

Table 6.8: Fit results of the extrapolation to physical pion masses and the
continuum for ®p, ®p, and fp,/fp.
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Figure 6.13: Extrapolation to vanishing lattice spacing and physical pion masses
for ®p, at two reference masses m]ref The solid black lines and shaded regions
show the fit results at vanishing lattlce spacing (left panels) and at physical
pion masses (right panels). The coloured lines show the fit results for the given
parameters of that ensemble. For clarity only the lightest pion mass ensemble
for each lattice spacing is shown on the right-hand panels and for the lines with
the fit results.

’ observable ‘ O ‘ Ch x?/d.o.f ‘
dp [GeVP2] | 0.2895(61) | -0.385(63) 0.049
®p, [GeV3/?] | 0.3459(37) | -0.435(38) 0.035
fo./fp 1.163(19) | -0.10(20)  0.031

Table 6.9: Fit results of the interpolation in the reference masses to the physical

value of my,,.

0.
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Figure 6.14: Extrapolation in the heavy quark mass to reach the physical heavy
quark mass for the case of ®p (top left), ®p, (top right) and the ratio for
decay constants (bottom). The black points show the results of the chiral and
continuum limit extrapolation at a given reference mass. The larger error bars
on the two left-most black points arise due to the continuum limit extrapolation
with only two lattice spacings. The magenta band shows the result of the
fit. The magenta stars show the result at the physical charm mass. They are
horizontally shifted by a small amount for visual convenience.

We also have a consistency check by comparing two different ways of obtaining the ratio
fp./fp at physical values. We can either build the ratio first on each ensemble and then
carry out the analysis (compare the bottom plot in figure 6.14). Alternatively we can
build the ratio after having obtained the results for ®p and ®p,. The values we obtain

are ¥ extrap
< ]f;) = 1.163(19)
fextrap (6.9)
Do = 1.163(24),
D

which are in good agreement. The slightly larger error when building the ratio of the
extrapolated values arises from fewer cancellations between the numerator and the de-

nominator.
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Whilst we can assess the goodness-of-fit for each individual step, it is impossible to make
a statement about the overall quality of the fit. In particular since the steps we have
undertaken are not entirely orthogonal. For example, we expect a small pion mass and
lattice spacing dependence in the mass of the 7. meson. To asses the overall quality of

the fit we will now devise a global fit, guided by our experience from the local fit.

6.5.6 Global Fit Ansatz to Extrapolate to the Physical Point
Our fit ansatz is motivated by a Taylor expansion around the physical value of the
relevant meson masses and the experience from the previous subsection. It is given by

O(a, max, mp) = O(0,mE™*, mp™*)

(0
+[ CL+CCLAm ] 2
+ [CO + C’1 Amy, ] <m2 - m2phys) (6.10)
™ m
+ [C’ ] Am,
where Amp' = 1/mpyg — 1/m2™ and H = D, Dy or n.. This means we simultane-

ously fit the continuum limit dependence (coefficients Ccr), the pion mass dependence
(coefficients Cy) and heavy quark dependence (coefficients C},) as well as cross terms
(coefficients linear in Al/myp, i.e. C}( and C};) in one global fit. The coefficients C%;
and C’}< capture mass dependent continuum limit and pion mass extrapolation terms.

This arises by expanding Ccr(myp) and Cy(myp) in powers of Amp'.

Following the
ansatz from the local study we assume a linear behaviour in m2 and ignore any chiral
logarithms. This is motivated by our observations that the behaviour with the pion

mass is linear (compare table 6.8 and figure 6.13).

We will monitor the behaviour when employing different cuts in the data that enters the
fit. For example, we have data for pion masses in the range 139 MeV < m, < 430 MeV

but will consider the cuts
m = 450 MeV, 400 MeV, 350 MeV. (6.11)

Another variation we have already mentioned is the choice of the meson that fixed the
charm quark mass. Finally we can modify the fit form (6.10) by setting some of the
parameters to zero by hand, which we will do when the data is not sufficiently accurate

to resolve them clearly.

6.5.7 Global Fit Results for the Ratio of Decay Constants fp_ /fp

Figure 6.15 gives one example of a fully correlated fit for the ratio of decay constants.

The fit shown here has a pion mass cut of m,; < 400 MeV and uses the 7. mass to fix the
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Figure 6.15: One example for the global fit according to (6.10) for the case of
the observable fp,/fp. In the case presented here the charm quark mass is fixed
by the 7. meson and a pion mass cut of m, < 400 MeV is employed. The grey
band shows the fit result at physical pion masses and vanishing lattice spacing.
The coloured bands correspond to the fit projected to the given pion mass and
lattice spacing for the corresponding ensembles. In this fit we ignore heavy mass
dependent continuum and pion mass terms.
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Figure 6.16: Comparison of the results of the different choices in the global
fit. The grey and magenta bands highlight the fit shown in figure 6.15. The
different symbols indicate different ways of fixing the heavy quark mass, i.e.
H = D(<), Ds(0), and neerrected(), Fainter data points indicate that at least

C
one of the heavy mass dependent coefficients is compatible with zero at the one

sigma level. More detail about the data shown here is given in the text.

charm quark mass. Furthermore, heavy mass dependent coefficients of the continuum
limit and the extrapolation to physical pion masses are ignored (i.e. C(IJL = 0 and
C’}( = 0). This choice was made since neither of them could be resolved within our
statistics. This fit gives x2/dof = 0.319 and a p-value of 0.002. The pion mass cut was

chosen due to variations of the pion mass cut as described below.

Table D.1 summarises the results of all fit variations for fp,/fp. The results of these are
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also shown in figure 6.16. The magenta data point to the very left is the fit result obtained
from the local fit in the previous section. The red (blue, green) data points correspond to

pion mass cuts of mr** = 450 MeV (400 MeV, 350 MeV). The different symbols indicate

gonnected (D) )

different ways of fixing the heavy quark mass, i.e. H = D(<), Ds(O), and 7
Finally the label on the x-axis describes which fit was used by stating the number of
coefficients for the continuum limit (C'L)and pion mass limit () respectively. E.g. fits
results labelled (2, 2) correspond to the fit form (6.10) whilst (2, 1) corresponds to keeping
two coefficients for the continuum limit extrapolation, but only one coefficient for the
pion mass extrapolation by setting C}( to zero. Cases where one of the coefficients Cé I
and C>1< is compatible with zero at the one sigma level are indicated by the corresponding

data point being partially transparent.

From the results shown in figure 6.16 we can make a few observations. We find that
the global fit allows for a more precise determination of the ratio of decay constants.
We also find that the ratio of decay constants is insensitive to the way we fix the charm
quark mass. This is not surprising as the ratio of decay constants does not strongly
depend on the heavy quark mass (compare figure 6.15). We find that a dependence is
observed when including pions with m, > 400 MeV, for this reason we restrict ourselves
to my; < 400MeV. We can also see that when allowing for heavy mass dependent pion
mass and continuum extrapolation terms, these can not be resolved with the present
data. They also do not significantly change the central value of the fit result but increases
the statistical error. This is again not surprising, given the mild behaviour with heavy

quark mass displayed by the data.

From this discussion we choose the highlighted fit (i.e. the one presented in figure
6.15) as our final fit result and as statistical error. We then assign a systematic error
associated with the fit from the spread in the fit results as we vary the parameters of
the fit, maintaining m, < 400 MeV. From this we quote

o, _ 1.1667(77)(T33) 5t » (6.12)

D

where the first error is statistic and the second error captures the systematic error
associated with the chiral-continuum limit as well as the way the charm quark mass is
fixed. This error budget is not yet complete. The full systematic error budget will be

devised in section 6.6.

6.5.8 Global Fit Results for ®, and ¢,

Figure 6.17 shows the chosen fit results for ®p (top) and ®p, (bottom) respectively.
In both cases the heavy quark mass is fixed by the 7. mass and a pion mass cut of
mira* < 400 MeV is used. Contrary to the fit of the ratio of decay constants, correlated fit

of ®p and ®p, proved to be unstable. Therefore, the fits presented here are uncorrelated,
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Figure 6.17: Examples for the global fit according to (6.10) for the case of the
observables ®p (top) and ®p, (bottom). In both cases the charm quark mass
is fixed by the 7. meson and a pion mass cut of m, < 400 MeV is employed.
Again, the grey band shows the fit result at physical pion masses and vanishing
lattice spacing. The coloured bands correspond to the fit projected to the given
pion mass and lattice spacing for the corresponding ensembles. More details
about these fits can be found in the text.

which leads to slightly larger errors. In the case of ®p we restrict ourselves to C}J ;=0
and C’>1< = 0 whilst in the case of ®p, we resolve the coefficient C},;. This choice is made

since we can consistently resolve C’(l; 7, for the case of ®p_ as can be seen in figure 6.18.

Tables D.2 and D.2 summarise the results of all fit variations for &, and ®p, respectively.
Similar to the previous section we can vary the fit parameters to see how stable the fit
is under these variations. We find that we can consistently resolve the C’é ;, coefficient
in the case of ®p,_, whilst this is less clear in the case of ®p. For this reason we choose
(CL,x) = (1,1) for the case of ®p and (CL, x) = (2, 1) for the case of ®p,. Again, little
dependence is observed in the case of mX** < 400 MeV so this pion mass cut is used.
The dependence is larger in the case of ®p than for ®p_ in agreement with intuition.
Again, we see little dependence in the way the heavy quark mass is fixed, even though
(contrary to the ratio of decay constants) the heavy mass dependence is now significant.

Overall we see more variation in the results of the fit than we have for the ratio of decay
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Figure 6.18: Comparison of the results of the different choices in the global fit
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points indicate that at least one of the heavy mass dependent coefficients is

compatible with zero at the one sigma level. More detail about the data shown
here is given in the text.

constants. Following the same procedure to determine the systematic error associated
with the fit as above we find

®p = 0.2853(38)(F24)5, GeV3/2,

(6.13)
Dp, = 0.3457(26)(7,3)s; GeV3/2.

6.6 Systematic Error Estimation

We have found central values, statistical errors and the systematic errors due to the fit
for the value of ®p, ®p, and fp,/fp. Now we need to address the systematic error bud-
get. There are a number of sources of systematic error that could potentially contribute.
Firstly we have to address any systematic errors arising from fits such as the correlation
function fit and the global fit ansatz leading to the continuum limit results at physical

quark masses. Secondly we need to address the systematic errors from the scale setting
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and the setting of the quark masses. Thirdly we need to address the effects of the as-
sumptions we make in the lattice formulation, namely the finite volume, the fact that we
neglect sea charm quark loops, the assumption of mass degenerate up and down quarks
and neglecting electromagnetic effects. Finally, we have renormalised the data using the
renormalisation constant from the flavour diagonal light-light conserved current, instead

of the mixed action current that we use in the calculation of the correlation functions.

Recall that we have chosen conservative fit ranges in section 6.4, so that any variation of
tmin and tmax leads to results that are well within the statistical error from the correlation
function fits. We also fitted the first excited state in addition to the ground state, so
any excited state contamination to the results presented here would have to arise from
higher excited states. We claim that this systematic error is already included in the

statistic error due to our conservative choice.

Similarly the systematic error attached to the global fit result already accounts for the
way the charm quark mass (variation between D, Dy and 7.) and the light quark mass

(pion mass) are fixed. Stability of the fit ansatz is also tested.

The uncertainty in determining the lattice spacing is propagated by creating a bootstrap
distribution with the correct width which has been used throughout the analysis. The
uncertainty in the physical strange quark masses arising from ref [144] has been treated

in the same way and is therefore already included in the statistical error.

We have already discussed the systematic error arising from the correction of the mis-
tuning of the strange quark in section 6.5.1 and came to the conclusion that this yields
an uncertainty of 0.000009 GeV?®/2 for ®p_ and 0.0003 for fp,/fp.

In the data presented so far we have used the renormalisation constant obtained from
the light-light conserved current (compare section 6.5.2). However, the current that
needs to be renormalised is a mixed action current due to the change in M5 between
the light and the heavy sector for which we do not have a conserved current. This
does not affect the ratio of decay constants since the renormalisation constants cancel.
To assess the systematic error arising from this choice, a study leading to the ratio of
amputated vertex functions A(M2, M2) between the different combinations of actions
(ML, M2) = (1.8,1.8),(1.6,1.8),(1.6,1.6), where i = 1,2 refers to the action of the
first and second quark field entering the current operator) was carried out®. This has
been done on the ensembles C1, M1 and F1 and the ratio of A(1.6,1.6)/A(1.8,1.8) lies
consistently between 0.996 and 0.997, indicating at most a 0.4% effect. We will assign

this as a systematic error.

We have already discussed that finite size effects are exponentially suppressed by m,L
(compare section 3.8) and are therefore expected to be small for the study presented here.

We can, however, give a more concise estimate by noticing that finite volume effects arise

3Done by A. Khamseh under the supervision of P. Boyle and L. Del Debbio
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from the IR regulator and are therefore insensitive to the choice of discretisation. We
will estimate the finite size effects by comparing our values of m L to a study the MILC
collaboration has undertaken [18]. In their work, they have done a simulation of three
different volumes whilst keeping the lattice spacings and quark masses constant. This
was done for a lattice spacing of 0.12 fm (roughly corresponding to our coarse ensembles)
and pion masses of just above 200 MeV. The considered volumes are 2.88 fm, 3.84 fm and
5.76 fm corresponding to values of m,L of 3.2, 4.3 and 5.4 respectively. For the masses
of the D and D, meson they see variations of < 1MeV and < 0.5MeV respectively.
For the decay constants the variations they find are < 0.3% and < 0.15% which we will
use to as a symmetric systematic error. From this we find d®p =~ 0.001 GeV3/2 and
0®p, ~ 0.0006 GeV3/2 which we will assign as our systematic error. Propagating 8 fp
and 6 fp, as

fo. _ fp.0fp.  fp.0fpD
fp fo fo.  fp fp

and treating variations in fp, and fp as independent and therefore adding the two terms

above in quadrature, we find 5]}’;5 ~ 0.0039. Given that the minimum value of m L

+6

(6.14)

for our ensembles is 3.8, results derived from these numbers are a good conservative

estimate.

In our simulations we treat the up and down quark masses as degenerate, which is not
the case in nature and neglect electromagnetic effect. This affects in particular the
masses of the mesons we consider. In principle these effects cannot be disentangled. We
neglect electromagnetic effects in the determination of the decay constants since they
are defined as pure QCD quantities. However, for the determination of the CKM matrix

elements these effects will need to be taken into account [1, 18].

We devise a systematic error associated to the way we fix the heavy quark mass by
considering how much the fit result for ®p changes when we replace the input mass
mp+ = 1.86961(09) GeV by mpo = 1.86484(05) GeV [1]. We estimate the effect of this
shift using the fit result of the coefficient C’g for the case of h = D and multiplying
these by ‘mg(l) — mBli‘ ~ 0.0014GeV~!. From this we find §®&p ~ 0.00037 GeV?3/2,
0®p, ~ 0.00044 GeV3/2 and 5% ~ 0.00003. For the quantity fp,/fp this is negligible.
As a probe for the same effect in the light quark mass fixing, we consider the effect of
choosing m_+ instead of m o as input mass, i.e. calculating Cg (mfri — mfro). From this
we find 6®p ~ 0.00029 GeV3/2, §&p_ ~ 0.00001 GeV32 and 5% ~ —0.00080. Adding
these two effects in quadrature we obtain the values listed in the column m, # mg in

table 6.10.

Given that the continuum limit coefficient C’gL is compatible with zero for the fits
chosen for ®p (C%; = —0.003(11) GeV/2) and fp,/fp = 0.005(25) GeV?, we neglect
higher order O(a?) effects. For ®p, we find C§* = —0.027(10) GeV7/? (the heavy mass

dependent continuum limit term vanishes at the physical charm quark mass). Assume
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g 5
= © S A
2 = g ~ = z
£ B l. 2l £ © E Z E
Z = 2 B @ = Y = o
% D o} « E Q Q 3 S é[)
3 ° E s S £ & =
2 < s =
x10% x10%
®p[GeV3? [ 0.2853 ]38 T2 F22 10 - 4T 11 -
®p, [GeV¥2] [ 03457 || 26 T35 | to 6 7 44 14 0.9
fo,/fp 11667 || 77 T T 39 - 8 _ 3

Table 6.10: Summary of the systematic error budget for the quantities ®p,
®p, and the ratio of decay constants. Details of the discussion leading to these
results can be found in the text.

fourth order discretisation effects and rewrite

§bp, 1
®p, P, [Cera® + Depa’] =

0 2
Cera
O,

DO

[1 + COCL aﬂ . (6.15)
CL

Substituting the numbers for C’gL and the coarsest and finest lattice spacings we find

C2,a?/®p, ~ 0.026 and 0.010 respectively. Assuming D2, /C2, = (0.5GeV)? (i.e.

setting the scale such that discretisation effects grow as a/A with A = 500 MeV) we find

DY, /C2 a* ~ 0.008 and ~ 0.003. So the residual discretisation effects are 8% (3%) of

the leading discretisation effects, yielding at most 0.2% of the absolute value.

Combining these errors in quadrature and using the masses of D* and DF¥ (compare

(6.6) [1]), we arrive at our final value

®p = 0.2853(38)stat (729)sys GeV?/2 = fp = 208.7(2.8)stat (11§ )sys MeV

Dp, = 0.3457(26)stat (F20)sys GeV2 = fp. = 246.4(1.9)sat(F13) MeV .

(6.16)
We are now in a position to compare our results to the results of the literature presented
in section 6.1. Adding our results to those presented in the most recent FLAG report [8]
we obtain the plots in figure 6.19. The smaller error bar presents the statistic error only,
whilst the larger error bar shows the full error (statistic and systematic). In all cases
the error budget is dominated by the statistical error. We find good agreement with
the literature and have errors competitive with the other results displayed in figure 6.19
[18, 158, 162, 181-194].
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Figure 6.19: Superposition of our results (blue circles) to the data presented in
the most recent FLAG report [8]. The small error bar shows the statistic error
only, whilst the large error band includes both, the statistic and the systematic
€error.

6.7 CKM Matrix Elements

Having obtained the decay constants, we can make a prediction of the CKM matrix
elements |V.q| and |V s|. However, the values shown in (6.1) [168] are obtained in nature
and therefore we need to adjust these values to those of an isospin symmetric theory.
In other words, the measured decay rate |Ve,| fp, does include electroweak and isospin
breaking effects, so before extracting |V4| we need to correct the decay rate for these
effects. Ref. [18] distinguishes between universal long-distance electromagnetic (EM)
effects, universal short distance electroweak (EW) effects and structure dependent EM
effects. All of these modify the decay rate to match the experimental value to the theory
in which we simulate. The combined effect of the universal long-distance EM and short-
distance EW effects is to lower the decay rate by 0.7% [18, 202, 203]. We adjust the
decay rates from (6.1) and then calculate the CKM matrix elements from this. We find

|Veal = 0.2185(50)exp (Z32)1at

o (6.17)
[Ves| = 1.011(16)exp (X g )1at -

Again, we can superimpose our results to those obtained in the most recent FLAG
report [8], shown in figure 6.20. This combines the results of refs [18, 158, 162, 181, 185—
187, 204, 205]. Again we find good agreement between previous works and obtain a

competitive error.
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Figure 6.20: Superposition of our results (blue circles) to the data presented in
the most recent FLAG report [8]. The smaller error bars of our results shows
the lattice error only, whilst the large error band includes both, the theoretical
and the experimental error, added in quadrature.



Chapter 7

Conclusions and Outlook

Whilst the SM has made many precision predictions which are in agreement with ex-
periments, we know that there are experimental observations that it cannot reproduce.
One way to test the SM is to over-constrain its parameters, e.g. the elements of the
CKM matrix. Whilst perturbative methods are able to make ab initio high precision
predictions for processes governed by the weak and the electromagnetic interactions,
these methods fail for hadronic quantities. LQFT provides a tool for making such ab
initio predictions even for strongly coupled system in general, and QCD in particular.
This allows for the calculation of non-perturbative quantities such as masses and decay
constants of hadrons which combined with experimental input allow to compute CKM

matrix elements.

Whilst simulations of up, down and strange valence quarks have been done with a large
variety of fermion discretisations, the larger mass of the charm quark poses additional
difficulties. In this work we investigated the suitability of simulating heavy valence
quarks with domain wall fermions, in the hope to be able to simulate charm quarks
directly at their physical mass whilst keeping lattice artifacts under control. First, to
assess this, we undertook a quenched pilot study, investigating the parameter space of
domain wall fermions. Secondly, based on the results of this pilot study, we determined
D and D, decay constants from three lattice spacings and including pion masses as
small as m; = 139MeV. Finally, we deduce the corresponding CKM matrix elements

and compare our results to the literature.

For the pilot study we created four quenched ensembles in a small spatial volume (L ~
1.6 fm) at inverse lattice spacings varying from 2.0 GeV to 5.7 GeV. On these ensembles
we explored the domain wall fermion parameter space to investigate a region where we
can safely simulate charm quarks with mild discretisation errors. We found this region
to be defined by

M5 =1.6

amp < 0.4.

(7.1)
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We then undertook scaling studies of heavy-strange and heavy-heavy mesons on these
ensembles. In particular we found that the discretisation effects present in the heavy-
strange dispersion relation and the decay constants of heavy-strange pseudoscalar mesons
are mild and can be well described by an ansatz linear in a®. We find that it is possible
to closely approach the physical value of the charm quark mass even on the coarsest

quenched ensemble (a~! ~ 2.0 GeV) whilst maintaining the condition amy, < 0.4.

The continuum limit of the dispersion relation of heavy-heavy mesons is well described
by O(a?) effects provided that either the momenta remain small (p> < 0.6GeV). We
further found that the dispersion relation of heavy-heavy mesons is stronger affected by
discretisation effects, but we can recover the correct continuum limit by taking O(a?)

effects into account for large undemocratic momenta.

Having established a frame work for the simulation of charm quarks with domain wall
fermions, we measured heavy-light and heavy-strange correlation functions on RBC/UKQCD'’s
dynamical 2 + 1f ensembles with inverse lattice spacings ranging from 1.73 GeV to
2.77GeV and pion masses as low as 139MeV. We deduced the values of the D and
D, meson decay constants on each ensemble and interpolated them to physical quark
masses and vanishing lattice spacing. We assessed all systematic errors present in our
simulations and, using experimental input, deduced values for the CKM matrix elements
|Veq| and |Ves|. We then compared these results to those of the literature. We find good
agreement between our work and published results and obtain competitive errors. The

main results of this thesis are summarised below:

fD = 208.7(2-8)s‘5at (i?é)sys MeV
st = 246.4(1.9)stat (i_%g)sys MeV
Ip +60
= =1.1667(77
fD ( )stat (—46)sys (72)

and
’Vcd| = 0.2185(50)exp(t§?)lat
‘chs| = 1.011(16)exp(i151))lat'

Having laid the groundwork for charm physics with domain wall fermions, our current
work focusses on extending the charm physics program to semi-leptonic decays of D and
D, mesons as well as applying the ratio method to our data to deduce the values of fgp
and fp,.



Appendix A

Algebraic Properties

A.1 Generators of SU(2) and SU(3)

A1l SU(2)

The generators 7; of SU(2) can be expressed in terms of the Pauli matrices o;
1
T, — 50'1'. (Al)

o; are given by

A1.2 SU®3)

The generators of SU(3) can be found from a generalisation of the Pauli matrices. The

eight Gell-Mann matrices are defined as

010 0 —i 0 1 0 0
=10 0f, N =] o, x=[o -1 of,
000 0 0 0 0
00 1 00 —i
M=[0 00|, X =00 o], (A.3)
100 i 0
000 00 0 L[t oo
=00 1], & =|00 —i|, =—2]01 0
6 7 (4 8\/§
010 0 i 0 00 —2
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A.2 Dirac Matrices

A.2.1 Minkowski Space

The Dirac matrices v, in Minkowski space are defined by obeying the Clifford algebra

{’Yua’yu} = 29;“/]1, (A'4)

where g,,,, is the metric tensor defined by
Juv = dlag(+17 -1, -1, _1) (A5)

and p, v runs over the indices 0, ---3. A convenient fifth v matrix is defined by

V5 = 170717273- (A.6)
Note the useful relations
% =0
W=
T —
Y0 Y0 =7,
o (A.7)
(1) =1
V5V = —VYuV5
% =15

A.2.2 Euclidean Space

Upon Wick rotation, we make the replacements

E M
Vi = iy
P (A.8)
Y4 = ’70 ’
so that the Euclidean Gamma matrices now obey the Euclidean Clifford algebra
{'753 75} = 25uu]ly (Ag)

where 0, is the Kronecker delta. We can also define the fifth gamma matrix by

V= nv2v37s (A.10)
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In the following we will drop the superscript ‘E’. Some of the properties (A.7) become

= ="
N DR (A.11)
V5V = —VuV5,

where p=1,--- ,4.

In a particular basis called the chiral basis, the we can find a specific form for the gamma

matrices
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tag am af x?/d.o.f. am af x?/d.o.f.
ams = 0.036 amg = 0.037
ss 0.3433(16)  0.11309(57) 0.6033 | 0.3479(16) 0.11360(57) 0.5384
shO | 0.4738(15) 0.12710(81) 0.3443 | 0.4764(12) 0.12775(73) 0.4052
shl | 0.5628(14) 0.13452(83) 0.3609 | 0.5654(12) 0.13519(80) 0.4885
sh2 | 0.6448(14) 0.13960(85) 0.3471 0.6463(13) 0.13991(85) 0.3455
sh3 | 0.7215(13)  0.14292(88) 0.3456 | 0.7227(14) 0.14314(90) 0.3522
sh4 | 0.7938(14) 0.14480(92) 0.3825 0.7953(13) 0.14501(91) 0.2996
shb | 0.8614(15)  0.1447(10) 0.2965 0.8628(15)  0.1451(10) 0.2925
sh6 | 0.9254(16)  0.1439(11) 0.3610 | 0.9266(15)  0.1443(10) 0.3577
Table B.1: Fit results for strange-strange and strange-heavy pseudoscalar

masses and decay constants in lattice units for the ensembles S = 4.41.

tag am af x?/d.o.f. am af x?/d.o.f.
amg = 0.024 amg = 0.026
ss 0.23894(93) 0.07812(48) 0.7714 0.24883(90)  0.07926(47) 0.8466
sh0 0.3294(11)  0.08816(86) 0.8914 0.3333(11)  0.08871(85) 0.9314
shl 0.3919(11)  0.09311(83) 0.9179 0.3955(11)  0.09381(84) 0.9530
sh2 0.4494(10)  0.09678(84) 0.9083 0.4528(11)  0.09766(90) 0.9559
sh3 0.5033(10)  0.09930(84) 0.9123 0.5063(11)  0.09997(86) 0.9319
sh4 0.5545(10)  0.10099(84) 0.8906 0.5573(10)  0.10167(82) 0.8719
shb 0.6033(10)  0.10200(84) 0.8382 0.6059(10)  0.10269(82) 0.8245
sh6 0.6491(13) 0.1019(10) 0.8190 0.6518(12)  0.10272(97) 0.8216
sh7 0.6931(13)  0.10114(92) 0.8668 0.6962(13)  0.10248(98) 0.7454
sh& 0.7357(13)  0.10037(93) 0.7866 0.7387(13) 0.1016(10) 0.6989
sh9 0.7768(15) 0.0996(11) 0.6151 0.7793(14) 0.1004(10) 0.6358
sh10 | 0.8151(15) 0.0973(10) 0.6496 0.8181(15) 0.0984(11) 0.5990
Table B.2: Fit results for strange-strange and strange-heavy pseudoscalar

masses and decay constants in lattice units for the ensembles 8 = 4.66.

tag am af x?/d.o.f. am af x?/d.o.f.
amg = 0.018 amg = 0.020
ss | 0.1773(10) 0.05630(37)  0.9652 | 0.1872(10) 0.05739(36)  0.8819
shO | 0.28568(95) 0.06578(66)  0.7877 | 0.28925(85) 0.06647(60)  0.6169
shl | 0.35566(88) 0.06991(68)  0.5133 | 0.35889(79) 0.07058(60)  0.4933
sh2 | 0.41960(90) 0.07189(70)  0.4931 | 0.42283(84) 0.07277(66)  0.4966
sh3 | 0.47922(98) 0.07256(76) 0.4981 0.48239(90) 0.07352(70) 0.5273
sh4 | 0.53492(93) 0.07213(78)  0.7555 | 0.53775(89) 0.07311(74)  0.7476
sh5 | 0.58831(97) 0.07138(80) 0.7290 0.59103(92) 0.07241(76) 0.7275
sh6 | 0.6391(10) 0.07023(81)  0.7054 | 0.6419(10) 0.07130(80)  0.7394
sh7 | 0.6872(10) 0.06876(83)  0.6944 0.6899(10)  0.06962(82)  0.7975
sh8 | 0.73280(96) 0.06700(65)  0.7404 | 0.7352(10)  0.06809(85)  0.6866

Table B.3: Fit results for strange-strange and strange-heavy pseudoscalar

masses and decay constants in lattice units for the ensembles g = 4.89.



Appendix B Correlator Fit Results from the Quenched Pilot Study 113
tag am af x?/d.o.f. am af x?/d.o.f.
amg = 0.0118 amg = 0.0133
ss 0.1214(10)  0.03785(60)  0.0600 | 0.12879(99) 0.03869(60)  0.0562
shO | 0.18333(99) 0.04361(82)  0.0018 | 0.18474(97) 0.04382(81)  0.0016
shl | 0.2549(10) 0.04765(80)  0.0039 0.2562(10)  0.04790(79)  0.0046
sh2 | 0.3190(10)  0.04947(75)  0.0049 0.3201(10)  0.04974(75)  0.0056
sh3 | 0.3782(11)  0.04994(82)  0.0027 0.3792(11)  0.05020(82)  0.0032
sh4 | 0.4340(12) 0.04985(82)  0.0036 0.4351(12)  0.05011(82)  0.0045
shb | 0.4869(13) 0.04930(84)  0.0052 0.4879(13)  0.04956(83)  0.0067
sh6 | 0.5371(14) 0.04845(86)  0.0079 0.5381(14)  0.04871(86)  0.0101

Table B.4: Fit results for strange-strange and strange-heavy pseudoscalar

masses and decay constants in lattice units for the ensembles g = 5.20.
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n (0,0,0) (1,0,0) (1,1,0) (1,1, 1) (0,0,0) (1,0,0) (1,1,0) (1,1,1)
ams = 0.034 ams = 0.036
ss | 0.3321(19) - - N 0.3415(18) - N -
shO | 0.4699(15)  0.619(12)  0.755(16)  0.725(68) | 0.4735(14)  0.621(12)  0.757(15)  0.729(65)
shl | 0.5501(14)  0.686(10)  0.800(14) 0.793(39) | 0.5624(14)  0.689(10)  0.801(13)  0.796(38)
sh2 | 0.6410(14)  0.750(10)  0.852(12)  0.853(32) | 0.6440(14) 0.7528(98) 0.854(11)  0.856(31)
sh3 | 0.7174(14) 0.8143(89)  0.904(10) 0.917(25) | 0.7203(14) 0.8166(87) 0.906(10)  0.920(24)
shd | 0.7804(14) 0.8763(82) 0.9566(94) 0.977(21) | 0.7922(13) 0.8787(80) 0.9588(92) 0.980(20)
sh5 | 0.8572(14) 0.9367(78) 1.0049(90) 1.033(18) | 0.8599(14) 0.9389(77) 1.0072(87) 1.035(18)
sh6 | 0.9209(14) 0.9935(76) 1.0561(84) 1.086(17) | 0.9235(14) 0.9957(75) 1.0584(81) 1.088(16)
Table B.5: Fit results for the energy of strange-strange and strange-heavy pseu-
doscalar mesons in lattice units as a function of the momentum for the ensemble
8 =441.
n (0,0,0) (1,0,0) (1,1,0) (1,1,1) (0,0,0) (1,0,0) (1,1,0) (1,1,1)
amg = 0.024 amg = 0.026
ss | 0.23749(39) - - - 0.24723(36) - - -
sh0 | 0.32042(73)  0.419(16)  0.477(19) 0.583(26) | 0.33328(71)  0.422(15)  0.480(19)  0.585(25)
shl | 0.39143(72) 0.473(12)  0.529(14) 0.615(32) | 0.39492(71)  0.476(12)  0.532(13)  0.617(31)
sh2 | 0.44837(73) 0.524(11)  0.577(13)  0.650(42) | 0.45163(72)  0.527(10)  0.579(12)  0.652(40)
sh3 | 0.50185(74)  0.572(10)  0.620(10)  0.668(48) | 0.50496(72) 0.5744(98)  0.621(10)  0.672(46)
shd | 0.55252(76) 0.6178(96) 0.6603(94) 0.699(40) | 0.55552(74) 0.6206(93) 0.6629(89) 0.702(38)
sh5 | 0.60091(78) 0.6623(91) 0.7010(85) 0.724(39) | 0.60382(76) 0.6651(88) 0.7036(81) 0.727(37)
sh6 | 0.64723(81) 0.7054(87) 0.7407(78) 0.757(33) | 0.65007(78) 0.7081(84) 0.7433(74) 0.761(32)
sh7 | 0.69161(83) 0.7468(84) 0.7792(73) 0.790(29) | 0.69440(80) 0.7495(82) 0.7819(69) 0.794(28)
sh8 | 0.73410(87) 0.7868(82) 0.8166(69) 0.823(26) | 0.73685(84) 0.7895(80) 0.8192(65) 0.827(25)
sh9 | 0.77473(90) 0.8264(84) 0.8526(66) 0.856(24) | 0.77744(86) 0.8291(81) 0.8553(62) 0.859(23)
sh10 | 0.81346(93) 0.8632(83) 0.8873(63) 0.881(24) | 0.81614(89) 0.8659(80) 0.8899(60) 0.885(23)
Table B.6: Fit results for the energy of strange-strange and strange-heavy pseu-
doscalar mesons in lattice units as a function of the momentum for the ensemble
8 = 4.66.
n (0,0,0) (1,0,0) (1,1,0) (1,1,1) (0,0,0) (1,0,0) (1,1,0) (1,1,1)
amg = 0.018 amg = 0.020
ss | 0.17758(75) - - - 0.18735(73) - - -
sh0 | 0.28700(56)  0.350(10)  0.4032(50)  0.430(23) | 0.20061(54) 0.3529(97) 0.4058(48)  0.432(22)
shl | 0.35690(58) 0.4085(78) 0.4562(36) 0.480(16) | 0.36016(56) 0.4110(74) 0.4588(34)  0.483(15)
sh2 | 0.42074(60) 0.4653(66) 0.5063(35) 0.530(13) | 0.42380(58) 0.4678(63) 0.5089(33)  0.533(12)
sh3 | 0.48047(61) 0.5186(63) 0.5542(36) 0.579(11) | 0.48339(58) 0.5211(60) 0.5567(34)  0.582(11)
shd | 0.53680(65) 0.5717(59) 0.6029(32) 0.6257(90) | 0.53964(62) 0.5742(56) 0.6054(31)  0.6285(87)
sh5 | 0.59020(67) 0.6222(57) 0.6502(30) 0.6727(84) | 0.59298(64) 0.6247(54) 0.6527(28) 0.6755(81)
sh6 | 0.64086(69) 0.6697(58) 0.6958(28) 0.7180(80) | 0.64359(66) 0.6722(55) 0.6983(26) 0.7208(77)
sh7 | 0.68882(72) 0.7161(55) 0.7398(26) 0.7620(84) | 0.69150(68) 0.7186(53) 0.7423(24)  0.7648(80)
sh8 | 0.73401(74) 0.7598(56) 0.7814(25) 0.8031(83) | 0.73667(70) 0.7623(53) 0.7840(23)  0.8059(79)

Table B.7: Fit results for the energy of strange-strange and strange-heavy pseu-
doscalar mesons in lattice units as a function of the momentum for the ensemble

B = 4.89.
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n (0,0,0) (1,0,0) (1,1,0) (1,1,1) (0,0,0) (1,0,0) (1,1,0) (1,1,1)
ams = 0.011 ams = 0.013

ss | 0.1143(13) - - - 0.1246(11) - N -

shO | 0.17940(63) 0.246(13) 0.2454(78)  0.269(16) | 0.18322(60) 0.248(12) 0.2495(74)  0.272(15)
shl | 0.25110(52) 0.302(12) 0.3035(51) 0.327(14) | 0.25441(49) 0.304(11) 0.3074(47)  0.330(13)
sh2 | 0.31470(52) 0.358(11) 0.3590(43)  0.374(13) | 0.31778(49) 0.360(10) 0.3625(40)  0.377(12)
sh3 | 0.37356(56) 0.412(11) 0.4116(38) 0.430(13) | 0.37651(52) 0.414(10) 0.4148(34)  0.433(12)
shd | 0.42804(61) 0.465(11) 0.4625(36)  0.477(11) | 0.43180(58) 0.466(10) 0.4656(32)  0.481(11)
sh5 | 0.48138(67) 0.516(10) 0.5114(35)  0.524(10) | 0.48419(62) 0.517(10) 0.5143(31)  0.527(10)
sh6 | 0.53114(72) 0.564(11) 0.5582(34) 0.5689(99) | 0.53390(67) 0.566(10) 0.5611(30) 0.5723(95)

Table B.8: Fit results for the energy of strange-strange and strange-heavy pseu-
doscalar mesons in lattice units as a function of the momentum for the ensemble

B =5.20.
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361.281(16)
234.297(10)

’ ens ‘ amy my [MeV] ‘
CO | 0.08046(11) 139.15(36)
C1 | 0.19038(42)  339.789(12)
C2 | 0.24129(41)  430.648(14)
MO | 0.059080(78) 139.35(46)
M1 | 0.12724(36)  303.248(14)

)
)

(
M2 | 0.15159(41
F1 | 0.08446(18

Table C.1: Fit results for the mass of the pions on all ensembles used.
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Table C.2: Fit results for the masses and decay constants of the D meson on all
ensembles. The second set of columns is renormalised where the renormalisation
constants are obtained from the light-light conserved current as described in the
text.

ens | amp afpre mp [GeV] on [GeV]
0.82242(82) 0.16211(85) | 1.4224(33) 0.1996(11)
C0 | 0.8995(10)  0.1643(11) | 1.5558(37) 0.2023(14)
0.9727(12)  0.1654(13) | 1.6823(41) 0.2036(17)
0.83111(95) 0.1687(10) | 1.4834(44) 0.2114(14)
C1 | 0.9075(11)  0.1710(12) | 1.6198(49) 0.2142(16)
0.9802(11)  0.1722(12) | 1.7495(52) 0.2157(16)
0.84120(65) 0.17463(62) | 1.5015(43) 0.21883(99)
02 | 0.91722(77)  0.17679(80) | 1.6370(47) 0.2215(12)
0.98995(85) 0.17851(86) | 1.7669(51)  0.2236(12)
0.63066(95) 0.1146(11) | L4375(51) 0.2010(21)
vio | 0-7259(13) 0.1159(17) | 1.7122(61)  0.2032(31)
0.8146(18)  0.1162(25) | 1.9214(72) 0.2037(44)
0.8975(22)  0.1156(28) 2.1168(81)  0.2027(50)
0.63804(77) 0.12168(65) | 1.5206(57) 0.2145(14)
v | 0-73315(92)  0.12345(80) | 1.7473(66)  0.2176(16)
0.8211(12)  0.1235(11) | L.9570(75) 0.2178(20)
0.0027(14)  0.1221(14) | 2.1513(83) 0.2152(25)
0.64237(80) 0.12424(73) | 1.5310(57) 0.2190(15)
v | 0-73731(98)  0.12603(97) | 1.7572(66)  0.2221(19)
0.8252(12) 0.1261(13) 1.9668(76) 0.2223(24)
0.9068(16)  0.1247(17) | 2.1611(85) 0.2197(32)
0.53696(70) 0.09913(79) | 1.4895(57) 0.2093(18)
0.61936(88) 0.1006(10) | 1.7181(67) 0.2125(23)
F1 | 0.6960(11)  0.1010(13) | 1.9307(77) 0.2133(29)
0.7682(12)  0.1010(13) | 2.1309(85) 0.2132(29)
0.8612(16)  0.0991(18) | 2.3889(98)  0.2092(38)
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’ ens ‘ amp, afpre mp, [GeV]  fi5* [GeV]
0.88227(13) 0.18809(17) 1.5249(37)  0.23134(64)

C0 | 0.95671(16) 0.19073(22) 1.6536(40)  0.23458(67)
1.02773(18) 0.19225(25) 1.7765(42)  0.23644(69)
0.87662(43) 0.18654(45) 1.5646(49)  0.23369(96)

C1 | 0.95114(46) 0.18923(53) 1.6976(53)  0.2371(10)
1.02215(51) 0.19071(62) 1.8243(56)  0.2389(11)
0.87804(42) 0.18799(43) 1.5671(49) 0.23551(94)

C2 | 0.95235(48) 0.19040(56) 1.6998(52)  0.2385(11)
1.02309(56) 0.19146(74) 1.8260(56)  0.2399(12)
0.678132(88) 0.135920(96) | 1.5946(56) 0.23710(92)

Vo | 0-77124(10) 0.13829(13) | 1.8144(62)  0.24118(96)
0.85813(13)  0.13897(19) | 2.0195(68)  0.2423(10)
0.93926(16)  0.13817(24) | 2.2109(74)  0.2408(11)
0.67420(41) 0.13560(46) 1.6068(66)  0.2390(13)

\ip | OT6723(47)  0.13774(64) | 1.8285(73)  0.2428(15)
0.85376(57)  0.13800(86) | 2.0348(81)  0.2433(18)
0.93420(71) 0.1365(12) 2.2265(88)  0.2406(23)
0.67472(41) 0.13623(41) 1.6081(66) 0.2401(12)

M2 0.76794(50) 0.13866(56) 1.8302(73)  0.2444(14)
0.85470(84) 0.1393(11) 2.0370(83)  0.2455(23)
0.93539(64) 0.13812(74) 2.2293(88) 0.2435(17)
0.57222(21)  0.11343(20) | 1.5867(67) 0.2394(12)
0.65271(24)  0.11546(26) | 1.8100(75)  0.2436(12)

F1 | 0.72795(28)  0.11611(34) | 2.0188(82)  0.2450(13)
0.79862(33)  0.11562(43) | 2.2148(89)  0.2440(15)
0.80021(44)  0.11320(61) | 2.4689(99) 0.2388(17)

Table C.3: Fit results for the masses and decay constants of the D; meson on all
ensembles. The second set of columns is renormalised where the renormalisation
constants are obtained from the light-light conserved current as described in the
text. The results stated here are those for the strange quark mass closest to the
physical one.
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Table C.4: Fit results for the masses of the connected part of the 1. meson on
all ensembles.

ens [ amy, my, [GeV] |
1.249409(56) 2.1600(47)
Co | 1.375320(51)  2.3786(51)
1.493579(48)  2.5831(56)
1.24641(20)  2.2246(62)
Cl | 1.37227(19)  2.4492(68)
1.49059(17)  2.6604(74)
1.24701(20) 2.2257(62)
C2 | 1.37276(18)  2.4501(68)
1.49102(16) 2.6612(74)
0.072433(49) _ 2.2937(70)
Vo | 1:135320(46)  2.6778(81)
1.287084(43)  3.0357(92)
1.428269(40)  3.369(10)
0.96975(18)  2.3112(33)
v | 113226(15)  2.6985(97)
1.28347(13)  3.059(11)
1.42374(12) 3.393(12)
0.97000(19) 2.3118(83)
M2 1.13246(18) 2.6990(97)
1.28365(16) 3.059(11)
1.42384(15) 3.393(12)
0.82322(10) _ 2.2836(33)
0.965045(93)  2.6770(98)
F1 | 1.098129(86) 3.046(11)
1.223360(80)  3.394(12)
1.385711(74)  3.844(14)
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H m< [ fp./fp . ciL [ o o /dof  p
ne 450 || 1.1531(60) || 0.037(22) - ~0.529(24) - ~0.022(16) | 0.739  0.803
ne 450 | 1.1526(72) | 0.036(23) - -0.523(59) -0.03(26) | -0.020(28) | 0.773  0.756
ne 450 || 1.157(11) | 0.019(44) 0.10(21) | -0.527(25) - -0.048(56) | 0.762  0.769
ne 450 || 1.157(11) | 0.016(46) 0.11(21) || -0.515(61) -0.06(26) | -0.045(57) | 0.798  0.719
D, 450 | 1.1532(60) || 0.036(22) - ~0.529(24) - ~0.019(14) | 0.737  0.806
D, 450 | 1.1528(72) | 0.036(23) - -0.523(58)  -0.02(22) | -0.017(24) | 0.771  0.759
D, 450 | 1.158(11) | 0.018(44) 0.08(17) | -0.527(25) - ~0.041(47) | 0.760  0.772
D, 450 | 1.157(11) | 0.016(46) 0.09(18) | -0.516(61) -0.05(22) | -0.038(48) | 0.796  0.722
D 450 || 1.1531(60) || 0.036(22) N ~0.531(25) - ~0.016(12) | 0.740  0.801
D 450 || 1.1521(70) || 0.035(23) - -0.516(56) -0.06(19) | -0.011(20) | 0.772  0.758
D 450 || 1.156(11) || 0.023(43) 0.06(15) || -0.530(25) - -0.031(40) | 0.769  0.762
D 450 || 1.155(11) || 0.019(44) 0.06(15) || -0.510(58) -0.07(19) | -0.027(41) | 0.801  0.716
ne 400 |[ 1.1667(77) || 0.005(25) - ~0.631(44) - ~0.031(19) | 0.319  0.998
ne 400 || 1.1644(90) | 0.003(25) - -0.591(94) -0.21(43) | -0.019(31) | 0.324  0.997
ne 400 || 1.171(12) | -0.015(51) 0.11(23) || -0.628(45) - -0.056(57) | 0.324  0.997
ne 400 || 1.168(14) | -0.012(51) 0.08(24) || -0.597(95) -0.16(44) | -0.041(69) | 0.335  0.995
D, 400 | 1.1669(77) | 0.004(25) - ~0.631(44) - ~0.026(16) | 0.314  0.998
D, 400 | 1.1647(91) | 0.003(25) - -0.592(94) -0.17(36) | -0.016(27) | 0.319  0.997
D, 400 | 1.171(12) | -0.015(50) 0.09(19) | -0.628(45) - -0.047(48) | 0.320  0.997
D, 400 | 1.168(14) | -0.012(51) 0.07(20) | -0.598(94) -0.13(37) | -0.034(58) | 0.332  0.995
D 400 || 1.1668(78) || 0.004(25) - ~0.634(45) - ~0.022(14) | 0319 0.998
D 400 | 1.1644(89) | 0.002(25) - -0.592(91) -0.16(31) | -0.013(22) | 0.321  0.997
D 400 || 1.171(12) || -0.014(48) 0.07(16) || -0.631(46) - -0.040(42) | 0.325  0.997
D 400 || 1.168(14) || -0.010(49) 0.05(17) || -0.598(92) -0.13(32) | -0.027(50) | 0.335  0.995
ne 350 || 1.1655(79) || 0.006(26) - -0.636(55) - -0.025(22) | 0.352  0.989
ne 350 || 1.1653(92) || 0.006(26) - -0.63(12)  -0.03(54) | -0.024(32) | 0.377  0.982
ne 350 || 1.168(13) || -0.005(53) 0.06(25) || -0.635(55) - -0.039(65) | 0.373  0.982
ne 350 || 1.168(14) | -0.005(53) 0.06(25) | -0.63(12) -0.01(54) | -0.039(70) | 0.402  0.970
D, 350 || 1.1657(79) || 0.005(26) - -0.637(55) - -0.022(18) | 0.349  0.990
D, 350 || 1.1655(92) || 0.005(26) - -0.63(12)  -0.02(45) | -0.021(28) | 0.374  0.982
D, 350 | 1.168(13) | -0.004(53) 0.04(21) | -0.635(55) - -0.032(55) | 0.371  0.983
D, 350 | 1.168(14) [ -0.004(53) 0.04(21) | -0.63(12) -0.01(45) | -0.032(59) | 0.400 0.971
D 350 | 1.1656(79) | 0.005(26) - -0.639(56) - -0.018(16) | 0.352  0.989
D 350 || 1.1652(90) || 0.005(26) - 0.63(12)  -0.04(39) | -0.017(23) | 0.377  0.982
D 350 || 1.168(13) || -0.003(52) 0.03(18) || -0.638(56) - -0.027(47) | 0.375  0.982
D 350 || 1.167(14) || -0.003(52) 0.03(18) || -0.63(12) -0.03(39) | -0.025(50) | 0.403 0.970

Table D.1: Fit results of the different versions of the global fit ansatz (6.10) for
the observable fp./fp
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H m& [ &p[GeV3? o, cl, 9 cl o 2/ dof
ne 450 | 0.2885(32) || -0.010(10) - 0. 203(13) - -0.3797(86) | 0.555
ne 450 | 0.2867(36) || -0.012(10) - 0.234(26) -0.36(21) | -0.354(18) | 0.459
ne 450 | 0.2891(43) || -0.014(17)  0.05(11) [ 0.204(13) - -0.390(30) | 0.577
ne 450 | 0.2880(44) || -0.021(17)  0.11(12) | 0.237(26) -0.39(21) | -0.374(31) | 0.460
D, 450 || 0.2882(31) | -0.018(10) - 0.200(12) - ~0.3061(70) | 0.540
D, 450 || 0.2866(34) | -0.020(10) 0.228(23) -0.29(16) | -0.285(15) | 0.447
D, 450 || 0.2883(41) | -0.019(16) 0.009(91) || 0.201(12) - -0.308(24) | 0.565
D, 450 || 0.2874(42) | -0.025(16) 0.056(94) || 0.230(24) -0.31(17) | -0.296(25) | 0.460
D 450 | 0.2884(30) | -0.0202(95) - 0.176(11) - ~0.2717(59) | 0.578
D 450 | 0.2868(32) | -0.0228(96) - 0.205(21) -0.30(13) | -0.251(12) | 0.446
D 450 | 0.2891(38) || -0.024(14) 0.043(77) | 0.177(12) - -0.281(20) | 0.598
D 450 | 0.2880(39) | -0.030(15) 0.081(80) | 0.209(22) -0.32(14) | -0.267(21) | 0.443
ne 400 || 0.2853(38) || -0.003(11) - 0.230(22) - -0.3747(97) | 0.300
ne 400 | 0.2841(43) || -0.005(11) - 0.255(40) -0.32(33) | -0.356(22) | 0.255
ne 400 | 0.2876(48) || -0.017(18)  0.17(13) | 0.233(23) - -0.409(32) | 0.269
ne 400 | 0.2861(55) || -0.015(19)  0.14(14) | 0.254(40) -0.28(34) | -0.386(44) | 0.237
D, 400 || 0.2851(37) | -0.011(11) - 0.227(22) - ~0.3016(79) | 0.279
D, 400 || 0.2840(42) | -0.012(11) 0.248(37) -0.25(26) | -0.288(17) | 0.241
D, 400 || 0.2867(46) | -0.021(17)  0.11(10) | 0.230(22) - -0.323(25) | 0.265
D, 400 | 0.2853(52) | -0.020(18)  0.08(11) || 0.248(37) -0.22(27) | -0.306(35) | 0.237
D 400 | 0.2854(36) | -0.014(11) - 0.203(20) - ~0.2670(66) | 0.316
D 400 | 0.2840(39) | -0.015(11) 0.230(34) -0.30(22) | -0.250(14) | 0.232
D 400 | 0.2875(43) || -0.026(16) 0.135(87) | 0.207(21) - -0.294(22) | 0.271
D 400 | 0.2857(48) | -0.025(16) 0.103(92) | 0.229(34) -0.26(22) | -0.273(29) | 0.209
ne 350 || 0.2855(39) || -0.005(12) - 0.235(25) - ~0.372(11) | 0.348
ne 350 | 0.2835(43) || -0.006(12) 0.281(48) -0.56(40) | -0.346(22) | 0.238
ne 350 | 0.2878(50) || -0.018(19)  0.17(14) | 0.239(25) - -0.407(35) | 0.312
ne 350 | 0.2856(55) || -0.017(19)  0.14(14) | 0.281(48) -0.53(40) | -0.378(43) | 0.209
D, 350 || 0.2852(38) | -0.013(11) - 0.232(24) - ~0.2996(87) | 0.319
D, 350 || 0.2835(42) | -0.014(11) 0.272(45) -0.43(31) | -0.280(17) | 0.225
D, 350 || 0.2868(47) | -0.022(18)  0.11(11) | 0.235(25) - -0.322(28) | 0.304
D, 350 | 0.2850(52) | -0.022(18)  0.09(11) || 0.272(45) -0.41(32) | -0.299(34) | 0.214
D 350 | 0.2854(36) | -0.015(11) - 0.203(23) - ~0.2639(73) | 0.352
D 350 | 0.2836(39) | -0.017(11) - 0.252(40) -0.45(25) | -0.244(14) | 0.209
D 350 | 0.2876(44) || -0.028(17) 0.134(93) | 0.213(23) - -0.292(24) | 0.300
D 350 | 0.2855(48) | -0.028(17) 0.111(93) | 0.253(40) -0.42(26) | -0.268(28) | 0.169

Table D.2: Fit results of the different versions of the global fit ansatz (6.10) for
the observable ®p
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H m& || &p [GeV?/?] o Ly cY cl Y x2/dof
ne 450 | 0.3449(21) | -0.0206(68) - 0.0655(92) - -0.4167(38) | 0.297
ne 450 || 0.3448(21) || -0.0206(69) - 0.066(16)  -0.01(14) | -0.4162(76) | 0.311
ne 450 | 0.3463(26) | -0.0286(98) 0.114(65) | 0.0665(92) - -0.440(15) | 0.262
ne 450 | 0.3462(25) | -0.0287(100) 0.115(66) | 0.068(16)  -0.02(14) | -0.440(16) | 0.274
Dy 450 [ 0.3444(18) || -0.0294(59) - 0.0622(80) - -0.3345(30) | 0.261
Dy 450 || 0.3444(19) | -0.0294(60) - 0.064(14)  -0.02(10) | -0.3337(56) | 0.273
Dy, 450 | 0.3451(23) || -0.0334(87) 0.051(50) | 0.0628(80) - -0.345(12) | 0.258
D, 450 || 0.3451(23) | -0.0336(88) 0.052(50) || 0.065(14) -0.02(10) | -0.344(12) | 0.270
D 450 | 0.3448(20) || -0.0327(66) - 0.0364(88) - -0.2952(27) | 0.359
D 450 | 0.3446(20) || -0.0331(67) - 0.044(13)  -0.086(91) | -0.2914(50) | 0.349
D 450 | 0.3459(24) | -0.0388(91) 0.073(45) | 0.0378(88) - -0.311(11) | 0.336
D 450 | 0.3456(24) || -0.0394(92) 0.074(45) | 0.045(13) -0.089(91) | -0.307(10) | 0.323
ne 400 0.3442(22) -0.0185(68) - 0.073(14) - -0.4175(40) | 0.278
ne 400 | 0.3442(22) | -0.0185(69) - 0.073(21)  0.01(18) | -0.4179(77) | 0.293
ne 400 | 0.3457(26) | -0.027(10)  0.122(70) || 0.075(14) - -0.442(16) | 0.235
ne 400 0.3459(27) -0.028(10)  0.127(71) || 0.072(21) 0.05(18) -0.445(18) | 0.246
D, 400 || 0.3438(19) | -0.0275(59) - 0.070(12) - -0.3348(32) | 0.243
Dy 400 || 0.3438(19) || -0.0274(60) - 0.069(19)  0.01(13) | -0.3353(57) | 0.256
Dy, 400 || 0.3446(24) | -0.0322(90) 0.058(53) || 0.071(12) - -0.347(12) | 0.236
Dy 400 0.3447(24) -0.0324(90)  0.062(54) || 0.069(19) 0.03(13) -0.348(14) | 0.248
D 400 | 0.3442(21) || -0.0310(66) - 0.044(13) - -0.2951(28) | 0.358
D 400 0.3440(21) -0.0314(66) - 0.050(19)  -0.08(12) | -0.2920(51) | 0.359
D 400 | 0.3455(25) || -0.0386(93) 0.087(48) | 0.046(13) - -0.313(11) | 0.318
D 400 | 0.3453(25) || -0.0382(92) 0.080(47) | 0.049(19) -0.05(12) | -0.309(12) | 0.328
ne 350 [ 0.3444(22) [ -0.0202(69) - 0.079(15) - -0.4152(42) [ 0.268
ne 350 | 0.3445(22) | -0.0201(69) - 0.075(26)  0.06(23) | -0.4167(72) | 0.284
ne 350 | 0.3458(27) | -0.028(10)  0.113(72) || 0.080(15) - -0.438(17) | 0.224
ne 350 | 0.3461(27) | -0.029(10)  0.119(68) | 0.073(26)  0.09(22) | -0.442(16) | 0.232
Dy 350 [ 0.3440(19) || -0.0290(60) - 0.075(13) - -0.3331(34) | 0.227
Ds 350 || 0.3441(19) | -0.0290(60) - 0.072(22)  0.04(17) | -0.3344(54) | 0.240
D, 350 || 0.3447(24) || -0.0332(91) 0.052(54) || 0.076(13) - -0.344(13) | 0.223
Ds 350 || 0.3449(24) || -0.0334(90) 0.056(52) || 0.071(22)  0.06(16) | -0.346(12) | 0.234
D 350 0.3445(21) -0.0330(67) - 0.049(14) - -0.2924(30) | 0.326
D 350 | 0.3444(21) || -0.0331(67) - 0.053(22)  -0.05(15) | -0.2911(48) | 0.346
D 350 | 0.3456(25) || -0.0398(94) 0.079(49) | 0.051(14) - -0.309(12) | 0.288
D 350 | 0.3455(25) || -0.0397(93) 0.077(46) | 0.052(22)  -0.02(15) | -0.308(11) | 0.309

Table D.3: Fit results of the different versions of the global fit ansatz (6.10) for

the observable ®p,
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