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On Positive-Realness and Lyapunov Functions for
Switched Linear Differential Systems

J. C. Mayo-Maldonado and P. Rapisarda

Abstract—We show new results about Lyapunov stability of
switched linear differential systems (SLDS) using the concept of
positive realness. The main results include stability conditions for
a class of SLDS with augmented banks and the parametrization
of families of asymptotically stable SLDS with three modes. Such
conditions can be verified using LMIs that can be directly set up
from the higher-order differential equations describing the modes.

Index Terms—Positive-realness, quadratic differential forms,
stability, switched systems.

I. INTRODUCTION

Usually switched systems are studied using state space—(see e.g.,
[2], [6]) or descriptor form—i(see [18]) representations, together with
a switching rule that determines the activation of modes; furthermore,
state reset maps can be incorporated to act at the switching times.
In such classic approaches, the dynamical modes share a global state
space. However, we argued in [10] that there are many switched sys-
tems for which no compelling reason exists to use a global state space.
In [10], it is also shown that the use of state space representations
themselves is not necessary, and that switched systems can be studied
directly in higher-order terms, i.e., using sets of linear differential
equations to describe the modes.

Posive-realness has played an important role in the study of
switched systems. For instance it is well-known that if an open-loop
transfer function of a system is positive-real, then all stable closed-
loop systems obtained from it by state feedback share a common
quadratic Lyapunov function (see Sec. 2.3.2 of [6] and [16], [17]).
Other contributions regarding quadratic stability of a class of switched
linear systems are shown in [7] and [15]. A contribution in stability
of switched systems in descriptor form, using an extended version
of the positive-real lemma, can be found in [20]. Recently, positive-
realness has also played a role in dimensionality reduction for switch-
ing descriptor systems, see [13], [14]. In this note, we provide new
results generalising material included in [8] for the special case of
scalar SLDS and the results in [10, Sec. IV] regarding the role of
positive-realness in stability of a class of SLDS. We show sufficient
conditions for stability for pairs of multivariable dynamical modes
that do not share the same state space using positive-real completions.
The conditions are based on LMIs that can be directly set-up from the
higher-order differential equations describing the modes. Moreover,
we show that the existence of positive-real completions imply also
the existence of additional dynamical modes in extended banks whose
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stability conditions are analogous with those of the original bank.
Finally, stability of parameter depending families of SLDS with three
dynamical modes is also proved.

We use the following notation. The space of real vectors with
n components is denoted by R™. €>°(R,R") represents the set of
infinitely-differentiable functions from R to R". The space of m X n
real matrices by R™*". The space of real matrices with n columns
and a finite unspecified number of rows is denoted by R®*". The
ring of polynomials with real coefficients in £ is denoted by R[¢].
R™*?[¢] is the space of m X n polynomial matrices in £. The space
of m x n polynomial matrices in ¢ and 7 is denoted by R™ *[(, n].
A nonsingular matrix R € R™*™[¢] is Hurwitz if the roots of det(R)
are all in the open left half-plane. The space of complex numbers
whose real part is positive (negative) is denoted by C, (C_). The
space of complex vectors with n components is denoted by C". Given
A, B € R**", col(A, B) denotes the matrix obtained by stacking A
over B. For a function f: [t —e¢,t) — R®, with € > 0, we define
f(t7) :==lim, »; f(7); and similarly for f : (¢, + €] — R® we de-
fine f(t1) := lim,, f(7), provided that these limits exist.

II. SWITCHED LINEAR DIFFERENTIAL SYSTEMS (SLDS)

In this note, we use standard concepts and notation of the be-
havioral setting, in particular those of linear differential behaviors,
state maps, and quadratic differential forms. A simplified collection
of the theory that is relevant for the presented results can be found in
[10, p. 2046, App. Z]. We now recall the basic definitions of SLDS,
see [10, p. 2039].

Definition 1: A switched linear differential system (SLDS) X is
a quadruple ¥ = {P, F,S,G} where P ={1,...,N} CN, is the
set of indices; F = {B1,..., By}, with B; € €°(R,R"¥) a linear
differential behavior and j € P, is the bank of behaviors; S C {s:
R — P}, with s piecewise constant and right-continuous, is the set
of admissible switching signals; and G = {(G;_,,(£), G}, ,(€)) €
Re*¥[E] x R**V[E] |1 < k,£ < N,k # ¢}, is the set of gluing con-
ditions. The set of switching instants associated with s € S is defined
by T, := {t € R|s(t7) # s(tT)} = {t1,12,...}, where t; <;11.

The results in this note are valid for every admissible s € S that is
well-defined, i.e., for every finite time interval there exists only a finite
number of switching instants.

Since B, € €*°(R,R"), j =1,..., N, it follows that the trajec-
tories in B> are piecewise infinitely differentiable functions from
R to R".

Definition 2: Let ¥ = {P, F,S,G} be a SLDS, and let s € S. The
s- switched linear differential behavior B° is the set of trajectories
w : R — RY that satisfy the following two conditions:

D) forallt;,t;41 € Ts, w‘[tiati+1) € %S(ti)|[ti7ti+1);
2) w satisfies the gluing conditions G at the switching instants for
eacht; € T,,i.e.,
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Fig. 1. Multi-controller system.

The switched linear differential behavior (SLDB) B* of ¥ is
defined by B> := J, s B*°.

The gluing conditions describe constraints on the trajectories of the
external variable at switching instants, e.g., charge/flux conservation
principles, kinematic constraints, reset maps, etc. When dealing with
autonomous modes, equivalent gluing conditions can be written in
terms of the state (see [10, Sec. II-B]). In the following, we focus
on the study of SLDS with a standard type of gluing conditions
that are written in terms of states constructed from the linear dif-
ferential equations describing the modes. In order to do so, we
use the notion of state maps that act on the external variable (see
[10, p. 2047, App. A-C]). We also use the concept of R-canonical
representative for a polynomial matrix G € R**"[¢] denoted by G
mod R (see [10, p. 2047, App. A-B]). We recall the following
instrumental result.

Lemma 1: Let B; = ker R;(d/dt),i = 1,2. Assume that Ry, Ry €
R¥**[¢] are nonsingular, and that R, Ry ' is strictly proper. Let n; :=
deg(det(R;)), i =1,2. There exist X! € R(m—m2)xv[¢] X,
R™2*¥[¢] such that X5(d/dt) is a minimal state map for B,
and X (d/dt) := [Xp(d/dt) X|(d/dt)]T, is a minimal state map
for 9B,. Moreover, there exists IT € R{("1-72)X"2 guch that X! (¢)
mod R2 = HXQ(&)

Proof: See[10], Lemma 1. O

Definition 3: Let 3 be a SLDS with mode behaviors B; :=
ker R;(d/dt), j = 1,2, where R; € R"™*"[¢], j = 1,2, is Hurwitz
and nonsingular. Assume that R,R;' is strictly proper. Let
n; := deg(det(R;)), i = 1,2, and let X| € R(r1—m2)xv[¢] X, €
R™2*¥[¢] and IT € R(™1—"2)X"2 be as in Lemma 1. ¥ is a standard
SLDS if the gluing conditions are

(G2-1(6), G3,1(€)) = (col(X2(€).I1X5(€)), col (X2(€),X(€)))
(G1o2(8), GTL2(8)) = (X2(8), X2(9))-

Example 1: Consider the basic multi-controller system in Fig. 1,
where the plant described by the transfer function n(§)/d(§) :=
((€+1)(&+4))/((£—2)(¢+3)) is interconnected to stabilising
switched controllers described by p1(£)/q1(€) := (Kp&% + Kpé +
Kr)/§ and p2(€)/q2(€) == (Kp& + K7)/€, where Kp =1, Kp =
25, K; =150, K[, =1, and K} = 33.

By selecting the output variable w as the variable of inter-
est, we can model the mode behaviors as B; := kerr;(d/dt), i =
1,2, with 71 (€) := 600 + 844¢ 4 280£2 4 313 + £* and r5(€) :=
132 + 163¢ + 39£2 + 2¢3. Furthermore, in many cases we are inter-
ested in determining a re-initialization for the controllers at switching
instants that guarantees the continuity of the external variable, i.e.,
w(t;r) =w(t; ) forall t; € T, (see e.g., the bumpless transfer prob-
lem in [11]). We model such requirements via gluing conditions, i.e.,
when switching from B to B, at t;, we consider

(&) w (t;)
gu(t) | = | o)
o)) L)
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On the other hand, when we switch from from B, to 28, we consider

w(t]) w(t;)
gi%w t;:r) _ gi%w(tj__)
(1) )
dmw (t)]  [F66w(t;) — 12 Fw () - F gzw (L))

The rationale underlying this choice of gluing conditions is that at
switching instants any trajectory of 8, and ‘B, is uniquely specified
by the instantaneous values of w and its derivatives, respecting the
laws imposed by the mode behaviors and requiring that the values
of w(t}) and w(t; ) coincide. Since X;(§) :=[1 ¢ & ¢3]" and
Xo(€):=[1 ¢ ¢2]" induce state maps for B; and B, respectively,
note that the proposed gluing conditions are standard in the sense of
Definition 3, where IT = [—-66 — (163/2) — (39/2)]. |

Remark 1: Standard gluing conditions describe concatenability
specifications when switching between mode behaviors with different
state space dimensions as in Ex. 1. In more complex cases, e.g., a mul-
tivariable version of Ex. 1, standard gluing conditions can be computed
using Lemma 1. Standard gluing conditions also appear in switched
electrical systems, see e.g., the example of the energy distribution
network presented in [9, Sec. V].

III. STABILITY AND POSITIVE-REALNESS

A SLDS X is asymptotically stable if lim,_, ., w(t) = 0 forall w €
B>, We prove asymptotic stability of a SLDS showing the existence
of a Lyapunov function Qg, i.e., a QDF such that is a Lyapunov

B B
function for the individual modes, i.e., Qg Zk Oand (d/dt) Qu < 0,
k=1,...,N, (asin[19, Th. 4.3]; moreover, see [19, Proposition 4.7]

to verify that, if exists, Qg is such that Qy %>k 0). Moreover the value
of Qg does not increase at the switching instants, i.e., Qg (w)(t; ) >
Qu(w)(t]) for all t; € T, see [10, Th. 1]. We also use the concept
of R-canonical representative for QDFs, see [10, p. 2047, App. A-D].
We now recall an important structural property of a Lyapunov function
for a standard SLDS.

Lemma 2: Let X be a standard SLDS as in Definition 3. Consider a
two-variable polynomial matrix

ven =" x©7 g el [Gn] @
e W]

=

where Py € Rn2xnz, \Illgve R72x(n1—n2) and Wy €
R(n1—n2)x(n1=n2) Agqume that ¥ > 0. The condition Qg (w)(t;) >
Qu (w)(t]) is satisfied for all ¢; € T, and for all w € B, if and only
if qllg = —HT\IIQQ.

Proof: See[10, p. 2048, Lemma 3]. O

We call a matrix of rational functions G(&) strictly positive-real
if it is analytic in C; and G(—jw)T + G(jw) > 0 Yw € R. In the
following theorem we show that strict positive-realness is a sufficient
condition for the asymptotic stability of standard SLDS.

Theorem 1: Let ¥ be a standard SLDS as in Definition 3.
Assume that R,R; ' is strictly positive-real. There exists Q €
R*<¥[¢] such that Ri(—€)' Ra(€) + Ra(—€) T Ru(€) = Q(~)T
Q(&), rank col(Ry(\), Q(A)) = w for all A € C and QR; ! s strictly
proper. Define

W(C,n) = Rl(C)TRZ(ﬁ) + RQ(CC)+T77RI (n) — Q(C)TQ(n)

3
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Then W is R;j-canonical; and induces a QDF Qg which is a

Lyapunov function for 3.
Proof: See[10, Th. 4]. O

Theorem 1 reduces the computation of a Lyapunov function for
standard SLDS to the computation of polynomial spectral factors
Q € R**"[¢], whose existence follow from positive-realness [1].

Remark 2: In Theorem 1, we show a different perspective when
compared to existing results (e.g., [6], [16], [17]) on the relation
between positive-realness and stability: the dynamical regimes do not
arise from closing the loop around some fixed plant. Positive-realness
arises from the interplay of the mode dynamicals, i.e., the construction
of a rational matrix involving the two modes. O

Example 2 (Continued From Example 1): Note that since 71 (—jw)
ro(jw) + ro(—jw)ri(jw) >0 for all w € R, we conclude that
r2(&)/r1(€) is strictly positive real. Consequently, using Theorem 1,
we also conclude that the standard SLDS is asymptotically stable
under arbitrary swiching signals. ([l

The following results enable an alternative computation of ¥ and
as in Theorem 1 using an easy-to-contruct matrix equation.

Proposition 1: Consider the assumptions in Theorem 1. Define
ny := deg(det(R;)) and let X; € R™1*"[¢] be a minimal state map
for By. Write Ry(§) =Y Ri &7, with Ry ; € R¥™V, j =0,
1,..., L. There exists~§2 € R¥xm, é € R**™ and ¥ € Rmxm
such that R»(£) = R2X1(£), Q(§) =QX1(§) and ¥((,n) =
X1(¢)TW X, (n). Moreover, there exist X1,; € RM*Y withj = 0,1,
-, L — 1, such that Xy (§) = Y770 X1 ;€.

Proof: See Appendix. ([l

Proposition 2: Consider the assumptions of Theorem 1 and
the results obtained in Propostion 1. Denote the coefficient matri-
ces of R1(§) and X1(§) by Ry :=[R1o ... Riz], and X; :=
[X1,0 ... X1,0-1] Let U =0T € R"*™_ The following state-
ments are equivalent:

D U(¢n) = X1(Q)TUX1(n), Ri(€), i=1, 2, and Q(§)
satisfy (3);
2) There exists ¥ > 0, such that

o [x onlwaO{I [ [0r1 5(1},[0{:}
WX 1 wXnq
X7

wanl

Owj ny
X'
<Rf R R RE 0| 0TQRD 00p0
Proof: See Appendix. [l
The result provided in Proposition 2 permits and easy test of
asymptotic stability of standard SLDS, which is an straightforward
matter for standard LMI solvers.
Remark 3: Strict positive-realness of Ry Ry " in Theorem 1 implies

the existence of a Lyapunov function for standard SLDS. However, it
can be easily proved that the converse implication is not true in general.

O

IV. POSITIVE-REAL COMPLETIONS

We now study the role of positive-real completions in stability of
standard SLDS.

Definition 4: Let R; € R"*¥[¢], i=1,2 be nonsingular and
RyRy! strictly proper. M € R¥*¥[¢] is a strictly positive-real
completion of Ry Ry* if M Ry Ry ! is strictly positive-real.

Remark 4: A positive-real completion can be regarded as the
multivariable version of the “passivation” technique used for open
SISO systems in [5, Sec. III]. We will show that in the context of
SLDS, positive-real completions provide a less conservative stability
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condition than that of Theorem 1, i.e., for the case when Ry R; s not
positive-real. ]

Remark 5: Strictly- positive-real completions are not unique, e.g.,
the rational function mry/ry with r1(€) := (£ + 1)(£ + 3)( + 6)
and r5(§) := &+ 2 is positive-real with m equal to £ +4, £+5
or many other. Note also that not every pair of Hurwitz matrices
has a strictly- positive-real completion, for example the polynomi-
als (&) := 2523677 + 435616€ + 8155962 + 700063 +6036* +
245 + €6 and ro (&) := 65 + 46€ + 26£2 + 6£3 + £* have not.

In the following result, we establish general conditions for the
existence of a Lyapunov function for a standard SLDS using positive-
real completions. B

Theorem 2: Let X be a standard SLDS as in Definition 3. Let R,
and X be as in Proposition 2. Define Y := M R, with M € R"*"[¢]
such that YRy ' is strictly proper. There exist Y, € R"*, with
j=0,1,...,L —1, such that Y(§) = Z;.“:_Ol Y;&7. Denote Y =

[Yo -+ Yp_1]. If there exists W > 0 with &' € R™1*"1 such that
Ow n| Jrv )?T T oyl
Cer] o 0w+ | ¥ R
AR I
- 0 Rl - Rl [Y waw] S O (4)
WXW

then M is a strictly positive-real completion of Ry,R;". More-
over, if LII partitioned as in (2) is such that ¥, = —IIT Wy, then
X1(¢) "W X, (n) induces a Lyapunov function for .
Proof: See Appendix. ([l
Remark 6: Theorem establishes general conditions for stability of
standard SLDS in terms of LMIs. Although positive-real completions
are instrumental for the computations, they are unknown in general;
however, they can be computed using the LMI (4). In order to do so,
let M (&) = Z;V:O Mg, ie., M(€) is written in terms of unspecified
parameters, with V < L — 1. Write

Ryo 0 0 - 0] [M
i}T — Rg,l Rg’o 0 s 0 M, 3)
~———
=T =M

where T' € REX® is a block Toplitz matrix (see [4, Sec. 8.3.1])
containing the coefficients R ; of Ro(£); and M € R**Y contains
the unknown coefficients of M (¢). The LMI (4) with Y asin (5) can
be solved using standard LMI solvers. On the other hand, if (4) has no
solution, we conclude that the pair R;, R does not have a positive-real
completion, see remark 5. O

Remark 7: We have focused on the study of standard SLDS whose
dynamic modes are associated to Ry R; " being strictly proper. It is
also possible to extend these results to the case when Ry Ry ' is bi-
proper and show that positive-realness is also a sufficient condition
for this case. This has been already shown for the case w = 1 in [12].
A positive-real completion can be also computed in the proper case,
e.g., using the positive-real lemma for the state space realisation of
MRyRT. O

V. STABILITY OF STANDARD SLDS WITH AUGMENTED BANKS

In this section, we analyze important consequences of the existence
of positive-real completions. The following lemma will be instrumen-
tal for this aim.

Lemma 3: Let B, := ker R;(d/dt), i = 1, 2, be as in Definition 3.
Let M € R¥*¥[¢] be such that MR,R;' is strictly proper.
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Define B3 := ker R3(d/dt) where R5(§) :== M(§)R2(§) and n; =
deg(det(R;)), j=1, 2, 3. There exist X, € R"2*"[{], X} €
R(s=n2)xv[¢] and X € R(M~"3)X¥[¢] such that:

1) X;:=[X, X4 X}]' isaminimal state map for B.
2) X, is a minimal state map for B,.
3) X3:=[Xy Xj4]' isaminimal state map for Bs.

Moreover, there exist II;, j =1, 2, 3, of adequate sizes, such
that col(X%(§), X1(§)) mod Ry =1I; X5(§); X5(§) mod Ry =
T2 X5(€); and X (€) mod R3 = II3X3(E).

Proof: See Appendix. O

In the following, we show a sufficient condition for the asymptotic
stability of a SLDS with three behaviors.

Theorem 3: Let ¥ be a standard SLDS as in Definition 3. Assume
that there exists M and W satisfying the conditions of Theorem. Define
R3 := MRy, B; :=ker R;(d/dt),i =1,2,3; and let X;,7=1,2,3
be as in Lemma 3. Consider a SLDS ¥’ with 7' = {8, B, B3} and
gluing conditions

(G251(8), G5, (&) == (col(X2 (), Ty X2 (), col (X3 (), X7 (£))
(G1L2(8), GT5(8)) = (X2(€), X2(€))
(G3,1(8), G,1(8)) == (col(X5(£), 5 X5(€)), col (X5(£), X7 (£))
(GiL5(8), GiL5(8)) = (X3(8), X5(€))
(G35(8), G3,5(&)) = (col(X2(§), T2 X2 (), col (X2 (), X5(£))
(G32(8), GE,5(8)) == (X2(€), X2(€))

with IT;, i = 1,2, 3 as in Lemma 3. Then X; (¢) T WX, (1) induces a
Lyapunov function for 7.
Proof: See Appendix. O

Another consequence of the notion of positive-real completion is
given in the following theorem, where we prove stability of parameter
dependent families of SLDS with three behaviors.

Theorem 4: Let X be a standard SLDS as in Definition 3. Theorem 3.
Assume that there exist strictly positive-real completions M; and M
of RoRy ! each one associated to a Lyapunov function for 3 as in
Theorem. Then, the polynomial matrix M, := aM; + (1 — o) M> is
also a strictly positive-real completion for every a such that 0 < o <
1. Moreover, define a SLDS ¥’ with

. d da da
Fl o= {kerRl (dt ,ker Ry gt Jker Rs3 gt

where R3 o := M, R5, and with gluing conditions as in Theorem 3.
Then X’ is asymptotically stable.
Proof:  See the Appendix. O

VI. CONCLUSION

We provided general stability conditions for standard SLDS using
the notion of positive realness in Theorems 1 and 2. In Theorem 3,
we showed that the existence of a strictly positive-real completion
M associated to a standard SLDS 3., implies the existence of a third
behavior B3 := ker M Ry (d/dt), in an augmented bank F”’ of a SLDS
3. We defined standard gluing conditions for X/, associated to the
switching among the behaviors ®B;, ¢ = 1,2,3. Consequently, the
stability conditions derived from the analysis of the switching between
the behaviors in F are analogous to those for 7’ concluding that if
3] is asymptotically stable so is X’. In Theorem 4 we showed that the
existence of two separate completions allows to establish the stability
of a whole family of parameter-dependent SLDS with three behaviors
F.,. We also showed that the asymptotic stability of a completion
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established in Theorem 3 is in a sense “robust”: perturbations of a
given completion, parametrized by « as in Theorem 4, also result
in a stable SLDS. For further results regarding LMI-based stability
conditions of SLDS with multiple modes using multiple higher-order
Lyapunov functions, the reader can be referred to [10].

APPENDIX

Proof of Proposition 1:  The existence of ég and @ follows
from the fact that Rngl and QR;1 are strictly proper and that
the rows of X (§) are a basis of the vector space over R defined by
{f € RY>¥[¢] | fR~! is strictly proper}. Using this argument and the
fact that ¥ is R;-canonical, we also conclude that U exists. The claim
that the highest degree present in X is less than that in R, follows

from the strict properness oft X R ! and [3, Lemma 6.3-10]. (]
Proof of Proposition 2:  Considering Proposition 1, the proof is
analogous to that in [10, Prop. 1, p. 2024]. 0

Proof of Theorem: Following the same arguments used in the
proofs of Propositions 1 and 2, it can be verified that the LMI (4) is
equivalent to

V(C,n) = Ri(Q)" Y (n) +Y(O) T Ri(n) = D) D(n)  (6)
for some D € R**¥[¢] which implies that YRT' = MRy Ry " is
strictly positive-real. To prove the final claim note that according to
Theorem 1, Qg = X;(d/dt)T WX (d/dt) is a Lyapunov function
for ©B;. Thus, to prove that QQy is also a Lyapunov function for
B, define ¥y(¢,n) :== ¥(¢{,n) mod R,. Note that since Qg > 0

and Qg Z2 Qu,, it follows that Qg, > 0. In order to prove that

(d/dt)Qw ;B<2 0 it is enough to show that col(D(X), Rz(X)) is full
column rank for all A € C. By contradiction, assume that there exists
A € C and v € C” such that Ry(A\)v = 0 and Q(\)v = 0. Note that
since Ry is Hurwitz it follows that A € C_, the open left half-plane.
Substitute ¢ = X and 1 = X in the expression in (6), obtaining (X +
M¥(X,A\) =0. Since A € C_, this is equivalent to U(X \) =0,
which implies that )y is not positive-definite, a contradiction. Finally,
the condition Qg (w)(t; ) > Qg (w)(t]) follows from the fact that
Uy = —IIT ¥y, and Lemma 2. ]

Proof of Lemma 3:  'We know from Lemma 1 that the polynomial
row vectors that form a basis for the state space of 98B, are contained
in that of 28;. We can arrange such vectors that form a minimal state
map X in the first ny-rows of X;. Moreover, since RgRl_l is strictly
proper, we apply the same argument to arrange in the first ng-rows,
the vectors that form a basis for the state space of B3 including
those in X and the additional (n3 — ny)-vectors, denoted by X3. The
existence of II;, ¢ = 1,2, 3 follows from the same argument used in
Lemma 1. ]

Proof of Theorem 3: In order to show that QQy is a Lyapunov

B

function for F’, we prove the following statements. S1: Q¢ 21 0 and
B B B B

(d/dt)Qy < 0:82: Qy > 0and (d/dt)Qy < 0;83: Qy > 0and

(d/dt)Qw ;B<3 0. Moreover, we prove that the value of QQy does not
increase when switching between: S4: 25, and B,; S5: 9B, and Bj;
and S6: B3 and B,.

Note that statements S1 and S2 and S4 hold, since @y is a Lyapunov
function for a standard SLDS with mode behaviors {81, B2 }. The va-
lidity of statement S5 follows from Theorem 1, since Rz Ry ! is strictly
positive-real. The proof of S3, follows from defining ¥5(¢,n) :=
¥ (¢,n) mod Rj3 and applying the same arguments used in the proof
of Theorem for ¥({,n) mod Rs. It now remains to prove S6. Con-
sider the following lemma.
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Lemma 4: Let Xy, Ro, Rz and II;, 1 = 1,2,3, be as in the
theorem, then (X; mod R3) mod Ry = X; mod R,. Moreover,
considering the partition IT3 := [TT4 TT4] with IT; € R(*"1=78)x72 and

" ni1—ng)X(ng—ng) ; _ I,

I} € R(mi—ma)x(ns=n2) jt follows that IT; = L_[é +H§H2}
Proof:  To prove the first claim, let Po, P; € R™1*"[¢] be the
non strictly proper part of X;R;' and X;R3 ", respectively. The
claim follows from the computations X; mod Ry = X; — P> Rs;
and (Xl mod R3) mod RQZ(X17P3MR2) mod R2 :Xl -
PsMRy — (Py — PsM)Ry = X1 — P2Rs. The second claim is eas-
ily proved by computing X; mod Ry in terms of IT; and (X,
mod R3) mod R in terms of II3 and I, according to Lemma 3,
then factorizing Xo. O

Taking the gluing conditions into account and using Lemma 4,
we conclude that when we switch from B3 to 23,, the condition
Qu(w)(t]) — Qu(w)(t5) > 0 is equivalent with

Q\Il mod R3 (w) (tl_) - Q(\I/ mod R3) mod Rg (w) (tj—) > 0. (7)

In the following, we aim to express condition (7) in terms of
an LML In order to do so, consider the factorisation Q¢ =
X, (d/dt) T WX, (d/dt) with

_ Uy P Ugg
U= \IIL oo Wos ®)
Uy Uy Uy

with Up; € Rm2Xn2 ¥y, € Rn2X(ng—n2) Vs € Rn2x(n1—ns)
Uyy € R(ns—m)x(na—m), Uoy € R(r3—n2)x(n1—n3) gpnd Uay €
R(n1—n3)x(n1-73) From the results of Lemma 2 and Lemma 4, since
the Lyapunov function Q¢ does not increase when switching from 28,
to B, it follows that:

Gk
Ul Uz

and consequently

‘1123} m,=— {\1122

\1123 H2
Wsg v, Was | 115 + II5TI,

‘I[1Tz = —(Ugolly + Wozll} + o3I TI,) )

\112—3 = —(Wgslly + W33Il5 + W53 II511,) . (10)
We now express the entries of the coefficient matrix of Qv mod Ry
in terms of those of Qv mod r, as in (8), according to the following
lemma.

Lemma 5: Let Qg = X1 (d/dt) TW X, (d/dt) and T3 := [IT; T14],
be as previously defined. Consider the factorisation Qv mod rR; =

B~ ~ =T
X3(d/dt) " U X5(d/dt) with ¥ =T €R"™*"3 Consider the
partition

= v
U= :1T1
Uy,

an

SIS

with \ill S anxnz, ‘ilgg anx(ﬂﬁ*'nﬂ) “1722 S
R(ma=n2)x(ma—nz) Then Wiy = (Uyy + 40T, + Wysllh +
T WysTly), Wio = (Wio + H5T W5 + WyaITY + I157 Waslly) and
Wy = (Uog + T T W Ty + WosTTh + T14 T WysI1Y).

Proof:  Following the same procedure as in the proof of
Lemma 2 and considering the partitions (8) and (11), we conclude that

and
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the coefficient matrix (11) can be computed as
~ ~ T
Uy 2P Ioema) 0
=T = = 0 I(ng—ns)
‘1/12 ‘1122 HIS Hg
Uy Uiy WUz [ Igm,) 0
x |, Wao Va3 0 Ting—ns)
Uiy Uy Uss) | 1D 115
The desired equalities follow by inspection. O

Now we return to the proof of Theorem 3. Note that from inequality
(7), we can obtain

E:[}rl ‘:I:’u _{182 1_{);—} ‘311 212 ﬁ_,fz 8} >0
Uy, U LSPR 27Y L

~T
Arguing as in Lemma 2, this inequality holds if and only if ¥, +
‘Ifgg II; = 0, or equivalently from Lemma 5, the condition is satisfied
if and only if

Uy + T T Wy 4 Woslly + T4 T sl
= —(Wap + 14 T oy + WosTly + T4 T W35IT4) T,

Substituting (9) in the latter equation we obtain (10), therefore we
~T ~

conclude that the condition \1/12 = 7\11221'[2 is satisfied. Consequently
the value of Q¢ does not increase when switching from B3 to Bs. It
is a matter of straightforward verification to check that when switching
from B, to B3 the value of Q¢ remains the same. This concludes the
proof of the theorem. O

Proof of Theorem 4: To prove that M,, with 0 <
a <1, is a strictly positive-real completion define Gi(§) :=
Mi(§)Ra()Ri(§)™" and Go(§) := Ma(§)Ro(§)Ru(§)". 1t fol-
lows that

(Mo (—jw)Ra(—jw)Ra (—jw) ™) " + Mo (jw) Ra(jew) B (jw) ~*
= ((aMi(—jw) + (1 = @) Ma(—jw)) Ra(—jw) Ra(—jw) )"
+ (M + (1 — ) M) Ry (jw) Ry (jw)
= aGi(—jw) T+ (1-a)Gs(—jw) T +aG: (jw) + (1 - ) G (jw)
= a (G1(—jw) " +G1(jw)) +(1—a) (G2(—jw) " + G2(jw)) .

The claim follows from the fact that G; and G are strictly positive-
real. We now prove that X’ is asymptotically stable. Let ¥, :=
U1 —ITW; 59
—W; 9011 W 20
sponding to the solution of (4) using the positive-real completion M,
i = 1, 2, respectively. Following straightforward computations, it can
be proven that:

} >0, :=1,2 be as in Theorem, corre-

\I/oz (Cﬂ?) ::alpl(C7,r/) + (1 - a)®2(<7n)

_ R Y Mom)R2() 4+ R2 () M) Rily) — Qa(¢) Qu ()
¢+mn

for some Q, € R**"[¢]. It follows that the convex combination of
the two-variable polynomial matrices ¥; and W5, yields the coefficient

. T ‘If 11 7HT‘I[ 22 .
matrix ¥, = * * > 0, as in Theorem, and
« 7‘I[a,22n ‘I[a,22
hence Qw, is a Lyapunov function for X. Finally, to conclude the
proof, apply Theorem 3. O
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