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Abstract

We detect higher order Whitehead products on the homology H of
a differential graded Lie algebra L in terms of higher brackets in the
transferred L, structure on H via a given homotopy retraction of L
onto H.

1 Introduction

Topological higher order Whitehead products were introduced in [14]: given
simply connected spheres S™!, ..., 5™, denote by W = S™ Vv ...V S§™ and
T =T(S™,...,S™) their wedge and fat wedge respectively. Then, there is
an attaching map (in what follows we shall not distinguish a map from the
homotopy class that it represents) w: S¥~1 — T with N = ny +-- - +ny, for
which

S™M X .o x S =T U, eV.
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Given homotopy classes x; € m,,(X), for j = 1,...,k, consider the induced
map g = (z1,...,x,): W — X and define the kth order Whitehead product
set [x1,...,x]lw C my—1(X) as the (possibly empty) set

{fow| f: T — X an extension of g}.
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This homotopy invariant set is not only the Eckmann-Hilton dual of Massey
products but the identification of homotopy classes as higher Whitehead
products has proven recently to be essential in different settings. For in-
stance, they lie in fundamental results used in [4l [§] to explicitely exhibit
the homotopy type of certain polyhedral products. Moreover, in toric topol-
ogy, describing by means of higher and iterated Whitehead products maps
between polyhedral products induced by topological operations is an im-
portant question [5, @]. On the other hand, the cellular structure of well
studied spaces (other than the fat wedge of spaces, of course) are described
by higher Whitehead attachments. This is the case for the cellular decom-
position x C X™ C X* C --- C X™ in [16] of the (ordered) configuration
space of m particles on R**! n > 2.

Using the Quillen approach to rational homotopy theory [15] this con-
struction has an explicit translation to the homotopy category of differential
graded Lie algebras (DGL’s henceforth). Accordingly, given L a DGL and
classes x1, ...,z € H(L), the higher order Whitehead bracketset [xy, ..., zx]w
C H(L) is defined in a purely algebraic way [18, §V.2], see next section for
details.

On the other hand, it is well known that, given L any DGL, there is
a structure of minimal L..-algebra on H = H(L), unique up to L., iso-
morphism, for which L and H are quasi-isomorphic, as L..-algebras. This
structure is inherited from L via the homotopy transfer theorem, see for in-
stance [12]. For it, H has to be presented as a linear homotopy retract of L
and the higher brackets {/;};>2 on the L, structure depend, in general, on
the chosen homotopy retraction.

Detecting whether a kth bracket on the L., structure on H produces a
Whitehead bracket of order k£ becomes a good tool and not only to treat
rationally the above mentioned topological problems. For instance, it is well



known that a DGL L is formal is there exists a inherited L., structure on H
as above for which ¢,, = 0, n > 3. Moreover, a necessary condition for L to
be formal is that the zero class be a higher Whitehead bracket of any order.

In this paper, and given L any DGL, our goal will be then to detect
Whitehead brackets of order k as kth brackets on the induced L., structure
on H. The most general assertion in this direction that we obtain is based in
[2, Thm. 4.1]: given « € [1,...,2k|w, and up to a sign, lp(xy,...,25) = x
modulo brackets (of the L., structure) of order less than or equal to k — 1,
see Proposition 3.1 for a precise statement.

To be more accurate, and in high contrast with the Eckmann-Hilton sit-
uation concerning Massey products [I1, Theorem 3.1], extra conditions are
needed. We define higher Whitehead brackets adapted to a given homotopy
retract and prove (see Theorem B.3]):

Theorem 1.1. For any homotopy retract of L adapted to a given x €
(1, ..., xk]lw, and up to a sign,

fk(l’l, NN ,l’k) = .

A similar assertion is obtained for any homotopy retract under the van-
ishing of brackets of length up to k& — 2. That is (see Theorem [B1)):

Theorem 1.2. Let {; =0 fori < k —2 with k > 3. Then, if [x1,...,T]lw
1s mon empty, and also up to a sign,

ek(xlv s ,flﬁ'k) S [xlv s 7xk]W'

In particular, if [x1, x9, x3)w # 0, then l3(x1, xa, x3) € [21, 22, x3]w. Also,
Uy(x1, 29, x3,24) € [21, 79,23, T4]w as long as this is not the empty set and
the homology of L is abelian.

We finish with an example which shows that adapted retracts are needed
and that the above are the best possible results in this direction even for

reduced DGL'’s.
2 Preliminaries

We assume the reader is familiar with the basics of higher homotopy struc-
tures being [12] an excellent reference. We will also rely on some known



results from rational homotopy theory for which [3] is now a classic refer-
ence. With the aim of fixing notation we give some definitions and sketch
some results we will need. Throughout this paper we assume that Q is the
base field.

A graded Lie algebra is a Z-graded vector space L = ®pezLl, with a
bilinear product called the Lie bracket and denoted by |, | verifying graded
antisymmetry, [z,y] = —(—1)#¥[y, 2], and graded Jacobi identity,

(=) g, 2l + (DY [y, ,2]| + (~0FI |2 ]| =0,

where |z| denotes the degree of x.

A differential graded Lie algebra (DGL henceforth) is a graded Lie algebra
L endowed with a linear derivation @ of degree —1 such that 9% = 0. It is
called free if L is free as a Lie algebra, L = LL(V') for some graded vector
space V. We say that L is a reduced DGL if L, = 0 for p <0.

The Quillen chain functor associates to any differential graded Lie algebra
(L,0) the differential graded coalgebra, DGC henceforth, C(L) = (AsL,0)
which is the cocommutative cofree coalgebra generated by the suspension on
L and whose differential is given by 6 = §; + 9o,

k

01(sz1 Ao A\ sag) = — Z(—l)"isatl A ... NSOz N\ ... N\ sy,
i=1

do(sT1 A oo A ST)) = — Z(—l)"“ﬂx”s[xi, z;| A ST1...5T;... 5T ... \ STy
i<j
Here, n; = ZKZ. |sz;| and n;; is the sign given by the equality szi A...Aszy, =

(—1)"isx; A\ sxj A Sx1...5T;...5T ... \ STy
In [I5], D. Quillen constructed an equivalence

Simply connected A,  Reduced
spaces < o DGL’s

between the homotopy category of simply connected rational complexes and
the homotopy category of reduced differential graded Lie algebras. The re-
duced DGL L is a model of the simply connected complex X if there is a
sequence of DGL quasi-isomorphisms

LS & MX.



For any model one has H(L) = 1. (QX) @ Q. If L = (IL(V),0) is free we
say that it is a Quillen model of X. For such a model one has H(V,0;) =
sH(X;Q) where d;: V — V denotes the linear part of @ and s denotes
the suspension operator which is defined for any graded vector space W by
(sW)p = Wy

Next, we briefly recall from [I8, §V] how to read the set of higher order
Whitehead products of a simply connected complex X in a given Quillen
model L. On the one hand, following the notation in the introduction, the
map ¢ is modeled by

¥ (L(U1,...,Uk),0) — L

in which |u;| = n; — 1 for each j = 1,...,k, and the class m represents
the element x; € 7, (X).

On the other hand, arguing cellularly [18, §V.2], the inclusion W — T is
modeled by the DGL inclusion

(H‘"(ulv s 7uk)7 O) — (]L(U)u a)
in which |u;| =n; — 1, j=1,...,k,

U = <ui1...is>7 1 S /il << is S k7 s < k? ‘uil...is

:nil_'_.'.—i_nis_l’
and the differential is given by
s—1
auil...is = E E 5(0) [Uia(l)...ia(p)7Uia(pﬂ)...z‘g(s) )
p:1 O—eg(pvs_p)

where S (p, s—p) denotes the set of shuffle permutations o such that o(1) = 1,
and e(0) is given by the Koszul convention.

Moreover, a Quillen model for S™ x --- x S™ is obtained by attaching a
single generator to L(U) in the same way. That is:

(L(U & (u1..)),0)

with |u; x| = N — 1 and

Ead

-1

Our..k = >, &) [uicr(l)---ia(p)’uia<p+1>~~~ia<k> : (2.1)



We denote Ou;, ;, = w henceforth as it encodes the homotopy class .S N-1 2
T. It follows that there is a bijective set correspondence of homology classes

[z, .. xlw = A{o(w) | ¢: (L(U),0) — L an extension of p}.

(L(uy, ..., uz),0) %L (2.2)

At a purely algebraic level, and for any DGL, the above subset of H(L)
defines the kth order Whitehead bracket set [z4, ..., xy)y, of given homology
classes xy,...,x, € H(L), see [18, Def. V.3(2)].

From now on, and for simplicity in the notation, we will omit the symbol
® in any element of a tensor algebra.

An Ly -algebra (L,{¢}) is a graded vector space L together with linear
maps (,: L®* — L of degree k — 2, for k > 1, satisfying the following two
conditions:

(i) For any permutation o of k elements,

gk(xo(l) C xo(k)) = 60€£k(l’1 e LL’k),

where ¢, is the signature of the permutation and ¢ is the sign given by
the Koszul convention.

(ii) The generalized Jacobi identity holds, that is,

S Y et (D) il - To() To(i4) - - - To(n)) =0,

t+j=n+1ceS(i,n—1)
where S(i,n — i) denotes the set of (7,n — i) shuffles.

Each L, structure in L corresponds with a differential o in the cofree graded
cocommutative coalgebra ATsL generated by the suspension of L. Indeed,
every {5 determines a degree —1 linear map

k(k—1)

hi = (_1) 7 sof,o (5_1)®k: AFsL — sL, (2’3>

which extends to a coderivation

Op: ATsL — ATsL

6



decreasing the word length by k& — 1, that is, 6,(APsL) C AP~**1sL for any
p:

dp(sT1 Ao N sxy) = Z e hp(sziy A oo A STy) A STy A STy ... STy ... N\ STp.

1 <<t
(2.4)
Every differential graded Lie algebra (L, 0) is an L.-algebra by setting ¢, =
0,0, =1],] and ¢ = 0 for k > 2. The corresponding DGC structure is

precisely C(L).
An L.-algebra (L,{l;}) is called minimal if {; = 0. An L,.-morphism
between L and L' is a DGC morphism

f:(AtsL,8) — (ATsL') ¢,

often denoted simply by f: L — L', which is encoded by a system of skew-
symmetric linear maps f®: L& — L' of degree 1 — k, k > 1, satisfying
an infinite sequence of equations involving the brackets ¢, and ¢; (see for
instance [10]).

An L.-morphism is a quasi-isomorphism if f0: (L, ¢;) — (L', 0}) is a
quasi-isomorphism of complexes.

Given L a DGL, consider the following diagram

k(X (L,0) ﬁ (H,0)

in which H = H(L), i is a quasi-isomorphism, ¢i = idy and K is a chain
homotopy between id; and igq, i.e., id, —ig = 0K + K0. We encode this
data as (L,i,q, K) and call it a homotopy retract of L. In this setting, the
classical Homotopy Transfer Theorem reads [12]:

Theorem 2.1. There exists an Ly,-algebra structure {{;} on H, unique up
to isomorphism, and L., quasi-isomorphisms

(L,0) == (H, {6)

such that IV = i and QW = q. In other words, there are DGC quasi-
1somorphisms extending i and q

(L) ﬁ (AsH, )

\]



which make (AsH,§) a quasi-isomorphic retract of the Quillen chains on L.
The transferred higher brackets are given by

qgolr
(=Y Lo (2.5)
2 [Auw(T)|
[l

We describe here every item in formula ([2.5]). Let .7, be the set of isomor-
phism classes of directed planar binary rooted trees with exactly k leaves.
For such a tree T' label the leaves by i, each internal edge by K, and each
internal vertex by [, |. This produces a linear map

b H? 5 [

by moving down from the leaves to the root. For example, for k = 4, the
following tree

produces the map
[Jo((Kel,]o(t®i)) @ (Kol,]o(i®i))).

Then, B
ET = ET o) Sk

where
Sp: VO 5 VR Si(vy. ) = Z E0€ Vo(1) - - - Ur(n)
oES),
is the symmetrization map in which ¢, denotes the signature of the permu-
tation and ¢ is the sign given by the Koszul convention.
Finally, Aut(T") stands for the automorphism group of the tree T.

Remark 2.2. (i) The uniqueness property is clear. Indeed, different homotopy
retracts of L produce quasi-isomorphic L., structures on H. But, since all
of them are minimal, they are also isomorphic (see for instance [10, §4]).

(ii) Another invariant of transferred L., structures on H, in fact on iso-
morphism classes of minimal L., algebras is the least & for which ¢ is non
trivial, and the bracket ¢ itself.



3 Higher order Whitehead products and L.
structures

Let (L, 1, q, K) be a homotopy retract of a given differential graded Lie algebra
L. The most general result relating Whitehead brackets on H and brackets
of the transferred L., structure depends heavily on a theorem of C. Allday
[2, Thm. 4.1], see also [I8, Thm. V.7(7)], and reads as follows.

Proposition 3.1. Let z1,...,x; € H and assume that [x1, ..., x|lw is non
empty. Then, for any homotopy retract of L and for any x € [xy, ..., zx]w,
k-1
elp(zy,...,zp) =+, T € Zlmfj,
=1

where € = (—1)Z§;11(k_i)|xi|. In particular, if {; =0 for j <k —1, then up to
a sign, U(z1,...,25) € [T1,.. ., 2K]w.

In the remaining of the paper ¢ will always denote the above sign.

Proof. Recall that the Quillen spectral sequence of L [15] is defined by fil-
tering the chains C(L) by the kernel of the reduced diagonals, F,, = A<PsL.
Consider the DGC quasi-isomorphisms of Theorem [2.1]

Q
C(L) % (ASH7 6) 9

choose the same filtration on AsH, and observe that at the E! level the
induced morphisms of spectral sequences are both the identity on AsH. By

comparison, all the terms in both spectral sequences are also isomorphic.
Now, translating [2, Thm. 4.1] to the spectral sequence on AsH we obtain

that if [xq,..., 2w is non empty, then the element sz A ... A sxy survives
to the k — 1 page (E*~!, §%71). Moreover, given any = € [zy,..., 73], one
has

S A LA sxkk_l =3zt

Here Uk_l denotes the class in E*~!. This is to say that there exists ® €
ASF1sH such that
d(sxy A ... A sz + D) = su. (3.1)



Write § = > .5, 0; with each §; as in formula ([2.4), and decompose ® =
S0 ®; with ®; € A’sH. By a word length argument,

k—1

Op(sT1 A .. A sxy) + Z 0;i(®;) = su.

=2

Note also that ¢ = hy, for elements of word length k, with hy, as in (23]) and
(Z4). Therefore,

k—1

hk(SLL’l VANPIRAN SSL’k) + Z hz(q)l) = SX.

=2
To finish, apply to this equation the identity ([23) which is equivalent to

®1

l;=stoh;os for any > 1.

In particular, the sign € appears when writing
Op(xr, .. ) = s P ohyos®(zy, ... ap) =es thp(szy A ... A say).
O

Next we find kth order Whitehead brackets that are detected precisely
and only by kth brackets of the L., structure.

Recall that, any = € [z1,...,2]w is produced by a DGL morphism
¢: (L(U),0) — L as in diagram (22]). Write,

U = <U1, ce ,Uk> D ‘/, that iS, V= <ui1mis>, S Z 2.

On the other hand, any homotopy retract can be obtained by decompos-
ing L =A®0A®C with 9: A = 0A and C' = H a subspace of cycles. For it
definei: H2C — L,q: L »C=H and K(A) = K(C)=0, K: 0A = A.

Definition 3.2. With the notation above, a homotopy retract of L is adapted
tox € [x1,...,x|w if ¢(V) C A. In particular,

KOop(ug,. i) = ¢(uy,.5.) for any generator w,, ; € V. (3.2)

Theorem 3.3. Let x € [z1,...,x,|lw. Then, for any homotopy retract of L
adapted to x,
elp(xy, ..., xx) = .

10



Proof. Let ¢: (L(U),0) — L with ¢(w) = = and consider in H the Ly
structure induced by a given homotopy retract (L,i,q, K) of L adapted to
x. We prove by induction on p, with 2 < p < k, that

d(0u;,..q,) = € Z TAutT]| tT| Cp(xiy, .. x,). (3.3)

=

The assertion is trivial for p = 2 and assume it is satisfied for p < k.
Write the set .7, of isomorphism classes of directed planar binary rooted
trees and exactly k leaves as

H ’Z),k—pv

1<p<[£]
where 7, ., is the set of (classes of) rooted trees T of the form

F G

with F' € .7, and G € Z;,_,. Note that, whenever k is even and p = g then,
for any pair F,G € 92 with F' # G, the trees

YooY
are in the same class.
IfT e ]_[qu 1 pe—ps then [AutT| = [AutF||AutG| except when p = 5

and T € ﬁc k is such that F' = (G. In this case, which only occurs Whenever

k is even, |AutT| = 2|AutF||AutG]|.
In what follows we omit signs to avoid excessive notation. On the one

hand, splitting the summation forp=1,1 <p < [g} and p = g (which only

F

11



occurs whenever k is even), we have:

1
---,,l’k): 7€T Sk(zla"'axk):
T; |AutT| tT\ T;- |AutT|
= (o) T
Z Z \AutT\ 7(Zo(1) To(k))
TeT), o€SE
. 1 -
= Z 1To(1)s K( Z mf:ﬁ(l’a(g), - ,[L’U(k)))]
ceS(1,k-1) TeET 1

+ Y Y [K( >y |AutF|€F x'ra(l)’"’7x‘m(p)>)v

1<p<[k] o€S(p,k—p) ke, TesSy

KX X Au tG|€G Tuolptt)s - -2 Fotk >)>]

GeETy,_ P vESE_ P

K( X 5 potiomn ).
)

FE?}C TGSk

KX S et s =

GeTy ueSk
2

Note that the last summand appears only if k is even. The % coefficient arises
from the observation above.

On the other hand, remark that the formula (ZI]) can be written alter-
natively as

aul...k = Z Z |:ua(1)...a(p)>ua(p-i—l)...a(k)}

1<p<[&]0€S(p,k—p)

1
3 . [“au).--a(%)’“U<%+1>~'“(’f>]
JES(%%)

Thus, in view of equation (3.2]) and by induction hypothesis, we have, also

12



modulo signs:

GOup)= Y. D [cb(uo(l)...a(p)%¢(uo<p+1>...a(k>)}

1<p<[&]0€S(p.k—p)

1
t5 2 [¢(ua<1>..-a<%>)’¢(“a<%+1>---0<’f>)]

O’ES(%,%)

= > [¢u0(1),K¢8u0(2)...0(k)}

ceS(1,k—1)

+ Z Z |:K¢aucr(1)...cr(p)aK¢auo(p+1)...o(k):|

1<p<[k] o€S(p,k—p)

—l—l Z [Kgb@uo o(ky KOOUG(k 1y, (k)]

2 (3)
O’ES(%,%)
= E ixo(l), K( E ! £T o Sk l(xcr(2) B xo‘(k)))
|AutT|
oeS(1,k—1) TET)—1

1 ~
€T

1<p<[&]o€S(pk—p

1
7K< Z |AutG|€G o Sk; p(xcr(p-i-l) R ,,’L‘o(k)))]

Geﬂk,p

and the assertion is proved. In particular, by the explicit formula for ¢ in
Theorem 2.1]

_qu |A tT| x1>'-->$k):Egk(llfl,...,:)jk),

13



That is, € lp(x1, ..., xx) € [T1, ..., Tk]w. O

Remark 3.4. The Higher Massey products set [13] (a1, ...,ax)pm C H*(A) of
order k of classes aq, ..., a; € H*(A) in the cohomology of a given differential
graded algebra (A, d) (or simply A) can be thought of as the “Eckmann-
Hilton” dual of higher Whitehead brackets of order k. There is also an A
version of Theorem 2.1l for a given retract of A,

KQ(A,d)#(H,O),

which produces an A, structure {my} on H and A, quasi-isomorphisms
(see for instance [6] or [7]):

(A d) == (H, i)

Recall that an A-algebra [I7] is a graded vector space H endowed with a
sequence of maps my,: H®* — H of degree 2 —k, for k > 1, satisfying a series
of “associative” identities. Fach of these maps is identified, up to suspensions
and signs, with a degree 1 map 6 (sH)®* — sH which produces a differen-
tial 4 on the graded colgebra T'(sH). Filtering this DGC by F, = (sH)®=<P
we obtain the Filenberg-Moore spectral sequence from which, following the
argument of Proposition Bl now based in [I8, Thm. V.7(6)], we obtain:

If {ay,...,ax)p is non empty, then, for any a € (ay,...,ax)n, and any
homotopy retract of A,

emp(ay...ax) =a+1, T € Zlmmj.

In this setting one can go a step further, see [LI, Theorem 3.1], and prove
that for any homotopy retract of A, if (ay,...,ax)pn is non empty, then
emp(ay,...,ax) € {a,...,ax) -

Except for the case k = 3 in Corollary B.6 below, this particular behavior
cannot be attained in general in the L., setting and additional conditions
are required as the following result shows.

Theorem 3.5. Let L be a DGL such that, on H, {; = 0 for i < k — 2 with
k>3 If [x1,...,z1]w # 0, then

€£k(x1, s ,flﬁ'k) S [xlv s 7xk]W'

14



Observe that, in view of (ii) of Remark the assumption on the van-
ishing of ¢; for + < k — 2 is independent of the chosen retract of L and hence,
the result remains valid for any of them.

Proof. We first observe the following: consider (AsH,§) the DGC equivalent
to the L., structure on H given by any homotopy retract of L. The condition
l; = 0 for i <k — 2 is clearly equivalent via equations (Z3]) and (24) to
the vanishing of the coderivations 0; of ATsH also for i < k — 2. On the
other hand, as in equation (B.J]) in the proof of Proposition Bl for any
x € |x1,...,Tk]w, we have.

S(swy A ... Aswp+ @) =sz with ® € ASFsH.

Write again § = ) .., 6; with each d; as in formula (2.4). Thus, a word length
argument together with §; = 0, for i < k — 2, readily implies in particular
that

5k_1(SLL’1 VAYNRRRIVAY SLL’k) = 0.

But
k
Op_1(smy AL A say) = Zehk_l(satl A 8T N ST) N ST
i=1

Hence, via identity (23],
Upy(Tiyy ooy, ) =0 forany 1<iy <---<ip_q <Kk. (3.4)
Next, for each p <k, let U, C U be the subspace generated by
Us=(usy 4,), 1<ig<---<ig<k, s<p.

Clearly, (IL(U,),0) is a sub DGL of (L(U),0) and (L(Ux),0) = (L(U),0).
We also denote,
‘/p - <ui1---is € Up> s> 2)'

Again U, =V, ® (uy,...,ug) and Vy = V. Let L = A® 0A @ C the decom-
position giving rise to the chosen arbitrary homotopy retract. By induction
on p, with 3 <p <k, we will construct a DGL morphism ¢: L(U,) — L for
which ¢(V,) C A.

For p = 3, as [z1,...,xk]w is non empty, let ¢: (L(U),0) — (L, ) as in
(22). We define ¢: L(Us) — L by

¢(u2) - ¢(u,), 1=1,23. ¢(ui1i2) - Ka"vb(uhiz)a 1< <ig< k>

15



Obviously ¢(V3) C A and using the trivial identity for any homotopy retract
0K 0 = 0 we also see that ¢ commutes with the differential:

O (uiyiy) = OKOP(uiyiy) = Op(uiyi,) = VOtiyiy) = GO(Uii)-
Assume the assertion true for k — 1. That is, there exists a DGL morphism
¢: L(Ug—1) — L

for which ¢(Vi_1) C A. In particular, we have,
Kop(ug,. i) = ¢(uyy.5.) for any generator ;. ;. € Vi1,

which is equation ([B.2]) for ¢. Then, the same argument as in the proof of
Theorem proves the analogous of equation (B.3]). In particular,

1
¢(aui1~~~ik—1) =€ Z m@(%n e ,xz‘k,l)’

TET 1
and therefore,

1
q9(Ousy..i\, ) = €4 Z me(ﬂfip o i) = €l (i Ty ),
TET 1

which is zero by the observation ([B.4]) above. Hence,

¢(8ui1...z‘k,1) = a\I’il...ik,l

and we define
¢(u7;1---ik71) = Kﬁ\llilmikﬂ'

Obviously ¢(Vi) = ¢(V) C A and using again the identity 0K0 = 0 we
see that ¢ commutes with differentials. Therefore ¢(w) is an element in
[z1, ..., xk|w for which we can apply Theorem and the proof is finished.

[

Corollary 3.6. Let x1,x9,x3 € H such that [x1, xo, x3lw # 0. Then, for any
homotopy retract,

€ l3(xq, g, x3) € |21, T2, T3] W
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Corollary 3.7. Let L be a DGL such that H is abelian. If [x1,x2, T3, x4]w #
(0, then, for any homotopy retract,

€ly(T1,T9, T3, 24) € [T1, T2, T3, Ty]w.
|

We finish with an example which shows that Theorem is the most
general version of its Eckmann-Hilton dual, even for reduced DGL’s or equiv-
alently, for simply connected rational complexes.

Example 3.8. Consider the following DGL,

(L7 8) - (L(Uh U2, U3, Vg, V12, V13, V14, V23, U24, U34, 2, W123, W124, V134, U234)7 8)7

where |v;| =2, 1 <1i <4, |z| =5 and the differential is given by:

I(v;) =0, 1<i<4;
d(v J):[Uu i, 1<i<j<4
d(z) = 0;
Ovigi) = [vi, vj] — [vig, vie] — [, var);
(wuk) [Umvjk] [Uz’j + z,v) — [Uj, Vik)-

The realization of this DGL is (of the rational homotopy type of) the complex
X obtained by removing two 9-cells from the space T'(S%, 53,53, 5%)Vv S6 and
attach them again in a twisted way using the sphere SS.

We claim that [0, Us, U3, Ts]w is non empty and that, for any homotopy
retract of L,

64(61762763764) ¢ [61762763764]‘/‘/'

For it, define a DGL morphism ¢ which solves the extension problem

(L(ul, Ug, U3, U4), O) % L

as follows:
d(ur) = v1; @(uz) = vo; P(uz) = v3; P(us) = vy;
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P(urz) = viz2 + 2;
P(u13) = viz; @(u1a) = v1a; P(uzs) = va3; A(uga) = vas; P(uzs) = V34
P(u123) = wia3; d(u124) = Wiza;
P(u131) = v134; A(Ug3a) = V34

Then, [01,Ts, 73, U4lw # 0. More precisely, the morphism ¢ defines the non
zero 4th order Whitehead bracket ¢(w) = ® where

O = [wia3, va] — (W24, V3] + [V12, Usa] + [2, V34]

+ [V14, Vos] + [v1, Vaga] — [V13, Vou] + [V134, V2.

Note that H is not an abelian Lie algebra and that, for any decomposition
A®IA®C giving rise to any chosen homotopy retract, the element ¢(uq2) =
vis + 2 ¢ A as z represents a non zero class. Hence, theorems and do
not apply.

In fact, it is straightforward to check that ® generates Hio(L) and it is
the only element in [01,7s,73,04)w. Moreover, for any homotopy retract,
04(T1, g, U3,04) # P.

To help the reader with the computations, we make explicit a particular
decomposition of L as AGIJA@C with 0: A S0Aand C 2 H up to degree
10. Here, the first column denotes degree and the twisted arrow I" indicates
the action of 0 in the corresponding set.
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A 0A C

2 V1, V2,3, V4
3
4 [1}1, vQ]a [vla 1)3], [vlv ’U4],
r [1)2, ’Ug], [’025 1)4], [1)3, ’U4]
5  V12,V13, V14, z
V23, V24, U34 i i
6 v1, [v1,v2l|, |v1, [v1,vs]|, |v1, [V1,v4] |,
1)2,[1)2,1)1] ) 1}2,[1)2,1)3] ) 1}2,[’02,1)4] 5
U37[U37U1] B ’1}3,[’1}3,’1}2] B ’U3,[’U3,’U4] 3
1}4,[1}4,1}1] ) U4,[U4,U2] ) U4,[U4,U3] )
U1, [1}2, 1)3] ; | V2, [1)1, 1)3] P
U1, [U27 U4] , | U2, [Ulu ’1}4] B
U1, [U37 U4] , | U3, [Ulu ’1}4] 9
r o |va, [vs,val|, |3, [V2, V4]
7 [vr,vi2); [v1, v13], [V, v14] [z, v1], [2, va],
[’025 1)12], [’025 1)23], [’025 1)24], [Zv ’Ug], [Zv ’U4]
[vs, vi3], [U3, V23], [Us, V34],
[V, v14], [Va, V24], [Va, V34],
[Ul, v23]5 [02, 1113] —[012, 113] + [Ul, 1123] - [112, U13] - [Z, 113]
[v1, V24], [V2, V14] —[v12, va] + [v1, v24] — [v2,v14] — [2,v4]
[Ul, U34], [03, 1114] —[013, U4] + [Ul, U34] - [113, U14]
[V2, v34], [U3, V24] —[va3, va] + [v2, v34] — [V3, V24]
r
8 W123, W124, V134, V234 |:’U1, |:’U1, [vla ’UQ]:|:| ) |:’Ulv |:’U1, [vla U3]:|:| P
10 ... . d

Remark 3.9. Let X be a 1-connected CW-complex of finite type and let L be
a reduced, finite type DGL model of X. If (AsH, ) is the DGC equivalent
to a transferred L., structure on H, then, its dual (AsH,d)* is isomorphic [3,
§23] to (A(sH)*, d) which is the Sullivan minimal model of X. In this case,
Proposition B.I] and theorems and are in some sense the reciprocal of
Theorem 5.4 in [1].
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