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Abstract

For better understanding of the behavior of functionally graded materials (FGM) in high temperature environment, a reliable and
efficient numerical tool is required for predictions of heat transfer behavior and thermally-induced stresses in them. This study
presents a finite element formulation of a coupled thermo-mechanical problem in functionally graded metal/ceramic plates. The
theoretical framework considers the finite element method (FEM) which is applied to the development of a functionally graded
two-dimensional plane strain finite element. The plane strain graded finite element is incorporated within the ABAQUStm code
via the combination of user-defined subroutines. The subroutines enable us to program graded mechanical and thermal properties
of the FGM as continuous position-dependent functions and, then, to sample them directly at the Gauss integration points of the
element. The performance of the developed graded finite element is verified by comparisons with results known in the literature and
with calculated using conventional homogeneous elements in a layered model. The solutions of thermo-mechanical problems of
functionally graded plates referring to pure mechanical and thermal tasks, and uncoupled and coupled analyses of thermoelasticity
are carried out and discussed in the paper.
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1. Introduction

Functionally graded materials (FGMs), originally developed
as thermal barrier coatings for aerospace structures and fu-
sion reactors have nowadays received a wide spread as struc-
tural components in transportation, energy, electronics and
biomedical engineering for the general use in the high temper-
ature environment [1]. One of typical FGMs are functionally
graded metal/ceramic composites which offer optimal thermo-
mechanical characteristics, also they allow one to avoid interfa-
cial delamination usual for layered compositions of a ceramic
coating and a metal substrate [2]. The behaviour of FGMs in-
cluding heat transfer problems and thermal stress analyses in
metal/ceramic FGMs have been extensively studied in the past
decade, e.g. [3, 4] among many others. However, to respond
to demands of new structures and technologies connected with
further increasing the in-service temperature, the thermal be-
haviour and efficiency of FGMs should be better understood.
The primary interest of this, in essence, is the examination
of the thermally-induced stresses that have a critical relevance
to fracture mechanisms in FGM structural elements [5, 6, 7].

∗Corresponding author
Email addresses: burlayenko@kpi.kharkov.ua,

V.Burlayenko@soton.ac.uk (V.N. Burlayenko),
holm.altenbach@ovgu.de (H. Altenbach), t.sadowski@pollub.pl
(T. Sadowski), s.dimitrova@kpi.kharkov.ua (S.D. Dimitrova),
A.Bhaskar@soton.ac.uk (A. Bhaskar)

Therefore, it is of huge importance to have reliable and ef-
ficient computational models for evaluating complex thermo-
mechanical response of FGM structures at a design stage.

A comprehensive review of the principal theoretical devel-
opments in functionally graded materials with an emphasis on
studies on heat transfer issues, stress, stability, dynamic and
fracture analyses, testing, manufacturing, design and applica-
tions has been reported in [8]. From this review, it is ob-
vious that heat transfer and thermal stress analysis of FGM
is analytically complicated to be performed, as a result the
closed-form solution of these problems is possible only for few
cases with particular types of thermal loads, boundary con-
ditions and inhomogeneity. Although it is worth mentioning
that direct approaches based on the original idea of Cosserat
possess a high potential to analytical predictions of thermo-
mechanical response in FGMs as shown in [9], where a func-
tionally graded plate was successfully analyzed. Nevertheless,
in general, closed-form solutions are difficult, if not impossi-
ble, to be found for FGM plates of finite dimensions and where
the material properties vary in patterns other than exponentially.
Hence the numerical solutions are most suitable for these types
of problems. In this regard, the finite element method (FEM)
is a power tool for solving various multi-disciplinary problems
of mechanics including the thermal and mechanical problems
in FGMs.

The main issue encountered in using FEM in FGMs is con-
cerned with modeling continuously varying material properties.
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The simplest way to model a graded material inhomogeneity
involves the use of conventional homogeneous elements in suc-
cessive layers of the mesh, containing own material properties.
This leads to a stepwise change in properties along the direc-
tion of material gradient. Such models have been already used
by a number of researchers, e.g. in [10, 11, 12] and they pro-
duced reasonable results. However this approach requires a fine
mesh to achieve the accuracy, in turn, it leads to excessive com-
putational costs. Moreover, the preparation of input data and
adjusting the mesh of different gradation regions is quite cum-
bersome in this approach as well. Thereby, it is important to
include the gradient of material properties into the model at
the element level so that the accuracy would be retained when
coarser meshes are used. Recently such finite elements (FE),
called as graded finite elements have been developed and ap-
plied for solving some problems involving FGMs. Authors in
[13] proposed a 2-D graded finite element with material prop-
erties evaluated directly at the Gauss points. An alternative
graded element was developed in [14], a fully isoparametric el-
ement formulation that interpolates material properties at each
Gauss point from the nodal values, using the same shape func-
tions as the displacements was proposed there. In [15], authors
studied thermal stresses due to uniform temperature change in
a FGM coating using graded elements, where inhomogeneity
was specified at the Gauss points. The transient heat transfer
analysis of FGMs using adaptive precise time integration and
isometric graded finite elements was carried out in [16].

Although commercially available finite element codes have
become popular among engineers and researchers due to their
versatility, sufficient accuracy and their ease in use, they pose
a challenge to implement variations of material properties in
FE models. In [17] authors proposed an original way to assign
material gradients within the ANSYS code. They provided the
FE model with an initial temperature distribution that matches
the desired temperature-dependent material properties. It al-
lowed them to examine a fracture problem in a FGM plate.
However this technique is not suitable for thermo-mechanical
analyses. In [18] the authors have used the ABAQUS soft-
ware to calculate the crack-tip field in a cracked FGM plate
under mechanical loading. To assign a variation of material
properties to the FE model, authors programmed a mechanical
law within the user-defined subroutine UMAT. The same ap-
proach for developing a graded element has been reported in
[19], where the authors applied that element for analysing the
pavement behaviour. Moreover, the authors showed that graded
element gives a far greater modelling accuracy in comparison
with a homogeneous element for a FGM plate under a mechan-
ical load. The same engineering package has also been used for
solving heat conduction problems in simple FGM structures in
[20]. The authors incorporated gradually varying thermal prop-
erties into finite element models of the FGM structures using
the user-defined subroutine UMATHT available in ABAQUS
for thermal analyses. In [21] the analysis of heat transfer and
thermal stresses in metal/ceramic thermal barrier coatings of
turbine blades has been carried out using the abilities of the
both numerical packages mentioned above, but graded finite
elements were not used. The numerical results and analyti-

cal solutions on distributions of the temperature and thermally-
induced stresses in a FGM plate under thermal shock loading
have been obtained in [23]. Those calculations were carried out
using the ABAQUS code, where material gradients were pro-
grammed by using a combination of mechanical and thermal
subroutines of this package. The same user-defined subrou-
tines have been employed by the authors in [24] to carry out
the crack propagation analysis with the XFEM approach avail-
able in ABAQUS for a FGM strip under thermal shock. More
recently in [25] the same authors applied this modelling tech-
nique for computing the thermal stress intensity factor in the
FGM strip. Also the XFEM has been used for analyzing tran-
sient thermal shock fracture of functionally graded piezoelec-
tric materials in [26]. The authors in [27] have studied a quasi-
static fracture of FGM plates. They modelled the crack growth
in plates subjected to mechanical loads by using the XFEM
within ABAQUS. In that research, the implementation of ma-
terial gradients into the models of plates has been achieved by
programming the material properties as functions of selected
field variables within the USDFLD subroutine instead of using
the material user-defined routines. Thermal cracking of a FGM
plate undergoing thermal shock has been examined in [28, 29].
The authors employed the virtual crack propagation technique
available in ABAQUS that had been applied to fracture analy-
sis of laminated composites in [30] to simulate the crack growth
in the FGM plate. They incorporated gradients of thermal and
mechanical properties of the plate into the model via the com-
bination of subroutines mentioned above. This allowed them to
take into account gradual variations of the Poisson’s coefficient
and the mass density in the calculations that has not been done
in the previous works.

The literature search showed that the FEM is intensively ex-
ploited for analyzing heat transfer and mechanical problems in-
cluding fracture in FGM structures. However, to the best of our
knowledge, most of publications, where the FEM is used as a
research tool for FGMs, usually skip the description of the fi-
nite element statement underlying for incorporating gradients
of material properties into the finite element model. Although
such theoretical derivations are needed to eliminate the gap
between the traditional finite element theory based on homo-
geneous elements and the finite element framework involving
graded finite elements. Some theoretical descriptions of graded
elements existing in the literature do not include simultaneously
the thermal and mechanical statements in FGMs. Thereby, the
main goal of the present paper is the formulation of a theoret-
ical framework to develop a graded finite element which can
be applied for a coupled thermo-mechanical analysis of FGM
plates. It is intended to consider the basic equations of a two-
dimensional (2-D) thermo-mechanical problem of FGMs, for
which the finite element approximation is being developed. A
plane strain graded finite element elaborated with this finite
element framework within the ABAQUS/Standard code [31]
demonstrates its potential for accurate and robust predictions
of thermo-mechanical problems in FGM plates. The combi-
nation of the user-defined subroutines UMAT, UMATHT and
USDFLD is used to implement graded material properties into
the finite element model. The verification of the element is per-
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formed and advantages of its using for heat transfer and stress
analyses of metal/ceramic graded plates are demonstrated.

2. General statement of thermo-mechanical problem

The local system of partial differential equations governing
the coupled thermo-mechanical problem for a body made of
a functionally graded material is presented first. Let a set of
material points X of a continuously inhomogeneous isotropic
body occupy a 2-D domain, which consists of the material area
A0 ∈ R2 and its bounded line Γ0 ∈ R2. In the Lagrangian de-
scription, the coupled initial-boundary value problem of linear
thermoelasticity at each spatial point x(X, t) of the domainA at
the time instant t can be expressed as [32]:

σ ji, j + bi = ρ(x)üi (1)
−qi,i = ρ(x)cυ(x)θ̇ + T0β(x)u̇k,k − R, (2)

where σi j stands for the components of the Cauchy stress ten-
sor, ui represents the components of a displacement, θ(x, t) =

T − T0 denotes a temperature change of the instantaneous ab-
solute temperature T (x, t) above the uniform reference temper-
ature T0, and dots denote differentiation with respect to time.
Also the symbols qi and bi indicate the components of a surface
heat flux and body forces, respectively, and R is an internal heat
source. Material parameters such as the mass density ρ(x), the
specific heat cυ(x) and the stress-temperature modulus β(x) are
functions of a spatial position x = (x, y) in the Cartesian coor-
dinate system.

Assuming small displacements and small strains, we do not
distinguish between the material placements X and the current
placements x. Herewith, the total infinitesimal strains εi j at
each point x of the domain A can be decomposed into elas-
tic strains εel

i j and thermal strains εth
i j caused by a temperature

change as follows:

εi j =
1
2

(ui, j + u j,i) = εel
i j + εth

i j (3)

εth
i j = α(x)δi jθ, (4)

where α(x) is the coefficient of thermal expansion and δi j is the
Kronecker delta.

Since only linear material behaviour is considered, the
components of the stress tensor in (1) satisfy the Duhamel-
Neumann relations, which for an isotropic inhomogeneous ma-
terial can be expressed as:

σi j = λ(x)εkkδi j + 2µ(x)εi j − β(x)δi jθ. (5)

Following the thermodynamic assumptions outlined in [32]
the heat conduction in the energy equation (2) is governed by
Fourier’s law which in the case of the isotropic inhomogeneous
material can be written in the form:

qi = −κ(x)θ,i. (6)

Here the Lamé constants λ(x) and µ(x), the thermal conduc-
tivity κ(x) and the coefficient of thermal expansion α(x) such
that β = α(3λ + 2µ) are pointwise functions of location.

Analyzing the system of (1) and (2) one can see that the cou-
pling between deformation and temperature fields exists. The
temperature terms occur in the equations of motion, while the
rate of the dilatation of deformations is presented in the energy
equation. Hence, the system of equations (1)-(6) must be solved
simultaneously for the displacements ui(x, t) and the tempera-
ture field θ(x, t). In doing so, proper initial and boundary con-
ditions for mechanical and thermal fields should be adopted.

The combination of initial conditions for a mechanical prob-
lem can be expressed by the following equations:

ui(x, 0) = u0(x),
u̇i(x, 0) = υ0(x) (7)

and the boundary conditions

ui = ūi on Γu and t > 0
σi jn j = t̄i on Γσ and t > 0 (8)

where u0 and v0 are displacements and velocities at the initial
instant of time, and t̄i and ūi are prescribed traction and dis-
placements, respectively, given on the parts of the closed line
Γ = Γσ ∪ Γu with the unit outward normal vector ni.

Thermal conditions are specified at an initial instant of time
as initial temperature:

T (x, 0) = T0(x) (9)

and at any instant of time as prescribed temperature T̄ (x, t), pre-
scribed heat flux q̄(x, t) per unit boundary and prescribed heat
flux R(x, t) per unit domain, and convection in the form:

T (x, t) = T̄ on ΓT and t > 0
qini = q̄ on Γq1 and t > 0
qini = h(T − T∞) on Γq2 and t > 0

(10)

where h = h(x, t) is the heat film transfer coefficient, T∞ is a
temperature of a surrounding medium, and ΓT ∪ Γq1 ∪ Γq2 = Γ.

3. Material properties

The problem stated above can be applied without loss of gen-
erality to functionally graded metal/ceramic plates such as that
shown in Fig. 1. It is worth to notice that all material properties
of the plate vary smoothly along the thickness of the FGM and
those distributions are assumed to be known.

The thermo-mechanical analysis of a FGM plate under ther-
mal and/or mechanical loadings is discussed from the macro-
scopic standpoint, i.e. by evaluating macroscopic stress com-
ponents induced in the FGM plate due to a temperature gradi-
ent. To accurately model a temperature field and stress distri-
butions in a FGM plate, a proper estimate of thermal and me-
chanical properties in the inhomogeneous material is required.

3
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Figure 1: Schematic diagram of a functionally graded rectangular plate.

In this work, we assume that the plate consists of particles of
titanium alloy Ti-6Al-4V and zirconium dioxide ZrO2 ceramic.
The effective material characteristics of the studied function-
ally graded Ti-6Al-4V/ZiO2 plate can be found in [12]. The
authors suggested there that the volume fraction of the metal
phase through the plate width (Fig. 1) varies in accordance with
a power function law:

Vm =

( x
w

)p
, (11)

where w is a width of plate in Fig. 1.
Then the volume fraction of the ceramic phase is calculated

as Vc = 1−Vm. Here and in what follows the subscripts c and m
of the material parameters denote the ceramic and metal phases,
respectively. From (11) it follows that the FGM is ceramic rich
when the parameter p > 1 and metal rich when the parameter
p < 1. Fig. 2 shows the volume fraction variation of the metal
phase along the plate width w for various values of the power
coefficient p.
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Figure 2: Compositional profiles of the functionally graded material.

Table 1: Material properties of Ti-6Al-4V and ZiO2 [12].
Constituents

Property Ceramic Metal
ZiO2 Ti-6Al-4V

Young’s modulus E, [GPa] 117 66.2
Poisson’s ratio ν 0.333 0.32
Mass density ρ, [kg/m3] 5600 4420
Coefficient of thermal
expansion α, 10−6 [1/K] 7.11 10.3
Thermal conductivity κ, [W/(mK)] 2.036 18.1
Specific heat cε, [J/(kgK)] 615.6 808.3

The variations of the thermo-mechanical properties of the
FGM plate, shown in Fig. 1, in the direction of the x−coordinate
with negligible porosity are defined by means of the rule of mix-
tures of a two-phase material as follows:

E(x) = Ec

 Ec + (Em − Ec)V2/3
m

Ec + (Em − Ec)(V2/3
m − Vm)


ν(x) = νmVm + νcVc

ρ(x) = ρmVm + ρcVc

α(x) =
αmVmEm/(1 − νm) + αcVcEc/(1 − νc)

VmEm/(1 − νm) + VcEc/(1 − νc)
(12)

κ(x) = κc

{
1 + 3(κm − κc)Vm

3κc + (κm − κc)Vc

}
cυ(x) =

cmρmVm + ccρcVc

ρmVm + ρcVc
,

where E,ν, ρ, α, κ and cυ stand for Young’s modulus, Poisson’s
ratio, mass density, coefficient of linear thermal expansion, ther-
mal conductivity and specific heat, respectively, and they are
spatially-dependent functions.

The mechanical and thermophysical properties of the con-
stituents of the functionally graded material at a reference tem-
perature of 1000K are taken as those in [12] and are listed in
Table 1.

For the sake of simplicity, the mechanical and thermal con-
stants are assumed to be independent of the temperature in the
following simulations.

4. Finite element formulation

The weak form of the differential equations of motion (1) and
the local energy balance equation (2) can be written as follows:

∫
A

∂(δui)
∂x j

σi jdA−
∫

Γ

δui t̄idΓ −

∫
A

δuibidA+∫
A

δuiρ(x)üidA = 0, ∀δui ∈ U

(13)

and

4
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∫
A

δθρ(x)cυ(x)
∂θ

∂t
dA−

∫
A

∂(δθ)
∂xi

qidA +

∫
Γ

δθq̄dΓ+∫
A

δθT0β(x)
∂uk,k

∂t
dA−

∫
A

δθRdA = 0, ∀δθ ∈ T ,
(14)

where kinematically admissible virtual displacements δui and
admissible virtual temperature field δθ, obeying the essential
boundary conditions reside in appropriate vector spacesU and
T . The system of the variational equations (13) and (14)
presents a variational statement of the fully coupled thermo-
mechanical problem which is suitable to be solved by means of
the FEM.

The finite element formulation of the variational problem is
obtained by discretizing the solution domain into a number
of arbitrary non-overlapping finite elements such that A0 =⋃Ne

e=1A
(e)
0 . In each base element A(e) at a time t, the compo-

nents of the displacement vector and the temperature change are
approximated by suitable interpolation functions as follows:

u(e)
i (x, t) = N I(x)U I

i (t) (15)

θ(e)(x, t) = ÑP(x)ΘP(t) (16)

where I, P = 1, 2, . . . n(e) are nodal points and n(e) is a number
of nodes in the base element, N I(x) and ÑP(x) are shape func-
tions for the displacements and the temperature field, accord-
ingly, associated with correspondent nodes I and P, and U I

i (t)
and ΘP(t) are nodal unknown displacements and temperature,
respectively. Herein, the summation over the repeated indices I
and P is used.

In accordance with the Galerkin method, the variational
fields of the displacements δui and the temperature δθ residing
in finite-dimensional vector spacesUh and T h, which are sub-
sets of the corresponding infinite counterparts, are interpolated
by the same functions as in (15) and (16), respectively. Sub-
stituting the approximations (15) and (16) and associated with
them variations into the functionals (13) and (14), accounting
for the constitutive equations for the stress tensor (5) and the
surface heat flux (6), the finite element equations of the cou-
pled thermo-mechanical problem take the form:

(∫
A(e)

ρ N I N JdA
)

Ü J
i +

(∫
A(e)

λ
∂N I

∂xi

∂N J

∂x j
dA

)
U J

j +(∫
A(e)

µ
∂N I

∂x j

∂N J

∂xi
dA

)
U J

j +

(∫
A(e)

µ
∂N I

∂x j

∂N J

∂x j
dA

)
U J

i −(∫
A(e)

β
∂N I

∂xi
ÑQdA

)
ΘQ =

∫
A(e)

biN IdA +

∫
Γ(e)

t̄iN IdΓ,

(17)

and

(∫
A(e)

ρcυÑPÑQdA
)
Θ̇Q +

(∫
A(e)

κ
∂ÑP

∂xi

∂ÑQ

∂xi
dA

)
ΘQ+(∫

A(e)
T0βÑP ∂N J

∂xi
dA

)
U̇ J

i =

∫
A(e)
RÑPdA +

∫
Γ(e)

q̄ÑPdΓ,

(18)

where I, J, P,Q = 1, . . . , n(e) and i, j = 1, 2. The underlined
terms point out the coupling between the mechanical and ther-
mal equations, i.e. the mechanical equation (17) contains the
thermal strains, whereas the dilatation of strains contributes in
the thermal equation (18).

In matrix notations the expressions presented above can be
rewritten as follows:

[
M(e)

uu 0
0 0

] {
Ü(e)

Θ̈(e)

}
+

[
0 0

C(e)
θu C(e)

θθ

] {
U̇(e)

Θ̇(e)

}
+[

K(e)
uu K(e)

uθ
0 K(e)

θθ

] {
U(e)

Θ(e)

}
=

{
F(e)

u

F(e)
θ

} (19)

Here the matrices are presented in Appendix.
Using the assembly procedure (•) = ANe

e=1(◦)(e), where the
symbol A represents the assembly operator over all finite ele-
ments. The global semi-discrete finite element equation reads

[
Muu 0

0 0

] {
Ü
Θ̈

}
+

[
0 0

Cθu Cθθ

] {
U̇
Θ̇

}
+[

Kuu Kuθ

0 Kθθ

] {
U
Θ

}
=

{
Fu

Fθ

} (20)

where Muu, Kuu, Kθθ and Cθθ are usual global mass, stiffness,
conductivity and capacity matrices, and Kuθ and Cθu are cou-
pling matrices combining the mechanical and thermal parts, U
andΘ are global vectors of nodal displacements and nodal tem-
peratures, respectively, and dots over them correspond to the
time derivatives of these vectors. The vectors Fu and Fθ are
global vectors of mechanical and thermal forces.

Further the system of coupled equations (20) is reduced to a
system of nonlinear algebraic equations through temporal dis-
cretization. In this regard, the solution time interval should be
developed by a series of time increments ∆t = tn+1− tn such that
t =

⋃N−1
n=0 [tn, tn+1]. A general form of the fully discretized sys-

tem (20) at each time step ∆t can be represented by an equation
joining together the mechanical and thermal parts:

Md̈t+∆t + Cḋt+∆t + Kdt+∆t = Ft+∆t (21)

where M, C and K are mass, damping and stiffness matrices,
which are partitioned matrices combining the corresponding
matrices of mechanical and thermal parts, d is a combined vec-
tor of global nodal displacements and temperatures and the time
derivatives of this vector, and F is a global thermal-mechanical
force vector.

With a certain time marching scheme, if a solution is known
at time t = tn, the system (21) finds the solution at t = tn+1,
Herewith, because the coupling between mechanical and ther-
mal fields occurs at each time step, the mechanical equation is
solved taking into account the actual temperature, and the so-
lution of the thermal equation accounts for the actual displace-
ment. The solution at t = tn+1 can be achieved using the iter-
ative Newton-Raphson method. Thus, the system of equations
(21) should be rearranged into the linearized form as [33]:
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R(dn+1
i , tn+1) = −

∂R(dn+1
i , tn+1)

∂dn+1
i

∆d, (22)

which is followed by the update as follows:

dn+1
i+1 = dn+1

i + ∆d. (23)

Here the superscript ‘n’ represents a discrete time instant and
the subscript ‘i’ denotes an iteration, ∆d is a difference between
an approximate solution and the exact one of the system (or a
correction), R is a residual, which is a function of the vector
of unknowns and the current instant of time. In the case of an
implicit time integration algorithm adopted, the residual in (22)
can be written in the following general form [34]:

R(dn+1, tn+1) =
1

γ1∆t2 Mdn+1 +
1

γ2∆t
Cdn+1+

K(dn+1, tn+1)dn+1 − F(dn+1, tn+1)
(24)

By decomposing the generalized unknowns d = {Uu,Uθ}
T

and the residual forces R = {Ru,Rθ}
T we can rewrite the system

(22) as follow:

[
K̂uu K̂uθ

K̂θu K̂θθ

] {
∆Uu

∆Uθ

}
=

{
Ru

Rθ

}
. (25)

In (25) K̂IJ are submatrices of the coupled Jacobian matrix in-
cluding the corresponding matrices in (19), ∆Uu and ∆Uθ are
respective corrections referring to the solution vectors for dis-
placements Uu and temperature Uθ, respectively. Note that the
system Jacobian matrix is nonsymmetric Therefore, the system
of linear algebraic equations (22) should be solved using the
unsymmetrical matrix storage and solution scheme at each iter-
ation within each time step.

5. Graded finite element

The finite element framework describing a coupled thermo-
mechanical problem of an inhomogeneous 2-D body is applied
for simulations of FGM plates. The simulations are assumed to
be carried out with the ABAQUS/Standard code [31]. In this
regard we aim to develop within the package environment a
graded finite element incorporating a gradient of material prop-
erties into the discretized model of the FGM plate at the size
scale of the element.

Let us consider a base element, whose matrices required for
an implementation of the element are calculated by expressions
in Appendix. Unlike the conventional homogeneous element,
where material parameters are constants, the graded element
should provide a spatial dependence of the material parame-
ters. This can be achieved by evaluating the integrals over the
element area with Gauss quadratures. Because material con-
stants depend on the position within the element, the numerical
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Figure 3: 8-node plane strain thermally coupled element.

integration over the element area assigns different values of the
material parameters to the different integration points. Thus, by
means of integration of the finite element matrices actual gra-
dients of material properties can be defined within the element.
As an example, the Gauss quadrature used for calculations of
the stiffness matrix in (A.4) is considered:

K(e)
uui j

=

N∑
i=1

N∑
j=1

BT
ui j

Di jBui j Ji jwiw j. (26)

In this expression, i and j are the Gauss points, Ji j is the Jaco-
bian and wi are the Gaussian weights. The matrix D contains the
material constants E and ν depending on the position as shown
in (12). Then, the numerical integration samples these coeffi-
cients directly at the points i and j of the element. Similarly,
other material parameters can be specified within the finite ele-
ment as a result a continuous variation of the material properties
will be introduced into a finite element model.

With this approach at hand we can implement gradients
of mechanical material properties into a conventional finite
element available in the ABAQUS element library. For
this purpose a quadratic eight-node plane strain thermally-
displacement coupled element CPE8T is used. The finite ele-
ment exploits a bi-quadratic displacement interpolation and a
bi-linear temperature interpolation, i.e. the two-component dis-
placements are given at eight nodes in the displacement-stress
analysis, while the temperature is a variable at four corner nodes
in the thermal analysis. The element contains the eight Gauss
integration points and allows the reduced integration also as
shown in Fig. 3.

We elaborate the element stiffness matrix with varying me-
chanical parameters by means the user-defined material sub-
routine UMAT. The routine provides an implementation of the
incremental form of a user-defined mechanical constitutive law
into the code solver and an update of stresses, strains and other
solution dependent variables at the Gauss points. Then, the tan-
gential stiffness matrix is specified by the material Jacobian at
each material point of the element as

J =
∂∆σσσ

∂∆εεε
. (27)

In the case of a plane strain analysis, the increment of in-plane
stresses ∆σσσ = (∆σ11,∆σ22,∆σ33,∆σ12)T relates to the incre-
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ment of in-plane strains ∆εεε = (∆ε11,∆ε22, 0,∆ε12)T in accor-
dance with (5) and takes the following matrix form:

∆σσσ = D∆εεε − βββ∆θ, (28)

where the matrix of material constants and the matrix of thermal
coefficients are defined by:

D = Ē


1 − ν ν ν 0
ν 1 − ν ν 0
ν ν 1 − ν 0

0 0 0
1 − 2ν

2

 , βββ = β̄


1
1
1
0

 . (29)

Here, we denote Ē =
E

(1 + ν)(1 − 2ν)
and β̄ =

β(1 + ν)
(2 − ν)

. There-

fore, by programming spatially dependent material parameters
E(x), ν(x) and β(x) with functions given in (12) or with any
other functional relations, if required, the gradients of these me-
chanical material properties are incorporated into the element
matrices K(e)

uu and K(e)
uθ .

The inhomogeneous properties of the material are entered
into the thermal problem by means of the user-defined subrou-
tine UMATHT. The subroutine provides a functional variation
of the thermal coefficients κ(x) and cυ(x) by sampling them at
the Gauss points of the element. In the thermal analysis, the
code passes a temperature field and a spatial gradient of tem-
perature in the subroutine, whereas the internal energy E per
unit mass and its derivative with respect to the temperature as
well as the heat flux qi and its derivatives respective to the tem-
perature and the temperature gradient are computed at each in-
tegration point of the element in the subroutine. In doing so,
it is assumed that the heat flux does not depend on the temper-
ature, but it does the temperature gradient, i.e. the following
equalities take place:

∂qi

∂θ
= 0 and

∂qi

∂θ,i
≡ −κ(x). (30)

The internal energy is updated at each time step and its incre-
ment is calculated as

∆E = cυ(x)∆θ, where cυ(x) ≡
∂E

∂θ
. (31)

Therefore, by programming the thermal conductivity and the
specific heat as functions of coordinates, the gradation of the
thermal properties will be completely defined within the ele-
ment matrices K(e)

θθ and C(e)
θθ .

Additional thermo-mechanical coupling defined by C(e)
θu is re-

alized by computing the matrix as a rate of the mechanical en-
ergy and storing its value at the Gauss points. Then, the rate
of internal energy including a contribution from the mechan-
ical equation pass into the thermal equation as an input rate

of energy. Since the thermal and mechanical equations are re-
solved simultaneously at every solution increment of the cou-
pled thermo-mechanical problem, this contribution of the me-
chanical equation into the energy balance is accumulated with
time.

In should be noted that all forthcoming calculations are per-
formed in the case of static mechanical equilibrium, i.e. inertial
forces are neglected in (20). Thus, the spatial variation of the
mass density has been set in the graded finite element via the
user subroutine USDFLD, defining any field variable at either
element nodes or Gauss points.

6. Validation of graded finite element

Analytical solutions known in the literature for FGM plates
are used as a reference to verify the graded finite element devel-
oped here by means of the mentioned user-defined subroutines
in the ABAQUS code. Moreover, with these examples the ad-
vantage of using the graded element is illustrated by comparing
results obtained with the graded elements with those found with
conventional homogeneous elements in the layered approach.

6.1. Element performance for mechanical problems

First, for the sake of verification of the tangential stiffness
matrix programmed via the UMAT subroutine we consider a
functionally graded isotropic plate in plane strain state sub-
jected to either a uniform displacement or traction, or a bending
load perpendicular to the material gradient directed along the x-
direction, as shown in Fig. 4. An exponential variation of the
Young’s modulus along the x-direction as E(x) = E1eγx , but
constant the Poisson’s ratio ν = 0.3 are adopted.

The parameter γ in the exponential law is defined by

γ =
1
w

ln
(

E2

E1

)
, where E1 = 1 and E2 = 8.

A general form of the analytical far-field solutions for a
nonzero stress, and a displacement and stress of such plate un-
der assumptions of its infinite length and finite width have been
derived in [3] and [14], respectively. In the case of the uniform
displacement load (Fig. 4b) the analytical formulae for calcu-
lating the stress and displacement are as follows:

σyy(x) = E∗ε0eγx

and

ux(x, y) = −
ν

1 − ν
ε0x,

where E∗ =
E1

(1 − ν2)
and ε0 =

u0

h
.

The stresses and displacements under uniform tension and
bending loads (Fig. 4c and d) can be found from the expres-
sions:

σyy(x) = E∗eγx(Aix + Bi)

and
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Figure 4: Functionally graded plate: a) geometry; b) uniform displacement
perpendicular to the material gradient; c) uniform tension perpendicular to the
material gradient; and d) bending perpendicular to the material gradient.

ux(x, y) = −
ν

1 − ν
(Aix2 + Bix) −

Ai

2
x,

where i = t, b refer to tension and bending, respectively.
The unknown coefficients are determined in accordance with

appropriate loading conditions on the plate boundary such as∫ w

0
σyydx = N and

∫ w

0
σyyxdx = M,

where N = σ0w and M =
σ0w2

6
. Hence, we have derived the

coefficients in the following form:

At =
γN
2E∗

2c1γ − c2wγ2

c2
1 − c2(c3 − 2c1)

,

Bt =
γN
2E∗

c1wγ − 2(c3 − 2c1)
c2

1 − c2(c3 − 2c1)

and

Ab =
γM
E∗

−c2γ

c2
1 − c2(c3 − 2c1)

,

Bb =
γM
E∗

c1

c2
1 − c2(c3 − 2c1)

,

where a = wγ and c1 = aea − ea + 1, c2 = ea − 1 and c3 = a2ea.
In the finite element calculations a rectangular FGM plate of

width w = 8 and a finite length 2h = 16 is modelled (Fig. 4a).
The finite element model is created using symmetry conditions
as a result a half of the plate is considered. Either a uniform unit

displacement u0 or a uniform unit traction σ0 or a bending mo-
ment caused by a unit force are applied to the top edge perpen-
dicular to the material gradation, while the boundary displace-
ments are prescribed on the bottom edge, as shown in Fig. 4b-
d. Because only mechanical loading is applied, the mechanical
part of the system of equations (20) is solved by neglecting the
inertia and body forces in the calculations. Thus, a general lin-
ear static stress analysis with the user-defined Young’s modulus
in (29) is carried out. The mesh built for the plate model has
16 graded elements, while both 16 and 64 second-order homo-
geneous plane strain quadrilateral elements CPE8 is adopted in
the case of the layered models created as well.

The distributions of stress σyy and displacement ux over the
plate width at the ordinate y = 0 are compared in Figs. 5-7
between the analytical solutions and the results calculated by
using the layered finite element models and the graded finite
element. A very good agreement between the analytical solu-
tions and the numerical results following from the use of the
developed graded element are obvious for both displacement
and stress in all considered cases of loading. The solutions with
graded element match the analytical ones with small differences
due to the finite length of plate in the simulations. At the same
time the model based on layers of homogeneous elements pro-
duces a stepwise stress field and the stress jumps increase with
increasing the coordinate of the gradation direction. To improve
the accuracy in this case, a finer mesh is required (illustrated by
the dotted lines with rhombuses in Figs. 5-7), in turn, it leads
to a sufficient increase in the computational cost, namely, 0.7
CPU time in seconds for the layered model against 0.2 for the
model with the graded elements. Although the displacements
predicted by both the graded element and the layered model are
close to each other and are in a good accordance with the an-
alytical solutions. The results presented above are consistent
with those known in [14] and [19].

6.2. Element performance for thermal problems

The next example concerns the implementation of graded
thermal properties into the finite element. For this purpose an
analytical solution obtained in [20] for the transient thermal re-
sponse of a FGM plate shown in Fig. 8a is used for comparison.
The plate considered in the example presents an equivalent 2-
D model of a cube which is subjected to prescribed tempera-
tures on the left and right sides, while is insulated on the top
and bottom sides. It is assumed that in the plate the thermal
conductivity and the specific heat vary along the x-direction as
exponential functions defined by expressions:

κ(x) = κ0e2ζx and c(x) = c0e2ζx,

where κ0=5, c0=1 and ζ=3 according with the data in [20].
The exact solution of this problem is given by:

θ(x, t) = TL
1 − e−2ζx

1 − e−2ζL +

∞∑
n=1

Bnsin(
πnx
L

)e−ζxe( −π
2n2

L2 +ζ2)εt,

where
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Figure 5: Uniform displacement applied perpendicular to the material gradient: a) the distribution of stress σyy; and b) the distribution of displacement ux.
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Figure 6: Uniform tension load applied perpendicular to the material gradient: a) the distribution of stress σyy; and b) the distribution of displacement ux.
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Figure 7: Bending load applied perpendicular to the material gradient: a) the distribution of stress σyy; and b) the distribution of displacement ux.
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Bn = −TL
2eζL

ζ2L2 + π2n2

[
ζLsin(πn)

1 + e−2ζL

1 − e−2ζL − πncos(πn)
]
.

In the finite element simulations only the thermal equation
of the coupled thermo-mechanical system of equations (20) is
solved in this case. Thus, a transient heat transfer analysis
is performed with ABAQUS, calling the material subroutine
UMATHT only. The mesh of 10 × 10 of the graded finite el-
ements is employed in the analysis to provide a time step of
t = 0.001 required for comparisons. The results of comparisons
between the analytical and numerical solutions of the transient
temperature field at different moments of time are presented in
Fig. 8b.

In the plot, the lines of different styles illustrate the analyt-
ical solutions, while the markers show the finite element pre-
dictions. It can be seen that there is an excellent agreement
between the analytical and numerical results.

6.3. Element performance for steady thermoelasticity problems

To evaluate the performance of the graded element for pre-
dictions of thermo-mechanical problems, a steady state ther-
moelasticity analysis of a FGM plate shown in Fig. 1 is carried
out. A closed-form solution of this problem is available in [3].
In that study a plate of an infinite length is considered. It was
assumed an exponential variation of Young’s modulus, thermal
conductivity and specific heat along the width of the plate. They
are defined as the following functions of the x-coordinate:

E(x) = E1eγx, where γw = ln
(

E2

E1

)
= 0.37498

α(x) = α1eηx, where ηw = ln
(
α2

α1

)
= 0.51283

κ(x) = κ1eζx, where ζw = ln
(
κ2

κ1

)
= 2.5014

where E1, α1, κ1 and E2, α2, κ2 are the material parameters
given on the sides of FGM plate at x = 0 and x = w, respec-
tively. The Poisson’s ratio is taken as a constant value of 0.25.
As boundary conditions, the prescribed temperatures are given
on the plate surfaces: T1 = T (x = 0) and T2 = T (x = w).

General expressions of the steady state temperature field θ(x)
and the respective thermally-induced stress σyy can be found in
[3]. Their explicit forms corresponding to the actual material
gradations are deduced herein and can be written as follows:

θ(x) = T1 + (T2 − T1)
e−ζx − 1
e−ζw − 1

and

σyy(x) =E∗(x)eγx
[
(Ax + B) − α∗(x)eηx

(
C + D(e−ζw − 1)

)]
,

where E∗(x) =
E(x)

1 − ν2 and α∗(x) = (1 + ν)α(x). Also we denote

that C = (T1 − T0) and D =
T2 − T1

e−ζw − 1
. The coefficients A and

B can be derived by using the conditions of an unconstrained
boundary, i.e.∫ w

0
σyydx = 0 and

∫ w

0
σyyxdx = 0.

They are not presented here because of their cumbersome
forms.

A FGM plate with dimensions of w = 1 and 2l = 2 of non-
dimensional units as shown in Fig. 1 is considered. Due to sym-
metry, half of the plate is meshed. The finite element model
used is composed of 100 graded elements in a mesh 10 × 10.
To compare the analytical and finite element results, we use the
same input values as given in [3]. It is assumed that the plate is
stress free under temperature T0 of 10. Firstly, the plate is sub-
jected to thermal loading such that the temperature of the right
plate surface T2 is held at T0, while the temperature of its left
surface T1 is variable. The ratio T1/T0 takes values of 5, 10 and
20. In the other case the temperature of the right plate surface
is assumed lower than the temperature T0 and is maintained at
the constant value of T2 = 0.5T0, but the temperature of the left
surface T1 is changeable such that the ratio T1/T0 is of 0.5, 0.2,
0.1 and 0.05.

A steady state analysis of the thermo-mechanical problem
can be performed by using a simplified two-step or sequential
temperature-stress analysis, i.e. a steady temperature field is
firstly determined from the heat transfer equation (14) at appro-
priate thermal boundary and initial conditions. This is followed
by solving the displacements and stresses induced by the tem-
perature gradient calculated from the mechanical equation (13)
under given mechanical boundary and initial conditions. In this
case, the system of the governing equations (21) is supposed to
be fully uncoupled. Hence, the system of algebraic equations
(26) is significantly simplified due to the zero coupled submatri-
ces of the Jacobian matrix, as a result the computational cost of
this analysis is not high. Both analyses are performed using the
same meshes. The gradients of thermal and mechanical proper-
ties are incorporated into the graded element by programming
the user-defined subroutines in accordance with the data given
in [3].

The distributions of temperature and thermally-induced
stress computed analytically and numerically with the graded
element are compared in Figs. 9 and 10. All plots are presented
along the x-axis of the symmetry line at y = 0. In the plots
the lines refer to the analytical solutions, whereas the markers
correspond to the results of the finite element analysis. Fig. 9
shows the comparisons for the first case of thermal loading.
One can see that there is an excellent agreement between the
results. Small differences between the stress solutions can be
explained by the finite length of the plate used in the finite el-
ement analysis, because the mesh refinement does not improve
the results. Fig. 10 illustrates similar comparisons for tempera-
ture fields and related thermal stresses obtained for the second
case of thermal loading. These graphs also clearly demonstrate
that the finite element solutions are in very good accordance
with the analytical ones.

The contour plots of the stress distributionσyy for the two dif-
ferent cases of thermal loading considered above are also pre-
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Figure 8: Transient heat conduction in the FGM plate [20]: a) geometry and BCs of the 2-D model; and b) distributions of the temperature with time along the plate
width w, calculated on the mesh 10×10.
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Figure 9: Comparisons of steady state solutions for T2 = T0: a) temperature distributions normalized by T0; and b) stress σyy distributions normalized by
σ0 = E1α1T0/(1 − ν).
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Figure 10: Comparisons of steady state solutions for T2 = 1
2 T0: a) temperature distributions normalized by T0; and b) stress σyy distributions normalized by

σ0 = E1α1T0/(1 − ν).
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sented in Fig. 11. One can see from Fig. 11a that the highest
tensile stress occurs mainly in the middle portion of the plate,
while the highest compressive stress takes place near the edges
of the plate under thermal loading conditions at T2 = T0 and
variety of ratios T1/T0. In contrast, the applied temperature
T2 = 0.5T0 at different ratios of T1/T0 induces the highest ten-
sile stress close to the plate edges, but the compressive stress
appears to be high in the middle of the plate as was shown in
Fig. 11b.

6.4. Element performance for transient thermoelasticity prob-
lems

Finally, the accuracy of the proposed graded finite element is
validated from the standpoint of simulations of coupled thermo-
mechanical analyses. To estimate the quality of predictions
with this element, the finite element solution available in [10]
for the FGM plate presented in Section 3 is used as a basis of
comparisons. The metal/ceramic plate of length 2l = 100mm
and width w = 10mm as shown in Fig. 1 is considered. The
material properties of constituents are listed in Table 1 and vary
in the x-direction in accordance with functions in (12). Note
that unlike the foregoing analyses in the current analysis the
Poisson’s ratio and the mass density are functions of the x-
coordinate within the graded element also.

One cycle of thermal shock is applied to the FGM plate as
a thermal load. It is assumed that the functionally graded plate
is suddenly heated from the initial temperature T0=300K to the
temperature TH=1300K on the ceramics surface, while the tem-
perature TL=300K is maintained on the metal surface. After a
while, when a steady state is achieved in the plate, the ceramic
surface of the plate is quickly cooled to the initial temperature
T0 =300K, as shown in Fig. 12.

The simulation procedure of the FGM plate subjected to
thermal shock is conventionally divided into two processes
such as heating and cooling. Under heating the transient
thermo-mechanical task with given thermal boundary condi-
tions, namely, the prescribed temperature T = TH at x = 0
and the known temperature T = TL at x = w is to be solved.
The analysis should be terminated when the temperature field
within the plate reaches the steady state. This problem is simi-
lar to the previous one considered in Subsection 6.3 and can be
simulated via the sequentially coupled thermal-stress analysis
to obtain the steady state solution. Once the steady distributions
of the temperature and the associated thermal stresses through-
out the domain of FGM plate due to heating are known, the
transient solution of thermo-mechanical problem with forced
convection on the ceramic surface at x = 0 should be under-
taken to model cooling of the plate. In this case a fully coupled
thermal-stress analysis is employed, i.e. the equations of mo-
tion and energy balance in (20) are resolved simultaneously at
each time increment. Thus, the Jacobian matrix in (25) is fully
filled and nonsymmetric that leads to using computationally ex-
pensive procedures to find the temperature-stress solution. The
heat equation in (20) is supplemented by a given convection
boundary condition (104) as well, where the film convection
coefficient is h=2000 W/mm2K and the temperature of a sur-
rounding medium is T∞=300K.

The accuracy of calculations strongly depends on a chosen
time increment, which is selected based on a prescribed maxi-
mum allowable nodal temperature change in this increment and
a size of a typical element in mesh. In the calculations, to avoid
spurious oscillations and convergence problems arising from in-
compatibility between the minimum usable time increment ∆t
and the typical element size ∆l, we construct the mesh with el-
ements satisfying the following relationship [31]:

∆t ≥
ρcυ
6κ

∆l2.

Because of comparisons with the results in [10] we required a
very small time increment of the order 10−4s in simulations.
Hence, following the above mentioned criterion, a finer mesh
with a typical element size of order 10−2mm is used. The
mesh contains of 34920 graded elements and 35295 nodes.
A restart option available in ABAQUS is utilized to speed up
the analysis. We run the next sub-analyses with time incre-
ments increased in a needed number times. In doing so each
analysis is calculated in 100 steps with a fixed time increment
value. The total analysis of the FGM plate was completed for
2 hours on a personal computer with Intel(R) Core(TM) i7-
3770 CPU 340GHz.

The distributions of temperature and thermally-induced
stresses within the FGM plate arising from heating and fast
cooling on the ceramic surface are compared in Figs. 13-15 be-
tween the finite element solutions published in [10] and those
obtained in the present study. In the plots the lines relate to the
present solutions, whereas the markers show the results known
in the literature. It is obvious from the figures that the both
finite element solutions qualitatively are complete match each
other for the distributions of temperature and stress. There are
some small quantitative difference between them that may be
referred to an incomplete input information taken from [10] or
due to an inaccuracy in the digitization of the respective graphs
there. The steady state temperature field at heating and the tran-
sient temperature distributions due to cooling have somewhat
lower values in the middle part of the plate in the present study
than in the published paper, Fig. 13. Nevertheless, the peaks of
thermally-induced stresses and the distributions of stress com-
puted for both heating and cooling are in a very good agreement
between those two predictions as shown in Fig. 14 and Fig. 15,
respectively.

7. Conclusions

Summarizing the results of this study we can conclude the
following. A finite element formulation of the coupled thermo-
mechanical problem in functionally graded plates undergoing
a plane strain condition has been presented. The theoreti-
cal framework presented here has been applied to developing
a functionally graded two-dimensional plane strain finite ele-
ment. The graded element that implements gradients of mate-
rial properties at the element level into a finite element model of
a FGM plate has been incorporated within the engineering finite
element package ABAQUS. For this purpose the conventional
temperature-displacement plane strain finite element CPE8T
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Figure 11: Contour plots of stress σyy at: a) T2 = T0 and T1/T0=20; and b) T2 = 0.5T0 and T1/T0=0.5.
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Figure 12: A scheme of thermal shock conditions.

from the ABAQUS library has been endowed by a feature to
grade element properties. This has been achieved by program-
ming the user-defined subroutines such as UMAT, UMATHT
and USDFLD, which allow the mechanical and thermal mate-
rial properties programmed as spatially-dependent functions to
sample directly at the Gaussian points of the element.

To estimate the accuracy of the graded element developed,
respective case studies have been carried out. In this regard dif-
ferent problems including pure mechanical and thermal anal-
yses, and uncoupled and fully coupled analyses of thermo-
mechanical problems have been solved. The results obtained
with the graded finite element and those known in the litera-
ture for the thermo-mechanical analyses of functionally graded
plates have been compared. The comparisons showed a very
good agreement between them for both the temperature fields
and the distributions of thermally-induced stresses. This clearly
indicates that the developed finite element model enables to per-
form accurate and reliable predictions of thermal and mechani-
cal responses of FGM plates.
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Appendix

The matrices presented in the system of equations (20) can
be written in explicit forms as follows:

M(e)
uu =

∫
A(e)

ρ(x)NT NdA (A.1)

C(e)
θu =

∫
A(e)

T0ÑTβ(x)BudA (A.2)

C(e)
θθ =

∫
A(e)

ρ(x)cυ(x)NT NdA (A.3)

K(e)
uu =

∫
A(e)

BT
u D(x)BudA (A.4)

K(e)
uθ = −

∫
A(e)

BT
θ β(x)ÑdA (A.5)

K(e)
θθ =

∫
A(e)

BT
θ κ(x)BθdA (A.6)

F(e)
u =

∫
Γ(e)∈Γσ

NT t̄dΓ +

∫
Γ(e)∈Γσ

NT bdΓ (A.7)

F(e)
θ =

∫
Γ(e)∈Γq

ÑT q̄dΓ +

∫
Γ(e)∈Γq

ÑTRdΓ (A.8)

where Bu and Bθ are matrices of gradients of the shape func-
tions and D is a matrix of the elasticity coefficients.
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