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We provide different mathematical frameworks to describe singularities in General
Relativity. The main idea is to regard singularities as obstructions to the dynamics of
different matter models.

The first part of the thesis initiates our examination of spacetime by probing space-
time with matter that can be modelled as a point-particle. In particular, we dis-
cuss the case of two-dimensional Lorentzian metrics. We give concrete applications
of the framework in the case of the Minkowski spacetime (which is regular) and the
Friedmann-Robertson-Walker spacetime (which is geodesically incomplete).

In the second part of the thesis, we probe the geometry of spacetime with classical
scalar fields. The general motivation is to redefine a singularity in spacetime not
as an obstruction to geodesics or curves but as an obstruction to the dynamics of
test fields. We discuss curve-integrable spacetimes, spacetimes with surface layers,
impulsive gravitational waves and brane-world scenarios, and spacetimes that contain
string-like singularities.

In the third part of the thesis, we present the outline of a framework to analyse the
geometry of the spacetime by probing it with quantum scalar fields. The main focus of
this chapter is to describe what is meant by a quantisation in a spacetime with finite
differentiability.

The fourth part of the thesis presents future outlooks and some open problems.
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Chapter 1

Introduction

The nature of space and time has fascinated the human mind for centuries. Works
in literature, philosophy and science have approached the relationship between space,
time and our empirical experience each in their own way. In the physical sciences,
the best description of space and time is provided by the theory of General Relativity
(GR) [].

GR models space and time as a single geometrical entity called spacetime. To be
precise, spacetime is a 4-dimensional manifold, M, with a Lorentzian metric, gus,
which is related to the energy-momentum content of matter, T, by Einstein’s field

equations,

8rG
Rap — %Rgab =+ Agab = 7Tab-

Moreover, the theory has been successful in predicting the perihelion precession of
Mercury and the bending of light near a massive object. More recently, the direct
measurement of gravitational waves has been confirmed which was one of the most
striking predictions of GR [2]. Despite these aspects, we know that the quest for a full
physical understanding of space and time is not over yet.

One of the biggest surprises that GR has given us is that under certain circumstances
the theory predicts its own limitations. There are two physical situations where we
expect the theory to break down. The first is the gravitational collapse of certain
massive stars when their nuclear fuel is spent. The second one is the far past of the
universe when the density and temperature were extreme. In both cases, we expect
that the geometry of spacetime will show some pathological behaviour or singularities.
The definition of a gravitational singularity is a delicate issue. It might be tempting
to define a gravitational singularity following other physical theories (like electromag-
netism) as the locations where the physical relevant quantities are undefined. However,
in the gravitational case, this prescription cannot work. This is due to the identifica-
tion of the spacetime background with the gravitational field. Hence, only where the
gravitational field is defined it is meaningful to talk about locations.

If one thinks of a singularity in classical Newtonian gravity, the statement that the
gravitational field is singular at a certain location is unambiguous. As an example,
take the gravitational potential of a spherical mass

GM
Va2 4+ y? + 22

with a singularity at the point x = y = z = 0 for any time ¢ in R. The location of the

V(t,z,y,z2) =



singularity is well defined because the coordinates have an intrinsic character which is
independent of V.

However, this prescription does not work in GR. Consider the spacetime with the line
element

1
ds® = —t—thQ + da? + dy? + d2*.

defined on the manifold {(¢, z,y, z) € R\{0} x R3}. If we say that there is a singularity
at the point ¢ = 0, we might be speaking too soon for two reasons. The first is that
t = 0 is not part of the manifold. It makes no sense to talk about ¢ = 0 as a location
where the field diverges. The second thing is that the lack of an intrinsic meaning of the
coordinates in GR must be taken seriously. By making the coordinate transformation
7 = log(t), we obtain the line element

ds? = —dr? + da? + dy? + d2?,

on R* which is an isometric extension of the previously defined spacetime. This space-
time is, of course, Minkowski spacetime which is non-singular [3].

Another idea might be trying to define a singularity in terms of invariant quantities
such as scalar invariants. These scalars are usually constructed from contractions
of the Riemann tensor and its derivatives. The reason is that if these quantities
diverge it matches our physical idea that objects must suffer stronger and stronger
deformations. Unfortunately, the scalars are not well-suited to define the complete
geometry. Consider the metric

ds?* = dudv + H;j(u)2's! du® — da'da’

given by coordinates (u,v,z',2%) and where H(u) is C'. This spacetime is known
as a pp-wave spacetime and it can be shown that every curvature scalar polynomial
vanishes,despite the fact that the spacetime is not flat in general [4].

A more troublesome feature of using scalars to define singularities is that they are too
local in the sense that they are evaluated at points. Therefore, if the point is removed,
the scalar cannot be computed directly and we need an approximation procedure.
In this case, the statement we must formalise is the following: “The scalar invariant
diverges as we approach a point that has been cut out of the manifold.” A mathematical
precise way to add the “missing points” is to complete the manifold using convergent
sequences of points in the manifold. Then the formal statement is: The sequence
{R(xy)} diverges as the sequence {x,} converges to y, where R(x,) is some curvature
scalar invariant evaluated at x, in M and y is some point not necessarily in M.

In Riemannian geometry, the notion of a distance allows us to define Cauchy sequences
{zn}. Moreover, if every Cauchy sequence converges in M then every geodesic can
be extended indefinitely. That means we can take the domain of every geodesic to be
R. In this case, we say that M is geodesically complete. In fact, also the converse is
true, that is if M is geodesically complete then M is metrically complete, i.e. every
Cauchy sequence converges to a point in M [5]. So we can use as our sequences of
points Cauchy sequences or sequences of points along geodesics.

The Riemannian case is a useful example, but as soon as we move to Lorentzian
geometry, which is the correct geometric setting for GR, the previous discussion cannot
be used as stated. The reason is that Lorentzian metrics do not define a distance
function and therefore Cauchy sequences cannot be defined. Thus, one is restricted to
the notion of geodesically complete manifolds in the Lorentzian setting.



Moreover, the existence of three kinds of vectors available in any Lorentzian metric
define three nonequivalent notions of geodesic completeness depending on the char-
acter of the tangent vector of the curve: spacelike completeness, null completeness
and timelike completeness. Unfortunately, they are not equivalent. It is possible to
construct spacetimes with the following characteristics [6} [7, [§]:

e timelike complete, spacelike and null incomplete
e spacelike complete, timelike and null incomplete
e null complete, timelike and spacelike incomplete
e timelike and null complete, spacelike incomplete
e spacelike and null complete, timelike incomplete

e timelike and spacelike complete, null incomplete

Furthermore, there are examples of a geodesically null, timelike and spacelike com-
plete spacetimes with an inextendible timelike curve of finite length [7, [§]. A particle
following this trajectory will experience bounded acceleration and in a finite amount
of proper time its spacetime location would stop being represented as a point in the
manifold. This example shows that using points on geodesics to test the geometry
cannot be enough to characterise missing points in a manifold. Much less, to probe if
there are divergent scalar invariants as one approaches these missing points.

This leaves the question of how we can characterise a singularity in GR? The purpose
of this thesis is an inquiry into the nature of gravitational singularities. Our inquiry
consists of a systematic description of spacetime which is examined with three different
probes: point-particles, classical fields and quantum fields. The general idea is that a
spacetime has a singularity if there are obstructions to the dynamics of the probe.
We have divided the thesis into three main parts. In each part, we give a physical
motivation of the choice of the probe, a geometric description of the spacetimes we are
considering and applications. Our endeavour is descriptive rather than explanatory.
We will not explain the mechanism that triggers the formation of the singularity,
instead, we will show different mathematical frameworks that allow us to talk about
gravitational singularities in different scenarios.

The first part of the thesis initiates our examination of spacetime by probing spacetime
with matter that can be modelled as a point-particle. This requires us to introduce
the b-boundary construction. This mathematical technique allows us first to detect
if a spacetime is incomplete (for all kinds of curves, not only geodesics) and in that
case it provides a boundary, OM, to the incomplete spacetime, M. Moreover, the
construction allows us characterise some information about the nature of the singular-
ities. We give a classification of the possible behaviour of the singularities that might
be obtained by studying the b-boundary. In particular, we discuss the case of two-
dimensional Lorentzian metrics. We give concrete applications of the framework in
the case of the Minkowski spacetime (which is regular) and the Friedmann-Robertson-
Walker spacetime (which is geodesically incomplete).

In the second part of the thesis, we probe the geometry of spacetime with classical
scalar fields. The general motivation is to redefine a singularity in spacetime not as an
obstruction to geodesics or curves but as an obstruction to the dynamics of test fields.



This means that a singularity is present in a region of a spacetime if the initial value
problem is not well-posed. A well-posed problem has three ingredients:

e There exists a solution.
e The solution is unique.
e The solution depends continuously on the initial data.

A spacetime M that has well-posed field equations can be considered as a spacetime
where the geometry is behaved well enough so that the fields remain deterministic.
Moreover, we require that the solution is regular enough so that the energy-momentum
tensor of the solution is finite as an integrable function.

The second part of the thesis is divided into three chapters in which we focus on
different spacetimes. In the first chapter, we present a general argument by Clarke [9]
which allows one to define the dynamics of the scalar field in spacetimes with square
integrable Christoffel symbols and curve integrable curvature. In the second chapter,
we prove well-posedness in spacetimes with low regularity that include spacetimes with
surface layers, impulsive gravitational waves and brane-world scenarios. In the third
chapter, we consider spacetimes that contain string-like singularities, modelling cosmic
strings.

Although, we mention in the introduction of the first part how certain regularity of
the metric is necessary for the singularity theorems, we want to point out that the
regularity of the metric takes a central role in the second part of the thesis. The
concept of regularity can be intuitively understood as the number of smooth or non-
singular derivatives. We call spacetimes with finite regularity rough spacetimes. An
example of how this concept is key follows from the following example. Let us consider
a spacetime where the metric is C'™ except at a point where the regularity is only
CY. Then, the geodesic equation is not well posed there and also the curvature (which
depends on the second derivative of the metric) may blow-up. Therefore, a description
of a singularity based on curvature blow up or the notion of geodesics would require
us to remove this point of spacetime. Nevertheless, one can still have well-posedness
of test field in the spacetime which includes the point with low regularity. We show
this sort of situations is the case in different scenarios.

The third part of the thesis presents the outline of a framework to analyse the geometry
of the spacetime by probing it with quantum scalar fields. The main focus of this
chapter is to describe what is meant by a quantisation in a rough curved spacetime.
We describe the algebraic quantisation procedure and also the more common Hilbert
space representation. It is remarkable, that even in the smooth case, a full geometric
understanding of the physical Hilbert space representation on a generally globally
hyperbolic space is still missing. Therefore, we also describe the different ways classical
dynamics can be implemented in the quantum case. At the end, we explicitly quantise
a scalar field in a rough background and implement the dynamics as unitary operators.
The fourth part of the thesis present future outlooks and some open problems.



Part 1

The point-particle probe






Chapter 2

Introduction

In this first part of the thesis, we develop a framework that will probe spacetime with
point-particle objects. This approach characterises gravitational singularities as world
lines which are incomplete. Moreover, this is the characterisation used in the classical
singularity theorems. Different descriptions of gravitational singularities will be given
in the second and third part of the thesis where we probe spacetime with classical and
quantum test-fields.

2.1 Singularity Theorems

The first modern definition of a gravitational singularity comes from Penrose and
Hawking in their seminal theorems. They show that General Relativity breaks down
under certain conditions (see [3], Chapter 8). The general structure of the theorems
establishes that if a spacetime (M, gq) with enough differentiability satisfies:

e an energy condition,
e a global causal condition,
e and an appropriate initial or boundary condition

then (M, g.p) must be geodesically incomplete [10].

The differentiability of the spacetime is a subtle point. Originally, a C? condition on
the metric condition was needed, so classical theorems from calculus of variations hold
[3]. However, recent developments in differential geometry in low regularity and in
analysis have managed to prove the singularity theorems with just a C'1! E condition
on the metric [I1, T2]. This seems to be the natural regularity of the theorems as
this is the threshold for existence and uniqueness of geodesics. However, from the
point of view of spacetimes modelling collapsing stars scenarios [15], spacetimes with
cosmic strings [16], brane world cosmologies [I7] (see examples in later chapters) and
considering Einstein’s equations as an initial value system [18], one would like to work
with metrics with less regularity. These regularity conditions will be developed and
analysed in more detail in part two of this thesis.

We describe now each of these conditions. The energy conditions are general inequal-
ities that relate the energy momentum tensor of matter, Ty, or equivalently (via the

L A function f on an open set U of R™ is said to be Lipschitz or C%" if there is some constant K such
that for each pair of points p,q € U, |f(p) — f(q)| < K|p — q|, where |p| denotes the usual Euclidean
distance. We denote by C*'! those functions where the kth derivative is a Lipschitz function.

7



Einstein’s equations) the Ricci tensor, Ry, with a certain class of vector fields. For ex-
ample, the weak energy condition requires that T pu®u® > 0 for any timelike vector u®
(by continuity this will then also be true for any null vector v*), this condition ensures
that all observers see nonnegative energy density. The dominant energy condition re-
quires that in any orthonormal basis the energy density dominates all the other terms,
T% > |T7°P|, which ensures that all observers see a causal flux of energy-momentum.
The strong energy condition states that Tpu®u® > TS for any unit timelike vector
u®. All the energy conditions guarantee a focusing effect, which encodes the attractive
nature of gravity and is important for the formation of conjugate points.

The global causal conditions come in various different forms. The idea of a chronolog-
ical spacetime is that there are no closed timelike curves. A strongly causal spacetime
satisfies the condition that for every point p € M there is a neighbourhood V of p
which no non-spacelike curve intersects more than once. Finally, one can require that
there is an spacelike surface S which is intersected by every causal curve, exactly once.
This surface then is called a Cauchy Surface (see Appendix for details). The impor-
tance of this condition has two aspects: first, to prevent the possibility of time travel
to the past and second to ensure the existence of geodesics of maximal proper length
between events. In particular, such geodesics will not contain conjugate points.

A boundary or initial condition is the missing link to relate the focusing effect of the
energy conditions and the existence of maximal geodesics to geodesic incompleteness
which is the conclusion of the theorems. Omne example of such a condition is the
existence of a closed trapped surface, 7. By this is meant a C? closed spacelike 2-
surface such that the two families of null geodesics orthogonal to 7 are converging. This
is the formal description of the intuitive idea that the gravitational field is becoming so
strong in some region that light rays (and so all the other forms of matter as well) are
trapped inside a succession of 2-surfaces of smaller and smaller area. Another example
of a initial condition is the requirement that there is a spacelike surfaces .S where all
the unit normals are everywhere diverging either to the past or the future.

The notion of geodesic incompleteness was discussed briefly in the introduction and
can be better understood by defining what we mean by geodesic completeness. A
geodesically complete spacetime is one where any geodesic admits an extension to
arbitrarily large parameter values. Then, a spacetime that is not geodesically complete,
must be geodesically incomplete. Geodesic incompleteness describes intuitively that
there is an obstruction to free falling observers to continue travelling through spacetime.
In some sense, they have reached the edge of spacetime in a finite amount of time; they
have encountered a singularity.

The conclusion of the singularity theorems, despite the generic nature of the hypothesis,
is not as precise as one would wish. That is because the size, place and shape of the
singularities can not be straightforwardly characterised by any physical measurement.
Sometimes, one cannot even know whether it is in the future or past. All one knows
is that there exists at least one incomplete causal geodesic.

The structure of the remainder of the thesis is as follows. Below in Section [2.2] we give
an outline of the proof of a particular version of the singularity theorems. In Section|3.1
we give some general descriptions about boundary techniques in GR. In Section [3.2] we
describe the b-boundary. Then in Section we give the classification of singularities
using the b-boundary. In Section we discuss the b-boundary construction for 1+ 1
spacetimes and provide two examples. The first one shows in detail the geometry
of the Schmidt metric when one is dealing with a general 1 + 1 metric written in



conformally flat form. We then calculate the geometry of the frame bundle in the case
of 1 + 1 dimensional Minkowski spacetime. To our knowledge, such a calculation
has not been done before and might provide a better geometric understanding of
the b-boundary construction. The second example is the b-boundary completion of
a Friedmann-Robertson-Walker spacetime (FRW) where it is shown that the initial
singularity collapses to a point. In Section 3.5/ we discuss the topology of the spacetime
when one includes the b-boundary.

We attach an appendix at the end of the thesis containing the general background in
Differential Geometry and Causality theory required in this part.

2.2 Proof of the Singularity theorems.

Below we give a precise mathematical formulation of one of the singularity theorems
and give the outline of the proof. This will explicitly show how all the hypotheses
of the theorem are used and how the geodesic incompleteness conclusion is obtained.
Moreover, it is useful to see how the regularity of the metric is needed. There are other
more complex versions of the theorems for which formulations and proofs can be found
in [3, [13] and low regularity versions can be found in [IT], [12]. The formal statements
of the results in calculus of variations and causality theory used for this proof are given
in the Appendix.

Theorem 1 [13] A spacetime (M, gqp) that satisfies the following conditions:
o Ry KK >0 for all null vectors K°,

e there is a compact Cauchy surface S in M,

e all the unit normals to S are diverging, i.e, the congruence of geodesics meeting
S orthogonally have 6 > 0 at every point of S.

cannot be geodesically complete.

2.2.1 Outline of the proof.
The proof consists of the following steps:
1. We start assuming that the spacetime (M, g4p) is geodesically complete.

2. The assumption of geodesic completeness together with the energy condition
Ry K®K® > 0 guarantees that every geodesic v is focusing.

3. The initial condition, that the congruence of geodesics meeting S orthogonally
have 6 > 0 at every point of S, guarantees that the focusing effect will produce
conjugate points. Therefore every past geodesic v, that extends arbitrarily into
the past, contains a futuremost point ¢ conjugate to S. This is Theorem in
the Appendix.

4. Since S is compact and such conjugate points move continuously provided the
metric is at least C? there is an upper bound B to the distance, along geodesics
from g to S. This is a step in the proof where the regularity of the metric is
critical. The condition that the conjugate points move in a C° form depends
on the coefficients of the Raychaudhuri equation, which includes the curvature
tensor and therefore it must be C° [14].
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. However, if v extends arbitrarily into the past, there is a point w on ~ with

distance to S bigger than B. Thus, ¢ lies between w and S.

. Using standard results from the calculus of variations the geodesics from w to

S can not be maximal since they have conjugate points. This is the content of
Theorem [16] in the Appendix and the main reason why we required the energy
condition and the boundary /initial condition as hypotheses.

. However since S is a Cauchy surface the point w belongs to the past domain of

dependence, D™ (), which is globally hyperbolic.

. However, the existence of the Cauchy surface, .S, which is equivalent to global

hyperbolicity, guarantees the existence of a maximal geodesic from w to S. This
is Theorem [I§ in the Appendix.

. However, such geodesic must pass through a conjugate point and therefore cannot

be not maximal which leads to a contradiction with the initial assumption. [



Chapter 3

The b-boundary

3.1 The boundary of spacetime

The procedure to attach a boundary to a Lorentzian manifold can be done in several
nonequivalent ways. In this chapter we will focus on the b-boundary. The reason for
this is that it allows a classification of singularities in terms of parallel propagated
frames, distinguishes between points at infinity and points at a finite length, and
generalises the idea of affine length to all curves, being geodesic or not. Other common
techniques to attach boundaries to Lorentzian manifolds are conformal boundaries
[3, 19], causal boundaries [3] and approaches that mix several techniques like the a-
boundary [20].

We give now below a description of such techniques.

The conformal boundary allows us to study the structure at “infinity” of the metric.
The idea of conformal compactification is to bring points at “infinity” on a non-compact
pseudo-Riemannian manifold (M, g.5) to a finite distance (in a new metric) by a
conformal rescaling of the metric G, = Q%gap. The precise definition only applies
to an asymptotically simple spacetime. M is asymptotically simple, if there is another
smooth Lorentz manifold (M, §,) such that:

e M is an open sub-manifold of M with smooth boundary M called the conformal
boundary;

e there exists a smooth scalar field Q on M such that Gab = 9%gap on M, and so
Q=0,d2+# 0 on OM;

e every null geodesic in M acquires a future and a past endpoint on dM.

This technique has the evident drawback that it can only be applied for this kind
of spacetimes [19]. Moreover, notice that for example in the Minkowski spacetime,
OM = .~ U .7 (which corresponds to null past and future infinity) while i°,i*, i~
which correspond to spacelike infinity and future and past timelike infinity do not
belong to the conformal boundary (see [3] for a precise definition of &, .+ % it i7).
The reason for this is because M is not a smooth manifold at these points. Despite
this, the conformal boundary has been successfully applied to study isolated systems
in General Relativity [I9] and more recently to the AdS-CFT correspondence [21].

Giving a causal boundary to a Lorentzian manifold is a technique to attach a boundary
to spacetime that depends only on the causal structure. However, this implies the

11
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construction is not able to distinguish between boundary points and points at infinity.
Moreover one has to assume that (M, g,p) is strongly causal.

The construction relies on indecomposable past sets (IP) and indecomposable future
sets (IF') which we now define. A set U that is open, satisfies I~ (U) C U and cannot
be expressed as the union of two proper subsets V,W which are open and satisfy
I=(V)cV,I7(W)cC W is an IP. One can define IF, similarly using I*. The class of
IP’s can be divided into two classes: proper IP’s (PIPs) which are of the form I~ (p)
for p € M, and terminal IP’s (TIPs) which are not formed by the past of any point in

=
M. We shall denote by M the set of all IPs of the space (M, g,p) and \]\{/ the set of

=~
all IFs of the space (M, gqp). Then defining a suitable topology on M , \Z\’_J/ to identify

IFs and IPs (see [3]) one can form a space M* = M [JA where A is called the causal
boundary.

The b-boundary is a method developed by Schmidt that allows one to attach a bound-
ary OM called the b-boundary to any incomplete spacetime M (or indeed any manifold
with a connection). The procedure consists in constructing a Riemannian metric on
the frame bundle L(M) or the orthonormal bundle O(M) called the Schmidt metric.
This metric is then used to generalise the idea of affine length to all curves. This
generalisation is important because it helps to unify some elements of Riemannian ge-
ometry with Lorentzian geometry. For example, while geodesic completeness implies
that every curve is complete only in the Riemannian case; the notion of b-completeness
implies completeness of every curve in both signatures. The definition of a curve we
are using here is a piecewise-C'' curve (see the Appendix for a formal definition). Also,
the b-boundary has given some results that link the geometry of principal bundles with
that of the base manifold [22].

The relationship between the conformal boundary, the causal boundary and the b-
boundary is not yet understood.

3.2 The Schmidt metric

The procedure for constructing the Schmidt metric consists of building a Riemannian
metric on the frame bundle L(M). We will use the soldering form 6 on L(M) and the
connection form w on L(M) associated to the Levi-Civita connection V on M to do
this. Explicitly, the Schmidt metric is given by

JX,Y)=0(X)-0(Y)+w(X)ew(Y) (3.1)

where X,Y € TP and -, e are the inner products in R and g = R™. Tt can be shown
that despite the freedom in the choice of the inner product, all the metrics constructed
in this way are equivalent metrics [26].

Let 7y : [a,b] — M be a piecewise-C! curve through p in M. A curve ¥ : [a,b] — L(M)
in L(M) is called a lift of the curve -~ if it satisfies 7(¥) = v and Dm(y) = 4. The
length of 7 with respect to the Schmidt metric given by

b .
L+(0) = [ lgdr

is called the generalised affine length of v. We can then use this length to reparametrize
7. When ~ is a geodesic, then if it is parametrized by L(t), it is parametrized with
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respect to an affine parameter (see Appendix for a definition of affine parameter in
the case of a geodesic curve). If every curve in a spacetime M that has finite affine
generalised length has endpoints, we call the spacetime b-complete. If it is not b-
complete we call the spacetime b-incomplete.

Notice that if there is a curve v in M that has finite affine length and no endpoint
then the lift curve 7 can not have an endpoint. Otherwise, if p is the endpoint of
5, m(p) = p would be an endpoint of v contradicting the incompleteness of . This
observation shows that geodesic incompleteness implies b-incompleteness. The converse
is not true as Geroch’s example [7] shows a b-incomplete spacetime that is geodesically
complete. Therefore b-incompleteness is a generalisation of geodesic incompleteness.
Now given an incomplete spacetime M, using the Riemannian metric g on L(M), we
can Cauchy complete L(M). Let us denote by L(M) the Cauchy completion of L(M).
Then, we define the quotient space M = L(M)/G™T, where G is the connected
component of the identity of GL(n;R) under the equivalence of orbits, i.e., (p,g) €
L(M) ~ (q,¢') € L(M) if p = q and there is h € GL(n;R) such that g = hg'.
This quotient induces a topology in M by requiring that the map 7 : L(M) — M is
continuous and therefore M is a topological space. However, it does not imply that
M is a manifold. Finally we can characterise the b-boundary as the set M = M\ M.
We can repeat the same construction for subgroups of GL(n;R). In particular, a com-
mon choice in the Lorentzian case is the the subgroup of all Lorentz transformations
preserving both orientation and direction of time, called the proper orthochronous
Lorentz group, and denoted by SO (1,n). In a completely analogous way we can
form the quotient M = L(M)/SO™(1,n;R) and define the b-boundary as the set
OM = M\M. The advantage of this construction is that SOT(1,n;R) is a manifold
of dimension n + @ instead of the n + n? dimensions of L(M). Also, the con-
struction can be carried on a manifold with a Riemannian metric, in which case M
is homeomorphic to the Cauchy completion of M and a natural choice for the sub-
group is the special orthogonal group SO(n;R). This reinforces the conviction that
the b-boundary is a natural way to attach boundaries to manifolds with connections.

3.3 The classification of singularities

The notion of b-incomplete spaces allows us to describe incomplete curves in manifolds
with connections. Our initial motivation to study this, was to develop the language
to describe pathologies in the geometry as we approach points that in some sense
are "boundary points" of the manifold. In this section we describe how the main
manifestation of gravity in General Relativity, the curvature of the manifold, can
behave along b-incomplete curves. This is the scheme proposed by Ellis and Schmidt
to classify singularities [23], 24].

Suppose that p is a point of the b-boundary OM of (M, gq). Then:

1. pisa C"(r > 0) reqular boundary point if there is a spacetime (M’, ¢/, ) which con-
tains (M, gqp) as a sub-manifold and such that the Riemann tensor of (M’ gap)
exists and is C" at p. We call (M’, ¢/,) an extension of (M, gqp).

2. pis a singular boundary point otherwise.

If p is a singular point then the following scenarios can occur:



14

e p is a parallelly propagated (p.p.) curvature singularity if, for some curve =y
with endpoint p, at least one component of the Riemann tensor, with respect
to a parallel propagated orthonormal basis along +, is not continuous. If the r-
covariant derivative of some component of the Riemann tensor is not continuous,
we call the singularity a C" p.p. curvature singularity.

e If pis a singular boundary point and is not a C" p.p. curvature singularity, then it
isa C" quasi-reqular singularity. A useful example to visualise such singularities
is the singularity one encounters in the apex of a cone or spacetimes containing
cosmic strings. In this cases the obstruction to extending the spacetime is a
topological one.

e If p is a singular boundary point at the end of the curve + in which some poly-
nomial constructed from the tensors gq, Rj.; and r-covariant derivatives of Rj ,
does not behave in a C° way, then pis a C" scalar singularity. Those singularities
are necessarily C" curvature singularities.

e If pisa C" curvature singularity, but not a scalar singularity, then it is a C" non
scalar singularity.

Furthermore, we can classify the curvature singularities in the following subclasses:

e p is a matter singularity if the Ricci tensor diverges at p.
e p is a conformal singularity if the Weyl tensor diverges at p.
e p is a divergent singularity if the curvature components are unbounded at p.

e p is a oscillatory singularity if the curvature components are bounded at p.

The above list gives a description of gravitational singularities in which the physically
interesting cases can be described by the behaviour of the curvature along a curve
ending at a point p in the b-boundary oM.

3.4 The b-boundary for 1+1 spacetimes

The b-boundary is a mathematically elegant construction to attach a boundary to an
incomplete spacetime. However, working directly with it is cumbersome because of
the high dimensionality of the bundles involved. In addition, the link between the
topology and geometry of the bundle is not easily related to that of the base manifold.
In this section, we construct the Schmidt metric for general 1 + 1 spacetimes locally
and then give two explicit examples. The first example is an explicit calculation of
the geometric properties of the Schmidt metric (O(M), g) in the case of 2-dimensional
Minkowski spacetime. The second example follows closely the calculations of [25] and
[26] to show that the initial singularity in the FRW case collapses to a point.

3.4.1 The Schmidt metric for 141 conformal spacetimes

Let M be a manifold of dimension two with a Lorentzian metric g, with orthonormal
bundle O(M). Then, we can find coordinates (v,w) which transform locally the line
element of the metric g, to the following form [27]:
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ds® = Q% (v, w)(—dv?* + duw?). (3.2)
An orthonormal basis is given by the vector fields
10
B, = —— 3.3
! Qdv (3:3)
10
Ey = —— A
2 Qow (34)
Any other orthonormal basis is of the form
. 10 . 10
El = cosh Xﬁ% + sinh Xﬁ% (35)
. 1 1
E; = cosh Xﬁ% + sinh Xﬁ% (3.6)

for some x(v,w) € R.
We notice that the coefficients of such a basis with respect to %, a% define a unique
matrix 3 and its inverse 71

5= 1 (coshy sinhx
- Q \sinhy coshy

-1 _ coshy —sinhy
=1 (—sinhx cosh )

Then we can use these matrices to define local coordinates on O(M):

1 0 0 1 0 0
— hy— inhy— |, = hy— inh y— R
{v,w, 9 (cos X5, + sin X@w) g (cos X5 + sin Xé?v) |(v,w) € M, x € R}
(3.7)
The Schmidt metric g on O(M) is given by:
JX)Y): w(X) w(Y)+0(X)-0(Y) (3.8)

for X, Y € TO(M) where w is the connection form on O(M) and 6 the soldering form.
In coordinates the connection form w is written as:

@y = (B71)adBs + (B )T, Byda™ (3.9)

where v = 2, w = x!, B2 are the components of the matrix 3 and I'y. are the Christoffel
symbols of the metric gqp.
The soldering form 6 is given by:

0

6% = ()" tdz® (3.10)

Next, consider a curve y(s) in O(M) given by v : s € [a,b] — (v(s), w(s), B7(s)) and
evaluate (%) and (7). Explicitly we have:

N v cosh x — wsinh y
0(7) =9 (—1’) sinh x + w cosh X)
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and
o) = ( 0 X+ G0 + <awﬂ>1>>>
X+ §((0:2) + (0u9)0) 0

giving the line element for the Schmidt metric:

ds® = Q% (v, w)(cosh(2x)(dv? + dw?) — sinh(2x)dvdw)

1 /00 o0 2 (3.11)

Therefore, in principle one can use this line element and X-tensor or similar algebraic
computing packages to give an expression for the curvature tensor Ry, in O(M) for
a general 1 + 1 Lorentzian manifolds M in terms of 2. However, this is not very
illuminating so instead we look at two simple examples below.

3.4.2 The Schmidt metric of Minkowski spacetime

We now develop here in detail the geometric properties of the Schmidt metric for the
case of Minkowski spacetime which is the simplest model of a Lorentzian manifold. The
spacetime can be characterised by the condition Rj., = 0, i.e. Minkowski spacetime
is the only flat Lorentzian manifold. This spacetime is also the spacetime of Special
Relativity, which although relativistic does not include the curvature effects produced
by matter or gravity. In the 141 case, the line element takes the form ds? = —dt?+ da?
defined in R?. Using we have that the Schmidt metric takes the form:

ds® = (dt* + dz?) cosh(2x) — 2dtdx sinh(2x) + dx> (3.12)
Now if we consider the change of coordinates: t = u + 9,2 = u — ¥ we get:
ds* = 2(cosh 2 + sinh 2x)du® + 2(cosh 2 — sinh 2x)dd* + dx* (3.13)
so can rewrite the line element as:

ds® = 2eXdu? + 2e72Xd? + dy? (3.14)

We are going to use now Cartan’s method [28] to calculate the curvature.
So choosing as an orthonormal coframe:

19 = V2eXdu
1" = V2e Xdp
2 =dy

then

di® = V2eXdx A du = —1° A 12
dit = —V2e Xdxy ANdo =1 NIP
di> =0 (3.15)

Now we find the connection one form using equation in the Appendix gives
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i’ = —IOAP

= —woo/\lo—wol/\ll_WOQ/\lz
dit = —I'AP?

= —wlo/\lo—wll/\ll_wlg/\ZQ
di?> = 0

Then we have:

0 _ ;0 2
w9 l——wO
wly = -1 = —w?

(3.16)

where all the other components are zero.
Using Equation (3.16]) and Equation ((10.4]) in the Appendix we obtain:

Q% =—1"N1?
QY =10A0
Qb =-1"Al?

Because the geometry is three-dimensional the Weyl tensor vanishes [3] and therefore
all the information of the curvature is in the Ricci tensor which is given by Rap = Rip-

So we have using ([10.5))
Rop = —2 (3.17)

where all the other components are zero.
and the Ricci scalar R given by FZ is
R=-2. (3.18)

Hence, the geometry in the bundle is not flat even if Minkowski spacetime is flat. This
result illustrates that the geometry in O(M) depends in a subtle way on the geometry
of the fibre when the metric is Lorentzian. Notice that in the Riemannian case for the
flat metric we have

6(%) = O (@Cosx—wsinx>

vsin x + wcos y

and then the line element takes the form

ds* = dv? + dw? + d> (3.19)

which is just the flat metric in O(M).
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3.4.3 The Schmidt metric of a FRW spacetime.

The FRW spacetime corresponds to the model of a non stationary, spatially homoge-
neous and isotropic universe. The observation of the cosmic microwave background
[29] and the red shift of type Ia supernovas [30] correspond to the strongest evidence
to sustain a model of a non-stationary, homogeneous and isotropic universe.

For a universe with topology R x S the FRW metric is given by

ds® = —dt® + a*(t) (d02 +sin o (d792 + sin? ﬁdgz)) (3.20)

where 0,1, ¢ are polar coordinates, ¢t € R* is the temporal coordinate and a(t) is called
the scale factor.

The physical requirements of positive matter density, nonnegative pressure and the
observed recession of galaxies leads to the behaviour a(t) — 0 as t — 0. For a
radiation-dominated universe the evolution of the scale factor is a(t) o< t'/2. For a
matter dominated universe the evolution of the scale factor is a(t) o t?/3. For a dark-
energy-dominated universe, the evolution of the scale factor is a(t) x exp(Ht). Here,

the coefficient H in the exponential, the Hubble constant, is H = 1/A/3 where A is
the cosmological constant.

In the early universe, after inflation the universe was radiation dominated. So let us
consider that the scale factor takes the form a(t) = t?(p > 0) as t — 0. By rescaling
the time coordinate we can put the metric in the form

ds®* = —a®(r)dr? + a*(7) (d0'2 +sino <d192 + sin? 19d92>) (3.21)
with a?(7) = 79(q > 0).
For simplicity, we are going to consider the case of the 1 +1 FRW cosmological model

which we can obtain from the 4-dimensional one by suppressing two polar coordinates.
This can be seen by considering the injection map into

h:(r,0) = (1,0,90,00) : M = N =MxX (3.22)

where ¥ is a suitable two dimensional manifold. Then, from (3.21)) we obtain that the
1+ 1 FRW spacetime takes the form

ds® = 7Y(—dr* + do?) (3.23)

for ¢ > 0. Moreover, from (3.11)) we obtain that the Schmidt metric in O(M) takes
the form

2
ds? = 71 (cosh(2><)(d7'2 + da2) — sinh(2x)d7’da> + (dx + qda) (3.24)
T

This injection gives a natural smooth injection h : O(M) — O(N'). Moreover, we have
the following Lemma [26]:

Lemma 1 For allY € TOM). ||Y]|| = ||Dh(Y)]|
where the norms are induced by the Schmidt metric for O(M) and O(N).
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This result implies that Cauchy sequences in O(M) correspond to Cauchy sequences
in O(N) under the injection map, which then can be used to show that degeneracy of
fibres in the 1 + 1 case implies degeneracy in the 4 dimensional one.

Now we show below the procedure to treat the cosmological singularity at 7 = 0.
First we give a non convergent Cauchy sequence {s,}>>; in O(M) to determine a point
in the completion of O(M). As a consequence of the previous lemma, {h(sy)}52, will
be a non convergent Cauchy sequence and therefore will also determine a point in the
completion of ON.

Fix 0, and consider the sequence

s:N—=OM:n— (1y,0,,0) (3.25)

for some 7, € (0,7) with 7, — 0 as n — oco. Then for all n greater that some Ny € N
we can find {#,}22, such that ¢, = 1 — 7, and £, — 1. This sequence eventually lies
on the curve

c:[0,1) > OM):t— (1—1,0,,0) (3.26)
Then from (3.24) we obtain

lléllg = (1 —1)* (3.27)

En N Tn 4
[ (B / Sar
ty Tk

Since 72 — 0 as n — oo for all € > 0 we can find N, € N such that for k,n > N,

Therefore, for large enough k,n

|Is(n) = s(k)llg <

~

(3.28)

ls(k) = s(n)llg < e (3.29)

Thus {s}22; is a Cauchy sequence and the equivalence class determines a point p
in O(M). This of course projects to a point p € M which we can identify as the
singularity.

Notice similarly that the sequence:

' N = O(M) :n — (Tn, wo + 0n, X1) (3.30)

with 7, — 0,0, — 0 as n — oo is also a Cauchy sequence that determines a point
G € O(M) and satisfies 7(q) = 7(p) = p.

We now show that the fibre in O(M) over 7 = 0 degenerates to a point and therefore
O(M) is not a fibre bundle.

The procedure to do this is to show that the distance between p and § can be made
arbitrarily small. Let a, = a(7,), @, = £a(7)|-, and &, = —X152

Then the curve

Y i [0,0,] = OM) : 1 = (T, 00 + 1, —a—nl)

Qn
satisfies v,(0) = p and v, (6,) = G.
Now notice that the length of the curve is given by
5n a'n % a2 X1 1
L, = an/ cosh (—2[) dl| = —”/ cosh(2x)2dl (3.31)
0 anp, Gp, JO
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Now we have the following classical inequalities:

0 < cosh y < (cosh x? + sinh X2)% = (cosh 2x)% <23 cosh x (3.32)
Since 7,, — 0 as n — oo we obtain:
2

af”Q% sinh x
n

L'Yn <

q
27 sinh Xrg“’ ~0 (3.33)

Therefore L., goes to zero as n — oco. Hence, p = 7.
Since g, x1 were arbitrary, we can conclude that any fibre over the singularity at 7 =0
is degenerate and collapses to a point.

3.5 The topology of M

We have shown in Section [3.4] that if one calculates the Schmidt metric of the two-
dimensional flat Riemannian space one obtains that the Schmidt metric is simply
the flat metric in the orthonormal bundle. This example manifestly shows that the
geometric relationship between the base manifold and the orthonormal bundle is more
subtle when the metric is Lorentzian. Moreover, in the Riemannian case, M is always
equal to the Cauchy completion of M [26]. This shows important differences between
the signatures.

In our exposition about the b-boundary, we obtained equation which is the line
element of the Schmidt metric for all 1+ 1 Lorentzian manifolds M which determines,
via the curvature, all the local isometric invariants. If 9M = 0, then the 3-manifold cor-
responds to the orthonormal bundle where the fibres of the bundle are SO*(1,1) 2 R.
Therefore, SO* (M) is not compact. If M # ), then the 3-manifold is not necessarily
a G-bundle (the group may not act freely or transitively). This is, for example, the case
when M is the Friedmann-Robertson-Walker spacetime. This affects the topology of
M, which in the Friedmann-Robertson-Walker case is no longer Hausdorff [26]. Then
O(M) is not a G-bundle as the fibre over the singularity is a point instead of a copy of
SO(1,1)T(M). Nevertheless, O(M) is still a 3-dimensional Riemannian non-compact
manifold. In general, the topology of M is poorly understood. It is known that in four
dimensions the Schwarzschild and the Friedmann-Robertson-Walker b-completions re-
sult in non-Hausdorff spaces. But it is still a conjecture that in the first case M is a
line while in the second OM is a point [26] 25]. Therefore, in order to understand the
topology of M, one can study first the geometry of the Riemannian manifold O(M).
In the particular case of the 3-manifold O(M) in the Riemannian case, one may use
the Geometrization conjecture which establishes that all 3-dimensional closed mani-
folds are the connected sum of prime 3-manifolds. And each of these prime 3-manifolds
can be cut along tori, so that they correspond to one of the eight Thurston geometric
structures [31]. This, of course, is not suitable in the Lorentzian case because as men-
tioned above O(M) is not compact. Nevertheless, whenever the Schmidt metric has
finite volume the geometric structure can be almost obtained through the fundamental
group m1(O(M)) (see [32] for a precise definition of m; and [33] for the relationship
between 71 and the finite volume condition). For higher dimensions, the dimension of

O(M) is now n + @ > 5 and no classification is possible [34].




Part 11

The classical test-field probe
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Chapter 4

Introduction

In the first part of this thesis we have given a framework to probe spacetime with point-
particle objects, and in the third part part we will develop tools to probe spacetime
with quantum test-fields. In this part, we enquire how gravitational singularities can
be characterised, as the obstruction to well-posedness, when spacetime is probed using
a classical test field.

4.1  Test-field Singularities

An important requirement of any classical physical theory is that given suitable initial
data one can determine the evolution of the system. Within the theory of general rela-
tivity the condition of global hyperbolicity [35] therefore plays a key role, because this
condition is a sufficient, but not necessary, condition for the well-posedness of hyper-
bolic equations for several physically important fields several tensor fields (see e.g.[3]
for details). Mathematically a spacetime region N is said to be globally hyperbolic if
the causality condition is satisfied, and for any two points p, g € N the causal diamond
J*(p) N J~(q) is compact and contained in N [36].

One way of interpreting the compactness of J*(p) N J~(q) is that this set “does not
contain any points on the edge of spacetime, i.e. at infinity or at a singularity” [3|
§6.6]. In this context one has to choose a definition of singularity and therefore choose
the regularity for the metric in the region N. If one considers the existence and
uniqueness of geodesics, then a sufficient condition to ensure this is that the metric is,
CU1. Moreover, this choice of regularity is the threshold in which one can characterise
a gravitational singularity in terms of geodesic incompleteness. This seems to be the
natural regularity for the singularity theorems [12].

However, there are other criteria for regularity which may seem equally reasonable
on physical grounds. For example, the C%! regularity can be seen as a threshold for
some basic aspects of causal structure. Metrics with lower regularity, C%® « € (0, 1),
exist in which lightcones are no longer manifolds of codimension one. In addition, all
the results of causal theory for smooth metrics that do not require the use of normal
neighbourhoods can be transferred to the C%! case such as the existence of domains
of dependence that admit Cauchy time functions [37].

Another important criterion of regularity can be formed on the basis of considering
Einstein’s field equations as a hyperbolic evolution system. It has been shown that local
well-posedness follows from having enough control over the L? norm of the curvature
on the spatial foliation and the radius of injectivity [38]. From this point of view, the
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relevant condition to characterise a singularity is a L? type condition on the metric
and its derivatives.

Closely related, one can choose a criterion of regularity using a precise formalisation
of the “Strong Cosmic Censorship Conjecture" (SCCC). This conjecture can be loosely
stated as follows: given generic initial data the maximal global Cauchy development
is regular. The precise mathematical meaning of “generic" and “regular" is part of
the content of the Strong Cosmic Censorship Conjecture [39]. One example is the
characteristic initial value problem for the spherically symmetric Einstein-Maxwell-
scalar field equations: If one requires that a regular extension must have C° curvature
then the SCCC holds, while a criterion for regularity that only requires a C¥ extension
of the metric does not support the SCCC [40]. A common choice of the required
regularity of the spacetime is that the solution should be a weak solution to Einstein’s
equations, e.g. the metric is C° with Christoffel symbols in L? [39]. In particular, Luk
[41] has developed a series of spacetimes with null singularities where the spacetime
cannot be extended as a weak solution. He conjectured that this kind of weak null
singularity will generically develop in gravitational collapse and form in the interior of
black holes.

In this thesis, we would like to explore a further option. We will consider a singularity
as an obstruction to the evolution of a scalar test-field. This point of view was called
generalised hyperbolicity by Clarke [9]. It involves regarding certain traditional sin-
gularities as interior points in a spacetime with low regularity and then proving local
and global well-posedness of the wave equation in the rough extension.

Clarke’s definition of [ly-globally hyperbolicity was motivated by two things. Firstly,
there are a number of spacetimes in which points are removed due to the presence of
weak singularities and that are therefore not globally hyperbolic but still of physical
interest. These include spacetimes with thin shells of matter [42], impulsive gravita-
tional waves [44] and shell-crossing singularities [45]. The second motivating factor
was that of using test fields (given by solutions of the wave equation) rather than
test particles (given by solutions of the geodesic equation) to probe the structure of
singularities. Some work to examine the physical effect of gravitational singularities,
has been done by using a 3-parameter family of test particles (see for example [46]).
However, an advantage of using test fields is that the behaviour of the naturally de-
fined energy-momentum tensor of the field gives a direct measurement of the physical
effect of the singularity which is not easily obtained when considering families of test
particles.

There have been previous approaches studying the nature of the singularities using
test fields, which involved considering self-adjoint extensions of the (spatial) Laplace-
Beltrami operator and applying boundary conditions (see e.g. [47, [48] [49, 50]). All
this work has focused on the case of static spacetimes and additionally most of these
self-adjoint extensions are in L? (except [50] who consider finite energy solutions).
However, if one wishes to consider the energy-momentum tensor of the test field then
one is required to consider solutions in other function spaces. A natural condition in
this context is to require that the solutions lie in the Sobolev space H, lloc’ which ensures
that the energy-momentum tensor is well-defined as a distribution.

Earlier work by Wald [47] gave a prescription to define dynamics in static, non-globally
hyperbolic spacetimes. Based on similar techniques, Kay and Studer [49] determined
the boundary conditions for quantum scalar fields on singular spacetimes with conical
singularities representing cosmic strings. Subsequently, Horowitz and Marolf [48] used
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Wald’s approach to study the theory of quantum free particles in static spacetimes with
timelike singularities. They used the term quantum reqular if the evolution of any state
was uniquely defined for all times. The main technique employed was to notice that
if the spatial Laplace-Beltrami operator is essentially self-adjoint in L?(X', 1) (where
Y is a three dimensional geodesically incomplete manifold and v, the volume form of
the induced metric on ¥'), then using standard properties of self-adjoint operators, a
unique evolution of the wave function is obtained. Moreover, the classical singularities
disappear in the sense that there is no freedom in the boundary conditions to define
the state evolution. Later work by Ishibashi and Hasoya [50] used similar techniques
to investigate the evolution of the wave equation ;¢ = 0 in static singular spacetimes
by focusing on changing the function space from L?(X/,vy,) to HY(X',vy,). The main
reason for this is that finiteness of the energy states implies the finiteness of the H'
norm.

Finally, Ishibashi and Hasoya used the term wave regular if the initial value of the
wave equation has unique solutions in the whole spacetime with no arbitrariness in the
choice of boundary conditions. Vickers and Wilson [58] also studied the problem of
conical singularities from Clarke’s perspective and Wilson [56] showed that one could
obtain dynamic evolution subject to constraints on the initial data and a flux condition
on the singularity.

The link between the concepts of [-globally hyperbolicity, quantum regularity and
wave regularity is to redefine a singularity in spacetime not as an obstruction to
geodesics or curves but as an obstruction to the dynamics of test fields. Nevertheless,
each concept has it own characteristics. While quantum regularity probes spacetime
with a quantum free particle, the notion of [l-globally hyperbolic and wave regular
uses the classical wave equation. Furthermore, quantum regularity and wave reg-
ularity look at singularities in terms of boundary conditions, whereas a [l-globally
hyperbolic approach identifies the singularity as an interior point in a spacetime with
low differentiability. In an heuristic manner, one can refer to test-field singularities as
the approach to identify and characterise gravitational singularities as an obstruction
to the evolution of test fields. This is in contrast to the standard approach where one
uses geodesic incompleteness (which describes an obstruction to the evolution of a test
particle) to identify singularities.

One would also like to know the extent to which the concept of field regularity can be
applied to the interior of black holes. The behaviour of test fields at the interior of black
holes has been studied in the Kerr and Reissner-Nordstrom spacetimes [511, [52] for the
case of a scalar field. There, it has been shown that the assumptions on the decay rate
of the field at the event horizon are crucial to the existence of an H}._ solution at the
interior up to the Cauchy Horizon. Thus, to understand the generic case one would
need to analyse the well-posedness of the test fields in spacetimes with low regularity.
Furthermore, several astrophysical scenarios like the Oppenheimer-Snyder model of a
collapsing star have jumps in the matter variables and are therefore at best C'!, while
shells of matter have even lower regularity.

4.2 Well-posedness and energy estimates

In this section, we establish the meaning of well-posedness, weak solutions and energy
estimates which will be key concepts used in this part of the thesis.
A problem in the theory of partial differential equations (PDE) defined in a manifold



26

M is said to be locally well posed in the sense of Hadamard if each point p contains a
neighbourhood U such that it satisfies the following criteria [53]:

e There exist a solution in U.
e The solution is unique in U.

e The solution depends continuously on the initial data.

The existence of the solution requires us to choose a space of functions.
We start by considering the case of a C°° (M) metric in a globally hyperbolic spacetime
M =R x X. In this situation, there is a C°°(M) solution to the problem:

Ogp = f (4.1)

in M with f € C§°(M) and initial data (¢, 7) € C§°(X) x C§°(X).

Bls = ¢ (42)
0
sy = (4.3)

Then, multiplying (4.1)) by a test field p € C5°(M ) vanishing on M\ ¥y and integrating
by parts gives:

/M gf@' (ggfjgij) Yo —/M pfvg +/EO PTVR (4.4)
dlsy = ¢ (4.5)

Clarke defines a weak solution to (4.1]), and (4.3)) in M for a low differentiable
metric to be a function ¢ that satisfies condition Vp € C§°(M) with initial value
. Notice that the expression is well defined for g% € C°(M), ¢ € HL (M, v,), p €
L} (Zo,vp), ™€ L2 (So0,vp) and f € LY (M, v,). Therefore, using Clarke’s definition,
the well-posedness of the problem should be shown in the function space H} (M, v,)
with initial data in L2, (3o, vs) X L?,.(30, v4) and source function in L2 (M, vy,).

As we can see the concept of a weak solution allows us to define a solution when the
differentiability of the solution or the metric does not have all the regularity needed
to interpret the differential equation [ly¢ = f point-wise. Now, our solution is not de-
fined at points, but in the domain of integration. There exist however several different
definitions of a weak solution which will be studied in detail in the following chapters.
In each chapter, we will employ a specific definition and discuss the corresponding
methods to prove the existence of the weak solution. Nonetheless, all our definitions
of a weak solution satisfy the heuristic conditions a good weak solution must satisfy.
Firstly, if there are solutions that satisfy the differential equation point-wise then those
solutions are also weak solutions. Secondly, under certain conditions on the regularity
of the initial data, the source function and the metric, there exist bootstrapping ar-
guments that improve the regularity of the weak solutions. This means that our weak
solutions satisfy certain so called “energy estimates”. These estimates are fundamental
to show uniqueness and stability and allow us to control the H' norm of the solutions
in terms of the initial data and the source function f.
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In order to motivate the name of “energy estimates”, the problem of a vibrating string
in the 1 4 1 case is illustrative. If we consider the vibration of a string with constant
linear density, p, and tension magnitude, 7', the equations describing the motion of the
string with fixed endings are given by

pbu = Tuy in [0,T) % [0,1] (4.6)
o(t,0) = ¢(t,1)=0 (4.7)
¢(0,z) = g(x) (4.8)
?¢(0,2) = h(z) (4.9)
and the kinetic energy and potential energy of the string is given by:
1 l
Ex(t) = 50 [ orlta)de (4.10)
E _ i 2d 4.11
plt) = 57 [ 6:lt.0) e (411)

Notice that conservation of energy states that E(t) = Ek(t) + Ep(t) is a constant.
This can be obtained by considering % and using the fact that u is a solution. We
use now the L? @ L? inner product to write the conservation of energy as:

2B(t) = TlloaF2(0.) + o201 (4.12)
! !
= T [ bultcaPdu+p [ énlt.o)da (4.13)
0 0
! !
= T/ ggd:):—l—,o/ h*dx (4.14)
0 0
— 2E(0) (4.15)
This implies
1621220y + 11061201y = 1162 (O)Z2 (0,9 + 110 (0|72 (0. (4.16)

Therefore, we have a L? control of the derivatives of the solution at future times
t > 0 in terms of the derivatives at the initial time. A remarkable characteristic of
inhomogeneous wave equations is that similar estimates hold in higher dimensional

curved spacetimes, i.e. the problem (4.1)),(4.2) and (4.3) admits an a priori estimate

(I8 < € ((Nl1%)% + (1]l z2(ar))?) (4.17)

for some constant C' and where we have introduced the norm

ot = [ (%) 35 (22" s ] s

As we can see the structure of the energy estimates works naturally where the function
and the derivatives satisfy L? conditions. In fact, the reason for using Hilbert spaces,
such as H* spaces or L2((0,T), H) rather than C* spaces in the analysis of first order
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and second order hyperbolic PDEs is because of the existence of this kind of estimate.
We also notice that although there is a natural norm in the C* spaces given by

aOL
Hmm—zw]%>

I

where we have used multi-index notation, the use of this norm misses the point as
there is no simple relation between the C* norm of the function at the initial time and
the C* norm at future time steps. Although, for elliptic problems similar estimates
hold for Holder’s spaces [54].

Moreover, subject only to the regularity of the initial data, the source function and
the coefficients of [J;, one can obtain “higher energy estimates” of the form

(l8l1E,)% < C((1618,)% + (1715, )?) (4.19)

which correspond to norms that include derivatives of k-th order. For big enough k,
one can guarantee the continuity of the function in terms of the continuity of the initial
data and the continuity of f using Sobolev embedding theorems.

The existence of solutions satisfying this type of estimate implies uniqueness and sta-
bility. This can be seen by taking the difference of two weak solutions, ¢ = ¢1 — ¢2, and
noticing that it satisfies the homogeneous problem with vanishing initial data. The
stability of the solution can be shown by using the fact that the norm of the difference
between two solutions is bounded from above by the difference of the norm of the
initial data and the norm of the source function. Therefore, the proof of uniqueness
and stability will be similar in all the different settings.

The general structure of Part II of this thesis is as follows. In the next three chapters
we define regions of spacetime Xy 7 = [0,7] x ¥ with different geometric conditions
on the regularity of the metric and we find a triple (P, @, R x §) such that the initial
value problem for the wave equation Uy¢ = f on ¥o 1) is well posed in the following
sense:

e There exists a weak solution in the function space P.
e The solution is unique in the function space Q.

e The solutions in the space Q depend continuously with respect to initial data in
function space R x S.

In all the cases, the function space P allows us to define the energy-momentum tensor
of the weak solution as a distribution. We will also require that P = Q, which means
that there is no need for extra constraints to choose a unique solution and in fact we
will prove the slightly stronger condition of Lipschitz dependence of the solution with
respect to initial data.

We include in the appendix of this part of the thesis the relevant definitions and
theorems on functional analysis, measure theory and regularity theory.

Notation. We denote the derivative of a function v with respect all coordinates by
using roman letters a,b,c. If only the spatial part is consider we use middle roman
letter 4,7,k and use u; or 0;u. When we differentiate with respect time we use Oyu
or when a function d(t) depends only on time or is a Banach space valued function
we denote the derivative by d(t). Additionally to avoid cumbersome notation we will
not always explicitly use Y to denote a sum and we use instead Einstein’s summation
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notation, with roman letters a,b... etc used for summations over 0---n and 7,7 ...
etc used for summations over 1---n. The signature of the metric will be chosen as

(+, = =y —).
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Chapter 5

Curve Integrable Spacetimes

5.1 The main results

In this chapter, we provide full details of Clarke’s work presented in [9] on, what he
calls, curve integrable spacetimes defined below and a refinement of his arguments.
Specifically, this will involve a detailed description of the techniques needed to show
that solutions to the wave equation exist and are unique. Roughly speaking, a curve
integrable spacetime is one in which the integrals of both the connection and curva-
ture along a curve are bounded (see condition (4) of the main theorem for a precise
description). From a physical point of view a spacetime is a curve integrable spacetime
if there is a set C that defines a range of timelike directions which are transverse to
any shock or caustic that may be present. The theorem proved by Clarke [9] requires
both the quadratic and linear part of the Riemann tensor (in terms of the Christoffel
symbols) to be separately integrable along the timelike directions. In addition, we also
show continuity with respect to the source function.

5.1.1 The general setting

Following Clarke [9], we introduce an enlarged notion of a solution for curve integrable
spacetimes. The general geometric background we use to define a generalised solution
is the existence of a lens-shaped domain X7/ 7 properly contained in an open bounded
subset of R4,

This means that there is a smooth map © : ¥ X (—a,a) — M where ¥ is a compact,
C! co-dimension one sub-manifold with boundary that has the following properties:

e O(-,0) : ¥ — X is the identity map.
o O(z,T) =O(x,s) for any x € 0%, T, s € (—a,a).
e For any fixed s € (—a,a), (3, s) is an 3-dimensional spacelike hypersurface.

e Away from 0% x (—a,a), O is a diffeomorphism.

We denote the region from 0 to T > 0 by g7y and from T < 0 to 0 by X g
Notice that given coordinates 2’ on ¥, © provides coordinates (t,z%) for the region
Yo,r) away from the image of 03. We will therefore always choose charts such that

31
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the time coordinate coincides with the time coordinate given by © when working in
coordinates.

Figure 5.1: The general geometric setting.

We now state the main conditions that a curve integrable spacetime has to satisfy and
therefore the precise regularity of the spacetime we are considering.

Geometric Conditions 1 (Curve integrable spacetimes) Let (X 71, 9) be a lens-
shaped domain and p a point in the domain satisfying:

1. The components gq, and g* are C° ;

2. Yab exist and are LY (X(0,)) with p = 3;

loc

3. The components gq are C2 in Yo\ (p);

4. There is a non-empty set, C C R*, and positive functions M, N : RT — R such
that, if v is a curve with dy/ds € C for all s then

o v is future timelike;

e the integrals

L@ = [0 (s) s (5.1
and "
Jofa) = [ |Biup(3(s))lds (5.2

(where T' is defined using the weak derivatives of g and R is understood in
the sense of distributions) are finite for all a < T, with

I,(a) < M(a),J,(a) < N(a) (5.3)
and M(a),N(a) — 0,as a — 0.

Then Yo is a curve integrable spacetime.
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The first and second condition are the minimal requirements needed to recover the
curvature tensor as a distribution defined in terms of g% and gab,c [60]. The third and
fourth conditions formalise our statement that a curve integrable spacetime admits a
set C that defines a range of timelike directions which are transverse to any shock
or caustic that may be present. Moreover the integrals of both the connection and
curvature along the integral curves of this timelike directions are bounded.

5.1.2 Weak solutions and the main theorem

In this subsection we define an appropriate definition of a weak solution suitable for
the low regularity geometric setting.

Our main motivation will be the fact that U, is formally self-adjoint in ¥ 7). That
is for v,w € C§°(X (1)), we have

(v, Dgw)LQ(E(QT),Vg) = (Ogv, w)m(z(oj),ug) (5.4)
This leads us to define a weak solution of
Ogu = f (5.5)

in the region X 7) where g4 is a curve integrable spacetime, f € LQ(E(O,T)) and
flsico = 0 satisfying

Ul o =0 (5.6)
ou
E|Et<0 =0 (57)

as follows

Definition 1 (Weak solution) We say a function:

u € Hl(E(O,T), Vg)

is a local weak solution of the initial value problem , (@ and provided that:
For all v € C*(X(o 1)) with supp(v) C (0,T) x {X\ 0%}

/ ugvyy = fovg (5.8)
2(0.1) 2(0,1)

where f € LQ(E(O’T)) and f|s,., =0 and u satisfies

uly, o =0 (5.9)
ou
s =0 (5.10)

As mentioned, in the introduction, we will require an energy estimate to show unique-
ness and stability. This naturally leads to the following definition.
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Definition 2 (Regular wave solution) We say a weak solution
u € Hl(E(O,T), vg) is regular if u satisfies the energy estimate

(Tulls,)” < CllF 125000 (5.11)

it = [ (20)" 3 (2] o1

1
for all 0 <t < T and vy, is the volume form associated to the induced metric on ¥

where

We now state our main result concerning the solutions of wave equations in curve
integrable spacetimes.

Theorem 2 Given the wave equation
Ugu = f (5.13)

in the region X ) where gap is a curve integrable spacetime, f € LQ(E(O,T)) and
flsico = 0 satisfying

uls,, =0 (5.14)
ou
a’zxo =0 (5.15)

then there exists a unique regular weak solution u € Hl(Z(OVT), vg). Furthermore this
solution is continuous with respect the source function.

5.2 Proof of the main theorem

5.2.1 Outline of the proof

The proof of Theorem [2| follows the classical method of proving well posedness of the
wave equation by using an energy inequality as shown for example in Hawking and
Ellis [3], Clarke [9] and Wilson [56]. The main steps of the proof are as follows:

1. First, we show that the regularity of the spacetime is enough to define a timelike
vector field with bounded covariant derivative.

2. Second, using this timelike vector field we obtain an energy inequality of the form

(o1,)* < ClTo 135300 (5.16)

for all v € CF°(X(0,1))-

3. Third, we obtain that the wave operator [, is densely defined and symmetric
with respect to two different spaces of smooth functions denoted by Vs, and Vs,.

4. Fourth, applying the Hahn-Banach theorem and the Riesz representation theo-
rem we show the existence of an element v in L? (X(0,1), vg) that satisfies condition

£3), (.9) and (6.10).
5. Fifth, we show uniqueness and stability using the energy inequality (5.11]).

6. Sixth, using commutator estimates we obtain that in fact u is a weak solution
and therefore is in H' (3 g 1y, vg).
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5.2.2 Existence of a timelike vector field with bounded covariant
derivative

In the next proposition we show that there is a congruence of timelike geodesics whose
tangent vector has an essentially bounded weak derivative. This is a key requirement to
make sense of the energy inequalities because in a general low differentiable spacetime
the covariant derivative may be unbounded and the argument breaks down.

Proposition 1 Let (M,g) be a Lorentzian manifold and p a point in an open subset
Q2 C M with compact closure such that there is a lens-shaped domain ¥_; ) satisfying
the Geometric Condition [1.

Then there exists a congruence of timelike geodesics whose tangent vector, Y%, has an
essentially bounded weak covariant derivative.

Summary of the proof Proposition The proof will consist of eight steps.

1. The first step defines the geometric setting and defines the mollification used
through the proof.

2. The second step focuses on establishing a majorizing ordinary differential equa-
tion that helps to uniformly bound the norm of the tangent vectors of the mollified
geodesics.

3. The third step establishes a uniform time for existence of the mollified geodesics
such that the tangent vectors of the mollified geodesics, v, are contained inside
the set C (see hypothesis 4 of the Geometric Conditions [2)).

4. The fourth step focuses on establishing a majorizing ordinary differential equation
that helps to essentially bound the geodesic connecting vector Y.

5. The fifth step establishes that Y is essentially bounded.

6. The sixth step uses the Arzela-Ascoli theorem and the bounds previously ob-
tained to show that the limit li_>m v is well-defined and gives meaning to the
n—oo

notion of a geodesic and its tangent vector.

7. The seventh step establishes the distributional nature of the weak covariant
derivative of the tangent vector.

8. The eighth step shows the essential boundedness of the weak covariant derivative.

First Step. Let X_;4 be a lens-shaped domain contained in a compact set Q that
contains p. Also assume there is an appropriate choice of coordinates ' = {¢,2%} on
Y(o,r) such that 0 < ¢ < T (where T is defined in the second step) and the constant
values of ¢ correspond to the spacelike surfaces X;, ¥ = YXy. Now we choose a vector
V € C C R*. Then define the vector 17;1 as the vector at ¢ € ¥ whose components in
the vector basis of the coordinates {t,z%} are the same as the components of V in the
canonical basis in R%.

The regularity of curve integrable spacetimes only allows us to define the connection
as a distribution. In order to use the differential equations in the classical sense, we
will use convolutions and then take limits.
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For convenience we state the definition of a convolution here. However, for details see
Appendix. For any f € L}, we call the convolution of f with a function p the function
given by

px* f(r) = / flx—y)p(y)dy (5.17)
B(z,dp)

where B(x,r) denotes the open ball of radius r around x and we denote by dp the
diameter of the support of p , i.e. dp:= sup{|x|: x € supp(p)}.

An important property of convolution is that convolution commutes with derivatives,
ie. Oz(p* f) = p=* 0y f and that the convolution is smooth.

Now, we define Iy, ( )= = pn * I'fl, where {p,} is a strict delta net (see Appendix) and
for each point ¢ in E we consider a family of geodesics {74(s)} that satisfies:

d27% ¢ . Fa(n) d’)/q b d’)/g ¢

— 5.18
ds? be ds ds ( )
with the initial conditions
1(0) =¢ (5.19)
dryl >
—2(0) =V, 5.20
i 0) =, (5:20)

Second Step.

We now show that there is some time s; (uniform in n) such that for |s| < s; we have
ddi;”(s) € C. We will drop the ¢ in the notation until it is needed.

First we define:

L= sup {|Vll2(s gz - V € C (5.21)

r = inf {dzst(dJ:( ),C%) 1 q € E} (5.22)

where dist means the euclidean distance and where C¢ is the complement of C'. We first

@n || in terms of s and the initial value where ||V]| is the euclidean

uniformly bound H

norm of V in R%.
Now notice that:

IEDalel - sale 62
- = <d7”> i (5.24)
Hell 62)
where u- v is the dot product in R
Hence
112

Consider now the following inequalities:
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dyn d
5 (@) < 2z 1[5 (3] (520
a=0,..,3
d’yqbd’y
= —rgm 5.28
org| ke ds ds (5.28)
b c
a(n) d,)/q d’YTqL
< 32sup | —T'y, sup 5.29
irjik b ‘jk 0.3 ds ds (5:29)
a n d n
< 32sup )‘ ‘ i (5.30)
ijk
which using ((5.26|) gives:
d || dyn dyn
— | — <32 5.31
i | < s | r | | G (51)
So H C%S" is bounded by the majorizing equation
dx
— = \"g? 5.32
I x (5.32)
subject to the initial condition x(0) < [ and where A\"(s) := 32 sup ‘ — ZC (7n(s)) ‘
5,k
Then we have:
dx
9T < Anp? 5.33
s x (5.33)
d /1
() <o (534
I _/S A(s')ds' (5.35)
z(s)  z(0) ~ Jo '
z(0)
kx(0 5.36
= ) < Ty ey <O (5.36)
for k > > 1

1
1=2(0) [ A" (s")ds’

Third Step. We now use the result above to show the existence of a time interval for
which 4 remains in C.
Notice that

/Osyrgc(”)\ds = /ypn*r Jds’ (5.37)
= [ [ puleTias) + 2)dzlas (5.39)
0 R
< [ @I ) + 2)ldzas (5.39)
< / ba@)| [ T8 + )]s dz (5.40)
< M5t [ Ipa(a)ldz (5.41)

N:\»—t

M(s)%s

N

+n) (5.42)
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for n > 0 when n > Ny where we have use 1-) with k =1+ ﬁ so that y € C.
Then ¢"(s) = J; A"(s')ds" is a non-decreasing function that satisfies hm 9 "(s) =0

for all n as a consequence of property 4 of the Geometric Condltlons I and -
Moreover, there is a smallest time sy # 0 such that k = 1 + ﬁ = W for

. T 1
some ng. Then choosing s < sy guarantees that 1 + ) > W for all n.

Notice that so can not be 0 because that would imply £ = 1 contradicting k& > 1.
Then for s < s¢, integrating and taking absolute values on the geodesic equation ([5.18))
we have that

dyn d’Yn a(n d’Yn d’)/n
Sin 4
ds (s) - /‘ ds ds ds’ (5:43)
< 16(r +1)2 / IaRIrR (5.44)
0
< 16(r+1)2M(s)2s3 (1 +7) (5.45)

Now because M(s) — 0 as s — 0 we can make the difference as small as we want. So
taking explicitly s1 < sg such that

1 1 T
M 257 5.46
RS i ) (540
ensures that:

dryn dyn H dyn dyn
—(s) — —(0 < 2 —_— —— (0 5.47
|95 - 220 s [T - T (5.47
< 32(r +1)2M(s)2s2(1 + ) (5.48)
<7 (5.49)

for all s < s; (where s; is independent of m). This implies that ‘%"(s) € C. Then
we can choose T sufficiently close to 0 to ensure that p is covered by the curves up to sj.

Fourth Step. We now consider a 1-parameter family of initial conditions

742(0,u) = q(u) (5.50)
D (0,u) = Vi (5.51)

and the corresponding family of geodesics, {’y%(“)(s)}u. Now let Y be the connecting
vector of this family. For simplicity later on, we are going to use a parallel propagated
co-frame on 74, {e®™) = eg(”)dx“}d:07172,3 coinciding with the coordinate basis at s = 0.
So we define:

o
yd.—
u au a

Moreover if g(u) is a coordinate function of ¥, i.e. ¢(u) = x®, we will denote the
connecting vector as Y, with frame components Y,¢. Now we have

edm) .— yaedm) (5.52)
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D?yd D (dvZ o
DEN Ds(ds a) (5:53)
d?y? o
= S35, (5.54)

where we have used the fact that Y. is a scalar and DQS (%) is the geodesic equation
where we have defined % = V(g).

Js
Now notice that in frame components we have

D2yd D (Dve | Ded™
@ = aedn) 4 yaa 5.55
Ds? Ds ( Ds @ + Ds (5.55)
D (dYg 4 @ Ded™
- = « n) Y yoe .
Ds ( ds ¢ Bs t Ds (5.56)
D*Y¢ 4y 0
D52 ea % (557)
where we have used the fact that Yofl is a scalar and eZ(”) are parallel propagated

coeflicients.
Now using the geodesic deviation equation, (5.57)) and (5.54) we have:

d?yg D%y ¢
5 = g (5.58)
D*YE 4,
= 5 edm) (5.59)
b c
_d(m) pa(m) @ A e p(n)
= eq "Ry Is s Yie! (5.60)
with the initial conditions:
Y40) = YI(0)ed™(0) (5.61)
= gegd (5.62)
= (5.63)

where the first § follows by noting that at s = 0 we have gﬁj = 8(%9;2% and the second
one as a consequence of the initial alignment with the coordinates.

Also notice that

ayed ., n
- e = (V%Yj)eg) (5.64)
= (Vovd) el + ViV o el (5.65)
= vgyjeg"’ (5.66)
9
9

= YV ) 5 (5.68)
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where the torsion free condition has been used in rewriting ([5.67)). Now if we evaluate
at s = 0, we obtain the second initial condition through the following calculation

dyd n 0
e = YOV, 05D (5.69)
0
- 5a n e 5.70
0
= — 5.71
725 Os o ( )
= V%V}Z (5.72)
= 9 (5.73)
where (5.73) is a definition.
Now notice that:
V[)@ed(”) =0 (5.74)
as a consequence of being parallel propagated.
Then in coordinates we have:
d(n) b
deq f(n) d(n) d’Yn
=T — 5.75
ds ab €f ds ( )
So using again a majorizing equation
dy n
15 = cA\"y

with initial condition z(0) = 1, ¢ a constant and applying similar arguments as the
ones used in Step 2 and 3, we can conclude that eZ(”)
of M(Sl).

It follows then by using () and the uniform bounds on eZ(”) and % that:

is uniformly bounded in terms

a2y J
752 < Col|| Y| oo (5.76)
where C' is a suitable constant and
7= sup R (0 (s))| (5.77)

Next we consider the majorizing equation

d?z
el =Coz (5.78)
with initial conditions
dz(0
2(0) =1, Zd(3> — sup |9 (5.79)

where the supremum is taken with respect all indices that appear in ¢. Notice that
bounding z, implies a bound of || V4| .
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Fifth Step. We now obtain a bound on z in terms of the curvature tensor.
We notice the following

Ry = 8.0 — 9,0 + 1T HY — T (5.80)
and that
Pt Ry = 00N = 0T84 4 pp s (T}, ) = p v (D00 (5.81)

We will bound the integral of Rb( n) along ,. Notice that we have that

S S
/0 0% — 9T s’ = /0 [pu * Rig + pu e (TT3, — TT, ) ds'(5.82)

Now we have

[ lon s Biglas =[] [ pule)Reey2(h) + 2)dzlas

< [ 1@ [ 1B 0 + 2)ldsdz
< NG [ lpal2)ld
< N(s)

and

o (TaTh) 8 =[] [ ARG + TR0 + 2)delas

< [ 10a) / T () + 2T () + 2)lds'dz
< KlMs/ lpn(2)|dz

R4
< KlM(S)

where K is a suitable constant and therefore (5.82)) which corresponds to the linear
part of the curvature tensor satisfies the inequality

/ 8N — O™ |ds' < Ka(M(s) + N(s)) (5.83)

where K> is a suitable constant.
Now we bound the non linear part as follows

/0 | (Fc/(\n)f‘ ) |ds" = / /pn /pn () + z)F}b(y(S’) + 2")dzd2'|ds

< [ 1o [ 1pal] [ TG0 + AT () + )l ds'dzd
< K3Ms/ |pnz|dz/ lon(2)|d2'

R4 R4
< K3M(s)

where K5 is a suitable constant.
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and therefore we have an estimate of the form
’ | F a(n) F ‘ClS M(S) (5 84)
0 cA fb :

where K3 is a suitable constant.
Then using ((5.83) and (5.84)) we conclude that

/ RIS s < / ods' < Ku(L(s)) (5.85)
0
where Ky is a suitable constant and L(s) is a linear combination of M (s) and N(s).

Note: Provided that the metric is C! (see the discusion of H' solutions below) we can

bound [; ]Rl()zj)ca|ds’ in an alternative way using the following mild version of Friedrich
Lemma:

Theorem 3 Friedrich’s Lemma [12/
Let a € C° b € L§S.. Then py * (ab) — (pn * a)(py * b) — 0 locally uniformly.

Using Friedrich’s Lemma we can guarantee that given ¢ > 0 we have that ]Rl()zj)ca| <

| on, * R,‘;Cf| + € for all n close enough to zero provided that the metric is at least C1. If
this is the case then we will have the following bound

/ ’Rbcf |ds < / |p* Ris| +eds’ < N(s) +es (5.86)

for all n close enough to zero. However, with this regularity, the existence of a timelike
vector field with bounded covariant derivative follows easily anyway.

To estimate a solution to we notice that if sy is the first value of ¥ at which
|z| = 2 (possibly s = 00) then before s, one has

d?z

< Co2 (5.88)

which is a consequence of the initial conditions and the continuity of z.
Now by integrating twice both sides, considering (5.85]) and the initial conditions on
z, we get

2 < 1+supl|dls+ 20/ L(s")ds' (5.89)
0

for 0 < s<s9 <8y
Now the rlght side is an increasing function that starts at zero. So there is a s3 such
that

53
19]s5 + 2C / L(s)ds' <1 (5.90)
then we will have z < 2 up to s3, and hence

1¥e! oo < 2 (5.91)
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in this interval.
Sixth Step. The Arzela-Ascoli theorem guarantees that given a sequence of equicontinu-
ous and uniformly bounded functions there is a sub-sequence that converges uniformly.
Now the functions

" (g8) = 7i(s)}
are equicontinuous and uniformly bounded. This can be seen by notlng that the
functions are defined in a bounded domain and the fact that 87” and 87" are uniformly
bounded.
So by Arzela-Ascoli theorem there is a sub-sequence of {7"} that gives meaning to the
idea of a geodesic v with tangent vector T¢.

Seventh Step.
We now define the b-th component of (V m) as:

((V d%> ?QS) /Z(O,T)( dd%) s (5.92)
- /zm) <ai <d% >+F( s >¢ v, (5.93)

dyn © <3¢ sb_ (b )
= — — 5.94
/Z(O,T) ds \Oz® ¢ Fea™® ) Vg ( )

where is obtained by integration by parts.

Notice that the right hand side converges in R as n tends to infinity for every ¢ €
D(E(OyT)). Hence, the expression converges in the sense of distributions to the distri-
butional covariant derivative of Y% (see [53], p. 134).

Eighth Step. We now establish the essential boundedness of the Weak covariant deriva-
tive of the tangent vector. Consider a basis for T, E(O T) 18 { J; , Y“ oy }a=1,2,3. So any
vector X can be written as a linear combination of those.

a
If the a-th component of X is X* = X*Y? + XO% then

Vx dJ” = Vyao % (5.95)
= vXaY&%%"Jrvxodwm%dl; (5.96)
= XUy, =t 4 XV, JS” 5.97)
= XV Yo (5.98)
= XV, Vel (5.99)
_ xed¥d eV (5.100)

where we have used the linearity of the covariant derivative, the torsion free condition

and the vanishing Lle bracket between Y,, and d’ys" along with the geodesic equation.
Now integrating (5 once we have:

dyg — dyg d(m) pa(m) D"y i
= (0)rr +/ JRYW e YIel ™ s’ (5.101)
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b
Now this implies that Vaddisn) is bounded and the bound is independent of n. This
ay?
d

can be seen by using (5.47]), (5.75[),(5.91)) to bound and the fact that X< are
continuous functions in a compact set. So a bound exist.

b
Now using the boundedness of (Vaddis") and (5.92) we have an estimate of the form:

dyn \"
((Vads> ,¢> < Bllolli(s.0) (5.102)

where B is a constant.

b
Moreover, (5.102) allows us to define (VG%> as a functional over the space of inte-

grable functions, Ll(Z((),T), vg). Taking the limit as n — oo we obtain

n—o0

. dyn )"
lim ((V“czs> ,¢> < Blléllri s 0m) (5.103)

because all the bounds hold in the limit.
So limy,—seo (Vaddis") converges in the dual space (the space of linear functionals) of
integrable functions. This space is isomorphic to L°°(2(07T)) because ¥ (g 1) is compact.

b
Then (Vad(;y—;) € L*>(¥(o,r)) and it is a uniformly bounded function. Finally we

d
have that nh_)rrgo VQ% is essentially bounded because each component is an essentially
s

bounded function.

5.2.3 Energy inequality

The energy inequality gives an integral of the function and its derivatives at a future
time bounded above by an integral of the function and its derivatives at the initial
time and an integral of the source function over the region between the initial time
and the future time. We will first assume that gq is C?. Then at the end we will give
the extra requirements that the metric must satisfy in order for the energy inequality
to be still valid when the differentiability is below this regularity. Consider u satisfying
Ogu = f and C*°, with energy-momentum tensor T given by:

1 ou Ou
ab _ ac bd = _ab_cd
Tu] = (g 9= 59" )axcaxd (5.104)

Now choosing a smooth timelike vector field, Y*, as in Proposition [I] we define the
energy integral:

E(t)= [ T®Y, vy, (5.105)
poM

where n? is a future pointing vector normal to ;.

Then we use the divergence theorem on the domain ¥ 1):

/ div (107 ) vy = / TY grpvy, (5.106)
X(0,7) 9%(0,1)

The left hand side takes the explicit form:

gabi“b o | [f —u] + TV Y NVhd*z (5.107)
n oz
(0,T)
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where f = [Ogju, N is the lapse function which satisfies Ndt = n, and Vh is the
scalar density associated to the volume form given by the induced metric h;; on the
hypersurface X.

The right hand side then takes the form:

(/zt - /go> T Yanou. (5.108)

Now we introduce the following norm:

s, = l/zt ((?;)2 +g <§;)2> uh] (5.109)

The main reason for introducing this norm, which is naturally related to Sobolev type
norms is the following result which can be found in [56]

NI

CLE®) < (JJullk,)? < C2B(t) (5.110)

for constants Cq,Cy > 0.
Also notice that:

1
t, 2 3
Sl < ([ (ol ) ar) (5.111)

where C is a constant that depends on g4, and the interval [0, 7).
Now we can obtain the following bounds for all the terms in ([5.107))

t
(L mm)s
0 W x

< Kl((||u”H1(E(OYT>,Vg))2 + (Hf||L2(Z(0’T),Vg))2) (5112)

t ou
ab / 2
/ (/E (o 5%, ) uNZ/h> at’ < Ko(llull s sy o) (5.113)

where K7, Ko are constants that depend on g4, and T%.
The last term in (5.107)) is bounded by:

[ TV < Kaulls ) (5.114)
2(0,1)

where K3 is a constant that depends on g4, and VT,,.

Estimating all the terms in (5.106]) by the bounds available ((5.112)), and (5.114))

gives the inequality:

E(t) < EO) + kol fll 2220,y 00))* + E1 ([l i1 (0.2 ) (5.115)

where kg, k1 are positive constants that depend on the metric g4, the vector field T,
and the covariant derivative V;Y,.
Now rewriting (5.115)) using (5.110)) and (5.111)) we find
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t
() < B(0) + ko([l £l 20y ) + k2 /0 E()dt (5.116)

Using Gronwall’s inequality the desired energy inequality is obtained:

E(t) < K4(E(0) + (| £l 2(5 0.0y wy))? for all t < T (5.117)

where K4 is a positive constant that depends on the chosen finite time 7', the metric
Jab, the vector field T, and the covariant derivative V;T,.
In term of the Sobolev norms we obtain the expression:

(lullz)? < K((lullsg)? + Uz wg)? (5.118)

for some constant K.

We now look for the conditions required to obtain again the energy inequalities in the
low differentiable setting. The basic requirement we need is that we can apply Stokes’
Theorem. To our knowledge the optimum results are given by the following Theorem
in the Appendix.

Now we check the analytical conditions needed for the theorem to apply. First, we need
the metric and its metric volume element to be continuous and the metric to satisfy
Jab € Wﬁ)j’(ﬂ) This is enough to satisfy the hypothesis of Theorem and allows
us to apply Stokes’ theorem. Of course we would like to have the same expression
as in . This requires the existence of a metric connection, i.e. Vgg = 0. In
[57], it is stated that sufficient conditions for the existence of a Levi-Civita connection
are the existence of a connection V € L2 (Q,v,) and that g% € L (). We say

loc loc

Ve LL(Qy,) if Vx, Y € L2 (9, v,) for any pair X,, Y, of C* vector fields. If the

loc loc

Christoffel symbols satisfy 'Y, € L? (Q,v,) then they define a Levi-Civita connection.

loc
For example, the Geroch-Traschen class of metrics satisfies the above conditions. It can
be seen by direct inspection that the other inequalities require only that g?® € L2 (Q)
and gqp € L5.(2) which is also enough to maintain the results and (5.111)). All
these conditions are satisfied by the Geometric Conditions

For clarity, we state the result as a Lemma:

Lemma 2 Let Q C R?* be an open set with compact closure such that there is a lens-
shaped domain, ¥o 1), in  satisfying the Geometric Conditions . Then for all u €
C>(Q) such that Ogu = f with f € L*(X1y,vy) we have that

(Tuls)? < € ((ullse)? + (120 00)°) (5.119)
forall0 <t LT

It is also natural to make ¢ = T as this is the time range in which we have shown the
existence of a timelike vector field with bounded covariant derivatives.

5.2.4 Self-adjointness and existence

The next step is to establish that the formal adjoint of the operator [, in LQ(E(O’T), Vg)
is equal to Lg. Then we show the existence of a solution as in equationin Definition
1.

Consider the L*(X (g 1), v4) norm.
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(1% )L2 (Z0,1)>v9) = / wwyg (5120)
(0,1

We shall single out two important subspaces of H 1(2(0771), Vg):

Ve, = {¥€C®(Q)s. t. |y, =nqls, =0 and Ogp € L*(S(o7), )}
Ve, = {weC®(Q)s. t. wly, =n%w,q|n, =0and Ogw € L2(Z(O7T), vg)}

Then the condition that g, is CY and that Z, = w axa € C*™(Q) is enough to apply
Theorem [14] and obtain:

/ “b¢bwaug+/ wOgby, = 0 (5.121)
2(0.1)

X0,1)

/ g v,bbwaug—i—/ YOgwry = 0 (5.122)
Z(0,1) 2(0,1)

So combining the above equations give

/ Ogvwr, = / YOgwry (5.123)
S0,7) Z(o,1)

and we obtain
Oy, w) 2 (Z0,1):V9) = (¢, Dgw)LQ(E(()’T)’Vg) (5.124)

which proves the symmetry of [, for ¢ € Vg ,w € Vx,.

The proof of existence uses the Hahn-Banach Theorem and the Riesz Representation
Theorem (see Appendix Theorem [20| and Theorem .
We define the functional

kr(Ogw) = (f,0)r2(2 0.0y w) (5.125)
kjftDVET —- R (5.126)

We show, that the functional is bounded in order to apply Riesz’s Theorem. In that
way ks defines an element u € L? (0,1, Vg) such that ky(Oyw) = (u, Dgw)m(z(o )
Now using the energy inequality given by Lemma [2] and Cauchy Schwartz we obtain:

kOgw) = (f,w)r2(80.1w0) (5.127)
< (fifrex (Z0,1)5 uq)(w’w)m(z(om,yg) (5.128)
< el iz mm) 200l 250 1y ) (5.129)

The Hahn-Banach theorem allows us to extend the functional to the whole LQ(E([)’T), Vg)
without increasing the norm. Moreover, the estimate implies that ky is bounded in

L2(2(07T), I/g).
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Then using the Riesz’s Theorem there is a u € L?(3(g 1), vg) such that

/ ullgwr, = / fuwry
2(0,1) E(0,1)

for all w € Vs, D C§°(Z0,1))-

Notice that we can extend v to an L? function on (—oo,T) x ¥ by setting ul;<o = 0
and we can extend f in the same manner. This shows that u satisfies the requirements
to be a weak solution.

5.2.5 Uniqueness and continuity with respect to the source function.

The proof of uniqueness follows directly from (5.11). We assume that there are two
regular solutions u; and ue as in Definition m Therefore, the function @ = u; — us
satisfies (b.11]) with f = 0. This implies:

(lallsg.)° < 0O (5.130)

which implies (||@|% )2 = 0 and hence @ = 0.
(0,T)
Therefore we can conclude that

Ul = ug.

In a similar way, we prove the continuity of the solution with respect to the source
function. We make the concept precise as follows. We say the solution is continuously
stable in H' (X 7, v4) with respect to the source functions in L*(X g 7, vy) if for every
¢ > 0 there is a § depending on f such that if:

(1f = Fllz2 .z wp)” < 6 (5.131)

forf € La(¥0,7),v,) implies that
(lu—alls,, )2 < ¢ (5.132)

where 4 is a weak solution of Uy = f.

Choosing
€

0= %

and then applying again the energy inequality (5.11)) we have:

N

T . 2
K/ (T —allt,) de (5.133)
0

T ~
S K'/O (f = Flle2(m0mywe)) dt (5.134)
S ¢ (5.135)

2
(Il = @ll (2 )
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5.2.6 H! Regularity

In the previous section we assume the solution we construct satisfied the energy in-
equality and the regularity condition that v € H 1(2(07T), vg). In this section we
prove both assumptions, however we will need an extra condition on the regularity of
the metric which we state below

Geometric Conditions 2 Let (X 1), g) be a lens-shaped domain satisfying:

1. The components gqp and g* are C1.
2. The inverse of the metric tensor satisfies

9*(x) = 9" (x') < O(dp(x,x'))?

3
where C is a constant and (dp(x,x'))? = <(t —t)? + Z |z* — xi/]2>
=1
with x = (t, 2,22, 2%) and x' = (', 2", 2%, %)

This regularity condition is strong enough to guarantee the existence of a timelike
vector field with covariant derivative without any problem. Nevertheless, we did not
assume this before because to show the existence of L? solution it is not needed. This
is precisely the content of Clarke’s paper [9]. The requirement of H!-regularity of the
solution is not contained in the paper and therefore we will make this extra assumption
in order to show the solution has this regularity.

The main idea will be to regularise the solution u using a strict delta net {p,} and
then show that there are good estimates for the commutator [p,, Hg]u.

The strict delta net we will use is such that the mollification p,, * © = u, is a smooth
function with compact support vanishing at ¢ < 0 and therefore Lemma [2| applies
which gives

(~|UnH>1:t)2 < C(||anL2(2(O7T),Vg))2 (5.136)

forall 0 <t <T.
Now notice that

Jn=0gun = pn * [+ [Og, priju (5.137)
by the properties of the strict delta net we have that (||pn * f[12( )2 converge

80 (1 Fll2(2 0.1y w0))*-

in L?(X(o,1),vg). We do that in the following lemma.

E((),T)v’jg)
Therefore, the key point is to show that [, pp*|u is bounded

Lemma 3 Ifu € L*(S( 1), vy), then the commutator [y, ppx|u is bounded in
L2(Z(O,T)a Vg)-

Proof.

We start by doing the following direct calculation in which for the moment we use x :=
(t,2') and y := (t,y") for convenience. For the moment, we assume u € C§°(3(o.1))
then
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Oy pntlu = (9pn * uab — Ty % wp) — pp * (9" uay — T8Pwus)

= (gabpn * Ugh — Pn * gabuab) - (ngpn * Uy — Pk 112271%)

Now we will analyse both terms.

(9" pn e = P 9™tk
= Jai pa(x =) (%) = g ()] Duu(x)da
= Jet QaBbpa(x — y) [9°(x) = g(y)] u(x)da?
+ 2 fua Oapn(x — )0, [9°(x) — g (3)] u(x)da?
+ o o = ¥)0a0 [97(%) — 9°0(y)| u(x)dart

Now the first term gives

L. ol =) [57(x) = ()] ulx)da? (5.138)
< K [ 0aOppn(x — y) |x — y[* u(x)da? (5.139)
= K" [(|x]20005pn(x)) * u] (5.140)

which implies that

| [ udnpalox = 3) [0 - 573 u(x) o (5141
R# L2(2(0,1)
2
<K H [|x\ DOy (%) *u} \ o) (5.142)
<K' |[1x[20udhpn(x)|| oy 11200 (5.143)

where we have used Young’s inequality and the first condition given by the Geometric
Conditions 21
Notice that

1 2 X\ 4
= — x|“0,0pp(—)dx
Ll(E(O,T)) €6 E(O’T) ‘ ’ a bp( 6 )

= [ Py’
Z0.1)

| xI* 000 () |

which shows that ||[x]280,0ppn (%) || L (S0m) is independent of e.

so we can conclude

H Jrt 0uObpn(x =) [gab(x) N gab(y)} u(x)da’® ‘ L2(3(0,1))

S K HUHL2(2(O,T)) (5.145)

(5.144)
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‘We also have that

L fupnlx =31 [g°(0) = g°(3)] u)da (5.146)
< K [ga Oupn(x —y) |x — y| u(x)dz? (5.147)
- K [|%|00pn(x) * 1] (5.148)

which implies that

| [ 0wt =910, [5760) - g7*(3)] u(x) o’ (5.149)
R L2(3o,1))

< K ||[|X‘8aabpn(x) * ’U/} ”LQ(E(O,T)) (5150)

< K, ”|X|8a8bpn(x)||L1(E(0’T)) HUHL2(E(0,T)) (5.151)

where we have used Young’s inequality and the Lipschitz condition given in the Geo-
metric Conditions 2
Notice that

1 X
9aObpn = = 0aObp(=)da?
Ici0u0n ) ) = [ PelaC )

= / |¥|0a0pp(y)dz*
2(0,1)

which shows that || |X|8a8bpn(x)||L1(Z<0 ) is independent of €.

so we can conclude

_ ab _ ab 4
| s Dapax = 905 [9°*) = g )] wix)da | (5.152)
<K’ ||UHL2(E(O’T)) (5.153)

The last term gives
(x —¥)9u0p |g™ (%) — g% (y)| u(x)dz* (5.154)
|, Pe(x=¥)0uds |g g™y

< K [ga pn(x — y)u(x)dz? (5.155)
< K" ”UHL2(2(0’T)) (5.156)

where we have used Young’s inequality and the Lipschitz condition given in the Geo-
metric Conditions 2|
Finally, using (5.144)), (5.152)) and (5.154)) we have that

< K [lul (5.157)

ab ab
* Ugh — * u
H (9 Pn * Ugh — Pn * g ab> ‘ 12(S0.1) So0,1))

Now we analyse the second term
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(D8 p 5wy — po o TiPu)
= Jui pu(x—y) [T2(y) = D2(x)| Dpu(x)da
= Jer Dopu(x —y) [T (y) — T8(x)] u(x)da?
St pa(x = ¥)0y [T (y) — T88(x)] u(x)da?

The first term can be bounded in an analogous manner as in (5.152)) while the second
term can be bounded as in ((5.154])). Putting together this results give

ab ab /
H (Fa Pn * up — pp x L2 ub) ‘ (o) <K HUHLQ(Z«),T)) (5.158)
We can conclude then that
H[prn]unm(z(oj)) <C HUHLQ(E(O’T)) (5.159)

for all u € C§°(X0,7))-

Therefore the linear functional F(u) = [0y, pp]u is bounded and densely defined in
L?(X(o,r)) with a unique extension to L*(X g r))-

This concludes the proof. [

Therefore using Lemma [3| we can prove now the regularity of the solution as in definition

@
We begin by noticing that

(el o) < (s’
g (anHLQ(E(OyT),Vg))Q
= ([lpn* f+ [0y, pn]UHB(E(O’T),Vg))Q

C (1 15230m70) + (llz2(si0m,00) )

N

forall 0 <t < T

Now using Banach-Alaoglu (Theorem [22]in the Appendix), we know there is a subse-
quence that converge weakly to an element & € H 1(2(07@) and therefore also converge
weakly in LQ(Z(O,T)). However we know w, converges strongly to u € LQ(E(QT))
and therefore weakly. By uniqueness of limits we have that & = wu. This proves
ue H' (Z0,r)

Moreover using that the norm is weakly semi continuous we have that

(el sy )? < T inf (s s )
< (funlls,)?
< (fallzz s w)”
= (1o * £+ [Tgs paltll 251y’
~ 2 2
< (I asomom) + (lulzzs i) )
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Using that u, f € LQ(E(O,T), vg) we can conclude that

(HUHHI(E(O’T»VQ))Q < o0

5.3 Applications

The techniques used to prove the well posedness and the regularity of the solution
requires a level of regularity given by the Geometric Conditions [ and 2 These condi-
tions are very restrictive and would be relaxed significantly in the following chapters.
However, for completeness we mention that C'! metrics of finite regularity can be
constructed to satisfy the Geometric Conditions . For example in a manifold M we
construct the metric g®:

gab — nab + flhab (5160)

where 7% is the Minkowski metric, h% is a C1! perturbation metric where A% ~
C((t—t)*+ |z —2|% with a > 2 and & is a positive smooth function equal to 1 in
the domain A = {(t,2)[0 <t < 3,0 < [/ — z| < 1}; 0 in the domain B = {(t,z)[t >
1, ]2’ — x| > 1} and smoothly varying from 0 to 1 in M\(A U B).
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Chapter 6

CY1 Spacetimes

6.1 The main results

The interest in co-dimension one singular submanifolds covers a variety of different in-
teresting physical phenomena such as surface layers [42], impulsive gravitational waves
[44], and shell-crossing singularities [59] all of which fall outside the class of smooth
globally hyperbolic spacetimes. Moreover, the mathematical analysis by Geroch and
Traschen [55] of what is now called the class of Geroch-Traschen metrics and the
subsequent analysis by Steinbauer and Vickers [60] using generalised functions gives
co-dimension one singular submanifolds a robust mathematical background. In addi-
tion, recent proposals in semi-classical gravity and quantum gravity [61] suggest that
the metric near the event horizon must present some loss of regularity. In this section,
we present techniques to prove local well-posedness of the wave equation in spacetimes
with co-dimension one singularities subject to certain conditions on the metric.

The plan of this chapter is as follows. In the first part, we introduce the general setting
for the problem and state the main theorems. An important point is that we write
the wave equation as a first order system (see e.g. [62]). This enables us to work
with the L? energy of the first order system which corresponds to an H! energy of
the second order system. In this setting we establish local well-posedness for general
first order linear symmetric hyperbolic systems with coefficients with low regularity.
We show that unique stable solutions exist in L2(0,7; L?(X,R"™)). In the second
order formalism this solution corresponds to a finite energy solution in H' of the wave
equation. Moreover, the main advantage in writing the problem as a first order system
is that the existence of a covariantly constant timelike vector field and the condition on
the curvature are not needed, which have been key conditions in previous works [56].
Therefore, the new results obtained extend previous results of Vickers and Wilson [58]
and Ishibashi and Hosoya [50] by allowing a larger class of non-vacuum time dependent
spacetimes. We also establish not only the existence and uniqueness of solutions but
also their stability and local well-posedness. The second part of this chapter contains
the proofs of the theorems and several applications such as a discontinuity across a
hypersurface, impulsive gravitational waves and brane-world cosmologies.

6.1.1 The general setting

The geometric setting considered is a region Yo 1) = [0,T] x X, where X is either a
compact closed n-dimensional manifold or an open, bounded set of R"™ with smooth

95
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boundary 9%. In what follows, for simplicity, we will only consider the former case.
The proof in the latter case follows by replacing H'(X) by H} (%) and using the volume
form given by dx™.

Rather than considering the particular case of a spacetime with a singular hypersurface,
where the regularity of the metric drops below C?, we will consider solutions to the
wave equation on a rough spacetime, where the spacetime metric g, is only Lipschitz.
We will show that in this situation one has well-posedness (in a sense made precise
below) of the wave equation with weak solutions of regularity H* (X 71). In order to
do this, we will reformulate the wave equation as a first order symmetric hyperbolic
system and look for L? solutions of this system.

We therefore start by considering the first order initial value problem

Lu=Au+A9u+Bu = F (6.1)
u(oa ) U()(')

In the above we have employed the Einstein summation convention where %, j, k, etc.
range over 1,2,...,n. The unknown u and the source term F are both RN valued
functions on ¥ 1), while A% A" and B are N x N matrix valued functions on Xio,17-
We will assume that A and A’ are symmetric and that in addition A° is positive
definite.

In order for such a system to correspond to the wave equation given by a Lipschitz
metric, we will require that A° and A’ have bounded first derivatives and that B is
bounded, so that we require

2

A° € Wl’M(E[O,T]vRNZ)) Al € WLOO(E[O,T]aRNQ)a B e LOO(E[O,T]aRN )

In the analysis below we will be working in spaces such as L?(¥). Rather than defining
this in terms of a particular coordinate system on X, we will introduce a background
Riemannian metric h;; on ¥ and let v, be the corresponding volume form. We then
define L?(X) to be the space of real valued functions g on ¥ such that [x g%v, < oo
and we denote the associated inner product by (f, g)r2(s) = [y fgvn. Note that since
Y is compact vy, is bounded from below and above. Furthermore if X is parallelizable
(which for simplicity we will assume) there is no loss of generality in taking h;; to
be the flat metric. Note that in the three dimensional case, which is most relevant
to applications in general relativity, it is enough for ¥ to be orientable for it to be
parallelizable.

For the case of vector valued functions v on ¥, we define L?(3, RY) to be those v such
that [, v-viy, < oo. The corresponding inner product on L?(X,RY) is then given by

(V, W) 22 rN) :/Zv-wz/h

Where there is no risk of confusion, we will write both the inner product in L?(3) and
in L2(%,RY) simply as (-,-)z2 The Sobolev spaces H'(3,RY) etc. are defined in a
similar manner ( see[63] §5.2, [62]).

We also make use of the function space L2(2[0’T}) which is defined by requiring that
functions are square integrable on [0,7] x ¥ with respect to the volume form dt A v,
However in the analysis below it is often convenient to think of a function v(t,z) as a
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map from [0, 7] to a function v(t)(-) of z € ¥ given by v(¢)(x) = v(t,z). For example
L2(0,T; L*(%,RY)) is the space of functions

v:[0,T] — L*%,RY) (6.3)
t — v(t)

such that v(t) € L%(X,RY) and

T
/ (V, V) L2z rvydt < 00 (6.5)
0

When thinking of v in this way, we will denote the time derivative by v.

6.1.2 Weak solutions and the main theorems

We will be looking for weak solutions of the initial value problem . To motivate
the definition we proceed as follows. Given a standard O solution u of the initial value
problem, we may first take the dot product of equation with a smooth RY-valued
function v with support in [0,7") x ¥ and then integrate over x and ¢ to obtain

T T
/0 (Lu, V)L2(E,RN)dt = /0 (F, V)LQ (Z,RN)dt (66)

Integrating the left hand side by parts with respect to x and ¢ we obtain

T T
_/0 (u, L) p2(s mvydt — <A0u|t:0’v(0))L2(E,RN) = /0 (F, V) p2(s ryydi (6.7)

where L* is the formal adjoint of L defined below and the second term on the left
hand side (LHS) comes from the ¢ = 0 boundary term when we integrate by parts with
respect to t. This approach results in the following definition:

Definition 3 (Weak Solution) We say a function:
u € L*0,T; L*(Z,RY))

is a local weak solution of the initial value problem provided that: For all v €
COO(E[O,T]vRN); with supp(V) C [07T) X X

T T
/0 (1, L) g o It = /0 (Bov) s amdt + (20w v(O) |, oo (63
This definition of a weak solution is the classical one used by Friedrichs [64] but differs
from the one used by Evans [63], who does not integrate with respect to t. Note also
that the formal adjoint is defined with respect to v5,. So in the case where we use a
general Riemannian metric, there are additional terms involving the derivatives of vy
in the expression for L* compared to the flat case. The explicit expression is:

L*'w =: —0;(A°w) — 9;(A'w) + BTw — '}, A'w (6.9)

where fj-k are the connection coefficients of the smooth Riemannian metric h;;.
In order to prove uniqueness and well-posedness of the initial value problem, we will
need to control the L? size of the solution. This motivates the following definition.
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Definition 4 (Regular Weak Solution) We say a weak solution
uc L2(0,T; L>(%,RY)) is regular if u satisfies the energy estimate

T
lal72(0,7; 1205 my) < C (’u0’L2(E,RN) +/0 |[F (2, ')H%Q(Z,RN)dt> (6.10)

We may now state our main result concerning solutions of low-regularity symmetric
hyperbolic systems.

Theorem 4 Given the linear symmetric hyperbolic system:

Lv=A%u+ A9u+Bu = F (6.11)
u(0,-) = up(") (6.12)

where A°, A', B and F are as above, and the initial data ug is in L*(3,RY). Then
there exists a unique reqular weak solution u € L*(0,T; L?(%, RN)). Furthermore this
solution is stable in the sense that the solution depends continuously on the norm of
the initial data in L*>(X,RN) and the norm of the source function in LQ(E[O,T],RN).

We may now use the above result to establish the following theorem for the wave
equation.

Theorem 5 Let ggp, g*° be in C%', and f in LZ(E[O,T}). Given initial data (ug,uy) €
H'(X) x L?(X) then the system

Ogu+m?u = f (6.13)
u(0,) = wo (6.14)
ou(0,:) = wu (6.15)

has a unique stable solution u € Hl(E[QT}). Moreover, the corresponding enerqgy-
momentum, tensor Typ[u] is in L},.(3p0.1))-

Note that the above result is very similar to the one obtained for the homogeneous
wave equation in [65]. We have extended these results to the inhomogeneous case and

to include mixed terms of the form %;x.

6.2 Proof of the main theorem

6.2.1 Outline of the proof

The proof of Theorem [5| uses the vanishing viscosity method described in §7.3 of Evans
[63]. Note however that Evans assumes that the A’ and A’ have greater regularity
than we do and as a result is able to obtain a solution with greater regularity. This
explains why our definition of a weak solution has to differ from his. However the
essence of the proof is essentially the same. It consists of the following steps:

1. First, we approximate the problem (6.1)) by the system of parabolic initial value-
problem on Xy 1) given by

out — eApuc + (AN 1A9u + (A% ' But = (AYT'F (6.16)
u'(0,z) = p° = (uo(x))
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where {(p°)} € (0,1] is a family of mollifiers. Here A}, is the Laplace-Beltrami
operator on X associated with the smooth background Riemannian metric h;;.
By adding in the second order Laplace-Beltrami terms we obtain a system with
smooth principal symbol. We may then use classical methods of parabolic regu-
larity theory to obtain a solution with better analytic properties than the original
hyperbolic system.

2. Second, we obtain the following uniform energy estimate

T
||UE||%2(0,T;L2(2,RN)) <C <Hu0|L2(E,RN) +/0 |[F(t, ')HL?(E,RN)dt) . (6.17)

where C is independent of e.

3. Third, we take the limit ¢ — 0 and show convergence in an appropriate weak
sense to a regular weak solution as defined above.

4. Fourth, using the energy inequality (6.17]) we show uniqueness and stability. This
concludes the proof of Theorem [4

5. Fifth, we rewrite the wave equation as a symmetric hyperbolic problem and
show that for a Lipschitz metric the corresponding L satisfies the conditions of
Theorem [

6. Sixth, we show that the solution of the wave equation obtained via the symmetric
hyperbolic problem is in H 1(2[0@). This concludes the proof of Theorem

6.2.2 Approximate solutions and energy estimate

The results we obtain make extensive use of the vanishing viscosity method. As ex-
plained above, the first step is to show that there exist suitable solutions to (6.16]).
This step follows directly from the work of Evans ([63], Th. 1 §7.3).

Proposition 2 ( Existence of Approximate solutions) For each ¢ > 0, there ex-
ists a unique solution u® of withu® € L2(0,T; H?(S,RN)) and 0 € L?(0,T; L*(Z,RY)).

Proof. This is a variant of a standard result for parabolic systems. Following Evans
set X = L>(0,T; H'(X,R")) and then for each w € X, consider the linear system

out —eAput = —(ATAG;w — (A°)T1Bw + (A0)TIF (6.18)
u®(0,z) = wug(x) (6.19)

where ufj(x) = p(z) * (up(z)). Notice that the system is formed of N scalar parabolic
equations of the form O,v — eApv = f. The coefficients are now all smooth and the
only loss of regularity comes from the source term on the RHS of (6.18). However as
this is bounded in L2(0,T; L?(%,RY)), we can apply standard results (see e.g. [63]
Th. 5 §7.1) to show that there is a unique solution u¢ € L?(0,T; H*(XZ,RY)) with
u € L2(0,T; L2(%,RM)).

In the same manner we can choose w € X and find a¢ that solves

o —eApuc = —(A%) T AGw — (A°) ' Bw 4 (A°)T'F (6.20)
a°(0,z) = u(z) (6.21)
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Subtracting u® — @€, we find u® = u® — a° solves

ot —eAput = —(AY7TA9w — (A°)TI1Bw (6.22)
a’(0,z) = 0 (6.23)

where w = w—W. Using standard energy estimates for solutions of parabolic equations
we have that u satisfies:

sup |[0(t)[|F1 g mvy
o<t<T

< O(T,€) (1A T (A0W + BW) |22 71205

< C(Tye) | sup H\Tv(t)H%{l(E RN) (6.24)
0<t<T ’
Thus
10| oo (0,150 1y (2 kYY) < C(T5 Ol[Wl| oo (0,732 mY)) (6.25)
Therefore, if T is small enough such that C(T,€) < 5 we obtain that
. 1,
0| Lo (0,750, 2y (2RV)) S §||W||Loo(o,T;(2,RN)) (6.26)
so that
€ ~ € 1 o
[[u® —a ||L°°(0,T;Z[07T](E,]RN)) < §HW - WHLOO(O,T;(E,RN)) (6.27)

This implies that we have a contraction mapping and the hypothesis of Banach’s fixed
point theorem is satisfied for the mapping

M : L>®(0,T; (2,RN))

w

— L=(0,T; (X,RY))

— u

which therefore has a unique fixed point which solves . If C(T,e) > 5 we can
choose T} small enough such that C(77,€) < % and then repeat the above argument
for intervals [0, T1], [Th, 2T4], ..., [nT1, T]. In either case we obtain a solution u® which
solves on the interval [0, T]. Standard parabolic regularity theory (see e.g. Th.
5§7.1 [63]) then gives us u¢ € L2(0,T; H*(X,RY)) and that 6i¢ € L?(0,T; L*(3,RY)),
which concludes the proof of Theorem [2] [

Note that Evans goes on to use Th. 6 §7.1 [63] to obtain an improved regularity
result showing that u¢ € L2(0,T; H3(X,R"™)) and that the time derivative u° €
L%(0,T; H'(Z,RY)). However we do not need this result.

6.2.3 Energy estimates

The next step is to obtain the uniform energy estimate in € for the solutions u®. This
is the content of the following proposition.
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Proposition 3 There exists a constant C' depending on T, X, h;j, Ohij,
sup  ([(A%)7Y, [A7] [ B, [0:(A%) 7, 10,4, 105 (A°) 71,1047 ) such that

CEEZ[O’T]
) T
7200725 mvy) < C | Huollz2s r) +/0 [F(E, ) p2(s mvydt (6.28)
Therefore the estimate is independent of €.
Proof of Proposition @ Taking the time derivative of HuEH%Q(E RN gives:

d € € o€
% (Hu (t)”%Q(Z,RN)) = 2(1‘1 , U )LQ(E,RN)

4 (6.29)
=2 (0, eAput — (A) LA G — (A°) 7' But + (A°)'F)

L2(S,RN)

We have estimates for the following terms in ((6.29))

|, (A°) ' F) oyl < Cr(|[u(®)][f2gryy + [[FlZ2mpyy) (6.30)
N
(ue,EAhue)L%Z,Rw) = —eZ/hijai(ul)@(ul)uth (6.31)
=17%

|(u, (A7) Bu)

< Collull|Ze (g mmy- (6.32)

However we also require an estimate for (u¢, (A%)~!1A'9;u) r2(x,rN), Which is the re-
maining term in . This term can be estimated by applying a suitable integration
by parts.

We first assume that the smooth background Riemannian metric is h;; = d;;, write
(A%)71A" as A" and estimate (ug,fli@qu)Lz(E’Rz\/). Using the fact that the A’ are
symmetric, we then have

(ue, Aiaiue)LQ(EJRN) (633)
= Jxus (Ajﬁjue) d"z (6.34)
= ~3 b (9,47) utucdia (6.36)
So that
.. 1 -
’(u, Azaiu)LQ(EJRN)’ < § / (3]A]> ut-ud*z (637)
p)
< Csl[ulZammm (6.38)

where the constant C' is independent of ¢ and we have used the fact that 8]-/~1j is
bounded. In the case of a general background Riemannian metric h;; rather than the
ordinary divergence of A, one obtains the divergence with respect to the background
metric h;; and the corresponding result is

_ 1 .
(A0 | < | [ (0 + ) A7) wou (6.39)

< C4Hu€‘|%2(E,RN) (6.40)
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where again ('3 is independent of €. For the case where 3 is an open, bounded set of
R™ with smooth boundary 03, one needs a slightly more complicated argument where
one approximates u by smooth functions of compact support (see [63] §7.3 for details).
Using all the available estimates (6.30f), (6.31)), (6.32)) and in we obtain
the estimate

d € €
2 (e Ol2mgm)) < (012w py + FI 2w pr)) (6.41)

Using Gronwall’s inequality and the fact that

|’u6(07x)|’L2(2,RN) < Huo(x)HLZ(E,RN) (6.42)
we obtain the estimate
2 2 T 2
sup |[u(t)||z2 g rrvy < Cs | [[0ol[L2(g myy +/ ENZ2 (v dt (6.43)
0<t<T 0
Finally noting that
HUGH%Z(O,T;B(E,RN)) < T sup Hue(t)H%%z,RN) (6.44)

<t

and using this in the estimate above we obtain ([6.28)) which concludes the proof. [

6.2.4 Existence, Uniqueness and Stability

In this section we show the existence and uniqueness of the initial value problem.
In Proposition [2| we obtained solutions u® in L?(0,T; H?(Z,RY)) to the parabolic
system . Using the Banach—Alaoglu Theorem ( see Theorem in the Ap-
pendix) there exists a subsequence {u®*}?°, that converges weakly to a function
u € L*0,T;L*(Z,RY)). We now show that this converges to a weak solution of
(6.1).

First we choose a function w € HQ(E[OYT},RN) with W (T, -) = 0, take the dot product
with equation and integrate over ¢t and x. This gives

T
/0 (A" Lu®, W) 2z gy — €(ApUS, W) 25 gy di

T (6.45)
= [ (AR ) g v
0
Then integrating by parts we have the following results
T T
/0 (O, W) 2mrvydt = —/0 (0, OrW) (5o gy dt
+  (u(0), W(0)) L2(x mN) (6.46)
T T
—6/0 (Ahue,W)LQ(Z’RN)dt = —6/0 (ue,Ah\X/)L2(Z’RN)dt

/T((Ao)lBuE,\Tv)Lg(zyRN)dt = /OT (ue,BT((AO)fl)\'fv)

0 L2(Z,RN)
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T . .
/0 ((A%) A0, W) syt = — (0, B AT (A°) 1)) o vyt
+ fE[O,T] 0; (uE-Ai(AO)_l\TV) vy dt
(6.47)
Therefore using (6.16)) and the fact given by the divergence theorem that
/ 0; (w4 (A%) 1) 1, = — / P (w4 (A%) 1) v (6.48)
b b
Integrating by parts we obtain
T ~
/ (ue, L‘TV)LQ(E,RN) - E(ue, AhW)LQ(E7RN)dt
° (6.49)
= | A ) iyt (0(0). ¥(0) o)
where the operator L is defined by
Lw =: —0yw — 9;(AY(A)"1w) + BT (A% Hw — TLAY (A% 1w (6.50)

Then taking the limit ¥ — oo and using the weak convergence of u®* — u and that
u(0) — (A% ~1(0)ug in L?(X, RY) we obtain

T -
/ (u, LW)L2(27RN)dt
0 (6.51)

T
:/0 (A°) 7', W) 2z gvydt + (10, W(0)) f2(ss )

The above equality was obtained for w € H 2(2[07T] RN ), however the equation remains
well-defined for W € H (X7, RY) ¢ C°([0,T], L*(¥)) vanishing at time T. We
now show that not only is the equation well-defined, but it remains valid for w €
H 1(2[0771] ,RY). The method involves taking the convolution with a family of mollifiers
p? and then passing to the limit § — 0.

Let w € Hl(E[OvT],RN) such that W = 0 for all t < 7 < T for some ¢ € [0,7) and
define W° = p? ¥ W where we have chosen § close enough to zero such that W°(T,-) = 0.

Therefore we have

T .
/ (u, L\;\V6)L2(E7RN)dt
0 (6.52)

T
:/0 (A% 'R, W) 25 vy dt + (0(0), W (0)) 25 vy

Taking the limit 6 — 0 and using the Schwartz inequality we have the following limits

W — Wy in L3(0,T; L*(Z,RY)) (6.53)
—(AAYHR = —(AYAY YWy in L2(0,T; LA(2, RY)) (6.54)
BT (A Hw? — BT((AYYHYw in L2(0,T; L3 (%, RY)) (6.55)
Th AN AN WS - TR AYAY I in L2(0, T; L2(%,RY)) (6.56)

w°(0) — Ww(0) in L*(2,RY) (6.57)
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We therefore conclude that

T -
/ (u, LW)LQ(E,RN)dt
0 (6.58)

T
:/0 (A")7'F, W) 2 (s gy dt + (10, W(0)) p2(ss gy
for W € H* (3,77, RY) with &(T,-) = 0.

If we now take w € C (3 77, RY), with supp(w) C [0, < T) x ¥, and multiply it
by A® we obtain that A% € WI’OO(E[O’T},]RN) C HI(E[O,T],RN). We may therefore
insert w = A°w in (6.58)) which gives

T -
/ (u, LAOW)LQ (E,RN) dt
0 (6.59)

T
_ 0y—1 0 0
= [ A (A W) oyt + (w0, (AOWlma)

which can be rewritten as

T . T 0
/0 (W, L*W) syt = /0 (B, w) 25t + ((A°(0))uo, w(0)) (6.60)

L2(S,RN)
for all w € C’OO(E[O,T},]RN) with supp(w) C [0,t < T) x ¥, where L* is the formal
adjoint defined by equation .

We have therefore proved that the u obtained by taking the limit of the subsequence
{uk}22, is a weak solution lying in L?(0,T; L*(X,RY)) with initial data ug as in Def-
inition B

As the norm function is lower semi continuous, we may take the limit of equation

(6.28) to obtain the estimate

720 r2meryy) < kli_{lc}oHUE’“H%Q(O,T;LQ(E,RN)) (6.61)

T
< Cs <||uo||%2(27RN)+/O ||F|\i2(E7RN)dt> (6.62)

So that the solution we have obtained is a regular weak solution.

To show uniqueness we consider two functions uj,us which are both regular weak
solutions. Then u = u; — us is a regular weak solution with source F = 0 and initial
data ug = 0. Moreover the solution satisfies the energy estimate as shown above.
Therefore

[allL20,7;L2(5,mN)) =0 (6.63)

This implies u = 0 and therefore u; = us.

The final step in establishing well-posedness is to prove the stability of the solution
with respect to initial data. To make the concept precise we say that the solution u
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is continuously stable in L?(0, T; L?(3, RY)) with initial data ug in L?(3, RY) if given
¢ > 0 there is a § depending on ug such that if @iy € L?(X, R"Y)) with:

[T — uol|p2(sry) <6, (6.64)
then the corresponding weak solution @1 with source function F satisfies

18 —ullp20,7;22(mrV)) < € (6.65)

The stability results follows from using the energy inequality shown in Theorem [3] for
the difference @ — @ which gives

o — ﬁ‘|i2(0,T;L2(z,RN)) < Cllug - u~0||%2(2,]RN) (6.66)

Now choosing § = & we obtain the inequality:

16— @720 2z myy) < € (6.67)

which establishes stability with respect to the initial data.

We mention now that previous work by Vickers and Wilson [58] took advantage of
the fact that the singularity was concentrated in a hypersurface. This condition was
used to obtain the energy estimates via an approximation technique which added
a flux term across the singularity in the energy estimates. The flux term vanishes
for functions of sufficiently high regularity which allows them to obtain existence of
solutions. Now, we have shown how using the first order formalism, and the vanishing
viscosity method [63], we are able to establish uniqueness and local well posedness
without the requirement for a vanishing flux condition. Therefore, it is not necessary
to add any additional boundary condition on the singularity to have local well defined
dynamics.

This concludes the proof of Theorem [4

6.2.5 The wave equation

In order to apply the results of Theorem 1 to applications in general relativity we
will show here how the wave equation can be written as a first order linear symmetric
problem.

We define

v = (014 ..., Opu, Opu, u)T = (vb, ..., 0", 0" " PHT € RAH2 (6.68)

and the symmetric (n + 2) x (n + 2) matrices A* by:

gll 912 .. 0 0

g21 922 . 0 0

A0 = . . . : .
0 0 —g% 0
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0 0 g* 0
0 0 g% 0
Ak =] : Do
TR
o o -- 0 0
We further define the matrix B to be given by
0 0 e 0 0
0 0 e 0 0
b= : SRR 0
gabrib gab]_"?zb . gabrgb _m2
0 0 e -1 0

where I';, are the connection coefficients of the spacetime metric gq,. We also de-
fine the RN -valued vector function F by F = (0,0,...,—f,0)T.

In this way, we may rewrite the scalar wave equation as a first order system
which has the form

A9 — A'9v+Bv = F (6.69)
v(0,-) = wvo() (6.70)

We write below explicitly this assertion for the 1+ 2 case where u in (6.68)) is C2.
We have

g g2 0 0\ [Oqu g0 + g12059u
A9, v = 921 922 0 0 Orau _ 9216151” + 9223t2u
! 0 0 —¢% of|ouu — g8,
0 0 0 1 Opu ou
0 0 g¢'" 0\ [onu g1 o
A181V = 0 0 921 0 812“ — g2laltu
gt g 29" O f | Ouu g onu + g1 01ou + 2" Ou
0 0 0 0 ou 0
0 0 g2 0\ [0nu REEWY
A28,y = 0 ¢22 0 0991 _ 92205
¢ g” 20" 0 f | O 9"2091u + g7 09pu + 29" 0tu
0 0 0 0 1w
0 0 0 0 82u
Bv = gabF}zb gabrzb gabrgb 2 dyu
0 0 -1 0 u
0
0

g“bflbalu + gabFQbﬁgu + gabfgbﬁou —m?u

a a,

—8tu
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which gives using the symmetry of the metric tensor and commuting second derivatives
0
0

—0gu — m2u
0

A%9,v — A9\ v — A%05v + Bv =

We may then use the Theorem 4] to establish well-posedness of . To prove exis-
tence of solutions to the wave equation, we therefore need to prove that the solution
v of the symmetric hyperbolic system (6.69) has the form v = (91, ..., O,u, Opu, u)? .
We now mollify our solution v using a strict delta net (see Appendix for a formal
definition ) to obtain a sequence of smooth functions v¢ = p¢* v = (v}, ...,v?"2)T that
satisfies:

T T
/0 (Ve, L*W)L2(27RN)dt = /0 (Fe, W)LQ(E,RN)dt + (VE(O), W(O))LQ(Z,RN)

for a suitable mollified F¢. Moreover, the regularity of v¢ allows us to integrate by
parts to obtain

T T
/0 (:FE7 U})L2 (Z,RN)dt = /0 (Lve, ’LU)LZ(E’RN)dt
Then
T
/ (:FE — LVE, w)LQ(E,RN)dt =0
0

for all w € COO(E[O,T],RN ) and therefore Lv® = F¢ almost everywhere so we obtain
that:

Jj _ a9.,n+1
at’l)6 = 8]1)6
and
n+2 _  n+l
o™ =,

almost everywhere.
Also, we choose initial data such that

ol 20, = vl(0,)), i=1,2,...,n (6.71)
We now define u, = v7*2 = p¢ x v"*2 and obtain
) T
due = v(0,.) + / 0,07+ 2dt (6.72)
0
. T
— 0 (0,) + / vt dt (6.73)
0
= o (6.74)

Taking now into account that v¢ — v in L%([0, 7], L?(X,R"*?)) and that the convolu-
tion and derivatives commute we obtain the result that v is an L?([0, 7], L?(X, R"+2))
function of the form (01w, ..., Opu, Oy, u).

Collecting the results from this section we have established Theorem
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6.3 Applications

Although in the following three examples the spacetimes are not spatially compact we
will assume we are working in a local region of the form ¥y 71 = [0, T] x ¥ as described
in the geometric setting.

Junction Conditions There is a precise mathematical formalism proposed by Israel
to describe the junction conditions for two regular spacetimes joined along a non-null
singular hypersurface A [42]. He noted that if we consider two half-spaces V™ and
V~, a singular hypersurface, A, can be fully characterised by the different extrinsic
curvatures (second fundamental forms) associated with its embeddings in V' and V—
and a continuous matching condition of the metric through the common boundary. If
we use Gaussian coordinates based on A, then the normal derivatives of the metric
have a jump across A with the metric being continuous along A. This scenario satisfies
the analytic conditions required for the application of Theorem [5| to apply. Notice
however that the theorem does not need to make assumptions on the time dependence
or matter content of the spacetime.

Impulsive Gravitational Waves A spacetime that contains impulsive gravitational
waves described in double null coordinates has line element given by:

ds* = 2dudv — (1 — uO®(u))?dz? — (1 + uO(u))?dz? (6.75)

where ©(u) is the Heaviside step function. The spacetime is vacuum, but has a Weyl
tensor with delta function components

Cuzux = _5(u)
Cuyuy = 0(u)

It is important to notice that although the curvature is not bounded this condition is
not relevant for Theorem [ to apply.

Brane-world Cosmologies The Randall-Sundrum Brane-Worlds (RS) are models
that explore gravity beyond classical general relativity [17], and also appear in a cos-
mological context [67]. In the RS model in AdS5 one has that in Gaussian normal
coordinates X4 = (t,2%,y) based on the brane at y = 0, the model has the line
element

ds? = e 2WIL(—dt? + dz™) + dy? (6.76)

This spacetime again satisfies the conditions for the Theorem [5| to be applicable and
therefore solutions with finite energy exist.

Notice that the well-posedness result can be extended to other brane world models
and even collision of branes [66] as long as the spacetime satisfies the assumptions of
Theorem Therefore, one can consider that dynamical models of colliding branes
do not produce strong gravitational singularities provided that the spacetime remains
C%! during all the processes.



Chapter 7

Spacetimes with string-like
singularities

7.1 The main result

In this chapter, we provide tools to establish the existence and uniqueness of solutions
of the wave equation in rough backgrounds with metrics that satisfy certain conditions
(see Geometric Conditions [3| in §7.1.1). These are for example satisfied by cosmic
string type singularities. The basic proof of the theorem follows the method of Evans
[63, §7.2] and uses Galerkin approximation methods together with energy estimates
for the wave operator. The method of proof is different from that used in the previous
chapters and reflects real differences in the type of singularity under consideration.
For the string type singularities under consideration here, the special form of the
metric means that we have good energy estimates for the wave operator but not for
its adjoint in H'. On the other hand, the time derivatives of the metric coefficients
are well-behaved, which is crucial to the use of a Galerkin approximation. This allows
us to prove existence, uniqueness and stability of weak solutions with the required
regularity. However, the results differ from those in [63] in that we explicitly lower
the differentiability (although see [68]), generalise the results to curved spacetimes
with a special emphasis on the n + 1 decomposition of spacetime and use a different
method of proof to establish uniqueness and stability. This allows the result to be
generalised if one works with more general gauges. Furthermore, we show that under
the Geometric Conditions [3] and the hypothesis of Lemma [5| the energy momentum
is not only integrable in spacetime, but can also be defined distributionally on any
constant time hypersurface. In §7.3 we discuss how our theorems apply to a class of
spacetimes with cosmic string type singularities and show that, from this perspective,
cosmic string singularities should not be regarded as strong gravitational singularities,

even though the curvature is not in L}, or even in Llloc in some cases.

7.1.1 The general setting

Let Xo,71 = £ x (0,7] be a (n + 1)- dimensional domain equipped with a Lorentzian
metric g, where X is an open bounded region of a n-dimensional manifold. Now using
a n+ 1 decomposition of the spacetime, the line element of the metric may be written
in the form:

ds® = +N?dt* — ~;j(da’ + Bdt)(dz’ + 5 dt) (7.1)

69
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where N is the lapse function, 8¢ is the shift and 7ij is the induced metric on X.
The class of metrics we are going to consider requires that there is a foliation of the
domain ¥ 7] and suitable coordinates (t,2') such that

Geometric Conditions 3
1. 49 e CY([0,T), L>=(%)).
2. The scalar coefficient of the volume form given by /7 for the induced metric v;;
is bounded from below by a positive real number, i.e., |\/y| > n for some n € Rt
3. The lapse function N can be chosen as N = /7 .
4. The shift can be chosen in such a way that ° = 0.

5. There exist a constant 0 > 0 such that

> A& = 0l¢)

ij=1
for all (t,x) € ¥ 1),§ € R™.

Condition 3 is chosen for simplicity as it allows us to use the dual space in Definition
with respect to the Lebesgue measure and also the coefficient of volume form becomes
V=g = N/7 = 7. Nevertheless the condition can be weakened to require only that
it is a bounded function with a positive lower bound, i.e.

3'. The lapse function N is C*((0,T], L°°(X)) and |N| > w for some w € RT

However, this is at the expense of adding linear terms in time and to avoid undue
complications in the formulae we do not pursue this here. Note however the method of
proof in has been modified from that in Evans [63] to allow for this possibility.
We want to obtain weak solutions to the following initial/boundary problem for the
wave equation:

Hgu = fin Xy (7.2)
u=0on 0% x [0,7T] (7.3)
u(0,z) = up on Lo =3 x {t =0} (7.4)
u(0,2) = uj on Xp =3 x {t =0} (7.5)

where f: X7 — R is a given source and ug : ¥ — R,u; : ¥ — R are given initial
conditions in suitable function spaces specified below.

7.1.2 Weak solution and the main theorem

For a metric with a general n + 1 splitting given by (9.1 the wave operator is given
by:

1 1
=577 (o (Vo)
—i—L 0 N\fﬁ—i&u +0; N\fﬁ—jau
Nﬁ t PYNQ 1 7 ’YNQ t (76)

| g BB
—Wai <N\ﬁ<7] A2 )@u)
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Taking into account the Geometric Conditions [3| we obtain

.
Ogu = — — =2 (7.7)
v

where —L is an elliptic operator in divergence form given by:

— Lu = —(v9yuy); (7.8)

Notice that our geometric conditions imply that L is a uniformly elliptic operator. We
can associate with the operator —L the following bilinear form given by:

Blu,v;t] = / N (t, 2)y(t, 2)uv da" (7.9)
b
Using this bilinear form, we make the following definition of a weak solution.
Definition 5 We say a function:

u e L*0,T; HY (X)), with a € L*(0,T; L*(X)),4 € L*(0,T; H (%))

is a local weak solution of the hyperbolic initial/boundary problem provided that
locally:

1. For each v € L*(0,T; H} (%)),
T T
/ <o > dt+/ Blu, vs ]t = (£,0) 12 1100 (7.10)
0 0 ’

where vy = V—gd"z = vd" 'z and < -,- > denotes the dual pairing between
the H-1(X) and HZ(X) Sobolev spaces.

2. u(0,7) = up(x), (0, 7) = uy(x) where uy € H(Zo) and uy € L*(%)

We motivate Definition [5| by the following calculation. For the moment assume that
the metric and the solution are smooth and that Uyu = f. Multiplying this by an
element v € L?(0,T; H} (X)) and integrating we obtain:

fov, = / (Ogu)vv,
/Ew,T] ! 2(0,1) ? !
1 1
= / ( ﬂ—Lu) yd" e
2o, \Y v
= / / (it — Lu) vd" xdt
= / /(uv) d"azdt—/ /(fyijfyuj)ivd”xdt
= / / oy d”xdt—l—/ /7 yu;vid" zdt

= / <uv>dt+/ Blu, v; t]dt

0
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The final equation is the definition of a weak solution provided the regularity of the
solution and the metric allows the integral to be well defined. This is indeed the case
given the Geometric Conditions |3} The Sobolev embedding theorem in one dimension
implies that u € C([0,T], L2(2)) N C*([0, T], H~'(X)) and therefore condition [2] makes
sense.

As in the previous chapter we say a weak solution is regular if it satisfies a suitable
energy estimate. We therefore make the following definition

Definition 6 (Regular Weak Solution) We say a weak solution
u € Hl(E(O,T]) is regular if u satisfies the energy estimate

Maze (o, (||u(t, Mz s + lalt, ')HL2(E)> + (il 2 o, m-1(2)) 711)

<C (Hﬂ’LQ([O,T];LQ(E,NV.Y)) + HU0HH3(2) + HU1HL2(2))

We now state the main result of this chapter.

Theorem 6 ( Well-posedness in H') Let (30,175 gab) be a region of a spacetime
satisfying the Geometric Conditions @ Then the region Xo1) is wave-regular. That
is the wave equation is well-posed in the following sense: Given (ug,u1) € HE(Xo) ¥
L?(Xg) there exists a unique regular weak solution u in H' (X(o,m)) of Ogu = f in the
sense of Definition[5 and Definition [6 with initial conditions

1. u(0,-) = ulg, = uo
2. 4(0,) = |y, = uy

that is stable with respect to initial data in HE(Xo) x L*(Xo). Moreover, the com-
ponents of the energy momentum tensor associated to the solution satisfy T®u] €
Co([0,T), L' (%)).

7.2 Proof of the main theorem

7.2.1 Outline of the proof

The proof of Theorem [f] follows Galerkin’s method of proving existence of the wave
equation by using approximate solutions as shown for example in Evans [63]. Using the
energy estimate satisfied by the solution we prove uniqueness and stability. Finally,
we show continuity in time. The main steps of the proof are as follows:

1. First, we show that there exist unique m-approximate solutions.

2. Second, we show that the m-approximate solutions satisfy an energy estimate

mazyeor) (116" (M) + 11 @ ey + gl 2o -1 0)) 1)

<C (‘|f|‘L2([0,T};L2(E,Nu7)) + HUOHH&(E) + HU1HL2(E)>

3. Third, we take the limit m — oo and show convergence in an appropriate weak
sense to a regular weak solution as defined above.

4. Fourth, using the energy estimate we show uniqueness and stability.

5. Fifth, we give a proof showing that the energy momentum tensor can be defined
in each hypersurface as an integrable function.
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7.2.2 Existence

To prove existence of solutions we employ Galerkin’s method. This requires several
steps. We begin by showing uniqueness and existence of approximate solutions, then
we establish a uniform estimate for the solutions and finally we take a limit in a proper
weak topology (see Appendix for the formal definition), which converges to the required
weak solution.

We start by choosing smooth functions wy(z) such that:

{wy,}32; is an orthogonal basis of H} ()

{wy,}32, is an orthonormal basis of L?(X)

We can form the desired basis by choosing the eigenvectors of the Laplace operator A
in the given local coordinates [63].
Now fix a positive integer m, write

u™(t,x) = Z d® (t)wg(z) (7.13)
k=1

and consider for each k = 1,...,m the equation:

(ugawk)p(z) + Blu™, wi; t] = (f, wk)L2(E,Nu7) (7.14)

where v, is the volume form associated to the induced metric v;; on 3.
The system of equations (|7.14]) can be arranged as a system of linear ODE’s given by

m

dy, (8) + D M (t)dy, (1) = fR (1) (7.15)
=1
where ekl(t) = B[’U}l, W3 t] = fZ wa(ta .f)’}’(t, x)wliwkjdxn and fk(t) = (f7 wk)L2(E,NV»y)
foreach k=1,....m .
We also require that the system satisfies the initial conditions

dr(0) = (uo, i) r2(sy),  dry(0) = (w1, we) p2(sy) (7.16)

fork=1,...,m.

The functions e¥(¢) are continuous in ¢ as v (t,z)y(t,z) € C1([0,T], L=(X)). Then
by standard local existence and uniqueness theorems for linear ordinary differential
equations we obtain a unique d¥,(t) € C°([0,T]) for every k = 1,...,m.

Therefore we have shown that for each m there is a unique solution, u™, satisfying
(7.14) and (7.16|) which we call the m-approximate solution.

Energy estimates

In this section, we establish the following energy estimate.

Theorem 7 There exists a constant C, depending only on X, T and the coefficients of
L such that

maTiec(0,T) (Hum(t? )||Hé(2) + ||u;n(t7 ')”LQ(E) + ||UZ§LHL2([O,T];H*1(E))) (7 17)

<C (‘|fHL2([0,T};L2(E,NV7)) + HUOHH(}(Z) + HU1HL2(E)>
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We start by multiplying equality (7.14) by dfn(t), sum from k = 1,...,m and use (|7.13])

to obtain

(uits ui") pagsy + Blu™ wis t] = (f, ui) p2 s v

Using the fact that that

(it ui")r2(s) = 5 5 llu 1Z2(x,)

and that

Blum s = 5 (580w ) - 3 [ (W) wr

we have

m ,m d (1 m ,,m m||2
Blu™, uy ;t]>dt<23[u » U ﬂ])‘ClH“ ”Hg(z)

Combining equations ([7.18)), (7.19)), (7.20) and (7.21]) we obtain

d m m m
o (1 o) + Blum s 1])
Co (I 2z + 1™ By sy + 11 B2 )

< s (Ul + Blu™ w5 8] + 1125 v

N

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)
(7.24)

where we have applied the uniform ellipticity condition in order to use the inequality

0/2 lé”uruﬂ < Bu™, u™; t]
If we now define the "energy" E(t) of a solution by:

E(t) = H’Ua;n(t, )||%2(Z) + B[um, u™; t]
then inequality (7.24]) reads

dE(t)
dt

and an application of Gronwall’s inequality gives the estimate

< G3E(t) + Gsl| f(2, ’)H%?(E,NVW)

t
B(0) < e (B0 + Cs [ 159 s )

However, we also have

E(0) < Cs (I\Uoﬂzg(z) + HU1H%2(2)>

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

which follows from the initial conditions for the approximate solutions together with

Hum(O)H%{é(E) < HUOH?%(E)? Hum(o)H?ﬂ(z) < Hu1||%2(2).
Thus, we obtain
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mazieo ) (10113205 + Blu™, u™:1])

) ) ) (7.30)
< Cs (‘|f|’L2([0,T};L2(E,Nu7)) + HUOHH(}(E) + HulHLz(z))
Now we have from equation ([7.14)) that
(uit wk)L2(Z) = —B[u", wi; 1] + (f, wk)LQ(E,NVW) (731)

< Cr (™ sy + 1120y Hwell s sy
where we have used the bounds on N, /v given by the geometric condition |3| and the

Cauchy-Schwartz inequality.
Since (ujf, wy) = 0 for k > m by construction we have proved that

(uiy, ’U)LZ(E)

[lupt || g1 = sup (7.32)
o AT E) vespan{wy} HUHH(%(E)
; + | B(u™, vt
o wp emltlEmanl
vEspan{wy } H,UHH&(E)
< Co (o + 1™ axcs:) (7.34)

Squaring the above inequality, integrating in time and using equation ([7.30)) we obtain

T
/0 [lail[7-1(sydt < Chz (|‘f“%Q([O,T];L?(XLNV.Y)) + ||UO||?{5(2) + ||“1||%2(2)) (7.35)

which concludes the proof. [

Convergence to solutions

We have shown that {u™}>_; is bounded in L%(0,T; H} (X)), {4™}5_, is bounded in
L2(0,T; L*(X)) and {ul}}%°_; is bounded in L?(0,T; H=(X))
We now make use of the following Theorem [63]

Theorem 8 Let X be a reflexive Banach space and suppose the sequence {u}3>, C X
is bounded. Then there exists a sub-sequence {uy;}32, C {ug}32; and u € X such that
ug; — u, i.e. {ug;} converges weakly to u.

Using the theorem there exists a sub-sequence of approximate functions {u™ }°; such
that

o u™ — L2(0,T; HY(X))
o 0™ — L2(0,T; L*(%))

o ™ — L2(0,T; H Y(X))
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In order to show that this is a weak solution, we must now verify that the limit of the
sequence satisfies conditions 1 and 2 of Definition [5

To verify condition 1, we multiply by a function ¢(t) € C*°([0,7]) and integrate
with respect to time to give

T T
| (it ottywn) oy + Bl oy ) de = [ (£ 60w g oyt (7:36)

Then taking the limit as m; — oo, we obtain

T T
| (< iou > +Blusut)d = [ (60w, dt (T37)

Thus for any test function of the form v = YN ¢¥(t)wy(z) we have that equality
(16.41) is satisfied. Moreover, test functions of that form are dense in L2(0, T; H}(X)).

Therefore, we have shown that

T T
/ (< ii,v > +Blu,v; 1]) dt = / (,0) p2snoy = / fov, (7.38)
0 0 (0,11
for any v € L2(0,T; HL(X)). B
Finally we need to verify that the solution also satisfies the initial conditions.
We start by choosing any function v € C%([0, T]; H} (X)) with v(T) = ©(T) = 0. Using
it as a test function and integrating by parts twice with respect to ¢ in , we find

T
/ (< u, vy > +Blu,v;t]) dt
0

T (7.39)
— [ (502 d = (@(0),0(0)) (s < (0), 0(0) >
0
and we also have that the m-approximate solutions satisfy
T
/ ((Umlwtt)m(z) + B[Umlav;t]) dt
0 (7.40)

T
= [ 0y = @ 0),5(0) (s + (7 (0),0(0)) 250

which follows from ([7.36)) and integrating by parts twice in ¢ again.
Using the initial condition (7.16]) and the fact that {wy} is a basis of L?(%g) we obtain

u™(0,-) — wgin L*(Xo) (7.41)
@™ (0,-) — wp in L*(%) (7.42)

and therefore again taking the limit m — oo we have

T
/ (< u,vy > +Blu,v;t])dt
0 (7.43)

T
= /0 (fvv)LQ(E,Nzxw) dt — (“07"[)(0))L2(2,u7) + (ulvv(o))LQ(E,w)
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Therefore comparing ((7.39) and ((7.43) and using that v was arbitrary we conclude that

u(0) = wp (7.44)
w(0) = (7.45)

Therefore, the limit 4™ — wu gives the desired weak solution. [

7.2.3 Uniqueness and stability with respect to the initial data

The proof of uniqueness and stability relies on the energy estimate (9.106]). By letting
m tend to infinity and using the fact that the norm is sequentially weakly lower-
semicontinuous [63], we obtain the bound that the weak solution satisfies

Maz e (o.1] <||u(t, W) + lalt, -)IIL2<2>) (7.46)
<C ("fHLQ([O,T];LQ(Z,NVw)) + HuoHHg(z) + HU1HL2(2))

Therefore, if w = w1 — wo is the difference between two weak solutions satisfying the
same initial conditions ug, u; with the same source function f, then u is a weak solution
with vanishing initial data uwg = u; = 0 and source function f = 0.

Hence

(It M acey + Nt Nlzas)) <0 (7.47)

for all 0 < t < T which implies u = 0 and therefore w; = ws.

We now prove the stability of the solution with respect to the initial data. To make
the concept precise, we say that the solution u is continuously stable in H I(E(O,T])
with respect to initial data in Hg (o) x L?(X), if given € > 0 there is a § depending
on ug,u; and source function f such that if:

[luo — ol g1 (s5,) < 0, and [Juy — ]| p2(5) < 6 (7.48)

for (ug,u1) € HY(Xo) x L?(g) and
I1f = fllc2qomr2 N,y <06 (7.49)

for f € L?([0,T]; L*(£, Nv,)) then
lJu — @HH(%(Z@T]) S€ (7.50)
where @ is a solution with initial data given by u|s, = up and @|s, = w1 with source

function f.
Now squaring ([7.46)) and integrating in time from 0 to 7 < T we have:

(lu—allson)’ < [ (B + it ) B, ) dt (7.51)
U — U|% e m S ult, e (z) utls  )lrz(z) .

i <2 "
< K [ (o — ol gy + s = sy

+ |If = fHLQ([O,T];L2(E,NV.,))dt (7.52)
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for 7 < T and with K a suitable constant.

: e . . .
Further choosing ¢ = Tao We obtain the inequality:

2 T 2¢2 € 9
— U < <
(el ) <K | 5o + 5ot <

which establishes stability with respect to the initial data.

(7.53)

7.2.4 Integrability of the energy momentum tensor

The regularity of the solutions allows us to interpret the energy momentum tensor of
the scalar field u as a tensor with Ll(Z(O,T}) components given by

1 1
Tab[u] _ <gacgbd . 2gabgcd> Ugllg — 5gabu2 (754)

We now show that T%[u](t,-) is in L'(%;) for all 0 < t < T. To prove this, notice
that it is enough to show that u € C([0,T]; H (X)) N C1(0,T; L?(X)). This result also
allows us to establish the existence and uniqueness of solutions in 3 7] given initial
data on any hypersurface ¥; with 0 < ¢t < 7. In this section we closely follow the
exposition given in [6§].

Proposition 4 Letu be a weak solution as defined in Deﬁnition@ with f € LQ(Z(()’T])
and initial data (ug,u1) € HE(Zo) x L%(Xo). Additionally let the metric satisfy the
Geometric Conditions @ Then u € C([0,T); H} (X)) N CH(0,T; L2(X)).

To prove this proposition, we use the following Lemma which can be found in [53]

Lemma 4 Suppose that V, H are Hilbert spaces and V. — H is densely and continu-
ously embedded in H. If

uwe L®0,T;V),ue L*0,T; H), (7.55)
then u € Cy([0,T); V) is weakly continuous.

Then from the fact that H} < L? < H~! and the energy estimate we have that
u € Cu([0,T]; Hy (2)) and @ € Cu ([0, T); L*(X))

Lemma 5 Let u be a weak solution that satisfies it + Lu € L?(0,T; L*(X)) Then

B(t) = (|latt, )32 + Blu,wt]) : (0,7] - R (7.56)

18 a continuous function.

Proof. We have, using the equations satisfied by the m-approximate solutions, ([7.18|)
and integrating from 0 to 7' that

sup Blu™(t), u™(t); ] + [|ug" (¢, )| 2(z)
o<t<T

= Blug', ug'; 0] + [[ui" (0, )| L2(z) (7.57)

+/OT <Bs[um(s), u™(s); 8] + 2(f(s),u?1(s))L2(E7NV7)) ds
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Now noticing that sup (B[u(t), u(t); t] + ||a(t, -)||L2(2)> is a norm equivalent to
0<t<T

L*((0,T), H} (X)) x L*°((0,T), L?(X)), we can use the weak convergence of the sub-
sequence {u™} to obtain

sup Blu(t), u(t); 1] + [[a(t, )| 2(x)
0<t<T

< Blug, uo; 0] + [[u]|2(x) (7.58)

T
+ lim sup /0 (Bs [u™(s),u™ (s); s] + 2(f (S)WT’(S))L?(E,Nw)ds)

l—o0

where By[u™(s),u"(s);s] = [5, (v (s, 2)y(s,2)), uj"u}'de™ By letting T' tend to zero,
we find

lim sup Blu(t), u(t); 1] + [|u(t, )| L2(x)
msn (7.59)
< Blug, uo; 0] + [Jut[£2(x)

Since on the other hand, v and u are weakly semicontinous, we have

lim inf Blu(t), u(t); t] + ||a(t, )| L2
i =) (7.60)
> Bluo, uo; 0] + [[u|r2(x)

Then (7.59) and (7.60) shows that Blu(t), u(t); ] +|[i(t, -)||L2(x) is continuous at t = 0.
However we mlght choose another time as initial time and therefore we have that E(t)

is continuous. [J
We can now prove Proposition [

Proof of Proposition [} Using the weak continuity of «, the continuity of E and the
continuity of a; in H} we find that

lla(t, -) —alto, )| Zegsy + Blult, ) —ulto, ), u(t, ) — ulto, ); to]
= [lat, )Faesy + [lalto, )72

+B[uft, ), u(t,); to]+B[ (to, -), u(to,-); to]
=2(a(t, ), wlto, -)) r2(z) — 2Blu(t, ), ulto, -); to]
= |a(t, )72y + Blut, ), ult, ):t]
Hlatos )2y + B[u(to, ), u(to, -); to]

—23[( )y ulto, -);to] — 2(u(t, -), u(to, ")) r2(s)
+Blult, ), ult, )ito] = Blu(t,), u(t,);1]

= B(t) + B(to) + Blu(t, ), u(t,-);to] - [( ) ult, )]
=2 ((ilt, ), ilto, ) 2y + Blult, ), ulto, )i to]) )

Therefore taking the limit ¢ — tg, we obtain
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lim (|lat, ) = @to, )} + Blu(t,) = ulto, ), u(t, -) - ulto, );to])

= Jim E(t) + E(to) + Blu(t, ), u(t, -); to] = Blu(t, ), u(t, ); ]
-2 ((u(t, ), 0(to, ) r2(sy + Blult, ), u(to, -);tg])) (7.61)

= E(to) + E(to) — 2 ((u(to, -), u(to, -) + Blu(to, -), u(to, ); to]))
= E(to) + E(to) — 2 (||u(to, Wiz + Blulto, ), ulto, -); to])) =0

Then using equation ([7.25)), we have

imn (11, ) = to, )| B3y + Ollu(t, ) — ulto, )l B ) (7.62)
< th—gt (||’ll(t, ) - ’ll(t(), )H%P(Z) + B[u(t7 ) - u(t()v ')7 u(tv ) - u(t()v ')5 tO])

Hence using ([7.61)), we conclude

lim [[a(t, ) — a(to, )|l 2y = 0

t—to

. (7.63)
tlgItlo [u(t, ) — u(to, ')”H&(E) =0

so that u is an element of C([0,7]; H} (X)) N CY(0,T; L3(X)) as required. [

7.3 Applications

In this section we discuss how Theorem [6] applies to several physical scenarios. We
treat the case of spacetimes with cosmic strings and show that these spacetimes, despite
having regions where the curvature behaves as a distribution or in the case of dynamic
cosmic strings even develop curvature singularities, the wave equation has well-posed
classical dynamics.

Cosmic strings are topological defects that were potentially formed during a phase
transition in the early universe. Current observations put tight constraints on the
dimensionless string tension Gu < 1078 (in Planck units) where ¢ = 1, G = m;ﬁ and
 is the mass per length [70]. Additionally, the effective thickness of a cosmic string is
of the order 1072 cm. [I6]. This extremely small width justifies what is called “the
thin string limit". This is the metric around a static infinitely straight Nambu-Goto
string lying along the z-axis satisfying Einstein’s equations, which is “conical" in the
plane transverse to the string. The line element is given by

ds® = dt? — dz* — dp® — (1 — 4G p)?p*dh? (7.64)

where 0 < 0 < 27.
By introducing a new angular coordinate 6 = (1—4Gu)0, the spacetime can be seen to
be flat everywhere except at p = 0; where there is an angular deficit of 2w (1 — A) with
A = (1-4Gp). We want to consider the region containing p = 0, so we transform to
Cartesian coordinates (x,y) = (pcosf, psin @), which are regular at p = 0 and rewrite
the line element as
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x? 2—}— A?y? de? 2xy(1 — Az)dxdy B y? + A%z?
T +y2 $2+y2 .’E2—|—y2
Notice that the metric has a direction dependent limit on the z-axis, so it fails to be

CP at the axis although it remains bounded.

By direct inspection, one can see that the metric is bounded everywhere, N = 1,
VY = A and given that 0 < A < 1 the uniform ellipticity condition is satisfied.
These conditions imply that under a rescaling of the time coordinate the hypothesis
of Theorem [f] is satisfied.

In fact, we can consider a time dependent generalisation of this metric given by the
line element

ds? = dt? — dy? — dz* (7.65)

PR, eyl - A(0)

2 3.2
ds® = dt 212 21 dxdy
9 N (7.66)
y©+ A% (H)z dv? — da2
Tz YT

This spacetime represents a dynamical cosmic string with a time dependent deficit
angle. The metric satisfies the conditions of the Theorem [6] as long as the angle deficit
satisfies 0 < A(t) < 1 and the function A(t) is C'. Moreover, the dynamical cone can
develop curvature singularities in contrast with the static cone [71].

Vickers |72} [73] showed that under certain conditions two-dimensional quasi-regular sin-
gularities can be seen as generalised strings. Moreover, the strings are totally geodesic
and only the normal directions to the string are degenerate. For timelike generalised
cosmic strings this guarantees that the time derivatives are not problematic.

Finally, assuming that the generalised cosmic string admits a 3 4+ 1 splitting given
by a family of L*> Riemannian metrics with suitable lapse and shift (see Geometric
Conditions [3|) and the angle deficit is chosen such that the uniform ellipticity condition
is satisfied, we can conclude that generalised cosmic strings are H'-wave regular.
Notice however that the spinning cosmic string metric given by

ds® = (dt + 4.Jd0)? — dr? — A*r2do* — dz* (7.67)

does not satisfy the hypothesis of the theorem since 5° # 0 and there are no local
coordinates containing a neighbourhood of the z-axis which make #° vanish.
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Part 111

The quantum test-field probe.
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Chapter 8

Introduction

8.1 Quantum fields on spacetimes with rough metrics

The precise details of the quantisation of the scalar wave equation

Oy =0 (8.1)

on a general smooth and globally hyperbolic curved spacetime has not a universal
well-defined prescription. However, the broad outlines of a suitable mathematical
framework for the subject were laid down already in the period 1978-2000 [74] [75]. It
is only in the last 10 years (and to a great extent stimulated by work on Einstein’s
equations) that a renaissance in the pure-mathematical analysis of linear hyperbolic
differential equations and related questions in the differential geometry of Lorentzian
manifolds has started to make it possible to fill certain fundamental mathematical gaps
in this framework which were previously out of reach.

In this chapter we focus on a quantisation scheme where we quantise in the case of
a rough background and for which finite energy solutions exist (see definition E] below).
The reason why this problem is worth exploring, beyond the mathematical analysis, is
grounded in the desire to model quantum matter (our most sophisticated description
of matter) in physical scenarios that either requires finite regularity of the metric such
as realistic models of stars [I5] or perturbation of non-globally hyperbolic spacetimes
such as the Kerr and Reissner-Nordstrom metrics (with their Cauchy Horizons) and
also anti-de Sitter spacetime [3].

The quantisation of the scalar field in a rough spacetime, or with finite differentia-
bility, requires in the first instance that the classical system is well-posed. Then, the
quantisation procedure still needs to take place. This is a delicate issue. However,
on the quantum field side, there have been advances regarding the correct notion of
how to quantise the field when the regularity of the solution (not of the metric) is fi-
nite. In particular, the developments in the characterisation of suitable physical states
(which correspond to the notion of Hadamard states [76] in the smooth case), under
the name of N-adiabatic states is a key result [77]. In this chapter we do not discuss
the Hadamard condition in detail however see the chapter about future outlook and
open problems for a comment on this condition.
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Chapter 9

Quantisation

In this chapter we describe how to perform the quantisation of a scalar field when one
is considering low regularity in both the solutions of the scalar field and the metric
tensor. In Section we describe the general geometric background and the precise
notion of a weak solution that we will use. In Section [9.1.2] we show that the solution
space, with finite energy solutions, can be seen as a symplectic vector space and define
a sympectomorphism which encodes the dynamics of the system. In Section we
give the algebraic construction of the observables and states of the quantum theory,
and describe some key properties and classification of quantum states. In Section
we state the condition needed to implement the dynamics of the system as a unitary
operator. In Section we give an application of the framework developed.

9.1 Rough metrics and weak solutions

The purpose of this section is to describe the geometric regions we will consider. Also,
we will define a precise notion of weak solutions which be used later in section to
define a finite energy solution.

9.1.1 The general setting

In the section below we describe the geometry of spacetime we will consider.

Let M = ¥ x[0,T] be an n+ 1-dimensional domain equipped with a Lorentzian metric
Jap Where ¥ is an compact closed n-dimensional manifold or a bounded open set of R™.
Now using an n + 1 decomposition of spacetime the line element of the metric may be
written in the form:

ds® = +N2dt* — ~;;(da’ + B'dt)(da? + B dt) (9.1)

where N is the lapse function, 3% is the shift and 7i; is the induced metric on ¥. The
class of metrics we are going to consider requires that there is a foliation of the domain
M and suitable coordinates (t,z") such that the following conditions hold:

Geometric Conditions 4
1. ~9 € COY (M)

2. The volume form given by \/ydx", for the induced metric v;; is bounded from
below by a positive real number, i.e., |\/y| > n for some n € R+
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3. The lapse function N can be chosen as N = /7.
4. The shift can be chosen in such a way that B* = 0
5. There exist a constant 8 > 0 such that
n ..
ST yingg; = 01¢)
ij=1
for all (t,z) € M, & € R™.

That means the operator given by —L(-) := —8;(v"~v;()) is uniformly elliptic.

These conditions are similar to the Geometric Conditions [3] with one important dif-
ference. We are requiring higher regularity of the metric as can be seen in condition
1. This higher regularity requirement is needed because the solutions we will use also
need higher regularity (See Definition @ Our choice of lapse can be changed but the
precise notion of weak solution involved also needs to be modified accordingly.

9.1.2 Weak Solutions

We now define the notion of a weak solution to the hyperbolic initial/boundary problem

Ogu =0 in M (9.2)
u(0,2) = up on Xp =3 x {t =0}
4(0,z) =won X9 =X x {t =0}

If ¥ is a bounded open set of R™ we impose the boundary conditions
u=0ond¥ x [0,7T] (9.5)

First, we notice that the Geometric Conditions [] allows us to write

o
Ogu = — — = (9.6)
T

where —L is an elliptic operator in divergence form given by:

— Lu = —(y"yuy); (9.7)

Then, we can associate to the operator —L the bilinear form given by:

Blu,v;t] := /Evij(t,w)v(t,x)uivjdznn (9.8)
Now using this bilinear form we make the following definition of a weak solution
Definition 7 We say a function:

u e L?(0,T; HY(X)), with w € L*(0,T; L*(X)), i € L*(0,T; H (X))

is o finite energy solution provided that locally:
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1. For each v € L*(0,T; H\(X)),

/OT(< ii(t, ), 0(t,-) > +Blu, v; {])dt = 0 (9.9)
where < -,- > denotes the dual pairing between the H () and HY(X) Sobolev
spaces

2.
uly, = u(0,z)=up(z) (9.10)
n*Vauls, = (0, z) = uy(z) (9.11)

Vv(0,)

where n® is the unit normal to %, ug € H*(3Zg) and uy € L*(3o)

The space of such solutions with the Geometric Conditions [4 will provide a suitable
space for the classical theory which then we will quantise.

9.2 C(lassical structure

The quantisation of a classical theory requires us to change the mathematical structure
of the theory. For example, in a Hilbert representation procedure: physical states are
represented by vectors in a Hilbert space, H, and field observables are represented by
self-adjoint operators [74]. One can also consider other alternative methods of quan-
tisation such as the so called algebraic quantisation. In this framework one construct
a unique up to #-isomorphism a C*-algebra, CCR(V,E) (see Appendix for the formal
definitions of a C*-algebra and CCR(V, =) ) which satisfy the canonical commutation
relations and which represent the quantum observables of the theory, then the states
of the theory are given by certain positive linear functional on the algebra [74] [75]
(see Table 9.1 and 9.2 ). However, the states of the classical theory are represented
by vectors in a symplectic space, (V,E), which is a vector space V over a field F' (for
example R or C) equipped with a symplectic structure, Z, defined by the following
properties
e a bi-linear map =: V xV — F

e alternating: =(u,v) = —E(v,u) holds for all u,v € V', and
e nondegenerate: Z(u,v) = 0 for all v € V implies that u = 0.

The classical observables are defined as the smooth functional from V into F'. More-
over, one can define the dynamics classically as a symplectomorphism. To be precise,
given (V1,Z1) and (V2,Z2) be two symplectic vector spaces and S : V; — V3 a linear
map. The map S is a symplectomorphism if and only if Za(Sv, Su) = Z1(v,u) for all
v,u € Vi. A more detailed description of the symplectomorphism that encodes the
dynamics will be given below.

The key point we address in this section is the requirement of constructing a suitable
symplectic space, (V, Z), that encodes the classical field theory on the rough spacetime.
For this purpose we define the space of “symplectic” solutions (see definition E[) and
show that there is a symplectic structure associated to it. Moreover, we define the
symplectomorphism which encodes the dynamics of the theory.
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Table 9.1: Hilbert representation

Quantum Systems Classical Systems
States Hilbert Space H Symplectic Space (V, Z)
Observables {010 : H — H self- | {f|f:V — R smooth}
adjoint }

Table 9.2: Algebraic quantisation
Quantum Systems Classical Systems

States {wlw : CCR(V,Z) — | Symplectic Space (V, =)
CCR(V,E) positive }

Observables CCR(V,E) {f|f : V — R smooth}

In the smooth case, that is when one is considering a C°°-globally hyperbolic space-
times M, there are at least two options for generating a symplectic form for the classical
field theory [74].

9.2.1 Propagators

The first one relies on the existence of advanced and retarded propagators G and G~
These propagators are defined precisely below

Definition 8 Let M be a time-oriented connected Lorentzian manifold. A linear map
Gt : D(M) — C>®(M) satisfying

[} DgG+ = ZdD(M)
o G"Oylpary = idp(ur)
o supp(GTi) C JT (supp(v)) for all € D(M)

is called an advanced propagator for Og. Similarly, a linear map G~ : D(M) —
C>®(M) satisfying

o 0,G* = idpu)
o G"Og|pr = idp()
o supp(G~¢) C J~ (supp(¢)) for all yp € D(M)

is called a retarded propagator for U,.

If these operators exist, we can form the linear map
G:=G" -G :D(M)— C™®(M). (9.12)

We called this linear map the causal propagator. There are other class of propagators
such as the Feynman propagator ( see Part IV of the thesis).

The causal propagator has some very useful properties that we prove in the lemma
below



91

Lemma 6 Let G be a causal propagator then

1. G:D(M) — Ssc wherep € Ss. if Oyt = 0 and |s, and n*V 1|5, are compactly
supported for all t.

2. The sequence of linear maps

O G 0
OA D(M) %Ssc $Ssc

is a complezx, i.e., the composition of any two subsequent maps is zero.

Proof.
By the definition of the advanced and retarded function we have
0,G¢ = O,(Gy - G9) (9.13)
= idpany —idpany =0 (9.14)

Now in globally hyperbolic spacetimes we have the following fact. Given a Cauchy
surface, 3, in a globally hyperbolic spacetime M and K a compact subset of M, then
J*(K)NY is compact [75]. Therefore, we know that if we choose K = supp(1)) we have
that J* (supp(¢))) NS is compact. By definition of the advanced and retarded function
we have that supp(G*1) C J*(supp(v))) and also by definition of the propagators and
the definition of a Cauchy surface, supp(G*1)) and ¥, are closed sets. This implies
that supp(G*Y) N Y is closed. Moreover, we have the inclusion supp(GTy)NY C
J* (supp(v))) N L. Hence, supp(GT¢) N'Y is a compact set because it is a closed set
contained in a compact set. This proves that Gy € S,;.. To prove point 2 we notice
that by definition of the propagators GO, = 0,G = 0 in D(M). By the result of the
first part of the lemma we have that G(D(M)) C S, which concludes the proof. [
We now use the causal propagator to define the symplectic space for any C° globally
hyperbolic Lorentzian manifolds where G and G~ always exist [75].

We first define

Q:D(M)x D(M)—R (9.15)

Aw.0) = [ Gy, (9.16)

This is not yet the desired structure as it is degenerate due to the fact that if ¢ €
ker(G), then (¢, -) = 0. Nevertheless, we show two important facts about §2.

Proposition 5 Let Q be defined as in equation . Then,
1. Q is bilinear

2. Q is skew-symmetric



92

Proof. Linearity follows directly from the definition of the propagators as linear maps.
To show that 2 is skew-symmetric we notice that

| @wen, = [ Fwn,eTew, (017)
M M
- [ 0.6 WIET @, (9.18)
M
- / ety (9.19)
M

where we have used the self-adjointness of [y, the adjoint operator of G?* and that
GT¢ N G* is compact in a globally hyperbolic spacetime [75].
Therefore we have

Aw.0) = [ G, (920
M

S /M¢G(¢)ug (9.21)

= —Q(¢,9) (9.22)

]

As already noted, €, is not a symplectic structure as it is degenerate. However, if we
define the equivalence relation ¥ ~ ¢ if and only if ¢ — ¢ € ker(G); then we have that
the quotient space D(M)/ker(G) with the symplectic structure

Q1) [¢]) = v, ¢),

where [¢], [¢] € D(M)/ker(G) is a symplectic space. We area abusing notation and
denoting the symplectic structure in the quotient and the degenerate skew-from with
the same symbol €.

From this point on, one can use the tools in the Appendix to generate the algebra that
corresponds to the quantum observables of the theory.

9.2.2 Space of solutions

The second method for constructing the symplectic space is to consider the space of
solutions Ss.. This is a linear space, by linearity of the wave equation, and define the
symplectic structure

E(\Ill, \Ifg) = /Z 12 — T2P1 (9.23)
t

where @12 = Uy 2|y, and m 2 = naVa\Ifl,gx/Ed”x\gt.

That = is a symplectic structure and that it is independent of 3; will be shown below

in the low regularity case, so for the moment, we omit those proofs.

In the C*°-globally hyperbolic case one can show that the two constructions are equiv-

alent using the causal propagator G. To be precise, we have the following proposition

Proposition 6 Let (S, Z) and (D(M)\ker(G),Q) defined as above. Then we have

E(W1, W2) = Q([¢], [¢]) (9.24)
where U1 = G(¢), Uy = G(9).
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We sketch the proof below. A formal proof of can be found in [7§].

Proof.

Let ¥y € S,c and ¢ € D(M) such that supp(¢) C [t1,t2] X X. Then, integrating by
parts twice we have

S 10,GF vy = [, 0,01 G oy, (9.25)
+ +
= Jo, (0952 = GrO% vt s, (11757 — G %) m

The using the fact that 0,¥; = 0 and that $;, ¢ supp(GT(4)) we obtain

oG ¢ oV
/M \P1D9G+¢ug = — /Zt2 <\I/1 8t - G+¢at> Vp, (926)

Moreover %, ¢ supp(G~(¢)) and therefore Gt¢ = G¢ in X;, which implies

9Gé . ow,
+ _ _
/M U0, Gy — /E ) (qfl =0 -Gy )yh (9.27)

If we define U5 := G¢ and use that GT¢ = G¢ we have

/ \Ifqu)yg = —E(\I’l, ‘Ifg) (928)
M

Now we show that there is a ¢ € D(M) such that Gy = ;.

First, we notice that without loss of generality supp(¥;) C IT(K)U I~ (K) for a
compact set K of M. Using a partition of unity subordinated to the open covering
{I"(K),I"(K)} write ¥y as U1 = ¥; + W, where supp(¥;) C I (K) C JT(K) and
supp(¥2) C I~ (K) C J(K).

Now we define ¢ := —[0W, = O¥; which implies that supp(¢) C J*(K) N J(K),
hence using the globally hyperbolic condition we have that ¢» € D(M).

We check that Gty = ¥;. Given ¢ € D(M) we have

/ (pGﬂle :/ G~ Wy :/ OG™ o :/ ¥ (9.29)
M M M M

Similarly, one shows that G~¢ = —Ws.
Hence, Gy =¥ + Wy = .

JROPEEUR S (9.30)
M

.

Therefore for the C*°-globally hyperbolic case both constructions are equivalent. In
our study of quantum field theory with low regularity we choose to work with the
second construction for several reasons. First, the definition of G requires the existence
of advanced and retarded propagators which work as inverses of the operator [, :
D(M) — D(M). When the metric is no longer C* we no longer have that O, goes from
D(M) to D(M). Second, many constructions of G¥ use the existence of a parametrix.
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If one uses for example Hadamard coefficients to construct the parametrix, this requires
C® regularity of the metric. Third, the range of G is smooth solutions of compact
support, when the metric is no longer smooth, solutions of this regularity are no longer
guaranteed. Although these problems may be fixed by a clever choice of function
spaces, we do not pursue it here. As mentioned above we choose to work with the
second structure which make use of a suitable space of solutions. Because we are going
to work below with low regularity metrics satisfying the Geometric Conditions [d] we
first do a bookkeeping exercise to find the regularity needed for the solutions to show
that = is a symplectic vector space which is independent of the Cauchy surface X. This
exercise, will allow us to define what we call the symplectic solutions and to define a
suitable space of initial data.

We start our bookkepping exercise by noting that in order for Q(\Ill, Us) to be well
defined as a Lebegue integral we need

T c CYR, L*(%)) N C'(R, H(X)).
Also, = should be independent of ¥; for our solutions. That is we need:

d

~ d
—Q(T;, Uy) = — — = 31
a (Wq,¥7) 7t /Zt T2 — T = 0 (9.31)

We need to use differentiation under the integral sign and the equations of motion
or we can also use that j* = U;VFUy — Uy, VAW, is conserved for solutions. These
conditions requires extra regularity and the regularity needed is

U e CHR,HY())NCOR, HA(X)) N € H*(0,T; L*(%)). (9.32)

As an additional result, this regularity is also enough to have that
/ VU Tue?) =0
M

where €7 is a smooth timelike killing vector field.

We now make the following definition, which allow us to define the minimum regularity
that our solutions must have to recover the properties of the symplectic structure as
in the smooth case.

Definition 9 A solution u is a symplectic solution if it is a finite energy solution with
reqularity

u e CY[0,T]; HY(2)) N C%([0, T); HA(X)), 4 € L*(0,T; L*(%)).

Remark We call the set of all symplectic solutions S.
We now prove the following proposition that shows the existence of suitable regular
initial data that generate weak solutions of the required regularity.

Proposition 7 Given the pairs (ug, w) € H*(X) x HY(X) as initial data, then there
s a unique symplectic solution.

We sketch the proof below. A detailed proof can be found in [63].

That finite energy solutions exist has been shown in Part II. Now, the higher regularity
condition is shown by showing first higher regularity in time and elliptic regularity to
show higher regularity in space.
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To show higher regularity in time the method of proof is similar to the calculation
done in chapter []] We fix a positive integer m and differentiate with respect to time
the identity (7.14]). Writing @™ := u}* we obtain

(@it wi) 2z + Bla™, wi; t] = 0 (9.33)

where we using that we are considering the case f = 0.
Multiplying by d¥ (t) and arguing as in the proof of the energy estimates in chapter
we observe

d ~m ~m ~m

a(l\ut 122 + Bla™, @ ;t]) (9.34)
< o (Il oy + 18"l s) (9.35)
< Oy ([ l[Faw) + Bla™, @ 1)) (9.36)

Then we consider the elliptic problem

Blu™, wg; t] = (—uiy, wg) (9.37)

The using elliptic regularity which is Theorem in the Appendix we obtain the
estimate

™ By < C (11081 B2y + ™ B (9.38)

Then using the estimate (9.38)) in (9.36]) and applying Gronwall’s inequality, we deduce

mazyeoz) (116" () a2y + 16 sy + i 2 0:9)

< O (Iluollz2(sy) + w11y )

Then passing to the limit as m — oo we obtain the same estimate for the weak solution
u.

We now define the set T' = {(ug, w)|(uo, w) € H?(Xo) x H'(30)} as the space of initial
data and the space C := {(¢,7) = (uo, %Vh)} as the generalised phase space of the
theory and recover the classical results of the symplectic structure in the low regularity

case.

Proposition 8 Let C be as above then (C, ) is a symplectic space with the symplectic
structure

Q((p1,m1), (2, m2)) =:/ T2 — Mol (9.40)

3o
Proof.
C forms a vector space over R by using the Banach space structure. Now we show that

Q((p1,71), (p2,m2)) is a bilinear, alternating, non-degenerate form. Linearity follows
from the following calculation



96

Q((p1,m1) + (03,73), (P2, 72)) /2 T + m3)p2 — T2(p1 + @3 (9.41)
0

/ (T2 — map1) +/ (m34p2 — magp3)
3o
= Q((p1,m1), (02, 7)) + (@3, 73), (P2, T2))

The other part is analogous. Now to prove that the form is alternating we need to
show that

Qp1,m1), (p1,m)) =0

which follows from the definition. Finally we show that the form is non-degenerate.
Let us assume we have a pair (g, ) such that

Q((¢1,m1), (o, m)) = /E T1p0 — mop1 = 0 (9.42)

0

for all (¢1,71) € C, then taking the elements (¢1,0), (0,71) with ¢1,w; € C§°(Xg) we
obtain

Q((¢1,0), (w0, m0)) = —/EO \}Ewowwh (9.43)
- - /E wggrd’s =0 (9.44)
Q((0,71), (po,m)) = s \}Ewupouh (9.45)
= /E wipod"z = 0 (9.46)

Therefore ¢g,wp belong to the orthogonal set of C§°(Xp) which is a dense space in
L?(%g) and therefore ¢y = mp = 0 which show that € is non-degenerate. [J.
Now the bijective linear map

n : S—C (9.47)

given by

ul = (u1(07 ’)7 U%(O, )dxn) = (9017 7'['1) (94.8)
allow us to define a symplectic structure on &

Proposition 9 Let S be a non empty set. Then (S,ZE) is a symplectic space with the
symplectic structure

= (u!,u?) = Qro(u), 7o(u?) (9.49)
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Proof

Linearity and the fact that the form is alternating follows in the same manner as in the
above case. Therefore, we only show the form is non degenerate. Notice that if there
is a u' such that = (u!',u?) = 0 for all u? € S there is an element 7o(u') = (o, mo)
such that taking the elements (¢1,0), (0,71) with 1, w; € C§°(X0) we obtain

2(p1,0) (o70) = - [ \}Ewowwh (9.50)
= — | woprd’z=0 (9.51)

o
Q((0,m1), (o, m)) = /E\;EwlSDOVh (9.52)
= / wypod"x =0 (9.53)

3o
(9.54)

As before this implies ¢, wp belong to the orthogonal set of C5°(Xg) which is a dense
space in L?(Xg) and therefore ¢y = mp = 0. Uniqueness of solutions implies that
u' = 0. This show that = is non-degenerate. [J.

There is no special property of the time ¢t = 0 and therefore we could have chosen
another hypersurface ¥; = {t} x ¥ and construct weak solutions to the problem

Dgu =0in Z[O,t)u(t,T) (955)
u(t,z) =up on Xy = X x {t} (9.56)
u(t,r) =won Xy =X x {t} (9.57)

and have another identification map

w : §—>C (9.58)
ooul = (W), ul(t, ) de™) = (p1, 71) (9.59)

and we would have symplectic structure on S given by
= (u!,u?) = Q(r(u"), 7(w?) (9.60)

Since (@1,71) # (@1,71) it is not clear that = (u',u?) = = (u',u?). We show in the
next proposition that this is indeed the case.

Proposition 10 Let S be a non empty set. Then (S,E) and (S,Z) define the same
symplectic vector space. Moreover, the map TtTo_l is a symplectomorphism.

Proof.
We have

2 0?) = r(u) () = [ (@38 Jub () = w8, Jud(,))da”

(u2(tv ')> utl(ta '))LQ(E) - (ul (ta ')7 th(ta '))LZ(E)

(9.61)
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and

E(u', u?) = Qo (u'), o (u?)) = /Z(UZ(Oa Jug (0,-) = u' (0, )uf (0, ))dz"
(u2(07 ')7 utl (07 '))L2(E) - (ul (07 ')a u% (O> '))LQ(Z‘)

(9.62)

Therefore using Theorem [23] in the Appendix, the definition of a weak solution as in
Definition [7] and the regularity of the weak solution given in Definition [9] we have

(u2(ta ')7“151(t7 '))L2(Z}) - (u (O> )?u%( ))LQ(E)
= Jo (wde(0), w2 (0)) -1 (s 113 ) + (20, uf (8)) g1 (3,113 ) O
= Jo Blu(t), u? ()]t + o (@2(t), ul (£) -1 (), pr1 )t (9.63)

and
(u% (O’ ')7 ul(()? '))LQ(E) - (th(tv ')7 u' (t7 '))LQ(E)

= — Jo (i (1), ut () g1 sy, () At — Jo (i), U () i1 (), 13 ()t
= — Jo Blu*(t),u' (D]dt = [y (@} (8), uf (1)) g1 5), 13 (1 (9.64)

Therefore using equation (9.63)) and (9.64) we have

E(ut,u?) — Z(ut,u?) =0 (9.65)

In fact using the fact that = (u', u?) = Z (u', u?) we have the following

Q(p1,m); (p1,m)) = Qro(u'), 70(u?)) (9.66)
= Z(u},u?) (9.67)
= E(u',u?) (9.68)
= Qi (u'),m(u?)) (9.69)
= Q(nry (g01,7r1) TtT(;l((pl,Wl)) (9.70)

Therefore the map 77, 1. ¢ — C is a symplectomorphism. We call the map TETo ! the
evolution map. Explicitly, we have

TtT(;l (w0, ), @10, )dz™) — (ul(t, ), wt(t,-)dz"™) (9.71)

9.3 Quantum observables and states

In this section we define the quantum observables and states of the theory in the alge-
braic approach. Then we describe certain states for which their GN S-representation
(see Appendix for a proof of the GN S-representation theorem ) contains certain phys-
ical properties.
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We make the following definitions

Definition 10 The fundamental observables for the quantum theory in a rough space-
time are the elements of the CC R-representation, constructed from the symplectic vec-
tor space of weak solutions with finite energy, (S,Z).

Definition 11 A state, w, of the quantum field is a linear map
w:CCR(S,2) - C

satisfying

o w(aa*) >0 for all a € A.

e w(I) =1 where I denotes the identity element of A.

We now in the next example construct a Weyl system (A4, W) (See the Appendix for
a formal definition) for an arbitrary symplectic vector space (V,Z).

Example 1

Let H = L%(V,C) be the Hilbert space of square-integrable complex-valued functions
on V with respect to the counting measure, i.e., H consists of those functions F': V —
C that vanish everywhere except for countably many points and satisfy

1F][72 = > [F(9)]* < o0 (9.72)
peV

The hermitian product on H is given by

(F,G)2 =) F(o

peV

~—

-G(9) (9.73)

Let A := L(H) be the C* algebra of bounded linear operators on H as in example .
We define the map W : V — A by

i2(¢

(W(SF) (W) = e 2" F(¢+ 1) (9.74)

It is clear that W(¢) is a bounded linear operator on H for any ¢ € V and W(0) =
idg = 1.

To check the rest of the conditions in definition of a Weyl system, notice that making
the substitution £ = ¢ + v then



100

(W(O)F,G)p2 = %;WW@FMWGW) (9.75)
= %;ega F(p+$)G(¥) (9.76)
_ ;/MG@ — ) (9.77)
- g;éﬁmFﬁxxa—@ (9.78)
= Y F©eTaE - ¢) (9.79)
= g(F,W(—qS)G)Lz (9.80)

Hence W (—¢) = W(p)*.
Finally we compute

(WOWWIF)E) = =3 (WEHF)(p+6) (9.81)
= T e gt w) (982)
L B e o CRN ) (9.83)
= W (o4 9)F)(E) (9.84)

Let CCR(V,Z) be the C*-subalgebra of L(H) generated by the elements V(¢),¢ € V.
Then the CCR(V, Z) together with the map W forms a Weyl-system (A, W) for (V, =)
We have shown that for every symplectic space (V,Z) there is a Weyl-system and
also a C'C'R- representation. Uniqueness of the C'C R- representation holds up to *-
isomorphism (This is Theorem [27|in the Appendix).

In definition [I1] we have given a broad definition of quantum states. This definition has
the minimum requirements such that the GN S-theorem apply. However, the definition
is rather formal and the amount of states available is far too big. Therefore, additional
conditions need to be imposed in the state space (the space of of all quantum states).
In this section we define at the beginning the notion of pure and mixed states which
allow us to obtain the statistical description of quantum field theory.

The first states we define are the so called pure and mixed states.

Definition 12 A state w is said to be mized if it can be expressed in the form
W = ciwy + cawo (9.85)

where c1,co > 0 and wy,ws are states.
Otherwise w is said to be pure.

The mixed states are states such that the GN S-representation of A is reducible (there
are closed proper subrepresentations under the action of {m,(a) : @ € A} ), while for
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pure states it is irreducible [81]. In terms of physical content statistical ensembles of
pure states are mixed states.

The Fock representation of the scalar field in the Minkowski vacuum [74] may be
mimiced by the so called quasi-free states in curved spacetime.

First, we let ©: S x § — R be an arbitrary (real) inner product on S. That satisfies

o ) ) > (B, u2))? (9.86)
Then, we have the following definition
Definition 13 A state w such that
VW ()] = e~ 25 (9.87)

for allu € S is called a quasi-free state.

The state extends to all A by linearity and continuity. In addition, for every element

of the form W (u), w satisfy the positivity condition. However, it does not necessarily

satisfy it for linear combinations, that is the reason for which is a sufficient and

necessary condition to guarantee positivity [74].

If w fails to satisfy

(E(u1,up))?
4p(uz, ug)

then the quasi-free state fails to be a pure state and is a mixed state. In station-

ary spacetimes, thermal equilibrium states (or KMS states defined below) at finite

temperature are represented by quasi-free states which fail to satisfy [74].

The fact that these states give Fock representations in curved spacetime is given by

the following Proposition

p(ut,ur) = Luwby,2o (9.88)

Proposition 11 Given the symplectic vector space (S,Z) and a inner product that
satisfies then there exist a pair (K, H ) called the one-particle structure associated
to (8,2, u) where H is a complex Hilbert space and K : S — H is a map satisfying

1. K is R-linear and the map K +iK : S — H is dense in H.
2. (Ku,Kv)g = p(u,v) + $Z(u,v) for allu,v € S

Proof. The proof can be found in [74],

This one-particle structure would form the basis of our discussion about quantum
dynamics in section

Now, we will see the relationship between the symmetries of spacetime and the alge-
braic framework so far developed.

Given a one parameter group of isometries {s}ser generated by a killing vector y
it is possible to define a one parameter group of x-algebra automorphism (see formal
definition in the Appendix) o : A — A by the condition

aX(1) = 1 (9.89)
af(W(u)) = W(u(és()) (9.90)

Then we have the following definition
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Definition 14 A state w, is x-invariant if

wy (1) = wy(ag()) (9.91)
for all s € R.

When passing to the GNS-representation. One can see [79] that there is a one-
parameter family of unitary operators such that

Uty = ) (9.92)
Ukma ()UX = o, (al¥)(a)) (9.93)

foralls€ Rand a € A

If {UX} are strongly continuous there is a unique self-adjoint operator H, called the
such that UX = e~®" for every s € R and H|y) = 0. If x is a timelike vector, the
spectrum of H is in the interval [0,00) and [¢) is the unique vector with eigenvalue 0,
then w, is called a ground state.

Another important kind of invariant states are the KMS states. We say wg is a KMS
state for aX of inverse temperature S > 0 if for each a,b € A there exists an analytic
function F' which is holomorphic for 0 < Im(z) < /5 and continuous for 0 < Im(z) < 8
so that w(aaX (b)) = F(s) and w(aX(a)b) = F(s + i) for all s € R. KMS states
describe physical systems in thermal equilibrium where the dynamics is given by the
x-algebra isomorphism {a)X}ser [80].

9.4 Unitary equivalence and quantum evolution

9.4.1 Unitary equivalence

In this subsection we will give sufficient and necessary condition for two quantum
field theories defined by quasi free states wi,ws with inner products p; and pe to be
unitarily equivalent i.e. there is an unitary operator U such that Um,, (a) U™ = m,.
The physical content of this assertion is that both theories give the same predictions
such as the expectation value of the quantum observables with respect the cyclic vectors
|1)1, [1)2. However notice that in general one will have U|1)1 # [1)2 which corresponds
to the creation of particles in quantum field theory.

The basic analysis of the issue of unitary equivalence can be found in [82].

Let 1 and po be two inner products in S satisfying . Then a necessary condition
for unitary equivalence is that p; and po are equivalent norms in §. That is for all
u € S there are two positive constants M, N such that

My (u,w) < po(u,u) < Npg(u,u) (9.94)

If this condition is not satisfied is easy to proof that a contradiction must arise if the
theories are unitary equivalent (see [74] for the construction of such a contradiction).
Notice that if u; and ps satisfy , then a Cauchy sequence in p; is a Cauchy
sequence if and only if it is a Cauchy sequence in uo. Therefore, the completion of S
with respect p1 or pg is equivalent. We call the (complexification) of this complete
space SM(C.

Condition is necessary for the unitary equivalence of the theory, but it is not
sufficient. Now, we will state the additional conditions to guarantee the unitary
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equivalence. Let K; where ¢ = 1,2 be the orthogonal projection K; : SE — Hj,
and K; the orthogonal projection K; : SE — H; with respect the inner product
2, v) = (u, ).

We define o? := K 11H, and B2 = YM 1,, and in an analogous way ab and Bi.

Then given x,( € Ho, we have that

QO = p2(X,¢)
= —iE(X, () (9.95)
= —iE(Kix + Kix, Ki¢ + K1¢)
= (aix,ai0)m — (Bix. B, (9.96)

where we used the identity K7 + K; = I, and the orthogonality of H; and H; with
respect to the inner product 2u;.
Moreover,
2
affal - Biiat =1 (9.97)

where o denotes the hermitian adjoint operator of a.
In a similar way we obtain

2 2 2
Tﬁl T 2 ) alT = OL%,
1 151 1t— 22t
042 a2 /BQTﬁQ =1, 05;62 = zT@%a 1 = —5% (9.98)

The maps {aé,ﬁ}\i, j = 1,20 # j} satisfying properties ()1’ are called
Bogoliubov transformations.
The next theorem establish the sufficient and necessary conditions for the unitary
equivalence of the theories.

Theorem 9 The necessary and sufficient conditions for the quantum field theories
defined by the norms p1 and ps to be unitary equivalent are that

1. p1 and po satisfy .

2. The map B3 (equivalently 32) satisfy Tr(ﬁ;fﬂgl) < 00 (equivalently Tr(ﬁ?rﬁ%) <
00).

Proof. For a proof of this theorem see [82].

9.4.2 Quantum evolution

In this subsection we focus in the quantum dynamics of the scalar field. As we have
shown in the evolution map between initial data encode the dynamics of the
field. Now, we give a description of the dynamics instead in the space of Cauchy data,
C in the space of solutions & . We give first a brief description of the dynamics in the
space of Cauchy data.

1. Consider Cauchy data (p,7);,, € C on the initial surface given by t = t5. By
well-posedness there is a unique solution u = 7;,'(,m);, for such initial data
(7',5;1 : C — S is the map between initial data an solutions).
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2. Then we determine the Cauchy data (o, ), for the solution u on the initial
surface given by t = ty, where t; > tg. The relationship between v and (¢, 7); ;
is through the map Tt;l : C — § associated to the initial surface t = ty; u =

-1
th ((pu 7r)tf .

3. The map t(;, 4,) = T, © Ttgl :C = C, (p,m)t, = (p,7)t,, is the finite temporal
evolution in C. As shown in Section this is a symplectomorphism. The set
of all such finite transformations with parameter ¢, {4}, will be denoted by
SP,(C).

In the space of solutions the map

T(tf,to) = Ttgl o t(tf,to) 0Ty = Ttgl 0T, S—S
encodes the dynamics.
If @ is the evolution of u (i.e., & = T(tfvto)u), notice that Igola = I{flu; that is the
evolved Cauchy data at t = t; of the initial solution u is equal to the Cauchy data at
t = to of the “evolved" solution . The set of such map, {7{;4,)}, forms a group and
would be denoted by SP;(S).
While in linear theories of finite dimension each element of SP;(S) can always be
represented as a unitary operator, in the infinite dimensional case and in particular
in the scalar field case the elements of {T(;;,)} can not always be represented by an
unitary operator. The key point is to notice that given an inner product u for each
element Ty 4,) one has an inner product pr, , (-,+) = ((T{1,1)(*); Tt,10) (). Notice that
by construction the inner product pr,, '0) satisfies if o satisfies |D Therefore,
an element of T(; ;) would be implemented as a unitary operator if and only if HTq )
and p define unitary equivalent theories [82]. We state this fact as a theorem

Theorem 10 Given a GN S-representation of a pure quasi free state given by an in-
ner product p, the finite temporal evolution (in this representation) would be given by
unitary operators if and only if the inner product u and the inner product induced by
evolution, pr, are unitarily equivalent VT € SPp(S).

Notice that the implementation of finite time translations as unitary operators is a
different question to that of having a ground state and implementing time translations
as unitary operators. The implementation of a symmetry as described above in section
is equivalent to having a strongly continuous unitary group generated by a self-
adjoint operator which is the Hamiltonian. It can be seen that if this family of strongly
operators exists then the finite time transformations described in this section can also
be implemented as unitary operators. However, it is not the case that implementing
the finite time evolution as unitary operators implies the existence of a self-adjoint
operator which correspond to the Hamiltonian [83].

9.5 Applications

9.5.1 Static C*(k > 2) spacetimes

In this section we are going to explicitly quantise and implement the dynamics of the
field for a particular 1 4+ 1 metric. We discuss the differences between this result and
previous results in the literature.
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Consider a metric g, in a region of the form I? = [0,7] x (0,7) such that the line
element is of the form

ds? = (14 |z|®)dt* — (1 + |z|*)da? (9.99)

where k > 2 and even. Then the metric g, is C*.
Notice that for this metric we have the following lapse, shift, volume form and induced
volume form in [0, 7]

N o= JO [z (9.100)
=0 (9.101)
V=9(v) = (1+[z[") (9.102)
VT o= 1 |2k (9.103)

which satisfies the geometric conditions [4

Now using the Galerkin’s approximation methods as in chapter [7] and the higher reg-
ularity estimates, we have that there is a unique weak solution u as in definition [9
Therefore, the solution satisfies that for each v € L?(0,T; H'(X)),

/OT(< a(t,-),v(t, ) > +Blu,v;t])dt =0 (9.104)

where < -, - > denotes the dual pairing between the H~1(X) and H'(X) Sobolev spaces
and where

s b
Blu,v; t] ::/ g yugvpda :/ UgUpdT (9.105)
0 a

Moreover, the m- approximate solutions (See definition [18.21)) satisfy the energy esti-
mate

[l (&, M 2y < C (ol o + 1Al z2(0.2)) (9.106)

and the sequence of {u™} converges weakly to u in H'(I?) and therefore converges
strongly to u in L2(I?) i.e,

as m — 0o.
For concreteness, we use as the orthonormal basis {wg(x) = sin(kmz)}, which are
eigenfunctions with eigenvalue k? where k& € N. Notice that in this case for each

m
m- approximate solution u™ := Z d® (t)wy(z) then each dF (t) using equation [7.14
k=1

satisfies

dt (t) + C?k2dE () =0 (9.108)

for k=1,..m.
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The general solution of ((9.108)) is

df (t) = Mye'OF 4 Nye Okt (9.109)

for constants M}, N that depends on the initial conditions.

Then, inserting this solution in the general form of the m-approximate solution, re-
ordering and using the fact that u is a real solution the v™ approximate solutions take
the form

u™ =Y Agwg(x) + Agwg(z) = are'*twy (x) + ape g (z) (9.110)
k=1 k=1

where C, ay, aj, are constants.
Moreover, using the strong convergence of the solution u in L?(I?) we obtain

u= Z Apwg () + Agwy(x) = Z are’“Fwy (z) + age Py (x) (9.111)
keN keN
Notice that this equality only holds in a L? sense.
With this decomposition of the solution we can define an inner product in S by re-
stricting to the initial surface

p(u,v) =: Re > Ap(0)Bg(0) =: Re Y _ azby (9.112)
keN keN
where a; are the coefficients of v and by are the coefficients of v using the decomposition
as in . Notice that the series converge by Parseval’s theorem which is Theorem
in the Appendix. Moreover, we have that the inner product in independent of time
or in other words independent of the choice of surface ¢t = cte used. Thus,

pr(u,v) = p(u, v) (9.113)

for all T € SP(S).

Therefore, the dynamics of the field can be implemented by unitary operators.

We would like to point out that in this case it was fundamental the choice of basis
wi(x) = sin(kmx). A different choice would make the inner product time dependent
and therefore a more delicate analysis have to be made to see that Theorem is
satisfied.

We would like to remark that the scalar field quantisation on a static spacetime is well
understood in the smooth case (where the metric and solutions are smooth) [84]. Kay
showed that, in fact, one can promote classical dynamics to unitary dynamics in the
globally hyperbolic case with smooth metrics in the Hamiltonian sense. That is there
is a self-adjoint operator that generate the dynamics.

One of the key theorems used in the proof is Chernoff’s Lemma.

Theorem 11 Chernoff’s lemma Let T be a symmetric operator with dense domain
D C H a (complex) Hilbert space. Suppose T maps D into itself. Suppose in addition
that there is a one-parameter group V (t) of unitary operators on ‘H such that V(t)D C
D, V()T =TV (t) on D and

d

%V(t)u =iTV(t)u; uweD (9.114)

Then T™ is essentially self-adjoint for all n.
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Kay used the theorem on the operator h := gA where

-(53)

and

with dense domain D = C§°(X) x C§°(X) and A, is the Laplace-Beltrami operator of
the induced spatial metric ;;. It is straightforward to see that the theorem breakdowns
if the operator A, does not have smooth coefficients and therefore this previous result
does not include our current example.
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Our inquiry has reached a point where we can step back and look at what we have done
so far. This exercise should be seen as a road intersection where one needs to take out
the map again in order to continue the journey rather than a mountain climber who
sees the vast valley from the top of the mountain. The rest of the journey depends
on where one wants to go. In this spirit, we will let the reader arrive at their own
conclusions. Nevertheless, it is true that this is not a completed work, there are still
many interesting paths that need to be explored and analysed. We would like to show
some of these directions below.

The propagation of singularities

Our work in the second part of the thesis has focused only on the fact that the classical
test-field has H' regularity. However, one can be more precise and give a characteri-
sation about where and in what direction the solutions are no longer C'*°.

To begin, let u be a distribution. We say u is smooth at x’ if there exists an open
neighbourhood U C R™ of 2/ and a smooth function ¢ € C*°(U) such that u(¢) =
Jgn pédx™ for all test functions ¢ € C§°(U).

The singular support, singsupp, of a distribution u is the complement in R” of the set
of all points at which « is smooth. The singular support tells us “where” a distribution
fails to be smooth, while the concept of a wavefront set allow us to define also “in
which direction” the distribution is singular.

To define the wavefront set, we first define a co-vector £ € R™\{0} as a direction of
rapid decay for u at x if there exists a conic neighbourhood I' (a subset of R™\{0} such
that if v € I then pv € T" for p > 0) of £ and a smooth function y € C§°(R") which
does not vanish at x such that

(1+ )V xu(©)] = 0

as £ — 0in I for all N € N where xu(¢) is the Fourier transform of xu({). The set of
singular directions of u at x, ¥, (u) is the complement in R™\{0} of the set of directions
of rapid decay of u at x.

Then we say W F(u) of u is

WE(u) = {(z,x) € R" x (R"\{0})|x € Xz (u)} .

Accordingly, the definition of a wavefront set may be extended to manifolds M in
the following way: We say (z,x) € WF(u) C T*M\{0} if and only if there exists a
chart neighbourhood (¢q,U,) of x such that the corresponding coordinate expression
of (x,x) belongs to WF (u(¢s)) C R™ x (R"\{0}) where n is the dimension of M.
The phenomena of propagation of singularities correspond to the answer to the fol-
lowing question. What is W F'(u)? For concreteness, we focus on the wave equation
Ogu = f where gq, € C™ in the sense of distributions i.e. [, ugpuy = [, foug for
all test functions ¢.

The key concept to answer this question is the characteristic set. To define this set,
we first define the principal symbol of the operator [, as the homogeneous polynomial
p(z,n) = g*(x)nam, where n,,m, are the components of a co-vector 7. In the case of
Minkowski spacetime, we have py(z,n) = —n3 +n3 +n3 +n3 where 1 = (99,171, 72, 3)-
The characteristic set of Oy, char(dy), is the set of points in 7% M such that p(z,n) =0
which is the light-cone bundle

C = {(z,m)|gz(n,n) = 0}
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which is ruled by null geodesics called bicharacteristics (|85], Chapter 3).
Now we can state the result of the propagation of singularities theorem

Theorem 12 Let Oyu = f where gqa € C°°. Furthermore, let v : [a,b] = T*M be a
bicharacteristic. If u satisfies v([a,b]) "W F(f) =0, then either v([a,b]) C WF (u) or
v([a,b]) "W f(u) = 0. Moreover, independent of the condition v([a,b]) NWF(f) =0,
we have WF(u) C WF(f) U char(dy).

A proof of the Theorem can be found in [86] [79]. There is also a refinement of the
notion of wavefront set in terms of Sobolev spaces.

We say a distribution u is microlocally H® at (x, x) € (R™\{0}) if there exists a conic
neighbourhood I' of x and a smooth function ¢ € C§°(R"), ¢(z) # 0 such that

[+ IePyIguePae < o

The Sobolev wavefront set W F*(u) of a distribution u is the complement, in 7% (R™)\{0},
of the set of all pairs (x, x) at which u is microlocally in H®; a similar construction as
in the smooth case generalises to manifolds.

With the notion of the Sobolev wavefront set one can thus prove similar theorems as
the one above but in the low regularity setting. Results in that directions consider
regularity where the second derivative of the metric is in L([0, 7], L>(X)) [87] or
manifolds with corners [88].

The renormalised energy momentum tensor (REMT)

The main motivation for the regularity chosen for our classical weak solutions u was
that they have a well-defined distributional energy-momentum tensor Ty,[u]. How-
ever, when we move to the third part of the thesis this important observable was not
mentioned. We want to come back to this issue now.

A natural requirement for the quantisation of the scalar field is the existence of states
w such that the quantum observable (7)., is well-defined. In the case of a C*° glob-
ally hyperbolic spacetime, the existence of states that satisfy the microlocal spectrum
condition is a sufficient condition [76]. The microlocal condition is a condition on the
two-point function of the state w, which in the case of quasi-free states determine the
state completely [79].

The two-point function of a state w in the case of a C*°-globally hyperbolic spacetime
is defined for any ¢,1 € D(M) as

62
_% |t,s:0

where G is the causal propagator as defined in Equation . We further notice that
by using the Schwarz kernel theorem, G, G™ and G~ are also a bidistributions which
we denote by G, G and G~. Then wy : D(M x M) — R is a bidistribution which is
also a bisolution i.e.

wa(¢, ) = W(G(P)G(Y)) = w (W(G(tg))W(G (1))

w2(0g, ¥) = wa(¢, Ogtp) =0

We mention that the two point function allows us to also define the Feynman propa-
gator wr of a state w to be wr = iws + GT.
To define the microlocal spectrum condition precisely, we define the sets
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C = {(z1,n,22,m) € T*(M x M)\0;
9*(@1)naT = 0, 9" (x2)nafly = 0, (z1,1) ~ (z27]) }
Ct ={(z1,n,22,7) € Cymo >
C™ ={(w1,n,22,7) € C;no <

where (z1,n) ~ (x2,7) means that 7,7 are cotangent to the null geodesic vy at 1 resp.
xo and parallel transports of each other along .
We now define the microlocal spectrum condition.

Definition 15 A state wy on the algebra CCR(S, E) satisfies the microlocal spectrum
condition if its two point function we is a distribution D'(M x M) and satisfies the
following wavefront set condition

WF(wapg) =Ct Cc WF(Q)
The states that satisfy the microlocal spectrum condition are called Hadamard states.

A characterisation in terms of the Sobolev-wavefront set has been obtained by Junker
and Schrohe which was used to study the larger class of adiabatic states [77].

Definition 16 A quasifree state wy on the algebra CCR(S,E) is called an adiabatic
state of order N € R if its two-point function wan s a distribution that satisfies the
following H®-wavefront set condition for all s < N + %

W F*® (ng) C C+
Hadamard states are adiabatic states of any order.

The analysis done by Junker and Schrohe was done in the C'*°-globally hyperbolic
spacetime. However, these states seems to be the adequate states for the analysis of
(Tyup)w in rough spacetimes.

We also point out that one further issue that has to be addressed is that the causal prop-
agator G is used extensively to define the correct singular structure of the Hadamard
states. Therefore, it might be interesting to look for a rough version of this propagator
as well. We mention below some probable conditions that such a propagator must
satisfy:

A rough propagator G, : V — S is a linear map from a function space V that satisfies
the following properties:

1. G, is onto.

2. Gr¢ =0 if and only if ¢ = (O, +m?)1) (in some weak sense).

3. For all u € S and all ¢ € V, we have [,, udr, = Z(Gr¢, ).
Moreover, the sequence of linear maps

Uy G, g

0 Vv S S

is a complex, i.e. the composition of any two subsequent maps is zero.
These conditions are satisfied in the C'°° globally hyperbolic spacetime by choosing
V =D(M),S = Ss. as mentioned in Part III.
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Black holes and the early universe

The physical motivation for studying singularities comes from two scenarios: Black
holes and the early universe. In this section, we address several directions of research
and some results about the description of singularities in these physical scenarios.

As mentioned in the introduction of the thesis, the singularity theorems only establish
geodesic incompleteness and not the precise nature of the incompleteness. In examples
such as Friedmann Robertson Walker or Schwarzschild the metric suffers a loss of differ-
entiability and eventually fails to be extended as a C? Lorentzian manifold [89] 90, [91].
However in the Kerr and Reissner—Nordstrom spacetimes, there is a loss of global
hyperbolicity instead. In these cases, while the maximal globally hyperbolic develop-
ment is unique [3], one may extend the spacetime (even in a C'°° manner) in non-unique
ways. The boundary of the original manifold in the extension is known as the Cauchy
horizon. It is expected that under small perturbations the extensions are unstable
and some loss of regularity will occur, preventing the extension. Moreover, a detailed
analysis of Einstein’s equations shows that in general one should expect the singularity
in the conformal compactification to be of null type (rather than spacelike).[92]. The
analysis of such situations is part of the content of The Strong Cosmic Censorship
Conjecture. In fact, Dafermos has shown that the outcome of the conjecture depends
critically on the differentiability of the metric allowed in the extensions of the maximal
Cauchy development [40].

In Part I of this thesis, we analysed the singularity in the 1 + 1 case of a Friedmann-
Robertson-Walker metric and found that the singularity is a point. We have also
mentioned that in the 4-dimensional Friedmann-Robertson-Walker and Schwarzschild
case the complete space M is no longer a Hausdorff space. This raises the question
about the physicality of the construction, although some alternatives have been pro-
posed to fix the situation [26]. In cases like Kerr and Reissner-Nordstrom, one would
expect that the b-boundary coincides with the picture given by the conformal com-
pactification in which the boundary is the Cauchy horizon which is a null hypersurface.
However, a detailed calculation of this spacetimes has not been done.

In Part II of this thesis, we used as a necessary condition for a singularity to be regarded
as a strong gravitational singularity that in any neighbourhood of it the evolution of
the wave equation is not locally well-posed in H'. Therefore, we expect that around the
singularity of Schwarzschild any rough extensions will satisfy this. In the case of Kerr
and Reissner-Nordstrom, the behaviour of test fields at the interior of black holes has
been studied from the point of view of global well-posedness as the local well-posedness
does not present any difficulties. In those cases, it has been shown that the decay rates
of the field at the event horizon are crucial to the existence of an Hj . solution at
the interior up to the Cauchy Horizon [51] [52]. Also, in the Reissner-Nordstrom case
bounded solutions exist in the extension through the Cauchy Horizon. More strikingly,
is the fact that in the case of extremal Reissner-Nordstrom or Reissner-Nordstréom-De-
Sitter (RN-DS) one can prove that such finite energy solutions exist [93]. In fact, these
works support recent evidence that the Strong Cosmic Censorship may not hold in
these scenarios under the criteria of the regularity of C° metrics and L2-Christoffel
symbols. If one holds the view that generically under gravitational collapse, there
must be a loss of regularity, then one would need to analyse global well-posedness of
wave equations in rough spacetimes.

In the case of the early universe, the loss of regularity at the initial singularity would
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require analysing spacetime with rough metrics if one insists on extending the manifold
as a Lorentzian manifold [94]. However, there is the possibility to extend the metric
as a degenerate metric, where the signature is no longer two and one admits zero
eigenvalues in the “metric” [89, 05]. If one follows this ideology, then one needs to
study a more complex setting of a degenerate hyperbolic equation. In this direction,
there have been interesting partial results. For example, even if all coefficients are
smooth, a smooth solution at the point where the metric vanishes may not exist [96].
However, also analytical conditions have been found for the well-posedness of such
problems [97] but the physicality of such conditions remains to be analysed.

In Part III, we probed spacetime with quantum fields. In this case, it is shown that
(Tup)w for certain states w diverges in general when one approaches Schwarzschild type
singularities [99], the cosmological singularity [L00] or a Cauchy Horizon [98]. More-
over, because the quantisation procedure relies on the classical theory it is only recently
that a more precise mathematical approach has been developed that allows one to un-
derstand these scenarios. We point out the result by Markovi¢ and Poisson [I01] which
shows that in the RN-DS the Cauchy Horizon is stable classically but probing it with
quantum matter one obtains that states are ill-behaved as they approach the horizon.
This is puzzling, as the (in)-stability of the Cauchy Horizon is a classical question,
and nevertheless, the instability can only be seen through quantum considerations.
Moreover, the environment changes drastically when one considers quantum fields in
curved spacetime as there is particle creation in black holes [102] and in cosmological
models [103]. All these phenomena have to be included to give a complete picture of
the final fate of black hole and cosmological singularities in quantum field theory in
curved spacetime.

Semiclassical relativity and quantum gravity

As mentioned in the introduction, a complete consistent description of space and time
in the physical sciences is still missing. Therefore, one must go beyond General Rela-
tivity. A conservative way to do this is what is called the semiclassical approximation
of General Relativity in which one considers the equation

Gab = <Tab>w

where (Typ), is the renormalised energy-momentum tensor.

The equations are now fourth order in the metric g, which makes their analysis more
convoluted than the second order equations of General Relativity. A more worrisome
issue is the fact that the theory may not be reasonable from a physical perspective
because stable classical solutions may not exist. For example the stabilty of Minkowski
spacetime requires additional ad-hoc constraints [104]. Another aspect that needs to
be addressed is the fact that one needs an additional criteria to determine which state w
is being used. Also, a critical issue is the tension that arises between the conservation
of energy-momentum built into General Relativity and the measurement process in
quantum theory which could allow the local violation of this conservation law.
Regarding the main topic of this thesis, the semiclassical approximation will likely
allow singularities as predicted by the singularity theorems. Notice that the theorems
cannot be straightforwardly applied as the energy conditions are not true for quantum
matter fields [I05]. However, if these negative energy violations are small enough,
geodesic incompleteness must follow. Initial steps towards a full quantum versions of
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the singularity theorems have benefited from the quantum energy inequalities [106]
which have allowed partial version of quantum singularity theorems [I07]. One can
even take the point of view of a characterisation of singularities along the lines of the
strong cosmic censorship in which one regards a singularity as the region where the
semiclassical equations break down as a well-posed problem. As mentioned above, this
will be a lot harder than the already difficult second order non-linear classical version.
A more radical step requires one to consider versions that quantise gravity or make
gravity emerge from more fundamental structures. A complete and fair description
of these approaches is beyond the scope of this thesis. However, we would like to
discuss some general expectations some approaches such as Loop Quantum Gravity,
Asymptotic Safety, Euclidean quantum gravity, Discrete Quantum Gravity and String
theory have in common. A comprehensive overview of the current approaches to
quantum gravity can be found in [I08].

One condition that is expected from a consistent picture of quantum gravity is that
singularities are resolved and therefore the problem of singularities disappears. This is
similar to the ultraviolet catastrophe where singularities or divergences in the energy
appeared in the black body case and only when the quantum picture emerges the
singularity disappears. In the quantum gravity community, research has been done
showing how under the perspective of quantum gravity cosmological singularities [109]
or black hole singularities are resolved [I10] in certain particular scenarios. While this
is a promising step forward, there are theoretical arguments showing that quantum
gravity cannot solve all singularities of GR. Otherwise the theory becomes inconsistent
[I11]. At the end, the main problem of our current understanding of quantum gravity
is not only the inherent complexity of quantum gravity, but also the lack of precise
criteria for the classical structure of singularities which the quantum regime needs to
look at.

From a physical perspective, the only judge to solve this dispute can be an experi-
ment. Hence, until we have experimental data and a theory which is able to model a
singularity-free picture of gravitational physics, these approaches remain speculative.
Since their conception, semiclassical gravity and quantum gravity have stubbornly re-
fused experimental falsification. This tells us just how frustrating the search for a
gravitational singularity-free description can be. Nevertheless, while there is time and
will, the human spirit may be up for the task.
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Chapter 10

Differential Geometry

10.1 Manifolds

A function f on an open set U of R™ is said to be C¥ if f is k-times continuously
differentiable. A function f on an open set I/ of R™ is said to be Lipschitz if there is some
constant K such that for each pair of points p,q € U, | f(p) — f(q)| < K|p—q|, where |p|
denotes the usual Euclidean distance. We denote by C*! those C*~! functions where
the k-derivative is a Lipschitz function.

A C* n-manifold M is a set M together with a C* structure. A C* structure consists
on an atlas {Uy, o} where the U, are subsets of M and the ¢, are one-one maps of
the corresponding U, to open sets in R™ such that

1. the U, cover M, ie. M =, Uq,

2. if U, N Up is non-empty, then the map
ba 0G5 1 PaUa [ \Us) = daUa( \Up)

is a C* map of an open subset of R” to an open subset of R™.

Each U is a local coordinate neighbourhood where a point p € U, has the coordinates
of ¢o(p) in R™. An atlas is said to be compatible with a given C* atlas if their union
is a C* atlas for all M. The atlas consisting of all atlases compatible with the given
atlas is called the complete atlas of the manifold. A C* manifold with boundary is
defined in the same way replacing R™ by R’ (the upper half plane). A C"(r > 0)
manifold has a unique C* structure ([3]). A I-dimensional manifold N is an embedded
sub-manifold of the n- dimensional manifold M provided N is locally described as the
common locus:
F(z', ., 2") =0,.., F”_l(:nl7 Hx™) =0

OF~ ]

of n—1 C' functions that are independent in the sense that the Jacobian matrix [ B

has rank (n —[) at each point of the locus.

If 7 is a 1-embedded (possibly piecewise) sub-manifold on M, we call it a curve on M.
If v is a curve such that there is not another curve ' with the property that v C +/
then ~ is an inextendible curve. If a curve 7 defined in a open subset (a,b) satisfies
that lim;,, () = «, lim;,y(t) = y and z,y are in M, we call x,y the endpoints
of the curve . Notice coordinates can be seen asa family of curves on M which we
call coordinate curves. An arbitrary coordinate curve denoted v, can be written as
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the common locus z% — C, = 0 with C, constants and for all 2% # y. For example, in
cartesian coordinates a curve -y, correspond to the geometric place x—Cy = y—Cs =0
for arbitrary constants C7 and Cj.

The topology T of M is the topology induced by the maps {¢,} on M. The open sets
are unions of sets of the form {¢ 1 (U)|U € mgn}. If M is a manifold with boundary,
then the boundary of M, denoted by dM, is defined to be the set of all points of M
whose image under a map ¢, lies on the boundary of R'}.

A topological space M is said to be a Hausdorff space if whenever p, q are two distinct
points in M, there exist disjoint open sets U,V in M such that p € U, q € V. An atlas
{Uy, o} is said to be locally finite, if every point p € M has an open neighbourhood
which intersects only a finite number of the sets U,. M is paracompact if for every
atlas {Ua, ¢o} there exists a locally finite atlas {V3,13} with each V3 contained in
some U,. We require the topology 7 to be Hausdorff and paracompact. This will
assure good local behaviour and the existence of partitions of unity which are useful
to go from local properties to global ones.

Given a covering {Uy}, o € J of M by {U,}, a partition of unity subordinate to this
cover is a family of real-valued functions f, : M — R with the following properties:

L. fa20.

2. The collection {supp(fa)} is locally finite (at each point z € M there are only a
finite number of functions f, # 0

3. The support of f, is a closed subset of the patch U,.
4. 3, fa(p) =1 for all z € M.

Then that partition is said to be of class C* if the f, are of class C*. Unless otherwise
stated, all manifolds will be paracompact C'°° connected Hausdorff manifolds.

10.2 Vectors, One forms, and Tensors

The differential structure of M is enough to define vectors X® on each point p of M.
Given a C' curve 7 such that y(ty) = p with tangent vector X at p is the operator
which maps each C' function f into the number

f(y(to +h)) = fy(to)) |
: ;

X(f)liy = Jim

that is, X®(f) is the derivative of f in the direction of v(¢) with respect to the parameter
t. We define the tangent space, T,(M), of a point p in M as the space of all tangent
vectors to M at p. This is a n-dimensional vector space where a basis is given by the
tangent vectors of the coordinate curves that satisfies p € 7, with a € {1,2,....,n}.
We write this particular basis as { 8‘; }. Note that this implies that 7),(M) = R"™ The
tangent space allows us to define a differential function ¢ from a manifold M to N.
We say that the map ¢ is differentiable with differential D if for all p in M the map
Dy : TyM — T,y N is a linear map, explicitly it takes the form Dy, (X?)(f) =
X fo@)lp =Y, where f is smooth real function on N.

If the map f is differentiable with a differentiable inverse we call f a diffeomorphism.
The dual space, T,;(M), is the space of all linear functions from 7), to R. The
elements, V' of this space are called co-vectors and span a n-dimensional vector
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space. A basis {E?} of T;(M) is called dual to a basis {E,} if E(E) = L. A
tensor type (s,r), T;ﬁ::is at p is a linear function from the Cartesian product form
by r copies of T; and s copies of T}, to R. The space of all such tensors is called
the tensor product Ti(M). The components of a tensor Tlfll_:jf:’“ with respect to
the co-vectors and vectors {Eq,...E,,, E*...E%} is just the evaluation of the tensor
Tyl (Bays oo By Eb ..., E%). Given two tensor Tlfll.:j;:T,Sgll'f;q we can form the ten-
sor Ty ® Sgll_'.'.'batq by taking vectors and covectors

{Ey,.,E,,E',..,E° Ey,..,E, E', .., E'} and sending it to the number

Tyt (B, .., Be, BY, L E9)S) 0 (B, L B EY L EY.

A (0,r) tensor Ty, 4, which components are of the form

1
—{ alternating sum over all permutation of indicesa; to ar}
p!

is called a r-form. We denote this type of components by Tj,, ,,]- The space of all
r- form at a point p is denoted by AJ(M). If A is a r-form and B is a g-form we
defined the wedge product AN B as the (r+ ¢)-form given by a tensor with components
A[al...arBal...aq]'

There is a special operation d on r-forms called exterior derivative defined by the
following properties:

e d is linear;

d(AT) C AT

If f is a function df is the differential defined above;
e &> =0;
e d(ANB)=dAANB+(—1)" ANdB with A € A".

10.3 Metrics

A metric is a symmetric tensor g of type (0,2) at each point p. Given a basis {E}
of T}, the ab-component of g is = g(E®, E®). The signature of g at p is the number of
positive eigenvalues minus the number of negatives ones. If ¢ has signature |n — 2| we
called g a Lorentzian metric. With a Lorentzian metric on M, the non zero vectors at
p can be divided into three classes: a vector X € T}, being said to be timelike,null or
spacelike according to whether g(X, X) is negative, zero or positive. A curve 7 is called
timelike,null or spacelike according to whether g(¥,) is negative, zero or positive in
all the domain of definition of ~.

If we are in a Riemann manifold then the metric define a distance function

Y
d(z,y) : (2,y) € M x M %inffy{/ M} cR

where the infimum is taken over all piecewise C' curves v from x to y. Moreover, the
distance function allows us to define a topology. A basis of that topology is given by
the set {B(z,r) : y € M|d(z,y) < rVz € M}. The topology naturally induce a notion
of convergence. We say the sequence {x,} converges to y if for € > 0 there isan N € N
such that for any n > N d(zy,y) < €. A sequence that satisfies this conditions is called
a Cauchy sequence. If every Cauchy sequence converges we say that M is metrically
complete.
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10.4 Hypersurfaces and volume forms

If S is an n — 1-dimensional orientable manifold and © : S — M, satisfies that
DO : TS — TM is injective, then the image O(S) is said to be a hypersurface in M.
If gap is @ metric on M, the imbedding induces a metric h called the induced metric
given by hy(+,-) = go@p) (DO(+), DO(-)) for any vector in T),S. If g is positive definitive
the metric h would be positive definite. If g is Lorentzian metric we use the one form
n, defined by the normal bundle (see below in subsection and notice that h will
be

e Lorentz if ¢*nony > 0 and we call the hypersurface a timelike hypersurface,
e degenerate if ¢®n,ny, = 0 and we call the hypersurface a null hypersurface,

e positive definite if g®®n,n, < 0 and we call the hypersurface a spacelike hyper-
surface.

Given a metric g in a n-dimensional manifold M we called the n-form

vy = \/|det(g)|dz' A ... A dz™

the volume form associated to g. Given a vector X¢, the form j = v4(X%, ..., -) defines
a n — l-form. We define the divergence of X%, div(X®) as the unique scalar such that
dj =: div(X*)vy.

10.5 Divergence Theorem

The Stoke’s theorem can be stated as

Theorem 13 e Let M denote a bounded, (n)-dimensional, orientable C* manifold
in Q C R™ with reqular boundary OM that is a bounded, n — 1-dimensional,
orientable C' hypersurface and such that OM is a lipschitz domain.

o Let w denote a n-dimensional differential form of the class C*(M).
Then,

/M dw = /BM w (10.1)

In the case when we choose dw = div(X®)v, for some vector X we called the result
the divergence theorem.
There is a version of the Theorem in low regularity that we state below.

Theorem 14 Let Q be a compact set with compact closure with Lipschitz boundary
and let Z* be a vector field on an (n + 1)-dimensional manifold M with continuous
metric gqp and metric volume element vy. If

7% € W), gap € WM (),

Ju? = I
o0 Q

for j =izavy and where dj = div(Z%)v,

then the Stokes identity holds:

A proof of this can be found in [112].
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10.6 Fibre Bundles

A Fibre Bundle consists of manifolds F, B, and F' with a C'*° surjection 7 : £ — B
satisfying that for every e in E, there is an open neighbourhood U C B of 7(e) such
that 771(U) is diffeomorphic to the product space U x F, in the sense that for each
point p € U there is a diffeomorphism ¢, of 7~%(p) onto F' such that the map ¥ defined
by W(e) = (m(e), dr(e)) is a diffeomorphism. B is called the base space of the bundle,
E the total space, and F' the fibre. When the fibre F' is a vector space the fibre bundle
is called a vector bundle.

The trivial bundle is the fibre bundle given by the Cartesian product of the base space
and the fibre to generate the total space, ' = B x F'. The map = is given by projection
on the first factor.

The tangent bundle, T M, is the vector bundle with base space B = M, total space
E = UpemT), and fibre ¥ = R". The manifold structure on E is define by local
coordinates {24} = {(x% V*)} where {2} are local coordinates on M and V are
the components of the vector V¢ at T}, with respect to {52 }.

The cotangent bundle, T* M, is the vector bundle with dual to the tangent budnle in
the sense that the fibre F are one-forms. The manifold structure on E is define by
local coordinates {z4} = {(z%,V,,)} where {29} are local coordinates on M and V,,
are the components of the one-form V* at T}, with respect to {dz®}.

The normal bundle, N(N', M), of a l-sub-manifold N embedded in a n-manifold M is
the vector bundle with base space B = N, total space E = Upe Ny where N), is the
vector space T,(M)\T,(N) of and fibre ' = R"~!. The manifold structure on E is
define by local coordinates {24} = {(2%, V® + [W?])} where {#'} are local coordinates
on N and V®+ [W?] are the components of the vector V at T, M with respect to the
coordinate basis {x®} on M. The map 7 projects each point of N, into p. The normal
bundle of a hypersurface S defines a unique one-form field denoted by n,.

Let N be a closed oriented sub-manifold of dimension % in an oriented manifold M of
dimension n. A tubular neighbourhood of N is by definition an open neighbourhood of
N in M diffeomorphic to a vector bundle of rank n—k over . The tubular neighbour-
hood theorem states that every sub-manifold N in M has a tubular neighbourhood
T, and that in fact 7 is diffeomorphic to the normal bundle N (N, M).

10.7 Lie Groups

A Lie group, G, is a group that is also a manifold such that the group operation
(a,0) eGx G —=ab ' €@

is a C*° function. The group structure of a Lie group allows us to define a left action,
L4 given by:

Ly:heG—gheG
for all g in . The manifold structure defines a differential dL, : TG — TG. A left
invariant vector field is a map V' : G — T'G that is fixed under the differentials of left
translations, this means:

DL,V (h) = V(Lgh) = V(gh),Vh € G.

The left invariant vector fields of a Lie group form a vector space and an algebra under
a bilinear operation called the Lie bracket. This algebra is the Lie algebra g of the Lie
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group GG. As a vector space g is isomorphic to the tangent space T.G where e is the
identity element of the group G. For every ¢ in g there is a one parameter subgroup

p:teER—gelG

such that ¢(0) = e and ¢(t + 7) = ¢(t)¢(7) with the property that ¢ is a curve with
tangent vector g at ¢(0). We define the exponential map:

exp:geg— p(l) eqG.

We have then that ¢(t) = exptg.
There is an important representation of a Lie group, G, in its Lie algebra g named the
adjoint representation given by the automorphisms

ad(g):h € G — ghg™' € G,Vg € G
which induces an automorphism
ad(g)s : g € g = d(ad(g))j € g,Vg € G

Classical examples of real Lie groups are the matrix groups: GL(n,R), O(n,R), SO(n,R),
SO(1,n,R) and SU(n,R) with Lie algebras: gl(n,R), o(n,R), so(n,R), so(1,n,R) and
su(n,R).

10.8 G-Principal Bundles

A principal G-bundle P, is a fibre bundle with a right action, R, that acts freely
(p,g9) € Px G — Ry(p) = pg € P;

where the base space B is the quotient space of P by the equivalence relation (p,g) ~
(¢,9") if p = q and there is h in G such that ¢ = hg’ and there is a mapping ¢ of
7 1(U) into G satisfying p(pg) = ¢(p)g for all p in 7~1(U) and g in G.
Let M be a n-dimensional manifold. A frame, {E*}, at p is an ordered basis of T},. Let
L(M) be the set of all frames {E*} at all points on M with the projection 7 sending
a frame at p to p. Then the general linear group GL(n,R) has a natural right action
on {E?} by right multiplication, i.e., given ({E}, A%) the action of A2 € GL(n,R) on
{E%} is {E® = E°Ab} If {2} are coordinates on M and we choose the frame {a‘za}
then it can be shown that the coordinates (z¢, Xg¢) are a local coordinate system of
LM where XJe represent the ab matrix element of the change of basis matrix between
aﬁa} and any other frame {E®}. In fact this choice makes L(M) a G-principal
bundle called the frame bundle. Moreover, if we have a metric in M and we restrict
the frames to just orthonormal frames we obtain another G-principal bundle called the
orthonormal frame bundle, O(M) with Lie Group the orthonormal group, SO(n,R) or
SO*(1,n,R) depending on the signature.
Given a principal G-bundle P and a fibre bundle F with fibre ' where P and E have
the same base space B then F is called an associated bundle to P, if the quotient space
of P x F' by the equivalence relation given by the action

(., f) e PxF —(pg,fg ') e PxF
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and denoted as P x¢ F'is E. As an example mention that the tangent bundle, T'(M),
of a n- dimensional manifold M is isomorphic to an associated vector bundle of LM
with fibre R™.

Every tangent space T3P of a G-principal bundle P has a subspace called the vertical
subspace V5 given by the kernel of the differential D7 restricted at p. Explicitly,

Vs = {E® € TyP|Drp(E®) = 0 € Ty B)

10.9 Canonical one forms and Connections
The solder form of a frame bundle L(M) is the map:
0 : TL(M) - Rn : (Tja Q) — WP(DW(T% Q))

where P is a point in L(M) and @ is an element of T;LM. The solder form for the
orthonormal bundle O(M) is defined similarly. Notice that Vi C ker(6).

A connection V in a G-principal bundle is an assignment of a subspace Hp called the
horizontal subspace of Ti(P) for all p in P such that:

o I5P = H; &V
e For any p,q € P there is a C™ curve v such that T, P = H, ;) @& V, ).
o Hyq = DpR,(Hyp) for every p € P and g € G.
A connection form w of a connection V in a G-principal bundle is C*° map:
w:TP —g

with the following properties:
o If w(X) =0 then X € Hyp for some p in P

e For all g in G and all C*° maps X : P — TP

@(DRy(X)) = adu(9™)w(X)

e Forall g € g, w(X[ij) = g where X is the tangent vector at ¢ = 0 of a curve given

by V(t) = Rexptﬁ(ﬁ)

Connections and connection forms determine one another uniquely.
We shall now express the connection w by a family of forms each defined in an open
subset of the base manifold M. Let {U,} be an open covering of M with a family
of diffeomorphism v, : 771 (U,) — U, x G and the corresponding family of transition
functions Y.5 : Uy NUs — G. For each a, let 04 : Uy, — P be defined by o, =:
Yo (z,e), v € Uy, where e is the identity in G.
For each «, define on U,

wa(v) := w(Doy(v))

for all v € TU,. Then w, is a g-valued one-form. We also define on U, NUg, a g-valued
one-form by

0o (v) := 0(Dipop(v))
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The family of one forms {w,, ,} define uniquely w [28§].

If we pick a particular chart U, and a basis {Ef} of g . It is possible to define n?
functions T'¢, on U, such that w,(-) = 2(['¢.dz(-))ES, on Uy,. The functions T'¢, are
called the Christoffel symbols.

As in the case of the principle bundle, the connection forms w, define a connection
V. The connection V satisfies that:

o If Tp' ;' is a C" tensor of type (r,s), then VT;'' ;' us a C"! tensor field of
type (r,s + 1),

e V is linear,

o for arbitrary tensor fields 7} """, Sgll.'.'.',iq, we have

al...a ai...aqg al...ar ai...Gq ai...ar ai...aq
VT b, © 5, ' = ( Ty, b, ) @Sy, b Ty b @V Sy, T,

e Vf =df for any function f.

If the principal G-bundle is LM we define a covariant derivative of a vector Y* along
X? on the base manifold B by the vector VxaY? := VMY %(X?). In general we define
The covariant derivative of a tensor 7' "}"" along X to be the tensor VxaTj'' ' :=
VT (X®) and denote its components by Tgbil_jjgi‘:’;al .

This derivative provides a notion of parallel propagation on the manifold M along a
curve 7. Let y(t) be a C1. A vector, V%, that satisfies

ViV =0
is said to be parallel along ~v. If a curve « with tangent vector # satisfies the equation
Vi =0 (10.2)

then ~ is called a geodesic which is the analogue of straight lines in curved manifolds.
The parameter of « is called an affine parameter and the length with respect to this
parameter affine length.

An important tensor defined by the connection is the (3,1) Riemann tensor given by:

R(X Y, Z¢) 1= VxaVys Z° = Vys Vxe Z° = Vixa yn Ze

for any three vectors X%, Y? Z¢ and where [X?,Y?] is the Lie Bracket of vector fields

[3]. This tensor defines the curvature of the manifold.

If we have a metric g,5 on M we say the connection is metric compatible if V_o gup =0
oz

for any choice of basis { a?:c}' If in addition it is satisfied that Vy4s X% — VxaY? =
[X% Y?] for any vectors X Y® we called the connection the Levi-Civita connection
of the metric g,. This connection always exists and is unique.

In addition, there is also a connection V induced in any associated bundle of £LM.
In particular the associated vector bundle isomorphic V' to T'M allows us to describe
the geometry in what is called Cartan’s method. Given {E“} an orthonormal basis
of vectors we have that Vg FE, = wS, B where w® = wb E° are called the connection

one-forms on V.
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Then we can express the Levi-Civita conditions, where the line element of the metric
takes the form ds? = g E, ® Ep, with jig, a matrix of constants, as:
wy =0
and
dE, = —wl A Ey. (10.3)

The curvature 2-form is defined by the equations:

b = dwy +wd A\ wp (10.4)

which is related to the Riemann tensor through
a _ 1 a c d

where R%, are the components of the Riemann tensor in the frame {E,}.

10.10 Conjugate points

Let v belong to a smooth 1-parameter system of affinely parametrised geodesics in a
manifold with a Lorentzian metric. This system of geodesics can be described by a
smooth map p from a strip {(¢,v)[tg < t < t1,—€ < v < €} into M, where each path
defined by v equal to a constant is an affinely parametrised geodesic, parametrised by
t, and v(¢t) = p(t,0). Now we denoted by T = u*(%) and V* = ,u*(%) the vectors
given by the standard embedding in M of the coordinate vectors %, % . These vectors
satisfy the condition that [T, V] = 0 as they are "coordinate vectors" and V¢ satisfies
the geodesic equation Vy«V® = 0. This conditions can be simultaneously stated as
the condition that V¢ satisfies the geodesic deviation equation

ViV V= R T°T°T? (10.6)

A Jacobi field is any vector V* defined along ~ that satisfies the geodesic deviation
equation. A conjugate point is a vanishing point of the Jacobi field.

Let v be null (timelike) geodesic meeting a smooth two-surface 7 (three dimensional
hypersurface S at the point p). Then a point ¢ € T' is said to be conjugate to
T(S) on ~ if and only if a non trivial Jacobi field exist on 7 which vanishes at p
but not everywhere along -, and which arises from a one-paramter system of affinely
parametrised null geodesics which are all orthogonal to 7(.S) at their intersection.
Often to guarantee the existence of conjugate points it is not needed to solve the full
geodesic deviation equation. Lets consider a congruence of timelike geodesics with
future-pointing unit tangent field u® in a Lorentzian manifold with metric g,. The

expansion, 0; vorticity, W®; and shear, c® are defined uniquely by the expresion

Uag;op = §0 (uaauab - gaaab) + Cagay T Waaab

and the requirments that W% is antisymmetric and o is symmetric. We are using
the notation «, to denote the components of the corrsponding tensor. In particular
we have that 6 defined as

0 := div(u)
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satisfies the Raychaudhuri equation

g
dt
where 0q,q,0%“ is a positive and we have assumed without lose of generality that
the vorticity, @, of the geodesics vanishes. A detailed explanation of this tensors and
the derivation of the Raychaudhuri equation can be found in [3].
Notice that if RepT*T? > 0 then we have an inequality of the form

1
Qg ,,Q 2 Qg Qg O
—Llagoy “ Y — Vagay “ Qq ey ah.
R u“rut 30 o gt W YyHace

de 1
— < —-0?<0.
dt 3
Therefore if the initial value of 6(0) = 6y is negative we have the inequality

1 S 1 n t

9~ 6y 3
This implies that # must go to negative infinity in an interval [0, —%]. Otherwise, we
will have a negative decreasing function which is bigger than zero. This blow up of 0

signals the formation of a conjugate point in the interval [0, —%]. A precise statement
of this effect can be found in ([3], Chapter 4). We stated below for reference.

Theorem 15 Let S be a spacelike hypersurface and v a curve orthogonal to S. If
Ry TT? > 0 and 0(SN~) = 0y < 0 then there will be a point conjugate to S along the
curve v within a distance —ieo from S, provided that v(s) can be extended that far.

A critical result of geodesics that contain conjugate points is that they can not be of
maximal affine length. This is the content of the following Theorem:

Theorem 16 A timelike geodesic v from S to q is maximal if and only if there is no
point conjugate to S along 7.

The proof can be found in [3] [13].



Chapter 11

Causality theory

A Lorentzian manifold M is called time orientable if it is possible to define continuously
a division of non-spacelike vector into two classes, arbitrarily called future directed and
past-directed. These kind of spacetimes allow us to define a non-spacelike curve v as
future directed (past directed) if the tangent vectors of v are future directed (past
directed). We will assume time orientability through all the discussion.

To define the causal structure we will require that the metric on M is C2. In fact it was
proven that one can relax this condition to C! or C°(imposing certain conditions) and
still obtain all the results valid for C2[I1]. We demand the C? condition for simplicity.
We define for sets S,U the chronological future IT(S,U) of S relative to U as the set
of all points in &/ which can be reached from S by a future-directed timelike curve in
U. This set is open in the manifold topology. For lower differentiability than CU! it
is not known if this condition still holds [I1]. This set can be seen as all the events a
massive particle can reach if it is initially on S.

The causal future of S relative U is denoted by J(S,U) and it is defined as the union
SN U with the set of all points in & which can be reached from S by a future-directed
non-spacelike curve in U. It is straightforward to see that I (S,U) C J*(S,U). This
set can be seen as all the events any known particle can reach if it is initially on S.
The future horismos of S relative to U, denoted by ET(S,U) is defined as
JT(S,UNZT(S,U). If U is a convex normal neighbourhood around p then E*(p,U)
is generated by the future-directed null geodesics in U from p, and form the boundary
in U of both I't(p,U) and J*(p,U) (proposition 4.5.1,[3]). All definitions are dual for
the past just changing future for past in the previous definitions and if U = M then
we just write I1(S), JT(S), ET(9).

If (M,g) and (M, ¢') are spacetimes, a bijection f : M — M between spacetimes
such that given p, q the statement p € J*(q) if and only if f(p) € J*(f(q)) is a causal
isomorphism.

The chronology condition is the requirement that spacetime does not have closed time-
like curves. The causality condition holds if there are no closed non-spacelike curves.
This conditions are not apriori ruled out by Einstein’s equation. Nevertheless, it is
consideration leads to difficult interpretations about free will and the nature of the
scientific method. Moreover, in our daily experience we do not experience situations
where we return to previous events. This is why we would believe (until experiments
tell other wise) that our spacetime must avoid closed causal curves. The following
definitions are a refinement of the causal conditions needed to achieve a spacetime as
close as possible to the spacetime of our know experience.
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The spacetime is called future distinguishing if I*(p) = I*(q) implies that p = q.
This condition states that for every p in M there is a neighbourhood U of p such that
no future non-spacelike curve from p intersects more than once. This formalises the
idea that we ca not come arbitrarily close to any point p in M through a future non-
spacelike curves that passes through p . An exact analogue defines past distinguishing
spacetimes and a future and past distinguishing spacetime is called distinguishing. We
also mention the fact that if spacetimes (M, g) and (M’, ¢') are distinguishing and f
is a causal isomorphism then f is a conformal isometry.[113]

The strong causality condition holds if for every p in M there is a neighbourhood
U ofp such that no non-spacelike curve from p intersects more than once. Trivially
strong causality implies future distinguishing and past distinguishing. Closely related
to strong causality is that of imprisonment. A non-spacelike curve ~ that is future-
inextendible is called:totally imprisoned if it enters and remain within a compact set
S partially imprisoned if it continually re-enters a compact set S. If a compact set S
is strongly causal there are not totally or partially imprisoned curves in S.

The conditions so far only apply for a given spacetime M. However, spacetimes which
can be achieved by infinitesimals perturbations to M might have for example closed
causal curves. The macroscopic nature of our experience require us to define stability
conditions as we are not able to measure any property of spacetime to arbitrary accu-
racy. To do this we define a strict partial order < defined on the set of all Lorentzian
metrics on M denoted by Lor(M). We say g < ¢'if and only if given X € T}, such
that g(X% X%) < 0 implies ¢'(X%, X%) < 0 for all p € M.

A spacetime (M, g) is stably causal if there exist ¢’ € Lor(M) such that g < ¢’ and ¢
satisfies the causality condition. This conditions establish that the spacetime (M, g)
and any spacetime reached through a small perturbation in the sense that opens slightly
its lightcones would remain causal.

The definition of causal continuity requires the outer continuity of the sets I, 1,
plus to be future and past distinguishing. The set I™(p) is outer continuous at some
p € M if, for any compact subset K C M\I*(p) there exists an open neighbourhood
U around p such that K € M\I"(q) for all ¢ € U. There is a conjecture by Borde and
Sorkin that states that causal discontinuous spacetimes and infinite burst of energy
for a scalar field propagating in such backgrounds are related.[114] This conjecture
might lead to a better understanding of topology change in GR and hence in quantum
gravity.

Let S be a closed set then we define the region D' (S) to the future of S called
the future domain of dependence of S as the set of all points p € M such that
every inextendible non-spacelike curve intersects S. The future boundary of D (S) =
DF(S)\I~(D(S)) is called the future Cauchy horizon is S and is denoted by H™(S).
This set is a closed achronal (every two points in H1(S) ca not be joined by timelike
curves) .In a similar way we can define the past domain of dependence and the past
Cauchy horizon. A partial Cauchy surface S is a spacelike hypersurface which no non-
spacelike curve intersect more than once. A partial Cauchy surface S that satisfies
D(S) = DT(S)UD~(S) = M is a Cauchy surface and we say that M is globally
hyperbolic.

Leray [3] introduce this concept originally by defining the space C(p, q) of all C° non-
spacelike curves from p to ¢ (a C° curve 7 is spacelike if there is a piecewise C™
spacelike curve joining any two points in ), regarding two curves to be the same if
one is a reparametrization of the other. The topology of C(p,q) is defined by saying
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that a neighbourhood of 7 in C(p, q) consists of all the curves in C(p,q) whose points
in M lie in a neighbourhood W of the points of v in M. There are several equivalence
of global hyperbolicity where the proofs can be found in [3].

Theorem 17 A spacetime M is globally hyperbolic if one of the following equivalent
statements hold:

o There is a hypersurface S such that S is a Cauchy surface.

o M is strongly causal and given any p,q on M J*(p) N J~(q) is compact in the
manifold topology

e C(p,q) is compact for all p,q in M.

The importance of globally hyperbolic spacetimes is that the condition is sufficient to
have globally well-posededness for the wave equation.

In the proof of the singularity theorems one uses critically the existence of maximal
geodesics in globally hyperbolic regions. We state the precise theorem which proof can
be found in [44].

Theorem 18 If A and B are closed subsets of a compact set S, thought which strong
causality holds, then there is a curve 7y from a point of A to a point B which mazimizes
the lengths of the curve.

In particular we can choose A = {p} and B = S where S is a compact Cauchy surface
as we do in the outline of the proof of the Singularity Theorems.

The existence of certain kind of functions is sufficient or necessary for certain causal
conditions to hold. The main type of functions consider are time functions and tempo-
ral functions. A function t : M — R is a time function if it is continuous and strictly
increasing on any future-directed causal curve. If, additionally, each level hypersurface
S, = t~!(a) is a Cauchy hypersurface (for all a in the image of t), then ¢ is a Cauchy
time function. A smooth function T': M — R is a temporal function if its gradient is
everywhere timelike and past-pointing. If, additionally, each (spacelike) level hyper-
surface S, = T~ !(a) is a Cauchy hypersurface (for all @ in the image of T' ), then T is
a Cauchy temporal function. A complete discussion about the causal conditions, time
functions and temporal functions can be found on [115].

We now show the logical implications of the causal conditions described above [115].

Globally Hyperbolic
0

Causally Continuous

I
Stably Causal

U
Strongly Causal

4
Distinguishing
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Chapter 12

Banach and Hilbert spaces

Let X denote a real linear space. A mapping || - || : X — [0, 00) is called a norm if

o |lu+v|| <|ul| + ||v]| for all u,v € X.
o |[Aull = [Alllul]-
o ||u|| =0 if and only if u = 0.

We say X is normed if there is norm on X. A sequence {u™} C X is called a Cauchy
sequence provided for each € > 0 there exist N > 0 such that

Huk —ulH <e€

for all k,1 > N. If each Cauchy sequence in X converges, that is, whenever {u™} is a
Cauchy sequence, there exists u € X such that

lim ||u—u™||=0
m—0o0

then X is complete. A Banach space X is a complete, normed linear space.
We say that a linear operator A : X — Y between Banach spaces is bounded if and
only if

|A]| == sup {||A=[|} (12.1)

llzI<1

The set of all bounded linear functionals on X is the dual space of X. We denote it
by X*. A Banach space is reflexive if (X*)* = X.
We say a sequence {u™} C X converges weakly to u € X written v — w if

w(u™) = ut(u) (12.2)

for each bounded linear functional u* € X*.
In addition, we have

[|u|| < liminf ||u™|| (12.3)
m—00
A mapping (-,-) : X x X — R is called an inner product if
o (u,v) = (v,u).
e The mapping u — (u,v) is linear for each v € X.
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o (u,u) >0 forall ue X.
o (u,u) =0 if and only if u = 0.
If (-,-) is an inner product, the associated norm is
1
[lull = (u,u)>

A Hilbert space H is a Banach space X endowed with an inner product that generates
a norm.



Chapter 13

Measure Theory

A family X of subsets of a set X is said to be a o-algebra in case:
e ), X eX.
o If A€ X then X\A € X.
o If A, € X for n € N then J,,en{4n} € X.

An ordered pair (X, X) is called a measurable space.
A function f on X to R is said to be measurable if for every real number r the set

{zeX: flx)>r} (13.1)

belongs to X.

An extended function is a function where we allow oo, —oo to be part of the range and
define an extended measurable function as above including now oo, —oco.

Unless otherwise stated, we will used the o-algebra called the Borel algebra generated
by all the open intervals in M.

13.1 Measures

A measure is an extended real-valued function p defined on a o-algebra X' of subsets
of X such that:

o () =0.
e u(E)>0forall E € X.

e 1 is countably additive in the sense that if {E,} is any disjoint sequence of sets
in X, then

w(UKED) = 3 (B (13.2)

A measure space is a triple (X, X, u). We say that a proposition holds p-almost every-
where if there exists a subset N € X with u(N) = 0 such that the proposition holds
in the complement of V.
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13.2 Integrals

Let MT(X,X) be the collection of all non negative measurable functions. A function
1 is simple if it has only a finite number of values and we can always express it as
Y =3 ;ajXE,;, where a; € R and xp; is the characteristic function of a set Ej in X
We define the integral of ¢/ with respect to u to be:

[ vdi =" ajn(Ey) (13.3)

If f e MT(X,X) we define the integral of f with respect to u to be the extended real
number

/fd,u = sup/wdu (13.4)

where the supremum is taken over all simple functions satisfying 0 < ¢ < f.

The collection L' (X, X, it) of integrable functions consists of all real-valued X-measurable
functions such thatf = fi; — fo where f1, fo € M+ (X, X) and have finite integrals with
respect to p. In that case, we define the integral of f with respect to u to be:

[ = [ pin~ [ fady (13.5)

13.3 Banach space-valued functions

We extend the notions of differentiability, measurability and integrability to mappings

£:00,7] — X (13.6)

where X is Banach space, with norm || - ||.

The definition of continuity and pointwise differentiability of Banach-valued functions
are the same as in the scalar case. A function f is strongly continuous at t € (0,7 if
[|lf(s) = f(t)|| = 0 as s — t. A function f is strongly differentiable at t € (0,T), with
strong pointwise derivative fy(t), if

6t) — 1im [IFCEED) £

13.
h—0 h (13.7)

where the limit exists strongly in X. A function s : [0,7] — X is called simple if it
has the form

s(t) = iXEiUi (13.8)
i=1

where each F; is a Lebesgue measurable subset of [0, 7] and u; € X. A function f is
strongly measurable if there exist simple functions s such that

lim lsx(t) = f(6)] =0

forae. 0<t<T.
We define the integral of s = >, E;u; as

T m
/ sdt ==Y |Eiu, (13.9)
0 i=1
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If f is a strongly measurable function and there exists a sequence sy of simple functions
such that

T
/ llsic — F||dt — 0 (13.10)
0

as k — oo, then we say fis summable. For f summable, we define the integral as

T T
/ fdt := lim skdt (13.11)
0

k—o0 Jo
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Chapter 14

Functional Analysis

14.1 Regularity theory

A function f defined on a nonempty open set 2 C R™ is called a test function if
f € C>®(R) and there is a compact set K C € such that the support of f lies in K.
The set of all test functions is denoted by C3°(£2).

The space of function C§°(£2) admits a topology. To be precise, let {¢,}, n € N and ¢
elements of C§°(€2). We define a topology on C§°(Q2) by saying that ¢, converges to ¢
in D(Q), if there is a compact subset K of 2 such that the support of all the ¢, (and
of ¢) lie in K and, moreover, for all € > 0 there is N such that for all x € K if n > N
then | Doén, — Do |< € for all . We denote this topological space as D(€2).

A distribution is a linear mapping « : D(2) — R which is continuous in the following
sense: If ¢, — ¢ in D(Q), then a(¢,) — a(¢). The set of all distributions is denoted
by D'(€2).

Let LP(Q, 1) be the set of all C° g : Q — R for which

oty ( [ 1o)” (141)

is finite. Then the completion of LP(Q, ) with respect to |-, is the space called
LP(Q, ). We say fisin L (Q,p) if fis in LP(K, p) for all compact sets K properly
contained in © . The space L (€, u) is defined as { f s.t | f(z)| < C for p-almost everywhere}
Let win L}, (9, u). The weak derivative v = % of w, if it exists, is a v € L, .(, u)

that satisfies:

for all ¢ € D(Q).

Let k£ be a non- negative integer and let 1 < p < co. Then we define the Sobolev space
WHkP(Q, 1) to be the set of all distributions u € LP(€, 1) such that the weak derivatives
Pu ¢ LP(Q,p) for |af < k.

When p = 2 we can define an inner product:

0%u 0%v

o 9 e M (14.2)

(u, )k = Zja|<k

that defines a norm
(w, ) = ([Jull6)?
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and we denote this Sobolev space as H*(Q, u).

We define also the local Sobolev spaces W/llf)f(ﬂ, ). We say f is in VVZIZCP(Q, w) if given
any compact set K properly contained in Q, f is in WkP (K, p)

There is a series of embeddings of LP and Sobolev spaces which we state below:

1. If k < 1 then WFP(Q, 1) — WHP(Q, p).

2. If Q has a finite measure, p(€2) < oo, then
LA, p) € LP(2, 1)

forany 1 < ¢ <p < 0.

q
3. If either kp > n or m = n and p = 1 then
WEP(Q, 1) — CL(9Q)
where Cé(Q) are the CV functions with bounded derivatives in € up to order j.

4. If kp = n then
WHP(Q, 1) — LU, 1)

for p < g < o0.

5. If kp < n then
WHEP(Q, ) — L9, )

k
for p < g < ;%
The embeddings should be understand in the sense of representatives. For example,
the statement .
WHEP(Q, p) — C(Q)

means that for each element ¢ € WHP(Q, 11) there is a C’%(Q) function which is equal
to ¢ p-almost everywhere.

Sometimes it is necessary to restrict a Sobolev function to another subspace. To do
so, we will state the following result whose proof can be found in [116].

Let k be a positive integer. Assume that € is a C* n-manifold with bounded boundary.

Then if kp <n and p < ¢ < % there is a bounded trace operator

T :WkP(Q, u) — LI(0Q, v).

where p, v are the Lebesgue measures in the respective spaces. If kp = n, then the
embedding holds for p < ¢ < oc.

We also might want to approximate functions in a Sobolev space through C*° functions.
The way to do this is by smoothing with strict delta nets. A net {(p,)} € (0,1] of
smooth functions on R"” is called a strict delta net, if

o supp(pn) = {p € R"p, # 0} — 0 for n — 0.
o [pndu — 1 for n — 0.

e p, is uniformly bounded in L(£, p).
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For any strict delta net {(p,)} we denote by dp, the diameter of the support of p, ,
i.e. dp, = sup{|z|: x € supp(pn)}. For any f € L} (2, u) we call the convolution f,

loc

of f with a strict delta net {(p,)} a smoothing of f , given by

fula@)i=pux f@) = [ fla=ypaly)dy (14.3)

B(mvdﬂn)

where B(z,r) denotes the open ball of radius r around x.
The following theorem states the wanted result. The proof can be found in [116].

Theorem 19 The smoothing of any f € L},.() has the following properties:

o fn € C®(Qqp,) and f,, — [ almost everywhere. The convergence here is point-
wise.

o If f is continuous the convergence is actually uniform on compact subsets of €.

o If feW™P(Q)forl < p< oo then f, — f € W™P(Q). The convergence here is
in the norm given by WP (Q).

e The derivative operator commute with smoothing, i.e. Oy fn(x) = pp * O f

This result implies that the C°° functions are dense in any Sobolev space, that means
we can always find sequences of C'° functions that converge to any desired function
in a given Sobolev space. In fact, in the case of L? spaces the functions Cj°are dense.
Sometimes it is convenient to parametrized the strict delta net from [1, c0) instead of
the interval (0, 1]. In this thesis, we will use both, butit will be made from the context
which convention we are using.

When the measure is the one associated to the volume form dz”, (or dz"*! when
the domain is the whole spacetime), we will omit the measure and just write L?(X).
We will also use this convention when considering the details of the function spaces
L?(%,vy,). However, this will be mentioned explicitly in the text when it occurs.

We define H*(X), the set of all linear functionals on H§(X). Moreover, if ¥ is R"
or a compact manifold H~%(X) denotes the dual space of H*(X). Given an element
v € H*(X) and u € H*(X) we denote the action or dual pairing of v to u as the real
number < u,v >.

We now extend the notion of LP space and W*® to Banach-valued functions.

We say u € LP(0,7; X) if and only if

rNG
(/ ||ur|§<> < o0 (14.4)
0

and we define the Sobolev space WFP(0,T;X) as the space of all functions u €
LP(0,T; X) such that dd;u € LP(0,T;X) for s =1,2,..., k.
We say u € C*([0,T]; X) if and only if

dk
—u(t
)

e

a<k

) < 00 (14.5)
b's
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14.2 Important Theorems

Theorem 20 Hahn-Banach Theorem Let X be a Banach space and let M be a
linear subspace of X. Let lp; be a bounded linear mapping from M to R. Then there
is a linear functional I € X* such that l|pr = las and ||| = ||la]]-

Theorem 21 Riesz Representation Theorem Let H be a Hilbert space, with inner
product (,). Then, H*, the dual space of H can be canonically identified with H. More
precisely, for each u* € H* there exists a unique element u € H such that

u*(v) = (u,v) (14.6)
for allv e H.

Theorem 22 Banach-Alaoglu Theorem Let X be a reflexive Banach space and
suppose the sequence {u™} C X is bounded. Then there exists a subsequence {uF} C
{uF} and v € X such that uFt — .

Theorem 23 Integration by parts in Bochner spaces Let V C H C V* where
V = HYX),H = L*(%) and V* = H X(Z) and u,v elements of the set W = {w €
L2(0,T;V) | w € L*(0,T;V*)}, then

T

(u(T),v(T)m — (w(0),v(0))r = / (W' (@), v(®)v=y + ' (@), ult))v-v

0

Theorem 24 Parseval’s identity Suppose that H is an inner-product space. Let B
be an orthonormal basis of H; i.e., an orthonormal set which is total in the sense that
the linear span of B is dense in H. Then

lz]* = (z,2) = 3 |(z,0)|*.

veEB



Chapter 15

Elliptic Theory

Theorem 25 Elliptic Regularity Let 3 be a compact manifold and Ay, the Laplace-
Beltrami operator associated to a smooth Riemannian metric h;j and f € L*(X).
Then there exists a

u € H*(X)
that satisfies the estimate
ullagsy < C (IWflla2s) + ull o)) (15.1)
and
Apu=f (15.2)
a.e. in .

The proof can be found in [63].

Theorem 26 Elliptic Regularity version two. Assume L = 9;(a”0;(-)) is an
elliptic operator with a* € C*(X) and f € L*(X). Suppose that u satisfies

B(u,v) = (fﬂ))L?(z)

forve HY(X). Then
u € H*(X)

and satisfies the estimate

ullgagsy < C (Il + el o)) (15.3)

The proof can be found in [I17] and in [63] for the case when ¥ is an open bounded
set in R™.

143



144



Chapter 16

Parabolic Theory

In this section we give the main results concerning the energy estimates and regularity
of solutions to the parabolic problem

Vit — GAhU = f (161)
v(0,-) =g (16.2)
where f € LQ(E[QT]), g € HY(X), Ay, is the Laplace-Beltrami operator associated to a
smooth Riemannian metric h;; and € is a positive real number.
The results of this section are stated in three propositions. The first proposition states
the existence of suitable m-approximate solutions. The second proposition allows us to

obtain suitable energy estimates that are uniform in m. The third proposition shows
the existence of the solutions and their regularity.

Proposition 12 For each m € N there is a unique function v©™ such that
(O™ we) 2y + Bloo™, wps t] = (f, wi) 2 (s, (16.3)

and
dr,(0) = (9, wk) r2(s) (16.4)
fork=1,...m and a.e. in 0 <t < T where

B[UG’m,UJk] = 6/ hij&(v@m)@j(wk)uhd":v, (165)
P

Therefore Blu, v] is the bilinear form in H'(X) x H'(X) associated to Ay, and wy, are a
joint orthogonal basis for H*(X) and L*(X). If ¥ C R™ then we need to change H'(X)
for H(D).

Proof. We start by choosing smooth functions wg(x) such that:
{wy}32; is an orthogonal set in H'(X)

{wy,}32, is an orthonormal basis of L?(X)

We can form the desired basis by choosing the eigenfunctions of the Laplace-Beltrami
operator Ay [I18]. If ¥ C R™ then we can choose the eigenfunctions of the Laplace
operator A. However we need to change H'(X) for H}(X) [63].
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Now fix a positive integer m, write

" (t, ) = Z d® (t)wy(z) (16.6)
k=1

and consider for each k = 1,...,m the equation:

(U;nawk)m(z) + Bv™, wi; t] = (f, wk)L?(E) (16.7)

The system of equations (16.3]) can be arranged as a system of linear ODEs for each
k=1,...,m given by

dy (1) + Ny () = fH(1) (16.8)

where €M (t) := Blw, wg;t] = € [y, h"j(t,:z:)wliwkjyh , R = (f, wy) 2 and PUBT
the k eigenvalue of Ay,
We also require that the system satisfies the initial condition

), (0) = (9, wk) 2(x), (16.9)

fork=1,..,m.

Then by standard local existence and uniqueness theorems for linear ordinary differ-
ential equations, we obtain a unique d¥,(t) € C*([0,T]) for every k = 1,...,m.
Therefore we have shown that for each m there is a unique solution, v™, satisfying
and which we call the m-approximate solution. Therefore v = v&™. []

Proposition 13 There exist a constant C, depending only on X, T, € such that

(SuPtE[O,T]va(t)’ﬁ{l(il) + HUTH%%O,T;L?(E))JF)
<C (HfH%Z([O,T];LQ(E)) + H9||12Hl(z))

Proof. Fixing m we multiply (16.3) by d¥, (t) and sum from k = 1,...,m to obtain

(16.10)

(V" V") 2y + B™, 0" = (f,0") 2w (16.11)

Noticing the following inequalities

0™ < KBR™ 0™ (16.12)
O 0 = (o™ (16.13)
G < g (171 + 10 o) (16.14)
Therefore we have
d 2 d N2 I
D2y < (™D 2ag + 11" By (16.15)
< G (I Dags + B v (16.16)

< G (I1a) + 0™ ey (16.17)
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Taking the notation n(t) := va(t)||%2(z) and £(t) = |]f(t)||%2(2) the inequalities

(16.15)) and (16.17]) give

i(t) < Ca(n(t) +£(1)) (16.18)

Thus applying Gronwall’s inequality and returning to the original variables yields the
estimate

supepp.1) 0™ 3205y < Co (112 + 107 (0) 3205y (16.19)

Noticing that HU’”(O)H%Q(E) < Hg||%2(2) we obtain the estimate

supyefo.r]|[v™|[72(z) < Ca (HfH2L2(E) + HQH%Q(E)) (16.20)

Returning to the inequalities (16.12)), (16.13) and (16.14) and using (16.11]) and the
estimate (|16.20) we have

[0 By < Ca (11120 + 0™ Bagsy) (16.21)
< Cs (1132w + llglB2cs ) (16.22)

Integrating from 0 to T" we obtain

0™ 12200015y < Ca (HfH%Q(O,T;LQ(Z)) + HQH%%E))) (16.23)

Now multiply (16.3) by dfn. (t) and sum from k = 1,..,m to discover

(V0" ) 2z + BlU™, vt = (f, 01") 2 (16.24)

Noticing the following inequalities

i 1 m. ,m _ m ,.m
° <QB[U v ]) _ B, (16.25)
m 1 m
(f v < 5 (HfH%?(z) + [|vt H%z(z)) (16.26)

Therefore we have

(1712w + 07 22s))  (16.27)

N

|| H%%E)JFC%(ZB[U ;U ]) <

Integrating in time, we find

HU?H% 01:L2(x)) T %B[Um(t),'um(t)]
( ()

< ($Bl™(0),0™(0) + 1120 razesy ) T 3100 ooz, (16:28)

Again noticing that
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WOy < gl (16.29)
Blu™ (@), v™@)] = [[o" Ol (z) (16.30)

the expressions follows from compact embeddings of Sobolev spaces in compact mani-
folds or bounded domains in R™ where one has to take instead of the H' norm the H}
norm [119].

Therefore using and ((16.29)) in (16.28) we obtain

108" 720, 22(5y) < O <H9||H1(2) + ||f||%2(O,T;L2(Z))> (16.31)

supgeio,r)l[v™ ()] |7 (z) < Co (Hg”Hl(E) + Hf”%2(0,T;L2(E))> (16.32)

G

Notice that the estimates bound the sequence {v™} in L?(0,T; H*(X)) and {v{*} in
L?(0,T; L*(X)). Therefore there is a subsequence that converges weakly to an element
v€in L2(0,T; HY(X)) with {v§} in L2(0,T; L*(X)). We have add the € to remark that
at this point there is still an € dependence.

Moreover, norms are lower semicontinuous [120], so we have

€ B e,m
o (D] < lim inf [[oS™ 2)] (16.33)

a.e. for 0 <t <7T. [120]
Therefore using ((16.32)) we have

Oy < supepon vl m () (16.34)
< supgeqo,r) imiinf [0 || s (16.35)
< supiefo,r)5uPmen [V 1 (x) (16.36)
< Gy (llgllan) + 113200020 (16.37)

Therefore v¢ is in L>(0,T; HY(X)).
Proposition 14 There exist a constant C, depending only on X, T, € such that

<| V] |2L2(0,T;H2(E))+>

) ) (16.38)
<C (HfHLQ([O,T];LQ(E)) + HgHHl(E))
Moreover, v¢ is the unique function that satisfies
(v — eApV) r2(s) = (f, V) 12(x) (16.39)

with v¢(0) =g a.e. for0<t<T.



149

Proof
First multiply (16.3) by a function m(t) € C*°([0,T]) and integrate with respect to
time to give

T T
/0 (@ m(B)we) o) + Blo™, m(t)wg;1]) dt = /O (fom(tywy) gy dt - (16.40)

Then taking m = m; which is the subsequence that converges weakly and taking the
limit as m; — oo we obtain

T T
/0 ((vf,m(t)wk)Lz(E) + B[U€, m(t)’wk]) dt = /0 (f,m(t)wk)Lg(Z) dt (16.41)
N
Thus for any test function of the form V = ka(t)wk(x) we have that equality

k=1
(16.41) is satisfied. Moreover, test functions of that form are dense in L%(0, T; H}(X)).
Therefore, we have shown that

/OT ((Uf, V)i2s) + B[S, V]) dt = /OT (f, V)Lg(z) dt (16.42)

for any V € L?(0,T; H'(X)). Hence in particular

(vf, V) 2(s) + B, V] = (f, ‘7) (16.43)

L2(%)
for any V € HY(%). B

Moreover, using (16.43) and integrating B[v€, V| by parts once, we can rewrite the
equality to read

(v, eV = (7 = 06, V)

for any V € C3°(%) a.e. for 0 <t < T. .
Therefore v¢ is a weak solution to the elliptic problem eApv¢ = f. Using elliptic
regularity, we obtain the following estimates

£.7) (16.44)

) ( 12(%)

[0l 2y < € (1 11z2gsy + 10| r2gsy ) (16.45)

A proof for the case of compact manifolds can be found in [121]. For bounded domains
in R™ the result can be found in [63]. Therefore we have

[ 2y < C (11F Iy + 0] 22 + 102y ) (16.46)
Then integrating in time and using the estimate (16.10)) we find

(I 1B 0:m20mF) <€ (1F1B2q0m1,020 + 191y ) (16.47)
Now using (|16.43)) and integrating by parts once we obtain

(vf — AR, V) 2y = (£,V) (16.48)

(%)
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for any V € H'(X) a.e. for 0 <t < T. Note that A,v¢ make sense because ([16.47))
guarantees that v¢ € L?(0,T; H*(X)).
To check for the initial conditions, we integrate (16.42|) by parts to obtain

T T
/0 (—( Vi) oy + BvS, V1) dt = /0 (V) gy dt + (u(0), V(0)) sy (16.49)

for any V € C*(0,T; HY(X)) with V(T) = 0. Similarly, from (16.40) and noticing that
the equation is valid for all V € C1(0,T; H*(X)) and integrating by parts, we obtain

T T
/0 (_(Um,Vt)L‘Z(E)—i—B[Um,V])dt:/o (£, V) 12y i+ (0(0), V(0)) 125y (16.50)

Then taking the limit m — oo and taking into account ([16.4]) we know that v"(0) — ¢
in L?(X) and therefore we find

T T
/O (—(Ue,Vt)Lz(z)+B[UE,V])dt=/O (fsV)p2eey dt +(9,V(0)) 2y (16.51)

As V was arbitrary and comparing (16.49) and (16.51)), we conclude u(0) = g.

That v€ is the unique solution follows from . If v¢ was another solution with the
same initial data g and source function f, then the difference v¢ = v — ©°¢ is a solution
to the problem with vanishing initial data and source function. Then the estimate
gives the inequality

H@EH%?(QT;H%E)) <0 (16.52)

which gives ¢ = 0 and therefore v¢ = v°¢. [

Collecting all the results so far, we have shown that there is a unique solution v in
L2(0,T; H*(X)) N L>®(0,T; HY(X)) with v§ in L?(0,T; L?(X)) that satisfies
(0 — eApvS, V) 2y = ( £, V) sy (16.53)

for any V € H'(X), a.e. for 0 < t < T with initial data u(0) = g where g € H'(X)
and satisfies the estimates (16.31)), (16.32)) and (16.47)).




Chapter 17

(C'*-algebra

Let A be an associative C-algebra, let || - || be an norm on the C-vector space A, and
let x : A — A,a — a* be a C- antilinear map. Then (A, || -||, %) is called a C*-algebra.
Let A and B be C*-algebras. An algebra homomorphism

m: A—=B

is called a s*-morphism if for all a € A we have
m(a*) = m(a)*.

A map 7 : A — A is called a x-automorphism if it is an invertible *-morphism.

Example 2
Let (F,(-,-)) be a complex Hilbert space, let A = L(F) be the algebra of bounded
operators on H. Let || - || be the operator norm, i.e.,

lall =" sup [laz|| (17.1)

veH  |[z]|=1

Let a* be the adjoint to a, i.e.,

(az,y) = (z,a"y) (17.2)
for all x,y € H.

We now introduce the definition of a Weyl system and a C'C R- representation of (V, 2)
A Weyl system of the symplectic vector space (V,E) consist of a C*-algebra A with
unit and a map W : V' — A such that for all ¢,

1L W(0) =1,
2. W(—¢) =W(p)*
3. W(p)-W(p) = e @2 (o 4+ )

A Weyl system (A, W) of a symplectic vector space (V,E) is called a CCR- represen-
tation of (V,Z) if A is generated as a C*- algebra by the elements W (p), ¢ € V. In
this case we call A a CCR- algebra of (V,Z) and denoted by CCR(V, Z).

Notice that following the propagator approach (9.1.2) the generators are labelled by
elements ¢ € D(M) while in the solution approach the label are solutions ¢ € S.

To prove that we need the following preliminary lemmas
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Lemma 7 Given a Weyl-stem (A, W) of the symplectic structure (V,Z) Then the
linear span of W(¢),¢ € V is closed under multiplication and under x. Moreover, if
(A", W) is another Weyl system of the same symplectic vector space (V,Z), then there
is a unique x-isomorphism, I, such that the following diagram commutes

VS V)

s

)
(W)

=

where (W(V)) and (W'(V')) are the linear span of W(¢), W'(¢) where ¢ € V.

Lemma 8 Let (A, W) be a Weyl system of a symplectic vector space (V,Z). Then
||allmaz := sup{[lallo]llallo is a C* — norm on (W (V))} (17.3)

Lemma 9 Let (A, W) be a Weyl-system of a symplectic vector space (V,Z). Then the

completion (W (V')) of W(V') with respect to ||||max s simple, i.e., it has no nontrivial
close two sided *-ideals.

Lemma 10 Let A and B be C*- algebras with unit. Each injective unit preserving
x-morphism Il : A — B satisfies

|T(a)[| = [[al] (17.4)

The proof of this lemma can be found in [75]. Now we show the uniqueness of the
CCR- representation. The theorem can also be found in [75], but we add it for clarity.

Theorem 27 Let (V,Z) be a symplectic vector space and let (A1, W1) and (Ag, Wa)
be two CCR- representations of (V,Z). Then there exists a unique %- isomorphism,
II: Ay — As such that the diagram

VVI Al

J/H
Wo
As

Proof.

What needs to be show is that the %-isomorphism II : (W1 (V)) — (Wy(V)) as con-
structed in lemma[7]extends to an isometry (A1, ||-|[1) = (As, ||-|]2). Since the pullback
of the norm ||-||2 in Az to (W(V)) via I is a C*-norm we have that ||II(a)||2 < ||a||maz
for all a € (Wy(V)). Hence II extends to an s-morphism (W;(V)) — As. By
lemma [9] the kernel of II is trivial, hence II is injective. Lemma implies that
T2 (WA (V) |- llmaw) = (As, || - [12) is an isometry.

L]

As a corollary we obtain the following result
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Proposition 15 Let (V1,Z1) and (Va,Z2) be two symplecto vector spaces and let S :
Vi — Vo be a symplectic linear map. Then there exist a unique injective x-morphism

CCR(S) : CCR(V1,E1) = CCR(Va,E2) (17.5)
such that the diagram
Wi 5 V2
w e
CCR(V1,Z1) CCR(S CCR(Va, =2)

commautes.



154



Chapter 18

Gelfand-Naimark-Segal (GNS)
representation theorem

In the previous section we have defined the quantum observables and states of the
theory. Now, we show how from the algebraic formulation one can construct the
Quantum field theory of a scalar field in a Hilbert representation. This is the content
of the GN S Theorem.

Theorem 28 GNS Theorem

Let A be a C*- algebra with identity element and w : A — C be a linear map satisfying
w(a*a) = 0Va € A,w(I) = 1. Then there exist a Hilbert space F, a representation
m: A— L(F) and a vector |t >€ F such that:

w(A) = (¥[r(A)[¥)

satisfying the property that |1) is cyclic.
Furthermore, the triple (F,m,|vy)) is uniquely determined up to unitary equivalence.

Before the proof of the theorem we show the following lemmas
Lemma 11 The scalar product on the algebra given by
(a,b) = w(a™d) (18.1)

satisfies

o (M\a+d, b+ c) = AXa(a,b) + M\i(a,c) + Aa(d,b) + (d,c)

* (a )

* (a,
for all a,be A

b)

= (b,a
a)=0

Proof. That this scalar product is linear from the right and antilinear from the left
follows directly from the linearity of w and the definition.
Now notice that

w((Aa+b)*(Aa + b)) = |A\*w(a*a) + Iw(a*b) + dw(b*a) + w(b*b) (18.2)
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Now taking b =1 and \ =i gives
w((ia +1)*(ia+ 1)) = —w(a"a) — iw(a™) + iw(a) + 1 (18.3)

and taking b =1 and A = 1 gives

w((a+1)*(a+1)) =w(a*a) + w(a®) +w(a) +1 (18.4)
Therefore using that w(c*c) € RT we have from ((18.3))

S(—iw(a™) +iw(a)) =0 (18.5)
and from ([18.4)

S(w(a™) +w(a)) =0 (18.6)

writing w(a) = 21 +iw1, w(a*) = 22+ iwy we obtain from (18.5) and ((18.6]) that z; = 2o
and that w; = —wsy. Therefore we have proved that w(a*) = w(a).
This allows us to conclude that

(a,b) = w(a*b) = w((a*b)*) = w(b*a) = (b, a) (18.7)
Moreover, we have by positivity of the state that

(a,a) =w(a*a) >0 (18.8)

B
The scalar product so far is not as inner product because of the elements a € A such
that w(a*a) = 0. The next lemma will allow us to fix this situation.

Lemma 12 The set
N, = {a € Alw(a*a) =0} (18.9)

is a closed left ideal in A.

Proof.

That N, is closed follows from continuity of w and using that NV, is the kernel of the
map w(a*a).

Now we show that if a € A and ¢ € N, the ac € N,

First notice that

0 < (a—Ab,a— \b) (18.10)
= (a,a) — X(a,b) — A(a,b) + |A]*(b,b) (18.11)
Now if (b,b) # 0, make \ = ((Z:z)) to obtain
0 < (a—Ab,a—Ab) (18.12)
_ (@, 0)* [(a,0)]* | [(a,b)?
= (a,a) - on 00 T o0 (18.13)
(@, )2 s

(a,a) — o0
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which reordering gives

[(a,b)* < (a,a)(b,b) (18.15)

If (b,b) = 0, make A = n(a,b) where n is a natural number, to obtain

0 < (a—Aba—Ab) (18.16)
= (a,a) —n(a,b)(a,b) —n(a,b)(a,b) (18.17)
= (a,a) —2n|(a,b)|? (18.18)

which reordering gives

2n/(a,b)|* < (a,a) (18.19)
As this inequality holds for all n, it follows that (a,b) = 0.
Then
0= |(a,b)]* < (a,a)(b,b) = 0 (18.20)
which can be expressed as
lw(a*b) > < w(a*a)w(b*D) (18.21)

Notice then that if a € A and ¢ € N,

w((ac)*ac) = w(c*aac) (18.22)
= (¢, a%ac) (18.23)
< \/(c, c)\/(a*ac, a*ac) (18.24)
= \/w(c*c)\/(a*ac, a*ac) (18.25)
= 0 (18.26)
Therefore ac € N, [
Notice also that by (18.21)) if a or b are in N, then w(a*b) =0
Now we prove Theorem
Proof of Th. [2§
Define the bi-linear form
(la], [b]) 7 = w(a™b) (18.27)

on A/N, which is the quotient algebra generated by the equivalence relationship a ~
¢ < a—cé€ N, and [a] denotes the equivalence class a + N,,.
Note that the bilinear form is well-defined because given two element a ~ a’ we have

(alB)r = w(ah) (18.28)
= w((a+ N,)*b) (18.29)
= w((d + N,)*b) (18.30)
= w(a™b) + w(N}b) (18.31)
= w(a”™b) + w(N,b) (18.32)
= w(@*t) = (), ) (18.33)
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and therefore the result is independent of the choice of representative. The proof for
the other side is analogous and we omit it to avoid repetition.

Also we know by lemma that the bilinear form defines a semi-inner product. We
show that the bi-linear form in fact defines an inner product by showing that the form
is non-degenerate.

Let [c] € A/N,, such that ([c], [b]) 7 = [0] for all [b] € A/N,, then we have

0 < ([c,[e))r=w(ce) =0 (18.34)

Therefore the ¢ € N, which implies [¢] = [0].

We define the Hilbert space F as the completion of A/N,, under the distance function
given by the inner product (-,-)r.

We also, define the map =, by

Tw: A — L(F) (18.35)
a — my(a)b] = [ab] (18.36)

We show now that the map m, is a representation.

Notice that || (a)[b]||z = [|[ad]||+ < [[[a]}]|#|I[0]|l#

Therefore m,(a) is a bounded operator with domain A/N,,. Then, we can extended
7,(a) to a unique continuous operator m,(a) with domain F. In fact we define
mw(a)F = nh_}rgo 7w(a)F,, where F € F and F),, € A/N,,.

That m, is linear and multiplicative, i.e m,(a + b) = m,(a) + 7, (b) and m,(ab) =
7w (a)m, (b) follows from the definition of the quotient algebra and the definition of 7.
To check that the map preserves adjoints notice that if a, b, c € A, we have

(mw (@), [c)r = ([a*],[c])F (18.37)
= w((a"b)*c) (18.38)
= w(bac) (18.39)
= ([t [ac))F (18.40)
= ([0], m(a)[c])F (18.41)
= (mg(a)[b] [c])F (18.42)

Therefore 7, is a representation of A in L(F).

Next, we show that [1] is a cyclic vector. This follows directly from the fact that
mw(a)[1] = [a] and therefore 7, (A)[1] = A/N,, which is dense in F.

Finally , notice that

w(a) = w(1%al) = ([1], [a]) F = ([1], m(a)[1]) 7 (18.43)

Therefore we have shown the existence of a Hilbert space F, a representation 7, and
a cyclic vector [1] given any C* algebra with unit element and a state w. We call the
triplet (F,my, [1]) a GNS representation.

We now show that this choice is unique up to unitary equivalence. Let hilbert space
F', a representation 7/, and a cyclic vector £ be another GNS representation.

Then we define the operator U as
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U: A/N, —T7D (18.44)
m(a)[l] — 7, (a) (18.45)

where D’ is a dense subspace of F.
Notice that the map is well defined as

(r (@, (@) r = (€ (aa)e)r (18.46)
= w(a*a) (18.47)
= ([}, mu(a)[1])F (18.48)
= (mo(a)[1], mu(a)[1]) 7 (18.49)

so if 7,(a)¢ = 0 that implies 7, (a)[1] = 0.

Moreover, show that the operator U is an isometry.

In fact we extend U to the whole F and F’ by continuity and using the density of
A/N,, and D’ the extension of U is a unitary map.

Finally we show the unitary equivalence of the representation by showing that U, (a) =
7., (a)U for all a € A.

This follows from

Umo(a)(mu(®)[1]) = U(mu(ab)[1]) (18.50)
= 7 (ab)¢ (18.51)
= (@), (b)¢ (18.52)
= 7,(a)U(m(b)[1]) (18.53)
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