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Clustering of observations is a common phenomenon in epidemiological research. A first 

objective of this thesis was to explore the situations in which failure to account for clustering in 

statistical analysis could lead to erroneous conclusions. Using simulated data, I showed that 

effects estimated from a naïve regression model that ignored clustering were on average unbiased 

when the outcome was continuous, but were biased towards the null when the outcome was 

binary. The precision of effect estimates was overestimated when the outcome was binary, and 

also when both the outcome and explanatory variable were continuous. However, in linear 

regression with a binary explanatory variable, the precision of effects was somewhat 

underestimated by the naïve model. The magnitude of bias, both in point estimates and their 

precision, increased with greater clustering of the outcome variable, and was influenced also by 

clustering in the explanatory variable. 

  A second aim was to compare analytical approaches to clustering when synthesising results from 

multiple studies. Using real data from a large multicentre study, I showed that odds ratios (ORs) 

estimated from meta-analysis of summary results from component sub-studies were generally 

similar to those from multi-level modelling of pooled individual data. However, the precision of 

point estimates from meta-analysis was lower than that from multi-level analysis. Discrepancies 

between the two methods (including differences in ORs up to 27% and in precision up to 46%) 

were demonstrated when the outcome of interest was rare.  

  A third aim was to compare different methods for estimation of relative risks (RRs) when data 

are clustered. The random-intercept complementary log-log model produced estimates of effect 

and precision similar to those from the random-intercept log-binomial model (considered to be the 

best approach, but not always practical). Other models gave effect estimates close to those from 

the log-binomial model, but with less comparable precision. Contrary to the situation when RRs 

are being estimated in a set of independent (i.e. unclustered) observations, the random-intercept 



   

    

Poisson model with robust variance produced less precise point estimates than those from the 

random-intercept log-binomial model.  

  Priorities for future work include exploration of: the consequences of ignoring clustering in the 

presence of effect modification and when marginal methods of analysis are used; situations in 

which meta-analytical estimates differ from those derived by pooled analysis; and specific 

situations in which the random-intercept Poisson model with robust variance is less likely to 

produce results similar to those from the random-intercept log-binomial model.    
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Chapter 1. Introduction 

Musculoskeletal pain is that which affects the nerves, bones, tendons, and muscles. Pain resulting 

from musculoskeletal disorders (MSDs) is very common among people of working age and often 

results in morbidity and disability. MSDs are the leading cause of sickness absence in both 

European and non-European countries. In Europe, the cost associated with MSDs is estimated to 

be as high as 2% of Gross Domestic Product (GDP).  

Several studies have investigated risk factors for MSDs. Most of these studies have focused on the 

risk that personal characteristics, such as sex and age, and occupational activities, such as lifting 

and bending, carry for the occurrence of musculoskeletal pain. A large body of evidence suggests 

that beyond these risk factors, psychological aspects of work, including job support, control, and 

satisfaction, also play an important role in MSDs. Additionally, many epidemiological studies 

have highlighted the impact of personal psychological factors, such as poor mental health and 

tendency to somatise, on the occurrence and persistence of musculoskeletal pain and related 

disability. However, even in combination, these established risk factors cannot adequately explain 

the large variation in the prevalence of disability from musculoskeletal pain that has been 

observed between populations and within some populations over time.  

This gap in understanding prompted the hypothesis that culturally-determined health beliefs and 

expectations also have an important influence on common musculoskeletal complaints. To test 

this hypothesis, a multicentre study, the CUPID study was designed. In the course of this study, 

participants were recruited from 47 distinct occupational groups in 18 countries, and information 

was collected on a variety of musculoskeletal pain outcomes and potential risk factors, while local 

investigators also provided information on socio-economic group-specific factors, such as 

unemployment rates, social security provision for unemployment, and compensation for work-

related MSDs. 

The way in which participants were recruited and data were collected, gave a hierarchical form to 

the data from the CUPID study, individual participants being uniquely assigned to each of the 47 

distinct occupational groups. This hierarchical structure provided a powerful and flexible resource 

with which to investigate the study hypothesis. However, it also posed a number of statistical 

challenges and raised several methodological questions that are the focus of this thesis.  

A first challenge was to characterise the phenomenon of clustering, and to explore when it occurs 

and in what situations it is likely to affect statistical inference. In particular, how does the impact 

of failing to account for clustering depend on the nature and distribution of the main outcome and 

explanatory variables under investigation?  
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Beyond the importance of accounting for clustering, the methods by which clustered data can be 

analysed were a further interest. One frequently encountered situation in which clustering of data 

is likely to occur is meta-analysis. Usually, the results from different studies are combined by 

modelling based on the effect estimates from each component study and their standard errors.  

More rarely, however, individual data from each study are combined in a pooled analysis.  It is 

important to know how well the results from these alternative methods of analysis agree. The 

hierarchical data in the CUPID study could be considered as coming from independently 

conducted studies in each occupational group, and this provided an opportunity to compare 

different methods of meta-analysis using a single dataset. 

Finally, of great interest also was the optimal method of estimating relative risks for binary 

outcomes when data are clustered. The main outcomes in the CUPID study were all binary, and 

prevalence ratios would provide the most readily interpretable measure of association with such 

outcomes. However, while statistical models that can be used to estimate prevalence ratios have 

been widely explored for data that are not clustered, less is known about their relative merits 

where data are clustered.  

In the first chapter of the thesis, I introduce the problem of musculoskeletal disorders with a brief 

description of epidemiological evidence on established risk factors. I then describe the hypothesis 

about cultural and psychosocial influences on common musculoskeletal complaints that led to the 

CUPID study, the methods of which I outline at the end of the chapter. In the second chapter, I 

describe the phenomenon of clustering and present approaches to the analysis of clustered data, 

leading to a description of the main research questions that this thesis aimed to answer. In the 

third chapter, I describe the approach that I followed to search for evidence that was already 

available from the published literature on the consequences of ignoring clustering. In the fourth 

and fifth chapter, I explore the consequences of ignoring clustering in linear and logistic 

regression, respectively, using data derived from Monte Carlo simulations. In each of these 

chapters, the consequences of ignoring clustering are explored separately for continuous and 

binary explanatory variables. Each case is introduced by first considering the simplest scenario in 

which observations come from only two clusters, before moving on to consider multiple clusters. 

For the case of a continuous outcome variable, algebraic calculations were also made to check 

generalisability of findings. In Chapter 6, I extend this exploration by fitting naïve (linear and 

logistic) regression models with dummy variables for the clusters in a subset of the simulated 

datasets used in previous chapters (Chapter 4 and Chapter 5). In Chapter 7 I use data from the 

CUPID study to compare risk estimates derived from meta-analysis of summary results with those 

derived from analytical methods that use all primary data (pooled analysis of individual data). 

Chapter 8 compares different methods for estimating prevalence ratios when data are 

hierarchically structured. For that, I used data from the CUPID study to fit various regression 
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models and derive estimates which could be interpreted as relative risks. In Chapter 9, I review 

the main findings of the thesis, summarise the key conclusions that can be drawn from each 

chapter, and discuss directions for further research in the area of multilevel data analysis.  

1.1 Musculoskeletal disorders 

The term, musculoskeletal disorders (MSDs), refers to various conditions that affect the nerves, 

tendons, muscles, and supporting structures of the body. MSDs may affect many areas of the body 

including the neck, shoulders, wrists, upper or lower back, and knees, where they can cause 

symptoms ranging from mild discomfort to debilitating pain and disability. In some cases, 

symptoms arise from identifiable disease of tissues, but often there is no evidence of specific 

underlying pathology (1).   

The burden from MSDs has been described in various studies. A large community-based postal 

survey of individuals of working age in the UK showed that 28% had upper limb pain lasting 

from 7 days to 6 months, 14% for >6 months, and 10% had pain characterised as disabling (2). 

Another large cross-sectional survey of a UK general practice population reported a 34% 

prevalence of neck pain in the past 12 months, 20% in the past week, and 11% prevalence of neck 

pain interfering with normal activities (3).  A systematic review on shoulder pain reported that the 

1-month prevalence in the studies reviewed varied from 19-31%, that of 1-year prevalence from 

5-47%, and that of lifetime prevalence from 7-67% (4). Back pain alone accounted for 25% of 

pain regarded as troublesome in the past month in a sample of 4049 surveyed people in a cross-

sectional study in the UK (5), while a higher prevalence (40%) was reported in a survey in Great 

Britain in which a broader definition of the symptom was used (6).  

These symptoms can lead to disability and need of health care, with a parallel important loss of 

time from work. A systematic analysis for the Global Burden of Disease Study in 2010 showed 

that low back pain was in the top ten disorders impacting on disability-adjusted life years, with 

other MSDs also being very common in many of the 21 regions examined (7). In Europe, MSDs 

are the biggest cause of incapacity for work with costs reaching 2% of gross domestic product (8). 

Also, MSDs often result in long-term sickness absence, impacting on both employers and 

employees. Sickness absence leads to loss of productivity, which may also occur when people 

experiencing musculoskeletal symptoms are present at work but cannot perform to their normal 

capacity (9).  

A substantial body of epidemiological research has shown that MSDs are associated with 

occupational physical activities, such as lifting, bending, forceful repetitive movements and work 

with sources of vibration (10-13), characterising them as work-related disorders. Added to that, 
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further research has shown that psychosocial aspects of work play an important role in the 

occurrence of musculoskeletal pain. These include job demands, lack of support and control, 

dissatisfaction with work, and job insecurity. The association between these factors and MSDs 

has been widely studied in cross-sectional and longitudinal studies. A recent systematic review 

exploring the association between psychosocial stressors and musculoskeletal problems, gathered 

evidence from 45 longitudinal studies and presented the pooled effects of a number of different 

stressors on pain in the lower back, neck/shoulder, and upper and lower extremity (14). Most of 

the effects on the onset of musculoskeletal problems in this large review were small (odds ratios 

ranging from 1.15 to 1.66) but statistically significant.  

Additionally, tendency to report and worry about common somatic symptoms has been linked to 

musculoskeletal pain. This association has been shown in many epidemiological studies. Most 

have been cross-sectional in design, and have shown strong associations with the prevalence of 

regional musculoskeletal symptoms (15-19) as well as that of pain in multiple sites of the body (2, 

20, 21). Longitudinal studies have found that people who tend to somatise more are more likely to 

develop MSDs and associated disability (22-24). Additionally, poor mental health has been shown 

to be more common in people with musculoskeletal problems, in cross sectional studies (15, 25, 

26). As for somatising tendency, longitudinal studies have indicated that people with poor mental 

health are more likely to develop new musculoskeletal pain (22, 24, 27).    

1.2 Cultural and psychosocial influences  

Musculoskeletal symptoms sometimes arise from identifiable pathology, but most often, 

underlying pathology cannot be established, in which case the symptoms are characterised as 

“non-specific”. The frequent occurrence of musculoskeletal complaints in the absence of 

identifiable underlying pathology, reinforces the argument that psychological factors are a key 

element in understanding musculoskeletal disorders (28). Indeed, several studies have shown a 

robust association of psychosocial factors with reporting of symptoms and musculoskeletal health 

outcomes (29). Also, a recent study of patients investigated for possible carpal tunnel syndrome 

showed that psychosocial risk factors were more strongly associated with non-specific than 

specific musculoskeletal pain (30).  

However, the identified occupational risk factors together with the known personal psychological 

risk factors cannot explain the major variations in the prevalence of disability from that have been 

observed between populations and within populations over time.   

Health beliefs have also been shown to be associated with musculoskeletal outcomes. A 

systematic review of randomised control trials of medical advice regarding acute back pain 
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showed that shifting people’s beliefs from a traditional perspective of bed rest to positive action 

that promotes physical activity can result in reduction of back pain prevalence and its impact (31). 

Similarly, an interventional study aiming to change beliefs about back pain and related disability, 

showed that a positive shift in beliefs was followed by a reduction in disability and workers’ 

compensation costs related to back pain (32).  

Health beliefs and expectations are importantly driven by a person’s culture and environment. 

Culture may affect perception of health, how illness and pain are experienced, and understanding 

of what the possible causes of a specific illness might be (33). Furthermore, the cultural and 

societal environment that people experience may influence their perception of wellbeing (34). 

The above considerations prompted the hypothesis that musculoskeletal illness and related 

disability which cannot be attributed to a detectable organic pathology, may be importantly 

influenced by health beliefs and expectations that are partly shaped by the individual’s 

characteristics and partly by the cultural environment that they experience (35).  

1.3 The CUPID study 

To examine the hypothesis that culturally-determined health beliefs and expectations have an 

important influence on common musculoskeletal complaints in addition to that of well-established 

risk factors, the CUPID (Cultural and Psychosocial Influences on Disability) study was designed. 

The objective of the CUPID study was to compare the prevalence of musculoskeletal pain and 

related disability among workers who were similarly exposed to biomechanical occupational risk 

factors but came from different cultural backgrounds. Additionally, the CUPID study aimed to 

explore risk factors for prevalence of symptoms and disability.  

The methods of the CUPID study have been described in detail elsewhere (36). In brief, data were 

collected during 2006-2011 in 18 countries. In each country, participants were recruited from 1-4 

occupations, providing a total of 47 occupational groups, with occupational group being defined 

by the combination of occupation and country (Table 1.1). Participants were aged between 20 and 

59 years and had all been in their current job for at least 1 year. Information was collected through 

a questionnaire that was self-administered or administered at interview.    

The questionnaire included sections about demographic characteristics; height; age that full-time 

education was completed; smoking habits; current occupation; pain at different anatomical sites 

and related disability; sickness absence in the past 12 months due to musculoskeletal problems or 

other illness; awareness of others with musculoskeletal pain; awareness of repetitive strain injury 

(RSI) or similar terms; adverse beliefs about musculoskeletal pain; and personal psychological 

factors. 
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Table 1.1. Countries and occupations from which participants were recruited within country. 

Country Abbreviation Occupations from which participants were recruited within country 

Brazil BR Office workers, nurses, sugar cane cutters 

Ecuador EC Office workers, nurse assistants, flower plantation workers 

Colombia CO Office workers 

Costa Rica CR Office workers, nurses, telephone call centre workers 

Nicaragua NI Office workers, nurses, machine operators 

UK UK Office workers, nurses, mail sorters 

Spain SP Office workers, nurses 

Italy IT Nurses, assembly line workers 

Greece GR Office workers, nurses, postal clerks 

Estonia EE Office workers, nurses 

Lebanon LB Office workers, nurses, food production workers 

Iran IR Office workers, nurses 

Pakistan PK Office workers, nurses, mail sorters 

Sri Lanka LK Office workers, nurses, mail sorters (other workers 1), sewing 
machinists (other workers 2) 

Japan JP Office workers, nurses, transportation operatives (other workers 1), 
sales workers (other workers 2) 

South Africa SA Office workers, nurses 

Australia AU Nurses 

New Zealand NZ Office workers, nurses, mail sorters 

 

Information about current occupation included number of hours worked per week, occupational 

physical activities, and psychosocial aspects of work. Participants were asked whether an average 

day involved: lifting weights of ≥25kg by hand; working with the hands above shoulder height for 

more than 1 hour; use of a computer keyboard or other repetitive movement of the wrist or fingers 

for longer than 4 hours; kneeling or squatting for longer than 1 hour; and repeated bending or 

straightening of the elbow for longer than 1 hour. The psychosocial aspects of work on which 

participants provided information were: time pressure, incentives, and job control, satisfaction, 

and security.  

Questions about musculoskeletal pain focused on six anatomical sites. These were the low back, 

neck, shoulder, elbow, wrist/hand, and knee. For the last four sites information was provided for 

both the right and the left side. Participants were asked about pain in each of the above mentioned 

regions over the past month and the past 12 months. Related disability was assessed by questions 

asking about the level of difficulty that participants had experienced in doing specified everyday 

activities due to the site-specific pain. Along with pain and related disability, participants reported 

the number of days of sick leave taken over the past year due to pain in the specified region. 
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Adverse beliefs about musculoskeletal pain were assessed by questions adapted from the Fear 

Avoidance Beliefs Questionnaire (37). Through these, participants were considered to have 

adverse beliefs about: work-relatedness, if they believed that musculoskeletal pain is commonly 

caused by work; physical activity, if they believed that physical activity should be avoided and 

rest is needed for pain to get better; and prognosis, if they believed that neglecting such problems 

can cause permanent health problems and that such problems do not usually get better within 

three months. 

Distress from somatic symptoms was ascertained using questions taken from the Brief Symptom 

Inventory (BSI) (38), which provided a measure of participants’ tendency to somatise. Mental 

health was assessed through questions taken from the Short Form-36 (SF-36) questionnaire (39). 

These questions led to a score that was grouped into thirds of its distribution, creating three 

mental health categories: good, intermediate, and poor. 

In addition to data collected from study participants through questionnaires, local collaborators 

provided information about group-level socio-economic factors specific to the occupational 

group. This included the local unemployment rate at the time of the survey, entitlement to sick 

pay in the first three months of absence, availability of social security support for the 

unemployed, financial support for ill health retirement, whether fees were paid for primary 

medical care and entitlement to compensation for work-related musculoskeletal disorders. 
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Chapter 2. Clustering of data 

2.1 Introduction to problem 

The design of the CUPID study, as described in section 1.3, meant that the data had a hierarchical 

structure. This was because observations for individuals within an occupational group were likely 

to be more similar to each other than those for individuals from different groups. That similarity 

could occur for several reasons. Firstly, individuals are not randomly assigned to occupations 

(40). They normally select their job, and the decision is often influenced by personal 

characteristics (e.g. personality, academic ability, social class and physical attributes such as 

strength, mobility, agility etc). Thus, specific occupations tend to gather individuals of similar 

profiles. Also, people within the same occupational environment interact and thus are likely to 

influence one another. One person’s beliefs and expectations are liable to influence those of 

others in the same group. Of particular importance, health beliefs about musculoskeletal pain are 

likely to be shaped by the conditions and cultural environment that an individual experiences in 

the workplace (41). Additionally, some factors, such as local unemployment rate, will apply 

similarly to all individuals in the same group. Consequently many relevant variables are likely to 

be more similar among individuals belonging to the same occupational group than in individuals 

from different occupational groups, and particularly from different countries. 

The greater similarity within as compared with between occupational groups might apply not only 

to risk factors of interest, but also to the pain outcomes under study. As mentioned earlier, 

musculoskeletal pain has been shown to be predicted by psychosocial factors such as low mood 

and tendency to somatise. As the profile of these psychosocial factors along with other 

unmeasured parameters (potentially associated with the outcome of interest) is likely to be more 

similar among people from the same occupational group, one would expect the same to apply to 

the musculoskeletal outcomes. For example, in an occupational group with a high prevalence of 

poor mental health and tendency to somatise, one might expect also a correspondingly high 

prevalence of musculoskeletal pain.     

Such grouping of observations may have implications for statistical inference. This can be 

illustrated using the example of a study to explore the association between the occurrence of low 

back pain and the prevalence of adverse health beliefs about prognosis of musculoskeletal pain in 

the occupational group to which a person belongs (categorised as ‘high’ or ‘low’). Suppose that 

this study uses a sample from 40 occupational groups, each comprising 100 individuals, and that 

20 of the 40 occupational groups have a high prevalence of adverse beliefs about prognosis of 

pain, while the remainder have a low prevalence (Figure 2.1). That equates to 20 groups, or 2000 
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individuals, that are exposed to the risk factor and another 20 groups, or 2000 individuals that are 

not. In the first group of 2000 individuals (those with high group prevalence of adverse beliefs 

about prognosis) there are 300 people who have low back pain, while in the second group of 

individuals there are 100 people with low back pain. That implies a prevalence of 15% in 2000 

exposed people as compared with 5% in 2000 unexposed individuals. It might be, however, that 

low back pain is very strongly clustered within occupational groups, and that the 300 exposed 

individuals with low back pain all come from just three occupational groups (each with 100% 

prevalence), while the 100 unexposed individuals with low back pain all come from a single 

occupational group (again with 100% prevalence). Then the comparison of exposed to unexposed 

individuals (300/2000 vs 100/2000) with low back pain essentially becomes a comparison of 

exposed to unexposed occupational groups (3/20 vs 1/20) in which individuals have low back 

pain. The comparison remains 15% (3/20 groups) versus 5% (1/20 groups), but the sample on 

which this comparison is made is 40 rather than 4000. So, if we wrongly consider that the 

comparison is between individuals rather than between groups of individuals (i.e. a sample size of 

4000 as opposed to 40), our estimate of the strength of association will be spuriously precise.  

 

Figure 2.1. Example of study exploring association between low back pain and group prevalence 

of adverse beliefs about prognosis of musculoskeletal pain 

The above example is also formulated numerically in Table 2.1. A comparison between 

individuals would indicate a three-fold increased risk of low back pain when exposed to a high 

group prevalence of adverse health beliefs about the prognosis of musculoskeletal pain. In a 

sample of 4000 individuals, such a ratio would be highly significant statistically, with a narrow 

confidence interval (95% CI: 2.4, 3.7). A comparison between groups, however, even though it 

Sample: 40 occupational groups
with 100 individuals in each group

20 groups with 
high prevalence 
of beliefs about 
poor prognosis of 
MS pain 

2000 individuals 
exposed to  
beliefs about 
poor prognosis 
of MS pain 

20 groups with 
low prevalence of 
beliefs about 
poor prognosis of 
MS pain 

2000 individuals 
unexposed to  
beliefs about poor 
prognosis of MS 
pain 

300/2000=15% individuals with low back pain  100/2000=5% individuals with low back pain 
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would yield the same risk estimate, would carry much greater statistical uncertainty (95% CI: 0.3, 

26.5), reflecting the small number of data points (N=40).  

Table 2.1. Results from hypothetical example on association between low back pain and group 

prevalence of adverse beliefs about prognosis of musculoskeletal pain   

Low Back Pain cases / Exposed Low Back Pain cases / Unexposed Relative Risk (95% CI) 

300/2000 individuals 100/2000 individuals 3 (2.4, 3.7) 

3/20 groups 1/20 groups 3 (0.3, 26.5) 

 

In another example, but in a similar context of 40 occupational groups, consider a study 

investigating the association between number of hours worked per week and age. Assume that 

there is a very tight similarity between observations within each of the occupational groups, such 

that each group comprises individuals very close in age and with very similar (but not the same) 

working patterns (in terms of number of hours worked per week). In such a scenario, the variance 

due to differences between occupational groups would be much larger than the variance within 

groups. Thus, ignoring grouping of observations in occupational groups, the variance due to 

differences in the higher level (groups), which was larger, would be mixed with variance between 

individuals within the same group, which was smaller. That would result in inappropriate 

uncertainty around the effect of age on number of hours worked per week. By acknowledging and 

separating the sources of variation (due to occupational groups, and due to individuals within 

occupational groups), one might get a more accurate estimate of precision for the association 

between the two variables. 

2.2 Definition of clustering and scope 

Clustering of observations within identifiable subsets of a population is a common phenomenon, 

and is encountered in many different disciplines. For example, in an educational context, students’ 

scores for achievement are likely to be more similar between students who belong to the same 

class or the same school than between students from different schools (42). In a political context, 

voting behaviours tend to be more similar among individuals from the same region, and even 

more so among those who share the same local environment (43, 44). In medicine, patients 

registered with the same general practice are likely to be more similar to each other than patients 

under the care of different practices. In sociology, people from the same neighbourhood are more 

likely to exhibit the same social behaviour than people living in different neighbourhoods (45). In 

genetics, individuals who come from the same family are more likely to have a similar genetic 

profile than those from different families. In growth trajectories, repeated observations over time 
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from one individual are more likely to be similar than observations from different individuals 

(46). 

Where nesting of observations occurs, it may have implications for statistical inference, 

depending on the answers to two main questions. First is the extent to which the observed 

clustering is a feature of the population as a whole, and not simply of the particular study sample 

that has been drawn from that population. Second is whether the clustering of outcome variables 

can be explained by the predictor variables (if any) that have been measured.  

Regarding the first consideration, the phenomenon of similarity can be considered a population 

characteristic if it would still be present in a sample consisting of all possible elements from the 

set of observations that could be made. In contrast to that, if similarity of observations is not a 

population characteristic, then possible similarities observed within groups (and parallel 

dissimilarities across groups) of observations in a study sample would be attributable to chance 

alone. If the clustering of the observations in the outcome variable of a study sample has occurred 

simply by chance, then it should not affect statistical inference. Otherwise clustering would occur 

in all studies since one could always define it a posteriori in a sample according to the observed 

distribution of the outcome variable.  

When clustering does occur in the wider population, the observed similarities of the outcome 

variable will be attributable to explanatory variables, which may or may not be known. When 

relevant explanatory variables have been identified and measured, and subsequently are accounted 

for in the statistical analysis, then the clustering of observations is likely to be reduced or even 

completely eliminated, and where the clustering is eliminated, standard methods of statistical 

inference can again be applied .  

There will, however, be implications for statistical inference if there is clustering of an outcome in 

the wider population that cannot be fully explained by measured explanatory variables. The extent 

to which clustering of an outcome variable impacts on statistical inference will depend on the 

degree of clustering after allowance for measured explanatory variables – i.e. the level of 

variation across groups compared to the within-group variation after adjustment for measured 

explanatory variables. Such variables may take the same value for all members of any given 

group, or they may vary between individuals within a group. For example, in a study of social 

behaviours, variables of the first type might be prevalence of low-educated residents in the 

neighbourhood (measured at the group level), and the presence or absence of resources such as 

reliable public transport, while variables of the second type could be age or sex (which are 

measured at the individual level). The residual clustering must depend on other relevant 

parameters that are unknown, or at least unmeasured. As for the measured parameters, these 

unmeasured parameters can be at the lower level of observation or the group level.  



   

13 

In studies where clustering occurs, it is common practice to partition observed variation into two 

levels – the group level and the individual level. High within-group similarity of observations can 

be thought of as lower variation of the outcome of interest within-groups (individual-level) 

compared with higher variation across groups (or group-level variation). For example, consider 

the parameter of social behaviour measured in groups of individuals from different 

neighbourhoods. Similarity of social behaviour between individuals living in the same 

neighbourhood can also be expressed as higher variation in social behaviour across 

neighbourhoods compared with variation between individuals within neighbourhoods. 

In summary, when data come from a population comprising identifiable groups, such that after 

allowance for measured explanatory variables, values for an outcome variable show greater 

similarity within groups than across the whole population, they are said to be clustered or 

hierarchical, and the groups are termed clusters. 

The magnitude of clustering is often quantified by a measure called intracluster correlation 

coefficient (ICC) (also referred to as intraclass correlation coefficient). This measure is defined as 

the ratio of the variance in the outcome variable between groups to the overall variance in the 

model (between and within groups). ICC can thus be expressed as the proportion of variance in 

the outcome measure that is explained by the group level. When most of the variation is found 

between individuals of the same cluster and the cluster means of the outcome variable vary little, 

the between-cluster variance will be low and thus the ratio of the ICC will be very close to zero. 

In that situation there is little clustering. On the other hand, when the variation is mostly observed 

at the group level, then the ICC will be close to one.  

2.3 Approaches to the analysis of clustered data 

Several approaches are used in the analysis of clustered data. These can be grouped into four 

broad categories: i) ignoring the clustering of observations ii) treating the clusters as independent 

observations (aggregation method), iii) fixed effects regression analysis using a dummy variable 

for each cluster, and iv) statistically accounting for clustering without estimating cluster effects. 

To illustrate the approaches to the analysis of clustered data, I consider the example of a study of 

students from a number of different schools. Here the lower unit of observation is the student and 

the higher level of observation is the school which the student attends. Let the outcome of interest 

be the student’s score in maths and the main predictor variable be gender. 

I) Ignoring clustering of observations 

Ignoring clustering of observations is an approach that was widely used before multilevel 

analytical techniques became available. Researchers following this approach would consider 
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observations at the lower level to be mutually independent and analyse the data disregarding their 

common element, the clusters, which in this example are the schools. In the case of a continuous 

outcome variable, a typical analysis technique would be an ordinary least squares (OLS) 

regression, and in the case of a binary outcome, ordinary logistic (OL) regression. With this 

approach, in the example of the students nested within schools, the score in maths would simply 

be regressed on gender using an OLS model.  

This approach, often referred to as a disaggregation approach (47), has been widely discussed 

with regard to potential biases in estimates of parameters and their precision. These will be 

discussed in more detail in Chapter 4 and Chapter 5. In brief, if data are pooled from, say, N 

clusters with n observations in each cluster, to create a single large database and the inter-

dependency of observations is ignored, parameters are estimated using the whole sample of  

individuals. When observations are not independent and there is a strong within-cluster 

dependency, increasing the number of observations in a cluster will only increase the information 

about a given association minimally.  However, the apparent statistical power will increase 

substantially. For example, consider an extreme case in which an outcome and an exposure 

variable are measured 100 times in each of 100 people and both of the variables are time 

invariant. That would result in clustered data in which the measurements were clustered within 

individuals. As both variables are time-invariant, all of the observations within any given cluster 

will be identical. Ignoring the clustering of observations would mean that the association between 

exposure and outcome was estimated on a sample of 10000 observations (100 measurements for 

each of the 100 clusters/individuals) whereas the association should be viewed more appropriately 

as being estimated from a sample of 100 measurements (one per person). Failure to account for 

the clustering would be likely to produce over-precise estimates of associations, and possibly 

false-positive results, depending on the level of clustering. It should be noted however, that such 

extreme examples are rare and while there is concern about over-precise estimates, depending on 

the degree of intraclass correlation, there may or may not be differences between analyses that 

account for clustering and those that do not.            

II) Treating clusters as independent observations 

This method is often referred to as aggregation (47). In aggregation, observations made at the 

lower level are used to derive summary measures for each cluster, commonly the mean of 

observations per cluster, which are then used as measures specific to the higher level (cluster 

level). Analysis is then conducted with clusters rather than individuals as the unit of analysis. This 

approach ensures independence of observations as they each result from different clusters, and 

thus standard analytical techniques can be applied.  
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In the example of the students who are clustered within schools, an average measure per school 

could be created for maths score and a prevalence measure of males could be created for the 

students in each school. Then the number of observation points would reduce to the number of 

schools, and using standard techniques, such as OLS linear regression, one could explore the 

association between maths score and prevalence of males.  

By reducing the number of observations to the number of clusters, this approach means that one 

can confidently analyse data without violating assumptions of independence of observations. On 

the other hand, the sample size is reduced (sometimes markedly, depending on the number of 

observations per cluster in relation to the number of clusters) which may result in considerable 

loss of statistical power. Also, the method does not take into account the size of the clusters; some 

clusters may be larger in size and thus contribute more information than other clusters that are 

smaller in size. In aggregation methods, no weights are assigned to clusters, and unweighted 

analyses may result in inappropriate conclusions. Additionally, as information is summarised at 

the upper level of observation, information at the individual level is lost. Analysis using 

individual level data from each cluster may not give the same results as analysis of averaged data, 

a discrepancy called the ecological fallacy, which has been discussed widely in the context of 

ecological studies (48).  

III) Regression analysis with dummy variables for clusters 

This method uses conventional regression techniques that incorporate information on clustering. 

That is done simply by adding indicator variables for the clusters to which individuals belong in 

the regression model. In the above example, if the number of schools from which students were 

recruited were N, then, N-1 dummy variables could be included in a statistical model that was 

fitted to estimate the association between maths score and gender. When the outcome of interest, 

in this case the maths score, is continuous and normally distributed, this method is equivalent to 

an Analysis of Covariance (ANCOVA). It has also been described as the least squares dummy 

variable (LSDV) approach (49).        

With this approach, when clusters are fitted in the model as dummy variables, the analysis 

“controls for” cluster effects and estimates can be made of the main effect of the predictor on the 

outcome variable, which is assumed to be the same (fixed) across clusters. Even though this is a 

statistically valid method, it can only be applied when the explanatory variable of interest varies 

between individuals within clusters (individual-specific variable). Where the explanatory variable 

is specified at cluster level, its effect cannot be estimated because it cannot be discriminated from 

the effects of the cluster dummy variables (knowing the cluster determines the explanatory 

variable). To illustrate this point, consider an example in which we wish to investigate the effect 

of type of school (state vs private) on maths score in a sample of students recruited from 20 
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different schools, 10 of them being state schools and 10 private schools. A LSDV model would 

then be of the form: 

	 ∑ . 

with  being the intercept,  with 2, … ,20 being the estimated effect of each school  on the 

outcome as compared to the first school ( 1),  being the estimated effect of private schools 

on the outcome as compared to state schools, and  being the residual variation. In this model, 

information about the difference in maths scores between students in the two types of schools 

( ) is accounted for by the dummy variables for individual schools.  

The confounding of effects between the cluster-level variables and the dummy variables for the 

clusters can be better explained through the algebraic representation of a linear regression model. 

Consider a sample of  individuals and a multiple linear regression model of the form  

 2.1 

where  

⋮ ,
⋮

…
⋯

⋮ ⋱ ⋮
⋯

,
⋮

, ⋮  

The columns of the matrix  are for the covariate variable vectors N. Then, based on the OLS 

method, the estimate of the unknown parameter  will be  

 

In our case, the first N-1 variables (  to ) will be cluster-indicator variables, and the last 

variable will be the cluster-level variable ( ) the effect of which we wish to estimate. As the last 

variable is invariant within clusters, it will be a linear combination of the cluster-indicator 

variables. For that reason, the matrix  will have rows that correspond to linearly dependent 

row-vectors and the product of the two matrices  will be a matrix with rows that correspond 

to linearly dependent row-vectors. It follows that the determinant of  will be 0. Thus  

will not be invertible and the effect of the last variable cannot be estimated. 

Where the predictor under investigation is measured at the lower level of observation, the LSDV 

method can be a statistically valid approach and is often preferred when the number of clusters is 

small. However, as the number of clusters increases, fitting dummy variables to account for 

cluster differences may lead to loss of statistical power as many degrees of freedom are used.  
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IV) Accounting for clustering without estimating cluster effects  

In a simple situation in which the interest is in testing the null hypothesis that there are no 

differences between groups of observations in the presence of clustering, conventional statistical 

tests have been adapted to account for within-cluster correlation of observations. Such tests 

depend on the distribution of the outcome variable. For continuous and binary outcomes the 

adapted conventional t-test and  test have been described by Gonen et al (50). For continuous 

data, that are not normally distributed, the methods used to test for differences between two or 

more groups of observations are the Wilcoxon rank-sum test and the Kruskal-Wallis test. In the 

context of clustered data these have also been adapted separately for cases in which the predictor 

variable is cluster-specific (51, 52) (i.e. a cluster-level variable) and individual-specific (53) (i.e. 

an individual-level variable). Similar adaptations have also been developed for paired 

observations that are clustered (54, 55) (for example, the right and left shoulders of individuals 

who are clustered within countries). 

Beyond simple statistical tests, statistical modelling that accounts for clustering effects can be 

used when more complex analysis of data is required (i.e. estimation of adjusted associations). 

Such statistical modelling includes clustered robust estimation, generalised estimating equations 

(56) (GEEs), and random effects (RE) modelling (57, 58).  

Clustered robust estimation works in the same way as an OLS model. The difference is that the 

method relaxes the assumptions of independence of observations. In other words, the observations 

are assumed to be independent across clusters, but not necessarily within clusters. Using this 

method, point estimates of parameters are unaffected, but their standard errors are modified 

depending on the level of within-cluster correlation of observations and the number of 

observations within each cluster. 

GEEs are marginal methods. In GEEs the mean response and the within-cluster correlations are 

modelled separately, considering the former as the primary focus and accounting for the latter to 

produce valid conclusions. GEEs are most commonly used to analyse longitudinal data (59) in 

which there are repeated measures within individuals and the objective is to describe the marginal 

expectation of the response variable as a function of the explanatory variables, while taking into 

consideration the within-cluster correlation of the observations.    

Random effects modelling is a conditional method, in that it estimates the effect of the 

explanatory variable of interest conditional on the cluster. This model also relaxes the 

assumptions about independence of observations and distinguishes between the two sources of 

variation in the outcome variable – i.e. within and between clusters. Applying this approach, we 

can allow the average value of the outcome to vary across the clusters, assuming a constant effect 
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of the explanatory variable on the outcome variable (a random-intercepts (RI) model), or we can 

allow both the average value of the outcome and the effect of the explanatory on the outcome 

variable to vary across clusters (a random-effects (RE) model). These models, however, are 

subject to assumptions concerning the distributions of the random intercepts and the random 

effects that one has to consider when implementing them. Despite these assumptions, however, 

random effects modelling is often preferred to dummy variable regression analysis when the 

number of clusters is large due to the lower number of degrees of freedom used.    

Several studies have assessed the similarities and dissimilarities of the RE and GEE methods (60, 

61) and differences in the effect estimates that they generate (62-65). The conclusion from these 

studies has been that researchers must be cautious when choosing between marginal and 

conditional methods as the two may answer different questions. Consider the example of maths 

scores in relation to gender among students from different schools. The marginal model (GEE) 

would estimate the effect of being a randomly selected male on maths score compared with a 

randomly selected female, independent of school. The conditional model (RE), on the other hand, 

would describe the effect of being a randomly selected male on maths score compared with a 

randomly selected female from the same school.  

The above mentioned methods can be applied whether the outcome variable is continuous or 

categorical (binary, ordinal, or nominal). When the outcome under investigation is binary (0/1), 

then another approach to the analysis of clustered data is the conditional logistic regression model 

(66), which can be conceived as an extension of the RI logistic regression model. In the case of a 

continuous outcome, when the cluster-specific mean of the response variable is subtracted from 

the response variable, the cluster-mean-centred variable is generated and a model that uses the 

latter as an outcome variable corresponds to conditional maximum likelihood estimation. In the 

case of a binary outcome variable, the cluster-specific intercepts can be eliminated from the 

model by constructing a likelihood that is conditional on the number of positive responses (=1) in 

the cluster. That will correspond to the conditional maximum likelihood estimation known as 

conditional logistic regression. The drawback of this method is that only effects of explanatory 

variables that vary within clusters can be estimated. 

2.4 Research questions 

This thesis focuses on the analysis of clustered data. A major objective was to explore the 

situations in which clustering of observations needs consideration in the analysis stage of a study, 

the consequences of failing to account for clustering, and how that is likely to affect statistical 

inference. The thesis then compares two methods that are commonly applied in meta-analysis of 

data that are clustered by study population. Finally, it compares different methods for the 
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estimation of relative risk (which is a frequently used measure of association when the outcome of 

interest is binary) when data are clustered.   

The three major research questions on which this thesis will focus are: i) what are the 

consequences for statistical inference of ignoring clustering of observations, ii) how do estimates 

of association and related precision that are derived using meta-analysis of summary results 

compare to those from pooled analysis of individual data, and iii) how can relative risks be 

estimated when observations are clustered. These research questions are described in more detail 

below.  

2.4.1 Consequences of ignoring clustering 

As described in the previous section, clustered data are commonly encountered in epidemiological 

research. An increasing number of scientists have identified the phenomenon in existing data, 

while new designs of studies are being used in which data are hierarchically structured. Thus, it is 

not surprising that researchers are now increasingly aware of the importance of accounting for 

clustering, both in the statistical analysis of the data and in the interpretation of the results. 

However, there is still a large number of recently published studies in which clustering has been 

ignored (67-71). Possible reasons may be the complexity of models that account for clustering, 

and under-appreciation of the importance of the problem.  

Several studies have addressed research questions around the problem of clustering in relation to 

statistical inference. These have clearly distinguished the effects of clustering according to 

whether the main explanatory variable is constant or varying within clusters (72). However, in 

practice, even where an explanatory variable varies within cluster, its variation across clusters 

may be much larger than that within clusters. Little is known about the effects of clustering is 

such a situation.  Also, most of the methodological studies have considered explanatory variables 

that were continuous, and very few have addressed binary explanatory variables. No study so far 

has investigated the consequences of ignoring clustering according to different scenarios for the 

distribution of the explanatory variable. In addition, even though the implications of failing to 

account for clustering for the estimation of standard errors have been well described, effects on 

point estimates have received little attention.  

The first objective of the thesis was to explore consequences of ignoring clustering in statistical 

inference using simulated data. Two different distributions of the outcome variable were 

examined: continuous and binary, using linear and logistic regression, respectively. Also, in each 

of the two cases (linear and logistic regression), both continuous and binary explanatory variables 

were considered, as shown in the table below. The investigation focused on how the distribution 
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of the explanatory variable in relation to the cluster variable affects point estimates of risk and 

their precision, assuming different levels of within-cluster similarity of observations of the 

outcome variable. In addition, it explored coverage rates of true effect estimates by 95% 

confidence intervals, and the extent to which analyses that ignore clustering can give misleading 

estimates of type I error.  

  Outcome 

  Continuous Binary 

Exposure 
Continuous Linear regression (section 4.3) Logistic regression (section 5.3) 

Binary Linear regression (section 4.5) Logistic regression (section 5.5) 

2.4.2 Meta-analysis and pooled analysis  

Meta-analysis is a systematic approach to synthesis of results from independent studies that have 

explored a specified research question. The aim is to integrate the separate effect estimates 

reported from the independent studies into a combined “summary effect estimate”. For example, 

the research interest might be the effect of lifting on the occurrence of low back pain. In a meta-

analysis, effect estimates for lifting in relation to low back pain would be obtained from 

independent studies and synthesised to give an overall effect estimate for lifting. In a meta-

analysis, the greater the similarity of the studies in terms of conditions under which they have 

been carried out, ascertainment of the main exposures and outcomes under investigation, and 

analytical approaches followed, the more valid the overall effect estimate will be considered. In 

contrast, when studies included in a meta-analysis have been conducted under different 

conditions, using different methods to ascertain exposures and outcomes, the overall meta-

estimate of effect may be called into question. 

Meta-analysis can be viewed as a special case of hierarchically structured data analysis. The 

independent studies can be considered as different clusters in a hierarchical dataset, made up of 

the individual participants in each study.  

When information is available about the individuals participating in the studies one wishes to 

combine, it is also possible to analyse pooled individual data using various statistical techniques 

including fixed-effects models, which may or may not account for the study in which the 

individual took part, or random-effects models (if the number of studies is sufficiently large).  

Previous research has suggested that pooled analysis of individual data is preferable to meta-

analysis of summary results from each component study. Also, pooled analysis of individual data 

has been considered by some researchers as the gold standard for combining evidence from 
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multiple studies (73). However, these conclusions were based on only a small number of studies 

that employed both statistical approaches, of which most pooled data from randomised control 

trials, and very few  from observational studies. No study so far has compared results from meta-

analysis and pooled analysis of individual data from multiple studies in which procedures for data 

collection and definitions of variables were standardised.   

The CUPID study, as described in section 1.3, is a multicentre study in which participants were 

grouped within 47 distinct occupational groups. The 47 groups can be regarded as 47 independent 

studies in which data collection procedures and ascertainment of musculoskeletal outcomes and 

potential risk factors were standardised. In each of these groups it is thus possible to explore the 

same research question using identical statistical methods. Then the whole sample can be used to 

explore the same research question when applying pooled analysis of individual data.  

The second aim of this thesis was to compare estimates produced when results from the separate 

studies were meta-analysed with estimates from models fitted to the individual-level data. This 

was done using data from the CUPID study covering musculoskeletal pain outcomes with high 

and low overall prevalence. The comparison of estimates derived from the two methods was 

further explored in different scenarios of correlations between the explanatory variables.   

2.4.3 Estimation of relative risks from clustered data  

Binary outcomes are regularly encountered in epidemiological research. They are commonly 

analysed by logistic regression modelling, which estimates odds ratios.  These are a good 

approximation to relative risks, but are further from the null value of one, and the difference 

becomes greater as the prevalence of the outcome increases, notably when it exceeds 10% (74).  

Relative risks can be estimated by fitting log binomial regression models. However, this model 

often has convergence problems during the iterative estimation procedure that it uses, and 

alternatives have been suggested for the estimation of relative risks (74). For example, Cox 

Proportional Hazards (PH), and Poisson regression models with robust confidence intervals can 

be used to estimate relative risks when the log-binomial model fails to converge.  

Estimation of relative risks can also be a problem when observations are grouped within clusters, 

and thus cannot be regarded as independent; and in these circumstances, a similar approach 

(based on Poisson regression with robust standard errors) has been suggested (75). Since the 

publication in 2004 of the paper that originally proposed Poisson regression with robust standard 

errors (otherwise referred to as a modified Poisson model) in the context of clustered data (76), 

many studies have applied this method to estimate relative risks, but only one study has attempted 

to test its validity (77). Moreover, that study considered only one of the two main modelling 
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approaches (modified Poisson regression modelling) to account for clustered data. No study to 

date has explored the performance of the Cox PH model in the estimation of relative risks where 

clustering is present. 

The third aim of the thesis was to review available statistical models for the estimation of relative 

risks when data are clustered. These models were then fitted to data from the CUPID study, using 

outcomes of high and low prevalence, and the derived risk estimates were compared with those 

from log-binomial models.   

2.5 Analytical model to account for clustering in this thesis 

As reported in previous section, the two main approaches for modelling clustered data are the 

marginal (or GEE) and the conditional (or random effects) models. The choice between the two 

approaches depends on the research interest. That said, when one is interested in clustering effects 

then a conditional model should be employed. A marginal model does not produce direct 

estimates of cluster variance, but instead treats this variance as a nuisance. Effect estimates from 

the two methods are thus interpreted differently. The point estimate derived from the marginal 

model is interpreted as change in the outcome variable per unit increase in the explanatory 

variable, with the corresponding precision of the point estimate being corrected for clustering 

effects. In contrast to that, the point estimate derived from the conditional model is interpreted as 

change in the outcome variable per unit increase in the explanatory variable for individuals 

grouped into the same cluster. That is why the marginal methods are also termed population-

averaged methods while the conditional methods are also termed cluster-specific methods. Results 

from marginal models are interpreted on the higher cluster level making them less suitable for 

prediction at the individual level (78). In this thesis, the interest is to explore how estimates of 

effect and related precision at the individual level are influenced by clustering effects, and 

modelling these effects (i.e. quantifying the variance at the higher level) is a crucial part of 

description in this investigation. Additionally, as clustering effects are not explicitly modelled in 

marginal models, these models do not allow the estimates of effect to vary across clusters, which 

is a potential extension for future work. For the above reasons, to account for clustering effects in 

(simulated and real) data presented in this thesis, I employed conditional methods.  
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Chapter 3. Background literature 

A major focus of the research for this thesis was the consequences of failing to account for 

clustering in regression analysis, where there is a single outcome and a single explanatory 

variable. To find out what was already known about this focus of my research, I first carried out a 

preliminary search in Google Scholar to establish the nature and scope of the relevant literature. 

For that, I used keywords and phrases relating to “consequences of ignoring clustering”, and tried 

to identify key papers in the area, focusing on those that considered both a naïve and a multilevel 

modelling approach, giving priority to those that applied RIs, but excluding those that used RIs 

only in conjunction with random coefficients. Through this preliminary search, I identified a 

small number of relevant papers, which I augmented by a “snowballing” approach (i.e. by 

identifying further articles from reference lists). This yielded a total of 29 published papers that 

had explored the same or similar research questions to mine.  

Recognising that these were unlikely to represent all of the relevant literature, I then tried to carry 

out a more systematic search, of the sort described in a paper by Denison et al (79). It was already 

clear that evidence was available from a wide range of scientific fields, so following advice from 

a librarian at the Hartley library, University of Southampton, the systematic search was carried 

out using the Scopus database. The search strategy is summarised in the following steps: 

Step 1: Identify publications which included key terms relevant to ignoring or failing to account 

for clustering 

Step 2: Identify publications which included key terms relevant to clustered data  

Step 3: Identify publications which included key terms relevant to consequences of ignoring 

clustering  

Step 4: Identify the overlap of publications from the previous three steps 

Step 5: From the overlapping publications exclude those which the title or abstract indicated had 

used statistical techniques that were beyond the scope of my thesis (for example generalised 

estimating equations) and those that were not in the English language or published only as 

abstracts 

Step 6: Exclude duplicates  

 

This search strategy initially identified more than 50,000 potentially relevant publications, and the 

number was only minimally reduced when the exclusions were made (i.e. of articles in languages 

other than English, conference abstracts, and duplicates). To address the challenge posed by this 

large number of publications, which could not all be reviewed, I sought advice from two 

librarians (Health Services Library, Southampton General Hospital) who suggested ways in which 
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the search strategy might be refined. However, even after applying those methods, the number of 

references was still approximately 35,000.  Moreover, they did not include some of the main 

articles on consequences of ignoring clustering of which I was aware from my preliminary 

literature search. After further discussions with the two librarians and with colleagues in the MRC 

Lifecourse Epidemiology Unit, I then modified my search strategy in the following ways: 

 I decreased the number of key terms in each of the first three steps described above  

 I restricted the search of the key terms to the titles and/or abstracts of potentially relevant 

articles  

 I limited the potentially relevant publications to those that were in journals which were more 

likely to publish research on statistical methods in areas relevant to my thesis (for example 

excluding journals in the field of astronomy).      

The specific steps along with the key words used, and the number of returns at each step are 

described in detail in Table 3.1.  

This search strategy identified 1,655 publications (step 10, Table 3.1), the titles of which were 

screened to exclude those that clearly were not relevant to my research question. When the title 

was not sufficiently informative to determine the relevance of the article, I also checked the 

abstract. After that screening process, and after excluding duplicates, I ended up with 113 articles 

(step 12, Table 3.1) in which information regarding my research questions was likely to be 

included in the main text. The full text of these articles was then scanned, and they were classified 

into three groups: consequences of ignoring clustering in linear regression; consequences of 

ignoring clustering in logistic regression; and other. Most articles fell into the last category for the 

following reasons: that they did not provide sufficient information in the manuscript; that the 

regression models fitted were not of the type in which I was interested, and that the explanatory 

variable of interest was defined at cluster-level with no consideration of explanatory variables 

distributed at individual-level. After also excluding articles because it was not possible to 

compare directly the statistical modelling approach that was used with those to be considered in 

my thesis, I ended up with 30 publications. 

I next checked the reference lists of the 30 publications that met my criteria for review, and this 

identified a further 19 publications for inclusion. 5 of these had also been found in my preliminary 

scoping search and 14 were new.  At the same time, 16 of the relevant papers that had emerged 

from the scoping search were not picked up by the more systematic search. None of the newly 

identified publications materially altered the conclusions that could be drawn from those that had 

already been formed in the preliminary scoping exercise.       
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Table 3.1. Steps followed in the systematic approach for searching for evidence on consequences 

of ignoring clustering and number of documents returned  

Step Search Number of 
documents returned

1 TITLE ( incorrect* OR account* OR fail* OR *appropriate OR ignor* OR 
"consequences" OR "neglect" OR "adjust" OR "unadjusted" OR "avoid" OR "OLS" 
OR "ordinary least squares" OR "conventional" OR "traditional") OR ABS 
( incorrect* OR account* OR fail* OR *appropriate OR ignor* OR "consequences" 
OR "neglect" OR "adjust" OR "unadjusted" OR "avoid" OR "OLS" OR "ordinary 
least squares" OR "conventional" OR "traditional") 

7,044,397 

2 TITLE ( "multilevel"  OR  "hierarchical"  OR  "clustered"  OR  "cluster"  OR  
"clusters"  OR  "clustering"  OR  "nested data"  OR  "nested observations"  OR  
"nesting"  OR  "nested structure"  OR  "correlated data"  OR  cluster*  OR  
"grouped data"  OR  "structured data"  OR  "structure of data"  OR  "dependent 
observations"  OR  "dependency of observations"  OR  "dependent data"  OR  
"dependency of data" )  OR  ABS ( "multilevel"  OR  "hierarchical"  OR  
"clustered"  OR  "cluster"  OR  "clusters"  OR  "clustering"  OR  "nested data"  OR  
"nested observations"  OR  "nesting"  OR  "nested structure"  OR  "correlated data"  
OR  cluster*  OR  "grouped data"  OR  "structured data"  OR  "structure of data"  
OR  "dependent observations"  OR  "dependency of observations"  OR  "dependent 
data"  OR  "dependency of data" ) 

985,101 

3 TITLE ( statistic*  OR  *estimat*  OR  "estimation"  OR  "type-I error"  OR  "type 1 
error"  OR  "type I error"  OR  "level effect"  OR  "level-effects"  OR  "effect 
estimate"  OR  "point estimate"  OR  "regression coefficient"  OR  "effect estimates"  
OR  "point estimates"  OR  "regression coefficients"  OR  "odds"  OR  "standard 
error"  OR  "standard errors"  OR  "variance estimate"  OR  "variance estimates" )  
OR  ABS ( statistic*  OR  *estimat*  OR  "estimation"  OR  "type-I error"  OR  
"type 1 error"  OR  "type I error"  OR  "level effect"  OR  "level-effects"  OR  
"effect estimate"  OR  "point estimate"  OR  "regression coefficient"  OR  "effect 
estimates"  OR  "point estimates"  OR  "regression coefficients"  OR  "odds"  OR  
"standard error"  OR  "standard errors"  OR  "variance estimate"  OR  "variance 
estimates" ) 

4,615,494 

4 #1 AND #2 AND #3  34,866 

5 TITLE ( "Generalised estimating equations"  OR  "Generalized estimating 
equations"  OR  "Generalised estimating equation"  OR  "Generalized estimating 
equation"  OR  "Bayesian" )  OR  ABS ( "Generalised estimating equations"  OR  
"Generalized estimating equations"  OR  "Generalised estimating equation"  OR  
"Generalized estimating equation"  OR  "Bayesian" ) 

117,619 

6 #4 AND NOT #5 32,141 

7 #6 LIMITED TO ENGLISH LANGUAGE 30,712 

8 #7 LIMITED TO JOURNALS AND REPORTS 25,201 

9 #8 LIMITED TO ARTICLES, REVIEWS, CONFERENCE PAPERS, AND 
REPORTS 

24,554 

10 #9 LIMITED TO JOURNALS LIKELY TO HAVE RELEVANT PUBLICATIONS 
TO THE RESEARCH QUESTION  

1,655 

11 POTENTIALLY RELEVANT ARTICLES BASED ON TITLE AND ABSTRACT 
SCREENING 

115 

12 EXCLUDING 2 DUPLICATES 113 

13 RELEVANT PAPERS BASED ON FULL ARTICLE 30 
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Limitations of methods 

My approach to searching the literature on the consequences of ignoring clustering in regression 

analysis had certain limitations. The final search was based only on keywords encountered in the 

titles and abstracts of articles, rather than in all possible fields. Moreover, the references identified 

were limited to articles, reviews, conference papers, and reports published in journals that were 

likely to carry material relevant to my research question. This was the only way that a systematic 

approach to searching the literature across such a broad field would return a manageable number 

of publications. However, it would be surprising if the yield were complete, especially given the 

failure of the systematic search to pick up 16 relevant papers found in the preliminary scoping 

exercise.  On the other hand, the new articles that were identified by the systematic search did not 

materially alter the conclusions that could be drawn from the scoping exercise, which gives some 

reassurance that important evidence was not missed. 

Summary of evidence found 

In brief, the consequences of ignoring clustering (in terms of Type I error, bias in effect estimates 

and effects on their precision) have been explored by a number of investigators over the past three 

decades (80). The earliest reports focused on linear regression, and concluded that when 

analytical approaches failed to account for clustering, estimates of effect were unbiased (44, 81-

85), but their precision would be underestimated when the explanatory variable of interest was 

constant for all observations grouped under the same cluster (making it a cluster-level variable), 

and overestimated when it varied within the cluster (i.e. it was an individual-level variable) (81, 

86, 87). Furthermore, because of the effects on precision, Type I error rates would increase or 

decrease according to whether the explanatory variable under investigation was a cluster-level or 

individual-level variable.  

Following on from those early papers, there has been extensive discussion of the consequences of 

ignoring clustering where an explanatory variable is defined at cluster-level. However, less 

attention has been given to situations in which the explanatory variable of interest is defined at the 

individual level, and an erroneous belief emerged that independently of whether an explanatory 

variable is cluster-level or individual-level, when analysis does not account for clustering it 

produces over-precise estimates of effect (44, 88-92). More recent publications have challenged 

this idea by focusing on individual-level explanatory variables too and comparing the precision of 

effect estimates when clustering is and is not accounted for in the analysis (82, 83, 93-97). A few 

of the papers describe simulation studies (82, 85, 93, 94, 98), but most have been based on 

examples of real data (99-106). Despite clear evidence from several analyses of real data that 

effect estimates for individual-level explanatory variables from naïve models can be less precise 

than those from corresponding RI models, which contradicts a widely held belief, results from 
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other studies have shown that the effect of clustering on the precision of effect estimates for 

individual-level explanatory variables can be in either direction (99-102, 105, 106). Rates of 

coverage by 95% confidence intervals were reported in two studies, one of which focused on 

continuous (96) and the other on binary (94) explanatory variables. They both reported coverage 

rates very close to the nominal value of 95%. Also, increased Type I error rates were reported in 

two studies (83, 107).   

Most of the articles that were identified, and especially those that adopted a theoretical approach, 

focused on continuous outcome variables. Articles concerning the consequences of ignoring 

clustering in logistic regression were more recent, and mainly compared naïve to multilevel 

models using real data rather than simulation studies. Unlike for linear regression, most studies 

agree regarding the effect of failing to account for clustering on the precision of effect estimates: 

effect estimates (expressed as log odds ratios) derived from naïve logistic regression were closer 

to the null than those from multi-level logistic regression, and their precision was greater (78, 

108-117). However, a few articles have reported that effect estimates derived from the two 

models were very similar (118), or substantially different (119). I found only a few studies that 

examined effects on interval coverage rates, and these indicated that rates were lower than the 

nominal value when OL was used (108, 116, 120). No studies were identified that explored Type 

I error rates for effects of individual-levels variables when OL was used.       

Overall, very few of the articles that I identified discussed Type I error rates and coverage by 95% 

confidence intervals, and none of them explored how the precision of effect estimates, either from 

linear or logistic regression, is influenced by the relative distribution of the explanatory variable 

within and between clusters. In addition, to the best of my knowledge, no attempt has been made 

to explore whether the well-discussed effects of clustering may differ depending on whether the 

explanatory variable of interest is binary or continuous in its distribution. These questions formed 

part of my investigation of the consequences of failing to adjust for clustering, and are discussed 

in the next two chapters.        

The evidence that was found on consequences of ignoring clustering in linear and logistic 

regression is described in more detail in the introductory sections of the chapters that follow.   
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Chapter 4. Consequences of ignoring clustering in linear 

regression 

4.1 Introduction  

As described in Chapter 2, multilevel modelling is an analytical technique commonly used to 

account for grouping of observations within clusters. Use of this modelling approach has 

increased a lot over recent years. A review paper on the use of multilevel modelling by public 

health researchers, noted that the increase in the use of these modelling techniques was evidenced 

by numerous published articles, commentaries and books on the subject (80). However, despite 

the wide use that multilevel modelling has received, there are still numerous cases in which 

analytical techniques to account for grouping of observations have been ignored, as indicated by 

reviews (67-71). Recent systematic reviews have reported that clustering was accounted for in 

only 21.5% of multicentre trials (121) and 47% of cluster randomised trials (122). This may be 

partly due to computational/statistical complexities (123), but authors omit to discuss the 

limitations of their chosen analytical technique, possibly because of a lack of clarity about the 

effects of ignoring clustering. As outlined in Chapter 2, the first aim of this thesis, was to explore 

the consequences of failing to account for clustering in statistical inference. 

The consequences of ignoring clustering in the simple case of a continuous outcome variable and 

a single explanatory variable  were first described in the early 80’s. Scott and Holt (81) showed, 

from an algebraic perspective, that when the size of the clusters is fixed to  for all clusters, the 

precision of the effect estimate is inflated by a factor of 1 1 , with  being the 

intra-cluster correlation of the explanatory variable , and  the intra-cluster correlation of the 

outcome variable after adjustment for . As highlighted later by Donner (86), the inflation 

identified by Scott and Holt (81) can result in an upward bias when the estimate of  is negative, 

and a downward bias otherwise ( 0). A negative  occurs when the values of  within 

clusters vary considerably more than the values of  across clusters (86). Negative values of  

can be interpreted as very low intraclass correlation (124) of the explanatory variable which can 

only occur for individual-level variables, while the highest possible value of 	 1  is possible 

only when all values within cluster are the same (i.e. it is a cluster-level variable). The case in 

which 1 was also explored by Kloek et al who showed that in this situation, the variance of 

effect estimates from a simple linear model is severely underestimated (87).  

Since the early exploration of consequences for the precision of effect estimates when analytical 

methods do not account for clustering, the impact of clustering in statistical inference has been 

widely discussed. However, most investigation has focused on the case of a single explanatory 
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variable that is cluster-specific (i.e. a cluster-level variable). Numerous studies have shown that in 

the case of cluster-specific explanatory variables, the effect estimates from a naïve model that 

fails to adjust for clustering are over-precise leading to rates of Type I error that are higher than 

the nominal value of 5%. This message has been widely disseminated in the epidemiological 

literature, and has led to the erroneous belief that failing to adjust for clustering causes 

underestimation of standard errors and increases in Type I error, whatever the type of explanatory 

variable (96). Several researchers have reported this direction of bias without specifying the 

conditions under which it occurs (44, 88-92).  

More recent studies have challenged the notion that standard errors are always underestimated by 

reporting counter-examples (93, 95-97) or explaining in more detail how the precision of effect 

estimates can be biased in either direction (83, 94, 125).  Chuang et al (94) have demonstrated that 

where variation from cluster differences is augmented by variation at the lower level (i.e. within 

clusters variation), inflation of standard errors, spuriously large p-values and false-negative results 

for individual-level explanatory variables can result. On the other hand, when the explanatory 

variable is cluster-specific (i.e. it takes the same value for all individuals in any given cluster), the 

degrees of freedom are inflated, as estimates of effect are related to the number of individuals 

whereas in reality it is the number of clusters that determines the level of statistical uncertainty. 

This leads to spuriously precise estimates of effect. To illustrate these opposite effects on 

precision, Sainani presented two simple examples of clustered data, and focused on errors 

associated with failure to account for clustering, according to whether the explanatory variable 

was cluster-specific or individual-specific, demonstrating two directions of bias (125).  

Several studies have compared estimation from traditional models and multilevel models using 

simulated or real data. These have found that when the main explanatory variable was measured 

at the cluster-level and traditional regression models were used, the standard error of the estimate 

of its effect was biased downwards, and the opposite occurred for individual-level variables (82, 

93, 94, 98, 103, 104). However, some of the studies reviewed (especially those using real data), 

showed that even for individual-level variables in the absence of adjustment for clustering, 

standard errors of the effect were either higher or lower compared to those estimated from the 

multilevel models (85, 99-102, 105, 106). Others have reported that ignoring clustering has very 

small effect on the precision of effect estimates (91, 126-128). While very small differences in 

precision can be explained by small intraclass correlation, the reasons why some individual-level 

effects have higher and others have lower standard errors when estimated by traditional analytical 

techniques is unclear, and has not been discussed.  

Beyond effects on standard errors, estimates of effect size from traditional as compared with 

multilevel regression techniques are also of interest.  Some investigators have reported that when 
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traditional regression methods are applied where multilevel modelling methods would be more 

appropriate, effect estimates are unbiased but inefficient (44, 81-85). However, studies comparing 

naïve methods with multilevel modelling techniques using real data show that effect estimates can 

differ considerably, with the direction of differences being variable (96, 101-103, 126). The errors 

in the estimation of effects are not well described in the literature. 

To date, no study has investigated the extent to which bias can occur in effect estimates when 

clustering is ignored, the determinants of that bias, or the exact consequences for the precision of 

estimates according to different distributions of the explanatory variable and, in particular, the 

extent to which the explanatory variable varies within as compared with between clusters.  

The aim of this chapter is to assess the detailed implications of failing to account for clustering 

effects on the effect estimate (regression coefficient), its precision (characterised by the standard 

error (SE)), and coverage by 95% confidence intervals, when exploring the relation of a 

continuous outcome variable to an explanatory variable that is either continuous or binary.  

To assist understanding, the question is first considered where the observations are grouped into 

two clusters, and it is then expanded to the situation of multiple clusters. This approach is 

followed separately for a continuous and then a binary explanatory variable. For the continuous 

explanatory variable, differences between estimates derived from models that account for 

clustering and those that do not are examined according to the ratio of between to within cluster 

dispersion of the explanatory variable. For the binary explanatory variable, differences in 

estimates are examined in relation to variation in the prevalence of the explanatory variable across 

the clusters.  

In addition, for each of the two types of explanatory variable, the extent to which analyses that 

ignore clustering can give misleading estimates of type I error is considered, when the real effect 

of the explanatory variable is set to zero. 

4.2 Two clusters – Continuous explanatory variable 

Where both the outcome and the explanatory variable are continuous and individual level data are 

clustered within only two groups, the effect of clustering is best taken into account by fitting a 

dummy variable for cluster as a covariate in a linear (typically OLS) regression model (part III in 

section 2.3). In this case, the comparison between estimates derived from the RI and the OLS 

models equates to a comparison between estimates from an OLS model that adjusts for the effect 

of cluster and an OLS model that does not adjust for the clustering effect. 
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Figure 4.1. Scatter plot of continuous outcome  and continuous explanatory variable , with 

observations grouped in two clusters. A. ̅ ̅ 	 ̅ 	 ; B.	 ̅ 	 ̅ 	 ; C. 

̅ 	 ̅ 	  

To illustrate the problem, simulated data were generated for a continuous outcome and a 

continuous explanatory variable, with observations grouped in two clusters. The outcome and the 

explanatory variables were plotted against each other, and are presented in Figure 4.1, in which 

the two colours correspond to the observations grouped within the two clusters. The 

corresponding regression lines are depicted in the same colours as the observations for the cluster 

and are parallel to each other. The cluster-specific intercepts of the regression lines differ by a 

constant value, . The red dashed line is that fitted without accounting for clustering, while the 

blue solid line is the fitted line from a regression model that included adjustment for clustering. 

The three different subplots of the figure (A, B, and C) correspond to three examples of shifts in 

the distribution of  between the first and second clusters. In subplot A, the cluster-specific mean 

values of the explanatory variable are identical ( ̅ 	 ̅ 	 ). In subplots B and C, the 

cluster-specific mean values of the explanatory variable for the second cluster are shifted to the 

right ( ̅ 	 ̅ 	 ) and left ( ̅ 	 ̅ 	 ), respectively, of those for the first 

cluster. When the cluster-specific distributions of   are overlaid ( ̅ 	 ̅ 	 ), subplot 

A, the regression line from the cluster-adjusted analysis is approximately the same as that from 

the cluster-unadjusted analysis. However, when ̅ 	 ̅ 	  (subplot B), the cluster-

unadjusted regression line is steeper than the cluster-adjusted regression line. The opposite is 

observed when ̅ 	 ̅ 	  (subplot C). 
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The estimated regression coefficients and the corresponding standard errors from the two models 

were further explored by considering varying shifts in the distribution of the explanatory variable 

 for the second cluster from that of the first cluster, varying distances between the cluster-

specific intercepts ( ’s), and different dispersions of the error term in the linear regression model.  

This was done using Monte Carlo simulated data, as described below.  

4.2.1 Methods  

In the simplest case, in which there is a single explanatory variable, the OLS linear regression is 

specified by a model of the form: 

 4.1 

where, for individual ,  and  are the values of the outcome and explanatory variables 

respectively,  and  are the intercept and the slope of the regression line (the latter interpreted 

as the effect of the explanatory variable on the outcome), and  is the residual or error term, with 

| ~ 0, . 

 

The OLS regression model that accounts for the cluster in which observations are grouped takes 

the form: 

 4.2 

where  is the effect of the second cluster on the outcome  as compared with that for the first 

cluster, keeping the rest of the parameters in the prediction part of the equation constant.  

The consequences of failing to adjust for the effect of cluster (equation 4.1) in the estimated 

regression coefficients and corresponding SEs were explored by simulating datasets with 

observations nested within two clusters. For each Monte Carlo simulation, the number of 

observations in each cluster was set to 200 resulting in samples of 400 observations overall. For 

simplicity, the size of the effect of  on  was arbitrarily set to 1 ( 1), and the average value 

of  when 0 across the two clusters was arbitrarily set to 0 ( 0).  

Cluster specific intercepts were initially generated (  and  for the first and the second cluster 

respectively) with = , where  was the distance between the two intercepts, and a random 

variable for the error term  from a normal distribution of mean zero and standard deviation . 

To set values for the continuous explanatory variable, I initially generated a variable  from the 

standard normal distribution ~ 0, 1 . For that variable the average value of  for the first 

cluster was the same as that for the second cluster. I then generated a further 400 explanatory 

variables , with 1,… ,400. For each of these 400 variables,  for the first cluster 
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and  for the second cluster, with  being the mth value of a vector 

variable , the values of which were drawn from a normal distribution of mean zero and 

standard deviation 10. As such, the 400 explanatory variables , with 

1,… ,400, had varying distances between the cluster-specific means (Figure 4.2). The 

corresponding values for the outcome variable were generated as . Thus, the 

400 different explanatory variables yielded 400 outcome variables.  

The above process was repeated for varying distances ( 0.5, 1, 1.5 ) between the cluster-

specific intercepts ( ’s), and standard deviations of the error of |	  ( 0.5, 1, 1.5 ).  

For each set ( , ), two models were fitted; an OLS model that adjusted for the cluster and 

another that did not. From the estimates generated from the two models, I calculated the 

difference in the regression coefficients (difference= ) 

and the ratio of the corresponding SEs (ratio= / ). These 

were plotted against values for the shift of the distribution of the explanatory variable in the 

second cluster and summarised by means and SDs. Coverage by 95% CIs was calculated for 

varying distances ( ) between the cluster-specific intercepts ( ’s), standard deviations of |	  

( ), and levels of the shift of the distribution of the explanatory variable in the second cluster. 

To explore the implications of ignoring the effect of clustering in hypothesis testing, simulations 

were repeated assuming no association between the explanatory and the outcome variable, with 

the size of the effect of  on  being set to 0 ( 0). The p-values of the cluster-adjusted and 

cluster-unadjusted associations were saved, the percentages of p-values <0.05 were calculated, 

and as for coverage by 95% CIs, were summarised across values of , , , and levels of the 

shift of the distribution of the explanatory variable in the second cluster. 

 

Figure 4.2. Shift of mean value of explanatory variable for second cluster. Blue line shows the 

distribution of x for the first cluster and red line shows the shifted distribution of x for the second 

cluster 
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4.2.2 Results 

Difference in regression coefficients  

Figure 4.3 plots the differences in regression coefficients 

( ) according to the shift in the distribution of the 

explanatory variable  for the second cluster from the distribution of  for the first cluster. The 

three subplots of the figure are for the different distances between the cluster-specific intercepts 

examined (A. 0.5; B. 1; C. 1.5). In each subplot, results for different  are 

represented by different shades of grey, with the lighter colours corresponding to lower values of 

. 

  

Figure 4.3. Scatter plot of difference between regression coefficients estimated from OLS that 

adjusted and OLS that did not adjust for cluster against shift in the mean value of  for the second 

cluster from the mean value of  for the first cluster  

When the two distributions were overlaid (shift of distribution of  for the second cluster = 0), the 

regression coefficients estimated from the two models were approximately the same (difference 

between regression coefficients=0). When the distribution of  for the second cluster was shifted 

to the right of the distribution of  for the first cluster, the estimated regression coefficient from 

the model that adjusted for the cluster was lower than that estimated from the model that did not 

adjust for cluster. The opposite occurred when the distribution of  in the second cluster was 

shifted to the left of the distribution of  in the first cluster. The difference in the regression 

coefficients became positive, meaning that > . As the shift 

increased, the difference in the regression coefficients increased, reaching a maximum value, after 

which further increase in the distance between the two distributions (distance between ̅ 	  
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and ̅ 	 ) caused the differences between the regression coefficients to decrease, moving 

back towards zero. For constant  (comparison of subplots A, B and C of Figure 4.3), 

increasing distance between the cluster-specific intercepts ( ’s), increased the maximum 

difference between the regression coefficients estimated from the two models. For given distance 

between the cluster-specific intercepts ( ’s) (comparison of the three shades within each subplot 

in Figure 4.3), increasing dispersion of the error term ( ) increased the dispersion of the 

differences in regression coefficients. 

Table 4.1. Mean (SD) of differences between regression coefficients estimated from OLS 

modelling that adjusted, and OLS modelling that did not adjust for cluster, for varying  and 

selected shifts of the mean value of  for the second cluster 

  Difference in ’s  

  .   .  

 

.  -0.00(0.01) 0.00(0.02) -0.01(0.04) 

 -0.00(0.01) -0.00(0.02) 0.01(0.04) 

.  0.00(0.01) 0.00(0.03) 0.01(0.04) 

1.95  .  

.  -0.12(0.01) -0.25(0.01) -0.38(0.01) 

 -0.13(0.03) -0.26(0.03) -0.38(0.03) 

.  -0.12(0.03) -0.25(0.04) -0.39(0.03) 

-2.05  .  

.  0.13(0.01) 0.25(0.01) 0.37(0.02) 

 0.12(0.03) 0.24(0.02) 0.38(0.02) 

.  0.13(0.03) 0.24(0.04) 0.37(0.03) 

3.95  .  

.  -0.10(0.02) -0.20(0.02) -0.30(0.02) 

 -0.12(0.05) -0.21(0.04) -0.31(0.04) 

.  -0.09(0.05) -0.22(0.07) -0.32(0.06) 

-4.05  .  

.  0.10(0.02) 0.20(0.02) 0.30(0.03) 

 0.10(0.04) 0.20(0.04) 0.30(0.04) 

.  0.10(0.05) 0.19(0.05) 0.28(0.06) 

 

The differences between the regression coefficients estimated from the two models are 

summarised for different  and for selected shifts of the mean value of  for the second cluster 

in relation to the first cluster in Table 4.1. The differences in the regression coefficients were all 

approximately equal to zero for zero shift of the distribution of  in the second cluster. When the 
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shift was approximately equal to 2 (i.e. twice the within-cluster SD of x), the average differences 

of the regression coefficients were larger than those for a shift approximately equal to 4. For fixed 

, increasing  increased the absolute mean differences between regression coefficients. For 

any given , increasing  increased the SD of the differences while the mean values remained 

approximately the same.  

Ratio of standard errors 

The ratios of the SEs of the regression coefficients estimated from the two models 

( / ) were plotted against the shift in the distribution of  

for the second cluster from the distribution of  for the first cluster (Figure 4.4). As in Figure 4.3, 

the three subplots are for the different distances between the cluster-specific intercepts examined 

(A. 0.5; B. 1; C. 1.5), while in each subplot, the three different shades of grey 

correspond to different values of .  

 

 

Figure 4.4. Ratios of standard errors estimated from OLS regression that adjusted and OLS 

regression that did not adjust for cluster, against shift in the mean value of  for the second cluster 

from the mean value of  for the first cluster. 

Overall, when shift=0, the ratio was at its minimum value while shifting the distribution of  for 

the second cluster to either the right or the left of the distribution of  for the first cluster resulted 

in higher ratios. In most cases explored here, the ratio was >1, meaning that the SEs estimated 

from the cluster-adjusted model were larger than those estimated from the cluster-unadjusted 

model. However, for given , increasing  (comparison of same shade across different subplots 
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of the figure), resulted in lower minimum values of the ratio (when shift=0). In other words, as the 

distance between the cluster-specific intercepts increased while the cluster-specific distributions 

of the explanatory variables were very similar ( ̅ 	 ̅ 	 ), the SEs estimated from the 

OLS models that adjusted for clustering of the observations were lower than those estimated from 

the OLS model that did not adjust for clustering. For constant , increasing  (comparison of 

the three shades within each subplot of the figure) increased the minimum value of the ratio. 

The minimum values of the ratio of the SEs for the different combinations of  and , and for 

zero shift of the distribution of the explanatory variable  for the second cluster are presented 

inTable 4.2. When  was held constant, an increase in  was associated with a lower minimum 

value of the ratio. For 0.5 and 1.5, the minimum ratio of the SEs was 0.55 meaning 

that the estimated SE from the cluster-adjusted OLS model was approximately half of the SE 

estimated from the cluster-unadjusted OLS model.  

Table 4.2. Minimum value of the ratio of SEs of the regression coefficients estimated from OLS 

that adjusted, and OLS that did not adjust for cluster, for varying  and for zero shift of the 

mean value of  for the second cluster  

  Ratios of SEs  

  .   .  

 

.  0.892 0.703 0.551 

 0.971 0.893 0.797 

.  0.987 0.949 0.894 

 

As also seen in Figure 4.4, as  increased the minimum ratio of SEs increased approaching 1, 

when the distance between the cluster-specific intercepts was kept constant. When  was held 

constant, increasing  decreased the minimum value of the ratio. For 0.5 and 1.5, the 

minimum ratio of the SEs was 0.55, meaning that the estimated SE from the cluster-adjusted OLS 

model was approximately half of the SE estimated from the cluster-unadjusted OLS model. 

Coverage by 95% confidence intervals 

Coverage by 95% CIs of the simulated effect =1, was calculated for the cluster-

adjusted and the cluster-unadjusted models and is presented in Table 4.3. With the cluster-

adjusted model, coverage was very close to the nominal value of 95%; it had an average of 93% 

and it ranged from 88% to 98% across the different levels of distance between the cluster-specific 

intercepts , and values of . In contrast to the cluster-unadjusted model, coverage by 95% CIs 
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from the cluster-unadjusted model was considerably lower, with an average value of 11.9%. It 

also varied quite importantly from 5.3% up to 31.6%. Coverage for the cluster-unadjusted model 

was lower for decreasing , and for higher values of . 

To explore how coverage by 95% CIs is influenced by the shift of the distribution of  in the 

second cluster from that in the first cluster, I considered the absolute shift of the distribution of  

in cluster 2 from that in cluster 1, and then quarters of the distribution of the absolute shifts. I 

found that with the cluster-unadjusted OLS model, almost none of the simulated datasets falling 

in the 2nd, 3rd, or 4th quarter of the distribution of absolute shifts included the simulated effect, 

essentially producing a coverage of approximately 0% in that area of high distance between 

cluster-specific mean values of . In contrast to that observation, with the cluster-adjusted OLS 

model, coverage varied very little from 95% across the different categories of absolute shifts. 

Table 4.3. Coverage (%) by 95% confidence intervals of simulated effect =1 

from the cluster-unadjusted and cluster-adjusted models according to distance between the 

cluster-specific intercepts , and values of  

  .   .  

Cluster-unadjusted OLS model 

.  9.1 18.6 31.6 

 5.3 9.2 13.5 

.  4.6 6.5 8.8 

Cluster-adjusted OLS model 

.  92.3 88.0 98.0 

 94.0 95.7 91.8 

.  87.7 91.7 96.1 

 

Type I error 

Table 4.4 shows the percentage of the simulated datasets for which the null hypothesis was 

rejected, when in fact there was no association between the explanatory and the outcome variable 

(frequency of type I error). Results are presented separately for varying cluster-specific distances 

 and varying . The frequency of type I error was very high when clustering was not taken 

into account, while, with adjustment for clustering, it was much closer to the 5% that would be 

expected. Decreasing , while keeping  constant, increased type I error in models that did not 

account for clustering. Also, increasing  and keeping a constant , increased type I error.  
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Table 4.4. Proportion (%) of simulated datasets for which the null hypothesis was rejected, when 

true effect size of the explanatory on the outcome variable was assumed to be 0 

  .   .  

Cluster-unadjusted OLS model 

.  90.9 81.6 66.5 

 94.0 90.7 86.6 

.  94.9 92.9 91.1 

Cluster-adjusted OLS model 

.  9.7 2.0 5.7 

 5.8 11.8 4.0 

.  12.2 2.0 3.8 

 

To explore the effect of shift in the distribution of  for the second cluster, I categorised the 

absolute values of the shifts into quarters of its distribution. I found that with the cluster-

unadjusted OLS model, almost all simulated datasets falling into the 2nd, 3rd, and 4th quarter of the 

distribution of absolute shifts produced statistically significant results (Type I error rate 100%), 

while those falling into the first quarter produced rates that ranged from 19% up to 80% for 

different values of  and .  

4.3 Multiple clusters – Continuous explanatory variable 

4.3.1 Methods  

As described in the previous section, in the simplest case, in which there is a single explanatory 

variable, the OLS linear regression is specified by a model of the form presented in equation 4.1. 

For a continuous outcome and a continuous explanatory variable, the RI multi-level model can be 

viewed as an extension of the OLS model, and is specified as: 

 

                                                             
4.3 

where the index  refers to the individual and the index  to the cluster, and , the 

estimate of the intercept for cluster . The term  represents the error for cluster  around the 

fixed intercept value of , and is assumed to be normally distributed with | ~ 0, . The 

term  represents the additional error within the cluster, also referred to as the individual level 

error term, with | , ~ 0, . 
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An important parameter in hierarchical data is the intraclass correlation coefficient (ICC) (also 

discussed in section 2.2), which characterises the extent to which the outcome variable  is 

similar within clusters, given the distribution of the explanatory variable  (129). For a 

continuous outcome variable, a continuous explanatory variable, and with the nomenclature used 

in equation 4.3, the ICC is defined as ICC  (66). 

To explore the study questions, simulated datasets were generated according to the assumptions of 

the RI model. For each Monte Carlo simulation, both the number of clusters and the number of 

observations per cluster were set to 100. For simplicity, the size of the effect of  on  was 

arbitrarily set to 1 ( 1 , and the average value of  when = 0 was arbitrarily set to 0 

( 0 .  

To set values  for the explanatory variable in a cluster , an individual level variable was 

generated as ~ 0, , with 1, and a cluster-specific variable as 

~ 0, . The individual level variable was then added to the cluster-specific shift, 

so that . The corresponding values for the outcome variable  were 

generated according to equation 4.3. For this purpose, the individual-level error terms were drawn 

from a random normal distribution with mean zero and variance , and the cluster-level error 

terms were drawn from a random normal distribution with mean zero and variance . 

Simulated data were generated for two different scenarios of dispersion of the error term, 

1 and 2, and for combinations of values for  (0.0316, 0.05485, 0.1005, 

0.1759, 0.3333 and 0.6547 when  1, and 0.0633, 0.1097, 0.2010, 0.3517, 0.667, and 

1.309 when 2 (chosen to give expected values for the  of 0.001, 0.003, 0.01, 0.03, 0.1 

and 0.3 respectively, for the two different values of ), with ~ , , the parameters 

 and  being arbitrarily chosen to be 0 and 15, respectively. For each combination of expected 

 and , 1000 simulated datasets were produced.  

For each simulated dataset, two linear regression models were fitted; an OLS model which 

ignored the clustering (equation 4.1), and a RI multi-level model which allowed for clustering 

effects (equation 4.3). For each of the models, the regression coefficient (i.e. the effect of the 

explanatory variable on the outcome variable) and its standard error (SE) were estimated. To 

compare results from the two models, the difference between the estimated regression coefficients 

( ), and the ratio of their SEs ( / ) were calculated.  
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To assess how the comparison between the two models was affected by the distribution of  

within and between clusters, these two measures were plotted against the dispersion of the  

between clusters (dispersion of ), which equates to the relative dispersion of  between to 

within clusters when 1, and is described in what follows simply as ‘the relative 

dispersion of the ’). In addition, descriptive statistics were produced for the distributions of the 

two measures across simulated samples, according to values for expected ICC and .  

The accuracy of the 95% confidence intervals for the regression coefficient  from the two 

methods was assessed by calculating the proportion of the estimated confidence intervals that 

included the true value that had been used in the simulations. A method was considered to have 

appropriate coverage if 95% of the 95% confidence intervals included the value of the effect  

used in the simulations. Deviations from this ideal could reflect bias in the estimates of effect, 

unsatisfactory standard errors (130), or both. 

To assess impacts on type I error, the simulations were repeated assuming no association between 

 and  (i.e. 0), and the proportions of datasets for which the null hypothesis was 

rejected at a 5% significance level  (i.e. the absolute magnitude the estimated effect exceeded 1.96 

times its standard error) in OLS and RI modelling were compared according to ICC.  

 

Due to random sampling variation the estimated ICC values were within given ranges of the 

target levels of ICC. These ranges were 0.0005-0.0014, 0.0025-0.0034, 0.005-0.014, 0.025-0.034, 

0.05-0.14, and 0.25-0.34 for target levels of 0.001, 0.003, 0.01, 0.03, 0.1 and 0.3 respectively. 

Simulations resulting in estimated ICC values outside of these ranges were discarded and not used 

further. In the description of the results that follows ICC values are labelled according to the 

target levels. 

4.3.2 Results  

Difference in regression coefficients 

Differences in regression coefficients ( ) estimated from the two linear models 

(described in equations 4.1 and 4.3) were explored in relation to the relative dispersion of the . 

The results are illustrated in Figure 4.5. The two different subplots of the figure (A, and B) 

correspond to the two different values of  described in the methods. In each scatter plot, the 

different levels of within-cluster similarity of observations (ICCs) are depicted by different shades 

of grey with darker shades corresponding to simulated results for higher ICCs. On average, for 

small relative dispersion of , differences were more narrowly spread for small ICCs and more 
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widely spread for large ICCs. For each value of ICC, increasing the relative dispersion of  

resulted in larger differences in regression coefficients up to a relative dispersion of 1 (i.e. 

same dispersion of  between and within clusters). Beyond that point, further increase in the 

relative dispersion of  resulted in smaller differences in regression coefficients from the two 

methods, approaching a difference of zero. Comparison of the different subplots of Figure 4.5 

indicates that higher dispersion of the error term resulted in greater differences of the regression 

coefficients from the two models, even for small relative dispersion of ; for high ICC (=0.3) 

the range of differences for 1 was approximately -0.2 to 0.2, corresponding to a 20% 

difference in the regression coefficients from the two methods, and this range decreased to 

approximately -0.1 to 0.1 for 2.  

 

 

Figure 4.5. Difference between regression coefficients estimated from RI and OLS models 

( ) plotted against relative between- to within-cluster dispersion of explanatory variable 

, for different levels of intraclass correlation (shades of grey as indicated in the legend).  Figure 

A: 1. Figure B: 2 

Table 4.5 summarises the differences between regression coefficients from the RI and OLS 

models for varying ICCs and for different dispersions of the error term. The estimated regression 
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coefficients from the two methods were on average very similar ( , ≅ 1). For the 

narrowest dispersion of  that was assumed, and for intraclass correlation coefficients of about 

0.001, differences in the regression coefficients ranged up to 0.003. For the same dispersion of 

	(i.e. in any specific subplot of Figure 4.5), increasing ICCs tended to increase the spread of the 

differences in estimated regression coefficients from the two methods reaching approximately 

0.20. For constant ICC, differences in regression coefficients increased as the dispersion of  

increased. For example, for ICC=0.30, differences in regression coefficients ranged up to 0.21 for 

2 and were as low as 0.11 for 1. Overall, differences were minimal for small 

ICCs and small dispersion of , and they increased up to 0.2 for high ICCs and high dispersion 

of . 

Table 4.5. Range of differences between regression coefficients estimated from RI and OLS 

models ( ) according to ICC and dispersion of  

ICC  Within-cluster =1 Within-cluster =2 

0.001  -0.001 to 0.001 -0.003 to 0.003 

0.003  -0.004 to 0.004 -0.007 to 0.007 

0.01  -0.009 to 0.011 -0.019 to 0.023 

0.03  -0.024 to 0.023 -0.049 to 0.042 

0.1  -0.050 to 0.050 -0.102 to 0.094 

0.3  -0.113 to 0.105 -0.228 to 0.209 

 

Ratio of standard errors 

The ratios of SEs derived from the RI and OLS models ( ) were examined in 

relation to the relative dispersion of , and are presented in Figure 4.6. As in Figure 4.5, the 

different levels of ICCs are represented by different shades of grey, with lighter shades 

corresponding to lower ICCs and darker shades to higher ICCs. The ratio took its minimum value 

for the smallest relative dispersion of  and increased as the relative dispersion of  increased, 

tending asymptotically to a maximum value. The minimum and maximum values of the ratio of 

the SEs (the latter also corresponding to its asymptote) were ICC-dependent, higher ICCs (darker 

colours) resulting in lower minimum and higher maximum values for the ratio. The relative 

dispersion of  at which the ratio of SEs approached its asymptote was also ICC-dependent, 

being higher for larger ICCs. For very small values of relative dispersion of , the minimum 

value of the ratio of the SEs was approximately one for small levels of ICC and was less than one 
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for higher ICCs. Particularly for small values of relative dispersion and ICC ≅	0.10 or 0.30, the 

ratio of SEs was <1, meaning that SEs from RI models were smaller than from OLS models.  

 

 

Figure 4.6. Ratios of standard errors estimated from RI and OLS models (SE /SE ) plotted 

against relative between- to within-clusters dispersion of explanatory variable   

Table 4.6 summarises the range of the ratios of the SEs of the regression coefficients estimated 

from the two models and shows the relative dispersions of  for which the SEs from the two 

models were approximately equal (ratio of SEs ≅ 1). These are described separately for the 

different levels of ICC. For the lowest ICC examined, the ratios of SEs from the two models 

varied from 1 to 1.07 and became equal to 1 for a relative dispersion of  of 0.1. Increasing ICC 

increased the range of the ratio of SEs, and also the value of the relative dispersion of  at which 

the two estimated SEs were approximately equal. For the highest ICC examined (ICC ≅ 0.30), the 

minimum value of the ratio of SEs was 0.84 and the maximum value was 5.32, while the relative 

dispersion for which SE =SE  was 0.66. 

Unlike the differences between regression coefficients, the ratios of SEs for a given relative 

dispersion of  and ICC level were very similar for the different values of  (data not 

shown), and therefore results are not presented separately.  
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Table 4.6. Range of ratios of SEs of the regression coefficients estimated from RI and OLS 

models (SE /SE ) and relative dispersions of explanatory variable  

( _ / 	 	 _ ) for which SEs  were equal (ratio=1) 

ICC Range of ratios of SEs of the regression coefficients 

estimated from the RI and OLS models 

_ / 	 _  for 

=  

 Minimum ratio Maximum ratio  

0.001 1.00 1.07 0.104 

0.003 1.00 1.16 0.114 

0.01 1.00 1.57 0.137 

0.03 0.99 2.10 0.204 

0.1 0.95 3.35 0.349 

0.3 0.84 5.32 0.663 

 

Coverage of 95% confidence intervals 

Table 4.7 shows the extent to which 95% confidence intervals covered the simulated effect of the 

explanatory variable on the outcome ( =1), when derived from the two statistical models, for 

different levels of ICC, and for fifths of the distribution of the relative dispersion of the 

explanatory variable .  

Table 4.7. Coverage (%) by 95% confidence intervals of simulated effect =1 under the RI and 

OLS models according to fifths of the distribution of the relative between- to within-cluster 

dispersion of explanatory variable   

ICC Bottom fifth=1 2 3 4 Top fifth=5 Total 

 RI OLS RI OLS RI OLS RI OLS RI OLS RI OLS 

0.001 95.07 94.39 95.01 93.86 95.17 94.04 95.07 93.98 95.10 94.03 95.08 94.07 

0.003 95.13 92.84 95.32 92.03 95.37 91.94 95.37 91.98 95.38 91.97 95.31 92.16 

0.01 94.85 87.26 94.71 83.79 94.59 83.67 94.70 83.67 94.80 83.53 94.73 84.34 

0.03 94.78 74.80 94.81 67.67 94.79 67.50 94.90 67.28 94.96 67.63 94.85 68.92 

0.1 94.73 54.82 94.72 44.94 94.61 44.84 94.95 44.72 94.83 44.35 94.77 46.74 

0.3 94.64 37.94 94.94 27.74 94.67 27.46 94.94 27.28 94.77 27.22 94.79 29.43 
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Irrespective of ICC, coverage with the RI model was approximately 95%. Coverage for the OLS 

model was close to 95% for very low ICC and decreased for increasing levels of ICC. For the 

highest ICC level examined (ICC=0.3), OLS showed a notably poor coverage of 29%. For a given 

ICC, coverage of 95% confidence intervals did not vary much by relative between- to within-

cluster dispersion of the explanatory variable , although they were somewhat higher in the 

bottom fifth as compared to the 2nd, 3rd, 4th, and 5th fifth of the distribution of relative dispersion of 

explanatory variable . 

Type I error 

To assess the frequency of type I error, defined as incorrect rejection of a true null hypothesis, 

under the OLS and the RI multi-level models, simulations were repeated assuming no association 

between the explanatory variable  and the outcome variable  ( 0).  

Figure 4.7 shows the proportion of datasets for which the null hypothesis was rejected at a 5% 

significance level for varying levels of ICC. Using the RI multi-level model, the association 

between  and  was statistically significant (i.e. the effect differed from zero by more than 

1.96*SE) in approximately 5% of the datasets for all ICCs. However, using the OLS models, type 

I error varied with ICC. For a very small ICC, type I error was very close to that under the RI 

model (~6%) but increased rapidly as the ICC increased, reaching ~70% for ICC≅0.30. 

To explore reasons for the increased rates of Type 1 error with OLS regression, I focused on the 

simulated data sets for an expected ICC of 0.30 that gave a significant association when using 

OLS regression, but not when using multi-level modelling (n= 130,632 simulated datasets). A 

significant association between the outcome and the explanatory variable could be a result of 

either a strong effect or a small SE. Assuming that the random-intercept multilevel model was the 

appropriate method to use for such a data structure, for each data set, I tested whether 

1.96 ∗  and whether 1.96 ∗ . A higher count of the first inequality compared to 

the second one would mean that the observed high rates of Type 1 error were mostly due to 

underestimated SEs. Conversely, a higher count of the second inequality compared to the first one 

would indicate that the observed high rates of Type 1 error were mostly due to biases in the 

estimated effect under the OLS model. I found that in many of the simulated datasets 

1.96 ∗  (n = 28,013), while for 30,910 datasets neither inequality was satisfied. For the 

majority of the datasets (n=71,709), 1.96 ∗  and 1.96 ∗ . This indicated 

that the significance was driven mostly by errors in the SE of the OLS estimate of effect.  
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Figure 4.7. Proportion (%) of datasets for which the null hypothesis was rejected according to 

level of ICC when 0 

4.4 Two clusters – Binary explanatory variable 

The implications of ignoring clustering effects in linear regression were next investigated in the 

case of a binary explanatory variable. As in the previous section, I initially investigated the 

situation in which observations were grouped within two clusters. As explained in previous 

section, the comparison between estimates derived from RI and OLS models, in the case of two 

clusters, becomes a comparison between an OLS model that adjusts for a cluster effect by using a 

dummy variable for cluster as a covariate and an OLS model that does not adjust for cluster.  

To illustrate the case of two clusters when the explanatory variable is binary, data were simulated 

for a continuous outcome and a binary explanatory variable, with observations grouped in two 

clusters, as shown in Figure 4.8. The three subplots of the figure (A, B, C) correspond to three 

different scenarios of cluster-specific prevalence of the explanatory variable . In subplot A, the 

prevalence of  is the same in both clusters (20%), in subplot B, the prevalence of  is higher in 

cluster 1 than in cluster 2 (20% v 5%) while in subplot C, the prevalence of  is lower in cluster 1 

than in cluster 2 (20% v 35%). In each subplot, the two shades (light and dark grey) correspond to 

observations from the first and the second clusters, and the solid lines of the same shade are the 

fitted lines for the two separate clusters. The red dashed line is the fitted line for all observations 

when clustering is ignored, while the blue solid line is the overall fitted regression line between 

the - and -adjusted for clustering.  
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When the prevalence of the explanatory variable was the same in cluster 1 and cluster 2, the two 

fitted lines (adjusted for cluster (blue solid line), and unadjusted for cluster (red dashed line)) 

were approximately the same. This indicates that when prevalence was the same in the two 

clusters, adjusting for the clustering did not affect the estimated effect of the explanatory variable 

on the outcome variable. In contrast, when the prevalence of  differed between the clusters, the 

estimated effect differed according to whether the relationship between the outcome and the 

explanatory variable was adjusted for the cluster effects (subplots B and C in Figure 4.8). 

Specifically, when the prevalence of  in the first cluster was higher than in the second cluster, 

the slope of the regression line was steeper after adjusting for clustering than when no adjustment 

for clustering was made (subplot B, Figure 4.8). Conversely, when the prevalence in the first 

cluster was lower than that in the second cluster, the slope of the regression line with adjustment 

for cluster was less than that of the unadjusted regression line. 

 

Figure 4.8. Scatter plot of continuous outcome  and binary explanatory variable , with 

observations grouped in two clusters. The two shades (light and dark grey) correspond to the two 

clusters in which the observations are grouped, and  is the distance between the cluster-specific 

intercepts.   

The differences in effect estimates (characterised by regression coefficients) and their 

corresponding SEs from a cluster-adjusted OLS and a cluster-unadjusted OLS model were further 

explored by considering different scenarios of clustering of the continuous outcome and binary 
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explanatory variable. Specifically, regression coefficients and their SEs were estimated for 

varying differences in the prevalence of  in the two clusters (by varying the prevalence of  for 

the second cluster while keeping that in the first cluster fixed), distances between the cluster-

specific intercepts, and dispersions of the error term, as described below.   

4.4.1 Methods 

For this investigation, the methods followed were similar to those described in section 4.2.1. In 

brief, I generated simulated data grouped in two clusters with 200 observations per cluster. In 

each simulation I generated a binary explanatory variable  of given prevalence, which was the 

same for the two clusters. I then generated another 400 samples, each comprising two clusters of 

200 observations, such that the prevalence in the first cluster was again that of the explanatory 

variable , but that in the second cluster was different. The differences in prevalence rates 

between the two clusters across the 400 samples were values derived from a random normal 

distribution of mean zero and standard deviation arbitrarily set to 10. I then generated cluster-

specific intercepts (  and  for the first and the second cluster, respectively) of given separation 

 ( = ) and an error term of |  ( ), the latter drawn from a normal distribution with mean 

zero and SD = 1. The values of the continuous outcome were generated as 

, with the regression coefficient  arbitrarily set to 1 and the overall intercept  

arbitrarily set to 0. Simulated data were generated for combinations of the prevalence of  in the 

first cluster (0.05, 0.1, 0.2, and 0.4), and distance between the cluster-specific intercepts  (0.5, 1, 

1.5). Each set of simulations was repeated 50 times. 

To explore the effect of the error term , simulations were repeated with the error term drawn 

from a normal distribution with mean zero and SD = 0.5, and SD = 1.5.  

For each simulated dataset, a cluster-unadjusted (as described in equation 4.1) and a cluster-

adjusted (equation 4.2) OLS model were fitted, and the effect estimates with their SEs were 

saved. From the estimates generated from the two models, I calculated the difference between the 

regression coefficients ( ) and the ratio of the 

corresponding SEs ( / ). These were plotted against 

varying values for the prevalence of the explanatory variable  in the second cluster while 

keeping the prevalence of  in the first cluster constant. Coverage by 95% CIs was summarised 

according to distances ( ) between the cluster-specific intercepts ( ’s), standard deviations of 

|	  ( ), and levels of the shift in the prevalence of the explanatory variable in the second 

cluster. 
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As in the case of observations grouped in two clusters with a continuous explanatory variable 

(section 4.2), to explore the consequences of ignoring cluster effects for type I error, simulations 

were repeated assuming an effect of  on  equal to 0 ( 0). The proportion of the simulated 

datasets in which the derived association between outcome and explanatory variable was 

significant at a 5% significance level was calculated and summarised for values of , , and 

shift in the prevalence of the explanatory variable in the second cluster. 

4.4.2 Results 

Difference in regression coefficients 

The differences between regression coefficients estimated from the cluster-adjusted and cluster-

unadjusted OLS models ( ) were plotted against the 

prevalence of the independent variable  in the second cluster while the prevalence of  in the 

first cluster remained constant (Figure 4.9). The four subplots of the figure correspond to the four 

fixed prevalence rates of  for the first cluster (A. 0.05; B. 0.1; C. 0.2; D. 0.4). Simulated results 

for the three different distances of the cluster-specific intercepts ( ’s) are represented by the three 

different shades of grey in each subplot of the figure. In all simulated data presented in this figure, 

the error term assumed to have a mean value of zero and SD=1. 

When the prevalence of  in the second cluster was zero while that in the first cluster was higher, 

differences between the regression coefficients were positive, meaning that 

0. As the prevalence of   in the second cluster increased, this difference 

between the regression coefficients decreased, reaching a value of zero when the prevalence of  

in the two clusters was the same. Further increase of the prevalence of  in the second cluster, 

resulted in the difference between the regression coefficients becoming increasingly more 

negative. The rate of decrease of the absolute differences was higher when the absolute difference 

in the prevalence of  between the two clusters was smaller, and lower when the absolute 

difference in the prevalence of  between the two clusters was larger. 

The range of differences in the regression coefficients was dependent on the distance between the 

cluster-specific intercepts ( ’s) (Figure 4.9); the range of differences was smaller for smaller  

and larger for larger . The level of the fixed prevalence of  in the first cluster did not affect the 

pattern of the differences in the regression coefficients in relation to the prevalence of  in the 

second cluster, nor the range of the differences for varying distance  (comparison of subplots A, 

B, C, and D, Figure 4.9).  
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Figure 4.9. Differences in regression coefficients for varying prevalence of explanatory variable  

in second cluster keeping prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0.2, and 

D) 0.4    

Ratio of standard errors 

The ratios of the SEs of the regression coefficients from the two models ( /

) were plotted against the prevalence of the independent variable  in the 

second cluster while the prevalence of  in the first cluster remained constant (Figure 4.10). As in 

Figure 4.9, the four different subplots correspond to the four different levels of the fixed 

prevalence of  in the first cluster (A. 0.05; B. 0.1; C. 0.2; D. 0.4) and the three different shades of 

grey in each subplot of the figure correspond to the three different distances between the cluster-

specific intercepts examined ( 0.5, 1, 1.5 ). The error term was drawn from the standard 

normal distribution.  

Overall, the ratios of the SEs were almost all below one, meaning that when there was no 

allowance for clustering, the SEs of the regression coefficients that were not adjusted for 

clustering were higher than the corresponding values derived from the OLS model that did 

adjusted for it. The ratio reached its minimum value when the prevalence of  in the second 

cluster was the same as that in the first cluster. Increasing differences in the prevalence of  

between the two clusters (with prevalence of  in the second cluster either lower or higher than 

that in the first cluster) increased the ratio of the SEs, such that there was a U-shaped variation in 

the ratios across different prevalence rates of  in the second cluster for fixed prevalence of x in 

the first cluster. 
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The values of the ratios of the SEs were dependent on the distance between the cluster-specific 

intercepts ( ). For smaller , the ratios of the SEs were closer to 1 (minimum ratio 0.97 for 

0.5) while increasing  resulted in lower values for the ratios (minimum ratio 0.9 and 0.8 

for 1 and 1.5, respectively). 

As observed for the differences in regression coefficients, neither the pattern of the ratios of SEs 

in relation to varying prevalence of  in the second cluster, nor the range of the values of the 

ratios were affected by the level of the fixed prevalence of  for the first cluster (comparison of 

subplots A, B, C, and D, Figure 4.10).  

 

Figure 4.10. Ratio of SEs of regression coefficients for varying prevalence of explanatory variable 

 in second cluster, keeping prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0.2, and 

D) 0.4    

Effect of error term 

To explore the effect of the standard deviation of the error term  ( ) on the differences in the 

regression coefficients and the ratios of the corresponding SEs estimated from the two OLS 

models, simulations were repeated for =0.5 and 1.5 with the distance between the 

cluster-specific intercepts 1 and the prevalence of  in the first cluster set to 0.2. 

As seen in subplot A of Figure 4.11, neither the pattern of the differences in the regression 

coefficients in relation to increasing prevalence of  in the second cluster nor the range of the 

differences were affected by increasing the dispersion of the error term. However, the dispersion 

of the differences was slightly greater as might be expected. In contrast to the regression 
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coefficients, the ratio of the SEs was influenced substantially by changing  (subplot B of 

Figure 4.11) with the ratio taking values closer to 1 for 1.5 compared with 0.5.  

 

Figure 4.11. Differences between regression coefficients and ratios of the corresponding standard 

errors derived from cluster-adjusted and cluster-unadjusted OLS models according to prevalence 

of explanatory variable  in the second cluster for 1.5 (dark grey) and 0.5 (light 

grey), when distance between the cluster-specific intercepts 1 and prevalence of   in the first 

cluster  was 0.2 

Coverage by 95% confidence intervals 

Coverage by 95% CIs of the simulated effect =1 from the cluster-adjusted and 

cluster-unadjusted models was calculated for different values of  and . To explore how the 

relative prevalence of  in the two clusters influenced coverage by 95% CIs, I calculated the 

absolute difference in the prevalence rates 

(| 	 	 	 	 	1 	 	 	 	 	2|) and I considered quarters of 

its distribution.   Coverage for the cluster-adjusted model was very close to the nominal value of 

95% (average of 95.3%). It varied from 94.7% to 96.0% and from 94.6% to 96.5% for the 

different values of  and , respectively. Coverage also varied very little across quarters of the 

distribution of the differences in the two prevalence rates (second column of Table 4.8).  

-.4
-.2

0
.2

.4
.6

D
iff

er
en

ce
 in

 re
gr

es
si

on
 c

oe
ffi

ci
en

ts
*

0 .2 .4 .6

Prevalence of x in second cluster
*Difference=cluster adjusted OLS-cluster unadjusted OLS

A

.7
.8

.9
1

1.
1

R
at

io
* o

f s
ta

na
rd

 e
rro

rs

0 .2 .4 .6

Prevalence of x in second cluster
*Ratio=cluster adjusted OLS/cluster unadjusted OLS

B

0.5 1.5
Standard deviation of error term e



   

55 

Table 4.8. Coverage by 95% confidence intervals under the cluster-adjusted and cluster-

unadjusted model across quarters of the distribution of the absolute difference in prevalence rates 

of  in the two clusters 

Quarters  Cluster-adjusted model Cluster-unadjusted model 

1st  95.1 97.0 

2nd  95.4 92.6 

3rd  95.5 81.2 

4th  95.2 56.6 

All 95.3 81.9 

 

 

Figure 4.12. Coverage by 95% confidence intervals for the simulated effect =1 

from the cluster-unadjusted model for different values of distance between the cluster-specific 

intercepts , standard deviation of error term ( ), and quarters of the distribution of the 

absolute difference in prevalence rates of  in the two clusters depicted in the 4 sub-plots (A) 1st, 

B) 2nd, C) 3rd, and D) 4th). The red horizontal line in the graphs represents the nominal value of 

95% for coverage.  

Unlike coverage with the cluster-adjusted model, that for the cluster-unadjusted model varied 

considerably across values of  and  and quarters of the distribution of absolute differences in 

prevalence rates of the two clusters. The levels of coverage from the cluster-unadjusted model are 

illustrated in Figure 4.12. Coverage was above the nominal value of 95% when the difference 

between the cluster prevalence rates was small, but it fell below that value as the difference 
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increased (right column of Table 4.8). Increasing values of , for constant , decreased 

coverage. Coverage also decreased with decreasing , for any given value of . These trends 

were more apparent when there were bigger differences between prevalence rates in the two 

clusters (Figure 4.12).  

Type I error 

To explore type I error in the cluster-unadjusted and cluster-adjusted OLS models, the effect size 

of the explanatory variable on the outcome variable was set to zero. As for the coverage by 95% 

CIs, type I error rates were explored in relation to values of  and  and quarters of the 

distribution of absolute differences in prevalence rates of the two clusters. Overall, 22% of the 

simulated datasets showed a significant association at the 5% significance level when a cluster-

unadjusted OLS model was fitted, while the corresponding proportion when a cluster-adjusted 

OLS model was fitted was 5%. Type I error rates from the cluster-adjusted model varied very 

little with difference in prevalence rates of  in the two clusters (Table 4.9) and by values of  

and  (range: 4.5% to 5.7%).  

In contrast to the cluster-adjusted OLS model, when clustering was ignored, Type I error rates 

were lower than 5% when the difference in prevalence rates between the two clusters was small 

(Table 4.9 and sub-plot A in Figure 4.13) and  increased to values higher than the nominal value 

of 5% when differences were larger. Type I error increased with decreasing , and with 

increasing distance between cluster-specific intercepts. The highest type I error rate was 92.9% 

and it was observed for the highest value of , lowest value of , and in the highest quarter of 

the distribution of the absolute difference between prevalence rates in the two clusters (sub-plot D 

in Figure 4.13).    

Table 4.9. Type I error rates for the cluster-adjusted and cluster-unadjusted models across quarters 

of the distribution of the absolute difference in prevalence rates of  in the two clusters 

Quarters  Cluster-adjusted model Cluster-unadjusted model 

1st  5.1 3.3 

2nd  5.2 11.1 

3rd  4.8 25.0 

4th  4.8 46.8 

All 5.0 21.5 
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Figure 4.13. Type I error rates for the cluster-unadjusted model for different values of distance 

between the cluster-specific intercepts , standard deviation of error term ( ), and quarters of 

the distribution of the absolute difference in prevalence rates of  in the two clusters depicted in 

the 4 sub-plots (A) 1st, B) 2nd, C) 3rd, and D) 4th). The red horizontal line in the graphs represents 

the nominal value of 5% for type I error.  

4.5 Multiple clusters – Binary explanatory variable 

4.5.1 Methods 

In the case of a single binary explanatory variable, the OLS model that ignores clustering effects 

is described by the model 

 

which was set out earlier in equation 4.1, and the RI model that adjusts for clustering effects by 

the model 

 

(as presented in equation 4.3), in which  follows a binomial distribution. 

The methods used to explore the consequences of ignoring clustering were similar to those 

described in section 4.3.1. In brief, I generated simulated datasets of 100 clusters with 100 

observations per cluster and I arbitrarily set the size of the effect of  on  to 1 ( 1 , and 
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the average value of  when = 0 to 0 ( 0 . I then set the prevalence of  in each cluster 

to be the sum of a constant (the same in all clusters) and a cluster-specific variable 

~ 0, . The corresponding values for the outcome variable  were generated 

according to equation 4.3. The individual-level error terms were drawn from a random standard 

normal distribution ( 0,1 ), and the cluster-level error terms were drawn from a random normal 

distribution with mean zero and variance .  

Simulated data were generated for combinations of the values for  described in section 4.3.1 

with the overall prevalence of  set to 0.05, 0.1, 0.2, and 0.4, while ~ ,  with the 

parameters  and  arbitrarily chosen to be 0 and 0.05, respectively. For each combination of 

expected  and , 100 simulated datasets were produced, with  values being those 

selected for the simulation process for linear regression with a continuous explanatory variable 

described in section 4.3.1.  

For each simulated dataset, an OLS and RI model were fitted and the regression coefficients were 

estimated with corresponding SEs. In accordance with previous analyses, I calculated the 

difference between the estimated regression coefficients ( ), and the ratio of their SEs 

( ). Then, these two measures were plotted against the dispersion of the prevalence 

of the explanatory variable  across the clusters.  

The coverage of the 95% confidence interval was calculated as the proportion of simulated 

confidence intervals that included the true value, and was used as an indication of errors arising 

from problems in the estimation of effect or of the corresponding standard error.  

The simulations were repeated assuming zero effect of the explanatory on the outcome variable 

(i.e. 0). The proportions of datasets for which the null hypothesis was rejected at a 5% 

significance level in OLS and RI modelling were calculated to asses impacts on type I error 

according to levels of ICC.  

4.5.2 Results 

Difference in regression coefficients 

Differences in regression coefficients ( ) estimated from the two linear models 

(described in equations 4.1 and 4.3) according to the dispersion of the prevalence of the binary 

explanatory variable  across the clusters are presented in Figure 4.14. The four different 

subplots of the figure (A, B, C, and D) correspond to the four different overall prevalence rates of 

. In each scatter plot, the different levels of within-cluster similarity of observations (ICCs) are 
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depicted in different shades of grey with darker shades corresponding to simulated results for 

higher ICCs.  

 

Figure 4.14. Difference between regression coefficients estimated from RI and OLS models 

( ) according to dispersion of prevalence of explanatory variable  across clusters. 

Figure A: Overall prevalence of  0.05. Figure B: Overall prevalence of  0.1. Figure C: 

Overall prevalence of  0.2. Figure D: Overall prevalence of  0.4 

On average, for small dispersion of the cluster-specific prevalence of , differences were more 

narrowly spread for small ICCs and more widely spread for large ICCs. For each value of ICC, 

small dispersion of cluster-specific prevalence of  resulted in small differences between the 

regression coefficients. However, increasing the dispersion of cluster-specific prevalence of , 

resulted in larger differences between the regression coefficients from the two methods. 

Comparing the different subplots of Figure 4.14 (note the different scales on the y-axes), higher 

overall prevalence of  resulted in regression coefficients from the two models being more 

similar even for large dispersion of the prevalence of  across clusters; for ICC=0.3, differences 

ranged from -0.2 to 0.2, corresponding to a 20% difference in the regression coefficients from the 

two methods, when the overall prevalence of  was 0.05, and this range decreased to 

approximately -0.05 to 0.05 for an overall prevalence of  of 0.4.  
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The ranges of differences in regression coefficients estimated from the RI and the OLS models for 

varying overall prevalence of the independent variable  and ICC’s are presented in Table 4.10. 

Table 4.10. Range of difference in regression coefficients estimated from the RI and the OLS 

models ( ) for varying ICC and overall prevalence of the independent variable  

 Overall prevalence of  

ICC 0.05  0.1 0.2 0.4 

0.001 -0.003 to 0.004  -0.002 to 0.002 -0.001 to 0.001 -0.001 to 0.001 

0.003 -0.007 to 0.007  -0.005 to 0.006 -0.003 to 0.003 -0.002 to 0.002 

0.01 -0.022 to 0.026  -0.012 to 0.013 -0.007 to 0.008 -0.004 to 0.004 

0.03 -0.045 to 0.042  -0.027 to 0.031 -0.018 to 0.017  -0.011 to 0.012 

0.1 -0.105 to 0.103  -0.058 to 0.054 -0.034 to 0.035 -0.023 to 0.024 

0.3 -0.211 to 0.222  -0.130 to 0.118 -0.075 to 0.069 -0.051 to 0.045 

 

The estimated regression coefficients were on average very similar. The ranges of differences 

were very small for small ICC and large overall prevalence of , being up to 0.004. The ranges 

of the differences increased with increasing ICC and with decreasing overall prevalence of . 

For example, when the ICC was 0.3, differences ranged up to 0.2 when the overall prevalence of 

 was 0.05, but only up to 0.13, 0.075, and 0.05 when the overall prevalence of  was 0.1, 0.2, 

and 0.4, respectively.  

Ratio of standard errors 

The ratios of the SEs of the regression coefficients estimated from the RI and OLS models 

( ) were investigated in relation to the dispersion of the prevalence of the 

explanatory variable  across the clusters. The results are presented in Figure 4.15. As in Figure 

4.14, the four different subplots of Figure 4.15 correspond to the four different levels of 

underlying prevalence of the explanatory variable . In each subplot, the different levels of ICCs 

are represented by different shades of grey, with darker shades corresponding to higher ICCs. 

Overall the ratios of the SEs were below one for most of the situations examined, indicating that 

the SEs of the regression coefficients estimated from the RI model were smaller than those under 

the OLS model. The ratio of the SEs achieved its minimum value for the smallest dispersion of 

the prevalence of  across the clusters, and increased progressively with increasing dispersion of 

x across clusters. For small ICCs (<0.1), the SEs from the two models were very similar.  

However, increasing the ICC to 0.1 or higher led to the ratio of the SEs decreasing to values much 
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lower than 1. For constant ICC, comparison of subplots A, B, C, and D, shows that the rate of 

increase of the ratio of the SEs was higher for lower underlying prevalence rates of the . 

 

Figure 4.15. Ratios of standard errors of regression coefficients estimated from RI and OLS 

models ( ) according to dispersion of prevalence of independent variable  across 

clusters. Figure A: Overall prevalence of  0.05. Figure B: Overall prevalence of  0.1. Figure 

C: Overall prevalence of  0.2. Figure D: Overall prevalence of  0.4 

Table 4.11. Range of the ratios of SEs estimated from the RI and the OLS models 

( ) for varying ICC and overall prevalence of the independent variable  

ICC Overall prevalence 
of =0.05 

 Overall prevalence 
of =0.1 

Overall prevalence 
of =0.2 

 Overall prevalence of 
=0.4 

0.001 0.999 to 1.003  0.999 to 1.002 0.999 to 1.001  0.999 to 1.000 

0.003 0.998 to 1.005  0.998 to 1.003 0.998 to 1.001  0.998 to 1.000 

0.01 0.993 to 1.008  0.993 to 1.005 0.993 to 1.001  0.993 to 1.000 

0.03 0.983 to 1.006  0.983 to 1.001 0.983 to 0.994  0.983 to 0.992 

0.1 0.946 to 0.972  0.947 to 0.966 0.947 to 0.960  0.946 to 0.956 

0.3 0.836 to 0.860  0.835 to 0.854 0.835 to 0.848  0.835 to 0.845 

 

The ranges of the ratios of SEs estimated from the RI and the OLS models for overall prevalence 

of the independent variable  of 0.05, 0.1, 0.2, and 0.4 and for varying ICCs are summarised in 
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Table 4.11. As shown in Figure 4.15, almost all ratios were <1. The minimum value of the ratio 

was very close to 1 for small ICCs, while increasing ICC resulted in lower minimum values of the 

ratio. For fixed ICC, the maximum value of the ratio was higher for small overall prevalence of 

. For example, for ICC=0.3 the maximum value of the ratio was 0.860 for an overall 

prevalence of the explanatory variable 0.05, 0.854 for a prevalence 0.1, 0.848 for a prevalence of 

0.2, and 0.845 for a prevalence of 0.4.  

Coverage of 95% confidence intervals 

The proportion of the estimated 95% confidence intervals for the association between the 

explanatory and the outcome variable that included the true value of 1, when derived from the RI 

model was 95%. The OLS model also produced 95% confidence intervals 95% of which included 

the true value but only for ICC≤0.03. As ICC increased, coverage from the OLS model deviated 

from the nominal value of 95%. As shown in Figure 4.16, when ICC was 0.1 or 0.3, coverage was 

on average lower for lower prevalence of ; it fell below the nominal value of 95% for 0.05 

prevalence of  and it increased to values higher than 95% for 0.40 prevalence of  

(comparison of the four sub-plots of the figure). Also, for any given prevalence of , coverage 

was lower for increasing dispersion of prevalence of  across clusters. Variation of the average 

coverage by categories of prevalence rates of  and overall prevalence of  was higher when 

ICC was higher (ICC=0.3) than when it was lower (ICC=0.1). The smallest and the largest values 

of coverage were 87% and 98% and they were observed when overall prevalence of  was 0.05 

and in the bottom and top thirds respectively of the distribution of dispersion of prevalence of  

across clusters. Coverage as high as 98% was also seen in the bottom third of the distribution of 

dispersion of prevalence of  across clusters for the other prevalence rates (0.10, 0.20, and 0.40) 

explored.  

Type I error 

The frequency of type I error rates with the two analytical approaches, was assessed for different 

values of ICC, overall prevalence of , and dispersion of prevalence of  across clusters. With the 

RI model, type I error rates for the different conditions had an average of 5% and varied very little 

(from 4.6% to 5.4%). The same observation was made for type I error rates under the OLS model 

when ICC values were lower than 0.1; the average value was 5% and varied from 4.6% to 5.6% 

for different ICC values (<0.1), overall prevalence rates of , and dispersion of prevalence of  

across clusters. However, for ICC values of 0.1 and 0.3, type I error rates diverged from 5%. The 

variation of rates in those cases is illustrated in Figure 4.17 for the four prevalence rates of  

(subplots A, B, C, and D of the figure), and for thirds of the distribution of dispersion of 

prevalence of  across clusters. For small dispersion of prevalence rates of  (bottom third of the 
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distribution), type I error was lower than 5%, and it increased as dispersion increased. This trend 

was more prominent for lower values of overall prevalence of , and for ICC=0.3 compared to 

ICC=0.1. The smallest and the largest values of type I error were 2% and 12% and they were 

observed when overall prevalence of  was 0.05 and in the bottom and top thirds respectively of 

the distribution of dispersion of prevalence of  across clusters.   

 

Figure 4.16. Coverage (%) by 95% confidence intervals from the OLS model for ICC=0.1 and 

0.3, by overall prevalence rates of  (A) 0.05, B) 0.10, C) 0.20, and D) 0.40), and thirds of the 

distribution of the dispersion of prevalence of  across clusters  

 

Figure 4.17. Type I error rates (%) from the OLS model for ICC=0.1 and 0.3, by overall 

prevalence rates of  (A) 0.05, B) 0.10, C) 0.20, and D) 0.40), and thirds of the distribution of the 

dispersion of prevalence of  across clusters 
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4.6 Summary of results 

4.6.1 Continuous outcome - continuous predictor – 2 clusters 

The difference between  and  was very small ( 0) when 

the cluster-specific distributions of the explanatory variable  were overlaid. The difference 

between the two estimates increased as the distribution of  for the second cluster was shifted 

away from that of the first cluster, up to a shift of 2 (twice the within-cluster SD of ). Beyond 

that point, the difference in the point estimates produced from the two models started decreasing, 

approaching a value of zero again. Differences were larger when the distance between the cluster-

specific intercepts  was larger. Higher values of variance of the error term led to increased 

dispersion of differences between   and , while the mean 

values remained approximately the same. 

SEs from the cluster-adjusted model were lower than those from the cluster-unadjusted model, 

when the distributions  in the two clusters were overlaid. Shifting the distribution of  in the 

second cluster away from that of the first cluster increased SEs from the cluster-adjusted model 

more compared to those from the cluster-unadjusted model resulting in ratios /

 >1. When the cluster-specific distributions of  were overlaid, the ratio of 

SEs depended on both the distance between the cluster-specific intercepts  and the variance of 

the error term. Increasing , or the variance of the error term decreased the ratio of SEs to values 

<1. When values of  for the second cluster were shifted from those of the first cluster,  and the 

variance of the error term had no effect on ratios of SEs. 

Coverage by 95% CIs was at the nominal level of 95% when the model adjusted for clustering. 

With the cluster-unadjusted model, coverage was severely biased downwards. Coverage by 95% 

CIs decreased for smaller values of , higher values of variance of the error term, and larger shifts 

in the distribution of  in the second cluster from that in the first cluster. 

Type I error rates were close to the nominal value of 5% when clustering was accounted for. 

However, with the cluster-unadjusted OLS model, error rates increased to considerably higher 

values. This increase was observed with increasing shifts of the cluster-specific distributions of , 

increasing variance of the error term, and decreasing values of . 

These observations are summarised in Table 4.12. 
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Table 4.12. Summary of simulation results when the outcome variable was continuous, the 

explanatory variable was continuous, and observations were grouped in 2 clusters 

  

                                               ↑ when | ̅ 	 ̅ 	 | approximately < 2 within-cluster SD of          

                                               ↓ when   | ̅ 	 ̅ 	 | approximately > 2 within-cluster SD of        

                                               ↑ when  ↑     

 when | ̅ ̅ | 0 

Minimum of /  ↓ when  ↑ 

                                                                                         ↓ when  ↑                                            

/                        ↑ when | ̅ ̅ 	 |	 ↑  

Coverage by 95% CIs from the cluster-adjusted model:     on average 95% 

Coverage by 95% CIs from the cluster-unadjusted model was < 95% and it   

                                                                                                            ↓ when   ↓ 

                                                                                                            ↓ when   ↑        

                                                                                                            ↓ when   | ̅ 	 ̅ | ↑           

Type I error from the cluster-adjusted model:     on average 5% 

Type I error from the cluster-unadjusted model was >5% and it     ↓ when   ↑ 

                                                                                                            ↓ when   ↓        

                                                                                                            ↓ when   | ̅ 	 ̅ | ↑           

4.6.2 Continuous outcome - continuous predictor – multiple clusters 

Differences between  and  were on average very small ( 0) for all values of ICC, and 

relative dispersion of  across clusters. Dispersion of differences, however, increased as ICC 

increased, and for higher values of . It also increased as relative dispersion of  increased, 

up to a value of 1, while further increase in the relative dispersion of  causing a decrease in 

the dispersion of .   

In most cases, . However, the ratio, / , was less than 1 when ICC was 

high, and when the relative dispersion of  was small. The ratios of SEs were also very close to 

1 for lower ICC values and when the relative dispersion of  was small. Increasing relative 

dispersion of , and increasing values of ICC, were associated with increasing ratio of SEs.    
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Coverage by 95% CIs was at the nominal level of 95% with the RI model. Under the naïve OLS 

model, coverage was lower than 95%. It decreased as ICC increased, but it was not affected by 

increasing relative dispersion of .  

Type I error from the RI model was very close to 5%. However, with the OLS model, Type I error 

increased with increasing ICC values, although it was not influenced by increasing values of 

relative dispersion of . 

These observations are summarised in Table 4.13. 

Table 4.13. Summary of simulation results when the outcome variable was continuous, the 

explanatory variable was continuous, and observations were grouped in 100 clusters 

 :    on average 0 for any ICC and relative dispersion of  

Range of   :              ↑ when ICC ↑ 

                                                   ↑ when ↑ 

                                                   ↑ when relative dispersion of  <1 

                                                   ↓ when relative dispersion of  >1 

 in most cases 

/  < 1  for high ICC and small relative dispersion of    

/   1  for lower ICC and small relative dispersion of  

/        ↑ when ICC ↑ 

                           ↑ when relative dispersion of  ↑ 

Coverage by 95% CIs from the RI model:     on average 95% 

Coverage by 95% CIs from the OLS model was < 95% and it ↓ when ICC ↑ 

Type I error from the RI model:     on average 5% 

Type I error from the OLS model was >5% and it ↑ when ICC ↑                                   

4.6.3 Continuous outcome - binary predictor – 2 clusters 

The estimate of effect from the cluster-adjusted model was the same as that from the cluster-

unadjusted model when the prevalence of the explanatory variable  was the same in both 

clusters. Increasing absolute difference in the prevalence rates of  in the two clusters increased 

the absolute difference of . Also, increasing the distance 

between the cluster-specific intercepts , increased the difference in effects estimated from the 

two models.  
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SEs derived from the cluster-adjusted model were always lower than those from the cluster-

unadjusted model resulting in ratios / <1. The ratio of SEs 

had a minimum value when prevalence rates of  in the two clusters were the same, and it 

increased towards 1 as the difference between cluster-specific prevalence rates of  increased. 

Ratios of SEs were generally lower for increasing values of , and for lower values of variance of 

the error term.  

Coverage by 95% CIs from the cluster-adjusted model was on average 95% and varied very little 

across values of  and for difference in the prevalence rates of  in the two clusters. However, 

coverage under the cluster-unadjusted model was biased downwards; it decreased with decreasing 

variance of the error term, with increasing values of , and with increasing difference between the 

prevalence rates of  in the two clusters.     

Type I error rates calculated from the cluster-adjusted model were approximately 5%. In contrast, 

the cluster-unadjusted model produced error rates that were higher than 5%; they increased with 

decreasing variance of the error term, with increasing values of , and with increasing difference 

between the prevalence rates of  in the two clusters.  

These observations are summarised in Table 4.14.  

Table 4.14. Summary of simulation results when the outcome variable was continuous, the 

explanatory variable was binary, and observations were grouped in two clusters 

    0 when ̅ ̅  

                                                                        ↑ when | ̅ 	 ̅ 	 | ↑                                                         

                                                                        ↑ when  ↑     

  

Minimum of /    when ̅ 	 ̅ 	  

                                                                                           ↓ when  ↑ 

                                                                                           ↑ when  ↑                                            

/                         ↑ when | ̅ ̅ 	 |	 ↑  

Coverage by 95% CIs from the cluster-adjusted model:     on average 95% 

Coverage by 95% CIs from the cluster-unadjusted model was < 95% and it   

                                                                                                            ↓ when   ↑ 

                                                                                                            ↓ when   ↓        

                                                                                                            ↓ when   | ̅ 	 ̅ | ↑                    

Type I error rates from the cluster-adjusted model:     on average 5% 
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Type I error rates from the cluster-unadjusted model were > 5% and it   

                                                                                                            ↓ when   ↑ 

                                                                                                            ↓ when   ↓        

                                                                                                            ↓ when   | ̅ ̅ 	 | ↑                    

4.6.4 Binary outcome - binary predictor – multiple clusters 

The estimates of effect from the RI and the OLS models were on average the same. However, 

differences in effect estimates ( ) varied more for higher values of ICC, higher 

dispersion of prevalence of  across clusters, and for lower values of overall prevalence of . 

SEs from the RI model were consistently lower than those from the OLS model. Ratios of the SEs 

( ) were lower when ICC was higher, and increased slightly with increasing 

dispersion of prevalence of  across clusters. Overall prevalence of  did not affect patterns of 

ratios in relation to ICC values and dispersion of prevalence of  across clusters.  

Coverage was very close to 95% under the RI. It was also close to 95% under the OLS model for 

ICC≤0.03 but varied by dispersion of prevalence of  across clusters and by overall prevalence 

of  when ICC was 0.1 or 0.3. Bigger variation of coverage around the value of 95% was seen 

for ICC=0.3.  

Type I error rates were very close to 5% under the RI model for any ICC value. Error rates were 

also very close to the nominal value of 5% under the OLS model but only when the ICC value 

was <0.1. When ICC was equal to 0.1 or 0.3, type I error rates varied from lower to higher than 

5%, depending on the overall prevalence of  and on the dispersion of prevalence of  across 

clusters. For small dispersion, type I error was <5% and it increased with increasing dispersion of 

prevalence of . For lower overall prevalence of , type I error rates increased up to 12% for 

large dispersion of prevalence of  across clusters.  

These observations are summarised in Table 4.15. 

Table 4.15. Summary of simulation results when the outcome variable is continuous, the 

explanatory variable is binary, and observations are grouped in 100 clusters 

 :    on average 0 for any ICC and relative dispersion of  

Range of   :              ↑ when ICC ↑ 

                                                   ↑ when relative dispersion of  ↑ 
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 in all cases 

/        ↓ when ICC ↑ 

                       ↑ slightly when relative dispersion of  ↑ 

Coverage by 95% CIs from the RI model:        on average 95% 

Coverage by 95% CIs from the OLS model:     on average 95% when ICC≤0.03 

Coverage by 95% CIs from the OLS model      varied from <95% to >95% for ICC=0.1 or 0.3 

                                                                           ↓ when dispersion of prevalence of  across clusters ↑ 

                                                                                   ↓ when overall prevalence of  ↓ 

Type I error rates from the RI model:        on average 5% 

Type I error rates from the OLS model:     on average 5% when ICC≤0.03 

Type I error rates from the OLS model      varied from <5% to values >5% for ICC=0.1 or 0.3 

                                                                     ↑ when dispersion of prevalence of  across clusters ↑ 

                                                                            ↑ when overall prevalence of  ↓ 

4.7 Algebraic approach 

The consequences of ignoring clustering in linear regression were investigated in the previous 

sections of this chapter using simulated data. In this section, the problem is approached 

algebraically using the same setting of varying parameters as before. Initially the general formulae 

for difference in regression coefficients and ratio of SEs are derived, and then the special case of 

two clusters is considered as an illustration. 

In a simple linear regression which models the relationship between a dependent variable  and 

an explanatory variable  by a line of the form , the best estimate of  based on a 

sample of  data points ,  is given by  

̅
̅

 

with an estimated variance of  

̅
2 ̅

 

Consider a situation of  different clusters, each of size , with observations denoted as , , 

where  is the index for the observation in the cluster, and  is the index of the cluster (

1,2, . . , , and 1,2, … , ) . Within each cluster , the variance of observations , will be 

calculated as  
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̅  

while between the  clusters, the variance will be  

̅ ̅ ̅  

Following the specification of the RI model, each of the different clusters has a specific intercept 

, added to the overall intercept . The variance of the intercepts will be  

 

Then, the cluster-specific point estimates of effect, , and their variances can be calculated from 

the formulae above as 

̅

̅
 

and 

̅

2 ̅
 

The overall adjusted estimate of  across all  clusters will be denoted as , which is calculated 

as  

∑

∑ 1⁄
 

and has variance 

1

∑ 1⁄
 

For a given cluster, , the estimate  will be 

̅

̅

̅ ̅

̅
 

̅ ̅

̅

̅

̅
 

So, the cluster-specific s are unbiased. 
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Within each cluster, the variance of  will be  

	
̅

2 ̅
 

̅ ̅

2 ̅
 

̅ ̅

2 ̅
 

̅ 2 ̅ ̅

2 ̅
 

2 ̅ 2
 

since  and  are independent, and 0. 

The overall  across all clusters will therefore be  

∑

∑ 1⁄

∑
2

∑ 1
2

∑ 1
2

∑ 1
2

 

with an overall variance of  

1

∑ 1⁄

1

∑ 1
2

2
 

If clustering is ignored, the cluster-unadjusted point estimate of ,  will be calculated as  

̅

̅

̅ ̅

̅
 

̅ ̅

̅
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̅ ̅ ̅

̅

̅

̅
 

since  and  are independent, and 0. 

However,  

̅ ̅ ̅  

̅ ̅ ̅ ,  

as ̅ . 

Also,  

̅ ̅ ̅ ̅ ̅ ̅ ̅  

̅ ̅ ̅ 2 ̅ ̅ ̅ ̅  

as ̅ ̅ ̅ , ̅ 0 

Thus, the estimate  takes the form 

̅

̅

̅ ,

̅
 

So, bias in the point estimate will be  

̅ ,

̅

̅ ,

̅
 

 

The variance of the cluster-unadjusted point estimate of , , will be calculated as 

̅

2 ̅
 

̅ ̅

2 ̅
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̅ ̅

2 ̅
 

̅ 2 ̅ ̅

2 ̅
 

̅ 2

2 ̅ 2 ̅ ̅

2 ̅
 

̅ 2 ̅

2 ̅
 

2
2 ̅ ,

2 ̅

 

̅ ,

̅

2
2 ̅ ,

2 ̅

 

̅ ,

̅
2

̅ ,

̅

2
2 ̅ ,

2 ̅

 

̅ ,

2 ̅

2 ̅ ,

2 ̅

2 ̅ ,

2 ̅

 

̅ ̅ ,

2 ̅

 

Thus, the ratio of the SEs of the cluster-adjusted to that of the cluster-unadjusted point estimates 

will be  
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2

̅ ̅ ,

2 ̅

 

2 ̅

2 ̅ ̅ ,
 

 

As an illustration, the above formulae for bias in the effect estimate and for the ratios of SEs can 

then be applied to the simplified case of two clusters, with equal numbers of observations per 

cluster described in sections 4.2 for continuous and 4.4 for binary explanatory variable. 

 

Figure 4.18. Case of two clusters of equal size with continuous explanatory variable , in which 

the first cluster, comprising observations ( , ) and ( , ), is shifted to the right of its original 

distribution and the second cluster, comprising observations ( , ) and ( , ), is shifted to the 

left of its original distribution by a value /2.  

I first consider the case of a continuous explanatory variable , in which the cluster-specific 

distributions are overlaid ( ̅ 	 ̅ 	 0), and their variance is equal to 1 ( 1, 

for 1,2). Then the distribution of  in the first cluster is shifted to the right of its original 
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distribution by a value /2 and the distribution of  in the second cluster is shifted to the left of 

its original distribution by a value /2, resulting in a difference between the cluster-specific mean 

values of  of  (Figure 4.18). As such, the variance of  between the two clusters is  

̅
1
2

̅ ̅
1
2

̅ ̅ ̅ ̅
1
2

/2 /2 /4 

while that within clusters remains 1 ( 1). The cluster-specific intercepts are centred around 0 

and with a distance  between them (Figure 4.18), with the cluster-specific intercepts being 

/2 and /2 for the first and the second cluster, respectively. The variance of the 

two intercepts will then be 

1
2

1
2

 

1
2

1
2

/2 /2 /4 

The covariance between ̅  and  is calculated as 

̅ ,
1
2

̅ ̅
1
2

̅ ̅
1
2

̅  

/2 /2 /2 /2
2 4

 

Then, the bias in the effect estimate, when clustering is not accounted for in the regression model 

is calculated as 

̅ ,

̅ 4 1 4
4

 

The ratios of SEs is calculated as 

2 ̅

2 ̅ ̅ ,
 

≅
1 /4

/4 1 1 /4 /4
1 /4

/4 /16 1 /4 /4
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1 /4
/4 1 /4

 

Bias of effect estimate was plotted against varying values of distance between the cluster-specific 

mean values of  (i.e. shift of mean value of  in the second cluster from that in the first 

cluster), and for the three values of distance between the cluster-specific intercepts  that were 

examined in section 4.2, in Figure 4.19. 

 

Figure 4.19. Difference between cluster-adjusted and cluster-unadjusted regression coefficients 

against shift in the mean value of  for the second cluster from the mean value of  for the first 

cluster 

Like bias of effect estimates, ratios of SEs were plotted against values of distance between the 

cluster-specific mean values of , and for the three values of distance between the cluster-

specific intercepts  that were examined in section 4.2, and presented in Figure 4.20. 

 

Figure 4.20. Ratios of SEs of cluster-adjusted and cluster-unadjusted regression coefficients 

against shift in the mean value of 	for the second cluster from the mean value of  for the first 

cluster 
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In the case of two clusters, when the explanatory variable  was binary, the prevalence of  in 

the first cluster was set to , while that in the second cluster was set to . As in the case of two 

clusters with a continuous explanatory variable, the distance between the cluster-specific 

intercepts was equal to  (Figure 4.21).  

 

Figure 4.21. Case of two clusters of equal size with binary explanatory variable , the 

prevalence of which in the first cluster is , and and in the second cluster is .  

In the case described above, the average value of all  is ̅ , and the variance of  

between clusters is  

̅
1
2

̅ ̅
1
2 2 2

 

1
2 4 4

 

1
2

2
2

1
4

 

The mean of the variance within clusters is 

1
̅

1
2

1 ̅ 1 ̅ 1 ̅ 1 ̅  

1
2

1 1 1 1  



   

78 

1
2

1 1
1
2

1 1  

Then  

̅
1
2

1 1 	
1
4

 

1
4

2 2 2 2 2
1
4

2  

The covariance between ̅  and  is calculated as 

̅ ,
1
2

̅ ̅
1
2

̅ ̅
1
2

̅  

/2 /2
2

/2
2 4

 

The variance of the two intercepts is equal to the one calculated above for the case of continuous 

 (i.e. /4). 

Bias in the effect estimate when clustering is ignored, and the ratio of SE of the cluster-adjusted to 

that of the cluster-unadjusted estimate are calculated as follows: 

̅ ,

̅

4
1
4 2 2

 

2 ̅

2 ̅ ̅ ,
 

≅

1
4 2

1
2 1 1 4 1 1

4 2 4

 

 

Assuming a constant prevalence of  in the first cluster of 0.2, bias in estimated effects 

against varying prevalence of  in the second cluster, was plotted in Figure 4.22 
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Figure 4.22. Difference between cluster-adjusted and cluster-unadjusted regression coefficients 

against prevalence of  in the second cluster when prevalence of  in the first cluster is fixed 

to 0.2  

The values of ratios of SEs were then plotted against varying prevalence of  in the second 

cluster when prevalence of  in the first cluster was fixed to 0.2 (Figure 4.23). 

 

Figure 4.23. Ratios of SEs of cluster-adjusted and cluster-unadjusted regression coefficients 

against prevalence of  in the second cluster when prevalence of  in the first cluster is fixed 

to 0.2  

Observations regarding differences in regression coefficients and ratios of SEs for the case of two 

clusters, as calculated algebraically in this section, match those from the simulated data described 

in previous sections (4.2 and 4.4). Specifically, equations plotted in figures Figure 4.19, Figure 
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4.20, Figure 4.22, and Figure 4.23 are a replicate of those presented in figures Figure 4.3Figure 

4.4Figure 4.9Figure 4.10, respectively.  

These findings support the validity of my earlier findings based on simulations.  They confirm 

that (under the assumption that clusters are of equal size and that cluster-specific intercepts and 

individual error terms are independent) the bias in estimates of effect when clustering is ignored 

in linear regression depends on the variance of the explanatory variable within and between 

clusters and the covariance of cluster-specific intercepts with the mean values of the explanatory 

variable in each cluster, while bias in the precision of such estimates depends also on the variance 

of cluster-specific intercepts, and of the random error in the outcome variable after adjustment for 

cluster and the explanatory variable.  However, bias is not contingent on other assumptions that 

were made in the simulations.  

4.8 Discussion 

In this chapter, attention was restricted to the implications of ignoring clustering in statistical 

inference regarding the relationship between a continuous outcome and a single explanatory 

variable. Two different types of explanatory variable were considered – continuous and binary. 

For each of the two categories of explanatory variable, the implications for statistical inference of 

failing to account for clustering were explored by comparison of estimated effects and related 

precision, assessment of the coverage by 95% confidence intervals, and estimation of the 

frequency of type I error. As the main interest of this thesis more generally, and of the current 

chapter more specifically, is the grouping of observations within multiple clusters, the discussion 

will be developed around results from the analysis of multiple clusters. The findings when 

observations were grouped into two clusters (sections 4.2 and 4.4) served merely as an 

introduction to the more general case of multiple clusters and will not be discussed further. 

In the cases both of a continuous and a binary explanatory variable, where the true slope of the 

regression line was non-zero, I found that the cluster-unadjusted OLS and RI models gave on 

average very similar estimates of effect for any level of ICC. However, despite the average value 

of difference in point estimates from the two methods being zero, differences occurred in both 

directions and varied more when the level of ICC increased. The largest differences in estimates 

of effect between OLS and multi-level RI regression modelling were only about 20% of the true 

value and they occurred where the ICC was high (0.3). For a continuous explanatory variable, the 

largest errors in the differences of estimated effects occurred when the dispersion of the 

explanatory variable within clusters was approximately the same as that between clusters (relative 

dispersion approximately equal to 1), while, for a binary explanatory variable, differences 

increased with increasing dispersion of prevalence of the explanatory variable across clusters. 
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Conclusions drawn from comparison of SEs estimated from cluster-unadjusted OLS and RI 

models are different for continuous as compared with binary explanatory variables. When the 

explanatory variable of interest was continuous, the SEs of regression coefficients were generally 

larger for the multi-level RI model than for the cluster-unadjusted OLS model, their ratio being 

highest (>4) for a high ICC (0.3) and where most of the dispersion of the explanatory variable was 

between rather than within clusters.  However, contrary to what is widely stated, the spuriously 

greater precision of OLS method was not universal.  Where most of the dispersion of the 

continuous explanatory variable was within rather than between clusters, OLS regression gave 

larger SEs than multi-level modelling. When the explanatory variable was binary, SEs estimated 

from the RI model, were generally lower than those from the cluster-unadjusted OLS model. The 

SEs differed by up to 15% for the highest ICC value (ICC=0.3). 

The rates of coverage of 95% confidence intervals for estimates of effect, whether of a continuous 

or a binary explanatory variable, when derived from a RI model were at the nominal level of 95%, 

irrespective of other parameters (i.e. ICC, relative dispersion of the continuous explanatory 

variable, or dispersion of the prevalence of the binary explanatory variable across clusters). When 

the explanatory variable was binary, the cluster-unadjusted OLS model also resulted in a good 

coverage of the 95% confidence intervals when ICC was low ( 0.01). However, for higher 

values of ICC, coverage varied slightly (range: 87% - 98%) around the nominal value of 95% 

depending on the overall prevalence and the dispersion of the cluster-specific prevalence rates of 

. In contrast, when the explanatory variable was continuous, the model that failed to account 

for clustering resulted in poor coverage rates, especially as ICC increased, reaching a rate as low 

as 30% for ICC=0.3. 

Setting the effect of the explanatory variable on the outcome variable to zero allowed exploration 

of the frequency of type I error. With the RI model, in all of the scenarios explored, type I error 

was very close to 5%. When the explanatory variable of interest was continuous, I found that 

failure to allow for clustering increased rates of Type I error, and that the inflation of type I error 

was particularly pronounced (up to 70%) when the degree of clustering, was high (ICC=0.3). In 

contrast to this, when the explanatory variable was binary, type I error under the naïve OLS model 

was close to the expected value of 5% for low levels of clustering (ICC<0.1). However, when 

ICC was high (0.1 or 0.3), I found that type I error rates varied more around 5%, with values as 

low as 2% (when overall prevalence of the explanatory variable was low and the dispersion of its 

prevalence across clusters was small) and as high as 12% (when overall prevalence of the 

explanatory variable was low and the dispersion of its prevalence across clusters was large).  

The analysis for each specification of parameters (expected ICC, relative dispersion of a 

continuous explanatory variable, overall prevalence or dispersion of prevalence rates across 
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clusters of a binary explanatory variable) was based on 1,000 simulated samples of 10,000 

observations grouped in 100 clusters, each of 100 individuals. By using such a large sample size 

(larger than in most epidemiological investigations), I reduced random sampling variation, 

making it easier to characterise any systematic differences between the two methods of analysis. 

However, the approach may have led to underestimation of the maximum differences between 

estimates of effect that could arise from OLS as compared with multi-level modelling. 

Additionally, the number of observations per cluster was the same in all simulations, making it 

impossible to draw conclusions about effects of ignoring clustering for varying cluster sizes. It 

should also be noted that all samples were generated by sampling from normal distributions, with 

data structured according the assumptions of RI multi-level modelling – i.e. that the cluster level 

residuals (  in equation 4.3) were normally distributed and uncorrelated, individual level 

residuals (  in equation 4.3) were uncorrelated, and cluster level and individual level residuals 

were uncorrelated. Given that these assumptions were met, RI methods were expected to function 

as intended. However, previous research on violation of assumptions in multi-level modelling has 

shown that assuming a non-normal distribution of the cluster level error term ( ), has no or very 

little impact on the estimation of parameters (90). In support of that, based on the formulae for 

bias and relative precision when clustering is ignored, I showed that it is unlikely that results 

would have been different if another distribution of the cluster level error term was assumed. 

Algebraic calculations for derivations of these formulae however, did assume independence of 

cluster level and individual level residuals. For that, if the assumption regarding correlation of the 

’s and ’s residuals were ignored, the multi-level model would be incorrectly specified and 

comparisons with the cluster-unadjusted OLS modelling approach might differ from those that 

were seen. Also, data were simulated following the specification of the RI regression model rather 

than that of the RE model described in section 2.3. That was done because the RI model is more 

frequently used, especially when there is no a priori expectation of differential effects of the 

explanatory on the outcome variables across the different clusters. Simulating data following the 

specification of the RE model would have added complexity to the algorithm used for simulation, 

and the (already long) computational time required. In addition, increasing values of the relative 

between- to within-cluster dispersion were generated by increasing the between-cluster dispersion 

of the cluster-specific mean values of the explanatory variable, keeping the within-cluster 

dispersion constant. One could also achieve increasing values of relative dispersion by altering the 

within-cluster dispersion of the explanatory variable. However, there is no reason to expect results 

to differ if the latter approach were chosen, especially given the findings from algebraic 

calculations.  

The effect of clustering when a cluster-unadjusted model is fitted could also have been assessed 

by calculating bias as [(estimated effect – true effect)/true effect], as defined in earlier studies 
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(85). Instead, I defined bias by the difference in the effect estimates derived from the two 

analytical models. The data were simulated following the model specification of RI linear 

regression, which is one of the most well established and frequently chosen analytical approaches 

to account for clustering. As such, given that all resulting effect estimates were positive, 

deviations of the difference in regression coefficients from the value of zero can only represent 

deficiencies of the OLS model, provided that the assumptions of the RI model are met. Therefore, 

there is no reason to expect that the conclusions one would draw from an alternative definition of 

bias would be more reliable, provided the conditions under which data were simulated and the 

models fitted were the same.  

When multilevel RI modelling was applied to the simulated clustered datasets with a continuous 

or a binary explanatory variable, the rate of Type I error was 5%, and the coverage by 95% CIs 

was 95%, as would be expected, given the method by which the simulated samples were 

generated. In comparison, when cluster-unadjusted models were fitted to clustered data with a 

continuous explanatory variable, rates of Type I error were higher, particularly when the ICC was 

high. For the highest level of ICC examined (0.3), type I errors were as frequent as 70%. 

However, even with an ICC of only 0.01, rates of Type 1 error were more than 10%. Consistent 

with this, coverage by 95% confidence intervals was considerably lower than the nominal value 

for higher ICC levels. The lowest coverage of 29% was for the highest ICC level. In contrast to 

these results Huang et al (96) have reported values of coverage very close to 95% from the OLS 

model for a continuous explanatory variable. Differences between findings presented in this 

chapter and those presented by Huang et al (96) can be explained by zero clustering in the 

explanatory variable assumed in the latter. Sensitivity analysis restricting the simulated datasets 

only to those in which clustering in the explanatory variable was not meaningful showed that 

interval coverage rates were very close to 95% independent of clustering in the outcome variable 

(results not shown). When the explanatory variable was binary, both the interval coverage and 

Type I error rates varied little around the nominal values of 5% and 95%, and only for ICC values 

higher than 0.01. Overall coverage rates were higher for higher ICC and decreased for increasing 

dispersion of the cluster-specific prevalence rates of  across clusters and for decreasing overall 

prevalence of the . A similar observation of small variation of interval coverage around 95% 

for higher ICC values has been made before (82). Type I error when the explanatory variable was 

binary and its prevalence was low, varied around 5% with values falling below 5% for small 

dispersion of prevalence of the explanatory variable, and above 5% for large dispersion. For 

larger overall prevalence of the explanatory variable, Type I error rates fell below 5%. In 

accordance with these findings, Galbraith et al (107) have shown that cluster-unadjusted models 

resulted in relatively conservative Type I error. Also, in a context of individually randomised 

trials, Kahan et al (83) have shown that Type I error increased with increasing ICC and increasing 
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difference in the probability of assignment of patients to treatment arms in randomised controlled 

trials.  

It has been widely stated that when data are clustered, effects estimated by OLS regression are 

unbiased but inefficient (44, 81-85). My results confirm that for data of the type that I simulated, 

coefficients from OLS regression were on average very similar to those from RI multi-level 

modelling.  Previous studies based on simulation data have shown similar results (82, 85, 90, 96). 

However, for individual simulated samples, the estimates may differ, and the potential magnitude 

of the differences depends on the level of within-cluster similarity of the outcome variable. For an 

ICC of 0.3, the estimates of effect from the two analytical methods could differ by up to 20%. In 

addition, when the explanatory variable is continuous, the error in estimates of the regression 

coefficient is larger when the between-cluster dispersion of the explanatory variable is similar to 

that within-cluster. When the explanatory variable is binary, the error increases as the dispersion 

of the prevalence rates across clusters increases, and when the overall prevalence rate across all 

clusters is lower (<10%). These errors in the estimated effect indicate that in an individual study, 

failure of regression analysis to account for clustering of observations could result in considerably 

higher or lower estimates of effect than those derived from multilevel analysis. This has been 

illustrated in numerous published papers of real data, which have shown that estimates from the 

two analytical methods can differ to a lesser or greater extent (67, 91, 101, 102, 126). However, in 

those publications, no or very limited information is provided to establish whether the error 

observed is due to dispersion of the cluster-specific mean values of the continuous explanatory 

variables, or dispersion of prevalence rates for the binary explanatory variable across clusters. 

Most often it is stated that regression coefficients are spuriously precise when clustering is not 

taken into account in regression models. However, in several reports, authors have failed to 

specify the conditions under which this applies (88-92, 131). Other authors have pointed out that 

when the explanatory variable is defined at the level of the cluster, and a cluster-unadjusted 

approach is followed, SEs tend to be spuriously low, and that the opposite occurs when the 

explanatory variable varies within clusters (83, 94, 96, 125). Bias in SEs for effects of cluster-

varying explanatory variables has been shown in results from real data when both models were 

fitted (101, 126, 132). However, others have reported contradictory results in which SEs of effects 

of individual-level explanatory variables from OL regression were very similar to, or lower than, 

those from a multi-level model (102, 103, 105, 106). It should be noted that the dichotomy 

between cluster- and individual-level variables is not clear-cut. There can be varying degrees of 

clustering in the explanatory variable, with the extremes being variables for which the values are 

completely unclustered (zero differences between clusters), and variables for which the values are 

the same within each cluster. However, in real data, an explanatory variable can lie anywhere in 

between. An early report focused on this issue by considering the level of clustering in the 
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explanatory variable as the main driver for the expected bias of the precision of the effect 

estimates (81), rather than the absolute distinction between cluster-constant and cluster-varying 

explanatory variables. The authors reported that as clustering in the explanatory variable 

decreases, the bias in SEs from a cluster-unadjusted model is expected to be upwards, and the 

opposite is expected when clustering in the explanatory variable increases. Taking into 

consideration clustering in the explanatory variable ( ) as well as in the outcome variable ( ), a 

later study using simulated data showed that for a given level of , increasing  resulted in 

increasing the ratio of estimated SEs ( / ) from values <1 to values 1 (93). My results 

for continuous explanatory variables agree with this, with ratios of SEs ( / ) moving 

from values <1 to values >1, as clustering in the explanatory variable, expressed as relative 

dispersion, increased.   

Bias in the precision of effect estimates for binary explanatory variables when clustering is 

ignored has received very limited attention in the published literature. Several of the reported 

studies have used real data to compare naïve and multi-level models, using both continuous and 

binary individual-level explanatory variables (102, 126). For the majority of binary explanatory 

variables used in the models fitted in these studies, SEs derived from the OLS model were larger 

than those derived from the multi-level model. The same conclusion was drawn from a study 

using simulated data (82). However, none of the studies using real data has explored the level of 

bias in relation to variation in the prevalence of the binary explanatory variable, and the study of 

simulated data assumed constant prevalence of the explanatory variable in all clusters. Simulation 

results presented in this chapter show that, irrespective of the dispersion of prevalence of the 

explanatory variable across clusters and the overall prevalence in all clusters, SEs from multi-

level model are always lower than those from the OLS model, and the bias is higher for higher 

ICC values.  

In this chapter, the problem of ignoring clustering was further explored algebraically, using the 

same setting with regard to parameters that remained fixed and those that varied. Following 

mathematical calculations, I derived a formula for i) bias in the point estimate when clustering 

was not accounted for in the analytical approach and ii) the ratio of the SEs of cluster-adjusted to 

cluster-unadjusted point estimates. Using the formulae derived, I applied the specifications of the 

simplified case in which observations were grouped within two clusters. Results from the 

algebraic approach perfectly matched those from the simulated data. This algebraic proof can thus 

be regarded as a validation of the findings presented in this chapter. Additionally, as general 

formulae were derived, one can directly calculate bias in the regression coefficient and 

corresponding precision when clustering is not accounted for in the regression model, using 

different conditions from those explored in this chapter. That can be done assuming different 
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values of: i) within- and/or between-cluster variance of the explanatory variable, ii) covariance 

between the cluster-specific intercepts and mean values of , iii) variance of the error term, and 

iv) number and/or size of clusters. Lastly, another important aspect of the derived formulae for 

bias and relative precision is their confirmation that the assumption of the RI model about the 

normality of the cluster-level error term is not critical to its function. 

In this chapter, the focus was on the association between a continuous outcome and an 

explanatory variable that was defined at the individual level (cluster-varying explanatory 

variable). I showed that when the explanatory variable was continuous, and most of the variation 

occurred within rather than between clusters, the cluster-unadjusted OLS model gave larger SEs 

for the regression coefficient than multi-level modelling. This is consistent with reports in which 

ignoring clustering resulted in spuriously high SEs when the explanatory variable varied within 

cluster. The reverse occurred when most of the dispersion of the explanatory variable was 

between rather than within clusters. In this situation the explanatory variable approaches the 

characteristics of a cluster specific variable. I further showed that there was a variation in the 

threshold value above which SEs estimated from OLS models that did not adjust for clustering, 

were higher than those from multi-level modelling. That threshold value depended on the ICC 

(Table 4.6). I additionally showed that when the explanatory variable under investigation was 

binary, ignoring clustering in statistical modelling resulted in higher SEs for the estimated effect 

than those derived from the random-intercept model. The SEs differed more for higher ICCs but 

not with the overall prevalence of the explanatory variable, nor with the dispersion of its 

prevalence across clusters (Figure 4.15). Unlike SEs, the point estimates were unbiased for either 

continuous or binary explanatory variables (Figure 4.5 and Figure 4.14).  

In conclusion, my results support the use of multi-level modelling to account for clustering effects 

in linear regression analyses of data that are hierarchically structured, especially where ICCs 

might exceed 0.01. Failure to do so is likely to result in incorrect estimates of effect (either too 

high or too low) with spurious precision in the case of continuous explanatory variables or with 

overestimated precision in the case of binary explanatory variables, and may lead to incorrect 

inferences. The errors in estimates of effect of a continuous explanatory variable will be smaller 

when most of the dispersion of the explanatory variable is between rather than within clusters – 

i.e. the variable comes closer to being cluster-specific. Similarly, when the explanatory variable is 

binary, smaller differences in the effect estimates occur when the dispersion of the prevalence of 

the explanatory variable across clusters is small, or when its overall prevalence across clusters is 

high.  

Additionally, I identified situations in which a naïve analytical approach is more likely to 

importantly affect statistical inference, i.e. when rates of Type I error and interval coverage 
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deviate more from the nominal values of 5% and 95% respectively. These situations are when the 

explanatory variable is continuous, and ICC levels are greater than 0.01. It is then that Type I 

error rates are higher than 10% and interval coverage rates are lower than 80%. On the other 

hand, statistical inference when a naïve regression model is fitted is less likely to be of concern 

when the explanatory variable is binary, as the error and coverage rates deviate very little from 

the nominal values. However, even for a binary explanatory variable, error rates can be higher 

than 10%, and corresponding interval coverage rates can be lower than 90% (but possibly not 

lower than 80%). This occurs when ICC is high, the overall prevalence of the explanatory 

variable is low (approximately 5%), and the dispersion of the cluster-specific rates is large. In all 

circumstances in which the ICC is very small, clustering is minimal and there is little difference 

between RI and OLS regression.   

The investigation of implications of ignoring clustering in statistical inference when the outcome 

of interest is continuous is extended in the next chapter to binary outcomes. As in this chapter, 

effect estimates and their precision will be considered separately for continuous and binary 

explanatory variables.       
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Chapter 5. Consequences of ignoring clustering in logistic 

regression 

5.1 Introduction  

Clustered data are frequently encountered in epidemiological research, particularly with the 

increasing use of multicentre and longitudinal studies. In many of these studies the outcome of 

interest follows a binomial distribution. In those cases, logistic regression is often the regression 

model of choice to explore the risk of occurrence of the outcome under investigation in relation to 

risk factors.  Thus it is of interest to know how results from naïve logistic models compare with 

those from corresponding multi-level logistic regression models when observations are clustered. 

A number of researchers have tried to address this question previously. Unlike the case of linear 

regression, the picture drawn from published literature on consequences of ignoring clustering in 

logistic regression is more coherent. Several studies that have analysed real data have shown that  

effect estimates (expressed as log-odds ratios) derived from naïve logistic regression, and also 

their precision, were lower than those from multi-level logistic regression (78, 109-111, 113-115, 

117). These findings have been supported by analyses of simulated data, which have 

demonstrated varying levels of bias towards the null (depending on the level of clustering) when 

clustering was not taken into account (108, 112, 116). In contrast to these studies, a few others 

have reported slightly different findings, with estimates of effect and precision being very similar 

(118), or with point estimates derived from the two analytical models being substantially different 

(119). However, none of these studies has investigated the extent to which bias in the estimates of 

effect and their precision varies according to different distributions of the explanatory variable 

across clusters. 

Less attention has been given to coverage by 95% confidence intervals and rates of type I error 

when clustering is not accounted for in logistic regression models. Abo-Zaid et al showed that 

coverage was significantly lower than the nominal value, especially when the explanatory 

variable was binary (108). A similar but more moderate under-coverage problem for the effect of 

a binary explanatory variable has also been reported by Xu et al, who additionally showed that 

when the explanatory variable was continuous, coverage was very close to the nominal value 

(116). Interestingly, another report, which also focused on binary explanatory variables, showed 

that coverage reduced considerably as clustering of the explanatory variable increased (120).  

In this chapter, I extend the investigation of consequences of ignoring clustering in statistical 

inference to the situation in which the outcome under investigation follows a binomial 
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distribution. As in the previous chapter, two types of explanatory variable were examined: 

continuous and binary. In each case, the implications of ignoring clustering were assessed in 

relation to the estimate of effect of the explanatory variable on the outcome variable, quantified 

by the log-odds ratio, its precision, and coverage by 95% confidence intervals. 

As previously, the research question is introduced by exploring how effect estimates and related 

precision compared between the two models when observations were grouped into two clusters, 

and it is then expanded to the case of grouping into multiple clusters. The conditions under which 

the comparisons were made were the same as those described in the chapter on linear regression. 

When the explanatory variable was continuous, differences in estimates derived from the two 

models were examined according to the ratio of between- to within-cluster dispersion of the 

explanatory variable. For the binary explanatory variable, differences in estimates were explored 

for varying dispersion of prevalence rates of the explanatory variable across the clusters. In 

addition, differences in estimates were explored for outcome variables of low and high overall 

prevalence. Also, type I error rates were assessed for both the naïve logistic and the multi-level 

logistic regression model when the effect size was set to zero. 

5.2 Two clusters – Continuous explanatory variable 

To describe the problem of clustering of observations into two clusters, when the outcome of 

interest is binary and the explanatory variable is continuous, I initially generated as examples, 

three simulated datasets based on the ordinary logistic regression model  

ln
1

 

with  being the probability of occurrence of the outcome of interest. In the first, the mean values 

of the explanatory variable were the same in the two clusters, while in the second and third case, 

the cluster-specific mean values of the explanatory variable differed by a constant value of 2 and 

3, respectively (Table 5.1). In all three simulations,  was set to 1.099 (OR=3), 0.35, while 

the distance between the cluster-specific intercepts was kept constant and equal to 1.5.  

When the mean value of the explanatory variable was very similar in the two clusters (case 1 in 

Table 5.1), the cluster-unadjusted point estimate of effect of  on  was slightly lower than that 

derived from the cluster-adjusted logistic regression model. When the cluster-specific mean 

values of  differed by a constant value of 2 (case 2 in Table 5.1), the cluster-unadjusted OR was 

approximately 1.5-fold higher than the cluster-adjusted OR. Further increase in the distance 

between the cluster-specific mean values of  (case3 in Table 5.1) increased the difference 

between the estimates of effect from the two models a bit further.  
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Table 5.1. Example of observations grouped in two clusters, when the outcome variable was 

binary and the explanatory variable was continuous 

Dataset Prevalence of  Mean value of  Unadjusted OR Adjusted OR 

Case 1 38.0% 
1st cluster: 0.01 

2.52 2.83 
2nd cluster: -0.01 

Case 2 41.3% 
1st cluster: -0.99 

4.54 2.95 
2nd cluster: 0.99 

Case 3 44.1% 
1st cluster: -1.49 

4.82 3.03 
2nd cluster: 1.49 

 

These observations were extended, using simulated datasets with varying distances between the 

cluster-specific mean values of the explanatory variable, distances between the cluster-specific 

intercepts, and overall prevalence rates of the outcome variable as described in the following 

sections. 

5.2.1 Methods  

In the simple case of a binary outcome variable (typically coded as 0 or 1) and a single 

explanatory variable, the expectation of the outcome variable is the probability that the outcome is 

1 (conditional on the explanatory variable).  

| Pr 1|   

When this is modelled using the ordinary logistic (OL) regression, the link function used is the 

 function as described below 

Pr 1|  5.1 

~   

where, for individual ,  and  are the values of the outcome and the explanatory variables 

respectively, and  is the probability of occurrence of the outcome of interest. The  

transformation is defined as the logged odds, i.e. the logged probability of presence as compared 

to absence of the outcome (equation 5.2).  

ln
1

ln ln
	 	
	 	

 5.2 
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The parameter  in equation 5.1 is the log odds of the outcome for individuals with 0, and 

 is the log odds ratio of the outcome for every unit increase in the explanatory variable .  

The OL model that accounts for the cluster in which the observations are grouped is the one 

specified in equation 5.1, with the addition of an extra term for the cluster in the right hand side of 

the equation, i.e. 

ln
1

 5.3 

where  is the log odds ratio of the outcome when an observation is grouped in the second 

cluster as compared to the first, keeping  constant.  

As in previous chapter, the consequences of ignoring grouping of observations in the two clusters 

for estimation of the log odds ratio and the related SE were explored through Monte Carlo 

simulations. Each simulated dataset consisted of 400 observations which were nested in two 

clusters (200 observations per cluster). For simplicity, the effect of  on  ( ) was arbitrarily 

set to ln 2 , and the log odds of the outcome for individuals with 0 ( ) was set to 

ln , for a given prevalence of the outcome variable.  

In the simulation, initially, two intercepts,  and , were generated for the first and the second 

cluster, respectively, with , where  was the distance between the two intercepts. The 

values of the continuous explanatory variable  were generated by first generating a variable  

from the standard normal distribution ( ~ 0,1 ) and then adding a value 2⁄  to  when 

individual  was grouped in the first cluster, and subtracting the same quantity ( 2⁄ ) from  

when  was grouped in the second cluster. Next, the predicted probabilities of the outcome 

variable were calculated from equation 5.3 solving for , as follows 

exp

1 exp
 5.4 

with 1 or 2, depending on whether observation  was grouped in the first or second 

cluster, respectively. Then the binary outcome variable was generated using a random variable  

from the uniform distribution 0,1 ; for every individual , the outcome was positive (value of 

1) if the predicted probability from equation 5.4 was higher than the value of  for that individual, 

and negative (value of 0) otherwise.  

The above process was repeated for: varying distances ( 0.5, 1, 1.5 ) between the cluster-

specific intercepts ( ’s); different values  for the distance between the cluster-specific mean 
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values of  ( 5, 4.9, 4.8, 4.7, … , 0, 4.7, 4.8, 4.9, 5); and different population prevalence 

rates of the outcome variable (10% and 30%).  

For each combination of the above parameters, 25 simulated datasets were generated. For each 

simulated dataset, two models were fitted; an OL model that adjusted for cluster (equation 5.3) 

and another that did not (equation 5.1). From the fitted models, I generated the difference in the 

estimated log odds ratios (difference= ) and the ratio of 

the corresponding SEs (ratio= / ). These were plotted 

against the distance between the cluster-specific mean values of  and summarised by means and 

SDs. To assist illustration of patterns of differences in effect estimates and ratios of SEs by 

differences of cluster-specific mean values of , local polynomial curves were also used. These 

are a scatterplot smoothing approach in which the outcome (values plotted on the vertical axis) is 

fitted to a polynomial form of the regressor (values on the horizontal axis) via locally weighted 

least squares, without making any assumption regarding the functional form for the response 

value given the regressor (133).     

Also, the coverage of the 95% confidence intervals was explored by calculating the proportion of 

the simulated datasets for which the 95% CIs of the cluster-adjusted and the cluster-unadjusted 

models included the simulated effect (OR=2). 

To explore type I error when clustering is ignored, simulations were repeated assuming no 

association between  and , with the effect being set to 0 ( 0). The p-values from the 

cluster-adjusted and cluster-unadjusted associations were saved and the percentages of p-values 

<0.05 were calculated and summarised. 

5.2.2 Results 

Difference in regression coefficient 

Figure 5.1 plots differences in the log odds ratios estimated from the cluster-adjusted and cluster-

unadjusted logistic regression models ( ) against the shift 

in the distribution of the explanatory variable  for the second cluster from that for the first 

cluster. The top two sub-plots of the figure present simulated data, while the bottom two present 

the confidence intervals resulting from polynomial smooth plots. The two sub-plots in the left and 

the right part of the figure are for population prevalence of the outcome variable  of 10% and 

30%, respectively. Varying distances between the cluster-specific intercepts ( 0.5, 1, 1.5) are 

indicated by different shades of grey.  
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When the cluster-specific distributions of  were overlaid, the differences in the log odds ratios 

were very close to zero. Increasing the distance between the distributions of  in the two clusters 

(moving to the right or the left of 0 in the x-axis of the figure) increased the differences between 

the estimated log odds ratios, up to a maximum negative value when the distance between 

̅ 	  and ̅ 	  was ~2 times the SD of ). Beyond that, further increase in the 

displacement of the cluster-specific distributions of  caused the differences in the log odds ratios 

to reduce (towards zero). In almost all cases (all of which assumed an OR=2) the differences were 

negative indicating that the log odds ratios from the cluster-unadjusted models were higher than 

those from the cluster-adjusted models.  

 

Figure 5.1. Scatter plot of the differences between log odds ratios estimated from OL regression 

that adjusted and OL that did not adjust for cluster against distance between the cluster-specific 

mean values of , for varying distances between the cluster-specific intercepts and prevalence of 

the outcome variable in the population 

Differences in the log odds ratios estimated from the two methods are summarised in Table 5.2 

separately for the two population prevalence rates of the outcome variable, the three values of the 

cluster-specific intercepts considered in these simulations ( ′ ), and for selected values of the 

distance between the cluster-specific distributions of .  
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Table 5.2. Mean (SD) of differences between log odds ratios estimated from OL regression that 

adjusted and OL regression that did not adjust for cluster, for varying distances between the 

cluster-specific intercepts and prevalence of the outcome variable in the population. 

  Difference in log odds ratios 

 

 .   .  

P
re

va
le

n
ce

 o
f 

y 
=

10
%

 

. .  -0.090 (0.040) -0.152 (0.039) -0.253 (0.029) 

. .  -0.116 (0.030) -0.210 (0.031) -0.297 (0.024) 

. .  0.006 (0.005) 0.018 (0.008) 0.047 (0.017) 

. .  -0.120 (0.033) -0.223 (0.027) -0.305 (0.026) 

. .  -0.073 (0.033) -0.170 (0.029) -0.256 (0.025) 

P
re

va
le

n
ce

 o
f 

y 
=

30
%

 

. .  -0.110 (0.041) -0.228 (0.032) -0.342 (0.052) 

. .  -0.127 (0.024) -0.267 (0.025) -0.381 (0.024) 

. .  0.008 (0.005) 0.034 (0.011) 0.067 (0.013) 

. .  -0.128 (0.029) -0.259 (0.017) -0.390 (0.025) 

. .  -0.107 (0.040) -0.226 (0.039) -0.345 (0.036) 

 

As also seen in Figure 5.1, when ̅ 	 ̅ 	 , differences in the log odds ratios were 

very small. As the absolute difference | ̅ 	 ̅ 	 | increased, differences in the log 

odds ratios increased, with . The maximum difference in 

the log odds ratios occurred when | ̅ 	 ̅ 	 | 2	  of . The absolute maximum 

value of the differences was different for the two population prevalence rates of ; the maximum 

difference in the estimated log odds ratios was somewhat higher when the population prevalence 

of  was 30% compared to 10%. For a given prevalence of , when ̅ 	 ̅ 	 , the 

average difference in the log odds ratio was positive and it increased with increasing . More 

generally, for a given prevalence of , and distance between ̅ 	  and ̅ 	 , increasing  

increased differences of log odds ratios estimated from the two methods. Overall, estimates from 

cluster-adjusted models were lower than those from cluster-unadjusted models, the differences 

being highest when | ̅ 	 ̅ 	 | 2	  of , and higher for higher cluster-specific 

intercepts, and higher population prevalence of the outcome variable . 
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Ratios of standard errors 

The ratios of the SEs of the log odds ratios estimated from the two methods ( /

) were plotted against the distance between the cluster-specific mean values 

of  (Figure 5.2). As in the corresponding plot for the difference in the log odds ratios (Figure 

5.1), the top two sub-plots show simulated data, while the bottom two show the 95% CIs of the 

polynomial curves for the simulated data. The two sub-plots at the left of the figure show results 

for a population prevalence of the outcome variable  of 10%, while the corresponding two sub-

plots at the right are for population prevalence of  of 30%. As previously, the lighter shades of 

grey correspond to a lower value of distance between the cluster-specific intercepts.  

 

Figure 5.2. Scatter plot of ratios of the SEs of the log odds ratios estimated from OL regression 

that adjusted to those from OL that did not adjust for cluster against distance between the cluster-

specific mean values of , for varying differences in the cluster-specific intercepts and prevalence 

of the outcome variable in the population 

When the two cluster-specific distributions of  were overlaid, the ratio of the SEs of the log odds 

ratio took a minimum value. Increasing the distance between the cluster-specific mean values of  

made the ratio of the SEs increase too, meaning that as the distance between ̅ 	  and 

̅ 	  increased, the SEs from the cluster-adjusted logistic regression model were higher than 

those from the cluster-unadjusted. For 0.5, the minimum value of the ratio of the SEs was 

very close to 1, meaning that for ̅ 	 ̅ 	  the SEs from the two methods were 
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approximately equal (Table 5.3). The minimum value of the ratio of the SEs increased as the 

distance between the cluster-specific intercepts increased (Table 5.3). Also, for any given value of 

, the minimum value of the ratio of the SEs was lower for lower population prevalence of the 

outcome variable .  

Table 5.3. Minimum value of the ratios of SEs of the log odds ratios estimated from OL 

regression that adjusted to those from OL regression that did not adjust for cluster for varying 

distances between the cluster-specific intercepts and prevalence of the outcome variable in the 

population. 

 

Minimum ratio of the SEs of the log odds ratios 

( / 	 ) 

 .   .  

Prevalence of y = 10% 1.001 1.012 1.030 

Prevalence of y = 30% 1.004 1.021 1.049 

 

 

Figure 5.3. Scatter plot (sub-figure on the left) and 95% CIs of the local polynomial curves (sub-

figure on the right) of ratios of the SEs of the log odds ratios estimated from OL regression that 

adjusted to those from OL that did not adjust for cluster against distance between the cluster-

specific mean values of , for distance between the cluster-specific intercepts 0.5 and 

1.5. 
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The pattern of change of the ratios of the SEs of the log odds ratios for increasing difference 

between ̅ 	  and ̅ 	  was somewhat different for higher values of distance between 

the cluster-specific intercepts . Figure 5.3, as Figure 5.2, shows the ratios of the SEs for 

increasing differences between ̅ 	  and ̅ 	 , but focusing on a shift of ̅ 	  from 

̅ 	  up to 2 times the SD of , and only for population prevalence of  of 30% and for the 

lowest and the highest values of   (0.5 and 1.5). When 0.5, increasing the shift of ̅ 	  

from ̅ 	  made the ratios of the SEs increase smoothly. However, when 1.5, increasing 

the shift of ̅ 	  from ̅ 	 , made the ratios of the SEs decrease before they started 

increasing to higher values, giving a W-shaped pattern.  

Coverage by 95% Confidence Intervals 

Table 4.5 shows the proportion of the simulated datasets for which the 95% CIs of the cluster-

adjusted and the cluster-unadjusted models included the simulated effect (OR=2), according to the 

distance between the cluster-specific intercepts  and population prevalence of the outcome 

variable . For any  and any prevalence of , the coverage for the cluster-adjusted model was 

very close to the nominal value of 95%. However, coverage for the cluster-unadjusted model 

became very low as the distance between the cluster-specific intercepts  increased, and for 

higher prevalence of . For 1.5, and for 30% prevalence of , the coverage of the 95% CIs 

was as low as 7.5%.  

Table 5.4. Coverage (%) by 95% confidence intervals of simulated effect OR=2 for the cluster-

unadjusted and cluster-adjusted models, according to distance between the cluster-specific 

intercepts , and population prevalence of the outcome variable . 

 Prevalence of y = 10% Prevalence of y = 30% 

 95% CI coverage 

cluster-unadjusted 

model 

95% CI coverage 

cluster-adjusted 

model 

95% CI coverage 

cluster-unadjusted 

model 

95% CI coverage 

cluster-adjusted 

model 

k=0.5 34.8 95.0 15.4 95.3 

k=1 11.1 95.0 8.9 94.5 

k=1.5 8.2 94.9 7.5 95.2 
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Type I error 

Type I error was assessed by calculating the proportion of the simulated datasets that resulted in a 

significant association between the outcome and the explanatory variable in the cluster-unadjusted 

and the cluster-adjusted model, when the log odds ratio was set to 0 (i.e. OR=1). Results are 

presented by distance between the cluster-specific intercepts ( ) and population prevalence of  

in Table 5.5. Type I error from the model that statistically adjusted for clustering was at the 

nominal value of 5% for any distance  examined. However, increasing distance  increased type 

I error from the cluster-unadjusted model. The rate of increase was steeper when the population 

prevalence of the outcome variable was higher. The highest type I error was 87% and it occurred 

when estimates were not adjusted for clustering and for the larger distance between cluster-

specific intercepts assumed in these simulations.  

Table 5.5. Proportion (%) of simulated datasets for which the null hypothesis was rejected, when 

the true effect size (log odds ratio) of the explanatory on the outcome variable was set to 0 

 Prevalence of y = 10% Prevalence of y = 30% 

 Type I error in the 

cluster-unadjusted 

model 

Type I error in the 

cluster-adjusted 

model 

Type I error in the 

cluster-unadjusted 

model 

Type I error in the 

cluster-adjusted 

model 

k=0.5 19.2 4.4 35.8 4.7 

k=1 53.6 5.1 77.7 5.4 

k=1.5 76.0 4.1 86.6 4.2 

 

5.3 Multiple clusters – Continuous explanatory variable 

5.3.1 Methods  

In the simplest case of a single explanatory variable, the OL regression model is described in 

equation 5.1. For a binary outcome and a continuous explanatory variable, the RI logistic 

regression model is defined as in equation 5.1 with the addition of a random intercept  in the 

linear prediction, as follows:  

Pr 1| , ln
1

 5.5 
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where the index  refers to the individual and the index  to the cluster in which observations are 

grouped, and  the estimate of the log odds for 0. The term  represents the effect of 

being in group  on the log odds that 1 when 0. It is also referred to as the cluster-

level residual and it follows a normal distribution with mean 0 and standard deviation  

( ~ 0, ). The term  is the effect on log odds of a unit increase in  for individuals in 

the same cluster (same value of ); it is often referred to as cluster-specific effect of . The 

exponential of , exp , is an odds ratio (OR) comparing the odds for individuals differing by 

one unit for  and in the same cluster .  

As discussed in the previous chapter, the ICC is a value that expresses the level of similarity 

within clusters, and it is based on the distinction between variances at the two levels (individual 

and cluster level). The ICC value depends on the variance of the mean values of the continuous 

outcome variable (corrected for the explanatory variables in the regression model) across clusters 

( ) and the variance within clusters ( ). In the case of a binary outcome variable, the 

individual level values are 0 and 1 and the variance at the lower level is defined as 1 . It 

is thus defined on a probability scale in contrast to the cluster-level variance which is defined on a 

linear scale. The problem of lack of comparability of the variances at the two levels in the case of 

a binary outcome has been identified and well described before, and alternative approaches have 

been suggested (134, 135). The best-described approach is the latent variable method in which the 

lower level variance is described on a logistic scale. With this approach, underlying the observed 

binary outcome , there is a latent continuous outcome ∗ , representing the propensity for 

1. This unobserved individual variable follows a logistic distribution with mean zero and 

variance 3. Based on this approach, the ICC for RI logistic regression models is defined as 

 (136).  

To explore the study questions, in a similar way to the previous chapter, datasets were generated 

from Monte Carlo simulations based on the assumptions of the RI model. Each simulated dataset 

had 10000 observations with 100 observations nested within each of 100 clusters. For simplicity, 

the size of the effect of  on  was arbitrarily set to ln 2  (i.e. OR=2), and the log odds of the 

outcome for individuals with 0 ( ) was set to ln , for a given prevalence of 

the outcome variable.  

As in the simulation of datasets for continuous outcome and explanatory variable (section 4.3.1), 

the values of the explanatory variable were generated as , where  was an 

individual-level variable from the standard normal distribution ~ 0,1 ), and  a cluster-
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level variable from the normal distribution with mean zero and standard deviation . Also, 

the cluster-level error term  was generated from a random normal distribution with mean zero 

and standard deviation . Then, I generated the predicted probabilities of the outcome variable 

from equation 5.5 solving for , as follows: 

exp

1 exp
 5.6 

The binary outcome variable was subsequently generated through the use of a random variable  

from the uniform distribution 0,1 ; for each individual , the outcome was positive (value of 1) 

if the predicted probability from equation 5.6 was higher than the value of  for that individual, 

and negative (value of 0) otherwise.  

Simulated data were generated for different values of  (0.0574, 0.0995, 0.1823, 0.3190, 

0.6046, 1.1874) chosen to give expected values of ICC of 0.001, 0.003, 0.01, 0.03, 0.1, and 0.3 

respectively (following the definition of ICC for logistic regression models). Also, different 

values of  were selected from a random uniform distribution , , with the parameters 

 and  arbitrarily chosen to be 0 and 15 respectively. Moreover, simulated data were generated 

for low (10%) and high (30%) population prevalence of the outcome variable. For each 

combination of values of , , and population prevalence of , 50 datasets were 

simulated.  

For each simulated dataset, an OL and a RI logistic regression model were fitted and the effect 

estimates (  and ), along with the corresponding SEs (  and ), were saved. To 

compare results from the two models, I calculated the difference in regression coefficients 

( ) and the ratio of their SEs ( / ). These were described for varying between- 

to within-cluster dispersions of the explanatory variable , different population prevalence rates 

of the outcome variable, and different levels of ICC, through summary statistics and scatterplots. 

Similarly to the previous section, local polynomial curves were used to assist illustration of 

patterns.  

The coverage by 95% confidence intervals was assessed by calculating the proportions of 

estimated confidence intervals that included the true value (simulated effect). To assess type I 

error, I repeated the simulations with the effect of  on  set to 0 ( 0, . . 1). Type I 

error was then described as the proportion of datasets for which the null hypothesis was rejected 

at a 5% level under the OL and the RI logistic regression models, for increasing ICC values.  
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The research question was further explored by analysis of real data from the CUPID study. This is 

described in the section that follows the description of results of the simulation studies. 

5.3.2 Results 

Differences in log odds ratios 

Differences in log odds ratios ( ) estimated from the RI and the OL models were plotted 

against the relative between- to within-cluster dispersion of explanatory variable , separately 

for high and low population prevalence of the outcome variable , and are presented in Figure 

5.4. The top two sub-plots of the figure present differences in log odds ratios from simulated data, 

while the bottom two sub-plots of the figure show the 95% CIs of the corresponding polynomial 

curves. In each of the sub-plots, the shades depict different levels of ICC with darker shades of 

grey corresponding to higher ICC values. Differences are also summarised numerically in Table 

5.6, according to ICC values and for the two levels of population prevalence of the outcome 

variable, using means (SDs), medians (IQRs), and ranges. 

 

Figure 5.4. Difference between log odds ratios estimated from RI and OL models ( ) 

plotted against relative between- to within-cluster dispersion of explanatory variable , for 

different levels of intraclass correlation (shades of grey as indicated in the legend) and for the two 

different population prevalence rates assumed. 
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Table 5.6. Descriptive statistics for differences in log odds ratios estimated from RI and OL 

models ( ) according to ICC 

Population 

prevalence 

of outcome 

Intraclass 

Correlation 

Coefficient 

 

Mean (SD) Median (IQR) Minimum Maximum 

10% 

0.001  0 (0) 0 (0-0) -0.00 0.00 

0.003  0 (0) 0 (0-0) -0.00 0.01 

0.01  0 (0) 0 (0-0) -0.01 0.02 

0.03  0.01 (0.01) 0.01 (0.01-0.02) -0.03 0.05 

0.1  0.03 (0.02) 0.03 (0.02-0.05) -0.05 0.11 

0.3  0.12 (0.04) 0.12 (0.09-0.14) -0.06 0.30 

30% 

0.001  0 (0) 0 (0-0) -0.00 0.00 

0.003  0 (0) 0 (0-0) -0.00 0.01 

0.01  0 (0) 0 (0-0) -0.01 0.02 

0.03  0.01 (0.01) 0.01 (0.01-0.02) -0.02 0.06 

0.1  0.04 (0.02) 0.04 (0.02-0.05) -0.04 0.12 

0.3  0.12 (0.04) 0.12 (0.10-0.14) -0.01 0.29 

 

When ICC was low (≤0.03) differences between the estimated log odds ratios were very small 

(mean difference 0). However, for larger values of ICC, the average difference increased. For 

low population prevalence of the outcome variable and for ICC=0.1, the average value of 

difference was 0.03 and for ICC=0.3, the average difference was 0.12.  In the first case (low 

prevalence of  and ICC=0.1), the average value of the estimated log odds ratio from the RI 

logistic regression model was 2.0, while that from the OL model was 1.93. For ICC=0.3, the 

corresponding average of estimated ORs was 2.0 from the RI model and 1.79 from the OL model. 

These results indicate that as the within cluster similarity of observations increased, the bias 

towards the null of the effect estimate from the model that ignored clustering increased too. 

Furthermore, differences in the log odds ratios seemed to have a slow rate of decrease for 

increasing relative dispersion of  (Figure 5.4). However, the average difference in the log odds 

ratios did not appear to be associated with the population prevalence of , although the range of 

differences was somewhat smaller for higher prevalence of .  
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Differences in the log odds ratios varied more for higher ICC values. They ranged from -0.02 to 

0.06 for ICC=0.03, and from -0.01 to 0.30 for ICC=0.3, for both high and low population 

prevalence of the outcome variable (Table 5.6). However, this might have been a consequence of 

the wider range of ICC estimates within the ICC=0.3 category (range of ICC values from 0.25 to 

0.34) as compared to lower ICC categories. To explore this further, differences in the log odds 

ratios were plotted (simulated data and 95% CIs of the corresponding polynomial curves) against 

relative dispersion of  for different levels of ICC within the category of ICC=0.3 (Figure 5.5) 

and are summarised numerically in Table 5.7.  

As shown in Figure 5.5, the average value of differences between estimates from the two methods 

increased with increasing ICC. However, the range of differences was very similar across 

subcategories of ICC, meaning that for equally narrow windows of ICC estimates, higher average 

of ICC values yielded wider ranges of differences in the log odds ratios from cluster-adjusted and 

cluster-unadjusted models. The polynomial curves presented in Figure 5.5 (centre of the 95% CIs 

presented in the figure) also show that as the relative dispersion of the cluster-mean values of  

increased, the difference in the log odds ratios decreased. However, for any given ICC level, the 

difference in log odds ratios for the smallest relative dispersion was larger than the difference in 

the log odds ratios for the largest relative dispersion by only 0.02 on average.  

 

Table 5.7. Descriptive statistics for differences in log odds ratios estimated from RI and OL 

models ( ) according to ICC estimates within the category of ICC=0.3 

Intraclass Correlation Coefficient Mean (SD) Minimum Maximum 

0.25-0.27 0.10 (0.03) -0.02 0.20 

0.27-0.29 0.11 (0.03) -0.05 0.25 

0.29-0.30 0.12 (0.03) -0.01 0.24 

0.30-0.31 0.12 (0.04) -0.03 0.27 

0.31-0.32 0.13 (0.04) -0.06 0.27 

0.32-0.34 0.13 (0.04) -0.01 0.30 
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Figure 5.5. Differences between log odds ratios estimated from RI and OL models (β β ) 

plotted against relative between- to within-clusters dispersion of explanatory variable , for 

different levels of intraclass correlation (shades of grey as indicated in the legend) within the 

range 0.25-0.34 

Ratio of standard errors 

Similarly to the differences in the log odds ratios derived from the two methods, the ratios of their 

SEs (SE /SE ) were explored in relation to the relative dispersion of . Results are 

illustrated in Figure 5.6. As in Figure 5.4, the top two sub-plots in Figure 5.6 show the simulated 

data, while the bottom two sub-plots depict the 95% CIs of the corresponding polynomial curves. 

The two sub-plots at the left and the right are for low and high population prevalence of , 

respectively. The different shades within the figure depict different levels of ICC as indicated in 

the legend. Descriptive statistics for the ratios of SEs are additionally presented in Table 5.8. 

Irrespective of the ICC level, the ratio had a minimum value which occurred at the smallest 

relative dispersion of  and increased as the relative dispersion of  increased, reaching a 

maximum value. The ratio of the SEs then remained relatively steady with further increases in the 

relative dispersion of , but with a small drop for the highest values. The minimum value of the 

ratio depended on the ICC; for the lowest ICC examined (0.001), the minimum ratio of SEs was 

very close to 1, while it increased to more than 2 when the ICC was 0.3. Similarly, the maximum 
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value of the ratio was ICC-dependent; higher ICC values resulted in a higher maximum for the 

ratio. As well as the average values of the ratios of SEs, their range varied with ICC. The range of 

ratios was narrower when the ICC was low, and wider when ICC increased.  

 

Figure 5.6. Ratios of standard errors of log odds ratios estimated from RI and OL models 

(SE /SE ) plotted against relative between- to within-cluster dispersion of explanatory 

variable , for different levels of intraclass correlation (shades of grey as indicated in the 

legend) 

Table 5.8. Descriptive statistics for ratios of the standard errors of the log odds ratios estimated 

from RI and OL models ( ) according to ICC 

 ICC  Mean (SD) Median (IQR) Minimum Maximum 

Population 

prevalence 

of =10% 

0.001  1.02 (0.01) 1.02 (1.01-1.02) 1.00 1.15 

0.003  1.04 (0.01) 1.04 (1.03-1.04) 1.00 1.14 

0.01  1.08 (0.03) 1.08 (1.06-1.09) 1.00 1.25 

0.03  1.22 (0.06) 1.23 (1.20-1.26) 1.01 1.47 

0.1  1.49 (0.15) 1.51 (1.41-1.60) 1.03 1.92 

0.3  2.15 (0.33) 2.21 (2.05-2.36) 1.11 3.05 
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 ICC Mean (SD) Median (IQR) Minimum Maximum 

Population 

prevalence 

of =30% 

0.001 1.02 (0.01) 1.02 (1.01-1.02) 1.00 1.11 

0.003 1.04 (0.01) 1.04 (1.03-1.04) 1.00 1.13 

0.01 1.08 (0.03) 1.08 (1.06-1.09) 1.00 1.25 

0.03 1.23 (0.06) 1.23 (1.20-1.26) 1.02 1.43 

0.1 1.50 (0.14) 1.52 (1.42-1.60) 1.04 1.97 

0.3 2.14 (0.31) 2.20 (2.03-2.34) 1.14 3.39 

 

To explore whether the last observation was due to a wider range of ICC estimates within higher 

ICC categories (for the ICC=0.3 category, ICC estimates varied from 0.25 to 0.34, while they 

varied only from 0.025 to 0.034 in the ICC=0.03 category), ratios of the SEs of the log odds ratios 

were plotted (simulated data and 95% CIs of the corresponding polynomial curves) against 

relative dispersion of  for different levels of ICC within the category of ICC=0.3 (Figure 5.7).  

 

Figure 5.7. Ratios of standard errors of the log odds ratios estimated from RI and OL models 

(SE /SE ) plotted against relative between- to within-clusters dispersion of explanatory 

variable , for different levels of intraclass correlation (shades of grey as indicated in the 

legend) within the range 0.25-0.34 
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Table 5.9. Descriptive statistics for ratios of SEs of the log odds ratios estimated from RI and OL 

models ( / ) according to ICC estimates within the category of ICC=0.3 

Intraclass Correlation Coefficient Mean (SD) Minimum Maximum 

0.25-0.27 2.09 (0.22) 1.11 2.79 

0.27-0.28 2.09 (0.31) 1.11 2.84 

0.28-0.30 2.08 (0.34) 1.12 2.93 

0.30-0.31 2.10 (0.36) 1.12 2.87 

0.31-0.32 2.19 (0.32) 1.12 2.93 

0.32-0.34 2.33 (0.27) 1.13 3.39 

 

The results are also summarised in Table 5.9. Even though the average ratio of SEs increased with 

increasing ICC, the range of values increased very little (from 2.09 for 0.25 ICC 0.27 to 2.33 

for 0.32 ICC 0.34).  

Coverage of 95% CIs 

Coverage of the simulated OR=2 by 95% CIs estimated from the RI model was very close to the 

nominal value of 95%. The average coverage was 95.4% and varied from 94.1% to 96.8% across 

different ICC values, quarters of the distribution of the relative dispersion of , and population 

prevalence rates of the outcome variable. Coverage from the OL model was also very close to 

95% when ICC was low (≤0.003) for both low and high population prevalence of , and for all 

parts of the distribution of relative dispersion of  (Figure 5.8). When ICC increased (>0.003), 

coverage decreased and it became particularly poor for ICC=0.3. Also, coverage by 95% CIs was 

lower when the population prevalence of  was higher. Moreover, coverage varied with 

increasing relative dispersion of ; for any given ICC level, coverage was higher in the first 

quarter and lower in the second quarter, and it increased gradually in the third and top quarter of 

the distribution of the relative dispersion of  (Figure 5.9). The lowest value for coverage by 

95% CIs was 1.3% and it occurred in the second quarter of the distribution of relative dispersion 

of , for ICC=0.3, and high population prevalence of .    

 



   

109 

 

Figure 5.8. Coverage (%) by 95% confidence intervals of simulated effect OR=2 for the OL 

model, according to quarters of the distribution of the relative between- to within-cluster 

dispersion of explanatory variable , population prevalence of outcome variable , and ICC. 

The horizontal red line is for the nominal value of 95%. 

 

Figure 5.9. Coverage (%) by 95% confidence intervals of simulated effect OR=2 under the OL 

model according to quarters of the distribution of the relative between- to within-cluster 

dispersion of explanatory variable , and population prevalence of outcome variable , when 

ICC=0.3  
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Type I error 

Type I error under the RI model was on average 5%, and it ranged from 3.7 to 5.7 across the 

different levels of relative dispersion of the explanatory variable, , ICC, and population 

prevalence of the outcome variable. No consistent pattern of the variation of error rates from the 

RI model was observed with any of these parameters.  

Error rates from the OL model were close to the nominal value of 5% when the ICC was low 

(≤0.01) and also the prevalence of the outcome variable (Figure 5.10). Increasing ICC, prevalence 

of outcome variable, and relative dispersion of , all increased type I error (Figure 5.10). The 

maximum type I error rate was 67.8%, and it occurred at the top quarter of the distribution of 

relative dispersion of , when the ICC was 0.3 and the population prevalence of was high. 

 

Figure 5.10. Proportion (%) of datasets for which the null hypothesis was rejected under the OL 

logistic regression model, according to quarters of the distribution of the relative between- to 

within-cluster dispersion of explanatory variable , population prevalence of outcome variable 

, and ICC. The horizontal red line is for the nominal value of 5%. 
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5.3.3 Analysis of CUPID data 

Most variables in the CUPID study have an ordinal or binary form, with only two measures on a 

continuous scale (age of participant at recruitment and hours worked per week). To explore the 

consequences of failing to account statistically for clustering when using real data, all ordinal 

variables were dichotomised (by collapsing all but the null category together). That resulted in 

115 binary variables overall with prevalence rates that ranged from 1.7% to 97.8%. These 

variables were used as outcome variables (without considering what these variables represented) 

in 230 logistic regression models, half of which used age and the other half hours worked per 

week, as explanatory variables. Each of the regression models was fitted without accounting for 

clustering (OL regression model) and after accounting for clustering using RIs. As estimates of 

log odds ratios in the simulation studies presented earlier in this chapter were all positive, to 

enable direct comparison of results, from the 230 models only estimates that were either both 

positive (N=100) or both negative (N=56) from the two analytical methods were compared. When 

for a given association estimates from both the OL and the RI model were negative (N=56), they 

were both turned into positive. 

The estimated ICCs across the RI logistic regression models fitted ranged from 0.06 to 0.73, with 

a median value of 0.15. The distribution of the estimated ICC values is shown in Figure 5.11. 

 

Figure 5.11. Distribution of estimated unadjusted intraclass correlation coefficients using data 

from the CUPID study 
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The log odds ratios estimated from the two methods are plotted against each other in Figure 5.12 

(left hand side plot), and so are the corresponding SEs of the log odds ratios (right hand side plot). 

The data points are coloured in different shades of grey with the shading corresponding to 

quarters of the distribution of the estimated ICC values from the RI logistic regression models. 

The dashed line in each of the two plots of the figure corresponds to the  line. Agreement 

between log odds ratios from the two methods was good (estimates very close to the  line) 

when they were further from the null value of zero, but when they were closer to the null value 

(log odds ratios < 0.02) there was more dispersion without any clear pattern. SEs were 

consistently higher when derived from the RI than when derived from the OL model (Figure 

5.12). 

 

Figure 5.12. Scatter plots of the log odds ratios (left) and the corresponding standard errors (right) 

estimated from RI logistic and OL regression models using data from the CUPID study, for 

different levels of estimated ICC 

I next explored the effect of the relative dispersion (between- to within-clusters) of the 

explanatory variables on the differences in the estimated log odds ratios and the ratio of the 

corresponding SEs. To calculate relative dispersion, for each of the explanatory variables, I 

divided the dispersion of the cluster-specific mean values (between-cluster SD) of the variable, by 

the average dispersion of the variable in each of the different clusters (i.e. occupational groups). 

The calculated relative dispersion of age was 0.640, while that of hours worked per week was 

0.972. Figure 5.13 shows the mean values of differences in the log odds ratios from the two 
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methods (left), and of the ratios of the corresponding SEs (right), by quarters of the distribution of 

the estimated ICC values, and by explanatory variable. 

The average difference in log odds ratios was much lower when age was used as the explanatory 

variable compared to hours worked per week. Also, increasing categories of estimated ICC 

increased differences in log odds ratios for age, but not for hours worked per week. These 

observations agree partly with those from the simulated data. In section 5.3.2, it was shown that 

increasing ICC increased differences in log odds ratios. That was seen in the analysis of data only 

when age was used as an explanatory variable.  

With regard to ratios of SEs, the mean values deviated much less from the null value of one when 

the explanatory variable was age than when it was hours worked per week. In addition, for both 

explanatory variables, increasing ICC levels increased the ratios of SEs further from 1. These 

observations agree with those from the analysis of simulated data, in which it was shown that 

increasing ICC increased ratios of SEs, and that for any given ICC, ratios of SEs were higher 

when relative dispersion was larger (for values of relative dispersion approximately up to 3). 

 

Figure 5.13. Bar chart of mean values of the differences in the log odds ratios (RI-OL) (left) and 

the ratios of the corresponding standard errors (RI/OL) (right) using data from the CUPID study, 

according to the explanatory variable used in the models 

There was no pattern of differences in log odds ratios from the two models, nor of the ratios of 

their corresponding SEs, for increasing prevalence of the outcome variable (data not shown). 
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5.4 Two clusters – Binary explanatory variable 

As in previous sections, to describe the problem in the case of a binary outcome and a binary 

explanatory variable, with observations nested within two clusters, I simulated data, as shown in 

Table 5.10. I considered three situations. In the first situation, the prevalence of the explanatory 

variable was the same in both clusters. In the second case, the prevalence of the explanatory 

variable in the first cluster was lower than that in the second cluster, and in the third case, higher. 

In all three cases, the prevalence of the explanatory variable was set to 0.2, while the prevalence 

of the outcome variable was different in the two clusters (leading to clustering of the outcome 

variable in all three cases).  

Table 5.10. Example of observations grouped in two clusters, when both the outcome and the 

explanatory variables were binary 

    All  Cluster 1  Cluster 2  OR 

1st
 c

as
e 

         Unadjusted Adjusted 

   0 1  0 1  0 1    

 
0  283 66  149 37  134 29  

1.62 1.65 
1  37 14  11 3  26 11  

               

2n
d  c

as
e 

           

   0 1  0 1  0 1    

 
0  252 94  149 37  103 57  

2.49 2.01 
1  28 26  11 3  17 23  

               

3rd
 c

as
e 

           

   0 1  0 1  0 1    

 
0  298 55  149 37  149 18  

0.65 0.77 
1  42 5  11 3  31 2  

 

As shown in Table 5.10, when the prevalence of the explanatory variable was the same in the two 

clusters (1st case), the adjusted OR was very similar to the unadjusted. However, when the 

prevalence of the explanatory variable was lower in the first cluster than in the second (2nd case), 
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the cluster-adjusted OR was larger than the unadjusted. Also, when the prevalence of the 

explanatory variable was higher in the first cluster than in the second (3rd case), the cluster-

adjusted OR was lower than the unadjusted.  

Differences in effect estimates and their corresponding SEs in the cluster-unadjusted and cluster-

adjusted logistic regression models in the case of two clusters were explored in more detail, as 

described in the following sections.   

5.4.1 Methods  

The methods followed for this investigation were very similar to those described in section 5.2.1. 

In brief, simulated datasets of 400 observations, evenly nested within two clusters, were 

generated. In each simulation, I generated a binary explanatory variable  of a given prevalence 

in each of the two clusters. I then generated cluster-specific intercepts  and  such that 

, where  was the distance between the two intercepts. The predicted probabilities for 

the outcome variable were calculated from equation 5.4. In this equation, the log odds of the 

outcome for individuals with 0 ( ) was set to ln , for a given prevalence of 

the outcome variable, while the effect  was set to ln 2 . The predicted probabilities were then 

used to derive the binary outcome variable  by first generating a random variable  from the 

uniform distribution 0,1  and then for each individual  assigning values 0 or 1 to  depending 

on whether the predicted probability for that individual was lower or higher than the 

corresponding value of the random variable . 

Simulated data were generated for different combinations of distance between the cluster-specific 

intercepts ( 0.5, 1, 1.5 ), population rates of the outcome variable (10% and 30%), and 

prevalence rates of the explanatory variable in each of the two clusters. The prevalence rates of  

in the first cluster that were examined were 0.05, 0.1, 0.2, 0.4, 0.5, 0.6, 0.8, 0.9, and 0.95; those 

for the second cluster varied from 0 to 1 with a step size of 0.01. For each combination of the 

above parameters, 25 simulated datasets were generated.  

As in the section 5.2.1, here also, in each set of data, a cluster adjusted (equation 5.3) and a 

cluster-unadjusted (equation 5.1) model were fitted. I then calculated the difference between the 

effects estimated from the two models (difference= ) and 

the ratio of the corresponding SEs (ratio= / ). The 

difference in the effect estimates, the ratios of the SEs, and the coverage by estimated 95% 

confidence intervals were described for different combinations of , prevalence rates of , and 
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for high and low population prevalence of . To enable a better illustration of patterns, scatter 

plots and local polynomial curves were used as in previous sections.  

To explore type I error, the above simulation was repeated assuming an effect 0. The p-

values from the two models were saved and the percentages of p-values <0.05 were calculated 

and summarised.  

5.4.2 Results 

Difference in the log odds ratios 

The differences between log odds ratios estimated from the cluster-adjusted and the cluster-

unadjusted models ( ) were plotted against increasing 

prevalence of the explanatory variable  in the second cluster, while that in the first cluster 

remained constant (Figure 5.14 and Figure 5.15). Figure 5.14 plots the differences in the log odds 

ratios when the population prevalence of  was simulated to be 10%, and Figure 5.15 when the 

prevalence of  was simulated to be 30%. Different prevalence rates of  in the first cluster were 

examined (0.05, 0.1, 0.2, 0.4, 0.5, 0.6, 0.8, 0.9, and 0.95) as shown in the two figures. The sub-

plots at the top of each of the two figures show simulated data, while those at the bottom of the 

figures show the 95% CIs of the local polynomial smooth plots. As in previous sections, three 

cases of differences between the cluster-specific intercepts  ( 0.5, 1, 1.5) were explored; data 

points and corresponding curves in lighter shades of grey depict lower values of , and darker 

shades depict higher values of . 

When the prevalence of  in the second cluster was lower than that in the first cluster, the 

differences in the log odds ratios were positive. As the prevalence of  in the second cluster 

increased approaching the prevalence of  in the first cluster, differences decreased, reaching a 

value of zero when the prevalence of  was the same in the two clusters. Further increase in the 

prevalence of  in the second cluster (prevalence of 	  > prevalence of 	 ), made 

the difference in the effect estimates from the two models increase. When prevalence of 	  

> prevalence of 	 , the differences in the log odds ratios were negative, indicating that 

< . The differences seen in point estimates for different 

prevalence rates of the explanatory variable in the two clusters were due to deviations of 

 from the simulated effect of 2  (OR=2), while ln	 2 . 

For example, when prevalence of 0.3 , 1, and prevalence of 	  > prevalence of 

	 , the average value of  was 1.073, while when prevalence of 
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	  < prevalence of 	  the average value of  was 0.257. In both 

cases, the average value of  was 0.7.  

For a given difference between the prevalence rates of  in the two clusters, and prevalence of 

the outcome variable, , differences in effect estimates from the two methods were larger for 

larger differences in the cluster-specific intercepts . Also, the rate of change of differences in log 

odds ratios for increasing prevalence of  in the second cluster, when keeping the prevalence of  

in the first cluster constant, was steeper for larger values of  (observation made from polynomial 

curves).  

The direction of differences between the log odds ratios, and the pattern of change for increasing 

difference in the prevalence of  in the two clusters were very similar in the two scenarios of 

population prevalence of  examined (comparison of Figure 5.14 and Figure 5.15 for a given 

combination of prevalence of  in each cluster and value of ). 

Ratio of standard errors 

The ratios of the SEs of the log odds ratios estimated from the two methods were plotted against 

increasing prevalence of the explanatory variable  in the second cluster, for constant values of 

prevalence of  in the first cluster, in graphs very similar to those described above for differences 

in the effect estimates (Figure 5.16 and Figure 5.17). In all cases, the ratio of the SEs of the log 

odds ratio was higher than one, meaning that in all simulated data and for any scenario of 

difference between the cluster-specific intercepts , prevalence of , and prevalence of the 

outcome variable , the SEs of  were larger than those of . 

When the prevalence rates of  in the two clusters were similar, the ratios of the SEs were close to 

1. Increasing the difference between the cluster-specific prevalence rates of  (or 

increasing/decreasing the prevalence of  in the second cluster from that of the first cluster), 

increased the ratio of the SEs giving a U-shaped pattern. The maximum ratio of SEs was ~3, 

indicating that the  was 3-fold higher than the , and this 

occurred for the maximum difference in the prevalence rates of  in the two clusters. 

The pattern of change in the ratio of SEs (by increasing difference in the cluster prevalence rates 

of ), and in the ratios of the SEs, did not depend on the population prevalence of , nor on the 

distances between the cluster-specific intercepts .  

 



   

 

 

 

Figure 5.14. Differences in log odds ratios estimated from cluster-adjusted and cluster-unadjusted logistic regression models for varying prevalence of 

explanatory variable x in the second cluster keeping the prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0. 2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, 

H) 0.9, and I) 0.95, when the population prevalence of the outcome variable  was assumed to be 10% 
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Figure 5.15. Differences in log odds ratios estimated from cluster-adjusted and cluster-unadjusted logistic regression models for varying prevalence of 

explanatory variable x in the second cluster keeping the prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0. 2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, 

H) 0.9, and I) 0.95 when the population prevalence of the outcome variable  was assumed to be 30% 
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Figure 5.16. Ratios of the standard errors of the log odds ratios estimated from cluster-adjusted to those from cluster-unadjusted logistic regression 

models for varying prevalence of explanatory variable x in the second cluster keeping the prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0. 

2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, H) 0.9, and I) 0.95 when the population prevalence of the outcome variable  was assumed to be 10% 
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Figure 5.17. Ratios of the standard errors of the log odds ratios estimated from cluster-adjusted to those from cluster-unadjusted logistic regression 

models for varying prevalence of explanatory variable x in the second cluster keeping the prevalence of  in first cluster constant to A) 0.05, B) 0.1, C) 0. 

2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, H) 0.9, and I) 0.95 when the population prevalence of the outcome variable  was assumed to be 30% 
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Coverage of 95% Confidence Intervals 

Coverage by 95% CIs from the cluster-unadjusted method when OR=2, according to different values 

for the cluster-specific intercepts , prevalence rates of  in the first cluster, and fifths of the 

distribution of  in the second cluster, is illustrated in Figure 5.18. Numerical values of the coverage 

for a selected number of prevalence rates of  in the first cluster are also presented in Table 5.11.  

 

Figure 5.18. Coverage (%) by 95% confidence intervals of simulated effect OR=2 for the cluster-

unadjusted and cluster-adjusted models according to difference between the cluster-specific intercepts 

k, prevalence rates of  in the first cluster (A) 0.05, B) 0.1, C) 0. 2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, H) 

0.9, and I) 0.95), and fifths of the distribution of  in the second cluster. The horizontal red line 

corresponds to the nominal value of 95%. 
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Table 5.11. Coverage (%) by 95% confidence intervals of simulated effect OR=2 for the cluster-

unadjusted and cluster-adjusted models according to difference between the cluster-specific intercepts 

, selected prevalence rates of  in the first cluster, and fifths of the distribution of  in the second 

cluster 

 
Prevalence of  

 in the 1st cluster 

Difference in cluster-

specific intercepts 
Fifths of the prevalence of  in the 2nd cluster 

   1st 2nd 3rd 4th 5th 

P
re

va
le

n
ce

 o
f 

ou
tc

om
e 

10
%

 

0.05 .  96.5 90.8 85.3 80.8 70.6 

0.05  94.9 80.8 59.4 43.2 23.8 

0.05 .  92.7 63.4 37.1 13.2 2.0 

0.5 .  88.8 93.6 94.3 94.8 92.0 

0.5  63.2 88.8 93.9 92.0 77.0 

0.5 .  33.3 81.2 93.3 88.6 56.3 

0.95 .  66.1 82.2 86.5 90.0 95.4 

0.95  17.6 41.6 62.9 82.4 92.9 

0.95 .  1.2 10.8 34.9 66.6 90.0 

P
re

va
le

n
ce

 o
f 

ou
tc

om
e 

30
%

 

0.05 .  94.5 88.0 79.6 67.8 48.0 

0.05  93.0 71.4 40.4 14.4 4.2 

0.05 .  90.0 49.0 11.4 1.6 0.0 

0.5 .  80.6 91.0 94.5 93.0 83.2 

0.5  41.3 80.6 95.2 87.2 54.8 

0.5 .  11.8 57.6 93.3 85.4 28.8 

0.95 .  44.4 66.2 75.4 89.6 95.4 

0.95  2.5 12.2 32.4 59.0 92.6 

0.95 .  0.0 0.2 6.3 32.0 81.5 
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Overall, coverage from the method that did not adjust for clustering was poor when the difference 

between the prevalence rates of the explanatory variable in the two clusters was high (either low 

prevalence of  in the first cluster and top fifth of the distribution of  in the second cluster, or high 

prevalence of  in the first cluster and bottom fifth of the distribution of  in the second cluster), and 

for large differences in the cluster-specific intercepts, . Coverage was particularly poor (<30%) for 

combinations of prevalence of  in the first cluster of 0.05-0.20 and in the top two fifths of the 

distribution of prevalence of  in the second cluster, and for combinations of prevalence of  in the 

first cluster of 0.60-0.95 and the bottom two fifths of the distribution of prevalence of  in the second 

cluster. As the difference between cluster-specific prevalence rates of  decreased, coverage 

approached the nominal level of 95%. For any given combination of prevalence rates of  in the two 

clusters and , coverage was poorer in the simulated datasets with a population prevalence rate of  

of 30%. Also, keeping all other parameters constant, coverage was lower for higher values of . By 

contrast, coverage by 95% CIs from the model that adjusted for clustering was close to the nominal 

level of 95%, irrespective of any difference between prevalence rates of  in the two clusters, 

prevalence of , and . The average coverage for all combinations of the above parameters, was 

95.3% and varied little (range: 93% to 97.9%). Data on coverage from the model that adjusted for 

clustering are not shown.  

Type I error  

To explore type I error, the simulated log odds ratio was set to zero (i.e. OR=1). Type I errors from 

the cluster-unadjusted model for different values of , prevalence rates of  in the first cluster, and 

fifths of the distribution of prevalence of  in the second cluster, are illustrated in Figure 5.19. Table 

5.12 presents the findings numerically, but only for selected values of prevalence of  in the first 

cluster (0.05, 0.5, and 0.95). Type I error from the model that did not adjust for clustering was 

approximately at the level of 5% when prevalence rates of  were similar in the two clusters and 

0.5. Increasing the difference in prevalence rates of  increased type I error, which reached a 

level of 100% for the combinations of low/high prevalence of  in cluster 1 and top/bottom fifth of 

the distribution of prevalence of  in cluster 2, respectively. Keeping a constant difference between 

clusters in the prevalence of , and a constant prevalence of the outcome variable, , increasing 

difference between cluster-specific intercepts ( ) increased type I error. Moreover, type I error was 

somewhat higher for higher prevalence of , for any given combination of prevalence rates of , and 

value of .  



 

 125   

Table 5.12. Proportion (%) of datasets for which the null hypothesis was rejected under the cluster-

unadjusted model when true effect size (log odds ratio) of the explanatory on the outcome variable 

was assumed to be 0 (or OR=1), according to cluster-specific intercept , for selected prevalence 

rates of  in the first cluster and fifths of the distribution of  in the second cluster 

 
Prevalence of   

in the first cluster 

Difference in cluster-

specific intercepts 

Fifths of the prevalence of  in the second 

cluster 

   1st 2nd 3rd 4th 5th 

P
re

va
le

n
ce

 o
f 

ou
tc

om
e 

10
%

 

0.05 .  5.1 6.4 11.4 17.5 26.4 

0.05  4.6 17.0 31.0 50.7 70.9 

0.05 .  7.9 31.8 55.6 76.2 96.2 

0.5 .  9.7 7.2 5.2 6.9 11.2 

0.5  27.8 7.6 5.0 9.9 28.0 

0.5 .  51.7 14.0 5.6 13.9 49.1 

0.95 .  24.1 19.4 11.2 9.3 5.5 

0.95  74.1 51.0 26.8 16.6 6.5 

0.95 .  95.7 79.8 53.4 28.2 7.9 

P
re

va
le

n
ce

 o
f 

ou
tc

om
e 

30
%

 

0.05 .  6.3 15.0 21.0 32.0 51.6 

0.05  9.1 32.6 64.8 83.8 96.4 

0.05 .  15.9 58.4 92.6 98.1 100.0 

0.5 .  14.9 5.8 5.2 6.3 15.8 

0.5  56.4 12.6 6.6 16.8 50.4 

0.5 .  81.1 23.8 4.8 28.2 81.4 

0.95 .  51.0 32.2 20.6 10.7 7.8 

0.95  96.9 84.8 64.6 34.1 7.4 

0.95 .  100.0 98.4 89.0 55.4 11.6 
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Figure 5.19. Proportion (%) of simulated datasets for which the null hypothesis under the cluster-

unadjusted model was rejected, when the true effect size (log odds ratio) of the explanatory on the 

outcome variable was assumed to be 0 (or OR=1), by prevalence of  in the first cluster (A) 0.05, B) 

0.1, C) 0. 2, D) 0.4, E) 0.5, F) 0.6, G) 0.8, H) 0.9, and I) 0.95), fifths of the distribution of the 

prevalence rates of  in the second cluster, and for two prevalence rates of the outcome variable . 

The horizontal red line corresponds to the nominal value of 5%.  

Type I error calculated from the cluster-adjusted models was very close to 5% (average value 4.7% 

across all combinations of prevalence rates of , , and values of ) and varied from 2.4 to 7.6. No 

consistent pattern of variation in type I error from the cluster-adjusted model was apparent according 

to prevalence rates of , , and values of  (data not shown).  
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5.5 Multiple clusters – Binary explanatory variable 

5.5.1 Methods  

In the case of a single binary explanatory variable, the ordinary logistic model that ignores clustering 

is described in equation 5.1, while the random intercept logistic regression model is given in equation 

5.5, with  a variable that follows a binomial distribution. 

The methods used for the case of a binary outcome and a binary explanatory variable were similar to 

those described in section 5.3.1. Each simulated dataset consisted of 10000 observations nested 

evenly in 100 clusters. Initially, the prevalence of the binary explanatory variable  in each cluster 

was defined as the sum of a constant (overall prevalence across clusters) and a cluster-specific 

variable ~ 0, . Values of 0 and 1 were then assigned to each individual based on the 

prevalence of  in the cluster. Then the cluster-level error term  was generated from a standard 

normal distribution of mean zero and variance . With the effect of  on  arbitrarily set to 

ln 2  (i.e. OR=2), and the log odds  to ln , for a given prevalence of the outcome 

variable, I calculated the predicted probability of the outcome variable for each individual as per 

equation 5.6. A random variable  was then drawn from the uniform distribution 0,1 . For each 

individual , the outcome was positive (value of 1) if the predicted probability was higher than the 

value of  for that individual, and negative (value of 0) otherwise.  

The simulations were repeated for different values of: overall prevalence of the explanatory variable, 

, and . As in section 5.3.1, the values for overall prevalence of  were 0.05, 0.1, 0.2, and 

0.4. The values for  were drawn from a random uniform distribution , , with the 

parameters  and  arbitrarily set to be 0 and 0.3, respectively. The values for  were such, that the 

targeted values (0.001, 0.003, 0.01, 0.03, 0.1, and 0.3) of ICC were generated (based on the ICC 

definition for the logistic regression model). Simulated data were produced for low (10%) and high 

(30%) population prevalence of . For each combination of the above, 50 simulated datasets were 

generated.  

For each simulated dataset, the estimates of effect and the corresponding SEs from the two regression 

methods were saved. The difference in the effect estimates ( ), and the ratio of their SEs 

( / ) were described in relation to ICC values, population prevalence of , overall 

prevalence of the explanatory variable, and dispersion of the prevalence of the explanatory variable 
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across clusters. Also, the coverage by 95% confidence intervals was summarised for different 

combinations of these parameters. 

To explore effects on type I error, simulations were repeated after setting the effect estimate to zero 

( 0, i.e. OR=1), and then calculating the proportion of simulated datasets for which the null 

hypothesis was rejected at a 5% significance level.       

5.5.2 Results 

Differences in log odds ratios 

Figure 5.20 plots differences in the log odds ratios ( ) estimated from the RI logistic 

regression and the OL regression models that did not adjust for clustering against the dispersion of the 

prevalence of the explanatory variable  across clusters. The sub-plots in the top two rows of Figure 

5.20 (top half of the figure) present data for an assumed population prevalence of the outcome 

variable  of 10%, and the sub-plots in the bottom two rows of the figure (bottom half) for 

population prevalence of  of 30%. For each of the two cases of prevalence of , different 

prevalence rates of the explanatory variable  were explored (A) 0.05, B) 0.1, C) 0.2, and D) 0.4). 

For each combination of prevalence rates of  and , both the simulated data and the 95% CIs of 

the polynomial curves are presented. As in previous chapters, in each sub-plot of the figure, the 

different levels of within-cluster similarity of observations (ICCs) are shown in different shades of 

grey, with darker shades depicting higher values of ICC. The average and the range of differences 

between the log odds ratios estimated from the two methods according to ICC, overall prevalence of 

, and population prevalence of  are also presented in Table 5.13.  

On average, differences were small for low values of ICC (≤0.03), for any prevalence of  and , 

and dispersion of the cluster-specific prevalence of . Increasing ICC and population prevalence of 

the outcome variable increased the average difference in the log odds ratios. Also, differences were 

somewhat larger for higher prevalence of the outcome variable for any given ICC and prevalence of 

. For prevalence of =10% and ICC=0.3, the average difference in the log odds was 0.12, 

reflecting an average estimated OR of 2.01 under the RI model and 1.79 under the OL model. The 

corresponding average estimates for prevalence of =30% and ICC=0.3 were OR=2 from the RI 

model and OR=1.73 from the OL model, resulting in an average difference in the log odds ratios of 

0.15. Unlike the average difference in the log odds ratios, which remained constant for any given ICC 

and prevalence of  and  (approximately flat polynomial curves), the dispersion of the 
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differences increased with increasing dispersion of the cluster-specific prevalence of  across the 

clusters (depicted in the wider 95% CIs of the polynomial curves). Comparison of results for different 

prevalence rates of  (Table 5.13), when the rest of the parameters (prevalence of , and ICC) 

remained constant, showed that increasing the overall prevalence of  did not change the average 

difference in the log odds ratios. However, increasing the overall prevalence of  decreased the 

range of differences. This pattern was more apparent for higher values of ICC; for ICC=0.3, 

differences ranged from -0.39 to 0.59 when overall prevalence of =0.05, while they ranged from -

0.24 to 0.45 when overall prevalence of =0.40. 

Ratio of standard errors 

As for the differences in the log odds ratios estimated from the two methods, the ratios of their SEs 

( ) were examined in relation to the prevalence of  and , dispersion of the 

prevalence of  across clusters, and levels of ICC. The ratios of the SEs are plotted against 

dispersion of the prevalence of  in Figure 5.21. As in the corresponding figure for the differences 

in the log odds ratios (Figure 5.20), simulated data and the 95% CIs of the polynomial curves are 

presented separately for the four different prevalence rates of  and the two different population 

prevalence rates of  (in different sub-plots), and for the different levels of ICC (shown in different 

shades within each sub-plot).  

Overall the ratios of the SEs were above one, meaning that for all prevalence rates of the two main 

variables and their relative distributions across clusters, the SEs from the RI models were higher than 

the SEs from the OL models. The ratio of the SEs was associated with the ICC level; for constant 

prevalence rates of  and , and dispersion of the prevalence of  across clusters, higher ICCs 

resulted in higher ratios of SEs of the log odds ratios (comparison of different shades of grey in any 

sub-plot of  Figure 5.21). This observation indicates that as within-cluster similarity of observations 

increased, imprecision of  increased more than imprecision of . For any constant ICC, and 

combination of prevalence rates of  and , the ratios of SEs increased as the dispersion of 

prevalence of  across clusters increased. 

The rate of increase depended on the ICC level; ratios of SEs increased faster with increasing 

dispersion of prevalence of  across clusters for higher ICCs than for lower ICCs (fan-shaped 

pattern in Figure 5.21). Keeping ICC and the overall prevalence of  constant, higher population 

prevalence of  (comparison of top with bottom half of Figure 5.21) resulted in higher ratios of SEs. 
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Figure 5.20. Difference between log odds ratios estimated from RI and OL models ( ) 

according to dispersion of prevalence of explanatory variable  across clusters, for different levels 

of intraclass correlation (shades of grey as indicated in the legend) and for the two different 

population prevalence rates of the outcome variable 
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Table 5.13. Descriptive statistics for differences in log odds ratios estimated from RI and OL models 

( ) according to ICC, overall prevalence of , and population prevalence of  

 
 Overall prevalence  

of =0.05 

Overall prevalence  

of =0.1 

Overall prevalence  

of =0.2 

Overall prevalence 

of =0.4 

 ICC Mean Range Mean Range Mean Range Mean Range 

P
re

va
le

n
ce

 o
f 

%
 

0.001 0.000 -0.006 to 0.006 0.000 -0.006 to 0.006 0.000 -0.004 to 0.004 0.000 -0.004 to 0.004

0.003 0.001 -0.014 to 0.017 0.001 -0.013 to 0.013 0.001 -0.011 to 0.013 0.001 -0.008 to 0.010

0.01 0.002 -0.048 to 0.042 0.002 -0.043 to 0.049 0.002 -0.029 to 0.040 0.002 -0.027 to 0.036

0.03 0.009 -0.116 to 0.111 0.008 -0.108 to 0.100 0.009 -0.077 to 0.101 0.008 -0.060 to 0.093

0.1 0.032 -0.287 to 0.321 0.033 -0.197 to 0.313 0.031 -0.178 to 0.271 0.032 -0.136 to 0.209

0.3 0.119 -0.394 to 0.589 0.118 -0.374 to 0.636 0.118 -0.329 to 0.623 0.116 -0.244 to 0.446

          

P
re

va
le

n
ce

 o
f 

%
 

0.001 0.001 -0.007 to 0.009 0.001 -0.006 to 0.008 0.001 -0.005 to 0.009 0.001 -0.005 to 0.006

0.003 0.002 -0.019 to 0.022 0.002 -0.015 to 0.021 0.002 -0.014 to 0.017 0.002 -0.009 to 0.015

0.01 0.004 -0.047 to 0.065 0.004 -0.055 to 0.058 0.004 -0.037 to 0.050 0.004 -0.028 to 0.044

0.03 0.016 -0.112 to 0.207 0.016  -0.103 to 0.150 0.016 -0.093 to 0.109 0.016 -0.087 to 0.109

0.1 0.051 -0.260 to 0.359 0.050 -0.224 to 0.272 0.051 -0.144 to 0.244 0.052 -0.118 to 0.229 

0.3 0.147 -0.306 to 0.589 0.151 -0.331 to 0.591 0.147  -0.271 to 0.536 0.148 -0.169 to 0.427
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Figure 5.21. Ratio of the standard errors of the log odds ratios estimated from RI and OL models 

( / ) according to dispersion of prevalence of explanatory variable  across clusters, for 

different levels of intraclass correlation (shades of grey as indicated in the legend) and for the two 

different population prevalence rates of the outcome variable 
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To explore the effect of increasing the overall prevalence of  for constant ICC and population 

prevalence of , the ratios of SEs were plotted against the dispersion of the prevalence of  across 

clusters for ICC=0.3 and for population prevalence of =10% (Figure 5.22). In the left-hand sub-

plot of  Figure 5.22, the simulated data are plotted out, while the right-hand sub-plot shows the 95% 

CIs of the polynomial curves. The ratios of the SEs were very similar for the different cluster-specific 

prevalence rates of  when the dispersion of the prevalence rates across clusters was small. 

However, they increased more rapidly with increasing dispersion of prevalence rates of  when the 

overall prevalence rates of  were lower than when they were higher.  

 

Figure 5.22. Ratio of the standard errors of the log odds ratios estimated from RI and OL models 

( / ) according to dispersion of prevalence of explanatory variable  across clusters, for 

different prevalence rates of explanatory variable , for ICC=0.3 and population prevalence of 

=10% 

Coverage by 95% Confidence Intervals 

Table 5.14 describes coverage of the simulated OR=2 by the 95% CIs estimated from the OL 

regression models, according to quarters of the distribution of dispersion of cluster-specific 

prevalence rates of , ICC levels, overall prevalence of , and population prevalence of .  
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Table 5.14. Coverage (%) by 95% confidence intervals of simulated effect OR=2 from the OL model 
according to quarters of the distribution of the dispersion of prevalence of  across clusters, ICC, 

overall prevalence of  and population prevalence rate of  

 ICC Quarters of the distribution of dispersion of  across clusters 

  First Second Third Forth First Second Third Forth 

P
op

u
la

ti
on

 p
re

va
le

n
ce

 o
f 

=
10

%
 

 Overall prevalence of  = 0.05 Overall prevalence of  = 0.1 

0.001 94.4 94.9 95.0 95.6 94.1 95.5 95.9 94.6 

0.003 95.1 94.9 95.1 95.9 95.6 94.7 94.7 95.0 

0.01 95.0 95.4 95.8 96.0 95.6 95.4 95.5 95.0 

0.03 94.9 93.7 91.4 89.1 94.5 92.8 91.8 90.2 

0.1 92.6 87.8 82.2 78.8 92.7 88.1 83.4 77.7 

0.3 78.9 63.3 52.0 48.6 69.0 58.5 54.3 47.1 

 Overall prevalence of  = 0.2 Overall prevalence of  = 0.4 

0.001 95.2 95.6 93.9 95.3 94.3 95.3 95.2 95.1 

0.003 95.6 94.7 94.5 95.4 93.8 95.3 95.2 94.9 

0.01 94.3 94.3 96.2 95.0 94.9 95.0 94.5 95.2 

0.03 95.0 94.4 92.9 92.0 95.8 93.6 94.1 92.0 

0.1 93.0 89.7 85.7 80.7 90.8 89.1 86.2 81.5 

0.3 52.5 51.6 50.3 44.6 39.6 39.9 43.0 43.6 

P
op

u
la

ti
on

 p
re

va
le

n
ce

 o
f 

=
30

%
 

 Overall prevalence of  = 0.05 Overall prevalence of  = 0.1 

0.001 95.2 94.6 94.5 96.4 95.5 94.4 94.9 94.5 

0.003 94.9 94.9 94.7 93.5 94.9 94.8 94.3 94.6 

0.01 94.8 94.5 94.1 92.6 94.4 95.3 94.1 94.3 

0.03 94.2 92.6 90.3 86.4 94.9 91.4 89.4 87.6 

0.1 88.6 80.2 74.4 65.0 88.8 80.2 71.8 66.4 

0.3 60.4 49.7 40.7 37.4 40.6 40.4 37.1 33.6 

 Overall prevalence of  = 0.2 Overall prevalence of  = 0.4 

0.001 94.1 95.2 96.3 94.7 95.6 94.5 95.1 94.8 

0.003 95.7 94.9 94.9 93.6 94.6 95.4 94.6 94.8 

0.01 95.3 95.2 93.6 93.5 94.3 94.0 95.0 93.9 

0.03 94.8 91.3 90.3 86.7 93.5 93.5 91.1 87.6 

0.1 83.6 79.0 75.8 68.0 79.2 74.5 71.6 63.8 

0.3 17.0 23.2 30.3 30.4 4.8 9.2 14.2 23.8 
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When the OL model was fitted, coverage was approximately 95% when the ICC was low (ICC<0.01), 

for any part of the distribution of prevalence of  across clusters, and all prevalence rates of   and 

. For any combination of prevalence rates  and , and quarter of the distribution of dispersion 

of cluster-specific rates of , increasing ICC decreased coverage by 95% CIs. The rate of decrease 

in coverage depended on the overall prevalence of  and the population prevalence of , as well as 

the dispersion of prevalence of  across clusters. For any prevalence of the outcome variable, the 

decrease in coverage for increasing ICC was smaller when the overall prevalence of  was lower. 

Moreover, for constant quarter of the distribution of dispersion of the cluster-specific prevalence of 

, higher compared to lower prevalence of  resulted in considerably poorer coverage, especially 

when the overall prevalence of  was high, and when the ICC was 0.3. Interestingly, for low 

prevalence of  and overall prevalence of  = 0.4, the rate of decrease in coverage (for increasing 

ICC) was higher for the bottom quarter of the distribution of dispersion of prevalence rates of  than 

it was at the top quarter.  

The same was observed when the prevalence of  was high and the overall prevalence of  was 

0.2 or 0.4 (Figure 5.23). In all other combinations of prevalence rates of the outcome and the 

explanatory variables, coverage decreased more with increasing ICC for the top quarter of the 

distribution of dispersion of the cluster-specific prevalence of   than for the bottom. The lowest 

coverage was only 5% and it occurred when the prevalence of  was high, the overall prevalence of 

 was 0.4, ICC=0.3, and for the top quarter of the distribution of dispersion of prevalence rates of 

. 

Coverage by 95% CIs estimated from RI logistic regression models was at the nominal level of 95%, 

and it varied very little (range: 94.6% to 95.7%) across different combinations of dispersion of 

cluster-specific rates of , prevalence rates of the outcome and the explanatory variable, and ICC 

levels (data not shown). 
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Figure 5.23. Coverage (%) by 95% confidence intervals of simulated effect OR=2 from the OL 

regression model for high prevalence of the outcome variable and for ICC=0.3, according to overall 

prevalence of explanatory variable  (y-axis) and quarters of the distribution of dispersion of 

prevalence of  across clusters (shown in different shades as per legend).  

 

Type I error  

Table 5.15 presents type I error from the OL model by quarters of the distribution of dispersion of 

prevalence of  across clusters, overall prevalence rates of  and , and by ICC. Type I error 

with the OL model when ICC was low (0.001 or 0.003) was very close to the nominal value of 5%; 

the average value for type I error in all combinations of the parameters examined was 5.1% (range: 

3.8% to 7.1%). Increasing ICC (>0.003) increased type I error. The rate of increase of type I error 

with increasing ICC was higher when the prevalence of  was higher, or the overall prevalence of 

 was lower, or the dispersion of prevalence of  across clusters was higher (top quarter compared 

to bottom quarter of the distribution). These associations are also illustrated in Figure 5.24, in which 

type I error is shown for different values of the parameters examined with ICC held at the highest 

value of 0.3. 
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Table 5.15. Proportion (%) of datasets for which the null hypothesis was rejected under the OL model 
according to quarters of the distribution of dispersion of prevalence of  across clusters, ICC, and 

population prevalence of the outcome variable  

 ICC Quarters of the distribution of dispersion of  across clusters 

  First Second Third Forth First Second Third Forth 

  Overall prevalence of  = 0.05 Overall prevalence of  = 0.1 

P
op

u
la

ti
on

 p
re

va
le

n
ce

 o
f 

=
10

%
 

0.001 4.6 5.0 5.0 4.7 4.2 4.6 4.5 5.1 

0.003 5.1 4.8 5.3 3.8 4.6 4.5 5.2 5.1 

0.01 5.9 4.4 5.1 3.1 5.1 5.0 5.5 4.0 

0.03 4.2 6.2 7.4 6.9 4.9 5.1 6.2 8.4 

0.1 5.5 9.9 15.3 15.9 5.1 9.4 12.5 16.6 

0.3 9.1 23.2 35.6 38.0 7.3 19.8 31.5 37.6 

 Overall prevalence of  = 0.2 Overall prevalence of  = 0.4 

0.001 4.9 5.5 5.5 5.1 4.2 5.9 5.0 4.9 

0.003 4.7 5.7 5.5 5.0 4.7 4.6 5.1 5.0 

0.01 4.9 4.4 5.2 5.3 4.1 5.2 5.3 4.6 

0.03 5.9 5.1 6.0 7.0 4.3 5.8 5.7 6.8 

0.1 4.8 6.3 11.6 14.6 5.1 6.5 9.0 13.5 

0.3 5.9 14.0 24.7 35.8 4.9 10.7 19.3 33.1 

  Overall prevalence of  = 0.05 Overall prevalence of  = 0.1 

P
op

u
la

ti
on

 p
re

va
le

n
ce

 o
f 

=
30

%
 

0.001 5.4 5.0 4.8 4.2 5.7 5.6 4.6 4.1 

0.003 5.0 5.2 5.1 7.1 5.1 5.6 4.3 5.3 

0.01 5.4 5.9 5.8 5.2 4.0 5.6 5.1 7.5 

0.03 5.2 7.6 9.1 13.8 6.7 7.4 9.8 13.3 

0.1 7.3 14.7 20.0 25.6 5.8 11.9 18.1 24.0 

0.3 12.6 28.8 39.0 39.7 7.3 24.7 37.1 44.5 

 Overall prevalence of  = 0.2 Overall prevalence of  = 0.4 

0.001 6.2 6.0 5.5 6.3 4.6 4.8 5.4 5.3 

0.003 5.1 5.9 5.5 4.8 5.1 6.2 5.1 5.1 

0.01 4.9 5.0 6.0 5.9 6.2 5.7 4.3 5.4 

0.03 4.4 6.0 9.2 10.2 3.7 5.9 7.3 9.6 

0.1 4.9 8.5 15.5 21.6 3.4 7.5 13.2 19.5 

0.3 5.1 17.7 32.0 42.2 4.1 13.4 24.7 38.4 
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Figure 5.24. Proportion (%) of datasets for which the null hypothesis was rejected when ICC was 0.3 

according to overall prevalence of explanatory variable , quarters of the dispersion of prevalence 

of  across clusters and population prevalence rate of the outcome variable . 

The highest type I error was 44.5%, and it occurred for the top quarter of the distribution of 

dispersion of prevalence rates  across clusters, overall prevalence of  = 0.2, and for high 

prevalence of . Type I error was at the 5% level when overall prevalence of  was high, 

prevalence of the outcome variable was low, and the dispersion of cluster-specific prevalence rates 

was small (bottom quarter of the distribution) (Figure 5.24). For high prevalence of  and , and 

small dispersion of cluster-specific prevalence rates, type I error was below 5% when ICC was >0.01.  

Type I error from the RI logistic regression model was on average 4.9% for the different 

combinations of prevalence rates of the two main variables, ICC levels, and dispersion of the 

prevalence rates of  across clusters. The range of values was 3.1 to 7.4. No patterns of higher/lower 

values of type I error within that range (3.1 to 7.4) were observed in relation to the other parameters 

(data not shown).  
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5.5.3 Analysis of CUPID data 

As in section 5.3.3, to explore whether observations on the consequences of ignoring clustering that 

were made using simulated data were supported by findings from real data, I used the binary variables 

from the CUPID study and I dichotomised those that were ordinal (by collapsing all but the null 

category together). This resulted in 116 binary variables (also including an ordinal variable of age 

band that was not used in section 5.3.3). Each of these variables served as an outcome and as an 

explanatory variable in univariate analysis models. For each combination of these binary variables 

(N=13,046 combinations after excluding combinations for which the outcome variable did not vary 

by levels of the explanatory variable, or vice versa), both an OL and a RI model were fitted. To 

ensure comparability of results with those from simulation studies, when for a given association the 

estimate of log odds ratio was positive under one of the two methods and negative under the other 

(N=1,080), estimates from that association were excluded from analyses presented here. From the 

remaining resulting estimates (N=11,966), I calculated the differences in log odds ratios and the ratios 

of the SEs. As in section 5.3.3, when log odds ratios from both analytical approaches were <0, the 

difference between them was replaced by the difference of their absolute values. That way, any 

positive/negative difference between estimates would indicate that the log odds ratio from the RI 

model was further/closer to the null value than that from the OL model.   

The values of ICC estimated from the RI logistic models had a median value of 0.16 and varied from 

0 to 0.72. The values of the estimated ICC are plotted in the histogram of Figure 5.25.      

 

Figure 5.25. Distribution of estimated ICCs using data from the CUPID study 
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Figure 5.26. Differences in the log odds ratios ( ) plotted against dispersion of the 

prevalence of  across clusters, for different levels of intraclass correlation (shades of grey as 

indicated in the legend) 

Figure 5.26 shows the differences in log odds ratios estimated from the two models across increasing 

values of the dispersion of prevalence of  across clusters, with darker shades of grey depicting 

higher estimated ICCs. As also seen in the analysis of simulated data, increasing differences in point 

estimates were observed for increasing ICC levels, and for increasing dispersion of the prevalence of 

the explanatory variables.  

 

Figure 5.27. Ratios of standard errors of the log odds ratios estimated from RI and OL models 

(SE /SE ) plotted against dispersion of explanatory variable  across clusters, for different levels 

of intraclass correlation (shades of grey as indicated in the legend) 
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Figure 5.27 shows the ratios of the SEs of the log odds ratios estimated from the two methods. The 

observation agrees with that from the analysis of simulated data (Figure 5.21); all ratios were >1 

(SE >SE ), and increasing ICC, as well as increasing dispersion of  across clusters increased 

the ratios of SEs to values further from 1.  

5.6 Summary of results 

5.6.1 Binary outcome - continuous predictor – 2 clusters 

Adjusted point estimates were always lower than the unadjusted ones (i.e. closer to the null value). 

Difference between adjusted and unadjusted point estimates was greater when distance between the 

cluster-specific intercepts was bigger and when prevalence of the outcome variable was higher.  

In most cases, SEs of the adjusted point estimates were larger than SEs of the unadjusted ones. The 

ratio of SEs of the adjusted to unadjusted ORs increased as the distance between the cluster-specific 

intercepts and the prevalence of the outcome variable increased.  

Coverage by 95% CIs was 95% from the cluster-adjusted model and lower than 95% from the cluster-

unadjusted model. Coverage decreased considerably as distance between the cluster-specific 

intercepts increased, and it was somewhat lower for higher prevalence of the outcome variable. 

Type I error in the cluster-adjusted model was 5%, and higher than that in the cluster-unadjusted 

model. Type I error in the cluster-unadjusted model increased with increase in the distance between 

the cluster-specific intercepts, but was not affected by the prevalence of the outcome variable. 

These results are further summarised in Table 5.16. 

Table 5.16. Summary of simulation results when the outcome variable was binary, the explanatory 

variable was continuous, and observations were grouped in 2 clusters 

 

  ↑ when  ↑ 

                                                                    ↑  when prevalence of   ↑      

                                                                    ↑  when | ̅ 	 ̅ 	 | approximately < 2SDs of       

                                                                    ↓  when | ̅ ̅ | approximately > 2SDs of       
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/  ↑ when  ↓ 

                                                                   ↑  when prevalence of   ↑     

                                                                   ↑  when | ̅ ̅ |  ↑  

Coverage by 95% CIs from the cluster-adjusted model:     on average 95% 

Coverage by 95% CIs from the cluster-unadjusted model was < 95% and it  ↓ when   ↑ 

                                                                                                                         ↓ when  prevalence of  ↑                   

Type I error from the cluster-adjusted model:     close to 5% 

Type I error from the cluster-unadjusted model: >5% and it                        ↑ when  ↑            

                                                                                                                        ↓ when  prevalence of  ↑                    

5.6.2 Binary outcome - continuous predictor – multiple clusters 

ORs from OL were very similar to those from RI for ICC≤0.03. For ICC>0.03, increasing ICC 

increased differences between the ORs estimated from the two models, with ORs from OL being 

lower than those from RI (contrary to what would have been expected from the exploration of this 

research question in the case of two clusters). Differences were somewhat smaller for increasing 

dispersion of cluster-mean values of the explanatory variable. Also, the prevalence of the outcome 

variable did not seem to influence differences between estimates from the two approaches.  

All ratios of SEs were higher than 1 indicating that SEs of the log-OR from the OL model were lower 

than those from the RI model. For small relative dispersion of the explanatory variable, ratios were 

close to 1 (SEs from the two models were close), and increasing relative dispersion increased the ratio 

of SEs up to a specific value of relative dispersion, after which the ratio of SEs did not increase 

further. No association was observed between the ratio of SEs and prevalence of the outcome 

variable.  

Coverage of 95% CIs was at the nominal level of 95% for the RI models independent of ICC values, 

relative dispersion of the explanatory variable, and prevalence of the outcome variable. Coverage was 

also 95% for the OL model when the ICC was low (≤0.01). Coverage for the OL model was lower for 

higher ICC values, and it varied with increasing values of relative dispersion of the explanatory 

variable. 

Type I error from the RI model was 5% independent of ICC values, relative dispersion of the 

explanatory variable, and prevalence of the outcome variable. It was also approximately 5% from the 
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OL model when the ICC was low (≤0.01), but increased steeply with increasing ICC values and 

increasing relative dispersion of the explanatory variable, and was somewhat higher for higher 

prevalence of the outcome variable. 

Results are further summarised in Table 5.17. 

Table 5.17. Summary of simulation results when the outcome variable was binary, the explanatory 

variable was continuous, and observations were grouped in 100 clusters 

    when ICC≤0.03 

     ↑         (with ) when     ICC ↑ (above 0.03)          

SE SE      for     small ICC values  

                                      small relative dispersion of  

SE /SE   ↑  when relative dispersion of   ↑  

                    ↑  when ICC  ↑                

For the RI model, coverage by 95% CIs:       on average 95% 

For the OL model, coverage by 95% CIs:      on average 95% when ICC ≤0.01 

                                                                       ↓     when ICC     ↑     (above 0.01) 

                                                                           ↓     when prevalence of  ↑    

For the RI model, type I error:         on average 5% 

For the OL model, type I error:        on average 5% when ICC ≤0.01 

                                                                 ↑     when ICC     ↑     (above 0.01) 

                                                                  ↑     when relative dispersion of      ↑ 

                                                                  ↑     when prevalence of      ↑ 

5.6.3 Binary outcome - binary predictor – 2 clusters 

Absolute differences in point estimates increased from the null value of 0 when the difference 

between the cluster-specific prevalence rates of the explanatory variable, and the distance between 

cluster-specific intercepts increased. Prevalence of the outcome variable did not affect differences in 

ORs estimated from the two models. 

Ratios of SEs from the two methods were approximately equal to 1 when the prevalence of the 

explanatory variable was the same in the two clusters. As difference in the prevalence of the 
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explanatory variable between the two clusters increased, the ratio of the SEs increased giving a U-

shaped pattern. Prevalence of the outcome variable, and distance between cluster-specific intercepts 

did not affect ratios of SEs.  

Coverage by 95% CIs was at the nominal level of 95% when the model adjusted for clustering. 

However, it was poor for the cluster-unadjusted model; it was poorer for bigger differences in the 

cluster-specific prevalence rates of the explanatory variable, for larger values of , and for higher 

overall prevalence of the outcome variable. 

Type I error was approximately 5% under the cluster-adjusted model for any prevalence of the 

explanatory or the outcome variable, and value of . It was also 5% for the cluster-unadjusted model, 

when prevalence of the explanatory variable was similar in the two clusters, and for small distance 

between cluster-specific intercepts. Type I error for the cluster-unadjusted model increased when 

difference between the cluster-specific prevalence rates of the explanatory variable, , or prevalence 

of the outcome increased.   

Results are further summarised in Table 5.18. 

Table 5.18. Summary of simulation results when both the outcome and the explanatory variables were 

binary, and observations were grouped in 2 clusters 

:         very close to the true value 

     ↑ when | ̅ 	 ̅ 	 |  ↑  

                                                                       ↑ when   ↑ 

                                                                     not associated with prevalence of  

  when  prevalence of  > prevalence of 	  

/          ↑     when     | ̅ 	 ̅ 	 |     ↑ 

                                                                            not associated with  

                                                                            not associated with prevalence of  

For the RI model, coverage by 95% CIs:     on average 95% 

For the OL model, coverage by 95% CIs:     ↓     when     | ̅ 	 ̅ 	 |     ↑ 

                                                                            ↓     when      ↑   

                                                                            ↓     when prevalence of      ↑ 

For the RI model, type I error:          on average 5% 
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For the OL model, type I error:         ↑     when     | ̅ ̅ |     ↑ 

                                                               ↑     when      ↑   

                                                               ↑     when prevalence of      ↑ 

5.6.4 Binary outcome - binary predictor – multiple clusters 

Differences in the log-odds ratios were small for small ICC values (≤0.03) whatever the prevalence of 

the outcome and explanatory variable. Average differences were higher for ICC larger than 0.03. 

They were not associated with dispersion of the prevalence of the explanatory variable, but were 

somewhat greater for higher prevalence of the outcome variable.  

SEs of  were lower than those of the . The ratio of SEs was always >1, and it increased with 

increasing ICC and prevalence of the outcome variable. The rate of increase of the ratios of SEs was 

higher for higher dispersion of the cluster-specific prevalence of the explanatory variable. Overall 

prevalence of the explanatory variable was also associated with rate of increase of ratios of SEs; it 

increased more rapidly when the overall prevalence of  was lower than when it was higher.  

Coverage by 95% CIs was 95% for the RI model and varied little for different combinations of the 

parameters explored. For the OL model, coverage by 95% CIs was at the nominal level of 95% for 

any prevalence of the outcome and explanatory variables and dispersion of the prevalence of  

when the ICC was ≤0.01. Coverage decreased with increase in ICC and increase in the prevalence of 

the outcome variable, but it decreased less when the overall prevalence of  was lower, than when it 

was higher. 

Type I error was 5% for the RI model for any combination of the parameters examined. That was also 

seen when the OL models were fitted, but only when ICC was lower than 0.01. For the OL model, 

type I error increased with increasing ICC, and increasing prevalence of the outcome variable. The 

rate of increase of type I error with increasing ICC was higher when the prevalence of  was higher, 

or the overall prevalence of  was lower, or the dispersion of prevalence of  across clusters was 

higher.   

Results are further summarised in Table 5.19. 
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Table 5.19. Summary of simulation results when both the outcome and the explanatory variables were 

binary, and observations were grouped in 100 clusters 

    when ICC≤0.03 

               ↑      (with ) when     ICC ↑ (above 0.03)          

                                ↑      when prevalence of  ↑    

                                  ̶      when dispersion of prevalence of  across clusters     ↑ 

SE SE  

SE /SE                                              ↑ when ICC   ↑      

                                                                     when dispersion of prevalence of  across clusters  ↑ 

Rate of ↑ of SE /SE  was higher          when overall prevalence of  ↓                                                

For the RI model, coverage by 95% CIs:        on average 95% 

For the OL model, coverage by 95% CIs: 

                                                       on average 95% when ICC ≤0.01 

                                                       ↓     when ICC     ↑     (above 0.01) 

                                                              ↓     when prevalence of  ↑    

                                                              ↓     when overall prevalence of  was higher    

For the RI model, type I error:          on average 5% 

For the OL model, type I error:         on average 5% when ICC ≤0.01 

                                                            ↑     when ICC     ↑     (above 0.01) 

                                                                    ↑     when prevalence of      ↑ 

Rate of ↑ of type I error with ICC ↑ was higher  

                                                                             when prevalence of  ↑ 

                                                                             when overall prevalence of  ↓ 

                                                                             when dispersion of prevalence of  across clusters ↑ 

5.7 Discussion 

In this chapter, the research question about consequences of ignoring clustering in statistical inference 

was extended from linear regression (presented in Chapter 4) to logistic regression modelling. The 

methods used closely mirrored those of the previous chapter on linear regression. However, statistical 

inference with and without adjustment for clustering of observations was made on the association 
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between a binary outcome and a single explanatory variable , of which two different types were 

considered –continuous and binary. Also, implications of ignoring clustering were explored in 

relation to bias in the point estimates, and relative precision, coverage by 95% CIs, and type I error 

rates. Bias in point estimates was assessed by considering the difference in the estimated log odds 

ratios, and that in precision was assessed by calculating the ratios of the SEs of the log odds ratios 

estimated from the two models. As the thesis focuses on data that are hierarchically structured, the 

analysis for two clusters served simply as an introduction to the main results on multiple clusters, and 

will not be discussed here. 

The limitations that need to be considered with regard to the findings are the same as those described 

in the discussion of consequences of ignoring clustering in linear regression (section 4.8). They are 

summarised here in brief. The sample size used in the simulation of data was large, as was the 

number of clusters and the number of observations per cluster. The decision to use such large samples 

was made to minimise random sampling variation, so that bias in point estimates and related precision 

could be characterised better. Moreover, the number of clusters, the number of observations per 

cluster, and the true effect estimate were fixed for all simulated data, as the focus of this thesis was 

not to explore how the structure of clustered data, or the strength of the association of the outcome 

with the explanatory variable might influence statistical inference when clustering is ignored. Also, 

the process of simulating data followed the model specification and assumptions of a RI logistic 

regression model, leading the RI models to function as intended. Lastly, the relative dispersion of the 

continuous  variable varied from small to higher values, by increasing the between-cluster 

dispersion of the cluster-specific mean values of  alone, keeping the within-cluster dispersion of 

 constant. However, I have no reason to expect that another approach to producing increasing 

values of relative dispersion of  would result in different conclusions.  

Effects and related precision in logistic regression modelling are estimated using maximum likelihood 

in which an iteration process is followed. It therefore is challenging to investigate algebraically the 

problem of ignoring clustering and to derive formulae for bias in regression coefficients and their 

precision. There is, however, no reason to expect that the algorithm used for simulating data in this 

chapter would not function as well as that described in the previous chapter.     

Simulation results showed that when the true log odds ratio was greater than zero, the RI logistic 

regression model produced log odds ratios that were on average higher than those derived from the 

OL model. Additionally, SEs from the RI model were larger than those from the naïve logistic 

regression model. Unlike for linear regression, in the case of the naive logistic regression model, the 
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direction of bias in the point estimates of effect and corresponding SEs was independent of whether 

the  was continuous or binary, but increased with increasing clustering in the outcome after 

adjustment for the . Coverage by 95% CIs was very close to the nominal levels when estimates 

were derived from the RI logistic model, and also when derived from the naïve model if clustering 

was low (ICC<0.03). However, for higher ICC values (≥0.03), it fell considerably below 95% when 

the OL model was fitted, especially with increasing prevalence of the outcome variable. Type I error 

rates were very close to 5% when the RI model was fitted, as one might expect, but also with the OL 

model when clustering was low (ICC<0.01). For higher values of ICC, Type I error rates increased 

with increasing prevalence of the outcome variable, and with increasing relative dispersion of a 

continuous , or with increasing dispersion of the cluster-specific prevalence rates of a binary .         

Conclusions from the analysis presented in this chapter are very much in agreement with results from 

the published literature on the consequences of ignoring clustering in logistic regression. Specifically, 

bias in the point estimates derived from a naïve logistic regression model has been reported from 

studies of simulated data (108, 112, 116), which showed that when the analytic model fails to account 

for clustering, the resulting effect estimates can be underestimated by as little as approximately 0%  

up to as much as 26%, according to the structure of the data (overall number of observations, 

number of clusters, and number of observations per cluster), true effect size, and levels of clustering. 

Such observations from simulated studies have been supported by studies of real data which 

compared results from the two analytical models (109-111, 113-115). These studies have found log 

odds ratios derived from naïve logistic models that differed from those from RI logistic models by an 

average of 6% (range: 115% to 28%), with the majority of differences being negative. In this 

chapter, given that estimates from the RI model were very close to the true value (mean OR=2, 

independent of size of clustering effect (ICC)), differences in the estimates of effect can be viewed as 

bias when clustering was not accounted for in the regression model. Results showed that bias 

increased with increasing levels of clustering. For the highest level of clustering explored (ICC=0.30), 

point estimates from the OL model differed from those from the RI logistic by an average of 17%, 

when the  was continuous, and for any prevalence of the outcome variable. In the case of a binary 

, the estimates of effect from the OL model were also about 17% different from those derived 

from the RI model, but in this case bias increased with increasing prevalence of the outcome variable 

(bias ~ 21% for prevalence of  of 30%). This level of bias in the log odds ratios is considerable, 

and exceeds the cut point of 10% that has previously been taken to indicate a meaningful difference in 

a parameter estimate from the true value (137).   
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The published literature is also quite coherent regarding the effects of ignoring clustering on the 

precision of point estimates. Studies of both simulated and real data (108-113, 116-118) have shown 

that SEs are underestimated by the OL model, sometimes importantly (111). The size of bias in the 

estimated SEs, as in the case of bias in the point estimates, depended mostly on the level of clustering, 

and the magnitude of the effect of the  on the outcome variable. The association between effect 

size and bias in SEs could not be assessed in this thesis, as the true effect estimate was fixed to the 

same value for all simulated data. However, like previous studies, the analysis in this chapter supports 

the importance of clustering of the outcome variable for the extent of bias in SEs when clustering is 

not accounted for. SEs from the RI logistic model were higher than those from the OL model in all 

the cases examined. The difference in precision of point estimates from the two models was larger as 

clustering of the outcome variable increased. However, even for the lowest value of clustering 

(ICC=0.001), SEs from the RI logistic model were on average 2% higher than those from the naïve 

logistic model.  

In addition, in this chapter, I explored separately cases of continuous and binary , and for the latter 

I considered different overall prevalence rates. I found that when  was binary, the ratios of the SEs 

( / ) were higher when the overall prevalence of  was lower (Figure 5.22), especially for 

higher values of dispersion of the cluster-specific prevalence rates of  across clusters. These results 

contradict findings reported by Abo-Zaid et al (108) who showed that the ratio of standard errors 

from the RI model to those from the OL model was greater for  of higher prevalence. However, 

this difference in findings could be a consequence of different conditions and assumptions under 

which simulated data were generated (small number of clusters, larger true effect estimate).  

None of the studies mentioned above explored the effect of clustering in statistical inference for 

varying levels of clustering in . Results from this chapter show that bias in effect estimates did not 

depend on the relative between- to within-cluster dispersion of a continuous , nor on increasing 

dispersion between clusters in the prevalence of a binary . However, in the case of a binary , the 

variation around the average value of differences in point estimates increased with increasing 

dispersion of prevalence of . The ratio of SEs of effects estimated from the RI logistic model to 

those of effects estimated from the naïve logistic regression model increased when relative dispersion 

of the continuous  increased up to a cut-point value, after which further increase did not influence 

relative precision of effects. When  was binary, the ratio of SEs increased with increasing 

dispersion of the cluster-specific prevalence rates of . Moreover, I showed that bias in the precision 

of effect estimates was independent of the population prevalence of the outcome variable when the 
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explanatory variable under investigation, , was continuous, but when  was binary, it was 

somewhat greater for higher prevalence of the outcome than for lower prevalence.  

I additionally analysed real data from the CUPID study to explore whether observations made from 

analysis of the simulated data regarding point estimates and related precision could be replicated. 

Almost all variables in the CUPID study were binary or categorical, only two being continuous and 

with an approximately normal distribution. To enable a direct comparison of results, all binary 

categorical variables were dichotomised, giving 115 binary variables with prevalence rates ranging 

from 2% to 98%. For the purpose of this comparison, all binary variables were used both as outcomes 

and explanatory variables in the univariate logistic regression models fitted, without considering what 

they represented. Estimated ICC values across the different RI logistic models ranged from 0 to 0.7. 

When the two continuous variables (age, and hours worked per week) were used as explanatory 

variables, log odds ratios from the RI logistic model were higher than those from the OL model in 

most of the cases, while SEs from the RI model were always further from the null than SEs from the 

OL model. As observed in the simulated data, ratios of the SEs were higher for higher ICC values. 

The pattern of differences in log odds ratios by increasing levels of clustering was not observed when 

participant’s hours worked/week was used as the explanatory variable. The inconsistency of this 

observation between analysis of simulated data and that of real data from the CUPID study when 

hours worked/ week was used as an explanatory variable was due to the log odds ratios being very 

close to zero; their mean value was 0.004 (i.e. OR=1.0) and they ranged from 0 to 0.04, while the 

corresponding values for age were higher. Indeed, differences in log odds ratios when the two models 

were fitted in simulated data that assumed a true value of zero, were very close to zero and they did 

not vary by ICC level (data not shown). 

Observations from the analysis of real data agreed with those from simulated data also when  was 

binary; point estimates from the two models were on average the same (Figure 5.26), while SEs of the 

point estimates when derived from the RI model were higher than those derived from the OL model, 

with ratios of SEs between the two models being higher when ICC or dispersion of the prevalence of 

 across clusters increased (Figure 5.27).  

Coverage by 95% confidence intervals has been discussed by previous researchers, who have shown 

that when clustering is not accounted for in a regression model, coverage is lower than 95% (108, 

116). That is more apparent in the case of a binary exploratory variable than a continuous one (108). 

The lower rates of coverage reported by Abo-Zaid et al (108) were 46% when  was binary with a 

high prevalence and 84% when it was continuous, and they occurred when both clustering and the 
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true effect value were high. Coverage rates by 95% confidence intervals under the RI logistic model 

have been shown to be 95% (108, 116), as they were in the simulation studies presented in this 

chapter. When the OL model was fitted, I showed that coverage by 95% confidence intervals was 

very close to 95% when clustering was low (ICC≤0.01) in the cases both of a continuous and a binary 

. However, as clustering or prevalence of the outcome variable increased, an undercoverage 

problem was observed for both types of . In the case of a binary , coverage also fell to values 

considerably lower than 95%, when the overall prevalence of  or the dispersion of cluster-specific 

prevalence of  increased. A previous study of simulated data (120) that explored consequences of 

ignoring clustering in relation to levels of clustering of a binary explanatory variable ( ) drew 

similar conclusions, showing that as  increased, coverage decreased to values as low as 45%. An 

exception to this observation was the case of high clustering (ICC=0.3) and high prevalence of  

(0.4), when coverage decreased for lower  (i.e. lower dispersion of  across clusters).  

As for coverage rates, type I error rates were close to the nominal value of 5%, both for the RI logistic 

regression model, and for the OL regression model with low clustering of the outcome variable, 

whether  was continuous or binary. As ICC increased further from 0.01, error rates for the OL 

model increased. They were also somewhat higher for higher prevalence of the outcome variable, 

lower overall prevalence of , and they increased with increasing , expressed either as relative 

dispersion of a continuous , or as dispersion of  the prevalence of a binary  across clusters. Two 

studies have reported type I error rates when a naïve logistic regression model was fitted to clustered 

data (112, 138). However, in both cases, the rates reported were related to the effect of a cluster-level 

variable rather than that of an individual-level variable, of the sort considered in this chapter. 

Consequently, comparison of observations on type I error rates from my results and published studies 

cannot be made.  

In summary, my findings support the use of RI logistic regression models when data are clustered 

(and conform to the assumptions of the RI model) and one wishes to estimate ORs. Failure to account 

for clustering can result in important underestimation, both of effects and their precision, a bias which 

is most apparent when ICC values exceed 0.03. Prevalence of the outcome variable does not influence 

bias in the case of a continuous explanatory variable. In contrast, when the explanatory variable is 

binary, bias is somewhat higher when prevalence of the outcome variable is higher, but it is not 

affected by overall prevalence of the explanatory variable. These findings are very much in agreement 

with those from the literature. However, unlike previous researchers, I also explored consequences of 

ignoring clustering for increasing relative between- to within-dispersion of a continuous explanatory 
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variable, and for increasing dispersion of the cluster-specific prevalence rates of a binary explanatory 

variable, essentially representing increasing clustering in the explanatory variable. With regard to the 

latter, I found that  does not affect level of bias in the point estimates, but it increases bias in SEs 

estimated by a naïve logistic regression model. Other than estimates of effect and SEs, I also showed 

that higher levels of ICC lead to severe undercoverage problems and inflation of Type I error rates 

when clustering is not taken into account. Such errors were even more likely to occur when the 

population prevalence of the outcome variable was high, and in the case of a binary explanatory 

variable, when its prevalence was high (~40%). It is in those circumstances that statistical inference is 

likely to be importantly influenced by failing to consider clustering effects when analysing data. As 

with the case of a continuous outcome, in all circumstances in which the ICC is small, clustering is 

minimal, and there is little increase in Type 1 error when a naïve logistic regression model is fitted 

instead of a RI logistic regression model.   
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Chapter 6. Comparison of naïve regression models with 

dummy variables for the clusters to RI regression models 

6.1 Introduction 

The consequences of ignoring clustering were examined in detail in chapters 4 and 5 for linear and 

logistic regression, respectively. In that exploration, the regression models that ignored the effects of 

clustering were OLS for continuous  and OL for binary , as described in equations 4.1 and 5.1. 

However, sometimes researchers who appreciate the potentially important effects of different 

centres/clusters from which observations are drawn, instead apply the same naïve regression models, 

but with incorporation of dummy variables for the centres/clusters. In that way, a fixed effect is fitted 

for each cluster, relative to a baseline cluster. The cluster is thus treated as representing an observed 

quantity, the effect of which needs to be fixed in the same way that a confounder would need to be 

accounted for in the regression model. That, however, is still different from the principle of the 

random intercept multilevel model in which the interest is in the association between the outcome and 

the explanatory variables when accounting for a random distribution of intercepts across clusters. In 

the second case, conclusions are drawn about the population from which the observed clusters were 

drawn, rather than the particular clusters themselves.      

This approach has been described earlier in the thesis (section 2.3). I here extend the research 

question on consequences of ignoring clustering by comparing the estimates from a naïve regression 

model with a dummy variable (DV) for each cluster with those from the RI model.  

6.2 Methods 

The methods of this investigation were the same as those described in sections 4.3, 4.5, 5.3, and 5.5. 

However, only a subset of the scenarios explored in the previous chapters are considered here. These 

are described below 

 Continuous outcome and continuous explanatory variable with relative dispersion of the 

explanatory variable ranging from 0-1 and 5-5.5 

 Continuous outcome and binary explanatory variable with dispersion of prevalence of the 

explanatory variable ranging from 0 to 0.6 and overall prevalence of the explanatory variable 

0.1 and 0.4 
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 Binary outcome of prevalence 0.1 and 0.3 and continuous explanatory variable with relative 

dispersion of the explanatory variable ranging from 0-1 and 5-5.5 

 Binary outcome of prevalence 0.1 and 0.3  and binary explanatory variable with dispersion of 

prevalence of the explanatory variable ranging from 0 to 0.6 and overall prevalence of the 

explanatory variable 0.1 and 0.4 

6.3 Results 

Comparison of point estimates   

Differences in regression coefficients estimated from RI and DV linear regression models are plotted 

against the relative dispersion of a continuous and the dispersion of prevalence rates of a binary 

explanatory variable  in figures 6.1 and 6.3, respectively. Also, the difference in the estimated log 

odds ratios from the two modelling approaches (when the outcome was binary and logistic regression 

models were fitted) are plotted in figures 6.5 (for continuous ) and 6.7 (for binary ). For ease of 

interpretation of findings on differences between effect estimates, the dispersions of point estimates 

derived from the two analytical models (RI and DV) are illustrated in figures 6.2, 6.4, 6.6, and 6.8. 

With the simulated data that I generated, the two modelling methods (RI and DV) produced effect 

estimates that were very close to each other, the largest differences being only about 4% of the true 

value. They were even lower when  was binary with a high overall prevalence (figures 6.3 and 

6.7). 

In the case of linear regression, the average difference of the effect estimates was very close to the 

null value of zero irrespective of ICC values, and relative dispersion of mean values of the continuous 

 (Figure 6.1) or dispersion of prevalence rates of the binary  across clusters (Figure 6.3). 

However, in logistic regression (figures 6.5 and 6.7), a small bias was observed, with average values 

of differences in log odds ratios being <0 (mean value = -0.01 for all ICC values). That was due to 

small overestimation of  (mean value 0.701 corresponding to an OR 2.02) rather than bias in the 

estimation of  (mean value 0.694 corresponding to OR 2.00).  

In all cases, increasing clustering of the explanatory variable (expressed either as increasing relative 

dispersion of a continuous  or increasing dispersion of the prevalence rates of a binary  across 

clusters) increased the dispersion of differences of effect estimates symmetrically around the mean 

value of differences (0 in linear  and -0.01 in logistic regression). Also, differences in effect estimates 

were more narrowly spread around the mean value of differences when the ICC was high (ICC=0.3) 
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than when it was low (ICC=0.003). These two patterns were due to larger dispersion of the effects 

derived from the DV approach ( ′ ) compared to those from the RI approach ( ′ ) when the 

ICC was low (ICC=0.003) and clustering in the explanatory variable was high (figures 6.2, 6.4, 6.6, 

and 6.8). Increasing ICC made dispersion of the effect estimates from the two approaches more 

comparable, irrespective of the clustering level of . That pattern was more pronounced when the 

explanatory variable of interest was continuous than when it was binary (difference in dispersion of 

estimates from the RI and the DV models in figures 6.2 and 6.6 as compared with figures 6.4 and 

6.8).  

 

Figure 6.1. Difference between regression coefficients estimated from RI and DV linear regression 

models ( ) plotted against relative between- to within-cluster dispersion of explanatory 

variable , for different levels of intraclass correlation (shades of grey as indicated in the legend) 
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Figure 6.2. Standard deviation and range of estimated regression coefficients from the RI and the DV 

linear regression models for categories of relative between- to within-cluster dispersion of the 

explanatory variable  (as indicated in the -axis) and ICC values  

 

Figure 6.3. Difference between regression coefficients estimated from RI and DV linear regression 

models ( ) plotted against dispersion of prevalence of the explanatory variable  across 

clusters. Figure A: Overall prevalence of  0.1. Figure B: Overall prevalence of  0.4 
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Figure 6.4. Standard deviation of estimated regression coefficients from the RI and the DV linear 

regression models for fifths of the distribution of dispersion of prevalence of the explanatory variable 

 across clusters, overall dispersion of , and ICC values 

 

Figure 6.5. Difference between log odds ratios estimated from RI and DV logistic regression models 

( ) plotted against relative between- to within-cluster dispersion of explanatory variable , 

and for different levels of intraclass correlation (shades of grey as indicated in the legend)  
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Figure 6.6. Standard deviation and range of estimated log odds ratios from the RI and the DV logistic 

regression models for categories of relative between- to within-cluster dispersion of the explanatory 

variable  (as indicated in the -axis) and ICC values 

 

Figure 6.7. Difference between log odds ratios estimated from RI and DV logistic regression models 

( ) plotted against dispersion of prevalence of the explanatory variable  across clusters 
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and for different ICC values, and overall prevalence of the outcome and the explanatory variable as 

indicated in each sub-plot 

 

Figure 6.8. Standard deviation and range of log odds ratios estimated from the RI and the DV logistic 

regression models for categories of dispersion of prevalence of the explanatory variable  across 

clusters, overall prevalence of , overall prevalence of , and ICC values 
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were seen when  was continuous, while when  was binary, ratios of SEs ranged only from 0.97 

to 1.01. The lowest values of ratios of SEs (i.e. largest deviation of the ratio of SEs from 1) were seen 

when  was continuous and for the highest level of clustering of  and the lowest value of ICC.   

In the circumstances in which the deviations of the ratios of SEs from the null value were greatest 

(i.e. when  was continuous), the patterns of ratios of SEs were explored further by plotting the 

mean values of SEs of the point estimates from the two regression approaches (Figure 6.10 for 

continuous , and Figure 6.13 for binary ). With a continuous , and either a continuous or a 

binary , the average values of SEs of effect estimates derived from the DV model were generally 

very similar across increasing categories of relative dispersion of . An exception, however, was the 

case of the highest category of relative dispersion of  and high prevalence of  (lower part of 

Figure 6.13) for which SEs from the DV model were on average higher than those for lower 

categories of relative dispersion of . In contrast, SEs from the RI model were on average higher for 

lower relative dispersion of  and decreased as relative dispersion of  increased. This decreasing 

trend was more prominent for lower ICC values.  

 

Figure 6.9. Ratios of standard errors estimated from RI and OLS models ( ) plotted 

against relative between- to within-cluster dispersion of explanatory variable  and ICC values 
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Figure 6.10. Mean values of SEs of estimated regression coefficients from the RI and the DV models 

for categories of relative between- to within-cluster dispersion of the explanatory variable  (as 

indicated in the -axis) and ICC values 

 

Figure 6.11. Ratios of standard errors of regression coefficients estimated from RI and DV linear 

regression models ( ) plotted against dispersion of prevalence of the explanatory variable 

 across clusters. Figure A: Overall prevalence of  0.1. Figure B: Overall prevalence of  0.4 
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Figure 6.12. Ratios of standard errors of log odds ratios from RI and DV logistic regression models 

( ) plotted against relative between- to within-cluster dispersion of explanatory variable 

 and ICC values 

 

Figure 6.13. Mean values of SEs of estimated log odds ratios from the RI and the DV logistic 

regression models for categories of relative between- to within-cluster dispersion of the explanatory 

variable  (as indicated in the -axis) and ICC values  
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Figure 6.14. Ratios of standard errors of log odds ratios estimated from RI and DV logistic regression 

models ( ) plotted against dispersion of prevalence of the explanatory variable  across 

clusters and for different ICC values, and overall prevalence of the outcome and the explanatory 

variable as indicated in each sub-plot 

Comparison of rates of coverage and type I error 

The rates of coverage by 95% confidence intervals from the RI and the DV regression models, and of 

type I error, are summarised according to ICC values and levels of clustering in the explanatory 

variable (expressed either as increasing relative dispersion of a continuous  or increasing 

dispersion of the prevalence rates of a binary  across clusters) in tables 6.1 to 6.4. Type I error rates 

from both analytical models were very close to the nominal value of 5% across all scenarios of 

distribution of  (binary or continuous) and  (binary or continuous), ICC values, and clustering of 

. They varied from 3% to 7.3% when a RI model was fitted and from 3% to 6.8% when a DV 

model was fitted. Similarly, coverage rates across the different scenarios were very close to 95%; 

those from the RI model varied from 93% to 97.1% and those from the DV model varied from 92.4% 

to 96%. The tight distributions of both types of rate around the nominal values were to be expected 

for the DV approach given the great similarity of the effect estimates and associated SEs derived from 

the DV to those from the RI model, as described above.     

.9
7

.9
8

.9
9

1
1.

01

0 0.2 0.4 0.6

Prevalence of y=10% / Prevalence of x=10%

.9
7

.9
8

.9
9

1
1.

01

0 0.2 0.4 0.6

Prevalence of y=10% / Prevalence of x=40%

.9
7

.9
8

.9
9

1
1.

01

0 0.2 0.4 0.6

Prevalence of y=30% / Prevalence of x=10%

.9
7

.9
8

.9
9

1
1.

01

0 0.2 0.4 0.6

Prevalence of y=30% / Prevalence of x=40%

R
at

io
s 

of
 th

e 
SE

s 
of

 th
e 

lo
g 

od
ds

 ra
tio

s 
(S

E_
R

I/S
E_

D
V)

Dispersion of prevalence of x across clusters

0.003 0.03 0.3
Intraclass Correlation Coefficients (ICCs)



 

 164   

Table 6.1. Coverage (%) by 95% confidence intervals and Type I error rates for RI and DV linear 

regression models according to categories of relative between- to within-cluster dispersion of the 

explanatory variable  and ICC values 

 Relative between- to within-
cluster dispersion of  ICC=0.003 ICC=0.03 ICC=0.3 

  RI DV RI DV RI DV 

C
ov

er
ag

e 
(%

) 
b

y 
95

%
 C

Is
 0.08-0.2 95.7 95.9 95.2 95.6 95.5 95.6 

0.2-0.4 95.1 95.1 95.4 95.3 95.2 95.1 

0.6-1.0 94.8 95.0 95.5 96.0 94.7 94.9 

5.0-5.5 94.3 95.0 94.5 95.0 94.6 94.7 

T
yp

e 
I 

er
ro

r 
ra

te
s 

(%
) 0.08-0.2 4.9 4.9 5.5 5.6 5.7 5.6 

0.2-0.4 4.9 5.3 5.0 5.5 5.4 5.4 

0.6-1.0 4.8 4.9 4.8 5.1 5.1 5.1 

5.0-5.5 3.8 5.2 4.4 5.0 4.3 4.9 

 

Table 6.2. Coverage (%) by 95% confidence intervals and Type I error rates for RI and DV models 

according to categories of dispersion of prevalence of the explanatory variable  across clusters, 

overall dispersion of , and ICC values  

 Overall 
prevalenc
e of  

Dispersion of 
prevalence of  
across clusters 

ICC=0.003 ICC=0.03 ICC=0.3 

   RI DV RI DV RI DV 

C
ov

er
ag

e 
(%

) 
b

y 
95

%
 C

Is
 0.1 

0-0.2 95.1 95.1 95.1 95.1 94.7 94.8 

0.2-0.4 94.4 94.1 94.4 94.4 94.9 94.9 

0.4-0.6 95.0 94.8 95.4 95.2 95.1 95.2 

0.4 

0-0.2 95.2 95.1 94.8 94.9 95.4 95.3 

0.2-0.4 94.9 94.9 95.5 95.6 94.8 94.8 

0.4-0.6 95.4 95.1 93.8 93.8 95.8 95.7 

T
yp

e 
I 

er
ro

r 
ra

te
s 

(%
) 0.1 

0-0.2 4.9 4.9 4.9 4.9 5.3 5.2 

0.2-0.4 5.6 5.9 5.6 5.6 5.1 5.1 

0.4-0.6 5.0 5.2 4.6 4.8 4.9 4.8 

0.4 

0-0.2 4.8 4.9 5.2 5.1 4.6 4.7 

0.2-0.4 5.1 5.1 4.5 4.4 5.2 5.2 

0.4-0.6 4.6 4.9 6.2 6.2 4.2 4.3 
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Table 6.3. Coverage (%) by 95% confidence intervals and Type I error rates for RI and DV logistic 

regression models according to categories of relative between- to within-cluster dispersion of the 

explanatory variable  and ICC values 

 Population 
prevalence 
of  

Relative between- 
to within-cluster 
dispersion of  

ICC=0.003 ICC=0.03 ICC=0.3 

   RI DV RI DV RI DV 

C
ov

er
ag

e 
(%

) 
b

y 
95

%
 

C
Is

 

0.1 

0.08-0.2 94.9 94.9 93.9 94.4 96.3 94.1

0.2-0.4 94.9 93.6 93.7 92.4 94.8 93.6 

0.6-1.0 94.9 93.5 94.6 95.4 95.0 94.1 

5.0-5.5 97.0 96.0 94.8 94.8 95.4 95.1 

0.3 

0.08-0.2 94.7 93.7 95.7 94.8 95.1 94.6 

0.2-0.4 95.4 93.0 94.7 93.4 95.1 93.7 

0.6-1.0 95.0 93.7 96.4 94.9 95.1 93.3 

5.0-5.5 97.1 95.4 95.7 94.4 96.0 94.6 

T
yp

e 
I 

er
ro

r 
ra

te
s 

(%
) 

0.1 

0.08-0.2 5.3 5.1 4.8 5.0 4.8 4.8 

0.2-0.4 4.6 4.4 4.3 5.2 4.9 4.9 

0.6-1.0 7.3 6.0 5.5 5.5 4.5 5.1 

5.0-5.5 5.2 4.6 4.9 5.7 4.6 3.0 

0.3 

0.08-0.2 5.9 6.1 3.6 4.2 3.8 4.2 

0.2-0.4 4.5 3.2 4.5 4.9 5.0 4.5 

0.6-1.0 4.6 4.3 4.2 4.7 5.0 5.1 

5.0-5.5 3.0 4.4 4.6 6.3 5.9 6.3 

 

Table 6.4. Coverage (%) by 95% confidence intervals and Type I error rates for RI and DV logistic 

regression models according to categories of dispersion of prevalence of the explanatory variable  

across clusters, overall dispersion of , overall prevalence of , and ICC values 

 Overall 
prevale- 
nce of  

Overall 
prevale- 
nce of  

Dispersion of 
prevalence of 

 across 
clusters 

ICC=0.003 ICC=0.03 ICC=0.3 

    RI DV RI DV RI DV 

C
ov

er
ag

e 
(%

) 
b

y 
95

%
 

C
Is

 0.1 

0.1 

0-0.2 95.0 94.2 94.6 94.6 95.4 95.1 

0.2-0.4 94.6 93.6 95.6 95.4 96.5 96.0 

0.4-0.6 93.4 93.1 95.1 94.3 95.3 95.0 

0.4 

0-0.2 93.9 93.8 95.4 95.30 94.2 94.6 

0.2-0.4 93.9 94.0 95.5 94.9 94.2 94.4 

0.4-0.6 95.5 95.8 95.3 94.4 94.4 94.4 

0.3 0.1 
0-0.2 94.8 94.7 95.0 94.6 94.9 95.0 

0.2-0.4 94.9 94.5 95.1 94.2 95.6 95.0 
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 Overall 
prevale- 
nce of  

Overall 
prevale- 
nce of  

Dispersion of 
prevalence of 

 across 
clusters 

ICC=0.003 ICC=0.03 ICC=0.3 

    RI DV RI DV RI DV 

0.4-0.6 94.7 94.9 94.9 94.4 93.0 92.7 

0.4 

0-0.2 94.7 94.2 95.0 94.6 95.1 94.5 

0.2-0.4 96.0 94.4 95.5 95.1 94.4 93.7 

0.4-0.6 94.4 94.8 94.1 93.2 95.4 94.4 

T
yp

e 
I 

er
ro

r 
ra

te
s 

(%
) 0.1 

0.1 

0-0.2 5.1 5.3 4.7 4.9 4.7 4.9 

0.2-0.4 5.1 5.6 5.7 5.7 3.8 4.1 

0.4-0.6 4.5 4.8 5.9 6.4 7.0 6.8 

0.4 

0-0.2 5.2 5.3 4.7 4.9 5.4 5.5 

0.2-0.4 4.9 5.1 5.3 5.4 4.7 4.7 

0.4-0.6 4.2 3.8 3.9 4.1 5.3 5.1 

0.3 

0.1 

0-0.2 5.7 5.9 4.4 4.6 4.5 4.6 

0.2-0.4 4.8 4.8 5.6 5.7 6.0 6.0 

0.4-0.6 3.7 3.9 4.1 4.5 5.1 5.1 

0.4 

0-0.2 5.4 5.4 5.4 5.6 4.1 4.1 

0.2-0.4 5.3 5.3 5.9 6.0 4.8 5.0 

0.4-0.6 5.6 5.6 4.2 3.9 4.0 4.0 

 

6.4 Summary of findings 

In this chapter, a different analytical approach to clustering was explored, namely OL regression 

modelling with the incorporation of dummy variables (DVs) for clusters in the prediction part of the 

model. As in the previous two chapters, the estimated effects and the corresponding precision derived 

from the DV approach were compared with those from the RI model for several scenarios of 

distribution and level of clustering of the outcome and explanatory variables. In all of the cases 

explored, point estimates from the two methods (DV and RI) were very close to each other while 

small differences were seen in the corresponding SEs from the two approaches mainly when the 

explanatory variable  was continuous, with large relative dispersion of cluster-specific mean values 

of , and small ICC values. Despite these small differences observed in SEs, statistical inference as 

assessed by error and coverage rates was not affected by fitting fixed effects for the clusters instead of 

incorporating random effects in the model; both types of rate were very close to the nominal values. 

These results provide some reassurance that when a naïve DV model is fitted instead of a RI model 

when data are clustered, conclusions drawn from the analyses are unlikely to be as misleading as from 

a naïve model without the use of dummy variables for clusters. It should, however, be noted that such 
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a model can be applied only in situations where the association under investigation is between the 

outcome and an individual-level explanatory variable. When the explanatory variable of interest does 

not vary within clusters, its effect cannot be estimated as it cannot be separated from those of the 

cluster dummy variables. Additionally, the DV model is more suitable when the number of clusters is 

small, or when the size of clusters is large. Otherwise (when the number of clusters is large) many 

degrees of freedom are used resulting in loss of statistical power. A more detailed description of the 

problems associated with fitting a DV model in the presence of clustering has also been given above 

in section 2.3.    
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Chapter 7. Comparison of meta-analytical to pooled analysis 

estimates 

7.1 Introduction 

Chapter 4 and Chapter 5 described investigations into the consequences of ignoring clustering in 

regression analysis, and identified circumstances in which conclusions drawn from statistical analysis 

of hierarchical data are likely to be misleading when clustering is ignored. One situation in which 

clustered data are commonly encountered is meta-analysis, and in this chapter I exploit the CUPID 

dataset to compare various statistical methods for estimating odds ratios through meta-analysis. 

Meta-analysis is a statistical technique that is used to combine evidence from independently 

conducted studies that provide data relevant to the same specified research question. Usually, the 

objective is to generate an overall estimate of the effect of an exposure on an outcome of interest, 

calculated as a weighted average of separate effect estimates reported in different studies. Meta-

analysis is relatively quick and inexpensive as it uses information available from published results. 

Also, when it forms part of a well-conducted systematic review, it is considered to provide the 

strongest evidence concerning an association, as it incorporates and synthesises evidence from 

multiple studies (139). For these reasons, the use of meta-analysis has increased over the years, with 

302 meta-analyses found in PubMed in 1990 and 1,301 in 2000, increasing to 2,885 in 2005 and to 

3,095 in 2008 (140).  

Even though conclusions drawn from meta-analyses are widely accepted, there has been criticism of 

the statistical technique insofar as it combines results from studies that can be very different in the 

methods used, population samples chosen, and effect sizes reported (heterogeneity of results) (141). 

Another potential problem in meta-analysis of published results is publication bias, which can arise 

when there is selective presentation of research findings in the published literature (142). This is a 

concern because results that are selected for publication tend to be biased in favour of positive or 

more interesting findings. Publication bias can thus be regarded as a form of selection bias.    

As an alternative, when individual-level data are available from multiple studies that explore the same 

research question, evidence can be synthesised by conducting an analysis that uses individual 

information from the entire dataset. In the context of clinical trials, this method is sometimes called 

meta-analysis of individual patient data (143), but in epidemiological studies it is commonly referred 

to as pooled analysis of individual data (73).       
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Pooled analysis has important advantages over meta-analysis of published results (144). Firstly, it 

allows researchers to obtain information about participants that is not available in published reports, 

and to use that information in statistical analysis. As individual information is available, subgroup 

analyses can be conducted, such as by gender, which may not be possible otherwise. Also with this 

statistical approach, publication bias, which is a major problem in meta-analysis of published results, 

may be reduced if data from unpublished studies can be included (73). Effect modification can also be 

examined when individual level data are available. Finally, to obtain patient data from different 

studies, several research teams must cooperate, effectively enhancing collaboration between study 

centres.    

Due to its important advantages over meta-analysis of published results, pooled analysis has been 

described as the gold standard for synthesising evidence from different studies (73, 145-147). Since 

the method was initially proposed, the number of systematic reviews that have conducted pooled 

analysis of individual data has increased, similar to the increase seen in meta-analyses. As reported by 

Simmonds et al (148), the method was identified in only 6 publications in the period 1991-1992, and 

the number increased to 16 during 1993-1995, 33 during 1996-1998, and 43 during 1999-2001. Riley 

et al have also reviewed the articles that have applied this method and have reported a total of 383 

published articles up to March 2009, with an average number of 49 articles per year between 2005 

and 2009 (144). They suggested that this increase was due to an increased awareness of the benefits 

of pooled analysis as compared to the meta-analysis of published results.   

Despite the strong advantages of pooled analysis of individual data, the method also has several 

drawbacks. It is resource-intensive and requires a variety of skills (i.e. scientific, computing, data 

management) (143). Moreover, it is time-consuming because it involves negotiating collaborations, 

and a long period normally elapses from the first communication with the authors until final 

acquisition of the data, data management and eventually data analysis. In addition, if authors are not 

contactable and thus do not provide individual data, only a selection of all studies will eventually be 

included in the pooled analysis, with the possibility that those that are available are systematically 

unrepresentative, leading to selection bias (149).  

As both statistical approaches for synthesising evidence are prone to selection bias, and given the 

time and resource requirements of pooled analysis of individual data, meta-analysis will continue to 

find applications. Therefore, it is important to explore how well estimates from the two methods 

compare, and what determines any differences in results when they occur. This might enable 

confident use of meta-analysis of results when derived estimates were likely to be very close to those 
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that one would get from pooled analysis, with limitation of pooled analysis of individual data to 

circumstances in which this did not apply.  

Several studies have compared results from pooled analysis of individual data and from meta-analysis 

of published results. They have found that meta-analysis estimates were very close to those derived 

from pooled analysis. However, most of them compared results from application of the two methods 

to data that were not derived from identical populations (i.e. different studies were included for the 

two methods) (150-153), or analyses based on only a small number of studies (154, 155). No study so 

far has compared estimates from the two methods using multiple studies in which methods of data 

collection and ascertainment of exposure and disease were standardised. 

The CUPID study is a multicentre investigation with participants recruited in 18 countries from up to 

4 occupational groups. As described in section 0, the participants in the study are uniquely grouped 

into 47 occupational groups (Table 1.1) that are defined by type of work and country. These 47 

groups can be regarded as providing 47 distinct and independently conducted studies for which the 

methods of data collection and ascertainment of exposure and health outcomes were standardised. 

Thus, the CUPID study provides a good opportunity to explore agreement between the two statistical 

approaches for synthesising evidence in a setting of 47 similarly conducted studies. Also, identifying 

situations in which the two methods may disagree, even when combining effect estimates derived 

from studies of standardised methodology, would be valuable information for the choice of analytical 

approach in future studies of secondary research.  

This chapter compares estimates of effect and related precision derived from several methods of 

meta-analysis and pooled analysis of individual data, using data from the CUPID study. To assess 

possible influences on differences in the estimation of effect from the two methods, various 

combinations of outcome and binary predictor variables were examined.  

7.2 Methods  

The outcome variables considered were the one-month prevalence of disabling low back, wrist/hand, 

and elbow pain, hereafter described as ‘back pain’, ‘hand pain’ and ‘elbow pain’, chosen to cover a 

range of prevalence rates (6% to 22%). Pain was defined as disabling if it had made it difficult or 

impossible for the participant to carry out any of a specified list of everyday activities (36).   

The explanatory variables examined were chosen because they had been shown previously to be 

significantly associated with the pain outcomes of interest. They were relevant occupational activities 



 

 172   

(in an average working day), reported distress from common somatic symptoms (somatising 

tendency), age, and sex (26, 156). The occupational activities examined were specific to the pain 

outcome. Lifting weights of 25kg or more by hand, use of a keyboard for >4 h in total and/or other 

tasks involving repeated movements of the wrists or fingers for >4 h in total, and repeated elbow 

bending for one hour or more were examined as risk factors for back, wrist/hand, and elbow pain, 

respectively. Somatising tendency was classified according to the number of somatic symptoms from 

a total of 5 that had been at least moderately distressing in the past week (categories: 0, 1, and 2+). 

Age was categorised in 10 year age bands (20-29, 30-39, 40-49, and 50-59). 

Unadjusted and mutually adjusted effects of exposure variables on the pain outcome variables were 

estimated from models fitted by following the statistical approaches described below.   

Meta-analysis  

As described in the introduction, meta-analysis combines summary results from different studies to 

create an overall pooled estimate. Here, to meta-analyse summary estimates from the 47 occupational 

groups, standard logistic regression models, as described in the equation  

ln
1

, 1, … ,47 

~ , : , :  

7.1 

were initially fitted to explore associations between 	( 1,… , ) exposure variables (  and the 

outcome ( ) variable separately in each occupational group. In this model, for a given occupational 

group ,  is the log odds of the outcome for individuals with exposures  ( 1,… , ) equal to 

zero (unexposed individuals), also referred to as baseline risk, and ′  are the log odds ratios 

comparing the odds of the outcome between exposed ( 1) and unexposed ( 0) 

individuals. Also  is the probability of the occurrence of the outcome conditional on the exposure 

( Pr | ). From each group-specific logistic regression model, estimates of  were 

derived and saved and then combined in meta-analysis models. As for some occupational groups the 

log odds ratio  could not be estimated (due either to there being zero events for the outcome or 

exposure variable, or to problems with estimation), the number of occupational groups finally 

included in the meta-analysis was recorded. Estimates of baseline risk  for the 47 occupational 

groups were also saved. 
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The (up to 47) log odds ratio estimates ( ) were used to test for heterogeneity using the Q-statistic 

(157), which follows a  distribution. The derived p-value from this test was taken as a measure of 

the level of statistical heterogeneity with lower values indicating more heterogeneous effect estimates. 

    

Fixed effects model (MA_FE) 

The fixed effects meta-analysis model assumes a common effect estimate across the different studies 

included in the meta-analysis, with a small variation that is due to sampling error alone. Given 

homogeneity of effect estimates, several methods have been suggested for pooling log odds ratios, 

including the Mantel-Haenszel method (158), the inverse variance method (159), and Peto’s method 

(160). The inverse variance method was chosen here as it is widely used and can be directly 

compared with the random effects method for heterogeneous effect estimates.  

Following the inverse variance method, also known as Woolf’s method, the group-specific estimates 

 were weighted according to the inverse of their variance 1⁄ . The pooled 

estimate was then calculated as the weighted average of all separate estimates 

∑ ∑ .  

Random effects model (MA_RE) 

The random-effects meta-analysis model was suggested by DerSimonian and Laird (161) as an 

alternative method when variation of the effect estimates across studies included in the meta-analysis 

cannot be explained by sampling error alone, and systematic differences between estimates are 

assumed to be present. With this method, the effects estimated from logistic models fitted separately 

in each occupational group were weighted by 1⁄ , with  being the 

variance of the effect estimate for the occupational group , and  the variance between occupational 

groups. The pooled effect was then calculated as in the MA_FE model.  

Pooled analysis of individual data  

Logistic regression – no group adjustment (LR_nga) 

In this approach the clustering of observations within occupational groups is ignored and data are 

analysed together as if they come from a single group. The standard logistic regression model for a 

binary outcome  and  exposure variables  ( 1, … , ), is similar to that described in 7.1: 
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, ∀  
7.2 

As in equation 7.1,  is the log odds of the outcome for individuals with  equal to zero for all ’s 

(unexposed individuals), and  is the log odds ratio comparing the odds of the outcome between 

exposed ( 1) and unexposed individuals ( 0) for a given exposure , keeping the rest of 

the covariates constant.  

Logistic regression – dummy variable group adjustment (LR_dvga) 

With this approach the model described in equation 7.2 is expanded by including dummy variables 

for the occupational groups to which individuals belong. With these covariates in the model, the main 

effect of the exposure variables , 1, … , , is corrected for the effect that each occupational 

group has on the outcome variable. As there were 47 occupational groups, the model incorporated 46 

dummy variables and was specified as:  

 

where  2,… ,47  was the log odds of the outcome of the m-th occupational group as 

compared to the first group.   

Pooled analysis random intercept model (PA_RI) 

This model has been described in Chapter 5. In brief, the occupational group effects are now 

incorporated in the model as group-specific intercepts that follow a normal distribution around a 

mean value of  with variance . The random intercept model can be described by the following 

equation: 

 

with index  denoting the individual,  the occupational group to which the individual belongs, and  

the exposure. Here, the intercept of the model, , represents the log odds of the outcome when  

for all ’s is zero, and is specific for each occupational group. In other words, based on this analytical 

approach each occupational group is allowed to have a different baseline risk (log odds of the 

outcome event for the unexposed) distributed normally around an overall log odds . This model 

also assumes that the log odds of the outcome event among the exposed as compared to the log odds 
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among the unexposed is constant across occupational groups and equal to  for a given exposure , 

while the rest remain constant.  

Pooled analysis random coefficient model (PA_RC) 

This model is an expansion of the multilevel random intercept model such that the ratio of log odds 

between exposed and unexposed individuals ( , 1, … , ) is allowed to vary across occupational 

groups. This model has also been described in section 2.3 as the RE model. The model specification 

is very similar to that of the random-intercept model, and is described by the equation: 

 

Here,  is the log odds ratio that is specific to each occupational group, for a given exposure . In 

this model,  and  are distributed normally around an overall  and , respectively. Based on 

the model, any assumption about common baseline risk and risk ratio across the different groups is 

relaxed as they both vary. 

Statistical analysis 

Effects of the explanatory variables were estimated from the models described above, initially in 

univariate analysis and then mutually adjusted. Parameter estimates exp	  from the fitted 

statistical models and the corresponding 95% confidence intervals were saved, and were compared 

graphically. In addition to s, SEs of  were saved and compared between different models. For 

each two analytical methods, the measures of comparison for  and  were defined as  

 

	  

7.3 Results 

Description of the outcome and exposure variables across the 47 occupational groups 

The overall prevalence of the outcome and exposure variables, and the distribution of prevalence rates 

across the 47 occupational groups, are described in Table 7.1 and illustrated graphically in Figure 7.1. 

Among the three pain outcomes, back pain was the most prevalent overall (22.5%), and elbow pain 
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the least prevalent (6.2%). Also, elbow pain was the outcome for which prevalence across the 47 

occupational groups varied the least. Overall prevalence rates were high for most of the exposure 

variables examined (21% to 74%), but were somewhat lower for reporting distress from two or more 

common somatic symptoms (18%) and being 50-59 years old (16%). The prevalence of relevant 

occupational activities, young age (20-29), and the proportion of females varied considerably, while 

that of reporting distress from one common somatic symptom varied less across occupational groups 

(range for one somatic symptom: 8-31%).   

Ratios of the effect estimates and of the associated precision from the univariate models are presented 

in Table 7.2, while those from the models in which the effects of the explanatory variables were 

mutually adjusted are presented in Table 7.3. For ease of description and interpretation, only ratios 

higher than 1.1 corresponding to differences greater than 10% or an equivalent of 0.91, are shown. 

Graphical illustration of the comparison of estimates of effects and related precision from the 

different models is given in Appendix 1.   

 

Figure 7.1. Box and whisker plot showing the prevalence (%) of the outcome and the exposure 

variables across the 47 occupational groups. For each outcome/exposure variable presented here, the 

line that cuts through each box represents the median prevalence rate, the top and bottom of the box 
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represent the 75th centile (upper quartile) and 25th centile (lower quartile) of the distribution of the 

prevalence rates, and the lines above and below the box are the two whiskers (indicating the largest 

and the smallest extremes of the distribution excluding exceptional outliers) 

Table 7.1. Prevalence rates (%) of the outcome and the explanatory variables across the 47 

occupational groups 

 

 

Mean of 

prevalence 

rates 

Median of 

prevalence 

rates 

Range of 

prevalence 

rates 

Interquartile 

range (IQR) of 

prevalence rates 

Outcomes     

Disabling low back pain 22.5 22.0 6.1-42.6 15.1-30.0 

Disabling wrist/hand pain 15.8 13.7 1.1-39.5 7.5-22.1 

Disabling elbow pain 6.2 5.5 0.0-14.6 3.5-9.2 

Explanatory variables     

Occupational activities     

Lifting weights 25 kg or more 29.7 24.8 0.0-83.3 5.4-51.3 

Use of keyboard or other 

repeated movement of 

wrist/hand 

80.4 86.1 33.6-100.0 69.3-96.7 

Repeated elbow bending 1+ 

hour 

73.0 81.3 22.6-100.0 60.9-88.8 

Number of distressing somatic 

symptoms 

    

0 58.5 59.7 27.1-90.3 44.1-68.6 

1 21.3 21.8 7.5-31.0 17.2-25.0 

2+ 19.3 16.4 2.1-49.3 10.1-28.4 

Age (years)     

20-29 26.4 20.3 0.4-75.7 8.5-43.1 

30-39 30.7 31.3 8.4-67.0 23.0-36.1 

40-49 27.4 27.4 2.6-57.9 16.1-35.6 

50-59 15.5 13.9 0.0-45.2 4.0-23.5 

Sex (Female) 66.3 72.6 0.0-100.0 47.4-93.2 
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Comparison of estimates from different methods of meta-analysis 

In both unadjusted and adjusted analyses, effect sizes estimated from the MA_FE models were very 

similar to those estimated from the MA_RE models (RORs ranged from 0.97 to 1.03). However, the 

estimated SEs differed between the two models with the RSEs diverging from the value of 1 as 

heterogeneity increased. Specifically, RSEs higher than 1.1 or lower than 0.91 were observed when p-

values of the Q-statistic were approximately equal to 0.2 or less, with higher SEs estimated from 

MA_RE than from MA_FE (all RSEs<1). The lowest ratios of SEs estimated from the two meta-

analytical models was for the effect of the highest age band on wrist/hand pain, for which the 

occupational group-specific effects were highly heterogeneous (p=0.002 and p=0.001, respectively 

for the unadjusted and adjusted analyses). 

Comparison of estimates from different methods for pooled analysis of individual data  

Pooled analysis random intercept (PA_RI) versus Pooled analysis random coefficient (PA_RC) model 

Effect estimates derived from PA_RI and PA_RC were very similar for all associations examined. 

RORs ranged from 0.99 to 1.09 with RORs further from 1 seen where group specific effects were 

more heterogeneous. Relative differences in SEs from the two models were greater than 10% (RSEs 

larger than 1.1 or lower than 0.91) mostly where group-specific effect estimates were heterogeneous 

at a 20% significance level. Exceptions were differences in SEs greater than 10% observed in the 

unadjusted associations between age (40-40 v 20-29) and wrist/hand pain (RSE=0.880, heterogeneity 

p-value=0.428), and occupational activity and wrist/hand pain (RSE=0.896 heterogeneity p-

value=0.407); and in the adjusted association between somatising tendency (2+ v 0) and wrist/hand 

pain (RSE=0.861, heterogeneity p-value=0.420). In all cases, SEs from the PA_RC models were 

higher than those from the corresponding PA_RI models (RSEs<1).   

Logistic regression – dummy variable group adjustment (LR_dvga) versus Pooled analysis random 

coefficient (PA_RC) model  

Effect estimates and associated SEs from the PA_RI model were generally very similar to those from 

the PA_RC model. Thus, comparisons between estimates from any given model and those from the 

PA_RI model closely mirrored comparisons between the same estimates and those from the PA_RC 

model. For simplicity, in what follows, I will only describe comparisons with estimates from the 

PA_RC model.    
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Effect sizes from LR_dvga and PA_RC were also similar for all associations. All ORs from LR_dvga 

were less than 10% different from those derived from the PA_RC model (RORs ranged from 0.92 to 

1.09). Estimates of SEs from the two methods differed by more than 10% for 10 of the 42 

associations examined (7 unadjusted and 3 adjusted), with SEs from LR_dvga models being lower 

than those from PA_RC models (RSEs<1). For almost all of the associations with differing estimates 

of SE, the group-specific effect estimates were heterogeneous at a 20% level (p-value for 

heterogeneity <0.2), and differences were greater when p-values for the heterogeneity of group effects 

were lower. Differences in estimated SEs greater than 10% for homogenous group specific estimates 

(heterogeneity p-value >0.2) were observed for the three associations reported in the comparison of 

SEs from the PA_RI and PA_RC models described above (i.e. unadjusted associations of age (40-49 

v 20-29) and occupational activity with wrist/hand pain, and adjusted association of somatising 

tendency (2+ v 0) with wrist/hand pain). 

Logistic regression – no group adjustment (LR_nga) versus Pooled analysis random coefficient 

(PA_RC) model  

Estimates of effect sizes and SEs from LR_nga models differed greatly from those from PA_RC 

models.  All RORs were higher (i.e. further from the null), and all RSEs were lower than 1, indicating 

that point estimates appeared higher and more precise when no adjustment was made for the 

clustering of observations within occupational groups. Larger differences in the point estimates were 

observed for the (unadjusted and adjusted) association between sex and wrist/hand pain, and the 

largest RSE was seen for the association between age (40-49 v 20-29) and wrist/hand pain. For the 

latter association, the SE from the PA_RC model was almost twice as high as that from the LR_nga 

model.    

Comparison of estimates from meta-analysis and pooled analysis of individual data  

Meta-analysis Random-effects (MA_RE) versus Pooled analysis random coefficient (PA_RC) model   

Relative differences between MA_RE and PA_RC models of 10% or more were seen for most of the 

(unadjusted and adjusted) associations examined, mainly in the SEs of ln(ORs) ( ) derived from 

the two models. Most RSEs were greater than 1 (few RSEs not presented in the tables were <1 as they 

were >0.91), meaning that the estimated precision of the effect from the MA_RE model was always 

lower than that from the PA_RC model. The differences in the SEs generally increased as the number 

of occupational groups that did not contribute to the meta-analysis increased (Spearman correlation 

between number of studies excluded from the estimation of ORs and RSEs = 0.56). Exceptions were 
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the unadjusted effect of age (40-49 v 20-29) on back pain, and the mutually adjusted effects of 

somatisation (2+ v 0) and age (40-49 v 20-29) on back pain, in which the relative difference in 

estimated SEs from the two methods was more than 20% when the number of occupational groups 

that did not contribute to the meta-analysis was five or fewer.  However, for these associations 

(especially the adjusted ones) heterogeneity of the group-specific effects was high, resulting in 

increased imprecision from the MA_RE model. For the associations for which group specific 

estimates were homogeneous across occupational groups, and for which most of the occupational 

groups contributed to the estimation of the pooled effect, RSEs were very close to 1 (range: 0.95 – 

1.14).   

Most RORs were less than 1, indicating lower estimates (i.e. closer to the null) from the MA_RE 

model. As for the RSEs, RORs were also further from 1 as the number of occupational groups 

excluded from the meta-analysis increased (Spearman correlation = 0.71). The largest differences in 

estimated ORs from the two methods were seen when the outcome was elbow pain. Exceptions were 

the (adjusted and unadjusted) associations of age (50-59 v 20-29) with wrist/hand pain and that of the 

same predictor with back pain. However, unlike RSEs, RORs were not influenced by heterogeneity of 

group specific effects.   

To explore further the differences in estimates derived from MA_RE and PA_RC, PA_RC models 

were refitted after exclusion of the occupational groups that were not included in the meta-analysis 

owing to zero events or problems with estimation (last column in tables 2 and 3). With regard to 

estimated precision, results were very similar to those without exclusion of the occupational groups, 

with discrepancies between the meta-analysis and the pooled analysis remaining. However, several 

differences in point estimates observed between MA_RE and PA_RC reduced in size (ROR close to 

1) when the occupational groups excluded from the meta-analysis were also excluded from the pooled 

analysis of individual data.    

 



 

 

Table 7.2. Comparisons between unadjusted estimates of associations with disabling pain from different statistical models. Only RORs and 
RSEs >1.1 or <0.91 are shown   
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Explanatory variable 
(Unadjusted) 

N groups 
excluded 
from MA 

Hetero-
geneity 

 value 

Hetero-
geneity 
P value 

SD of 
Intercepts

MA_FE vs 
MA_RE 

PA_RI vs 
PA_RC 

LR_dvga vs 
PA_RC 

LR_nga vs 
PA_RC 

MA_RE vs 
PA_RC 

MA_RE vs 
PA_RC ¥ 

         

D
is

ab
li

ng
 L

ow
 

B
ac

k 
P

ai
n 

Occupational activity 5 48.46 0.197 0.65  0.886      0.749  1.107  1.108 
Somatising (1 v 0) 0 44.3 0.544 

0.58 
            

Somatising (2 v 0) 2 61.69 0.04  0.813  0.859  0.864 1.151 0.801  1.110  1.113 
Age 30-39 v 20-29 5 40.78 0.48 

0.69 
       0.891     

Age 40-49 v 20-29 5 50.31 0.151  0.866      0.904  1.272  1.249 
Age50-59 v 20-29 13 38.81 0.224  0.892      0.855  1.311  1.192 
Female 10 53.06 0.033 1.24  0.782  0.883  0.905 1.183 0.658  1.191  1.175 

D
is

ab
li

ng
 

W
ri

st
/H

an
d 

P
ai

n Occupational activity 16 31.17 0.407 0.90    0.896  0.900 1.240 0.809 0.901    
Somatising (1 v 0) 3 36.55 0.746 

0.84 
      1.156      

Somatising (2 v 0) 3 50.61 0.198  0.900  0.866  0.868 1.310 0.803     
Age 30-39 v 20-29 9 27.28 0.879 

0.92 
            

Age 40-49 v 20-29 10 36.87 0.428    0.88  0.886  0.780     
Age50-59 v 20-29 16 56.37 0.002  0.696  0.668  0.673  0.585 1.158 1.230  1.179 
Female 11 42.14 0.189 1.24  0.879     1.329 0.743     

D
is

ab
li

ng
 E

lb
ow

 
P

ai
n 

Occupational activity 14 24.15 0.839 0.83       1.217 0.852 0.733  0.860  
Somatising (1 v 0) 6 35.12 0.689 

0.73 
            

Somatising (2 v 0) 7 28.88 0.882       1.166 0.891     
Age 30-39 v 20-29 24 11.13 0.973 

0.88 
        0.838 1.203  1.101 

Age 40-49 v 20-29 23 11.55 0.977          1.179   
Age50-59 v 20-29 27 11.73 0.897    0.905    0.831 0.884 1.299   
Female 20 33.69 0.143 1.38  0.844  0.855  0.900  0.671  1.165   

 

¥ Analysis for the PA_RC restricted to the occupational groups that were included in MA_RE model 
ROR: Ratio of ORs; RSE: Ratio of SEs of ln(OR); MA_FE: meta-analysis fixed effect model; MA_RE: meta-analysis random effect model; 
LR_nga: logistic regression model without group adjustment; LR_dvga: logistic regression model with dummy variable group adjustment; 
PA_RI: pooled analysis random-intercept model; PA_RC: pooled analysis random-coefficient model;   

 

 



 

 

Table 7.3. Comparisons between mutually adjusted estimates of associations with disabling pain from different statistical models. Only RORs 
and RSEs >1.1 or <0.91 are shown   
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Predictor  
(Mutually adjusted) 

Number 
of groups 
excluded 
from MA

Hetero-
geneity 

 value

Hetero-
geneity
P value

MA_FE vs 
MA_RE 

PA_RI vs 
PA_RC 

LR_dvga vs 
PA_RC 

LR_nga vs 
PA_RC 

MA_RE vs 
PA_RC 

MA_RE vs 
PA_RC ¥ 

               

D
is

ab
li

ng
 L

ow
 

B
ac

k 
P

ai
n 

Occupational activity 6 42.4 0.368        0.774  1.101   
Somatising (1 v 0) 1 42.52 0.577             
Somatising (2 v 0) 3 65.11 0.016  0.778  0.865  0.871 1.125 0.819  1.205  1.197 
Age 30-39 v 20-29 4 45.26 0.338          1.144  1.135 
Age 40-49 v 20-29 5 56.7 0.052  0.805        1.410  1.383 
Age50-59 v 20-29 13 38.73 0.227  0.893       0.900 1.420 0.894 1.314 
Female 11 50.89 0.04  0.787      0.716  1.363  1.291 

D
is

ab
li

ng
 

W
ri

st
/H

an
d 

P
ai

n Occupational activity 16 31.82 0.376       1.136   1.121  1.103 
Somatising (1 v 0) 3 39.25 0.635             
Somatising (2 v 0) 3 44.21 0.42    0.861  0.864 1.18 0.812     
Age 30-39 v 20-29 9 30.97 0.747          1.119   
Age 40-49 v 20-29 10 41.99 0.227  0.901  0.905    0.818  1.182  1.174 
Age50-59 v 20-29 16 59.83 0.001  0.675  0.663  0.672 1.117 0.594 1.116 1.291  1.244 
Female 11 38.43 0.317       1.216 0.812  1.143   

D
is

ab
lin

g 
E

lb
ow

 
P

ai
n 

Occupational activity 20 21.12 0.736       1.108  0.812 1.216 0.895  
Somatising (1 v 0) 12 42.27 0.156  0.868      0.908 1.101 1.232  1.155 
Somatising (2 v 0) 14 25.76 0.774       1.114 0.896  1.112   
Age 30-39 v 20-29 24 13.47 0.919         0.857 1.27  1.131 
Age 40-49 v 20-29 24 15.32 0.848         0.900 1.256  1.136 
Age50-59 v 20-29 28 15.47 0.63        0.856 0.768 1.415 0.883 1.175 
Female 26 25.19 0.194  0.856      0.742  1.456  1.230 

 

¥ Analysis for the PA_RC restricted to the occupational groups that were included in MA_RE model 
ROR: Ratio of ORs; RSE: Ratio of SEs of ln(OR); MA_FE: meta-analysis fixed effect model; MA_RE: meta-analysis random effect model; 
LR_nga: logistic regression model without group adjustment; LR_dvga: logistic regression model with dummy variable group adjustment; 
PA_RI: pooled analysis random-intercept model; PA_RC: pooled analysis random-coefficient model;   
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7.4 Discussion 

Combining evidence from different studies is important in gauging the likelihood and strength of 

associations between exposures and health outcomes. Thus, it is essential to assess the validity of 

estimates derived from the analytical approaches that are widely used. The focus of this chapter 

was to compare meta-analysis of results with pooled analysis of individual data. I found that in 

most cases, the two analytical approaches produced point estimates that were very similar, the 

differences being of little practical importance (most RORs ranged between 0.9 and 1.1, 

indicating differences <10%). However, when either the outcome (i.e. elbow pain) or the 

exposure under investigation (i.e. highest age band) was rare, estimates derived from meta-

analysis of study-specific results differed from those derived from pooled analysis of individual 

data. In most such cases, effect estimates from meta-analysis were lower (i.e. closer to the null) 

than those from pooled analyses of individual data that took into account within-study clustering 

of observations. In contrast to point estimates, precision from the two approaches differed more. 

Most standard errors estimated from meta-analysis differed from those estimated from pooled 

analysis by more than 10%. Those derived from meta-analysis of results were greater than those 

derived from pooled analysis. Also, comparison of different statistical approaches to pooled 

analysis of individual data showed that accounting for clustering of observations within studies 

resulted in different estimates of effect and related precision than when no adjustment for 

clustering was made. All standard errors of effect estimates from pooled analysis of individual 

data that adjusted for clustering were larger than from those that did not, while most of the effect 

estimates were lower.  

The comparison of meta-analytical estimates to those derived from pooled analysis of individual 

data was based on real data taken from the CUPID study rather than simulated data. Using real 

data, assessment of the appropriateness of a statistical model for the estimation of a parameter 

cannot be conclusive as the true underlying value of the parameter remains unknown. Also many 

statistical properties are based on large sample approximations, but large samples are not always 

possible in real studies. Moreover, conclusions from analysis of real data are restricted to the 

scenarios that arise in the specific dataset, while in simulations a wide range of conditions can be 

examined. However, the CUPID study is a rich data source in which outcomes and risk factors of 

varying prevalence rates could be analysed covering a range of different data scenarios.  

Although there is a wide range of meta-analytical models one could fit when the outcome of 

interest is binary, in this analysis only the inverse variance and the DerSimonian and Laird 

methods were used. However, the inverse variance method is the method most commonly applied 

in published studies (162), while the DerSimonian and Laird method is an expansion of the 



 

184 

inverse variance method that accounts for significant heterogeneity of the effect estimates across 

studies.   

Unlike Chapters 4 and 5 that only considered RI models to account for clustering, the analysis 

presented here also included the RC model. This model was also fitted as it is more 

comprehensive than the RI model in accounting for potential heterogeneity of the effect estimates 

across studies. In addition, in such a case of high heterogeneity of effect estimates, the RC model 

would offer a more appropriate comparator with the MA_RE model.   

The merits of using primary data from all studies in a pooled analysis have been well described in 

previous reports (144, 163, 164). In brief, it allows for unpublished data to be included when 

synthesising information, while enabling researchers to apply more sophisticated modelling 

methods and to account statistically for individual-level effects and test for possible interactions. 

However, it is time-consuming and costly as a collaboration between multiple research teams 

must be established. Therefore, meta-analysis of published data is still potentially of great value, 

and it is important to check its validity.   

Some authors have argued that aggregating findings from clinical trials presents fewer problems 

than meta-analysis of observational studies, as they are more uniform in design and less prone to 

bias. Also, unlike in observational studies, in clinical trials, the prevalence of relevant exposures 

(treatments) tends to be similar across studies, and generally not far from 50%. Previous studies 

have usually shown good agreement between conclusions drawn from meta-analysis of published 

results and from pooled analysis of individual data from clinical trials (165, 166). In one 

investigation, the results differed considerably but the studies analysed by the two approaches 

were not the same (145).   

Combining evidence from observational studies is challenging due to the variety of the study 

designs employed, with differing methods of data collection and ascertainment of disease and 

exposure. However, observational studies are important as trials may be unnecessary, inadequate, 

inappropriate, or impossible (167). Several researchers have compared results from the two 

analytical approaches for combining evidence from observational studies, but in most cases, the 

two methods were not applied to exactly the same studies (150-153), which complicates 

interpretation. Gordon et al (154) combined information from 12 case-control studies of the 

association between sinonasal cancer and occupational exposure to wood dust, using meta-

analysis of results and pooled analysis of individual data, and showed that the two methods gave 

fairly consistent results. However, the confounders for which the main association was adjusted 

differed between the studies included in the meta-analysis, which could be considered as an 

additional source of error in the estimation of the overall effect. A later investigation by Tobias et 

al (155) used a subset of the studies presented in Gordon et al (154) to explore the same research 
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question, using the same adjustments in the study-specific analyses before combining the results 

in the meta-analysis model. This study also compared results from different approaches to pooled 

analysis of primary data (fixed- and random-effects models). The odds ratio for sinonasal cancer 

from wood dust exposures was estimated as 2.4 from the meta-analysis model (random-effects 

model due to significant heterogeneity of effect estimates) and 2.9 from the pooled analysis of 

individual data (same estimate from both fixed-effects and random-effects). The authors of the 

study commented that estimates from pooled analyses are more precise than estimates derived 

from meta-analysis, but no evidence of this was given. 

In contrast to earlier investigations, the analysis presented in this chapter combined data from a 

large number of occupational groups (N=47) (regarded as separate studies) that all came from a 

single multicentre study. This offered the advantage that procedures for data collection and 

definitions of variables were standardised, creating an ideal situation in which the question about 

comparability of estimates derived from the two statistical approaches could be explored. That is 

an advantage over what usually happens in practice where estimates from studies of varying 

designs and methods are combined, as any differences observed in the CUPID data between 

estimates and related precision can only be attributed to the differences in the underlying 

statistical models fitted rather than methodological heterogeneity between studies. As in previous 

studies, I found that in most cases, estimates from the two methods were fairly similar. The great 

majority of relative differences in point estimates were <10%. However, differences were 

sometimes greater when the prevalence of either the outcome or the exposure was very low (or 

very high).  In this circumstance, zero cells occurred in the 2x2 tables of exposure versus outcome 

for some of the occupational groups (sub-studies), and therefore the effect estimates for those 

studies were not included in the meta-analysis, although the studies did contribute to the pooled 

analysis. Unlike point estimates, differences >10% in standard errors occurred in most of the 

(unadjusted and adjusted) associations explored. Ratios of standard errors from meta-analysis to 

those from pooled analysis of individual data ranged from 0.95 to 1.46, with approximately half 

of the ratios being >1.15. Most of the ratios of standard errors (86%) were >1 indicating lower 

precision of the summary estimate from the meta-analytical approach. As for the point estimates, 

estimated standard errors differed more in the case of rare outcomes and when the number of 

studies (i.e. occupational groups) excluded from the meta-analysis was larger.   

The problem of sparse data for the estimation of an effect and its corresponding precision, has 

been identified and described before (168, 169). A number of different corrections have been 

suggested to account for the exclusion of a considerable number of studies from meta-analysis 

due to zero events. These correction methods have been applied to both simulated and real data 

and the relevant merits and problems have been discussed. The work presented in this chapter did 

not attempt to explore how estimates derived from meta-analysis with and without correction 
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compare to each other, or how estimates from pooled analysis of individual data compare to those 

from meta-analysis after applying zero-cells corrections.    

To explore reasons for the differences in estimates from the two methods, I restricted the pooled 

analysis of individual data to those studies that were included in the meta-analysis. Most of the 

differences in the point estimates were resolved. However, with regard to estimated standard 

errors, the findings from this sensitivity analysis were very much the same, differences remaining 

between the two methodological approaches. The direction of the differences in estimated 

precision was always the same, with standard errors of the meta-analysis effect estimates being 

higher than those for the pooled analysis estimates. The explanation for discrepancies when the 

outcome was rare therefore remains unclear.  Future work in this area should explore the question 

further by simulation studies, but will not be taken further here.      

This chapter also compared results from different methods of pooled analysis. The methods 

investigated were logistic regression a) without adjustment for group/study participation, b) with 

dummy variables to adjust for group/study participation, c) with random intercepts, and d) with 

random coefficients. As individual observations were clustered within occupational 

groups/studies, a comparison of the first method with the rest was essentially a comparison 

between methods that accounted for clustering and those that did not. Such comparison has been 

described in detail in Chapter 5. In the analysis presented in this chapter, I found that when 

clustering within occupational groups was not taken into account in the statistical model, effect 

estimates were higher (i.e. further from the null) than those derived from models that controlled 

for clustering, and that the corresponding standard errors were downwardly biased. The direction 

of bias in standard errors was the same as that found in analysis of simulated data described in the 

previous chapter. Unlike bias in precision, however, bias in point estimates was the opposite to 

that which was found in the more extended exploration of consequences of ignoring clustering 

using simulations. As shown in sections 5.3.2 and 5.5.2, point estimates tended to be 

underestimated (i.e. closer to the null value of one) when the statistical approach failed to account 

for clustering. However, differences in effect estimates derived from a cluster-adjusted (RI) and a 

cluster-unadjusted (OL) model varied quite considerably around the average value of bias (Figure 

5.20), with many differences indicating a higher value for the point estimate from the naïve 

logistic model than from the cluster-adjusted model (negative values in Figure 5.20). Given the 

wide variation of differences in point estimates from the two analytical approaches and the fact 

that observations from the simulated data agree with numerous previous studies that have reported 

a bias towards the null when clustering is ignored, the discrepant observation made in this chapter 

may be attributable to chance. 
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In a similar context to this chapter, Abo-Zaid et al (108) applied a one-step and a two-step pooled 

analytical approach to the analysis of data from different studies (real and simulated data). The 

former approach was a simple pooling of data that ignored information on participants’ study 

participation, while the latter was a method that accounted for study. They showed that when 

clustering was ignored, there was bias of effect estimates towards the null and low coverage by 

the 95% confidence intervals. Bravata & Olkin (170) have also suggested that simple pooling of 

data should be avoided as it is likely to yield misleading results and conclusions.   

The three methods of pooled analysis that accounted for clustering of data in occupational groups 

yielded very similar results. Similarity of results from random-intercept logistic regression models 

and simple logistic regression models with dummy variables for the occupational groups 

(clusters) is not surprising as the latter is a method of analysis one could use in the absence of 

effect modification, when the number of clusters is small or when estimation of cluster-level 

effects was of interest. Also, results from the multilevel logistic random-intercept and random-

coefficient models were very similar. That was to be expected where there was no heterogeneity 

of effect estimates across occupational groups, as was the case for most of the associations 

examined. In the small number of cases that heterogeneity was significant at a 20% significance 

level, differences in estimates from random-intercept and random-coefficient models increased 

with increasing level of heterogeneity. The maximum relative difference (SE from PA_RI < SE 

from PA_RC by 34%) between standard errors of effect estimates from the two approaches to 

pooled analysis was observed in the adjusted association between age (50-59 v 20-29) and 

wrist/hand pain for which effects across studies were markedly heterogeneous (p-value=0.001).     

Results from work presented in this chapter give some reassurance that when synthesising 

evidence from different studies, point estimates from meta-analysis are often close to those 

obtained from pooled analysis of individual data that takes into account nesting of observations 

within studies. However, precision of ORs was lower (higher standard errors) when estimated 

from meta-analysis, and higher when estimated from pooled analysis of individual data. 

Discrepancies between the two methods arise when the prevalence of the outcome is very low or 

very high. Reasons for inconsistencies remain unknown. These could be explored further using 

simulation studies, but is outwith the scope of this thesis.   
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Chapter 8. Estimating relative risks from clustered data 

8.1 Introduction  

Binary outcome variables are commonly studied in epidemiological research. To estimate the 

effect of an exposure on a binary outcome, a logistic regression model is often used, from which 

the estimated effect is expressed as an odds ratio (OR). Previous chapters on the consequences of 

ignoring clustering and comparison of meta-analytical to pooled analysis approaches were based 

on estimation of ORs. The use of ORs as a measure of effect is particularly suitable for case-

control studies, although they can also be applied in other study designs such as cohort or cross-

sectional studies. However, their use in study designs other than case-control studies has been 

criticised with regard to their usefulness, appropriateness and interpretability (171). Also ORs 

have the disadvantage of non-collapsibility, which occurs when the estimated OR for a covariate 

of interest is the same across different levels of a second covariate (which is not a confounder), 

but different from the overall OR (172).  

For these reasons, a measure of relative prevalence of the outcome in the exposed and unexposed 

groups, such as the relative risk (RR), is frequently preferred in epidemiological studies. Also, as 

the RR is expressed as proportion of the outcome in those exposed compared to those unexposed 

to a given risk factor, it is conceptually the obvious choice as a measure of association. However, 

it too has limitations. For example, RRs are subject to a ‘ceiling effect’, in that they are 

constrained by the maximum possible prevalence of 100%.  This matters most when the outcome 

is common among unexposed persons.  For example, if that prevalence is 50%, then RRs cannot 

exceed 2. Another limitation of RRs is the lack of symmetry for the association of non-exposure 

with absence of the outcome.  For example, if the outcome has a prevalence of 70% in unexposed 

persons and 90% in those who are exposed, the relative risk of the outcome from exposure is 

90/70 = 1.29, whereas the relative risk of not having the outcome in those who are unexposed is 

30/10 = 3.0.  

ORs have been shown to approximate RRs when the outcome variable of interest has a low 

incidence or prevalence rate, but when the outcome is more frequent, they are further from the 

null value of one. Therefore, especially in cohort and cross-sectional studies where the prevalence 

of an outcome variable is higher than 10%, RRs have been recommended as preferable, with 

direct estimation by log-binomial regression the analytical method of choice (173). However, the 

log-binomial model often fails to converge in the iterative process of parameter estimation. 

Several researchers have highlighted the problem, and have suggested various alternative 

analytical methods for the estimation of RRs. These include the derivation of RRs from ORs 
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estimated by logistic regression, alternative regression models for direct estimation of RRs, or use 

of similar measures that can be interpreted as RRs. The main suggested alternative regression 

models are the Poisson model with robust SEs (also referred to as modified Poisson), Cox, and 

complementary log-log (CLL) models (74).  

Previous studies have focused on comparisons between these models in the absence of clustering. 

However, the challenges in estimation of RRs apply also to data that are clustered, and 

comparison of methods for estimating RRs from hierarchically structured data has received little 

attention. Only three studies have addressed this problem. In the first (174), the authors used 

Poisson regression with robust SEs, and they also derived RRs indirectly from logistic regression 

models. The second study (77) entailed a large simulation exercise, comparing estimates from 

log-binomial regression to those from Poisson regression with robust SEs. The third study (75) 

also focused on the performance of the Poisson model. A later publication by Janani et al (175) 

discussed the methods that are available to researchers for estimation of RRs in a setting of 

clustered data, but did not present numerical results of comparisons.  

The aim of this chapter is to review the main methods suggested in literature as ways to estimate 

RRs in the context of hierarchical data, and to apply those methods to data from the CUPID study, 

comparing the estimates of RR and their precision.  

8.2 Methods 

As in Chapter 6, the outcome variables considered were disabling low back, wrist/hand, and 

elbow pain in the past month, as reported at baseline. These were chosen to give outcome 

prevalence rates ranging from 6% to 22%. The explanatory variables considered were sex, age (in 

four 10-year age bands), occupational activity, and somatising tendency. The occupational 

activities examined were specific to the outcomes; lifting weights of 25kg or more for low back 

pain; use of a keyboard for >4 hours and/or other tasks involving repeated movements for pain in 

the wrist or hand; and repeated elbow bending for an hour or more for elbow pain. For each of the 

three outcome variables, relevant risk factors were first analysed univariately and then mutually 

adjusted, using the analytical approaches described below.  

Log-binomial random-intercept (RI) model 

The log-binomial model is a generalized linear model for binary outcomes with a log link 

function. For a binary outcome variable  and  explanatory variables , , … , , in the 

absence of clustering of observations of the outcome variable, the model can be written as  

1| , , … , ⋯    8.1 
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where , , … ,  are the parameters to be estimated in the regression model. If  is the binary 

exposure of interest, then exp  expresses the risk of 1 when the individual is exposed 

relative to being unexposed after adjustment for the effect of the other variables in the model 

( , … , ). In the presence of clustering, to relax the assumption of independence of 

observations, a RI , also described as a cluster-level error term, can be added to the prediction 

part of the log-binomial model in equation 8.1 

1 , , … , , ⋯  8.2 

with | , , … , ~ 0, . The model described in equation 8.2 is the RI log-binomial 

model.  

From equation 8.2, 1 , , … , , exp . As the left hand side of 

this equation is a probability, it follows that 0 exp 1, or that 0. The 

parameters estimates , , … ,  are obtained using the method of maximum likelihood (ML), 

which can sometimes occur on the boundary of the parameter space ( 0), resulting in 

failure of the model to converge. The same may also occur when the default starting values are 

not appropriate, in which case, the problem of convergence may be solved by choosing different 

starting values.   

Modified random-intercept (RI) logistic regression model 

The RI logistic regression model has been described in previous chapters. In brief, the model uses 

the logit link function to describe the association between a binary outcome variable  and a set 

of exposure variables, after adjustment for a cluster level error term , as follows 

1 , , … , ,
1

	

⋯  

8.3 

In this model, the exponential of a parameter  is the odds ratio describing the odds of 1 in 

the exposed group of  relative to the unexposed group after adjustment for the effect of the 

other variables in the model.  

After fitting a RI logistic model, the estimated adjusted odds ratio ( ) can be used to obtain 

an adjusted RR using the formula suggested by Zhang and Yu (176) 

1
 8.4 
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where  is the prevalence of the outcome in the unexposed group. This formula was derived 

from simple algebraic manipulations presented in Appendix 2.   

Because of bias when RRs are estimated in the context of complex patterns of covariates, 

Dwinvedi et al (177) suggested a modification in the Zhang and Yu formula in which  is 

replaced by an adjusted predicted proportion of outcome in the unexposed group, . This is 

expressed as  

exp ⋯

1 exp ⋯
 8.5 

where the parameter estimates  to  are derived from the random-intercept logistic model 

(equation 8.3).  

Random-intercept (RI) Poisson model  

Binomial data can be viewed as following a Poisson distribution with the probability of a value of 

2 or more being very low, resulting in values of 0 or 1 for all individuals in a sample. As the 

Poisson model also uses a log link function, like the log-binomial model, its specification is the 

same as that described in equation 8.2. Thus exponentiation of the estimated parameters in a 

Poisson model approximates the RRs that one would get from a log-binomial model. The 

difference from the log-binomial model is that the errors in the Poisson model are assumed to 

follow a Poisson distribution.  

It is well reported that the Poisson model, when used to approximate the binomial model, 

overestimates the SEs of RRs. The use of robust Sandwich estimation has been proposed as a 

method to correct this bias in SEs. The method has been applied by a number of researchers, and 

in the context of clustered data it has also been described as modified Poisson regression (76, 77).  

Shared frailty model 

Survival analysis techniques, particularly the Cox model, have been used to estimate hazard ratios 

(HRs). When survival time is constant across follow-up, the HRs are equivalent to RRs, and the 

Cox model can be said to equate to the Poisson model described above (Appendix 3). The Cox 

model assumes homogeneity of the population, meaning that all individuals in the study sample 

have the same risk, after adjustment for known risk factors. Often such an assumption is violated 

because of unmeasured covariates that are associated with the outcome of interest, resulting in 

clustering of observations.  

When data are clustered, individuals belonging to the same cluster are likely to share the same 

excess risk, typically called the frailty value (178). Consequently, individuals are dependent 
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within cluster, and independent conditional on the frailty. Shared frailty models thus provide an 

extension of the survival analysis models in the sense that they account for variation in the 

background frailty across clusters. 

The hazard function in the shared frailty model is described by the following equation 

exp ⋯  

					 exp ⋯  
8.6 

where  is the multiplicative effect for the shared frailty of individuals within the same cluster .  

Complementary log-log (CLL) model with robust SEs 

The complementary log-log (CLL) model is an alternative to the logistic model, which uses the 

link function log log 1 . When observations are independent, the model is specified as   

	 log log 1 ⋯  8.7 

When observations are clustered, robust standard errors can be used to correct the standard errors 

derived from the above equation. Robust standard errors relax the assumption of independence of 

observations required by the CLL estimator to an assumption of independence only between 

clusters.  

Random-intercept (RI) complementary log-log method 

An alternative way of accommodating the dependence of observations when using the model 

described in equation 8.7, is to include a RI  as described in several models above. The model 

specification then becomes  

	 log log 1 ⋯  8.8 

The exponentials of the effect estimates can be expressed as RRs.  

Statistical analysis 

Unadjusted and adjusted estimates of effect and their associated precision were derived for risk 

factors from the statistical models described above.  

The log-binomial model has been described by various authors as the preferred method by which 

to estimate adjusted RRs directly, both when observations are independent (74, 179, 180) and 

clustered (77). For that reason, estimates obtained from the log-binomial model were used as the 

reference against which those derived from the other models were compared.  For each of the 

models (i.e. the methods described by Zang & Yu (Z&Y), modified Zang & Yu (mod Z&Y), RI 

Poisson without and with robust SES, shared frailty, CLL with robust SEs, and RI CLL) 
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comparisons of point estimates were summarised as the ratio of the RR from the method under 

consideration to that from the RI log-binomial model : 

RR	from	method
RR	from	log binomial	method

 

To compare the precisions of point estimates obtained by different methods, SEs of the ln(RRs) 

derived from the method under consideration were compared to those from the log-binomial 

model: 

SE	of	ln	 RR 	from	method
SE	of	ln	 RR 	from	log binomial	method

 

To assess the level of confounding in the mutually adjusted model, for each combination of 

outcome and explanatory variable, I calculated the proportional change in the estimate of RR 

following adjustment, using the formula 

100 

When the resulting value was negative, the adjusted estimate was smaller than the unadjusted one.   

8.3 Results 

The RI log-binomial model converged for all but one of the models fitted (including both 

univariate and mutually adjusted models). Thus, for almost all analyses, the point estimates from 

the other methods examined, along with their precision, were compared with those from the RI 

log-binomial model. The only exception was the mutually adjusted model with low back pain as 

an outcome. For that model, estimates were compared with those derived from the RI Poisson 

model with robust SEs, as this has been shown to be a method that produces estimates adequately 

close to those from the log-binomial model in situations of both unclustered (74, 76) and clustered 

data (77).  

Comparison of point estimates 

As expected, the point estimates were the same for the RI Poisson models with and without robust 

SEs. Therefore, in the description that follows, no distinctions will be made between the two RI 

Poisson models, with regard to point estimates.    

The point estimates derived from the RI Poisson, shared frailty, and RI CLL models were very 

similar to those derived from the RI log-binomial model in both univariate and multivariate 

analyses. In univariate analyses (sub-figures in left-hand columns of Figure 8.1 to Figure 8.3, and 
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Table 8.1), the effects estimated from the three models (RI Poisson, shared frailty, and RI CLL) 

were higher than those from the corresponding RI log-binomial models by an average of 1%, the 

differences ranging from 0% to 6%. In adjusted analyses (sub-figures in right-hand columns of 

Figure 8.1 to Figure 8.3, and Table 8.1), the differences in the point estimates from these three 

models had an average value of 1% and ranged from 0% to 10%, most (60/63) being between 0% 

and 5%. Overall differences (for RRs from these three models and those from the RI log-binomial 

model) between crude estimates and those that were mutually adjusted were statistically similar 

(p=0.3). For both univariate and multivariate analyses, the majority of differences for point 

estimates from the RI Poisson, shared frailty, and RI CLL models when compared with those 

from the RI log-binomial models (95/126 estimates) were <2%. The largest differences in point 

estimates were found for the adjusted association between older age (50-59 v 20-29) and 

wrist/hand pain; all three models (RI Poisson, shared frailty, and RI CLL) resulted in estimates for 

this association that differed from those from RI log-binomial by an average of 10% (Appendix 4 

Table 5). 

From the models that directly estimate RRs, the largest deviations from the point estimates 

derived from the RI log-binomial model were found for the CLL model with robust SEs. Point 

estimates from this model were up to 33% higher (average 7%) compared to those from the RI 

log-binomial model (Table 8.1). Estimates differed from those from the RI log-binomial model 

irrespective of adjustment for other explanatory variables, but they were higher when the outcome 

was pain in the wrist/hand; mean ratio of RR 1.16 compared to 1.04 for the low back and elbow 

pain outcomes. Differences were also <5% for most explanatory variables, but those for sex and 

occupational activity were 12% and those for somatising tendency (2+ v 0 somatic symptoms) 

were on average 14%.   

Estimates of RR produced by the indirect method suggested by Z&Y, were very similar to those 

from the RI log-binomial model. Most ratios of RRs (39/42) were between 0.92 and 1.08, 

indicating differences ≤8%.  Exceptions were the adjusted effects of older age (40-49, and 50-59 

v 20-29) and somatising tendency (2+ v 0) on wrist/hand pain, for which RRs were 11.5%, 

24.3%, and 17.0%, higher than the corresponding ones derived from the RI log-binomial model 

(Appendix 4 Table 5). Unlike the Z&Y model, the mod Z&Y model performed poorly. The 

estimates derived from the mod Z&Y method were on average 20% different from those derived 

from the RI log-binomial model. Differences varied markedly, with RRs from the mod Z&Y 

model being almost 3-fold lower than those derived from the RI log-binomial model (Table 1).  

Effect estimates from the methods described above differed (to a greater or lesser extent) from 

those produced by the RI log-binomial model (or the RI Poisson model in the case of the adjusted 

model for low back pain), but the direction of the differences was generally inconsistent. An 
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exception was the mod Z&Y model, estimates from which were mostly lower than those from the 

reference models.  

Summary statistics for differences from RRs derived using the RI log-binomial model, according 

to outcome variable and predictor variable, showed no clear pattern (Table 8.1).     

Comparison of precision of point estimates 

Ratios of SEs of the ln(RRs) from the several methods to those from the RI log-binomial model 

are summarised by outcome and predictor in Table 8.2.  

From the models that directly estimate RRs, the RI CLL model gave the closest average precision 

to that from the RI log-binomial model; ratios of SEs had an average value of 0.97. However, the 

model performed better in the unadjusted analyses than in the adjusted ones. Ratios of SEs in the 

unadjusted models ranged only from 0.92 to 1.05, while they ranged from 0.70 to 1.04 in the 

adjusted ones (Table 8.2). In the adjusted models, ratios of SEs lower than 0.9 (indicating 

differences in SEs > 10%) were found when the outcome was pain in the lower back (Appendix 4, 

Table 4). That observation could simply indicate differences between the RI CLL and the RI 

Poisson with robust SEs model, as for the multivariable model of low back pain as an outcome, 

the RI log-binomial model did not converge and estimates from the RI Poisson with robust SEs 

model were used for comparison instead.  

The RI Poisson without robust SEs, shared frailty, and Poisson with robust SEs models, also 

showed precision of point estimates close to that of the comparator, with average ratios of SEs 

1.08, 1.08, and 1.11, respectively. However, from these models, the Poisson without robust SEs 

and shared frailty models had the narrowest range of relative precision across all adjusted and 

unadjusted analyses (0.87-1.21 in the two models). Differences between SEs from these models 

and those from the RI log-binomial model were higher than 10% (ratio of SEs <0.9 or >1.1) 

mainly for the adjusted associations with wrist/hand pain as an outcome.  

On average the RI Poisson model with robust SEs produced SEs adequately close to those from 

the RI log-binomial model (mean ratio of SEs = 1.11). However, ratios of SEs varied widely from 

0.87 to 1.94. The biggest differences between SEs derived from the RI Poisson with robust SEs 

and those from RI log-binomial were seen in associations with wrist/hand pain. The largest 

deviation of the ratio of SEs from the null value of 1 was for the unadjusted and adjusted 

associations between the highest age band (50-59 v 20-29) and wrist/hand pain, with SEs of the 

point estimates from the Poisson model with robust SEs being almost twice as high as those 

derived from the RI log-binomial model. The RI Poisson with robust SEs also underestimated 

precision of the unadjusted effect estimates of somatising tendency with back pain.   
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The CLL with robust SEs model produced SEs of point estimates that were considerably higher 

than those derived from the RI log-binomial model. The average value of ratios of SEs was 1.46 

and it ranged from 0.88 to 2.83. Ratios were closer to 1 in the adjusted analyses than the 

unadjusted (average ratio of SEs 1.29 and 1.64, respectively). The largest deviations of the ratios 

of SEs from 1 were for the unadjusted associations with wrist/hand pain as an outcome (mean 

ratio of SEs: 2.08, range: 1.12-2.83).   

Considering average values of relative precision of point estimates when RRs where indirectly 

derived from RI logistic model, I found that the Z&Y method produced SEs very close to those 

from the RI log-binomial model (average ratio of SEs: 0.97, range: 0.64-1.19). Agreement in SEs 

from the two models was better for the adjusted analyses than the unadjusted (ratios of SEs: 1.00 

and 0.93, respectively). However, SEs derived from the Z&Y method for the association of 

somatising tendency with back and wrist/hand pain were considerably lower than those from the 

RI log-binomial model (ratios of SEs < 0.9). 

Unlike the method proposed by Z&Y, the modified Z&Y model severely underestimated SEs 

when compared to the RI log-binomial model. Most ratios of SEs were < 1. The underestimation 

of SEs was more prominent in the adjusted analyses with ratios of SEs ranging from 0.06 to 0.35. 

No pattern of underestimation of SEs was observed in relation to specific outcomes or predictors 

examined.  

Level of confounding did not seem to affect ratios of SEs in the adjusted associations for most of 

the methods. However, ratios of SEs from the mod Z&Y method to those from the RI log-

binomial model increased as confounding increased (Spearman p-value = 0.05).  

 

 



 

 

Table 8.1. Summary statistics (mean (range)) for ratios of RRs derived from the method under consideration to those from the RI log-binomial models  
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   RI logistic Z&Y RI logistic modified Z&Y RI Poisson Shared frailty CLL (robust SEs) RI CLL All 
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 LBP 0.99 (0.95-1.03) 0.92 (0.77-1.03) 1.01 (1.00-1.02) 1.00 (1.00-1.02) 1.04 (0.99-1.14) 1.00 (0.98-1.02) 1.00 (0.77-1.14) 

WHP 1.03 (0.99-1.06) 0.98 (0.85-1.05) 1.02 (1.01-1.06) 1.02 (1.00-1.05) 1.16 (1.01-1.33) 1.02 (0.99-1.05) 1.03 (0.85-1.33) 

ELP 0.98 (0.92-1.01) 0.89 (0.81-1.02) 1.00 (1.00-1.01) 1.00 (0.99-1.01) 1.04 (0.93-1.22) 0.99 (0.97-1.01) 0.99 (0.81-1.22) 

Sex 1.03 (1.01-1.06) 1.03 (1.02-1.05) 1.00 (1.00-1.01) 1.00(0.99-1.00) 1.17 (1.02-1.33) 1.02 (1.01-1.03) 1.03 (0.99-1.33) 

Occupational activity 1.03 (1.01-1.05) 1.03 (1.01-1.04) 1.01 (1.00-1.01) 1.00 (0.99-1.01) 1.16 (0.99-1.27) 1.01 (1.00-1.02) 1.03 (0.99-1.27) 

Older age (30-39 v 20-29) 1.00 (0.99-1.02) 0.95 (0.89-1.00) 1.01 (1.00-1.01) 1.01 (1.00-1.01) 1.00 (0.97-1.01) 1.00 (0.99-1.01) 1.00 (0.89-1.02) 

Older age (40-49 v 20-29) 0.99 (0.94-1.03) 0.92 (0.82-1.00) 1.01 (1.00-1.03) 1.01 (1.00-1.03) 1.02 (0.98-1.06) 1.01 (0.98-1.03) 1.00 (0.82-1.06) 

Older age (50-59 v 20-29) 0.99 (0.92-1.06) 0.93 (0.81-1.04) 1.02 (1.00-1.06) 1.02 (1.00-1.05) 0.99 (0.93-1.05) 1.01 (0.97-1.05) 1.00 (0.81-1.06) 

Somatising tendency (1  v 0) 0.98 (0.97-0.99) 0.84 (0.79-0.87) 1.00 (1.00-1.01) 1.00 (0.99-1.01) 1.05 (1.01-1.10) 0.99 (0.98-0.99) 0.98 (0.79-1.10) 

Somatising tendency (2+ v 0) 0.97 (0.95-0.99) 0.82 (0.77-0.86) 1.01 (1.00-1.02) 1.01 (0.99-1.02) 1.17 (1.11-1.26) 1.02 (1.00-1.03) 1.00 (0.77-1.26) 

All 1.00 (0.92-1.06) 0.93 (0.77-1.05) 1.01 (1.00-1.06) 1.01 (0.99-1.05) 1.08 (0.93-1.33) 1.01 (0.97-1.05) 1.01 (0.77-1.33) 
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 LBP 1.04 (1.01-1.06) 0.72 (0.46-0.84) 1.00 (1.00-1.00) 1.00 (0.99-1.00) 1.03 (0.99-1.06) 0.99 (0.97-1.00) 0.97 (0.46-1.06) 

WHP 1.11 (1.04-1.24) 0.74 (0.51-0.97) 1.04(1.00-1.10) 1.03(1.00-1.10) 1.11 (1.02-1.21) 1.03 (0.98-1.09) 1.01 (0.51-1.24) 

ELP 1.03 (1.01-1.05) 0.56 (0.34-0.77) 1.01(1.01-1.02) 1.01 (1.00-1.02) 1.02 (0.96-1.11) 0.99 (0.96-1.01) 0.95 (0.34-1.11) 

Sex 1.05 (1.03-1.08) 0.78 (0.75-0.81) 1.01(1.00-1.02) 1.00 (0.99-1.01) 1.08 (0.97-1.21) 1.01 (1.00-1.03) 0.99 (0.75-1.21) 

Occupational activity 1.05 (1.03-1.08) 0.73 (0.67-0.84) 1.01(1.00-1.02) 1.01(1.00-1.02) 1.09 (1.01-1.15) 1.01 (1.00-1.03) 0.99 (0.67-1.15) 

Older age (30-39 v 20-29) 1.03 (1.01-1.04) 0.85 (0.72-0.97) 1.01 (1.00-1.03) 1.01 (1.00-1.02) 1.02 (1.00-1.04) 1.00 (0.99-1.02) 0.99 (0.72-1.04) 

Older age (40-49 v 20-29) 1.07 (1.04-1.12) 0.64 (0.39-0.82) 1.02 (1.00-1.04) 1.02 (1.00-1.04) 1.05 (1.01-1.09) 1.00 (0.98-1.04) 0.97 (0.39-1.12) 

Older age (50-59 v 20-29) 1.11 (1.03-1.24) 0.60 (0.34-0.74) 1.04 (1.00-1.10) 1.04 (1.00-1.10) 1.03 (0.96-1.12) 1.01 (0.96-1.09) 0.98 (0.34-1.24) 

Somatising tendency (1  v 0) 1.02 (1.01-1.04) 0.67 (0.63-0.71) 1.00 (1.00-1.01) 1.00 (1.00-1.00) 1.01 (0.99-1.02) 0.98 (0.97-0.99) 0.96 (0.63-1.04) 

Somatising tendency (2+ v 0) 1.09 (1.05-1.17) 0.46 (0.40-0.51) 1.02 (1.00-1.03) 1.01 (1.00-1.03) 1.11 (1.06-1.16) 1.01 (0.99-1.05) 0.96 (0.40-1.17) 

All 1.06 (1.01-1.24) 0.67 (0.34-0.97) 1.02 (1.00-1.10) 1.01 (0.99-1.10) 1.05 (0.96-1.21) 1.01 (0.96-1.09) 0.98 (0.34-1.24) 

All (unadjusted and adjusted) 1.03 (0.92-1.24) 0.80 (0.34-1.05) 1.01 (1.00-1.10) 1.01 (0.99-1.10) 1.07 (0.93-1.33) 1.01 (0.96-1.09) 0.99(0.34-1.33) 



 

 

Table 8.2. Summary statistics (mean (range)) for relative precision (SEs of the ln(RRs) derived from the method under consideration to those from the log-
binomial model) of point estimates 
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RI logistic Z&Y 

RI logistic modified 
Z&Y 

RI Poisson  
(no robust SEs) 

RI Poisson  
(robust SEs) 

Shared frailty CLL (robust SEs) RI CLL All 
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 LBP 0.91 (0.74-1.04) 0.75 (0.44-1.05) 1.16 (1.14-1.21) 1.13 (0.95-1.35) 1.16 (1.14-1.21) 1.61 (1.14-2.35) 0.99 (0.92-1.05) 1.09 (0.44-2.35) 

WHP 0.96 (0.82-1.02) 0.84 (0.61-1.01) 1.11 (1.08-1.15) 1.21 (0.95-1.80) 1.11 (1.08-1.15) 2.08 (1.12-2.83) 1.01 (0.96-1.04) 1.17 (0.61-2.83) 

ELP 0.93 (0.83-1.00) 0.79 (0.67-1.01) 1.03 (1.02-1.05) 1.02 (0.87-1.13) 1.03 (1.02-1.05) 1.23 (1.03-1.67) 0.97 (0.93-1.02) 1.00 (0.67-1.67) 

Sex 1.01 (1.00-1.02) 1.00 (0.99-1.01) 1.09 (1.04-1.14) 1.12 (1.03-1.21) 1.09 (1.03-1.14) 2.16 (1.67-2.83) 1.03 (1.02-1.04) 1.19 (0.99-2.83) 

Occupational activity 1.01 (0.99-1.04) 1.01 (0.99-1.05) 1.09 (1.03-1.18) 1.12 (1.08-1.13) 1.09 (1.02-1.18) 2.08 (1.34-2.56) 1.03 (1.01-1.05) 1.18 (0.99-2.56) 

Older age (30-39 v 20-29) 0.96 (0.93-1.01) 0.75 (0.67-0.86) 1.09 (1.02-1.14) 1.00 (0.95-1.06) 1.09 (1.02-1.14) 1.37 (1.14-1.71) 0.99 (0.97-1.02) 1.03 (0.67-1.71) 

Older age (40-49 v 20-29) 0.90 (0.85-0.97) 0.77 (0.68-0.88) 1.10 (1.03-1.15) 1.13 (0.96-1.38) 1.10 (1.03-1.15) 1.60 (1.10-2.11) 0.98 (0.94-1.02) 1.07 (0.68-2.11) 

Older age (50-59 v 20-29) 0.89 (0.83-0.94) 0.79 (0.69-0.92) 1.12 (1.04-1.16) 1.30 (1.05-1.80) 1.12 (1.04-1.16) 1.69 (1.26-2.35) 0.98 (0.93-1.03) 1.11 (0.69-2.35) 

Somatising tendency (1  v 0) 0.92 (0.88-0.96) 0.59 (0.44-0.72) 1.09 (1.04-1.15) 1.06 (0.95-1.21) 1.09 (1.04-1.15) 1.10 (1.03-1.14) 0.95 (0.92-0.97) 0.98 (0.44-1.21) 

Somatising tendency (2+ v 0) 0.83 (0.74-0.91) 0.63 (0.49-0.74) 1.14 (1.05-1.21) 1.12 (0.87-1.35) 1.13 (1.05-1.21) 1.47 (1.04-1.86) 0.99 (0.98-1.00) 1.04 (0.49-1.86) 

All 0.93 (0.74-1.04) 0.79 (0.44-1.05) 1.10 (1.02-1.21) 1.12 (0.87-1.80) 1.10 (1.02-1.21) 1.64 (1.03-2.83) 0.99 (0.92-1.05) 1.08 (0.44-2.83) 
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 LBP 0.91 (0.64-1.08) 0.13 (0.06-0.17) 1.02 (0.87-1.15) 1.00 (1.00-1.00) 1.02 (0.87-1.15) 1.15 (0.88-1.43) 0.84 (0.70-0.96) 0.87 (0.06-1.43) 

WHP 1.11 (1.02-1.19) 0.25 (0.15-0.35) 1.14(1.09-1.21) 1.27 (0.96-1.94) 1.14 (1.09-1.21) 1.61 (0.92-2.02) 1.01 (0.95-1.04) 1.07 (0.15-2.02) 

ELP 0.99 (0.95-1.05) 0.14 (0.08-0.20) 1.04 (1.03-1.06) 1.04 (0.94-1.14) 1.04 (1.03-1.05) 1.10 (0.98-1.33) 0.96 (0.90-1.01) 0.90 (0.08-1.33) 

Sex 1.00 (0.87-1.08) 0.19 (0.14-0.25) 1.03 (0.94-1.11) 1.04 (1.00-1.09) 1.03 (0.93-1.10) 1.54 (1.33-1.87) 0.96 (0.83-1.03) 0.97 (0.14-1.87) 

Occupational activity 1.02 (1.01-1.03) 0.18 (0.16-0.21) 1.06 (1.04-1.09) 1.03 (0.99-1.10) 1.06 (1.03-1.09) 1.34 (1.09-1.75) 0.98 (0.90-1.02) 0.95 (0.16-1.75) 

Older age (30-39 v 20-29) 1.08 (1.00-1.17) 0.24 (0.17-0.35) 1.10 (1.03-1.15) 1.07 (1.00-1.19) 1.10 (1.03-1.15) 1.23 (1.07-1.48) 0.98 (0.95-1.02) 0.97 (0.17-1.48) 

Older age (40-49 v 20-29) 1.01 (0.91-1.18) 0.16 (0.09-0.28) 1.07 (1.02-1.16) 1.17 (1.00-1.48) 1.07 (1.02-1.16) 1.37 (1.03-1.82) 0.93 (0.84-1.03) 0.97 (0.09-1.82) 

Older age (50-59 v 20-29) 1.06 (0.95-1.19) 0.15 (0.08-0.23) 1.13 (1.05-1.21) 1.36 (1.00-1.94) 1.13 (1.05-1.21) 1.46 (1.14-2.02) 0.95 (0.90-1.04) 1.03 (0.08-2.02) 

Somatising tendency (1  v 0) 0.97 (0.83-1.08) 0.17 (0.11-0.24) 1.04 (0.95-1.11) 1.01 (0.96-1.08) 1.04 (0.95-1.11) 0.95 (0.88-1.05) 0.89 (0.76-0.96) 0.87 (0.11-1.11) 

Somatising tendency (2+ v 0) 0.89 (0.64-1.03) 0.10 (0.06-0.15) 1.03 (0.87-1.15) 1.03 (0.94-1.15) 1.02 (0.87-1.15) 1.11 (0.96-1.38) 0.89 (0.70-0.99) 0.87 (0.06-1.38) 

All 1.00 (0.64-1.19) 0.17 (0.06-0.35) 1.07 (0.87-1.21) 1.10 (0.94-1.94) 1.06 (0.87-1.21) 1.29 (0.88-2.02) 0.94 (0.70-1.04) 0.95 (0.06-2.02) 

 All (unadjusted and adjusted) 0.97 (0.64-1.19) 0.48 (0.06-1.05) 1.08 (0.87-1.21) 1.11 (0.87-1.94) 1.08 (0.87-1.21) 1.46 (0.88-2.83) 0.97 (0.70-1.05) 1.02 (0.06-2.83) 
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Figure 8.1. Relative difference from point estimates derived from RI log-binomial in the 

unadjusted models (left column) and from the RI Poisson (robust SEs) in the mutually adjusted 

models (right column) when outcome was low back pain  
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Figure 8.2. Relative difference from point estimates derived from RI log-binomial in the 

unadjusted models (left column) and mutually adjusted models (right column) when outcome was 

wrist/hand pain  
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Figure 8.3. Relative difference from point estimates derived from RI log-binomial in the 

unadjusted models (left column) and mutually adjusted models (right column) when outcome was 

elbow pain 
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Figure 8.4. Relative precision from that derived from the RI log-binomial model in the unadjusted 

(left column) and from the RI Poisson (robust SEs) mutually adjusted (right column) models 

when outcome was low back pain 
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Figure 8.5. Relative precision from that derived from the RI log-binomial model in the unadjusted 

(left column) and mutually adjusted (right column) models when outcome was wrist/hand pain 
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Figure 8.6 Relative precision from that derived from the RI log-binomial model in the unadjusted 

(left column) and mutually adjusted (right column) models when outcome was elbow pain 
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8.4 Discussion 

The aim of this chapter was to explore different approaches to estimation of RRs when the 

outcome of interest is a binary variable and data are hierarchically structured. For that I used data 

from the CUPID study, covering a number of different scenarios for the prevalence of the 

outcome and explanatory variables. Point estimates from different analytical approaches, and their 

precision, were compared with those derived from RI log-binomial models. I found that the point 

estimates produced from the RI Poisson, the shared frailty, and the RI CLL model were very 

similar to those from the RI log-binomial model (maximum difference <10% and most 

differences <5%), whereas estimates from other approaches deviated further from those derived 

from the RI log-binomial model. The RRs estimated indirectly from ORs using the Z&Y method 

were adequately close to those from the RI log-binomial model. However, those from the 

modified Z&Y method performed poorly, with a tendency to underestimate RRs, a bias more 

apparent in the mutually adjusted models.  

From the different analytical methods examined, the RI CLL model produced SEs that were the 

closest to those derived from the RI log-binomial model. SEs from the two models were only up 

to 11% different (considering only the analyses for which the RI log-binomial successfully 

converged). The shared frailty and the RI Poisson (with and without robust SEs) models indicated 

precision that was slightly lower but broadly comparable to that from the RI log-binomial model. 

Surprisingly, ratios of SEs from the shared frailty and the Poisson without robust SEs models to 

those from the RI log-binomial were more narrowly spread across the different (unadjusted and 

adjusted) analyses than the corresponding ratios of SEs for the Poisson with robust SEs models. In 

contrast, the other methods examined gave either much lower (CLL model with robust SEs) or 

much greater (Z&Y, and modified Z&Y models) precision for risk estimates.      

The comparison of estimates and related precision derived from different analytical approaches 

was made using real data from the CUPID study. That constrained the range of scenarios in which 

the estimates could be compared (e.g. different effect sizes, and prevalence of outcome and 

explanatory variables). However, the CUPID study is a rich source of data, and it was 

nevertheless possible to examine a variety of scenarios; prevalence rates of outcome variables 

varied from 6% to 22%, and of explanatory variables from 16% to 74%, while effect sizes 

(estimated from the RI Poisson model) ranged from to 1.09 to 3.79 (the range of the effect 

estimates did not differ between the adjusted and unadjusted models).  

Another limitation of using real rather than simulated data, was that true values for parameters 

were unknown, and for this reason, conclusions from the comparisons of analytical methods 

should be cautious. In the absence of known values for parameters, risk estimates and their 
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precision were compared with those derived from the RI log-binomial model, which has widely 

been considered the preferred analytical approach for estimation of RRs.  

Also limiting was the similarity of most unadjusted risk estimates to those that were adjusted for 

the other risk factors. Confounding ranged from -60% to 11%, with approximately half of the 

unadjusted RRs (72 out of 147) very close to the adjusted values (between -5% and +5% 

confounding). For that reason, conclusions from this investigation regarding adjusted RRs must 

be guarded. However, despite the weak confounding, the CUPID data could still be used to 

identify methods that performed poorly in comparison with the RI log-binomial model in the 

unadjusted models, and it seems unlikely that they would perform better in adjusted models. 

The models that were fitted were the RI log-binomial, the RI logistic regression following the 

Z&Y method, a modification of the Z&Y method, the RI Poisson model (without and with robust 

SEs), the shared frailty model, and the CLL model (with robust SEs, and with RI). Among these 

models, the RI logistic, RI log-binomial, and the CLL regression models assume the same 

underlying binomial distribution of the outcome variable, but with different link functions, while 

the others assume different distributions. 

The difference between estimates from the logistic models and the log-binomial has been 

discussed in numerous reports (180-182). Following these reports, Z&Y suggested deriving RRs 

from ORs, based on the formula presented in equation 8.5 which was derived from simple 

algebraic manipulations (Appendix 2). However, this method has been criticised as it uses a 

summary value for the proportion of the outcome in the unexposed group ( ) ignoring the 

correlation structure of the covariate variables (173). This simplification can lead to bias in 

estimates of risk from both real and simulated data, as has been demonstrated in several 

publications (173, 177, 183). In response, the modified Z&Y method was proposed, which uses 

the estimated prevalence of the outcome in the group unexposed to the main exposure variable 

after adjustment for confounding effects (177). Even though those two methods have been 

referred to or used in several studies, neither has been tested in clustered data. Here, these 

methods were adjusted to incorporate a RI in the logistic model before transformation of the ORs 

into RRs. I found that estimates from the Z&Y method were very close to those from the RI log-

binomial model (39/42 estimates of RR ≤10% different from RRs produced by a RI log-binomial 

model). In contrast, estimates from the modified Z&Y method were highly biased; only 7/42 

estimates were <10% different from those produced by the RI log-binomial model. These results 

agree with findings from simulated data reported by Dwivedi et al (177), in which the modified 

Z&Y method gave estimates of RR that were slightly biased, whereas RRs estimated by the Z&Y 

method were adequately close to the true effects. The authors attributed the small bias in the Z&Y 

method to the absence of major confounding effects in their dataset. Likewise, the relatively good 
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performance of the Z&Y method in the models fitted in this chapter using data from CUPID may 

reflect only small/moderate confounding effects. It is unclear, however, why in such 

circumstances of low confounding, precision of point estimates from the modified Z&Y method 

differs from that of the Z&Y method.      

In comparison with the other methods examined in this chapter, the CLL model is used less 

frequently for the estimation of RRs. A search in Scopus identified only 15 epidemiological 

studies in which the method had been applied. It was first suggested by Martuzzi et al (184) who, 

based on the analysis of real data from a large survey, concluded that the CLL link function 

provides a useful alternative for the estimation of RRs. The model has been under-used as 

described by Nelder in 2001 (185), whose report was followed by methodological publications 

that applied the CLL model (186, 187) and compared it with other methods more commonly 

implemented (188). Based on simulation results reported by Penman et al (188), the CLL model 

performs well, with small bias in estimates of effect and satisfactory precision. That 

methodological work, however, has not been expanded to data that are grouped within clusters. 

Using data from the CUPID study, I showed that the RI CLL model produced risk estimates that 

were very similar to those from RI log-binomial models. On average, they were only 1% different 

from the RRs from the RI log-binomial model, and this difference was not influenced by 

adjustment for covariates. The RI CLL model also produced precision that was very close to that 

from the RI log-binomial model with ratios of SEs from the two methods being very close to one.   

When clustering of observations was accounted for in the CLL model using robust SEs instead of 

RI to account for dependence of observations in the precision of the point estimates, both the 

estimated RRs and their precision differed from those obtained with the RI log-binomial model, 

making it the least satisfactory of the methods that were considered in this chapter for direct 

estimation of RRs when data are clustered. The poor performance of the method (overestimation 

of both RR and SEs of ln(RRs)) is not surprising given that previous research comparing methods 

that correct for clustering effects has favoured multilevel analytical approaches over traditional 

models that simply apply corrections to SEs (189).      

The use of the Cox proportional hazards model for estimation of RRs, with an assumption that the 

period at risk is the same for all participants in a study, was introduced in 1994 (182), and 

compared with the log-binomial model a few years later (190). Because of overestimated standard 

errors, robust standard errors have been proposed (74). Unlike the CLL model, use of the Cox 

model with a constant observation time is quite widely reported in the literature. The extension of 

this model to analysis of data that are clustered, the shared frailty model, is commonly used in 

cases of recurrent events. However, as with the other methods that I considered, its performance 
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when data are clustered has not been explored in methodological papers. When the performance 

of the shared frailty model was tested against the RI log-binomial model, it produced unbiased 

estimates of risk (average differences in point estimates ~1%, and maximum difference <10%), 

with precision very close to that from the RI log-binomial model (average relative precision = 

1.08). Also, the shared frailty model showed the narrowest dispersion of values of relative 

precision around the average value, indicating that agreement of SEs between this model and the 

RI log-binomial model was fairly consistent across associations of different outcomes and risk 

factors. Nonetheless, values of relative precision indicated differences in SEs up to 21%, but no 

pattern of prevalence rates of the risk factors and the outcomes with differences in SEs >10% was 

observed.  

The Poisson model with robust SEs has been discussed by several researchers and has been 

proposed as an alternative approach to the estimation of RRs when the log-binomial fails to 

converge (74, 76, 191-193). However, most publications have focused on data that are 

independent (i.e. not clustered). Although a need for research on performance of the model in the 

context of clustered data was first identified more than a decade ago (76), interest in the topic has 

been quite limited. Three studies have explored the performance of the Poisson model with robust 

variance model using simulated data that were hierarchically structured (75, 77, 174), and they all 

concluded that the resulting effect estimates were adequately close to the real effect size. 

However, in two of these publications (75, 77), generalised estimating equation models with 

exchangeable correlation structure were fitted to account for the clustering, while the Poisson 

model in the third publication (174), although termed “random effects Poisson”, was not clearly 

specified. As none of these studies used RI Poisson regression with robust SEs, comparisons with 

results shown in this chapter cannot be made. Nonetheless, my findings suggest that the RI 

Poisson model with robust SEs performs well with regard to estimation of effects, with RRs being 

very close to those derived from the RI log-binomial model (average ratio of RRs 1.01). Also, 

the average relative precision (ratio of SEs) indicated small average differences (1.11) in SEs 

from the two methods. Surprisingly, however, relative precision varied considerably across the 

(unadjusted and adjusted) analyses, with SEs from the Poisson model sometimes being markedly 

higher (i.e. low relative precision) than those from the log-binomial model. Disagreement in 

precision from the two methods was most notable in the associations of higher age bands 

(compared to the lower one) with wrist/hand pain. It remains unclear, however, why greater 

disagreement in precision was observed when a) the outcome variable (wrist/hand pain) had 

neither high (like low back pain) nor low (like elbow pain) prevalence; and its standardised 

dispersion of prevalence rates across clusters (SD/mean of prevalence rates) was comparable to 

other outcomes examined (i.e. elbow pain); and b) the risk factor presented similar characteristics 
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in terms of prevalence rates and dispersion of prevalence rates across clusters to other risk factors 

explored.   

As expected, the RI Poisson model without robust SEs produced estimates of effect and related 

precision that were very similar to those derived from the shared frailty model. As such, any 

comparison of the RI Poisson without robust SEs with the RI log-binomial model closely 

mirrored that for the shared frailty model discussed above. However, it was surprising that the 

two models (RI Poisson without robust SEs and shared frailty) produced SEs of point estimates 

that were closer to those from the RI log-binomial model than SEs from the RI Poisson with 

robust SEs were. These findings contradict reports (74, 75, 77) which describe that when the 

outcome is rare, the variance of point estimates produced by the Poisson model is very close to 

that from the log-binomial model, but it is overestimated otherwise, suggesting the use of robust 

variance estimation as a solution to this problem. The reasons for inconsistency of findings in this 

chapter with the published literature are unclear. Possible explanations might be the relative 

dispersion of the outcome or the risk factors under consideration, size of the effect estimate, level 

of clustering or a combination of the above.  

In this chapter I reviewed the main methods that are available for the estimation of RRs when data 

are hierarchically clustered, and compared them using real data from a large multi-centre study. 

Estimates of relative risk from these methods and their relative precision were compared to those 

from the RI log-binomial model, which is widely accepted as the gold standard for estimation of 

RRs. The results presented support the use of RI CLL regression for estimating RRs and their 

variance when the RI log-binomial fails to converge. Alternative models may be used when the 

focus is more on point estimates of RRs than their precision and, specifically, the shared frailty 

and RI Poisson models appear to provide useful alternatives to the RI log-binomial model. Future 

work based on simulated data is needed to identify situations under which i) RI Poisson 

regression with robust SEs results in less satisfactory estimation of effects and related precision 

(as was seen in the analysis of CUPID data), and ii) other models are likely to produce unbiased 

RRs with appropriate  95% CIs.  
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Chapter 9. General conclusions and future work 

In this thesis I have used simulated data and data from a large multicentre study of 

musculoskeletal symptoms to address three main research questions concerning statistical 

modelling of clustered data. In this final chapter, the key findings are summarised, implications 

are discussed, and directions for further work are suggested. This is done separately for the three 

questions explored in the thesis. 

Consequences of ignoring clustering 

The first aim was to explore implications of failing to account for clustering in statistical 

inference when data are hierarchically structured. The purpose was to identify the nature and 

extent of errors that might occur, and circumstances in which errors might be sufficiently large to 

be of practical importance. Specific assumptions were made about the association between the 

outcome and the explanatory variable, and also about the distribution of error terms and of 

average values of the outcome across different clusters. With these assumptions I then simulated 

data under various conditions, including different: types of outcome and explanatory variables 

(continuous or binary); levels of clustering; and relative between- to within- cluster dispersion of 

the explanatory variable. In analysis of those simulated data, I showed that when clustering was 

ignored and effects were estimated through a naïve regression model, they were on average 

unbiased when the outcome under investigation was continuous, but were underestimated (i.e. 

biased towards the null) when the outcome was binary. The precision of effect estimates was 

overestimated when the outcome of interest was binary, and also when both the outcome and the 

explanatory variable were continuous. However, in linear regression with a binary explanatory 

variable, the standard errors of effects estimated from the naïve model were falsely high (i.e. 

precision was underestimated). The magnitude of the bias, both in point estimates and in their 

precision, increased with greater clustering of the outcome variable (after adjustment for the 

explanatory variable). I also demonstrated that biases were influenced by the distribution of the 

explanatory variable across clusters, and the extent to which it was clustered. To supplement these 

findings of consequences of ignoring clustering in statistical inference I explored rates of Type I 

error and 95% confidence interval coverage. These were very close to the nominal values of 5% 

and 95%, respectively, when the RI regression model was fitted. However, they deviated from the 

nominal values when a naïve analytical approach was employed, verifying that differences 

between results from the naïve model and the hierarchical model reflected errors in the former 

and not the latter. 

These results should be interpreted cautiously due to several limitations. The simulations did not 

cover the full range of possible scenarios which might be of interest, and this could be a topic for 
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further research. For example, data presented here were simulated so that the assumptions of the 

random-intercept model were met (i.e. normality of cluster-level residuals, and independence of 

cluster-level and individual-level residuals). Through the algebraic modelling developed for the 

case of a continuous outcome, I showed that conclusions were not critically dependent on the 

normality of the cluster-level residuals. It was assumed though that the cluster-level and 

individual-level residuals were uncorrelated. Moreover, no similar algebraic modelling was 

possible in the case of a binary outcome, and conclusions about the importance of assumptions in 

the simulations cannot be necessarily be extrapolated to the RI logistic regression modelling. In 

practice, the distributions of real data might deviate from the assumptions that were made in the 

simulations, and it would be of interest to understand their importance, particularly in logistic 

regression modelling.  

In addition, the numbers of clusters and of observations per cluster in the simulated datasets were 

large, aiming to minimise random sampling variation so that bias could be better characterised. 

However, in practice, either the number of clusters or the number of observations per cluster (or 

both) could be much smaller, and in these situations clustering effects might differ from those 

described here. Moreover, cluster sizes, and the magnitude of the true effect did not vary in my 

simulated data, whereas in most real studies, clusters vary in size, and effect sizes can be much 

larger or smaller than those that I considered. 

Finally, I also assumed that the outcome depended on only one explanatory variable, while in 

practice several covariates may be relevant, and the association between them is often complex. 

Thus, future research could usefully focus on situations in which effects of one explanatory 

variable are modified by another. That might be best achieved by theoretical modelling of the 

problem, and then complementary simulation studies. 

Meanwhile, despite the limitations, conclusions can be drawn about a number of circumstances in 

which simple regression analyses that ignore clustering are liable to be misleading. These 

occasions occur when researchers are principally interested in 

 estimation of effect of an explanatory variable on a binary outcome through logistic regression 

and the ICC value of the outcome variable is >0.1 

 precision of the effect of a continuous explanatory on an (either continuous or binary) outcome 

variable, when the variance of the explanatory variable within clusters is different (either higher 

or lower) from that between clusters, and the ICC of the outcome adjusted for the predictor is 

>0.01  
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 precision of the effect of a binary explanatory on a binary outcome variable, when the prevalence 

rates vary considerably across clusters, and the ICC of the outcome adjusted for the predictor is 

>0.03 

Most importantly, rates of false positive results and of coverage intervals importantly further from 

the nominal values (for example <85% for coverage rates and >10% for type I error rates) when a 

naïve regression model is fitted occur when: 

 ICC is ≥0.01 and both the outcome and the explanatory variables are continuous 

 ICC is >0.01 for any binary outcome and continuous explanatory variable 

 ICC is >0.1, the outcome is continuous and the explanatory variable is binary with a large 

dispersion of its cluster-specific prevalence rates, and the overall prevalence of the explanatory 

variable is low (~5%) 

 ICC is ≥0.1, the outcome is binary and the explanatory variable is binary with a large dispersion 

of its cluster-specific prevalence rates  

Further work based on simulated data was done to explore how estimates derived from naïve 

regression models using dummy variables (DV) for the clusters compared to those from RI 

models for different distributions and levels of clustering of the outcome and explanatory 

variables. I found that despite small differences in the precision of point estimates from the two 

models (DV and RI) (occurring mainly when the explanatory variable was continuous with a high 

relative dispersion of x across clusters), statistical inference was unlikely to be misleading when 

DV models were fitted instead of RI models. However, the number of scenarios explored was 

limited and further work is needed to explore comparisons of the two approaches in situations of 

varying cluster sizes and number of clusters, and also in situations in which cluster effects follow 

distributions other than normal. 

Comparison of meta-analysis to pooled analysis 

A second aim of this thesis was to explore alternative analytical approaches to the clustering of 

data that occurs in meta-analysis. When all individual observations were available, one would fit a 

multi-level model that allowed for study/cluster effects, in what is termed pooled analysis of 

individual data. To explore how estimates of effect from meta-analysis of summary results at 

cluster level compare with those from pooled analysis of individual data, I used real data from the 

CUPID study, a multicentre study in which participants are uniquely grouped into 47 

groups/clusters. For the purpose of this investigation, the 47 clusters were regarded as 47 

independent studies for which the methods of data collection and ascertainment of exposure and 

health outcomes were standardised. Estimates of the effects of specific exposures on 

musculoskeletal pain outcomes were summarised by odds ratios. These were derived separately 
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from each of the groups/studies and a meta-analytical odds ratio was derived and compared with 

that derived from pooled analysis using multi-level modelling. Although several alternative 

analytical models were applied for each of the two approaches, the main comparison was between 

the random effects (or DerSimonian and Laird) model (a method of meta-analysis) and the 

random coefficients model (a method of pooled analysis). Comparison was based on associations 

between exposures and outcomes that covered a wide range of prevalence rates and sizes of 

effect.   

Comparison of the two approaches showed that in most cases meta-analytical odds ratios were 

similar to those from pooled analyses. However, when either the outcome or exposure of interest 

was rare, odds ratios from the two analytical approaches differed, with those from meta-analysis 

tending to be biased towards the null value of one. The largest differences in point estimates were 

observed for the rarest outcome considered, with those from meta-analysis being lower than those 

from pooled analysis by up to 27%. Unlike the point estimates, the precision of the resulting odds 

ratios was different between the two models; it was lower when derived from meta-analysis than 

from pooled analysis of individual data. Again, the largest differences were seen mainly for the 

rarest outcome explored, with standard errors of point estimates from meta-analysis being up to 

46% higher than those from pooled analysis.  

Despite the advantage that the studies participating in the meta-analyses had used exactly the 

same methods of ascertainment of exposure and outcome and that comparisons were based on 

analyses of real data, showing that differences of the size observed can occur in practice, it should 

be noted that they all came from a single large study, using only a limited set of variables. Similar 

investigations could usefully be carried out using data from other studies to better characterise 

relationships. Meanwhile, results from my comparison of the two analytical approaches, provide 

some reassurance that when evidence from different studies is synthesised using meta-analysis, 

point estimates will often be close to those that would be obtained from multi-level modelling of 

pooled individual data. Comparison of the two approaches did, however, suggest a lower level of 

agreement when either the prevalence of the outcome or of the exposure of interest is very low or 

very high. The reasons for discrepancies remain unknown, and could be further explored using 

simulation studies.   

Estimating relative risks from clustered data 

The third objective of this thesis was to compare methods for estimating relative risks from 

clustered data. Having identified analytical techniques that have been proposed for estimation of 

relative risks in a setting of independent observations, I described how these can be adjusted to 

account for clustering in the outcome variable. I then used real data from the CUPID study, to 

compare results from other methods with those from the random intercept log-binomial model 
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(assumed to be the best approach if convergence can be achieved). Results suggested that the 

random intercept complementary log-log model produces estimates of effect and precision that 

are similar to those from the random intercept log-binomial model. Other models were found to 

give effect estimates adequately close to those from the log-binomial model, although with 

differing estimates of the related precision. However, in contrast to what might be expected from 

the literature on estimation of relative risks from unclustered data, the random-intercept Poisson 

model with robust variance yielded point estimates with SEs that were on average higher than 

those from the random intercept log-binomial model.       

These findings support use of the random-intercept complementary log-log model to estimate 

relative risks from clustered data, where the random intercept log-binomial model cannot be 

employed.  However, to date, its implementation has been rarely reported in the literature, and 

other alternative models could reasonably be used where the focus was more on point estimates of 

relative risks than their precision. That said, the analysis presented was based on only a single set 

of data, and does not allow firm recommendations regarding situations in which methods other 

than the random-intercept log-binomial model will prove satisfactory. To answer that question 

will require further research. Future work in this area could usefully be carried out using 

simulated data, and given the scope for error that I have demonstrated, should focus primarily on 

the analytical models that directly (i.e. not through the use of odds ratios from logistic regression) 

estimate relative risks. Varying conditions (for example prevalence rates of outcome and 

explanatory variables, relative dispersion of the explanatory variable across clusters, size of true 

effect, number of clusters etc.) one at a time in different sets of simulations would provide a 

thorough examination of the problem that would enable a more confident choice of analytical 

model for future estimation of relative risks from clustered data.   

In all of the analyses presented in this thesis, I employed conditional methods to take clustering 

into account. However, marginal methods can alternatively be used. Indeed, they are often the 

choice of analytical approach when data are clustered, particularly when the interest is estimation 

of effects of variables defined at cluster level. Also, the structure of the datasets (both simulated 

and real data from the CUPID study) used in this thesis was such that the unit of analysis was the 

individual, with individuals clustered in groups, and the explanatory variables of interest were 

measured at the individual level. However, clustering also occurs when multiple measurements 

are taken on the same individual at several points in time (longitudinal data), with the interest 

being in effects of explanatory variables defined at the cluster level (78). To draw a more 

complete picture about the research questions addressed in this thesis, the work should be 

expanded to longitudinal data structures, considering effects of explanatory variables measured at 

the higher level of data hierarchy, and applying marginal methods.  
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Appendix 1. Graphical illustration of the comparison of estimates of effects and related 

precision from the different models presented in Chapter 6 
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Appendix 2. Derivation of relative risks (RRs) from odds ratios (ORs)  

In the equations shown below,  and  are the proportion of outcome in the exposed and the 

unexposed groups, respectively. 
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Appendix 3. Cox regression model with constant time at risk 

In survival analysis, the outcome of interest is the time  until an event. The probability density 

function (pdf),  describes the likelihood of observing  at time . Then, the cumulative 

distribution function (cdf), , describes the probability of observing  before by time  

(Pr ). Then the cdf will be 

 

The probability of surviving beyond time  is the described in the survival function, , that can 

be derived from the cdf, as follows 

1  

In survival analysis, the main interest is then to estimate the hazard function which is the ratio of 

the pdf to the survival function 

 

The cumulative hazard function is then obtained from integrating the hazard function over a time 

interval 

ln 1  

Thus,  

exp  

Assuming a time-constant baseline hazard, , the survival function becomes  

exp  

and the pdf becomes  

exp  

which is the pdf of an exponential random variable with expectation . This leads to a Cox 

model with hazard function  

exp  
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The parameters can be estimated using the likelihood method. The log-likelihood is given by  

log  

where  is the event indicator, taking values 1 if the event has occurred and 0 otherwise.  

With an additive constant, this is the same expression as the log-likelihood of the ′  seen as a 

realisation of the Poisson variable with mean . As such, estimates can be obtained 

from the Poisson model  

log log  

where log .  
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Appendix 4. Relative risks and 95% confidence intervals for the associations between 
disabling pain outcomes and risk factors  

Table 1. Relative risks and 95% CIs for the univariate associations between disabling LBP and 
risk factors 

 
Point Estimate  95% Confidence Intervals 

RR 
Ratio of 

RRs 
 lower upper SE(ln(RR)) 

Ratio of 
SEs 

Outcome: LBP (22%) 
Explanatory variable: Sex (Female) 

      

RI log-binomial 1.460 --  1.322 1.612 0.051 -- 
Zang & Yu  1.497 1.025  1.353 1.651 0.051 1.003 
Modified Zang & Yu 1.492 1.022  1.350 1.645 0.050 0.994 
RI Poisson (no robust SEs) 1.465 1.004  1.308 1.640 0.058 1.139 
RI Poisson (robust SEs) 1.465 1.004  1.299 1.651 0.061 1.206 
Shared frailty model 1.459 0.999  1.303 1.633 0.058 1.136 
CLL (robust SEs) 1.671 1.144  1.374 2.031 0.100 1.969 
RI CLL 1.479 1.013  1.334 1.640 0.053 1.038 
Outcome: LBP (22%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial 1.228 --  1.110 1.358 0.051 -- 
Zang & Yu  1.216 0.990  1.105 1.334 0.048 0.932 
Modified Zang & Yu 1.170 0.953  1.085 1.258 0.038 0.734 
RI Poisson (no robust SEs) 1.227 0.999  1.094 1.376 0.058 1.135 
RI Poisson (robust SEs) 1.227 0.999  1.115 1.351 0.049 0.952 
Shared frailty model 1.227 0.999  1.095 1.376 0.058 1.135 
CLL (robust SEs) 1.241 1.011  1.094 1.409 0.065 1.254 
RI CLL 1.226 0.998  1.110 1.354 0.051 0.986 
Outcome: LBP (22%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial 1.528 --  1.381 1.691 0.052 -- 
Zang & Yu  1.503 0.983  1.372 1.639 0.045 0.875 
Modified Zang & Yu 1.435 0.939  1.326 1.546 0.039 0.757 
RI Poisson (no robust SEs) 1.532 1.002  1.363 1.722 0.060 1.152 
RI Poisson (robust SEs) 1.532 1.002  1.379 1.702 0.054 1.040 
Shared frailty model 1.531 1.002  1.362 1.721 0.060 1.152 
CLL (robust SEs) 1.574 1.030  1.341 1.848 0.082 1.583 
RI CLL 1.538 1.006  1.391 1.700 0.051 0.987 
Outcome: LBP (22%) 
Explanatory variable: Age (50-59 v 20-29) 

  

RI log-binomial 1.513 --  1.349 1.698 0.059 -- 
Zang & Yu  1.484 0.981  1.336 1.641 0.052 0.894 
Modified Zang & Yu 1.416 0.936  1.293 1.543 0.045 0.769 
RI Poisson (no robust SEs) 1.513 1.000  1.324 1.730 0.068 1.164 
RI Poisson (robust SEs) 1.513 1.000  1.341 1.707 0.062 1.049 
Shared frailty model 1.511 0.998  1.322 1.727 0.068 1.163 
CLL (robust SEs) 1.515 1.001  1.280 1.794 0.086 1.468 
RI CLL 1.513 1.000  1.352 1.694 0.057 0.978 
Outcome: LBP (22%) 
Explanatory variable: Occupational activity 

  

RI log-binomial 1.224 --  1.131 1.325 0.040 -- 
Zang & Yu  1.252 1.023  1.152 1.358 0.042 1.038 
Modified Zang & Yu 1.256 1.026  1.154 1.364 0.043 1.054 
RI Poisson (no robust SEs) 1.236 1.009  1.126 1.357 0.048 1.179 
RI Poisson (robust SEs) 1.236 1.009  1.130 1.352 0.046 1.135 
Shared frailty model 1.237 1.010  1.126 1.357 0.048 1.177 
CLL (robust SEs) 1.217 0.994  1.010 1.466 0.095 2.349 
RI CLL 1.243 1.015  1.144 1.350 0.042 1.048 
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Outcome: LBP (22%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 
RI log-binomial 1.624 --  1.490 1.769 0.044 -- 
Zang & Yu  1.579 0.973  1.463 1.700 0.038 0.877 
Modified Zang & Yu 1.288 0.793  1.239 1.335 0.019 0.436 
RI Poisson (no robust SEs) 1.633 1.006  1.480 1.802 0.050 1.147 
RI Poisson (robust SEs) 1.633 1.006  1.472 1.811 0.053 1.208 
Shared frailty model 1.632 1.005  1.479 1.800 0.050 1.147 
CLL (robust SEs) 1.647 1.015  1.494 1.817 0.050 1.141 
RI CLL 1.586 0.977  1.465 1.717 0.040 0.924 
Outcome: LBP (22%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 
RI log-binomial 2.485 --  2.303 2.681 0.039 -- 
Zang & Yu  2.365 0.952  2.232 2.498 0.029 0.740 
Modified Zang & Yu 1.903 0.766  1.831 1.973 0.019 0.490 
RI Poisson (no robust SEs) 2.531 1.019  2.307 2.776 0.047 1.214 
RI Poisson (robust SEs) 2.531 1.019  2.283 2.805 0.052 1.351 
Shared frailty model 2.528 1.017  2.305 2.771 0.047 1.209 
CLL (robust SEs) 2.759 1.110  2.462 3.092 0.058 1.498 
RI CLL 2.525 1.016  2.342 2.723 0.038 0.989 
 

Table 2. Relative risks and 95% CIs for the univariate associations between disabling WHP and 
risk factors 

 
Point Estimate  95% Confidence Intervals 

RR 
Ratio of 

RRs 
 lower upper SE(ln(RR)) 

Ratio of 
SEs 

Outcome: WHP (14%) 
Explanatory variable: Sex (Female) 

      

RI log-binomial 1.799 --  1.578 2.050 0.067 -- 
Zang & Yu  1.906 1.060  1.665 2.176 0.068 1.022 
Modified Zang & Yu 1.892 1.052  1.656 2.154 0.067 1.006 
RI Poisson (no robust SEs) 1.808 1.005  1.567 2.086 0.073 1.092 
RI Poisson (robust SEs) 1.808 1.005  1.581 2.068 0.069 1.027 
Shared frailty model 1.794 0.998  1.556 2.069 0.073 1.089 
CLL (robust SEs) 2.401 1.335  1.658 3.476 0.189 2.827 
RI CLL 1.850 1.029  1.615 2.119 0.069 1.038 
Outcome: WHP (14%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial 1.077 --  0.945 1.226 0.066 -- 
Zang & Yu  1.096 1.018  0.959 1.248 0.067 1.011 
Modified Zang & Yu 1.081 1.004  0.964 1.206 0.057 0.858 
RI Poisson (no robust SEs) 1.093 1.015  0.946 1.262 0.073 1.106 
RI Poisson (robust SEs) 1.093 1.015  0.952 1.254 0.070 1.058 
Shared frailty model 1.092 1.014  0.946 1.261 0.073 1.106 
CLL (robust SEs) 1.088 1.010  0.871 1.358 0.113 1.705 
RI CLL 1.089 1.011  0.953 1.244 0.068 1.023 
Outcome: WHP (14%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial 1.417 --  1.245 1.612 0.066 -- 
Zang & Yu  1.462 1.032  1.287 1.653 0.064 0.968 
Modified Zang & Yu 1.421 1.003  1.264 1.588 0.058 0.882 
RI Poisson (no robust SEs) 1.456 1.028  1.260 1.684 0.074 1.121 
RI Poisson (robust SEs) 1.456 1.028  1.218 1.741 0.091 1.382 
Shared frailty model 1.453 1.026  1.257 1.680 0.074 1.121 
CLL (robust SEs) 1.506 1.063  1.145 1.979 0.139 2.114 
RI CLL 1.457 1.028  1.276 1.663 0.068 1.024 
Outcome: WHP (14%) 
Explanatory variable: Age (50-59 v 20-29) 
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RI log-binomial 1.706 --  1.486 1.959 0.070 -- 
Zang & Yu  1.801 1.055  1.576 2.043 0.066 0.940 
Modified Zang & Yu 1.783 1.045  1.565 2.017 0.065 0.919 
RI Poisson (no robust SEs) 1.802 1.056  1.537 2.112 0.081 1.152 
RI Poisson (robust SEs) 1.802 1.056  1.405 2.311 0.127 1.804 
Shared frailty model 1.795 1.052  1.531 2.104 0.081 1.152 
CLL (robust SEs) 1.796 1.052  1.298 2.485 0.166 2.353 
RI CLL 1.797 1.053  1.559 2.072 0.072 1.029 
Outcome: WHP (14%) 
Explanatory variable: Occupational activity 

  

RI log-binomial 1.844 --  1.608 2.116 0.070 -- 
Zang & Yu  1.928 1.045  1.680 2.206 0.070 0.993 
Modified Zang & Yu 1.922 1.042  1.676 2.198 0.069 0.987 
RI Poisson (no robust SEs) 1.856 1.007  1.601 2.152 0.075 1.076 
RI Poisson (robust SEs) 1.857 1.007  1.590 2.168 0.079 1.129 
Shared frailty model 1.854 1.005  1.599 2.149 0.075 1.076 
CLL (robust SEs) 2.334 1.266  1.642 3.318 0.179 2.561 
RI CLL 1.886 1.023  1.638 2.173 0.072 1.030 
Outcome: WHP (14%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 
RI log-binomial 1.720 --  1.538 1.923 0.057 -- 
Zang & Yu  1.703 0.990  1.532 1.886 0.053 0.929 
Modified Zang & Yu 1.458 0.848  1.360 1.557 0.035 0.606 
RI Poisson (no robust SEs) 1.734 1.009  1.533 1.962 0.063 1.102 
RI Poisson (robust SEs) 1.734 1.009  1.559 1.929 0.054 0.953 
Shared frailty model 1.731 1.007  1.531 1.958 0.063 1.100 
CLL (robust SEs) 1.895 1.102  1.672 2.148 0.064 1.120 
RI CLL 1.702 0.990  1.529 1.894 0.055 0.957 
Outcome: WHP (14%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 

RI log-binomial 2.708 --  2.451 2.993 0.051 -- 

Zang & Yu  2.677 0.989  2.461 2.901 0.042 0.824 
Modified Zang & Yu 2.326 0.859  2.175 2.477 0.033 0.652 
RI Poisson (no robust SEs) 2.750 1.015  2.453 3.084 0.058 1.145 
RI Poisson (robust SEs) 2.750 1.015  2.458 3.077 0.057 1.124 
Shared frailty model 2.746 1.014  2.450 3.077 0.058 1.140 
CLL (robust SEs) 3.418 1.262  2.839 4.115 0.095 1.858 
RI CLL 2.800 1.034  2.534 3.094 0.051 1.000 
 

Table 3. Relative risks and 95% CIs for the univariate associations between disabling ELP and 
risk factors 

 
Point Estimate  95% Confidence Intervals 

RR 
Ratio of 

RRs 
 lower upper SE(ln(RR)) 

Ratio of 
SEs 

Outcome: ELP (6%) 
Explanatory variable: Sex (Female) 

      

RI log-binomial 1.828 --  1.476 2.263 0.109 -- 
Zang & Yu  1.855 1.014  1.494 2.294 0.109 1.004 
Modified Zang & Yu 1.860 1.017  1.497 2.304 0.110 1.010 
RI Poisson (no robust SEs) 1.826 0.999  1.463 2.278 0.113 1.036 
RI Poisson (robust SEs) 1.826 0.999  1.433 2.326 0.124 1.134 
Shared frailty model 1.808 0.989  1.450 2.254 0.113 1.033 
CLL (robust SEs) 1.857 1.016  1.300 2.654 0.182 1.671 
RI CLL 1.845 1.009  1.484 2.293 0.111 1.017 
Outcome: ELP (6%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial 1.523 --  1.159 2.001 0.139 -- 
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Zang & Yu  1.508 0.990  1.161 1.943 0.131 0.944 
Modified Zang & Yu 1.361 0.894  1.123 1.620 0.093 0.671 
RI Poisson (no robust SEs) 1.530 1.005  1.157 2.023 0.143 1.023 
RI Poisson (robust SEs) 1.530 1.005  1.165 2.009 0.139 0.998 
Shared frailty model 1.532 1.006  1.159 2.026 0.142 1.022 
CLL (robust SEs) 1.475 0.968  1.081 2.011 0.158 1.137 
RI CLL 1.515 0.994  1.163 1.973 0.135 0.969 
Outcome: ELP (6%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial 3.226 --  2.494 4.174 0.131 -- 
Zang & Yu  3.036 0.941  2.425 3.756 0.112 0.849 
Modified Zang & Yu 2.630 0.815  2.188 3.106 0.089 0.680 
RI Poisson (no robust SEs) 3.251 1.008  2.494 4.237 0.135 1.029 
RI Poisson (robust SEs) 3.251 1.008  2.539 4.162 0.126 0.959 
Shared frailty model 3.243 1.005  2.489 4.225 0.135 1.027 
CLL (robust SEs) 3.156 0.978  2.380 4.185 0.144 1.096 
RI CLL 3.175 0.984  2.494 4.043 0.123 0.938 
Outcome: ELP (6%) 
Explanatory variable: Age (50-59 v 20-29) 

  

RI log-binomial 3.769 --  2.869 4.952 0.139 -- 
Zang & Yu  3.477 0.922  2.750 4.328 0.116 0.831 
Modified Zang & Yu 3.056 0.811  2.507 3.653 0.096 0.690 
RI Poisson (no robust SEs) 3.787 1.005  2.853 5.027 0.144 1.037 
RI Poisson (robust SEs) 3.787 1.005  2.841 5.049 0.147 1.054 
Shared frailty model 3.772 1.001  2.843 5.005 0.144 1.036 
CLL (robust SEs) 3.504 0.930  2.484 4.944 0.176 1.261 
RI CLL 3.673 0.975  2.853 4.730 0.129 0.927 
Outcome: ELP (6%) 
Explanatory variable: Occupational activity 

  

RI log-binomial 1.786 --  1.436 2.222 0.111 -- 
Zang & Yu  1.802 1.009  1.447 2.236 0.111 0.997 
Modified Zang & Yu 1.798 1.007  1.446 2.230 0.111 0.992 
RI Poisson (no robust SEs) 1.787 1.001  1.428 2.237 0.115 1.028 
RI Poisson (robust SEs) 1.787 1.001  1.411 2.263 0.121 1.082 
Shared frailty model 1.769 0.991  1.415 2.212 0.114 1.023 
CLL (robust SEs) 2.181 1.221  1.629 2.921 0.149 1.338 
RI CLL 1.792 1.004  1.438 2.233 0.112 1.008 
Outcome: ELP (6%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 
RI log-binomial 1.926 --  1.591 2.332 0.098 -- 
Zang & Yu  1.902 0.987  1.579 2.281 0.094 0.962 
Modified Zang & Yu 1.673 0.869  1.452 1.911 0.070 0.718 
RI Poisson (no robust SEs) 1.923 0.998  1.577 2.344 0.101 1.036 
RI Poisson (robust SEs) 1.923 0.998  1.581 2.339 0.100 1.024 
Shared frailty model 1.914 0.994  1.570 2.332 0.101 1.035 
CLL (robust SEs) 2.009 1.043  1.650 2.446 0.100 1.030 
RI CLL 1.906 0.989  1.583 2.295 0.095 0.972 
Outcome: ELP (6%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 
RI log-binomial 3.226 --  2.713 3.837 0.088 -- 
Zang & Yu  3.149 0.976  2.681 3.679 0.081 0.913 
Modified Zang & Yu 2.736 0.848  2.398 3.096 0.065 0.737 
RI Poisson (no robust SEs) 3.224 0.999  2.687 3.868 0.093 1.051 
RI Poisson (robust SEs) 3.224 0.999  2.770 3.751 0.077 0.874 
Shared frailty model 3.200 0.992  2.669 3.836 0.093 1.047 
CLL (robust SEs) 3.716 1.152  3.101 4.453 0.092 1.044 
RI CLL 3.236 1.003  2.728 3.838 0.087 0.984 
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Table 4. Relative risks and 95% CIs for the associations between disabling low back pain and risk 
factors from the mutually adjusted models 

 

Point Estimate  95% Confidence Intervals 
% 

Confoun
ding 

RR 
Ratio of 

RRs 
 lower upper 

SE(ln(
RR)) 

Ratio 
of SEs 

Outcome: LBP (22%) 
Explanatory variable: Sex (Female) 

       

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  -10.21 1.344 1.033  1.208 1.491 0.054 0.872 
Modified Zang & Yu -29.42 1.053 0.809  1.035 1.069 0.008 0.135 
RI Poisson (no robust SEs) -11.16 1.301 1.000  1.162 1.457 0.058 0.935 
RI Poisson (robust SEs) -11.16 1.301 --  1.153 1.468 0.062 -- 
Shared frailty model -11.26 1.294 0.995  1.156 1.449 0.057 0.934 
CLL (robust SEs) -17.11 1.385 1.064  1.165 1.645 0.088 1.429 
RI CLL -11.98 1.302 1.000  1.178 1.439 0.051 0.828 
Outcome: LBP (22%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  4.56 1.272 1.026  1.141 1.413 0.055 1.075 
Modified Zang & Yu -10.80 1.044 0.842  1.025 1.061 0.009 0.174 
RI Poisson (no robust SEs) 1.03 1.240 1.000  1.106 1.390 0.058 1.149 
RI Poisson (robust SEs) 1.03 1.240 --  1.122 1.369 0.051 -- 
Shared frailty model 1.03 1.240 1.000  1.106 1.390 0.058 1.149 
CLL (robust SEs) 1.65 1.262 1.018  1.128 1.412 0.057 1.132 
RI CLL 0.66 1.234 0.996  1.122 1.358 0.049 0.957 
Outcome: LBP (22%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  8.94 1.637 1.059  1.474 1.812 0.053 0.908 
Modified Zang & Yu -24.52 1.083 0.700  1.068 1.097 0.007 0.119 
RI Poisson (no robust SEs) 0.96 1.547 1.000  1.377 1.737 0.059 1.024 
RI Poisson (robust SEs) 0.96 1.547 --  1.381 1.732 0.058 -- 
Shared frailty model 1.04 1.547 1.000  1.377 1.737 0.059 1.023 
CLL (robust SEs) 2.24 1.610 1.041  1.397 1.855 0.072 1.249 
RI CLL 0.37 1.543 0.998  1.403 1.698 0.049 0.839 
Outcome: LBP (22%) 
Explanatory variable: Age (50-59 v 20-29) 

  

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  9.11 1.620 1.059  1.434 1.821 0.061 1.030 
Modified Zang & Yu -23.64 1.082 0.707  1.063 1.098 0.008 0.136 
RI Poisson (no robust SEs) 1.09 1.530 1.000  1.339 1.748 0.068 1.148 
RI Poisson (robust SEs) 1.09 1.530 --  1.362 1.718 0.059 -- 
Shared frailty model 1.19 1.529 0.999  1.338 1.747 0.068 1.147 
CLL (robust SEs) 2.71 1.556 1.017  1.352 1.792 0.072 1.215 
RI CLL 0.19 1.516 0.991  1.363 1.687 0.054 0.917 
Outcome: LBP (22%) 
Explanatory variable: Occupational activity 

  

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  4.09 1.304 1.047  1.189 1.426 0.046 1.033 
Modified Zang & Yu -16.56 1.048 0.842  1.032 1.063 0.007 0.164 
RI Poisson (no robust SEs) 0.70 1.245 1.000  1.135 1.365 0.047 1.052 
RI Poisson (robust SEs) 0.70 1.245 --  1.140 1.359 0.045 -- 
Shared frailty model 0.55 1.243 0.999  1.134 1.364 0.047 1.051 
CLL (robust SEs) 3.39 1.258 1.011  1.135 1.394 0.052 1.171 
RI CLL 0.44 1.248 1.003  1.153 1.351 0.041 0.904 
Outcome: LBP (22%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 

  

RI log-binomial -- NC --  NC NC -- -- 
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Zang & Yu  2.17 1.613 1.014  1.479 1.756 0.044 0.829 
Modified Zang & Yu -16.04 1.081 0.679  1.068 1.093 0.006 0.110 
RI Poisson (no robust SEs) -2.56 1.591 1.000  1.441 1.757 0.050 0.954 
RI Poisson (robust SEs) -2.56 1.591 --  1.434 1.765 0.053 -- 
Shared frailty model -2.51 1.591 1.000  1.441 1.756 0.050 0.954 
CLL (robust SEs) -4.59 1.572 0.988  1.435 1.722 0.047 0.881 
RI CLL -2.74 1.543 0.970  1.426 1.669 0.040 0.757 
Outcome: LBP (22%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 

  

RI log-binomial -- NC --  NC NC -- -- 
Zang & Yu  9.72 2.594 1.055  2.418 2.775 0.035 0.645 
Modified Zang & Yu -40.21 1.138 0.463  1.131 1.144 0.003 0.056 
RI Poisson (no robust SEs) -2.87 2.458 1.000  2.240 2.698 0.048 0.874 
RI Poisson (robust SEs) -2.87 2.458 --  2.210 2.735 0.054 -- 
Shared frailty model -2.77 2.458 1.000  2.240 2.697 0.047 0.870 
CLL (robust SEs) -5.29 2.613 1.063  2.359 2.894 0.052 0.958 
RI CLL -3.54 2.436 0.991  2.261 2.624 0.038 0.698 
 

Table 5. Relative risks and 95% CIs for the associations between disabling wrist/hand pain and 
risk factors from the mutually adjusted models 

 

Point Estimate  95% Confidence Intervals 
% 

Confoun
ding 

RR 
Ratio of 

RRs 
 lower upper 

SE(ln(
RR)) 

Ratio 
of SEs 

Outcome: WHP (14%) 
Explanatory variable: Sex (Female) 

       

RI log-binomial -15.10 1.527 --  1.341 1.740 0.066 -- 
Zang & Yu  -13.55 1.648 1.079  1.430 1.894 0.072 1.079 
Modified Zang & Yu -39.37 1.147 0.751  1.108 1.182 0.016 0.245 
RI Poisson (no robust SEs) -13.99 1.555 1.018  1.346 1.797 0.074 1.109 
RI Poisson (robust SEs) -13.99 1.555 1.018  1.358 1.781 0.069 1.041 
Shared frailty model -14.05 1.542 1.010  1.336 1.780 0.073 1.102 
CLL (robust SEs) -22.75 1.855 1.214  1.453 2.368 0.125 1.875 
RI CLL -15.16 1.570 1.028  1.373 1.795 0.068 1.030 
Outcome: WHP (14%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial -0.85 1.068 --  0.940 1.212 0.065 -- 
Zang & Yu  1.72 1.115 1.044  0.960 1.292 0.076 1.171 
Modified Zang & Yu -4.31 1.035 0.969  0.986 1.079 0.023 0.355 
RI Poisson (no robust SEs) 0.17 1.094 1.025  0.948 1.264 0.073 1.135 
RI Poisson (robust SEs) 0.17 1.094 1.025  0.941 1.272 0.077 1.187 
Shared frailty model 0.18 1.094 1.025  0.947 1.263 0.073 1.135 
CLL (robust SEs) 2.51 1.115 1.044  0.924 1.345 0.096 1.478 
RI CLL -0.26 1.086 1.017  0.954 1.236 0.066 1.019 
Outcome: WHP (14%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial -2.31 1.384 --  1.222 1.567 0.063 -- 
Zang & Yu  5.56 1.543 1.115  1.331 1.784 0.075 1.176 
Modified Zang & Yu -20.51 1.129 0.816  1.088 1.167 0.018 0.281 
RI Poisson (no robust SEs) -1.18 1.439 1.040  1.246 1.663 0.074 1.161 
RI Poisson (robust SEs) -1.18 1.439 1.040  1.197 1.730 0.094 1.481 
Shared frailty model -1.09 1.437 1.038  1.244 1.660 0.074 1.160 
CLL (robust SEs) 0.62 1.515 1.095  1.208 1.901 0.116 1.824 
RI CLL -1.48 1.435 1.037  1.263 1.630 0.065 1.025 
Outcome: WHP (14%) 
Explanatory variable: Age (50-59 v 20-29) 

  

RI log-binomial -6.10 1.602 --  1.405 1.827 0.067 -- 
Zang & Yu  10.61 1.992 1.243  1.699 2.325 0.080 1.195 
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Modified Zang & Yu -33.05 1.193 0.745  1.155 1.228 0.016 0.234 
RI Poisson (no robust SEs) -1.80 1.769 1.104  1.510 2.073 0.081 1.208 
RI Poisson (robust SEs) -1.80 1.769 1.104  1.372 2.282 0.130 1.938 
Shared frailty model -1.71 1.764 1.101  1.505 2.067 0.081 1.207 
CLL (robust SEs) 0.02 1.796 1.121  1.377 2.343 0.136 2.023 
RI CLL -2.63 1.750 1.092  1.527 2.005 0.069 1.036 
Outcome: WHP (14%) 
Explanatory variable: Occupational activity 

  

RI log-binomial -8.18 1.693 --  1.478 1.940 0.069 -- 
Zang & Yu  -5.33 1.825 1.078  1.585 2.095 0.071 1.024 
Modified Zang & Yu -39.00 1.173 0.692  1.137 1.205 0.015 0.215 
RI Poisson (no robust SEs) -6.78 1.731 1.022  1.492 2.007 0.076 1.089 
RI Poisson (robust SEs) -6.80 1.731 1.022  1.489 2.011 0.077 1.102 
Shared frailty model -6.83 1.727 1.020  1.489 2.003 0.076 1.089 
CLL (robust SEs) -16.74 1.943 1.148  1.531 2.467 0.122 1.752 
RI CLL -7.79 1.739 1.027  1.514 1.999 0.071 1.020 
Outcome: WHP (14%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 

  

RI log-binomial -5.29 1.628 --  1.457 1.821 0.057 -- 
Zang & Yu  -0.64 1.692 1.039  1.499 1.905 0.061 1.075 
Modified Zang & Yu -20.90 1.154 0.708  1.122 1.183 0.014 0.239 
RI Poisson (no robust SEs) -5.89 1.632 1.002  1.442 1.847 0.063 1.111 
RI Poisson (robust SEs) -5.89 1.632 1.002  1.467 1.816 0.054 0.956 
Shared frailty model -5.84 1.630 1.001  1.441 1.845 0.063 1.109 
CLL (robust SEs) -12.14 1.665 1.023  1.503 1.845 0.052 0.918 
RI CLL -6.12 1.598 0.981  1.437 1.776 0.054 0.950 
Outcome: WHP (14%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 

  

RI log-binomial -8.38 2.482 --  2.245 2.743 0.051 -- 
Zang & Yu  8.41 2.902 1.170  2.614 3.214 0.053 1.032 
Modified Zang & Yu -45.34 1.271 0.512  1.252 1.289 0.008 0.147 
RI Poisson (no robust SEs) -6.71 2.566 1.034  2.286 2.879 0.059 1.152 
RI Poisson (robust SEs) -6.71 2.566 1.034  2.285 2.880 0.059 1.155 
Shared frailty model -6.63 2.564 1.033  2.286 2.876 0.059 1.147 
CLL (robust SEs) -15.86 2.876 1.159  2.504 3.303 0.071 1.384 
RI CLL -7.26 2.596 1.046  2.351 2.867 0.051 0.990 
 

Table 6. Relative risks and 95% CIs for the associations between disabling elbow pain and risk 
factors from the mutually adjusted model 

 

Point Estimate  95% Confidence Intervals 
% 

Confoun
ding 

RR 
Ratio of 

RRs 
 lower upper 

SE(ln(
RR)) 

Ratio 
of SEs 

Outcome: ELP (6%) 
Explanatory variable: Sex (Female) 

       

RI log-binomial -22.14 1.423 --  1.156 1.753 0.106 -- 
Zang & Yu  -4.23 1.725 1.027  1.385 2.143 0.111 1.008 
Modified Zang & Yu -37.52 1.123 0.669  1.078 1.162 0.019 0.172 
RI Poisson (no robust SEs) -4.85 1.700 1.012  1.358 2.128 0.115 1.036 
RI Poisson (robust SEs) -4.85 1.700 1.012  1.371 2.109 0.110 0.995 
Shared frailty model -4.38 1.691 1.007  1.353 2.114 0.114 1.030 
CLL (robust SEs) -14.68 1.861 1.108  1.468 2.359 0.121 1.094 
Outcome: ELP (6%) 
Explanatory variable: Age (30-39 v 20-29) 

  

RI log-binomial -0.21 1.520 --  1.160 1.992 0.138 -- 
Zang & Yu  2.06 1.539 1.012  1.172 2.012 0.138 1.000 
Modified Zang & Yu -19.14 1.101 0.724  1.040 1.151 0.026 0.188 
RI Poisson (no robust SEs) -0.07 1.529 1.006  1.158 2.019 0.142 1.028 
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RI Poisson (robust SEs) -0.07 1.529 1.006  1.156 2.023 0.143 1.036 
Shared frailty model -0.22 1.529 1.006  1.158 2.018 0.142 1.027 
CLL (robust SEs) 2.96 1.518 0.999  1.136 2.029 0.148 1.073 
RI CLL -0.70 1.504 0.989  1.163 1.945 0.131 0.951 
Outcome: ELP (6%) 
Explanatory variable: Age (40-49 v 20-29) 

  

RI log-binomial -2.82 3.135 --  2.435 4.037 0.129 -- 
Zang & Yu  7.50 3.264 1.041  2.559 4.131 0.122 0.948 
Modified Zang & Yu -53.56 1.221 0.390  1.189 1.247 0.012 0.094 
RI Poisson (no robust SEs) -1.46 3.203 1.022  2.467 4.160 0.133 1.034 
RI Poisson (robust SEs) -1.46 3.203 1.022  2.476 4.145 0.132 1.020 
Shared frailty model -1.30 3.201 1.021  2.466 4.155 0.133 1.032 
CLL (robust SEs) 0.11 3.159 1.008  2.434 4.100 0.133 1.031 
RI CLL -3.25 3.072 0.980  2.437 3.873 0.118 0.916 
Outcome: ELP (6%) 
Explanatory variable: Age (50-59 v 20-29) 

  

RI log-binomial -3.02 3.656 --  2.799 4.775 0.136 -- 
Zang & Yu  8.40 3.769 1.031  2.912 4.827 0.129 0.946 
Modified Zang & Yu -59.51 1.238 0.339  1.207 1.261 0.011 0.082 
RI Poisson (no robust SEs) -2.63 3.688 1.009  2.788 4.877 0.143 1.046 
RI Poisson (robust SEs) -2.63 3.688 1.009  2.721 4.997 0.155 1.138 
Shared frailty model -2.43 3.681 1.007  2.784 4.866 0.142 1.045 
CLL (robust SEs) 0.20 3.511 0.961  2.587 4.766 0.156 1.144 
RI CLL -4.41 3.511 0.961  2.761 4.465 0.123 0.900 
Outcome: ELP (6%) 
Explanatory variable: Occupational activity 

  

RI log-binomial -5.91 1.680 --  1.353 2.087 0.111 -- 
Zang & Yu  -4.23 1.725 1.027  1.385 2.143 0.111 1.008 
Modified Zang & Yu -37.52 1.123 0.669  1.078 1.162 0.019 0.172 
RI Poisson (no robust SEs) -4.85 1.700 1.012  1.358 2.128 0.115 1.036 
RI Poisson (robust SEs) -4.85 1.700 1.012  1.371 2.109 0.110 0.995 
Shared frailty model -4.38 1.691 1.007  1.353 2.114 0.114 1.030 
CLL (robust SEs) -14.68 1.861 1.108  1.468 2.359 0.121 1.094 
RI CLL -5.72 1.690 1.006  1.360 2.100 0.111 1.003 
Outcome: ELP (6%) 
Explanatory variable: Distressing somatic symptoms (1 v 0) 

 

RI log-binomial -6.18 1.807 --  1.493 2.187 0.097 -- 
Zang & Yu  -3.19 1.841 1.019  1.514 2.232 0.099 1.015 
Modified Zang & Yu -32.14 1.136 0.628  1.097 1.168 0.016 0.164 
RI Poisson (no robust SEs) -5.44 1.818 1.006  1.490 2.219 0.102 1.043 
RI Poisson (robust SEs) -5.44 1.818 1.006  1.480 2.234 0.105 1.078 
Shared frailty model -5.17 1.815 1.004  1.487 2.214 0.102 1.042 
CLL (robust SEs) -9.50 1.818 1.006  1.487 2.222 0.102 1.051 
RI CLL -6.47 1.782 0.986  1.484 2.140 0.093 0.958 
Outcome: ELP (6%) 
Explanatory variable: Distressing somatic symptoms (2+ v 0) 

 

RI log-binomial -6.77 3.008 --  2.528 3.578 0.089 -- 
Zang & Yu  0.72 3.172 1.054  2.666 3.759 0.088 0.990 
Modified Zang & Yu -55.48 1.218 0.405  1.195 1.237 0.009 0.100 
RI Poisson (no robust SEs) -5.57 3.044 1.012  2.532 3.659 0.094 1.060 
RI Poisson (robust SEs) -5.57 3.044 1.012  2.585 3.584 0.083 0.941 
Shared frailty model -5.21 3.033 1.008  2.525 3.642 0.093 1.055 
CLL (robust SEs) -11.40 3.292 1.094  2.777 3.902 0.087 0.980 
RI CLL -6.66 3.020 1.004  2.550 3.577 0.086 0.974 
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