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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF NATURAL AND ENVIRONMENTAL SCIENCES

School of Chemistry

Doctor of Philosophy

ENERGY DECOMPOSITION ANALYSIS FOR LARGE-SCALE FIRST

PRINCIPLES QUANTUM MECHANICAL SIMULATIONS OF BIOMOLECULES

by Maximillian J. S. Phipps

Kohn-Sham density functional theory (DFT) is an extraordinarily powerful and

versatile tool for calculating the properties of materials. In its conventional form,

this approach scales cubically with the size of the system under study. This scaling

becomes prohibitive when investigating larger arrangements such as biomolecules

and nanostructures. More recently linear-scaling approaches have been devel-

oped that overcome this limitation, allowing calculations to be performed on sys-

tems many thousands of atoms in size. An example of such an approach is the

ONETEP code which uses a plane wave-like basis set and is based upon the use

of spherically-localised orbitals.

A simple yet common calculation performed using ab initio codes is the total

(ground state) energy calculation. By comparing the energy of isolated parts of

a system to the energy of the combined system, we are able to obtain the energy

of interaction. This quantity is useful as it provides a relative measure of the

enthalpic stability of an interaction which can be compared to other systems.

Equally, however, this quantity gives little indication of the driving forces that

lead to the interaction energy we observe.

A number of approaches have been developed that aim to identify these driving

forces. Energy decomposition analysis (EDA) refers to the set of methods that de-

compose the interaction energy into physically relevant energy components which

add to the full interaction energy. Few studies have applied EDA approaches to

larger systems in the thousand-atom regime, with the vast majority of investi-

gations focussing on small system studies (less than 100 atoms in size). These

methods have shown varying degrees of success.
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In this work, we have evaluated the suitability of a selection of popular EDA

methods in decomposing the interaction energies of small biomolecule-like sys-

tems. Based on the results of this review, we developed a linear-scaling EDA

approach in the ONETEP code that separates the intermolecular interaction

energy into chemically distinct components (electrostatic, exchange, correlation,

Pauli repulsion, polarisation, and charge transfer). The intermediate state used

to calculate polarisation, also known as the absolutely localised molecular orbital

(ALMO) state, has the key advantage of being fully antisymmetric and variation-

ally optimised. The linear-scaling capability of the scheme is based on use of an

adaptive purification approach and sparse matrix equations. We demonstrate the

accuracy of this approach in reproducing the energy component values of its Gaus-

sian basis counterparts, and present a remedy to the limitation of polarisation and

charge transfer basis set dependence that is based on the property of strict locali-

sation of the ONETEP orbitals. Additionally, we show the method to have mild

exchange-correlation functional and atomic coordinate dependence.

We have demonstrated the high value of our method by applying it to the throm-

bin protein interacting with a number of small binders. Here, we used our scheme

in combination with electron density difference (EDD) plots to identify the key

protein and ligand regions that contribute to polarisation and charge transfer. In

our studies, we assessed convergence of the EDA components with protein trun-

cation up to a total system size of 4975 atoms. Additionally, we applied our EDA

to binders that had been partitioned into smaller fragments. Here, we accurately

quantified the bonding contributions of key ligand moieties with particular regions

of the protein cavity. We assessed how accurately the ligand binding components

are reproduced by the fragment contributions using an additivity measure. Using

this measure, we showed the fragment binding components to add up to the full

ligand binding component with overall minimal additivity error. We also investi-

gated the energy components of a series of small thrombin S1 pocket binders all

less than 30 atoms in size. In this study, we demonstrate the EDA and EDD plots

as tools for understanding the relative importance of different binder structural

features and positionings within the pocket.

Overall, we show our EDA method to be a stable and powerful approach for the

analysis of interaction energies in systems of large size. The application of this

method is not limited to biomolecular studies, and we expect that this approach

can be readily applied to analyses within other fields, for example materials, cat-

alysts, and nanostructures.
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Introduction

Intermolecular interactions are key in the formation of many systems of interest,

determining the overall structure and properties of materials [1; 2]. Many fields of

science benefit from the insights gained studying these interactions, for example

biomolecular [3; 4] and supramolecular chemistry [5; 6], as well as condensed

matter physics [7; 8]. Understanding the chemical phenomena that give rise to

these interactions (e.g. electrostatics, polarisation and charge transfer) would

be of great value to such investigations, providing key insight into the driving

forces of binding. Unfortunately, these quantities are not accessible by physical

experimentation alone. With the development of first principles methods however,

the opportunity to calculate these quantities using in silico methods has arisen.

Energy decomposition analysis (EDA) is a valuable analytical tool that partitions

the intermolecular interaction energy into energy components of chemical interest,

typically electrostatic, exchange, correlation, Pauli repulsion, polarisation, and

charge transfer contributions. Applying such a separation of the intermolecular

interaction energy is not without complication and there is not a single, universal

approach by which this separation is applied. As such, a high degree of diver-

sity [9–18] exists in the EDA schemes described within literature. With such

diversity, the EDA schemes may also display greater strengths to particular ap-

plications, for example transition metal and halogen bonding [19–22] or forcefield

development [23–25].

In this work, we have sought to investigate the strengths and weaknesses of the
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2 INTRODUCTION

popular EDA approaches presented in literature, in particular focussing our stud-

ies on the application of EDA to biomolecular systems. Biomolecular systems are

often very large (e.g. proteins) and therefore difficult to calculate using conven-

tional density functional theory (DFT) approaches which typically scale cubically

with system size. To overcome this limitation, we have developed a new EDA

scheme capable of analysing interaction energies of systems many thousands of

atoms in size which we have implemented within the linear-scaling ONETEP

DFT package. We have demonstrated the high value of our method by applying

it to a wide range of systems including a thrombin protein system 4975 atoms in

size. We also demonstrate the high level of information obtained using electron

density difference (EDD) plots which show the key charge redistributions that oc-

cur during polarisation and charge transfer. This work has provided a new EDA

method which we expect to be highly valuable not only in the field of drug design,

but also in the wider scientific disciplines such as materials science (e.g. studies of

catalysts, polymers, and nanostructures).

A chapter-by-chapter outline of the work contained in this thesis now follows.

Thesis outline

This Ph.D. thesis is arranged as eight chapters. In Chapters 1 and 2, we outline

the theories and approximations of quantum mechanics upon which this work

is based. Specifically, we introduce the theories of quantum mechanics used to

develop the theories of ab initio calculations in Chapter 1, and further detail the

DFT framework and linear-scaling ONETEP approach in Chapter 2.

Following this, in Chapter 3 we present an overview of the popular EDA approaches

in literature which we consider to show high relevance for biomolecular studies.

Here, we present the theory of these methods using a common framework of shared

quantities which allows for their simple comparison.
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We have sought to investigate the strengths and weaknesses of the EDA approaches

for biomolecular studies in Chapter 4. We attempt to comprehensively assess

the schemes by benchmarking against six test sets of systems. These test sets

are composed of pairs of small molecules that display a variety of biomolecule-

like interactions, such as π-π stacking and dispersion interactions. Here, we also

consider the various treatments for dispersion which may be used alongside the

EDA approaches.

In Chapter 5 we introduce our EDA approach which has been implemented within

the ONETEP code. Here, we also present our extension based on adaptive purifi-

cation that results in the computational cost of this method scaling linearly with

system size. Our EDA scheme is validated against its Gaussian basis set EDA

counterparts, and its sensitivity to basis set, exchange-correlation functional, and

atomic coordinates quantified. Within this chapter we also introduce and demon-

strate the high value of EDD plots. These plots are used to identify key regions

of systems where electron density redistributions occur through polarisation and

charge transfer effects.

We apply our EDA scheme to a number of large thrombin systems up to 4975

atoms in size in Chapter 6. Here, we use the EDA results to identify the key driv-

ing forces of thrombin-ligand binding, and also assess the convergence of the EDA

components with system size. In this chapter, we also demonstrate application

of the EDA to fragment molecules. Specifically, we partition a set of thrombin

binders into small fragments and study their interaction with the thrombin pro-

tein using our EDA. In doing this, we are able to gain insight into the important

contributions of specific ligand moieties to binding. The error associated with

the EDA components due to ligand fragmentation is also quantified, allowing us

to evaluate the effect of the approximations we make. We also present a study

of the binding components of small S1 pocket binders interacting with thrombin

using the EDA and EDD plots. By considering the interactions of relatively sim-

ple molecules, we are able to comprehensively analyse the results we obtain and

understand the driving forces of the interactions.



4 INTRODUCTION

In Chapter 7 we provide a summary of our investigations and detail future work

that we consider to be of important value for the field of biomolecular simulation

and task of interaction energy analysis.



INTRODUCTION 5

List of related publications

• The work presented in Chapters 3 and 4 has been published as:

Energy decomposition analysis approaches and their evaluation on proto-

typical protein-drug interaction patterns. M. J. S. Phipps, T. Fox, C. S.

Tautermann, and C.-K. Skylaris, Chem. Soc. Rev., 44, 3177–3211 (2015).

• Some, but not all, of the work presented in Chapters 5 and 6 has been pub-

lished as:

Energy decomposition analysis based on absolutely localised molecular or-

bitals for large- scale density functional theory calculations in drug design.

M. J. S. Phipps, T. Fox, C. S. Tautermann, and C.-K. Skylaris, J. Chem.

Theory Comp., 12, 3135–3148 (2016).





Chapter 1

Quantum mechanical principles

Quantum mechanics, the foundations of which were developed in the early 20th

century, is a branch of science that describes the physics of very small systems

on the atomic scale. Through applying the equations of quantum mechanics to

physical models of scientific interest using computational means, we are able to

gain insight into the properties and behaviours of systems. In this chapter, we pro-

vide a brief introduction to the quantum mechanical theories of key relevance to

our work. We begin by describing the wavefunction, used within the Schrödinger

equation. Next, we introduce the approximation of Born and Oppenheimer that

separates the nuclear and electronic problem into the more feasible subject of

electronic wavefunctions in an external potential. The framework provided by the

variational principle is discussed which enables the equations of quantum mechan-

ics to be solved. Finally, we introduce the Hartree-Fock approximation which is

used to estimate the ground state energy of a system.

1.1 The wavefunction

The wavefunction is a central concept in the theory of quantum mechanics. This

quantity provides a complete quantum mechanical description of a system and

is a function of particles’ coordinates and time [26]. The wavefunction is not
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8 Chapter 1 Quantum mechanical principles

itself an observable, and quantum mechanical operators must be applied to the

wavefunction in order to calculate physical properties.

We now describe a number of important properties of the wavefunction. The

probability density for a (normalised) wavefunction Ψ of a system of one particle

with coordinate r, spin s and time t is defined as

|Ψ(r, s, t)|2 . (1.1)

Integrated over all space, the probability will be equal to 1 as the particle must

exist within space, i.e.,

∫ ∞

−∞
|Ψ(r, s, t)|2dr = 1 . (1.2)

1.2 The Schrödinger equation

In quantum chemistry calculations, we typically seek to obtain the (approximate)

solution to the non–relativistic time–independent Schrödinger equation,

ĤΨ = EΨ

= EΨ(r1, r2, · · · , rN , s1, s2, · · · , sN ,R1,R2, · · · ,RNnuc , S1, S2, · · · , SNnuc)

(1.3)

where Ĥ is the Hamiltonian operator, E is the total energy of the system, Ψ

is the wavefunction for a system of N electrons and Nnuc nuclei each with spin

s and S and coordinate r and R respectively. The Schrödinger equation is an

eigenvalue problem for a system of interacting particles of electrons and nuclei,

with the Hamiltonian operating on the wavefunction to obtain the total energy as

our observable.
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The Hamiltonian of the system is expressed using the kinetic energy operator, T̂ ,

and the potential energy operator, V̂ ,

Ĥ = T̂ + V̂ (1.4)

Defining T̂e and T̂n as the electronic and nuclear kinetic energy operators, and

V̂ee, V̂ne, and V̂nn as the electron–electron, nuclear–electron, and nuclear–nuclear

potential energy operators, the molecular Schrödinger equation is re-expressed as,

(T̂e + T̂n + V̂ee + V̂ne + V̂nn)Ψ = EΨ . (1.5)

These operators are expressed as1,

T̂e = −
N
∑

i=1

1

2
∇2
i (1.6a)

T̂n = −
Nnuc
∑

A=1

1

2MA

∇2
A (1.6b)

V̂ee = +
N
∑

i=1

N
∑

j>i

1

rij
(1.6c)

V̂ne = −
N
∑

i=1

Nnuc
∑

A=1

ZA
riA

(1.6d)

V̂nn = +
Nnuc
∑

A=1

Nnuc
∑

B>A

ZAZB
RAB

(1.6e)

where the position vectors rij, riA and RAB are given by,

rij = |ri − rj| (1.7a)

riA = |ri −RA| (1.7b)

RAB = |RA −RB| (1.7c)

and where MA is the mass ratio of nucleus A to an electron, ZA is the atomic

number of nucleus A, and ∇2
i and ∇2

A are both the Laplace operator involved in

1In atomic units, ~ = me = e = 4πǫ0 = 1
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differentiation with respect to the coordinates of electron i and nucleus A,

∇2
i =

∂2

∂rxi

+
∂2

∂ryi

+
∂2

∂rzi

(1.8a)

∇2
A =

∂2

∂rxA

+
∂2

∂ryA

+
∂2

∂rzA

(1.8b)

where the Cartesian coordinates r = {rx, ry, rz}.

1.3 The Born-Oppenheimer approximation

We may simplify the Schrödinger equation that contains five operators to a form

that involves only three. The Born–Oppenheimer approximation [27] is a funda-

mental backbone of quantum chemistry that approximates the molecular Schrödinger

equation as separable into electronic and nuclear parts,

Ψ({xi}, {xA}) = Ψelec({xi}, {xA})Ψnuc({xA}) (1.9)

where the spatial and spin coordinate is given by x = {r, s}, Ψnuc is the nu-

clear wavefunction, and where Ψelec is the electronic wavefunction that depends

parametrically on the nuclear coordinates.

This approximation, also known as the adiabatic approximation, is grounded in

the fact that electrons are significantly less massive than the nuclei they orbit. This

mass difference results in the nuclei moving significantly slower than the electrons,

so much so that the electrons may be treated as moving in the field of fixed nuclei.

When we apply this approximation, the kinetic energies of the nuclei are approx-

imated to zero and the nuclear–nuclear potential V̂nn becomes a constant value.
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The total system energy E is therefore representable as a correction to the elec-

tronic energy Eelec by the energy of nuclear–nuclear interactions Enuc as,

E = Eelec + Enuc (1.10a)

Enuc =
Nnuc
∑

A=1

Nnuc
∑

B>A

ZAZB
RAB

(1.10b)

with the total electronic energy expressed as,

(T̂e + V̂ee + V̂ne)Ψelec = Eelec({xA}) Ψelec({xi}, {xA}) (1.11)

As the scope of this work does not consider the vibrational or rotational problems

of the nuclei, we consider solely the electronic problem given in Eq. 1.11 from this

point onwards. We therefore now discontinue use of the subscript label ‘elec’ and

refer only to the electronic Hamiltonians and wavefunctions. 2

1.4 Antisymmetry of the wavefunction and the Pauli ex-

clusion principle

Antisymmetry of the electronic wavefunction is an important quantum mechanical

property that relates to the exchange of electrons in a system. To demonstrate

this principle, we now consider the case of an N electron wavefunction with two

exchanging electrons i and j. Due to the indistinguishability of electrons, the

probability of finding both electrons in space must remain constant, and therefore

|Ψ(x1, · · · ,xi, · · · ,xj, · · · ,xN)|2 = |Ψ(x1, · · · ,xj, · · · ,xi, · · · ,xN)|2 . (1.12)

In the case of integer spin bosonic particles, the wavefunction is symmetric with

respect to coordinate exchange. For half-spin fermionic particles (and therefore

electrons), the wavefunction must be antisymmetric with respect to coordinate

2Additionally, the parametric dependence of Ψelec on the nuclear coordinates will not explicitly appear
in the form of Ψelec from this point onwards.
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exchange, and so

Ψ(x1, · · · ,xi, · · · ,xj, · · · ,xN) = −Ψ(x1, · · · ,xj, · · · ,xi, · · · ,xN) . (1.13)

This antisymmetry principle demonstrates respect of the Pauli exclusion princi-

ple [28] that no more than one electron can occupy the same state, as in the case

of two electrons occupying the same state (i.e. i = j) the wavefunction would

vanish.

1.5 The variational principle

The variational principle states that for a normalised wavefunction Ψ satisfying

boundary conditions the Hamiltonian expectation value
〈

Ψ
∣

∣Ĥ
∣

∣Ψ
〉

is an upper

bound to the exact ground state energy, E0, i.e.

〈

Ψ
∣

∣

∣
Ĥ
∣

∣

∣
Ψ
〉

≥ E0 . (1.14)

As this means that the energy of any approximated wavefunction is always too

high, a trial wavefunction can always be improved by finding another wavefunction

with lower energy. This fact gives rise to the variational method, in which we begin

with a (normalised) trial wavefunction and optimise its parameters to minimise

the value of
〈

Ψ
∣

∣Ĥ
∣

∣Ψ
〉

, which we take as our estimate of the exact ground state

energy.

We begin the proof of this theory by observing that there is an infinitely large set

of exact solutions to the Schrödinger equation, i.e.

Ĥ
∣

∣Ψα

〉

= Eα
∣

∣Ψα

〉

α = 0, 1, . . . ,∞ (1.15)

where α refers to a solution of the Schrödinger equation, and where we use E0

to refer to the ground state energy (i.e. E0 ≤ E1 ≤ . . . ≤ Eα ≤ . . .). Due

to the Hermiticity of the Hamiltonian operator Ĥ, the eigenfunctions {Ψα} are
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orthonormal

〈

Ψα

∣

∣Ψβ

〉

= δαβ . (1.16)

Pre-multiplying Eq. 1.15 by
〈

Ψβ

∣

∣ and taking into account Eq. 1.16, we observe

〈

Ψβ

∣

∣Ĥ
∣

∣Ψα

〉

= Eαδαβ . (1.17)

Noting completeness of the set of the eigenfunctions {Ψα} (due to the Hermiticity

of Ĥ), we can express any function Ψ̃ satisfying the same boundary conditions as

{Ψα} as a linear combination,

∣

∣Ψ̃
〉

=
∑

α

∣

∣Ψα

〉

cα =
∑

α

∣

∣Ψα

〉〈

Ψα

∣

∣Ψ̃
〉

(1.18a)

〈

Ψ̃
∣

∣ =
∑

α

c∗α
〈

Ψα

∣

∣ =
∑

α

〈

Ψ̃
∣

∣Ψα

〉〈

Ψα

∣

∣ . (1.18b)

For a given normalised trial wavefunction Ψ̃, we note using Eqs. 1.16, 1.18a and

1.18b that

〈

Ψ̃
∣

∣Ψ̃
〉

= 1

=
∑

αβ

〈

Ψ̃
∣

∣Ψα

〉〈

Ψα

∣

∣Ψβ

〉〈

Ψβ

∣

∣Ψ̃
〉

=
∑

αβ

〈

Ψ̃
∣

∣Ψα

〉

δαβ
〈

Ψβ

∣

∣Ψ̃
〉

=
∑

α

〈

Ψ̃
∣

∣Ψα

〉〈

Ψα

∣

∣Ψ̃
〉

=
∑

α

∣

∣

∣

〈

Ψα

∣

∣Ψ̃
〉

∣

∣

∣

2

(1.19)
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Similarly, using Eqs. 1.17, 1.18a, and 1.18b we also note

〈

Ψ̃
∣

∣Ĥ
∣

∣Ψ̃
〉

=
∑

αβ

〈

Ψ̃
∣

∣Ψα

〉〈

Ψα

∣

∣Ĥ
∣

∣Ψβ

〉〈

Ψβ

∣

∣Ψ̃
〉

=
∑

αβ

〈

Ψ̃
∣

∣Ψα

〉

Eβδαβ
〈

Ψβ

∣

∣Ψ̃
〉

=
∑

α

Eα

∣

∣

∣

〈

Ψα

∣

∣Ψ̃
〉

∣

∣

∣

2

. (1.20)

Finally, by noting that Eα ≥ E0 for all α, we find

〈

Ψ̃
∣

∣Ĥ
∣

∣Ψ̃
〉

≥
∑

α

E0

∣

∣

∣

〈

Ψα

∣

∣Ψ̃
〉

∣

∣

∣

2

∴

〈

Ψ̃
∣

∣Ĥ
∣

∣Ψ̃
〉

≥ E0

∑

α

∣

∣

∣

〈

Ψα

∣

∣Ψ̃
〉

∣

∣

∣

2

∴

〈

Ψ̃
∣

∣Ĥ
∣

∣Ψ̃
〉

≥ E0 (1.21)

where we have taken into account the requirement of wavefunction normalisation

given in Eq. 1.16.

This principle tells us that because our wavefunction is approximated, the ground

state solution to the Schrödinger equation obtained will have an energy above the

true ground state energy. Therefore, the lower the energy we obtain, the ‘better’

our approximated wavefunction represents the exact ground state wavefunction.

The variational principle allows for what is known as the variation method: by

varying the parameters of a normalised trial wavefunction until the expectation

value reaches a minimum we are able to estimate the energy of the exact ground

state.

1.6 The Hartree-Fock equations

In this section, we introduce the important Hartree-Fock (HF) approximation [29;

30] that is used to find the wavefunction and ground-state energy of a system.

This approach serves as a grounding for more sophisticated wavefunction based
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techniques, and is also the framework used by many of the EDA schemes discussed

later in Chapter 3 of this thesis. For further in-depth details of this method, we

refer the reader to the comprehensive literature of Szabo and Ostlund [26].

In the HF approach, the exact electronic wavefunction of a many–electron system

is approximated using a number of single electron wavefunctions in what is known

as a Slater determinant. This determinant properly expresses the antisymmetry

requirement described by Eq. 1.13, as a determinant will change sign on exchanging

two columns or rows. The expression of the electronic wavefunction is given as

the antisymmetrised product of N orthonormal spin orbitals χ(x) by

ΨHF =
1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

χ1(x1) χ2(x1) · · · χN(x1)

χ1(x2) χ2(x2) · · · χN(x2)
...

...
. . .

...

χ1(xN) χ2(xN) · · · χN(xN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(1.22)

where the prefactor
1√
N !

is included to ensure normalisation (Eq. 1.2). As previ-

ously discussed, both the spin and spatial coordinate must be specified in order to

fully describe an electron. A spin orbital χ(x) is constructed from a spatial orbital

ψ(r) as

χ(x) =



















ψ(r)α(s)

or

ψ(r)β(s)

(1.23)

where α(s) and β(s) are the spin functions that describe the spin state of the spin

orbital (spin up or spin down). These spin functions are orthonormal, i.e.

〈

α
∣

∣β
〉

= 0 (1.24a)

〈

α
∣

∣α
〉

= 1 . (1.24b)

In the case of restricted theories, the spatial orbitals are doubly occupied (i.e. two

spin orbitals share a single spatial orbital), as will be discussed later.
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Within HF theory, the Slater determinant is used as an approximation for the

exact electronic wavefunction of the system and its energy minimised using the

variational theorem to estimate the exact ground state energy of the system,

EHF = 〈ΨHF|Ĥ|ΨHF〉 . (1.25)

In this approach, the one–electron problems for the electron in the field of the

nuclei and remaining electrons are solved using a series of one-electron Schrödinger

equations,

f̂i(xi)χi(xi) = εiχi(xi) (1.26)

where εi represents the energy of this one–electron wavefunction χi, and the Fock

operator f̂i represents the Hamiltonian as,

f̂i =− 1

2
∇̂2
i +

Nnuc
∑

A=1

ZA
riA

+ υ̂HF,i (1.27)

where υ̂HF,i is the Hartree Fock potential acting on the one–electron wavefunction

χi. The HF potential is the (repulsive) potential felt by the ith electron in the

field of all the other N − 1 electrons of the system that simplifies the Hamilto-

nian potential V̂ee described by Eq. 1.6c with an average representation. This is

expressed in terms of Coulomb (Ĵ) and exchange (K̂) operators as

υ̂HF(x1) =
N
∑

j

(

Ĵj(x1)−Kj(x1)
)

. (1.28)

The Coulomb operator,

Ĵj(x1) =

∫ |χj(x2)|2
r12

dx2 (1.29)

represents the potential felt by an electron at coordinate x1 due to the average

distribution of charge by an electron in the spin orbital χj. We observe that

through Eq. 1.1 this operator weights the repulsion felt by an electron at x1 by
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the probability of an electron being present at x2, This is integrated over all space

in order to evaluate the repulsion felt by the average distribution of charge by an

electron in χj. The expectation value of the Coulomb operator is given by

Jij =
〈

χi(x1)
∣

∣Ĵj(x1)
∣

∣χi(x1)
〉

=

∫∫

χ∗
i (x1)χ

∗
j(x2)χi(x1)χj(x2)

r12
dx1dx2

= 〈ij|ij〉 . (1.30)

The exchange operator K̂j(x1) has no classical interpretation. We represent this

operator by considering its action on a spin orbital χi(x1)

K̂j(x1)χi(x1) =

[∫

χ∗
j(x2)χi(x2)

r12
dx2

]

χj(x1) (1.31)

From this expression, we observe the non-local nature of this operator: the action

of K̂j on χi(x1) results in exchange of the coordinates of the spin orbitals χi(x1)

and χj(x1), and therefore the result is dependent on the value of χi at all spatial

coordinates due to the integration. This is not the case for the Coulomb operator

(in which the result of applying Ĵj(x1) on χi(x1) is dependent only on the value of

χi at x1) and hence is referred to as local. The expectation value of the exchange

operator is given by

Kij =
〈

χi(x1)
∣

∣K̂j(x1)
∣

∣χi(x1)
〉

=

∫∫

χ∗
i (x1)χ

∗
j(x2)χj(x1)χi(x2)

r12
dx1dx2

= 〈ij|ji〉 . (1.32)

We note that the exchange term arises due to antisymmetry of the Slater determi-

nant, and the exchange interaction only exists for electrons of the same spin which

we now demonstrate. By observing that the r−1
12 term is independent of spin, the

exchange integral can be separated over the product of two spin orbitals. We now

consider the integral for such a product using two different spin orbitals, χi with
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spin up and χj with spin down i.e.

χi(x) = ψi(r)α(s) (1.33a)

χj(x) = ψj(r)β(s) . (1.33b)

If these spin orbitals depend on the same coordinate x2, we observe that the

spin function integral becomes zero due to orthogonality of the α(s) and β(s)

spins (Eq. 1.24), and therefore the exchange interaction only exists for same spin

electrons,

K̂j(x1)χi(x1) =

[∫

χ∗
j(x2)χi(x2)

r12
dx2

]

χj(x1)

=

[∫

ψ∗
j (r2)β(s)ψi(r2)α(s)

r12
dx2

]

χj(x1)

=

[∫

ψ∗
j (r2)ψi(r2)

r12
dr2

∫

β(s)α(s)

s
ds

]

χj(x1)

= 0 . (1.34)

For systems in which all the electrons are paired (closed-shell systems), it is pos-

sible to express the wavefunction using spatial orbitals that are the same for both

the α and β spins, and with each spatial orbital occupied by two electrons

∣

∣Ψ0

〉

=
∣

∣χ1χ2χ3χ4 · · ·χN−1χN
〉

=
∣

∣ψα1ψ
β
1ψ

α
2ψ

β
2 · · ·ψαN/2ψβN/2

〉

. (1.35)

This form of the HF approximation is termed the restricted HF (RHF) approx-

imation. For open-shell systems in which the number of electrons is odd (e.g.

CH+
3 ), or even but without pairwise occupation of a spatial orbital (e.g. a 3Σ−

g

oxygen molecule), then two possible solutions exist. In the restricted open-shell

HF (ROHF) approach, the singly occupied orbitals are treated as such, and the

remaining orbitals are treated using the RHF approximation. In the unrestricted

HF (UHF) approach, every spin orbital has its own spatial orbital, with the α

and β orbitals each experiencing unique HF potentials. A diagram showing the
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application of RHF and UHF approximations to a hydrogen molecule is provided

in Fig. 1.1, in which we observe the RHF approximation to fail outside of the

closed-shell regime close to the equilibrium geometry.

Figure 1.1: A representation of the relative energy of H2 during dissociation
when calculated using the RHF and UHF approximations.

The Fock operator f̂i (Eq. 1.27) is used with a set of trial orbitals and the one-

electron Schrödinger equations (Eq. 1.26) self-consistently solved (due to the de-

pendence of the Fock operator on the molecular orbitals being calculated). Due

to the orbitals being derived by optimisation in their own field, the HF method is

also referred to in literature as the self-consistent field (SCF) method.

Expanding Eq. 1.25 and applying the variational principle, the optimal spin or-

bitals minimise the (restricted) HF energy

EHF =
N
∑

i

(

−1

2
∇̂2
i −

Nnuc
∑

A=1

ZA
riA

)

+
1

2

N
∑

i

N
∑

j

(Jij −Kij) (1.36)

where the i and j iterate over N occupied spin orbitals. Importantly, we observe

that the j = i term in the double summation (that would relate to the interaction

of an electron with itself) is permitted. This is because the Coulomb and exchange
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integrals reduce to

Jii =

∫∫

χ∗
i (x1)χ

∗
i (x2)χi(x1)χi(x2)

r12
dx1dx2

= 〈ii|ii〉

= Kii (1.37)

and as a result Jii and Kii cancel out in the double summation of Eq. 1.36.

Having calculated the ground-state HF electronic energy, the nuclear–nuclear in-

teraction energy is lastly added to obtain the HF approximation of the total exact

ground state energy of the system ETOT

ETOT = EHF + Enuc . (1.38)

The HF model has been further developed in the post-HF set of methods that

treat for the missing electron correlation energy expressed by

Ecorr = E0 − EHF . (1.39)

Methods that seek to include this energy include Møller-Plesset perturbation

theory [31], coupled cluster [32], configuration interaction (CI) [33], or multi-

configurational self-consistent field (MCSCF) approach (e.g. CASSCF [34]).
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Density functional theory

Knowing the exact form of the many-body wavefunction provides us with di-

rect access to all the information we require of our system under study. The

Hartree-Fock (HF) approach [29; 30], discussed in Section 1.6, is a valuable tool

for quantum mechanical calculations that approximates the many-body wavefunc-

tion as an antisymmetrised Slater determinant of single electron molecular orbitals

(MOs). Unfortunately, however, the wavefunction is an intrinsically complicated

quantity. This is because the wavefunction depends on 4N variables (three spatial

variables and one variable for spin) for a given N electron problem, and therefore

for systems of appreciable size wavefunction based approaches quickly become

computationally unwieldy.

Equally, our Hamiltonian operator Ĥ relies on use of only one and two particle

operators. This very fact suggests that the wavefunction is a quantity that con-

tains information redundant for our purposes, and that it is possible to avoid the

need for the wavefunction in calculations altogether. Density functional theory

(DFT) is a powerful framework that successfully achieves this accomplishment. In

DFT, the central quantity used to solve the Schrödinger equation is the electron

density, which depends on simply 3 spatial dimensions. The electron density can

21
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be calculated by integration using the many-body wavefunction as

n(r) = N

∫

· · ·
∫

|Ψ(r, r2, · · · , rN)|2 dr2, · · · , drN . (2.1)

This powerful approach is made possible by the fact that the Hamiltonian operator

of a given system is uniquely defined by the electron density itself, and therefore

this quantity is all that is needed for molecular properties to be completely de-

scribed.

The early foundations of DFT were provided by the Thomas–Fermi model [35; 36]

in which electronic structure information is obtained from the density alone. In

this model the kinetic energy is accounted for using the uniform electron gas, with

additional contributions included for the nuclear-electron and electron-electron

interactions cast in terms of the electron density, and all terms of the energy

expression rely on the electron density alone. This model was later augmented

by Dirac to account for electron exchange interactions, resulting in the Thomas–

Fermi–Dirac energy functional [37].

Although these models provided the groundwork for a quantum mechanical ap-

proach based on the electron density alone, it was not until 1964 that the pioneering

theorems of Hohenberg and Kohn [38] were published, setting out a practical and

general method for obtaining accurate chemical information of systems. More re-

cent progress made within the field of DFT has produced new methods that scale

as O(N) with system size. These linear scaling methods, which exploit the near-

sightedness of matter, present the opportunity to calculate properties of systems

many magnitudes larger than is possible using conventional DFT.

In this chapter, we introduce the framework of density functional theory and the

underlying theory of the ONETEP linear-scaling DFT code [39].
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2.1 The Hohenberg-Kohn theorems

The existence of modern day density functional theory owes much to the seminal

work of Hohenberg and Kohn [38] in which the theorems that permit this frame-

work are laid out. The first of these theorems demonstrates that the electron

density uniquely determines the Hamiltonian operator. The second Hohenberg-

Kohn theorem shows that the variational principle may be applied to find the

(approximate) ground state using the electron density as a basic variable. We now

describe these theorems in detail.

2.1.1 Theorem 1

The first Hohenberg and Kohn [38] theorem states that the electron density

uniquely determines the Hamiltonian operator and therefore the total energy of

the system. The simple proof of this theorem is based on reductio ad absurdum,

i.e. we assume that the external potential is not unequivocally determined by the

density and show this to result in a contradiction. We begin by assuming the

existence of two different external potentials υext(r) and υ′ext(r) with respective

ground state wavefunctions Ψ0 and Ψ′
0 which give rise to the same density n(r).

We assume these potentials to differ by more than a constant, and therefore the

wavefunctions of υext(r) and υ′ext(r) must differ, i.e.

Ψ0 6= Ψ′
0 . (2.2)

Defining the Hamiltonians of Ψ0 and Ψ′
0 as Ĥ and Ĥ ′ respectively, with energies

E0 and E ′
0, and using the variational principle we find

E ′
0 =

〈

Ψ′
0

∣

∣Ĥ ′∣
∣Ψ′

0

〉

<
〈

Ψ0

∣

∣Ĥ ′∣
∣Ψ0

〉

=
〈

Ψ0

∣

∣Ĥ
∣

∣Ψ0

〉

+
〈

Ψ0

∣

∣Ĥ ′ − Ĥ
∣

∣Ψ0

〉

(2.3)
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and therefore

E ′
0 < E0 +

∫

[

υ′ext(r)− υext(r)
]

n(r)dr . (2.4)

Interchanging the primed and unprimed quantities, we equivalently find

E0 < E ′
0 +

∫

[

υext(r)− υ′ext(r)
]

n(r)dr . (2.5)

Adding Eq. 2.4 and Eq. 2.5 yields the absurdity

E0 + E ′
0 < E0 + E ′

0 (2.6)

thus demonstrating the first theorem.

2.1.2 Theorem 2

The second Hohenberg and Kohn [38] theorem states that the energy E[n] obtained

for a given density n is the lowest energy if and only if n is the true ground state

density n0, i.e.

E[n] ≥ E[n0] . (2.7)

The proof of this theorem relies on the first Hohenberg–Kohn theorem. We begin

by noting that for the density to preserve the number of particles N which it

describes, the following equation must hold true

∫

n(r)dr = N . (2.8)

Through the first theorem of Hohenberg and Kohn, for a non–negative density

n(r) normalised to N we can define its energy E as a functional of this electronic



Chapter 2 Density functional theory 25

density as

E[n] =

∫

n(r)υext(r)dr + F [n] (2.9)

where υext(r) is the external potential, uniquely determined by n(r), and where

F [n] is a universal functional of the electron density that contains electron-electron

interaction and kinetic energy terms, i.e.

F [n(r)] ≡ 〈Ψ|T̂ + V̂ee|Ψ〉 . (2.10)

The energy functional E[n] is equivalent to the wavefunction energy functional

E[Ψ] ≡ 〈Ψ|V̂ne|Ψ〉+ 〈Ψ|T̂ + V̂ee|Ψ〉 . (2.11)

We note that E[Ψ] will be at its minimum when Ψ is the exact ground state

wavefunction, Ψ0. If Ψ is not the exact ground state wavefunction then using the

variational principle

E[Ψ] > E[Ψ0] = E0 (2.12)

and applying this analogously to the electron density provides us with the equation,

E[n] > E[n0] = E0 . (2.13)

This therefore demonstrates that the ground state solution may be found varia-

tionally using the electron density as a variable.

2.2 The Kohn-Sham equations

Whilst the Hohenberg-Kohn theorems provide an argument for central use of the

density in obtaining the ground state, these present little applicability for finding

the solutions to problems as the exact form of the universal functional F [n] is not

known. The pioneering work of Kohn and Sham [40] presented a practical means
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by which the solutions to physical problems could be found. This was achieved by

representing the interacting electron system at hand in terms of a fictitious system

of non-interacting electrons moving in an effective potential, where this fictitious

system reproduces the exact ground state density of the system of interacting

electrons.

In Kohn-Sham density functional theory, the electron density has the form

n(r) =
N
∑

i=1

|ψi(r)|2 (2.14)

where ψi(r) are the one-electron Kohn-Sham (KS) orbitals of a fictitious system

of non-interacting electrons which is constructed in such a way that its density

is the same as the exact density of the system of interest which has interacting

electrons.

A key advantage of Kohn-Sham DFT is that one can calculate exactly the kinetic

energy of the non-interacting system Ts as a functional of the orbitals, which can

be used as a starting point for calculating the kinetic energy of the interacting

system T . The kinetic energy of the non-interacting reference system is given by

Ts[n] =
N
∑

i=1

〈

ψi

∣

∣

∣

∣

−1

2
∇2

∣

∣

∣

∣

ψi

〉

. (2.15)

We introduce an exchange-correlation energy functional Exc that accounts for the

missing kinetic and correlation effects by repartitioning the Hohenberg-Kohn uni-

versal functional as

F [n] = T [n] + Vee[n]

= T [n] + Ts[n]− Ts[n] + EH[n]− EH[n] + Vee[n]

= Ts[n] + EH[n] +
(

T [n]− Ts[n]− EH[n] + Vee[n]
)

= Ts[n] + EH[n] + Exc[n] (2.16)

Exc[n] ≡ T [n]− Ts[n] + Vee[n]− EH[n] (2.17)
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where EH[n] is the Hartree energy (see Eq. 1.30) and where the exchange-correlation

energy is a functional of charge density which is approximated in practice due to

lack of a known analytic form of this functional.

In the KS formalism, we aim to calculate the density n(r) that minimises EKS

for a given KS effective potential υeff(r) acting on a system of non-interacting

electrons. This density is defined by the KS orbitals obtained by solving the set

of one-electron Schrödinger equations

ĥKSψi(r) = εiψi(r) (2.18)

with the Kohn-Sham Hamiltonian

ĥKS =− 1

2
∇2 + υeff(r) (2.19)

which contains an effective potential υeff such that the ground state Kohn-Sham

density equals the true ground state density. We define the KS effective potential

as,

υeff(r) =υext(r) +

∫

n(r′)

|r− r′|dr
′ + υxc(r) (2.20)

with exchange-correlation potential,

υxc(r) =
δExc[n]

δn(r)
(2.21)

On calculating υeff from a guessed density n(r) using Eq. 2.20, a new density is

found using Eqs. 2.14 and 2.18. These equations are known as the KS equations

and are solved in a self-consistent manner to obtain new densities until energy

convergence is achieved. The total electronic energy is calculated at each iteration
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using the KS energy functional,

EKS[n] =Ts[n] +

∫

n(r)υext(r)dr

+
1

2

∫∫

n(r)n(r′)

|r− r′| drdr
′ + Exc[n] (2.22)

where the factor of half is present to correct for double counting.

2.3 The exchange-correlation functional

Within Kohn-Sham DFT, the complexities of the interacting system are contained

within the exchange-correlation functional. As previously discussed, the exact

form of the exchange-correlation functional Exc[n] is unknown, and this presents

a central problem within the Kohn-Sham model. Many approximate forms of

the exchange-correlation functional have been proposed, primarily specialised to

solving the particular problem at hand. Here, we briefly introduce a selection of

popular functionals used in Kohn-Sham DFT calculations.

We begin by noting the separable nature of the exchange-correlation functional

into its exchange Ex[n] and correlation parts Ec[n], i.e.

Exc[n] = Ex[n] + Ec[n] . (2.23)

At its simplest, the exchange-correlation functional depends on the local electron

density alone without any consideration of local features (for example density

gradient). This is the basis for the local density approximation (LDA), in which the

exchange-correlation energy is modelled by extrapolation using the per-electron

exchange-correlation energy for the uniform electron gas, i.e.

ELDA
xc [n] =

∫

n(r)ǫLDA
xc (n)dr (2.24)
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where ǫLDA
xc (n) is the per-electron exchange-correlation energy of the uniform elec-

tron gas with density n. The function ǫLDA
xc (n) is separable into its exchange

ǫLDA
x (n) and correlation ǫLDA

c (n) parts as

ǫLDA
xc (n) = ǫLDA

x (n) + ǫLDA
c (n) . (2.25)

The exchange contribution to ǫLDA
xc (n) is analytically known, and is given using

the Dirac functional [37]

ǫx(n) = −3

4

(

3

π

) 1
3

n
1
3 (r) . (2.26)

A number of proposals have been made for the correlation part of ǫLDA
xc (n). Ex-

amples of popular LDA correlation parameterisations include the Vosko, Wilk and

Nusair (VWN) [41] and Perdew and Wang (PW92) [42] models. As may be ex-

pected from the simple LDA functional that uses a uniform electron density system

as its reference, the highest accuracy results are obtained for systems with more

smoothly distributed electron densities.

To improve exchange-correlation functionals beyond the limits of the LDA func-

tional to be able to accurately calculate properties of systems for which the electron

density is more non-uniform, we may also include the gradient of electron density,

∇n(r), in our calculations. Doing so yields the so called generalised gradient ap-

proximation (GGA) class of exchange-correlation functionals. Here, the form of

the exchange-correlation energy is

EGGA
xc [n] =

∫

ǫGGA
xc

(

n(r),∇n(r)
)

dr (2.27)

where ǫGGA
xc (n(r),∇n(r)) is the GGA exchange-correlation function that depends

on the electron density gradient in addition to the electron density. Examples of

GGA functionals include the Perdew and Wang (PW91) [43], and Perdew, and

Burke and Ernzerhof (PBE) [44] functionals.

The GGA functional model can be extended further to also encompass the higher
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order electron density derivatives. Such functionals are known as meta-GGA func-

tionals, for example

Emeta−GGA
xc [n] =

∫

ǫmeta−GGA
xc

(

n(r),∇n(r),∇2n(r)
)

dr (2.28)

Examples of meta-GGA functionals include the Perdew, Kurth, Zupan, and Blaha

(PKZB) [45], and Filatov and Thiel (FT98) [46] functional.

It is also possible to define exchange-correlation functionals that include a con-

tribution from the exact HF non-local exchange energy calculated using the KS

states. A popular example of such a hybrid functional is the B3LYP functional [47],

in which the form of the functional is given by

EB3LYP
xc [n] =(1− α0 − αx)ELDA

x [n] + α0E
HF
x [{ψi}] + αxE

B88
x [n] (2.29)

+ (1− αc)EVWN
c [n] + αcE

LYP
c [n]

where ELDA
x [n] is the LDA exchange energy, EHF

x [{ψi}] is the exact HF non-local

exchange energy (which depends on the occupied KS orbitals), EB88
x [n] is the B88

exchange energy of Becke [48], EVWN
c [n] is the VWN correlation energy, ELYP

c [n]

is the correlation of Lee, Yang and Parr [49], and where α0, αx and αc are the

functional parameters of Stephens et al. [50].

2.4 Basis sets

In order to describe the one-electron MOs we use mathematical functions known

as basis functions. The one-electron MOs are expanded as a linear combination of

basis functions as

ψi(r) =
K
∑

µ

Cµiφµ(r) (2.30)

where K is the number of basis functions, and Cµi is an expansion coefficient for

the basis function φµ(r) of the basis set. The choice of basis set is an important

consideration in ab initio calculations, as this is usually a key determining factor
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in the speed and accuracy of the calculation. In the following section, we briefly

discuss a number of important basis set functions used in DFT calculations.

2.4.1 Slater-type orbitals

The Slater-type orbital basis function [51] was developed for use in early quantum

chemistry calculations. This function properly represents the correct form of the

cusp at the nucleus, however due to the high computational expense of calculating

solutions to integrals using these functions, Slater-type orbitals are in most cases

not favoured today. The form of a Slater-type orbital is given by [52],

φS(x, y, z; ζ, i, j, k) = Nxiyjzke−ζ
√

(x2+y2+z2) (2.31)

where N is the normalisation constant, i, j, and k are non-negative integer pa-

rameters that determine the description of the orbital along the Cartesian axes,

and ζ is a constant relating to the effective nuclear charge on the atom this basis

function represents.

2.4.2 Gaussian-type orbitals

A more commonly used basis set function is the Gaussian-type orbital [53], de-

veloped to attempt to correct the difficulty using Slater functions in evaluating

integrals. The functional form of a Gaussian orbital is given by,

φG(x, y, z;α, i, j, k) = Nxiyjzke−α(x2+y2+z2) (2.32)

where α is an exponent parameter that determines the orbital width. As well as

displaying the incorrect representation of zero slope at the nucleus, this function

decays at a much faster rate than Slater functions far away from the nucleus. To

solve this problem, Slater-type orbitals are approximated using a linear combina-

tion of Gaussian-type orbitals, referred to as contracted Gaussian functions.This
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approximation has proved to be very successful, with a large number of DFT codes

adopting this as their primary basis set choice (e.g. Q-Chem [54], NWChem [55],

GAMESS-US [56]).

2.4.3 Plane waves

An alternate basis set to Slater and Gaussian-type orbitals is the plane wave basis

set. This basis set is typically adopted for calculations involving periodic systems,

for example bulk solids, surfaces and crystals, as plane waves are solutions to

the Schrödinger equation for a particle in a periodic box. The plane wave basis

functions normalised to a cubic cell with side length l are given by

ψG(r) =
1

l
3
2

eiG·r (2.33)

where G is the wave vector. Examples of DFT codes that adopt this basis set

include CASTEP [57] and Quantum Espresso [58]. As will be shown in Sec-

tion 2.8.1, the psinc basis set used in the ONETEP code [39; 59] is fundamentally

linked to the plane wave basis.

Many hundreds (or even thousands, depending on the cell and grid parameters)

of plane waves are used as basis functions in a typical plane wave calculation.

A specific advantage of using plane waves as a basis set is the lack of basis set

superposition error, which we discuss below in Section 2.5. This is due to the basis

functions being present in all regions of space, resulting in the basis set being fully

balanced throughout binding energy calculations. However, this fact also results

in empty space within the cell effectively having its own associated computational

cost. This can be notably disadvantageous when approximating open boundary

conditions using the supercell approximation, in which the cell is made additionally

larger in order to avoid the system interacting with its own periodic image.
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2.5 Basis set superposition error

Basis set superposition error (BSSE) is an error that arises in the calculation of

binding energies due to the incompleteness of the basis set. As EDA calculations

are grounded on binding energy calculations, appreciation of BSSE is equally im-

portant within these types of calculations also. The (BSSE-uncorrected) binding

of two molecules A and B that form the complex AB may be expressed as

∆E(AB) = EAB(AB)− EA(A)− EB(B) (2.34)

where E(X) is the energy of the molecule or complex X, and where the subscript

denotes the basis set used during the energy calculation. The BSSE error arises

from the inconsistent treatment of the isolated molecules that are able to access the

functions of the partner molecules [60]. This unbalanced basis set which provides

the complex with greater variational freedom than the isolated molecules allows

the complex to reach an artificially lower energy, therefore resulting in an artificial

increase in the calculated binding energy.

The Boys and Bernardi counterpoise correction (CP) [61] for BSSE attempts to

re-balance the basis sets used in the binding energy calculation. The CP correction

to the binding energy, ∆EBSSE, may be expressed as the total of the CP corrections

for the molecules A and B, ∆EBSSE(A) and ∆EBSSE(B) respectively, as

∆EBSSE(A) = EA(A)− EAB(A) (2.35a)

∆EBSSE(B) = EB(B)− EAB(B) (2.35b)

∆EBSSE = ∆EBSSE(A) + ∆EBSSE(B) . (2.35c)

The CP-corrected binding energy is therefore given by

∆E(AB) = EAB(AB)− EA(A)− EB(B) + ∆EBSSE

= EAB(AB)− EAB(A)− EAB(B) . (2.36)
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This correction has been argued to overestimate the error [62] due to the fact that

basis functions on the partner molecule will be occupied and so should not be

available, whilst others argue the problem to be a reflection of other errors [60].

Additionally, this correction is one of a number of possible treatments for the

BSSE [60].

2.6 Core electrons

The core electrons of an atom are those other than the valence electrons. Since

the valence electrons determine almost all of a given system’s electronic structure,

we may simplify our picture of the core electrons and reduce the computational

cost of calculations significantly. This can be done while at the same time still

maintaining high physical accuracy. Additionally, the problem of modelling the

electron states close to the nuclear centres is an important reason for making this

approximation. Due to the requirement for the wavefunctions of the core electrons

to be orthogonal, rapid oscillations in the core electron wavefunctions are observed

near to the nucleus. Describing these wavefunctions accurately in plane wave DFT

would therefore be highly expensive.

The pseudopotential method [63; 64] is an approach that seeks to simplify the

core region by describing the core electrons and nucleus by more approximate

means. Commonly, pseudopotentials are determined using conventional wave-

function methods, and it may not be immediately clear whether or not such pseu-

dopotentials are suited to DFT calculations. However, in practise this has been

shown not to present an issue for example in the work of Russo et al. [65]. Pseu-

dopotentials may incorporate relativistic effects, in which case they are referred

to as ‘relativistic’ pseudopotentials. These effects are of important consideration

in heavier elements, as in such elements the electrons closer to the core travel at

velocities close to the speed of light.
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Norm-conserving pseudopotentials are those that satisfy the condition of norm-

conservation. The condition of norm-conservation is expressed by the charge den-

sity within the core region for the pseudo wavefunction φ̃(r) equalling that of the

all-electron wavefunction φ(r), as

∫ rc

0

∣

∣φ̃(r)
∣

∣

2
dr =

∫ rc

0

∣

∣φ(r)
∣

∣

2
dr (2.37)

where rc is the cut off distance from the nucleus that defines the core region. This

is a desirable property of the pseudopotential, designed to reproduce the scattering

properties of the nuclei and maximise transferability to different systems.

The pseudopotential V̂ps can be split into a local V̂loc and non-local V̂nl part as

V̂ps = V̂loc + V̂nl . (2.38)

The local potential is simple to calculate, but the non-local part is less easily

calculated. The Kleinman-Bylander [64] form of the non-local potential is given

by

V̂KB = V̂loc +
∑

lm

|δV̂lφlm〉〈φlmδV̂l|
〈φlm|δV̂l|φlm〉

(2.39)

where φlm are the pseudo-atom wavefunctions and δV̂l is an operator dependent

on the angular momentum l.

An alternative type of pseudopotential used in plane wave DFT calculations is the

ultrasoft pseudopotential [66], in which smooth pseudo wavefunctions are used

which require lower kinetic energy cut-offs. These pseudopotentials are not norm-

conserving. A different approach to the use of pseudopotentials for modelling

the core electrons is the projector-augmented wave method (PAW) approach [67],

which typically uses the frozen core approximation to model the core electrons.
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2.7 Linear-scaling density functional theory

Scaling of ab initio methods with system size is an important consideration when

performing calculations as this will largely determine limitations of the size of

computable systems. For example, in Hartree-Fock calculations the computational

cost scales as O(N4) with respect to the number of basis functions due to the

bottleneck in calculating the two-electron integrals (without approximations). For

other wavefunction-based methods this scaling can be even more prohibitive, e.g.

third-order Møller-Plesset perturbation theory (MP3) in which the cost scales as

O(N6). In Kohn-Sham DFT the cost scales as O(N3) due to the bottleneck of

diagonalisation of the Hamiltonian matrix, as well as multiplication and inversion

of matrices that are dense.

Clearly, performing conventional electronic structure calculations on large systems

using these methods would be extremely challenging using the computational re-

sources available today. Examples of larger systems that are of importance for

study include proteins, biomolecules and nanostructures. It is clear that in or-

der to investigate such systems, approximations that reduce the computational

cost are necessary. From this need, linear-scaling methods (O(N)) have been de-

veloped. For further in depth discussions of linear-scaling methods, we refer the

reader to the reviews of Goedecker [68] and Bowler and Miyazaki [69].

In this section, we briefly introduce a number of key concepts that relate to the

formulation of linear-scaling DFT approaches, and in particular the ONETEP

approach.

2.7.1 The near-sightedness of electronic matter

The near-sightedness of electronic matter in many-atom systems was recognised

and discussed qualitatively by Walter Kohn in 1996 [70; 71]. This is the idea that

regions of large systems are local, i.e. that they are effectively isolated from the

interaction from other regions when separated by a large enough distance.
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This important concept can be applied in the development of linear-scaling meth-

ods. We begin by introducing the one-particle density matrix ρ(r, r′) for a set of

MOs {ψi},

ρ(r, r′) =

Nψ(occ)
∑

i

ψi(r)ψ
∗
i (r

′) (2.40)

where Nψ(occ) is the number of (singly) occupied orbitals (≡ N). The electronic

density is obtained from the diagonal elements of the one-particle density matrix

ρ(r, r′) as,

n(r) =

Nψ(occ)
∑

i

ψi(r)ψ
∗
i (r) = ρ(r, r) . (2.41)

Ismail-Beigi and Arias [72] showed the density matrix ρ(r, r′) to decay exponen-

tially for insulating systems

ρ(r, r′) ∝ e−γ|r−r′| (2.42)

where γ is a constant that depends on the band gap of the system. From this we

can expect that truncating elements of ρ(r, r′) that are above a certain threshold

distance rcut apart, i.e.

ρ(r, r′) = 0 when |r− r′| > rcut (2.43)

will reduce computational cost (as we will no longer need to evaluate these ele-

ments) with minimal introduction of error (as these interactions provide the least

contribution).

2.7.2 Localised orbitals

Another typical requirement for linear-scaling capability is the spatial truncation

of the basis set to within a localisation region. For delocalised basis sets such as
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plane waves, localisation must be enforced by certain means. The expansion of

the nonorthogonal generalised Wannier function (NGWF) [59] basis set within a

specified localisation sphere in ONETEP [39; 59] is used to enforce localisation

of the basis functions, as will be discussed later.

2.7.3 The Li-Nunes and Vanderbilt method

The Li-Nunes and Vanderbilt (LNV) method [73; 74] is an approach to obtaining

the variational solution to the density matrix whilst maintaining idempotency. The

enforcement of idempotency of the density matrix is necessary and is equivalent

to ensuring orthonormality of the Kohn-Sham states. This is achieved by making

use of the McWeeny transformation [75], which is based on the formula

P̃ = 3P 2 − 2P 3 . (2.44)

With truncation of the density matrix (Eq. 2.43) and use of sparse algebra the

computational cost of the LNV approach has the capacity to scale linearly with

system size.

2.8 The ONETEP package

The work described in Chapter 5 of this thesis has been implemented in the

ONETEP quantum chemistry package. This is a parallelised, linear-scaling Kohn-

Sham DFT code based on a reformulation of the plane wave pseudopotential

method and is well suited to calculations of systems of very large size using high-

performance computing systems.

ONETEP uniquely differs from conventional DFT approaches in two fundamental

ways. Firstly, ONETEP uses a strictly localised basis set that is truncated to

within a given localisation sphere. Through this, ONETEP exploits the near-

sightedness of electronic matter and is able to achieve linear-scaling with respect
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to system size. Secondly, the basis set itself is self-consistently optimised during

the energy minimisation procedure. Additionally, this plane-wave like basis set

affords ONETEP very high accuracy in its results.

In this section, we introduce the theory of the ONETEP approach required to

describe our EDA method implementation.

2.8.1 The non-orthogonal generalised Wannier function basis set

Here we introduce the non-orthogonal generalised Wannier functions (NGWFs)

that are used as a basis set in ONETEP calculations. In the following equa-

tions, the Einstein convention of implicit summation over repeated Greek indices

is adopted unless stated otherwise.

We begin expressing the NGWFs {|φα〉} by their expansion in a basis of Np peri-

odic cardinal sine (psinc) functions [76; 77] {Dp},

φα(r) =

Np
∑

p=1

Dp(r)cpα (2.45)

where cpα are the expansion coefficients. The psinc functions are centred on a

regular grid that spans the whole simulation cell, and the grid point each psinc

function is centred on is given by the index p. These cell-periodic psinc functions

can be expressed as a sum over a finite set of plane-waves. The expression for a

psinc function located at the grid coordinate vector rp is given by

Dp(r) = D(r− rp)

=
1

Np

Gc
∑

G

eiG·(r−rp) (2.46)

where G is a reciprocal lattice vector which is iterated up to the cutoff wavevector

Gc. The reciprocal lattice vector G is given by

G = m1b1 +m2b2 +m3b3 (2.47)
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where m1, m2 and m3 are integers and b1, b2 and b3 are the primitive lattice vectors

of a reciprocal Bravais lattice. The modulus of the cutoff wavevector Gc, which

determines the quality of the psinc basis set, is related to the plane-wave kinetic

energy Ec by

Ec =
1

2

∣

∣Gc

∣

∣

2
. (2.48)

Increasing the value of the kinetic energy cutoff increases Gc and therefore in-

creases the completeness of the basis set (see Eq. 2.46). A one-dimensional plot of

the function D0(r) is displayed in Fig. 2.1.
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Figure 2.1: A one-dimensional representation of the D0(r) psinc function cen-
tered at 0, with 15 grid points in the cell dimension.

During the optimisation of the NGWF basis functions, strict localisation is en-

forced by repeated truncation of the expansion coefficient contributions cpα outside
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of a localisation sphere Rα, i.e.

cpα = 0 if |Rα − rp| > Rα (2.49)

where Rα is the centre of the localisation region of the NGWF φα, rp is the

coordinate of the psinc basis function, and Rα is the NGWF localisation radius.

In the ONETEP formalism, the set of KS orbitals {|ψi〉} can be considered as

linear combinations of the set of strictly localised NGWFs {|φα〉} as,

ψi(r) = φα(r)M
α
i . (2.50)

where {Mα
i} are the KS MO expansion coefficients.

Orthonormality of {|ψi〉} is a necessary physical constraint for the Pauli principle

to be respected, which can be expressed as,

σij = 〈ψi|ψj〉 = (M †) α
i SαβM

β
j = δij (2.51)

where the NGWF overlap matrix Sαβ is given by,

Sαβ = 〈φα|φβ〉 (2.52)

By substitution of Eq. 2.50 into Eq. 2.40, we introduce the density kernel Kαβ as

the representation of the density operator in terms of NGWFs,

ρ(r, r′) = φα(r)K
αβφ∗

β(r
′) (2.53)

where the density kernel matrix Kαβ is given by,

Kαβ =

Nψ
∑

i

Mα
ifi(M

†) β
i (2.54)

where fi are the MO occupancies which are equal to 1 for the occupied MOs. In

an analogous fashion to truncation of the psinc expansion coefficients outside of
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the localisation sphere, the density matrix is also truncated when NGWF centres

are separated by more than a specified cutoff radius.

2.8.2 The ONETEP Kohn-Sham energy expression

In ONETEP, a number of different calculation tasks are available. These include,

for example, geometry optimisation, population analysis, electrostatic potential,

and charge density calculations. Running EDA calculations, such as the approach

we have implemented in ONETEP described in this thesis, generally involves

performing a series of total energy calculations on a given system under study,

and subtracting these energies to yield the EDA energy components. The specific

theory of our EDA implementation is described in further detail in Chapter 5,

however it is necessary to first introduce the total energy calculation in ONETEP

that underlies this approach.

In ONETEP, we typically use pseudopotentials to model core electrons, and

calculate the ion-ion interactions using an Ewald sum. The expression of the total

energy in ONETEP is given by,

E[n] = T [n] + Enl[n] + Eloc[n] + EH[n] + Exc[n] (2.55)

where T is the kinetic energy, Enl and Eloc are the non-local and local components

of the pseudopotential energy, EH is the Hartree energy and Exc is the exchange-

correlation energy.

The calculation of the total energy in ONETEP is organised as two nested loops.

Having constructed an initial set of NGWFs with expansion coefficients {cpα}, and

a density kernel Kαβ, the inner loop begins by minimising the energy of Kαβ with

the NGWFs held fixed until convergence. In the outer loop, the kernel is held

fixed and the expansion coefficients {cpα} optimised. Convergence of both loops

yields the ground-state density with ground state energy E0.
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2.8.3 Inner loop optimisation: the density kernel

During minimisation of the inner loop, constraints must be placed on the kernel

to ensure both physicality of the quantities and linear-scaling capability [78]. The

kernel must respect the localisation condition

Kαβ = 0 when |Rα −Rβ| > Rcut (2.56)

where Rα and Rβ are the centres of the localisation regions of the NGWFs φα

and φβ, and Rcut is the kernel cutoff radius [39]. Additionally, the idempotency

constraint

KαγSγδK
δβ = Kαβ (2.57)

is used to fix the orbital occupancies to one and zero and ensure orbital orthog-

onality. Finally, the number of electrons in the system must also be conserved

as

2 tr[KαγSγβ] = N (2.58)

for a spin unpolarised system.

The LNV method makes use of the McWeeny transformation [75] to enforce the

necessary physical constraint of idempotency on the density matrix. As described

earlier, enforcing idempotency of the density kernel is equivalent to imposing or-

thonormality of the Kohn-Sham orbitals. An auxiliary matrix σ is used to define

the density matrix ρ as

ρ(r, r′) = 3σ2(r, r′)− 2σ3(r, r′) (2.59)

where σ is defined in terms of the auxiliary density kernel L as

σ(r, r′) = φα(r)L
αβφβ(r

′) . (2.60)
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Given an auxiliary kernel L with occupancies in the range (
[

1−
√

5
2

]

,
[

1+
√

5
2

]

), a

‘weakly idempotent’ kernelK (i.e. with occupancies in the range [0, 1]) is produced

using the purification transformation

K = 3LSL− 2LSLSL . (2.61)

By optimising the auxiliary kernel L to minimise the energy E[ρ], the density

kernel will automatically be driven towards idempotency. This approach therefore

avoids the O(N3) problem of matrix diagonalisation, which would otherwise be

needed for orbital orthonormalisation.

At each inner loop iteration m, a new auxiliary density kernel L(m+1) is found

by line-search using a direct energy minimisation method such as the conjugate-

gradients or steepest-descents techniques. The search direction for this direct

energy minimisation is based on the gradient [79]

∂E

∂Lαβ
= 6(SLH +HLS)βα − 4(SLSLH + SLHLS +HLSLS)βα . (2.62)

Whilst the LNV approach is used to drive the density kernel to idempotency in

ONETEP, conservation of the number of electrons is also enforced. The chemical

potential µ is used as a Lagrange multiplier to solve this problem and ensure that

the functional minimum has the correct electron count. Instead of minimising

the energy, we now seek to minimise the grand potential Ω = E − µN . During

the minimisation, µ remains an unknown quantity. Three methods are used in

ONETEP to impose this normalisation [78]. Firstly, the purified electron number

may be constrained as (for the spin unpolarised case)

2 tr(ρ) = 2 tr(KS)

= 2 tr(3LSLS − 2LSLSLS)

= N . (2.63)
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Secondly, the unpurified electron number may be constrained as,

2 tr(σ) = 2 tr(LS)

= N . (2.64)

Thirdly, a normalised and purified density kernel can be directly constructed by

rescaling using the purification transformation

ρ = N
3σ2 − 2σ3

2 tr(3σ2 − 2σ3)
. (2.65)

The gradient of the electron number is expressed as

∂N

∂Lαβ
= 12(SLS − SLSLS)αβ (2.66)

and is used to fix the electron count to remain constant during the calculation.

At each step m, a new auxiliary kernel L(m+1) is calculated, and the McWeeny

purification transformation (Eq. 2.61) used to construct a near-idempotent density

kernel K(m+1). This procedure has linear scaling cost, enabled by the sparsity of

H, L and S due to the localisation constraints imposed during the calculation.

2.8.4 Outer loop optimisation: the NGWFs

Having converged the inner loop to obtain the optimised kernel K for the set

of NGWFs {|φα〉}, the outer loop optimises the expansion coefficients cpα. This

optimisation is performed whilst imposing the constraints of strict localisation of

the functions (using Eq. 2.49), idempotency of the density kernel, and conservation

of the electron count. A line-search step is performed to minimise the energy with

respect to the NGWFs. The search direction is again calculated using direct energy

minimisation methods using the gradient [79] of the NGWFs,

δE

δφ∗
α(r)

= 2[Ĥφβ(r)K
βα + φβ(r)Q

βα] (2.67)
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where,

Q = 3LHL− 2LSLHL− 2LHLSL . (2.68)

For a fully converged density kernel, the Hamiltonian and density kernel commute,

HKS = SKH, (2.69)

and the kernel has the relationship

KSK = K = L = LSL (2.70)

due to convergence of K and idempotency of this quantity. These two relationships

can be used to simplify the expression of Q given in Eq. 2.68 above. Substituting

Eq. 2.70 into Eq 2.68 yields

Q = 3KHK − 2KSKHK − 2KHKSK

= 3KHK − 2KHK − 2KHK

= −KHK

= −KHKSS−1 (2.71)

and by substituting Eq. 2.69 into this expression we obtain

Q = −KSKHS−1

= −KHS−1 . (2.72)

The derivative of the electron number with respect to the NGWFs is given by

δN

δφ∗
α(r)

= 12φ∗
β(r)(SLS − SLSLS)βα (2.73)

and is used to constrain the electron number of the system during the NGWF

optimisation step. On convergence of the NGWF gradient, which indicates that
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the psinc basis has been optimised, the ground-state energy has been found.

ONETEP uses sparse algebra in calculation of the quantities involved during

the optimisation of the inner and outer loops. By also using a kernel cutoff with

the strictly localised basis functions, the code achieves an overall linear-scaling

cost. ONETEP is also highly parallelised and able to efficiently partition the

computational problems that must be solved over many CPUs. For this reason,

ONETEP is highly suited to the calculation of large-scale systems using high-

performance computing systems.





Chapter 3

Current biomolecular energy

decomposition analysis

approaches

A primary aim of this work is to identify the EDA method or methods with greatest

suitability to the analysis of interaction energies in biomolecular systems. Towards

this goal, we introduce here the theory of a selection of important EDA approaches

and assess their theoretical strengths and weaknesses. In Chapter 4 that follows

this, we quantify the success of these EDA approaches by benchmarking against

six test sets of molecules that display biomolecular-like interactions.

The EDA schemes can be categorized by the nature of their underlying theory.

The character of the schemes may be described as either variational, in which the

interaction energy is decomposed by use of intermediate wavefunctions or electron

densities, or alternatively as perturbation based, in which the interaction between

the fragments is seen as a perturbation to the non–interacting fragments and the

interaction is constructed as corrections resulting from different physical effects.

In this chapter, we begin by providing an overview of notable studies applying

EDA in literature. Next, we introduce a number of common quantities which

we use to describe the theory of the EDA approaches. Using this framework, we

49
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describe the variational and perturbation based EDAs, and summarise each of

these approaches.

3.1 Previous applications of energy decomposition analysis

Investigations using EDA approaches are naturally well suited to evaluations of

molecular bonding forces, and EDA has been used in a wide range of applications in

quantum chemistry. The EDA studies in literature typically feature systems of rel-

atively small size (up to tens of atoms) for both the variational [12–15; 80–89] and

perturbation approaches [90–93], and for biomolecular systems approaches such as

molecular mechanics (MM) are sometimes combined with the QM region [94; 95].

Here we discuss a number of these applications in literature.

EDA calculations in the literature have typically been performed to evaluate newly

developed EDA methodologies, to quantify the driving forces of association in the

studied systems, or for both reasons. The water dimer has been frequently adopted

as a theoretical test model for the purpose of evaluating new EDA approaches [12;

13; 15; 80; 81; 83; 84; 96] as this system is exemplary of a typical hydrogen bonding

interaction. Other small interacting systems also studied include the benzene

dimer system [14; 88; 93], the water – alkali metal cation series [15; 80; 82; 83]

and the ammonia – hydrogen fluoride [81; 86; 90] system.

EDA calculations of drug – water clusters have also been performed. For exam-

ple, investigations were performed by Esrafili and Behzadi [97] on the hydrogen

bonding interaction of aspirin (and fluorine–substituted aspirin) with (water)n=1−3.

This work included symmetry–adapted perturbation theory (SAPT) and natural

bond orbital (NBO) second–order perturbation theory analyses, as well as density

partitioning using Bader’s quantum theory of atoms in molecules (QTAIM) [98]

approach.
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Investigations of larger biomolecules are also noted in the EDA literature. These

are typically performed by EDA calculations on smaller derived truncated sys-

tems, rather than on the whole biomolecular system itself. Truncated active–site

systems of a Cl – /H+ exchange transporter protein (EcClC) were studied with

Kitaura-Morokuma (KM) EDA and natural EDA (NEDA) by Church et al. [99]

for example. A number of EDA investigations of cytochrome P450 have also been

performed [94; 95; 100]. Thellamurege investigated the interaction of a water

molecule with cytochrome P450, specifically with the ferric heme group and com-

pound I intermediate of this biomolecule [100]. This investigation was performed

using the LMO EDA [14] and the extended transition state (ETS) EDA developed

by Ziegler and Rauk [101–103]. The results revealed electrostatic and polarisation

effects to be dominant in the interactions within these systems.

The possibility of EDA on larger systems also has been evidenced. Hirao per-

formed an EDA of the ONIOM(B3LYP:AMBER) QM/MM interaction energy of

the compound I intermediate of cytochrome P450cam to investigate the effect of

the protein environment on this state [95]. This work found electrostatics to be

the most dominant contribution to the interaction energy, followed by van der

Waals and polarisation contributions. The calculations of this investigation in-

volved thousands of atoms present in the protein environment, and even though

this involved a QM/MM–based variant of EDA, this study offers an example of

EDA application to an entire protein. An earlier investigation by Hirao using this

method was also performed on the non–heme diiron enzyme myo–inositol oxyge-

nase [94]. The aim of this investigation was to assess the effects of the protein

environment and intracluster dispersion in the process of oxygen binding to this

enzyme. This found dispersion to be the most dominant contribution to the in-

teraction energy, which was enhanced to a lesser degree by electrostatic, van der

Waals, and polarisation effects. This work notes that because entropic effects do

not favour the bonding of oxygen, overall this process is almost thermoneutral.

This demonstrates a limitation of pure interaction energy investigations: the in-

teraction energy (or enthalpy) itself is also one of the components that control the
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thermodynamics of binding, the other being the entropy of binding.

Another established approach to large scale energy calculations is the fragment

molecular orbital (FMO) framework of Kitaura et al. [104–107]. This approach

involves the partitioning of a system into a number of smaller fragments, with

the total system energy calculated using the FMOs of these fragments. This frag-

mentation reduces computational cost whilst maintaining accuracy and a number

of studies have been performed on important protein–receptor systems using the

FMO approach investigating binding affinities and the interaction energies of frag-

ments. Examples of these studies include calculations performed on the human im-

munodeficiency virus type 1 (HIV-1) protease complexed with lopinavir [108; 109],

the HIV-1 antibody 2G12 [110; 111], the influenza virus surface protein hemag-

glutinin [112–122], prion protein [123–125], the estrogen receptor [126–128], the

vitamin D receptor [129–132], and the retinoid X receptor [133–135]. The pair

interaction EDA (PIEDA) scheme [96] has been developed in the FMO frame-

work, and a discussion of the PIEDA approach is included later in this chapter.

The PIEDA scheme has been used to investigate contributions to stabilisation in

various conformers in the evolution of amide stacking in larger γ-peptides [136],

and to investigate DNA recognition modulation in artificial zinc–finger proteins

using PIEDA maps [137].

Investigations are not limited to low atomic mass compositions. EDA calculations

of the bonding in more exotic systems have been published, such as in the transi-

tion metal–oxime bond [138] and the transition metal–imine bond [139] by Bayat

et al., and work by Marjolin et al. [140] has sought to seek the components of in-

teractions within mono aqua complexes of various lanthanide and actinide cations.

This work investigating lanthanide and actinide cation interactions was achieved

using a modified constrained space orbital variation (CSOV) EDA scheme [11; 141]

with small and large core pseudopotentials.
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3.2 Common EDA wavefunctions

It is useful to adopt a unified notation of the wavefunctions (and their derived

charge densities) shared between the EDA schemes we consider in this chapter.

Starting with the direct calculation of the interaction energy, we define the com-

monly used electronic Slater determinant wavefunctions Ψ0,AB
A , Ψ0,AB

B and ΨAB

and other related intermediate wavefunctions used to express the EDA theory.

We denote the lower index as distinguishing the fragment(s) described by the

wavefunction, and the upper index as distinguishing the basis in which the MOs

of the wavefunction are expanded. The upper index zero describes wavefunctions

constructed using the optimised MOs of fragments in isolation. The Boys and

Bernardi [61] counterpoise (CP) corrected binding energy calculation may be ex-

pressed as,

∆E = E[ΨAB]− E[Ψ0,AB
A ]− E[Ψ0,AB

B ] (3.1)

where ΨAB, Ψ0,AB
A , and Ψ0,AB

B are the variationally optimised wavefunctions for the

AB complex and the isolated monomers A and B calculated in the full AB basis.

Furthermore, two similar sets of wavefunctions Ψ0,ABocc

A , Ψ0,AoccB
B and Ψ0,ABvir

A ,

Ψ0,AvirB
B may be derived to facilitate the partitioning of the CP correction into a

contribution from ghost occupied orbitals of the adjacent fragments and from ghost

virtual orbitals of the adjacent fragments. These wavefunctions are constructed

in the same manner as Ψ0,AB
A , and Ψ0,AB

B , but using either the occupied or virtual

orbitals of the adjacent fragments as given by the upper index. We define the

wavefunctions for the monomers calculated in their own basis as,

Ψ0,A
A = Â

(

onA
∏

a

ψ′
a

)

(3.2a)

Ψ0,B
B = Â

(

onB
∏

b

ψ′
b

)

(3.2b)
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where Â is the antisymmetriser and {ψ′
a} and {ψ′

b} represent the optimised MOs

of the isolated monomers A and B respectively.

A number of many–electron intermediate wavefunctions are defined for the com-

plex AB using combinations of the MOs of the monomers A and B. The first set

of wavefunctions of this type, Ψ
0,A/B,Hartree
AB and Ψ0,AB,Hartree

AB , are constructed as

the Hartree product of the individual monomer Slater determinant wavefunctions.

This means that interfragmental exchange is not included in the energies of these

two wavefunctions. As before, a key feature of these wavefunctions is the basis in

which the individual monomer MOs are optimised. The wavefunction Ψ
0,A/B,Hartree
AB

is constructed using the MOs of the individual monomers A and B optimised in

isolation in their own basis, and the wavefunction Ψ0,AB,Hartree
AB is constructed using

the monomer MOs optimised in isolation in the full AB basis:

Ψ
0,A/B,Hartree
AB =

[

Ψ0,A
A ·Ψ0,B

B

]

(3.3a)

Ψ0,AB,Hartree
AB =

[

Ψ0,AB
A ·Ψ0,AB

B

]

. (3.3b)

The second set of wavefunctions of this type are Ψ
0,A/B
AB and Ψ0,AB

AB which are

constructed in the same manner as Ψ
0,A/B,Hartree
AB and Ψ0,AB,Hartree

AB but taking the

antisymmetric product of the monomer MOs as,

Ψ
0,A/B
AB = Â

(

Ψ0,A
A ·Ψ0,B

B

)

(3.4a)

Ψ0,AB
AB = Â

(

Ψ0,AB
A ·Ψ0,AB

B

)

. (3.4b)

These wavefunctions do not obey the Pauli exclusion principle due to lack of or-

thogonality of the MOs between the different fragments. This presents a source of

difficulty when attempting to rigorously ascribe physical meaningfulness to energy

components that are calculated using these wavefunctions.
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3.3 Common EDA charge densities

In this section we describe the charge densities corresponding to the intermediate

wavefunctions above which are used to provide a description of the NEDA scheme

theory [12; 13; 82; 83]. Similar to the wavefunction indices’ definitions, we use

the lower index to denote the fragment(s) described by the charge density and the

upper index to denote the basis in which the density is constructed. The construc-

tion of charge densities within the NEDA scheme proceeds by decomposition of

the charge density of the AB supermolecule rather than by construction from the

monomer charge densities, and all charge densities of this scheme are calculated

in the full AB basis. We also distinguish densities optimised in isolation by an

upper index zero.

The charge densities nABAB, n0,AB
A and n0,AB

B describe the charge densities of the

fully optimised AB supermolecule and the isolated monomers A and B respec-

tively. The descriptions of these charge densities complement the commonly used

wavefunctions ΨAB, Ψ0,AB
A and Ψ0,AB

B respectively. The charge density of the AB

supermolecule, nABAB, is given by,

nABAB(r) =
onA
∑

α

Zαδ(r−Rα)− 2
onA
∑

a

|ψa(r)|2

+
onB
∑

β

Zβδ(r−Rβ)− 2
onB
∑

a

|ψb(r)|2 (3.5)

where the nuclei of A and B are located at coordinates Rα and Rβ with charge Zα

and Zβ respectively, and where {ψa} and {ψb} are the MOs of A andB respectively.

The isolated monomer charge densities n0,AB
A (r) and n0,AB

B (r) are constructed in a

similar manner as,

n0,AB
A (r) =

onA
∑

α

Zαδ(r−Rα)− 2
onB
∑

a

|ψ′
a(r)|2 (3.6a)

n0,AB
B (r) =

onB
∑

β

Zβδ(r−Rβ)− 2
onB
∑

b

|ψ′
b(r)|2 (3.6b)
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where a and b span the MOs {ψ′
a} and {ψ′

b} of the isolated monomers A and B,

and where these MOs have been variationally optimised in the full AB basis.

3.4 Kitaura-Morokuma EDA

The KM scheme [142; 143], extended from the scheme of Morokuma [9], is one

of the earliest energy decomposition analysis schemes developed. This scheme is

a widely used variational scheme limited to the RHF level of theory and which

therefore excludes electronic correlation terms within the decomposition.

3.4.1 Kitaura-Morokuma EDA theory

The decomposition of the interaction energy within the KM EDA consists of the

following terms [142; 143]:

∆E = ∆EES + ∆EEX + ∆EPOL + ∆ECT + ∆EMIX (3.7)

where ∆EES is the electrostatic interaction between the monomers with their

charge distributions undistorted, ∆EEX is the exchange repulsion contribution that

describes the interaction of exchange between the undistorted monomer charge dis-

tributions (and includes the short–range repulsion resulting from orbital overlap

between the two fragments), ∆EPOL is the polarisation interaction on distorting

the charge distributions of the monomers in the presence of their neighbouring

monomer, ∆ECT is the charge transfer energy that results from electron transfer

from the occupied MOs of one monomer into the virtual MOs of its neighbouring

monomer, and where the term ∆EMIX describes contributions to the interaction

energy that are not ascribable to a particular component.

We express the components of the KM EDA scheme except the charge transfer

component in terms of energy functionals of the common wavefunctions described

above. The electrostatic energy, ∆EES, is evaluated as the Coulomb energy on
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taking the relaxed charge densities of the monomers in isolation to complex geom-

etry,

∆EES = E[Ψ
0,A/B,Hartree
AB ]− E[Ψ0,A

A ]− E[Ψ0,B
B ] . (3.8)

The exchange energy, ∆EEX, is taken as the energy on forming the fully antisym-

metrised wavefunction from the Hartree product intermediate wavefunction,

∆EEX = E[Ψ
0,A/B
AB ]− E[Ψ

0,A/B,Hartree
AB ] . (3.9)

The definitions of the electrostatic and exchange terms take this general form in

the majority of EDA schemes we discuss. After calculating these two components,

the energy change on restricted variational optimisation of the Hartree product in-

termediate wavefunction leads to calculation of the polarisation energy component

∆EPOL,

∆EPOL = E[Ψ
A/B,Hartree
AB ]− E[Ψ

0,A/B,Hartree
AB ] (3.10)

where the intermediate wavefunction Ψ
A/B,Hartree
AB is constructed by relaxation of

the fragment orbitals of the Hartree product intermediate wavefunction Ψ
0,A/B,Hartree
AB

in the field of the neighbouring monomer. This term is denoted ∆EPL within the

original KM EDA, but to ensure continuity with the other schemes discussed in

this thesis we term this component ∆EPOL. A diagram of the KM EDA scheme

electrostatics, exchange and polarisation components is given within Fig. 3.1.

The charge transfer component is calculated as the energy resulting from charge

transfer from the occupied MOs of one monomer to the virtual MOs of the other

and vice versa. The calculation of this component may be described as the en-

ergy difference between two intermediate wavefunctions: one that includes this

interfragmental interaction, and one that does not. The calculation of this energy

component is more clearly demonstrated by use of modified overlap and Fock ma-

trices for the AB complex. The charge transfer energy component of this scheme
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Figure 3.1: The Kitaura–Morokuma electrostatics, exchange and polarisation
EDA components for the AB complex.

is calculated by setting to zero certain blocks of the complex Fock and overlap

matrices that express specific chemical effects during the iteration cycles. The

matrices of the complex are partitioned into blocks that involve the occupied and

virtual orbitals of each monomer. The contribution of charge transfer effects to

the interaction energy may be calculated as the difference between the energy of

an intermediate set of matrices that have non–zero diagonal blocks which we name

‘ESX’ blocks that give an energy EESX, and another set of intermediate matrices

that involve both the diagonal ‘ESX’ blocks and those blocks required to describe

charge transfer effects which we name ‘CT’ blocks with energy EESX+CT. These

matrices are shown diagrammatically within Fig. 3.2.

∆ECT = EESX+CT − EESX . (3.11)
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(a) (b)

Figure 3.2: The partitioning of the Fock and overlap matrices for the KM EDA
scheme for the evaluation of the charge transfer component. The set of matrices
(a) that involve only the diagonal exchange and electrostatics interactions pro-
duces the energy EESX and the set of matrices (b) that involve these diagonal
blocks and also the charge transfer blocks produces the energy EESX+CT. The
labels ‘occ’ and ‘vir ’ denote the sets of orbitals that are occupied and virtual
on the monomers A and B.

A remainder ‘mixing’ term is defined to describe the contribution to the interaction

energy not ascribable to any particular component of the scheme,

∆EMIX = ∆E − (∆EES + ∆EPOL + ∆ECT + ∆EEX) . (3.12)

The KM theory described herein follows the implementation of Chen and Gor-

don [84]. Treatment of BSSE in this scheme applies the CP correction to the

∆EEX and ∆ECT terms only and the components ∆EES, ∆EPOL and ∆EMIX re-

main as in the original KM EDA scheme. This treatment splits the CP correction

to the interaction energy into two: one correction for the exchange component

calculated by including the set of occupied orbitals of the adjacent fragments, and

a second correction for the charge transfer component calculated by including the

set of virtual orbitals of the adjacent fragments. The CP corrections to the ∆EEX
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term are given as,

∆EBSSE,EX(A) = E[Ψ0,A
A ]− E[Ψ0,ABocc

A ] (3.13a)

∆EBSSE,EX(B) = E[Ψ0,B
B ]− E[Ψ0,AoccB

B ] (3.13b)

∆EBSSE,EX = ∆EBSSE,EX(A) + ∆EBSSE,EX(B) (3.13c)

and the correction to ∆ECT is given as,

∆EBSSE,CT(A) = E[Ψ0,A
A ]− E[Ψ0,ABvir

A ] (3.14a)

∆EBSSE,CT(B) = E[Ψ0,B
B ]− E[Ψ0,AvirB

B ] (3.14b)

∆EBSSE,CT = ∆EBSSE,CT(A) + ∆EBSSE,CT(B) . (3.14c)

The calculations of these BSSE components are further described within Fig. 3.3 and 3.4.

Figure 3.3: The treatment of BSSE for the exchange term within the KM EDA
scheme. A BSSE correction due to the presence of the occupied orbitals of
adjacent monomers is introduced to the exchange term.
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Figure 3.4: The treatment of BSSE for the charge transfer term within the KM
EDA scheme. A BSSE correction due to the presence of the virtual orbitals of
adjacent monomers is introduced to the charge transfer term.

3.4.2 The extended transition state approach

It is relevant at this point to mention Ziegler and Rauk’s equally important ETS

EDA scheme [101–103] which was developed independently but around the time of

the KM EDA and which share a number of similarities. This scheme approaches

the problem of decomposing the interaction energy by describing an electrostatic

energy component (identical to the ∆EES energy component of the KM EDA),

a Pauli exchange repulsion energy term ∆EPauli, and an orbital interaction term

∆Eorb:

∆E = ∆EES + ∆EPauli + ∆Eorb . (3.15)

This decomposition also includes a geometric deformation energy term to distort

the fragment equilibrium geometries to their geometries when in complex. To
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maximise consistency of the definition of ∆E in this thesis, and due to the simple

evaluation of this component, we do not include this term within Eq. 3.15. The

Pauli exchange repulsion term is related to the exchange energy component of the

KM EDA scheme (see Eq. 3.9), with its evaluation at the DFT level calculated as

the exchange–correlation energy difference between a version of the wavefunction

Ψ
0,A/B,Hartree
AB in which all the orbitals are Löwdin orthogonalised [144] and the

fragment wavefunctions Ψ0,A
A and Ψ0,B

B , [19]

∆EPauli =Exc[Ψ
0,A/B,Hartree
AB ]−

(

Exc[Ψ
0,A
A ] + Exc[Ψ

0,B
B ]
)

. (3.16)

The final orbital interaction term contains interaction energy information relating

to the charge transfer and polarisation interaction components and other orbital

mixing interactions. This term is somewhat similar to the mixing term of the

KM EDA as it is calculated as a remainder term that is required for the energy

components to add up to the full interaction energy.

3.4.3 Assessment

A number of issues are observed that relate to the KM EDA scheme. The definition

of the mixing term has no physical equivalent and has the potential to be even

greater in magnitude than the total interaction energy itself [145]. The components

of this decomposition are also observed to be highly basis set dependent and

the charge transfer and polarisation energies are numerically unstable with large

basis sets and at short intermolecular distance [146–148]. This is a result of the

improper antisymmetrisation of the intermediate wavefunctions used in evaluating

these terms: electrons from one fragment are permitted to occupy space already

occupied by the electrons of the other fragment and so the Pauli exclusion principle

remains unenforced [149]. Later EDA schemes such as the reduced variational

space (RVS) analysis [10; 84], CSOV [11; 141], and NEDA [12; 13; 82; 83] schemes

have been developed which attempt to overcome these limitations.
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As seen within other schemes, the description of ∆EES and ∆EEX as individual

terms remains problematic due to their wavefunction definitions not obeying the

Pauli principle. These terms are often combined in schemes derived from the KM

EDA to produce a new term that is defined by the addition of the electrostatic

and exchange terms. This combined term avoids the problem of using improperly

antisymmetrised wavefunctions in the decomposition. The ∆ECT and ∆EPOL KM

EDA components are also observed to share the problem of using improperly an-

tisymmetrised wavefunctions in their calculation. These terms may be combined

as a new ∆ECTPLX term which is defined by the addition of the polarisation and

charge transfer components with inclusion of the exchange integral: this is per-

formed in an alternative scheme [150] intended for the analysis of strong transition

metal – ligand interactions.

The ETS scheme has been coupled in recent years with the natural orbitals for

chemical valence (NOCV) approach [151–154] in what is termed ETS–NOCV [19].

This method allows the orbital interaction energy ∆Eorb to be divided into its

orbital origins and visualised. In this approach, a deformation density matrix de-

scribing the change in density of the ∆Eorb interaction is constructed and diago-

nalised to yield NOCVs [19]. Complementary pairs of NOCVs are used to visualise

the interactions, with energetic estimations of these interactions computed from

the KS matrix of a transition state density (midway between the supermolecule

and fragment densities). This approach therefore provides both a qualitative and

quantitative analysis of chemical bonding. The ETS–NOCV scheme has been

applied to organometallic [21; 155–157] and coordination compounds [20; 155–

157], as well as metal–metal bonding [19; 156] and boronic [158; 159] systems.

More unusual organometallic analyses have also been performed using the ETS–

NOCV approach, including systems involving gold [160] and silver [161] interac-

tions for example. The ETS EDA scheme has also been applied to purely or-

ganic molecules, for example in investigating conjugation and hyperconjugation

stabilisations in conjugated molecules [162], heterobenzene molecules [163; 164],
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benzene [164], five–membered aromatic compounds [164], cyclic and acyclic con-

jugated carbenes [164], and hetero– and anti–aromatic compounds [164]. Addi-

tionally, a number of review articles have been published on applications of the

ETS scheme to both inorganic [165; 166] and organic systems [85; 167]. Other

approaches that seek to provide a measure of the electron density delocalisation

between molecules include the NBO approach [168–172], Bader’s QTAIM [98; 173],

the electron localisation function [174; 175], and the Hirshfeld analysis [176], as

well as the various population analysis schemes [144; 170; 177].

3.5 Reduced variational space EDA

The RVS scheme [10; 84] corrects a number of the unsatisfactory tendencies of the

KM scheme that result as a consequence of the terms not correctly satisfying the

Pauli exclusion principle in their calculation [149]. The CSOV analysis [11; 141] is

similar to the RVS scheme and differs subtly in its treatment of charge transfer and

polarisation. By ensuring proper antisymmetrisation of the wavefunctions of the

decomposition, the Pauli exclusion principle within the RVS scheme is enforced

correctly. Effectively, this scheme combines the electrostatics and exchange terms

of the KM EDA and modifies the evaluations of the polarisation and charge transfer

components.

3.5.1 Reduced variational space EDA theory

The RVS EDA method is closely related to the KM scheme but has a small number

of distinct differences. The first is the inclusion of the electrostatic and exchange

terms as a single ESX contribution (due to the fact that the wavefunctions cor-

responding to the isolated ∆EES and ∆EEX not obeying the Pauli principle) [84].

The second is the different restrictions of variational space available for orbital

optimisation to the KM EDA scheme. Lastly, the treatment of BSSE in the RVS

EDA is slightly more complicated than in the KM EDA scheme. Notably, the
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equivalent mixing term, ∆EMIX, to that in the KM EDA scheme has a much

greater tendency to become so small that it becomes insignificant in the RVS

scheme.

The form of the RVS EDA interaction energy partitioning is,

∆E = ∆EESX + ∆EPOL + ∆ECT + ∆EMIX (3.17)

where the ∆EESX term is equal to the sum of the ∆EES and ∆EEX components

of the KM EDA,

∆EESX = E[Ψ
0,A/B
AB ]− E[Ψ0,A

A ]− E[Ψ0,B
B ] (3.18)

and where the construction of the intermediate wavefunction Ψ
0,A/B
AB ensures or-

thogonality between the monomers by Gram–Schmidt orthogonalisation [10; 84].

A number of other schemes apply this reduction of terms, including the ALMO

and BLW EDA schemes discussed within this chapter.

The remaining components are modifications to their KM EDA equivalents. The

polarisation energy component differs from the KM EDA evaluation by varia-

tional optimisation of the fully antisymmetrised wavefunction Ψ
0,A/B
AB (rather than

the non–antisymmetrised wavefunction Ψ
0,A/B,Hartree
AB ). The subspace available for

variational optimisation of the orbitals is reduced by freezing the occupied orbitals

of the neighbouring monomer and omitting its virtual orbital subspace to prevent

charge transfer. For the two–fragment system AB, orbital optimisation in the

field of the neighbouring monomer produces two wavefunctions Ψ
RVS−POL(A),A/B
AB

and Ψ
RVS−POL(B),A/B
AB relating to the polarised states of fragments A and B respec-

tively. The polarisation energies for these two wavefunctions are then calculated by

subtraction of the energy of the non–polarised state wavefunction Ψ
0,A/B
AB from the

energies of these polarised state wavefunctions. Addition of these two polarisation
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energies produces the total polarisation energy EPOL.

∆EPOL(A) = E[Ψ
RVS−POL(A),A/B
AB ]− E[Ψ

0,A/B
AB ] (3.19a)

∆EPOL(B) = E[Ψ
RVS−POL(B),A/B
AB ]− E[Ψ

0,A/B
AB ] (3.19b)

∆EPOL = ∆EPOL(A) + ∆EPOL(B) . (3.19c)

This is formally a similar process to that within the KM EDA. Within the KM

scheme however, this interaction instead effectively involves the simultaneous po-

larisation of the orbitals of each fragment in the field of their neighbouring fragment

and also excludes an interfragmental exchange contribution.

Repeating a similar process of orbital optimisation but with extension of the vari-

ational space to include the virtual orbitals of the neighbouring fragment allows

charge transfer to occur, producing the two wavefunctions Ψ
RVS−CT(A),A/B
AB and

Ψ
RVS−CT(B),A/B
AB relating to the polarised and charge transferred states of fragments

A and B respectively. The difference between the energies of these wavefunctions

and their polarised–only counterparts, Ψ
RVS−POL(A),A/B
AB and Ψ

RVS−POL(B),A/B
AB , pro-

vides the charge transfer energies of fragments A and B. The BSSE contributions

from each fragment for charge transfer are introduced at this point in the decom-

position. We denote the CP corrected charge transfer energies EBSSE,CT(A) and

EBSSE,CT(B) for the CP correction to charge transfer originating from monomers A

and B respectively, and the total of these two energies as ∆EBSSE,CT. The BSSE

contributions from each fragment are introduced in a form similar to Eqs. 3.14a

and 3.14b. This CP correction is referred to as the CP correction with virtual

orbitals (VCP) in literature [84]. Addition of the BSSE contributions from the
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fragments produces the total charge transfer energy ECT+BSSE:

∆ECT+BSSE(A) =E[Ψ
RVS−CT(A),A/B
AB ]− E[Ψ

RVS−POL(A),A/B
AB ]

+ ∆EBSSE,CT(A) (3.20a)

∆ECT+BSSE(B) =E[Ψ
RVS−CT(B),A/B
AB ]− E[Ψ

RVS−POL(B),A/B
AB ]

+ ∆EBSSE,CT(B) (3.20b)

∆ECT+BSSE =∆ECT(A) + ∆ECT(B) . (3.20c)

In the RVS EDA literature [84], the charge transfer component is labelled simply

ECT. To reinforce that this component includes a BSSE correction contribution

we have relabelled this component as ∆ECT+BSSE.

The mixing component, ∆EMIX, of the RVS EDA is calculated as the difference be-

tween the CP corrected interaction energy and the total of the energy components.

The form of the RVS EDA residual energy is given as,

∆EMIX = ∆ERVS − (∆EESX + ∆EPOL + ∆ECT) . (3.21)

In the RVS literature [84], this residual energy component is termed ∆ERES. To

maintain consistency with the naming convention of the mixing term of the KM

EDA, we refer to this component as ∆EMIX.

The CP correction applied to the interaction energy is not the full CP correction,

and its calculation involves use of the virtual orbitals of the partner monomer

rather than its full set of orbitals. The form of the RVS EDA CP corrected

interaction energy is therefore,

∆ERVS =E[ΨAB]− E[Ψ0,A
A ]− E[Ψ0,B

B ] + ∆EBSSE,CT (3.22)

=E[ΨAB]− E[Ψ0,ABvir

A ]− E[Ψ0,AvirB
B ] (3.23)

where ∆EBSSE,CT is the CP correction to the charge transfer component. As the

interaction energy is defined with a partial CP correction, the interaction energy
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obtained from the RVS EDA differs to the interaction energy calculated from the

KM EDA (in which the full CP correction is applied).

3.5.2 Assessment

This approach partially remedies the shortcomings of the KM EDA by use of fully

antisymmetrised intermediate wavefunctions, and the Pauli exclusion principle

is fully enforced within this scheme. However, by reducing the electrostatics and

exchange contributions to one term the level of information provided by the scheme

is decreased. This advantage and disadvantage is present in all KM EDA derived

schemes in which the electrostatic and exchange terms may be combined. Also

the theoretical description of polarisation is extended to include some exchange,

and this may be useful or not depending on the chemical interpretation attributed

to this term.

Despite its improvements upon the KM EDA, this scheme is however currently

limited to the HF level of theory. The closely related CSOV scheme typically used

in the investigation of metallic systems has been used with multi–configurational

SCF (MCSCF) wavefunctions [178], and has been extended from its original HF

implementation [11; 141] to the DFT level [179; 180] by simply using the KS

orbitals in the EDA procedure. Subtle difference in the CSOV analysis theory

cause the polarisation and charge transfer energies to be slightly dependent on

their order of evaluation. Two CSOV analyses are therefore possible for any one

system, and in some cases it is convenient to perform both calculations to validate

results [141].

3.6 Pair interaction EDA

The PIEDA [96] scheme is a reformulation of the original KM EDA approach

in the FMO description of Kitaura et al. [104–107]. The PIEs referred to by

PIEDA are the interaction energies of the fragments produced, and for this reason
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PIEs are also known as interfragment interaction energies (IFIEs) [181]. The FMO

prescription is one that is also naturally well suited to the analyses of large systems

(such as proteins) and hence is of interest for the study of biomolecular systems.

The FMO framework is implemented at many levels of theory, namely the RHF,

DFT, second–order Møller–Plesset perturbation theory (MP2), CC, MCSCF, time–

dependent DFT (TDDFT), and configuration interaction (CI) theories [182]. This

is also partially inherited within the PIEDA approach and the ability to access

the MP2 and CC correlated levels of theories [106; 182] is of merit to the ap-

proach. The KM EDA–type energy components are however limited to evaluation

at the RHF level of theory, with the addition of a dispersion term ∆EDI to en-

sure a correct representation of the interaction energy at these correlated levels of

theories.

3.6.1 The fragment molecular orbital and the pair interaction energy

The FMO [104–107] framework is adopted within the PIEDA approach of Fedorov

and Kitaura [96]. There are two different approaches to the construction of the

fragments within FMO theory: an approach based upon the use of hybrid orbital

projection (HOP) operators [104] known as the HOP method, and an alternative

approach using the adaptive frozen orbitals (AFO) [183] scheme. The FMO ap-

proach we describe here is the HOP method which is used in PIEDA and serves

as an introduction to the FMO formalism.

In the FMO approach, selected chemical bonds are detached at an atom with the

two bonding electrons assigned to one of the fragments. Ideally, this detachment

should avoid regions of delocalised charge such as C–N amide bonds in order to

maintain the localised nature of the fragments. The atom retaining this bond is

named the bond attached atom (BAA), and the atom from which this bond is

detached is named the bond detached atom (BDA) [183]. Essentially, the HOP

technique is used in order to prevent the BDA electron density from occupying

the region of the bond that is now occupied by the BAA.
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On the BAA fragment, a pseudoatom replaces the BDA to provide the basis func-

tions used to describe the bond and a proton from the BDA is formally transferred

to this pseudoatom. This transfer does not affect the electrostatic field surrounding

the fragment, and so the total properties of the system remain unaltered.

A brief description of the general FMO formalism and FMO system energy calcu-

lation is as follows [181] :

1. The system is partitioned as determined by the user into a number of frag-

ments with BDAs and BAAs.

2. Initial monomer electron densities are constructed for optimisation.

3. Monomer Fock operators are subsequently constructed using these densities,

and the monomer energies evaluated in the electrostatic field of the surround-

ing fragments.

4. These energies are self–consistently minimised to a converged electrostatic

potential.

5. Two–fragment energy calculations (FMO2) are performed in this potential

and used to evaluate the total energy of the system. These dimer energies

are calculated using the converged fragment densities.

6. Three-fragment calculations (FMO3) may also be performed and used to

calculate the total system energy including three-body effects. Similarly,

these trimer energies are calculated using the converged fragment densities.

The FMO2 total system energy is expressed as a many–body expansion up to

second–order as,

EFMO2 =

Nfrag
∑

I

EI +

Nfrag
∑

I>J

(EIJ − EI − EJ) (3.24)

where Nfrag is the number of fragments comprising the FMO system, EI and EJ

refer to the monomer energies of step 4, and EIJ refers to the (non self–consistently
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obtained) dimer energies of step 5. We can re-express this equation in terms of

pair interaction energies (PIEs) of the fragments by separating out the electrostatic

potential term as,

EFMO2 =

Nfrag
∑

I

E ′
I +

Nfrag
∑

I>J

(E ′
IJ − E ′

I − E ′
J) +

Nfrag
∑

I>J

tr(∆DIJV IJ) (3.25)

where E ′
I and E ′

J are the monomer internal energies and E ′
IJ are the dimer inter-

nal energies which exclude the electrostatic interaction energy of the surrounding

fragments, and where tr(∆DIJV IJ) is the interaction energy on density relaxation

in the electrostatic potential of the surrounding fragments, with the density matrix

difference ∆DIJ given by,

∆DIJ = DIJ −DI ⊕DJ (3.26)

where DI , DJ , and DIJ are the monomer and dimer density matrices respectively

and V IJ is the electrostatic potential matrix of the other fragments acting upon

the dimer IJ [182]. The monomer and dimer internal energies are obtained by

subtracting the electrostatic interaction energy due to the surrounding fragments

from the monomer and dimer energies EI , EJ and EIJ respectively. For example

in the case of the fragment dimer,

E ′
IJ = EIJ − tr(DIJV IJ) (3.27)

where tr(DIJV IJ) is the electrostatic interaction of the surrounding fragments

given by their electron density and nuclei.

The FMO2 energy form of Eq. 3.25 can be re-expressed in terms of internal

monomer energies and PIEs, ∆Eint
IJ , as,

EFMO2 =

Nfrag
∑

I

E ′
I +

Nfrag
∑

I>J

∆Eint
IJ . (3.28)
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The PIE of any arbitrary fragment pair IJ is given by,

∆Eint
IJ = (E ′

IJ − E ′
I − E ′

J) + tr(∆DIJV IJ) (3.29)

and it is these interaction energies that are decomposed within the PIEDA scheme.

3.6.2 Pair interaction EDA theory

The PIEDA approach divides the interaction in a manner derived from the KM

EDA approach, with the addition of a dispersion term for analyses at levels of

theory above RHF.

PIEDA is available in two types. The first type begins using the densities obtained

by an FMO calculation. The FMO densities are already polarised by construction,

and so PIEDA follows using the KM EDA components described within Eq. 3.7 but

without inclusion of the polarisation component [107]. Within PIEDA, the charge

transfer component is also combined with the mixing component to produce the

component ∆ECT+MIX. An additional dispersion component ∆EDI is also included

in the PIEDA decomposition. This is added in a straightforward manner when

running a PIEDA calculation at the MP2 or CC levels of theory, and describes

the correlation energy of these theories [182]. PIEDA has also been developed for

system calculations in solution [184]. A solvation contribution ∆ESOLV is calcu-

lated using an approach combining the polarisable continuum model (PCM) with

the FMO framework known as PIEDA/PCM. This contribution describes the sol-

vent screening of the PIEs and is important for obtaining meaningful interaction

analyses [185]. The full form of this PIEDA type is

∆Eint
IJ = ∆EES + ∆EEX + ∆ECT+MIX + ∆EDI + ∆ESOLV (3.30)

where the interaction energy definition used by PIEDA is the pair interaction

∆Eint
IJ described in Eq. 3.29.
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The second (full) type of PIEDA adds a polarisation component ∆EPOL to the

EDA components [182]. The calculation of polarisation requires an additional

description of the free state of the fragments. For molecular clusters this is simply

obtained as the molecules in isolation, however for systems that involve bond

partitioning the description is ambiguous. The state for these bond partitioned

fragments uses minimally possible caps, for example in the case of a C–C bond a

methyl cap would be used.

The polarisation energy is separated into a destabilising contribution from the

monomer internal energies E ′
I , and a stabilising contribution from the electro-

static energy component ∆EES of the first PIEDA [96]. A number of polari-

sation coupling terms are included in this EDA, namely polarisation–exchange,

polarisation–dispersion, polarisation–charge transfer and many–body polarisation

terms.

3.6.3 Assessment

As well as the advantage the use of the FMO framework within PIEDA provides by

enabling EDA of larger systems, the use of FMO also allows the evaluation of EDA

components for select regions of molecules through the localised description of the

FMOs. This is a particular benefit of the PIEDA method. The PIEDA method

also includes a number of mixing and coupling terms which may be problematic

to interpret as within the KM EDA. BSSE within the PIEs is also not treated

in the original PIEDA scheme. However, attempts have been made to reduce

the BSSE within the PIEs for example through using model core potentials [186]

and by using a CP approach [123; 187]. A limitation of using a CP approach to

estimate BSSE in fragment based calculations is that many extra calculations are

required to evaluate this. A novel approach that uses a statistical model has also

been proposed [188] to estimate fragment BSSE contributions, thereby reducing

the number of additional calculations required.
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3.7 Absolutely localised molecular orbital EDA and block-

localised wavefunction EDA

3.7.1 The absolutely localised molecular orbital and block–localised

wavefunction

A description of a charge transfer restricted intermediate wavefunction is given by

the ALMO EDA scheme [189] and similar BLW EDA scheme of Mo et al. [80; 89] by

restricted expansion of the MOs in terms of only atomic orbitals (AOs) localised

to a particular fragment. This yields MOs that are localised to each fragment

and that are non–orthogonal between the fragments. The following provides a

description of the construction of a set of ALMOs for two fragments A and B,

with the procedure for the construction of BLW orbitals very similar.

For the subset of AOs localised to each of the fragments A and B, we denote

the basis function index within a given subset as µ. The occupied MOs of each

fragment are expanded in terms of their respective localised AOs,

|ψAi〉 = |φAµ〉MAµ
Ai (3.31a)

|ψBi〉 = |φBµ〉MBµ
Bi (3.31b)

where MAµ
Bi represents the MO coefficients which are constrained to equal zero for

A 6= B, and where |ψAi〉 represents a MO localised on fragment A [189]. This or-

bital expansion constraint ensures a localised MO description on the fragments in

a similar fashion to the localisation of AOs on atoms. This expansion also ensures

no borrowing of AOs from other fragments to compensate for basis set incomplete-

ness, therefore following this description does not result in basis set superposition

error (BSSE) and consequential artificial lowering of interaction energy.

The theory underlying the construction of ALMOs is closely related to that of

the block–localised MOs of Mo et al. [80; 89] (the BLW method). The ALMO

and BLW wavefunctions may be considered almost identical in their construction,
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differing by the method of orbital optimisation within the theories. The procedure

by which the ALMOs are variationally optimised is known as SCF for molecular

interactions (SCF MI) [189–191]. Orbital optimisation within the BLW approach

may follow a similar procedure [190; 192–194], or may be achieved by successive

Jacobi rotation [195]. Despite the similarities that exist in the construction of these

wavefunctions, a number of small differences are observed in the EDA schemes they

are used within as we discuss in the sections dedicated to each method.

3.7.2 Absolutely localised molecular orbital and block–localised wave-

function EDA theory

In the ALMO EDA decomposition, the total binding energy ∆E is expressed by

addition of the individual decomposition components [15],

∆E = ∆EFRZ + ∆EPOL + ∆ECT (3.32)

where the frozen density component ∆EFRZ describes the exchange and electro-

static interaction of the frozen charge densities when taken to complex geometry

and is retermed the Heitler–London energy ∆EHL within the BLW EDA [89]. We

refer to this component as ∆EFRZ within this thesis.

In order to evaluate the polarisation and charge transfer components, intermediate

wavefunctions ΨALMO
AB and ΨBLW

AB are constructed for the system. This construction

given earlier within Eq. 3.31 follows similar processes within both the ALMO and

BLW approaches. Relaxation of the MOs of the common wavefunction Ψ
0,A/B
AB

ensuring conformity to the restricted MO expansion requirement of these ALMO

and BLW descriptions when applied to each fragment results in construction of

the new intermediate wavefunctions ΨALMO
AB and ΨBLW

AB respectively.

Both the ALMO and BLW EDA schemes include a geometric distortion energy

term associated with the distortion of the monomer nuclear geometries at infinite

separation to that found when in complex which provides an additional energy
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contribution to ∆E. Within the ALMO EDA scheme this energy component is

referred to as the geometric distortion term, ∆EGD, and as the deformation energy

∆Edef within the BLW EDA scheme (of significantly different physical interpreta-

tion to that of the term of the same name in the NEDA scheme). Including such

an important term has obvious implications on the evaluation of the interaction

energy. As this term may be considered a simple additional component to our

standardised description of the interaction energy, we will not include these terms

within our discussion of the theory of the schemes.

Similarly, a dispersion contribution ∆Edisp obtainable as a simple ad-hoc procedure

is introduced within the BLW EDA scheme and therefore is also not included

within our theory discussion. This term is simply evaluated as the difference

in energy obtained on performing higher level QM calculations that account for

correlation effects above the HF and DFT theory EDA level of theory.

We may express the components of the ALMO and BLW EDA schemes in terms

of energy functionals of the common wavefunctions and the wavefunctions ΨALMO
AB

and ΨBLW
AB described above. The frozen density component, ∆EFRZ, is defined

simply as the energy change on complexation of the monomers without allowing

for orbital relaxation,

∆EFRZ = E[Ψ
0,A/B
AB ]− E[Ψ0,A

A ]− E[Ψ0,B
B ] . (3.33)

The frozen density term may also be expressed also as a sum of a Coulomb (∆EES)

term and an exchange term within HF theory or an exchange-correlation term

within DFT (∆EEX/XC) as,

∆EFRZ = ∆EES + ∆EEX/XC (3.34)

where these components are not computed explicitly in the ALMO implementa-

tion [15] but are within the BLW implementation [89]. The BLW EDA descrip-

tions of these electrostatic and exchange contributions are noted as being identical
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in their evaluation to that of their KM EDA counterparts given within Eqs. 3.8

and 3.9. The exchange–correlation analogue to the Hartree product is adopted at

the DFT level to evaluate ∆EXC. Within the ALMO and BLW literatures, this

electrostatic component is termed ∆ELS and ∆ele respectively.

The use of ALMOs in the expression of E[ΨALMO
AB ] constrains the variations to

intramolecular contributions. Charge transfer is prevented through use of this in-

termediate wavefunction description whilst allowing polarisation of the MOs. The

energy lowering from Ψ
0,A/B
AB to ΨALMO

AB is therefore equal to the energy stabilisation

on orbital polarisation,

∆EPOL = E[ΨALMO
AB ]− E[Ψ

0,A/B
AB ] . (3.35)

The final energy component of the decomposition is the charge transfer energy.

The contribution of charge transfer is calculated as,

∆ECT = E[ΨAB]− E[ΨALMO
AB ] + ∆EBSSE . (3.36)

This term includes the CP correction accounting for the BSSE. The introduction

of the BSSE at this stage in the decomposition is justified by the fact that this

error needs to be corrected for and that it can be considered as an artificial type

of charge transfer. The BSSE associated with this interaction is defined as,

∆EBSSE(A) = E[Ψ0,A
A ]− E[Ψ0,AB

A ] (3.37a)

∆EBSSE(B) = E[Ψ0,B
B ]− E[Ψ0,AB

B ] (3.37b)

∆EBSSE = ∆EBSSE(A) + ∆EBSSE(B) . (3.37c)

Similar approaches are also taken to evaluate the ∆EPOL and ∆ECT components

of the BLW scheme, instead using the intermediate wavefunction E[ΨBLW
AB ] rather

than E[ΨALMO
AB ]. The decomposition of ∆E into these three energy components is

shown within Fig. 3.5 and 3.6.
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Figure 3.5: The ALMO EDA and BLW EDA scheme for a complex AB.

3.7.3 Assessment

The ALMO EDA scheme relies solely on the use of fully antisymmetrised wave-

functions, therefore obeying the Pauli exclusion principle and avoiding related

issues that are observed within the KM EDA and similar schemes. The wavefunc-

tion Ψ
0,A/B,Hartree
AB adopted within the BLW EDA scheme does not satisfy the Pauli

exclusion principle and so the electrostatic and exchange components (which this
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Figure 3.6: The treatment of charge transfer within the ALMO EDA and BLW
EDA schemes. The (positive) BSSE is introduced to the charge transfer term be-
cause both BSSE and charge transfer are effects resulting from the delocalisation
of monomer MOs, caused by including basis functions from the neighbouring
fragments.

wavefunction is used to calculate) are often combined to form one single energy

component as within the ALMO EDA to avoid its use. It is however noted that

the combining of these terms by the ALMO EDA and other schemes may limit the

information provided, with schemes that make this separation such as the BLW

EDA scheme providing greater partitioning ability at the cost of less well defined

electrostatic and exchange energy components.

A relatively recent extension to the ALMO EDA [196] has been developed that al-

lows the isolation of forward and back charge donation quantities using the concept

of chemically significant complementary occupied–virtual orbital pairs. The orig-

inal ALMO EDA scheme also provides a treatment for the charge transfer back

and forward donation energies. This involves performing a single non-iterative
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Roothaan step correction to estimate charge transfer between the fragments of

the system, with a higher order correction included to ensure the fragment charge

transfer energies add up to the full ALMO EDA charge transfer energy [15]. Charge

transfer has also been quantified in BLW EDA studies by Mulliken, Löwdin and

natural population analyses [197–199]. The ability to evaluate charge transfer

quantities in addition to energies further enhances the picture of chemical bond-

ing these methods provide.

3.8 Natural EDA

The NBO approach of Weinhold et al. [168; 170] is used as the basis in the

NEDA [12; 13; 82; 83] scheme. The use of the NBO basis results in a wave-

function which follows the classic Lewis interpretation of bonds and lone-pairs.

Although a number of the components of this scheme are similar to those within

the KM EDA scheme, NEDA does not variationally optimise any of its intermedi-

ate wavefunctions and this results in a number of artefacts in the values observed

when using the NEDA scheme that will be discussed later.

In the following sections, we introduce the concept of the NBO, following which we

provide a detailed overview of the NEDA approach. In its latest implementation

NEDA takes the form of both a five-term energy decomposition [82] and a three-

term energy decomposition [83] by reformulation of the components of the five-

term energy decomposition.

3.8.1 The natural bond orbital basis set

The NBO basis of Weinhold et al. [168; 170] adopted within the NEDA scheme [12;

13; 82; 83] describes a set of almost doubly occupied localised orbitals formed by

transformation of the full set of MOs. In this way an optimal Lewis description

of the electronic wavefunction under study is produced. The vast majority of
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total charge density is accounted for by the bonding NBOs, with the remainder

described by Rydberg and antibonding NBOs.

Construction of the NBO basis involves the progressive transformation of the

atomic orbital basis into localised functions. This begins with the initial transfor-

mation of the atomic orbital basis set into natural atomic orbitals (NAOs) of opti-

mised occupancy by occupancy–weighted symmetric orthogonalisation (OWSO) [169;

170; 200]. For a set of atomic orbitals {|φi〉}, a set of NAOs {|oφi〉} is constructed

as,

{|oφi〉} = {|φi〉}COWSO (3.38)

where COWSO is a coefficient matrix that orthogonalises the initial basis whilst

variationally minimising the square root deviation

∑

i

wi|oφi − φi|2 (3.39)

between this basis and the orthogonalised basis in an occupancy–weighted manner,

where wi ≥ O is the occupancy of orbital φi. The process ensures that low oc-

cupancy orbitals are able to freely distort in the orthogonalisation transformation

whilst high occupancy orbitals maintain their shape [170].

This set of high-occupancy core and valence orbitals and low-occupancy Rydberg

orbitals are then linearly combined to form an optimal orthonormal set of natural

hybrid orbitals (NHOs) {hX} which are directional and point along chemical bonds,

hX(r) =
∑

i∈X

oai
oφi(r) (3.40)

where oai are the expansion coefficients of the NAOs and where the expansion

spans all NAOs on the atom X.
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Linear combination of the NHOs results in construction of a set of 2–centre bonding

NBOs,

ϕXY(r) = aXhX(r) + aYhY(r) (3.41)

where the polarisation coefficients aX and aY satisfy a2
X + a2

Y = 1. Construction

of similar antibonding NBOs to orthogonally complement the bonding NBOs is

achieved as,

ϕXY∗(r) = aXhX(r)− aYhY(r) . (3.42)

The polarisation coefficients describe the polarisation of the NBO, and it is possible

for one–centre NBOs to exist where aX = 1 and aY = 0.

3.8.2 The five–term natural EDA theory

In the five-term NEDA scheme, the decomposition of the interaction energy is of

the form,

∆E = ∆EES + ∆EPOL + ∆ECT + ∆EEX/XC + ∆EDEF (3.43)

where ∆EEX/XC is the exchange or exchange–correlation contribution in the HF

and DFT cases respectively.

From the common charge densities described earlier, the (CP corrected) interaction

energy may be expressed using energy functionals as,

∆E = E[nABAB]− E[n0,AB
A ]− E[n0,AB

B ] (3.44)

where E[n] denotes a KS energy functional of charge density n(r) and where

n0,AB
A (r) and n0,AB

B (r) represent the charge densities of the unperturbed monomers

A and B.
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The intermediate charge densities used in the evaluation of the NEDA components

are calculated after transforming the KS matrix of the supermolecule to the NBO

basis. The charge density associated with the monomer A perturbed in the field

of the other monomer B, nABA (r), is calculated from the variationally optimised

AB supermolecule state and is expressed as,

nABA (r) =
onA
∑

α

Zαδ(r−Rα)− 2
onA
∑

a

|ψa(r)|2 (3.45)

where summations occur over all nuclei and orbitals comprising monomer A only

and where ψa are the eigenvectors of the (diagonal) monomer A block of the

full NBO KS matrix with these orbitals mutually orthogonal across each of the

individual monomers [13; 83]. The equivalent charge density for monomer B,

nABB (r), is constructed in a similar fashion.

The localised (CT-restricted) charge density nloc,AB
AB (r) is calculated from the charge

densities associated with the individual perturbed monomers as,

nloc,AB
AB (r) = nABA (r) + nABB (r) . (3.46)

This differs from the total charge density of the fully interacting state as the

AB NBO KS matrix is observed to be block non-diagonal, with the presence of

off-diagonal elements representing interfragmental delocalisation interactions (as

shown in Fig. 3.7).

From the charge densities described we can define the charge transfer (∆ECT) and

deformation (∆EDEF) components of the NEDA scheme as,

∆ECT = E[nABAB]− E[nloc,AB
AB ] (3.47)
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Figure 3.7: The partitioning of the NBO Fock matrix for the AB complex
involved in the construction of the n

loc,AB
AB (r) charge density. Delocalising in-

teractions described by the hashed blocks of the Fock matrix are not included
in this charge density construction, where the labels ‘occ’ and ‘vir ’ denote the
sets of orbitals that are occupied and virtual on the monomers A and B.

∆EDEF(A) = E[nABA ]− E[n0,AB
A ] (3.48a)

∆EDEF(B) = E[nABB ]− E[n0,AB
B ] (3.48b)

∆EDEF = ∆EDEF(A) + ∆EDEF(B) . (3.48c)

Whilst the charge transfer and deformation components of the NEDA scheme

implemented at the DFT and HF levels of theory are identical, differences exist

in the interpretation of the remaining contribution to the interaction energy [13].

The remaining contribution to the interaction energy given by Eq. 3.44 is shown

to be that of the interaction of the perturbed monomer charge densities,

∆E −∆ECT −∆EDEF = E[nloc,AB
AB ]−

(

E[nABA ] + E[nABB ]
)

. (3.49)

We can consider this to represent both the classical Coulombic interaction of the

permanent and induced multipoles of the monomer units (i.e. a combination of the
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Figure 3.8: The evaluation of ∆EDEF for a complex AB. Non–classical effects of
polarisation are captured within the ∆EDEF component along with intrafrag-
mental electrostatic energy effects.

electrostatic (∆EES) and polarisation (∆EPOL) contributions), and the quantum

exchange-correlation (∆EXC) contribution,

∆E −∆ECT −∆EDEF = ∆EES + ∆EPOL + ∆EXC . (3.50)

The classical contribution to this remainder of the interaction energy can be ex-

pressed simply as,

∆EES + ∆EPOL =

∫∫

nABA (r)nABB (r′)

|r− r′| drdr′ . (3.51)

The electrostatic (∆EES) contribution is isolated from this contribution as,

∆EES =

∫∫

n0,AB
A (r)n0,AB

B (r′)

|r− r′| drdr′ (3.52)

where ∆EES describes the interaction of the unperturbed monomer charge den-

sities and therefore the interaction of the permanent multipoles of the monomer

units [83]. The ∆EPOL contribution may similarly be partitioned and expressed
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as,

∆EPOL =

∫∫

nABA (r)nABB (r′)

|r− r′| drdr′ −
∫∫

n0,AB
A (r)n0,AB

B (r′)

|r− r′| drdr′ . (3.53)

where ∆EPOL describes the extra electrostatic interaction on polarising the charge

densities of the separated fragments in the field of the other fragments when in

complex [82]. In this regard, we can consider ∆EPOL to be an interfragmental

interaction and ∆EDEF to be an intrafragmental interaction. The remaining ∆EXC

term accounts for the intermolecular electron exchange–correlation interactions,

∆EXC =Exc[n
loc,AB
AB ]−

(

Exc[n
AB
A ] + Exc[n

AB
B ]
)

(3.54)

where within the HF/NEDA scheme this term is substituted with the term ∆EEX

of HF exchange origin,

∆EEX = −2
onA
∑

a

onB
∑

b

〈ab|ba〉 (3.55)

which neglects the electron correlation contribution [13; 82].

3.8.3 The self polarisation energy term and the three–term natural

EDA

A penalty term associated with the energy cost to polarise the unperturbed monomers

to their perturbed charge densities is also included within the NEDA scheme

named the self (polarisation) energy, (∆ESE) [83]. Interpretation of the ∆EDEF

component is somewhat problematic as this component includes both the contribu-

tion of Pauli repulsions to the interaction energy, as well as the contribution from

the self energy penalty. It is sometimes useful to separate these contributions as the

isolation of this penalty energy from the ∆EDEF component allows the reduction of

the interaction energy expression of Eq. 3.43 into three components: an electrical

interaction (∆EEL), charge transfer (∆ECT), and core repulsions (∆ECORE).
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The induced monomer charge density on monomer A, ∆nA(r), is defined as the

difference in the charge densities associated with the perturbed and unperturbed

monomer A,

∆nABA (r) =nABA (r)− n0,AB
A (r) . (3.56)

From this we define the self energy as the energy cost in forming the induced

monomer charge density in the presence of the other monomers, [83]

∆ESE(A) =− 1

2

∫∫

∆nABA (r)nABB (r′)

|r− r′| drdr′ (3.57a)

∆ESE =∆ESE(A) + ∆ESE(B) (3.57b)

where the self energy for monomer B is evaluated in a complementary manner

to that for monomer A. The calculation of this interaction is also shown within

Fig. 3.9. The reformulation of the energy decomposition in terms of electrical inter-

Figure 3.9: The evaluation of self energy component for a monomer A in the
field of monomer B. This component is a portion of the deformation component
that is electrical in origin, with the remainder of the deformation component
resulting from Pauli repulsion contributions.
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action (∆EEL), charge transfer (∆ECT) and core repulsions (∆ECORE) is achieved

by collection of terms as, [83]

∆EEL = ∆EES + ∆EPOL + ∆ESE (3.58a)

∆ECORE = ∆EDEF + ∆EXC −∆ESE (3.58b)

∆E = ∆EEL + ∆ECT + ∆ECORE . (3.58c)

The five–term NEDA scheme can also be described schematically as within Fig. 3.10.

3.8.4 Assessment

A number of notable differences exist between the NEDA and KM derived schemes.

One key difference is that the NEDA scheme undertakes the decomposition using

only wavefunctions originating from the complex and fragment Fock matrix, avoid-

ing use of variationally optimised intermediate wavefunctions. Lack of variational

relaxation of the intermediate wavefunctions leads to a general overestimation of

charge transfer values and underestimation of polarisation values [15; 80]: varia-

tional optimisation of the equivalent localised state used to evaluate the charge

transfer and polarisation terms of the ALMO and BLW EDA schemes avoids this

problem for example.

Significantly, the polarisation term of the NEDA scheme is purely electrostatic in

origin, while intramolecular electron exchange (or exchange–correlation) effects of

polarisation are captured within the deformation component ∆EDEF (Fig. 3.8),

and the remaining intermolecular exchange contribution contained within a por-

tion of the exchange component ∆EEX/XC.
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Figure 3.10: The NEDA scheme for a complex AB.

3.9 Symmetry-adapted perturbation theory

3.9.1 SAPT theory

In contrast to the intermediate wavefunction approach of the variational based

EDA schemes, symmetry-adapted perturbation theory (SAPT) is presented as
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a perturbative expression of the interaction energy in terms of components of

chemical interest [17; 18].

The description of SAPT here will focus upon what is usually termed the SAPT(0)

approach. The approach assumes the Møller-Plesset fluctuation operators, ŴA and

ŴB, to not contribute to the interaction energy and provides a concise introductory

description of the SAPT formalism.

The SAPT expression for the Hamiltonian of a complex AB is

Ĥ = ĤA + ĤB + ξŴA + ηŴB + ζV̂ (3.59)

where the intermolecular Coulomb operator is expressed as

V̂ =
onA
∑

a

onB
∑

b

1

|ra − rb|
+

onB
∑

b

v̂A(b) +
onA
∑

a

v̂B(a) + V0 (3.60)

where,

v̂A(b) = −
onA
∑

α

Zα
|rb −Rα|

(3.61a)

v̂B(a) = −
onB
∑

β

Zβ
|ra −Rβ|

(3.61b)

and where V0 is the nucleus–nucleus interaction energy between fragments A and

B [201].

A symmetrised Rayleigh-Schrödinger (SRS) perturbative expansion with respect

to the perturbation parameters ξ, η, and ζ defines the SAPT approach with the

interaction energy expressed as

∆E =
∞
∑

i=0

∞
∑

j=0

(E
(ij)
ind + E

(ij)
exch) (3.62)

where the E
(ij)
ind are the polarisation expansion terms and j is the monomer fluc-

tuation potential index and i the intermolecular perturbation index. The SRS
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expansion results in each E
(ij)
ind term having an associated exchange term, E

(ij)
exch,

to force antisymmetrisation in order to project away Pauli–forbidden components

from the interaction energy [18].

Within the SAPT(0) approach, the conditions of ξ = η = 0 are enforced. This

results in an interaction energy SRS expansion of the form

∆E(ζ) =

〈

Ψ0

∣

∣

∣ζV̂ ÂAB

∣

∣

∣Ψ(ζ)
〉

〈

Ψ0

∣

∣

∣
ÂAB

∣

∣

∣
Ψ(ζ)

〉 (3.63)

where Ψ is the Hartree product of the monomer wavefunctions and Ψ0 is equal to

Ψ evaluated with the restriction ζ = 0. The antisymmetriser ÂAB is introduced

to project away the Pauli–forbidden components of the wavefunction Ψ.

The SAPT(0) interaction energy up to the second–order with renaming of terms

(cf. Eq. 3.62) may be expressed as

∆ESAPT(0) = E
(1)
elst + E

(1)
exch + E

(2)
pol + E

(2)
exch . (3.64)

The second–order energy correction polarisation term, E
(2)
pol, is formed of an induc-

tion and a dispersion contribution

E
(2)
pol = E

(2)
ind + E

(2)
disp (3.65)

where E
(2)
ind is the energy of polarising each monomer in the field of the frozen

charge density of the other monomer, and where E
(2)
disp is the dispersion correction

of the MP2 correlation energy–like form. The induction energy may be expressed

as

E
(2)
ind = E

(2)
ind(A← B) + E

(2)
ind(B ← A) (3.66)

where A ← B represents polarisation of the charge density of A in the field of

the frozen charge density of B and B ← A represents polarisation of the charge
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density of B in the field of the frozen charge density of A [17]. Specifically for the

polarisation of A in the field of the frozen charge density of B,

E
(2)
ind(A← B) = 2

∑

ar

tar(ωB)ar (3.67)

where,

(ωB)ar =(υ̂B)ar +
∑

b

〈ab|rb〉 (3.68a)

tar =
(ωB)ar
ǫa − ǫr

. (3.68b)

The case of the polarisation of B in the field of the frozen charge density of A is

of similar but opposite form. The second–order correction for dispersion is given

by

E
(2)
disp = 4

onA
∑

ar

onB
∑

bs

〈ab|rs〉 〈rs|ab〉
εa + εb − εr − εs

. (3.69)

The second–order exchange correction similarly contains dispersion and induction

components E
(2)
exch−ind and E

(2)
exch−disp respectively, and the forms of these may be

found in the literature [17; 18].

Substituting the SAPT(0) MOs with KS MOs in the above equations results

in a method named SAPT(KS) [202]. The SAPT(KS) approach is noted how-

ever as failing to properly reproduce the dispersion energies of the original SAPT

scheme [25; 203–205]. This scheme differs from the SAPT(DFT) [25; 203–205] ap-

proach in which the dispersion interaction of Eq. 3.69 are obtained from frequency–

dependent density susceptibility (FDDS) functions from TD-DFT calculations.

3.9.2 SAPT treatment of polarisation and charge transfer

Normally, the polarisation and charge transfer contributions to the interaction

energy are described within the induction energy. These components may be
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isolated in an ALMO–like approach that considers the induction energy as repre-

senting solely the polarisation contribution when evaluated with the basis set of

each fragment limited to its own basis functions [90; 206]. This basis is termed

the monomer–centered basis set (MCBS) and the basis with each fragment able

to use all basis functions of the full supermolecule is termed the dimer–centered

basis set (DCBS). The partitioned charge transfer (Ect) and polarisation1 (Epol)

terms of SAPT are calculated as

Epol = E
(2)
ind,MCBS (3.70a)

Ect = E
(2)
ind,DCBS − E

(2)
ind,MCBS (3.70b)

where E
(2)
ind,MCBS and E

(2)
ind,DCBS are the induction energies E

(2)
ind calculated in the

MCBS and DCBS respectively. Exchange parts of the polarisation and charge

transfer terms are calculated in a similar manner from the exchange induction

correction E
(2)
exch−ind in the MCBS and DCBS also.

3.9.3 Assessment

With recent developments permitting SAPT at the DFT level of theory, this

method is becoming a viable alternative to the variational based approaches [203;

204]. As a perturbative treatment of the interaction energy, SAPT inherently dif-

fers from the variational approaches in a number of ways. Notably, the SAPT

descriptions of polarisation and charge transfer differ from the variational meth-

ods we have discussed by implicitly including dispersion contributions within this

term [15].

1 We note that the polarisation term Epol is different to the second–order energy correction term

E
(2)
pol described earlier.
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3.10 Natural bond orbital second–order perturbation the-

ory analysis

A notable asset of the NBO package (of which NEDA belongs) is its ability to cal-

culate second–order perturbation theory energies for a particular donor-acceptor

NBO pair [172; 200]. This low–order perturbative correction provides an estimate

for the charge transfer contribution of an NBO pair (from a bonding to an anti–

bonding NBO) to the total interaction energy. This energy is expressed by the

equation,

∆E
(2)
ij =

−wi|Fij|2

ε
(NL)
j − ε(L)

i

(3.71)

where wi is the donor orbital occupancy (approximately 2), Fij is Fock matrix ele-

ment for the donor-acceptor orbital interaction, and ε
(L)
i and ε

(NL)
j are the energies

of the donor and acceptor orbitals respectively. In this manner, the chemist is able

to gain useful insight into the non-Lewis interaction of an atom within a molecule

with neighbouring functional groups, and therefore allows the study of particular

functional groups of chemical interest.



Chapter 4

An evaluation of current

biomolecular energy

decomposition analysis

approaches

A primary focus of the work in this thesis concerns the development of an EDA

scheme for the analysis of large-scale biomolecular systems. As such, we begin

by investigating the advantages and disadvantages of a number of popular EDA

schemes using a series of systems of interest within the field of drug design. We

aim to identify the EDA approaches which are most suitable for biomolecular ap-

plications by considering a number of criteria. These criteria include the schemes’

abilities to describe the interaction energy with chemically useful energy compo-

nents, physically reasonable energy values, and with minimal basis set dependence.

Specifically, we have calculated the energy components using the Kitaura-Morokuma

(KM) EDA, reduced variational space (RVS) EDA, absolutely localised molecular

orbital (ALMO) EDA natural EDA (NEDA), and symmetry-adapted perturbation

theory (SAPT) schemes applied to 23 small test systems of biomolecular relevance.

95
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As the PIEDA scheme is essentially identical to the KM EDA for molecular frag-

ments, we did not include this in our study. Also, because the NBO second–order

perturbation theory is a charge transfer analysis tool and not a full variational or

perturbation EDA scheme we have not included results of this approach in our

work.

The test systems we have included for study have been selected based on their

relevance to biomolecular studies whilst maintaining small size. These model sys-

tems express key interactions typically found within ligand–host systems, such as

hydrogen bonding, π–π and halogen interactions. These chosen systems are im-

portant to understanding trends in the EDA results and to correlate these with

chemical common sense. Of key consideration in drug design are effects resulting

from hydrogen bonding and dispersion interactions [207; 208]. We have included

a number of systems in our work that express these interactions, which we have

arranged into 6 congeneric series test sets that are expected to follow key trends

in bonding character.

4.1 Calculations

Starting geometries were chosen with the expectation that the test sets would ide-

ally follow a congeneric trend on geometry optimisation. Geometry optimisation

was performed at the BLYP-D3/6-311G* level of theory on all structures using the

NWChem ab initio package [55]. The –D3 correction for dispersion of Grimme

et al. [209] was used in order to properly model the dispersion interactions espe-

cially observed in the case of the π–π interacting systems. The BLYP functional

was chosen due to its minimal mean absolute deviation (MAD) [209] for the S22

benchmark dataset [210] when using the –D3 correction.

EDA was subsequently performed on the geometry optimised structures at the

same BLYP-D3/6-311G* level of theory at which the geometries were optimised

for the ALMO EDA, NEDA and SAPT(KS) schemes, and at the HF/6-311G* level
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Table 4.1: Test set 1 (hydrogen bonding interactions) BLYP-
D3/6-311G* geometry optimised systems for EDA (intermolec-
ular distances are given in Å)

System Figure

Water – Water

Water – Methanol

Methanol – Methanol

Water – Ammonia

for the KM EDA and RVS EDA schemes. The KM EDA polarisation component

does not obey the Pauli principle and it is possible for valence electrons to collapse

into the partner fragment’s core orbitals [146–148]. To prevent this and to allow

energy convergence, the calculations of the KM EDA and RVS EDA components

for the benzene – Li+ system were performed without d polarisation functions on

the lithium atom. The optimised geometries of the systems studied using EDA

are shown within Tables 4.1 to 4.6, and further information of preparation of the

systems in test set 6 is provided in the footnote1 below.

1The systems of test set 6 were obtained in a manner that maintained a geometric trend in the series.
These were obtained by finding the BLYP-D3/6-311G* energy minima with regard to intermolecular
separation of the frozen monomers when in the T–shaped conformation. The frozen monomer geome-
tries were taken as the monomer structure’s geometry optimised in isolation at the BLYP-D3/6-311G*
level. The T–shaped conformation is described by the benzene monomer at a 90◦ angle to the partner
halogenated benzene monomer, with the halogen in the axis of the benzene π cloud (i.e. directly centred
above the geometric average of the benzene carbon atoms). The benzene – fluorobenzene system is the
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Table 4.2: Test set 2 (water–cations) BLYP-D3/6-311G* geom-
etry optimised systems for EDA (intermolecular distances are
given in Å)

System Figure

Water – Ammonium

Water – Li+

Water – Na+

Water – K+

NEDA, KM EDA and RVS EDA calculations were performed on the structures us-

ing the GAMESS-US [56] ab initio package and ALMO EDA and SAPT(KS) [201;

211] calculations were performed using the Q-Chem [54] package. The locally pro-

jected SCF equations of Gianinetti [189; 190] were used in the ALMO approxima-

tion of the ALMO EDA, and partitioning of the charge transfer and polarisation

components of the SAPT(KS) approach from the induction energy was achieved

using Eqs. 3.70a and 3.70b.

only system of test set 6 not to have a σ hole present on the halogen, and using this approach allows us
to compare the effect of the σ hole feature on the EDA components.
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Table 4.3: Test set 3 (ammonium–π systems) BLYP-D3/6-311G* geometry

optimised systems for EDA (intermolecular distances are given in Å)

System Figure

Ammonium – Benzenea

Ammonium – Thiophene

Ammonium – Furan

Ammonium – Pyrrole

a The benzene – ammonium system of test set 3 is also contained within test set
4.

4.2 Analysis

Within this section, we compare the trends of the various EDA components within

each congeneric series. Our goal is to examine the chemical relevance of each EDA

method for the different series. An ‘ideal’ EDA would be expected to produce

results that agree with chemical intuition in obvious cases and produce sensible
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Table 4.4: Test set 4 (π–cations) BLYP-D3/6-311G* geometry
optimised systems for EDA (intermolecular distances are given in
Å)

System Figure

Benzene – Ammoniuma

Benzene – Li+

Benzene – Na+

Benzene – K+

a The benzene – ammonium system of test set 3 is also contained within
test set 4.

energy components in more difficult cases where chemical intuition is less obvious.

Plots of the EDA results for the test sets are given in Fig. 4.1, 4.2 and 4.3, and

energy values are provided in Tables A.1 to A.9 of the Appendix.



Chapter 4 An evaluation of current biomolecular energy decomposition analysis

approaches 101

Figure 4.1: Converged EDA component values (in kcal/mol) of the test sets 1
and 2. The results of test set 1 are given by plots (a), (c), (e), (g) and (i), and test
set 2 by plots (b), (d), (f), (h) and (j). The EDA results of the electrostatic com-
ponents are shown within plots (a) and (b), the exchange/exchange–correlation
components within plots (c) and (d), the Heitler–London interaction compo-
nents within plots (e) and (f), the polarisation components within plots (g) and
(h), and the charge transfer components within plots (i) and (j). The NEDA
polarisation energies corrected with self energy term are given by POL+SE
within plots (g) and (h). The green bars of the polarisation and charge trans-
fer plots (g)–(j) represent the SAPT(KS) contributions, where the non–hashed
bars represent the electrostatic contribution of this term only and where the
hashed bars also include exchange in this term. The full BLYP–D3/6-311G*
level interaction energy ∆E is given within plots (a) and (b).
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Figure 4.2: Converged EDA component values (in kcal/mol) of the test sets 3
and 4. The results of test set 3 are given by plots (a), (c), (e), (g) and (i), and test
set 4 by plots (b), (d), (f), (h) and (j). The EDA results of the electrostatic com-
ponents are shown within plots (a) and (b), the exchange/exchange–correlation
components within plots (c) and (d), the Heitler–London interaction compo-
nents within plots (e) and (f), the polarisation components within plots (g) and
(h), and the charge transfer components within plots (i) and (j). The NEDA
polarisation energies corrected with self energy term are given by POL+SE
within plots (g) and (h). The green bars of the polarisation and charge trans-
fer plots (g)–(j) represent the SAPT(KS) contributions, where the non–hashed
bars represent the electrostatic contribution of this term only and where the
hashed bars also include exchange in this term. The full BLYP–D3/6-311G*
level interaction energy ∆E is given within plots (a) and (b).
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Figure 4.3: Converged EDA component values (in kcal/mol) of the test sets 5
and 6. The results of test set 5 are given by plots (a), (c), (e), (g) and (i), and
test set 6 by plots (b), (d), (f), (h) and (j). ‘Bz Bz (p-displaced)’ represents the
parallel displaced benzene dimer. The EDA results of the electrostatic compo-
nents are shown within plots (a) and (b), the exchange/exchange–correlation
components within plots (c) and (d), the Heitler–London interaction compo-
nents within plots (e) and (f), the polarisation components within plots (g) and
(h), and the charge transfer components within plots (i) and (j). The NEDA
polarisation energies corrected with self energy term are given by POL+SE
within plots (g) and (h). The green bars of the polarisation and charge trans-
fer plots (g)–(j) represent the SAPT(KS) contributions, where the non–hashed
bars represent the electrostatic contribution of this term only and where the
hashed bars also include exchange in this term. The full BLYP–D3/6-311G*
level interaction energy ∆E is given within plots (a) and (b).
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Table 4.5: Test set 5 (π interacting systems) BLYP-D3/6-311G*
geometry optimised systems for EDA (intermolecular distances
are given in Å)

System Figure

Benzene – Benzene
(T–Shaped)

Benzene – Benzene
(Parallel Displaced)

Benzene – Pyridine

Benzene – Pyrimidine

Benzene –
Dimethylacetamide

4.2.1 Test Set 1: Hydrogen bonding interactions

This test set focusses on the hydrogen bonding interactions of water dimer derived

systems, specifically the water dimer, water – methanol, methanol – methanol,
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Table 4.6: Test set 6 (halogenated systems) BLYP-D3/6-
311G* geometry optimised systems for EDA (intermolec-
ular distances are given in Å)

System Figure

Benzene –
Fluorobenzene

Benzene –
Chlorobenzene

Benzene –
Bromobenzene

and water – ammonia systems in the geometries shown in Table 4.1. A number

of studies concerning the covalency of hydrogen bonding in water have been pub-

lished [212–219]. EDA allows insight into the covalency of this interaction through

the charge transfer component.

In Fig. 4.1(a) we observe that the electrostatics of the water dimer, water –

methanol and methanol dimer systems are similar (within 0.52 kcal/mol at the

NEDA/SAPT(KS) level and 1.05 kcal/mol at the KM EDA level), and that the

water – ammonia system electrostatic energy is more stabilising than the water –

methanol system by 3.81 kcal/mol at the NEDA/SAPT(KS) level and 5.44 kcal/-

mol at the KM EDA level. We would expect that as oxygen is more electronegative

than nitrogen this would give rise to a greater dipole moment than for the final

nitrogen containing ammonia interacting system and hence a higher electrostatic

component for the first three systems. The oxygen containing molecules also pos-

sess 2 lone pairs rather than the 1 lone pair found on the nitrogen of ammonia,
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and this would also support expectations of a lower electrostatic component for

the ammonia interacting system. This trend therefore contradicts our chemical

expectations. A similar yet opposite in sign trend is observed for the exchange

component of Fig. 4.1(c), with the ∆EFRZ and ∆EESX terms showing the elec-

trostatic energy to be more dominant than exchange by similar amounts for the

water dimer and water – ammonia systems. Polarisation (displayed in Fig. 4.1(g))

is shown to become more stabilising across the set fairly consistently, with a gain

observed in stabilisation from the methanol dimer to the water – ammonia system

for all but the NEDA (0.41 kcal/mol to 0.68 kcal/mol increase in stabilisation

for all other schemes). For the NEDA of these two systems, polarisation (with

the self–energy correction) is shown to be less stabilising by 1.08 kcal/mol for the

water – ammonia system. This may be seen due to a number of reasons including

lack of variational optimisation of the intermediate wavefunctions of NEDA.

We expect charge transfer to be increasingly dominant across the first three sys-

tems due to increasing presence of the electron donating methyl substituents. This

is shown in Fig. 4.1(i) and is noted to increase consistently and at a slower rate

than for the polarisation component across these systems. Charge transfer for the

ammonia system is expected to be similar to the water dimer system due to its

similar size. Due to the greater electronegativity of oxygen in comparison to nitro-

gen, we may expect charge transfer to be greater from the ammonia molecule due

to its greater ability for electron donation. These features are also observed, with

charge transfer indicated as falling for the final water – ammonia system by all

schemes but the NEDA and SAPT(KS). For all but the RVS EDA scheme, charge

transfer effects are greater for the water – ammonia system than the water dimer

system. The NEDA values for charge transfer are also noted as being excessively

large (up to -18.35 kcal/mol), almost an order of magnitude larger than the other

methods and do not appear chemically credible.

The results suggest electrostatics to be the most dominant driving force of hydro-

gen bonding, with exchange greatly countering this contribution. Charge trans-

fer remains the next most dominant driving force, except for the SAPT(KS) for
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which on including exchange corrections the polarisation component is slightly

more dominant across the set (up to 0.49 kcal/mol more dominant). Overall

our results therefore suggest the hydrogen bonding interactions of this set to be

characterised by dominance of the electrostatic energy component but with signif-

icant contribution from the charge transfer component and minimal polarisation

contribution. This is a very interesting observation as hydrogen bonds are often

described by necessity (e.g. forcefields) as arising only due to electrostatics without

involvement of charge transfer effects. Notably, Weinhold and Klein [220] recently

characterised a set of hydrogen bonding complexes in which the electrostatic in-

teraction is interpreted as repulsive. Such “anti–electrostatic” hydrogen bonding

complexes include interacting fluoride and bicarbonate anions, with the hydrogen

bond presence evidenced by near linearity of the FHO unit bond (157.1◦), sig-

nificant vibrational red shift at νOH, Bader’s QTAIM [98] analysis and natural

bond critical point analysis. There exists a significant repulsive penalty in order

to form the bond (56.75 kcal/mol at the B3LYP/aug-cc-pVTZ level), with a shal-

low metastable “hydrogen bond” local minimum ∆E = -0.05 kcal/mol. This is

also further supported by our own ALMO EDA calculations at the B3LYP/aug-

cc-pVTZ level and using the same geometry as Weinhold and Klein, in which we

observe a strongly repulsive frozen density interaction of 64.27 kcal/mol with rel-

atively small polarisation (-8.49 kcal/mol) and charge transfer (-3.81 kcal/mol)

contributions. A re–examination of the electrostatic and resonance phenomena

of this system by Frenking and Caramori [221] using the ETS EDA [101–103] at

the B3LYP-D3/TZ2P+ level gave a deeper energy well (-0.77 kcal/mol) which

was interpreted as a stabilising electrostatic interaction. In reply to Frenking and

Caramori, Weinhold and Klein [222] argue that their viewpoint is different. This

is a clear example that within the chemistry community a variety of EDA interpre-

tations are in use which are not always compatible. This class of systems demon-

strates the complex nature of hydrogen bonding (and equally the complex nature of

EDA interpretations also), and shows that the presence of stabilising electrostatic

interactions may not be necessary for hydrogen bonding between molecules.
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4.2.2 Test Set 2: Water–cations

With the presence of charged monomers in the systems, we would expect this set to

be dominated by electrostatic interactions. We would additionally expect the con-

tribution of electrostatics to fall with increasing cation mass due to the increased

intermolecular distance. This is observed in the EDA results, with the electrostatic

energy contributions ranging between -44.14 kcal/mol and -23.66 kcal/mol across

the set as displayed in Fig. 4.1(b), where we consider interactions between water

and ammonium, lithium, sodium and potassium cations in the geometries shown

in Table 4.2.

The trend in exchange (which includes both processes of electron exchange and

orbital orthogonalisation, and hence describes a Pauli repulsion–type contribu-

tion) shown in Fig. 4.1(d) remains slightly less clear in its origin, as factors of

intermolecular distance, electron count and energy costs of orthogonalisation all

contribute to the value of this component. Nonetheless, we can rationalise the

EDA results as both the energy cost of orthogonalisation and the exchange itself

decay with increasing intermolecular distance.

For the alkali metals, we expect polarisation to be most significant for the lithium

interacting system due again to the strong electrostatic energy interaction seen for

this system as discussed above. The lithium ion is the smallest of the metals and

hence is able to approach the water fragment more closely. We would therefore

expect this ion to be able to polarise the water molecule charge density more

effectively than the remaining metals. This trend is observed within the EDA

results as shown in Fig. 4.1(h).

Polarisation is observed to be less stabilising for the ammonium interacting sys-

tem than for the lithium interacting system, whilst charge transfer is conversely

observed to be the most stabilising (excluding SAPT(KS)) for the ammonium in-

teracting system as shown in Fig. 4.1(j). The decrease in polarisation contribution
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is possibly a result of the increased r(O–Nδ+) distance in comparison to the r(O–

Li+) distance, and the greater charge transfer contribution of this system may

arise through the ability of the ammonium molecule to diffuse its charge over a

much larger volume than the alkali cations.

For the charge transfer component of the alkali metals, we again expect the prop-

erties of the lithium ion to be significant in determining the trend observed. We

would expect the lithium ion to be more effective at withdrawing charge from

the partner water molecule, and hence expect the EDA results to display a more

stabilising charge transfer component for the lithium ion that decreases down the

group 1 metals. This is observed to an extent in Fig. 4.1(j): between the lithium

and sodium ion interacting systems the charge transfer contribution falls for all

but the SAPT(KS) scheme without the exchange correction. We also note that

for the RVS EDA scheme the charge transfer energy is positive and unphysi-

cal for these two systems (0.05 kcal/mol and 0.34 kcal/mol for the lithium and

sodium ion interacting systems respectively), seemingly through over-correction

by the CP correction. Interestingly, we observe charge transfer to increase be-

tween the sodium and potassium ion interacting systems for all but the NEDA

and SAPT(KS) schemes. It is unclear why this is observed, however through the

analysis of the charge transfer BSSE contributions of the schemes that display

this unexpected trend it appears that the increase also arises due to an artefact of

these schemes’ CP corrections.

The charge transfer KM EDA component is indicated as increasing for the final

water – potassium system. This observed break from the trend may be due to the

known instability of the KM EDA with larger basis sets and smaller intermolecular

distances [146–148], whereby a state with occupied orbital occupation number

greater than 2 is possible. Whilst the water – cation distance is the greatest for

the potassium system, the increase in the extension of the 6-311G* basis with

the extra electron shell may be large enough to give rise to this artefact of the

KM EDA scheme. This highlights the contradictory observation that using an
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incomplete basis set with the KM EDA can give rise to results with more physical

relevance.

4.2.3 Test Set 3: Ammonium–π systems

We have considered the interactions of ammonium with benzene, thiophene, furan

and pyrrole in the geometries shown in Table 4.3. The results suggest electrostatic

effects to be the most dominant interactions for this set followed by exchange, as

shown in Fig. 4.2(a) and 4.2(c). Polarisation followed by charge transfer are ob-

served to be the next most dominant interactions as shown in Fig. 4.2(g) and 4.2(i).

These observations are supported by a similar EDA analysis of this test set by As-

chi et al. [87] using the RVS EDA method. The electrostatics of the benzene and

thiophene are observed to be similar in magnitude and lie between the interaction

magnitudes of the furan and pyrrole interacting systems, closer to the furan sys-

tem. In fact the thiophene and benzene interacting systems display similar EDA

component profiles across the range of the EDA schemes, evidencing their similar

bonding character and possible functional group interchangeability within drug

design. The similar components seen for these two systems are expected through

the very similar electronegativities of carbon and sulphur and the similar aromatic

structures of these systems.

We would chemically expect the vast majority of polarisation to result by effect

of the ammonium ion on the aromatic fragment. Aschii et al. [87] support this

expectation quantitatively with greater than 98.5% of polarisation contributed by

the aromatic fragment and describe the polarisation interaction as “exclusively an

ion–induced multipole interaction”. Polarisation is observed to fall slightly (up to

0.59 kcal/mol) between the benzene and thiophene interacting systems, and again

between the thiophene and furan interacting systems (up to 1.31 kcal/mol). For

the pyrrole interacting system polarisation is observed to increase in stability. The

NEDA scheme predicts this stability increase to be small (0.23 kcal/mol) with the

contribution of polarisation lying between the thiophene and furan contributions.
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However, for the remaining schemes this is suggested to be more significant, with

the polarisation contribution of the pyrrole interacting system the greatest for this

set.

The magnitude of charge transfer effects is dependent on the electron donating

ability of the aromatic system. Based purely on the electronegativities of carbon,

sulphur, oxygen and nitrogen (and therefore their electron donating ability into

the aromatic ring), we would expect charge transfer to the ammonium to be of the

order furan < pyrrole < benzene = thiophene. Our expectations using this model

partially confirm this, with the trend supporting similar charge transfer values for

the benzene and thiophene interacting systems, and smaller furan charge transfer

than for pyrrole. Our model does not account for the less clear effects resulting

from the aromatic geometries and constituents however, and this may be the reason

for the inaccuracy of our expectations. For the ALMO, KM and RVS EDAs and

SAPT(KS), charge transfer is indicated as within a reasonably small range across

the set (within 2.60 kcal/mol) but increasing significantly from -12.33 kcal/mol to

-18.89 kcal/mol for the NEDA scheme. This large range of NEDA charge transfer

energies is unexpected and indicates a lack of stability of this component.

4.2.4 Test Set 4: π–cations

In this set we consider the interactions of benzene with ammonium, lithium,

sodium and potassium cations in the geometries shown in Table 4.4. The set

is similar to the systems in test set 2 through shared cation molecules, and similar

component profiles are observed as a result of this. From a chemical perspective,

we would expect similar but less stabilising electrostatic components for the ben-

zene interacting systems of this set than the water interacting systems of test set

2. This is due to a more strongly interacting dipole moment of water in compari-

son to the quadrupole moment of benzene with the cations. This is confirmed by

electrostatic energies between -6.94 kcal/mol to -22.61 kcal/mol across test set 4
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compared with electrostatic energies between -23.66 kcal/mol to -44.14 kcal/mol

for test set 2.

Exchange effects (Fig. 4.2(d)) are expected to be generally less significant than for

test set 2 due to the greater intermolecular distances of the systems of test set 4.

This is observed across the set, notably however exchange is not shown to fall in a

consistent manner. This observation possibly arises due the comparatively small

intermolecular benzene – lithium separation that results in a greater exchange

component.

Polarisation within test set 4 (Fig. 4.2(h)) is shown to be approximately twice

the magnitude of polarisation within test set 2 (Fig. 4.1(h)). This observation is

explained from a chemical perspective by the greater polarisability of benzene (α =

10.74 Å3) in comparison to water (α = 1.45 Å3) [223]. The polarisation component

of the lithium interacting system is shown to stabilise the system by more than

400 kcal/mol through the KM EDA using the 6-311G* basis set. Removing d

polarisation functions from the lithium basis reduces this component to a more

reasonable value (-25.86 kcal/mol). This artefact is believed to originate in the

ability of valence electrons to collapse from one fragment into the core orbitals of

the other fragment, enabled through the use of intermediate wavefunctions that

do not satisfy the Pauli exclusion principle [146–148]. As the completeness of the

basis set increases, the polarisation component becomes extreme in magnitude as

this process of collapse becomes more significant. We have also included results

using the balanced 6-311G basis set in Table A.6 of the Appendix. These results

support the use of the modified unbalanced basis as reliable as an approximation

to the 6-311G* basis used in the remaining calculations.

Interestingly, charge transfer (Fig. 4.2(j)) does not follow the same trend as within

test set 2 (Fig. 4.1(j)) and the ammonium and lithium cations are reversed in their

charge transfer contribution trends. This observation is expected, as the hydrogen

atom of the ammonium molecule interacting with benzene is directed into the



Chapter 4 An evaluation of current biomolecular energy decomposition analysis

approaches 113

low electron region of the π cloud whereas for the water – ammonium system an

ammonium hydrogen atom is directed towards the oxygen of the water molecule.

Charge transfer within the benzene – lithium system is indicated as highly con-

tributing in comparison to the systems of the other sets. This contribution is

possibly due to the cation being able to access the electron–rich π cloud of the

benzene by siting itself within this on binding, and due to the charge of the cation

interacting with the benzene. A more rapid decrease in charge transfer contribu-

tion with increasing cation mass is observed than for the water – cation systems

of test set 2. This may be a result of the geometry of the set: the rate of fall in

intermolecular distance across the π – cation set (1.90Å range of r) is greater than

across the water – cation set (0.77Å range of r).

4.2.5 Test Set 5: π interacting systems

In this set we consider a number of systems interacting with the π ring of benzene.

Specifically we consider the parallel displaced and T–shaped benzene dimers, and

pyridine, pyrimidine and dimethylacetamide (DMA) interacting with benzene in

the geometries shown in Table 4.5.

A number of predictions can be made based on the compositions of the structures

of study. We would expect the energy components to increase in magnitude when

going from the benzene T–shaped to the parallel displaced conformers due to the

smaller intermolecular distance between the molecules. Generally this is observed

in the results. Notably, however, stabilisation through the KM EDA electrostatic

component is shown to fall by over 1 kcal/mol as shown in Fig. 4.3(a). The

charge transfer components of the ALMO EDA and SAPT(KS) (with exchange

correction) schemes are also observed to fall fractionally between these two systems

as shown in Fig. 4.3(i), however these energy changes are so small that they may

be considered negligible.
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The three π–π interacting parallel displaced systems are structurally very simi-

lar and so deducing the expected component trends for these systems is slightly

less clear. With an increase in the number of nitrogen constituent atoms on the

interacting molecules we observe an increase in charge transfer effects, as also

shown in Fig. 4.3(i). This is expected: with increased substitution through ben-

zene, pyridine and pyrimidine the electron withdrawing abilities of these molecules

also increase, and so are able to withdraw more charge density from the π cloud

of the partner benzene molecule. In considering polarisation effects within these

three systems, we would expect a more significant electric moment in the plane

of the benzene interacting system with increased substitution to provide a more

polarising field for the benzene molecule. Polarisation across these three systems is

predicted to be enhanced through this effect. However, the polarisabilities of these

molecules themselves are shown to fall across the three systems (α = 10.74 Å3,

9.15 Å3 and 8.53 Å3 for benzene, pyridine and pyrimidine respectively) [223], and

so the final polarisation contribution becomes a balance of these two opposing

factors of polarisability and field strength. As shown in Fig. 4.3(g), polarisation

falls across the three systems for all but the NEDA scheme, therefore indicating

that the effect of falling polarisabilities outweighs the effect of more significant

polarising electric fields for the benzene.

For the final DMA interacting system, we observe moderately increased electro-

static and exchange energy contributions as shown in Fig. 4.3(a) and 4.3(c) re-

spectively. This is interesting to note as the DMA molecule to benzene distance is

similar to the intermolecular distances seen within the other systems. We may ex-

pect a greater polarisation contribution for this system due to the more extended

structure of the DMA molecule in comparison to the cyclic structures of the other

interacting systems. This is supported by the results shown in Fig. 4.3(g) for all

but the NEDA scheme. We expect the proton positioned above the π cloud to act

as a means for electron transfer to the DMA molecule, with the oxygen acting as

an electron sink stabilised through resonance of the amide bond. As a result of
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this, we predict charge transfer to be greater for this system. This is observed for

all but the HF level schemes (KM and RVS EDA), as shown in Fig. 4.3(i).

4.2.6 Test Set 6: Halogenated systems

We have considered a selection of halogenated benzene systems interacting with

another benzene molecule in test set 6. The halogens we have selected are fluorine,

chlorine and bromine and the system geometries are shown in Table 4.6. The sys-

tems have been constrained in a T–shaped geometry, with the halogens directly

interacting with the π ring through the halogen σ hole [224]. For all our structures

the energy minimisation procedure we employed did not use the CP correction.

We note that the (BSSE corrected) interaction energy of the benzene – fluoroben-

zene system is positive as shown in Fig. 4.3(b), with this arising due to the CP

correction raising the interaction energy to the point that the interaction becomes

repulsive. Natural population analysis of these systems at the BLYP–D3/6-311G*

level reveals natural charges on the fluoro–, chloro– and bromobenzene halogens as

-0.326e, -0.007e, 0.061e respectively, correlating with the presence of a σ hole on

the bromine and chlorine atoms. The σ hole arises due to three unshared electron

pairs on the halogen arranging to produce a belt of negative potential around the

bond axis on the halogen, leaving a region of positive potential on the halogen

opposite to the halogen bond [224]. The presence of the σ holes on the bromine

and chlorine atoms is expected to affect the EDA profiles of the systems of test

set 6, most significantly through enhanced electrostatics in the systems containing

these atoms.

We predict the electrostatic energy to increase from the fluorobenzene interacting

system through to the bromobenzene interacting system. This is because going

through the series the charge on the halogen becomes more positive, and so the

electrostatic interaction of the halogenated benzene molecule with the quadrupole

of the benzene will become more favourable. We expect the σ hole on the chlorine

and bromine atoms to enhance this effect, as the positive potential on these atoms
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is therefore concentrated to a region on the halogen that gives a more favourable

electrostatic interaction with the benzene π cloud. In fact, due to lack of a σ

hole on the fluorobenzene molecule we may expect the electrostatic interaction

in this system to be destabilising. We also expect the increasing intermolecular

distances through the series to contribute to a decrease in electrostatic component

energy magnitudes. This factor opposes our expectations of increasing electrostat-

ics through the series due to increasing halogen charge. The electrostatic compo-

nent results are shown in Fig. 4.3(b). It appears that the increase in electrostatics

through the series arises due to increasing halogen charge, which more than com-

pensates for any weakening of this component through increased intermolecular

distance.

The exchange component is expected to fall through the series due to increased

intermolecular separation of the molecules. As halogen electronegativity decreases

through the series, we expect the charge on the halogenated benzene molecule

to become more localised on the π ring. This is expected to additionally reduce

the contribution of exchange, as exchange is distance dependent and the electrons

are now further from the partner benzene molecule. We observe a slight fall in

exchange that is in agreement with our predictions between the fluorinated and

chlorinated systems as shown in Fig. 4.3(d). However, exchange is approximately

as strong for the brominated system as the fluorinated system. This arises due to

the greater number of electrons on bromobenzene than on fluorobenzene. With

more electrons on the bromobenzene available to exchange with the benzene elec-

trons, the exchange interaction for bromobenzene can therefore be stronger despite

the greater intermolecular separation for this system.

Whilst polarisation effects are expected to increase through the set as a result of

increasing polarisabilities of the halogenated benzene molecules, the increase in

intermolecular separations of the systems is also expected to have an impact on

this component. The polarisability of fluorobenzene (α = 10.3 Å3) is less than

that of chlorobenzene (α = 14.1 Å3) and bromobenzene (α = 14.7 Å3) [223]. How-

ever, the benzene π ring to halogen distance is more than 0.42Å shorter for the
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fluorinated system than for the chlorinated and brominated systems as shown in

Table 4.6. The enhancement of polarisation through the smaller benzene – fluo-

robenzene intermolecular separation could be reasonably similar to the enhance-

ment in the benzene – bromobenzene through the effect of greater bromobenzene

polarisability, however we cannot predict by chemical reasoning alone which fac-

tor dominates. The intermolecular separations of the chlorinated and brominated

systems are reasonably similar, and we expect that polarisation effects will be

greater in the brominated system than the chlorinated system solely as a result

of differences in molecular polarisabilities. The polarisation results are shown

in Fig. 4.3(h). The NEDA results show polarisation to be smallest for the flu-

orinated system (-1.22 kcal/mol with the self–energy correction), indicating the

smaller intermolecular separation within this system to offer little enhancement

to polarisation. However, NEDA overestimates polarisation by an order of mag-

nitude compared to the other schemes. More importantly all other schemes show

polarisation to be slightly greater for the fluorinated system and therefore instead

indicate the smaller intermolecular separation to enhance polarisation to a small

degree. Our prediction of increased polarisation from the chlorinated system to

the brominated system is in agreement with all the EDA scheme results.

We expect the presence of a σ hole on the chlorine and bromine atoms to enhance

charge transfer to a degree in these systems. This is due to the σ holes being located

in the high electron region of the benzene π ring. We predict the strongly electron

withdrawing nature of the fluorine atom to be more important than the presence of

a σ hole in enhancing charge transfer effects. Also, the smaller benzene – halogen

separation in the benzene – fluorobenzene system (2.97 Å) is also expected to

enhance charge transfer effects in this system. The intermolecular separation is

slightly greater within the bromobenzene system than within the chlorobenzene

system, and chlorine is more electronegative than bromine. We therefore predict

the charge transfer interaction to be weaker for the bromobenzene system than

the chlorobenzene system. Our results of charge transfer for this test set are

shown in Fig. 4.3(j). The results of the SAPT(KS) scheme shows charge transfer
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to increase in strength going through the set from the fluorinated system to the

brominated system. This indicates charge transfer to be weakest in the benzene –

fluorobenzene system despite this system’s smaller intermolecular separation and

the greater electronegativity of the fluorine atom compared to the other halogens,

and therefore suggests the presence of a σ hole to be significant in determining

charge transfer in these systems. The other schemes generally show similar or

greater charge transfer effects for the fluorinated system than for the brominated

and chlorinated systems. These schemes therefore instead suggest the presence of

a σ hole on the halogen to contribute at least slightly to charge transfer effects

in the chlorinated and brominated systems. All schemes show an increase in

charge transfer between the chlorinated and brominated systems, confirming our

predictions for these two systems.

4.2.7 Dispersion energy treatments

In this section we consider the results of the various treatments of the disper-

sion energy contribution to the interaction energy. The dispersion component is

described as an explicit component of the SAPT(KS) scheme, but as an ad–hoc

correction term to the interaction energy of the other EDA schemes provided by

the empirical –D3 correction of Grimme [209]. The results of our calculations

using these approaches are shown in Fig. 4.4. The form of the –D3 correction is

dependent on the choice of density functional used and therefore we note that it

is more suitable for the energies of this component to be considered with respect

to other –D3 energy values, rather than in direct comparison to the SAPT(KS)

dispersion energy values. Overall the SAPT(KS) and –D3 approaches to measur-

ing dispersion are generally in agreement with one another, except in the case of

the metallic cation systems of test set 4 shown in Fig. 4.4(d) for which the results

differ quite substantially. This inconsistency will be discussed below, in addition

to the dispersion component observations for the other test sets.
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Figure 4.4: The –D3 correction for dispersion (blue), and SAPT(KS) dispersion
(green) energy values (in kcal/mol). The energy values for test sets 1–6 are
given by plots (a)–(f) respectively. ‘Bz Bz (p-displaced)’ represents the parallel
displaced benzene dimer. The non–hashed green bar represents the electrostatic
contribution of dispersion only and the hashed bar represents the exchange plus
electrostatic contribution of this term.
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The dispersion interaction arises as a result of instantaneous polarisation dipoles

in the monomers forming and interacting. We would therefore expect greater

dispersion contributions for systems where both monomers have high polarisabil-

ities, as this would enable larger instantaneous dipoles to arise. Chemically this

component is also highly dependent on the intermolecular separation R, with its

magnitude decaying as R−6.

For test set 1, we expect the determining factor of the trends to be the molec-

ular polarisabilities. This is because the intermolecular separations observed in

this set are similar, as shown in Table 4.1. The polarisability of methanol (α =

3.29 Å3) [223] is more than twice that of water (α = 1.45 Å3) [223] and therefore

an increase in dispersion across the first three systems of this set is expected. The

polarisability of methanol is greater than that of ammonia (α = 2.10 Å3) [223] and

so we would expect dispersion within the water – methanol system to be greater

than within the water – ammonia system. The results of the dispersion compo-

nent for these systems are shown in Fig. 4.4(a), and our predictions are generally

confirmed. We note that our prediction of a greater dispersion component for

the water – methanol system than the water – ammonia system is observed in

the results of the –D3 component, however for the SAPT(KS) scheme dispersion

remains nearly constant between these two systems.

We expect the induced electric dipole moment of the ammonium molecules to

be greater than for the metal cations for test set 2. This is because despite the

presence of more diffuse electrons on the metal cations, the ammonium molecule

is much larger and so we expect a larger dipole for this molecule to be able to

be induced. The intermolecular separations of the ammonium molecule and metal

cations are similar as shown in Table 4.2, and we therefore predict dispersion for the

ammonium interacting system to be the strongest. This is confirmed by the results

by both dispersion methods as shown in Fig. 4.4(b). In this set the intermolecular

distance between the potassium ion and the water molecule is 0.77 Å greater than

for the lithium ion interacting system. As dispersion forces are very close range

interactions decaying as R−6, this component would fall to less than 1/8th of its
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original size if this geometric displacement were applied to the lithium ion. The

polarisability of a potassium atom (α = 43.4 Å3) [223] is nearly twice that of

lithium (α = 24.33 Å3) [223] and we expect the difference in polarisability of their

ions to be similar in size. We would therefore expect that the strong dependence

on intermolecular distance for dispersion outweighs the greater polarisability of

potassium, resulting in a fall in dispersion across the set. Interestingly, however,

the opposite is observed in our results and dispersion instead increases across the

set.

As previously stated for our analysis of the remaining energy components of test

set 3, we expect the systems of this set to display similar dispersion energy values

due to the similar geometries and compositions of the structures. The polaris-

abilities (α) of benzene [223], thiophene [225], furan [225] and pyrrole [226] are

10.74 Å3, 9.96 Å3, 7.20 Å3, and 8.27 Å3 respectively. We therefore expect a slight

fall in dispersion contributions from benzene to furan, and for pyrrole to have

a dispersion energy value between thiophene and furan. The results for this set

shown in Fig. 4.4(c) are in close agreement with our predictions, however for the

final pyrrole interacting system we observe a greater than expected contribution

by the SAPT(KS) approach and a slightly lesser than expected contribution by

the –D3 component.

We expect the systems of test set 4 to show similar dispersion component values

to the systems of test set 2 because these sets differ only through the interaction

of benzene rather than water. Our expectations for test set 2 were of a greater dis-

persion energy for the ammonium interacting system, and a decrease in dispersion

through the metal cation interacting systems due to the significant intermolecular

dependence of dispersion. The increase in intermolecular distances through the

metal cation interacting systems of test set 4 is much greater than in test set 2,

and so we expect an even greater fall in dispersion through these systems in test

set 4 than in test set 2. Our prediction of a greater dispersion component for the

ammonium interacting system is supported by the results shown in Fig. 4.4(d),

however the trends observed for the remaining metal cation interacting systems are
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significantly less supportive. In comparison to the results of the metal cation in-

teracting systems of test set 2 (Fig. 4.4(b)), the greater increase in intermolecular

distance through test set 4 appears to cause a comparatively weaker contribu-

tion of dispersion to the potassium interacting system by the SAPT(KS) scheme.

Interestingly the opposite is shown for the –D3 component, with this energy un-

expectedly increasing significantly across the metal cation interacting systems of

test set 4 despite the rapid increase in intermolecular distances.

We note a significant dispersion contribution for the systems of test set 5 as shown

in Fig. 4.4(e). This is expected considering the π interacting chemical nature of

these systems. For the SAPT(KS) results of the benzene dimer, dispersion for

the parallel displaced conformation is almost double than when in the T–shaped

conformation. This is rationalise by the fact that the sum of the intermolecular

atomic distances for the parallel displaced benzene dimer system is less than in the

T–shaped system. It is also noted that the parallel displaced benzene dimer sys-

tem features close proximity of the π rings of the benzene molecules. This is also

expected to contribute to the dispersion interaction. For the three π–π interact-

ing parallel displaced systems our chemical expectations are mixed. Polarisability

is noted to fall from benzene to pyrimidine (α = 10.74 Å3 and 8.53 Å3 respec-

tively [223]), and so we expect dispersion to fall across these benzene interacting

molecules. However, the fall in intermolecular distances across these systems is

expected to enhance the contribution of the dispersion energy due to its signifi-

cant dependence on this parameter. The increase in dispersion across these three

systems indicates that the decrease in intermolecular distances is more significant

than the fall in polarisabilities of the molecules. For the DMA interacting system,

we expect dispersion to be approximately as contributing as in the other systems.

However it is difficult to give a precise prediction of this system’s relative value

due to the many possible chemical factors that affect dispersion. There exists

delocalised π systems in all the molecules of this set. In DMA the presence of this

feature is in the delocalised amide bond, and for the remaining molecules this is in

their aromatic π rings. However, for DMA the amide bond is located further away
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from the π ring of benzene and so dispersion resulting from this delocalised feature

is expected to be smaller. The structure of DMA is noted to be more extended

than the other molecules in this set, and therefore greater dipoles are expected to

be able to be induced in this molecules. This factor would be expected to favour

a greater dispersion contribution in this system. The intermolecular separations

of the systems (excluding the T–shaped benzene dimer system) are similar and

therefore the balance of the above two features is difficult to predict. For the –D3

component dispersion is shown to increase moderately, whereas for the SAPT(KS)

scheme this component falls by at most only 0.25 kcal/mol.

Within test set 6 we expect dispersion to be most contributing in the fluori-

nated system, followed by the chlorinated system, and finally the brominated

system. The polarisabilities of chlorobenzene (α = 14.1 Å3) and bromobenzene (α

= 14.7 Å3) are similar, with the polarisability of fluorobenzene much smaller (α =

10.3 Å3) [223]. However, the intermolecular separation for the fluorinated system

(5.69 Å) is also smaller than for the chlorinated (6.50 Å) and brominated systems

(6.75 Å), as also shown in Table 4.6. Due to the significant dependence of dis-

persion on distance we expect dispersion to be relatively strong in the fluorinated

system. For the chlorinated and brominated systems, we expect the chlorinated

system to show the greater dispersion contribution. The strong dependence of

dispersion on intermolecular separation combined with the similar polarisabilities

of chlorobenzene and bromobenzene leads us to expect the chlorinated system to

show a greater dispersion contribution than the brominated system. Our results

shown in Fig. 4.4(f) display opposite trends to our predictions. The –D3 com-

ponent shows an increase in dispersion from the fluorinated system (-2.54 kcal/-

mol) to the chlorinated system (-3.50 kcal/mol) and to the brominated system

(-4.15 kcal/mol). The SAPT(KS) results show an increase in dispersion from the

fluorinated system to the chlorinated system of over 0.8 kcal/mol, and from the

chlorinated system to the brominated system of over 1 kcal/mol. It is interesting

to note the greater dispersion contribution shown by the EDA results for the ben-

zene – bromobenzene system, and the less than expected dispersion contribution
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for the benzene – fluorobenzene system.

4.2.8 Observed EDA scheme advantages and weaknesses

In this section, we compare the features and artefacts of the different EDA schemes

studied in this thesis, as emerging by the theory and our tests. An overview of

our observations is provided in Table 4.7.

General observations The CP correction is known to overestimate the BSSE [62;

227] and many of the schemes we have included in our investigation apply the CP

correction to energy terms. It is important to note that as a result this correction

has the potential to give rise to unphysical results, as is observed in the case of the

charge transfer energies in the group 1 metal ion interacting systems of test set 2

for example. Over-correction of the RVS EDA charge transfer energies results in a

positive and unphysical energy for the lithium and sodium ion interacting systems,

as shown in Fig. 4.1(j). Also, on applying the CP correction to the ALMO, KM

and RVS EDA scheme charge transfer energy components the trend between the

sodium and potassium ion interacting systems reverses. This serves to highlight

the possible issues that may arise when applying the CP correction to EDA energy

components.

KM EDA. The KM EDA [142; 143] requires an unphysical residual mixing term

∆EMIX to account for the difference between the energy components and the total

interaction energy. This is a significant weakness as the mixing component values

are at times observed to be of the same magnitude as the chemically meaningful

terms. For example when including BSSE corrections, in the case of the metal

cation interacting systems of test set 2 the mixing component is greater than

the charge transfer term, and for test set 6 this component is greater than the

magnitude of the polarisation term. Attempts to reduce this problem have been
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Table 4.7: A summary of the EDA approaches investigated

EDA MO Additional energy Level Component artefacts and notes

scheme localisationa componentsb of theory

KM EDA – ∆EMIX HF only

Presence of the ∆EMIX energy unascribable to any particular component.

Problems of numerically unstable charge transfer and polarisation energies with

large basis sets and at short intermolecular distance [146–148].

RVS EDA – ∆EMIX HF only
Unphysical ∆EMIX present. Typical magnitude is insignificant, but possible

for non–negligible magnitudes to be seen.

ALMO ALMO – HF/Correlated
Combined electrostatics and exchange description of the frozen density com-

ponent may reduce chemical insight.

NEDA NBO ∆EDEF, ∆ESE HF/Correlated
Theoretical overestimation of charge transfer and underestimation of polarisa-

tion [15; 80]. Observed to provide unphysical charge transfer values.

PIEDA FMO – HF/Correlatedc Shares similar theoretical weaknesses of the KM EDA.

SAPT(KS) – E
(2)
disp, E

(2)
exch−disp, d HF/Correlated

Observed overestimation of polarisation and underestimation of charge transfer.

SAPT(KS) overestimation of second–order energy components (induction and

dispersion) with the B3LYP functional [202].

a Localisation methods include adopting an alternate basis to the MO basis (the NBO basis), an MO constraining method (ALMO), or a different
energy calculation method (FMO).

b Additional energy components to the electrostatics, exchange, polarisation and charge transfer (or similar) interaction components.
c The PIEDA scheme is implemented at the HF level (as the basis of this scheme is the KM EDA), with the dispersion component added as an

additional term, ∆EDI.
d SAPT descriptions of polarisation and charge transfer are calculated from the MCBS and DCBS induction energies (see Eqs. 3.70a and 3.70b).
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discussed and implemented within the RVS and CSOV schemes, and the problem

altogether avoided in other schemes such as the ALMO EDA and NEDA.

Numerical instability problems of the charge transfer and polarisation energies

with large basis sets and at short intermolecular distances [146–148] are evidenced

in our results. For the benzene – Li+ system of test set 4 convergence issues are

observed when using the 6-311G* basis set. For this system the intermolecular

separation is particularly small (1.88 Å) and gives rise to unphysical polarisation

and mixing component energies. This is likely due to valence electrons collapsing

from one fragment into the core orbitals of the other fragment [146–148].

RVS EDA. The RVS EDA [10; 84] is similar to the KM EDA, but with modi-

fication to the calculations of the polarisation and charge transfer energies to use

fully antisymmetric wavefunctions in attempt to remedy the numerical instability

problems associated with these components in the KM EDA.

The ∆EESX component of the RVS EDA scheme (and similar ∆EFRZ component

of the ALMO scheme) presents a problem in terms of the analytic information

provided. This is because this energy component conceals the magnitudes of its

electrostatic and exchange parts. The combined term does however provide useful

indication of the dominance of its parts. For example, if this component is highly

repulsive this would indicate Pauli repulsions to be significant. Avoiding the use of

Hartree product intermediate wavefunctions involved in expressing the separated

components may be desired, however, due to it not obeying the Pauli principle.

The RVS EDA scheme shares a component of the KM EDA that describes a resid-

ual energy to the interaction energy. In our calculations the magnitude of the RVS

mixing component is typically less than 0.1 kcal/mol and therefore much smaller

than the KM EDA mixing component. However, for systems containing an am-

monium molecule the RVS mixing component is noted to increase significantly, for

example the ammonium – pyrrole system of test set 3 has an RVS mixing compo-

nent of -0.44 kcal/mol. Whilst the magnitude of this term is only a fraction of the
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KM EDA mixing term (3.76 kcal/mol with BSSE correction), this does indicate

that a notable level of ambiguity can still remain in the origin of a proportion of

the interaction energy. Overall, however, the magnitude of the mixing term for

any given system is more often than not negligible, and this helps to correct a

major weakness of the KM EDA.

In the RVS EDA scheme the BSSE is only partially treated and this may be

considered a weakness of the scheme. The interaction energy that is obtained

in this scheme omits the exchange BSSE correction of Eqs. 3.13a and 3.13b that

is treated in the KM EDA. By adopting the KM EDA BSSE correction for the

exchange component, it is possible to remedy this. This is possible because the

origin of the exchange component energy of these two schemes are the same, and

so the RVS exchange energy is compatible with this BSSE correction and will give

the fully BSSE corrected interaction energy.

ALMO EDA. The ALMO EDA scheme [15] used in our calculations provided

overall chemically sensible results. There are two possible disadvantages we note

of this scheme however. Firstly, as discussed regarding the ∆EESX component of

the RVS EDA scheme above, the ALMO EDA ∆EFRZ component similarly has

the potential to be limited in the analytic information it provides. Secondly, it

is theoretically possible for the charge transfer contribution to be repulsive on

inclusion of the CP BSSE correction. This is because the CP correction has a

tendency to overestimate the BSSE [62; 227] as discussed above. As noted by Mo

et al. [80], it may be appropriate to consider the ALMO (and BLW) EDA charge

transfer energies with and without the BSSE energy correction as the upper and

lower bounds of this energy. Our results otherwise show the ALMO EDA scheme

to consistently provide results in good agreement with chemical expectations.

NEDA. Our calculations using the NEDA scheme [12; 13; 82; 83] have shown

this to give often very large charge transfer and polarisation energy contribu-

tions. Theoretically the NEDA scheme is expected to generally overestimate
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charge transfer contributions and underestimate polarisation [15; 80]. This is

because in NEDA, the polarisation and charge transfer terms are calculated from

the monomer and supermolecule charge densities without variational optimisation

to an intermediate state. If we consider an alternative scheme such as the ALMO

EDA scheme (in which an intermediate state is produced in a constrained optimi-

sation procedure) we can see that the NEDA description of the intermediate state

is likely less desirable.

Another key observation of the NEDA scheme is its description of polarisation

effects. The polarisation term includes only electrostatic contributions as shown

in Eq. 3.53, and the exchange contribution is contained within the deformation

component. Furthermore, an electrostatic self energy penalty is also included in

the NEDA scheme that describes the energy cost of charge polarisation. This

partitioning of polarisation in NEDA may be advantageous or not depending on

the situation at hand.

SAPT(KS). The results of the SAPT(KS) scheme [17; 18] are observed to

remain in keeping with the trends shown by the other schemes and generally show

chemically relevant magnitudes. Polarisation energies of the SAPT(KS) scheme

are typically second in magnitude only to the NEDA scheme polarisation energies.

The SAPT(KS) is noted as overestimating the second–order energy components

(induction and dispersion) with the B3LYP functional [202]. This is suggested

to arise due to the poor suitability of DFT canonical virtual orbital energies in

the SAPT scheme. The first–order terms (electrostatics and exchange) are not

affected by this as their values depend on use of the occupied set of MOs only.

The arrangement of the SAPT energy components is different to within the vari-

ational based EDA methods. This organisation is arguably more intuitive than in

the other EDA schemes, with the SAPT approach separating the energy terms at

the different orders into exchange and electrostatic contributions. Equally, how-

ever, the theory of SAPT is also more complicated than the variational based EDA
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methods and many energy terms can be involved in describing the interaction en-

ergy. For example, Stone et al. [90]. have noted that in some cases exchange

uncorrected SAPT(DFT) charge transfer terms are overestimated by up to an or-

der of magnitude. The inclusion of the exchange part corrects and almost cancels

the charge transfer term. Indeed, this large correction to charge transfer by the

exchange part is observed in many of the results of our SAPT(KS) calculations.

For example, in the case of our hydrogen bonding water dimer system, SAPT(KS)

charge transfer is -5.60 kcal/mol and the exchange correction is 4.75 kcal/mol giv-

ing an overall corrected charge transfer energy of -0.85 kcal/mol. In this case,

the additional separation may have the potential to mislead. As discussed above,

the lack of consistency of term definitions between the EDA schemes (whether

variational or perturbational) can become problematic. For example, one scheme

may include exchange contributions in certain energy components while another

scheme may not. In SAPT, by partitioning each component into electrostatic and

exchange parts, the term descriptions are more clearly described as the terms are

explicitly partitioned into their classical and quantum energy contributions.

Whereas the variational EDA approaches we have studied do not include dispersion

contributions within the decomposition, the SAPT scheme explicitly includes this

energy as E
(2)
disp. This additional description of dispersion is of merit to this scheme.

Our results comparing the SAPT(KS) dispersion energies to the –D3 component

energies showed reasonable correlation between the two approaches, as shown in

Fig. 4.4.

4.3 Summary

In this section we summarise the findings of our EDA investigation, the theories

of which have been described in detail earlier in Chapter 3.

During the past several decades, a wide range of EDA approaches have been

developed that decompose the interaction energy into many different chemically
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useful forms. Many of these methods have evolved from the early KM EDA of

Kitaura and Morokuma [142; 143]. These variational based approaches sometimes

share the problems of the KM EDA, such as the RVS EDA retaining a residual

unascribable energy as part of the decomposition. However, the problem of energy

component instability in the KM EDA has generally been solved in the more

recent schemes that build upon the KM EDA. Alternatively, perturbation based

approaches such those of the SAPT family may be used in which the interaction

energy is constructed as perturbative corrections to the isolated monomers.

In this chapter we have compared popular currently used EDA schemes of interest

to biomolecular application on six congeneric series test sets. The model systems

of these test sets were selected to express key interactions typically found within

ligand–host systems such as hydrogen bonding, π–π and halogen interactions. In

the variational approaches BSSE has been treated very differently between the

EDA schemes we have discussed. Whereas the NEDA scheme avoids the issue of

BSSE by calculating all energies in the full supermolecule basis set, the KM, RVS,

and ALMO EDA schemes treat BSSE by applying a CP correction to the energy

components. The KM and RVS EDA schemes both share similar approaches in

which partial CP corrections are applied to specific energy components. These

corrections are calculated by partitioning the set of ghost orbitals used in the

calculation by their occupancies. The ALMO EDA instead applies the full CP

correction to the charge transfer component only. These treatments are unique

and provide further subtle differences in the definitions of the energy components

of the schemes.

One common problem that arises is the issue of energy component consistency. It

is often the case that an energy term described by one EDA scheme is significantly

different to that of another. Polarisation, for example, can be described as an

electrostatic–only effect or as also including exchange within its description. These

different descriptions can result in substantially different results. For example, on

including the exchange part of the energy components in the SAPT(KS) results,

we observe the energy components to often become a fraction of their original
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size. In fact, SAPT arguably decomposes the energy components more intuitively

in some regards, since each component is split into its electrostatic and exchange

constituent. The general inconsistency of term definitions is not necessarily ‘wrong’

as such, but this point highlights the complications that may arise through different

descriptions of chemical processes.

Despite the term definitions sometimes lacking consistency, we note a number of

meritable features of certain EDA schemes. The KM EDA, despite its theoretical

weaknesses, is observed to provide overall reasonably fair energy component val-

ues. However, the KM EDA charge transfer energy was extreme and chemically

unsound in the case of the benzene – lithium system with the larger 6-311G* basis

set. This problem is important to note as it counter-intuitively implies that using

more complete basis sets reduces the accuracy of the KM EDA results.

The RVS EDA scheme also performed well, and succeeds the KM EDA by its im-

proved theory that results in better numerical stability of the energy components.

Both the RVS and KM EDA schemes are limited to the RHF level of theory.

However in systems where correlation effects are important, it may be feasible to

perform an additional supermolecular interaction energy calculation at a higher

level of theory to evaluate this contribution. Alternatively, the CSOV EDA scheme

of Bagus et al. [11; 141] (closely related to the RVS scheme) may provide a useful

alternative for treating correlation effects in the energy components as this has

been implemented for use with MCSCF wavefunctions [178] and extended to the

DFT level [179; 180].

The NBO based NEDA scheme at times displays issues regarding the magnitudes

of its energy components: in many cases these are extremely large and chemically

unrealistic for our test systems. The approach taken by NEDA to decomposing the

interaction energy is somewhat different to the other KM EDA derived schemes.

In this, additional energy components of less obvious chemical origin are described

such as the deformation and self energy terms. Also the method does not involve

intermediate wavefunctions that are variationally optimised. The polarisation and
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charge transfer components are therefore calculated directly from the monomer

and supermolecular charge densities. The NEDA scheme may perform better in

its three component form, decomposing the interaction energy into electrostatic,

charge transfer, and core repulsions energy components. As the other schemes

we considered did not share equivalent energy components to these three energy

components we have not evaluated the NEDA scheme in this form.

SAPT is seen to give chemically sensible results and arguably provides a more

intuitive decomposition than the other schemes as stated above. However, relating

the theoretical processes of this scheme and their chemical equivalents can at times

be more conceptually complicated than for the variational based schemes. It is

also noted that a number of more recent SAPT schemes have been developed that

may be more preferable than the SAPT(KS) used in this work. These include

the SAPT(DFT) [25; 203–205] scheme that also describes the monomers using

TD-DFT response functions not present within the SAPT(KS) scheme, and also

a new CC treatment of intrafragmental correlation in what has been termed the

SAPT(CC) scheme [228–235].

Overall the ALMO EDA scheme is shown to provide the most chemically sensible

EDA results for our systems relevant to drug optimisation. This is mostly due

to its use of the ALMO description for the charge transfer restricted polarised

state. It is noted that the charge transfer BSSE correction may be problematic

as it is theoretically possible for ‘repulsive’ charge transfer energies to arise as

a result of its use. Also, this scheme combines the electrostatic and exchange

energy components to form the frozen density component which may reduce the

information provided in the analysis. The related BLW EDA [89] instead separates

these terms. However, the wavefunction used in expressing the separated terms is

constructed as a Hartree product and avoiding its use may be desired.



Chapter 5

The ONETEP energy

decomposition analysis

A primary motivation of the work in this thesis is the development and applica-

tion of an EDA approach for analysing interaction energies in large biomolecular

systems, such as protein-ligand systems, for drug design. EDA studies in liter-

ature have typically considered the interactions of smaller systems up to tens of

atoms in size, as discussed earlier in Section 3.1. This limit is far below ideal,

with biomolecular systems frequently exceeding thousands of atoms in size. For

this reason, the implementation of an EDA scheme within a linear-scaling DFT

code such as ONETEP that aims to achieve large basis set accuracy in routine

calculations is an important capability.

In this chapter we describe the implementation of the linear-scaling ONETEP

EDA, which is based on the localised molecular orbital (LMO) EDA [14] and ab-

solutely localised molecular orbital (ALMO) EDA [15] approaches. We decided

to implement the ALMO EDA due to the high performance this method showed

when applied to our test systems discussed in Chapter 4, and extended this us-

ing the LMO EDA to provide notable additional chemical insight at little extra

computational cost. This EDA seeks to partition the interaction energy in terms

133



134 Chapter 5 The ONETEP energy decomposition analysis

of six rigorously defined energy terms (electrostatic, exchange, correlation, Pauli

repulsion, polarisation, and charge transfer).

In this chapter, we provide examples of calculations using our approach on small

model systems which we have used to validate our implementation against the

(Gaussian basis set) LMO and ALMO EDA approaches. Here, the stability of

the EDA method with respect to basis set size, exchange-correlation functional,

and atomic coordinates is also quantified. Overall we found reasonable stability,

however basis set dependence was shown to be moderate for the charge transfer

and polarisation energy components. A solution to this problem is presented based

on the strictly localised property of the NGWFs. Additionally, we present a study

of two water trimer systems which we use to demonstrate the the high value of

the electron density difference (EDD) plots produced by the EDA.

5.1 ONETEP EDA theory

We have implemented within the ONETEP [39] package an EDA approach that

combines the ALMO EDA approach [15] and the frozen density component anal-

ysis based upon the localised molecular orbital (LMO) EDA theory of Su and

Li [14]. Specifically, our prescription includes the electrostatic, exchange, Pauli-

repulsion and modified correlation terms of the LMO EDA of Su and Li [14] which

are contained in the frozen density component of the ALMO EDA. The ALMO

EDA polarisation and charge transfer components remain as in their original form.

Within this section, we provide detailed descriptions of these approaches as they

appear within the ONETEP EDA. We also detail an extension to this approach

we have implemented that formally scales linearly with system size.

In order to comprehensively describe the theory of the ONETEP EDA (which

we have implemented to allow calculations using arbitrary numbers of fragments,

rather than the dimer interaction case as used in our expressions in Chapter 3),

we are required to introduce a number of new energy expressions and definitions.
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In the following discussion of the theory, we have adopted the Einstein convention

of implicit summation over repeated Greek indices only unless otherwise stated.

We use the word ‘fragment’ to describe any molecule which is part of a complex

held together by intermolecular interactions (i.e. no chemical bonds). All our

fragments in the following examples are closed-shell, but it is a straightforward

task to extend the implementation to open-shell systems.

5.1.1 The localised and absolutely localised energy decomposition anal-

yses

In order to fully develop the equations used in the EDA approaches, it is necessary

to formally express the supermolecule interaction energy for an arbitrary number

of fragments. To achieve this, we now1 use A to refer to any (arbitrary) fragment

that compose a supermolecule X. The CP corrected supermolecule interaction

energy is therefore given by (c.f. Eq. 3.1),

∆E =E [ΨX]−
Nfrag
∑

A∈X

[Ψ0,A
A ] + ∆EBSSE (5.1)

where Ψ represents a variationally optimised wavefunction with the subscripts

A and X used to represent the fragments A that compose the supermolecule X.

The superscript ‘0’ is used to denote states optimised in isolation from the field

of the remaining fragments of the supermolecule and the superscript ‘A’ is used

to indicate optimisation only in the fragment A basis set. Nfrag is the number of

fragments comprising the supermolecule X, and ∆EBSSE is included as a correction

for the total basis set superposition error (BSSE).

5.1.1.1 The absolutely localised energy decomposition analysis

As discussed earlier in Section 3.7.2, the ALMO EDA developed by Head-Gordon

et al. [15] decomposes the interaction energy ∆E into the frozen density ∆EFRZ,
1In the theory described in Chapter 3, we used the subscripts A and B to refer to two fragments that

compose the supermolecule AB
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polarisation ∆EPOL, and charge transfer ∆ECT interaction terms as,

∆E = ∆EFRZ + ∆EPOL + ∆ECT . (5.2)

We now define two key wavefunctions required to describe the EDA theory in

terms of systems containing arbitrary numbers of fragments. Ψ0,orth
X is the properly

antisymmetrised wavefunction of the interacting X complex constructed from the

nonorthogonal frozen occupied MOs of the fragments. ΨALMO
X is defined as the

wavefunction of the polarised state produced by relaxation of the nonorthogonal

frozen MOs while still ensuring localisation of the MOs within their corresponding

fragments. This localisation is imposed through the constraint that the MOs

are only expanded using basis functions on a particular fragment and therefore

prevents charge delocalisation between fragments. Each energy component may

be described in terms of energy functionals of these intermediate wavefunctions

as,

∆EFRZ =E[Ψ0,orth
X ]−

Nfrag
∑

A∈X

E[Ψ0,A
A ] (5.3)

∆EPOL =E[ΨALMO
X ]− E[Ψ0,orth

X ] (5.4)

∆ECT =E[ΨX]− E[ΨALMO
X ] + ∆EBSSE . (5.5)

The geometries of fragments A are defined as found in the (geometry optimised)

X complex (i.e. only the electronic density is optimised in this calculation).

The ALMO state, ΨALMO
X , that describes a system which is polarised but that

has the restriction of no charge transfer between the fragments, is optimised via a

procedure termed locally projected SCF for molecular interactions (SCF-MI) [189;

191]. The SCF-MI equations we use are those of Stoll et al. [236] and are described

in more detail later.2

2This approach to separating out polarisation and charge transfer effects is the same as that described
within the BLW [80; 89] EDA procedure. Specifically, the BLW state that is identical to the ALMO
state is optimised either by Jacobi transformation [195] or by the algorithm of Gianinetti and Raimondi
et al. [190; 193].
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5.1.1.2 The frozen density analysis

In this section we describe a prescription for a frozen density analysis produced via

the LMO EDA theory of Su and Li [14], in which ∆EFRZ is further decomposed

into individual electrostatic (∆EES), exchange (∆EEX), Pauli–repulsion (∆EREP)

and correlation (∆ECORR) terms as,

∆EFRZ = ∆EES + ∆EEX + ∆EREP + ∆ECORR . (5.6)

Combining the classical-like terms of the total Kohn Sham (KS) energy (by ex-

cluding the exchange and correlation contributions) as,

Ecl = 2

Nψ(occ)
∑

i,j

hijσ
ij +

Nψ(occ)
∑

i,j,k,l

〈ij|kl〉 × σijσkl + Enuc (5.7)

where Enuc is the nuclei–nuclei electrostatic energy, Nψ(occ) is the number of occu-

pied MOs, kinetic energy effects are included by presence of the full core Hamil-

tonian matrix hij, and where the contravariant metric tensor σij is the inverse of

the MO overlap matrix σij,

σij =

∫

ψ∗
i (r)ψj(r)dr = 〈ψi|ψj〉 (5.8)

σij ≡ (σ−1)ij (5.9)
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the components of the frozen density interaction may be expressed using interme-

diate wavefunctions as,

∆EES =Ecl[Ψ
0
X]−

Nfrag
∑

A∈X

Ecl[Ψ
0,A
A ] (5.10)

∆EEX =EX[Ψ0
X]−

Nfrag
∑

A∈X

EX[Ψ0,A
A ] (5.11)

∆EREP =Ecl[Ψ
0,orth
X ]− Ecl[Ψ

0
X]

+ EX[Ψ0,orth
X ]− EX[Ψ0

X] (5.12)

∆ECORR =EC[Ψ0,orth
X ]−

Nfrag
∑

A∈X

EC[Ψ0,A
A ]

≡∆EFRZ − (∆EES + ∆EEX + ∆EREP) (5.13)

where EX[n(r)] and EC[n(r)] are the DFT exchange and correlation energy func-

tionals of the electronic density n(r) associated with the wavefunction Ψ(r), and

where we note that the kinetic energy contribution to ∆EES is zero due to the

kinetic energy of the fragment states Ψ0,A
A cancelling with the kinetic energy of the

frozen supermolecule state Ψ0
X as σij is the identity matrix for Ecl[Ψ

0
X], while it is

as in Eqs. 5.8 and 5.9 for Ecl[Ψ
0,orth
X ].

The components of this frozen energy decomposition are formally similar to the

components described in the LMO EDA [14] but with inclusion of a new com-

ponent ∆ECORR that isolates the correlation energy change on orthogonalisation

contained within the LMO EDA ‘polarisation’ term. It is also noted that the

electrostatic term of this decomposition is formally similar to that within the

BLW [80; 89] scheme. Additionally, it is important to note that this is not the

only approach possible for decomposing (or, in fact, defining) the frozen density

interaction. A number of alternative approaches to the above theory have been

developed, such as the scheme of Horn et al. [237] that uses fully antisymmetric

electronic wavefunctions throughout to calculate contributions to the frozen den-

sity interaction, and the density-based energy decomposition analysis (DEDA) of
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Wu [238] that calculates the frozen density interaction in a variational manner.

5.1.2 Self-consistent field theory for molecular interactions

In this section, we introduce the self-consistent field for molecular interactions

(SCF-MI) approach that is used to obtain a polarised yet charge transfer-restricted

state in the EDA. We have adopted the SCF-MI equations of Stoll et al. [236] due

to computational considerations regarding memory and matrix multiplication ad-

vantages. In addition to the Stoll equations also exist the approaches of Gianinetti

et al. [190] and Nagata et al. [191] for solving the SCF-MI problem which are ex-

pected to produce equivalent solutions.

5.1.2.1 Overview of the Stoll SCF-MI equations

The SCF-MI approaches involve the construction of locally projected Hamiltonian

matrices that cast the whole–system electronic Schrödinger equation for X into a

set of problems for the weakly interacting fragments A. Through this partitioning,

the MOs on the fragments are expanded only in terms of basis functions local

to each fragment and hence remain (fragment) localised MOs. This fragment

localisation property, previously expressed for the dimer case in Eq. 3.31, may be

expressed by the constrained expansion of the MOs on an arbitrary number of

fragments as,

|ψAi〉 = |φAα〉MAα
Ai (5.14)

where MAα
Ai is an expansion coefficient for MO i on fragment A in terms of the

basis function (NGWF) α on fragment A, where the constraint of MO localisation

is enforced by having MAα
Bi = 0 for fragments A 6= B.

The Stoll et al. equations [236] aim to construct an eigenvalue problem for the

polarised MOs of each fragment. To achieve this we need a locally projected
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Hamiltonian operator HA
S constructed as,

ĤA
S ≡ (1̂− ρ̂+ ρ̂A†)Ĥ(1̂− ρ̂+ ρ̂A) (5.15)

where ρ̂ is the one–particle density operator and ρ̂A is the fragment density oper-

ator. The fragment density operator is given by,

ρ̂A =

Nψ(occ,A)
∑

i

|ψAi〉〈ψAi| . (5.16)

and the density operator by,

ρ̂ =

Nfrag
∑

A∈X

Nψ(occ,A)
∑

i

|ψAi〉〈ψAi| (5.17)

where the indexing of the MOs includes the fragment A in addition to the MO

index i, and where the contravariant MOs of fragment A are constructed as,

|ψAi〉 =

Nfrag
∑

B∈X

Nψ(occ,B)
∑

j

|ψBj〉σBj,Ai (5.18)

where B runs over all fragments of the supermolecule X. Using this modified

Hamiltonian, the generalised SCF equation becomes,

ĤA
S |ψAi〉 = |ψAi〉ǫAi (5.19)

where ǫAi is the energy of the MO |ψAi〉 on fragment A.

5.1.2.2 Derivation of the Stoll SCF-MI equations

Here we present a derivation of the Stoll et al. equations [236] outlined above.

Within this section, Einstein summation convention is used over all repeated in-

dices (including fragment indices) unless otherwise stated in order to facilitate
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derivation of the equations. We begin by expressing the gradient of the (elec-

tronic) energy with respect to the KS states, given by

δE

δψ∗
Ck

= 2

[

Ĥ
∣

∣ψBj
〉

σBj,Ck +
〈

ψAi
∣

∣Ĥ
∣

∣ψBj
〉

· δσ
Bj,Ai

δψ∗
Ck

]

. (5.20)

Our strategy is to now localise the SCF problem to the fragments to constrain the

optimisation as shown in Eq. 5.14. We start by noting the identity

σ−1 = σ−1σσ−1

∴ δσ−1 = (δσ−1)σσ−1 + σ−1(δσ)σ−1 + σ−1σ(δσ−1)

= 2(δσ−1) + σ−1(δσ)σ−1

∴ δσ−1 = −σ−1(δσ)σ−1 . (5.21)

Using this identity with Eq. 5.20 yields

δE

δψ∗
Ck

= 2

[

Ĥ
∣

∣ψBj
〉

σBj,Ck +
〈

ψAi
∣

∣Ĥ
∣

∣ψBj
〉

·
(

− σBj,Dl δσDl,Ef
δψ∗

Ck

σEf,Ai
)

]

= 2

[

Ĥ
∣

∣ψBj
〉

σBj,Ck −
〈

ψAi
∣

∣Ĥ
∣

∣ψBj
〉

·
(

σBj,Dl
〈

δψDl
∣

∣

δψ∗
Ck

∣

∣ψEf
〉

σEf,Ai
)

]

= 2
[

Ĥ
∣

∣ψBj
〉

σBj,Ck −
∣

∣ψEf
〉

σEf,Ai
〈

ψAi
∣

∣Ĥ
∣

∣ψBj
〉

σBj,Ck
]

= 2
[

Ĥ
∣

∣ψBj
〉

σBj,Ck −
∣

∣ψAi
〉〈

ψAi
∣

∣Ĥ
∣

∣ψBj
〉

σBj,Ck
]

. (5.22)

Expressing the (conventional) density operator as

ρ̂ = |ψAi〉〈ψAi| (5.23)

and substituting into Eq. 5.22,

δE

δψ∗
Ck

= 2
[

(1̂− ρ̂)Ĥ
∣

∣ψBj
〉

σBj,Ck
]

. (5.24)
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We now define a fragment-specific density operator as

ρ̂A =

Nψ(occ,A)
∑

i

|ψAi〉〈ψAi| (5.25)

where we iterate over only the KS states on fragment A, which has the properties

ρ̂A
∣

∣ψBj
〉

= δA,B
∣

∣ψBj
〉

(5.26)

and (assuming orthonormality of the KS states on each fragment)

ρ̂A
∣

∣ψAi
〉

=
∣

∣ψAi
〉

. (5.27)

Using these properties, it can be shown that

Ĥ
∣

∣ψBj
〉

= Ĥ
∣

∣ψBj
〉

− Ĥ
∣

∣ψBj
〉

+ Ĥ
∣

∣ψBj
〉

= Ĥ
∣

∣ψBj
〉

− Ĥρ̂
∣

∣ψBj
〉

+ Ĥρ̂B
∣

∣ψBj
〉

= Ĥ
(

1̂− ρ̂+ ρ̂B
)∣

∣ψBj
〉

. (5.28)

Adding and subtracting Eq. 5.25 in Eq. 5.24, we find

δE

δψ∗
Ck

= 2
[

(1̂− ρ̂)Ĥ
∣

∣ψBj
〉

σBj,Ck
]

= 2
[

(1̂− ρ̂+ ρ̂C† − ρ̂C†)Ĥ
∣

∣ψBj
〉

σBj,Ck
]

= 2
[

(1̂− ρ̂+ ρ̂C†)Ĥ
∣

∣ψBj
〉

σBj,Ck − ρ̂C†Ĥ
∣

∣ψBj
〉

σBj,Ck
]

= 2



(1̂− ρ̂+ ρ̂C†)Ĥ
∣

∣ψBj
〉

σBj,Ck −
Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|Ĥ
∣

∣ψBj
〉

σBj,Ck





= 2



(1̂− ρ̂+ ρ̂C†)Ĥ
∣

∣ψBj
〉

σBj,Ck −
Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|Ĥ
∣

∣ψCk
〉



 . (5.29)
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Equating Eq. 5.29 to zero to find the minimum energy of the KS states and using

Eq. 5.28, it is seen that

δE

δψ∗
Ck

= 2

[

(1̂− ρ̂+ ρ̂C†)Ĥ
∣

∣ψBj
〉

σBj,Ck −
Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|Ĥ
∣

∣ψCk
〉

]

= 0

∴ (1̂− ρ̂+ ρ̂C†)Ĥ
∣

∣ψCk
〉

=

Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|Ĥ
∣

∣ψCk
〉

∴ (1̂− ρ̂+ ρ̂C†)Ĥ(1̂− ρ̂+ ρ̂C)
∣

∣ψCk
〉

=

Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|(1̂− ρ̂+ ρ̂C†)Ĥ(1̂− ρ̂+ ρ̂C)
∣

∣ψCk
〉

.

(5.30)

Defining the Stoll locally projected Hamiltonian operator ĤC
S for fragment C as,

ĤC
S = (1̂− ρ̂+ ρ̂C†)Ĥ(1̂− ρ̂+ ρ̂C) (5.31)

and by substitution, we find

ĤC
S

∣

∣ψCk
〉

=

Nψ(occ,C)
∑

l

|ψCl〉〈ψCl|ĤC
S

∣

∣ψCk
〉

. (5.32)

Assuming
{∣

∣ψCk
〉}

are the eigenfunctions of the Hermitian operator ĤC
S then

〈

ψCl
∣

∣ĤC
S

∣

∣ψCk
〉

=
〈

ψCl
∣

∣ǫCk
∣

∣ψCk
〉

= ǫCk
〈

ψCl
∣

∣ψCk
〉

= ǫCkδCl,Ck . (5.33)

Therefore by substitution into Eq. 5.32,

ĤC
S

∣

∣ψCk
〉

=

Nψ(occ,C)
∑

l

|ψCl〉ǫCkδCl,Ck

∴ ĤC
S

∣

∣ψCk
〉

= ǫCk|ψCk〉 (5.34)

which are our fragment eigenvalue problems that are solved for each fragment

subsystem.
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5.1.3 Construction of the frozen density kernels

In the frozen density analysis, we seek expressions of the kernel and set of NGWFs

that represent the two intermediate wavefunctions Ψ0
X and Ψ0,orth

X . The NGWF set

of these wavefunctions, {φAα(r)}, is constructed by superposition of the NGWFs

of the isolated fragments A onto the supermolecule X. We now define the two

density kernels KAα,Bβ
0 and KAα,Bβ

orth that are used to represent Ψ0
X and Ψ0,orth

X in

this ‘frozen’ NGWF set.

The density kernel of the frozen state, KAα,Bβ
0 , is constructed by superposition of

the occupied states of the fragments onto the supermolecule. This is constructed

from the fragment density kernels (KA)αβ as,

KAα,Aβ
0 = (KA)αβ

KAα,Bβ
0 = 0|A6=B . (5.35)

The density kernel KAα,Bβ
orth is the properly antisymmetrised form of KAα,Bβ

0 . The

construction of this kernel requires the coefficients (MA)αi of the isolated fragments.

From Eq. 2.54 for the density kernel we can write a generalised eigenvalue problem

as,

KαβSβγM
γ
i = Mα

ifi . (5.36)

This eigenvalue equation may be expressed for the fragment problems as,

(KA)αβ(SA)βγ(MA)γi = (MA)αi(fA)i (5.37)

where the subscript A is used to denote a fragment quantity. The vectors of the

fragment matrices MA that are obtained for unoccupied MOs are discarded at this

point. This is achieved by ordering the MOs by decreasing orbital occupancy and

retaining only (MA)βi|i≤Nψ(occ,A)
where Nψ(occ,A) is the number of occupied MOs on

fragment A.
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The block-diagonal MO coefficient matrix MAα
Bi of the frozen supermolecule is

constructed from the fragment coefficient matrices (MA)αi as,

MAα
Ai = (MA)αi

MAα
Bi = 0|A6=B . (5.38)

Finally, the density kernel KAα,Bβ
orth of the properly antisymmetrised state is ex-

pressed using these MO coefficients as,

KAα,Bβ
orth =

Nfrag
∑

C,D∈X

Nψ(occ,C)
∑

i

Nψ(occ,D)
∑

j

MAα
Ci σ

Ci,Dj (M †) Bβ
Dj

=

Nψ(occ,A)
∑

i

Nψ(occ,B)
∑

j

MAα
Ai σ

Ai,Bj (M †) Bβ
Bj (5.39)

where we have exploited the block-diagonal structure of M described in Eq. 5.38

and where i and j run over the occupied MOs of the fragments and where the

inverse MO overlap matrix σAi,Bj is constructed from the quantity σAi,Bj,

σAi,Bj =

Nfrag
∑

C,D∈X

(M †) Cα
Ai SCα,DβM

Dβ
Bj (5.40)

where SCα,Dβ is the full NGWF set overlap matrix for the supermolecule. For

clarity, the structures of the quantities MAα
Bi and σAi,Bj involved in constructing

KAα,Bβ
orth are shown diagrammatically in Fig. 5.1.

The energies of the two intermediate wavefunctions Ψ0
X and Ψ0,orth

X are expressed

in terms of energy functionals of the quantities KAα,Bβ
0 , KAα,Bβ

orth and {φAα(r)} as,

E[Ψ0
X] ≡ E[{KAα,Bβ

0 }, {φAα(r)}] (5.41)

E[Ψ0,orth
X ] ≡ E[{KAα,Bβ

orth }, {φAα(r)}] . (5.42)
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Figure 5.1: A diagrammatic representation of the quantities involved in the
construction of the frozen density kernel K

Aα,Bβ
orth for a system comprising of two

fragments ‘frag1’ and ‘frag2’. Empty matrix sub-blocks represent zero blocks,
and sub-blocks containing dots represent non-zero blocks. The diagonal in-
trafragmental MO overlap sub-blocks of σAi,Bj are identity due to orthonormal-
ity of the KS states within fragments, and non-zero for the sub-blocks repre-
senting interfragment MO overlaps due to lack of orthonormality.

5.1.4 The polarisation component

5.1.5 Calculation of the polarised density kernel

A brief overview of the ALMO polarisation procedure as implemented within the

ONETEP package is now described. As discussed in Section 2.8, the problem

of obtaining the ground state of a system in ONETEP involves the optimisation

of the NGWFs and the optimisation of the density kernel for each current set of

NGWFs. In ONETEP, the Stoll eigenvalue problem is not solved directly by

diagonalisation, but the ground state is obtained by a conjugate gradient minimi-

sation of the energy.

The following section describes the Stoll SCF-MI equations [189; 236] in terms

of the quantities used in ONETEP. Expanding the Stoll SCF-MI equation in

the basis of NGWFs on the fragment A, φAα, we obtain the set of Nfrag matrix
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equations,

[HA
S ]AA[M ]AA = [S]AA[M ]AA[ǫ]AA (5.43)

where the subscript AA indicates a fragment matrix block where,

(HA
S )Aα,Aβ ≡〈φAα|ĤA

S |φAβ〉 (5.44)

which must be solved for each fragment block to find the ALMO ground state.

The fully expanded form of the projected Hamiltonian matrix for each fragment

block AA is given by,

[HA
S ] =[H]AA − [HMσ−1M †S]AA

−
(

[HMσ−1M †S]AA
)†

+ [SMσ−1M †HMσ−1M †S]AA

+ [HMσ−1]AA[M †S]AA

+
(

[HMσ−1]AA[M †S]AA
)†

− [SMσ−1M †HMσ−1]AA[M †S]AA

−
(

[SMσ−1M †HMσ−1]AA[M †S]AA
)†

+ [SM ]AA[σ−1M †HMσ−1]AA[M †S]†AA (5.45)

where the quantities within square brackets are full (supermolecule) matrices.

5.1.5.1 Inner loop optimisation: the density kernel

To describe the optimisation of the density kernel in the SCF-MI equations within

ONETEP, we begin by introducing the density kernel corresponding to the non-

antisymmetrised wavefunction at SCF-MI iteration m as KAα,Bβ
0(m) . At m = 0, this

kernel is simply set to the kernel KAα,Bβ
0 constructed in the previous frozen density

analysis by direct summation of the fragment density kernels. Having obtained

this kernel, SCF-MI loops are performed in order to optimise the total energy with
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respect to the density kernel. The electronic energy is evaluated at each iteration

using the antisymmetrised representation of this kernel, KAα,Bβ
orth . This electronic

energy is expressed in terms of the quantities used in ONETEP as,

Eorth = 2

Nfrag
∑

A,B∈X

Nψ(occ,A)
∑

i

Nψ(occ,B)
∑

j

σAi,Bj〈ψBj|Ĥ|ψAi〉 − EDC

= 2

Nfrag
∑

A,B∈X

KAα,Bβ
orth HBβ,Aα − EDC (5.46)

where EDC is the double-counting correction,

EDC = EH[n(r)]− EXC[n(r)] +

∫

δEXC[n(r)]

δn(r)
n(r) dr (5.47)

where EH and Exc are the Hartree and exchange and correlation energies, and

where,

n(r) = 2

Nfrag
∑

A,B∈X

φAα(r)K
Aα,Bβ
orth φBβ(r) . (5.48)

A single iteration of the SCF-MI kernel loop contains the following steps:

1. The fragment eigenvalue problems described in Eq. 5.37 are solved to obtain

the isolated fragment MO coefficients (MA)αi and subsequently MAα
Bi.

2. The MO overlap matrix σAi,Bj is constructed using Eq. 5.40 and inverted to

obtain σAi,Bj.

3. The kernel KAα,Bβ
orth is constructed from MAα

Bi using Eq. 5.39 and σAi,Bj.

4. The unprojected HamiltonianHαβ is calculated and the energy of the ALMOs

evaluated as,

Eorth = 2

Nfrag
∑

A,B∈X

KAα,Bβ
orth HBβ,Aα − EDC . (5.49)

If variations in the density kernel are less than a specified tolerance then exit.
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5. The locally projected Hamiltonian (HA
S )Aα,Aβ is constructed from HAα,Bβ,

SAα,Bβ, M
Aα
Bi and σAi,Bj using Eq. 5.45.

6. (HA
S )Aα,Aβ, K

Aα,Bβ
0(m) are used in a conjugate gradient minimisation of the Stoll

locally projected energy of the fragments ES,

ES = 2

Nfrag
∑

A∈X

KAα,Aβ
0(m) (HA

S )Aβ,Aα − EDC (5.50)

where EDC is evaluated using the associated fragment densities of KAα,Bβ
0(m)

(Eq. 5.48), to obtain the new density kernel KAα,Bβ
0(m+1). The minimisation ap-

proach used [78] is the method of Li, Nunes and Vanderbilt [73; 74], wherein

the density kernel KAα,Bβ
0 is defined in terms of an auxiliary density kernel

LAα,Bβ0 by the McWeeny purifying transform [75],

KAα,Bβ
0 = 3(L0S0L0)

Aα,Bβ − 2(L0S0L0S0L0)
Aα,Bβ (5.51)

where S0 is the fragment overlap matrix constructed from the fragment over-

lap matrices SA as,

(S0)Aα,Aβ = (SA)Aα,Aβ

(S0)Aα,Bβ = 0|A6=B . (5.52)

This purification transformation is iterated as required within the LNV sub-

routine to yield a fully idempotent KAα,Bβ
0 , equivalent to orthonormalisation

of the KS states within the fragments. The gradient of the total energy with

respect to the auxiliary density kernel LAα,Aβ0 is calculated as,

∂ES

∂LAα,Aβ0

=6(S0L0H
A
S +HA

S L0S0)Aβ,Aα

− 4(S0L0S0L0H
A
S + S0L0H

A
S L0S0 +HA

S L0S0L0S0)Aβ,Aα

∂ES

∂LAα,Bβ0

=0|A6=B . (5.53)
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and minimisation of ES is equivalent to minimisation of Eorth with the ALMO

constraint.

5.1.5.2 Outer loop optimisation: the NGWFs

Within this section we discuss the minimisation of the energy with respect to the

NGWFs {φAα} on the fragments A. We assume that the idempotent density kernel

KAα,Bβ
orth has been fully optimised during the inner loop cycle in this discussion.

In ONETEP, convergence of the NGWFs is achieved by minimising the energy

of the NGWFs using a conjugate gradients method. The gradient used in the

SCF-MI minimisation is the same as is used in the standard ONETEP orbital

optimisation. The expression of the gradient of the energy with respect to the

NGWFs is given by,

δEorth

δφ∗
Aα(r)

= 2





Nfrag
∑

B∈X

ĤφBβ(r)K
Bβ,Aα
orth +

Nfrag
∑

B∈X

φBβ(r)Q
Bβ,Aα



 (5.54)

where for a converged density kernel,

QAα,Bβ = −





Nfrag
∑

C,D∈X

KAα,Cγ
orth HCγ,DηS

Dη,Bβ



 (5.55)

and where Ĥ is the KS Hamiltonian, H is the full Hamiltonian matrix optimised

for the current set of NGWFs, and S is the full overlap matrix. This gradient can

be equivalently expressed as,

δEorth

δψ∗
Ai(r)

= 2fAi

[

ĤψAi(r)− ǫAiψAi(r)
]

(5.56)

using the relationship,

δEorth

δψ∗
Ai(r)

=

Nfrag
∑

B∈X

δEorth

δφ∗
Bβ(r)

MBβ,Ai (5.57)



Chapter 5 The ONETEP energy decomposition analysis 151

where fAi and ǫAi are the ALMO occupancies and eigenvalues respectively, and

therefore this nested energy minimisation corresponds to solving the KS equations

with the SCF-MI constraint.

Once the solution to the minimisation of both the NGWFs and density kernel is

found and the final polarised ALMO state energy obtained, the polarisation energy

is then calculated using Eq. 5.4.

5.1.6 The charge transfer component

Charge transfer is calculated using Eq. 5.5 but with omission of the ∆EBSSE con-

tribution, i.e.

∆ECT =E[ΨX]− E[ΨALMO
X ] (5.58)

where,

E[ΨX] ≡ E[{KAα,Bβ}, {φα(r)}] (5.59)

E[ΨALMO
X ] ≡ E[{KAα,Bβ

orth }, {(φALMO)Aα(r)}] (5.60)

where {KAα,Bβ} and {φα(r)} are respectively the fully optimised density kernel

and NGWFs of the supermolecule without ALMO constraint (i.e. the quantities

obtained from a standard singlepoint calculation), {(φALMO)Aα(r)} are the NG-

WFs determined by the minimisation of Eq. 5.54, and where {KAα,Bβ
orth } is the

optimised ALMO-constrained kernel (not equal to {KAα,Bβ
orth } of Eq. 5.39). The

exclusion of ∆EBSSE in the ONETEP implementation is justified as it is zero due

to the fact that the psinc basis set is independent of atomic positions.

5.1.7 Parallelisation and numerical eigensolvers

The implementation of the ONETEP EDA described above, referred to as our

‘diagonalisation-dependent’ implementation, contains two separate cubic-scaling
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(O(N3)) bottlenecks. The first arises from the requirement of diagonalisation of

the density kernel used to obtain the fragment MO eigenvectors. The second

arises from the fact that the construction of HA
S in Eq. 5.45 relies on use of the

fragment MO eigenvectors (and related quantities) which are represented using

dense matrices. It is therefore important to use high performance mathematical

libraries in computing these quantities, as the speed at which these computations

are processed will largely determine the overall speed of the EDA calculations3.

Our diagonalisation-dependent EDA implementation adopts use of the LAPACK

[239] and ScaLAPACK [240] mathematical libraries. These packages consist

of optimised routines for computing matrix and vector operations and problems.

These differ in their parallelisations: the LAPACK set of routines run in serial,

using one central processing unit (CPU) core to solve each problem, whereas the

the ScaLAPACK set of routines run in parallel, allowing division of the problem

over many cores.

To solve the eigenvalue problem described in Eq. 5.37, the DSYGVX eigensolver

routine in the LAPACK package is used for serial compilations, and its corre-

sponding parallel routine PDSYGVX in the ScaLAPACK package is used for

parallel compilations. Notably, the serial routines are necessarily bound by the

restrictions of the CPU hardware. This is because the LAPACK routines require

each entire matrix to be held in the memory of a single CPU core. The ScaLA-

PACK routines effectively avoid this problem as this package is implemented for

distributed memory systems, sharing the matrix data over multiple cores. In

principle therefore, allocating sufficient number of cores to solve the problem will

relieve the memory limitations.

3The diagonalisation-free EDA implementation described in Chapter 5.1.8 avoids these bottlenecks
entirely.
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5.1.8 Linear scaling reformulation of the EDA

As discussed above, the original implementation of the EDA in ONETEP requires

diagonalisation of the density kernel to obtain the fragment MO eigenvectors used

for constructing HA
S . The computational cost of this procedure scales as O(N3).

Additionally, the fragment eigenvector matrices produced (as well as their derived

quantities) are themselves dense, and therefore the matrix-matrix multiplications

required to construct HA
S in Eq. 5.45 also scale as O(N3). By eliminating the diag-

onalisation bottleneck and using sparse matrix algebra, we present a reformulation

of the original implementation that now scales with system size as O(N).

5.1.8.1 Reformulation of the Stoll SCF-MI

We begin by seeking to re-express the Stoll locally projected Hamiltonian in terms

of sparse matrices only. In our diagonalisation-dependent implementation, the

dense quantities used are the eigenvectors MAα
Bi, and the MO overlap matrix

σAi,Bj. Here, we present a re-expression of the Stoll locally projected Hamiltonian

in which these quantities are substituted using modified representations of the

density kernel.

From the definition of the fragment kernel KAα,Bβ
orth of Eq. 5.39, we define a non-

Hermitian, modified (fragment) density kernel KBβ,Cγ
orth,col(A) as

KBβ,Cγ
orth,col(A) =

Nψ(occ,B)
∑

i

Nψ(occ,A)
∑

j

MBβ
Bi σ

Bi,Aj (M †) Cγ
Aj (5.61)

that is present within Eq. 5.45 as the following underlined combination

[· · ·Mσ−1]AA[M † · · · ]AA . (5.62)
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By observing that

KBβ,Aα
orth,col(A) =

Nψ(occ,B)
∑

i

Nψ(occ,A)
∑

j

MBβ
Bi σ

Bi,Aj (M †) Aα
Aj

≡ KBβ,Aα
orth

KAα,Bβ
orth,col(A) =0|A6=B

KBβ,Cγ
orth,col(A) =0|A6=B 6=C (5.63)

due to the block-diagonality of MAα
Bi (Eq. 5.38), we note that KBβ,Cγ

orth,col(A) is con-

structed simply from the fragment A columns of KAα,Bβ
orth . This is shown visually

for an example system in Fig. 5.2.

Figure 5.2: The modified kernel of a system comprising three fragments
{X,Y,Z}, where the index A of K

Bβ,Cγ
orth,col(A) is set to fragment X. The shaded

blocks are set to zero, with the non-shaded blocks equal to the relevant blocks
of the (full supermolecule, orthogonalised MO) kernel K

Bβ,Aα
orth .
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Substituting Eq. 5.39 and Eq. 5.61 into Eq. 5.45, we obtain an expression for the

Stoll locally projected Hamiltonian,

[HA
S ] =[H]AA − [HKorthS]AA

− ([HKorthS]AA)†

+ [SKorthHKorthS]AA

+ [HKorth,col(A)S]AA

+
(

[HKorth,col(A)S]AA
)†

− [SKorthHKorth,col(A)S]AA

−
(

[SKorthHKorth,col(A)S]AA
)†

+ [SK†
orth,col(A)HKorth,col(A)S]†AA (5.64)

that avoids explicit calculation of the coefficients MAα
Bi and where all the quanti-

ties involved can be represented using sparse matrices.

5.1.8.2 The adaptive McWeeny purification transformation

Having re-expressed the Stoll locally projected Hamiltonian in terms of eigenvector-

free sparse matrices, our strategy now lies in solving the problem of orthogonalising

the MO states of KAα,Bβ
orth in a linear-scaling fashion.

In our original EDA implementation, orthogonality of the MO states was imposed

by diagonalising the fragment density kernels (KA)αβ as in Eq. 5.37 to obtain

the fragment MO eigenvectors, which were in turn used with the quantity σAi,Bj

to construct the (orthogonal) density kernel KAα,Bβ
orth using Eq. 5.39. In our new

approach, we instead adaptively purify the (non-orthogonal) frozen density kernel

KAα,Bβ
0 to produce KAα,Bβ

orth . Our implementation is a prescription of the McWeeny

purification functional [75] that purifies at such a rate that orbital occupancy

instabilities are avoided.
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For a given nearly idempotent ‘auxiliary’ density kernel L, the McWeeny transfor-

mation may be applied iteratively to impose idempotency as,

K = 3LSL− 2LSLSL . (5.65)

The McWeeny purification transformation remains stable so long as the MO oc-

cupation numbers are in the interval
[

1−
√

5
2

]

,
[

1+
√

5
2

]

[241]. However, there exists

the risk of orbital occupancies ‘flipping’ unless the occupancies are in the interval
[

1−
√

3
2

]

,
[

1+
√

3
2

]

. An illustration of this purification and the bounds of occupancy

flipping is given in Fig. 5.3.
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Figure 5.3: The standard McWeeny purification transformation mapping of the
unpurified to purified eigenvalues of the density kernel (orbital occupancies).

The lower and upper orbital occupancy bounds (
[

1−
√

3
2

]

,
[

1+
√

3
2

]

) that ensure

stability of the transformation with respect to flipping is shown by the blue
vertical lines.

The construction of KAα,Bβ
orth entails orthogonalisation of the fragment MOs in the

presence of newly introduced fragment-fragment blocks of the overlap matrix. In
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cases, purifying using the McWeeny purification transformation (rather than via

diagonalisation) will fail as the unpurified occupancies of the initial MOs will lie

outside of the stable occupancy interval. Our strategy is to modify the standard

McWeeny transformation to be adaptive and therefore ensure stability for any

range of initial orbital occupancies.

The McWeeny purification transformation of Eq. 5.65 can be equivalently ex-

pressed in the form of a steepest descent search problem as,

K = L− λ(4LSLSL− 6LSL+ 2L) . (5.66)

where in the standard purification transformation λ = 0.5. In the adaptive pu-

rification approach, we purify using an optimised λ value that prevents orbital

occupancy instabilities. The minimum and maximum occupancies fmin and fmax

are calculated in O(N) operations by extremising (using an iterative conjugate

gradients method) the generalised Rayleigh quotient [78],

R(K,S−1,M) =
M †KM

M †S−1M
. (5.67)

where S−1 is the inverse of the full supermolecule overlap matrix, and where

extremising this Rayleigh quotient results in obtaining the extremal occupancy

eigenvalues of the eigenvalue problem,

KM = fS−1M . (5.68)

If these occupancies lie outside of the interval
[

1−
√

3
2

]

,
[

1+
√

3
2

]

that preserves the

initial occupancy numbers, then λ is explicitly calculated as,

λ = min [λf (fmin), λf (fmax)]− δ (5.69)
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where λf (f) is a function of λ that gives the step length that bounds occupancy

flipping,

λf (f) =
1

4(f − 1)f
(5.70)

and where δ is introduced to force the step to be lower than this bound of occu-

pancy flipping (in practice, δ is set to 0.001).

If the occupancies lie in the occupancy-preserving interval, then λ is set to 0.5,

which results in the steepest descent search simplifying to the standard McWeeny

transformation of Eq. 5.65. The calculation of λ is displayed in Fig. 5.4.
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Figure 5.4: The steepest descent step length λ for various extremal orbital
occupancies f . The step length is set to 0.5 (red) when in the occupancy

interval that guarantees preservation of occupancy number (
[

1−
√

3
2

]

,
[

1+
√

3
2

]

).

When outside of this interval, the step length is determined analytically (blue)
using Eq. 5.69. The overall value of λ is given by the solid black line.

Having obtained the value of λ, the kernel is iteratively purified using Eq. 5.66 until

convergence. Convergence is defined using the root mean squared error (RMSE)
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of idempotency as,

RMSE(KSK −K) ≤ 1.0E − 8 . (5.71)

By combining our EDA method with the reformulated Stoll locally projected

Hamiltonian, the adaptive purification transformation and the ONETEP sparse

matrix algebra engine, we present a linear-scaling, diagonalisation-free implemen-

tation of our EDA approach.

5.1.8.3 The lambda function

Here, we derive the function λf (f) that provides the stepsize λ that bounds orbital

occupancy instability for a given orbital occupancy f . We begin by expressing the

steepest descent formulation of the McWeeny purification transformation as,

f1 = f0 − λ(4f 3
0 − 6f 2

0 + 2f0) (5.72)

where f0 represents the unpurified occupancy number and f1 represents the puri-

fied occupancy number.

We first note that the bound of occupancy flipping of f0 occurs when the purified

occupancy mapped onto by Eq. 5.72 is f1 = 0.5. To find the maximum possible

step size (λ > 0) that bounds occupancy flipping, we seek to find the value of λ

that purifies f0 to f1 = 0.5,

0.5 = f0 − λ(4f 3
0 − 6f 2

0 + 2f0) (5.73)

∴ λ(4f 3
0 − 6f 2

0 + 2f0) = f0 − 0.5 (5.74)

∴ λ =
f0 − 0.5

4f 3
0 − 6f 2

0 + 2f0

=
f0 − 0.5

4f0(f0 − 0.5)(f0 − 1)

=
1

4(f0 − 1)f0

. (5.75)
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This expression of λ therefore provides the bound to stability of purified occupancy

number for a given unpurified occupancy f0, i.e.

λf (f) =
1

4(f − 1)f
(5.76)

where f is an unpurified occupancy number.

5.2 Electron density difference plots

Electron density difference (EDD) plots display the change in electron density that

result from EDA processes, and are useful as a means to identify key regions of

systems that are involved in binding. Specifically, these plots are associated with

the polarisation and charge transfer energy components of the EDA. The EDD

plot quantities are given by,

nEDD(POL)(r) = nPOL(r)− nFRZ(r)

nEDD(CT)(r) = n0(r)− nPOL(r) (5.77)

where nFRZ(r), nPOL(r), and n0(r) are the frozen (idempotent), polarised, and

fully relaxed electron densities respectively, which are calculated during the EDA

calculation.

5.3 Results and discussion

5.3.1 Validation

We have applied our EDA to a number of small test systems which model inter-

actions relevant within the field of drug design in order to validate the accuracy

of the ONETEP EDA against its ALMO and LMO EDA counterparts in the
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Q-Chem [54] and GAMESS-US [56] ab initio packages respectively. These sys-

tems have been selected as they provide examples of important interactions such

as hydrogen bonding, π–π, and dispersion [207; 208].

5.3.1.1 Calculations

Geometry optimisation was performed at the PBE-D2/aug-cc-pVTZ level of the-

ory [44; 242] on all structures using the Q-Chem ab initio package [54]. The –D2

correction for dispersion of Grimme [242] was used in order to properly model

the dispersion interactions especially observed in the case of the π–π interact-

ing systems. The optimised geometries of the systems studied are shown within

Tables 5.1 and 5.2.
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Table 5.1: Test set 1 of PBE-D2/aug-cc-pVTZ geometry optimised

systems for EDA (intermolecular distances are given in Å)

System Figure

Water – Water

Methanol – Methanol

Water – Ammonia

Water – Ammonium
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Table 5.2: Test set 2 of PBE-D2/aug-cc-pVTZ geometry optimised

systems for EDA (intermolecular distances are given in Å)

System Figure

Benzene – Benzene
(Parallel Displaced)

Benzene – Pyridine

Benzene –
Dimethylacetamide

Benzene – Ammonium
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EDA was performed on the geometry optimised structures at the PBE-D2/aug-cc-

pVTZ level of theory4 in the case of the LMO and ALMO EDAs, and at the PBE-

D2 level with a 1200 eV psinc basis set cutoff energy and 8 Bohr NGWF radii in

the case of the ONETEP EDA.5 Additionally, the Martyna-Tuckerman approach

was used [243; 244] in the ONETEP calculations to prevent interactions with

periodic system images. Evidence of convergence of the calculations with respect

to psinc basis set kinetic energy cutoff (and the EDA energy values referred to in

this section) are provided in Tables B.1 and B.2 of the Appendix.

5.3.1.2 Analysis

Test set 1: hydrogen–bonding interactions In this test set, we assess the bond-

ing components of important hydrogen bonded systems such as the water dimer,

methanol – methanol, water – ammonia and water – ammonium (geometries are

shown in Table 5.1). Studies were published that investigate the covalency of

hydrogen-bonding in water [212–219], and this covalency may be further analysed

by considering the strength of the charge transfer component through EDA.

The ALMO EDA frozen density component ∆EFRZ, further partitioned into its

constituent electrostatic, exchange and Pauli-repulsion parts, is shown in Fig. 5.5.

These constituent components follow the same definitions as in the LMO EDA and

are in good agreement throughout the set. Additionally included in the ONETEP

EDA is the correlation component that is required to form ∆EFRZ as shown in

Eq. 5.6.

We observe that the net effect of these frozen density components is almost neg-

ligible for all systems excluding the ammonium interacting case as shown by the

small magnitudes of the ∆EFRZ component values (0.1 kcal/mol > ∆EFRZ >

4Grimme -D3 correction results are also included for comparison in Tables B.1 and B.2 of the Ap-
pendix. The -D3 contributions were calculated using the DFT-D3 program as only the -D2 correction
is currently implemented in ONETEP.

5 For all calculations excluding the benzene – ammonium system the polarisation stage NGWFs were
initialised to the converged fragment NGWFs. For the benzene – ammonium system, re-initialisation
to guess NGWFs at the polarisation stage was required in order to prevent under-convergence of the
polarisation energy component.
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Figure 5.5: Frozen density analysis energy components for test sets 1 and 2.
EDA component values are given in kcal/mol and were calculated with the
PBE-D2 functional. ONETEP EDA calculations (yellow) were performed with
a psinc basis set with a kinetic energy cutoff of 1200 eV. Q-Chem ALMO
EDA calculations (blue) and GAMESS-US LMO EDA calculations (green)
were performed with an aug-cc-pVTZ Gaussian basis set. The ALMO frozen
density component is the sum of the electrostatic, exchange, Pauli-repulsion and
correlation energy components as shown in Eq. 5.6
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Figure 5.6: EDA energy components for test sets 1 and 2. EDA component
values are given in kcal/mol and were calculated with the PBE-D2 functional.
ONETEP EDA calculations (yellow) were performed with a psinc basis set with
a kinetic energy cutoff of 1200 eV. Q-Chem ALMO EDA calculations (blue)
were performed with an aug-cc-pVTZ Gaussian basis set. Values of Grimme’s
-D2 correction for dispersion are also provided (grey).
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−0.9 kcal/mol). Intuitively, a more favourable ∆EFRZ component is expected for

the water – ammonium system due to the strong electrostatic interaction of the

charged ammonium molecule with the dipole of the water molecule. Our expecta-

tions are confirmed by assessment of the electrostatic energy: for this system we

observe electrostatic contributions of −25.3 kcal/mol and −25.5 kcal/mol through

the ONETEP and LMO EDAs respectively, whereas in the case of the uncharged

systems we observe ∆EES ≤ −13.5 kcal/mol. The increased effect of electrostatics

in the water – ammonium system is also moderated significantly by a 9.9 kcal/-

mol (ONETEP) and 9.1 kcal/mol (LMO) increase in the Pauli-repulsion term

compared to the water – ammonia system.

Exchange in the ONETEP EDA is observed to increase through the test set from

−3.9 kcal/mol for the water dimer to −6.6 kcal/mol for the ammonium interacting

system, in good agreement with the LMO EDA results. The correlation term is

also observed to increase in magnitude through the test set from −2.3 kcal/mol

for the water dimer to −3.4 kcal/mol for the ammonium interacting system. This

observation is rationalised through the increasing electron counts of the systems

through the set and decreasing intermolecular separations.

Polarisation and charge transfer energies obtained through the ALMO and ONETEP

EDAs are shown in Fig. 5.6. The LMO EDA does not attempt to distinguish po-

larisation from charge transfer effects and instead simply describes both as an

inter- and intramolecular polarisation term. Again, the ALMO and ONETEP

schemes show generally good agreement of the polarisation term, with the strength

of polarisation increasing through the set to the ammonium interacting system

(−10.2 kcal/mol (ONETEP) and−10.8 kcal/mol (ALMO)). Polarisation is shown

to be similar in magnitude to the charge transfer contribution in the ONETEP

EDA of the water dimer system, with a polarisation energy of −2.2 kcal/mol and

a charge transfer energy of −2.0 kcal/mol. In the case of the ALMO EDA, charge

transfer is observed to be much more significant (−2.6 kcal/mol) than polarisa-

tion effects (−1.8 kcal/mol). Despite these differences which are expected due to
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the different basis sets used in the ONETEP and ALMO EDAs, the values ob-

served and inferences drawn for these components are generally in good agreement

between the schemes.

Test set 2: π-bonding systems In this test set, we assess the energy compo-

nents of a number of molecules interacting with the π-electron cloud of a benzene

molecule. Specifically, we have investigated the interactions of benzene, pyridine,

dimethylacetamide (DMA) and ammonium with benzene (geometries shown in

Table 5.2).

We note overall good agreement between the ONETEP and LMO EDAs through

the electrostatic, exchange and Pauli-repulsion energy components as displayed in

Fig. 5.5. We also observe good agreement for the ALMO EDA frozen density com-

ponent that is partially constructed from these terms. Through the set, the contri-

butions of electrostatics (−1.2 kcal/mol to −12.1 kcal/mol (ONETEP)), Pauli-

repulsion (9.0 kcal/mol to 19.8 kcal/mol (ONETEP)), polarisation (−0.2 kcal/-

mol to −12.3 kcal/mol (ONETEP)) and charge transfer (−0.4 kcal/mol to −4.6

kcal/mol (ONETEP)) generally increase as expected with decreasing intermolec-

ular separation and the presence of charged or larger molecules.

The largest correlation effects are observed for the benzene – DMA system (−5.9

kcal/mol). This compares to correlation energies of −3.5 kcal/mol for the ben-

zene – benzene and benzene – pyridine systems, and −3.9 kcal/mol for the ben-

zene – ammonium interacting system. This difference likely arises due to the small

intermolecular separation (2.65Å) of the DMA molecule compared to the other sys-

tems within the set (2.90Å to 3.83Å), and the larger number of interacting atoms.

A similar trend is observed in the contribution of exchange and this can also be

rationalised through similar considerations.

ALMO and ONETEP polarisation and charge transfer contributions for test set

2 are shown in Fig. 5.6 and also display good agreement. The ability of DMA

to delocalise charge through its structure appears to enhance polarisation to a
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degree, as shown by a polarisation energy of−0.8 kcal/mol for the ONETEP EDA

and −1.2 kcal/mol for the ALMO EDA. Interestingly, polarisation is observed to

increase markedly to −12.3 kcal/mol (ONETEP) and −12.6 kcal/mol (ALMO)

in the case of the ammonium interacting system. This is likely the result of the

placement of a positively charged molecule directly within the polarisable π-cloud

of the partner benzene molecule.

Charge transfer is most significant in the DMA (−1.3 kcal/mol (ONETEP and

ALMO)) and ammonium (−4.6 kcal/mol (ONETEP) and−4.8 kcal/mol (ALMO))

interacting systems. This is expected due to the ability of the DMA molecule to

delocalise and stabilise incumbent charge, and due to the high favourability of

the positively charged ammonium molecule to accept electron density. Charge

transfer is especially strong in the ammonium interacting system, reflecting the

consequence of placement of a charged molecule directly within the π-cloud of the

partner benzene molecule as was also observed in the case of polarisation.

5.3.2 Basis set dependence

A notable weakness of using the SCF-MI approach to separate polarisation and

charge transfer effects is its significant basis set dependency. As the basis set size

increases, the polarised state increasingly becomes described using basis functions

that extend into the space of the partner fragment and therefore this component

increasingly includes charge transfer contributions. This ill-definition of the energy

components is similar to the sensitivity [245; 246] of Mulliken charges [177] to basis

set size. Rigorous separation of the polarisation and charge transfer terms is of

key importance for obtaining an accurate chemical description, and the presence of

this ill-definition presents an issue. In this section, we aim to quantify the extent

to which this effect affects the accuracy of the EDA results.
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5.3.2.1 Calculations

Structures of water – water, methanol – methanol, and benzene – ammonium

systems were geometry optimised at the PBE-D2/aug-cc-pVTZ level6 using the

Q-Chem [54] DFT package. The optimised geometries of these systems are shown

within Tables 5.1 and 5.2.

ONETEP and ALMO EDA calculations were performed using ONETEP and

Q-Chem [54] using the PBE-D2 functional using basis sets of increasing complete-

ness. For the ONETEP EDA, calculations were performed using 6, 7, 8 and 9

Bohr NGWF radii with a 1200 eV kinetic energy cutoff. The Martyna-Tuckerman

approach was used [243; 244] in the ONETEP calculations to prevent interactions

with periodic system images. In the case of the ALMO EDA, the basis sets used

were the aug-cc-pVDZ, aug-cc-pVTZ, aug-cc-pVQZ and aug-cc-pV5Z basis sets.

5.3.2.2 Analysis

Plots demonstrating the basis set dependence of the frozen density, polarisation,

and charge transfer components are provided in Fig. 5.7.

The effect of polarisation and charge transfer ambiguity may be countered and

chemically accurate contributions obtained by adopting a consistent basis set

choice of carefully considered spatial extension. In previous work the use of the

aug-cc-pVTZ basis set for ALMO EDA calculations has been shown to offer a fair

balance between accuracy and stability of terms [219; 247]. Fig. 5.7 shows that

adopting between 7.5 Bohr to 8.5 Bohr NGWF radii is approximately equal to

using the aug-cc-pVTZ basis set in the Gaussian code ALMO EDA. We suggest

the use of 8.0 Bohr NGWF radii NGWFs in order to fairly balance the accuracy

of ∆E with accuracy in partitioning polarisation and charge transfer effects.

Ascribing polarisation and charge transfer contributions using approaches based

on the ALMO methodology is not without challenge. Methods that seek to avoid

6These structure are identical to those of Section 5.3.1.
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(a) water dimer

(b) methanol - methanol

(c) benzene - ammonium

Figure 5.7: The ONETEP (6 Bohr to 9 Bohr NGWF radii) and ALMO (aug-cc-
pVDZ to aug-cc-pV5Z) EDA of PBE-D2/aug-cc-pVTZ geometry optimised (a)
water dimer, (b) methanol - methanol, and (c) benzene - ammonium systems.
The PBE/1200 eV level ∆E (green) is partitioned into the frozen density (blue),
polarisation (red), and charge transfer (yellow) energy components as described
in Eq. 5.2. The -D2 correction for dispersion of Grimme is independent of basis
set size and so was not included for clarity.
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this ambiguity include the constrained DFT (CDFT) approach of Wu that ex-

ploit population analysis calculations to partition polarisation and charge transfer

by real space definitions [16], and also the recent fragment electric-field response

functions (FERF) approach of Horn and Head-Gordon [248] that adopts the use

of fragment polarisation subspaces for variationally defining the polarisation con-

tribution. These approaches have shown success in isolating energy contributions

with minimal basis set dependence, presenting the opportunity for the development

of new EDA schemes with ever more chemically relatable energy components.

5.3.3 Exchange-correlation functional dependence

The choice of exchange-correlation functional is important within DFT calcula-

tions as this will often determine the accuracy of the results obtained. Func-

tionals often have specific strengths and weaknesses, and so their choice should

be thoughtfully considered. For example, Handy et al. [249] showed the BLYP

functional to generally overestimate bond lengths, and LDA to significantly over-

estimate binding energies. Additionally, the LDA and GGA families of functionals

are known to generally underestimate the band gaps of semiconductors [250] and

so would be unfavourable for use in such applications. Due to the importance of

functional choice in DFT calculations, we seek to measure the dependence of the

EDA method with respect to exchange-correlation functional in this section.

5.3.3.1 Calculations

Structures of water – ammonium and benzene – dimethylacetamide (DMA) sys-

tems were geometry optimised at the PBE-D2/aug-cc-pVTZ level7 using the Q-

Chem [54] DFT package. The optimised geometries of these systems are shown

within Tables 5.1 and 5.2.
7These structure are identical to those of Section 5.3.1.
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We have compared the results of these systems using the PBE [44] and BLYP [48;

49] GGA exchange-correlation functionals and LDA (with VWN correlation [41])

functional using ONETEP with a 1200eV basis set kinetic energy cutoff. As

Grimme’s correction for dispersion depends upon the choice of exchange-correlation

functional by a simple applied scaling factor, we have omitted this correction from

our discussion. The Martyna-Tuckerman approach was used [243; 244] to prevent

interactions with periodic system images.

5.3.3.2 Analysis

Table 5.3: The water - ammonium ONETEP EDA energy components using a
1200eV basis set kinetic energy cutoff.

Energy term Exchange-correlation functional
(kcal/mol) PBE BLYP LDA (VWN)

FRZ8 -4.5 -3.4 -8.3

ES -25.3 -25.7 -25.7

EX -6.6 -4.9 -12.9

REP 30.8 31.4 32.4

CORR -3.4 -4.2 -2.1

POL -10.2 -10.2 -10.4

CT -8.4 -8.0 -8.6

∆E -23.1 -21.5 -27.4

Table 5.4: The benzene - dimethylacetamide (DMA) ONETEP EDA energy
components using a 1200eV basis set kinetic energy cutoff.

Energy term Exchange-correlation functional
(kcal/mol) PBE BLYP LDA (VWN)

FRZ8 3.2 6.8 -3.0

ES -5.2 -5.4 -5.5

EX -4.5 -0.6 -15.6

REP 18.9 19.2 21.2

CORR -5.9 -6.5 -3.1

POL -0.8 -0.9 -0.8

CT -1.3 -1.3 -1.8

∆E 1.2 4.7 -5.6

The results of this functional comparison are displayed in Tables 5.3 and 5.4. As

we may expect, the LDA results display generally poor agreement of ∆E values

8ONETEP EDA components contained within the ∆EFRZ energy component are right-adjusted for
clarity in the data tables provided in this thesis.
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with the GGA functionals. Analysing the EDA components, we observe that

this is primarily due to differences in the exchange components, for example this

component is 11.1 kcal/mol lower for the LDA functional than the PBE functional

in the case of the benzene – DMA system. This disagreement is partially cancelled

by the Pauli repulsions and correlation components, giving a ∆EFRZ component

energy 6.2 kcal/mol lower for the LDA functional with this system. Polarisation

and charge transfer effects are captured with surprising accuracy by the LDA

functional for the two systems studied, with polarisation within 0.2 kcal/mol of

the GGA functionals’ values and charge transfer within 0.6 kcal/mol.

There is good agreement between the GGA results, indicating that energy compo-

nents within this class of functionals could be expected to be comparable. As with

the LDA functional, differences using the PBE and BLYP functionals are apparent

within the ∆EFRZ components, with the ∆EFRZ term 1.1 kcal/mol lower for PBE

than BLYP in the case of the water – ammonium system and 3.6 kcal/mol lower

in the case of the benzene – DMA system. Polarisation and charge transfer are in

good agreement (0.4 kcal/mol) between the GGA functionals.

5.3.4 Atomic coordinate dependence

When preparing biomolecular systems for calculation, the initial structures (such

as those downloaded from the Protein Data Bank [251]) typically have an error

attributed to the quality of the atomic coordinates. This quality is determined by

the crystallographic resolution, which relates to the scattering of X-rays during the

diffraction process. For example a high-resolution structure could be considered

any structure with a resolution of 1Å or below. Additional error is also introduced

during protonation of the structures as we must model the placement of these

hydrogen atoms within the structure.

In this section, we seek to quantify the sensitivity of the EDA method with respect

to changes in atomic coordinates. Here, we perform EDA calculations on a number

of model protein-ligand structures that differ only in their atomic coordinates.
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Ideally, the EDA approach should exhibit minimal sensitivity to these changes

as excessive sensitivity would indicate lesser accuracy. Nonetheless, a degree of

variability should be expected, as the systems that we are studying are necessarily

different. The variability in the value of ∆E for the systems is considered a fair

benchmark for the variability in the EDA components.

5.3.4.1 Calculations

In order to assess the dependence of the EDA on atomic coordinates, we prepared

a set of three systems prepared from the structure of thrombin interacting with

the T87 inhibitor (pdb:1G30 [252]), each produced using different atomic tether

forces during their geometry optimisation.

The following protocol was used to prepare the 1G30 protein structures for EDA.

The missing 7-loop 9 of the initial thrombin-inhibitor crystal structure was built us-

ing MOE homology modelling suite. The structure was then capped using COCH3

and NHCH3 groups, and protonated using the Protonate3d software [253]. Three

structures were then produced by energy minimisation using the MMFF94x force-

field with the generalised Born implicit solvent (GBIS) model using tethering force

constants of (3/2)kT/σ2 (σ = 0.25, 0.50, and 1.00 Å) for all atoms during the min-

imisation. A larger σ value produces a weaker force constant. These structures

were then truncated to remove residues beyond 5Å of the ligand, and further

truncated to ensure consensus of the protein residues across all of the systems.

Finally, the cleaved backbone of the structures were capped using hydrogens. The

superposition of the structures are shown in Fig. 5.8. ONETEP EDA was per-

formed on the resulting systems using a 800 eV psinc basis set cutoff energy and

8 Bohr NGWF radii at the PBE-D2 level of theory. Dispersion corrections were

also calculated using the -D3 correction of Grimme et al. [209] for comparison.

9The 7-loop refers to the missing residues Trp147A, Thr147B, Ala147C, Asn147D, Val147E, Gly147F,
and Lys147G.
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Figure 5.8: Superposition of the optimised 1G30 systems used to quantify
atomic coordinate sensitivity.

5.3.4.2 Analysis

The results of the three EDA calculations are shown in Table 5.5, with EDA com-

ponent errors and root-mean-square deviation (RMSD) values of the atomic coor-

dinates calculated with respect to the σ = 0.25Å system. This σ = 0.25Å system is

the system which most closely resembles the original 1G30 pdb crystal structure.

The mean absolute errors (MAEs) of the core10 EDA components are 2.1 kcal/mol

and 2.9 kcal/mol for the σ = 0.50Å and σ = 1.00Å systems respectively.

10This refers to the electrostatic, exchange, Pauli repulsion, correlation, polarisation, charge transfer
and -D2 correction components.



Chapter 5 The ONETEP energy decomposition analysis 177

Table 5.5: The PBE-D2/800eV ONETEP EDA energy components and errors for the
1G30 optimised systems used to quantify atomic coordinate sensitivity.

Optimisation tether deviation, σ (Å) 0.25 0.50 1.00

RMSDa(Å) 0.00 0.04 0.11

ONETEP EDA (kcal/mol) Value Errora Value Errora Value Errora

FRZ -20.5 0.0 -18.7 1.9 -17.7 2.9
ES -135.6 0.0 -138.7 -3.1 -139.0 -3.4
EX -52.7 0.0 -53.6 -0.9 -53.3 -0.6

REP 229.9 0.0 235.3 5.4 233.8 3.9
CORR -62.2 0.0 -61.6 0.6 -59.2 3.0

POL -30.9 0.0 -32.5 -1.6 -33.6 -2.7
CT -32.6 0.0 -34.5 -1.9 -35.4 -2.7
∆E(PBE/800eV) -84.0 0.0 -85.6 -1.6 -86.6 -2.6
-D2 Correction -75.1 0.0 -74.0 1.1 -71.1 4.0
-D3 Correctionb -78.0 0.0 -77.6 0.4 -75.9 2.1
∆E(PBE-D2/800eV) -159.2 0.0 -159.7 -0.5 -157.8 1.4
a RMSD and EDA component error calculated with respect to σ = 0.25Å geometry.
b Grimme -D3 correction results are included for comparison.

We begin our analysis by noting that the geometric displacements occur most

significantly in the freely mobile water molecules of the system which are located

in relatively close proximity to the ligand as shown in Fig. 5.8. For this reason,

the geometric RMSD values should be considered in relative terms only, as these

values do not reflect the fact that much of the system remains rigid during the

different optimisations.

With weaker tethering force constant (i.e. the σ = 1.00Å system), the forcefield

model has greater dominance over the final optimised system conformation. The

EDA component profile changes smoothly with weakening of the force constant,

with polarisation and charge transfer both increasing in strength, and the frozen

density component and dispersion falling. Overall, the dispersion contributions

are observed to cancel the error in ∆E to a large degree. For example, in the

σ = 1.00Å system the absolute ∆E error is 2.6 kcal/mol without the -D2 cor-

rection, but on including the -D2 correction the error falls to 1.4 kcal/mol. This

cancellation is even more pronounced using the -D3 correction.
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The empirical dispersion corrections show errors similar in magnitude to the DFT-

derived EDA component errors. For example in the σ = 1.00Å system, the average

of the -D2 and -D3 corrections errors is 3.1 kcal/mol, comparable to the frozen

density component (2.9 kcal/mol), polarisation (-2.7 kcal/mol) and charge transfer

(-2.7 kcal/mol) errors. This is interesting to note as this indicates that the DFT-

derived energy components are comparable in sensitivity to those derived from

pair-potential models.

Overall, the results show mild sensitivity of the EDA components to changes in

atomic coordinates, comparable to the sensitivity of ∆E itself. This can be seen

through the MAE values for the EDA components and the absolute errors in ∆E.

For the σ = 0.50Å and σ = 1.00Å systems, the MAE values of the core EDA

components (2.1 kcal/mol and 2.9 kcal/mol) are slightly greater than the absolute

errors in ∆E without -D2 correction (1.6 kcal/mol and 2.6 kcal/mol), and notably

greater than the absolute errors in ∆E with -D2 correction (0.5 kcal/mol and

1.4 kcal/mol). As discussed above, however, the dispersion correction leads to a

cancellation of error and may be considered to artificially lower the error in ∆E.

Accounting for this effect, these results therefore indicate reasonable stability of

the EDA method.

5.3.5 Electron density difference water trimer test example

In this section, we demonstrate the value of electron density difference (EDD)

plots which are provided alongside the EDA results. EDD plots show the redis-

tributions of charge that occur during polarisation and charge transfer, and are

able to provide indication of important regions of chemical significance within

systems. For our test, we used the water trimer. This relatively simple system

is useful for demonstrating the redistributions of charge that occur through the

processes involved in bonding, and also serves to show application of the EDA to

a three-fragment system. Although simple in structure, this additionally provides

a physical example investigating hydrogen bonding networks within solvent.
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5.3.5.1 Calculations

Two water trimer geometries were prepared for our calculations. The first system

was prepared directly from the (C3 symmetry) 3-UUU water isomer of Temelso

et al. [254] which we refer to as the UUU geometry. This system was optimised

using the resolution-of-the-identity MP2 (RI-MP2) method [255; 256] with the

aug-cc-pVDZ basis set. The second system was prepared by manually rotating a

single water molecule around its centre to break the hydrogen bonding network,

which we refer to as the UUUrot geometry. These systems are displayed in Fig. 5.9.

ONETEP EDA and EDD calculations were performed using a 800 eV psinc basis

set cutoff energy and 8 Bohr NGWF radii using the PBE exchange-correlation

functional.

5.3.5.2 Analysis

Table 5.6: The water trimer ONETEP EDA energy components using a 800eV
basis set kinetic energy cutoff.

Energy term Conformation
(kcal/mol) UUU UUUrot

FRZ -2.3 4.1

ES -23.9 -14.0

EX -9.9 -8.7

REP 37.9 32.6

CORR -6.4 -5.7

POL -7.1 -4.4

CT -6.3 -4.2

∆E -15.7 -4.5

EDD plots of the UUU and UUUrot systems are displayed in Fig. 5.10 (polarisation)

and Fig. 5.11 (charge transfer). The results of the EDA are displayed in Table 5.6.

The polarisation EDD plots show clearly symmetrical polarisation of electron den-

sity for the UUU system, and the restricted polarisation of the UUUrot system.

Generally, we observe that electron density is redistributed from the oxygen atom

of each water molecule to the hydrogen involved in hydrogen bonding with the

neighbouring water molecule during polarisation. Polarisation in the UUUrot
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(a) UUU

(b) UUUrot

Figure 5.9: The (a) UUU and (b) UUUrot water trimer test systems. Hydrogen
bonding extends throughout the system in the case of the UUU system, but is
broken between the lower water molecules in the case of the UUUrot system.

system is limited by the unfavourable angle of the (lower right) rotated water

molecule: polarisation of this rotated water is restricted to electron flows through

the oxygen rather than the full molecule. This is not the case in the UUU system,

in which electron density is able to migrate from the hydrogen atom in the direc-

tion of the O−H···O hydrogen bond. This observation is supported by the EDA
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values, as we observe a much lower polarisation energy of -4.4 kcal/mol for the

UUUrot conformation compared with -7.1 kcal/mol for the UUU conformation.

Similarly, the charge transfer EDD plots display symmetrical charge transfer delo-

calisations for the UUU system, and limited delocalisations for the UUUrot system.

Three hydrogen bonds are clearly formed in the UUU system as shown by the pres-

ence of green isosurfaces in the region between the hydrogen and oxygen molecules

of the neighbouring water molecules. In the UUUrot system a hydrogen bond is not

present between the lower two water molecules. This observation reflects the fact

that the rotation of the lower right water molecule has broken the hydrogen bond.

Bond formation between these molecules is unfavourable, as such a bond would

effectively involve electron density redistributing between two δ− oxygen atoms.

Support of this observation is provided by the EDA values, in which we note a

much lower charge transfer energy of -4.2 kcal/mol for the UUUrot conformation,

which corresponds to 2/3 of the charge transfer energy (-6.3 kcal/mol) of the UUU

conformation.

These EDD plots are useful for understanding the electron redistributions occur-

ring through polarisation and charge transfer effects. Importantly, however, we

also see notable differences in the frozen density analysis EDA values for which no

EDD is computed. Here, we observe a 9.9 kcal/mol decrease in electrostatic stabil-

isation within the UUUrot conformation which results in an overall repulsive frozen

density component for this system (4.1 kcal/mol) compared to the UUU confor-

mation. This is expected, as forming the UUUrot conformation from its separated

molecules involves an unfavourable dipole-dipole interaction between the lower two

waters of this system. Additionally, we observe a decrease in Pauli repulsions for

the UUUrot conformation due to rotation of the hydrogen atom away from the in-

termolecular bonding region of the lower two water molecules. Despite the lack of

an EDD plot analogue for the frozen density analysis, the EDD plots nonetheless

show significant value for analysing the mechanisms driving bond formation.
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(a) UUU

(b) UUUrot

Figure 5.10: Polarisation EDD plots of the (a) UUU and (b) UUUrot water
trimer test systems calculated using the PBE exchange-correlation functional
with an 800 eV psinc basis set cutoff energy and 8 Bohr NGWF radii. The
isosurface contour levels are displayed at 0.01 electrons per cubic Angstrom
with green surfaces representing electron gain and magenta surfaces representing
electron loss
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(a) UUU

(b) UUUrot

Figure 5.11: Polarisation EDD plots of the (a) UUU and (b) UUUrot water
trimer test systems calculated using the PBE exchange-correlation functional
with an 800 eV psinc basis set cutoff energy and 8 Bohr NGWF radii. The
isosurface contour levels are displayed at 0.01 electrons per cubic Angstrom
with green surfaces representing electron gain and magenta surfaces representing
electron loss





Chapter 6

Applications of the ONETEP

energy decomposition analysis

In this chapter, we present a series of protein-ligand studies with the aim of demon-

strating the high value of the information provided by the EDA method we have

developed. In particular, we are interested in the success of the EDA in aid-

ing understanding of the origins of the interaction energy both energetically and

spatially.

Thrombin is a serine protease which plays a central role in the blood coagulation

cascade [257]. The blood coagulation cascade refers to the series of reactions that

result in the formation of insoluble fibrin by the action of thrombin on fibrino-

gen [258]

Fibrinogen
Thrombin−−−−−→ Fibrin . (6.1)

The inhibition of thrombin is therefore a key target in the treatment and prevention

of thrombosis by delaying coagulation. We have applied the ONETEP EDA to

the thrombin protein, which contains an active site consisting of three well-shaped

pockets: S1, S2, and S3/4 [258].

In this chapter, we begin by demonstrating the EDA on the thrombin protein

interacting with the C24 ligand, measuring the effect of protein truncation on the

185
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EDA. We present EDD plots which show the key electron density redistributions

involved in the polarisation and charge transfer effects to investigate the important

regions of binding.

Following this, we identify the enthalphic contributions of specific protein-ligand

regions to binding by partitioning a selection of thrombin ligands into fragments

and calculating their EDA components. In this work, we also quantify an ad-

ditivity error that measures the error due to ligand fragmentation. This is an

important measure that provides an indication of the effect of our fragmentation

approximation on the EDA results.

Lastly, we present a study of the interactions of small binders with the thrombin

S1 pocket. The small binders studied are all less than 30 atoms in size and share

many structural features. By selecting highly comparable binders for EDA, we

are able to gain clear insight into the relative importance of specific features on

the interaction energies we observe. We also combine this knowledge with our

understanding of the key electron redistributions by EDD plot analysis.

6.1 Thrombin - C24

6.1.1 Calculations

We have analysed the bonding components of thrombin-inhibitor complex models

using the ONETEP EDA, with varying degrees of protein truncation applied in

order to enable measurement of EDA component convergence with protein model

size. A brief description of these systems’ preparation follows.

Four model systems at various truncation radii were prepared from the structure of

the ligand C24 (shown in Fig. 6.1) bound to thrombin (pdb:1KTS) [251; 259]. The

initial thrombin-inhibitor crystal structure was capped using COCH3 and NHCH3

groups 1 and protonated using the Protonate3d software [253]. The protein side

1Caps were placed at the Glu1C, Tyr14J, Thr147, Gly150 and Leu264 residues.
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Figure 6.1: The C24 ligand (pdb:1KTS).

chains, caps and hydrogens were then optimised using the MMFF94x forcefield

with the generalised Born implicit solvent (GBIS) model. The hirudin and its

waters were subsequently removed from the system. This structure (referred to as

the untruncated system) was then truncated to remove residues beyond various

distances (3Å, 9Å, 15Å) from the ligand. Caps (COCH3 and NHCH3 groups) were

then added to the resulting protein fragments. The structures were then reproto-

nated and any bond clashes introduced by capping removed by further geometry

optimisation (MMFF94x, GBIS) of the caps and the hydrogens. ONETEP EDA

was performed on the resulting thrombin-C24 systems using a 800 eV psinc basis

set cutoff energy and 8 Bohr NGWF radii at the PBE-D2 level of theory. A sum-

mary of the protein models and EDA fragment definitions is given in Table 6.1

and visualisation of the protein binding pocket in Fig. 6.2.

Table 6.1: A summary of the fragments of the thrombin-C24 complexes used in
the ONETEP EDA, where ‘∞’ refers to the full, untruncated protein (charges
given in parenthesis).

Protein Fragment atom count
Truncation Protein and solvent Ligand Supermolecule

3Å 374 (-1) 67 (+1) 441 (0)
9Å 1328 (-1) 67 (+1) 1395 (0)
15Å 2621 (+1) 67 (+1) 2688 (+2)
∞ 4908 (+2) 67 (+1) 4975 (+3)
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Figure 6.2: The binding pocket of the untruncated (4975 atom) protein system.
The C24 ligand has been highlighted in orange.

6.1.2 Analysis

Values of the ONETEP EDA components and their convergence with respect to

the untruncated protein system are shown in Fig. 6.3 and Fig. 6.4 (energy values

are provided in Table C.1 of the Appendix). The EDA components show a sig-

nificant electrostatic contribution (−150.3 kcal/mol) to ∆E, reflecting the strong

influence of the charged Asp189 residue interacting with the positively charged

amidine of the ligand. The total contribution of exchange (−53.7 kcal/mol) and

correlation (−63.6 kcal/mol) is shown to provide almost as much stability to bind-

ing as electrostatics. Stabilisation from electrostatics, exchange and correlation is

however largely countered by steric Pauli-repulsion effects (228.7 kcal/mol). Polar-

isation (−33.1 kcal/mol) is of similar magnitude to charge transfer (−31.2 kcal/-

mol), reflecting the balanced contribution of these effects to binding. A significant

contribution to binding is provided by Grimme’s -D2 correction for dispersion
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components as shown in Eq. 5.6
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(−79.9 kcal/mol) which arises due to the many long-range contributions over the

large number of atoms in the protein.

Convergence of the exchange, Pauli-repulsion and correlation components is reached

between 3Å and 9Å truncation, with full convergence of electrostatics observed be-

tween 15Å truncation and the full protein. The large truncation radius required

for convergence of electrostatics is likely due to differences in the charge distri-

butions within the truncated proteins and the long-range nature of electrostatics,

and is interesting to observe as in molecular mechanics descriptions electrostatics

are often truncated at around 9-10Å [260; 261]. Polarisation and dispersion are

shown to converge smoothly with reduced protein truncation, with charge trans-

fer displaying a similar convergence profile to the frozen density component and

electrostatics. Again, the similar convergence profile of charge transfer may be an

indication of differences in the protein charge distributions at the different trun-

cation levels. Overall, our results indicate heavy protein truncation to have the

potential to adversely affect the outcome of the EDA values. Minimal truncation

of protein models is therefore shown to be necessary to ensure convergence of the

EDA components.

Qualitative descriptions of intra- and inter-fragment delocalisations are provided

by electron density difference (EDD) plots [89] (Fig. 6.5 and 6.6). EDD plots are

constructed as electron density differences between intermediate states of the EDA

procedure. The polarisation EDD is calculated by subtracting the electron density

corresponding to the frozen density state from the polarised state electron density.

Similarly, the charge transfer EDD is calculated by subtracting the electron density

corresponding to the polarised state from that of the fully (electronically) relaxed

state. Earlier work has demonstrated the high value of these plots in drug design,

for example by application to HIV-1 protease inhibitors by Hensen et al. [262] and

to δ-opioid models by Mo et al. [263] using the BLW EDA.

The EDD plots of the 3Å truncated and untruncated systems both display the
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(a) Polarisation (3Å system)

(b) Polarisation (untruncated system)

Figure 6.5: EDD plots of polarisation for the (a) 3Å system and (b) untruncated
system. The isosurface contour levels are displayed at 0.0175 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The C24 ligand has been highlighted in orange.
The EDD plots show the contributions of functional groups to polarisation and
charge transfer.
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(a) Charge transfer (3Å system)

(b) Charge transfer (untruncated system)

Figure 6.6: EDD plots of charge transfer for the (a) 3Å system, and (b) untrun-
cated system. The isosurface contour levels are displayed at 0.0175 electrons per
cubic Angstrom with green surfaces representing electron gain and magenta sur-
faces representing electron loss. The C24 ligand has been highlighted in orange.
The EDD plots show the contributions of functional groups to polarisation and
charge transfer.



194 Chapter 6 Applications of the ONETEP energy decomposition analysis

key polarisation and charge transfer interactions. Overall, polarisation is demon-

strated as an important effect with charge transfer interactions involved in the

formation of the many hydrogen bonds observed. Electron density is observed

to gather in the carboxylate of Asp189 through polarisation effects, with bond

formation to the amidine group of the C24 ligand being observed in the charge

transfer EDD plot. The Gly219 and Cys220 residues of the protein are also shown

to interact with the amidine group of the ligand. For these two residues minor

differences are observed between the 3Å truncated and untruncated systems in

the nature of the charge redistributions through polarisation effects. In addition

to interactions of the protein with the ligand, notable interactions involving water

molecules are also observed, specifically with the ligand’s amidine and 1-methyl-

benzimidazole functional groups. These interactions highlight the importance of

solvent participation in ligand-protein binding. Overall, the 3Å and infinite cutoff

EDD plots (for both polarisation and charge transfer) appear qualitatively very

similar. Thus the 3Å description is sufficient for qualitative and visual interpreta-

tions. For accurate energy components however, the 15Å description is needed as

we saw in the previous section.

EDD plots are shown to be an important tool for visualising the key interactions

that are responsible for the polarisation and charge transfer energies and allow

us to associate these energies with particular functional groups. For example it

can be seen that during the polarisation stage charge is redistributed in Asp189.

Then during charge transfer, charge delocalises to the amidine group of the ligand,

clearly showing the formation of bonding in this ion pair. Thus the value of such

plots can be very high for assisting in the fine-tuning of drug-protein interactions.
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6.2 Thrombin - small fragmented binders

In this section, we investigate the important enthalpic contributions to protein

binding provided by key regions of ligands of pharmaceutical interest using small

fragment binder molecules and the ONETEP EDA method. Our fragment based

study is arranged in two subsections, with all structures prepared using similar

protocols.

In the first subsection, we partition a selection of thrombin ligands into small frag-

ments and analyse the chemical information provided by their energy components.

Our motivation for this study is to measure the reproducibility of the ligand bind-

ing components when fragmented into specific subregions, and to understand the

usefulness of the information provided by these fragments’ energy components.

Here, we quantify the error associated with the fragmentation process. This is

achieved by calculating an ‘additivity error’ that is the energetic difference be-

tween the total fragment contributions (to a particular EDA component) and the

full, unfragmented ligand contribution.

In the second subsection, we seek to investigate the usefulness of EDA for identi-

fying important functional group interactions in drug binding. Here, we apply our

EDA approach to a series of small fragments that bind to the S1 pocket of throm-

bin that contains a number of key interactions. By considering simple fragment

binders that have the potential to be used as building blocks of larger ligands, we

aim to be able to more easily rationalise and understand the interaction driving

forces involved in the larger ligands themselves.

6.2.1 Calculations

The ability to observe differences in structural features of ligands is of key impor-

tance within this work. For this reason, thrombin-inhibitor binders were taken

from the literature of Rühmann [258] and Baum [264] based on their high suit-

ability for structural comparison (i.e. the ligands are structurally different, but
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not so dissimilar as to prevent comparison). The pdb codes of the structures se-

lected for fragmentation were 4UDW [258], 2ZGX [264], and 5AFZ [258], and the

pdb codes of the structures selected for the S1 pocket analysis were 4UD9 [258],

5AFY [258], 5AHG [258], 5AF9 [258], 4UEH [258], and 4UE7 [258] (downloaded

from the Protein Data Bank [251]).

The following protocol was used to prepare the protein structures for EDA. The

missing 7-loop2 of each of the initial thrombin-inhibitor crystal structures was

built using MOE homology modelling suite. Each structure was then capped using

COCH3 and NHCH3 groups, and protonated using the Protonate3d software [253].

The structures were energy minimised using the MMFF94x forcefield with the

generalised Born implicit solvent (GBIS) model using a tethering force constant

of (3/2)kT/σ2 (σ = 0.5Å) for all atoms during the minimisation. The hirudin and

all waters (excluding the water molecules3 involved in the S1 pocket salt bridge

interaction) were subsequently removed from the systems. These structures were

then truncated to remove residues beyond 15Å of the ligand, and further truncated

to ensure consensus of the protein residues across all of the systems. Further

capping of the cleaved backbone of the structures was performed using COCH3

and NHCH3 groups. In this work, the systems produced from this protocol are

referred to as the reference structures, and their ligands are referred to as the

reference ligands.

In the ligand fragmentation study (4UDW, 2ZGX, and 5AFZ complexes), the ref-

erence ligands were further partitioned into fragments that interact with particular

regions of the thrombin active site. Specifically, we have selected fragments with

index F1 to interact with the S1 pocket, F2 with the S2 pocket, and F3 to interact

with the S3/4 pocket. Details of the ligand fragmentation positions are shown in

Fig. 6.7. To partition the ligands into fragments, the selected bonds were cleaved

and the missing bonding atom(s) replaced with hydrogen atom(s). ONETEP

2The 7-loop refers to the missing residues Trp147A, Thr147B, Ala147C, Asn147D, Val147E, Gly147F,
and Lys147G.

3 Water molecules involved in the Asp189 salt bridge interaction were retained in the 2ZGX, 5AFZ,
4UE7, and 4UEH systems.
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EDA was performed on the resulting thrombin-fragment and thrombin-reference

ligand systems using a 800 eV psinc basis set cutoff energy and 8 Bohr NGWF

radii at the PBE-D2 level of theory. Additionally, desolvation energies ∆Edesolv

were calculated for the ligands at the same level of theory using the ONETEP

solvation model [265]. This is a fully self-consistent model based on direct solu-

tion of the non-homogeneous Poisson equation. The ligand desolvation energies

were added to ∆E to attempt to capture the cost of the ligand leaving the water

environment to bind to the receptor pocket.

To quantify the error introduced through fragmentation of the ligands, an ‘addi-

tivity’ error is defined for each of the reference ligands’ energy components. This

quantity is expressed as

∆Eerr,Y (X) = ∆EY (X)−
Nfrag
∑

A∈X

∆EY (A) (6.2)

where ∆EY (X) is the value of the EDA energy component Y for the reference

ligand X protein interaction, and ∆EY (A) is the value of the EDA energy compo-

nent Y for the fragment A protein interaction (where fragment A is a constituent

of the reference ligand X).

6.2.2 Analysis: ligand fragmentations

In this section, we analyse the binding of the 4UDW, 2ZGX, and 5AFZ reference

ligands and their fragments with thrombin. The structures of these ligands are

shown in Fig. 6.7. Plots of the EDA components are displayed in Fig. 6.8 and

Fig. 6.9, and EDD plots are shown in Figs. 6.11–6.13. Energy component values

are also provided in Table D.1 of the Appendix.
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Figure 6.7: The ligand fragmentation scheme for the 4UDW, 2ZGX, and 5AFZ
ligands. The bond partitions of the ligands are shown by the dashed blue lines,
with each fragment produced capped with a hydrogen atom. The F1, F2, and
F3 ligands refer to the fragment indexes 1, 2, and 3.

6.2.2.1 Frozen density component

We begin our discussion by noting the important role of electrostatics, and in

particular those arising from the fragment charges, as a factor in determining the

overall ∆E. Electrostatics were observed to play a key role in the interaction of
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C24 with thrombin discussed earlier (Section 6.1). In this system, the positively

charged amidine moiety interacts strongly with the negatively charged Asp189

residue of the protein, giving rise to a significant electrostatic interaction energy.

The stability provided through this interaction is expected to have provided a

significant proportion of the electrostatic contribution (−150.3 kcal/mol). In the

F1 fragments of the 2ZGX and 5AFZ systems considered here, a similar amidine-

Asp189 interaction is observed. Importantly, here we are able to determine the

individual contributions of ligand functional groups to binding, and can quantify

the contribution of the amidine-Asp189 interaction. Here we observe total electro-

static components of −208.3 kcal/mol (2ZGX) and −169.7 kcal/mol (5AFZ) for

the full reference ligand, with the F1 fragments each contributing −129.2 kcal/-

mol and −135.7 kcal/mol respectively to these values (Fig. 6.8). From this, we

are able to conclude that this salt bridge interaction contributes well over half of

electrostatics in these systems.

It is important, however, to consider the accuracy of the fragmentation process

that underlies this conclusion. Notably, we observe a 6.5 kcal/mol difference in

electrostatics for the F1 fragments of the 2ZGX and 5AFZ systems despite these

fragments sharing identical chemical structures. Errors in the electrostatic com-

ponent due to fragmentation (calculated using Eq. 6.2) are < 1 kcal/mol and are

therefore unlikely to be significant factors in this difference. Therefore this dif-

ference, representing a ±2.5% error from the mean, arises from variances in the

structural geometries. Specifically, the negatively charged Glu192 residue is much

closer to the benzene ring in the 5AFZ when compared to the 2ZGX system. As

well as minor difference in the EDA components of the F1 fragments of the 2ZGX

and 5AFZ systems attributable to geometric differences, we also observe differences

in the energy components for the F2 fragments of the 2ZGX and 4UDW struc-

tures. This is also initially surprising as these fragments are structurally identical

(the superposition of these fragments is shown in Fig. 6.10). On closer inspection,

however, we see that this difference also likely arises due to similar differences in

the Gly192 geometry. These observations demonstrate that care must be taken
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Figure 6.8: Frozen density analysis of the fragmented 4UDW, 2ZGX, and 5AFZ complexes calculated at the PBE-D2/800 eV level of
theory (component values are given in kcal/mol). F1, F2, and F3 refer to the fragments that compose the full reference ligand. For
each energy component, the fragmentation error equals the sum of the fragment contributions subtracted from the contribution of the
full reference ligand (Eq. 6.2).
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Figure 6.9: EDA components of the fragmented 4UDW, 2ZGX, and 5AFZ complexes calculated at the PBE-D2/800 eV level of theory
(component values are given in kcal/mol). D2 refers to the dispersion energy correction of Grimme. F1, F2, and F3 refer to the
fragments that compose the full reference ligand. For each energy component, the fragmentation error equals the sum of the fragment
contributions subtracted from the contribution of the full reference ligand (Eq. 6.2). The total ∆E in combination with the cost of
ligand desolvation ∆Edesolv is also shown.
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drawing conclusions from EDA results using a single structure. It is expected that

improvements in the accuracy of EDA results would be made by computing av-

erages of EDA component values using snapshots taken from molecular dynamics

simulations.

Figure 6.10: Superposition of the 4UDW and 2ZGX F2 fragments.

We also note the importance of electrostatics in the F3 fragments of 4UDW and

2ZGX. These fragments are also charged, and we expect that important stabilising

contributions arise through interaction of the charged amine group with the Gly216

oxygen. Evidence of the importance of this δ+NH···OC interaction in stabilising

polarisation and charge transfer is also shown in Figs. 6.11 and 6.12. The stabil-

ity provided to these fragments by electrostatics is −71.2 kcal/mol (4UDW) and

−59.3 kcal (2ZGX). The additional 11.9 kcal/mol stability gain in 4UDW is due to

the presence of benzene in this fragment (see Fig. 6.7). This additional benzene,

relatively isolated from charged residues, enhances electrostatics and dispersion

significantly more than the polarisation or charge transfer interactions. This is

reflective of the fact that the electrostatic and dispersion interactions occur over

much longer ranges than charge transfer and polarisation effects.

Overall, the fragment charge is observed to play a significant role in determining

the frozen density component. For 4UDW and 5AFZ, each containing one charged

fragment, the frozen density component is stabilised significantly by its charged

fragment (−44.3 kcal/mol by F1 of 4UDW, and −62.4 kcal/mol by F1 of 5AFZ).
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For 2ZGX, containing two charged fragments, the frozen density component is sta-

bilised by similar amounts through each of its charged fragments (−54.8 kcal/mol

by F1 and −42.6 kcal/mol by F3). The 2ZGX and 5AFZ F1 fragments gain sig-

nificant electrostatic stabilisation through salt bridge formation with the Asp189

residue, but at the cost of high Pauli repulsions. The 4UDW F1 fragment is un-

able to form this interaction, and instead the interaction with the protein occurs

primarily through long range dispersion effects as shown by the EDA components.

For this reason, electrostatics in the 2ZGX and 5AFZ fragments are approximately

114.7 kcal/mol more stabilising than in the 4UDW fragment. In fact, this elec-

trostatic stabilisation provided by the 2ZGX and 5AFZ fragments is greater than

the total electrostatic stabilisation provided by the whole of the 4UDW ligand.

A high Pauli repulsions penalty is paid (approximately 75.9 kcal/mol) to enable

this high electrostatic stabilisation (and additionally the short range polarisation

and charge transfer stabilisations). This observation highlights the importance of

sterics when suggesting modifications for drug design.

The fragment exchange and correlation contributions to ∆E are largely determined

by the fragment sizes and proximity to the protein. For example, exchange and

correlation are shown to respectively contribute −7.9 kcal/mol and −6.5 kcal/mol

stability to ∆E in the F3 fragment of the 2ZGX system. As we would expect, in the

larger and more closely interacting F3 fragment of 4UDW exchange and correlation

are also greater (−12.7 kcal/mol and −11.9 kcal/mol respectively). For the full ref-

erence ligand, the contributions of exchange and correlation (up to −50.7 kcal/mol

and −54.6 kcal/mol respectively) are comparable to the contributions of polarisa-

tion (up to −55.0 kcal/mol) and charge transfer (up to −50.0 kcal/mol). These

effects therefore contribute important driving forces to binding. However, the

range of these values is relatively small for exchange (10.8 kcal/mol) and correla-

tion (8.0 kcal/mol) when compared with the ranges for polarisation (34.9 kcal/-

mol), and charge transfer (20.7 kcal/mol). Additionally, the fragmentation error

associated with exchange is consistently positive (3.1 kcal/mol to 3.5 kcal/mol),

indicating that the fragment contributions slightly overestimate the stabilisation
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provided through exchange. This error is also moderately large when consider-

ing that this represents a 6.5-8.8% exchange contribution unattributable to any

particular fragment. Overall, differences in the exchange and correlation contri-

butions are therefore less distinct and the origins of these components less easily

attributable than the other energy components. Nonetheless, it is possible to

identify certain useful key observations. For example, we observe a slightly larger

correlation energy for the F1 fragment of 4UDW (−18.0 kcal/mol) than might be

expected when compared to the other systems. This is due to the presence of chlo-

rine atoms in this fragment, which through their more diffuse and larger electron

clouds enhance the overall fragment contribution to correlation. This argument

may also be used to rationalise the enhanced dispersion contribution seen for this

fragment.

6.2.2.2 Polarisation, charge transfer and dispersion

Here we consider the polarisation and charge transfer EDA components for the

fragmented systems through their values and EDD plots shown in Figs. 6.11 to

6.13.

We begin by noting the significant contributions by the F1 fragments of 2ZGX and

5AFZ to ∆E through polarisation and charge transfer. These fragments contribute

a total polarisation and charge transfer (∆EPOL + ∆ECT) of −61.8 kcal/mol and

−61.9 kcal/mol respectively. This strong interaction is due to the salt bridge

interaction with Asp189, with contributions also observed from Gly219 and Cys220

and the water molecule in this pocket. In these plots, charge is seen to gather at

the Asp189 oxygens by attraction of the positively charged amidine group of the

ligand. Simultaneously, charge density is repelled away from the amidine group

hydrogen atoms in the direction of the benzene ring. Two hydrogen bonds are

subsequently formed by proton donation from the amidine group to the Asp189

residue, as shown in the charge transfer EDD plot (Fig. 6.13). The interactions
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(a) Polarisation

(b) Charge transfer

Figure 6.11: EDD plots of (a) polarisation and (b) charge transfer for the 4UDW
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 4UDW system has been highlighted
in orange.
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(a) Polarisation

(b) Charge transfer

Figure 6.12: EDD plots of (a) polarisation and (b) charge transfer for the 2ZGX
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 2ZGX system has been highlighted
in orange.
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(a) Polarisation

(b) Charge transfer

Figure 6.13: EDD plots of (a) polarisation and (b) charge transfer for the 5AFZ
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 5AFZ system has been highlighted
in orange.
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observed in this region are very similar to the C24 - thrombin interaction discussed

in Section 6.1.

The EDD plots show a number of other protein and ligand regions involved in key

interactions. The Ser214 residue is shown to be involved in interactions with the

F2 fragments of every ligand of this study. For example, in the 4UDW system,

charge is seen to gather on the oxygen of Ser214 through polarisation and form a

bond with a nitrogen of the ligand prolinamide group. The overall interaction of

the protein with the 4UDW F2 fragment is moderately strong and likely stabilised

greatly by this specific interaction: polarisation is -4.5 kcal/mol and charge transfer

is -11.9 kcal/mol. This interaction is shown for 4UDW in Fig. 6.14.

(a) Polarisation (b) Charge transfer

Figure 6.14: EDD plots of (a) polarisation and (b) charge transfer for the F2
fragment region of 4UDW with Ser214. The isosurface contour levels are dis-
played at 0.025 electrons per cubic Angstrom with green surfaces representing
electron gain and magenta surfaces representing electron loss. The ligand of the
4UDW system has been highlighted in orange.

In the 4UDW and 2ZGX F3 fragments, notable stabilising contributions are also

observed through polarisation and charge transfer. These arise through interac-

tion of the charged amine group with the Gly216 oxygen through formation of a

δ+NH···OC bond. This interaction is clearly shown in the EDD plots of Figs. 6.11

and 6.12. In the case of 5AFZ, the F3 fragment has a lesser interaction with the

Gly216 oxygen atom due to the fact that this fragment is uncharged. However,

this fragment is more extended than the F3 fragments of 4UDW and 2ZGX and
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therefore has opportunity for interaction with other protein residues. Specifically,

interactions of this fragment are seen with the Gly216, Gly219, and Ser214 protein

residues. EDD plots of these specific interactions are shown in Fig. 6.15, using a

smaller isosurface value of 0.015 electrons per cubic Angstrom in order to precipi-

tate the interactions for visualisation. The weaker stabilisation provided through

these interactions is reflected by a > 10 kcal/mol decrease in polarisation com-

pared to the F3 fragments of 4UDW and 2ZGX, and a > 3 kcal/mol decrease in

charge transfer.

(a) Polarisation (b) Charge transfer

Figure 6.15: EDD plots of (a) polarisation and (b) charge transfer for the 5AFZ
system F3 fragment interaction with thrombin. The isosurface contour levels are
displayed at 0.015 electrons per cubic Angstrom with green surfaces representing
electron gain and magenta surfaces representing electron loss. The ligand of the
5AFZ system has been highlighted in orange.

In considering the EDA components, we note a significant fragmentation error for

the polarisation component of the 2ZGX system. This error is −9.9 kcal/mol, and

therefore 18% of the polarisation is not attributable to any particular fragment.

This is possibly the result of the fragmentation scheme we have adopted for this

system, as it may be the case that the total polarisation through the full ligand is

impeded by bond partitioning and that the polarisation interaction is not properly
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reproduced after fragmentation. Related to this idea, it is possible that giving the

F3 fragment of 2ZGX a +1 integer charge is physically unjustifiable. This may

be the case as this fragment is relatively small and may potentially stabilise its

electron deficiency by withdrawing charge from its neighbouring fragment (F2).

This is evidenced by population analysis of the full ligand (performed at the same

level of theory as the EDA) in which the fragment atoms are observed to have a net

charge of +0.91e (Mulliken population) and +0.89e (natural population), notably

different to a +1 integer charge. This observation shows that care must be taken

when partitioning bonds, especially in the case of small, charged fragments which

should ideally be avoided.

We also show ∆E including the ligand desolvation cost (∆Edesolv) in Fig. 6.9.

This is included to capture the cost of ligand desolvation when binding within

the pocket. It is important to note that this is an approximate measure, as this

assumes the cavity to be entirely devoid of water molecules, and also does not

account for desolvation within the binding pocket itself. Nonetheless, this provides

useful indication of the importance of solvation effects in the enthalpic contribution

to binding.

The desolvation energy cost significantly lowers the stability provided through the

charged fragments. This is most notably observed for the F3 fragment of 2ZGX in

which the ∆E of -75.8 kcal/mol is nearly cancelled by the ligand desolvation cost

of 67.1 kcal/mol. In fact, the ∆E + ∆Edesolv value for this charged F3 fragment

(-11.3 kcal/mol) is lower than even the neutrally charged F2 fragment of 2ZGX

(-8.7 kcal/mol), although it should again be reiterated that the ∆Edesolv value

provides an approximate indication of solvation effect importance in our study.

This high ligand desolvation cost is expected, as cationic species will commonly be

stabilised more strongly than neutral molecules in solvent. Despite this high cost,

the charged fragments still typically display stronger or comparable ∆E+∆Edesolv

energies than the uncharged fragments.

The fragmentation error is moderate for ∆Edesolv. Generally this error cancels



Chapter 6 Applications of the ONETEP energy decomposition analysis 211

with the error of ∆E to give an overall low error for ∆E + ∆Edesolv. For exam-

ple, in the 2ZGX system the fragmentation error of ∆E is -5.0 kcal/mol, and the

fragmentation error of ∆Edesolv is 6.4 kcal/mol, cancelling to give a fragmentation

error for ∆E + ∆Edesolv of only 1.4 kcal/mol. This is misleading as this suggests

the ∆Edesolv-corrected interaction energy to be more accurately decomposable into

its fragment contributions than without correction. This observation further sup-

ports the view that the ligand desolvation energies used here provide qualitatively

correct, but not necessarily quantitatively correct, indications of solvent effect

importance.

6.2.3 Analysis: S1 pocket binders

In this section, we analyse the binding of the 4UD9, 5AFY, 5AHG, 5AF9, 4UEH,

and 4UE7 reference ligands with the thrombin S1 pocket. The structures of these

ligands are shown Table 6.2, and plots of the EDA components are displayed

in Fig. 6.16 and Fig. 6.17. Energy component values of the S1 binders are also

provided in Table D.2 of the Appendix.

We begin by noting an overall trend in the frozen energy components’ magnitudes,

and to a lesser extent also in the polarisation, charge transfer and dispersion energy

components. For example, 5AFY generally displays the smallest individual energy

contributions of the ligands, and the charged ligands generally show the largest

energy contributions. Subtle differences are observed in these components however.

These differences arise from structural and conformational differences both in the

ligand and in the protein. For this reason, in our discussion that follows we

consider the binding components of ligand pairs on a case-by-case basis, allowing

us to properly consider the differences in the ligand and protein structures and

conformations.
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Table 6.2: Small fragment binders of the thrombin S1 pocket for
EDA.

System Figure

4UD9

5AFY

5AHG

5AF9

4UEH

4UE7
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6.2.3.1 5AFY and 5AHG

We begin our discussion by considering the interactions of the 5AFY and 5AHG

ligands which both share a similar chlorobenzene functional group. Despite key

differences in the chlorobenzene substitutions, these ligands display significant

overlap when superposed within the binding pocket. Slight differences are, how-

ever, observed in the protein conformations for these systems. These differences

in the protein conformations are expected to directly affect the binding modes of

the ligands and therefore the EDA results.

As the chlorobenzene moieties of the ligands are almost identically positioned

within the pocket, these are assumed to make almost identical contributions to

the EDA components. The different amide and sulfonamide functional groups of

the ligands are therefore expected to be the primary origin of differences seen in the

EDA values. Importantly, the meta- and para-substitution of these ligands is ob-

served to result in interactions with alternate sides of the binding pocket. Through

the EDD plots shown in Figs. 6.18 and 6.19, we observe that the meta-substituted

5AFY ligand favours interaction with the Ser195 residue alone, whereas the para-

substituted 5AHG ligand favours interaction with the Gly219 residue (and to a

lesser degree the Ser214 residue).

The magnitudes of the individual components of the frozen density interaction are

much larger in the 5AHG system than the 5AFY system, and importantly Pauli

repulsions are 13.1 kcal/mol more repulsive in the 5AHG interaction. This observa-

tion is explained by the greater size of the 5AHG ligand than the 5AFY ligand, and

also the close interaction (1.7Å separation) of this ligand with the Ser195 hydrogen.

Overall, the greater magnitudes of the interactions for the 5AHG ligand balance

to give overall frozen density components of 2.8 kcal/mol and 2.1 kcal/mol for

5AFY and 5AHG. Dispersion is also significantly stronger in 5AHG (−32.0 kcal/-

mol) than 5AFY (−25.2 kcal/mol). As with the frozen density components, this

observation can be understood to originate from the larger size of 5AHG.
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Figure 6.16: Frozen density analysis of the fragmented thrombin S1 pocket complexes calculated at the PBE-D2/800 eV level of theory
(component values are given in kcal/mol).
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Figure 6.17: EDA components of the fragmented thrombin S1 pocket complexes calculated at the PBE-D2/800 eV level of theory
(component values are given in kcal/mol). D2 refers to the dispersion energy correction of Grimme. The total ∆E in combination with
the cost of ligand desolvation ∆Edesolv is also shown.
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Polarisation (−5.3 kcal/mol and −6.1 kcal/mol) and charge transfer (−11.1 kcal/-

mol and −11.4 kcal/mol) are comparable for the 5AFY and 5AHG ligands, with

5AHG displaying slightly stronger interactions. The 0.8 kcal/mol greater polar-

isation in 5AHG is explained by the larger size of this ligand: this greater size

increases the opportunity for stabilisation through intramolecular charge redis-

tributions during binding. These differences are small when compared to the

differences in the other energy components. Therefore, we can consider there

to exist approximate energetic equivalence of the 5AFY ligand polarisation and

charge transfer interactions with the Ser195 residue and the 5AHG ligand with

the Gly219 and Ser214 residues.

Plots of ∆E with the ligand desolvation cost ∆Edesolv are shown in Fig. 6.17,

which attempt to quantify the cost of ligand desolvation when binding within the

pocket. As discussed in Section 6.2.2.2 above, this is an approximate measure due

to the assumptions used in this calculation. Overall, ligand desolvation effects are

similar for the ligands, differing by only 0.4 kcal/mol. This correction therefore

contributes negligibly to the differences in the results we observe.

In conclusion, the differences in the frozen density, polarisation and charge transfer

energy components are overall relatively small, with the dispersion component

remaining as the primary driving force behind the greater interaction energy of

5AHG (−38.9 kcal/mol) than 5AFY (−29.8 kcal/mol).

6.2.3.2 4UD9 and 5AFY

The 4UD9 and 5AFY ligands differ only by their aromatic ring constituent. Con-

sidering the ligand structures alone, the asymmetrical polar thiophene ring of

4UD9 would be expected to enhance electrostatic, polarisation and charge transfer

effects compared to the symmetrical benzene ring of 5AFY. Indeed, the interac-

tion components of 4UD9 are all greater than 5AFY, for example electrostatics
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(a) Polarisation

(b) Charge transfer

Figure 6.18: EDD plots of (a) polarisation and (b) charge transfer for the 5AFY
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 5AFY system has been highlighted
in orange.
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(a) Polarisation

(b) Charge transfer

Figure 6.19: EDD plots of (a) polarisation and (b) charge transfer for the 5AHG
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 5AHG system has been highlighted
in orange.
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(−33.1 kcal/mol), polarisation (−6.5 kcal/mol), and charge transfer (−14.0 kcal/-

mol) in 4UD9 compared with 5AFY (−30.3 kcal/mol, −5.3 kcal/mol, and−11.1 kcal/-

mol respectively).

Notably however, the interactions of 4UD9 and 5AFY differ significantly in the

hydrogen bonds they form. The 4UD9 ligand forms three notable hydrogen bonds

with the Gly219 and Glu192 residues, whereas 5AFY forms a notable hydrogen

bond with Ser195. These interactions are shown clearly in Figs. 6.20 and 6.18.

Additionally, the benzene of 5AFY favours a conformation with two hydrogens

interacting with the Asp189 residue, whereas the 4UD9 conformation primarily

involves one hydrogen interacting with the Asp189 residue and another with the

Cys220 backbone. Overall therefore, these structurally similar binders display very

dissimilar interactions with the protein pocket, and therefore the difference in the

EDA components is not explained by the aromatic ring substituent alone.

Nonetheless, by analysis of the EDD plots we may still expect the bonding of 4UD9

to be stronger than 5AFY. Specifically, the EDD plots suggest greater quantities

of charge to be redistributed during polarisation and charge transfer for the 4UD9

ligand than for the 5AFY ligand, and we expect these quantities to correlate with

the strengths of the bonds formed. Overall, we therefore conclude that the 4UD9

ligand shows stronger interactions not only due to the favourable interactions of

its aromatic ring, but also due to the stronger bonds that it forms.

It is also important to consider the frozen density component of the 4UD9 and

5AFY interactions. These display a small difference of 0.1 kcal/mol, largely due to

cancellation of the individual components that contribute to the frozen density in-

teraction. The greater electrostatics, exchange and correlation in 4UD9 (5.0 kcal/-

mol) almost exactly cancels with the greater Pauli repulsions cost (5.0 kcal/mol).

Differences in these individual contributions are reconciled through a number of

considerations. Similar to the arguments concerning the polarisation and charge

transfer contributions presented above, we expect electrostatics in 4UD9 to be
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more stabilising than in 5AFY due the presence of a dipole moment in the thio-

phene ring of 4UD9, and due the closer interactions of this ligand with the protein.

Additionally, the thiophene ring has a slightly greater electron count than benzene

which we expect to enhance exchange and correlation effects in the 4UD9 interac-

tion. Finally, whilst the 5AFY ligand is larger than the 4UD9 ligand, the 4UD9

ligand is observed to interact more strongly with the Glu192 residue, and so over-

all Pauli repulsions are greater for 4UD9. Ligand desolvation is very similar for

these ligands (8.8 kcal/mol for 4UD9, and 9.0 kcal/mol for 5AFY), and overall the

difference in the interaction energy for these ligands is concluded to be primarily

of charge transfer origin.

6.2.3.3 4UD9 and 5AF9

We now consider the interactions of the 4UD9 and 5AF9 ligands. Despite the much

smaller size of the 4UD9 ligand compared to the 5AF9 ligand, we observe similar

electrostatics of 4UD9 (−33.1 kcal/mol) and 5AF9 (−33.2 kcal/mol). All the

other contributions to the frozen density component remain larger in magnitude

for the 5AF9 ligand, as expected considering the larger size of this ligand. To

understand this observation, we begin by noting that the 5AF9 and 4UD9 ligands

and their protein conformations overlap closely when superposed yet the Glu192

residue positions differ significantly. This is shown in Figs 6.20 and 6.21, where we

observe the Glu192 residue actively participating in binding to the 4UD9 ligand.

This interaction with the charged Glu192 residue provides additional stability to

the 4UD9 ligand through electrostatics, increasing the total electrostatics up to

the level of the larger 5AF9 ligand.

Overall, the frozen density contribution is slightly more repulsive for 4UD9 (2.7 kcal/-

mol) than 5AF9 (2.1 kcal/mol). This greater repulsion is due to the presence

of additional short range stabilisations for the 4UD9 ligand that reduce the in-

termolecular separation and increase Pauli repulsions. Specifically, polarisation

(−6.5 kcal/mol) and charge transfer (−14.0 kcal/mol) interactions are also seen



Chapter 6 Applications of the ONETEP energy decomposition analysis 221

(a) Polarisation

(b) Charge transfer

Figure 6.20: EDD plots of (a) polarisation and (b) charge transfer for the 4UD9
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 4UD9 system has been highlighted
in orange.
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(a) Polarisation

(b) Charge transfer

Figure 6.21: EDD plots of (a) polarisation and (b) charge transfer for the 5AF9
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 5AF9 system has been highlighted
in orange.
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with the negatively charged Glu192 residue (in addition to the electrostatic in-

teraction discussed above). These interactions favour paying the Pauli repulsions

cost (74.7 kcal/mol) of an overall closer intermolecular separation, which in turn

results in a more repulsive frozen density component for 4UD9.

For these ligands, the ligand desolvation energy cost is greater for 4UD9 (8.8 kcal/-

mol) than 5AF9 (7.2 kcal/mol). This is likely a result of a number of factors. For

example, the bulkier size of 5AF9 results in a 3.6 kcal/mol greater solvent cavita-

tion energy cost during solvation than for 4UD9. This energy is released during

ligand desolvation, lowering the desolvation energy cost for 5AF9. Additionally,

the presence of the chlorine substituted thiophene ring is expected to increase the

polarity of the 4UD9 ligand, and in turn increase stabilisation when solvated in

water. This will increase the ligand desolvation energy cost of 4UD9 as a result.

Overall, dispersion effects for 5AF9 (−35.2 kcal/mol) are seen to be significantly

greater than for 4UD9 (−25.1 kcal/mol). This is the primary driving force behind

the greater interaction energy of 5AF9 than 4UD9 with thrombin. It is interesting

to observe the relatively high strength of dispersion in 5AF9 when compared with

the other energy components of this ligand. This is likely due to the presence of

two aromatic rings in 5AF9 which we would expect to interact notably through

dispersion effects with thrombin.

6.2.3.4 4UEH and 4UE7

Here, we consider the interactions of the two charged ligands of our study, 4UEH

and 4UE7. We begin our discussion by considering the important overall differ-

ences between these two ligands’ interactions and those of the remaining uncharged

ligands. The charged ligands show the largest energy component magnitudes for

all but correlation and dispersion. This observation is explained by considering

the structures of the ligands in addition to their charges. The 4UEH and 4UE7

ligands are smaller than the remaining uncharged ligands, and therefore we expect

the correlation and exchange contributions (which depend on electron count) of



224 Chapter 6 Applications of the ONETEP energy decomposition analysis

4UEH and 4UE7 to be weakened by this. On the other hand, these two ligands

are positively charged and so favour closer interaction with the protein pocket.

A particularly strong interaction with the negatively charged Asp189 residue is

observed, as shown in Figs 6.22 and 6.23. This closer interaction significantly in-

creases Pauli repulsions (115.8 kcal/mol for 4UEH and 113.0 kcal/mol for 4UE7)

above even the large 5AF9 ligand (80.4 kcal/mol). At the same time, this inter-

action enhances electrostatics (−136.2 kcal/mol for 4UEH and −121.0 kcal/mol

for 4UE7) as we would expect from this interaction of positively and negatively

charged functional groups. Exchange is enhanced by this closer interaction such

that 4UEH and 4UE7 are the ligands that are most stabilised through this energy

component (−25.1 kcal/mol and −25.2 kcal/mol respectively). However, correla-

tion (−23.8 kcal/mol and −24.4 kcal/mol) is not enhanced enough to be above

that seen in the 5AHG and 5AF9 systems (−26.0 kcal/mol and −25.9 kcal/mol).

This may be reconciled as the 5AHG and 5AF9 ligands contain notable delocalised

functional groups with high electron counts which are well suited to correlation

interactions with the protein. A similar argument also applies to the dispersion

component, for which we also observe the strongest dispersion interactions for the

5AHG and 5AF9 ligands.

The desolvation energy costs for these two charged ligands are notably greater than

for the uncharged ligands. In the uncharged systems, the range of the desolvation

energy cost is between 7.2 kcal/mol and 9.0 kcal/mol, whereas in the 4UEH system

the cost is 54.6 kcal/mol and 50.6 kcal/mol in the 4UE7 system. This is explained

by considering the effect of the ligand charge: the negatively charged fragments

will bind more favourably with the solvent than the uncharged molecules and so

show a greater energy cost to leave the solvent environment. Whilst correcting the

interaction energy using the ligand desolvation energy (as ∆E+∆Edesolv) helps to

normalise the charged and uncharged ligand interaction values to a closer range as

seen in Fig. 6.17, the difference between the values for the charged and uncharged

ligands is still large. This observation suggests that the approximations used in our

correction may be overly limiting, as we would expect the charged and uncharged



Chapter 6 Applications of the ONETEP energy decomposition analysis 225

fragments to display much closer interaction energies after correcting for solvation

effects.

Having discussed the important differences between the charged and uncharged

ligand interactions, we now consider the interaction energy driving forces of the

4UEH and 4UE7 ligands. As these ligands are structurally very similar, the differ-

ences in the energy components are relatively simple to reconcile. Electrostatics,

polarisation and charge transfer are greater in 4UEH than in 4UE7 by 15.1 kcal/-

mol, 1.4 kcal/mol and 2.6 kcal/mol respectively. This is likely a direct result of

the additional interaction of 4UEH with the charged Glu192 residue as seen in

Fig. 6.22. Due to this additional interaction, Pauli repulsions are greater in 4UEH

(115.8 kcal/mol) than in 4UE7 (113.0 kcal/mol), despite the greater number of

protons present in 4UE7 which would be expected to increase steric pressure. Cor-

relation is slightly greater in 4UE7 (−24.4 kcal/mol) than in 4UEH (−23.8 kcal/-

mol), which is explained by the greater electron count of the 4UE7 ligand. Overall,

the greater strength of the 4UEH interaction is seen to originate from its stronger

electrostatics, which is moderated by a 4.0 kcal/mol greater ligand desolvation

cost above 4UE7.
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(a) Polarisation

(b) Charge transfer

Figure 6.22: EDD plots of (a) polarisation and (b) charge transfer for the 4UEH
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 4UEH system has been highlighted
in orange.
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(a) Polarisation

(b) Charge transfer

Figure 6.23: EDD plots of (a) polarisation and (b) charge transfer for the 4UE7
system. The isosurface contour levels are displayed at 0.025 electrons per cubic
Angstrom with green surfaces representing electron gain and magenta surfaces
representing electron loss. The ligand of the 4UE7 system has been highlighted
in orange.





Chapter 7

Conclusions

This thesis has sought to develop and apply a new density functional theory (DFT)

based energy decomposition analysis (EDA) method for the analysis of intermolec-

ular bonding in large biomolecular systems. This new scheme, referred to as the

ONETEP EDA, has a computational cost that scales linearly with system size.

In this work, we have used our approach to investigate the driving forces of binding

in systems up to 4975 atoms in size.

In Chapters 1 and 2, we introduced the approximations of quantum mechanics

that are used to formulate computational methods for solving the Schrödinger

equation. Here, we introduced Hartree-Fock theory and DFT. We also detailed

the theory of the ONETEP package, which is a linear-scaling DFT method that

seeks to minimise the energy directly with respect to the density matrix (kernel)

and NGWFs.

In Chapters 3 and 4, we investigated the current EDA approaches with focus on

their application to biomolecular studies and drug design. Here, we described the

EDA theory in a unified manner that allowed for simple comparison of the EDA

approaches. Through our studies, we found the absolutely localised molecular

orbital (ALMO) EDA scheme to be well suited to identifying the key driving

forces of binding within biomolecular systems. This was due to the properties of

the ALMO state used to calculate the polarisation energy component, specifically

229
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that this state is properly antisymmetrised and variationally optimised. This

scheme decomposes the interaction energy into three separate energy components:

the frozen density component, polarisation, and charge transfer terms.

In Chapter 5, we showed that through making minor modifications to the energy

components of the localised molecular orbital (LMO) EDA scheme, the frozen den-

sity component of the ALMO EDA may be further decomposed into four energy

components (electrostatics, exchange, Pauli-repulsions, and correlation) at very

little extra computational cost. We implemented a version of this ALMO-LMO

hybrid approach in the ONETEP package, using the Stoll equations to construct

the intermediate polarised ALMO state. Additionally, by revising the equations

of the EDA we were able to remove the diagonalisation bottleneck of our approach

and produce a linear-scaling formulation. Our aim implementing this scheme was

to enable EDA calculations to be readily performed on systems of very large size,

and in particular biomolecular systems. Our EDA was validated against the Gaus-

sian basis set implementations of the ALMO and LMO EDA approaches using a

set of small interacting test systems. Additionally, we tested the dependence of

our EDA method with respect to basis set size, exchange-correlation functional,

and atomic coordinates. Here, a solution for the problem of polarisation and

charge transfer basis set dependence was proposed that exploits the strictly lo-

calised property of the ONETEP orbitals. We also demonstrated the usefulness

of information provided by the polarisation and charge transfer electron density

difference (EDD) plots which are provided as part of the EDA method for a model

water trimer test system. These plots are valuable as they provide indication of

the key regions involved in polarisation and charge transfer interactions in the

system.

An investigation of the binding driving forces in the thrombin-C24 inhibitor com-

plex was presented in Chapter 6, using our EDA method (alongside EDD plots) on

systems up to 4975 atoms in size. Here, we observed the effect of protein residues

to play a significant role in the binding components, for example the position of

the charged Glu192 residue was shown to notably affect the overall contribution
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of electrostatics in these systems. The effect of protein truncation was also quan-

tified using the thrombin-C24 system, where we showed full convergence of the

energy components at approximately 15Å truncation radius of the ligand. Having

demonstrated the use of the EDA for investigating ligand interactions within large

protein systems, we applied the EDA in a fragment based study. The interactions

of small binders with the S1 pocket were also considered in this chapter, which

we showed to be readily understood through the combined use of the EDA and

EDD plots. In this, we showed that the fragmentation process must be performed

with care and that small charged fragments should be avoided. This is due to the

necessary approximation that must be made in our EDA that the fragments must

each have integer charge, which presents a problem for small charged fragments

because the true charge is more likely to be fractional as a result of delocalisations.

Here, we also attempted to capture desolvation effects of the ligand during binding

using QM techniques.

7.1 Future work

There are a number of directions future work suggested by our observations may

take, which we now discuss.

Ideally, the ALMO state used in our EDA should guarantee charge localisation

to the fragments without any fragment-fragment delocalisation effects. In Sec-

tion 5.3.2 we demonstrated the notable basis set dependence of this state, with

larger basis sets resulting in a larger polarisation contributions. This observation

originates from the fact that as the basis set becomes larger, the basis set in-

creasingly extends into the space of the neighbouring molecule, and so the ALMO

state (and therefore polarisation) increasingly includes charge transfer effects. Our

proposed solution to this problem exploits the strictly localised property of the

NGWFs. Here, we showed use of between 7.5 Bohr to 8.5 Bohr NGWF radii

approximately equals use of the aug-cc-pVTZ basis set in the Gaussian ALMO

EDA. Therefore, one may choose to consider polarisation and charge transfer as
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relative quantities by using a consistent NGWF radii (e.g. 8.0 Bohr) in all EDA

calculations. This is not a perfect solution, however, as this fails to fully solve the

problem of rigorously defining and preventing fragment-fragment delocalisation

during polarisation. As we also discussed in this section, the CDFT approach of

Wu [16] and FERF approach of Horn and Head-Gordon [248] that seek to avoid

this ambiguity may be used to reduce this sensitivity. Future work may involve

integrating similar approaches into our EDA scheme to fully resolve this issue.

In our EDA studies, desolvation effects were only partially captured in an ap-

proximate manner. Future work may target this shortcoming and attempt to

capture solvation effects as an explicit energy component of the ONETEP EDA.

This has been achieved in a number of EDA schemes in literature, for example the

LMO [266] and PIEDA [184] based polarisable continuum model (PCM) [267–269]

EDA schemes. The ONETEP solvation model [265], based on direct solution of

the non-homogeneous Poisson equation, may be directly interfaced with the EDA

to yield a solvation energy component construction.

Additionally, the important contribution of entropy was not considered in our

calculations. This is an essential contribution to the total free energy of binding,

and it would be valuable for quantitative understanding to capture this. This

could, for example, take the form of a decomposition scheme for entropy, in which

entropy contributions are calculated for the protein and ligand. Unfortunately,

the calculation of entropy is a much more complicated problem than the enthalpy

problem, and so this remains a goal outside the scope of the current work.

Accuracy of the results are also hindered by the fact that our studies considered

only energy minimised structures at a temperature of 0K. Typically, drug binding

is a transient process occurring in biomolecular assemblies at temperatures much

greater than 0K. To remedy this, the calculation protocol may be adjusted by tak-

ing snapshots from molecular dynamics (MD) simulations and calculating average

EDA component values for these samples.
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Insight into the weaknesses of forcefields can be obtained by comparing the energy

terms of a given EDA approach with the molecular mechanics potential [270]. For

example, Tafipolsky and Ansorg [23] used the SAPT scheme to investigate hydro-

gen bond directionality, proposing a number of modifications to the design of force-

fields to improve the description of non-bonded interactions. The ONETEP EDA

would also be applicable to forcefield analysis, potentially able to identify specific

atoms in large systems with ill-suited forcefield parameters. Importantly, EDA has

the potential for use in automated forcefield parameterisation. Our scheme has the

benefit of being able to calculate energy components of very large systems, and so

may be applicable to the tailored parameterisation of next-generation forcefields

for large systems, for example proteins.





Appendices

235





Appendix A

EDA benchmarking tests

237



238
A

p
p
en

d
ix

A
E

D
A

b
en

ch
m

a
rk

in
g

tests

Table A.1: The BLYP/6-311G* level ALMO EDA and NEDA results performed on the BLYP-D3/6-311G* optimised geometries of
test sets 1 and 2.

Energy Term (kcal/mol) H2O H2O H2O MeOH MeOH MeOH H2O H3N H2O H4N
+ H2O Li+ H2O Na+ H2O K+

ALMO EDA
FRZ (ALMO) -1.99 -0.10 0.21 -2.35 -12.84 -31.01 -23.34 -16.39
POL (ALMO) -0.82 -0.98 -1.19 -1.60 -5.38 -7.22 -4.04 -2.63
CT (ALMO) -5.93 -7.45 -7.10 -5.62 -10.02 -5.74 -4.48 -4.28
CT+BSSE (ALMO) -2.11 -2.49 -2.77 -2.33 -7.20 -0.91 -0.87 -1.55
∆E(BLYP) -4.92 -3.57 -3.75 -6.28 -25.43 -39.14 -28.24 -20.56
DISPa -0.95 -1.96 -2.56 -1.16 -1.21 -0.10 -0.38 -0.63
∆E(BLYP-D3) -5.87 -5.53 -6.31 -7.44 -26.64 -39.23 -28.62 -21.19

NEDA
ES (NEDA) -12.04 -11.68 -12.20 -15.49 -31.70 -40.71 -31.74 -24.66
XC (NEDA) -2.58 -3.17 -3.55 -3.12 -4.95 -3.73 -3.75 -3.24
POL (NEDA) -1.08 -2.70 -4.02 -1.86 -5.07 -17.85 -15.57 -13.59
DEF (NEDA) 24.62 28.26 31.49 32.51 55.20 32.22 28.97 25.66
CT (NEDA) -13.84 -14.29 -15.49 -18.35 -38.90 -8.97 -5.89 -4.67
∆E -4.92 -3.58 -3.76 -6.30 -25.43 -39.04 -28.00 -20.51

POL + SEb -0.57 -1.33 -2.01 -0.93 -2.40 -8.88 -7.75 -6.70
CORE (DEF + XC - SEb) 21.53 23.72 25.93 28.46 47.58 19.52 17.40 15.53
EL (ES + POL + SEb) -12.61 -13.01 -14.21 -16.42 -34.10 -49.59 -39.49 -31.36
a The dispersion component DISP has been calculated as the Grimme D3 correction to the interaction energy.
b The self–energy component of NEDA does not contribute to ∆E.
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Table A.2: The BLYP/6-311G* level DCBS and MCBS SAPT(KS) results performed on the BLYP-D3/6-311G* optimised
geometries of test sets 1 and 2.

Energy Term (kcal/mol) H2O H2O H2O MeOH MeOH MeOH H2O H3N H2O H4N
+ H2O Li+ H2O Na+ H2O K+

SAPT(KS) DCBS

E1(elst) -12.04 -11.67 -12.18 -15.46 -31.74 -40.76 -32.25 -25.07
E1(exch) 13.65 14.87 15.68 18.06 25.13 16.53 11.76 10.51
E2(ind) -6.59 -7.47 -8.12 -9.50 -17.53 -25.02 -21.47 -16.13
E2(exch-ind) 4.88 5.79 6.18 6.57 8.01 10.99 13.59 11.31
E2(disp) -2.64 -4.01 -5.08 -3.98 -4.47 -0.58 -0.64 -2.28
E2(exch-disp) 0.84 1.16 1.30 1.27 0.91 0.09 0.21 0.53
E1 corrections 1.60 3.20 3.50 2.59 -6.61 -24.23 -20.49 -14.55
E2 corrections -3.51 -4.52 -5.71 -5.65 -13.09 -14.52 -8.31 -6.57
SAPT(0) ∆E -1.90 -1.32 -2.22 -3.05 -19.70 -38.75 -28.80 -21.12

SAPT(KS) MCBS

E2(ind)a -0.99 -1.09 -1.28 -1.78 -7.34 -13.98 -7.19 -4.23
E2(exch-ind)a 0.13 0.16 0.25 0.06 0.63 1.84 0.74 0.23

POL+EXCHa -0.85 -0.93 -1.03 -1.71 -6.72 -12.13 -6.45 -4.00
CTa -5.60 -6.38 -6.84 -7.73 -10.19 -11.04 -14.27 -11.90
CT EXCHa 4.75 5.63 5.94 6.50 7.38 9.14 12.85 11.08
CT+EXCHa -0.85 -0.75 -0.90 -1.22 -2.81 -1.90 -1.42 -0.82
a The MCBS calculation of the ‘E2(ind)’ component is used as the SAPT polarisation component, and the MCBS ‘E2(exch-ind)’

component is used as the SAPT exchange correction for polarisation. The charge transfer component is calculated using these
MCBS values and the equivalent DCBS values of these SAPT terms.
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Table A.3: The HF/6-311G* level KM EDA and RVS EDA results performed on the BLYP-D3/6-311G* optimised geometries of
test sets 1 and 2.

Energy Term (kcal/mol) H2O H2O H2O MeOH MeOH MeOH H2O H3N H2O H4N
+ H2O Li+ H2O Na+ H2O K+

KM EDA
ES (KM) -10.45 -9.40 -10.11 -14.84 -32.97 -44.14 -31.83 -23.66
EX (KM) 7.78 8.22 9.25 12.19 19.33 11.55 7.10 5.97
EX+BSSE (KM) 7.94 8.50 9.51 12.32 19.44 11.55 7.15 6.10
POL (KM) -0.88 -0.95 -1.12 -1.60 -5.65 -9.37 -4.80 -2.96
CT (KM) -2.59 -2.99 -3.06 -3.03 -6.52 -3.40 -2.06 -2.02
CT+BSSE (KM) -1.60 -2.09 -2.22 -1.72 -5.22 -0.81 -0.24 -0.92
MIX (KM) -0.08 -0.56 -0.52 0.15 1.38 3.29 1.52 0.83
MIX+BSSE (KM) 0.82 0.94 0.84 0.63 1.65 3.66 1.93 1.14

RVS EDA
CEX (RVS) -2.67 -1.17 -0.87 -2.65 -13.64 -32.59 -24.73 -17.68
POL (RVS) -0.91 -1.04 -1.23 -1.70 -5.11 -6.61 -3.63 -2.38
CT+BSSE (RVS)a -1.52 -2.35 -2.41 -1.41 -3.95 0.05 0.34 -0.48
MIX (RVS) -0.02 -0.10 -0.11 -0.03 -0.33 -0.02 -0.03 -0.10

∆E(RVS/KM) -6.21 -5.68 -5.56 -7.13 -24.43 -42.07 -30.07 -21.84
∆E(RVS)+BSSE(RVS) -5.12 -4.66 -4.62 -5.79 -23.03 -39.17 -28.05 -20.64
∆E(KM)+BSSE(KM) -4.17 -3.01 -3.10 -5.21 -22.76 -39.12 -27.79 -20.30
a In the RVS EDA theory the charge transfer component includes a BSSE contribution implicitly. We have labelled this

component ‘CT+BSSE’ to clarify this.
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Table A.4: The BLYP/6-311G* level ALMO EDA and NEDA results performed on the BLYP–D3/6-311G* optimised
geometries of test sets 3 and 4.

Energy Term H4N
+ – H4N

+ – H4N
+ – H4N

+ – Benzene – Benzene – Benzene – Benzene –
(kcal/mol) Benzene Thiophene Furan Pyrrole H4N

+ Li+ Na+ K+

ALMO EDA
FRZ (ALMO) -2.62 -2.16 -1.21 -5.49 -2.62 -7.85 -9.16 -6.11
POL (ALMO) -7.09 -6.91 -6.45 -7.67 -7.09 -20.84 -5.18 -2.83
CT (ALMO) -6.92 -7.03 -7.21 -8.66 -6.92 -10.66 -4.13 -2.41
CT+BSSE (ALMO) -6.30 -6.22 -6.45 -7.91 -6.30 -9.17 -3.24 -1.97
∆E(BLYP) -16.01 -15.28 -14.11 -21.07 -16.01 -37.87 -17.59 -10.90
DISPa -5.45 -5.12 -4.67 -4.64 -5.45 -0.32 -5.95 -7.82
∆E(BLYP-D3) -21.46 -20.41 -18.78 -25.72 -21.46 -38.19 -23.54 -18.72

NEDA
ES (NEDA) -14.38 -13.91 -12.62 -20.21 -14.38 -16.65 -10.35 -6.94
XC (NEDA) -5.47 -5.18 -4.69 -5.49 -5.47 -5.01 -0.18 -0.22
POL (NEDA) -18.03 -16.82 -14.12 -14.65 -18.03 -34.94 -8.65 -10.00
DEF (NEDA) 34.01 34.03 31.89 38.01 34.01 40.55 6.85 7.34
(SE (NEDA)b) 9.14 8.52 7.13 7.43 9.14 17.58 4.34 5.03
CT (NEDA) -12.33 -13.77 -14.70 -18.89 -12.33 -22.07 -5.36 -1.17
∆E(BLYP) -16.20 -15.64 -14.24 -21.22 -16.20 -38.12 -17.69 -10.98

POL + SEb -8.89 -8.30 -6.99 -7.22 -8.89 -17.36 -4.31 -4.97
CORE (DEF + XC - SEb) 19.40 20.33 20.07 25.09 19.40 17.96 2.33 2.09
EL (ES + POL + SEb) -23.27 -22.21 -19.61 -27.43 -23.27 -34.01 -14.66 -11.91
a The dispersion component DISP has been calculated as the Grimme D3 correction to the interaction energy.
b The self–energy component of NEDA does not contribute to ∆E.
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Table A.5: The BLYP/6-311G* level DCBS and MCBS SAPT(KS) results performed on the BLYP-D3/6-311G*
optimised geometries of test sets 3 and 4.

Energy Term H4N
+ – H4N

+ – H4N
+ – H4N

+ – Benzene – Benzene – Benzene – Benzene –
(kcal/mol) Benzene Thiophene Furan Pyrrole H4N

+ Li+ Na+ K+

SAPT(KS) DCBS

E1(elst) -14.39 -13.66 -12.65 -20.24 -14.39 -16.65 -10.41 -7.58
E1(exch) 13.34 13.38 12.96 16.66 13.34 12.66 0.91 0.61
E2(ind) -19.03 -19.09 -16.92 -21.62 -19.03 -54.58 -11.93 -6.09
E2(exch-ind) 5.86 5.93 5.58 8.20 5.86 11.16 1.30 0.68
E2(disp) -7.39 -7.09 -6.68 -7.79 -7.39 -1.06 -0.33 -1.25
E2(exch-disp) 0.83 0.80 0.75 1.03 0.83 0.08 0.02 0.04
E1 corrections -1.05 -0.28 0.31 -3.58 -1.05 -3.99 -9.49 -6.97
E2 corrections -19.73 -19.45 -17.27 -20.18 -19.73 -44.40 -10.95 -6.62
SAPT(0) ∆E -20.78 -19.72 -16.96 -23.77 -20.78 -48.39 -20.44 -13.59

SAPT(KS) MCBS

E2(ind)a -12.03 -12.30 -11.10 -13.20 -12.03 -38.90 -8.60 -4.69
E2(exch-ind)a 0.62 0.93 0.98 1.32 0.62 2.87 0.04 0.00

POL+EXCHa -11.41 -11.38 -10.12 -11.88 -11.41 -36.03 -8.57 -4.69
CTa -7.00 -6.79 -5.82 -8.42 -7.00 -15.68 -3.33 -1.40
CT EXCHa 5.24 5.01 4.60 6.88 5.24 8.29 1.26 0.68
CT+EXCHa -1.76 -1.78 -1.22 -1.54 -1.76 -7.39 -2.07 -0.72
a The MCBS calculation of the ‘E2(ind)’ component is used as the SAPT polarisation component, and the

MCBS ‘E2(exch-ind)’ component is used as the SAPT exchange correction for polarisation. The charge transfer
component is calculated using these MCBS values and the equivalent DCBS values of these SAPT terms.
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Table A.6: The HF/6-311G* level KM EDA and RVS EDA results performed on the BLYP-D3/6-311G* optimised geometries of test sets
3 and 4.

Energy Term
H4N

+ – H4N
+ – H4N

+ – H4N
+ – Benzene – Benzene – Benzene – Benzene –

(kcal/mol)
Benzene Thiophene Furan Pyrrole H4N

+ Li+ Na+ K+

6-311G* 6-311G* 6-311G* 6-311G* 6-311G* BS1(a,b) 6-311G a 6-311G* a 6-311G* 6-311G*
KM EDA
ES (KM) -16.19 -15.00 -13.51 -21.78 -16.19 -22.61 -20.13 -22.61 -11.80 -8.41
EX (KM) 12.02 12.01 11.39 15.20 12.02 12.55 12.43 12.55 0.51 0.44
EX+BSSE (KM) 12.12 12.13 11.48 15.30 12.12 12.57 12.45 12.57 0.52 0.45
POL (KM) -8.34 -8.05 -7.97 -9.96 -8.34 -25.86 -22.56 -410.54 -5.53 -4.70
CT (KM) -5.57 -5.40 -5.66 -6.67 -5.57 -15.39 -15.34 -18.47 -4.59 -1.21
CT+BSSE (KM) -5.26 -5.07 -5.29 -6.33 -5.26 -14.90 -14.86 -17.80 -4.10 -1.17
MIX (KM) 2.42 2.40 2.91 3.53 2.42 11.51 9.86 397.97 1.64 1.47
MIX+BSSE (KM) 2.62 2.68 3.13 3.76 2.62 11.79 10.23 398.24 1.80 1.51

RVS EDA
CEX (RVS) -4.17 -2.98 -2.12 -6.58 -4.17 -10.06 -7.70 -10.06 -11.29 -7.97
POL (RVS) -7.16 -6.76 -6.33 -7.53 -7.16 -21.36 -18.33 -21.36 -5.45 -4.07
CT+BSSE (RVS)c -3.68 -3.65 -3.73 -4.74 -3.68 -7.69 -9.02 -8.81 -2.45 -0.25
MIX (RVS) -0.32 -0.29 -0.26 -0.44 -0.32 -0.01 0.00 -0.02 -0.01 -0.07

∆E(RVS/KM) -15.67 -14.04 -12.85 -19.67 -15.67 -39.80 -35.74 -41.09 -19.76 -12.40
∆E(RVS)

-15.33 -13.68 -12.44 -19.29 -15.33 -39.12 -35.05 -40.25 -19.20 -12.36
+BSSE(RVS)

∆E(KM)
-15.05 -13.32 -12.16 -19.01 -15.05 -39.01 -34.86 -40.15 -19.11 -12.32

+BSSE(KM)

a The geometry used for this calculation was obtained at the BLYP–D3/6-311G* level.
b The basis set BS1 is the 6-311G* basis set excluding d polarisation function augmentation on lithium.
c In the RVS EDA theory the charge transfer component includes a BSSE contribution implicitly. We have labelled this component

‘CT+BSSE’ to clarify this.
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Table A.7: The BLYP/6-311G* level ALMO EDA and NEDA results performed on the BLYP-D3/6-311G* optimised geometries of test
sets 5 and 6.

Energy Term Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene –
(kcal/mol) T-shaped Parallel displaced Pyridine Pyrimidine DMAa F-benzenea Cl-benzenea Br-benzenea

ALMO EDA
FRZ (ALMO) 2.11 5.30 4.88 4.23 4.25 2.49 2.44 2.30
POL (ALMO) -0.15 -0.24 -0.23 -0.22 -0.42 -0.12 -0.10 -0.11
CT (ALMO) -1.09 -1.44 -1.69 -1.87 -2.53 -1.27 -0.64 -0.85
CT+BSSE (ALMO) -0.20 -0.11 -0.14 -0.21 -0.80 0.33 -0.27 -0.34
∆E(BLYP) 1.76 4.94 4.51 3.80 3.04 2.70 2.08 1.85
DISPb -4.82 -7.30 -7.58 -7.72 -8.98 -2.54 -3.50 -4.15
∆E(BLYP-D3) -3.06 -2.36 -3.07 -3.91 -5.94 0.15 -1.42 -2.30

NEDA
ES (NEDA) -2.18 -2.57 -3.47 -4.21 -5.60 0.19 -0.82 -1.50
XC (NEDA) -2.46 -4.85 -5.19 -5.25 -4.92 -1.38 -1.53 -1.70
POL (NEDA) -4.82 -11.91 -12.75 -13.08 -10.86 -2.41 -4.36 -5.74
DEF (NEDA) 14.13 29.12 31.52 32.47 31.44 7.69 10.02 12.23
(SE (NEDA)c) 2.43 5.96 6.39 6.56 5.45 1.19 2.17 2.87
CT (NEDA) -2.93 -4.85 -5.59 -6.11 -7.01 -1.42 -1.23 -1.44
∆E(BLYP) 1.74 4.94 4.51 3.81 3.05 2.66 2.08 1.85

POL + SEc -2.39 -5.95 -6.36 -6.52 -5.41 -1.22 -2.19 -2.87
CORE (DEF

9.24 18.31 19.94 20.66 21.07 5.12 6.32 7.66
+ XC - SEc)

EL (ES + POL
-4.57 -8.52 -9.83 -10.73 -11.01 -1.03 -3.01 -4.37

+ SEc)
a DMA, F-benzene, Cl-benzene, and Br-benzene refer to dimethylacetamide, fluorobenzene, chlorobenzene, and bromobenzene respec-

tively.
b The dispersion component DISP has been calculated as the Grimme D3 correction to the interaction energy.
c The self–energy component of NEDA does not contribute to ∆E.
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Table A.8: The BLYP/6-311G* level DCBS and MCBS SAPT(KS) results performed on the BLYP–D3/6-311G* optimised geometries
of test sets 5 and 6.

Energy Term Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene –
(kcal/mol) T-shaped Parallel displaced Pyridine Pyrimidine DMAa F-benzenea Cl-benzenea Br-benzenea

SAPT(KS) DCBS

E1(elst) -2.18 -2.60 -3.51 -4.25 -5.63 0.20 -0.91 -1.50
E1(exch) 4.96 8.46 9.15 9.33 10.94 3.28 3.43 3.92
E2(ind) -1.55 -4.26 -4.59 -4.77 -5.12 -1.16 -1.60 -2.51
E2(exch-ind) 1.32 3.90 4.29 4.48 4.58 0.97 1.42 2.26
E2(disp) -7.25 -13.41 -14.06 -14.22 -13.97 -3.70 -4.69 -5.81
E2(exch-disp) 0.86 2.00 2.05 2.01 1.93 0.39 0.56 0.69
E1 corrections 2.78 5.86 5.65 5.08 5.32 3.48 2.52 2.42
E2 corrections -6.62 -11.78 -12.31 -12.49 -12.57 -3.49 -4.31 -5.36
SAPT(0) ∆E -3.84 -5.92 -6.66 -7.41 -7.26 -0.02 -1.79 -2.94

SAPT(KS) MCBS

E2(ind)b -0.24 -0.41 -0.34 -0.30 -0.56 -0.18 -0.14 -0.17
E2(exch-ind)b 0.06 0.04 0.03 0.03 0.09 0.01 0.00 0.00

POL+EXCHb -0.18 -0.37 -0.31 -0.27 -0.47 -0.18 -0.13 -0.17
CTb -1.31 -3.85 -4.25 -4.47 -4.56 -0.97 -1.46 -2.34
CT EXCHb 1.26 3.86 4.25 4.45 4.50 0.97 1.42 2.26
CT+EXCHb -0.05 0.01 0.00 -0.01 -0.07 -0.01 -0.05 -0.08
a DMA, F-benzene, Cl-benzene, and Br-benzene refer to dimethylacetamide, fluorobenzene, chlorobenzene, and bromobenzene re-

spectively.
b The MCBS calculation of the ‘E2(ind)’ component is used as the SAPT polarisation component, and the MCBS ‘E2(exch-ind)’

component is used as the SAPT exchange correction for polarisation. The charge transfer component is calculated using these
MCBS values and the equivalent DCBS values of these SAPT terms.
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Table A.9: The HF/6-311G* level KM EDA and RVS EDA results performed on the BLYP-D3/6-311G* optimised geometries of test
sets 5 and 6.

Energy Term Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene – Benzene –
(kcal/mol) T-shaped Parallel displaced Pyridine Pyrimidine DMAa F-benzenea Cl-benzenea Br-benzenea

KM EDA
ES (KM) -1.79 -0.73 -1.76 -2.67 -4.38 1.29 -0.11 -0.84
EX (KM) 3.46 6.17 6.79 6.96 7.49 1.94 2.45 2.94
EX+BSSE (KM) 3.56 6.53 7.15 7.30 7.73 2.08 2.54 3.04
POL (KM) -0.20 -0.29 -0.25 -0.24 -0.50 -0.16 -0.11 -0.13
CT (KM) -0.73 -1.40 -1.56 -1.67 -1.68 -0.80 -0.46 -0.54
CT+BSSE (KM) -0.48 -0.93 -1.04 -1.13 -1.09 -0.33 -0.31 -0.41
MIX (KM) 0.07 0.17 0.15 0.16 0.09 0.03 0.04 0.08
MIX+BSSE (KM) 0.31 0.58 0.57 0.59 0.61 0.40 0.20 0.23

RVS EDA
CEX (RVS) 1.67 5.44 5.04 4.29 3.10 3.23 2.35 2.10
POL (RVS) -0.19 -0.34 -0.30 -0.27 -0.46 -0.21 -0.14 -0.15
CT+BSSE (RVS)b -0.37 -0.69 -0.79 -0.88 -0.90 -0.25 -0.23 -0.30
MIX (RVS) -0.02 0.02 -0.01 -0.02 -0.06 0.02 0.01 0.01

∆E(RVS/KM) 0.81 3.93 3.38 2.53 1.01 2.31 1.82 1.51
∆E(RVS)

1.09 4.43 3.94 3.12 1.68 2.79 1.99 1.66
+BSSE(RVS)

∆E(KM)
1.40 5.17 4.67 3.86 2.38 3.29 2.21 1.88

+BSSE(KM)
a DMA, F-benzene, Cl-benzene, and Br-benzene refer to dimethylacetamide, fluorobenzene, chlorobenzene, and bromobenzene re-

spectively.
b In the RVS EDA theory the charge transfer component includes a BSSE contribution implicitly. We have labelled this component

‘CT+BSSE’ to clarify this.
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Table B.1: The ALMO, LMO and ONETEP EDA energy components for the
PBE-D2/aug-cc-pVTZ optimised systems of Test Set 1.

Energy Term (kcal/mol)
System

Water - Methanol - Water - Water -
Water Methanol Ammonia Ammonium

ALMO EDAa

FRZ -0.7 0.1 0.1 -3.6
POL -1.8 -2.4 -2.9 -10.8
CT -2.6 -3.2 -4.5 -8.3
CT+BSSE -2.6 -3.1 -4.4 -8.2
∆E(PBE/ACCT) -5.1 -5.3 -7.2 -22.6
∆E(PBE-D2/ACCT) -5.8 -6.5 -8.0 -23.5

LMO EDAa

ES -9.4 -10.6 -13.5 -25.5
EX -4.1 -4.8 -6.0 -6.7
REP 15.3 18.4 22.9 32.0
POL -4.4 -5.4 -7.2 -17.8
DISP -2.5 -2.9 -3.4 -4.8
∆E(PBE/ACCT) -5.1 -5.3 -7.2 -22.7
∆E(PBE-D2/ACCT) -5.8 -6.5 -8.0 -23.5

ONETEP EDAb

FRZ -0.9 (-0.9) -0.2 (-0.2) -0.2 (-0.3) -4.5 (-4.6)
ES -9.0 (-9.1) -9.8 (-9.8) -12.7 (-12.7) -25.3 (-25.5)
EX -3.9 (-3.9) -4.5 (-4.6) -5.5 (-5.5) -6.6 (-6.6)

REP 14.3 (14.3) 16.8 (16.8) 20.9 (21.0) 30.8 (30.8)
CORR -2.3 (-2.3) -2.6 (-2.6) -3.0 (-3.0) -3.4 (-3.4)

POL -2.2 (-2.3) -2.0 (-2.1) -3.4 (-3.5) -10.2 (-10.2)
CT -2.0 (-2.0) -3.3 (-3.2) -3.9 (-3.8) -8.4 (-8.3)
∆E(PBE) -5.1 (-5.2) -5.5 (-5.5) -7.5 (-7.5) -23.1 (-23.1)
∆E(PBE-D2) -5.8 (-5.9) -6.7 (-6.8) -8.3 (-8.3) -23.9 (-23.9)

Grimme -D Correction
-D2 Correction -0.7 -1.2 -0.8 -0.8
-D3 Correctionc -0.5 -1.0 -0.6 -0.6

a Results were obtained at the PBE/aug-cc-pVTZ level of theory for the Gaussian
basis set codes.

b Results using a 1200eV psinc basis set cutoff are provided for the ONETEP

code, with 800eV basis set cutoff results also provided in parenthesis to evidence
convergence with respect to psinc basis set cutoff.

c Grimme -D3 correction results are included for comparison.
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Table B.2: The ALMO, LMO and ONETEP EDA energy components for
the PBE-D2/aug-cc-pVTZ optimised systems of Test Set 2.

Energy Term (kcal/mol)
System

Benzene - Benzene - Benzene - Benzene -
Benzene Pyridine DMA Ammoniuma

ALMO EDAb

FRZ 1.8 1.5 3.1 -0.3
POL -0.3 -0.4 -1.2 -12.6
CT -0.7 -0.8 -1.7 -5.0
CT+BSSE 0.0 -0.2 -1.3 -4.8
∆E(PBE/ACCT) 1.4 0.8 0.7 -17.7
∆E(PBE-D2/ACCT) -2.3 -3.0 -5.2 -21.3

LMO EDAb

ES -1.7 -2.4 -5.6 -12.7
EX -2.3 -2.3 -4.1 -3.6
REP 9.9 10.0 18.9 19.9
POL -1.6 -1.6 -2.9 -14.6
DISP -2.9 -3.0 -5.7 -6.8
∆E(PBE/ACCT) 1.3 0.8 0.6 -17.7
∆E(PBE-D2/ACCT) -2.4 -3.1 -5.2 -21.4

ONETEP EDAc

FRZ 2.1 (2.1) 1.7 (1.7) 3.2 (3.2) 0.0 (0.0)
ES -1.2 (-1.2) -1.9 (-1.9) -5.2 (-5.2) -12.1 (-12.2)
EX -2.1 (-2.1) -2.2 (-2.1) -4.5 (-4.5) -3.7 (-3.7)

REP 9.0 (9.0) 9.2 (9.3) 18.9 (18.8) 19.8 (19.8)
CORR -3.5 (-3.5) -3.5 (-3.5) -5.9 (-5.9) -3.9 (-3.9)

POL -0.2 (-0.2) -0.2 (-0.2) -0.8 (-0.8) -12.3 (-12.4)
CT -0.4 (-0.4) -0.5 (-0.5) -1.3 (-1.4) -4.6 (-4.6)
∆E(PBE) 1.5 (1.5) 1.0 (1.0) 1.2 (1.1) -16.9 (-17.0)
∆E(PBE-D2) -2.2 (-2.2) -2.8 (-2.8) -4.7 (-4.7) -20.5 (-20.6)

Grimme -D Correction
-D2 Correction -3.7 -3.8 -5.8 -3.7
-D3 Correctiond -3.9 -3.9 -4.9 -2.7

a The initial state of the benzene-ammonium polarisation stage was con-
structed using initial guess NGWFs. In all other calculations, this state
was constructed using the converged fragment NGWFs.

b Results were obtained at the PBE/aug-cc-pVTZ level of theory for the Gaus-
sian basis set codes.

c Results using a 1200eV psinc basis set cutoff are provided for the ONETEP

code, with 800eV basis set cutoff results also provided in parenthesis to
evidence convergence with respect to psinc basis set cutoff.

d Grimme -D3 correction results are included for comparison.
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Table C.1: The PBE-D2/800eV ONETEP EDA en-
ergy components of the thrombin-C24 systems.

ONETEP EDA Truncation, Å
(kcal/mol) 3.0 9.0 15.0 ∞

FRZ -23.9 -51.5 -35.7 -38.9
ES -126.3 -162.8 -147.1 -150.3
EX -49.6 -53.7 -53.7 -53.7

REP 210.5 228.6 228.7 228.7
CORR -58.5 -63.6 -63.6 -63.6

POL -26.9 -32.6 -32.9 -33.1
CT -29.7 -35.3 -30.7 -31.2
∆E(PBE/800eV) -80.6 -119.5 -99.4 -103.2
-D2 Correction -70.6 -79.3 -79.8 -79.9
-D3 Correctiona -72.6 -81.5 -82.1 -82.2
∆E(PBE-D2/800eV) -151.2 -198.8 -179.2 -183.1
a Grimme -D3 correction results are included for com-

parison.
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Table D.1: The PBE-D2/800eV ONETEP EDA energy components of the full and fragmented thrombin-ligand systems 4UDW, 2ZGX and

5AFZ.

ONETEP EDA 4UDW 2ZGX 5AFZ

(kcal/mol) Full F1 F2 F3 Error Full F1 F2 F3 Error Full F1 F2 F3 Error

FRZ -31.5 3.5 7.9 -44.3 1.4 -95.0 -54.8 1.2 -42.6 1.2 -55.4 -62.4 4.2 0.3 2.6

ES -116.5 -17.8 -28.4 -71.2 0.9 -208.3 -129.2 -20.5 -59.3 0.6 -169.7 -135.7 -11.4 -23.6 0.9

EX -39.9 -12.3 -18.4 -12.7 3.5 -46.3 -27.8 -13.6 -7.9 3.1 -50.7 -27.7 -9.9 -16.4 3.3

REP 171.5 51.7 72.9 51.5 -4.6 204.7 127.8 49.8 31.0 -3.9 219.6 127.3 34.5 59.8 -2.1

CORR -46.6 -18.0 -18.3 -11.9 1.6 -45.2 -25.6 -14.4 -6.5 1.4 -54.6 -26.4 -9.1 -19.5 0.5

POL -20.1 -2.2 -4.5 -15.6 2.1 -55.0 -27.8 -3.0 -14.3 -9.9 -36.5 -28.1 -3.1 -3.5 -1.8

CT -29.3 -5.6 -11.9 -14.2 2.5 -50.0 -34.0 -7.4 -11.1 2.5 -45.2 -33.8 -6.9 -7.9 3.3

∆E(PBE/800eV) -80.9 -4.3 -8.5 -74.1 6.0 -200.0 -116.6 -9.2 -68.0 -6.2 -137.2 -124.3 -5.8 -11.1 4.0

-D2 Correction -58.6 -24.9 -19.3 -15.8 1.4 -52.1 -28.2 -17.3 -7.8 1.2 -64.4 -29.0 -10.2 -26.4 1.2

-D3 Correctiona -64.3 -28.5 -20.1 -17.7 2.1 -55.6 -30.4 -18.5 -8.6 1.9 -71.1 -31.3 -11.5 -30.2 1.9

∆E(PBE-D2/800eV) -139.5 -29.1 -27.8 -90.0 7.4 -252.1 -144.8 -26.5 -75.8 -5.0 -201.6 -153.3 -16.0 -37.6 5.3

∆Edesolv 64.3 -1.1 15.5 66.6 -16.8 141.0 52.3 15.3 67.1 6.4 73.6 52.5 18.6 9.5 -7.0

∆E(PBE-D2/800eV)
-75.2 -30.2 -12.3 -23.3 -9.4 -111.1 -92.5 -11.3 -8.7 1.4 -128.0 -100.8 2.6 -28.1 -1.7

+∆Edesolv

a Grimme -D3 correction results are included for comparison.
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Table D.2: The PBE-D2/800eV ONETEP EDA energy components
of the thrombin S1 pocket binder systems 4UD9, 5AFY, 5AHG, 5AF9,
4UEH, and 4UE7.

ONETEP EDA
4UD9 5AFY 5AHG 5AF9 4UEH 4UE7

(kcal/mol)
FRZ 2.7 2.8 2.1 2.1 -69.3 -57.6

ES -33.1 -30.3 -35.2 -33.2 -136.2 -121.0
EX -17.2 -16.5 -19.5 -19.1 -25.1 -25.2

REP 74.7 69.7 82.8 80.4 115.8 113.0
CORR -21.7 -20.2 -26.0 -25.9 -23.8 -24.4

POL -6.5 -5.3 -6.1 -4.5 -28.3 -27.0
CT -14.0 -11.1 -11.4 -11.2 -33.3 -30.7
∆E(PBE/800eV) -17.8 -13.6 -15.4 -13.6 -130.9 -115.3
-D2 Correction -25.1 -25.2 -32.0 -35.2 -25.5 -26.7
-D3 Correctiona -28.7 -28.6 -35.9 -38.5 -27.8 -28.0
∆E(PBE-D2/800eV) -42.9 -38.8 -47.5 -48.9 -156.4 -142.0
∆Edesolv 8.8 9.0 8.6 7.2 54.6 50.6
∆E(PBE-D2/800eV)

-34.2 -29.8 -38.9 -41.6 -101.8 -91.4
+∆Edesolv

a Grimme -D3 correction results are included for comparison.
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Engl. 36, 1808 (1997).

[176] F. Hirshfeld, Theor. Chim. Acta 44, 129 (1977).

[177] R. S. Mulliken, J. Chem. Phys. 23, 1833 (1955).

[178] C. W. Bauschlicher, P. S. Bagus, C. J. Nelin, and B. O. Roos, J. Chem.

Phys. 85, 354 (1986).

[179] K. M. Neyman, P. Strodel, S. P. Ruzankin, N. Schlensog, H. Knözinger, and
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