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Invariant approach to CP in family symmetry models
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We propose the use of basis invariants, valid for any choice of CP transformation, as a powerful
approach to studying specific models of CP violation in the presence of discrete family symmetries.
We illustrate the virtues of this approach for examples based on A4 and ∆(27) family symmetries.
For A4, we show how to elegantly obtain several known results in the literature. In ∆(27) we use
the invariant approach to identify how explicit (rather than spontaneous) CP violation arises, which
is geometrical in nature, i.e. persisting for arbitrary couplings in the Lagrangian.

CP symmetry, the combination of particle-antiparticle
exchange and space inversion, is known to be violated by
the weak interactions involving quarks in the Standard
Model (SM) [1]. The origin of the observed SM quark
CP violation can be traced to the existence of three gen-
erations of quarks with non-trivial weak mixing described
by the complex CKM matrix [2]. However, the CKM ma-
trix can be parameterised in different ways, and it was
later realised that the amount of CP violation in physi-
cal processes always depends on a particular weak basis
invariant which can be expressed in terms of the quark
mass matrices [3, 4].
Although Sakharov taught us that CP violation is a

necessary condition for explaining the matter-antimatter
asymmetry of the Universe [5], it became clear that the
observed quark CP violation is insufficient for this pur-
pose [6], motivating new sources of CP violation beyond
the SM. One example of such new physics is neutrino
mass and mixing involving new CP invariants [7]. Indeed,
following the discovery of a sizeable leptonic reactor an-
gle [8], it is possible that leptonic CP violation could be
observed in the foreseeable future through neutrino os-
cillations, making such questions particularly timely [9].
In accommodating neutrino mass and lepton mixing,

one is forced to extend the SM in some way. A popular
idea is that large leptonic mixing angles arise from some
discrete family symmetry (for a review see e.g. [10]). One
possibility is to impose a specific CP symmetry which
transforms generations non-trivially as in [11] (see [12] for
more recent examples). The interplay of discrete family
symmetry and CP symmetry leads to certain consistency
relations which any theory must obey [13]. Although the
consistency relations have been widely used [14, 15], the
invariant approach [7] is often neglected.
The main purpose of this work is to illustrate, with

a few examples, the utility and power of weak basis in-
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variants [7] in the analysis of concrete models of neutrino
mass, mixing and CP violation involving discrete family
symmetry. We show that such an approach, which re-
lies on a knowledge of the Lagrangian of the model, is
complementary to the approach based on the consistency
relations [13]. Indeed we will show how the consistency
conditions can be derived from the requirement that the
Lagrangian is invariant under both CP symmetry and the
discrete family symmetry. Therefore, in analysing partic-
ular models, the use of weak basis invariants alone is both
sufficient and convenient.
To illustrate the virtues of the invariant approach in

analysing discrete family symmetry models of leptons,
it suffices to consider a couple of examples based on
A4 and ∆(27) family symmetries. For A4, we show
how to elegantly obtain several known results in the lit-
erature [15] via the use of weak basis invariants. In
∆(27) we use the invariant approach to identify how
explicit geometrical CP violation, i.e. persisting for ar-
bitrary couplings in the Lagrangian, arises. This is to
be contrasted with spontaneous geometrical CP violation
[16, 17] where a CP conserving Lagrangian undergoes
CP violation due to vacuum expectation values (VEVs).
In both cases the term “geometrical” refers to the fact
that the CP violation is controlled by the complex phase
ω ≡ ei2π/3 emerging from the order three generators of
∆(27).
It is worthwhile to first recap how the invariant ap-

proach works for any theory where the Lagrangian is
specified. Following [4], to study CP symmetry in any
model one divides a given Lagrangian as follows,

L = LCP + Lrem , (1)

where LCP is the part that automatically conserves
CP (like the kinetic terms and gauge interactions 1) while
Lrem includes the CP violating non-gauge interactions

1 Pure gauge interactions conserve CP [18].
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such as the Yukawa couplings. Then one considers the
most general CP transformation that leaves LCP invari-
ant and check if invariance under CP restricts Lrem - only
if this is the case can L violate CP .
In the presence of a family symmetry G, one may check

if a given vacuum leads to spontaneous CP violation,
as follows. Consider a Lagrangian invariant under G
and CP , containing a series of scalars which under
CP transform as (CP)φi(CP)−1 = Uijφ

∗
j . In order for the

vacuum to be CP invariant, the following relation has to
be satisfied: < 0|φi|0 >= Uij < 0|φ∗

j |0 >. The pres-
ence of G usually allows for many choices for U . If (and
only if) no choice of U exists which satisfies the previous
condition, will the vacuum violate CP , leading to spon-
taneous CP violation. In order to prove that no choice of
U exists one can construct CP -odd invariants.
As a brief review of how to derive CP -odd invariants,

consider the Lagrangian of the leptonic part of the SM ex-
tended by Majorana neutrino masses. After electroweak
breaking at low energies, the most general mass terms
are:

− Lm = mleLeR + 1
2mννLν

c
L +H.c. , (2)

where L = (eL, νL) stand for the left-handed neutrino
and charged lepton fields in a weak basis and eR for the
right-handed counterpart. Due to the SU(2)L structure,
the most general CP transformation which leaves the lep-
tonic gauge interactions invariant are:

(CP)L(CP)† = iUγ0CL̄T , (CP)eR(CP)† = iV γ0CēTR .
(3)

In order for Lm to be CP invariant, under Eq.(3) the
terms shown in the Eq.(2) go into the respective H.c.
and vice-versa:

U †mνU
∗ = m∗

ν , U †mlV = m∗
l . (4)

From Eq.(4) one can infer how to build combinations of
the mass matrices that will result in equations where U
and V cancel entirely. For any number of generations we
have [4]:

I1 ≡ Tr [Hν , Hl]
3
= 0 , (5)

where Hν ≡ mνm
†
ν and Hl ≡ mlm

†
l . This equation is

a necessary condition for CP invariance, encoding having
no Dirac-type CP violation. It can also be shown to be a
sufficient condition in the case of 3 generations, which we
will do when discussing A4 later. The low-energy limit
of the leptonic sector with 3 Majorana neutrinos has also
two Majorana-type CP violating phases, and it turns out
there are 3 necessary and sufficient conditions for low
energy leptonic CP invariance: in addition to Eq.(5), two
more CP -odd invariants can be defined [7], which we
shall not consider further here.
In this work we are interested in applying these ideas

to models of leptons involving discrete family symmetry.
The first point we wish to make is that, once a Lagrangian

is specified, which is invariant under a family symmetry
G and some CP transformation, then the consistency re-
lations [13] are automatically satisfied. In order to prove
this it is sufficient to consider some generic Lagrangian
invariant under a family symmetry transformation, in-
volving some mass term m (Dirac or Majorana), then
define H = mm†. Under some G transformation, ρ(g),
the mass term remains unchanged implying:

ρ(g)†Hρ(g) = H. (6)

Invariance of the Lagrangian under CP transformation U
requires the mass term to swap with its H.c., hence:

U †HU = H∗ (7)

Taking the complex conjugate of Eq.(6) we find,

(ρ(g)†)∗H∗ρ(g)∗ = H∗ = U †HU, (8)

using Eq.(7) for the last equality. Using Eq.(7) again:

(ρ(g)†)∗U †HUρ(g)∗ = U †HU. (9)

Hence by using once more Eq.(6) for a g′, we finish with:

U(ρ(g)†)∗U †HUρ(g)∗U † = H = ρ(g′)†Hρ(g′). (10)

By comparing both sides of Eq.(10) we identify:

Uρ(g)∗U † = ρ(g′) (11)

which is just the consistency relation [13]. In other words,
if we consider Eqs.(6) and (7) we do not need to consider
the consistency condition separately since it always fol-
lows.
We now move onto our first illustrative example, based

on G = A4 (see e.g. [19] for the basis choice and conven-
tions). To proceed with the invariant approach we con-
sider the A4 invariant Yukawa Lagrangian of a leptonic
sector containing fields in all possible representations of
A4: lepton doublets L = (νlL, lL) = 3, where l = e, µ, τ ,
charged leptons ec = 1, µc = 1′′, τc = 1′, Higgs flavons
ϕS = 3, ϕT = 3, ξ = 1, ξ′ = 1′, ξ′′ = 1′′.

LA4
= −ye(LϕT )1 e

c − yµ(LϕT )1′ µ
c − yτ (LϕT )1′′ τ

c

− y1

2 ϕS(LL)3s −
y2

2 ξ(LL)1 −
y′

3

2 ξ′(LL)1′′ −
y′′

3

2 ξ′′(LL)1′

+H.c. (12)

Here (· · · )r denotes the A4 contraction into representa-
tion r. The only Higgs which can get a VEV without
breaking A4 is 〈ξ〉. Giving it a VEV leads to a very sim-
ple neutrino mass matrix in unbroken A4, from the (LL)1
contraction:

m0
ν = β





1 0 0
0 0 1
0 1 0



 , β = (y2〈ξ〉)
∗ . (13)

DefiningH0
ν = m0

νm
0†
ν = |β|2I, we get thatH0

ν is trivially
invariant under CP :

U †H0
νU = H0∗

ν , (14)
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for any unitary matrix U . For m0
ν :

U †m0
νU

∗ = m0∗
ν , (15)

CP conservation can be seen by using U = ei arg(β)ρ3(g).
Having complex β is consistent with CP invariance, and
the existence of one CP transformation proves the La-
grangian respects CP . The invariant approach for the
single allowed mass term can only lead to CP -odd in-
variants of the form

ℑTr [(m0†
ν m0

ν)
n1∗(m0

νm
0†
ν )n2(m0†

ν m0
ν)

n3∗(...)] (16)

where ni are positive integers. All these CP -odd invari-
ants vanish because of Eq.(13), so we conclude without
much effort that CP invariance is inevitable and CP is au-
tomatically conserved for this Lagrangian with unbroken
A4.
What about the CP transformation of the other terms

in the Lagrangian? It is possible to consistently define a
CP transformation for all terms in Eq.(12), e.g. U = I
for the triplets, with a suitable and different phase for
each triplet field, and a phase for each singlet field. The
phases are chosen with respect to the phases of the cou-
plings which can all be complex. This is both because
in Eq.(12) a single matrix structure for U works for all
the Yukawa structures involving the triplets, and be-
cause there is a different field for each coupling. There-
fore it is not true that all A4 invariant Lagrangians are
CP invariant: adding the term aξ′ξ′′ to Eq.(12) leads to
CP violation for complex a. This illustrates that CP need
not be conserved for A4 invariant Lagrangians.
When ϕS , ϕT , ξ, ξ

′, ξ′′ acquire VEVs, A4 is broken. We
consider now realistic models with different subgroups
preserved in the neutrino and charged lepton sectors and
investigate the conditions for CP conservation. We as-
sume the VEVs [19],

〈ϕS〉 = vS





1
1
1



 , 〈ϕT 〉 = vT





1
0
0



 , (17)

where S〈ϕS〉 = 〈ϕS〉 hence 〈ϕS〉 leaves S unbroken, while
T 〈ϕT 〉 = 〈ϕT 〉 hence 〈ϕT 〉 leaves T unbroken. In the
neutrino sector S is preserved, the previous matrix m0

ν

becomes enlarged to:

mν = m0
ν+α





2 −1 −1
−1 2 −1
−1 −1 2



+γ





0 0 1
0 1 0
1 0 0



+δ





0 1 0
1 0 0
0 0 1



 ,

(18)
where α = (y1vS)

∗, γ = (y′3〈ξ
′〉)∗, δ = (y′′3 〈ξ

′′〉)∗. The
charged lepton mass matrix ml preserves T and is di-
agonal, ml = diag(me,mµ,mτ ) where me = (yevT )

∗,
mµ = (yµvT )

∗, mτ = (yτvT )
∗.

With Hl diagonal, I1 is

I1 = 6i(m2
µ −m2

e)(m
2
τ −m2

e)(m
2
τ −m2

µ)ℑ(H
21
ν H13

ν H32
ν ).
(19)

CP conservation forces I1 = 0 and since there are no mass
degeneracies, with the off-diagonal phases summing to
zero (modulo integer multiples of π), φ21+φ13 +φ32 = 0
(where we denoted the phases of Hij

ν as φij), we find

ℑ(H21
ν H13

ν H32
ν ) = −ℑ(βδ∗ + γβ∗ + δγ∗)ℜ(R) (20)

where R is a rather complicated expression,

R = 27|α|4 − 6|α|2|β + γ + δ|2 + |γδ|2 + |δβ|2 + |βγ|2

+ 4|β|2(γδ∗) + 4|γ|2(δβ∗) + 4|δ|2(βγ∗)

+ −6α∗2(β2 + γ2 + δ2 − βγ − δβ − γδ)

+ 2β∗2(γ2 + δ2 + γδ) + 2γ∗2(δ2 + δβ) + 2δ∗2βγ.

From Eq.(20) we learn that setting to zero any two of the
parameters β, γ, δ (dropping any two of the singlets) au-
tomatically leads to I1 = 0 for any values of the remain-
ing parameters and leading to the absence of Dirac-type
CP violation. Indeed this coincides with what is known
in the literature, since at least one non-trivial singlet is
required to obtain non-vanishing reactor angle with this
Lagrangian.
For the CP conserving cases, the condition for

CP conservation is

U †HνU = H∗
ν (21)

We find that, since Hν is a Hermitian matrix whose off-
diagonal phases sum to zero, one solution to eq.21 is

U ′ = diag(e2iφ1 , e2iφ2 , e2iφ3) (22)

where the off-diagonal phases of Hν are given by φij =
φi − φj . In fact, it is always possible to remove the off-
diagonal phases inHν completely by using charged lepton
phase rotations L → diag(e−iφ1 , e−iφ2 , e−iφ3)L where the
off-diagonal phases of Hν are given by φij = φi − φj as
before. In this basis, the CP conservingHν is real and the
CP transformation in Eq.(21) is the unit matrix U I = I.
Since S is a conserved symmetry of the neutrino mass
matrix, SHνS = Hν , it follows that also the following

CP transformation must also be possible, U ′S = SU ′ or
in the basis where Hν is real, simply US = S. It is inter-
esting to compare the invariant approach (above) to that
previously followed for the same A4 model [15], where
the same results were obtained from the consistency con-
dition.
We will now use the invariant approach to show

for the first time how one obtains explicit geometrical
CP violation - i.e. CP is explicitly violated by a phase only

originating from the group structure, and not from arbi-

trary couplings. We consider G = ∆(27), which can pro-
duce complex VEVs that lead to spontaneous geometrical
CP violation [16, 17]. There are 12 CP transformations
consistent with ∆(27) triplets [20], but to use the invari-
ant approach it is sufficient to know how to build ∆(27)
invariants.
∆(27) has 3 generators but we need use only two of

them here: c (for cyclic) and d (for diagonal), c3 = d3 = I.
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It has 9 singlets which we label as 1ij with c,d represented

by c1ij = ωi and d1ij = ωj (ω ≡ ei2π/3). There are
two ∆(27) triplets which we take as 301 and 302. c is
represented equally for both, but not d:

c3ij =





0 1 0
0 0 1
1 0 0



 ; d3ij =





ωi 0 0
0 ωj 0
0 0 ω−i−j



 (23)

In ∆(27), 301⊗302 =
∑

i,j 1ij , and with A = (a1, a2, a3)01
transforming as triplet 301 and B̄ = (b̄1, b̄2, b̄3)02 trans-
forming as (anti-)triplet 302, the explicit construction of
the singlets we require are

(AB̄)00 = (a1b̄1 + a2b̄2 + a3b̄3)00 (24)

(AB̄)01 = (a2b̄1 + a3b̄2 + a1b̄3)01 (25)

(AB̄)02 = (a1b̄2 + a2b̄3 + a3b̄1)02 (26)

(AB̄)20 = (a1b̄1 + ωa2b̄2 + ω2a3b̄3)20 (27)

This can be verified by acting on the triplets with the
generators. The study of CP in the context of ∆(27) with
more singlets is a rich topic where the invariant approach
proves to be extremely useful and we will present a more
detailed exploration of it in a subsequent publication.
∆(27) was first used for the lepton sector in [21].

We introduce now the SM fermions L ∼ 301 and also
νc ∼ 302. In order to make this model physical, we com-
plete it with a charged lepton Lagrangian that gives them
diagonal mass matrix with a VEV that breaks ∆(27) for
φ ∼ 302, 〈φ〉 ∝ (1, 0, 0):

−ye(Lφ)00 e
c
00−yµ(Lφ)01 µ

c
02−yτ (Lφ)02 τ

c
01+H.c. (28)

By using the invariant approach we found an interesting
case for 3 hij scalars in the neutrino sector, e.g.:

L3s = y00(Lν
c)00h00+y01(Lν

c)02h01+y10(Lν
c)20h10+H.c.

In this Lagrangian ∆(27) remains unbroken until the hij

acquire VEVs. The most general CP transformations are
associated respectively to unitary transformations:

h00 → eip00h∗
00; h01 → eip01h∗

01; h10 → eip10h∗
10;

L → UT
LL∗; νc → Uνν

c∗ ,

such that, if we assume CP invariance we have for the
Yukawa matrices Yij associated with each term

ULYijUνe
ipij = Y ∗

ij , (29)

where ∆(27) invariance imposes Y00 = y00I and

Y01 = y01





0 1 0
0 0 1
1 0 0



 ; Y10 = y10





1 0 0
0 ω 0
0 0 ω2



 . (30)

If we solve Eq.(29) with yij 6= 0 we find no solution for
either UL or Uν . We conclude that in this Lagrangian
with unbroken ∆(27) CP is violated in general and build:

I3s ≡ ℑTr (Y00Y
†
01Y10Y

†
00Y01Y

†
10) . (31)

This CP -odd invariant is sensitive to the presence of 3
scalars and

I3s = ℑ(3ω2|y00|
2|y01|

2|y10|
2) (32)

where the only phase present is ω2. The invariant ap-
proach therefore shows that we have for the first time
found a case where CP is explicitly violated by a phase

only originating from the group structure, and not from

arbitrary couplings. This falls under the definition of ge-
ometrical CP violation, but to distinguish it from already
known cases where it occurs spontaneously, we refer to
this as explicit geometrical CP violation.
The mass structure for the Dirac neutrinos, when

∆(27) is broken and aij = yij〈hij〉, is:

mν =





a00 + a10 a01 0
0 a00 + ωa10 a01
a01 0 a00 + ω2a10



 . (33)

We have 6 parameters (aij being 3 complex numbers) and
fix them to give 3 different neutrino masses and mixing
angles (the charged leptons are diagonal). We have a
prediction for the δ CP violating phase of the leptons,
which we express in terms of I1 6= 0 because:

ℑ(H21
ν H13

ν H32
ν ) = ℑ(a300 + a310)(a

∗
01)

3 . (34)

This source of CP violation depends on the relative
phases of the parameters, but is predicted once the pa-
rameters are fixed to give the correct masses and mixings.
Is there a physical process where the explicit geomet-

rical CP violation could be probed? In principle yes.
For this model, strictly from counting the number of
Yukawa in I3s, it could be probed in decays of the scalars
hij due to the interference of tree level and 2-loop pro-
cesses. Because smaller CP -odd invariants involving
hij are automatically zero, lower order contributions are
CP conserving.
To summarise, the invariant approach is a powerful

tool in the study of the CP properties of specific La-
grangians, whether they are invariant under a family
symmetry or not. We have demonstrated how it elegantly
gives the relevant results for an A4 framework. Then, in
a realistic model of leptons with ∆(27), we obtained the
strength of Dirac-type CP violation and identified a case
with explicit geometrical CP violation.
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