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Abstract—This paper proposes a novel blind carrier frequency
offset (CFO) estimator, namely the sparse recovery assisted
CFO (SR-CFO) estimator, for the uplink orthogonal frequency-
division multiple access (OFDMA) systems. By exploiting the
sparsity embedded in the OFDMA data, the CFO estimation is
formulated as an optimization problem of sparse recovery with
high-resolution. Meanwhile, in order to enhance the estimation
accuracy of CFOs, background noise and sampling errors are
mitigated by exploiting the structure of the noise covariances
matrix in the transformed observation data, and the asymptotic
distribution of the sampling errors. Furthermore, we propose an
approach for deriving the regularization parameter used by the
SR-CFO estimator, so as to control the trade-off between the
data fitting error and the sparsity of solution. The performance
of the proposed SR-CFO estimator along with other four existing
estimators is investigated and compared. Numerical results show
that the proposed SR-CFO estimator is superior to the state-of-
the-art estimators in terms of the estimation reliability.

Index Terms—OFDMA, carrier frequency offset, estimator,
sparse recovery.

I. I NTRODUCTION

I N wireless communications, orthogonal frequency-division
multiplexing (OFDM) has been widely employed to support

the downlink and uplink transmissions, and to support mul-
tiuser communications via assigning different subcarriers to
different users, forming the orthogonal frequency division mul-
tiple access (OFDMA). In OFDMA systems, the achievable
performance is very sensitive to the carrier frequency offsets
(CFOs) induced by the mismatch between transceiver oscilla-
tors. CFOs lead to strong multiple-access interference (MAI),
which may significantly degrade the system performance if it
is not effectively mitigated. Hence, in practical systems,the
CFOs need to be estimated with sufficient accuracy which are
then compensated or used for MAI mitigation.

In literature, maximum likelihood algorithm [1] and its
variant versions [2], [3] have been proposed for estimation
of the CFOs in OFDMA systems. The common drawbacks
of these methods are the high implementation complexity and
the requirement of pilots, which reduces the attainable spectral
efficiency. In order to combat these problems, a blind CFO
estimation scheme has been proposed in [4]. Specially, by
exploiting the periodic structure of the received signals in
the interleaved OFDMA uplink systems, the multiple signal
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classification approach referred to as MUSIC has been adopted
in [4] to estimate the CFOs. It is shown in [4] that the MUSIC
algorithm has a low computational complexity, and is capable
of achieving a good estimation performance. However, when
the CFOs of the signals from different users are close to
each other in the frequency domain, and when the signal-
to-noise ratio (SNR) is relatively low, it is usually hard to
separate the CFOs by the MUSIC approach. Furthermore,
in order to identify the CFOs, the MUSIC approach has
to resort to a highly involved spectral searching procedure,
which is rather computationally intensive. Due to these issues,
the MUSIC estimator has been replaced by the estimators
designed based on the rotational invariance technique, such
as the ESPRIT [5]. Moreover, in order to further reduce the
computational complexity, an improved ESPRIT, namely the
Unitary-ESPRIT, has been proposed in [6] for estimation of
CFOs. More recently, a unitary subspace improved minimum
output variance (U-SIMOV) estimator has been introduced
in [7] for CFO estimation. By combining the unitary trans-
formation with the subspace projection technique, the U-
SIMOV is able to improve the CFO estimation performance
of the Unitary-ESPRIT, provided that the CFOs with respect
to different users are sufficiently separated from each other.

In order to attain high-resolution estimations for the closely
located CFOs, especially, in low SNR region, we propose a
novel CFO estimator in this paper, with the main contributions
as follows.

• A novel CFO estimation algorithm designed based on
the sparse recovery is proposed in this paper, which is
referred to as the sparse recovery assisted CFO (SR-
CFO) estimator. Our high-resolution CFO estimator is
formulated as a sparse optimization problem without
relying on requiring pilots. Furthermore, with the aid
of the Lagrangian duality theory [8], [9], an approach
is proposed for deriving the regularization parameter
required by our SR-CFO estimator.

• A selection matrix is designed for mitigating the effect
of additive Gaussian noise by exploiting the structure of
the noise variances in the transformed observation data.

• A whitening filter is designed for coping with the sam-
pling errors by exploiting the asymptotic distribution of
the sampling errors.

• The performance of our SR-CFO estimator is investigated
by simulations, which is also compared with four existing
CFO estimators. Our studies and simulation results show
that the proposed SR-CFO estimator outperforms all the
benchmark CFO estimators by providing a higher resolu-
tion and also a higher estimation accuracy. Furthermore,
the regularization parameter derived by our proposed
approach is nearly optimum in the sense of minimum
mean-square error (MSE).

II. SYSTEM MODEL

We consider an interleavedN -subcarrier OFDMA uplink
system, where theN subcarriers are evenly divided intoQ
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subchannels, each of which includesP = N/Q subcarriers.
Assume that there areK (K ≤ Q) users active in the system
and each of the active users is assigned one subchannel.
For the k-th user, wherek ∈ {0, · · · ,K − 1}, its symbol
vector [x(k)0 , · · · , x(k)P−1]

T ∈ C
P to be transmitted is mapped

to its assigned subchannel, namely theq(k)-th subchannel,
composed of theP subcarriers with the indices constituting a
setφφφ(k) = {q(k), q(k) +Q, · · · , q(k) + (P − 1)Q}, whereq(k)
is lowest index of the subcarriers assigned to userk.

Assume a multipath slow fading channel, whose fading
coefficients can be assumed to be constant during one OFDMA
symbol duration. Then, the channel frequency response on the
φ
(k)
p -th subcarrier of userk can be expressed as [4]

h(k)p =

L(k)−1
∑

l=0

α
(k)
l e−j2πφ

(k)
p ∆fτ

(k)
l (1)

where L(k) is the number of multipath taps of the fading
channel from userk to the base station (BS),∆f represents
the subcarrier spacing between two adjacent subcarriers,α

(k)
l

and τ (k)l denote the channel gain and time delay of thel-th
tap, respectively. Note thatφ(k)p is the p-th element ofφφφ(k)

andφ(k)p = q(k) + pQ for p = 0, 1, · · · , P − 1.
At the receiver, after sampling and removal of the cyclic

prefix (CP), the time-domain signals received from thek-th
user in the absence of noise can be expressed as

r(k)(n) =

P−1
∑

p=0

h(k)p x(k)p ej2π(φ
(k)
p +ε(k))∆fnTs

=

P−1
∑

p=0

h(k)p x(k)p ej(2π/N)(φ(k)
p +ε(k))n, n = 0, · · · , N − 1

(2)

whereTs = 1/(N∆f ) denotes the sampling period andε(k) ∈
(−0.5, 0.5) is the CFO normalized by∆f . It can be shown [5]

that {r(k)(n)}N−1

n=0 have the property of

r(k)(n+mP ) = ej2πmθ
(k)

r(k)(n) (3)

whereθ(k)
∆
= (q(k) + ε(k))/Q is referred to as the effective

CFO. Explicitly, givenq(k) andQ, θ(k) is a function ofε(k).
Hence, we can estimateθ(k) instead of estimatingε(k).

As the BS receives signals simultaneously fromK active
users, the received signals can be expressed as

Υ(n) =

K−1
∑

k=0

r(k)(n)+z(n), n = 0, · · · , N − 1 (4)

where z(n) is the Gaussian noise distributed with mean
zero and varianceσ2. In order to exploit the periodicity
existing in {r(k)(n)}N−1

n=0 , the N received signals can be
arranged asΥ = [rrr(0), · · · , rrr(P − 1)] ∈ C

Q×P , where
rrr(i) = [Υ(i),Υ(i + P ), · · · ,Υ(i + (Q − 1)P )]T ∈ C

Q. It
follows thatΥ can be expressed as

Υ = V S +Z (5)

whereV = [a(θ(0)),· · ·,a(θ(K−1))] ∈ C
Q×K with a(θ(i)) =

[ej2πθ
(i)0,· · ·,ej2πθ(i)(Q−1)]T ∈C

Q, S = [r(0), · · · , r(K−1)]T ∈
C
K×P with r(i)=[r(i)(0), · · · , r(i)(P − 1)]T ∈C

P , andZ=
[z(0),· · ·, z(P−1)]∈C

Q×P is the corresponding noise matrix
with z(i) = [z(i), z(i + P ), · · · , z(i + (Q − 1)P )]T ∈ C

Q.
Our objective is to estimate the effective CFOs ofθ(k) for
k = 0, · · · ,K − 1, which are embedded inV , based on (5).

III. SR-CFO ESTIMATION ALGORITHM

A. CFO Estimation Based on Sparse Recovery

According to (3), and remembering thatε(k) ∈ (−0.5, 0.5),
the effective CFO of thek-th active user is distributed in
the range of

(

(q(k) − 0.5)/Q, (q(k) + 0.5)/Q
)

. Considering
that q(k) ∈ {0, 1, · · · , Q − 1}, we can readily know that the
effective CFOs of theK active users are sparsely distributed
in the range of(−0.5/Q, 1− 0.5/Q). Thus, by invoking all
the possible effective CFOs,Υ in (5) can be rewritten in a
high-resolution and sparse representation as

Υ = V̄ S̄ +Z (6)

where V̄ = [a(θ̄(0)), · · · ,a(θ̄(K̄−1))] ∈ C
Q×K̄ and the set

of {θ̄(0), · · · , θ̄(K̄−1)} gives a sampling grid of all possible
effective CFOs, whilēS = [r̄(0), · · · , r̄(K̄−1)]T ∈ C

K̄×P with
r̄(i) = [r̄(i)(0), · · · , r̄(i)(P − 1)]T ∈ C

P . In general, we have
K̄ ≫ K. Hence,S̄ is a row sparse matrix, whosei-th row
is nonzero and equals to the corresponding row ofS in (5),
only when there truly exists an effective CFO ofθ̄(i) having
a value in(−0.5/Q, 1− 0.5/Q). Consequently, the problem
of effective CFO estimation based on (5) is equivalent to
identifying the positions of the nonzero rows in̄S seen in (6).
In principle, this problem may be directly solved by theℓ2,0-
norm compressive sensing algorithms [10]. However, the non-
convexity ofℓ2,0-norm algorithms leads to high computational
complexity. Alternatively, theℓ2,0-norm can be approximated
by theℓ2,1-norm [11], which may be solved with relatively low
complexity. However, the approximation error may be large,
especially in the case that theℓ2-norms of the nonzero rows in
S̄ have significantly different values. In order to circumvent
these problems, and with the aid of the idea from [9], below
we make use of the covariance matrix of the received signals
of (6) as the new observations, based on which the effective
CFOs are estimated. Note that, since in this case only the
2nd order moments are required, which allow us to efficiently
suppress the effect from the additive Gaussian noise and the
sampling errors. Eventually, better recovery performancecan
be achieved, as shown in Section IV.

To begin with, the sampling covariance matrix ofΥ of (6)
can be derived and expressed as

R̂ = V̄ RsV̄
H
+Rn +E (7)

which is a(Q×Q)-dimensional matrix. In (7),Rs=E[̄SS̄
H
]=

diag{Pσ2
r̄(0)

,· · ·, Pσ2
r̄(K̄−1)} with σ2

r̄(k) = E[̄r(k)(n)r̄(k)(n)
H
]

being the power received from thek-th user, Rn =
diag{Pσ2, · · · , Pσ2} is the noise covariance matrix, whileE
reflects the error between the covariance matrix ofΥ given
in (6), which isV̄ RsV̄

H
+Rn, and its sampling covariance

matrix R̂ of (7). Let us vectorize (7), yielding aQ2-length
vector [12]

y
∆
= vec{R̂} = VVV ςςς + ρρρ+ ξξξ (8)

whereVVV
∆
=V̄

∗⊙V̄ , ςςς
∆
=[Pσ2

r̄(0)
, · · · Pσ2

r̄(K̄−1) ]
T , ρρρ

∆
=vec(Rn)=

[Pσ2eT1 , · · · , Pσ2eTQ]
T and ξξξ

∆
= vec(E). Here, (·)∗, ⊙ and

ei denote, respectively, the complex conjugate, Khatri-Rao
product [12], and thei-th column of the identity matrixIQ.
Based on (8), our CFO estimation problem is converted to a
problem of identifying the locations of nonzero elements inςςς.

From (8) we know that there areQ nonzero elements in the
noise resulted component ofρρρ, whose positions are known.
Therefore, they can be canceled by deleting the corresponding
elements iny but at the cost of the loss ofQ degrees of
freedom (DOFs). In mathematical form, the cancellation of the
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noise resultant components in (8) can be implemented by pre-
multiplying a selection matrixJ ∈ R

Q(Q−1)×Q2

satisfying
Jρρρ = 0 on y, yielding

u
∆
= Jy = JVVV ςςς + Jξξξ (9)

Note that, according to the structure ofei, J can be con-
structed from the identity matrixIQ2 by removing its{0 ×
Q+ 1, 1×Q+2, · · · , (Q−1)×Q+Q} rows.

According to [13], ξξξ is asymptotically complex normal
(CN ) distributed, ifP is sufficiently large. In this case, the

distribution of ξξξ can be approximated asξξξ ∼ CN (0, (R̂
T ⊗

R̂)/P ), where⊗ denotes the Kronecker product [12]. There-
fore, Jξξξ in (9) follows the distribution ofCN (0,G) with

G
∆
= (J(R̂

T⊗R̂)JT )/P . Explicitly, the transformed noiseJξξξ
is colored, which may lead to severe performance degradation.
In order to alleviate its effect, we may whitenJξξξ through
multiplying u of (9) by G− 1

2 , yielding

û
∆
= G− 1

2u = ΨΨΨςςς + ννν (10)

whereΨΨΨ
∆
= G− 1

2JVVV andννν
∆
= G− 1

2Jξξξ ∼ CN (0, IQ(Q−1)) is
now a white Gaussian noise vector.

With the aid of the above preparation, finally, the optimiza-
tion problem for finding the nonzero elements inςςς can be
described as

min
ςςς

{

1
2 ‖û−ΨΨΨςςς‖22 + h ‖ςςς‖1

}

, s.t. ςςς � 0 (11)

whereh ≥ 0 is a regularization parameter for controlling the
contribution between theℓ2-norm andℓ1-norm, i.e., between
the data fitting error and the sparsity of the solution [14]. In
(11), theℓ1-norm is used for approximating theℓ0-norm for
the purpose of constructing a convex optimization problem.
However, from (8) we know that the nonzero elements inςςς
represent the power received from the different users, which
may be very different. In this case, as shown in [15], a large
approximation error may occur. In order to cope with this
problem, we propose to estimate the effective CFOs by solving
an alternative optimization problem described as

min
ςςς

{

1
2 ‖û−ΨΨΨςςς‖22 + h

K̄−1
∑

i=0

wi |ςi|
}

, s.t. ςςς � 0 (12)

where ςi denotes thei-th element ofςςς andwi is the corre-
sponding weight applied to guarantee thatwiςi ≤ 1. According
to the analysis in [15], [16], we haveςi ≤ P/(v̄Hi R̂

−1
v̄i).

Therefore, we can choosewi to have a value ofwi =

(v̄Hi R̂
−1

v̄i)/P , where v̄i represents thei-th column of V̄ .
However, as shown in (12), the estimation performance is
also dependent on the value of the regularization parameter
h, which needs to be set appropriately. Below we address in
detail the regularization parameter setting.

B. Regularization Parameter Setting
The value ofh in (12) plays an important role for the

achievable estimation performance. In particular, a smallvalue
of h may incur many spurious effective CFOs, while a large
value of h may yield a large estimation error. Hence, it is
important to seth to a suitable value. In this section, we derive
h based on (12) with the aid of the Lagrangian duality [8],
[9], which is near optimum as demonstrated in Section IV.

First, let us rewrite (12) as an optimization problem asso-
ciated with the constraints as

min
ςςς

{

1

2
‖ννν‖22 + h

K̄−1
∑

i=0

wi |ςi|
}

s.t.ννν= û−ΨΨΨςςς, ςςς � 0. (13)

Then, with the aid of theLagrangian multipliers, the cor-
responding unconstrained minimization problem can be de-
scribed as

min
ςςς,ννν

{

1

2
‖ννν‖22 +h

K̄−1
∑

i=0

wi |ςi|+µT (ννν−û+ΨΨΨςςς)−λλλT ςςς
}

(14)

whereµ andλλλ � 0 are respectively theLagrange multipliers
for the constraints ofννν = û−ΨΨΨςςς andςςς � 0. It can be shown
that, for a fixedςςς, the minimization of (14) overννν results in

µµµ = −ννν = −(û−ΨΨΨςςς). (15)

Upon substituting (15) into (14) to eliminate the variableννν,
we obtain the minimization problem in terms ofςςς as

min
ςςς

{

−1

2
‖µ‖22 − µT û+ h

K̄−1
∑

i=0

wi |ςi|+µTΨΨΨςςς−λλλT ςςς
}

(16)

Furthermore, according to the Lagrangian duality [8], the min-
imization problem of (13) is equivalent to the maximization
problem of

max
µ,λλλ

{

− 1
2 ‖µ‖

2
2−µT û+inf

ςςς

[

h
K̄−1
∑

i=0

wi |ςi|+µTΨΨΨςςς−λλλT ςςς
]

}

(17)
where inf

ςςς

[

f(ςςς,µ,λλλ)
]

represents the minimum off(ςςς,µ,λλλ)

over ςςς for given µ andλλλ. Then, by exploiting theKarush-
Kuhn-Tucker condition [8], we should haveλλλT ςςς = 0 in (17).

Consequently, the term ofinf
ςςς

[

h
K̄−1
∑

i=0

wi |ςi|+µTΨΨΨςςς−λλλT ςςς
]

in

(17) can be written as
K̄−1
∑

i=0

inf
ςi
[βi], whereβi

∆
= hwi |ςi|+ ηiςi

with ηi being thei-th element ofµTΨΨΨ, i.e., ηi = ψψψTi µ =
−ψψψTi (û −ΨΨΨςςς). Here,ψψψi represents thei-th column ofΨΨΨ. In
order to determineinf

ςi
[βi], let us expressβi in detail as

βi =

{

hwiςi + ηiςi, if ςi ≥ 0
−hwiςi + ηiςi, if ςi < 0 . (18)

From (18), we can readily know thatβi achieves its minimum
of 0, i.e., inf

ςi
[βi] = 0, under the condition ofhwi + ηi ≥ 0

when ςi ≥ 0, or under the condition of−hwi + ηi < 0 when
ςi < 0. Under all other conditions,inf

ςi
[βi] = −∞. Therefore,

we have

inf
ςi
[βi] =

{

0, if hwi ≥ |ηi|
−∞, otherwise (19)

However, inf
ςi
[βi] = −∞ is meaningless for an optimization

problem. Hence, we should have the constraint onh as

hwi ≥ |ηi| =
√

ψψψTi (û−ΨΨΨςςς)(ψψψTi (û−ΨΨΨςςς))H ,

i = 0, · · · , K̄ − 1
(20)

As shown previously in association with (10),̂u −
ΨΨΨςςς ∼ CN (0, IQ(Q−1)). Hence, we haveψψψTi (û − ΨΨΨςςς) ∼
CN (0,ψψψTi ψψψ

∗
i ), from which we can readily know that
√

2/(ψψψTi ψψψ
∗
i )ψψψ

T
i (û−ΨΨΨςςς) ∼ CN (0, 2). (21)

Equation (21) implies that both the real and imaginary parts
of

√

2/(ψψψTi ψψψ
∗
i )ψψψ

T
i (û −ΨΨΨςςς) are independently Gaussian dis-

tributed with the distribution ofN (0, 1). Therefore, the square
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of
√

2/(ψψψTi ψψψ
∗
i )ψψψ

T
i (û−ΨΨΨςςς) follows the centralχ2-distribution

with two DOFs, which can be expressed as

(2/(ψψψTi ψψψ
∗
i ))ψψψ

T
i (û−ΨΨΨςςς)(ψψψTi (û−ΨΨΨςςς))H ∼ χ2(2) (22)

whereχ2(D) stands for theχ2-distribution withD DOFs.
Let us assume thatPγ is a probability close to one. Then,

we can find a corresponding valueγ satisfying

Pr(X 2(2) ≤ γ) = Pγ (23)

With the aid of (20) and (22), (23) can be written as

Pr
(

2/
(

ψψψTi ψψψ
∗
i

)

|ηi|2≤γ
)

=Pr

(

|ηi|≤
√
ψψψT

i
ψψψ∗

i√
2

√
γ

)

=Pγ (24)

Therefore, if we choose

hwi ≥
√
ψψψT

i
ψψψ∗

i√
2

√
γ or h ≥

√
ψψψT

i
ψψψ∗

i√
2wi

√
γ (25)

then, the constraint ofhwi ≥ |ηi| in (20) can be satisfied with
a probability of at leastPγ . Consequently, by considering all
the K̄ constraints in (20),h can be chosen as

h =
(

max
i

{

‖ψψψi‖2√
2wi

})√
γ. (26)

Finally, after substitutingh obtained from (26) into (12),
we can then estimate the effective CFOs by solving the
optimization problem, which can be achieved by many existing
optimization packages, e.g., the SeDuMi [17].

Note that, the computational complexity of the proposed
SR-CFO estimation algorithm is mainly contributed by solving
(12). When the SeDuMi package is used, it requires at least
O(K̄3Q(Q − 1)) complex multiplications according to [18].
This complexity is higher than that of some existing algo-
rithms, e.g., the Unitary-ESPRIT [6], which has the complexity
of O(PQ2). However, as shown in the next section, the
estimation performance of our proposed algorithm is better
than that of the existing algorithms.

IV. SIMULATION RESULTS

In this section, we evaluate the achievable performance of
our proposed SR-CFO estimation algorithm and also compare
it with some existing algorithms, when an uplink QPSK-
OFDMA system is considered. In the considered OFDMA
system, the available bandwidth is divided into 1024 subcarri-
ers with the minimum spacing of 11.16 kHz. In order to avoid
inter symbol interference (ISI), a CP of length 64 is employed.
We assume that the time-varying channels for all the active
users have the same number of taps ofL(k) = 10, and that
the mean power of the taps follows an exponential distribution
[5], [7]. In detail, the mean power of thel-th tap is expressed
asCe(−l/5), l = 0, · · · , 9, whereC is a constant used to make
the total channel power unity. In the simulations of our SR-
CFO estimation algorithm, the grid spacing is assumed to be
0.01, based on which we can find that̄K = 800, whenQ = 8
is assumed. In addition, in order to satisfy the constraint of
hwi ≥ |ηi| in (20) with a high probability, the probability of
Pγ in (23) is chosen as0.9999.

First, Figs. 1 and 2 show the MSE versus the SNR per-
formance of the different CFO estimators, whenǫmax = 0.2
(Fig. 1) andǫmax = 0.35 (Fig. 2), respectively. Here,ǫmax
represents the maximum absolute value of the effective CFOs,
while the effective CFOs imposing on the different user signals
follow the uniform distribution in [−ǫmax, ǫmax]. The MSE
depicted in the figures is calculated by

MSE= 1
MK

∑M−1
m=0

K−1
∑

k=0

(ǫ̂
(k)
m − ǫ(k))2 (A)
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Fig. 1. MSE versus SNR performance of the different CFO estimators under
the parameters ofQ=8, P=128,K=4 andǫmax = 0.2.
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Fig. 2. MSE versus SNR performance of the different CFO estimators under
the parameters ofQ=8, P=128,K=4 andǫmax = 0.35.

whereM is the number of realizations, and

ǫ̂
(k)
m = θ̂

(k)
m Q− ⌊θ̂(k)m Q⌋ (B)

where ⌊·⌋ is a round down operator,̂ǫ(k)m and θ̂(k)m are the
estimates toǫ(k) and θ(k), respectively. Finally, for each
realization in (B), {θ̂(k)m }K−1

k=0 are given by theK largest
local maximum of θ̄k selected by (12). For the purpose of
comparison, in Figs. 1 and 2, four existing estimators are
considered, which are the MUSIC [4], ESPRIT [5], Unitary-
ESPRIT [6] and the U-SIMOV [7] algorithms.

From Figs. 1 and 2, we can explicitly observe that our
proposed SR-CFO estimator outperforms the other considered
estimators in terms of the MSE performance, especially when
the effective CFOs are relatively large. This is due to the fact
that our proposed SR-CFO estimator is designed based on
sparse recovery, which is capable of providing finer resolution,
even in the low SNR region, than the other CFO estimators.

Fig. 3 depicts the MSE versusǫmax performance of the
proposed and the other four estimators. Over the whole
range ofǫmax, the SR-CFO estimator outperforms the other
estimators. As predicted, in comparison with the four existing
estimators, the SR-CFO estimator becomes more significant,
as ǫmax increases. Therefore, the SR-CFO estimator is more
robust to the CFOs than the other considered estimators.

Fig. 4 plots the MSE of the different estimators against
the number of active users. As the number of active users
increases, the MSE performance of all the estimators degrades.
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Fig. 3. MSE versusǫmax performance of the different CFO estimators, when
the parameters ofQ = 8, P = 128, K=4 and SNR=12 dB are used.

1 2 3 4 5 6 7
10

−5

10
−4

10
−3

10
−2

10
−1

Number of users (K)

M
S

E

MUSIC

ESPRIT

Unitary−ESPRIT

U−SIMOV

SR−CFO

5 5.5 6

10
−1.5

10
−1.1

Fig. 4. MSE versus the number of users for the different CFO estimators
under the parameters ofQ=8, P=128, ǫmax = 0.35 and SNR=12 dB.

When there are more than 4 active users, the estimation
performance of both the ESPRIT and the Unitary-ESPRIT
becomes very poor. This is because the dimension of the signal
subspace used by these two estimators is smaller than that used
by the other approaches. As shown in Fig. 4, our proposed SR-
CFO estimator outperforms all the other estimators, provided
that there are at least two active users.
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Fig. 5. Effect of regularization parameter on the MSE performance of the
SR-CFO estimator with respect to different SNRs under the parameters of
Q=8, P=128 andǫmax = 0.35.

Finally, the impact of the regularization parameterh on the
MSE performance of the SR-CFO estimator is demonstrated

in Fig. 5, when a range of SNR values are considered. In
the figure, theh values evaluated by the approach provided
in Section III-B are presented as red stars. As shown in the
figure, the MSE obtained by these estimatedh values is close
to the minimum MSE achievable. Therefore, the regularization
parameter derived by our proposed approach in Section III-B
is nearly optimum in terms of the minimum MSE.

V. CONCLUSIONS

A novel SR-CFO estimator without relying on pilots has
been proposed and investigated against some existing estima-
tors. In our sparse recovery problem, the selection matrix and
whitening filter have been designed in order to mitigate the
effect of noise and sampling error on the CFO estimation.
Furthermore, an approach has been proposed for deriving the
regularization parameter, so that the CFO estimator is capable
of achieving a good trade-off between the estimation resolution
and the estimation performance. Finally, the performance of
the proposed SR-CFO estimator has been demonstrated and
compared with that of a range of existing CFO estimators.
Our studies and simulation results show that the proposed SR-
CFO estimator outperforms all the other estimators in terms
of the reliability of estimation, but at the cost of an increased
implementation complexity. Furthermore, the regularization
parameter derived by our proposed approach is nearly opti-
mum for achieving the minimum MSE of CFO estimation.
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