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Abstract—The millimeter wave (mmWave) frequency band
offers substantial hitherto unused spectral resources for future
wireless communication systems in order to meet the increasing
capacity demand. However, mmWave frequencies suffer from
high propagation losses, which may be mitigated by directional
beamforming in addition to baseband precoding. This is usually
referred to as hybrid beamforming. In this paper, we investi-
gate the so-called discrete Fourier transform-mutually unbiased
bases (DFT-MUB) aided codebook design conceived for limited-
feedback mmWave systems, where the MUB aided codebook is
applied in the baseband, while the DFT codebook is invoked
for RF analog phase shifters. We demonstrate that our DFT-
MUB codebook design performs similarly to the optimal digital
precoding matrix, where the precoder is selected as the right
singular matrix of the channel. However, our solution significantly
reduces the search complexity in the baseband, while performing
within 2.5 dB from the optimal digital precoder.

I. INTRODUCTION

Recent studies show a dearth of spectral resources to meet
the increasing data rate demands of mobile users in the
microwave band [1]. Hence next generation systems aim for
additionally harnessing mmWave frequencies [2] as a benefit
of the abundant availability of bandwidth. However, mmWave
frequencies suffer from a high pathloss because of the atten-
uation due to water vapour, oxygen absorption and foliage.
As a result, the signal-to-noise (SNR) ratio in mmWave
communications would typically be low at the receiver [2]. To
compensate the propagation losses, directional beamforming is
considered to be a promising solution [3]. Furthermore, since
the λ/2 spacing between the antennas would be on the order of
millimeters at mmWave frequencies, large number of antennas
can be accommodated in a compact space for achieving high
beamforming gains. Employing digital beamforming using
a large number of antennas, where both the amplitude and
phase are controlled digitally using ADCs/DACs, would result
in a high cost and hardware complexity [4]. On the other
hand, employing analog beamforming, where the antenna
array is connected to an RF chain through amplifiers and
controllable analog phase shifters, reduces the hardware com-
plexity significantly compared to the digital beamforming.
However, in analog beamforming, the angular resolution is
typically inaccurate [2]. Hence hybrid beamforming combin-
ing analog and digital beamforming for mmWave systems
was conceived in [5], where the ensuing digital processing
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is capable of correcting the analog imperfections. In hybrid
solutions, analog beamforming is carried out at the RF front
end, where the digitally precoded signals are phase-shifted and
then fed to the transmit antennas. Similarly, at the receiver
RF front end the received signals are phase-shifted and then
fed to the digital combiner operating in the baseband. Two
different hybrid beamforming designs have been reported in
[6], namely a so-called full-array-connected design and, sub-
array-connected design [6]. In the full-array-connected design
the digital precoded signals are phase-shifted and then fed
to all the transmit antennas. By contrast, in the sub-array-
connected design, after phase shifting the digitally precoded
signals are fed only to a subset of the antennas. Hence, the
sub-array-connected implementation is more energy efficient
than the full-array-connected design [6].

In frequency-division duplex (FDD) systems, the receiver
has to feed back the channel estimation to the transmitter for
the transmit precoder (TPC) to compensate the channel-effects
about to be encountered. However, feeding back the channel
coefficients to the transmitter would result in large overhead.
An appealing practical solution for feeding back the channel
information to the transmitter is based on a carefully designed
TPC quantized weight codebook, which is known both to the
transmitter and the receiver. Explicitly, based upon the channel
impulse response (CIR) estimate the receiver selects the best
TPC matrix from its codebook, and reports the selected index
to the transmitter over the feedback channel. This technique
is referred to as limited-feedback design.

Song et al. [7] proposed a codebook design for mmWave
systems using the algorithm referred to as orthogonal matching
pursuit (OMP). As a futher solution, Rajashekar and Hanzo
[8] designed a codebook design using vector quantization
conceived for finite modulation alphabets. In [9], Alkhateeb
and Heath proposed RF codebook designs for limited feedback
mmWave systems. By exploiting the channels’ reciprocity,
a heuristic codebook design was advocated by Eltayeb et
al. [10]. The efficiency of a practical communication system
critically hinges on its performance vs complexity trade-
off. Moreover, the aforementioned designs mmWave system
designs impose a high complexity. The performance of a
practical codebook design depends on the choice of the
codebook entries, as detailed by Clerckx et al. in [11]. Against
this background, in this contribution, we conceive a low-
complexity hybrid beamforming codebook design.



More explicitly, we design a codebook for digital beam-
forming based on mutually unbiased bases (MUBs) combined
with discrete Fourier transform (DFT) based analog RF
beamforming for a limited-feedback aided mmWave MIMO
system. The MUB assisted codebook imposes lower search
complexity than the existing digital beamforming designs
without compromising the attainable performance. A MUB
assisted codebook was designed in [12], [13] for a sub-6 GHz
scenario. By contrast, we design a codebook based on MUBs
combined with DFT aided analog RF beamforming for a
limited-feedback mmWave MIMO system. The rationale behind
employing the DFT for analog RF beamforming is its high
efficiency in spatially correlated channels [14]. Our simulation
results demonstrate that despite of its low complexity, the
proposed MUB-DFT codebook design performs close to the
equivalent benchmarker applying digital precoding and rely-
ing on the simplifying assumption of having perfect channel
state information (CSI).

The rest of the paper is organized as follows. In Sec. II,
we discuss our system model as well as the design of the
transmitter and receiver in addition to the mmWave channel
model. In Sec. III, we first discuss the DFT aided codebook
design conceived for analog RF beamforming. Later we focus
our attention on MUB assisted codebook design for the
baseband. Our simulation results and conclusions are presented
in Sec. IV and Sec. V, respectively.

Notations: We use upper case boldface, A, for matrices and
lower case boldface, a, for vectors. We use < . >, T,H,⊗ for
the inner product, transpose, Hermitian transpose and element-
wise multiplication, respectively. Finally, we use CN , U , and
i.i.d. to denote complex-valued normal distribution, uniform
distribution, and independent and identical distribution, respec-
tively.

II. SYSTEM MODEL

Consider a single-user mmWave MIMO system shown in
Fig. 1, where the transmitter is equipped with Nt antennas
and the receiver with Nr antennas. Then the received signal
vector after RF and baseband combining is given by:

y =
√
PWH

BBWH
RFHFRFFBBs + WH

BBWH
RFn, (1)

where H is the statistical channel model expressed as [15]:

H =

√
NrNt
NcNray

Nc∑
nc=1

Nray∑
nray=1

α
nray
nc ar(φ

nray
nc )aTt (φ

nray
nc ), (2)

and the transmitter is equipped with NRF
t chains and the

receiver with NRF
r chains, where FRF is the RF beamformer

matrix of size Nt × NRF
t , FBB is the baseband TPC matrix

of size NRF
t × Ns, WH

RF is the RF combiner matrix of size
NRF
r ×Nr, WH

BB is the baseband combiner of size Ns×NRF
r , y

is the Ns×1 received vector, s is the symbol vector of size Ns,
where Ns < NRF

t and n is the noise vector of i.i.d. CN (0, σ2).
Furthermore, H is the statistical channel matrix of size Nr×Nt
so that E[‖H‖2F ] = NtNr, while α

nray
nc ∼ CN (0, 1) is a

complex-valued Gaussian random variable, whose amplitude

and phase are Rayleigh and uniform distributed, respectively.
For a uniform linear array (ULA) with Nr and Nt antenna
elements the response vectors ar and at are expressed as:

ar(φr) = [1 ej
2π
λ d cos(φr) . . . ej

2π
λ (Nr−1)d cos(φr)]T , (3)

at(φt) = [1 ej
2π
λ d cos(φt) . . . ej

2π
λ (Nt−1)d cos(φt)]T . (4)

Finally, Nc and Nray are the number of CIR clusters and rays,
respectively.
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Fig. 1: Hybrid beamforming transceiver architecture.

In mmWave communication, FRF and WRF are used for
analog beamforming, where the beams are steered in the
direction of the desired user by phase shifters, while FBB and
WBB are the baseband precoder and combiner weights used
for mitigating the inter-stream interference. With the aid of
this system model, the achievable rate in bits per second per
channel use (bps/cu) is given by:

C = log2

∣∣∣det (INs+ (5)

P

Ns
R−1n WH

BBWH
RFHFRFFBBFHBBFHRFHHWRFWBB

)∣∣∣,
where Rn = σ2WH

BBWH
RFWRFWBB, and P is the signal power.

III. CODEBOOK DESIGN

Fig. 1 shows the transceiver design relying both on a TPC
and on analog beamforming. In this design, before the streams
are fed to the transmit antennas, they are precoded in the
baseband using a linear TPC and then the precoded streams
are fed to the RF beamformer, where the streams are phase
shifted accordingly and finally fed to the transmit antennas.

In this section, we discuss the design of RF beamforming
based on the DFT, where the antenna element weights are
selected for steering the beam in the desired direction. Then,
we describe the construction of the baseband TPC codebook
relying on MUBs.
A. RF Analog Beamformer Design Using DFT

To derive the beamforming gains so as to compensate for
the propagation losses due to water vapour, oxygen absorption
and foliage, the antennas are placed at a separation of λ/2.
We consider the DFT based codebook for RF beamforming,
because the codewords in the DFT based beamforming code-
book match with the statistical distribution of the optimal
beamforming weight vectors, which makes the DFT based
codebook more efficient in spatially correlated channels [14].
Furthermore, it satisfies the constant modulus constraint im-
posed by the phase shifters to avoid any power imbalance for



the system. Therefore, it is reasonable to employ a DFT based
codebook for analog RF beamforming using phase shifters.
On the other hand, for the baseband TPC matrix, we invoke
a codebook design constructed from MUBs as a benefit of its
efficiency and low complexity, which will be detailed later in
this section.

The NRF
t columns of the analog RF beamformer matrix

FRF are selected from the Nt×Nt DFT matrix which exhibits
maximum correlation with the columns of the right singular
matrix of the channel H=UΣVH , i.e.,

FRF(:, i) = max
i

<DFTNt(:, i), V >, 1 ≤ i ≤ NRF
t , (6)

where V is the right singular matrix of the channel and
DFTNt(:, i) is the ith column of the Nt × Nt DFT matrix.
Similarly, the NRF

r columns of WRF are selected from the
Nr × Nr DFT matrix which exhibits maximum correlation
with the columns of the left singular matrix of the channel H,
i.e.,

WRF(:, i) = max
i

<DFTNr (:, i),U>, 1 ≤ i ≤ NRF
r , (7)

where U is the left singular matrix of the channel and DFTNt(:
, i) is the ith column of the Nr ×Nr DFT matrix.

After applying the analog RF beamformer weights, the
channel seen by the baseband TPC after RF beamforming is
the effective channel given by:

Heff = WH
RFHFRF.

We now design the baseband codebook using MUBs described
in the next section.
B. Baseband Codebook Design Using MUBs

The theory of MUB and the associated codebook design
are described in this section. Let B and B′ be a pair of
orthonormal bases of an N -dimensional Hilbert space. Then,
B and B′ are said to be mutually unbiased if and only if [16]:

|< b,b′ >|2=
1

N
, ∀ b ∈ B and b′ ∈ B′, (8)

where b and b′ are vectors in B and B′, respectively. The code-
book constructed from MUBs ensures having low distances
between the codewords [12].

However, the number of MUBs for a given dimension is
limited, which affects the size of the codebook. Furthermore,
the number of antenna elements should be a power of a prime
[16], then the number of MUBs available for NRF

t dimension
is NRF

t + 1 [16]. Moreover, if the number of RF chains NRF
t

is a power of 2, then the entries of the MUB matrix is
observed to be composed of finite alphabets i.e.,{1,−1, i,−i}.
Additionally, if {F1, . . . ,FN} are the codewords, then the
minimum distance dmin between the codewords is given by:

dmin = min
k,l;k 6=l

‖ FkFHk − FlFHl ‖, (9)

which is close to the theoretical bound [12].
Codebook construction: For a dimension of NRF

t = 2n,
where n is a natural number, we commence our discourse
from a Hadamard matrix A of dimension 2n, which satisfies

the property of a MUB. Using the Hadamard matrix A, we
can construct another basis B by finding a column vector v,
so that all the elements in AHv have a magnitude equal to 1.
Then we obtain the basis B by element-wise multiplication of
v with A, i.e., if A = [a1 a2 . . . a2n ] then B = v ⊗ A2n =
[va1 va2 . . . va2n ]. We continue this procedure until all the
2n + 1 bases are obtained [12].

For example, we consider the scenario where the transmitter
is equipped with NRF

t = 4 RF chains. For NRF
t = 4, the

Hadamard matrix A is given by:

A =
1

2


1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1

 . (10)

The factor 1/2 is to ensure that (10) satisfies (8). Now the
vector v1 is chosen such that the magnitude of all elements
of AHvi is 1. Solving for the vectors results in three possible
vectors, which are:

v1 =


1
−1
−i
−i

 ,v2 =


1
−i
−i
−1

 ,v3 =


1
i
1
−i

 .
Then, the set of MUBs is given by: B = v1 ⊗ A,C =
v2 ⊗ A, and D = v3 ⊗ A.
Given that Hadamard matrix A in (10) and by applying
element-wise operation on A with vectors v1, v2, and v3, we
arrive at

B =
1

2


1 1 1 1
−1 −1 1 1
−i i i −i
−i i −i i

 ,C =
1

2


1 1 1 1
−i −i i i
−i i i −i
−1 1 −1 1

 ,

D = 1
2


1 1 1 1
i i −i −i
1 −1 −1 1
−i i −i i

.

Note that the identity matrix is also an MUB, since it
satisfies (8). Thus, we have obtained NRF

t + 1 = 5 MUBs1.
However, since the identity matrix does not explicitly perform
any linear processing of the input streams, it can be discarded
in order to reduce the feedback overhead. Nonetheless, to
leverage any benefits offered by the identity matrix, the
transmitter can always keep a check on it by comparing its
performance to that of non-trivial MUBs’ performance. The
left circular shift of the columns of each matrix A, B, C and D
by p modulo 4 places, where p = 1, 2, 3, 4, forms the codebook
entries, with cardinality C = 16, relying on a 4-bit feedback.

Thus, the set of TPC matrices of the codebook F
after employing the left circular shift by p modulo 4
places to each matrix, the codebook can be expressed as F =
{A0, A1, A2, A3, B0, B1, B2, B3, C0, C1, C2, C3, D0, D1,
D2, D3}.

1An alternate method for construction of MUBs is presented in [16].



Having obtained the codebook F , we select the first Ns
columns of the specific TPC matrix from the codebook which
maximizes the minimum SNR2 of the effective channel. The
SNR of the kth stream using a ZF receiver is given by [17]:

SNRk =
P

NsNo (F∗BBH∗effHeffFBB)
−1
kk

, (11)

where P and No are the signal and the noise powers, respec-
tively. Thus, the TPC FBB which maximizes the minimum
SNR is selected from the codebook F as follows:

FBB = arg max
FBB∈F

Λmin{HeffFBB}, (12)

where Λmin is the minimum singular value of HeffFBB.
Since the mmWave channel of the adjacent antenna ele-

ments is correlated due to their λ/2 spacing, employing MUB
baseband TPC amalgamated with DFT aided RF beamforming
significantly reduces the complexity, while having an improved
performance in spatially correlated channels.

The pseudo code for the proposed design is shown below.
Algorithm 1 Proposed RF and Baseband Codebook Design
Acquire codebook F and store in memory

1: Obtain vectors vi from Hadamard matrix ANRF
t

such that
magnitude of all elements of AHvi = 1;

2: Obtain MUBs by element-wise multiplication of vi with
A, ∀ 1 ≤ i ≤ NRF

t − 1;
3: Obtain the codebook F by left circular shift of each MUB

to p places, where p = 1, . . . , NRF
t − 1;

Selection of TPC from the codebook
1: We have H = UΣVH ;
2: Obtain columns of FRF and WRF from DFTNt such that

FRF = max < DFTNt(:, i),V >, 1 ≤ i ≤ NRF
t , and

WRF = max < DFTNr (:, i),U >, 1 ≤ i ≤ NRF
r ;

3: Set the effective channel to Heff = WH
RFHFRF;

4: Select the TPC from the codebook which satisfies: FBB =
arg maxFBB∈F Λmin{HeffFBB};

5: WBB is chosen as ZF combiner.

C. Complexity and Properties of the MUB Codebook
The codebook search complexity is quantified in terms of

the number of computations required for finding the best TPC
matrix.

To find the best TPC from the codebook we have to perform
CNRF

r (NRF
t −1) complex-valued additions [13], where C is the

cardinality of the codebook, but no complex multiplications
are required. On the other hand, codebooks such as the
Grassmannian and Fourier designs would require CNs(NRF

r )2

complex multiplications plus C(NRF
r )

2
(Ns−1) additions [17],

while a typical digital TPC operating in the baseband relying
on perfect CSI, such as [18] using the same number of RF
chains would need NsN

RF
r (NRF

t − 1) complex-valued addi-
tions and NsN

RF
r NRF

t multiplications. Thus, the MUB based
codebook significantly reduces the overall search complexity.

Furthermore, the entries of the codebook are constructed
from a finite alphabet X = {i, − i, 1, −1}, which meets the

2Minimum SNR of all links between each Tx and Rx antenna.

constant modulus constraint, and hence avoids any potential
power imbalance for the system. Additionally, the codebook
exhibits a nested property, which means that the computations
that are performed for higher-rank transmission can be reused
for lower-rank transmission. In other words, the rank 1 TPC
is a subset of the rank 2 TPC, the rank 2 TPC is a subset of
the rank 3 and the rank 3 TPC is a subset of the rank 4 TPC
[12] as illustrated below.

Rank 1 ⊂ Rank 2 ⊂ Rank 3 ⊂ Rank 4 (13)

IV. SIMULATION RESULTS

In this section, we present our simulation results for charac-
terizing both the performance and the achievable rate when the
DFT-MUB based RF and baseband precoding is employed. We
performed Monte Carlo simulations for performance compar-
ison between the baseband TPC based on SVD of the channel
and the hybrid precoding relying on limited-feedback. The
system configuration and parameters, such as the number of
RF chains, antennas, and modulation schemes are shown in
Table I.

TABLE I: Simulation parameters.
Parameters Values
Modulation 4 QAM
Nc 4
Nray 6
Nt 32, 8
Nr 16, 8
Ns 2
NRF

t 4
NRF

r 4
φ
nray
nc ∼ U [0, 2π)

Fig. 2 plots the achievable rates of digital precoding using
SVD, of OMP [18], of DFT-MUB, and DFT-Identity, where
the identity matrix is chosen as the baseband TPC, using (5)
for a 8 × 8 and 32 × 16 MIMO sytem. In this figure, the
DFT-MUB based codebook design using 4-bit feedback is
investigated. In this configuration, two spatial streams were
transmitted using 4 RF chains both at the transmitter and
at the receiver. It is seen from Fig. 2 that the performance
gap between the SVD based TPC and the DFT-MUB aided
codebook is around 2.5 dB for the 32×16 and as low as 0.8 dB
for the 8× 8 MIMO configurations considered. Furthermore,
there is a gap of around 1 dB against the OMP aided precoding
design for a 32× 16 MIMO, whereas for an 8× 8 MIMO the
performance of the DFT-MUB overlaps with the OMP. We also
compared our results against the DFT-Identity based system,
where the TPC is constructed by selecting first Ns columns
of the identity matrix. Against the DFT-Identity aided system,
there is an approximately 0.5 dB gain when DFT-MUB is
performed.

Additionally, it is important to quantify the complexity of
different designs considered. For NRF

t = 4 and NRF
r = 4, the

MUB based TPC would need only 192 complex additions. On
the other hand, the Grassmannian and Fourier codebooks based
TPC would need 512 complex additions plus 256 complex
multiplications, as described in Sec. III-C. Although the TPC
relying on perfect CSI such as OMP [18] would require 24
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We also performed Monte Carlo simulations to investigate
the attainable uncoded bit error rate (BER) performance for an
8× 8 MIMO system using 4 QAM. In this configuration, two
spatial streams using 4 QAM were transmitted over NRF

t = 4
and NRF

r = 4 RF chains. Fig. 3 shows the comparison between
the BERs of the DFT-MUB aided codebook design using 4-bit
feedback, of the SVD based TPC, of the DFT-Identity and of
OMP. It is seen that at low SNRs the DFT-MUB codebook
design outperforms the SVD based TPC. It is instructive to
note that the SVD based TPC is sub-optimal in terms of
BER. Furthermore, at the BER of 10−3 the performance gap
between the DFT-MUB based design and the SVD design
is around 2.5 dB, despite the DFT-MUB scheme’s constant
modulus nature and significantly lower complexity. DFT-MUB
also outperforms the DFT-Identity and OMP designs.

V. CONCLUSIONS
In this paper, we investigated a hybrid codebook design

based on the combination of the DFT in the RF and MUB
in the baseband for mmWave MIMO systems. We demon-
strated that the proposed design performs close to the optimal
unconstrained precoder (SVD) in terms of achievable rate.
Furthermore, our design has lower BER than that of OMP.
Additionally, our system performs within 2.5 dB from the
SVD based precoding with significantly lower complexity than
orthogonal matching pursuit and SVD.
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