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Abstract: An analytical technique for the calculation of torque produced by a transverse flux
machine is developed in this paper. In this technique, the magnets are replaced by their equivalent
current sheets and the torque is calculated using the Lorentz force equation. The flux density
distribution is calculated using a conformal mapping method that takes into account curvature and
slotting. The result is a relatively simple equation that relates torque to the electric and magnetic
loadings of the machine and a flux factor that depends on key machine geometrical parameters.
The results of the analytical model are verified using finite element analysis and experimental data.

1. Introduction

The main feature that makes transverse flux machines (TFMs) attractive is their high torque density
[1, 2]. This property stimulated interest in using these machines, which are sometimes referred to
as variable reluctance permanent magnet (VRPM) machines [3], for electric vehicle (EV) and ship
propulsion [3, 4, 5, 6, 7, 8]. But because of their complicated geometry and low power factor [9]
they have not been widely adopted.

However, recent rapid development of renewable energy devices such as wind and marine en-
ergy harvesting devices has rekindled interest in using TFMs in these applications. Wind turbines
typically have a speed of 5-25 rpm, which makes it necessary to install a gearbox in the drive
train to enable the use of traditional electrical generators [10, 11, 12]. Marine energy harvesting
devices require similarly complicated electrical power take off systems [13, 14]. In both wind and
the marine energy harvesting devices direct drive high torque density generators such as the trans-
verse flux machines would present several advantages in terms of reliability, maintenance costs,
longevity and efficiency [15, 16, 17].

Transverse flux machines are intrinsically three-dimensional and more difficult to model than
traditional machines. For this reason most of the modelling and design optimisation studies re-
ported in the literature focus on using numerical techniques including finite elements analysis
(FEA) [18]. However, numerical methods do not readily provide the same level of insight that can
be gained from analytical models, which remain very useful techniques for initial design optimi-
sation. The insight gained from such analytical model can be key to unlocking the potential of
transverse flux machines by enabling their design to be optimised to reduce their complexity and
achieve a happy compromise between torque density and power factor [5, 7, 9, 19].

This paper generalizes the torque equation proposed by Harris et al. [3, 4, 5, 6, 7] that is based
on the fact that the magnets can be represented with current loops [20, 21], which allows the
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calculation of torque by applying the Lorentz force BiL equation, where i is the equivalent current
of the magnet and B the magnetic field produced by the stator winding. A similar approach has
been recently applied for the analysis of axial flux machines [22], in which the BiL principle is
applied to the surface current in the modified slotless domain.

Harris et al. assume that the magnets are represented in a 2-dimensional model by single point
currents placed at either side of each magnet, at the inner bore of the rotor core-back. The result
is a simple equation relating the average torque produced by the machine –assuming square-wave
current– to the machine’s effective active length L, the magnet’s mmf Fm, the armature’s mmf F
and a flux factor KB, which relates the geometrical dimensions of the magnets and stator core to
the amount of armature flux contributing to torque production:

T = q
(µ0F

g

)
KB(2Fm)2Ln

(D
2

)
= 2qKBBsFmLnD. (1)

where n is the number of pole pairs, q the number of phases, g the effective air-gap length and D
the effective diameter. Bs is simply expressed as:

Bs =
µ0F

g
. (2)

The flux factor KB, which depends only on the geometric parameters of the air-gap and slots,
was estimated by Harris et al. based on analytical calculations of harmonics in slotted developed
machines [23] and 2-dimensional FEA. However, the method described in [3] neglects the dis-
tributed nature of the magnet’s equivalent currents. This, together with the neglect of the effect
of curvature can introduce significant errors when calculating KB and torque for machines with
relatively large gap to diameter ratios.

This paper uses a complex permeance (CP) method [24, 25, 26, 27] adapted for the calcula-
tion of a homopolar field distribution in a TFM and taking into account multiple slot interaction
and curvature [28]. The method uses the Schwarz-Christoffel (SC) transformation to obtain an
expression for the flux factor KB.

Furthermore, the paper derives a generalised expression for KB and hence torque that is more
accurate than that developed by Harris et al. [3]. The equivalent currents of the magnets are as-
sumed to be distributed as sheets, rather than single points; the current waveform can take any
shape including square and sinusoidal waveforms. The resulting equation can be used to esti-
mate the average torque for any armature current phase advance angle. Therefore, the proposed
methodology can be used for the design optimisation of TFMs as shown in [19].

The torque equation proposed in this paper is derived for a particular TFM. However, the prin-
ciple is completely general and therefore, it can be applied to any kind of PM machine such as
permanent magnet actuators or surface PM synchronous machines.

The paper starts with a description of the transverse flux machine developed at the University
of Southampton [3, 4, 5, 6, 7], which is used as the particular case study in this paper. Section
3 presents a complex permeance method for the calculation of the homopolar magnetic field dis-
tribution in the air-gap produced by the stator windings. This is followed by a derivation of the
the torque equation and an expression for the flux factor. Finally, the derived torque equation is
validated using FEA and experimental results obtained for the machine under study.
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2. Description of the Machine

The magnetic topology of this machine is similar to that of claw-pole machines [3, 4, 1, 2]. Fig. 1
shows the radial and axial cross-sections of the machine built at the University of Southampton [3,
4, 6, 5, 7, 19]. The stator has two phases comprising a circular coil each, linking and magnetising
20 laminated C-cores, which modulate the armature’s magnetic field to produce a fundamental
heteropolar (40 poles) harmonic in the radial direction. The number and width of the C-cores
has been carefully selected to maximise the flux utilisation factor and the torque produced by the
machine; the torque equation derived in this paper can be used to determine these optimum values
of these parameters [7].

Fig. 1. Front view and cut of a single sided TFM.

The outer rotor comprises a cylindrical steel yoke with 4 arrays of 40 heteropolar magnets
each, glued to the inside surface. Each phase is associated with two arrays of magnets: one array
positioned over the left-hand C-core legs and the other array, which is spatially anti-phase with the
first, is positioned over the right-hand C-Core legs. The two sets of magnet arrays corresponding
to the two phases are spatial shifted by 90 electrical degrees (alternatively, the two sets of C-cores
could be spatially shifted by 90 electrical degrees). The radial heteropolar flux harmonic interact
with the magnets to produce useful torque. The aligned position is defined as the position of the
rotor in which the flux passing through the C-cores is maximum.

Fig. 2. Picture of the stator and the rotor of the TFM under study.

Fig. 2 shows a picture of the prototype machine. The key geometrical parameters of this device
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are shown in table 1.

Table 1 Parameters of the TFM

Quantity Symbol Value
Stator radius Rs 73 mm
Rotor radius Rr 78.5 mm
Clearance gap cg 1 mm
Magnet thickness dm 4.5 mm
Effective air-gap gz 5.5 mm
Pole pitch θλ 18o

Tooth pitch θt 7.02o

Slot pitch θs 10.98o

Number of C-cores n 20
Number of turns Nt 230
Number of phases q 2

The effective air-gap takes into account that the permeability of the magnets is almost the same
as the permeability of vacuum. Therefore, the effective magnetic air-gap, as shown in Fig. 3, is
calculated as:

gz = dm + cg. (3)

There are many different topologies of TFMs and some of them present more complicated
flux-concentrating topologies. However, this machine was chosen as a case study because its
configuration is relatively simple and therefore it can be used to illustrate the calculation of torque
using the proposed methodology.

3. Analytical Calculation of the Magnetic Field in the Air-Gap

In this paper the magnetic field distribution in the air-gap is calculated using the complex perme-
ance (CP) method [24, 25, 26]. The calculation of the CP function for TFMs is shown in [28] and
the same notation is used in this paper.

In our machine we need to find the function λ(θ, r) that modulates the scalar value of Bs(t) as
defined by Harris et al.:

Bs(t) =
µeqµ0F (t)

gz
, (4)

where F (t) is the instantaneous magneto-motive force (MMF) produced by the stator windings
and gz is the air-gap length and µeq is the equivalent permeability, which depends on the relative
permeability of the PMs (µr) and the magnet thickness to effective air-gap ratio. It is calculated as
follows

µeq =
gz

dm
µr

+ cg
. (5)

The function λ(θ, r) can be formulated in such a way that the real part corresponds to the radial
component and the imaginary to the tangential one. In this paper the variable θ is expressed in
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electrical radians. Accordingly, the expression of the magnetic field distribution in the air-gap of
the z-plane expressed as a vector is

~B(t, θ, r) = Bs(t)
[
Re
{
λ(θ, r)

}
~ur + Im

{
λ(θ, r)

}
~uθ

]
. (6)

sz

tz
2

tz
2

Rr

Rs
gz

θt
2

θs

θt
2

x

y

C-core
core-back

Fig. 3. Geometry of the TFM considered for the CP function, z-plane.

This method is based on the assumption of infinitely permeable iron core, therefore the effect
of saturation is not considered in this paper. For the effect of slotting we are assuming very deep
slots with radial teeth, as shown in Fig. 3, when in reality the C-cores’ sides are parallel.

The proportional-logarithmic transformation maps the cylindrical domain into a rectangular one
and its permeance function, λlog, can be simply expressed as:

λlog(r) =
Rg

r
. (7)

On the other hand, there is not an explicit expression for the Schwarz-Christoffel transforma-
tion. However, because of the symmetry of the boundary conditions the permeance function, λSC ,
can be expressed as:

λSC(θ, r) = λr(θ, r) + jλθ(θ, r), (8)

where:

λr(θ, r) = λr

[
1 +

∞∑
n=1

γn(r) cos(n θ)
]
, (9)

λθ(θ, r) =
∞∑
n=1

λθn(r) sin(n θ). (10)
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Therefore, the expression of the radial component of the magnetic field distribution of the air-
gap is given by

Br(t, θ, r) = Bs(t)λr

[
1 +

∞∑
n=1

γn(r) cos(n θ)
]
λlog(r). (11)

By evaluating λSC(θ, r) we can calculate the coefficients that determine the CP function (11)
as shown in [28].

4. Torque Equation

Fig. 4 shows a developed model of the TFM with dots and crosses representing the equivalent
currents placed along the edges (equivalent currents are shown for one magnet only).

dm g

θ

r

θ = 0 θ = π

t s

C-core

core-back

Fig. 4. Developed model of the TFM.

The basic approach is to firstly calculate the average torque of a single current loop at an arbi-
trary distance from the core-back (represented by rδ) and then calculate the total torque by inte-
grating the resulting expression over the length of the magnets’ equivalent current sheets. Radially
magnetised permanent magnets can be replaced by equivalent currents for the calculation of the
magnetic field distribution in the air-gap, as shown by Boules [20]. The linear current density J
equal to the magnetisation of the materialM as described in [20, 21].

4.1. Torque Produced by a Current Loop

If we consider a current loop that represents a layer of the magnet and one C-core head, this is
the same as saying that we will calculate the force along the arc r = rδ as shown in Fig. 5. The
average tangential force of half of a fundamental electrical period can be calculated using the BiL
principle; it is necessary to integrate only over half a period because at that point the sign of the
current will change and due to the symmetry the same torque will be produced in the second half
of the period. The radial magnetic field Br(t, θ, r) is produced by the current in the winding, L is
the active C-core length and iδ is the equivalent current of the magnets at rδ1.

The tangential force has two components: the positive force of the currents going out of the
paper (dots) and the negative force that comes from the opposite currents (crosses) as it is shown

1The arc rδ represents any arc in the air-gap, the total torque is calculated in the following section by integrating the differential torque along
the magnets’ thickness.
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in Fig. 5. Because the positive currents, iδ, (dots in the figure) are located under the teeth and the
negative currents, −iδ, (crosses) are located in the slot regions the total force is positive because
the magnetic field is stronger under a tooth than that in the slot regions.

~F1

~F2

iδ

−iδ

δrδ

C-core

core-back

Fig. 5. Forces applied to the equivalent current loop at a distance δ.

The average force experienced by iδ and −iδ in Fig. 5 over half of an electrical cycle can be
calculated as

Fδ =
1

π

{∫ π
2

−π
2

Br(t, θ, rδ)iδLdθ −
∫ 3π

2

π
2

Br(t, θ, rδ)iδLdθ
}
. (12)

We can define Bsc(δ) as the magnetic field of the slotless geometry corrected for the curvature
at a distance δ according to (7)

Bsc(δ) =
µ0F

g

Rg

rδ
= Bs

Rg

rδ
. (13)

Using Bsc(δ) and considering that φ is the phase advance angle of the current (angle between
the emf E and I) we can express the force as follows

Fδ = iδLBsc(δ) cos(φ)KB(δ), (14)

where KB(δ) is called the flux factor for the loop at at distance δ and it only depends on the
geometry. From (12), (13) and (14) the general expression of the flux factor is as follows

KB(δ) =
1

Bs(δ)π cos(φ)

∫ π
2

−π
2

{
Br(t, θ, rδ)−Br(t, θ + π, rδ)

}
dθ. (15)

Each equivalent current loop is moving along an arc r = rδ. Therefore, the average torque over
half a period is simply the product of the average force multiplied by the radius:

Tδ = Fδ rδ. (16)
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Considering that n is the number of C-cores (also the number of pole pairs) and that each C-core
has two heads that link with two rows of magnets, the total torque per phase can be expressed as

Tδ = nLDgBsiδKB(δ) cos(φ). (17)

Assuming that the system is linear, then the total instantaneous torque is simply the super-
position of those produced by all the phases. Therefore, the total average torque is simply the
multiplication of the number of phases by the average torque of one phase. However, the torque
ripple depends significantly on the relative phase angles of harmonic components of the torque
produced by the different phases and to obtain the total instantaneous torque is necessary to add
them as vectors.

It is important to note that in (17) n, L, Dg and cos(φ) are known parameters of the machine
and do not depend on rδ. Furthermore, the average torque is calculated by integrating Lorentz’s
equation of force over half a period for each phase independently. Therefore, there are two effects
that are not being captured by this approach. Firstly, the cogging torque is neglected. Secondly,
the torque ripple which depends on the relative position of the q phases and the harmonic content
of their mmf. While these do not affect the average torque they may be important if vibrations are
an issue.

4.2. Total Torque

The total average torque produced by one phase can be obtained by integrating (14) along the
magnet width, dm. If we consider δ as the distance from the equivalent current loop to the core-
back the total torque can be expressed as the following

T =

∫ dm

0

dTδ =

∫ dm

0

nLDgBsKB(δ) cos(φ) diδ. (18)

The differential current at the edge of the magnet can be expressed in terms of the magnetisation,
M, taking into account that there are two adjacent magnets, as

diδ = 2M dδ. (19)

Therefore the total torque can be expressed as follows

T = 2nLDgBsMdm cos(φ)
[ 1

dm

∫ dm

0

KB(δ) dδ
]
, (20)

whereMdm = Fm is the total MMF of one permanent magnet and the term inside the brackets
can be defined as the total flux factor:

KTotal
B =

1

dm

∫ dm

0

KB(δ) dδ. (21)

The expression of the average torque produced by a machine with q phases is then

T = 2qKTotal
B BsFmLnDg cos(φ). (22)

This expression has the same shape as (1) but with the calculation of the flux factor considers
several aspects that were previously neglected, such as the force distributed all through the magnet
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thickness, the effect of curvature and the shape of the MMF waveform. Also, the cosine of the
angle between the MMF and the q-axis of the rotor cos(φ), φ is the phase advance angle, appears
in (22).

If the magnets are axially longer than the teeth (Fig. 6), then the fringing flux in the axial
direction will be actually producing torque. To estimate the equivalent active length of the C-
core in the axial direction we can use the results reported by Markovic et al. [29] in which the
permeance of a tooth to tooth structure is calculated. In [29], the conformal transformation is
derived and also an approximation is obtained using a fitting formula, which in this case is simply
a linear function. Considering a 2D model of a C-core tooth against the core-back as shown in Fig.
6, then based on Markovic’s formula, the permeance per unit length can be approximated as

Λ = µ0
lcore
gz

(
1 + 0.384

gz
lcore

)
, (23)

where lcore the C-core head width, Fig. 6. In the previous deduction of the torque equation it was
assumed that the field is constant in the perpendicular direction (two-dimensional approximation).
Considering a magnetic potential difference Θ between the tooth and the core-back the flux per
unit length is given by

Φt = ΘΛ. (24)

gz

lcore

Core-back

C-core

head

Fig. 6. Fringing around the C-core head, axial geometry considered to obtain the equivalent
length.

Therefore we can define an equivalent axial length, Leq, as

Φt = BtLeq, (25)

where Bt = µ0Θ/gz. The flux per unit length is equal to that obtained using the permeance (23).
Therefore the equivalent length is given by

Leq ≈ lcore

(
1 + 0.384

gz
lcore

)
. (26)

This equivalent length takes into account that the fringing flux is actually producing torque
when the magnets are longer than the C-core head, lcore, and therefore this value should be used in
(21). However, when the magnet length, Lmag, is not longer than lcore not all the fringing flux is
effectively producing torque; in this case the equivalent length should be the magnet’s axial length
as a first approximation.
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5. Flux Factor

The flux-factor is the term in (22) that has all the information about the electro-mechanical in-
teraction that takes place in the air-gap and determines how much of the total flux is effectively
producing torque. This coefficient depends only on the complex permeance function that includes
the information about the geometry and the waveform of the MMF. In this paper two different
MMF cases are considered: a square wave MMF and a sinusoidal MMF, as shown in Fig. 7.

0 0.5 1 1.5 2

Fig. 7. Shape of the two mmf waveforms, F (θ), considered in this for the calculation of the flux
factor.

5.1. Flux Factor of a Single Current Loop

In this section, the flux factor is calculated at an arbitrary distance δ to the core-back as illustrated
in Fig. 5.

Solving the integral in (15) and considering that for a square-wave MMF the expression of the
flux-factor is the following:

KB(δ) =
4

π
λr

[
γ1(δ)−

γ3(δ)

3

cos(3φ)

cos(φ)
+
γ5(δ)

5

cos(5φ)

cos(φ)
− . . .

]
. (27)

It is important to remember that this is the expression at a particular arc and that to evaluate the
integral for the total flux factor λr and γn(δ) vary with rδ.

If the MMF of the winding is a sinusoidal function in synchronism with the rotation of the
machine, then the instantaneous magnetic field is expressed as follows:

Bs(t) = Bso cos(ωt+ φ), (28)

with

Bso =
µeqµ0F̂

gz
, (29)

where F̂ is the peak value of the MMF. Accordingly, the magnetic field distribution can be ex-
pressed as

Br(θ, δ) = Bsoλlog(δ) cos(θ + φ)λr

[
1 +

∞∑
n=1

γn(δ) cos(n θ)
]
, (30)
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where φ is the phase advance angle of the MMF. In this situation when we substitute (30) into (15)
we obtain the expression of the flux factor for a sine-wave MMF:

KB(δ) = λrγ1(δ). (31)

5.2. Total Flux Factor

The total flux factor that takes into account all the magnet thickness is obtained by evaluating
the integral in (21). Because the magnetisation of the PM is constant the integration over dm is
equivalent to obtaining the average value of the amplitude of the harmonics. Accordingly the
expression of the total flux factor for square-wave and sinusoidal waveforms respectively is

KTotal
B =

4

π
λr

[
γav1 −

γav3
3

cos(3φ)

cos(φ)
+
γav5
5

cos(5φ)

cos(φ)
− . . .

]
, (32)

KTotal
B = λrγ

av
1 , (33)

where γavn is the average value of the n harmonic over the magnet thickness calculated as follows:

γavn =
1

dm

∫ dm

0

γn(δ) dδ. (34)

6. Case Study

The method described in the previous sections was applied to the geometry of the TFM built at the
University of Southampton [3, 4, 5, 6, 7]. The geometric parameters considered for the calculations
are shown in table 1.

The windings of the machine have Nt = 230 turns in the configuration analysed in this paper
and the rated current I is 10 A. The MMF across the gap under each C-core head is calculated as
follows

F =
1

2
NtI = 1150 A, (35)

therefore the magnetic field as defined by Harris et al.

Bs =
µeqµ0F

gz
≈ 0.276 T. (36)

The permanent magnets are made of the neodymium-iron-boron type with Br = 1.05 T and
µr ≈ 1.05. Assuming linearity in the properties of the material [20], the equivalent current of the
PMs is calculated as follows:

Fm =Mdm =
Br

µrµ0

dm ≈ 3590 A. (37)

The active C-core length is calculated as it is described in section 4 considering that the magnet
width is 21 mm, which is higher than the C-core head width, lcore, that is 15 mm. Therefore, the
equivalent length is calculated as follows

Leq ≈ lcore + 0.384gz ≈ 17.11 mm (38)
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Fig. 8. Radial component of the stator windings magnetic field distribution in the air-gap obtained
using the CP function in a quarter of the machine.

This methodology was implemented in MATLAB. Fig. 8 shows the radial component of the
stator windings’ magnetic field distribution in the air-gap obtained using the CP function.

For the purpose of validation 2D and 3D FEA models were built. The radial and tangential
components of the stator windings’ magnetic field distribution in the middle of the air-gap, ob-
tained using the CP function, 3D FEA and 2D FEA; are shown in Fig. 9. It can be appreciated that
there is a good agreement between the three methodologies.

One of the limitations of the methodology presented in this paper is that the cogging torque
cannot be effectively calculated. The cogging torque obtained using 3D FEA and the experimental
data are shown in Fig. 10; it can be appreciated that the cogging torque of one phase is large.
However, since the two phases are shifted by 90 electrical degrees the total cogging torque reduces
significantly. The total cogging torque obtained using 3D FEA has a similar amplitude to the
experimental data but there are some discrepancies between the experimental and FEA waveforms
that may be due to the magnetic coupling of the phases or the mechanical tolerance of the prototype.

The static torque of the machine with only phase excited is shown in Fig. 11. The analytical
results obtained using the torque equation (solid line) have been corrected by adding the cogging
torque from the 3D FEA simulation.

Using the CP function shown in Fig. 8 the value of the flux factor for a square-wave current is

KTotal
B ≈ 0.3105. (39)

The results obtained from the torque equation can be compared with the studies presented in
[3, 4]. The calculation of the flux factor proposed in [3] considers the magnets to be represented
by point currents (in the 2D section) at the inner bore of the rotor core-back. Then, the amplitude
of the magnetic field harmonics can be obtained from [23] to calculate KB to be 0.275, which
corresponds to the torque equation - Harris line in Fig. 12. However, it is mentioned in [3] that
the equivalent current is distributed along the air-gap which the authors from [3] suggested could
increase KB to 0.334 without providing details of the calculation. This value is an overestimate
compared to the value of KTotal

B in (39).
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Fig. 9. Radial component, Br, and tangential component, Bθ, of the stator windings’ magnetic
field distribution in the middle of the air-gap.
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Fig. 10. Cogging torque obtained using 3D FEA (for one phase and for two phases) and experi-
mental results.
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Fig. 11. Static torque calculated using the proposed torque equation (solid line), 3D FEA (dashed
line) and experimental data (markers).

Fig. 12 shows the average torque of one phase of the TFM obtained from the generalised
torque equation presented in this paper, Harris’ torque equation [3], the value measured in the
actual device and 3D FEA calculations. The method proposed in this paper is closer to FEA and
experimental data in the linear region below saturation (the rated current of this machine is 10 A)
than that obtained by Harris, which neglects curvature and the spatial distribution of the magnets’
equivalent current. The analytical method predicts slightly lower torque values than the 3D FEA
and experimental data probably because of the conservative calculation of Leq using (26).

0 5 10 15
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10

20

30

40

50

Fig. 12. Average torque of the TFM obtained with the torque equation presented this paper, Harris
et al. torque equation, the value measured in the lab and 3D FEA [3, 4].

Fig. 13 shows the real part of the CP function, Re{λSC}, for δ = 0 mm (over the core-
back), δ = dm/2 (middle of the magnet width) and δ = dm (over the surface of the magnet).
It can be appreciated that the amplitude of the harmonics increases as δ increases. Since the
flux factor depends on the amplitude of the harmonics, considering only the top of the core-back

14



will underestimate the average torque. Harris et al. [3, 4] mentioned this effect but it was not
calculated exactly. The proposed methodology considers this effect accurately when calculating
the flux factor.
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Fig. 13. Real part of the CP function associated to the SC transformation, Re{λSC}, as a function
of the position, θ, for three different lengths, δ.

7. Conclusions

This paper presents an analytical method for the calculation of torque of PM machines that is par-
ticularly useful for transverse flux machines. The method shares the background theory described
in [3, 4]. However, in this paper the PMs are represented as current sheets rather than current
points and the calculation of the magnetic field distribution in the air-gap is obtained using a com-
plex permeance function tailored to a homopolar field distribution. These aspects produce more
accurate results.

The results of the analytical model presented in this paper are validated by experimental and
3D FEA data. There is good agreement between the proposed analytical method, 3D FEA and the
experimental data in the unsaturated region.
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