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Parametrically excited systems, where defining system parameters vary periodically with

an independent variable (time), are a popular research topic in engineering. Cable-stayed

bridges, free hanging marine flexible risers, planetary gear systems and other engineering

structures are often subject to parametric excitation. Due to the high amplitude of re-

sponses as a result of parametric amplification, parametric excitation can be disastrous

if not account. Parametric amplification in mechanical and electrical systems can be ex-

ploited for designing vibration energy harvesters and electrical filters.

This thesis contains various work on Linear and Nonlinear Parametrically Excited

(LPE) and (NPE) systems. The system of interest is a clamped-free cantilever beam

which is modelled as a single degree of freedom system. An electromagnetic system is

used to generate time-periodic stiffness and control nonlinearities. The forces applied

from the electromagnetic system are found analytically in order to compare this work

to similar systems and to conduct parametric studies. The nonlinear electromechanical

coupling, electrical damping, and the induced current is implemented in the analytical

model. The free responses of LPE and NPE systems are investigated analytically with

the method of averaging and harmonic balance, with particular attention paid to the

stability of these systems. The effect of cubic and cubic parametric nonlinearity on the

NPE systems is demonstrated through some analytical and experimental investigations.

This study on the NPE system is employed to show the effect of time-periodic stiffness and

stiffness nonlinearities on attenuating or amplifying the response. Increasing the response

amplitude of amplifiers and filters with an electromagnetic system can be achieved by

tuning the system at the parametric resonance. Furthermore, the electromagnetic system

can be configured to reduce the electrical damping, or to control the nonlinearities and

consequently increase the parametric amplification.

The responses and stability of the NPE system subject to a harmonic base excitation
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are investigated analytically and experimentally. Unlike previous studies, the parametric

excitation is independent of the base excitation. A careful selection of system parameters,

such as parametric amplitude, relative phase and cubic parametric nonlinearity, can result

in significant parametric amplification, and can prevent the jump between stable solutions.

Parametric attenuation can also be achieved by controlling the phase difference between

the base and the parametric excitation. This study has successfully demonstrated the

importance of nonlinearity in parametrically excited systems.
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Chapter 1

Introduction

1.1 Motivation

Understanding the dynamic behaviour of an engineering structure or system will pro-

vide an intuitive understanding of its stability. This thesis is focused on understanding

the dynamics of Linear Parametrically Excited (LPE) and Nonlinear Parametrically Ex-

cited (NPE) systems and hence their stability. Examples of such systems include slender

columns under axial loading, bridges, and aircraft structures under wind loading. These

systems exhibit stiffness and inertia nonlinearities due to large deflections [5]. When a

dynamic loading is applied to the structure, the entire system can be parametrically ex-

cited under certain conditions (direction of excitation, amplitude of excitation, etc.) [6].

If the dynamic loading acts at twice the resonance frequency of the system, Parametric

Resonance (PR) is known to occur [7, 8]. This is often a disastrous phenomenon result-

ing in parametric instability, an exponential and uncontrollable growth of the response of

the system known as parametric amplification [9]. Failures of engineering structures due

to high vibrations, for example in cable-stayed bridges, have been caused by PR despite

damping measures being implemented. However, parametric amplification can also be

used beneficially in some engineering systems. Microelectrical resonators use parametric

amplification to perform electrical filtering or sensing, without considerably amplifying

noise [10, 11]. Parametric amplification is also exploited in the design of vibration energy

harvesters to maximise the motion of the harvester at parametric resonance [12].

In this thesis, beneficial parametric excitation is studied as a way of controlling the

response amplitude. A clamped-free cantilever beam with an electromagnetic system is

considered for designing a NPE system. The electromagnetic system is employed for

generating time-varying and nonlinear stiffness. Dohnal and Mace [13] and Schmidth et

al. [14] investigated the feasibility of generating time-varying stiffness with an electromag-

netic system. The performance and the design of the electromagnetic system is improved

from the previous studies [13–16]. In this contribution, nonlinear forces generated by the

electromagnetic system and their effect on parametric amplification is investigated. The
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effect of stiffness nonlinearities generated by the electromagnetic system for NPE systems

has not been studied in the past (see [13–16] and the literature cited therein). Control-

ling the response amplitude in a wide frequency range can increase the efficiency of the

electrical filters and vibration energy harvesters. Hence, the design of the electrical filters

and vibration energy harvesters can be optimised by conducting a parametric study for

the NPE systems.

1.2 Methodology and objectives

This study aims to answer these research questions:

• In SDOF linear and nonlinear parametrically excited systems, which parameters can

cause parametric amplification? In contrast, how the response can be attenuated?

• Can experimental tests validate the theory of SDOF nonlinear parametrically excited

systems? Which design criteria should be considered for the best predictions?

• What assumptions in the theory are not valid in the experiments for the stability

and free responses of the NPE system?

• In SDOF linear and nonlinear parametrically excited systems subject to harmonic

base excitation, which parameters can cause parametric amplification or suppres-

sion?

• What are the benefits and limitations of a cantilever beam with an electromagnetic

system in comparison with a vertically excited cantilever beam?

• Which nonlinearities are observed from an electromagnetic system and how can they

be included in SDOF model of the PE system?

• What are the benefits of using an electromagnetic system for parametric excitation

in designing filters, amplifiers and vibration energy harvesters?

The present research aims to develop methodologies for the design of LPE and NPE

systems. In this thesis the dynamic of LPE and NPE systems are investigated analytically

and experimentally. Several single or multi Degree of Freedom (DOF) systems with time-

varying coefficients are introduced in the literature to demonstrate the dynamic of PE

systems [6, 17–20]. In this study a LPE system is modelled as a Single Degree of Freedom

(SDOF) system with a time-varying stiffness coefficient. For the NPE system the cubic

and cubic parametric stiffness nonlinearities are considered as well as the time-varying

stiffness. An experimental model of the PE system is created using a cantilever beam

with an additional electromagnetic system to contribute time-varying coefficients to the

differential equation. With the electromagnetic system it is possible to alter the parametric
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amplitude (time-varying stiffness) and its frequency (parametric frequency). The aim is

to determine the effect of parametric amplification at twice the first natural frequency of

the cantilever beam. Hence, a SDOF model is sufficient for this study.

Dependency of the response amplitude on system parameters is studied including linear

damping, parametric amplitude, stiffness nonlinearities, and parametric frequency. The

parametric study on the effect of each parameter on the response amplitude is conducted

independently. The aim is to determine the possibility of increasing the response amplitude

for a wide frequency range using analytical approaches and experimental investigations.

In order to achieve the above goals, the free response of the LPE and NPE systems is

analysed analytically using the methods of averaging and harmonic balance. The stability

and responses of the LPE systems demonstrate the potential for increasing the response

amplitude. For the LPE system, when a certain threshold for the parametric amplitude

is achieved, the response at the parametric frequency is unbounded. Hence, the cubic

stiffness nonlinearity is applied to reduce the response amplitude at parametric resonance.

However, the cubic stiffness nonlinearity results in an increase of the response amplitude

for the wider range of parametric frequencies. In order to understand the influence of

the stiffness nonlinearities, the stability and responses of the NPE system are investigated

using the method of averaging. For the LPE and NPE systems, the analytical stable

solutions are compared with the numerical results.

The LPE and NPE systems can be subjected to harmonic base excitations. This is an

interesting investigation to find the effect of base excitation amplitude and frequency on the

response amplitude. Findings from this study can be a motivation for designing a vibration

energy harvester that is subject to a base excitation. Also, the effect of phase difference

between the base excitation and parametric excitation and its influence on the response

amplitude and the phase is investigated. For the NPE system, the phase difference between

the base excitation and the parametric excitation can affect stable branches. Hence,

controlling the amplitude of the stable branches with this phase difference is investigated.

The stability and responses of the NPE system with base excitation is achieved with the

method of averaging, and the stable solutions are compared with the numerical solutions.

NPE system responses change with damping, parametric amplitude, and stiffness non-

linearities. Hence, different design configurations are considered to understand the influ-

ence of electromagnetic forces on system parameters. These parameters are calculated and

measured. For example, the coil’s configuration in electromagnetic system can affect the

damping of the cantilever beam. The influence of coils connected in parallel or series on

electrical damping is investigated. The natural frequencies of the cantilever beam are also

varied with the electromagnetic system set-up. The DC current in coils can change the

natural frequencies of the beam and can generate cubic stiffness nonlinearity. However,

AC current influences the parametric amplitude and can generate the cubic parametric

stiffness nonlinearity. The relation between the DC/AC current and system parameters
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can be defined analytically and measured experimentally.

The effect of induced current in NPE systems are also modelled analytically. The in-

duced current can affect the electrical damping and parametric amplitude. Hence, better

approximation of the experimental set-up is achieved. The NPE systems are also sub-

jected to harmonic base excitations using a shaker. The response of the NPE system is

obtained experimentally and analytically for strong cubic nonlinearity. This is achieved

by controlling the DC current. The AC current in the coils is controlled to generate

parametric amplitude with the phase difference between the shaker and parametric exci-

tation. Altering the phase difference between the shaker and the parametric excitation

can influence the stable solutions and the jump between the higher stable and lower stable

branch. The feasibility of increasing the response amplitude with different base excitation

amplitudes, parametric amplitudes and phase differences is investigated analytically and

experimentally.

1.3 Contributions of the thesis

This work has produced original understanding and knowledge in the area of the nonlinear

parametrically excited systems. Novel contributions of this study are summarised:

• In Chapter 3, the stability of nonlinear parametrically excited systems with cubic

parametric nonlinearity as well as cubic nonlinearity is presented with the method of

averaging and it is compared with numerical simulations. The relation between the

transition curves and the amplitude-frequency response of the nonlinear system is

presented. It is shown that the nonlinear parametrically excited transition curves are

a function of parametric amplitude, the amplitude of the steady-state response, and

the parametric frequency. The free responses of the NPE system with the stiffness

nonlinearities are presented experimentally and analytically. In this novel contri-

bution, the system parameters, including parametric excitation and nonlinearities

are varied, and good agreement between the experimental and analytical results are

shown. These results are presented in Chapter 6.

• In Chapter 4, the responses and the stability of the NPE system subject to harmonic

base excitations with the phase difference are presented analytically with the method

of averaging. The stability of the response is determined by Jacobian eigenvalues.

The phase difference for the stable and unstable branches of solutions are examined.

It is demonstrated that the phase difference variation can amplify or suppress the

response amplitude. The effect of phase difference on reducing or increasing the

amplitude of the stable upper branch and the lower branch is presented in this

thesis as a novel work. Also, the effects of parametric amplitude are demonstrated

experimentally and analytically in Chapter 7. The phase control allows us to increase
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the response amplitude and frequency bandwidth. By adjusting the phase it is

possible to control the jumps between the upper stable branch and lower stable

branch. This can be useful for designing filters or vibration energy harvesters when

expanding the frequency bandwidth is essential, and a jump from the upper branch

to the lower branch is not ideal.

• In Chapter 5, a NPE system with an electromagnetic system is introduced, which has

several advantages compared to a vertically excited cantilever beam or a pendulum.

For example, the effects of damping, parametric amplitude and cubic nonlinearity for

the NPE system can be demonstrated independently. An accurate analytical model

for the response of the NPE system with an electromagnetic system is implemented.

The electromechanical coupling factor between the pair of coils and magnets, and

the induced current generated by the coils are included in the model of the NPE

system. The nonlinear electromechanical coupling shows the relation between the

velocity of the moving magnet and the current generated in the coils as a result of

this motion. The induced current in the coils affects the shape of the branches, which

is important to include in the model. This effect of the induced current was neglected

in previous work, and its importance is highlighted in this thesis. Also, several design

configurations are considered to reduce the effect of damping. Reduction in electrical

damping has a significant effect on parametric amplification. Since the full model of

the electromagnetic system is considered, the results provided from the experimental

tests is in good agreement with the analytical analysis.

1.3.1 Awards and publications

• Worldwide Universities Network (WUN) award

The work presented in Chapter 3 was initiated from the visit to the University of

Auckland in 2014 to work with Prof. Brian Mace’s research group on studying the

effect of cubic nonlinearity for nonlinear parametrically excited harvesters.

• Conference proceedings

Part of Chapters 3 and 4 have been published in several conference proceedings

as cited in [1, 3, 4]. The linear parametrically excited system with a piezoelectric

harvester is presented in [2].

1.4 Outline of the thesis

The thesis is organised into eight chapters. The order of the chapters follows the introduc-

tion to PE systems and the modelling tools to prepare the reader for practical problems

related to the NPE system with an electromagnetic actuator. The appendices are provided

to explain the analytical methods and to improve relevant derivations.
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PE systems are introduced in Chapter 2 with some examples. Parametric excitation

in dynamic systems can be exploited for parametric amplification or suppression. Some

relevant examples are presented in Section 2.2. Dynamic systems can be addressed from

engineering disciplines as well as physics, chemistry, biology and medical sciences. Often

the behaviour of these systems is complex due to their nonlinear and time-varying nature.

Stability and solutions of these systems are presented in the literature with analytical and

numerical approaches. Some of the methods are mentioned briefly in Section 2.1.

In Chapter 3, the free response study of the LPE and NPE systems is presented.

The analytical model of a PE system as a SDOF system is presented. The methods of

averaging and harmonic balance for finding the solutions of the LPE system are explained.

The stability of the dynamic system is illustrated based on definitions of stability, and is

explained using Floquet theory, the method of averaging and harmonic balance. The

analytical model of the NPE system is explained in Section 3.4. This nonlinear system

has cubic and cubic parametric stiffness nonlinearities. The method of averaging is also

used to find the free response solution of the nonlinear system. The stability of the

nonlinear parametrically excited system is defined by studying the solutions of the system.

The eigenvalues for a linearised system are found to show the stability of the nonlinear

parametrically excited system. Transition curves are used to explain the stability of the

linear parametrically excited system. The comparison between the method of averaging

and harmonic balance for calculating the transition curves is presented in Section 3.5.1.

This chapter is concluded by a parametric study to determine the effects of damping, cubic

stiffness, cubic parametric stiffness nonlinearity on stability and response amplitude.

In Chapter 4, the responses of the LPE and NPE systems subject to harmonic base

excitation are demonstrated. The response of the NPE system is obtained using the

method of averaging, and is presented in Section 4.2. The solutions of the LPE system

are found based on the harmonic balance method and the method of averaging. In this

chapter, the parametric frequency is tuned at twice the base excitation frequency. In

Section 4.4 several cases are presented to show the effect of system parameters on system

responses. The stability and solutions of each system are demonstrated. For the LPE

system the effect of phase difference between the base excitation and parametric excitation

is illustrated. The gain associated with the LPE system is compared when the phase

difference and the parametric frequency is varied. Similarly, for the NPE system the

gain is compared when the phase difference and the parametric frequency are altered.

These results are shown in Section 4.6. The effect of relative phase between the base

excitation and parametric excitation for each stable and unstable branches of solutions

are demonstrated in Section 4.6.

In Chapter 5, the experimental set-up is described and the configuration of the elec-

tromagnetic system is explained. Appendix E provides complementary information on

electromagnetic system design assumptions and limitations. In Chapter 5.4, the time-
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periodic stiffness, the cubic stiffness, and the cubic parametric nonlinearity are presented

as a function of electromagnetic system parameters. These parameters are used in Chap-

ters 6 and 7. A novel approach is demonstrated to find the electrical damping and induced

current generated from the electromagnetic system.

In Chapter 6, the free responses of the NPE system are presented experimentally and

analytically. The effects of damping, parametric amplitude, and nonlinearities on the

response of the NPE system are demonstrated. The change in response amplitude as

a result of parametric amplification is investigated, and the experimental and analytical

results are presented in Section 6.3. The effects of cubic stiffness nonlinearity in the NPE

system for a fixed position between the coils are presented in Section 6.4.

In Chapter 7, the cantilever beam and the electromagnetic system are excited with a

shaker. The model presented in Chapter 4 is improved to fit to the experimental set-up.

In this chapter the effect of the relative phase on the response amplitude is considered.

The mechanism used to vary the phase difference between the base excitation and the

current generated in the coils is presented in Section 7.2.1. The system parameters such

as cubic nonlinearity, parametric amplitude, phase difference, and the base excitation

amplitude are altered. The system responses are found experimentally and analytically in

Sections 7.4.1, 7.4.2 and 7.4.5, respectively.

Finally, the thesis is concluded with a short summary and evaluation of the analytical

and experimental approaches used to study the dynamic of LPE and NPE systems.
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Chapter 2

Introduction to parametrically

excited systems

Parametrically Excited (PE) systems, where defining system parameters vary periodically

with an independent variable (time), are known since the late 19th century. One of the first

documents in observing a PE system was released by Faraday in 1831 [21]. He observed

parametric excitation in a vertically oscillating cylinder on the surface of a fluid which had

half the frequency of the excitation. Lord Rayleigh in 1883 [22] devised an experiment

to show the PE system behaviour. The experiment was based on a taut string attached

to a tuning fork. When the tuning fork vibrated vertically the fundamental vibration

frequency in string was observed to be half the tuning fork frequency.

A playground swing-set is a simple example of parametric excitation in a physical

system. The swing is like a pendulum, whose moment of inertia changes with time in a

periodic manner. The frequency of this change is called parametric frequency. The user of

the swing will squat to increase the swing height without being pushed. If the frequency of

the periodic oscillation of the user is equal to twice the frequency of the periodic oscillation

from the swing, the amplitude will increase progressively. This large movement happens

at Parametric Resonance (PR).

A PE system with time-varying stiffness is presented in literature [9, 18] by

z̈+ 2ζż+ ω2z+ δ cos(Ωt)z = 0 with z = [z1, z2, ..., zn]
T (2.1)

where z is the displacement, and (k × k) matrices ζ and δ correspond to damping and

parametric amplitude, respectively. Ω is the parametric frequency. A PE system may

exhibit PR if the parametric frequency is

ΩPR
n,j =

2ωn

j
, ∀j ∈ N+, (2.2)

where ωn is the natural frequency of the undamped system. For Multi Degree of Freedom

(MDOF) systems, Parametric Combination Resonances (PCR) may occur when
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ΩPCR
n,m,j =

| ωn ± ωm |

j
, ∀j ∈ N+ and (n 6= m), (2.3)

where ωn and ωm denote the n-th and m-th natural frequency of undamped system. ωn

and ωm are the n-th and m-th element of the diagonal (k×k) matrix ω. The denominator

j denotes the order of the parametric resonance. In this thesis the first-order resonance

j = 1 for a SDOF system is considered. There are several publications on SDOF with

time-varying coefficients [6, 17, 18] and MDOF systems with time-varying coefficients

[19, 20].

2.1 Linear and nonlinear systems with time-periodic coeffi-

cients

Dynamic systems governed by ordinary differential equations with periodically varying

coefficients have been studied since one and a half centuries ago [7, 18, 23, 24]. In 1868,

Mathieu [25] introduced a differential equation with periodic coefficient. In 1886, Hill [26]

presented the first ever solution technique of linear periodic equations. This approach

is called the Hill’s method of infinite determinants which is a suitable tool to obtain the

stability of time-periodic system. In 1892, Poincaré [27] published the proof of convergence

of Hill’s method. After Hill in 1883, Floquet [28] developed the complete study for stability

of linear time-periodic differential equations. Based on Floquet theory the stability of the

linear system with time-periodic coefficients can be determined from the eigenvalues of

the monodromy matrix [9]. These eigenvalues are often called Floquet multipliers. If all

Floquet multipliers have magnitude less than one, the linear system with time-periodic

coefficient is asymptotically stable. Lyapunov in 1896 [29] demonstrated the Lyapunov-

Floquet transformation for autonomous systems. The Lyapunov-Floquet transformation

is a technique to transform a linear periodic system into a dynamically equivalent time-

invariant form.

2.1.1 Analytical methods

The method of averaging, perturbation methods, point mapping techniques and the the-

ory of normal modes have all been recently used for nonlinear analysis with and without

time-periodic coefficients. For example, multi body problems such as dynamics of the solar

system are very complex, and these systems were unsolvable until perturbation techniques

were introduced. The averaging and perturbation methods were developed to provide ap-

proximate solutions. Averaging method was presented by Clairaut in 1754 [30] and it was

demonstrated as a clear methodology by Lagrange in 1788 [31]. The idea of averaging as a

computational technique is well presented by Verhulst [32]. In 1892, Poincaré [27] extended

the method introduced by Lagrange in 1788. Poincaré also introduced other techniques
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for nonlinear systems such as point mapping and the theory of normal forms [33].

Averaging methods and perturbation methods, such as multiples scales, are based

on the idea that if a solution of the system can be found without the problematic part

(normally the time-periodic or nonlinear term) then we can consider the problematic part

is small and the solutions will be the same. Hence the time-periodic and nonlinear terms

are considered small compared to the time-invariant linear part. In the averaging method,

the system is transformed to a standard form, then the periodic and nonlinear part are

averaged out over the principle period (period of the time-varying part). In perturbation

methods, the solution is assumed to be expanded into series of small parameters, which

can define the order of the method. In this case, the zero-order terms are the solution

of the unperturbed system. The method of averaging and the method of multiple scales

both give the same answer to the problem of finding a first approximation to the solution

of LPE and NPE systems introduced in this thesis, although they obtain solutions by

quite different reasoning. Beyond the first approximation, the method of averaging and

the method of multiple scales do not always give the same results [34]. The averaging

method performed in this thesis is verified by comparing the solutions with experimental

results and numerical solutions. More details on these methods and error calculations can

be found in [34, 35].

Perturbation methods and averaging methods are restricted by the existence of a gen-

erating solution (solutions without the problematic part) and a small parameter. To avoid

this Chebyshev polynomial can be used to solve linear time-periodic systems. A novel

approach using Chebyshev polynomials was developed by Sinha and Wu [36]. The theory

of normal forms can also be used to solve nonlinear systems, which is not limited by small

parameter requirements, unlike the method of averaging and multiple scales [33].

The method of averaging with a small parameter is used in this thesis for demonstrating

the stability and responses of the LPE and NPE systems. The method of averaging

presented in this thesis is based on the work explained in [6, 37]. The analytical derivations

and simulation plots are performed using symbolic analysis, specifically Maple 2016 from

Maplesoft1.

2.1.2 Numerical methods

Nonlinear equations may be solved using iterative numerical schemes. The solution ob-

tained from the numerical integration can be used to complement the analytical solution.

For a nonlinear equation certain conditions must be met before a particular numerical

technique can successfully produce a solution. For example, root finding methods require

an initial guess that is close to the root. Nonlinear equations do not have unique solutions.

Hence, the roots depend on the numerical method as well as the starting guess value [38].

1https://www.maplesoft.com
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For solving nonlinear equations, several methods such as path-following methods, the

Homotopy method, and continuation methods have been used in the literature to increase

the chance of finding solutions that are very close to each other [39]. These methods work

based on predicting the step-size to find the accurate solutions. For solving the nonlinear

equation presented in Chapter 3 (Eq. (3.26)) and Chapter 4 (Eq.(4.7)), the ODEINT

function in SciPy [40] is used. ODEINT solves the initial value problem for stiff or non-

stiff systems. An ordinary differential equation problem is stiff if one of the solutions varies

slowly, but there are nearby solutions that vary rapidly, so the numerical method must

take small steps to obtain all solutions. This is particularly important if the nonlinear

equation has two solutions in proximity.

2.2 Examples of parametric excitation in structural systems

In structural systems, parametric excitation occurs when stiffness, inertia or damping

vary with time. For example, parametric excitation can be seen in marine risers, ships,

ship-mounted cranes, planetary gear system, rotor systems, and cable-stayed bridges.

Marine risers are employed in a variety of applications in the marine industry, hence

the behaviour of these structures has received significant attention [41, 42]. Figure 2.1a

shows a marine riser in the free hanging mode. Marine risers undergo unwanted impacts

as a result of their length and large motions. Marine riser incidents can occur due to

collision, or due to nonlinear internal resonance caused by parametric loading from the

vertical motion of the floater, which produces large motion and parametric resonance on

risers [41, 43].

vertical excitation

motion of
the riser

(a)

roll 

wave excitation

(b)

Fig. 2.1. (a) An example architecture of a free hanging flexible riser. (b) Roll motion of
a ship caused by wave excitation.

A ship can be seen as an auto-parametric system when it experiences parametric roll;

a type of parametric resonance. Parametric roll consists of large oscillations about the roll

axis, which results in disastrous consequences for the ship. Parametric roll occurs when

the excitation frequency from the waves of water is twice the natural roll frequency of the

ship. The first observation of parametric resonance of ships was recorded by Froude [44],

and the resulting nonlinearity has also been recently studied [45].
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Fig. 2.2. (a) Stay cable subjected to transverse motion at one anchorage causing point
B to move to point B′. (b) Horizontal cable subjected to longitudinal harmonic motion at
one anchorage causing point B to move to point B′. This figure is modified from [49].

Cargo from large ships is typically transferred directly to small ships using a ship-

mounted crane when deep water ports are not accessible. The vertical sea-excited motion

of the large crane ship can excite large motion on the cargo hanging on the crane, which

may result in damage. To cause this, the sea-excited motion must either have a large

amplitude, or must have a frequency close to twice the resonant frequency of the ship-

crane system [46]. Parametric excitation in ship-mounted cranes is often modelled as a

pendulum [46].

In planetary gears, fluctuating stiffness results from the changing contact conditions at

the multiple tooth meshes, which produces parametric instability. The time-varying mesh

stiffnesses parametrically excite the system. This parametric excitation causes instability,

hence noise, increased load, and damage to the gear teeth and the bearings result [47, 48].

In rotating machinery parametric excitation can occur when the shaft has imperfect cross

section and the stiffness is asymmetric.

The vibration of the deck and towers of cable-stayed bridges caused by the wind,

traffic, and earthquakes produces an indirect excitation of the cable via the motion of

their anchorages [49]. This excitation can be classified into two types, being external and

parametric excitation. The external and parametric excitation have both been observed

and measured in several bridges in the past [50–52]. Studying induced cable vibrations is

important since they can oscillate with great amplitudes [53, 54].

The external excitation corresponds to a motion applied at anchorage perpendicular

to the cable chord (Fig. 2.2a). The parametric excitation corresponds to oscillations in

direction of the chord (Fig. 2.2b). The vibration of the deck introduces periodicity in

the cable tension, hence parametric excitation results. The equation of motion of the stay

cable under external excitation (Fig. 2.2a) can be presented as a linear or nonlinear second

order differential equation.

To reduce the oscillation in such a bridge, different passive and active control methods

have been applied, including the installation of hydraulic dampers between the stay and

the girder [49]. To minimise in-plane vibrations from rain, wind, pylon motion and other

sources, tuned mass-dampers, also known as TMDs, can be introduced [55, 56]. Under-

standing how neighbouring components of the stay cable system interact under parametric
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excitation is essential to design an appropriate damper.

Parametric excitation and large vibrations caused by excitation at certain multiples of

the resonant frequency are important design factors in marine risers, ships, and bridges [49,

57]. Amplification of the system motion has been studied to determine the damping

necessary to prevent the parametric system from large vibrations.

2.3 Exploiting parametric excitation in vibration amplifica-

tion

Parametric amplification has been used to amplify external harmonic signals in electrical

engineering applications for more than fifty years [58], considerably so in power and com-

munication systems [59, 60]. Parametric amplification is used in mechanical systems, like

resonant transducers in macro and nano scale systems such as bandpass filters [61]. Band-

pass filters based on resonant micro-electromechanical systems, and mechanical vibration

energy harvesters, both of which work commonly as single resonant systems, can benefit

from parametric amplification [58].

Nonlinear Parametrically Excited (NPE) systems have several advantages compared to

linear systems. Nonlinear tuning techniques are commonly used in the recent applications

proposed for parametric resonance in single frequency bandpass filtering and vibration

energy harvesting. Desired frequency response characteristics are achieved by introducing

the linear and cubic nonlinear stiffness [10, 62]. Higher frequency bandwidth and control-

lable stop-band rejection can be achieved by controlling the nonlinearity in a NPE system.

Rhoads et al. [63] introduced an electrostatically driven microelectromechanical systems

(MEMS), which was used for designing a bandpass filter. By adding DC to an AC input

signal (the signal which needs to be filtered), and by modifying the cubic nonlinearity, they

designed a NPE filter. The main issue with this filter was overcoming the damping. Since

damping can increase the instability threshold and prevent parametric amplification.

Various geometries have been chosen from micro to macro structures. These geometries

include spring mass structures [64, 65], cantilever beam structure [66–68], tuning fork [69],

and torsional spring oscillators [70]. The axially driven cantilever beam is extensively

used due to its simple geometry, well known analytical model, and ease of fabrication.

The axial load on the cantilever beam produces parametric excitation, which results in

time-dependent coefficients in the governing differential equation of the system [66]. The

stiffness of the beam is influenced by an axial force when the time-varying axial load

generates a parametric excitation [71]. Parametric amplification [72] or suppression [73]

has been observed in these systems as described in the next sections.

The effective nonlinearity in the axially driven cantilever beam due to curvature and

inertia is studied in [74–77]. It has been shown that geometric nonlinearity produces

a hardening effect, whereas inertial nonlinearity has a softening effect [76]. As such,
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depending on the strength of each term, the overall effect of the nonlinearities could be

hardening or softening. For a beam, geometric and inertia nonlinearities are a function of

the geometry of the beam, material properties, boundary conditions, curvature, and mode

shapes. By altering one or a combination of these parameters, the effective nonlinearity

of the beam can be changed, allowing the desired bend in the frequency response to be

realized. The nonlinear geometric and inertia terms may have significant influence on the

response of the system [76, 77]. Hence, these nonlinearities are exploited in the design of

the PE systems [78, 79]. The effect of system parameters on these nonlinearities can be

studied to increase the response amplitude in a wide range of frequency bandwidth.

As well as geometry variation, parametric amplification can be obtained by different

method of actuation, such as piezoelectric [80], electrostatic [63], and electromagnetic [81].

A PE cantilever beam with an electromagnetic device has been introduced by Chen and

Yeh [15, 16]. Further study on a linear PE cantilever beam with an electromagnetic system

was carried out by Han et al. [82]. In this system, the amplitude and frequency of the

parametric stiffness excitation were accurately controlled by the current flowing through

the coil of the electromagnetic device. They showed that, by exciting the cantilever beam

with a time-varying force, the nonlinearity induced by the geometric imperfection of the

beam and the coupling effects between the excitation mechanism and the beam were

effectively avoided [16]. Therefore, they showed the cantilever beam under electromagnetic

parametric excitation can be a good choice for a linear PE system. However, the stiffness

nonlinearities present in the electromagnetic system were not considered.

Electromagnetic micro-transducers have been utilized in a number of distinct applica-

tions in recent years [83, 84]. An example of this system with highly nonlinear parametric

amplitude was presented by Rhoads et al. [85]. An electromagnetically actuated can-

tilever beam was implemented to understand the effect of fifth order nonlinearity on a PE

system. Parametric studies based on the influence of different system parameters on the

frequency response were qualitatively explained. Based on this study, they found careful

parameter selection and microcantilever results in qualitatively distinct responses could

be obtained [86].

Parametric amplifiers are divided into two types: degenerated [63, 87, 88] and non-

degenerated [70]. The degenerated PE amplifiers employ parametric excitation or para-

metric amplitude (pumping) with a frequency twice the natural frequency of the system.

Non-degenerated parametric amplifiers occur at any frequency due to interaction between

modes [70]. The degenerated PE systems, corresponding to the larger tongue in the sta-

bility chart (see Chapter 3), are affected by the phase between the external excitation and

parametric excitation (see Chapter 7).

Linear vibration energy harvesters are based on a vibrating mechanical structure with

an additional seismic mass, with driving force applied parallel to the direction of the os-

cillation. Electrical dampers would reduce the amplitude of the seismic mass and store
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Fig. 2.3. PE vibration energy harvester presented by Jia et al. [12] with direct excita-
tion from a horizontally driven pendulum (Ah cos(ωht)) and parametric excitation from a
vertically driven pendulum (Av cos(ωvt)) (figure is modified). Direct excitation activates
the ordinary resonance at the natural frequency and the parametric excitation activates
the parametric resonance at twice the natural frequency. An electromagnetic transducer
is placed on the right side of the lever to transform the energy from the pendulum dis-
placement.

the energy by way of conservation. In linear SDOF systems, the maximum displacement

of the seismic mass occurs when the excitation frequency is equal to the resonance fre-

quency of the harvester. Unfortunately, the amount of energy harvested is sensitive to

this excitation frequency, meaning that any change in the excitation frequency severely

reduces the stored energy, making this design infeasible for use without modification. To

counteract this, different methods to tune the harvester and reduce this sensitivity, known

as broadening the bandwidth of the harvester, have been proposed [89–92]. In vibration

energy harvesting, increasing the amplitude at parametric resonance as well as increas-

ing the frequency bandwidth can be achieved by tuning the harvester to its parametric

resonance [93].

2.3.1 Parametric amplification in vibration energy harvesting

Energy harvesting from directly-excited non-parametric systems has been studied exten-

sively, but not much work has been done in exploiting parametric excitation in the context

of vibration energy harvesting [72, 79, 94–96]. Jia et al. [12] demonstrated an experimen-

tal macro-sized electromagnetic harvester prototype under parametric resonance. The PE

harvester had an order of magnitude higher peak power density, and a 50% increase in

the half power band due to the amplification of the mechanical vibration at paramet-

ric resonance and nonlinear resonant peak, compared to the prototype directly driven at

fundamental resonance.

The PE vibration energy harvester prototype consists of a pendulum and an electro-

magnetic harvester on both sides of the lever and is shown in Fig. 2.3. If the pendulum is

excited horizontally (Ah cos(ωht)), the excitation is analogous to direct excitation, however

if it is excited vertically (Av cos(ωvt)) the pendulum is PE and it has parametric resonance.

Displacement generated by the pendulum motion moves the magnet in-between the fixed

coils on the right side of the lever. The electromagnetic transducer transforms the me-
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Fig. 2.4. PE systems introduced by Jia et al. [97] (a) A simple pendulum where the
oscillatory angular displacement is directly damped by an electromagnetic transducer. (b)
A pendulum coupled to a lever, which is electrically undamped on the left hand side.

chanical energy to electrical energy. In this study, Jia et al. [12] compared the peak

power, frequency, volume, acceleration and normalised power density of the PE prototype

with other existing publications to show that they have achieved higher peak power and

normalised power density, however they need greater vertical excitation amplitude. This

is due to an initiation threshold (instability threshold) for the system to have parametric

amplification, which changes based on the damping in the system. Hence, Jia et al. [97]

introduced two design routes to passively minimise the initiation threshold amplitude re-

quired for the system to obtain parametric amplification. Each design is compared with

a simple PE system.

A simple pendulum where the oscillatory angular displacement is directly damped by

the electromagnetic transducer (Fig. 2.4a) is compared with an electrically undamped

parametric resonator; a pendulum which is coupled to an electrically damped lever beam

by an electromagnetic transducer (Fig. 2.4b). Using an electrically undamped parametric

resonator decreases the initiation threshold amplitude [12]. It has been observed exper-

imentally that the initiation threshold for a passively undamped parametric resonator is

reduced by an order of magnitude. Jia and Seshia [98] have deployed the second design to

explore the maximum peak power from such a system, known as the auto-parametrically

excited vibration energy harvester, both theoretically and experimentally. The design rep-

resentation and the mechanical model of this design is shown in Figs 2.5a and 2.5b. From

Fig. 2.5b, if the system is excited vertically from the base, the harvester moves laterally;

this is a model of an auto-parametric system. However, if the harvester is excited horizon-

tally it is under direct excitation. Only if the base is excited at its resonance perpendicular

to the lateral direction, the initiation threshold can be reduced. Hence, the peak power

can be increased for a lower input acceleration level.

Jia et al. [95] also used the second design to implement a MEMS harvester, which

includes an electrostatic cantilever based harvester. This design has been modified to

overcome the initiation threshold amplitude. They demonstrated that the vacuum pack-
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Fig. 2.5. (a) A design representation [98] (figure is modified). (b) An auto-parametrically
excited harvester model [98] (figure is modified).

y

x

 Fcos(ωt)

Lb

R V

+

-

Base

Fig. 2.6. The PE vibration energy harvester presented by Daqaq et al. [79] (figure is
modified). The PE cantilever beam is excited vertically (F cos(ωt)) from the base.

aged MEMS electrostatic PE harvesters with an initial spring can be used to reduce the

damping dependent initiation threshold for the parametric frequency (twice the natural

frequency) and other orders [99]. This achievement has improved the peak power for

different orders of parametric frequency, and has increased the frequency bandwidth.

Daqaq et al. [79] investigated the process of energy harvesting from an auto-parametric

system. The auto-parametric system is a piezoelectric cantilever beam excited from the

base perpendicular to the y direction as shown in Fig. 2.6. The aim of the study was to

solve theoretically and experimentally the problem of estimating the output power and the

effect of the design parameters on it. The effect of the coupling coefficient, the shunted

load resistance parallel to the piezoelectric element, and the excitation level has been

described. The lumped-parameter model presents the nonlinear single mode dynamics

of the cantilever beam and the piezoelectric harvester. From the analytical model, the
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Fig. 2.7. A schematic of the piezoelectric cantilever bimorph [72] (figure is modified).

function that describes the amplitude and the phase of the beam displacement, the voltage

across the resistive load, and the power were derived. Daqaq et al [100] determined

from numerical simulations that the voltage across the resistive load is affected by the

electromechanical coupling and the beam deflection amplitude. They showed there is

an optimal value of the electromechanical coupling factor beyond which the harvester

power decreases. As such, there is an optimal resistance amplitude at which the power

is maximum. There are several papers that claim increasing the coupling factor can

maximise the power. Daqaq presented that increasing the coupling factor increases the

effective damping and as a result it raises the initiation threshold in instability curves.

As explained by Jia et al. [97], there is a need for higher excitation to make the system

vibrate at parametric resonance if the initiation threshold (instability threshold) is raised.

Daqaq et al. [79] derived the relation between the electromechanical coupling with

small variation in parametric frequency, initiation threshold value and load resistance.

They also observed the variation in natural frequency and voltage across the resistive load

by changing the resistive load. Finally from the experiment, the optimal coupling factor

and optimal resistive load was applied to find the maximum power. They successfully

presented that, for an auto-parametric system, the coupling factor and load resistance

affects the broadening of the harvester, as well as the peak power.

Daqaq and Bode [72] explored an approach to amplify the power at twice the natural

frequency of a piezoelectric cantilever-typed bimorph harvester. This is achieved by tilting

the axis of the beam through the proper angle with respect to the direction of excitation.

Fig. 2.7 shows the piezoelectric cantilever-type bimorph harvester subjected to an exter-

nal acceleration ẍ. The external excitation can be direct (α = 0) or PE (α 6= 0). They

proposed that with this method, there is an improvement in the maximum power relative

to the direct excitation depending on the excitation parameters and mechanical damp-

ing ratio. The change in mechanical damping varies the optimal angle and the optimal

harvested power. To achieve the maximum power, the mechanical damping should be

controlled.

Employing the stiffness nonlinearity effect for a PE harvester has had little attention

among researchers [101], although stiffness nonlinearity can be exploited to expand the

frequency bandwidth of the harvester. In 2011, Abdelkefi et al. [94] considered a NPE

19



harvester beam configuration. They included higher modes and nonlinear effects of the

piezoelectric patch in their analysis. Their study was implemented to show that the

nonlinear stress-strain piezoelectric coefficients significantly impact the behaviour of the

harvester in terms of softening or hardening.

The limitation of the PE harvesters introduced in this section are as follows:

• The parametric amplification is limited by the vertical excitation amplitude. Only by

increasing the parametric excitation to a sufficient value and overcoming the insta-

bility threshold, the parametric amplification can be achieved. In order to increase

the efficiency of the PE harvesters, the instability threshold has to be reduced, hence

less parametric amplitude is needed for parametric amplification.

• The frequency bandwidth of the harvester can be improved by introducing the cubic

stiffness nonlinearity. The combination of PE and stiffness nonlinearities has not

been studied.

• Analytical and experimental study on design consideration of nonlinear PE har-

vesters is not available in the literature. The design criteria of nonlinear PE har-

vesters can be achieved by parametric study with analytical and experimental inves-

tigations.

The NPE system introduced in this thesis can be employed to study a nonlinear PE

harvester. Additionally, the NPE system can be employed for vibration suppression.

2.4 Exploiting parametric excitation in vibration suppres-

sion

A mechanical system that experiences large vibration amplitudes may be unwanted or even

dangerous. Parametric excitation can be introduced to an engineering structure to affect

the dynamic behaviour in a desired manner. For example, by tuning the self-excited or the

PE system at specific parametric frequency, large response amplitudes can be damped.

Parametric resonances may be resonant or anti-resonant. Anti-resonant parametric

resonances may occur at certain frequencies ΩPCR
n,m,j (Eq. (2.3)). Anti-resonant paramet-

ric resonance does not cause vibration amplification. In 1978, for the first time, Tondl

discovered that faster decay of vibration amplitudes may occur at these frequencies [102].

Tondl [103] also proved that it is possible to take advantage of parametric combination res-

onances referred to as parametric anti-resonance to stabilise large vibrations in self-excited

systems. The unstable trivial solutions due to the self-excited mechanism can be mapped

to an asymptotic stable one by parametric excitation at parametric anti-resonance [103].

This can be studied numerically with Floquet theory [32, 104]. Vibration suppression in
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rotor systems is demonstrated by Dohnal et al. [105–108] based on Tondl discovery. Vibra-

tion suppression applied by parametric excitation using electromagnets was presented by

Dohnal [109]. Damping of beam structures with parametric anti-resonance and the design

of a vibration absorber can be found in [73, 110]. Drive systems subject to parametric

excitation can also benefit from vibration suppression [111, 112].

2.5 Summary

Parametric excitation in structural systems was briefly explained in this chapter. Solutions

and stability of PE systems can be found analytically with Floquet theory, perturbation

methods and the method of averaging. Several numerical methods were recommended to

find the stable solutions and stability of the NPE systems. Some of these methods will be

presented in the following chapter in detail.

The possibility of parametric amplification in PE vibration energy harvesters, filters

and amplifiers were outlined. In contrast, parametric attenuation at anti-resonance, which

was introduced to control the unwanted vibration was also explained. In the following

chapters, several suggestions will be presented in order to improve the efficiency of PE

vibration energy harvesters, filters and amplifiers. However, the effects of anti-resonances

are not considered in this thesis.
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Chapter 3

Free response of a nonlinear

parametrically excited system

3.1 Introduction

Parametric excitation in linear time-varying systems and the stability of such systems has

been studied in the literature [6, 113]. Different analytical methods, such as the method

of averaging, harmonic balance, multiple scale, Floquet theory, and describing function

have been employed to study the solution and stability of Linear Parametrically Excited

(LPE) and Nonlinear Parametrically Excited (NPE) systems [9]. In this chapter, some of

these methods are explained and compared, and the stability of LPE and NPE systems

are investigated. The objective of this chapter is to provide an analytical model of a

Parametrically Excited (PE) system in order to understand its behaviour.

Studying nonlinear systems is necessary due to their potential complex behaviour and

instability. The structural dynamics which are made up of high flexible continuous ele-

ments, such as beams, and cables are examples of nonlinear systems [114]. One such non-

linearity, known as cubic stiffness nonlinearity, has been studied in both non-parametric

and parametrically excited systems [114–116]. The nonlinear model presented in this work

includes the cubic stiffness nonlinearity as well as time-varying cubic stiffness nonlinearity

named “cubic parametric nonlinearity”, in a PE system. PE systems with cubic and cu-

bic parametric nonlinearity have been investigated briefly for reducing or amplifying the

response of the system in the field of electromechanical engineering [58, 87, 117]. Cubic

and cubic parametric nonlinearities are observed in an electromagnetic system when the

coils carry DC/AC current.

A general study on the effect of cubic parametric nonlinearity on the response ampli-

tude is missing in the literature. The study of the cubic and cubic parametric nonlinearity

in PE systems can be beneficial for decreasing or increasing the parametric amplitude of

the system. Hence, in this chapter a parametric study on these nonlinearities is presented

as a novel contribution. The system parameters considered in this chapter are chosen
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based on the experimental tests in Chapter 6.

In this chapter, first an analytical model of the LPE system is presented. Analytical

solutions and stability of this system are described with the methods of averaging and

harmonic balance. Several numerical simulations are carried out to present the behaviour

of the LPE system. Secondly, an analytical model of the NPE system is demonstrated.

Analytical solutions and stability are defined from the averaging methods. This chapter

is concluded with novel contributions on parametric study for the NPE system with cubic

parametric nonlinearity. The influence of cubic parametric nonlinearity to reduce the

instability threshold is demonstrated.

3.2 Analytical modelling of a linear parametrically excited

system

An example of a LPE system is a Single-degree-of-freedom (SDOF) system with a time-

varying stiffness as shown in Fig. 3.1.

m

c

t

t

z

k (t)l

Fig. 3.1. A SDOF system with time-varying stiffness. An arrow on the stiffness symbol
denotes time-varying stiffness.

The governing linear differential equation of this system is,

mtz̈ + εctż + klz = 0, (3.1)

where the linear time-varying stiffness is kl(t) = k1 + εkp1 cos(Ωt), z is the displacement

of the mass from its neutral position, mt is the total mass, ct is the total viscous damping

coefficient, k1 is the constant stiffness, and kp1 is the parametric stiffness (parametric

amplitude) with the parametric frequency Ω. Normalising Eq. (3.1) by mt yields

z̈ + 2εζωnż + ω2
n (1 + εδ cos (Ωt)) z = 0, (3.2)

where ζ = ct
2ωnmt

is the damping ratio and δ =
kp1
k1

is the normalised parametric amplitude.

To solve Eq. (3.1) all of the excitation and dissipation terms are assumed to be dependent

on ε, which is the small parameter. Damping is assumed to be small and hence it is

expressed as εct. Some analytical methods presented here are valid only for small values

of ε, which is used as a scaling factor so that these methods can be compared.
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Eq. (3.2) is similar to a damped Mathieu equation [25], which is a special form of a

linear, second-order differential equation with a time-varying coefficient. The solution of

the Eq. (3.2) can be found through different methods such as methods of averaging and

harmonic balance [6]. These methods are compared in the next sections.

3.2.1 The method of averaging

The method of averaging is an approximation method, which is used as a compromise

between exact analytic analysis and numerical approximations [118]. In order to explain

the averaging method in this context, Eq. (3.2) is normalised by the time scaling τ = Ωt

and expressed with derivatives with respect to τ instead of t. The prime (.)′ is used to

present a quantity differentiated with respect to τ . Normalisation in this way results in

z′′ +
2εζωn

Ω
z′ +

ω2
n

Ω2
(1 + εδ cos (τ)) z = 0. (3.3)

The parametric frequency Ω is varied around a reference frequency Ω0 thus1

Ω = Ω0 (1− ε∆) , (3.4)

where ∆ is the detuning parameter [9]. If ε = 0, Eq. (3.3) becomes

z′′ +
ω2
n

Ω2
z = 0. (3.5)

The solution of Eq. (3.5) is a linear combination of cos(τ) and sin(τ). This linear combi-

nation can be written as

z (τ) = a cos (κτ + ϕ) , (3.6)

where a and ϕ are the constant amplitude and phase respectively, which can be determined

from initial conditions. The frequency ratio

κ =
ωn

Ω0
(3.7)

is used here for simplification.

When ε 6= 0, based on the method of Lagrange “variation of constant”, we can assume

that the solution can still be written in the above form, but the amplitude a and phase ϕ,

are now functions of time [32]. Hence, the complementary solution of the final simplified

nonlinear equation (Eq. (3.3)) is a linear combination of cos (Φ (τ)) and sin (Φ (τ)), which

can be written as

z (τ) = a (τ) cos (Φ (τ)) , (3.8)

1This is an approximation method around the parametric frequency.
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where Φ (τ) = κτ + ϕ (τ), and

z (τ)′ = a′ (τ) cos (Φ (τ))− a (τ) (κ+ ϕ′ (τ)) sin (Φ (τ)) . (3.9)

Substituting Eqs. (3.8) and (3.9) into Eq. (3.3) results in an equation which can be

solved for a′ (τ) and ϕ′ (τ). a′ (τ) and ϕ′ (τ) are then averaged over one period T = 2π
Ω

under the assumption that a (τ) and ϕ (τ) are changing slowly. The resulting averaged

equation can be integrated with respect to τ to find a (τ) and ϕ (τ) for a given κ, and

reference frequency Ω0.

The steady-state behaviour of the system can be recovered from the set of a′ (τ) and

ϕ′ (τ) by setting (a′, ϕ′) = (0, 0) and solving for steady-state values of a and ϕ. Thus,

the resulting solution is an approximation of the original solution. This method has been

studied for the solution of the damped Mathieu equation [6, 113]. For further details on

LPE systems responses refer to Appendix A.

3.2.2 The method of harmonic balance

The method of harmonic balance assumes that the response to a sinusoidal excitation is

a sinusoid at the same frequency [9]. This method is not used to find the solutions of a

LPE system with free vibration, but it is appropriate for a forced system. The governing

differential equation of a forced system with time-varying stiffness is

z̈ + 2εζωnż + ω2
n (1 + εδ cos (Ωt)) z = ω2

nΓ cos(ωt+ φ), (3.10)

where Γ = F
k1
, F is the direct force amplitude, and φ is the relative phase term (introduced

to account for the phase-dependent response). The solution of Eq. (3.10) can be defined as

a Fourier series with the frequency of excitation (ω) and the combination frequency (ω±Ω).

Substitution of the trial solution into Eq. (3.10), and the collection of trigonometric terms,

leads to an infinite set of linear homogeneous equations for the Fourier series coefficients.

This method is explained in Appendix C.1.4.

The method of harmonic balance is unable to solve the Mathieu equation without

any external force (e.g. Eq. (3.2)) since the determinant defined by the coefficients of

Eq. (3.2) and the Fourier series are non-zero. Hence, it is possible to find the solutions

only if the Fourier coefficients are equal to zero [119]. Other similar techniques such as

describing function have been used to find the solution of a PE system with an external

excitation [120, 121]. A describing function assumes that the system response is a sinusoid

at the natural frequency ωn.
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3.3 Stability of linear parametrically excited systems

The study of the stability of dynamic systems has been covered in different disciplines, such

as stability of the solar system, stability in structures, and fluid dynamics [122–127]. Since

the requirements of stability differ within different disciplines, there are many definitions

of stability. Before considering the stability of PE systems, the definitions of stability used

in this work are outlined here.

A system is usually defined at a stable equilibrium point when it has zero kinetic

energy and minimum potential energy [123]. Lyapunov’s theorem is used to obtain energy

functions, which in turn allows the stability of a state to be identified without solving the

governing equation of the system [122, 123]. Lyapunov’s theorem is explained in several

textbooks [122–127]. The general differential equation, which describes the motion of the

system is of the form of

ż(t) = f(z(t), t), z(t0) = z0, (3.11)

where z ∈ R
n and t ≥ 0. Eq. (3.11) is autonomous or time-invariant if f does not depend

explicitly on t. It is linear if f(z(t), t) = G(t)z for some G(.) : R≥0 7→ R
n×n and nonlinear

otherwise. z∗ is an equilibrium point of Eq. (3.11), if f(z∗, t) ≡ 0 for all t. z = 0 is also a

stable point if trajectories of z(t) of Eq. (3.11) remain close to the origin when the initial

condition z0 stays close to the origin. The following stability criteria are considered:

Stability in the sense of Lyapunov: An equilibrium point z = 0 is stable if all

solutions of Eq. (3.11) starting at nearby points stay nearby; otherwise the equilibrium

point is unstable [122, 123].

Asymptotic stability (local): The equilibrium point is asymptotically stable if all

solutions of Eq. (3.11) starting at nearby points tend to the equilibrium point as time

tends to infinity [122, 123]. Other definitions such as, local uniform stability, local uniform

asymptotic stability, global asymptotic stability, global uniform asymptotic stability, and

exponential stability are explained in detail in [122, 123].

The stability of an equilibrium point can be characterised by the location of the eigen-

values of G from f(z, t) = G(t)z. The substitution of z = aeλt in f(z, t) = G(t)z results

in the characteristic equation

det(G− λI) = 0, (3.12)

where λ = λ1,2,...,n are the eigenvalues and I is the identity matrix. For the two-dimensional

case (z ∈ R
2×1, G ∈ R

2×2), the eigenvalues classify the nature of the equilibrium point as

follows:

• If λ1,2 ∈ R+, the equilibrium point is unstable.

• If λ1,2 ∈ R, λ1 > 0, and λ2 < 0, the equilibrium point is a saddle.

• If λ1,2 ∈ R−, the equilibrium point is stable.
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• If λ1,2 ∈ C, ℜ(λ1,2) = 0, and λ1 = −λ2, the equilibrium point is a centre.

• If λ1,2 ∈ C, and ℜ(λ1,2) < 0, the equilibrium point is a stable focus.

• If λ1,2 ∈ C, and ℜ(λ1,2) > 0, the equilibrium point is an unstable focus.

The phase portrait (velocity versus displacement) plot can verify the above classifications.

These plots can be found in [122, 123].

3.3.1 Floquet theory

There are many methods to determine the stability of single stationary points in the phase

space [128]. One such method is to perturb the point and to identify whether or not the

trajectory of the perturbed point converges to the stationary point; convergence results

in a stable point being identified. However this simple approach does not extend well

to limit cycles [129]. A limit cycle can be introduced by a periodic steady-state solution

of the system (periodic trajectories). If a limit cycle is perturbed and the perturbed

point returns close to the original trajectory, then the limit cycle is stable, otherwise it

is unstable. Details about limit cycles can be found in [18, 129]. Floquet theory [28] is

concerned with periodic ordinary differential equations, and deals with the stability of

periodic trajectories in phase space [9, 130]. Floquet theory considers a looped trajectory

as the solution of such equations, and analyses how a perturbed trajectory changes. If the

perturbed trajectory tends to the original trajectory as time passes, the loop is considered

stable. The stability can be determined by studying the trajectory change with respect to

the perturbation [71, 128, 131].

Consider a set of periodic ordinary differential equations of motion of the form

ż(t) = f(z(t), t) = G(t)z(t), (3.13)

where z(t) is the state space column vector at time t ∈ R, and G(t) = G(t + T ) is a

periodic matrix with period T . The Floquet theory considers the solution

z(t) = z0(t) + ∆z(t), (3.14)

where the solution z(t) is comprised of periodic part z0(t) and additional disturbance

∆z(t). Floquet theory asserts that the solution is stable only if

z(t+ T ) ≤ z(t). (3.15)

This assertion is reasonable as it means that z will not increase over each trajectory, by
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satisfying the criteria of Lyapunov stability. z0(t) = z0(t+ T ) as z0 is periodic, hence

˙(∆z) = ż− ż0 = G∆z. (3.16)

A set of fundamental solutions ∆Ψ of the additional disturbance ∆z after a period of T

of the periodic solution z0 are defined as

∆Ψ(t+ T ) = ∆Ψ(t)R. (3.17)

R is known as a monodromy matrix [125, 132]. The Floquet theory determines the stability

of a state without approximating the time-periodic system by evaluating the monodromy

matrix. In order to adhere to the stability criteria presented in Eq. (3.15), it is required

that

| eig(R)| ≤ 1, (3.18)

so it is necessary to determine the eigenvalues of the monodromy matrix to identify whether

or not the set of ordinary differential equations is stable. These eigenvalues are called

characteristic multipliers or Floquet multipliers [9].

Based on the Floquet theory, the nature of equilibrium points can be found from the

eigenvalues of the periodic system [9, 113]. When every eigenvalue has modulus less than

one, Eq. (3.13) has stable solutions. If any one of the eigenvalues have modulus greater

than one, unbounded solutions exist [37]. This method is relevant for linear differential

equations, but it can also be applied to non-linear differential equations that have been

linearised. However, the resulting monodromy matrix is difficult to obtain analytically,

hence numerical methods are often used [133]. The accuracy of the eigenvalues of a

monodromy matrix obtained in this way can be questionable; a relatively small time-step

size is required, resulting in an expensive numerical computation [134].

3.3.2 Stability chart

In this thesis the stability of the LPE systems are defined as follows [18]:

• If the response of the LPE system (Eq. (3.2)) is damped (decayed exponentially in

time) then the system is stable (S).

• The LPE system (Eq. (3.2)) is unstable (U) then the response grows exponentially.

• If the system is on the threshold of stability and instability (on the transition curve),

its behaviour with time is dependent on external conditions. The limit cycle trajec-

tories can be found on the transition curve (Fig. 3.2). The stability of limit cycles

can be demonstrated by Floquet theory, and by computing the monodromy matrix

(see section 3.3.1).
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Fig. 3.2. Stability chart for Eq. (3.2) when ζ = 0. The normalised parametric stiffness
εδ versus normalised frequency Ω

ωn
, where Ω is the parametric frequency and ωn is the

natural frequency. The stable (S) and unstable (U) regions are labeled. The red curves
on the threshold of stability and instability are the transition curves.

There are bounded and unbounded solutions for Eq. (3.2) which depend on the nor-

malised parametric stiffness εδ and frequency ratio Ω
ωn

. If the solution is bounded then

the corresponding point in the εδ and Ω
ωn

parameter plane is stable [9]. Fig. 3.2 shows the

stability chart. The stability chart, the Strutt-Ince diagram, was first published by van

der Pol and Strutt [135]. The stability chart shows the domains of stability and instability

denoted by S and U and it is shown in parameter plane (εδ, Ω
ωn

). The unstable solutions

occur when the parametric frequency satisfies Ω = 2
3ωn, Ω = ωn, Ω = 2ωn, or higher

parametric frequency when the parametric amplitude is not zero. The instability regions

are shown in Fig. 3.2, and are separated from stable regions by transition curves. The

averaging and harmonic balance methods are used in the thesis to find the stability chart

based on the aforementioned stability definitions, along with Fig. 3.2.

3.3.2.1 Stability chart obtained from the method of averaging

By employing the method of averaging, the transition curves in stability chart can be found

from the eigenvalues of the system as explained in Appendix A.3. Here for simplicity the

method of averaging for a LPE system is called LAVE. The eigenvalues are defined as

λ1,2 = −κεζ ±
1

4
κε
(

−16∆2 + δ2
)

1
2 +O(ε2). (3.19)

The first instability region is obtained from Eq. (3.19) when the eigenvalues are real and

positive (λ1,2 ∈ R+), and satisfy

| ∆ |<

√

−ζ2 +
δ2

16
. (3.20)

When this condition is applied to the system, the instability for different parametric

stiffnesses and parametric frequencies can be determined. ∆ shows the relation between
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the parametric frequency and the natural frequency based on the approximation around

the reference frequency (1− ε∆ = Ω
Ω0

). Hence, Eq. (3.20) is accurate only if the reference

frequency Ω0 is close to twice the natural frequency. The method of averaging used in this

thesis is a first order averaging method, which defines the solutions for Ω0 = 2ωn. The

corresponding transition curves for λ1,2 ∈ R+ can be found from Eq. (3.20) as

εδ =
2

ωn

√

Ω2 − 4Ωωn + 4ε2ζ2ωn + 4ω2
n. (3.21)

The approximation of the averaging method is limited by εδ in Eq. (3.2). Indeed, for small

values of εδ when the magnitude of the time-parametric coefficient εδ ≪ 1, the method

of averaging can approximate the transition curve very close to the exact transition curve

achieved by the method of harmonic balance. However, this method does not approximate

the solution accurately for large εδ. This is shown by the comparison of different methods

in Section 3.3.2.3.

3.3.2.2 Stability chart obtained from the method of harmonic balance

Based on the method of harmonic balance, there is a transition between stable and un-

stable solutions (in εδ and Ω
ωn

parameter plane), which is called transition curve. On the

transition curves, the solution of Eq. (3.2) is periodic with period 2π and 4π. This solution

can be written in the form of Fourier series with a period T = 2π
Ω

z(t) =
M
∑

m=0

Am cos

(

mπt

T

)

+Bm sin

(

mπt

T

)

=
M
∑

m=1

Am cos

(

mΩt

2

)

+Bm sin

(

mΩt

2

)

, (3.22)

where Am and Bm are the Fourier series coefficients, and M is the number of terms.

Substituting Eq. (3.22) into Eq. (3.2) allows terms in given sets of algebraic equations

on the coefficients Am and Bm to be collected. Setting the equations into a matrix form

and finding the determinant for non-trivial solutions results in a set of equations which

describes the line between stability and instability regions (Fig. 3.2). The accuracy of

the method of harmonic balance depends on the number of terms M considered in the

Fourier series Eq. (3.22). In order to minimise the error between the solution and the trial

solution (Eq. (3.22)) for the large value of parametric stiffness, more terms M should be

considered. The small parameter, ε, does not affect the accuracy of method of harmonic

balance.

The method of harmonic balance with low number of terms M = 1 (here for simplicity
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it is called LHB1), assumes the solution of Eq. (3.2) to be

z(t) = A1 cos

(

Ωt

2

)

+B1 sin

(

Ωt

2

)

. (3.23)

The transition curve (εδ versus Ω
ωn

) is based on the method of harmonic balance (LHB1)

which can be found from Appendix C.1.1. The transition curve is presented as

εδ =
1

2ωn

√

Ω4 + 64ε2ζ2ω2
n − 8Ω2 + 16ω2

n. (3.24)

The only transition curve found from the low number of terms in harmonic balance method

(LHB1) is the main instability region at twice the natural frequency (Ω = 2ωn) (Fig. 3.2).

Eq. (3.24) shows how the parametric frequency and damping ratio can change the insta-

bility region defined by the transition curve. It is expected that when the amplitude of

excitation is reduced or the damping ratio is increased, the stability region is expanded.

Transition curve of the LPE system (Eq. (3.2)) based on the method of harmonic

balance with high number of terms M = 20 (here for simplicity it is called LHB2) is

described in Appendix C.1.2. The final solution is presented in Appendix C.1.3. The

transition curves found from the high number of terms in harmonic balance is able to find

all unstable tongues (transition curves) in the stability chart, as well as the main tongue

at twice the natural frequency (Ω = 2ωn).

3.3.2.3 Comparison between the methods of averaging and harmonic balance

The accuracy of the transition curves based on the method of averaging is limited by the

εδ value, while for the method of harmonic balance the accuracy is limited by the number

of terms M . From the method of averaging, the tangents of exact stability curve can

be determined correctly, but falsely suggest that periodic solutions exist on the averaged

curve [34].

Fig. 3.3 shows the comparison between three methods: the method of averaging

(LAVE), the methods of harmonic balance with low number of terms M = 1 (LHB1), and

harmonic balance with high number of terms M = 20 (LHB2). The difference between the

transition curves with harmonic balance with M = 20 and harmonic balance with M = 30

at εδ = 0.5 is off the order of 10−6 Ω
ωn

. Hence, M = 20 is accurate enough to be chosen as

exact solution. The stability curve achieved from LHB2 is in agreement with the results

achieved from the Floquet multipliers [136]. The stability chart is plotted in Fig. 3.3 for

the system parameters which are close to the experimental rig properties. ζ = 0.0316,

and ωn = 31.62rad s−1 are chosen for Fig. 3.3 based on the experimental set-up. These

experiments are presented in Chapter 6. Figs 3.3a, 3.3b and 3.3c are also implemented

for three different small parameter values of ε = 0.01, 0.1 and 1. From these figures, for

the main transition curve at Ω = 2ωn, the LHB1 and LAVE method are all in agreement
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(a) ε = 0.01.

(b) ε = 0.1.

(c) ε = 1.

Fig. 3.3. Stability chart for Eq. (3.2). The methods of averaging (LAVE), harmonic
balance with low number of terms M = 1 (LHB1) and harmonic balance with high number
of terms M = 20 (LHB2) are implemented to show the transition curves. The response
of the system for points shown in Fig 3.3b are computed numerically. The phase portrait
for each point is demonstrated in Fig. 3.4.

33



B

A

(a) Unstable point, point 1 in Fig 3.3b.

B
A

(b) Stable point, point 2 in Fig 3.3b.

B

A

(c) Stable point, point 3 in Fig 3.3b.

B
A

(d) Unstable point, point 4 in Fig 3.3b.

B A

(e) Stable point, point 5 in Fig 3.3b.

B
A

(f) Stable point, point 6 in Fig 3.3b.

Fig. 3.4. Numerical phase portrait for Eq. (3.2) corresponds to points 1 to 6 in Fig.
3.3b. ε = 0.1, ζ = 0.0316, and ωn = 31.62rad s−1 are considered for all tests. The initial
condition z0 = 0.002m and ż0 = 0ms−1 are considered for all six points. The green cross
and label A is representative of the start point and the red circle and label B is the last
point.
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with LHB2 when εδ ≤ 0.5. The difference between the LHB1 and LHB2 at εδ = 0.5 is of

the order of 0.01 Ω
ωn

. The difference between the LHB1 and LAVE at εδ = 0.5 is 0.009 Ω
ωn

.

This is the maximum difference between these two transition curves when εδ ≤ 0.5.

Different points on transition curves in Fig. 3.3b are considered to check the behaviour

of Eq. (3.2). Six points in different regions are selected, and for each point Eq. (3.2) is

solved numerically. Python2 has been used for numerical analysis. The initial condition

was integrated using the ODEINT function in SciPy [40], which uses a Fortran routine

from ODEPACK [40]. The displacement and velocity initial conditions, z0 = 0.002m and

ż0 = 0ms−1 were considered respectively for all six points. The initial conditions are chosen

based on the experimental tests, which are explained in Chapter 6. Then the numerical

phase portrait of each point is considered to check the stability of the response. Based on

the stability definition, a damped system is stable if all trajectories of its solutions converge

to a small value as time goes to infinity. The instability of the PE system (Eq. (3.2)) is

explored from the numerical phase portrait. We consider if the trajectories converge to a

small value the system to be stable. When the trajectories diverge and the response grows

exponentially the system is unstable.

The six points (red asterisk) in Fig. 3.3b are selected such that

• Point 1 in Fig. 3.3b is inside the unstable region from LHB2 method. Fig. 3.4a

shows that this point is unstable, since the trajectory is diverging. Point 1 is at

εδ = 0.5 and Ω
ωn

= 1, Eq. (3.2) is solved for t = 0 to 20T when T = 2π
Ω . The time

step used is 4T × 10−5.

• Point 2 is inside the stable region from LHB2 method. However, from LHB1 and

LAVE method, this point is found to be unstable. The numerical phase portrait

shows this point is asymptotically stable, since the last point (point B) in the phase

portrait in Fig. 3.4b is converging. Point 2 is at εδ = 1.5 and Ω
ωn

= 1.3, Eq. (3.2) is

solved for t = 0 to 200T when T = 2π
Ω . The time step used is 4T × 10−4.

• Point 3 is close to the transition curve from the LHB1 and LAVE methods, but is

closer to the transition curve calculated from LHB2 method. The numerical result

from the phase portrait clarifies that at this point the system is stable (Fig. 3.4c).

The phase portrait shows limit cycle behaviour of this point, which can be stable or

unstable as time approaches to infinity (Fig. 3.4c) [71]. Point 3 is at εδ = 0.5 and
Ω
ωn

= 1.7444, Eq. (3.2) is solved for t = 0 to 200T when T = 2π
Ω . The time step used

is 4T × 10−4.

• Point 4 in Fig. 3.3b is inside the unstable region found from the LHB1, LHB2 and

LAVE methods, and the phase portrait shows that the system is unstable at this

point (Fig. 3.4d). The last point (point B) in Fig. 3.4d is diverging from the initial

2https://www.python.org
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condition point (point A). Point 4 is at εδ = 0.5 and Ω
ωn

= 2.24, Eq. (3.2) is solved

for t = 0 to 200T when T = 2π
Ω . The time step used is 4T × 10−4.

• Point 5 in Fig. 3.3b is inside the stable region from the LHB1 and LHB2 methods.

However, the LAVE method shows instability for this point. The phase portrait in

Fig. 3.4e shows that the system is stable at this point. Point 5 is at δ = 1.5 and
Ω
ωn

= 2.7, Eq. (3.2) is solved for t = 0 to 200T when T = 2π
Ω . The time step used is

4T × 10−4.

• Point 6 in Fig. 3.3b is inside the stable region from all methods, and the phase

portrait also confirm this stability (Fig. 3.4f). Point 6 is at εδ = 0.5 and Ω
ωn

= 2.7,

Eq. (3.2) is solved for t = 0 to 200T when T = 2π
Ω . The time step used is 4T ×10−4.

By computing the phase portrait for different points on the stability chart, the tran-

sition curves obtained from LHB2 are closer to the numerical results for large values of

parametric stiffness. For small values of the small parameter (ε ≪ 1) and parametric

stiffness (δ ≤ 0.5), the LHB1 and LAVE methods are in agreement with the numerical

results. For different value of ε, the upwards and downwards shift of the transition curves

is caused by the change in damping of the system. This shift of the transition curves for

different ε is explained in Section 3.6.1.

3.4 Analytical modelling of a nonlinear parametrically ex-

cited system

In LPE systems, the unbounded responses can occur at the parametric frequency (Ω).

However, unbounded responses do not occur in nonlinear systems due to the amplitude

dependent behaviour. At resonance, the amplitude of the motion increases, and since the

period of the system is amplitude dependent, the resonance detunes [37]. The free and

forced responses of the NPE systems with cubic stiffness and cubic parametric stiffness

nonlinearities have been explained in several publications [58, 87, 117]. However, few

studies of the free response vibration of the NPE system with cubic parametric nonlinearity

can be found in the literature [64].

The cubic stiffness nonlinear term is added to Eq. (3.1)

mtz̈ + ctż + (k1 + kp1 cos (Ωt)) z + k3z
3 = 0, (3.25)

where z is the mass displacement, mt is the total mass, ct is the total viscous damping

coefficient, ε is the small parameter, k1 is the constant stiffness, kp1 is the parametric

stiffness (parametric amplitude) with the parametric frequency Ω, and k3 is the cubic

stiffness. This equation represents a parametrically exited system with a cubic nonlinear
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term. Eq. (3.25) can be solved analytically with different methods, such as multiple scales

and the method of averaging [6].

The NPE system considered in this chapter has cubic stiffness nonlinearity and cubic

parametric stiffness nonlinearity. Both cubic and cubic parametric stiffnesses nonlinearity

have been seen in real structures such as cable-stayed bridges and in electromechanical

systems including electromechanical sensors [58, 87, 117]. The cubic parametric nonlin-

earity is considered in the experimental set-up (electromagnetic system) and is introduced

in Chapter 6. Adding cubic parametric stiffness nonlinearity to Eq. (3.25) results in

mtz̈ + ctż + (k1 + kp1 cos (Ωt)) z + (k3 + kp3 cos (Ωt)) z
3 = 0, (3.26)

where kp3 is the cubic parametric stiffness. The method of averaging is employed to solve

Eq. (3.26), hence ε is added to limit some of the parameters to be small values. The

method of averaging for a NPE system is abbreviated to NAVE.

Normalizing Eq. (3.26) with the total mass mt yields

z̈ + 2εζωnż + ω2
n (1 + εδ cos (Ωt)) z + ω2

n(εα+ εγ cos (Ωt))z3 = 0, (3.27)

where the normalised parametric amplitude is δ =
kp1
k1

, the normalised cubic stiffness

nonlinearity is α = k3
k1
, and the normalised cubic parametric nonlinearity is γ =

kp3
k1

. The

steady-state solutions for the NPE system are presented in Appendix B.

3.5 Stability analysis of a nonlinear parametrically excited

system

To study the stability of a nonlinear system, the nonlinear system can be linearised at

the state of interest to obtain the Jacobian of the linearised system (where εδ 6= 0). The

eigenvalues of the Jacobian matrix determine the stable and unstable solutions. However,

the Jacobian of the NPE system and its eigenvalues are time-variant. The time-variant

eigenvalues are not useful to find the stability of the solutions. In this section, the stability

of the NPE system is investigated with the method of averaging. The NPE system defined

by a set of time-periodic differential equation is averaged over one period of the vibration

(see Appendix B). The time-constant set of equations are obtained after averaging. This

set of equations are linearised and the Jacobian matrix is found from the time-constant

set of equations.

The stability of the trivial and non-trivial solutions are investigated based on the

eigenvalues of the Jacobian as illustrated in Appendix B.3. The non-trivial solutions are:

• z1 (t) = a1 cos
(

Ω
2 t+ ϕ

)

when ϕ > 0 or ϕ = 0, this solution is stable.

• z2 (t) = a2 cos
(

Ω
2 t+ ϕ

)

when ϕ < 0, this solution is unstable.
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The averaged amplitude of the stable steady-state solution a1 is found from Eq. (B.14)

and the averaged amplitude of the unstable steady-state solution a2 is presented by

Eq. (B.15). ϕ is the averaged phase of the steady-state solutions and it is found from

Eq. (B.18).

To find the stable and unstable solutions of the NPE system (Eq. (3.25)) the phase

portrait is considered. The phase portrait for the NPE system with cubic parametric

nonlinearity (Eq. (3.27)) with parameters ζ = 0, δ = 0.25, α = 150m−2 and γ = 80m−2

is obtained analytically. To plot the phase portrait for this NPE system, the relation

between the derivative of the averaged amplitude, and the phase with averaged amplitude

and phase is examined. Dividing Eq. (B.7) by Eq. (B.8) yields an expression that can be

integrated respect to the averaged amplitude and phase. The result is

∆a2 +
1

2
δ cos(2ϕ)a2 +

3

16
αa4 +

1

16
γ cos(2ϕ)a4 = C, (3.28)

where C is a constant value. A and B are introduced to transform from polar coordinate

system to Cartesian coordinate system. A and B represent

A = a cos(ϕ), and, B = a sin(ϕ). (3.29)

Hence, Eq. (3.28) is changed to

(∆+
1

2
δ)A2+(∆−

1

2
δ)B2+

3

16
α(A2+B2)2+

1

16
γ(A2+B2)A2−

1

16
γ(A2+B2)B2 = C, (3.30)

which is used to plot the phase portrait for different C values. The phase portraits are

shown in the B−A plane. The stability of the solutions of the NPE system are illustrated

with the phase portrait. The phase portraits are shown for several points on the transition

curve of the LPE system (Eq. (3.2)) without damping ζ = 0 (see Fig. 3.5). The phase

portrait of the point (a) on the transition curve at Ω
ωn

= 2− δ
2 = 1.875 is shown in Fig. 3.5a.

This phase portrait describes that the steady-state solution of a single point A = B = 0

is a centre and therefore it is stable.

The phase portrait of the point (b), which is inside the transition curve shows that

the steady-state solution of A = B = 0 is a saddle point and therefore is unstable (see

Fig. 3.5b). However, the steady-state solutions of a 6= 0 along the A-axis correspond to two

centres equilibrium points, which are stable. Hence, one unstable trivial solution and one

stable non-trivial solution are expected at frequency Ω
ωn

= 2. Similarly, at Ω
ωn

= 2 + δ
2 =

2.125, for point (c) on the transition curve, the phase portrait is plotted in Fig. 3.5c. The

steady-state solution of A = B = 0 is a saddle point, and the steady-state solutions of

a 6= 0 along the A-axis correspond to two centres. This saddle point is unstable and these

centres are stable. Outside the transition curve at Ω
ωn

= 2 + 1.2
(

δ
2

)

= 2.15, for point

(d), different stable and unstable points exist (see Fig. 3.5d). The phase portrait shows
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(a) (b)

(c) (d)

Fig. 3.5. The transition curve and the B −A plane phase portraits for the NPE system
(Eq. (3.27)) with εζ = 0, εδ = 0.25, εα = 150m−2 and εγ = 80m−2. The phase portraits
correspond to different points on the transition curve. (a) The phase portrait for point a
is at Ω

ωn
= 1.875. (b) The phase portrait for point b is at Ω

ωn
= 2. (c) The phase portrait

for point c is at Ω
ωn

= 2.125. (d) The phase portrait for point d is at Ω
ωn

= 2.15.
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a centre at A = B = 0, which is a stable point, and steady-state solutions when a 6= 0

along the B-axis are two saddles and unstable. Two centres and stable points exist along

the A-axis . Outside the transition curve, unlike the behaviour of the LPE system, only

one stable solution is expected. Two stable and one unstable solutions are found for the

NPE system. On the right hand side of the transition curve for frequencies higher than

parametric frequency, the two stable and one unstable solutions are found as a result of the

positive cubic nonlinearity. The effects of cubic nonlinearity are presented in Section 3.6.2.

The transition curve and the phase portraits are presented for the NPE system only

with cubic stiffness nonlinearity in the literature [37]. In this thesis, since the cubic

parametric term is included, a transition curve for the NPE system is generated. This

transition curve shows the relation between the normalized parametric stiffness δ, and the

frequency ratio, Ω
ωn

as a function of response amplitude a.

The relation between εδ and the frequency ratio Ω
ωn

as a function of response amplitude

a can be found when the system has non-trivial solutions. This is achieved by finding the

steady-state response of the NPE system from the method of averaging. Solving Eq. (B.13)

for εδ yields

εδ = −εa2γ +
1

2

√

9εα2a4 − 48εa2α

(

Ω

2ωn
− 1

)

+ 64

(

Ω

2ωn
− 1

)2

+ 16εζ2, (3.31)

which shows where the system has steady-state solutions. The corresponding transition

curve can be found from Eq. (3.31) when a 6= 0. The transition curve is dependent on

a. The transition curve for a = 0.02m is plotted as a dashed red curve in Fig. 3.6a.

The transition curve for the NPE system is shifted to the right relative to the transition

curve (black curve) for the LPE system as a result of the hardening nonlinearity. It

is also shifted down by the cubic parametric nonlinearity. These shifts are explained

in Section 3.6. At εδ = 0.25, the nonlinear system has a steady-state response for the

frequency ratio 1.892 ≤ Ω
ωn

≤ 2.107. From the amplitude-frequency plot, both stable and

unstable solutions can be found when 2.107 ≤ Ω
ωn

. Hence, there is an area in the transition

curve for the NPE system in which the system has stable and unstable solutions. This

area can also be found analytically based on the difference between the transition curves

for the linear and nonlinear systems.

For the case a = 0, the transition curve from the harmonic balance method is plotted in

Fig. 3.6a. The solid black curve in Fig. 3.6a shows the transition curve for the LPE system.

For the LPE system, unbounded unstable solutions exist inside the transition curve, and

bounded solutions exist outside. At εδ = 0.25 on the transition curve, the system is

unstable when the frequency ratio is 1.892 ≤ Ω
ωn

≤ 2.107. From the amplitude-frequency

relation in Fig. 3.6b, unstable trivial solutions exist when a = 0 and 1.892 ≤ Ω
ωn

≤ 2.107.

The amplitude-frequency relation is plotted in Fig. 3.6b from Eq. (B.14) and Eq. (B.15).

This figure is the analytical amplitude-frequency relation of Eq. (3.27) when ζ = 0.0316,
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ωn = 31.62rad s−1, ε = 1, α = 150m−2 and γ = 80m−2. The stable trivial solutions

(a = 0) and the stable non-trivial solutions (a1 upper branch) are also found numeri-

cally using Python3. The initial condition was integrated using the ODEINT function in

SciPy [40]. The numerical points were found by solving Eq. (3.27) from Ω = 1.6ωn up to

Ω = 2.4ωn. The initial conditions to solve Eq. (3.27) were chosen based on the amplitude

of the previous steady-state solution. Hence, by increasing the frequency, the amplitude

of the response is increased. The lower line (dashed line) in Fig. 3.6b shows the unstable

solutions a2 that could not be found numerically.

When a = 0, the effect of nonlinearity is zero since the nonlinear terms are amplitude

dependent. In this case, the system can be treated as a linear time-varying system. The

trivial solutions of the LPE system are zero. However, when a = 0, the system can be

unstable as a result of any perturbation in the system.

The relation between the amplitude-frequency plot and the transition curve clarifies

the difference between the transition curve for a LPE and a NPE system. Fig. 3.6b shows

amplitude-frequency relation. This curve describes stationary values of the displacement

amplitude a as a function of parametric frequency Ω normalised by the linear natural

frequency ωn. Some nonlinear features appeared for the NPE system:

• The NPE system with nonlinear restoring forces of hardening type (α > 0) is con-

sidered. Hence, the response peak bends to the right.

• Multiple stationary solutions exist for certain parametric frequencies. This is as a

result of the bent peak. In Fig. 3.6b on the left side of point I, outside the transition

curve for the LPE system, the response is damped. Between points I and III there

are two possible solutions: a = 0 (trivial unstable) and a = a1 (trivial stable).

The stable and unstable solutions are in agreement with the phase portrait results

for point (b) in Fig. 3.5b. On the right side of point III, there are three possible

solutions: a = 0 (trivial stable) and a = a1 (trivial stable), and a = a2 (trivial

unstable). The phase portrait results for point (d) in Fig. 3.5d shows two stable

points and one unstable point.

• There is one discontinuous jump in the response, which is from point III to point

II. From high to low frequency, at point III the zero solution turns unstable. In

Fig. 3.6b frequencies ΩI and ΩIII are bifurcation values. Upon crossing any of these

frequencies, sudden changes to possible response take place [137]. In Fig. 3.6b from

low to high frequency, from above ΩI, a stable limit cycle solution is born at ΩI

and the zero solution becomes unstable. This is Hopf bifurcation point. The Hopf

bifurcation at ΩI involves the transition of stable equilibrium to unstable equilibrium

and stable limit cycle. This is a supercritical or soft Hopf bifurcation [137]. The term

3https://www.python.org
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(a)

(b)

Fig. 3.6. (a) Analytical transition curve plots. The LPE transition curve (black solid
line) and the NPE transition curve (dashed red line) is plotted based on Eq. (3.31) for
a = 0.02m, εζ = 0.0316, ωn = 31.62rad s−1, εα = 150m−2, and εγ = 80m−2. (b) The
amplitude-frequency plot for the NPE system for εδ = 0.25. The steady-state solutions
are found analytically as well as numerically. The upper stable branch (black solid line)
has amplitude a1 (Eq. (B.14)) and the unstable branch (black dashed line) has amplitude
a2 (Eq. (B.15)).
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soft comes from the fact that across the bifurcation value drastic change in response

has not happened. For the NPE system with strong cubic stiffness nonlinearity, the

amplitude of response changes from a zero value to a small nonzero value. Hence,

only a supercritical/soft bifurcation are expected.

In contrast at ΩIII, the bifurcation happens from an unstable equilibrium to a stable

equilibrium and an unstable limit cycle. ΩIII is a Hopf bifurcation value, since a limit

cycle is created from an equilibrium. This is a subcritical/hard Hopf bifurcation. For

hard Hopf bifurcation it is possible that a finite disturbance to the stable equilibrium

may throw the system beyond the unstable limit cycle.

3.5.1 Stability chart obtained by the methods of averaging and harmonic

balance

The stability chart for Eq. (3.27) is plotted in Fig. 3.7 which shows the transition curves

obtained from LHB2 and the transition curves for the NPE system. The LPE transition

curves are shown as a reference to determine the changes resulting from nonlinearity. The

transition curve from two nonlinear methods; the method of harmonic balance (NHB1)

and the method of averaging (NAVE) are presented in Fig. 3.7. ε = 0.01 and ε = 1 are

chosen to clarify the effect of the small parameter. Fig. 3.7a shows that as ε reduces the

nonlinear system is closer to a linear system. When ε is large (Fig. 3.7b), the nonlinear

effect on the transition curve is evident.

Transition curves of a NPE system (Eq. (3.27)) based on the method of harmonic

balance with a low number of terms M = 1 (NHB1) is obtained from Appendix C.2.

This method is similar to the method explained in Section 3.3.2.2 to find the transition

curves for the LPE system. It is important to mention that with the method of harmonic

balance the linearised model is not considered. The main transition curve found from

Appendix C.2 is

εδ = −εa2γ +
1

2

√

(

Ω

ωn

)4

− 6ε a2α

(

Ω

ωn

)2

+ 64ε2ζ2 − 8

(

Ω

ωn

)2

+ 24εa2α+ 16. (3.32)

Both the NAVE and the NHB1 methods can be employed to solve Eq. (3.27) when the

parametric amplitude and nonlinear parameters are small. From Fig. 3.7 the transition

curves from these two methods are largely separate when εδ > 0.5. From a series of

numerical steady-state stable solutions, both the NAVE and the NHB1 methods are closer

to the numerical results when εδ ≤ 0.25. A zoom of Fig. 3.7b is provided in Fig. 3.8.

For all points on Fig. 3.8, Eq. (3.27) is solved numerically from the numerical integration

using the ODEINT function in SciPy [40], and the initial conditions z0 = 0.02m and ż0 = 0

are used to determine the phase portraits. The points on Fig. 3.8 are studied as follows:
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(a) ε = 0.01.

(b) ε = 1.

Fig. 3.7. The analytical transition curves with the method of harmonic balance with a
high number of terms M = 20 (LHB2) for Eq. (3.2) is presented for comparison with the
method of averaging (NAVE), and harmonic balance with low number of terms M = 1
(NHB1) for Eq. (3.27). εζ = 0.0316, ωn = 31.62rad s−1, a = 0.02m, εα = 150m−2,
εγ = 80m−2 are considered for the nonlinear system in Eq. (3.27). In the linear case,
εα = 0 and εγ = 0.
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Fig. 3.8. A zoomed in version of Fig. 3.7b and similar case Fig. 3.6a. Labels 1,2,3, and
4 correspond to the phase portraits in Fig. 3.9. Points 1 and 3 are identical to point I and
III in Fig. 3.6a.

A

B

(a) Stable point (trivial stable solution), point
1 in Fig. 3.8.

A

B

(b) Stable point (non-trivial stable solution),
point 2 in Fig. 3.8.

A

B

(c) Stable point (non-trivial stable solution),
point 3 in Fig. 3.8.

A
B

(d) Stable point (trivial stable solution), point
4 in Fig. 3.8.

Fig. 3.9. Numerical phase portrait for Eq. (3.27) corresponding to points 1 to 4 in Fig.
3.8. εζ = 0.0316, εδ = 0.25, εα = 150m−2, εγ = 80m−2, and ωn = 31.62rad s−1 are
considered for all tests. Initial values z0 = 0.02m and ż0 = 0ms−1 are considered for all
four points. The green cross and label A is representative of the start point and the red
circle and label B is the last point.
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• Point 1 is at εδ = 0.25 and Ω
ωn

= 1.892. This point is outside the NPE transition

curves. From the numerical phase portrait Fig. 3.9a the solution at this point is

stable. The phase portrait in Fig. 3.9a shows that the final point (point B) after 20

periods (20 T) converges to a small value. For point 1, Eq. (3.27) is solved for t = 0

to 20T when T = 2π
Ω . The time step used is 4 T × 10−5.

• Point 2 is at εδ = 0.25 and Ω
ωn

= 1.93. For point 2 Eq. (3.27) is solved for t = 0

to 500T when T = 2π
Ω . The time step used is T × 10−3. From the numerical phase

portrait in Fig. 3.9b, point 2 is stable. At point 2, the NPE system has a non-

trivial stable solution. Also point 2 is on a NPE transition curve (Fig. 3.8). The

amplitude-frequency plot in Fig. 3.6b shows that the amplitude of the steady-state

response a, is higher than the initial value z0, (a > z0); this also can be seen in

Fig. 3.9b. This means that the solution has jumped to an upper branch.

• Point 3 is at εδ = 0.25 and Ω
ωn

= 2.107. For point 3, Eq. (3.27) is solved for t = 0 to

500T when T = 2π
Ω . The time step used is T ×10−3.The numerical phase portrait in

Fig. 3.9c presents the steady-state response at this point where the NPE system has

a non-trivial stable solution. This point is inside the NPE transition curves. The

amplitude-frequency plot in Fig. 3.6b and the phase portrait Fig. 3.9c show that

the amplitude of the response is higher than the initial amplitude (a > z0).

• Point 4 is at εδ = 0.25 and Ω
ωn

= 2.17. For point 4, Eq. (3.27) is solved for t = 0

to 500T when T = 2π
Ω . The time step used is T × 10−3. This point is on the NAVE

transition curve but it is outside the NHB1 transition curve. From the numerical

phase portrait shown in Fig. 3.9d, this point is stable and point B has converged.

The amplitude-frequency plot in Fig. 3.8 shows at this point the NPE system has

stable and unstable non-trivial solutions, as well as a stable trivial solution. When

the initial amplitude is not enough to make the amplitude of the response to jump

to the higher branch, the solution jumps to the lower branch. Unstable non-trivial

steady-state solutions cannot be found numerically. The numerical phase portrait

Fig. 3.9d show the point 4 as a stable point. In order to see the unstable points

(saddle nodes), the analytical phase portrait should be considered.

In conclusion, the unstable non-trivial solutions from the numerical phase portraits

could not be obtained, hence we cannot conclude which methods among NAVE or NHB1

can detect the unstable non-trivial solutions accurately.
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3.6 Effects of parametrically excited system parameters on

the stability chart

In this section, the effects of PE system parameters such as linear damping, nonlinear

cubic stiffness, and nonlinear cubic parametric stiffness on shifting the transition curves

in the stability chart are considered. Shifting the transition curves results in a change in

the response of the system for a given parametric amplitude and frequency, consequently

increasing or decreasing the response amplitude.

3.6.1 Effect of damping

For a LPE system (for example Eq. (3.2)), corresponding to every instability region,

there exists a threshold δ = δth, which must be exceeded before instability can occur (see

Fig. 3.10). For a NPE system (for example Eq. (3.27)), there is a threshold before the

steady-state response happens. As explained in previous section, the steady-state response

can be stable or unstable.

For the LPE system, the analytical solutions show there is a threshold for instability

at twice the natural frequency. When Ω = 2ωn, the instability threshold δth2 can be found

by substituting Ω = 2ωn into Eq. (3.24)

εδ = εδth2 = 4εζ, (3.33)

δth2 = 4ζ, (3.34)

which shows that the value of normalised parametric stiffness, which makes the system

unstable, is a function of damping ratio. Fig. 3.10 shows the transition curves for two

cases when εζ = 0.0316 and 0.0031.

Fig. 3.10. Stability chart of Eq. (3.2). Damping ratios εζ = 0.0316 and εζ = 0.0031 are
considered. ωn = 31.62rad s−1.
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For the NPE system, the instability threshold δth2 can be obtained by substituting

Ω = 2ωn into Eq. (3.31). The δth2 = 4ζ is found, hence by increasing the damping in the

system, NPE transition curve is shifted up. The instability threshold at other frequencies,

for example δth1 can be found by substituting Ω = ωn into the equation for the transition

curve at that frequency obtained from Appendix C.1.2.

3.6.2 Effect of cubic nonlinearity

The effect of cubic nonlinearity for the NPE transition curve is discussed here. The effect

of cubic parametric nonlinearity γ is not considered in this section. Transition curves as a

result of cubic nonlinearity α in Eq. (3.27) shift to the right or left. This shift is because

of the change in the natural frequency of the NPE system. The natural frequency of the

linearised NPE system ωN (as opposed to the natural frequency of the LPE system, ωn)

is derived from Eq. (C.34) as follows

ωN =

√

(1 + 3
4εk3a

2)k1

mt
. (3.35)

For the normalised Eq. (3.27), α = k3
k1
, hence

ωN = ωn

√

1 +
3

4
εαa2. (3.36)

The change in the nonlinear natural frequency can be seen in the transition curve for

the NPE system. Fig. 3.11 shows the transition curves for three cases when εα = 150m−2,

εα = −150m−2 and εα = 0. The transition curves for both the LPE and NPE systems are

presented in Fig. 3.11. The positive cubic nonlinearity has shifted the transition curve to

the right (Fig. 3.11b). The transition curve is shifted to the left as a result of negative

cubic nonlinearity (Fig. 3.11a). The frequency shift 2|ωN−ωn|
ωn

is shown in Fig. 3.11 and is

calculated from Eq. (3.36).

From Fig. 3.11 for the NPE system at Ω = 2ωN , the instability threshold is same as

the LPE systems threshold at Ω = 2ωn. Substituting Eq. (3.36) into Eq. (3.32) or Eq.

(3.31) when Ω = 2ωN yields the same instability threshold found in Eq. (3.34).

The instability thresholds for the LPE and NPE systems are shown in Fig. 3.11.

3.6.3 Effect of cubic parametric nonlinearity

When the only nonlinearity in the NPE system, Eq. (3.27), is the cubic parametric non-

linearity (εα = 0 and εγ 6= 0), the transition curve at twice the natural frequency shifts up

and down. These shifts depend on the sign of the cubic parametric nonlinearity. Shifting

down is caused by an increase in the parametric amplitude when the cubic parametric

nonlinearity is positive. This reduces the instability threshold. Negative cubic paramet-
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(a)

(b)

Fig. 3.11. Effects of varying the cubic stiffness nonlinearity on transition curve for the
NPE system (Eq. (3.27)). (a) εα = 150m−2, ωN = 1.022ωn, and δth2 = 0.126. (b)
εα = −150m−2, ωN = 0.969ωn, and δth2 = 0.126. Transition curve plots for a linear
system when εζ = 0.0316, ωn = 31.62rad s−1, εα = εγ = 0 with harmonic balance method
with higher orders (LHB2) is shown as a reference (black lines). For the NPE system
a = 0.02m, εζ = 0.0316, ωn = 31.62rad s−1 and εγ = 0. The transition curves are found
using the harmonic balance method with one order (NHB1) and the nonlinear averaging
method (NAVE).
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(a)

(b)

Fig. 3.12. Effects of varying the cubic parametric nonlinearity on transition curve for the
NPE system (Eq. (3.27)). (a) δth2 = 0.094, when εζ = 0.0316, ωn = 31.62rad s−1, εα = 0,
and εγ = 80m−2 are chosen. (b) δth2 = 0.158, when εζ = 0.0316, ωn = 31.62rad s−1,
εα = 0, and εγ = −80m−2. Transition curve plots for a linear system εζ = 0.0316,
ωn = 31.62rad s−1 with harmonic balance method with higher orders (LHB2) is shown
as a reference (black lines). For a NPE system with the amplitude of a = 0.02m the
transition curve is found using the method of harmonic balance with one order (NHB1)
and the nonlinear averaging method (NAVE).
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ric nonlinearity decreases the effect of parametric amplitude, increasing the instability

threshold.

The natural frequency of the linearised NPE system ωN is found from Eq. (C.34) as [9]

ωN =

√

(1 + 1
2εkp3a

2)k1

mt
. (3.37)

For the normalised Eq. (3.27), γ =
kp3
k1

, hence

ωN = ωn

√

1 +
1

2
εγa2. (3.38)

This natural frequency is very close to the natural frequency of the linear system when

the amplitude is small. So the natural frequency of the nonlinear systems is considered

close to the natural frequency of the linear system (when Ω = 2ωN ≈ 2ωn). Substituting

Ω = 2ωN ≈ 2ωn into Eq. (3.32) or Eq. (3.31), yields the instability threshold as

εδ = εδth2 = −εγa2 + 4εζ, (3.39)

δth2 = −γa2 + 4ζ. (3.40)

Fig. 3.12 shows the transition curves for the LPE and NPE system for three cases when

εγ = 0, 80m−2 and −80m−2. The instability threshold for the LPE system’s transition

curve when εγ = 0 is δth2 = 0.126. However, this instability threshold is decreased

to δth2 = 0.094 when εγ = 80m−2 (Fig. 3.12a) and increased to δth2 = 0.158 when

εγ = −80m−2 (Fig. 3.12b).

When both cubic and cubic parametric nonlinearities are considered in Eq. (3.27), the

natural frequency of the nonlinear system, based on the linearisation of Eq. (3.27) with

harmonic balance (Appendix C.34) is

ωN =

√

k1 +
3
4εk3a

2 + 1
2εkp3a

2

mt
. (3.41)

For the normalised Eq. (3.27), α = k3
k1

and γ =
kp3
k1

, hence

ωN = ωn

√

1 +
3

4
εαa2 +

1

2
εγa2. (3.42)

When the cubic parametric nonlinearity is small and α ≫ γ, Eq. (3.42) is simplified to

ωN ≈ ωn

√

1 +
3

4
εαa2. (3.43)
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(a) εα = 150m−2 and εγ = 80m−2. (b) εα = −150m−2 and εγ = 80m−2.

(c) εα = 150m−2 and εγ = −80m−2. (d) εα = −150m−2 and εγ = −80m−2.

Fig. 3.13. Effects of varying the cubic stiffness and cubic parametric stiffness on transition
curve for the NPE system (Eq. (3.27)). εα and εγ have been changed in the different
plots to show their effect on shifting the transition curve. The transition curve plots for
a linear system with εζ = 0.0316, ωn = 31.62rad s−1 were plotted using the harmonic
balance method with higher orders (LHB2) as a reference. For a nonlinear system with
the amplitude of a = 0.02m using the harmonic balance method with one order (NHB1)
and the nonlinear averaging method (NAVE).
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Substituting Ω = ωn into Eq. (3.32) or Eq. (3.31), yields the instability threshold as

δth2 = −γa2 + 4ζ. (3.44)

Fig. 3.13 shows the transition curves for four cases when εγ = 80m−2, εγ = −80m−2,

εα = 150m−2, and −150m−2. Fig. 3.13a and Fig. 3.13c present the effect of hardening

cubic nonlinearity with positive and negative cubic parametric nonlinearity. Hence, the

transition curves for the NPE systems are shifted both to the right and vertically compared

to the transition curve for the LPE system. The effect of softening nonlinearity, and

positive and negative cubic parametric nonlinearity is shown in Figs. 3.13b and 3.13d.

The shift of the transition curves for the nonlinear system to the right and vertically is

also presented in comparison with the transition curve for the LPE system.

Amplitude-frequency plots for three given cubic parametric nonlinearities εγ = −80m−2,

εγ = 0m−2 and εγ = 80m−2 when εδ = 0.25, εζ = 0.0316, ε = 1 and εα = 150m−2 are

shown in Fig. 3.14. For a NPE system when the only nonlinearity is a cubic nonlinearity,

two branches are expected from the analytical solutions as explained in this chapter (see

Fig. 3.6). The upper branch is the stable branch and the lower branch is the unsta-

ble branch. When the system has a positive cubic parametric nonlinearity, for example

εγ = 80m−2, the upper branch (the stable solutions) is higher than the system with

no cubic parametric nonlinearity. This means the system response is also higher when

εγ = 80m−2. Also with positive cubic nonlinearity (εγ = 80m−2), the stable and unstable

branches do not meet at high frequency, which can be beneficial for expanding the fre-

quency of the response. However, preventing the jump between the upper branch to the

lower branches is important.

When the cubic parametric nonlinearity is negative the system response is lower as

shown in Fig. 3.14. As mentioned before the negative cubic parametric nonlinearity shifts

the transition curve up, so the region in which the system has three solutions becomes

smaller than the system with positive cubic nonlinearity (see section 3.5).

The frequency bandwidth (2w) shown in Fig. 3.14 is the range of frequency in which

the NPE system has only two solutions. The steady-state non-trivial stable solution and

the unstable trivial solution. The frequency bandwidth w is the normalised frequency

starting from the point where the system has a steady-state solution to the point where
Ω
ωn

= 2. The bandwidth w can be calculated from Eq. (3.20)

w = 2

√

−ε2ζ2 +
ε2δ2

16
. (3.45)

The frequency bandwidth (2w) can be increased by reducing damping or increasing the

parametric amplitude. Altering this bandwidth is beneficial for applications where in-

creasing the response amplitude over wide range of frequency is desirable. For designing
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Fig. 3.14. Analytical amplitude-frequency plot with the method of averaging (NAVE)
for the NPE system (Eq. (3.27)) when εδ = 0.25, εζ = 0.0316, εα = 150m−2 and the
cubic parametric nonlinearities are εγ = −80m−2, 0 and 80m−2.

vibration energy harvesters, amplifiers and filters, an increase of the parametric ampli-

tude results in an amplitude increase. Expanding the frequency bandwidth can be done

by introducing the cubic stiffness nonlinearity or by increasing the damping.

3.7 Concluding remarks

This chapter investigates the dynamics of PE systems for both linear and nonlinear mod-

els. The LPE model represents the behaviour of the systems with time-varying coefficients.

The nonlinear model was constructed and solved with cubic and cubic parametric nonlin-

earity. The method of averaging was used to find the solutions to the linear and nonlinear

systems. The stability of these systems were evaluated using the methods of averaging and

harmonic balance. Stability for the LPE system with damping can be found using three

criteria. If the response decays the solution is stable, otherwise it is unstable. Also, there

is a transition between the stable and unstable solutions. The stability of the solutions on

the transition curves is defined by their behaviour as time goes to infinity. The stability

of the LPE system was defined based on the eigenvalues with the method of averaging,

however this method is used for systems with small parametric amplitude. The compari-

son between the method of averaging and the method of harmonic balance with low and

high number of terms was conducted and also verified with the numerical phase portrait

for some points in stability chart plots. These comparisons verified the accuracy of the

above methods with the numerical results. The method of harmonic balance was chosen

for the stability analysis, since solutions with multiple frequencies can be determined by

considering higher order terms.

The stability of the NPE system is defined differently from the stability of the LPE

system. The NPE system can have multiple steady-state solutions; these solutions can be

stable or unstable. The stability of the steady-state solutions were defined based on the
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eigenvalues of the linearised model. Mostly these nonlinear systems have been linearised

for simplicity. The amplitude dependency of the solutions and the existence of multiple

solutions differed from the transition curve for the linear system. The transition curves of

the NPE system present the regions where non-trivial steady-state solutions exist, however

they do not show regions where the unstable solutions can be found. The transition curves

were plotted along with the amplitude-frequency plot. The amplitude-frequency relation

shows the amplitude of the steady-state solution at different parametric frequencies for

a given parametric amplitude. The transition curve was plotted for a given amplitude

and could demonstrate the relation between the parametric amplitude and parametric

frequency. For the nonlinear model, the method of averaging was used for its simplicity

and accuracy. The analytical and numerical phase portraits were presented for four points

in the stability chart, to show the response of the system in vicinity of the transition

curve. The analytical methods of averaging and harmonic balance were introduced in the

literature, however the analytical derivation for the NPE system with cubic parametric

nonlinearity was developed in this chapter and is the novel contribution of this work.
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Chapter 4

Dynamic response of a nonlinear

parametrically excited system

subject to harmonic base

excitations

4.1 Introduction

A real example of a base excited system is where the cable is moving due to the vibration of

the deck in a cable-stayed bridge. Parametrically excited oscillators have been introduced

recently to amplify [1], suppress [13] and control [66] the response amplitude. For example,

Nonlinear Parametrically Excited (NPE) oscillators have been used to design low-noise

signal amplifiers. Rhoads et al. [58] demonstrated the potential of parametric amplification

in a macro-scale mechanical amplifier. They used a cantilever beam under longitudinal and

transverse base excitation as an example of a parametric amplifier. They found parametric

amplification achieved a gain increase of a factor between 1.4 and 1.6 in practice. Gain

is defined as the ratio between the amplitude of response without parametric excitation

and when parametric amplification is applied [58, 87]. Careful selection of phase can also

reduce the response, which can be used in vibration absorbers. Parametric amplification

in the model presented by Rhoads et al. [58] occurred as a result of exciting the cantilever

beam at twice its natural frequency at an angle with its motion in the vertical direction.

This model only could be used to check the effect of parametric amplification on the gain.

However, the nonlinearities in the system could not be controlled, and their effects were

not examined separately.

Rhoads et al. [87] have shown analytical results on the effect of hardening nonlinearity

on a classical degenerate parametric amplifier (where the parametric frequency is locked at

twice the frequency of the direct excitation). They evaluated the change in the gain of the
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amplifier due to the effect of hardening nonlinearity for different parametric amplitudes and

phases between the direct excitation and parametric excitation. They also demonstrated

that the phase difference between the base excitation and the parametric excitation that

maximise the response amplitude is 3π
4 for the LPE system and close to π

2 for the NPE

system with cubic nonlinearity. The gain was found only under the linear instability

threshold and at parametric resonance. A similar LPE system is considered in this chapter,

however the effect of phase is investigated over and under the linear instability threshold,

at parametric resonance and at other frequencies. Furthermore, the effect of phase on

upper and lower stable branches is investigated for the NPE system. Rhoads et al [87]

only considered the effect of phase difference on the upper stable branch at parametric

resonance.

In this chapter, the dynamic response of a NPE system subject to harmonic base

excitations is studied. The degenerate NPE system is considered for the purpose of para-

metric amplification. The degenerate NPE system is tuned at twice the natural frequency

of that system. The effect of parametric amplitude and parametric nonlinearities on the

steady-state response is investigated analytically and numerically. In Section 4.2 analyt-

ical solutions and stability of the NPE system is obtained with the method of averaging.

Several numerical simulations are carried out to present the behaviour of the NPE system

subject to base excitation. The effects of parametric excitation for linear and nonlinear

base excited systems is studied in Section 4.4. Several cases are considered to show the

effect of parametric amplification, cubic stiffness nonlinearity and cubic parametric nonlin-

earity on the response. The influence of the phase difference between the base excitation

and the parametric excitation is investigated for the linear and nonlinear parametrically

excited system and is presented in Section 4.5. This chapter is concluded with a short

summary. The novel contributions of this chapter are as follows:

• The responses and the stability of a NPE system subject to harmonic base excitations

is presented analytically with the method of averaging. The stability of the response

is determined from Jacobian eigenvalues.

• The maximum response amplitude for the LPE system with large damping is shown

to occur when the parametric frequency is twice the base excitation frequency.

• The phase difference for each stable and unstable branches of solutions are exam-

ined. It is found that the phase difference variation is found to affect the response

amplitude.

4.2 Methodology

A SDOF system with harmonic base excitation is considered. The base excitation is in

the form of translation in the transverse direction. Rotational motion is neglected in

58



this study. The SDOF system represents the clamped-free cantilever beam used for the

experiments.

m

cz

t

t

0

x

y=Y  cos(t +ϕ)

k (t)+k (t)zl n
2

Fig. 4.1. A SDOF system with time-varying and nonlinear stiffness under harmonic base
excitation.

The governing differential equation of motion for the SDOF system is

mtẍ+ ct(ẋ− ẏ) + kl(t)(x− y) + kn(t)(x− y)3 = 0, (4.1)

where x is the displacement of moving mass mt, y is the base excitation, ct is the total

damping coefficient, and kl(t) and kn(t) are the linear and nonlinear stiffness respectively.

The linear stiffness is the combination of the static stiffness k1 and the time varying

stiffness kp1 such that

kl(t) = k1 + kp1 cos(Ωt). (4.2)

The nonlinear stiffness consists of the cubic stiffness k3 and the cubic parametric stiffness

kp3 such that

kn(t) = k3 + kp3 cos(Ωt). (4.3)

The parametric stiffness kp1 cos(Ωt) and cubic parametric stiffness kp3 cos(Ωt) are changing

periodically in time with parametric frequency Ω. Substituting Eq. (4.2) and Eq. (4.3)

into Eq. (4.1) results in

mtẍ+ct(ẋ− ẏ)+k1(x−y)+kp1 cos(Ωt)(x−y)+k3(x−y)3+kp3 cos(Ωt)(x−y)3 = 0, (4.4)

where mt, ct, and k1 are the physical parameters. Rearranging Eq. (4.4) in terms of the

relative displacement of the mass z = x− y yields

mtz̈ + ctż + k1z + kp1 cos(Ωt)z + k3z
3 + kp3 cos(Ωt)z

3 = −mtÿ. (4.5)

The base excitation is y = Y0 cos(ωt+ φ). Y0 is the amplitude of harmonic base displace-
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ment at frequency ω and phase φ. Eq. (4.5) is rearranged so that

mtz̈ + ctż + k1z + kp1 cos(Ωt)z + k3z
3 + kp3 cos(Ωt)z

3 = mtω
2Y0 cos(ωt+ φ). (4.6)

Eq. (4.6) is normalised by the mass mt resulting in

z̈+2εωnζż+ω2
n (1 + εδ cos(Ωt)) z+ω2

n (εα+ εγ cos(Ωt)) z3 =
1

4
Ω2Y0 cos

(

Ω

2
t+ φ

)

, (4.7)

where ωn =
√

k1
mt

is the linear resonance frequency, and ζ is the damping ratio. The

normalised parametric amplitude δ =
kp1
k1

, the normalised cubic stiffness nonlinearity α =
k3
k1
, the normalised cubic parametric nonlinearity γ =

kp3
k1

, and φ is the phase between the

parametric stiffness and base excitation. ε is the small parameter for keeping the system

parameters small to solve Eq. (4.7) with the method of averaging. When ε = 1, the

magnitude of the system parameters is small compared to the linear term and hence the

method of averaging can be applied to solve Eq. (4.7).

Based on the method of averaging the periodic solutions of Eq. (4.7) at resonance for

the degenerate parametric amplifier are given by

z(t) = a cos

(

Ω

2
t− ϕ

)

, (4.8)

where the amplitude a and the phase ϕ of the steady-state solutions are

a =
Ω2Y0

√

(−p1 sin(2φ) + ζ)2 + (p2 − p3 cos(2φ))2

8ω2
n

(

p21(1− cos(2φ)2) + p23 cos(2φ)
2 − p22 − ζ2

) , and (4.9)

ϕ =
1

2
arctan

(

p3
(

ζ − 1
2aY0 sin(ϕ+ φ)

)

p1
(

p2 −
1
2aY0 cos(ϕ+ φ)

)

)

. (4.10)

These quantities are derived in Appendix D. In Eq. (4.9) and Eq. (4.10), a represents the

steady-state amplitude of non-trivial solutions, p1 = 1
4

(

δ + 1
2γa

2
)

, p2 = 3
8αa

2 − Ω
2ωn

+ 1,

and p3 =
1
4

(

δ + γa2
)

. Eq. (4.7) has at least five stable and unstable non-trivial solutions

when the system parameters are non-zero (δ, α, γ 6= 0).

4.3 Varying base excitation frequency and parametric exci-

tation frequency for the LPE system

The dependency of the response amplitude with base excitation frequency and parametric

frequency is investigated for the LPE system. The steady-state amplitude is found for

different base excitation and parametric excitation frequencies. The maximum response

amplitude a is found from the harmonic balance method. The harmonic balance method
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Fig. 4.2. Maximum steady-state response amplitude a at different frequencies. δ = 0.4,
ζ = 0.1, and Y0 = 0.001m.

is used because of the simplicity with which it finds the response of the LPE system at

different excitation frequencies.

For the LPE system, when k3 and kp3 = 0, Eq. (4.6) simplifies to

mtz̈ + ctż + k1z + kp1 cos(Ωt)z = mtω
2Y0 cos(ωt+ φ). (4.11)

By assuming that the response to a sinusoidal excitation is a sinusoid at the same

frequency [9], the solution is

z(t) = A0 cos(ωt) +B0 sin(ωt) +
M
∑

m=1

Am cos((ω +mΩ)t) +Bm cos((ω −mΩ)t)

+ Cm sin((ω +mΩ)t) +Dm sin((ω −mΩ)t). (4.12)

When ω = ωn, the LPE system does not only respond at the resonance frequency ωn,

but also at its combined resonances ωn ±NΩ, N ∈ Z. Hence, for the trial solution other

harmonics are considered. By substituting Eq. (4.12) into Eq. (4.11), the Fourier series

coefficients Am, and Bm can be found. The coefficients of sine and cosine of all harmonics

are partitioned. For example, the number of terms M = 6 can be considered to account

for the combined harmonics up to ω + 6Ω. The steady-state response of the LPE system

with the harmonic balance method is derived in Appendix C.

Fig. 4.2 shows that there are areas in which the LPE system has higher steady-state

amplitude:
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• At Ω = 2ω and Ω = 2ω
3 close to parametric resonance Ω ≈ 2ωn, where the parametric

frequency Ω varies with the excitation frequency ω.

• At Ω = 2ωn when the parametric frequency matches with twice the resonance fre-

quency, the system response is amplified. When ω = ωn the LPE system has higher

amplitude.

For the studies carried out in this chapter, the parametric frequency is considered to be

twice the base excitation frequency, which results in maximum amplification. Dependency

of the response amplitude on frequency detuning for the NPE system has been demon-

strated by Neumeyer et al. [138]. They investigated the effect of frequency detuning of

parametric and direct excitation on near resonant nonlinear systems. They showed fre-

quency detuning can increase the steady-state response in some frequency ranges. This

work is relevant to studies where frequency detuning can be expected between the para-

metric and direct excitation, or between the parametric and direct excitation and the

system’s natural frequency during system operation. Also, as well as the parametric fre-

quency tuning, the choice of stiffness nonlinearity and parametric amplitude is important

in order to increase or decrease the response amplitude.

4.4 The effects of magnitude and frequency of parametric

excitation

The effects of parametric excitation on linear and nonlinear base excited systems is studied

here. Several cases are introduced in Table 4.1. A linear base excited system, case A, is

shown as a reference. A LPE system, case B, shows the parametric amplification caused

by the parametric excitation. A system with cubic stiffness nonlinearity is shown in case

C. For case D parametric amplification under the instability threshold for a NPE system is

considered in. For cases E, F, and G parametric amplification over the instability threshold

is considered. Different phase differences φ are considered in each case. The effect of the

phase difference is explained in Sections 4.5 and 4.6.

For each case the system response is found analytically and numerically. The analytical

solutions are based on the method of averaging. The numerical integration is carried

out by using the ODEINT function in SciPy [40]. The displacement and velocity initial

conditions, z0 = 0m and ż0 = 0ms−1 are used for all cases. For cases C to G the parametric

frequency Ω and the base excitation frequency ω = Ω
2 are stepped up and down gradually.

The frequency spacing is kept constant equal to 0.05ωn. For each sweep test the previous

steady-state amplitude is chosen for the initial condition of the next point. The simulation

is run for sufficient time to ensure that the steady-state response is reached. The sufficient

time is calculated based on the peak amplitude difference in each cycle.
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The transition curve for each case is obtained along with the amplitude-frequency

curve (in Fig. 4.3). The effect of positive and negative cubic parametric nonlinearity for

a system with hardening nonlinearity is investigated in cases E and F.

4.4.1 Case A: A linear system

For case A a linear SDOF is considered, hence δ = α = γ = φ = 0 are substituted into

Eq. (4.7). Parameters for case A are defined in Table 4.1. In this case the maximum

amplitude is expected when base excitation frequency is equal to the natural frequency

ωn. The response amplitude can be found from Eq. (4.9) when δ = α = γ = φ = 0. The

response phase ϕ in Eq. (4.8) is

ϕ = arctan

(

ζ

1− Ω
2ωn

)

. (4.13)

The response phase is ϕ = π
2 at resonance. Figure 4.4a shows the amplitude frequency plot.

Figure 4.4b shows the phase of the response ϕ, at a different base excitation frequency Ω
2 ,

normalised by the natural frequency ωn.

4.4.2 Case B: A LPE system

For case B a linear parametrically excited system is considered. Parameters for case B

(the LPE system) are defined in Table 4.1. For this case, the steady-state amplitude of

non-trivial solutions of the LPE system from Eq. (4.9) are simplified to:

a =
Ω2Y0

√

(

−1
4δ sin (2φ) + ζ

)2
+
(

1− Ω
2ωn

− 1
4 δ cos (2φ)

)2

ω2
n

(

2 Ω2

ωn
2 − 1

2δ
2 + 8ζ2 − 8 Ω

ωn
+ 8
) , (4.14)

and the phase (ϕ) of the steady-state solutions is

ϕ = arctan

(

ζ

1− Ω
2ωn

)

− φ. (4.15)

The steady-state solutions and the response phase are only found in the vicinity of para-

metric resonance outside the tongue in the transition curve (see e.g. Fig. 4.3).

The transition curves define the regions where the amplitude of the response is in-

creased as a result of parametric excitation (inside the tongues) without the base excita-

tion effect (Y0 = 0). When parametric amplification exists in linear systems, exponentially

growing responses are expected inside the tongues [18]. Note that the denominator of Eq.

(4.14) is zero when Ω
ωn

= 2± 1
2

√

δ2 − 16ζ2. Hence, unbounded solutions exist when

2−
1

2

√

δ2 − 16ζ2 <
Ω

ωn
< 2 +

1

2

√

δ2 − 16ζ2, (4.16)
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Table 4.1: Linear and nonlinear system parameters are presented. The small parameter ε
is equal to 1.

δ α (m−2) γ (m−2) ζ Y0 (m) φ (rad)

Case A: Linear system 0 0 0 0.001 0.001 0
Case B: LPE system 0.1 0 0 0.001 0.001 0
Case C: Nonlinear system 0 1000 0 0.001 0.001 0
Case D: NPE system 0.001 1000 0 0.001 0.001 π

2
Case E: NPE system 0.1 1000 0 0.001 0.001 π

2
Case F: NPE system 0.1 1000 300 0.001 0.001 π

2
Case G: NPE system 0.1 1000 -300 0.001 0.001 π

2

which is the region inside the transition curve, and shows the width of the tongue at

specific parametric amplitude δ. The width of the tongue is also affected by damping.

Increasing the damping ratio ζ reduces the width of the tongue.

The amplitude frequency relation plot is presented analytically and numerically in

Fig. 4.4c. Figure 4.4c shows that the steady-state amplitude increases close to para-

metric resonance, and the exponentially growing solutions are calculated numerically for

1.95 < Ω
ωn

< 2.05. In Fig. 4.3 the region inside the instability tongue can be found for

δ = 0.1. This region is between 1.95 < Ω
ωn

< 2.05, which matches with the unbounded

solutions in Fig. 4.4c.

For case B the phase difference between the base excitation and the parametric excita-

tion φ is set equal to 0. This relative phase can change the response amplitude before and

after parametric resonance for the LPE system. For example, when the phase difference

φ = 0, the response amplitude at frequencies greater than the parametric resonance is

higher than the response amplitude at frequencies lower than the parametric resonance.

In Fig. 4.4c the response amplitude at frequencies greater than Ω
ωn

= 2 is higher than the

response amplitude at frequencies lower than Ω
ωn

= 2.

The response phase ϕ at frequencies lower and higher than the parametric resonance

are shown at 0 and π rad. The response phase ϕ is shown analytically and numerically for

the region where steady-state solutions are found (see Fig. 4.4d). The response phase is

not calculated for the unstable region 1.95 < Ω
ωn

< 2.05.

4.4.3 Case C: A nonlinear system with positive cubic stiffness nonlin-

earity

A harmonically excited Duffing oscillator has been studied in the literature [139]. The

effect of hardening (α > 0) and softening (α < 0) nonlinearities have also been studied

[139]. Case C in Table 4.1 is a base excited Duffing oscillator when δ = γ = φ = 0 is

substituted in Eq. (4.7). Figure 4.5c shows the frequency response plot for case C, where

three branches of solutions are present. These solutions can be found from Eq. (4.9). Solid

lines represent the stable branches, and dashed lines represent the unstable branches.

64



Fig. 4.3. Transition curve corresponding to case B, D, E, F, and G for a given parametric
amplitude δ. Since the transition curves for NPE systems are dependent on the amplitude
of the steady-state response, the amplitude a = 0.01m is kept constant. These cases are
presented in Table 4.1.

(a) Case A (b) Case A

(c) Case B (d) Case B

Fig. 4.4. Amplitude a and phase ϕ of the system responses versus Ω
ωn

for cases A and
B in Table 4.1. These systems are solved analytically using the averaging method, and
direct numerical integration. The analytical solutions are denoted by lines. The green line
and dashed line represent solutions only affected by parametric excitation.
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(a) Case C (b) Case C

(c) Case D (d) Case D

Fig. 4.5. Amplitude a and phase ϕ of the system responses versus Ω
ωn

for cases C and
D in Table 4.1. These systems are solved analytically using the averaging method, and
direct numerical integration. The analytical solutions are denoted by lines. Black lines
represent solutions produced by base and parametric excitation. Solid lines denote stable
branches, and dashed lines denote unstable branches. The dotted line in (a) and (c) is the
backbone curve. The backbone curve is obtained from Eq. (D.18).
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The phase-response curve for case C is shown in Fig. 4.5b. The variation of the phase

with respect to the base excitation frequency normalised by the natural frequency is shown

for each branch. The phase response for the upper stable branch is shown equal to 0. The

phase response for the unstable branch and the lower stable branch is shown at π rad. In

Fig. 4.5b the phase for the unstable and the stable branch is shown with dashed and solid

black lines at π rad.

The phase-response curve is dependent on damping. For case C, damping is very

small (ζ = 0.001). Hence, the turning point from the stable upper branch to the unstable

branch does not happen in the amplitude-frequency curve (see Fig. 4.5b). Consequently

the phase-response curve shows that the stable upper branch and the unstable branch

do not meet (see Fig. 4.5b). The effect of damping on the phase response for a forced

Duffing oscillator with hardening nonlinearity is presented in [139]. For a forced Duffing

oscillator with large damping, the turning point from the unstable branch to the upper

stable branch is expected.

4.4.4 Case D: A NPE system with parametric amplitude under the in-

stability threshold

Case D in Table 4.1 investigates the effect of adding parametric amplitude below its para-

metric instability (δ < 4ζ) with hardening nonlinearity. Since the parametric amplitude

is below the instability threshold, the response amplitude is not amplified and in compar-

ison with case C, the response amplitude is not varied. Figure 4.5c shows the frequency

response plot for case D, where three branches of solutions are present from Eq. (4.9).

For case D, only branches which are affected by base excitation and cubic nonlinearity are

present.

The phase-response curve for case D is shown numerically and analytically in Fig. 4.5d.

The phase response for the upper stable branch is shown equal to −π
2 rad. The phase

response for the unstable branch and the lower stable branch is shown at π
2 rad. The

phase for the unstable and the stable branch is shown with dashed and solid black lines at
π
2 rad. The shift in phase compared to the case C results from the non-zero base excitation

phase. For case D the relative phase φ is considered equal to π
2 . When φ = π

2 the upper

stable branch has high amplitude and the lower stable branch has low amplitude. The

effect of relative phase φ on the response amplitude is explained in Section 4.6.

The stability of stationary solutions is determined by Jacobian eigenvalues (see Ap-

pendix D.1). A solution a is unstable if at least one eigenvalue has a positive real part,

otherwise it is stable. In Fig. 4.6a the region in which the eigenvalues are real and positive

is shown in gray. A contour plot is used to fill the region where the solutions are unsta-

ble. The unstable solutions exist in this region, and are shown with dashed lines. Also,

the Jacobian eigenvalues are determined for the NPE system with parametric amplitude

under the instability threshold (see Appendix D.1). In Fig. 4.6b the region in which the
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(a) Case C (b) Case D

Fig. 4.6. Amplitude frequency relation a versus Ω
ωn

for cases C and D. The region in gray
shows the unstable region where positive real eigenvalues are found. These systems are
solved analytically using the averaging method. The analytical solutions are denoted by
lines. Black lines represent solutions produced by base and parametric excitation. Solid
lines denote stable branches, and dashed lines denote unstable branches. The dotted line
is the backbone curve, obtained from Eq. (D.18).

eigenvalues are real and positive is shown by a gray area. The unstable solutions exist in

this region and are shown with dashed lines.

4.4.5 Case E: A NPE system with parametric amplitude above the in-

stability threshold

For case E the NPE system is driven near parametric resonance above the parametric

instability, where δ > 4ζ (see Table 4.1). Case E features five distinct response branches.

The two additional branches present compared to cases D and C arise from the coexistence

of two resonances within the nonlinear parametric system. One resonance is induced by a

combination of base and parametric excitation, and the other is caused only by parametric

excitation. In this chapter, we refer to stable and unstable branches caused only by

parametric excitation as “additional branches”. In Fig. 4.7a, the additional branches are

shown in green and the other branches are presented in black. In Fig. 4.7a the solid lines

are the stable branches and the dashed lines are the unstable branches. The stability of the

additional branches is found based on the eigenvalues when the base excitation amplitude

is equal to zero. The stability of the additional branches is found in Appendix B.3. The two

additional branches are comparable in amplitude and phase to the other stable/unstable

branch pair. The stable/unstable branches are affected by parametric and base excitation

amplitude and the phase between them. However, the additional branches only alter when

the parametric amplitude is varied.

The NPE transition curves are independent of the base excitation amplitude and are

dependent on the amplitude of the response. Figure 4.3 shows the transition curves for

case E when a = 0.01m. The transition curves for the NPE systems define the regions
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(a) Case E (b) Case E

(c) Case F (d) Case F

(e) Case G (f) Case G

Fig. 4.7. Amplitude a and phase ϕ of the systems responses versus Ω
ωn

for cases E, F, and
G in Table 4.1. These systems are solved analytically using the averaging method, and
direct numerical integration. The analytical solutions are denoted by lines. Black lines
represent solutions produced by base and parametric excitation, and the green lines rep-
resent solutions affected only by parametric excitation. Solid lines denote stable branches,
and dashed lines denote unstable branches. Green lines denote additional branches.
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where for a given amplitude of response, additional stable and unstable solution branches

exist. The transition curves for the NPE system are also shifted to the right as a result of

positive cubic nonlinearity.

4.4.6 Case F: A NPE system with positive cubic parametric nonlinearity

The effect of positive cubic parametric nonlinearity on a NPE system driven near paramet-

ric resonance above the parametric instability is considered (case F in Table 4.1). Cubic

parametric nonlinearity increases the amplitude of the steady-state response. Both upper

stable branches in Fig. 4.7c have been increased as a result of positive cubic parametric

nonlinearity, compared to Fig. 4.7a when cubic parametric nonlinearity was equal to zero.

Additional stable and unstable branches separate from each other at higher amplitude and

frequency. Since the transition curve for a given system is expanded. Figure 4.3 shows

the transition curve for case F when the response amplitude a = 0.01m. At δ = 0.1 the

transition curve for case F is larger than the transition curve for case E, which shows that

the stable and unstable additional branches for case F have larger separation compared to

the stable and unstable additional branches for case E. However, if negative cubic para-

metric nonlinearity is applied (case G), the amplitude of the steady-state response will be

decreased.

4.4.7 Case G: A NPE system with negative cubic parametric nonlinear-

ity

Figure 4.7e shows the effect of negative cubic parametric nonlinearity on upper stable

branches. This also can be seen in the transition curve plot, Fig. 4.3 for case G, where the

transition curve is shifted up compared to the transition curves for cases D and E, where

higher cubic parametric nonlinearity is applied. At δ = 0.1 the transition curve for case G

has the smallest region compared to cases E and F. This is in agreement with Fig. 4.7e,

when the additional stable and unstable branches are closer together when compared to

cases E and F in Figs. 4.7a and 4.7c.

The phase-response curves for cases E, F and G are shown numerically and analytically

in Figs. 4.7b, 4.7d, and 4.7f. The phase response for the upper stable branch is shown to

equal −π
2 rad. The phase response for the unstable branch and the lower stable branch is

shown at π
2 rad. The phase for the unstable and the stable branch is shown with dashed

and solid black line at π
2 rad.

4.5 The effects of phase difference for the LPE system

The response amplitude of the LPE system subject to base excitation is affected by the

relative phase between the base and parametric excitation φ. It is possible to increase or
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Fig. 4.8. Gain versus phase φ for a LPE system.

decrease the response amplitude of the LPE system by controlling the phase difference.

In this section the response amplitude of the LPE system is compared with the response

amplitude of the linear system at different relative phase. The gain associated with the

LPE system is

Gain =
a |δ 6=0

a |δ,α,γ=0
. (4.17)

This gain is calculated analytically from the amplitude of the steady-state response. This

amplitude is the averaged amplitude obtained from the averaging method. The gain is

calculated for the averaged amplitude when α = γ = 0 and δ 6= 0 over the amplitude of the

response for a linear system (δ = α = γ = 0). This metric shows the value of parametric

amplitude δ or relative phase φ for which the LPE system has a higher or lower response

amplitude compared to the linear system.

The gain depends on relative phase φ. Figure 4.8 presents the effect of varying relative

phase on gain. Three different cases are considered:

1. Parametric amplitude above the instability threshold (δ > 4ζ) with parametric fre-

quency less than parametric resonance (Ω < 2ωn).

2. Parametric amplitude under the instability threshold (δ < 4ζ) with parametric fre-

quency at parametric resonance (Ω = 2ωn).

3. Parametric amplitude above the instability threshold (δ > 4ζ) with parametric fre-

quency higher than parametric resonance (Ω > 2ωn).

Figure 4.8 shows the gain for the three above cases: (1) The maximum gain is found

when φ = π
2 rad with the parametric amplitude above its parametric instability and for fre-

quencies less than parametric resonance. (2) The maximum gain is achieved at φ = 3π
4 rad

at parametric resonance when the parametric amplitude is chosen under the parametric

instability. (3) The maximum gain is found when φ = 0 and the minimum gain is found
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when φ = π
2 rad for the LPE system with the parametric amplitude above its paramet-

ric instability at frequencies higher than parametric resonance. The phase relationship

is repeated in π rad intervals. Parametric amplitude δ = 0.1 and δ = 0.001 are consid-

ered for above and below the instability threshold respectively. Damping ratio is equal to

ζ = 0.001.

When the LPE system is excited with parametric amplitude above its parametric

instability at Ω
ωn

= 2, the gain grows exponentially since the response is unbounded (see

Fig. 4.4c). Hence, gain is calculated at Ω
ωn

= 1.9 when the steady-state response is

bounded. When the LPE system is excited with parametric amplitude below its parametric

instability, it is possible to excite the system at Ω
ωn

= 2 since solutions are bounded. From

Fig. 4.4c, it is evident that for a LPE system excited above its parametric instability,

at Ω
ωn

= 1.9 and Ω
ωn

= 2.1 the amplitude of the response (a) is different. The response

amplitude is higher at Ω
ωn

= 2.1. Fig. 4.4c shows the response amplitude for the LPE

system when φ = 0. This is also in agreement with the gain calculated at Ω
ωn

= 2.1, which

is higher when φ = 0.

The response amplitude of the LPE system can be controlled by varying the relative

phase φ between the base and the parametric excitation. The parametric amplification

or attenuation depends on the parametric amplitude and parametric frequency when the

relative phase is varied. For the NPE system it is also possible to control the response

amplitude based on the relative phase. The effect of relative phase at different parametric

frequencies is investigated.

4.6 The effects of phase difference for the NPE system

The response amplitude of the NPE system subject to base excitation is affected by the

relative phase between the base and parametric excitation, φ. The aim is to show the effect

of relative phase on the amplitude of the lower stable branch in order to control the jump

between stable branches. The NPE system with hardening nonlinearity α = 1000m−2, and

parametric amplitude δ = 0.1 is considered above the instability threshold. Figure 4.7a

shows the amplitude frequency response of the NPE system with hardening nonlinearity

when φ = π
2 rad.

At four different parametric frequencies, Ω = 1.9ωn, 2ωn, 2.1ωn, and 2.3ωn, the re-

sponse amplitude of the NPE system is compared with the non-parametric system through

calculation of the gain. The gain associated with the NPE system is

Gain =
a |δ,α 6=0

a |δ,α,γ=0
. (4.18)

This gain is calculated analytically from the amplitude of the stable steady-state response

when γ = 0 and δ = α 6= 0 over the amplitude of the response for a linear system
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(δ = α = γ = 0). The stable upper branch and lower branch amplitudes are considered

for the gain calculation. For example for the NPE system’s response shown in Fig. 4.7a,

at Ω = 1.9ωn only the amplitude of the upper stable branch is considered. However, at

Ω = 2.3ωn the amplitude of the upper stable branch and lower stable branch is obtained

for calculating the gain. The additional stable branch response amplitude is not included

in calculating the gain. The additional branches are not affected by base excitation,

hence they are independent of the phase between the base excitation and the parametric

excitation.

Figure 4.9 shows the gain calculated from the NPE response based on the amplitude

of the upper stable branch for parametric frequencies Ω = 1.9ωn, 2ωn, 2.1ωn, and 2.3ωn.

For all four cases the maximum gain is found when φ = π
2 rad and the minimum gain is

found when φ = 0. The gain is very low at parametric resonance Ω = 2ωn as a result

of the strong cubic nonlinearity in the NPE system (see Fig. 4.9b). However, the gain

is increased at higher parametric frequencies when Ω = 2.1ωn and Ω = 2.3ωn. Since the

response amplitude of the NPE system with hardening nonlinearity is increased at higher

parametric frequencies.

At Ω = 2.3ωn the gain is calculated based on the amplitude of the lower stable branch

(see Fig. 4.10). This gain is smaller than the gain for the upper stable branch, however

the main difference is that for the lower stable branch the maximum gain is found when

φ = 0 and the minimum gain is found when φ = π
2 .

The response of the NPE system is affected by the relative phase between the base

excitation and parametric excitation. Stable branches can be varied by the relative phase.

The lower stable branch is higher when the relative phase is φ = 0. It is possible to change

the relative phase when the jump to the lower stable branch occurs. Increasing the lower

branch amplitude as result of the relative phase provide enough initial condition for a

jump to the upper stable branch. Modifying the relative phase in this way can help to

increase the frequency bandwidth and gain of filters and amplifiers.
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(a) Ω = 1.9ωn (b) Ω = 2ωn

(c) Ω = 2.1ωn (d) Ω = 2.3ωn

Fig. 4.9. Gain versus phase φ for the NPE system with cubic hardening nonlinearity
α = 1000m−2, parametric amplitude δ = 0.1, and damping ratio ζ = 0.001. Gain is
obtained based on the amplitude of the upper stable branch.

Fig. 4.10. Gain versus phase φ for the NPE system with cubic hardening nonlinearity
α = 1000m−2, parametric amplitude δ = 0.1, and damping ratio ζ = 0.001. Gain is
obtained based on the amplitude of the lower stable branch at Ω

ωn
= 2.3.
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4.7 Concluding remarks

The work in this chapter demonstrated the effect of nonlinearities on the near-resonant

and parametric resonant response of a base excited SDOF system. The SDOF system

was excited by both a parametric excitation and a base excitation. The amplitude and

the phase of the response for the linear and nonlinear parametrically excited systems were

derived analytically for various system parameters using the averaging method. These

results were in agreement with the numerical integration. However, the numerical inte-

gration is not obtained for the unstable solutions. For a LPE system it was shown that

the system has parametric amplification above its parametric instability, however adding

hardening nonlinearity reduces the response amplitude at resonance. For the NPE system

with parametric excitation above the instability threshold the response is amplified. The

parametric amplification has increased the amplitude of the stable branches as well as the

additional branches.

The novel achievement of this work is in determining the effect of relative phase on

the different branches of solutions. It is possible to decrease or increase the amplitude of

each stable branches by varying the relative phase. Consequently it is possible to decrease

or increase the frequency bandwidth of the response by controlling the jump between the

lower and upper stable branch. Additional stable branches were generated only because

of the parametric amplification and they are not affected by the base excitation. Hence,

they are not affected by the relative phase. Controlling the frequency bandwidth and the

response amplitude is beneficial for designing amplifiers, which can operate at different

frequencies. For example a vibration energy harvester with high efficiency at frequencies

different from its resonance frequency can benefit from this configuration.

The following chapters present the experimental model and results used for verifica-

tion of the theoretical results, and investigates the system with different parameters to

determine their impact on the response amplitude.
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Chapter 5

Design consideration of an

electromagnetic system

5.1 Introduction

In this Chapter, applying time-varying and nonlinear stiffness with an electromagnetic

system to a fixed-free cantilever beam is investigated. Time-varying stiffness is the para-

metric amplitude for the parametrically excited system introduced in Chapters 3 and 4.

Nonlinear stiffnesses such as cubic and cubic parametric stiffness are considered from the

electromagnetic system. The effects of cubic and cubic parametric stiffness on the response

of the NPE system is demonstrated analytically in Chapters 3 and 4.

To observe time-varying and nonlinear stiffness either a vertically excited cantilever

beam or a cantilever beam with an electromagnetic system can be used. The advantages

of using an electromagnetic system compared to a vertically excited cantilever beam are:

(1) the electromagnetic excitation force is non-contact; (2) the excitation force acts on the

beam in the transverse direction; and the direct and parametric excitation can be applied

independently; (3) the accurately controlled frequency and amplitude of the excitation

force by a DC/AC power source; (4) with the electromagnetic system, cubic and cubic

parametric stiffness nonlinearities can be controlled and their effect on parametric ampli-

fication is demonstrated independently. The parametrically excited cantilever beam with

an electromagnetic system has strong hardening nonlinearity, which can be controlled with

an electronic circuit. The parametric amplification in an axially driven cantilever beam is

only influenced by the vertical excitation, however in a parametrically excited cantilever

beam with an electromagnetic system, the parametric amplification can be controlled by

AC current generated in the coils.

This chapter introduces a model that could predict forces applied to the cantilever

beam as a result of coils carrying DC/AC current. The main interest is in finding the

time-varying and nonlinear stiffness from the applied electromagnetic forces theoretically

and experimentally. The effect of electromotive force (e.m.f) generated when the cantilever
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beam is moving and consequently generating AC current in coils is stated in the theoretical

model.

The electromagnetic system consists of two coil and magnet pairs. Two configurations

have been considered for the electromagnetic system: coils connected in parallel and and in

series in opposing connection. These configurations are described further in Appendix E.2.

Only the coils connected in series are presented in this chapter. For both configurations the

electrical damping is investigated theoretically and experimentally. The series connection

is selected which applies less electrical damping. Since reducing the electrical damping

applied from the electromagnetic system results in reducing the instability threshold for

the PE system.

This chapter is arranged as follows: The electromagnetic system is described based

on the mutual electromagnetic forces acting between the coils and magnets. The physical

and mathematical explanation of the electromagnetic system is presented in Appendix

E. The system configuration and experimental set-up is explained in Section 5.2. The

induced current generated from the moving magnet between two coils in series opposing

connection is calculated analytically and is measured experimentally, and the results are

presented in Section 5.3. The linear and nonlinear stiffnesses generated by DC current in

the coils connected in series are presented in Sections 5.4. The effects of DC current on

changing the damping ratio and natural frequencies are demonstrated for coils connected

in series in Sections 5.4.1. The effect of AC current on time-varying stiffness is described

in Section 5.4.2. The mathematical model of the NPE system with an electromagnetic

system is presented in Section 5.4.2. The induced e.m.f force as a result of moving magnet

attached to the cantilever beam is investigated as part of the NPE system.

5.2 Electromagnetic system

An electromagnetic system is used to produce the time-varying stiffness desired in the

experimental model. The electromagnetic device consists of a pair of identical magnets

and a pair of identical coils. Controlling DC/AC input current carried by the coils gives

the possibility of changing system’s parameters such as the damping coefficient, linear

and nonlinear stiffness, time-varying stiffness and consequently natural frequencies and

amplitude of the response.

Figure 5.1 shows the fixed-free cantilever beam and an electromagnetic system. The

cantilever beam is at equilibrium when the two coils carry the same DC current, and the

magnets are positioned at the same distance h from the centre of coils.

The coils exhibit electromagnetism when current flows through them. The mutual

electromagnetic forces acting between the coils and magnets cause the electromagnetic

device to act as a spring. If the magnets and coils are repulsive, the attached beam returns

to its equilibrium position when the beam is perturbed. In this case, the stiffness produced
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Fig. 5.1. (a) A fixed-free cantilever beam and an electromagnetic system. (b) A pair of
coils and magnets.

by the electromagnetic device is positive. If the magnets are reversed, an attractive force

is generated and negative stiffness is obtained. The negative stiffness comes from the fact

that the attractive force pushes the magnet away from the equilibrium position. In this

thesis only repulsive forces and consequently positive stiffness is considered.

Figure 5.2 shows the experimental set-up used to generate the periodic electromagnetic

stiffness on a cantilever beam. The pair of coils are from mundorf (type L71-3,30) and

made of copper. Note that maximum ampere for the coil L71-3,30, based on the mundorf

manual is 2.84 A. This means that above this range the temperature of the coils increases

and consequently the internal resistance of the coil changes. The pair of coils are fixed

to a wooden support. Neodymium (N42) disc magnets type F359 from first4magnets

are attached to the cantilever beam. The LAMBDA ZUP is a programmable DC power

supply and is used to generate DC/AC current from an input DC/AC voltage. Circuit

diagram for generating DC and AC current through the coils is explained in Appendix E.

A support was used to clamp the cantilever beam in a fixed orientation and location. To

decrease the vertical movement, the beam has to be precisely located between the axis of

the two coils. This position is adjusted entering the attractive mode of the magnets, and

returning to the repulsion mode once the centred state is reached.

The experimental tests are compared with the results from the SDOF parametrically

excited system introduced in previous chapters. Hence, the position l1 = 0.34m in Fig. 5.2

was identified for the electromagnetic subsystem that best approximated the SDOF system

model. When the electromagnetic system is placed in this position, the first and second

modes of the cantilever beam are at a reasonable distance from each other to consider the

model as a SDOF system. The parameters for the electromagnetic system and the beam

are provided in Table 5.1.

In order to model the cantilever beam with an electromagnetic system several design

requirements are considered including:

• Induced current generated as a result of moving magnet between the coils must be

considered in the model. The induced current can change the damping and stiffness
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Table 5.1: Mechanical properties and dimensions

Property Value Units
Material of the cantilever beam Aluminium
Young’s Modulus of the beam (E) 70 GPa
Area moment of inertia (Im) 6.6× 10−12 m4

Mass of the beam (mb) 0.034 kg
Length of the beam (lb) 0.54 m
Width of the beam (bb) 0.01 m
Thickness of the beam (tb) 0.002 m
Masses of the magnets (mm) 0.07 kg
Outer radius of the magnets (rm2) 0.015 m
Inner radius of the magnets (rm1) 0 m
Thickness of the magnets (tm) 0.005 m
Mounting position of the magnets (l1) 0.405 m
Residual magnetic flux density of the permanent magnet (Br) 1.1 T
Magnetic dipole moment (µ) 3.08 Am2

Magnetic flux density field of magnet (B) 0.16 T
Permeability of free space (µ0) 4π10−7 NA−2

Inner radius of the coils (r1) 0.0085 m
Outer radius of the coils (r2) 0.0225 m
Mean radius of the coils (rc) 0.0155 m
Number of turns of in coil (N) 485 -
Length of wire in one rotation (lw) 0.078 m
Diameter of the coils (Dw) 0.00071 m
Height of the coils with shield (hcoil) 0.02 m
Coordinate for coils (z1) 0.007 m
Coordinate for coils (z2) -0.007 m
Electrical resistance of the coil L71-3,30 from mundorf manual 1.77 Ohm
Measured electrical resistance of the coil and extra wiring (Rcoil) 1.91 Ohm
Amperage of the coil (Max ampere based on mundorf manual) 2.84 A
Electrical resistance of the load resistor (R3) 0.1 Ohm
Inductance of the coil from mundorf manual 3.3 mH
Measured inductance of the coil (Lcoil) 3.31 mH
Total physical mass (mt) 0.104 kg
Measured static stiffness of the beam with no coils attached (kb) 32.84 Nm−1

Measured first natural frequency of the beam with no coils attached (ωn) 17.4 rad s−1

Measured second natural frequency of the beam with no coils attached (ωn2) 210 rad s−1

Measured mechanical damping coefficient of the beam (cm) 0.104 Nsm−1
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Fig. 5.2. Experimental set-up and schematic diagram to show each component of the
set-up. The electronic board set-up is explained in Appendix E.1.

nonlinearities of the cantilever beam.

• Electrical damping ratio of the cantilever beam with the electromagnetic system

with coils connected in series in opposing connection must be included in the model.

• The change in linear natural frequency of the cantilever beam as a result of coils

carrying DC current is considered. Since the parametric amplification can happen

at twice the natural frequency, identifying the system’s natural characteristic is

important.

• The feasibility of modelling the system as a SDOF system is investigated by looking

at the separation between the first and second resonance frequencies of the cantilever

beam.

• Linear and nonlinear stiffnesses of the cantilever beam with the electromagnetic

system are measured and calculated theoretically. The dependency of the linear and

nonlinear stiffnesses on electromagnetic system parameters such as DC/AC current,

coil and magnet’s geometry, and induced current is included in the study.

5.3 Induced current generated by harmonic magnet motion

This section describes the induced current generated by a moving magnet. Electromagnetic

induction results from relative motion between a conductor (the coil) and a magnetic

field (produced by the disc magnet). From this phenomenon, mechanical motion can
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be converted to and from electrical energy. Electromagnetic induction has been used to

convert ambient motion to electricity, the set up of such harvesters consist of a permanent

magnet and a coil. The relative motion of the magnet and coil produces induced current

in the coils. This induced current can change the electrical damping applied from the

electromagnetic system and consequently alter the parametric amplification. Hence, in

order to show the dependency of response amplitude for the NPE system on damping it

is necessary to evaluate the induced current.

Based on Faraday law of induction any change of magnetic flux through a conductive

loop of wire will cause a voltage to be induced in that wire loop [140]. The magnetic field

generated by a magnet and one pair of coil is demonstrated in [141]. A short summary

of the method is presented in Appendix E.6. The magnetic field generated by a moving

magnet between two coils is achieved based on the concept explained in [141].

The induced voltage across the coils can be expressed as

V = żkt, (5.1)

where ż is the velocity of the moving magnet, the quantity kt is the nonlinear electrome-

chanical coupling for two coils and magnets with configuration shown in Fig. 5.3. A

disk magnet is between a pair of coils connected in series opposing connection. The disk

magnet has motion in z direction. Eq. (5.1) is derived from Eq. (E.35). The nonlinear

electromechanical coupling is a function of magnet movement z and this displacement

varies in with time. From Appendix E.6 the electromechanical coupling is

kt(z) =
ςq1

(r2 − r1)(z2 − z1)





2
∑

n,m=1

(−1)n+m

(

ln(rn + z′nm)−
rn

z′nm
− ln(rn + z′′nm) +

rn

z′′nm

)



 ,

(5.2a)

z′nm =

√

r2n + (zm − (z + h))2, (5.2b)

z′′nm =

√

r2n + (zm − (−z + h))2, (5.2c)

where ς is the fill factor [142]

ς =
D2

wlwN

4(r22 − r21)hcoil
, (5.3)

where Dw is the diameter of the coils, lw is the length of the wire in one rotation, N

number of turns in one coil, hcoil is the height of the coil, and r2 and r1 are the inner and

outer radius of the coil respectively.

In Eq. (5.2) z1 and z2 refer to the height of the coil. Also, q1 is the conveniently

defined parameter

q1 =
3

2
VmBr, (5.4)
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where Vm is the volume of the magnet and Br is the residual magnetic flux density.

Note that assumptions for the nonlinear coupling coefficient may not be valid for all

coil configurations, and careful consideration is needed when the electromagnetic system

geometry is varied [141].

The mechanical domain (input force and relative velocity of the mass) and the elec-

tromagnetic domain (e.m.f and induced current) are related via the electromechanical

coupling kt. For a closed circuit condition the e.m.f voltage will cause a current to flow.

This current creates a magnetic field, which opposes the cause according to Lenz’ law [140].

The feedback electromechanical force is

Femf = kt(z)ies (5.5)

where ies is the current in coils in series opposing connection. From Eq. (5.1) and Ohm’s

law,

Femf =
(kt(z))

2

Zcoil
ż, (5.6)

and at high frequency the total impedance is

Zcoil =
√

4R2
coil + 4L2

coilω
2, (5.7)

where Rcoil is the internal resistance of the coil, Lcoil is the inductance of the coil and ω

is the frequency of the moving magnet. In this work, since the frequency of the moving

magnet is in the order of Hertz and the coil’s inductance contributions at this range is

small, the effect of inductance is neglected. The coil’s impedance is Zcoil ≈ 2Rcoil. The

induced current in coils ies can be calculated from

ies =
kt(z)

Zcoil
ż. (5.8)

The dissipative feedback force due to the electromagnetic system can be calculated from

Eq. (5.6) using a velocity proportional viscous damping element with the electrical damp-

ing coefficient as

ces =
(kt(z))

2

Zcoil
. (5.9)

Since the electromechanical coupling kt is nonlinear the electrical damping is also nonlin-

ear. This nonlinearity can only be observed for large displacements z. The nonlinearity in

electrical damping is examined in Section 5.4.1. The electrical damping is also affected by

the internal resistance of the coil. Optimum internal resistance can be found by changing

the electrical damping [143].

Figure 5.4 shows a plot of electromechanical coupling kt for electromagnetic config-

uration shown in Fig. 5.3. The theoretical electromechanical coupling is found based

on Eq. (5.2). The experimental electromechanical coupling is found by substituting the
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Fig. 5.3. (a) Diagram showing a pair of coils along with moving magnet. (b) A pair of
coils along with pair of magnets at the centre. (c) Schematic of the circuit consisting of two
coils in series opposing connection. The circuit is powered by electromagnetic induction.
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Fig. 5.4. Theoretical and experimental electromechanical coupling, kt at different posi-
tions of the magnet as demonstrated in Fig. 5.3. The red regions show the position of the
coils. At the centre of each coils the electromechanical coupling is zero.

measured velocity and voltage in to Eq. (5.1). The magnet displacement z(t) is selected

to be between -0.15 and 0.15. The distance between the equilibrium point and the centre

of the coil is h = 0.0325m. The other parameters in Eq. (5.2) are presented in Table 5.1.

Figure 5.4 shows that between the coils (red regions), there are three positions where

the electromechanical coupling is zero. Also, there are four peaks within −0.15 ≤ z ≤ 0.15

distance. The zero electromechanical coupling happens when the magnet motion is zero (at

equilibrium) and in the centre of the coils (centre of the red regions in Fig. 5.4). However,

this might not be achieved experimentally as the coils are not perfectly identical. As the

magnets move further from the coils the electromagnetic coupling reduces. The maximum

electromechanical coupling occurs when the magnet is moved very close to the coils where

the greatest magnetic field is generated.

The experimental results in Fig. 5.4 are achieved by moving the magnet and beam

with a shaker attached to the cantilever beam 0.08m away from the support (see Fig. 5.5).

A horizontal force is applied by the shaker to the cantilever beam at frequency 3Hz. A

vibrometer is used to measure the velocity of the cantilever beam and it is positioned at
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Fig. 5.5. Experimental set-up and schematic diagram. This set-up is used for measuring
the induced current generated by the moving magnet on the fixed-free cantilever beam.
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Fig. 5.6. (a) Theoretical and experimental voltage across the coils. (b) Theoretical and
experimental induced current in the coils. The coils are connected in the series opposing
connection. This voltage/current is generated as a result of moving magnet between the
coils in direction z as shown in Fig. 5.3.
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0.01 from the cantilever beam end. The recorded velocity is integrated numerically to

find the magnet displacement. The measured displacement z(t) is then substituted into

Eq. (5.1) to obtain the electromechanical coupling kt. The experimental result show that

the electromechanical coupling is zero at the equilibrium position and it is increased as

the displacement is increased and the magnet is getting closer to the coil.

Figure 5.6a shows the voltage across the coils in the series opposing connection for

the electromagnetic configuration shown in Fig. 5.3. Voltage across the coils is calculated

analytically from Eq. (5.1). The measured displacement is substituted to Eq. (5.1) in

order to find the analytical voltage. The voltage across the coils is recorded when the

magnet is moved between the coils. From Fig. 5.6a it can be seen that the voltage is

increased as the magnet motion z is increased and at the equilibrium position the voltage

is close to zero. Note that when the magnet motion has frequency f , several harmonics

can appear in the generated voltage as Nf where N ∈ N+ [141]. For the coil configuration

with series connection the second harmonic 2f has greater magnitude compared to the

first harmonics f . Hence, here the magnitude of the second harmonic is considered.

Figure 5.6b shows the current ies in the coils in the series opposing connection for the

electromagnetic configuration shown in Fig. 5.3. The current in the coils is calculated

analytically from Eq. (5.8). The measured voltage is substituted to ies = V
2Rcoil+R3

in

order to find the measured current. R3 is the additional resistance in series with the coils.

R3 is defined in Table 5.1. The load resistance is chosen equal to 0.1 Ohm. The load

resistance is not an optimised resistor for reducing the damping. This resistor is a silicone

coated power resistor and the coating and marking are resistant to heat. It can happen

that when coils are hot their internal resistance changes and measuring the coils current

based on the voltage across the coils in this case is not accurate. Hence, the load resistance

R3, is added as a reference to find the current in coils when coils are found to get hot.

In this section generating the induced current with a moving magnet on the cantilever

beam is demonstrated. In the next section, the effect of input DC/AC current which

is supplied in the coils from an external source is presented. For a full model of the

electromagnetic system the combination of the input current and the induced current in

the coils are considered.

5.4 The effects of DC and AC current flow in coils connected

in series

In order to obtain the insights necessary for a general understanding, a canonical model

consisting of a mechanical system coupled to an electric circuit through an electrome-

chanical coupling mechanism is considered. As shown in Fig. 5.7 the electric circuit of

the electromagnetic system with the coils connected in the series in opposing connection

is considered. The coils are identical and each coil is considered as a resistance and in-
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ductance in series connection. The current Ic, supplied to the coils is shown in Fig. 5.7

is

Ic = IDC + IAC cos(Ωt), (5.10)

where IDC is the DC current and Ω is the frequency of the AC current, IAC.

m

c

z
t

m
dU
dz

k it es

kb

I  
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R3

k zt
.

c

(b) circuit digaram(a)

Fig. 5.7. Schematic of the NPE oscillator with an electromagnetic system with coils
connected in series.

The equations governing the motion of the mechanical system can be written in the

following general form:

mtz̈ + cmż + kbz +
dU(z)

dz
+ kties = 0, (5.11a)

2Lcoili̇es + (R3 + 2Rcoil) ies = ktż, (5.11b)

where the overdot represents a derivative with respect to time, t. The variable z represents

the displacement of the system mass mt, cm is the linear viscous damping coefficient, kb is

the static stiffness of the cantilever beam, kt is the electromechanical coupling coefficient,

and ies is the electric quantity representing the induced current in the electromagnetic

system. The system parameters are presented in Table 5.1.

The function U(z) is the potential energy of the electromechanical system, and dU(z)
dz

is the force applied by the electromagnetic system with coils connected in series:

dU(z)

dz
= H1 (Ic + ies) z +H2 (Ic + ies) z

3. (5.12)

where H1 and H2 are obtained from Eqs. (E.24) and (E.25). H1 and H2 are function of

the distance between the coils h, the number of turns in the coil N , the magnetic dipole

µ, the permeability of free space µ0, and the mean radius of the coil rc (see Table 5.1, and

Appendix E.5 for more details).

When the DC current is generated and IAC = 0, the force applied by the electromag-

netic system is calculated as

dU(z)

dz
= H1IDCz +H2IDCz

3. (5.13)
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The total linear stiffness of the cantilever beam k1, is

k1 = kb + kext, (5.14)

where kext is the linear external stiffness due to the electromagnetic force defined by

kext = H1IDC. (5.15)

Furthermore, the natural frequency of the cantilever beam with the existence of the

electromagnetic force, when Ic = IDC, can be found. The first natural frequency of the

cantilever beam ωn, with the electromagnetic system can be found using the Rayleigh

Energy Method as shown in Appendix F. The result is presented here for convenience

ωn =

√

61.4EIm + kextD1

0.42mb +mmD1
, where (5.16)

D1 = 0.5

(

−1.36 cos

(

2πl1
λb

)

+ 1.36 cosh

(

2πl1
λb

)

+ sin

(

2πl1
λb

)

− sinh

(

2πl1
λb

))2

,

(5.17)

and E is the Young’s modulus, Im is the area moment of inertia, l1 is the distance between

the magnets and the coils with respect to the fixed end of the cantilever beam, and λb is

the wavelength. The relationship between the electromagnetic stiffness and the current

flow in the coils is found analytically and is implemented here from the relation between

the natural frequency and the electromagnetic stiffness kext.

First the effects of the DC current and the induced current in the coils is considered.

Normalizing Eq. (5.11) with the total mass mt yields,

z̈ + 2ζωnż + ω2
nz + ω2

nαz
3 = 0, (5.18)

where ζ is the damping ratio, and it is the combination of mechanical and electrical

damping ratios (ζ = ζm + ζes). The mechanical damping ratio is

ζm =
cm

2mtωn
, (5.19)

and ζes is the electrical damping applied from the electromagnetic system with coils con-

nected in series in opposing connection. The electrical damping ζes, as a result of magnetic

flux density is calculated analytically from Eq. (5.9), and it is presented here as

ζes =
(kt(z))

2

2mtωn (2Rcoil +R3)
, (5.20)

when the effect of inductance at low frequencies is neglected.

In Eq. (5.18) the nonlinear term added to the system as a result of the coils carrying a
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DC current is the normalised cubic stiffness nonlinearity. The cubic stiffness nonlinearity,

α is

α =
H2IDC

k1
. (5.21)

The cubic stiffness nonlinearity is strongly affected by the DC current and the electromag-

netic system parameters, such the distance between coils, the number of turns in the coil,

and the mean radius of the coil.

For generating electromagnetic force two electromagnetic configurations can be con-

sidered, coils connected in series and parallel in opposing connection. Coils in series can

have two main benefits, increasing the internal resistance since the total coil resistance is

2Rcoil, and for half of the current of the coils in parallel, the same electromagnetic force

is applied. It is shown in the previous section that increasing the internal resistance re-

duces the electrical damping. Reducing the total damping, affects the transition curves.

The instability threshold can be reduced and for smaller parametric amplitude parametric

amplification can occur. Strong electrical damping from the coils in the parallel opposing

connection increases the instability threshold for LPE and NPE systems. Strong damping

effect in the coils connected in parallel opposing is as a result of the circulating current in

this configuration. More detail of circulation current in the coils in the parallel opposing

connection is presented in Appendix E.2. The measured damping and natural frequencies

for the coils in parallel opposing connection show that high damping can be seen upon

connecting the coils. Several experiments are carried and the results are presented in

Appendix E.8.

5.4.1 Electrical and mechanical damping

In this section the electrical and mechanical damping in the coils in the series opposing

connection are measured and calculated analytically. There are several methods to find

the damping of a linear SDOF system such as the peak-amplitude method [144] (So called

half-power point method [145]), the logarithmic decrement approach and the circle-fit

method [144]. From the mobility, one can say the first and second modes are separated

from each other, hence, it can be assumed that all responses can be attributed to the first

mode and the effect of the second mode is ignored.

In general the peak-amplitude method is applied for systems with well separated modes

so that the SDOF approximation is valid. Also, when the modes are not so lightly damped,

accurate measurement is not possible because the bandwidth converges [144]. The mea-

surements were carried out having clear peaks at resonances. Also, the electromagnetic

system can apply nonlinearity to the cantilever beam during impact tests when the beam

displacement is large. Hence, strong impact forces were avoided to reduce the beam dis-

placement during the impact tests.
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Fig. 5.8. The peak-amplitude method of Mobility FRF from an experimental test.

From the Mobility Frequency Response Function (FRF) of a cantilever beam with

an electromagnetic system, the first peak, which corresponds to the maximum response

of the first mode at natural frequency ωn is obtained. Fig. 5.8 illustrates the method

used to obtain the damping ratio [144]. The value of Mobility FRF | Ŷ | at resonance ωn

subtracted by −3dB can define the frequency bandwidth. The upper and lower frequencies

correspond to frequencies which | Ŷ | − 3dB exist are called ωa and ωb. Damping ratio at

the first resonance is,

ζ =
ωb − ωa

2ωn
. (5.22)

The limitations of the peak-amplitude method are:

• The accuracy of this method depends on the accuracy of the measurements and

defining the maximum FRF peak at resonance, ωn.

• When high damping is observed, in the case of coils in parallel connection, the FRF

peak at resonance, ωn, is not recognised hence the peak-amplitude method cannot

be implemented.

• This method only finds the linear damping.

Hilbert damping analysis can be used to recognise and calculate the nonlinear damp-

ing [146]. Obtaining damping from a transient response, whether for linear or nonlin-

ear damping, is based on the decay envelope. The amplitude of the transient response

varies slowly with time, and the shape of slow time variation is called the decaying enve-

lope [147, 148]. Determining damping based on the nature of the transient decay enve-

lope, unlike other methods such as the peak-amplitude method, the logarithmic decrement

method and moving block analysis, does not require a limiting assumption of viscous damp-

ing [147]. Calculating damping from the Hilbert transform is explained in Appendix G.

Hilbert damping analysis is implemented to find the nonlinear damping. The limitations

of the Hilbert damping analysis are:

• The signal-to-noise ratio of the transient signal affects on the quality of the envelope

and therefore appropriate filtering is required.
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Table 5.2: Measured damping ratios from the peak-amplitude
method and the Hilbert transform

Tests ζ ζ ζm ωn IDC

Methods peak-amplitude Hilbert transform peak-amplitude
(rad s−1) (A)

Case 1 0.003 0.003 0.003 16.70 open circuit
Case 2 0.003 0.0026 0.003 18.46 0
Case 3 0.001 0.0007 0.003 37.11 0.5
Case 4 0.001 0.0005 0.003 49.24 1

• For the case of coils in parallel connection, the transient response is highly damped,

and the envelope cannot be found accurately.

Impact tests with an instrumented hammer are conducted [144]. The impact is applied

at 0.08 m away from the support end, with an instrumented hammer type (208C01 ICP

force sensor from PCB PIEZOTRONICS). The laser vibrometer, OFV056 POLYTECH

is used to measure the beam velocity at 0.52 m away from the support end. DAQ sys-

tem, QUATTRO from Data Physics is used to collect the data from the instrumented

hammer and the vibrometer. The FRF of the cantilever beam is obtained from the time

domain data. The following acquisition parameters for FRF modal testing were selected

as: acquisition time, 40 s, frequency resolution (∆f), 0.0025 Hz, time step (∆T ), 0.0096

s, sampling frequency, 102.39 Hz, the window type was chosen to be rectangular, and 10

FRF averaging. The first and second natural frequencies were identified from the Mobility

Frequency Response Function (FRF).

Eq. (5.9) shows that the electrical damping is nonlinear for the coils in series in the

opposing connection. Hence, the effect of linear and nonlinear damping from the coils in

series is verified experimentally. In order to check the effect of nonlinear damping for the

range IDC = 0 to 1A, a study based on the Hilbert transform is carried out. Since the DC

current for the NPE system in this thesis is considered in this DC range. Four cases are

presented. Case 1 is when the coils are in series and in an open circuit. The coils are not

connected to the resistive load R3. Coils from point A and B are in an open circuit. This

can be achieved by disconnecting the coils 1 and 2 from point A and B in Fig. 5.7. Case

2 is when the coils are in series and are connected to the resistive load R3, and no current

is generated by the LAMBDA ZUP. Cases 3 and 4 are when the coils are in series and are

connected to the resistive load R3, and currents IDC of 0.5A and 1 A are generated by the

LAMBDA ZUP. For these cases, the half distance between coils, h is chosen to be equal

to 0.03m.

An instrumented hammer with a soft tip is used to excite the cantilever beam, and the

velocity of the beam is measured with the vibrometer. Both time domain and frequency

domain responses are recorded. Mobility FRF, which is the ratio between the velocity

response and the harmonic force from the hammer, is measured to estimate natural fre-
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quencies and damping factors for cases 1 to 4 (see Figs. 5.9a, 5.10a, 5.11a, and 5.12a).

From Mobility plots a resonance peak at the first natural frequency is observed and the

second natural frequency is occurred between 202− 211rad s−1. This shows the first and

the second natural frequencies are well separated.

First, the damping ratio for each case in Table 5.2 is found from the peak-amplitude

method based on the Mobility FRF plots. Second, the Hilbert transform is applied. The

velocity response recorded from impact tests is a decaying transient signal. The velocity

response is filtered with a Butterworth bandpass filter to limit the velocity signal to its

natural frequency ωn. Lower and upper cutoff frequencies are chosen to be ωn−6.28rad s−1

and ωn + 31.4rad s−1. This bandwidth is chosen to consider the velocity response only at

its first resonance. The order of Butterworth bandpass filter is chosen to be equal to 5.

The velocity signals and the signals with the Butterworth bandpass filter for cases 1 to

4 are presented in Figs. 5.9b, 5.10b, 5.11b, and 5.12b. The Butterworth bandpass filter

increases the signal-to-noise ratio without greatly distorting the envelope signal [149]. This

filter works based on the method of least square [150].

The envelope of the filtered velocity is found based on the Hilbert transform. The

envelopes of velocity signals for cases 1 to 4 are shown in Figs. 5.9c, 5.10c, 5.11c, and 5.12c.

The damping ratio ζ is determined by the shape of the envelope of the velocity signal,

where the envelope is introduced as e−ζωnt (see Appendix G). The envelope can be shown

on a logarithmic amplitude scale where the exponential envelope curve determined by a

decaying rate ζωn, can be seen as a linear decay. Higher order interpolation is employed

to match with the ζt plots (see Figs. 5.9d, 5.9d, 5.9d, and 5.9d), and a linear interpolation

agrees with each plot perfectly. Thus, the damping factor for a system when the coils are

connected in series can be assumed as a linear damping.

The mechanical damping is measured from both the peak-amplitude and the Hilbert

transform and it is equal to 0.003. This is the damping of the cantilever beam when coils

are not around the cantilever beam and when the electrical damping is zero (ζ = ζm).

Both the peak-amplitude and the Hilbert transform method show that for case 1, the

total damping ratio is 0.003 (see Table 5.2). Thus, the nonlinear electrical damping for

small displacement is considered equal to zero.

When the coils are in series and are connected with a resistive load R3, and the

LAMBDA ZUP generates DC current, which is equal to 0.5 and 1 A, a small difference

between the coils or the small change in distance between the magnets and the coils can

cause a movement for the cantilever beam. The reason for this movement is the repulsion

force applied from the electromagnetic system when the coils carry a DC current.

The first natural frequency ωn, and the stiffness of the beam k1, when the coils are

carrying a DC current and are connected in series are calculated and measured. The first

natural frequency ωn is calculated from Eq. (5.16) and the beam stiffness is found from

Eq. (5.14). The experimental tests were repeated for different DC currents between the
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Fig. 5.9. Tests corresponding to case 1 in Table 5.2. (a) Measured FRF of a cantilever
beam with open circuit coils in series connection. (b) Measured velocity and a filtered
velocity with a bandpass filter. (c) The envelope for the filtered velocity with a bandpass
filter. (d) Variation of damping ratio with time t found from the envelope.
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Fig. 5.10. Tests corresponding to case 2 in Table 5.2. (a) Measured FRF of a cantilever
beam with the coils in series connected to the resistive load R3 and the electronic board.
(b) Measured velocity and filtered velocity with a bandpass filter. (c) The envelope for the
filtered velocity with a bandpass filter. (d) Variation of damping ratio with time t found
from the envelope.
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Fig. 5.11. Tests corresponding to case 3 in Table 5.2. (a) Measured FRF of a cantilever
beam with coils in series connected to the resistive load R3 with a 0.5 A DC current gen-
erated by the LAMBDA ZUP. (b) Measured velocity and filtered velocity with a bandpass
filter. (c) The envelope for the filtered velocity with a bandpass filter. (d) Variation of
damping ratio with time t found from the envelope.
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Fig. 5.12. Tests corresponding to case 4 in Table 5.2. (a) Measured FRF of a cantilever
beam with coils in series connected to the resistive load R3 with a 1 A DC current generated
by the LAMBDA ZUP. (b) Measured velocity and a filtered velocity with a bandpass filter.
(c) The envelope for the filtered velocity with a bandpass filter. (d) Variation of damping
ratio with time t found from the envelope.
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Fig. 5.13. Experimental and analytical linear first natural frequency and stiffness of the
cantilever beam when the coils carry DC current and for different positions between coils
h. These results are obtained when the coils are in series and they are attached to the
resistive load R3 and the LAMBDA ZUP. (a) h = 0.025m, (b) h = 0.03m, (c) h = 0.035m.
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range 0 to 4 (A). From the experimental natural frequency found from FRF tests, the

experimental electromagnetic stiffness kext is identified. The theoretical natural frequency

is achieved by substituting the theoretical electromagnetic stiffness kext from Eq. (5.15)

into Eq. (5.16). The experimental and theoretical first natural frequencies and beam

stiffness k1 = kb+kext when the coils are carrying DC current are shown in Fig. 5.13. The

position between the coils is varied during the measurements. Linear natural frequencies

are obtained from these analyses.

In summary:

• The peak-amplitude method is used to find the linear damping and the Hilbert

transform method is implemented to find the nonlinear damping. The result of

these methods have been in agreement with experimental results. When the coils

are connected in series the nonlinear damping for small displacements is investigated.

The damping ratio found by the Hilbert transform shows that the nonlinear damping

is negligible.

• The analytical and experimental results for the linear natural frequency are in agree-

ment so the analytical model is used through out this thesis.

• In this section, the effect of DC current on the first natural frequency is discussed.

Increasing the DC current increases the first natural frequency.

• It is confirmed that since the first and second modes are far from each other, a SDOF

model can be used as a model of the cantilever beam.

5.4.2 Linear time-varying and nonlinear stiffnesses

When DC and AC currents are generated in coils the electromagnetic force applied to the

cantilever beam varies in time. The force applied to the cantilever beam is presented in

Eq. (5.12).

The cantilever beam is excited by the electromagnetic force, and as a result of this

excitation the moving magnet can generate magnetic field. A change in the magnetic field

through two pairs of coils, induces an e.m.f in the coils, which causes current to flow. The

induced current is only generated if the magnets or coils are moving relative to each other.

When the cantilever beam is moving towards the coils (see Fig. 5.3), the e.m.f current

flows in the coils together with the input current.

In Section 5.4.1 it was demonstrated that the cantilever beam natural frequencies are

well separated hence the cantilever beam can be modeled as a SDOF system. A SDOF

model when the AC current is generated in the coils is considered. Normalizing Eq. (5.11),

with the total mass mt yields,
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z̈ + 2εωn(ζm + ζes)ż + ω2
n (1 + εδ cos(Ωt)) z + ω2

n (εα+ εγ cos(Ωt)) z3

+ εω2
nδesz + εω2

nγesz
3 = 0, (5.23)

where ε is the small parameter, δ is the normalised parametric stiffness (parametric am-

plitude, or pump), and it can be found from

δ =
H1IAC

k1
, (5.24)

the cubic nonlinearity α, is defined similar to Eq. (5.21). The static stiffness k1 is presented

in Eq. (5.14). The normalised cubic parametric nonlinearity γ, is added to the system

as a result of nonlinearity from the electromagnetic system when the coils carry an AC

current. Normalised cubic parametric nonlinearity γ, is

γ =
H2IAC

k1
. (5.25)

H1 and H2 are obtained from Eqs. (E.24) and (E.25). For simplicity, expressions involving

the quantities δ, α and γ will not explicitly state their dependency on current.

The nonlinear parameters δes and γes are generated as a result of including the induced

current in electromagnetic system:

δes =
H1ies

k1
, (5.26)

γes =
H2ies

k1
. (5.27)

where the induced current ies is obtained from Eq. (5.8). The induced current ies, is a

function of z and ż.

The electrical damping ζes is included in the model. The electrical damping is presented

from Eq. (5.20). Since the electromechanical coupling kt is a function of z then from

Eq. (5.20) the dependency of electrical damping on displacement z can be seen. Hence, for

large displacements the parameters introduced above should be considered in the model.

5.5 Concluding remarks

The experimental set-up, which is designed in this chapter is employed to represent the

NPE system introduced in Chapters 3 and 4. This chapter investigated a PE cantilever

beam. An experimental model of the PE system was proposed, which used electromagnetic

coils and magnets to emulate time-varying and nonlinear stiffness. The electromagnetic

system and magnetic force was explained analytically. The induced current generated in

the coils was calculated analytically and is included in the model of the NPE system.
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When the coils were connected in series the stiffness of the cantilever beam was ex-

pressed as a function of current passing through the coils of the electromagnet. Nonlinear

terms as a result of the electromagnetic forces were explained. Cubic and cubic paramet-

ric nonlinearity in the electromagnetic system were defined analytically as a function of

current. The maximum stiffness was found for different distances between the coils. The

first natural frequency of the LPE system was then related to the linear stiffness, which in

turn created a relationship between natural frequency and current. The analytical results

were validated using experiments.

In this contribution, the induced current and the electrical damping was found ana-

lytically and experimentally for coils connected in series. In order to reduce the effect

of damping on LPE and NPE system with an electromagnetic subsystem the series con-

figuration was recommended. In the next chapter the induced current and the electrical

damping is included in the model of the NPE system with the electromagnetic system.
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Chapter 6

Experimental investigations of a

nonlinear parametrically excited

system for free oscillations

6.1 Introduction

In this chapter an experimental study of a Nonlinear Parametrically Excited (NPE) sys-

tem is carried out. The parametrically excited model can be used for instance in designing

electromagnetic filters, resonators and amplifiers. These systems can benefit from a large

amplitude of oscillation in a wide frequency bandwidth. Hence, parametric amplification

is exploited to increase the amplitude of oscillation whereas stiffness nonlinearities are

employed to increase the frequency bandwidth at which the large amplitudes are experi-

enced [62, 151].

In this chapter, the degenerated parametrically excited oscillator is considered. The

linear natural frequency of the system is tuned to be half of the frequency of the input

signal. In order to design a filter the input AC signal is the signal which needs to be

amplified or filtered. The change in the natural frequency of the system can be achieved

by applying DC current in the electromagnetic system.

The response of the NPE system is measured experimentally. The experimental results

and processing of the data give credence to the purely theoretical analysis presented in this

chapter and Chapter 3. A theoretical model for an electromagnetic system is proposed and

its robustness is examined by the repeatability of experimental data from several rigorous

tests. The theoretical model addressed here, models the strong nonlinearities observed in

the electromagnetic system. Based on the literature, the accuracy of analytical approaches

such as the multiple scale method, the harmonic balance, and the averaging methods is

limited to weak nonlinearities and small damping [152]. The analytical method, which

is the method of averaging, is tested with strong nonlinearity and large damping and

is compared with the experimental results. In this chapter the small parameter ε is
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considered to be equal to 1.

This chapter is arranged as follows: a parametric study is carried out and the behaviour

of the response is illustrated. The experimental results and the analytical responses based

on the averaging method are presented in Section 6.2. In addition, the effect of damping,

parametric amplitude, and nonlinearities on response of the NPE system are carried out

experimentally and analytically. By increasing the AC current the parametric amplitude

and cubic parametric nonlinearity apply higher parametric amplification. The increase

in amplitude of the response is investigated and the experimental and analytical results

are presented in Section 6.3. The cubic nonlinearity in the NPE system is examined

when the parametric amplitude is fixed and the position between the coils is varied. The

experimental and analytical results are presented in Section 6.4.

This chapter is concluded with a short summary. The novel contributions of this

chapter are as follows:

• A simple model of a NPE system with an electromagnetic system is introduced. The

induced current generated by the coils is included in the model of the NPE system.

• An electromagnetic configuration with coils connected in series to reduce the damp-

ing is presented. Reduction in damping has significant contribution on parametric

amplification [64].

• The effects of parametric amplitude and cubic nonlinearity for the NPE system are

demonstrated independently. The parametric amplitude can amplify the response

amplitude. The cubic nonlinearity reduces the response amplitude but increases the

frequency bandwidth.

6.2 Measured responses of the nonlinear parametrically ex-

cited system

In Chapter 3 the analytical responses of the linear and nonlinear parametrically excited

systems are presented. For linear systems the amplitudes and frequencies of oscillations

are independent quantities. However, the responses of the nonlinear systems is dependent

on both. Solutions of nonlinear systems may be stable or unstable. The stable solutions

are observed experimentally. In the physical test, the oscillations of the cantilever beam

can either be in a stable state or on the way to one when the bifurcation happens [137].

In this section the free responses of a nonlinear parametrically excited system, the

cantilever beam with an electromagnetic system, is measured in order to find the states of

the periodic solutions. For the nonlinear parametrically excited system, if the parametric

frequency Ω is close to twice the natural frequency ωn, there are two stable and one

unstable solutions. The stable solution with amplitude a = 0 is the trivial solution, and
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Fig. 6.1. (a) Cantilever beam at equilibrium position. (b) Cantilever beam with initial
displacement applied by a relay switch from the tip.

the periodic stable solution is the nontrivial solution when the averaged amplitude is

constant and a 6= 0. Free vibration is considered and the initial conditions are

z(0) = z0, and ż(0) = 0, (6.1)

where the initial displacement z0 is assumed to be 0.01m for all experimental tests. Fig-

ure 6.1 shows the relay switch, which holds the cantilever beam tip 0.01m away from the

equilibrium position. The relay switch once triggered, releases the cantilever beam and

starts the current flow in the coils at the same time.

The free responses of the nonlinear parametrically excited system are examined to

show the stability and amplitude of the periodic solutions. The stability and amplitude

of the periodic solutions depend on parametric amplification, parametric frequency, and

nonlinearities. In Chapter 3 it is demonstrated that if the parametric amplitude satisfies

the instability threshold, the amplitude of the response can increase. Here, the electro-

magnetic set-up is modified in order to reduce the electrical damping by connecting coils in

series opposing connection. By reducing the damping the instability threshold is reduced.

Setting up coils in series has the advantage of reducing the damping even if the distance

between the coils is varied. Consequently, periodic solutions are observed even for a small

parametric amplitude at parametric resonance or close to the parametric resonance. The

instability threshold near the parametric resonance from Eq. (3.40) in Chapter 3 is

δth2 = 4ζ − γa2, (6.2)

where the instability threshold can be found from the total damping ζ (here the combina-

tion of electrical and mechanical damping), cubic parametric nonlinear term γ, and a is

the amplitude of the response1. The parametric amplitude is then set to be higher than

the instability threshold (δ > δth2). The instability threshold can be modified by increas-

ing the positive cubic parametric nonlinear term γ, which is a function of AC current, the

number of turns in the coil, and the distance between the coil and the magnet. It is also

1From the averaging method the solution of the nonlinear system is considered to have only one fre-
quency component at Ω

2
. Hence, the measured response amplitude a is only considered at this frequency.
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possible to optimise the nonlinear system for strong cubic parametric nonlinearity (see

Section 6.4).

Since the elastic force acting on the magnets attached to the cantilever beam is created

through magnetic repulsion, the relation between the displacement z(t), and the resulting

elastic restoring force is nonlinear. The nonlinearity generated by the electromagnetic

system is calculated in the previous chapter and can be determined experimentally. To

identify the relationship between the applied force and the resulting displacement, several

techniques have been introduced in the literature [69, 153–155]. To estimate the nonlinear

parameters of the system, a curve-fitting method used by Krauss and Nayfeh [153] has been

recently modified and used in the literature. The nonlinear parameters can be estimated

by curve-fitting the experimental amplitude frequency data. This method is sensitive to

and dependent on the initial guesses [156]. One typical method is to use a digital force

gauge attached to the magnets to measure the force applied by the electromagnetic sys-

tem. Measuring the cantilever beam displacement and plotting the experimental force and

displacement gives an illustration for the force applied for a given displacement. A poly-

nomial interpolation through the experimental points can give an analytical expression.

This method is limited to the force gauge accuracy and its physical connection.

In order to identify the nonlinearity in the electromagnetic system proposed in this

chapter, the electromagnetic forces are calculated (see Appendix E.5). By changing the

DC/AC current in the coils, the stiffness nonlinearities can be varied.

One of the objectives of this section is to illustrate that parametric amplitude and

cubic parametric nonlinearity can increase the amplitude of the bounded solutions and

the frequency bandwidth. The stiffness cubic nonlinearity reduces the amplitude of the

bounded solutions and increases the frequency bandwidth. The effect of stiffness cubic

nonlinearity for the NPE system is demonstrated in Section 6.4.

Fig. 6.2a shows the amplitude-frequency plot for the cantilever beam excited with

linear time-varying and nonlinear forces from the electromagnetic system. The curve de-

scribes values of the cantilever beam displacement a as a function of parametric frequency

Ω normalised by the linear natural frequency ωn, and trivial responses a = 0 (see Sec-

tion E.7). Stable branches are indicated by solid lines, and unstable branches by dashed

lines, according to the result of Section E.7.

The distance between coils h = 0.03m is considered. Hence, the maximum displace-

ment of the beam is limited by this distance. The maximum displacement of the beam

when the magnets are close to hit the coils from the equilibrium position is 0.021m. In

Fig. 6.2a this physical limit is shown with a gray line.

The DC current considered for the test in Fig. 6.2a is IDC = 0.48A, and the input

AC current IAC = 0.06A with the parametric frequency Ω. The DC current is selected to

generate a strong cubic nonlinearity. The AC current is chosen large enough to generate

parametric amplification. The induced current is then added when magnets are moving.
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Fig. 6.2. (a) Experimental and analytical amplitude-frequency plot for a NPE system; a
cantilever beam with an electromagnetic system. System parameters are: the half distance
between coils h = 0.03m, the measured damping ratio at point A ζ = 0.001, the linear
natural frequency ωn = 37.11rad s−1, and the input current in coils in series connection
when Ic = 0.48 + 0.06 cos(Ωt). The initial conditions for the experimental results are
z(0) = 0.01m and ż(0) = 0ms−1. (b) The transition curves for two constant amplitudes
a = 0m and a = 0.0137m.

For each sweep up and sweep down test, when the response is decaying, only the input

current is considered, and the induced current is neglected. The linear natural frequency

ωn = 37.11rad s−1, and the damping ratio ζ = 0.001, are measured when IDC = 0.48A is

generated in coils. For point A in Fig. 6.2a the system parameters are calculated without

considering the effect of induced current, and they are: δ = 0.093, α = 1055.86m−2, and

γ = 131.98m−2 (see Section 5.4.2 for the relation between δ, α, and γ with DC and AC

current).

There are three distinct characteristics for the amplitude-frequency curve of the NPE

system (Fig. 6.2a):

1. The response peak bends over to the right. This features the characteristics of

nonlinearity with restoring forces of hardening type. Hardening and softening non-

linearities are explained in Chapter 3. Fig. 6.2a exemplifies some characteristics of

a nonlinear parametrically excited system. At point C in Fig. 6.2a there is a differ-

ence between the analytical and experimental responses. At point C the electrical

damping generated by the electromagnetic system is higher than at point A, since a

higher induced current is generated when the velocity of moving magnets increases.

When the magnets are getting close to the coil, the analytical model cannot evaluate

the electromagnetic behaviour accurately. Since the amplitude at the peak of the

amplitude-frequency plot depends on the damping value [9], it is possible that there

are other nonlinear damping sources which affect the peak. The nonlinear damping

model with a quadratic damping term proposed by P. Malatkar [156] can be im-
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plemented to predict the analytical results close to experimental data points. Also,

Anderson et al. [157] found that the addition of quadratic damping to the nonlinear

cantilever beam model can improve the agreement between the experimental and

theoretical results.

2. For certain values of parametric frequency Ω, there are multiple solutions. Depending

on the initial conditions, one of the two stable branches of solutions is observed ex-

perimentally. This shows the dependence of nonlinear systems on initial conditions.

For example point A in Fig. 6.2a is a trivial solution. Figure 6.3c shows the beam

displacement at the tip with initial conditions of z(0) = 0.01m and ż(0) = 0ms−1.

The beam displacement is found from measuring the velocity with the vibrometer

at position 0.14m away from the support end. The velocity signal is filtered with a

high-pass filter with a cutoff frequency of 0.1Hz. The beam displacement is found

from integrating the velocity numerically. For calculating the displacement at the

tip, the beam curvature for the first mode is considered [158]. At the start of the

test the cantilever beam has shown rotational motion as well as horizontal motion.

The rotational motion is small and its effect is neglected here. The total current in

coils I, is plotted in Fig. 6.3a. The current frequency, the parametric frequency Ω,

is set to be 72.85rad s−1. Also, the Power Spectrum Density (PSD) of the current

shows a peak at Ω = 72.85rad s−1.

Fig. 6.2b shows the analytical transition curve when a = 0. Point A is outside

the transition curve when the parametric amplitude is δ = 0.093. Hence, this point

is not amplified as a result of the parametric amplification. From the PSD of the

displacement Fig 6.3d several peaks can be identified. Peaks at Ω and 2Ω occur

as a result of the electromagnetic force generated by the electromagnetic system.

The maximum peak of the displacement PSD happens close to the linear natural

frequency ωn.

The phase portrait and the Poincaré map of this test shows that the response decays

in time. The phase portrait is found from the velocity versus the displacement from

the start of the tests, where the relay switch is released at t = 139 sec. During

first few seconds, the response is influenced by the initial condition, and the phase

portrait shows that the large amplitude of the response decays rapidly. The Poincaré

map is plotted based on the velocity and displacement at each period T = 2π
Ω . The

first point on the Poincaré map is placed at t = 139 sec, and then for each cycle, a

point is placed on the Poincaré map. All points on Poincaré map converge to zero

velocity and zero displacement where the cantilever beam is at rest. The Poincaré

map shows that the response is decaying.

If the initial conditions z(0) = 0.01m and ż(0) = 0ms−1 are applied when the system

is on/inside the transition curve, periodic solutions are observed. From the measured
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Fig. 6.3. Experimental results for point A in Fig. 6.2a. (a) Current measured across
the coils in series connection. (b) Power spectrum density of the current. (c) Measured
displacement at the cantilever beam tip. (d) Power spectrum density of the displacement
signal. (e) Phase portrait plot. (f) Poincaré map.
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Fig. 6.4. Experimental results for point B in Fig. 6.2a. (a) Current measured across
the coils in series connection. (b) Power spectrum density of the current. (c) Measured
displacement at the cantilever beam tip. (d) Power spectrum density of the displacement
signal. (e) Phase portrait plot. (f) Poincaré map.
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Fig. 6.5. Experimental results for point C in Fig. 6.2a. (a) Current measured across
the coils in series connection. (b) Power spectrum density of the current. (c) Measured
displacement at the cantilever beam tip. (d) Power spectrum density of the displacement
signal. (e) Phase portrait plot. (f) Poincaré map.
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Fig. 6.6. Experimental results for point D in Fig. 6.2a. (a) Current measured across
the coils in series connection. (b) Power spectrum density of the current. (c) Measured
displacement at the cantilever beam tip. (d) Power spectrum density of the displacement
signal. (e) Phase portrait plot. (f) Poincaré map.
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displacement after the decay of the transient response (approximately 40 seconds),

and when the periodic solutions are settled, then the parametric frequency is altered.

The parametric frequency Ω, is increased for sweep up tests, then decreased slowly

to allow periodic responses to settle. In this experiment, the parametric frequency

is increased or decreased in increments of 0.1Hz. For the sweep up test, after point

A in Fig. 6.2a, point B is considered at parametric frequency Ω = 73.47rad s−1.

Point B is inside the transition curve, hence the periodic response is expected. 80

seconds after the initial condition, both the total current in the coils and the beam

displacement are recorded and shown in Figs. 6.4a and 6.4c. In these figures the

maximum amplitude of the beam displacement does not change significantly since

the transient response is decayed.

Frequencies Ω, Ω
2 ,

3Ω
2 , and 2Ω can be seen in PSD of the displacement signal (see

Fig. 6.4d). The phase portrait plot Fig. 6.4e shows that point B is a periodic

solution. The Poincaré map in Fig. 6.4f shows the two points, which represent two

frequencies in the solution with the ratio of one half. These two points show the

displacement and velocity signal contains frequencies of Ω
2 and Ω. The Poincaré

map is plotted based on the measured velocity and displacement signals, and their

values at each period T = 2π
Ω is shown. The phase portrait and the Poincaré map

are plotted for 5 seconds of measurement. The displacement of the beam and the

current in the coils for this duration are shown in Figs. 6.4c and 6.4a.

3. There are discontinuous jumps in the response, as a consequence of the bent peak

in the presence of hardening or softening nonlinearity. The analytical stable branch

in Fig. 6.2a does not show that the stable nontrivial solutions will reduce or stop at

high frequencies. There are several reasons for this:

• The damping of the system is not sufficient to reduce the amplitude of the

parametrically excited system.

• As long as parametric amplitude can overcome the instability threshold the

amplitude of the periodic response increases.

However, in a physical system it is challenging to maintain all the above criteria to

keep the solution on the higher stable branch up to high frequencies. A jump can

happen from the upper stable branch to the lower stable branch.

By increasing the parametric frequency Ω, the amplitude of the response increases.

This increase in amplitude can also be identified from the transition curve. Although

the transition curves are used for linear parametrically excited systems, here for a

constant amplitude, they are implemented to identify the parametric amplification

and the frequencies where jumps occur. Fig. 6.2b shows the analytical transition

curve for point C in Fig. 6.2a when the amplitude of the response is a = 0.0137m.
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This point is on the transition curve for the given amplitude and is a periodic re-

sponse (see Fig. 6.5e).

The displacement signal and the total current in the coils in series are plotted in

Figs. 6.5c and 6.5a. The displacement of the cantilever beam is not symmetric to

the equilibrium position; this happens when the magnets on the cantilever beam

move slightly from their original position or the beam is not exactly in the centre

between the coils. During the experiments several preparation and measurements

are carried out to keep the beam motion symmetric. The PSD of the displacement

signal shows that the parametric amplification has happened and hence, the peak at
Ω
2 is dominant (see Fig. 6.5d). The phase portrait and the Poincaré map also shows

the periodic response (see Figs. 6.5e and 6.5f).

After point C in Fig. 6.2a the amplitude of the response is increased smoothly until

it jumps to the lower stable branch (trivial solution a = 0), and stays at rest. The

transition curve for a maximum amplitude of δ = 0.093 shows where this jump can

happen. If the previous amplitude is not large enough to keep the response inside

the transition curve, the response jumps to the lower branch. Point D in Fig. 6.2a

indicates where the jump happens. Also the displacement of this point, Fig. 6.6c,

shows a decaying response after the jump. In this case, vertical and rotational

motions can be seen during the experiment in addition to the horizontal motion.

As a result of this the PSD of the current and displacement signals shows other

frequencies with a high magnitude as well as at Ω and Ω
2 . The phase portrait and

Poincaré map (Figs. 6.6e and 6.6f) show that the response decays over time.

By reducing the parametric frequency Ω the amplitude of the response is approx-

imately zero, and the beam response decays until the zero solution turns unstable

and jumps to the higher branch. This jump is observed experimentally. This jump

shows that the system is affected by nonlinearity. The jump of free responses of a

nonlinear parametrically system depends on the parametric amplitude and damping

as well as nonlinearities.

6.3 Parametric amplification with parametric amplitude and

cubic parametric nonlinearity

In order to increase the parametric amplification, the parametric amplitude and cubic

parametric amplitude can be increased as explained in Chapter 3. In this section three

positions of the coils h = 0.035m, 0.03m and 0.025m are considered. Since the coils are

connected in series the damping ratios for these three positions are equal to ζ = 0.001.

A fixed damping ratio makes the comparison easier since the effect of damping is not

included. The measured damping ratio and natural frequency for each test are presented
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Table 6.1: System parameters for tests when the coils are connected
in series. The AC current and the half position between coils h are
varied.

Tests h IDC IAC ζ ωn α δ γ

(m) (A) (A) (rad s−1) (m−2) (m−2)
Low amplitude, Fig. 6.7 0.035 0.98 0.06 0.001 39.81 954.05 0.047 59.62
High amplitude, Fig. 6.7 0.035 0.98 0.155 0.001 40.12 956.4 0.122 152.8
Low amplitude, Fig. 6.8 0.03 0.97 0.035 0.001 49.23 1214.5 0.03 43.37
High amplitude, Fig. 6.8 0.03 0.97 0.08 0.001 49.23 1214.5 0.07 99.14
Low amplitude, Fig. 6.9 0.025 0.55 0.055 0.01 50.3 1262.17 0.093 138.83
High amplitude, Fig. 6.9 0.025 0.55 0.095 0.001 50.3 1279.46 0.149 221

Fig. 6.7. Experimental and analytical amplitude-frequency plot when the coils are in
position h = 0.035m. The results in red and black correspond to low and high AC currents.
The system parameters are shown in Table 6.1. Stable branches are indicated by solid
lines, and unstable branches by dashed lines, according to the result of Section E.7. The
unstable trivial solutions are shown by dotted lines.

in Table 6.1.

The DC current is kept constant to keep the cubic nonlinearity approximately equal.

Comparison between each position is based on the effect of parametric amplitude and for

simplicity the cubic nonlinearity is kept constant for each position. Then, the increase in

AC current and its effect on the amplitude-frequency curve is illustrated. The DC currents

for positions h = 0.035m, 0.03m and 0.025m are 0.98A, 0.97A, and 0.55A respectively. The

DC and AC current for these tests are chosen to keep the cantilever beam motion in a range

in which the magnets do not hit the coils and at the same time the amplitude-frequency

plots can be compared for each cases. In Table 6.1 the DC/AC current, the damping ratio

ζ, and the linear natural frequency ωn are the measured values and the cubic nonlinearity

α, parametric amplitude δ, and cubic parametric nonlinearity γ are calculated based on

the DC/AC current (see Section 5.4.2).
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Fig. 6.8. Experimental and analytical amplitude-frequency plot when the coils are in
position h = 0.03m. The results in red and black correspond to low and high AC currents.
The system parameters are shown in Table 6.1. Stable branches are indicated by solid
lines, and unstable branches by dashed lines. The unstable trivial solutions are shown by
dotted lines.

Fig. 6.9. Experimental and analytical amplitude-frequency plot when the coils are in
position h = 0.025m. The results in red and black correspond to low and high AC
currents. The system parameters are shown in Table 6.1. Stable branches are indicated
by solid lines, and unstable branches by dashed lines. The unstable trivial solutions are
shown by dotted lines.
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For position h = 0.035m two different AC currents are applied, such as 0.06A and

0.0155A. It is expected that the system with higher AC current generates higher parametric

amplitude δ, and cubic parametric nonlinearity γ. The amplitude-frequency plot is shown

in Fig. 6.7. Fig. 6.7 shows both experimental and analytical results. The increase in

parametric amplitude increases the amplitude of the response and expands the frequency

bandwidth. The positive cubic parametric nonlinearity can also increase the magnitude of

the response. In these tests, the parametric amplitude and cubic parametric nonlinearity

are linked since they both change with the AC current. Hence, considering one independent

of the other is not possible. In Fig. 6.7, it is shown that increasing the AC current increases

the parametric amplitude and frequency bandwidth. This is beneficial for the applications

where increasing the AC current is possible.

For position h = 0.03m two different AC currents are applied, such as 0.035A and

0.08A. Similar to the previous case, it is expected that the system with higher AC cur-

rent generates higher parametric amplitude δ, and cubic parametric nonlinearity γ. The

amplitude-frequency plot is shown in Fig. 6.8. From Table 6.1 the parametric amplitude

δ, for each case can be compared. The parametric amplitude δ, is higher when AC current

is 0.08A.

For position h = 0.025m again two different AC currents are applied, such as 0.055A

and 0.095A. The amplitude-frequency plot is shown in Fig. 6.9. Since the coils are close

to the cantilever beam the analytical model is not able to predict the experimental results

at a frequency higher than the parametric frequency. The increase in the AC current has

an effect on increasing the amplitude of the response and frequency bandwidth. Strong

cubic nonlinearity is expected in this case (see Table 6.1).

From the tests explained in this section, the effect of increasing the AC current on para-

metric amplitude is illustrated. The increase in AC current and consequently the increase

in induced current as well as the parametric amplitude and positive cubic parametric

nonlinearity has a direct effect on increasing the amplitude of the response. Increasing

damping or cubic nonlinearity can reduce the effect of parametric amplification. As the

amplitude of the response increases and as the magnets get closer to the coils, the damp-

ing increases which results in the bend in the amplitude-frequency curve. However, in

contrast the induced current is increased which increases the parametric amplitude. From

the experimental results it can be seen that at position h = 0.025m the effect of damping

is stronger than the effect of induced current and hence the curve is bent down. The

experimental results for this case, h = 0.025m is different from the analytical expression,

but at positions h = 0.035m and h = 0.03m, the effect of damping and induced current

are calculated accurately.
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6.4 The effects of cubic stiffness nonlinearity

The cubic stiffness nonlinearity in the NPE system reduces the amplitude of the response

compared to the amplitude of the LPE system at parametric resonance. However, it can

extend the frequency bandwidth. At different positions between the coils and magnets,

the strong cubic nonlinearity can reduce jump-down frequencies and the amplitudes of dis-

placement at these frequencies. These concepts are shown analytically and experimentally

in this section.

The cubic nonlinearity generated by the electromagnetic system increases when the

DC current in coils in series is increased. Also, from the physical derivation, Eq. (5.21),

it can be seen that the cubic nonlinearity α, is a function of half of the distance between

the coils, the radius of the coil, number of turns in the coil and the magnetic dipole.

Here, the half distance between the coils is altered to investigate the changes in the cubic

stiffness nonlinearity. The maximum cubic stiffness can be found by differentiating α

with respect to h. The maximum α
δ ratio can be seen in Fig. 6.10 for a given DC

current based on the analytical expressions. Close to position h = 0.025m, the highest

cubic nonlinearity is expected, and for positions smaller than 0.025m the effect of cubic

nonlinearity is not considered here. When coils are very close to the magnets the magnets

hit the coils and change the initial conditions, hence, positions smaller than 0.025m are

not considered. At positions lower than 0.025m the damping effect is more dominant than

the cubic nonlinearity and the analytical model has not predicted the behaviour of the

system accurately.

Note that, the main aim of this section is to investigate the effect of cubic nonlinearity

at different positions on response amplitude, while the AC input current is fixed. However,

from the measured current, a slight difference is observed, although the aim is to keep the

current constant. This difference can be due to measurements over different days and the

discrepancy of the LAMBDA ZUP to generate the current from the input voltage. Hence,

for each position under study, the accurately measured current is considered. The input

current, Ic, is slightly different for positions h = 0.035m, 0.03m, and 0.025m, however

their effect on the parametric amplitude and the cubic parametric amplitude is neglected.

Fig. 6.10 shows the α
δ ratio, for two input DC/AC currents in the coils Ic. In each

graph, two experimental cases are shown by the label
⊗

for two positions h, where the α
δ

ratio is varied. Table 6.2 presents the system parameters for cases marked in Fig. 6.10.

Similar to the previous section, the damping ratio ζ, and the linear natural frequency ωn,

are the measured values and the cubic nonlinearity α, parametric amplitude δ, and cubic

parametric nonlinearity γ are calculated based on the DC/AC current.

The analytical amplitude-frequency plot for the four points specified in Fig. 6.10d are

plotted to show the effect of cubic nonlinearity (see Fig. 6.11). The analytical amplitude-

frequency is plotted based on the limitation of each position for reaching highest amplitude
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Table 6.2: System parameters for tests when the coils are connected
in series. The half position between the coils h is varied.

Tests h IDC IAC ζ ωn α δ γ

(m) (A) (A) (rad s−1) (m−2) (m−2)
Fig. 6.12a 0.03 0.92 0.14 0.001 48.6 1203.19 0.129 183.1
Fig. 6.12b 0.035 0.97 0.155 0.001 40.12 956.4 0.122 152.82
Fig. 6.13a 0.03 0.56 0.15 0.001 37.99 1059.95 0.206 293.55
Fig. 6.13b 0.035 0.57 0.15 0.001 32.15 820.4 0.172 215.89
Fig. 6.14a 0.025 0.5 0.055 0.01 50.3 1262.17 0.093 138.83
Fig. 6.14b 0.03 0.48 0.06 0.001 37.11 1055.86 0.092 131.98
Fig. 6.15a 0.03 0.98 0.08 0.001 49.23 1214.5 0.069 99.14
Fig. 6.15b 0.035 0.96 0.06 0.001 39.81 954.05 0.047 59.62
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Fig. 6.10. The ratio between the cubic nonlinearity α, and parametric amplitude δ for
different positions and input current. The

⊗

labels show positions, which are chosen to
compare two cases in each individual graph with the current specified. The comparison is
based on the amplitude-frequency plot shown in Figs. 6.12, 6.13, 6.14, and 6.15.

119



Fig. 6.11. Analytical amplitude-frequency plot based on the points in Fig. 6.10c.

before the magnets hit the coils. From the points specified in Fig. 6.10d, we can see that at

h = 0.025m the highest α
δ is found and for the positions higher than 0.025 the α

δ is reduced.

The effect of cubic stiffness nonlinearity vanishes as the coils separated. Consequently, the

response amplitude is increased. Also, the frequency bandwidth is increased as the cubic

nonlinearity is reduced.

Based on the result shown in Fig. 6.10a, the α
δ ratio at position h = 0.03m is larger

than position h = 0.035m. The amplitude-frequency plot for the two points marked in

Fig. 6.10a shows that where the α
δ is lower, the amplitude of the upper stable branch is

higher. The amplitude-frequency plot is shown in Fig. 6.12a for position h = 0.03m and

in Fig. 6.12b for position h = 0.035m. By comparing these two graphs, it can be seen that

from both experimental and analytical results the case with the higher cubic nonlinearity

(Fig. 6.12a) has the lower amplitude. Also, the jump-frequency is lower for the case with

high cubic nonlinearity.

Reducing the DC current, compared to the previous test, eliminates the effect of cubic

nonlinearity. The amplitude-frequency of the two marked points in Fig. 6.10b shows that

the case at lower h has been affected by the highest cubic nonlinearity. The amplitude-

frequency curve for the case with high cubic nonlinearity is plotted in Fig. 6.13a and the

case at position h = 0.035m with lower nonlinearity is shown in Fig. 6.13b. Comparing

these experimental and analytical results with the previous case (Fig. 6.12) shows the

highest amplitude of the response is achieved for lower DC current.

The cubic nonlinearity is at its maximum at position h = 0.025m (see Fig. 6.10c). The

amplitude-frequency curve at this point (see Fig. 6.14a) is compared with the amplitude-

frequency at point h = 0.03m (Fig. 6.14b). At a given frequency the response amplitude

for the case, Fig. 6.14a with higher cubic nonlinearity, is smaller than the case with weak

cubic nonlinearity (see Fig. 6.14b). Also, at small distances between the coils, the effect

of nonlinear damping should be included which is not considered in the analytical model.
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(a) (b)

Fig. 6.12. Experimental and analytical amplitude-frequency plot. (a) h = 0.03m, IDC =
0.92A and IAC = 0.14A. (b) h = 0.035m, IDC = 0.97A and IAC = 0.155A. The system
parameters are shown in Table 6.2. Stable branches are indicated by solid lines, and
unstable branches by dashed lines. The unstable trivial solutions are shown by dotted
lines.

(a) (b)

Fig. 6.13. Experimental and analytical amplitude-frequency plot. (a) h = 0.03m, IDC =
0.56A and IAC = 0.15A. (b) h = 0.035m, IDC = 0.57A and IAC = 0.15A. The system
parameters are shown in Table 6.2. Stable branches are indicated by solid lines, and
unstable branches by dashed lines. The unstable trivial solutions are shown by dotted
lines.
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(a) (b)

Fig. 6.14. Experimental and analytical amplitude-frequency plot. (a) h = 0.025m,
IDC = 0.5A and IAC = 0.055A. (b) h = 0.035m, IDC = 0.48A and IAC = 0.06A. The
system parameters are shown in Table 6.2. Stable branches are indicated by solid lines,
and unstable branches by dashed lines. The unstable trivial solutions are shown by dotted
lines.

(a) (b)

Fig. 6.15. Experimental and analytical amplitude-frequency plot. (a) h = 0.03m, IDC =
0.98A and IAC = 0.08A. (b) h = 0.035m, IDC = 0.96A and IAC = 0.06A. The system
parameters are shown in Table 6.2. Stable branches are indicated by solid lines, and
unstable branches by dashed lines. The unstable trivial solutions are shown by dotted
lines.
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The DC and AC currents are altered for position h = 0.03m and h = 0.035m in

Fig. 6.10d to have slightly higher α
δ ratio at position h = 0.035m. However, this differ-

ence is not enough to affect the amplitude-frequency curves. Comparing the amplitude-

frequency (Figs. 6.15a and 6.15b) for these two positions marked in Fig. 6.10d shows

that the amplitude of the response at a given frequency is slightly higher when position

h = 0.035m, although it has a slightly higher α
δ ratio. From this comparison we can con-

clude that the difference between the α
δ ratio at higher positions has to be significantly

larger than small positions to change amplitude of the response.

6.5 Concluding remarks

The averaging method was used as an analytical approach in this chapter to find the

response of the cantilever beam with an electromagnetic system with strong nonlinear-

ity. The electromagnetic forces from both the input current in the coils, and the induced

current generated by the back e.m.f were implemented in the analytical model. Experi-

mental results presented in this chapter agree with the analytical model. The time-varying

stiffness generated by the electromagnetic system was found to amplify the response ampli-

tude near parametric resonance. Using a series configuration of coils reduces the electrical

damping, consequently increasing the response amplitude. Also, the cubic stiffness non-

linearity was increased by changing the coil-to-coil distance.

To conclude, the parametric study presented in this chapter shows that a signal can

be amplified, and its frequency bandwidth can be broadened using the proposed NPE sys-

tem. This design can be implemented experimentally and theoretically for electromagnetic

actuators, high pass filters, and amplifiers. The validated analytical model also enables

designers to optimise design parameters.
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Chapter 7

Experimental investigations of a

nonlinear parametrically excited

system subject to harmonic base

excitations

7.1 Introduction

A Nonlinear Parametrically Excited (NPE) system subjected to a harmonic base excitation

is investigated experimentally. This chapter demonstrates the effect of cubic stiffness

nonlinearity and cubic parametric nonlinearity on the response of the system. These

nonlinearities are generated by the electromagnetic system described in Chapter 5. The

effect of the phase difference between the base excitation with the parametric excitation

is also investigated. A careful selection of system parameters, such as relative phase and

cubic parametric nonlinearity, can result in significant parametric amplification, and can

prevent the jump from upper to lower stable branches.

PE systems can be exploited for amplification and attenuation which vary strongly with

parametric excitation and the base excitation amplitudes. The response amplification

of PE systems has been an attractive topic for designing vibration energy harvesters.

Energy harvesting from LPE systems has been investigated in [72, 79, 94, 96–98]. Jia et

al. demonstrated an experimental macro-sized electromagnetic harvester prototype driven

into parametric resonance [12]. They presented that the parametrically excited harvester

has an order of magnitude higher peak power density and a 50% increase in the half

power band due to the amplification of the mechanical vibration at parametric resonance

and nonlinear resonant peak, compared to the prototype directly driven at fundamental

resonance. However, they have mentioned that overcoming the instability threshold has

been one of the main reasons to reduce parametric amplification. The instability threshold
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can be reduced when the damping in the system is reduced.

Vijay Kumar et al. demonstrated the phase dependence of a NPE oscillator for re-

sponse amplification and suppression purposes [159]. They considered a cantilever beam

simultaneously actuated by longitudinal and transverse base excitations to provide para-

metric and direct excitation. They studied the effect of hardening nonlinearity and phase

difference on parametric amplification and attenuation. Their experimental study is lim-

ited to the response amplitude only at parametric resonance. The results shown in this

chapter are in agreement with the work done by Vijay Kumar et al. [159]. However, in this

chapter the effect of phase difference is studied at different parametric frequencies for the

response amplitude of the upper and the lower stable branches. Several parametric studies

are carried out in this chapter to show the phase dependence of parametric amplification

when strong cubic stiffness nonlinearity is observed.

The NPE system investigated experimentally in this chapter can be employed in prin-

ciple for designing a vibration energy harvester. For the proposed NPE harvester the

instability threshold is overcome by designing an electromagnetic system with coils con-

nected in series. The reduction of damping in this way is demonstrated in Appendix E.2.

In comparison with the study by Jia et al. [12, 95, 97–99, 101], the electromagnetic non-

linearities and the optimised phase difference are included in the design of the energy

harvester. It is shown in this chapter that by introducing the electromagnetic nonlinear-

ities and by optimising the phase difference the frequency bandwidth and the response

amplitude can be increased.

The experimental set-up for the cantilever beam on a shaker is explained in Chapter 5.

The mechanism used to vary the phase difference between the base excitation and current

generated in coils is investigated in Section 7.2.1. A brief analysis of the nonlinear response

is presented in Section 7.3 using the equation of motion. The effect of system parameters

such as cubic nonlinearity, parametric amplitude, phase difference and base excitation am-

plitude are studied both experimentally and analytically in Sections 7.4.1, 7.4.2 and 7.4.5,

respectively. This chapter is concluded with a short summary.

The novel contributions of this chapter are as follows:

• The effect of the induced current and the electrical damping is included in the model

of the NPE system. The induced current in the coils is generated as result of the

moving magnet between the coils. For a harmonically excited cantilever beam with

a moving magnet the effect of induced current is not negligible.

• The analytical model predicts the response of the NPE system subject to harmonic

base excitations. This is shown from the agreement between the experimental and

analytical results for different system parameters.

• The effects of the base excitation amplitude and the parametric amplitude on para-

metric amplification is shown independently. In previous studies for a vertically
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excited cantilever beam, the parametric excitation is dependent on base excitation.

• An experimental set-up is introduced to alter the phase difference between the base

excitation and the parametric excitation independently.

• The effects of parametric amplitude are demonstrated experimentally and analyti-

cally. The parametric amplitude can pump the response amplitude when the phase

difference between the base excitation and the parametric amplitude is φ = π
2 ± nπ

for the upper stable branch and φ = ±nπ for the lower stable branch. The phase

control allows us to increase the response amplitude and frequency bandwidth. By

adjusting the phase it is possible to control the jumps between the upper stable

branch and the lower stable branch.

7.2 Experimental set-up

A clamped-free cantilever beam is fixed to a shaker plate (Fig. 7.1). The cantilever beam

with an electromagnetic system is excited in the transverse direction. The mechanical

properties and dimensions of the cantilever beam and the electromagnetic system are

shown in Table 5.1. In this chapter, half of the distance between the coils, h, is equal to

0.03m and the maximum beam displacement is 0.022m as the magnets hit the coils at a

greater displacement than this value.

A LDS-Dactron shaker control system from Brüel and Kjær is used. The shaker

control system consists of a controller, an amplifier, and a shaker to convert the signal

that describes the desired test into vibratory motion. The accelerometer attached to the

shaker plate sends an electronic signal to the control system to be measured (see Fig. 7.1).

The controller uses this information to control the oscillation frequency of the shaker plate

while maintaining a constant peak displacement.

An Arduino Due1 is used to regulate the voltage passed to the current generator.

The current generator is a LAMBDA ZUP, which generates current for the coils in the

electromagnetic system. Figure 7.2 shows the experimental set-up used to generate the

periodic electromagnetic stiffness on a cantilever beam.

7.2.1 Phase difference between the base and parametric excitation

The relative phase difference between the base and parametric excitation is controlled by

adjusting the phase between the shaker acceleration and current supplied to the coils. To

generate a current with various phase differences with the acceleration of the shaker, an

Arduino Due as described in Section 7.2 was programmed. While the Arduino generates

a cosine voltage signal when initialised, it cannot consistently be coordinated with the

1The Arduino Due is a 32-bit ARM core microcontroller.
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Fig. 7.1. (a) Experimental set-up consisting of a cantilever beam on a shaker and an
electromagnetic system. (b) Schematic model of a cantilever beam under transverse base
excitation. (c) A SDOF system with linear stiffness and damping subject to harmonic
base excitation represents the clamped-free cantilever beam.
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Fig. 7.2. Experimental set-up and schematic diagram to show each component.
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Fig. 7.3. The method for changing the phase between the shaker plate acceleration and
the current in coils.

129



oscillation of the shaker. This means that the initial phase difference between the shaker

and the current cannot be applied consistently.

To change the phase difference between the shaker and the current, the Arduino zeroes

its output voltage after many “on” cycles, then it resets its cosine output voltage phase

after a non-integer number of shaker oscillations (“off” cycles). This results in a change in

the phase difference between the shaker and the current, and can be repeated for different

numbers of off cycles in a single experimental run to change the phase difference multiple

times. This method is shown in Fig. 7.3, which also shows the off times used in the

experiments.

While the shaker vibrates the cantilever beam, the AC current through the coils is on

for nT seconds, where n ∈ N is the number of cycles, T = 2π
Ω is the duration of a cycle, and

Ω is the input current frequency. This AC current is then turned off for nT
2 + T

8 seconds

while the DC current is still applied, as shown in Fig. 7.3.

During this off time, the shaker is still vibrating the cantilever beam with the same

frequency. After this duration, the AC current is turned on for nT seconds again, and the

process repeats for different off times. This results in a variety of phase differences with

controlled spacing between −π
2 and π

2 rad. The number of cycles n ≥ 2 × 108 is chosen

large enough to allow the cantilever motion to reach a steady-state motion in both the on

and off cases. This means that the cantilever beam motion at a given AC current phase

is not affected by the displacement caused by the previous phase.

The phase difference between the acceleration signal and the current generated in the

coils is calculated based on Fourier analysis. The phase calculation is explained in Ap-

pendix H. Based on the Fourier analysis, any periodic motion can be presented by a series

of sines and cosines that are harmonically related [145]. The acceleration (acceleration of

the shaker plate) signal and the current signal (input current in coils) and is presented as

series of sine and cosine signals.

7.3 Methodology

A SDOF model is presented to analyse the cantilever beam motion as shown in Fig. 7.4,

where x is the displacement of moving mass mt, and Y0 is the amplitude of harmonic base

displacement at frequency ω and phase φ. The relative displacement z is the displacement

between the mass and the base. The overall damping coefficient ct = cm+ce, where cm and

ce are components due to mechanical and electrical damping, respectively. The electrical

damping ce represents an electrical load from the electromagnetic system.
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Fig. 7.4. Schematic of the base excited NPE system with an electromagnetic system with
coils connected in series.

The equations governing the motion of the mechanical system are

mtz̈ + cmż + kbz +
dU(z)

dz
+ kties = mtω

2Y0 cos(ωt+ φ), (7.1a)

2Lcoil
˙ies + (R3 + 2Rcoil) ies = ktż, (7.1b)

where the overdot represents a derivative with respect to time t. kb is the static stiffness

of the cantilever beam; kt is the electromechanical coupling coefficient (see Eq. (5.2));

Lcoil is the inductance of the identical coils; R3 is the load resistance connected in series

with the coils; Rcoil is the electrical resistance of the coils; and ies is the induced current

in the electromagnetic system (see Eq. (5.8)).

The function U(z) is the potential energy of the electromechanical system, and dU(z)
dz

is the force applied by the electromagnetic system with coils connected in series:

dU(z)

dz
= H1Iz +H2Iz

3, (7.2)

where I is the total current in coils

I = Ic + ies, (7.3)

where the AC/DC input current in the coils is

Ic = IDC + IAC cos(Ωt). (7.4)

In Eq. (7.2)H1 andH2 are obtained from Eqs. (E.24) and (E.25). H1 andH2 are functions

of the distance between coils h; the number of turns in the coil N ; the magnetic dipole µ;

the permeability of free space µ0, and the mean radius of the coil rc (see Table 5.1, and

Appendix E.5 for more details). The force applied from the two magnets on the cantilever

beam is not included here (see assumptions for the electromagnetic system in Appendix

E.2).
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Substituting the total current into Eq. (7.1) and normalising with respect to the total

mass mt yields,

z̈ + 2εωn(ζm + ζes)ż + ω2
n (1 + εδ cos(Ωt)) z + ω2

n (εα+ εγ cos(Ωt)) z3+

εω2
nδesz + εω2

nγesz
3 =

1

4
Ω2Y0 cos

(

Ω

2
t+ φ

)

. (7.5)

The cubic stiffness nonlinearity α, parametric amplitude δ, and cubic parameteric non-

ilinearity, γ, in Eq. (7.5) are defined in Eqs. (5.21), (5.24), and (5.25). ε is the small

parameter and it is considered to be equal to 1. The parameters related to the induced

current, δes and γes, are obtained from Eqs. (5.26) and (5.27) respectively. δes and γes are

only negligible for small velocity and displacement. However, for large responses the effect

of induced current and consequently δes and γes cannot be neglected. Especially for the

case where the relative phase between the base and the parametric excitation is varied and

the response is increased. The amplification as result of the induced current can be found

independently from the effect of the phase difference. In Eq. (7.5) ζm is the mechanical

damping ratio, and the electrical damping ratio ζes is obtained from Eq. (5.20).

Based on the method of averaging the periodic solutions of Eq. (7.5) at resonance are

given by

z(t) = a cos

(

Ω

2
t− ϕ

)

, (7.6)

where ϕ is the phase of the steady-state response, and a is the amplitude defined in

Eq. (D.17), which has five stable and unstable solutions when the system parameters are

non-zero (α, δ, γ 6= 0).

The effect of system parameters, such as cubic stiffness nonlinearity, α, parametric

amplitude, δ, and the cubic parametric nonlinearity, γ, on response amplitude is investi-

gated.

7.4 The effects of stiffness nonlinearities and parametric ex-

citation

In the following sections these questions are aimed to be addressed:

• Does the measured response amplitude for the cases where the cantilever beam is

only affected by hardening nonlinearity match with the analytical solutions? How

does the nonlinearity change the response amplitude at different base excitation

frequencies? (see Section 7.4.1).

• Does the relative phase between the base and the parametric excitation change the

measured response amplitude for the NPE system? Does the relative phase effect

change with increasing parametric amplitude? (see Sections 7.4.2 and 7.4.4).
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Table 7.1: Nonlinear and NPE system parameters

δ α (m−2) γ (m−2) ζ Y0 (m) φ(rad)

Nonlinear system (Fig. 7.5) 0 937.58 0 0.001 0.001 0
NPE system (Fig. 7.6a) 0.167 1031 238.12 0.001 0.001 π

2
NPE system (Fig. 7.6b) 0.167 1031 238.12 0.001 0.001 0

• Does the maximum and minimum response amplitude as a result of altering the

relative phase change by increasing the base excitation amplitude? How does the

relative phase effect the upper stable branch and the lower stable branch? Do the

experimental results match with the theory? (see Section 7.4.5).

7.4.1 Nonlinear system with positive cubic stiffness nonlinearity

In this section the effect of hardening nonlinearity is investigated experimentally and is

compared to analytical predictions. An experiment is designed so that cubic parametric

nonlinearities are negligible, so that the effect of the hardening nonlinearity is studied

independently. The cantilever beam is placed on the shaker and excited with the displace-

ment amplitude Y0 = 0.001m. A small displacement amplitude is considered to prevent

the magnets hitting the coils and changing the initial conditions during the test.

Figure 7.5 shows the experimental and analytical amplitude frequency relation for the

nonlinear system under harmonic base excitation. The nonlinear system parameters are

presented in Table 7.1. For this test, the cantilever beam is excited with frequency ω.

The half distance between the coils h is chosen to be equal to 0.03m. In Fig. 7.5 the

base excitation frequency is Ω
2 , where ω = Ω

2 . The DC current in the coils in series is

set to Ic = 0.38A. The AC input current is set to zero so parametric amplitude δ = 0

and cubic parametric amplitude γ = 0 as required by the design of the experiment. The

linear natural frequency and the linear damping ratio is measured from impact tests as

ωn = 32.59 rad s−1 and ζ = 0.001. From Eq. (5.21), the normalised cubic nonlinearity is

α = 937.58m−2. Since this nonlinearity is positive, it is a hardening nonlinearity.

Sweep up and down tests are carried out by increasing and decreasing the base exci-

tation (shaker) frequency. For sweep up tests the shaker is set up to accelerate from 5

to 8Hz in 0.0025Hz/sec linear steps, with constant displacement amplitude Y0 = 0.001m

at all frequencies. The sweep down tests are done from 8 to 5Hz in the same way. The

shaker displacement at frequencies lower than 5Hz is not considered since this is the low-

est frequency the shaker can excite. Each sweep up/down test takes 1240sec in total. In

Fig. 7.6 each experimental point corresponds to the amplitude of the steady-state response

(the amplitude of the relative displacement z(t)) at some selected frequencies. The beam

displacement x(t) is subtracted by the base displacement y(t) to find the relative displace-

ment z(t) = x(t) − y(t). The cantilever beam velocity is measured by the vibrometer,

and is integrated numerically with respect to time to find the beam displacement. The
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Fig. 7.5. Experimental and analytical amplitude frequency relation, a versus Ω
ωn

. The
nonlinear system parameters are shown in Table 7.1. The dotted line is the backbone
curve. The solid lines are the stable branches, and the dashed line is the unstable branch.
The gray line shows the limit for the beam transverse vibration above which the magnets
hit the coils.

(a) φ = π

2
rad. (b) φ = 0 rad.

Fig. 7.6. Experimental and analytical amplitude frequency relation, a versus Ω
ωn

for
experimental tests with parameters in Table 7.1. Analytical results are found using the
averaging method. Black lines represent solutions produced by base and parametric ex-
citation, and the green lines represent solutions affected only by parametric excitation.
Solid lines denote stable branches, and dashed lines denote unstable branches. The gray
line denotes the limit before magnets hit the coils.
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acceleration of the shaker is recorded by an accelerometer attached to the shaker plate,

which is integrated with respect to time twice to find the displacement of the shaker y(t).

The velocity response and the acceleration signal are filtered with a Butterworth high pass

filter. The cut of frequency is chosen equal to 1 Hz. The order of the Butterworth high

pass filter is chosen equal to 4.

From the averaging method, the solution of the nonlinear system is considered to

have only one frequency component Ω
2 . Hence the measured relative displacement is only

considered at harmonics with frequency ω = Ω
2 . Fourier analysis finds the relative dis-

placement with ω harmonics (see Appendix H). The experimental point results in Fig. 7.6

are found from the steady-state amplitude of the signal after Fourier decomposition.

From the experimental tests the presence of a hardening nonlinearity shifts the max-

imum peak amplitude to a higher frequency. When the response amplitude is large and

the magnets are close to the coils, there are discrepancies between the experimental and

analytical results. For example between Ω
ωn

= 2.2 and Ω
ωn

= 2.3, there are experimental

points close to the unstable branch. In this frequency region the stable steady-state solu-

tions from the analytical stable branch do not match with the steady-state solutions from

experiment. This is due to the effect of damping and the electromagnetic force near the

coils, which is not considered in the analytical model. In other frequency regions where

the magnets are not close to the coils, the experimental and analytical results are in good

agreement.

7.4.2 NPE system with cubic and cubic parametric nonlinearity

In this section the effect of parametric amplitude is investigated experimentally and is

compared with the analytical predictions. The model used in the previous section is

considered here, but with non-zero AC current amplitude. This results in a non-zero

parametric amplitude, allowing its effects to be studied. In Chapter 4, the analytical and

numerical analyses demonstrate that the parametric amplitude δ increases the response

amplitude near the parametric frequency Ω if the base excitation frequency is half of the

parametric frequency (ω = Ω
2 ), and if δ > δth2 exceeds the instability threshold. Also,

the phase difference between the parametric frequency and the base excitation φ must be
π
2 ±nπ, n ∈ Z to maximise the increase in the response amplitude. Due to this, we expect

the non-zero parametric amplitude to increase the response amplitude in this experiment,

which satisfies the aforementioned conditions.

Owing to the difficulty in controlling the phase difference between the current and

the base excitation as described in Section 7.2.1, the frequency sweep method used in

Section 7.4.1 is not used here. Instead, each frequency is considered independently, and the

phase is varied using the method described in Section 7.2.1. The NPE system parameters

for this test are presented in Table 7.1.

The amplitude frequency relation for the NPE system is plotted experimentally and
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analytically in Fig. 7.6 when the phase difference φ = π
2 and 0 rad. As predicted analyt-

ically, the steady-state amplitude of the response is higher compared to the response of

the nonlinear system shown in Fig. 7.5 when the phase φ is equal to π
2 rad. No experi-

mental data was gathered in 2.15 ≤ Ω
ωn

≤ 2.62 because the response amplitude caused the

magnets to hit the coils.

Five distinct response branches are shown in Fig. 7.6. The two analytical additional

branches compared to Fig. 7.5 arise from the additional resonance frequencies in the

nonlinear parametric system. One resonance frequency is induced by a combination of

base and parametric excitation, and the other is caused by the parametric excitation.

7.4.3 Parametric amplification at parametric resonance

The effects of the phase difference on parametric amplification at parametric resonance is

investigated. Therefore, the NPE system response at Ω = 2ωn when the phase difference is

φ = π
2 and 0 rad is compared experimentally (see Figs. 7.7 and 7.8). The base displacement

amplitude for both cases when φ = π
2 and 0 rad is chosen to be 0.001m throughout the

tests (see Figs. 7.7c and 7.8c). The base excitation frequency is Ω
2 (see Figs. 7.7d and 7.8d).

In Figs. 7.7d and 7.8d other frequencies such as Ω and 3Ω
2 are appeared as result of the

nonlinearity in the system and its influence on shaker base acceleration. The shaker did

not operate accurately at low amplitude to remove the effect of nonlinearity.

The relative displacement, z(t), when the phase difference is φ = π
2 rad is higher than

the case with the phase difference 0 rad. This can be seen by comparing Figs. 7.7e and 7.8e.

Figs. 7.7f and 7.8f show the Power Spectrum Density (PSD) of the relative displacement

signals. The maximum peak of the relative displacement PSD happens at Ω
2 .

Increasing the relative velocity when the phase difference is φ = π
2 rad results in in-

creasing the current in the coils since the induced current is increased. Fig. 7.7a shows the

current in the coils when the phase difference is φ = π
2 rad and Fig. 7.8a shows the current

in coils when the phase difference is φ = 0 rad. The maximum peak of the current PSD

happens at Ω, which is the frequency of the input AC current in coils, Ic (see Figs. 7.7b

and 7.8b). Ω
2 in the current PSD appears as a result of the induced current ies.

The phase portrait and the Poincaré map show that the response is steady-state. The

phase portrait is found from the velocity versus displacement from the last 5sec of the

tests. During first few seconds, the response is influenced by the initial condition. The

Poincaré map is plotted based on the velocity and the displacement at each period T = 2π
Ω .

The first point on the Poincaré map is placed at the start of the steady-state solution and

then for each cycle, a point is placed on the Poincaré map. The phase portrait and the

Poincaré map also show the periodic response for both cases with different phase difference

(see Figs. 7.7g, 7.7h, 7.8g, and 7.8h).
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Fig. 7.7. Experimental results for Ω = 2ωn in Fig. 7.6a when φ = π
2 rad. (a) Current

measured across the coils in series connection. (b) Power spectrum density of the current.
(c) Measured displacement of the base excitation y(t). (d) Power spectrum density of the
base displacement signal. (e) Measured relative displacement z(t). (f) Power spectrum
density of the relative displacement signal. (g) Phase portrait plot. (h) Poincaré map.
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Fig. 7.8. Experimental results for Ω = 2ωn in Fig. 7.6b when φ = 0 rad. (a) Current
measured across the coils in series connection. (b) Power spectrum density of the current.
(c) Measured displacement of the base excitation y(t). (d) Power spectrum density of the
base displacement signal. (e) Measured relative displacement z(t). (f) Power spectrum
density of the relative displacement signal. (g) Phase portrait plot. (h) Poincaré map.
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Table 7.2: System parameters derived from non-zero AC current.

IDC IAC δ α (m−2) γ (m−2) ζ Ω(rad s−1) Y0 (m)

Fig. 7.9a 0.54 0.002 0.0027 1042.4 3.86 0.001 74.72 0.001
Fig. 7.9b 0.54 0.025 0.034 1042.4 48.25 0.001 74.72 0.001
Fig. 7.9c 0.54 0.05 0.068 1042.4 96.52 0.001 74.72 0.001
Fig. 7.9d 0.54 0.16 0.218 1042.4 308.86 0.001 74.72 0.001

7.4.4 The effects of increasing the parametric amplitude

To demonstrate that increasing parametric amplitude increases the response amplitude,

another experiment is conducted where the parametric amplitude varies under and above

the instability threshold. The phase difference is also varied in the same way as the

previous study. The system parameters are shown in Table 7.2.

Figure 7.9 shows the analytical stable and unstable branches versus phase φ. The para-

metric amplitude, δ, and cubic parametric nonlinearity, γ, are increased from Figs. 7.9a to

7.9d. Analytical results demonstrate that increasing the parametric amplitude at different

phase φ has increased the response amplitude of both the stable and the unstable branches,

and the stable and the unstable additional branches. In Fig. 7.9a when the parametric

amplitude is under the instability threshold (δ < δth2) at low response amplitude only

stable and unstable branches are appeared. The additional stable and unstable branch

only appears for the parametric amplitude above the instability threshold (δ > δth2). The

additional stable and unstable branches (green lines and green dashed lines) are appeared

in Figs. 7.9b, 7.9c and 7.9d.

The experimental points in Fig. 7.9 correspond to the amplitude of the steady-state

response. The experimental points are observed only on the stable branch because the

stable branch and the stable additional branch have a similar amplitude. The experi-

mental and analytical results in Fig. 7.9 show that the minimum and maximum response

amplitudes occurs when φ = 0 rad and φ = ±π
2 rad respectively. The phase relationship is

repeated every π rad.

7.4.5 The effects of increasing the base excitation amplitude with phase

difference

In this section, the effect of the amplitude of the base excitation on the response amplitude

is determined experimentally and analytically. The model used in the previous section is

considered here with different base excitation amplitudes. Displacement amplitudes Y0 =

0.00075, 0.001, 0.00125m are considered, and the resulting system parameters are shown

in Table 7.3. The parameters of the experiment are chosen to minimise the differences

between parametric amplitude, cubic nonlinearity, cubic parametric nonlinearity, damping

ratio, and linear natural frequency for each Y0.

The amplitude frequency relations are plotted analytically in Fig. 7.10 when the phase
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(a) Under the instability threshold (b) Above the instability threshold

(c) Above the instability threshold (d) Above the instability threshold

Fig. 7.9. Amplitude of the steady-state response versus phase φ for the NPE system
with four different parametric amplitudes δ and cubic parametric amplitudes γ. δ and γ

are increased from Figs. (a) to (d). (a) δ = 0.0027, (b) δ = 0.034, (c) δ = 0.068, and (d)
δ = 0.218. The system parameters are presented in Table 7.2. These systems are solved
analytically using the averaging method, and these solutions are denoted by lines. Black
lines represent solutions produced by the base and the parametric excitation, and the
green lines represent solutions affected only by parametric excitation. Solid lines denote
stable branches, and dashed lines denote unstable branches. Green lines denote additional
branches.
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Table 7.3: NPE system parameters at three displacement amplitudes

Y0 (m) δ α (m−2) γ (m−2) ζ ωn (rad s−1)

Fig. 7.11 0.00075 0.16 1047 228.5 0.001 37.63
Fig. 7.12 0.001 0.167 1031 238.12 0.001 36.8
Fig. 7.13 0.00125 0.19 1037 273.97 0.001 37.08

(a) φ = π

2
rad. (b) φ = 0 rad.

Fig. 7.10. Analytical amplitude frequency relation, a versus Ω
ωn

for the experiments in
Table 7.3. Increasing Y0 increases the amplitude of the stable branches.

difference φ = π
2 , 0 rad. The analytical response amplitudes are based on the experimental

system parameters in Table 7.3. The amplitude frequency relations show that an increase

in the base excitation amplitude Y0 increases the response amplitude. This effect is greatest

on stable branches, and is negligible on additional branches when the response amplitude

is low, since additional branches are affected only by the parametric amplitude. When the

response amplitude is large, the induced current increases, which consequently increases

the amplitude of the additional branch. The difference in the additional branches at low

response amplitudes arises from the different parametric amplitudes between experiments.

When the phase difference φ = 0, this effect is reduced on the higher stable branch,

but is increased on the lower stable branch compared to the φ = π
2 case. Furthermore,

the amplitude of the additional stable branch is decreased in the φ = 0 case because the

induced current is reduced.

Similar amplitude frequency plots are shown in Figs. 7.11, 7.12, and 7.13 for Y0 =

0.00075, 0.001, 0.00125m respectively. In Figs. 7.11g, 7.12g, and 7.13g the points indi-

cated by alphabetic letters are demonstrated experimentally to show the effect of phase

difference on response amplitude. For each point on the amplitude frequency curve the

phase difference between the base excitation and the parametric excitation is varied.

The experimental results are in agreement with the analytical results, apart from when

the amplitude is close to the maximum possible amplitude experimentally. This occurs
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because the response amplitude is unable to increase to the stable branch, which is beyond

the spacing of the coils. An example of this is in Fig. 7.11e, where the experimental data

shows that the response amplitude is close to the unstable branch because it cannot

increase beyond this physical limitation.

Observing the solution at both upper and lower stable branches at a specific parametric

frequency has been unsuccessful. For example, from Fig. 7.11e it can be seen that the

solution is on the upper stable branch when the phase φ is close to zero and the solution

on the lower stable branch is not achieved. Several experimental tests were carried out to

change the base excitation amplitude slowly to observe the lower stable branch and the

jump to the higher stable branch. However, the jump to the upper stable is happened

immediately. This jump happens since the coils are not perfectly identical and in order

to get results on lower branch identical forces have to be applied to the cantilever beam

otherwise the differences act as small excitation and the jump will occur. This can be

exploited for designing energy harvesters and filters when the jump from higher branch to

the lower branch is not ideal. In this case it is hard to predict when the jump occurs during

experiment in order to calculate the frequency bandwidth extended from this configuration.

The experimental results also demonstrate that the amplitude of the response is min-

imised on the upper stable branch when φ = 0, and is maximised when φ = π
2 . This is

exemplified by Figs. 7.11a. The opposite is true for the lower stable branch, as shown in

Fig. 7.11f. This agrees with the analysis presented in Chapter 4.
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(a) (b)

(c) (d)

(e) (f)

(g) φ = π

2
rad. (h) φ = 0 rad.

Fig. 7.11. Analytical (averaging method) and experimental results for base displacement
amplitude Y0 = 0.00075m. Labels (a)-(f) denote different normalised parametric frequen-
cies Ω

ωn
. An experiment, as described in Section 7.4.2, is conducted at each frequency

denoted by a label. The values of these experiments at φ = π
2 and φ = 0 are mapped onto

the amplitude frequency relation plots (g) and (h) respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) φ = π

2
rad. (h) φ = 0 rad.

Fig. 7.12. Analytical (averaging method) and experimental results for base displacement
amplitude Y0 = 0.001m. Labels (a)-(f) denote different normalised parametric frequencies
Ω
ωn

. An experiment, as described in Section 7.4.2, is conducted at each frequency denoted
by a label. The values of these experiments at φ = π

2 and φ = 0 are mapped onto the
amplitude frequency relation plots (g) and (h) respectively.
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(a) (b)

(c) (d)

(e) (f)

(g) φ = π

2
rad. (h) φ = 0 rad.

Fig. 7.13. Analytical (averaging method) and experimental results for base displacement
amplitude Y0 = 0.00125m. Labels (a)-(f) denote different normalised parametric frequen-
cies Ω

ωn
. An experiment, as described in Section 7.4.2, is conducted at each frequency

denoted by a label. The values of these experiments at φ = π
2 and φ = 0 are mapped onto

the amplitude frequency relation plots (g) and (h) respectively.
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7.5 Concluding Remarks

In this chapter experiments were carried out to augment the analytical model presented

in Chapter 4. The experimental model was in agreement with the analytical model in

all cases with different parametric amplitudes and relative phases, except for when the

response amplitude is great enough that the magnet on the cantilever beam approaches

or impacts the coil. This experimental model has also been used to confirm expected

behaviour changes predicted by the analytical model. These are summarised as follows:

• An increase in hardening nonlinearity causes the frequency of the peak response

amplitude to increase. This was investigated independently of parametric amplitude

and parametric nonlinearity by disabling the alternating component of the current

in the electromagnetic system.

• An increase in the parametric amplitude increases the amplitude of the response,

which is significant when the phase difference between the current and the base

excitation is φ = π
2 rad for the upper stable branch. For the lower stable branch,

this increase is significant when φ = 0 rad.

• An increase in the amplitude of the base excitation increases the response amplitude.

This increase is lessened on additional branches.

• The system explored in this study can be used to design an energy harvester when

increasing the frequency bandwidth and the response amplitude is essential.
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Chapter 8

Conclusions and future work

To conclude, a model of a simplified nonlinear parametrically excited system was presented

and then was augmented with base excitation effects. An experimental approach was

conducted to explore and validate both of these models. Time-varying stiffness and cubic

and cubic parametric nonlinearities were applied using an electromagnetic system on a

clamped-free cantilever beam. The electromagnetic forces were calculated analytically,

and comprehensive independent studies of behaviour with different system parameters

were conducted. The model of the electromagnetic system and the cantilever beam was

introduced in Chapters 3 and 4 as a Single Degree of Freedom (SDOF) system. This model

was improved in response to the experimental set-up in Chapters 6 and 7 by considering

the effect of electrical damping and induced current in the equation of motion. The

experimental results showed good agreement with the analytical results.

8.1 Research findings

This study aimed to answer these research questions:

• In SDOF linear and nonlinear parametrically excited systems, which pa-

rameters can cause parametric amplification? In contrast, how the re-

sponse can be attenuated?

In Chapter 3 examples of linear and nonlinear parametrically excited systems were

presented. It was demonstrated that upon overcoming an instability threshold, the

response of a PE system can be amplified in the vicinity of parametric resonance.

The instability threshold varies with the damping in the system, hence overcom-

ing this threshold has been a challenge in previous studies. To fill this void in the

open literature, the effect of different parameters on the instability threshold was

illustrated. Specifically, a positive cubic parametric nonlinearity increased the re-

sponse, and a negative cubic parametric nonlinearity attenuated the response. The

positive cubic parametric nonlinearity was observed in the electromagnetic system,
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and its contribution was illustrated in Chapters 6 and 7. Although the parametric

amplitude and cubic parametric amplitude are both dependent on the AC current,

they can be optimised for different electromagnetic system configurations. Due to

the presence of positive cubic parametric amplitude in the electromagnetic system,

the instability threshold could be minimised for designing electromagnetic actuators

and filters.

• Can experimental tests validate the theory of SDOF nonlinear paramet-

rically excited systems? Which design criteria should be considered for

the best predictions?

In Chapter 6 the free response of the Nonlinear Parametrically Excited (NPE) system

was presented both analytically and experimentally. The response amplitude was

investigated under varying system parameters, and good agreement between the

analytical and experimental results was demonstrated. In Chapter 5, a SDOF model

was shown to represent the cantilever beam with an electromagnetic system, since

the first and the second modes were well separated. The parametric stiffness and

stiffness nonlinearity applied from the electromagnetic system was found analytically

from the electromagnetic forces, hence the effects of current flow through the coils

on parametric stiffness, stiffness nonlinearities, resonance frequencies and damping

were investigated. Furthermore when a large velocity of the cantilever beam was

observed, both electrical damping and induced current contribute significantly to

the response amplitude, hence their inclusion in the model.

• What assumptions in the theory are not valid in the experiments for the

stability and responses of the NPE system?

The method of averaging is an approximation method that was used to solve the

NPE system (see Chapters 3 and 4). This method is limited to approximate systems

with small damping, parametric amplitude, cubic nonlinearity and cubic parametric

nonlinearity parameters. For the experimental parameters chosen in this thesis, the

method of averaging converges. Consequently, for small scale applications such as

amplifiers, filters, and vibration energy harvesters, the system parameters are not

assumed to be large and the methods presented in this thesis fit very well for these

applications. The first order averaging method was implemented in order to find the

stability and the response of the system around the parametric resonance Ω. The

first order averaging method was limited to the transition curve at Ω = 2ωn, and

in order to find the transition curves at lower parametric resonance, higher order ε

terms in the averaging method must be considered.
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• In SDOF linear and nonlinear parametrically excited systems subject to

harmonic base excitation, which parameters can cause parametric ampli-

fication or suppression?

In Chapters 4 and 7 linear and nonlinear parametrically excited systems subject

to harmonic base excitation were considered. The effect of parametric amplitude

and stiffness nonlinearity close to parametric resonance was examined analytically

and experimentally. Both experimental and analytical results both showed that an

increase in parametric amplitude and cubic parametric amplitude amplifies the re-

sponse. Similar to the free response case for the NPE systems, the cubic stiffness

nonlinearity can increase the frequency bandwidth, but reduces the response ampli-

tude at parametric resonance. Furthermore, the effect of phase difference between

the base excitation and parametric excitation was considered. For this contribution

the increase of the response amplitude is significant when the phase difference be-

tween the current and the base excitation is φ = π
2 rad for the upper stable branch.

For the lower stable branch, this increase is significant when φ = 0rad. The response

can be attenuated when the phase difference between the current and the base exci-

tation is φ = 0rad for the upper stable branch and φ = π
2 rad for the lower branch.

This difference between the lower and upper stable branch can be exploited to avoid

jumps from the higher branch to the lower branch, or to manipulate the system to

have jumps from the lower branch to the upper branch. As well as the upper and

lower stable branches, there are additional branches. For the first time in the litera-

ture, the dependency of these branches on the phase difference and base excitation

amplitude was shown in this work. The additional branches change with the induced

current, which changes when the base excitation amplitude and the phase difference

is varied.

• What are the benefits and limitations of a cantilever beam with an elec-

tromagnetic system in comparison with a vertically excited cantilever

beam? Also, which nonlinearities are observed from an electromagnetic

system and how can they be included in SDOF model of the PE system?

The cantilever beam with an electromagnetic system was introduced in Chapter 5,

which concluded that the electromagnetic system is a useful tool to apply time-

periodic and nonlinear stiffness. The advantages of using an electromagnetic system

compared to a vertically excited cantilever beam are:

– the non-contact electromagnetic excitation force;

– the direct and parametric excitation can be applied independently;
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– the frequency and amplitude of the excitation force can be accurately controlled

by a DC/AC power source;

– the cubic and cubic parametric stiffness nonlinearities can also be controlled

independently of the response amplitude; and

– the hardening nonlinearity can be controlled with an electronic circuit.

The electromagnetic system is configured to generate a small electrical damping by

connecting the coils in series opposing connection. Hence, reducing the distance

between the coils does not increase the electrical damping considerably. This con-

figuration demonstrates the effect of cubic nonlinearity from the electromagnetic

system without the dominant effect of electrical damping. In contrast, when coils

are connected in the parallel opposing configuration, the circulating current causes

the electrical damping to increase, which dominates other dynamics of the cantilever

beam. Hence, the system response is highly affected by the electrical damping as well

as cubic nonlinearity. When the magnets are very close to the coils, the model of the

electrical damping fails. The electromagnetic system can be configured for different

applications by varying the properties of the system to obtain desired characteristics.

This thesis presents how the time-periodic stiffness, cubic stiffness nonlinearity, and

other characteristics can be calculated from the geometry of the system and the type

of current passed through the coils.

• What are the benefits of using an electromagnetic system for parametric

excitation in designing filters, amplifiers and vibration energy harvesters?

The NPE system presented in this thesis can be used for vibration amplification or

suppression. Chapters 4 and 7 demonstrated that controlling the phase difference

between the parametric excitation and the base excitation for a base excited NPE

system can increase or decrease the response amplitude. Furthermore, through ex-

perimental and analytical analyses, this work determined that stable branches can

be controlled in this way. This is particularly relevant for designing filters and vi-

bration energy harvesters where the jump from the higher amplitude branch to a

lower amplitude branch is not ideal.

8.2 Research impact

Cable-stayed bridges, free hanging marine flexible risers, ships, planetary gear systems

and other engineering structures are often subject to parametric excitation. Due to the

high amplitude of responses as a result of parametric amplification, parametric excitation

can be disastrous if not accounted for. Understanding the instability of the parametrically

excited systems can help to design vibration absorbers. However, the parametric excitation
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can be exploited for different applications in different disciplines, from fruit pickers [160]

to electronic filter or vibration energy harvester design [12, 63, 115].

The results shown in Chapters 3 and 4 are general, and can be applied to any system

which can be modeled as described in Section 6 or Section 7.3. For example, several

Micromechanical Systems (MEMS) are modelled in the literature as a SDOF system with

parametric amplification [63, 115]. This research could influence further understanding

and applications in MEMS, which would benefit from the parametric study carried out in

this thesis.

The NPE system introduced in this thesis can be used to design macro/micro scale

vibration energy harvesters. With the set-up introduced in this thesis the efficiency of the

harvester is poor when the energy required to generate current for the coils is considered.

In applications where the current is already generated, such as in electromagnetic rotors,

the efficiency is respectable. This should be considered if the system described in this

work is to be used for energy harvesting.

8.3 Study limitations

The study has proposed methodologies for the design of a NPE system. As a consequence

of these methodologies and experimental study, this investigation has the following limi-

tations:

• The parametric amplification and attenuation is only considered in the vicinity of

the parametric resonance at twice the natural frequency. In order to study the sta-

bility of the linear and nonlinear parametrically excited systems at higher parametric

frequency, a higher order averaging method should be considered.

• In order to show the effect of phase difference on measured response amplitude of the

NPE system subject to harmonic base excitation, the amplitude frequency plots were

presented (see 7.4.5). In general, the amplitude frequency plots show the response

amplitude at each frequency with the influence of the amplitude and velocity of

the previous motion. However, in this study the effect of sweep up and down in

frequencies was not included. This is due to the difficulty with fixing the phase

difference between the base excitation and the parametric excitation at different

frequencies during the sweep tests.

• Several assumptions were made to model the electromagnetic forces from the electro-

magnetic system. For example, the effect of nonlinear electrical damping is neglected

for small vibration of the cantilever beam with DC current flow in the coils. However,

if the cantilever beam with the electromagnetic system is subjected to a harmonic

base excitation (similar to the examples presented in Section 7.4) the nonlinear elec-
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trical damping is not negligible. Hence, further study is needed to investigate the

nonlinear damping for large vibrations when magnets are close to the coils.

• This study does not consider the dynamics of the cantilever beam in cases when the

magnets strike the coils. An extension of this study is to consider the effect of this

impact, and how it can be exploited when the excitation has a high frequency.

8.4 Recommendations for future work

The ultimate goal of this research study is to evaluate the dynamics of the nonlinear

parametrically excited systems. To achieve this goal, future work is needed to fill the gap

presented by the limitations of this study. Investigation of the following areas as future

research strategies can achieve this goal:

• Throughout this thesis several suggestions have been presented in order to increase

the efficiency of the electrical filters, amplifiers and vibration energy harvesters. The

suggestions made in this thesis can be extended to design nonlinear parametrically

excited filters and amplifiers.

• The NPE system subject to a harmonic base excitation was illustrated in Chapter 4.

The parametric frequency was tuned at twice the base excitation frequency when the

base excitation frequency was varied in vicinity of the linear natural frequency. With

the experimental set-up introduced in Chapter 7 it is possible to tune the parametric

frequency and the base excitation frequency independently. It would be beneficial

to investigate the change in parametric frequency and the base excitation frequency

and their effect on response amplitude. For example, for designing a vibration energy

harvester with the proposed NPE system the base excitation can be assumed to be

the motion from the environment with a wide range of frequencies. Hence, as part

of the future work relevant to design of the energy harvester the study on excitation

frequencies can be recommended.

• In Chapter 6 the parametric frequency was tuned at twice the first natural frequency.

Hence the response amplitude of the NPE system was only demonstrated at low

frequencies (less than 10Hz). With the experimental set-up introduced in Chapter 5

it is possible to generate parametric amplitude at very high frequency: far beyond the

highest underdamped natural frequency of the system. The effect of high-frequency

excitation in NPE systems has been studied in the literature [161, 162]. Some of their

effects, such as the change in the system stiffening [163], natural frequency, stability,

and equilibrium [164, 165] can be illustrated experimentally with the set-up designed

in this thesis.
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Appendix A

The method of averaging to study

a linear parametrically excited

system

The Linear Parametrically Excited (LPE) system introduced in Section 3.2.1 is explained

in detail here. From Section 3.2.1 substituting Eq. (3.4) into Eq. (3.3) leads to

z′′ +
2εζωn (1 + ε∆)

Ω0
z′ +

ω2
n (1 + 2ε∆)

Ω2
0

(1 + εδ cos (τ)) z(τ) +O(ε2) = 0. (A.1)

using the Taylor expansion (1− ε∆)−1 = 1 + ε∆ + O
(

ε2
)

and (1− ε∆)−2 = 1 + 2ε∆ +

O
(

ε2
)

, and ignoring high order terms, Eq. (A.1) can be simplified to

z′′ +
2εζωn (1 + ε∆)

Ω0
z′ +

ω2
n

Ω2
0

(1 + 2ε∆+ εδ cos (τ)) z(τ) +O(ε2) = 0. (A.2)

Changing the frequency ratio to ωn

Ω0
= κ results in,

z′′ + κ2z (τ) = −2κεζ (1 + ε∆) z′ − κ2 (2ε∆+ εδ cos (τ)) z(τ) +O(ε2). (A.3)

The complementary solution of Eq. (A.3) is a linear combination of sin (τ) and cos (τ),

which can be written as

z(τ) = a cos (Φ (τ)) , (A.4)

where Φ (τ) = κτ + ϕ, and

z(τ)′ = −aκ sin (Φ (τ)) , (A.5)
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The amplitude a, and the phase ϕ are constant and are determined from the initial values.

To study the behaviour of the system for these solutions, the constant parameters vary as

a function of τ . Hence Eqs. (A.4) and (A.5) become,

z (τ) = a (τ) cos (Φ (τ)) , (A.6)

where Φ (τ) = κτ + ϕ (τ) and,

z (τ)′ = −a (τ)κ sin (Φ (τ)) . (A.7)

Differentiating equation Eq. (A.6) yields

z (τ)′ = a′ (τ) cos (Φ (τ))− a (τ) (κ+ ϕ′ (τ)) sin (Φ (τ)) . (A.8)

Comparing with Eq. (A.7) yields the relation between a′ (τ) and ϕ′ (τ)

a′ (τ) =
a (τ) sin (Φ (τ))

cos (Φ (τ))
ϕ′ (τ) . (A.9)

Substituting Eq. (A.6) and derivative of Eq. (A.7) into Eq. (A.3) yields,

a′ (τ) sin (ϕ (τ)) + a (τ)ϕ′ (τ) cos (Φ (τ)) = −2a (τ)κεζ sin (Φ (τ))

+ 2κa (τ) ε∆cos (Φ (τ)) + a (τ)κεδ cos (τ) cos (Φ (τ)) +O(ε2). (A.10)

Substituting Eq. (A.9) into Eq. (A.10), the new equation can be solved for a′(τ) and

ϕ′(τ) where a and ϕ are considered to be constant.

a′ (τ) =
−1

4
aκεδ sin ((2κ− 1) τ + 2ϕ)− aκεζ +O(ε2), (A.11)

ϕ′ (τ) =
−1

4
κεδ cos ((2κ− 1) τ + 2ϕ) + κε∆+O(ε2). (A.12)

The averaging of a′ (τ) and ϕ′ (τ) can be found by integrating Eqs. (A.11) and (A.12)

over one period T = 2π
Ω .

a′ (τ) =
Ω

2π

∫ 2π
Ω

0
a′ (τ) dτ, (A.13)

ϕ′ (τ) =
Ω

2π

∫ 2π
Ω

0
ϕ′ (τ) dτ. (A.14)

The solution of the Eq. (3.3) can be found at different values of κ. Two conditions are

considered here, when κ 6= 1
2 (Ω0 6= 2ωn) and when κ = 1

2 (Ω0 = 2ωn).
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A.1 First condition: κ 6= 1
2 (Ω0 6= 2ωn), decaying solutions

For the first condition when κ 6= 1
2 , the averaged a′ (τ) and ϕ′ (τ) in Eqs. (A.11) and (A.12)

are

a′ (τ) = −aκεζ +O(ε2), (A.15)

and

ϕ′ (τ) = κε∆+O(ε2). (A.16)

Integrating both a′ (τ) and ϕ′ (τ) respect to τ

a (τ) = ae−κεζτ +O(ε2), (A.17)

and

ϕ (τ) = κε∆τ +O(ε2). (A.18)

hence the decaying solution is in the form of

z (τ) = a (τ) cos (Φ (τ)) ∼= ae−κεζτ cos ((κ+ ε∆κ)τ + ϕ0) , (A.19)

where εδ ≪ 1

κ =
ωn

Ω0
=

ωn(1− ε∆)

Ω
, (A.20)

multiplying both sides by 1 + ε∆

κ(1 + ε∆) =
ωn(1− ε∆)

Ω
(1 + ε∆), (A.21)

results in

κ(1 + ε∆) =
ωn(1− ε2∆2)

Ω
, (A.22)

when εδ ≪ 1

κ(1 + ε∆) ≈
ωn

Ω
. (A.23)

Hence, substituting κ(1 + ε∆) ≈ ωn

Ω into Eq. (A.19) yields

z (τ) = a (τ) cos (Φ (τ)) ∼= ae−κεζτ cos
(ωn

Ω
τ + ϕ0

)

, (A.24)

and in the time domain, where (τ = Ωt)
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z (t) ∼= ae−εζωnt cos (ωnt+ ϕ) . (A.25)

where a and ϕ are the amplitude of the solution and they are obtained from the initial

conditions.

A.2 Second condition: κ = 1
2 (Ω0 = 2ωn), bounded and un-

bounded solutions

For the second condition when κ = 1
2 , a

′ (τ) and ϕ′ (τ) can be found

a′ (τ) = −aκεζ +O(ε2), (A.26)

and

ϕ′ (τ) = κε∆−
1

4
κεδ +O(ε2). (A.27)

Here the polar coordinate (a, ϕ) form is converted into the rectangular form (x, y). It is

assumed that

x = a cos (ϕ) , (A.28)

y = a sin (ϕ) , (A.29)

taking derivatives with respect to τ

x′ = a′ cos (ϕ)− aϕ′ sin (ϕ) , (A.30)

y′ = a′ sin (ϕ) + aϕ′ cos (ϕ) . (A.31)

Substituting Eqs. (A.26) and (A.27) into Eqs. (A.30) and (A.31) leads to a set of equa-

tions, which can be written in the matrix form as

{

x′

y′

}

=

[

−κεζ −κε∆− 1
4κεδ

+κε∆− 1
4κεδ −κεζ

]{

x

y

}

(A.32)

The solution is found from the eigenvalues as

λ1,2 = −κεζ ±
1

4
κε
(

−16∆2 + δ2
)1/2 +O(ε2). (A.33)

A.2.1 Bounded steady-state solutions

If the eigenvalues are complex (∆2 > δ2

16) then the bounded steady-state solutions exist

160



z (t) ∼= c1 cos

(

1

2

√

ε2
(

∆2 −
1

16
δ2
)

ωnt

)

− c2 sin

(

1

2

√

ε2
(

∆2 −
1

16
δ2
)

ωnt

)

, (A.34)

c1 and c2 are obtained from the initial conditions.

A.2.2 Unbounded solutions

If the eigenvalues are real (∆2 < δ2

16) then the unbounded solutions exist

z (t) ∼= e−εζωnt
(

c3e
2λ1ωnt + c4e

2λ2ωnt
)

, (A.35)

c3 and c4 are obtained from the initial conditions.

A.3 Instability criteria

The first instability region is obtained from Eq. (A.33) when the eigenvalues are real and

positive, and

| ∆ |<

√

−ζ2 +
δ2

16
(A.36)

should be satisfied. Substituting ε∆ = 1− Ω
Ω0

, Eq. (A.36) yields

2− 2ε

√

−ζ2 +
δ2

16
<

Ω

ωn
< 2 + 2ε

√

−ζ2 +
δ2

16
. (A.37)

Rewriting Eq. (A.37) for εδ

εδ =
2

ωn

√

Ω2 − 4Ωωn + 4ε2ζ2ωn + 4ω2
n. (A.38)

161



162



Appendix B

The method of averaging to study

a nonlinear parametrically excited

system

The method of averaging is considered to study the Nonlinear Parametrically Excited

(NPE) system introduced in Section 3.4. Eq. (3.27) is normalized by the time scaling

τ = Ωt and is differentiated with respect to τ . The prime (.)′ represents a quantity

differentiated with respect to τ . Normalization in this way results in

z′′ +
2εζωn

Ω
z′ +

ω2
n

Ω2
(1 + εδ cos (τ)) z +

ω2
n

Ω2
(εα+ εγ cos (τ))z3 = 0. (B.1)

The complementary solution of this final simplified nonlinear equation is a linear com-

bination of cos (Φ (τ)) and sin (Φ (τ)),

z (τ) = a (τ) cos (Φ (τ)) , (B.2)

Substituting Eq. (B.2) and its derivative with respect to τ (Eq. (A.8)) into Eq. (B.1)

results in an equation which can be solved for a′ (τ) and ϕ′ (τ). a′ (τ) and ϕ′ (τ) are the

averaged over assuming a (τ) and ϕ (τ) change slowly. a′ (τ) and ϕ′ (τ) are the averaged

over one period T = 2π
Ω . The resulting averaged equation can be integrated with respect

to τ to find a (τ) and ϕ (τ) for a given κ and reference frequency Ω0. The steady-state

behaviour of the system can be recovered from the set of a′ (τ) and ϕ′ (τ) by setting

(a′, ϕ′) = (0, 0) and solving for steady-state values of a and ϕ. This approach is similar to

the method of averaging used for the linear parametrically excited model.

B.1 First condition: κ 6= 1
2 and Ω0 6= 2ωn, damped response

Solving Eq. (B.1) with the method of averaging when κ 6= 1
2 (Ω0 6= 2ωn), results in a′(τ)

and ϕ′(τ) as follows:
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a′(τ) = −ε
ζωn

Ω
a+O(ε2), (B.3)

ϕ′(τ) = κε∆+
3εαω2

n

8κΩ2
a2 +O(ε2), (B.4)

Hence, the solution based on the first approximation in Eq. (B.2) is

z (τ) = a cos (Φ) ∼= ae−ε ζωn
Ω , (B.5)

a and Φ are constant. In the time domain, where κτ = ωnt Eq. (B.5) gives

z (t) = ae−εζωnt, (B.6)

which is a decaying solution [3]. This is the solution of the system when the system is not

excited at twice the natural frequency hence, there is no parametric amplification and the

response decays.

B.2 Second condition: κ = 1
2 and Ω0 = 2ωn, steady-state

response

Solving Eq. (B.1) with the method of averaging when κ = 1
2 (Ω0 = 2ωn), results in

a′(τ) = a

(

εa2 γ

16
sin (2ϕ)−

εζωn

Ω
+

εδ

8
sin (2ϕ)

)

+O(ε2), (B.7)

ϕ′(τ) =
1

2
ε∆+

εa2 γ

16
cos (2ϕ) +

3εa2 α

16
+

ε δ

8
cos (2ϕ) +O(ε2), (B.8)

where ε∆ = 1− Ω
2ωn

. The steady-state solutions, a and ϕ, are given by a′(τ) = ϕ′(τ) = 0.

If a = 0 in Eq. (B.7) is zero, then a′(τ) = 0 and this means z(τ) = 0.

The trivial solutions of Eq. (B.1) are introduced when a = 0. Hence, Eq. (B.1) can be

considered without the effect of nonlinear terms. For the non-trivial solutions of Eq. (B.1)

when a 6= 0, Eq. (B.7) becomes

εa2 γ

16
sin (2ϕ)−

εζωn

Ω
+

εδ

8
sin (2ϕ) +O(ε2) = 0, (B.9)

and sin(2ϕ) and cos(2ϕ) are

sin(2ϕ) =
8ζωn

Ω(12a
2γ + δ)

. (B.10)

cos(2ϕ) = ±



1−

(

8ζωn

Ω(12a
2γ + δ)

)2




1
2

. (B.11)
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When ϕ′(τ) = 0, from Eq. (B.8)

1

2
ε∆+

εa2 γ

16
cos (2ϕ) +

3εa2 α

16
+

ε δ

8
cos (2ϕ) = 0. (B.12)

Substituting Eq. (B.11) into Eq. (B.12) yields the following relation for ε∆

ε∆ = ±



1−

(

8ζωn

Ω(12a
2γ + δ)

)2




1
2
(

εa2γ

4
+

εδ

4

)

−

(

3εαa2

8

)

, (B.13)

where ε∆ = 1− Ω
2ωn

. This equation can be solved for a to be used for amplitude-frequency

relation. If we solve this equation for a, two values of amplitudes will be found. Hence,

this nonlinear parametrically excited system has two non-trivial solutions with different

amplitudes.

Eq. (B.13) is solved for a, and two amplitudes can be found as a1 and a2. These

amplitudes change with the parametric frequency. The amplitude-frequency relations

from Eq. (B.13) are

a1 =

√

√

√

√

−4ε2 γ δ − 12ε α
(

Ω
ωn

)

+ 24ε α + 2
(

ωn

Ω

)

(j1 + j2)

4ε2 γ2 − 9ε2 α2
, (B.14)

a2 =

√

√

√

√

−4ε2 γ δ − 12ε α
(

Ω
ωn

)

+ 24ε α − 2
(

ωn

Ω

)

(j1 + j2)

4ε2 γ2 − 9ε2 α2
, (B.15)

and where j1 and j2 are

j1 =

√

9ε4
(ωn

Ω

)2
α2δ2 + 24ε3 γ

(ωn

Ω

)3
α δ + 16ε2 γ2

(ωn

Ω

)4
, (B.16)

j2 =

√

256ε4 γ2ζ2 − 48ε3 γ
(ωn

Ω

)2
α δ − 576ε4 α2ζ2 − 64ε2 γ2

(ωn

Ω

)3
+ 64ε2 γ2

(ωn

Ω

)2
.

(B.17)

a1 is the stable solution and a2 is the unstable solution. The phase of the solutions ϕ can

be found from Eq. (B.10)

ϕ =
1

2
arcsin

(

8ζωn

Ω(12a
2γ + δ)

)

. (B.18)

B.3 Stability of the steady-state solutions of a nonlinear

parametrically excited system

The solution of linear parametrically excited system is stable if it decays in time and is

unstable otherwise [122, 123]. However, for a nonlinear system, such as the nonlinear
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parametrically excited system the stable and unstable solutions are defined differently

from the linear system. To study the stability of the steady-state solution of a nonlinear

system, for example Eq. (B.1) when α 6= 0 and γ 6= 0, we must consider the small

variation which can be added to the amplitude and the phase and then analyse the state

of the solutions [3]. Hence, let averaged a to be a + u and averaged ϕ to be ϕ + v, and

substituting them into Eq. (B.7) and Eq. (B.8) results in a set of equations, which can be

linearised by ignoring higher terms of u, v and uv. After linearising the set of equations

are

{

u′

v′

}

=

[

0 ε( δ4a+ γ
4a

3) cos(2ϕ)
3εαa
8 −ε( δ4 + γ

4a
2) sin(2ϕ)

]{

u

v

}

(B.19)

and the corresponding eigenvalues can be written as

λ1, λ2 = −
ε

2

(

δ

4
+

γ

4
a2
)

sin(2ϕ)

±
1

2

√

(

ε

(

δ

4
+

γ

4
a2
)

sin(2ϕ)

)2

+

(

3ε2α

2

(

δ

2
a2 +

γ

4
a4
))

cos(2ϕ). (B.20)

and replacing sin(2ϕ) by 8ζωn

Ω( 1
2
a2γ+δ)

from Eq. (B.10) in Eq. (B.20), results in:

λ1, λ2 = −
ε

2

(

δ

4
+

γ

4
a2
)

(

8ζωn

Ω(12a
2γ + δ)

)

±
1

2

√

√

√

√

(

ε

(

δ

4
+

γ

4
a2
)

(

8ζωn

Ω(12a
2γ + δ)

))2

+

(

3ε2α

2

(

δ

2
a2 +

γ

4
a4
))

cos(2ϕ). (B.21)

The steady-state phase is derived from Eq. (B.10) and Eq. (B.11), and the solutions are

z (τ) = a cos (κτ + ϕ) when κ = 1
2 . The stability of the parametrically excited system with

nonlinear parameter Eq. (3.26) can be found by using the eigenvalues shown in Eq. (B.21).
(

ε
(

δ
4 + γ

4a
2
)

(

8ζωn

Ω( 1
2
a2γ+δ)

))2
in Eq. (B.21) is positive and negligible when ζ is small. Due

to this, the following statements hold when ζ 6= 0:

• If cos(2ϕ) > 0, then the eigenvalues can be positive real and negative real, hence an

unstable solution exists.

• If cos(2ϕ) < 0, then eigenvalues are imaginary and have negative real parts, hence a

stable solution exists.

• If cos(2ϕ) = 0, one of the eigenvalues is negative and real and the other one is

zero. The steady-state solution represented by the point with vertical tangent, which

bounds the upper and lower curve, is stable [6].
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In order to find the bifurcation point for highly damped NPE system cos(2ϕ) = 0 is

considered. Substituting cos(2ϕ) = 0 in Eq. (B.11) and solving for Ω
ωn

yields

Ω

ωn
=

8ζ
1
2a

2γ + δ
. (B.22)

This is the frequency at which the bifurcation can happen. For the parametrically excited

system the damping ratio has to be large (ζ ≫ δ
4), otherwise the stable and unstable

solution do not meet at the bifurcation point.

The amplitude-frequency relation can present the behaviour of the nonlinear system based

on the amplitude of the steady-state response and the parametric frequency. These am-

plitudes Eq. (B.14) and Eq. (B.15) are the function of nonlinear terms, such as cubic

stiffness α and cubic parametric stiffness nonlinearity γ. Based on the stability of the

non-trivial solutions, the solutions are

• z1 (t) = a1 cos
(

Ω
2 t+ ϕ

)

when ϕ > 0 or ϕ = 0, which is stable.

• z2 (t) = a2 cos
(

Ω
2 t+ ϕ

)

when ϕ < 0, which is unstable.

B.4 Undamped case, ζ = 0

When the damping ratio is zero, Eq. (B.10) and Eq. (B.11), becomes sin(2ϕ) = 0 and

cos(2ϕ) = ±1, hence the phase is ϕ = π
2 and 0. In this case the non-trivial solutions of

the systems based on the approximate solutions (z (τ) = a cos (κτ + ϕ)) for κ = 1
2 are

z (τ) = −a sin
(τ

2

)

, and z (τ) = a cos
(τ

2

)

, (B.23)

and in the time domain t, where κτ = ωnt, the solutions are

z (t) = −a sin

(

Ω

2
t

)

, and z (t) = a cos

(

Ω

2
t

)

. (B.24)

These are two solutions of the undamped parametric system with nonlinear parameters,

where one is stable and the other is unstable. To find the stability of each solution,

eigenvalues of the linearised system are considered.

The eigenvalues (from Eq. (B.21)) when ζ = 0 and sin(2ϕ) = 0 can be calculated

λ1,2 = ±
1

2

√

ε2
(

δ

4
+

γ

4
a2
)2

+

(

3ε2α

2

(

δ

2
a2 +

γ

4
a4
))

cos(2ϕ). (B.25)

In Eq. (B.25), cos(2ϕ) can be calculated from Eq. (B.11). cos(2ϕ) = ±1 is calculated

from Eq. (B.11). When cos(2ϕ) = 1 this makes the eigenvalues to have a real and positive

solution which shows the solution is unstable when ϕ = 0. When cos(2ϕ) = −1 then the

eigenvalues become imaginary and this shows a stable periodic solution. In summary:
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• When ϕ = π
2 , cos(2ϕ) = −1, λ1 = −λ2 and complex, hence the stable solution is

z (t) = −a sin
(

Ω
2 t
)

.

• When ϕ = 0, cos(2ϕ) = 1, λ1 < 0 and λ2 > 0 and real, hence the unstable solution

is z (t) = a cos
(

Ω
2 t
)

.

B.4.1 Case 1, ζ = 0, α 6= 0 and γ = 0

The amplitude of the response can be found by solving Eq. (B.13) for a, considering ζ = 0,

α 6= 0 and γ = 0 two solutions are obtained

a1 =
1

3εα

√

12εα

(

Ω

ωn

)

− 24εα+ 6ε2δα, (B.26)

and

a2 =
1

3εα

√

12εα

(

Ω

ωn

)

− 24εα− 6ε2δα. (B.27)

Considering the former condition for stability of the non-trivial solutions, the stable and

unstable solutions are

• When ϕ = π
2 , the stable solution is z1 (t) = −a1 sin

(

Ω
2 t
)

.

• When ϕ = 0, the unstable solution is z2 (t) = a2 cos
(

Ω
2 t
)

.

B.4.2 Case 2, ζ = 0, α 6= 0 and γ 6= 0

The amplitude of the response can be found by solving Eq. (B.13) for a, considering ζ = 0,

α 6= 0 and γ 6= 0 two solutions are obtained

a1 =

√

√

√

√

−
4ε2δγ + 12εα

(

Ω
ωn

)

− 24εα+
(

6ε2δα+ 8εγ
(

Ω
ωn

)

− 16εγ)
)

4ε2γ2 − 9ε2α2
, (B.28)

and

a2 =

√

√

√

√

−
4ε2δγ + 12εα

(

Ω
ωn

)

− 24εα−
(

6ε2δα+ 8εγ
(

Ω
ωn

)

− 16εγ)
)

4ε2γ2 − 9ε2α2
. (B.29)

Similar to the previous case, based on the stability of the non-trivial solutions, the stable

and unstable solutions are

• When ϕ = π
2 , the stable solution is z1 (t) = −a1 sin

(

Ω
2 t
)

.

• When ϕ = 0, the unstable solution is z2 (t) = a2 cos
(

Ω
2 t
)

.
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B.5 Damped case, ζ 6= 0

When the damping is included, from Eq. (B.10) and Eq. (B.11) the phase can be calcu-

lated and the solutions would be z (τ) = a cos (κτ + ϕ) for the case (κ = 1
2). In the case

that two amplitudes (a1 and a2) are found for the response, that means the system has

two solutions z (τ)1 = a1 cos (κτ + ϕ) and z (τ)2 = a2 cos (κτ + ϕ). One of the solutions

can be stable and the other one is the unstable solution.

B.5.1 Stability of non-trivial solutions, damped case ζ 6= 0 and α 6= 0 and

γ = 0

The eigenvalues (Eq. (B.21)) when ζ 6= 0 and γ = 0, are

λ1,2 =
1

8
δ sin(2ϕ)±

1

2

√

ε2δ2

16
sin2(2ϕ) +

3

4
ε2αδa cos(2ϕ). (B.30)

Substituting the Eq. (B.10) into Eq. (B.30) yields

λ1,2 = −ε
ζωn

Ω
±

1

2

√

4ε2ζ2ω2
n

Ω2
+

3

4
ε2αδa2 cos(2ϕ). (B.31)

The part 4ε2ζ2ω2
n

Ω2 in Eq. (B.31) is always positive, hence if

• cos(2ϕ) > 0 then the eigenvalues can be positive real and negative real (λ1 > 0 and

λ2 < 0), hence an unstable solution exists.

• cos(2ϕ) < 0 then eigenvalues are imaginary with positive real and negative real part

(λ1 = −λ2 and complex), hence a stable solution exists.

• cos(2ϕ) = 0 then the eigenvalues are negative and real (λ1, λ2 < 0), hence a stable

solution exists.

B.5.2 Non-trival solutions, ζ 6= 0, α 6= 0 and γ = 0

The amplitude of the response can be found by solving Eq. (B.13) for a, considering ζ 6= 0,

α 6= 0 and γ = 0 two solutions are obtained

a1 =
1

3εα

√

√

√

√

12εα

(

Ω

ωn

)

− 24εα+ 6
(ωn

Ω

)

√

ε4δ2α2

(

Ω

ωn

)2

− 64ε4α2ζ2, (B.32)

and

a2 =
1

3εα

√

√

√

√

12εα

(

Ω

ωn

)

− 24εα− 6
(ωn

Ω

)

√

ε4δ2α2

(

Ω

ωn

)2

− 64ε4α2ζ2. (B.33)
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Based on the stability of the non-trivial solutions, the stable and unstable solutions are

• When ϕ = π
2 , the stable solution is z1 (t) = −a1 cos

(

Ω
2 t+ ϕ

)

.

• When ϕ = 0, the unstable solution is z2 (t) = a2 cos
(

Ω
2 t+ ϕ

)

.

B.5.3 Stability of non-trivial solutions, damped case ζ 6= 0, α 6= 0 and

γ 6= 0

Based on the eigenvalues Eq. (B.21) the stability of the parametrically excited system

with the nonlinear parameter from Eq. (3.26) can be found. The part ε2
(

δ
4 + γ

4a
2
)2

in

Eq. (B.21) is always positive hence, if

• cos(2ϕ) > 0 then the eigenvalues can be positive real and negative real, hence an

unstable solution exists.

• cos(2ϕ) < 0 then eigenvalues are imaginary with positive real and negative real part,

hence a stable solution exists.

• cos(2ϕ) = 0 then the eigenvalues are negative and real, hence a stable solution exist.
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Appendix C

The method of harmonic balance

C.1 The method of harmonic balance for solving a linear

parametrically excited system system

The Linear Parametrically Excited (LPE) system introduced in Section 3.2 is studied with

the method of harmonic balance.

C.1.1 Free vibration case, instability criteria, low number of terms

The stability boundaries of the Mathieu equation, Eq. (3.2) can be found by considering

the solution as

z(t) = A1 cos

(

Ωt

2

)

+B1 sin

(

Ωt

2

)

. (C.1)

Substituting the trial z(t) Eq. (C.1) into Eq. (3.2) and some trigonomerty yields

−
1

4
A1Ω

2 cos

(

Ωt

2

)

−
1

4
B1Ω

2 sin

(

Ωt

2

)

−ε ζ ωnA1Ω sin

(

Ωt

2

)

+ε ζ ωnB1Ω cos

(

Ωt

2

)

+
1

2
A1 δ ε ωn

2 cos

(

Ωt

2

)

+
1

2
A1 δ ε ωn

2 cos

(

3Ωt

2

)

+
1

2
B1 δ ε ωn

2 sin

(

3Ωt

2

)

−
1

2
B1 δ ε ωn

2 sin

(

Ωt

2

)

+A1 cos

(

Ωt

2

)

ωn
2 +B1 sin

(

Ωt

2

)

ωn
2 = 0. (C.2)

The solutions with frequency higher than Ω
2 in Eq. (C.2) are neglected hence this is

simplified to

cos

(

Ωt

2

)(

−
1

4
A1Ω

2 + ε ζ ωnB1Ω+
1

2
A1 δ ε ωn

2 +A1 ωn
2

)

+ sin

(

Ωt

2

)(

−
1

4
B1Ω

2 − ε ζ ωnA1Ω−
1

2
B1 δ ε ωn

2 +B1 ωn
2

)

= 0. (C.3)
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Equating the coefficient of cos
(

Ωt
2

)

and sin
(

Ωt
2

)

from Eq. (C.3) yields to two sets of

equations

(

−
1

4
Ω2 +

1

2
δ ε ωn

2 + ωn
2

)

A1 + ε ζ ωnΩB1 = 0, (C.4)

−ε ζ ωnΩA1 +

(

−
1

4
Ω2 −

1

2
δ ε ωn

2 + ωn
2

)

B1 = 0, (C.5)

and in matrix form

[

L11 L12

−L12 L22

]

×

[

A1

B1

]

=

[

0

0

]

(C.6)

L11 = −
1

4
Ω2 +

1

2
δ ε ωn

2 + ωn
2, (C.7)

L12 = ε ζ ωnΩ, (C.8)

L22 = −
1

4
Ω2 −

1

2
δ ε ωn

2 + ωn
2, (C.9)

setting the determinant of the matrix L equal to zero gives the instability equation, and

solving it for εδ yields

εδ =
2

ωn

√

Ω2 − 4Ωωn + 4ε2ζ2ωn + 4ω2
n. (C.10)

C.1.2 Instability criteria, high number of terms

To study the odd-occurrence stability regions, periodic solutions of period 2T , T = 2π
Ω are

considered. To determine the even occurrence stability boundaries, periodic solutions of

period T , T = 2π
Ω must be investigated.

Periodic solutions of period 2T can be expressed as a Fourier series,

z(t) =
M
∑

m=0

A2m cos

(

2mπt

T

)

+B2m sin

(

2mπt

T

)

=
M
∑

m=1

A2m cos

(

2mΩt

2

)

+B2m sin

(

2mΩt

2

)

, (C.11)

where A2m and B2m are the even coefficient of the Fourier series, and M is the number

of terms. Substituting Eq. (C.11) into Eq. (3.2) and setting the coefficients of the

trigonometric terms to zero leads to a set of equations for the transition curves. The

non-trivial solution of this set results in the stability threshold, which describes a relation
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between Ω and εδ. Similarly, periodic solutions of period T can be expressed as a Fourier

series,

z(t) =
M
∑

m=1

A2m−1 cos

(

(2m− 1)πt

T

)

+B2m−1 sin

(

(2m− 1)πt

T

)

=
M
∑

m=1

A2m−1 cos

(

(2m− 1)Ωt

2

)

+B2m−1 sin

(

(2m− 1)Ωt

2

)

, (C.12)

where A2m−1 and B2m−1 are the odd coefficients of the Fourier series, andM is the number

of terms. Using the same procedure for periodic solutions of period 2T leads to another

set of equations, which represents a set of lines in the Strutt diagram for the Mathieu

equation [9].

C.1.3 MAPLE Code for generating the odd and even matrices

>restart:

FinalN is the number of terms in harmonic balance method.

>FinalN:=20

f is the governing differential equation. Eq. (3.2).

>f1 := expand(f)

>f2 := combine(f1, trig)

>for m to FinalN do SIN[m] := coeff(f2, sin((1/2)*m*Omega*t)) end do

>for m to FinalN do COS[m] := coeff(f2, cos((1/2)*m*Omega*t)) end do

>for n to (1/2)*FinalN do form to (1/2)*FinalN doM[n, m] := coeff(SIN[2*n-1], a[2*m-

1]) end do end do

>for n to (1/2)*FinalN do form to (1/2)*FinalN doM[n, m+(1/2)*FinalN] := coeff(SIN[2*n-

1], b[2*m-1]) end do end do

>for n to (1/2)*FinalN do form to (1/2)*FinalN doM[n+(1/2)*FinalN, m] := coeff(COS[2*n-

1], a[2*m-1]) end do end do

>for n to (1/2)*FinalN do form to (1/2)*FinalN doM[n+(1/2)*FinalN, m+(1/2)*FinalN]

:= coeff(COS[2*n-1], b[2*m-1]) end do end do

>for n to FinalN do for m to FinalN do M[n, m] end do end do

>A := Matrix(FinalN, FinalN)

>for i to FinalN do for j to FinalN do A[i, j] := M[i, j] end do end do

>with(LinearAlgebra)

>det := Determinant(A)

Odd matrix.

>Podd := det

>COS[0] := (coeff(f2, a[0])-DELTA*k1*cos(Omega*t))*a[0]+(1/2)*DELTA*k1*a[2]
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>SIN[0] := 0

>for m to FinalN do SIN[m] := coeff(f2, sin((1/2)*m*Omega*t)) end do

>for m to FinalN do COS[m] := coeff(f2, cos((1/2)*m*Omega*t)) end do

>for n to (1/2)*FinalN do for m from 0 to (1/2)*FinalN do M[n, m+1] := co-

eff(SIN[2*n], a[2*m]) end do end do

>for n to (1/2)*FinalN do for m to (1/2)*FinalN do M[n, m+(1/2)*FinalN+1] := co-

eff(SIN[2*n], b[2*m]) end do end do

>for n from 0 to (1/2)*FinalN do form from 0 to (1/2)*FinalN do M[n+(1/2)*FinalN+1,

m+1] := coeff(COS[2*n], a[2*m]) end do end do

>for n from 0 to (1/2)*FinalN do for m to (1/2)*FinalN do M[n+(1/2)*FinalN+1,

m+(1/2)*FinalN+1] := coeff(COS[2*n], b[2*m]) end do end do

>for n to FinalN+1 do for m to FinalN+1 do M[n, m] end do end do

>B := Matrix(FinalN+1, FinalN+1)

>for i to FinalN+1 do for j to FinalN+1 do B[i, j] := M[i, j] end do end do

>det := Determinant(B)

Even matrix.

>Peven := det

C.1.4 Solution of a directly excited linear parametrically excited system

In order to find the response of Eq. (3.10) the method of harmonic balance can be applied.

By assuming the response to a sinusoidal excitation is a sinusoid at the same frequency

[9], the solution as a Fourier series results in

z(t) = A0 cos(ωt) +B0 sin(ωt) +
M
∑

m=1

Am cos((ω +mΩ)t) +Bm cos((ω −mΩ)t)

+ Cm sin((ω +mΩ)t) +Dm sin((ω −mΩ)t). (C.13)

By substituting Eq. (C.13) into Eq. (3.10), the Fourier series coefficients can be found.

The coefficients of sine and cosine of all harmonics are partitioned. For example, the

number of terms M = 6 is considered to take into account the combined harmonics up

to ω + 6Ω. For M = 6, a matrix of 26 × 26 is produced. Finding the determinant of the

matrix leads to the coefficients of the combined harmonics. Putting each coefficient back

to Eq. (C.13) gives the solution of Eq. (3.10).
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C.2 The method of harmonic balance for a nonlinear para-

metrically excited system

The stability boundaries of Eq. (3.27) can be found by considering the solution as

z(t) = A1 cos

(

Ωt

2

)

+B1 sin

(

Ωt

2

)

. (C.14)

Substituting the trial z(t) Eq. (C.14) into Eq. (3.27) yields

− ε ζ ωnA1Ω sin

(

Ω t

2

)

+ ε ζ ωnB1Ω cos

(

1

2
Ω t

)

+
3

4
A1

2B1 sin

(

3Ω t

2

)

α εωn
2 +

3

4
A1

2B1 sin

(

Ω t

2

)

α εωn
2

−
3

4
A1B1

2 cos

(

3

2
Ω t

)

α εωn
2+

3

4
A1B1

2 cos

(

1

2
Ω t

)

α εωn
2+

3

8
A1

2B1 γ εωn
2 sin

(

5

2
Ω t

)

+
3

8
A1

2B1 γ εωn
2 sin

(

3

2
Ω t

)

−
3

8
A1B1

2γ εωn
2 cos

(

5

2
Ω t

)

+
3

8
A1B1

2γ εωn
2 cos

(

3

2
Ω t

)

+B1 sin

(

Ω t

2

)

ωn
2+A1 cos

(

Ω t

2

)

ωn
2+

1

4
A1

3 cos

(

3

2
Ω t

)

α εωn
2+

3

4
A1

3 cos

(

Ω t

2

)

α εωn
2

−
1

4
B1

3 sin

(

3

2
Ω t

)

α εωn
2 +

3

4
B1

3 sin

(

Ω t

2

)

α εωn
2 +

1

2
A1

3γ εωn
2 cos

(

1

2
Ω t

)

+
1

8
A1

3γ εωn
2 cos

(

5

2
Ω t

)

+
3

8
A1

3γ εωn
2 cos

(

3

2
Ω t

)

−
1

8
B1

3γ εωn
2 sin

(

5

2
Ω t

)

−
1

2
B1

3γ εωn
2 sin

(

1

2
Ω t

)

+
3

8
B1

3γ εωn
2 sin

(

3

2
Ω t

)

+
1

2
A1 δ ε ωn

2 cos

(

Ω t

2

)

+
1

2
A1 δ ε ωn

2 cos

(

3Ω t

2

)

+
1

2
B1 δ ε ωn

2 sin

(

3Ω t

2

)

−
1

2
B1 δ ε ωn

2 sin

(

1

2
Ω t

)

−
1

4
A1Ω

2 cos

(

1

2
Ω t

)

−
1

4
B1Ω

2 sin

(

Ω t

2

)

= 0 (C.15)

The solutions with the frequency higher than Ω
2 in Eq. (C.15) are neglected hence it is

simplified to

cos

(

Ωt

2

)(

ε ζωnB1Ω+
3

4
A1

3αεωn
2 +

1

2
A1

3γεωn
2 +

1

2
A1δε ωn

2 +A1ωn
2 −

1

4
A1Ω

2

)

+sin

(

Ωt

2

)(

−εζωnA1Ω+B1ωn
2 −

1

4
B1Ω

2 +
3

4
B1

3αεωn
2 −

1

2
B1

3γεωn
2 −

1

2
B1δεωn

2

)

= 0

(C.16)

Equating the coefficient of cos
(

Ωt
2

)

and sin
(

Ωt
2

)

from Eq. (C.16) yields to two equations
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(

−
1

4
Ω2 +

1

2
δ ε ωn

2 +
3

4
A1

2α εωn
2 +

1

2
A1

2γ εωn
2 + ωn

2

)

A1 + ε ζ ωnΩB1 = 0, (C.17)

−ε ζ ωnΩA1+

(

−
1

4
Ω2 −

1

2
δ ε ωn

2 +
3

4
B1

2α εωn
2 −

1

2
B1

2γ εωn
2 + ωn

2

)

B1 = 0, (C.18)

and in matrix form when the amplitude of the system is considered as A0 = B0 = a

[

L11 L12

−L12 L22

]

×

[

A1

B1

]

=

[

0

0

]

(C.19)

L11 = −
1

4
Ω2 +

1

2
δ ε ωn

2 +
3

4
a2α εωn

2 +
1

2
a2γ εωn

2 + ωn
2, (C.20)

L12 = ε ζ ωnΩ, (C.21)

L22 = −
1

4
Ω2 −

1

2
δ ε ωn

2 +
3

4
a2α εωn

2 −
1

2
a2γ εωn

2 + ωn
2, (C.22)

setting the determinant of the matrix L equal to zero, gives the instability equation, and

solving it for εδ yields

εδ = −εa2γ +
1

2

√

(

Ω

ωn

)4

− 6ε

(

Ω

ωn

)2

a2α+ 64ε2ζ2 − 8

(

Ω

ωn

)2

+ 24εa2α+ 16 (C.23)

C.2.1 Frequency response

For a nonlinear forced Mathieu equation

mz̈ + εcż + (k1 + εkp1 cos (Ωt)) z + (εk3 + εkp3 cos (Ωt)) z
3 = εF cos(ωt+ φ), (C.24)

where F is the force, a trial solution z(t) = a cos (ω t), for Eq. (C.24) is considered.

Substituting the trial z(t) into Eq. (C.24) yields
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−mt a0 ω
2 cos (ω t)− ε ct a0 ω sin (ω t) + k1 a0 cos (ω t)

+
1

2
kp1 a0 cos (Ω t− ω t) +

1

2
kp1 a0 cos (Ω t+ ω t) +

1

4
k3 a0

3 cos (3ω t)

+
3

8
k3 a0

3 cos (ω t) +
3

8
kp3 a0

3 cos (Ω t− 3ω t) +
3

8
kp3 a0

3 cos (Ω t+ 3ω t)

+
3

8
kp3 a0

3 cos (Ω t− ω t) +
3

8
kp3 a0

3 cos (Ω t+ ω t) = ε F cos (ω t+ φ) (C.25)

When Ω = 2ω, and the higher and lower terms are neglected and εF cos(ωt + φ) in

Eq. (C.25) is replaced by εF cos(ωt) cos(φ)− εF sin(ωt) sin(φ), factorising Eq. (C.25) by

cos(ωt) and sin(ωt) yields

(

−mω2 + k1 +
1

2
εkp1 +

3

4
εk3a

2 +
1

2
εkp3a

2

)

a = εF cos (φ) (C.26)

εcωa = εF sin (φ) (C.27)

squaring and adding Eq. (C.26) and Eq. (C.27) yields

(

(

−mω2 + k1 +
1

2
εkp1 +

3

4
εk3a

2 +
1

2
εkp3a

2

)2

+ ε2c2ω2

)

a2 = ε2F 2. (C.28)

The expression for the gain of the system when ε = 1,

∣

∣

∣

a

F

∣

∣

∣
=

1
(

(

−mω2 + k1 +
1
2kp1 +

3
4k3a

2 + 1
2kp3a

2
)2

+ c2ω2
) 1

2

. (C.29)

and the phase obtained from the ratio of Eq. (C.26) and Eq. (C.27)

φ = tan−1 −mω2 + k1 +
1
2kp1 +

3
4k3a

2 + 1
2kp3a

2

−cω
. (C.30)

From the complex composite FRF

Λ(ω) =
1

−mω2 + icω + k1 +
1
2kp1 +

3
4k3a

2 + 1
2kp3a

2
. (C.31)

The linearised system when ε = 1 is

mz̈ + εcż + keqz = εF cos(ωt+ φ), (C.32)

and the linearised stiffness when ε = 1 is

keq = k1 +
1

2
kp1 +

3

4
k3a

2 +
1

2
kp3a

2. (C.33)
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Hence at the fixed level of excitation the FRF natural frequency is

ωN =

√

k1 +
1
2kp1 +

3
4k3a

2 + 1
2kp3a

2

m
. (C.34)
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Appendix D

The method of averaging for

solving a nonlinear parametrically

excited system subject to

harmonic base excitations

Eq. (4.7) is normalised by time scaling τ = Ωt, and is expressed as derivatives with

respect to τ instead of t. Prime (.)′ represents a quantity differentiated with respect to τ .

Normalisation in this way results in

z′′ +
2εζωn

Ω
z′ +

ω2
n

Ω2
(1 + εδ cos(τ))z +

ω2
n

Ω2
(εα+ εγ cos(τ))z3 =

1

4
Y0 cos(

τ

2
+ φ). (D.1)

To capture the system’s near-resonance behaviour, the parametric frequency Ω varies

around the reference frequency Ω0; thus the detuning parameter ∆ is introduced as

Ω = Ω0 (1− ε∆). If ε = 0, when the system is simplified to an undamped oscillator,

the solutions of Eq. (D.1) are a linear combination of cos(τ) and sin(τ). This linear

combination can be written as

z (τ) = a cos (κτ − ϕ) (D.2)

where a and ϕ are the constant amplitude and the phase. The frequency ratio ωn

Ω0
= κ is

used here for simplification.

If ε 6= 0, based on the “variation of constant” method of Lagrange, we can assume that

the solution can still be written in the above form, but the amplitude and the phase a and

ϕ are now functions of time [32]. With the averaging method, the solution of the weakly

nonlinear problem is assumed to be similar in character to the linear one. Though, the

amplitude a and phase ϕ are allowed to vary in time. Hence, the complementary solution

of the final simplified nonlinear equation (Eq. (D.1)) is a linear combination of cos (Φ (τ))
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and sin (Φ (τ)), which can be written as

z (τ) = a (τ) cos (Φ (τ)) , (D.3)

where

Φ (τ) = κτ − ϕ (τ) , (D.4)

and

z (τ)′ = a′ (τ) cos (Φ (τ))− a (τ) (κ− ϕ′ (τ)) sin (Φ (τ)) . (D.5)

Substituting Φ (τ) and Eq. (D.5) into Eq. (D.1) results an equation which can be

solved for a′ (τ) and ϕ′ (τ). From the averaging approximation, a′ (τ) and ϕ′ (τ) will be

small since ε ≪ 1, so that a and ϕ change much more slowly with τ than Φ (τ) does. Hence,

a and ϕ hardly change during one period of oscillating terms. From the approximation

a′ (τ) and ϕ′ (τ) are replaced by their averaged values during one period of oscillation.

Since, it is assumed that from the slow variations of a and ϕ, the rapid variations in Φ (τ)

terms can be neglected [124]. a′ (τ) and ϕ′ (τ) are averaged by assuming that a (τ) and

ϕ (τ) are changing slowly. a′ (τ) and ϕ′ (τ) are averaged over one period T = 2π
Ω . The

resulting averaged equation can be integrated with respect to τ to find the a (τ) and ϕ (τ)

for a given κ and reference frequency Ω0.

The average of f(a,Φ) is given by 1
T

∫ T
0 f(a,Φ)dΦ where a and Φ are treated as con-

stant during the period of integration. The steady-state behaviour of the system can

be recovered from the set of a′ (τ) and ϕ′ (τ) by setting (a′, ϕ′) = (0, 0) and solving for

steady-state values of a and ϕ:

a′ (τ) = −ζa
1

Ω
−

1

2
δa

ω2
n

Ω2
sin(2ϕ)−

1

4
γa3

ω2
n

Ω2
sin(2ϕ) +

1

4
Y0 sin(φ+ ϕ) +O(ε2), (D.6a)

aϕ′(τ) = −
1

2
∆a−

1

2
δa

ω2
n

Ω2
cos(2ϕ)−

3

4
αa3

ω2
n

Ω2
−

1

2
γa3

ω2
n

Ω2
cos(2ϕ)+

1

4
Y0 cos(φ+ϕ)+O(ε2).

(D.6b)

The resulting solution is an approximation of the original solution:

a =
Ω2Y0

√

(−p1 sin(2φ) + ζ)2 + (p2 − p3 cos(2φ))2

8ω2
n

(

p21(1− cos(2φ)2) + p23 cos(2φ)
2 − p22 − ζ2

) , (D.7)

ϕ =
1

2
arctan

(

p3
(

ζ − 1
2aY0 sin(ϕ+ φ)

)

p1
(

p2 −
1
2aY0 cos(ϕ+ φ)

)

)

, (D.8)

where p1 = 1
4

(

δ + 1
2γa

2
)

, p2 = 3
8αa

2 − Ω
2ωn

+ 1, and p3 = 1
4

(

δ + γa2
)

. a represents the
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steady-state amplitude of non-trivial solutions.

D.1 Stability of solutions

The stability of the stationary solutions is determined by evaluating the Jacoubian eigen-

values. At a singular point (a, ϕ) the Jacoubian of the modulation equations Eq. (D.6)

becomes:

J(a, ϕ) =





A11 A12

A21 A22



 where, (D.9)

A11 = −ζωn −
ω2
n

2Ω
δ sin(2ϕ)−

3ω2
n

4Ω
γa2 sin(2ϕ). (D.10a)

A12 = −
3ω2

n

2Ω
αa−

ω2
n

Ω
γa cos(2ϕ)−

1

4a2
Y0Ωcos(ϕ+ φ). (D.10b)

A21 = −
ω2
n

Ω
δa cos(2ϕ)−

ω2
n

2Ω
γa3 cos(2ϕ). (D.10c)

A22 = −
ω2
n

Ω
δ sin(2ϕ)−

ω2
n

Ω
γa2 sin(2ϕ)−

1

4a
Y0Ωsin(ϕ+ φ). (D.10d)

where the singular points a and ϕ are given by the solutions to Eq. (D.7), and Eq. (D.8).

For the steady-state solutions a′ (τ) = ϕ′(τ) = 0 the matrix D.9 is eliminated and the

eigenvalues λNPE, as the solutions of | J(a, ϕ)−λNPEI |, is found. A solution a is unstable

if at least one eigenvalue has a positive real part, otherwise it is stable. For the Nonlinear

Parametrically Excited (NPE) system with δ, α, andγ 6= 0 the equation which presents

the eigenvalues is large and is not mentioned here.

For a base excited Duffing oscillator when δ, and γ in Eq. (D.1) are zero, the resulting

solution is

a =
Ω2Y0

√

ζ2 + p22
−8ω2

n

(

p22 + ζ2
) , (D.11)

ϕ = arctan

(

ζ

p2

)

− φ, (D.12)

where p2 =
3
8αa

2 − Ω
2ωn

+ 1.

The eigenvalues of the Jacoubian matrix are found from:

J(a, ϕ) =





−ζ
(

1− Ω
2ωn

)

+ 3
8αa

3

1
a

(

1− Ω
2ωn

)

− 9
8αa −ζ



 , (D.13)

and the eigenvalues are
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λN = −ζ ±
1

8

√

−27

(

a2α−
4Ω

3ωn
+

8

3

)(

a2α−
4Ω

9ωn
+

8

9

)

. (D.14)

For a to be stable it is required that the eigenvalues can be imaginary positive or negative

and negative real. A solution a is unstable if at least one eigenvalue has a positive real part.

The unstable region where the eigenvalues are real positive are shown in the frequency

response plots in Figs. 4.6a.

D.2 The solutions of the NPE system subject to harmonic

base excitations with an electromagnetic system

Eq. (7.5) is solved in a similar manner to Eq. (4.7). The steady-state values of a and ϕ

are

a′ (τ) = −ζma
1

Ω
−

1

2
δa

ω2
n

Ω2
sin(2ϕ)−

1

4
γa3

ω2
n

Ω2
sin(2ϕ) +

1

4
Y0 sin(φ+ ϕ)−

ζesωn

4Ω
a2

−
1

256
γesa

4ω
2
n

Ω
+O(ε2), (D.15)

aϕ′(τ) = −
1

2
∆a−

1

2
δa

ω2
n

Ω2
cos(2ϕ)−

3

4
αa3

ω2
n

Ω2
−

1

2
γa3

ω2
n

Ω2
cos(2ϕ) +

1

4
Y0 cos(φ+ ϕ)

−
1

32
δesa

ω2
n

Ω
sin(2ϕ)−

5

256
γesa

3ω
2
n

Ω
sin(2ϕ) +O(ε2). (D.16)

The resulting solution is an approximation of the original solution:

a =
Ω2Y0

√

(

−p1 sin(2φ) + ζm + 1
8ζesa

2 − p4 sin(φ)
)2

+ (p2 − p3 cos(2φ))2

8ω2
n

(

p21(1− cos(2φ)2) + p23 cos(2φ)
2 − p22 − ζ2m −

(

1
8ζesa

2
)2

+ p24 sin(φ)
2
) , (D.17)

where p1 = 1
4

(

δ + 1
2γa

2
)

, p2 = 3
8αa

2 − Ω
2ωn

+ 1, and p3 = 1
4

(

δ + γa2
)

. Parameters added

as result of the induced current are ζes, and p4 =
1
4δesωna

2 + 1
8γesωna

4.

D.3 Backbone curve

A backbone curve corresponds to the solution of the nonlinear system on the hypothesis

that both forcing and damping are zero, or equivalently, the base excitation compen-

sates the damping forces in the system at those particular frequencies and amplitudes. A

backbone curve is found for γ = ζ = φ = 0, when the parametric excitation is considered
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as an external force on the system which affects the backbone curve. The equation for the

backbone curve is therefore,

1

16
δ2 −

(

3

8
αa2 −

(

Ω

2ωn
− 1

))2

= 0. (D.18)
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Appendix E

Electromagnetic system and

circuit diagrams

E.1 Output current programming by external voltage

The LAMBDA ZUP is a programmable DC power supply and is used to generate con-

trollable DC/AC current from an input DC/AC voltage. For a given input voltage Vin,

an output current Ic is generated by the LAMBDA ZUP. A voltage source variable from

0 to 4V, programs the output current proportionally from zero to full scale. Based on

the programmable power supply manual, the maximum output current is Iout,max = 20A.

Fig. E.1 shows the LAMBDA ZUP with input voltage Vin and output current Ic set-up.

0~4 VDC
voltage
source

programmable
DC power supply

ZUP
output 0~20A

resistive 
load

Rload

Vin Vout

Ic

Fig. E.1. Schematic of generating controllable current from an input voltage.

For example, when the input voltage is set to 1V and the resistive load Rload connected

to the LAMBDA ZUP is 1 Ohm, the current output is 25 percent of the maximum output

current, and calculated from:

Ic =
Vin

Vin,max
Iout,max, (E.1)

and

Vout = IcRload. (E.2)

Since the maximum output current is 20A, the output current Ic generated is calculated

equal to 5A. This principle also applies when the input voltage varies in time. From
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Fig. E.1 and based on the LAMBDA ZUP input configuration, it can be seen that dif-

ferential input voltage is needed. A differential input is not connected to ground and is

a difference between positive and negative voltage. Hence, to design the AC differential

input voltage the circuit diagram presented in Fig. E.2 was considered.

resistive 
load
Rload

programmable
DC power supply

ZUP
output 0~20A

Vin Vout

I

AC waveform
 generator

DC 
 generator

R

R

t

DC + AC voltage

DC

1

2

c

Fig. E.2. Generating AC and DC differential voltage for the LAMBDA ZUP power
supply.

Resistor R1 and R2 are used for designing a voltage divider, hence the input voltage Vin

is half of the voltage generated by the DC generator and AC wave generator. The input

voltage is positive and varies only between 0 to 4 V, as a result of this a positive DC

voltage is generated and the AC voltage is added to the DC signal. The peak amplitude of

the AC voltage should not exceed the DC value, exceeding this value cuts the sinusoidal

AC signal to be always positive.

E.2 Coil configurations and assumptions

The coils can be connected together in either a series connection, a parallel connection

or combinations of both series and parallel together, to produce more complex networks

whose overall inductance is a combination of the individual inductors. However, there are

certain effects that depend on the application their configuration is important. In this

thesis differentially coupled series inductors configuration is chosen because of the effect of

electrical damping. This configuration is similar to connecting together resistors in series.

However, when connecting together inductors in series they can be influenced by mutual

inductance.

Mutually connected series inductors are classed as either aiding or opposing (see Fig.

E.3) the total inductance depending on whether the coils are cumulatively coupled (in
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A

k zt
.

coil coil

B

coil coil
A

B

k zt
.

(a)                                                          (b)

ies
epi

Fig. E.3. (a) Coils in series opposing connection. (b) Coils in parallel opposing connection
with a circulating current.

programmable
DC power supply

ZUP
output 0~20A

Vin Vout

AC waveform
 generator

DC 
 generator

t

DC + AC voltage

DC

R1

R2

R3

I

M
A

B

coil      coil

1 2

Fig. E.4. Series opposing connection coils connected to the LAMBDA ZUP with an extra
resistance R3 in series.

the same direction) or are differentially coupled (in opposite direction). When they are

coupled in opposite directions the e.m.f that is induced into coil 1 by the effect of the

mutual inductance M of coil 2 is in opposition to the self-induced e.m.f in coil 1 as now

the same current passes through each coil in opposite directions. Figure E.4 shows the

coils connected in series in opposing connection with an input current. Figure E.5 shows

the coils connected in parallel in opposing connection with an input current. The mutual

inductance in the coils connected in series or parallel is demonstrated in basic electronics

textbooks [166].

When the coils are connected together in parallel so that the magnetic field of one

links with the other, the effect of mutual inductance either increases or decreases the total

inductance depending upon the amount of magnetic coupling that exists between the coils.

The effect of this mutual inductance depends upon the distance between the coils and their

orientation to each other. In this work the current carried in the coils has low frequency

(less than 20 Hz), hence the inductance of the coil is neglected.
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 generator
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 generator
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DC + AC voltage
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R2

R3

I
1

2

M

Fig. E.5. Parallel opposing connection coils connected to the LAMBDA ZUP with an
extra resistance R3 in series.

In coils connected in parallel opposing connection the circulating current can be ob-

served [140]. The circulating current comes from induced current generated in each coil

with induced voltage with same potential. Hence, the induced current circulates inside

the coils connected in parallel. The circulating current result in increasing the magnetic

field and also an increase in the damping of the cantilever beam. So the coils in oppos-

ing connections are not used for the electromagnetic system for generating time-varying

stiffness.

E.3 Basic principles of a magnetic dipole

A force on a magnetic dipole due to a non-uniform magnetic field can be calculated [167].

The force on one magnet due to another magnet can be considered as an example to show

how the magnetic force can be calculated. Moving the magnetic dipole from a region of

low magnetic field to a region of high magnetic field causes the magnetic potential energy

U = −µ.B to change [167]. µ is the magnetic dipole moment and B is the magnetic field.

S N
Fus

B2B1

Fmag

µ

∆z

bar magnet

magnetic dipole

Fig. E.6. A bar magnet acts on a magnetic dipole.
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The magnetic dipole moment µ is the ratio between the maximum torque exerted

on a magnet, current-carrying coil, or a moving charge situated in a magnetic field and

the strength of that field. It is thus a measure of the strength of a magnetic or current-

carrying coil. If the magnetic dipole is released from the rest position, the object moves

to the position with lower potential energy and achieves higher kinetic energy. To prevent

the kinetic energy from changing, the object should be moved at a slow constant speed.

To have a constant kinetic energy, work needs to be done by applying some force. By

calculating the work, the magnetic force on the object can be found. This magnetic force

shows the force applied from one magnet to another [167]. A magnetic dipole aligned with

the magnetic field made by a bar magnet is shown in Fig E.6, where ∆(.) represents the

difference between the quantity between state 1 and 2, and Fus is an external force applied

to move the magnetic dipole. The magnetic dipole is moved ∆z by a larger force Fus to

the right. Before moving the magnetic dipole the magnetic field was B1 and after moving

the magnetic dipole the magnetic field is B2. Considering the change in distance between

the bar magnet and the magnetic dipole, the magnetic field is moved from the higher

magnetic field B1 to a lower magnetic field B2. Hence, the magnetic potential energy is

increased from −µ ·B1 to less negative −µ.B2. This shows the work

Fus∆z = ∆U = (−µ ·B1)− (−µ ·B2) = −µ · (B2 −B1) = −µ ·∆B, (E.3)

needs to be done. In Equation (E.3) the −µ · ∆B is positive because B2 < B1. The

magnitude of the force exerted is

Fus =
∆U

∆z
=

−µ ·∆B

∆z
→ −µ ·

dB

dz
. (E.4)

The force that the magnet exerts to the left on the magnetic dipole in the case of repulsion

is numerically equal to the external force (In the case of repulsion the magnitude of the

force is correct). This concept can be applied for the case of a current carrying coil with

a magnetic field and a bar magnet.

E.4 Force on a magnet from a current loop

In electromagnetism, the Biot-Savart law describes the magnetic field generated by an

electric current. From the Biot-Savart law each discrete element on the coil can generate

its own magnetic field, which can be integrated parallel to the axis of the coil. Fig E.7

presents a current carrying coil and a dipole magnet in distance d from the centre of the

coil.

From the Biot-Savart law, the differential contribution dB to the magnetic field B

from a differential length dl of a coil with current Ic is given by
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d

I

r

rc

dB
dBx

dBz

x
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r

µ

˄

dl

c

θ

Fig. E.7. A current loop and a magnet seperated by distance d.

dB =
µ0

4π

Icdl× r̂

r2
, (E.5)

where µ0 is the permeability of free space, Ic is the current in the coil and r is the distance

between a point on the coil and the magnet (see Fig. E.7). The magnetic field dB of each

current segment Icdl is perpendicular to the radius vector r̂

dB =
µ0

4π

Icdl sin(
π
2 )

r2
, (E.6)

and Eq. (E.6) is simplified to

dB =
µ0

4π

Icdl

r2
. (E.7)

The component of the differential magnetic field B in direction of z is

dBz = − | dB | sin(θ), (E.8)

and substituting Eq. (E.8) into Eq. (E.7) yields

dBz =
−µ0

4π

Ic | dl | sin(θ)

r2
, (E.9)

where sin(θ) = rc
r and rc is the radius of the coil. Hence, Eq. (E.9) becomes

dBz =
−µ0

4π

rcIcdl

r3
, (E.10)

using Pythagoras’ theorem Eq. (E.10) is expressed as

dBz =
−µ0

4π

rcIcdl

(d2 + r2c )
3
2

, (E.11)

where d is the distance between the centre of the coil and the centre of the dipole magnet.

To find the total magnetic field the sum of all elements should be considered. Hence, the
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integration for the whole area of the coil is

∮

dBz =

∮

−µ0

4π

rcIc

(d2 + r2c )
3
2

dl, (E.12)

which is equal to,

Bz =
−µ0

2

r2cIc

(d2 + r2c )
3
2

. (E.13)

For N turns in the coil, Eq. (E.12) becomes

Bz =
−µ0r

2
cIcN

2(d2 + r2c )
3
2

. (E.14)

The force applied to the magnet Fz from the magnetic field generated by the pair of coils,

can be found from Eq. (E.4) as

Fz =
3 | µ | µ0r

2
cIcNd

2(d2 + r2c )
5
2

=
3µµ0r

2
cIcNd

2(d2 + r2c )
5
2

. (E.15)

E.5 Force applied to the pair of magnets from the coils con-

nected in series

The magnetic field produced by two current carrying coils and two magnets can be calcu-

lated assuming that the coils are perfect and have identical solenoids and that the magnets

constitute a magnetic dipole (the example in this thesis consists of two magnets attached

on a cantilever beam). Fig. 5.3 shows two coils and the two attached magnets.

If the magnets and coils are repulsive, the magnets return to their equilibrium position,

however when the magnets are not in the equilibrium position (z is the magnet displace-

ment with respect to the equilibrium position) a greater force is generated from one set of

current carrying coils than the other one. When the coils are carrying a DC current the

magnets are under the constant force and to stay at the equilibrium position. When the

coils are carrying an AC current as well as a DC current, the force on the magnets will

change with time, as a result of the change in the magnetic field with the frequency of AC

current but still the magnets are positioned at the equilibrium position.

The magnetic field Bz generated by the two pairs of coils and magnets at the centre

of the cantilever beam, can be obtained from Biot-Savart law,

Bz(z) = −
µ0r

2
cIcN

2((h+ z)2 + r2c )
3
2

−
µ0r

2
cIcN

2((z − h)2 + r2c )
3
2

, (E.16)

where h is the distance between the centre of coil and the equilibrium position (see Fig. 5.3).
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Taking derivatives of Eq. (E.16) respect to z results in,

dBz(z) =
3µ0r

2
cIcN(h+ z)

2((h+ z)2 + r2c )
5
2

+
3µ0r

2
cIcN(z − h)

2((z − h)2 + r2c )
5
2

. (E.17)

The repulsive magnetic force Fe applied to the cantilever beam, which is calculated from

(Fe = −µ · dB
dz ) is

Fe(z) = −
3µµ0r

2
cIcN(h+ z)

2((h+ z)2 + r2c )
5
2

−
3µµ0r

2
cIcN(z − h)

2((z − h)2 + r2c )
5
2

. (E.18)

A magnetic dipole µ, is characterised by a magnetic dipole moment vector, which

indicates the orientation and the strength of the magnetic field:

µ =
BrVm

µ0
(E.19)

where Br is the residual magnetic flux density of the permanent magnet, Vm is the volume

of magnet and µ0 is the permeability of free space. The magnetic dipole moment is

calculated based on the values in Table 5.1 is 3.08 Am2.

Eq. (E.18) is simplified to

Fe(z) = −
GIc(h+ z)

((h+ z)2 + r2c )
5
2

−
GIc(z − h)

((z − h)2 + r2c )
5
2

, (E.20)

where

G =
3

2
µµ0r

2
cN. (E.21)

Using the Taylor expansion about z = 0

Fe(z) = Fe(0) + Fe(0)
′z +

1

2
F ′′
e (0)z

2 +
1

6
F ′′′
e (0)z3 +O(z4) (E.22)

The force applied to the cantilever beam can be expressed as

Fe(z) = H1Icz +H2Icz
3, (E.23)

where H1 and H2 are

H1 =

(

−2G

(h2 + rc2)
5
2

+
10Gh2

(h2 + rc2)
7
2

)

, (E.24)

H2 =

(

5G

(r2c + h2)
7
2

−
70Gh2

(r2c + h2)
9
2

+
105Gh4

(r2c + h2)
11
2

)

. (E.25)
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E.6 Induced voltage generated by a disc magnet

Considering a disc magnet on the axis of coil in Fig. E.8 located at z = 0. A magnetic

moment µ = VmBr

µ0
êz, where Vm is the volume of the magnet, Br is the residual magnetic

flux density, µ0 is the permeability of free space and êz is a unit vector pointing in the

positive z direction [141]. The magnetic field generated between the magnet and the coil

can be approximated as [141]

Bez1 =
VmBr

4π

(

3r(h− z)êr −
(

r2 − 2(h− z)
)

êz

(r2 + (h− z)2)
5
2

)

, (E.26)

where êr is a unit vector pointing in the positive r direction. When the magnet is moved

along the axis of the coil, an electric field will be generated in the coil. This electric field

is developed to oppose the motion of the magnets. The electric field generates an electric

potential across the coils.

z

h

equilibrium position
z = 0r

r
1

r
2

coil 1

Fig. E.8. Diagram showing a coil and a magnet in a cylindrical coordinate system.

z

h

equilibrium position
z = 0 r

r
1

r
2

coil 2

Fig. E.9. Diagram showing a coil and a magnet in a cylindrical coordinate system.
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Faraday’s Law of induction is applied and several assumptions are imposed in order

to generate an approximate analytical expression. Based on Faraday’s Law, any change

of magnetic flux through a conductive loop of wire will cause a voltage to be induced in

that loop. The magnetic flux is defined as [168]:

φm =

∫∫

A

Bez1dA, (E.27)

where A indicates the area enclosed by the wire loop and Bez1 is the magnetic flux density

generated by the magnet in the direction of z (see Fig. E.8). When the magnet moves from

left to right, then the magnetic flux density in the direction of z is considered. Vertical

motion of the magnets on the cantilever beam are considered negligible. The induced

voltage is [141]

V1 = φ̇m. (E.28)

The induced voltage from a moving magnet and a coil from [141] is

V1 = żkt1. (E.29)

where

kt1 =
ςq1

(r2 − r1)(z2 − z1)





2
∑

n,m=1

(−1)n+m ln(rn + z′′nm)−
rn

z′′nm



 , (E.30a)

z′′nm =

√

r2n + (zm − (−z + h))2, (E.30b)

where ς is the fill factor. The fill factor from [142] is

ς =
D2

wlwN

4(r22 − r21)hcoil
, (E.31)

where Dw is the coil diameter, lw is the length of the wire in one rotation, N is the number

of turns in coils, hcoil is the height of the coil, and r2 and r1 are the inner and outer radius

of the coil respectively. Quantity q1 is the conveniently defined parameter

q1 =
3

2
VmBr, (E.32)

where Vm is the volume of the magnet and Br is the residual magnetic flux density.

In Fig. E.9 a moving magnet and a coil on its right side is considered. The induced

voltage generated in coil 2 is

V2 = żkt2. (E.33)
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where

kt2 =
ςq1

(r2 − r1)(z2 − z1)





2
∑

n,m=1

(−1)n+m ln(rn + z′nm)−
rn

z′nm



 , (E.34a)

z′nm =

√

r2n + (zm − (z + h))2, (E.34b)

When two coils are connected in series in opposing connection the total induced voltage

is

V = V2 − V1. (E.35)

E.7 Solutions of the system considering the effect of induced

current

The equation of motion Eq. (5.23) which describes a SDOF model of a cantilever beam

with an electromagnetic system which has coils connected in series when δes and γes are

small values, is solved with an averaging method.

Solving the Eq. (5.23) with the method of averaging when κ = 1
2 (Ω0 = 2ωn), results in

a′(τ) = a

(

a2 γ

16
sin (2ϕ)−

ζmωn

Ω
+

δ

8
sin (2ϕ)−

ζesωn

4Ω
a2
)

+O(ε2), (E.36)

ϕ′(τ) =
1

2
∆ +

a2 γ

8
cos (2ϕ) +

3a2 α

16
+

δ

8
cos (2ϕ) +O(ε2). (E.37)

The amplitude of the response a is the amplitude of the periodic solutions and it can be

found by rearranging and substituting Eq. (E.36) into Eq. (E.37) when a′(τ) = ϕ′(τ) = 0.

Two nontrivial solutions, stable and unstable solutions are found, however since they are

long mathematical terms, they are not included in this thesis.

E.8 The effects of electrical damping in coils connected in

parallel opposing connection

The effect of electrical damping in coils connected in series opposing is presented in Sec-

tion 5.4.1. The coils in this configuration have less effect on the damping of the cantilever

beam with an electromagnetic system compared to the parallel configuration. The effect

of induced current iep, in the coils connected in parallel opposing and resistive load, R3,

on electrical damping is studied experimentally. The mechanical damping ratio, ζm, is

measured for the cantilever beam without the electromagnetic systems. The magnets are
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attached on the beam but the coils are removed. The impact test is done to find the

mechanical damping ratio, ζm, from the peak-amplitude method of the first natural fre-

quency [144]. The mechanical damping ratio is assumed to be constant for all tests and

was measured as ζm = 0.003. The electrical damping ratio, ζep, generated as a result of

the electromagnetic system is measured from ζep = ζ − ζm, where ζ is the total damping

and it was measured by impact tests with the peak-amplitude method.

The electrical damping is measured when two parallel coils are connected to load R3

(see Fig. E.5). Strong electrical damping can be seen when two coils are close to each other.

Fig. E.10 shows the total damping ratio of the cantilever beam when two parallel coils

are in open circuit and the case in which they are connected to the load. From Fig. E.12

it can be seen that the first natural frequency of the cantilever beam with two parallel

coils in open circuit is less than the first natural frequency when the coils are attached

to the load (When the coils are close to each other, h < 0.03m). From these results,

we can understand that to reduce the effect of electrical damping in different position h,

increasing the coil resistance or the resistive load is beneficial.

The total damping ratio ζ and the first and second natural frequencies, ωn and ωn2

were measured for several system configurations (when different DC current was generated

into coils) as plotted in Figs. E.10, E.11, and E.12. For the open circuit test, the coils

were in parallel; however they were not connected to the load R3 and the LAMBDA ZUP.

In Fig. E.5 points A and B show where the coils are open circuit. In Figs. E.10, E.11,

and E.12, it is shown as “open circuit”.

When two parallel coils are open circuit, as a result of the circulating induced cur-

rent and the coils small internal resistance, a large electrical damping ζep is expected.

The circulating current in the coils in parallel opposing connection can be seen in the

circuit configuration shown in Fig. E.3. Also, increasing the DC current generated by

the LAMBDA ZUP and the distance between the coils can change the electrical damping.

The repulsion force applied to the cantilever beam increases as DC current increases. The

cantilever beam then is forced to stay in its equilibrium position, and its motion is re-

duced. Hence, the induced current generated by the moving magnet decreases as the DC

current increases. Consequently, the electrical damping is eliminated as the DC current is

increased (see Fig. E.10). Also, when the half distance between the coils h, is increased the

effect of the magnetic flux density is reduced. Fig. E.10 shows that increasing the distance

h, reduces the total damping ratio. In Fig. E.10 each block of green color, corresponds to

one experimental result. Since, there are 9 positions and 9 different current plus the open

circuit case, in total 90 blocks of experimental results are shown.

In this experiment, the small magnetic flux density generated by the moving magnet

does not change the cantilever beam stiffness, the first and second natural frequency

significantly. Increasing the DC current generated by the LAMBDA ZUP, increases the

electromagnetic force and stiffness of the cantilever beam. Increasing the stiffness of the
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Fig. E.10. Experimental results showing the damping ratio ζ from the FRF and the
peak-amplitude method for different DC currents and positions h.
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Fig. E.11. Experimental results showing the second natural frequency from the FRF for
different DC currents and positions h.
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Fig. E.12. Experimental results showing the first natural frequency from the FRF for
different DC currents and positions h.
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cantilever beam can change the natural frequencies. The electromagnetic system to be

placed in a position of the cantilever beam which has the lowest effect on the second

natural frequency to satisfy the SDOF approximation. It can be seen from Fig. E.11

that the second natural frequency does not change when the DC current or the distance

between the coils are varied. However, the first natural frequency is increased when the

DC current is increased or the distance between the coils h are reduced. Fig. E.12 shows

the first natural frequency for different DC current and different positions between the

coils h.
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Appendix F

Rayleigh energy method used to

determine fundamental frequencies

F.1 Fundamental frequency of a fixed-free cantilever beam

The cantilever beam with constant supported spring kext and added mass mm at position

l1 is shown in Figure F.1.

EI

l
l

x

z

m

1

 b

m

kextm

Fig. F.1. Schematic of the cantilever beam model with constant supported spring kext.

The cantilever beam has the mode shape

φ(x) =





cos
(

2πlb
λb

)

+ cosh
(

2πlb
λb

)

sin
(

2πlb
λb

)

− sinh
(

2πlb
λb

)





(

sin

(

2πx

λb

)

− sinh

(

2πx

λb

))

+ sin

(

2πx

λb

)

− sinh

(

2πx

λb

)

, (F.1)

where
(

2πlb
λb

)

= 1.875, and lb is the length of the beam, and l1 is the position of the spring.

So the potential energy and kinetic energy can be written as

V = 0.5 ImE

∫ lb

0

(

d2

dx2
φ (x)

)2

dx+ 0.5 kext (φ (x))2 , (F.2)
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T = 0.5mb

∫ lb

0
(φ (x))2 dx+ 0.5mm (φ (x))2 , (F.3)

where E is the elastic modulus of the beam, Im is the area moment of inertia (Im = 1
12bbt

3
b)

and bb is the cantilever beam width and tb is the cantilever beam thickness, mm is the

mass of two permanent magnet on beam. From Vmax = Tmax in a free vibration, we can

find ω2
n = Vmax

Tmax
as

ωn =

√

61.4EIm + kextD1

0.52mb +mmD1
, (F.4)

where

D1 = 0.5

(

−1.36 cos

(

2πl1
λb

)

+ 1.36 cosh

(

2πl1
λb

)

+ sin

(

2πl1
λb

)

− sinh

(

2πl1
λb

))2

. (F.5)
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Appendix G

Hilbert transform for

determination of linear and

nonlinear damping coefficients

G.1 Introduction to the Hilbert transform

A practical use of the Hilbert transform to find the damping factor is introduced here.

One way of finding the Hilbert transform is from the Fourier transform of the given

signal ż(t). After rejecting the negative frequencies, the inverse Fourier transform can

be calculated, and the result will be a complex signal where the real and the imaginary

parts form a Hilbert transform pair. The second way of obtaining the Hilbert transform

is a 90◦ phase shift of the original signal ż(t) (see Fig. G.1 modified from [169]). The

Hilbert transform can be explained as passing the original signal to a filter, that leaves its

magnitude unchanged, but shifts the phase by 90◦ for positive frequencies.

Hilbert transform

(a)

(b)

(c)

z(t) = A  e      cos( t)
-ζ t. n

d

˜

A(t) = A  e      
-ζω tn

0

0 

envelope

original signal

z(t) = A  e      sin( t)
-ζ t. n

d0

Fig. G.1. Schematic of the Hilbert transform damping analysis. The Hilbert transform
allows estimation of the envelope of the decaying transient response from the original
signal ż(t) and the signal with 90◦ phase shift, ˜̇z(t).
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˜̇z(t) is ż(t) shifted by 90◦. For simplicity, the decaying transient signal, velocity signal can

be introduced as

ż(t) = A0e
−ζωnt cos(ωdt), (G.1)

where A0 is the amplitude of the velocity signal, ζ is the damping ratio, ωn is the undamped

natural frequency and ωd is the damped natural frequency. The Hilbert transform of ż(t),

is the signal shifted by 90◦

˜̇z(t) = A0e
−ζωnt sin(ωdt). (G.2)

The analytic signal based on Hilbert transform is the sum of the real part plus the imag-

inary part (i is the imaginary unit)

g(t) = ż(t) + i ˜̇z(t). (G.3)

The magnitude of the analytic signal can be directly calculated from ż(t) and ˜̇z(t)

A(t) =

√

ż2(t) + ˜̇z2(t). (G.4)

In phasor form

g(t) = A(t)eiθ(t). (G.5)

Based on Bendat and Piersolb [147, 170] nomenclature, A(t) is the envelope signal of ż(t),

and θ(t) is the instantaneous phase signal of ż(t). The instantaneous phase and frequency

are explained by Smith and Wereley [147]. The envelope is a exponential function of time

A(t) = A0e
−ζωnt. (G.6)

The envelope can be shown in a logarithmic amplitude scale, thus the analytical expres-

sions below are expressed based on Eq. (G.6)

log10A(t) = log10A0e
−ζωnt, (G.7)

where the exponential curve A(t), determined by a decay rate ζωn is a linear decay [146].

Hence, the instantaneous damping ratio can be found from rewriting Eq. (G.7) as

ζ = −
1

ωn

d
(

log10
A(t)
A0

)

dt
. (G.8)
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Appendix H

Determination of the phase

difference between the shaker

acceleration and the current in the

coils

H.1 Methodology

In order to find the phase difference between the shaker acceleration and the current in

the coils Fourier analysis is employed. The acceleration (acceleration of the shaker plate)

signal and the current signal (input current in coils) are expressed as a series of sine and

cosine signals.

The acceleration signal, z̈(t), is a periodic signal with period Tacc, and is represented

by the Fourier series

z̈(t) = Y0 + aacc,1 cos

(

Ω1

2
t

)

+ aacc,2 cos

(

Ω2

2
t

)

+ ...

+ bacc,1 sin

(

Ω1

2
t

)

+ bacc,2 sin

(

Ω2

2
t

)

+ ... (H.1)

where

Ω1 =
4π

Tacc
, and Ωn = nΩ1. (H.2)

The coefficients aacc,n, and bacc,n are found based on [145]:

aacc,n =
2

Tacc

∫ Tacc
2

−Tacc
2

z̈(t) cos

(

Ωn

2
t

)

dt, (H.3)
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bacc,n =
2

Tacc

∫ Tacc
2

−Tacc
2

z̈(t) sin

(

Ωn

2
t

)

dt. (H.4)

Based on the coefficients of the Fourier series the phase can be found as φ1 = tan−1(
bacc,n
aacc,n

)

[145]. The current signal, I0(t), is a periodic signal with period T , it is represented by the

Fourier series

I0(t) = IDC + a1 cos(Ω1t) + a2 cos(Ω2t) + ...

+ b1 sin(Ω1t) + b2 sin(Ω2t) + ... (H.5)

where

Ω1 =
2π

T
, and Ωn = nΩ1. (H.6)

The coefficients an, and bn are found based on [145]:

an =
2

T

∫ T
2

−T
2

I0(t) cos(Ωnt)dt, (H.7)

bn =
2

T

∫ T
2

−T
2

I0(t) sin(Ωnt)dt. (H.8)

Based on the coefficients of the Fourier series the phase can be found as φ2 = tan−1( bnan )

[145]. The process of finding the phase of the acceleration with respect to the current signal

is:

1. For measured current signal, find aacc,1 and bacc,1 for the acceleration signal,

and a1 and b1 for the current signal. To do this, the integral in Eqs. H.3 and H.4

numerically with the trapezoidal method is evaluated.

2. Use aacc1 and bacc1 to find φ1, which is the phase of the acceleration signal

compare to a cosine wave of the same frequency Ω
2 .

3. Use a1 and b1 to find φ2, which is the phase of the current signal compare

to a cosine wave of the same frequency Ω.

4. Subtract twice the φ1 from the φ2 to find the phase of the acceleration

with respect to the current signal. The phase difference is then rotated

to satisfy −180◦ < φ ≤ 180◦.

In Chapter 4 it is shown that the current signal has zero phase with respect to a cosine

wave with the same frequency. The acceleration signal has phase φ with respect to a cosine

wave with the same frequency. The frequency of the acceleration is also considered to be

half of the current signal frequency. Throughout this thesis, when the phase difference
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between the acceleration signal and the current signal is considered, phase φ is mentioned.

However, the current signals recorded experimentally do not have phase zero with respect

to a cosine wave of the same frequency in all time. In order to compare the analytical and

experimental results, the phase difference calculated from the measured acceleration and

the current is presented based on φ.
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