Journal of Mathematical Behavior

Journal of Mathematical Behavior

Journal homepage: www.elsevier.com/locate/jmathb

Proof validation and modification in secondary school geometry
Kotaro Komatsu®', Keith ]onesb, Takehiro Ikeda®, Akito Narazaki®

2 Shinshu University, 6-ro, Nishinagano, Nagano, 380-8544, Japan

® University of Southampton, University Road, Southampton, SO17 1B, UK

€ Johoku Junior High School, 808, Terusato, liyama, Nagano, 389-2413, Japan

d Tojaku High School, 87-1, Haiwa, Hiratobashicho, Toyota, Aichi, 470-0331, Japan

ARTICLE INFO ABSTRACT

Keywords: Proof validation is important in school mathematics because it can provide a basis upon which to
Proof critique mathematical arguments. While there has been some previous research on proof vali-
Proof validation dation, the need for studies with school students is pressing. For this paper, we focus on proof

Proof modification validation and modification during secondary school geometry. For that purpose, we employ
Local counterexample

Secondary school geometry Lakatos’ notion of local counterexample that rejects a specific step in a proof. By using Toulmin’s

framework to analyze data from a task-based questionnaire completed by 32 ninth-grade students
in a class in Japan, we identify what attempts the students made in producing local counter-
examples to their proofs and modifying their proofs to deal with local counterexamples. We found

Proof problem with diagram

that student difficulties related to producing diagrams that satisfied the condition of the setproof
problem and to generating acceptable warrants for claims. The classroom use of tasks thatentail
student discovery of local counterexamples may help to improve students’ learning of proof and
proving.

1. Introduction

Proof and proving are recognized as playing a key role in shaping meaningful mathematical experiences for all students (e.g.,
Stylianides, Stylianides, & Weber, in press). One major area of proof research in mathematics education is research on the reading of
proofs. As suggested by Weber (2015), empirical studies on the reading of proofs can be broadly classified into three categories. A
first category encompasses studies in which different types of mathematical argument (visual, inductive, generic, or deductive) are
presented to students and the students are asked to evaluate whether the arguments are personally convincing and whether the
arguments can be considered to constitute proofs (e.g., Healy & Hoyles, 2000; Martin & Harel, 1989; Segal, 1999). A second category
relates to students’ understanding of given correct proofs. Based on models of proof comprehension (Mejia-Ramos, Fuller, Weber,
Rhoads, & Samkoff, 2012; Yang & Lin, 2008), studies in this category seek to identify effective proof comprehension strategies and
examine the effectiveness of specific training to improve students’ proof comprehension (Hodds, Alcock, & Inglis, 2014;
Samkoff & Weber, 2015). A third category involves proof validation; here, researchers show students purported deductive proofs and
ask them to determine whether the proofs are valid or invalid (Alcock & Weber, 2005; Inglis & Alcock, 2012; Ko & Knuth, 2013;
Selden & Selden, 2003; Weber, 2010).

This paper reports on a study that belongs to the third category, proof validation. We use the term proof validation to mean the
reading of arguments constructed as proofs to check whether the arguments really constitute legitimate proofs; that is, whether the
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arguments can establish the truth of mathematical statements (see Section 3 for a more elaborate definition).

Although there have been studies of proof validation behavior, the participants in many of those studies consisted of under-
graduates, trainee or in-service teachers, and / or mathematicians. The need for studies involving school students is pressing, espe-
cially given recent curriculum reforms in several countries indicating that proof validation should be introduced into secondary
school mathematics. For example, the latest national curriculum in England declares that, as part of mathematical reasoning, “pupils
should be taught to[...] assess the validity of an argument and the accuracy of a given way of presenting information” (Department
for Education, 2014; pp. 5-6). In the United States, the Common Core State Standards Initiative (2010) also underlines the im-
portance of constructing viablearguments and critiquing thereasoning of othersand places theseactivitiesamong the standards for
mathematical practice. As Inglis and Alcock (2012) argue, “clearly, one way of critiquing explanations is by validating purported
proofs” (p.360). Moreover, Powers etal. (2010) show thatexplicit teaching of proof validation has the potential toimprove students’
capacity to construct valid proofs. Research into proof validation may offer an approach to addressing the difficulties frequently
encountered by students attempting to construct valid proofs (e.g., Healy & Hoyles, 2000; Hoyles & Healy, 2007).

To introduce proof validation into secondary school mathematics, it is vital to explore the nature of the validation attempts made
by secondary school students and their subsequent modifications to proofs. This is because if mathematics educators can deepen their
understanding of students’ behavior in this regard, such understanding can provide a basis for designing more effective teaching and
for helping students become more effective at proof validation and modification. Hence, in this paper, we aim to explore this issue
(more specific research questions are given in Section 3 below) using data from a task-based questionnaire completed by 32 ninth-
grade students in a Japanese secondary school class.

The structure of the remainder of this paper is that in Section 2 we review the literature on proof validation. In Section 3, we
define in detail the respective meanings of proof validation and proof modification, and specify the research questions addressed in
this paper. We account for our research method in Section 4, and then present and discuss our analysis of the data with Toulmin’s
framework in Sections 5 and 6. We conclude in Section 7 by summarizing our study and indicating suggestions for future research.

2. Research on proof validation

To the best of our knowledge, Selden and Selden (1995, 2003) first introduced the term proof validation into mathematics edu-
cation research (although Segal, 1999; and Knuth, 2002b; investigated relevant behavior in undergraduates and teachers without
using the term). Selden and Selden (2003) conducted a study in which undergraduates were given four arguments, including both
valid and invalid ones, and were asked to judge whether each of them could be regarded as a valid proof. The researchers found that
although only about half of judgments made by the participants were correct at the initial stage, the rate of correct judgments
improved after the interviewer’s encouragement to reflect on their initial judgments. Another finding was that many students in-
correctly accepted as a valid proof an argument showing the truth of the converse of a target proposition, indicating that they tended
to judge the validity of arguments based on local details rather than global/structural points.

Since Selden and Selden’s (2003) seminal work, several researchers have investigated how undergraduates and mathematicians
work on proof validation. Alcock and Weber (2005) looked at line-by-line checking of an argument, observing that only a few
undergraduates detected a hidden warrant in the step from a certain line of the argument to the subsequent line and recognized the
invalidity of the warrant. Weber (2010) focused on failure reasons in proof validation by undergraduates, hypothesizing possible
causes including students’ tendency to overlook the inappropriateness of assumptions used in an argument, and limitations in stu-
dents’ own mathematical knowledge. Ko and Knuth (2013) considered arguments from various content domains (in algebra, analysis,
geometry, and number theory) and observed that undergraduates’ judgment on the validity of the arguments varied according to
content domain. Ko and Knuth also dealt with ostensible counterexamples proposed to show the falsity of propositions. In contrast to
these studies involving undergraduates, Weber (2008) and Inglis and Alcock (2012) explored how experts (mathematicians) engaged
in proof validation and how their behavior was different from that of undergraduates.

Although these existing studies certainly provide multiple insights into proof validation behavior, there are two issues that remain
open. First, that a majority of existing studies regarding proof validation involve undergraduates, trainee and in-service teachers,
and/or mathematicians, means that the need for studies of proof validation in school mathematics is pressing. In doing so, we focus
on the domain of geometry because it is a key area in which proofs and proving are learned and used in secondary school mathe-
matics. While there have been numerous studies on proof and proving in secondary school geometry covering students’ capabilities
regarding proofs and their perspectives on proving in classes (Herbst & Brach, 2006; Hoyles & Healy, 2007; Senk, 1985), teachers’
conceptions of proof (Knuth, 2002a, 2002b), textbook analysis (Fujita & Jones, 2014; Otten, Gilbertson, Males, & Clark, 2014), task
design (Cirillo & Herbst, 2012; Komatsu, in press), and classroom-based research, including investigation of student-teacher inter-
actions and teaching interventions to enhance student learning (Martin, McCrone, Bower, & Dindyal, 2005; Miyazaki, Fujita, & Jones,
2015), only a few studies have related to proof validation, mostly focusing on whether students can discern the invalidity of circular
arguments (in which conclusions are used as suppositions). For instance, McCrone and Martin (2004) surveyed 18 American high
school students and showed that only 22% of the students correctly judged a circular argument invalid. A similar result was obtained
by Reiss et al. (2001), who administered the proof questionnaire by Healy and Hoyles (1998) to German secondary school students.
More recently, Miyazaki, Fujita, and Jones (2017), using their own framework to capture students’ understanding of the structure of
proofs, analyzed a classroom episode where the invalidity of a circular argument was discussed among students; the researchers make
reference to a component of their framework, namely hypothetical syllogism, to explain student inability to reject the circular
argument. However, because proof validation does not only involve circular arguments, it remains necessary to address other types of
proof validation.



K. Komatsu et al. Journal of Mathematical Behavior

Fig. 1. Diagram attached to the proof problem.

The second open issue is that in previous research, participants’ activity has generally ended at proof validation, meaning that
these researchers have not investigated how the participants might modify arguments after judging them to be invalid. Alcock and
Weber (2005) is one exception, as they requested participating undergraduates to check an argument and revise it if needed; they
found that participants did not zoom in effectively on a specific part that crucially affected the validity /invalidity of the argument, yet
made only minor modifications on the whole. In this, Alcock and Weber did not focus on the modifications, treating them as a
relatively minor topic. In our view, proof modification is an important educational activity because it provides students with op-
portunities to look back and improve mathematical knowledge, skills, and thinking. Accumulating such opportunities could foster
reflective attitudes in students, which are essential for them to not only enhance the quality of their mathematical learning, but also
become thoughtful citizens in general.

The need to address these two issues—proof validation and modification in secondary school mathematics—constitutes the ra-
tionale for our study.

3. The meanings of proof validation and proof modification

To clarify the meanings of proof validation and proof modification in this study, we borrow from Lakatos (1976) the notions of
global counterexamples and local counterexamples. A global counterexample, which is a counterexample in the conventional sense,
refutes a statement, while a local counterexample rejects only a step in a proof. There have been many mathematics education studies
dealing with global counterexamples (in most cases, they simply use the term counterexamples, not global counterexamples). For
instance, Balacheff (1991) analyzed 13-14 year-old students’ responses to counterexamples, and indicated possible factors influen-
cing these responses, such as types of conjectures, student knowledge of objects concerned in conjectures, their global conceptions of
what mathematics consists of, and didactical contract perceived by students. Yopp (2015) obtained similar results from his study with
prospective elementary teachers, and showed that their responses to false generalizations and counterexamples were influenced by
several factors including knowledge of argumentation and knowledge and use of the mathematical practice of exception barring. In
contrast to these studies, the characteristic of our study is in addressing local counterexamples, namely counterexamples to proofs,
not to conjectures.

To introduce proof validation involving local counterexamples into secondary school geometry, this study uses a class of
mathematical tasks named proof problems with diagrams (Komatsu, in press; Komatsu, Tsujiyama, Sakamaki, & Koike, 2014). These are
tasks in which statements are described with reference to particular diagrams with labels, typically one diagram per problem. An
example is as follows:

Fig. 2. Diagrams that satisfy the condition of the statement.
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As shown in Fig. 1, two circles O and O' intersect at points P and Q, and two points A and B are located on circle O. Draw line AP
and let point C be the intersection point of the line and circle O’. Draw line BQ and let point D be the intersection point of the line and

circle O'. Prove AAQC ~ ABPD.

That AAQC ~ ABPD canbe proved by showing ~#QAC= #PBDand ~QCA = #PDB, using theinscribed angle theorem.

There are two perspectives on tasks in the form of proof problems with diagrams. The first regards these tasks as only involving
answering whether statements are true for the diagrams given in the tasks, while the second considers the truth of the statements for
certain general classes to which the given diagrams belong. This study adopts the second interpretation. Thus, in the task above
(which includes the diagram in Fig. 1), we consider that the statement claims that triangles AQC and BPD are mathematically similar
regardless of the locations of points A and B on circle O (e.g., as illustrated in Fig. 2) as long as the stated condition is satisfied.1 This
interpretation can elicit a proof validation where various diagrams are produced that satisfy the conditions of the statements and
checks are made whether the constructed proofs are applicable to these diagrams. Here, the aforementioned proof for Fig. 1 is not
applicable to the case shown in Fig. 2b because this case rejects the use of the inscribed angle theorem as a reason for showing
#QCA = /PDB.” The proof thus needs to be modified by altering the theorem being utilized to the inscribed quadrilateral theorem
that an interior angle is equivalent to the exterior angle of the opposite angle. The case shown in Fig. 2b represents one of local
counterexamples in Lakatos’ (1976) terminology because it rejects a specific part of the proof; it is not a global counterexample
because the statement, AAQC ~ ABPD, is still true (further reference to local counterexamples in mathematics education research can
be seen in Komatsu, 2012, 2016 and Larsen & Zandieh, 2008).

Based on this illustration, we define proof validation as inspecting whether there are local counterexamples to proofs and proof
modification as when noticing the existence of local counterexamples, constructing proofs that are valid for the local counterexamples.

In each proof problem with diagram, a proof must take into account not only a given diagram but also a broader domain beyond it.
That is, the given diagram is used as a generic example, defined as “an actual example, but one presented in such a way as to bring out
its intended role as the carrier of the general” (Mason & Pimm, 1984; p. 287; for a recent review of generic examples, see Yopp &Ely,
2016). However, the proof may suffer from “one-case concreteness” (e.g., Dvora & Dreyfus, 2014; Presmeg, 1986;
Yerushalmy & Chazan, 1990) in the sense that the proof based on the single concrete diagram may be applicable only to a subset of all
cases considered in the statement.’ The present study capitalizes on this ambiguity of proof problems with diagrams to create op-
portunity for secondary students to engage in proof validation and modification.

The meaning of proof validation in this study is distinct from that of existing research. Previous studies have involved participants
spotting fallacies that make arguments invalid, such as the circularity of arguments, falsity of warrants used to deduce certain lines,
mismatch of arguments resulting in proofs for the converses of target propositions, and inappropriateness of global counterexamples
used to show the falsity of propositions (e.g., Alcock & Weber, 2005; Ko & Knuth, 2013; McCrone & Martin, 2004; Selden & Selden,
2003). In contrast, our study deals with not-completely-invalid proofs, or proofs that are valid in certain domains. In this sense, we
treat proof validation in terms of in-between valid proofs and invalid arguments, and investigate whether secondary school students
can recognize cases where proofs become invalid.

In an earlier related study (Komatsu, Ishikawa, & Narazaki, 2016), a task-based questionnaire was administered to 29 secondary
school students to investigate whether they could successfully perform proof validation and modification. In this case, only the
numbers of students who succeeded or failed at proof validation and modification were recorded and reported; in-depth analysis into
the students’ behaviors was not conducted. In this paper, we address this issue by providing more detailed data on a similar in-
vestigation, addressing the following research questions:

- What attempts are made by secondary school students in producing local counterexamples to their proofs?
- What attempts are made by secondary school students in modifying their proofs to cope with local counterexamples?

4. Methods
4.1. Context

In this paper, we use data from a task-based questionnaire conducted as one part of a larger research endeavor on curriculum
development for explorative proving (Miyazaki et al., 2016). In our study, we designed and implemented a teaching intervention with
the aim of developing task sequences that facilitate proof validation and modification in secondary school geometry. The intervention
was designed in collaboration between researchers and teachers, and the third author implemented the intervention in his ninth-

! The conditions of the statement include the intersection of circles O and O, the possibility of drawing lines AP and BQ, the existence of points C and D, and the
existence of triangles AQC and BPD. Under these conditions, the statement claims the similarity of triangles AQC and BPD. Some special cases, such as the cases where
circles O and O' coincide or do not intersect, and the cases where point A coincides with point P or Q, may be raised. However, these cases are logically not
counterexamples but non-examples, because they do not satisfy the statement condition (Komatsu et al., 2014); therefore, these cases are precluded from the statement.
Regarding the case where point A coincides with point P, however, if line AP is considered as a tangent to circle O, the statement is still true and can be proved
with the alternate segment theorem. This also applies to the case where line AP is a tangent to circle O’ and the case where point B is moved. In another special case
where points A and B coincide, the similarity of triangles AQC and BPD can be also proved in a different way (Komatsu et al., 2016).

2 The case in Fig. 2b rejects neither the truth of the inscribed angle theorem nor the equality of angles QCA and PDB, because the theorem is a true proposition and
the equality of these two angles can be proved with another theorem, as described.

3 This is not true for all of proof problems with diagrams; in some cases, the constructed proofs are valid for all cases considered in the statements.
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Table 1
Summary of the implemented lessons.

Lessons Tasks Purposes

Lesson 1 Prove APAB ~ APDC in Fig. 4a. Introducing proof validation and modification, where students work on a local counterexample hinted at by the
teacher.

Lesson 2 Prove APAC ~ APBD in Fig. 5a. Providing another experience of proof validation and modification, where students discover local

counterexamples by themselves.
Lesson3  Prove AAQC ~ ABPD in Fig. 1. Implementing the task-based questionnaire shown in Section 4.2.

grade (14-15-year-old students) classroom in a state school in Japan. After the intervention, the task-based questionnaire was ad-
ministered in order to investigate how the students performed proof validation and modification. We used three (50-min) lessons for
our research: two for the intervention and one for the task-based questionnaire. Table 1 represents the summary of the threelessons.
The focus of our analysis in this paper is on the results of the questionnaire, not the intervention. Although the class had 33 students,
one student’s data were not analyzed because the student was absent from the intervention; thus, there were 32 participants.

We conducted our research during the class’ regular teaching unit during which the properties of circles were addressed. Prior to
this teaching unit, the students had learnt geometric proofs involving the congruence and similarity of triangles; they had become
familiar with the inscribed angle theorem and the inscribed quadrilateral theorem. While both these theorems, as we explain below,
are necessary for tackling the task-based questionnaire, the students’ prior experience in using these theorems was solely in the
context of problems requiring them to find unknown angles; they had not yet tackled proof problems that required these theorems.
We expected that the teaching intervention, whose main purpose was introducing proof validation and modification, could also
prepare the students to tackle such proof problems, as described further below. According to the third author, who has 25 years of
teaching experiences across several secondary schools in Japan, the mathematical capabilities of the participating students were
average for their age in Japan.

4.2. Task-based questionnaire

We employed proof problems with diagrams for our teaching intervention and for our task-based questionnaire. The task illustrated
above, in Section 3, was employed for the task-based questionnaire. The individual questions are listed below, with the diagrams used
in the questions shown in Fig. 3:

Q1. Answer the following questions:

Q1-1. If point A is on the place shown in Fig. 3a, your proof will be rejected. Which part of your proof will be rejected?
Q1-2. Modify your proof to show AAQC ~ ABPD even in the case of Fig. 3a.

Q2. Answer the following questions using Fig. 3b:

Q2-1. Place point A on various places on circle O other than as in the diagram in Q1, and find a case that rejects your proof.
Q2-2. Which part of your proof is rejected by the diagram you drew in Q2-1?

Q2-3. Modify your proof to show AAQC ~ ABPD even in the case of your diagram in Q2-1.

We conducted this task-based questionnaire during the latter part of the third lesson of our study; in the first half of the lesson,
students engaged in proving the statement shown in Section 3, and in the second part, they worked individually on the task-based
questionnaire. During the first part of the lesson, when some students were not able to construct proofs by themselves, the teacher
asked students who had successfully done so to help those students. This was to ensure that all the students could write full proofs
before attempting the task-based questionnaire.

Approximately 25 min of the third lesson were devoted to the task-based questionnaire. While working on it, students could see a
poster on the wall of the classroom that summarized the inscribed angle theorem and the inscribed quadrilateral theorem.

This specific proof problem in the task-based questionnaire was chosen based on its suitability for the participating students,
based on their status and progress in their regular mathematics class. The task requires students to apply knowledge of the properties
of circles, which, as mentioned above, the participants were learning at that time. Hence, we considered that the questionnaire would

Fig. 3. Diagrams used in the task-based questionnaire.
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not appear artificial to the students, but rather a natural extension to their regular class activity. In Section 6, we show that other
tasks, such as common textbook tasks, can also be used for the form of proof validation and modification that is our focus in this
paper.

In the task-based questionnaire, Q1 was prepared because our earlier study (Komatsu et al., 2016) showed that producing local
counterexamples was challenging for participating students; thus, we thought some students might perform better if given a local
counterexample as opposed to being expected to produce one on their own. More specifically, students given a local counterexample
might be better able to recognize which parts of their proofs are rejected by the local counterexample and to modify the proofs to
cope. While Q1 involves being presented with a diagram that can be regarded as a local counterexample, Q2 involves discovering a
local counterexample. Q2-1 and Q2-2 entail the discovery of local counterexamples and, as such, are relevant to proof validation,
whereas Q1-2 and Q2-3 address given/discovered local counterexamples and are thus relevant to proof modification.

4.3. Framework and data analysis

Following Pedemonte (2007) and Zazkis et al. (2016), we used the simplified version of Toulmin’s (2003) framework to analyze
students’ attempts at proof validation and modification. This simplified framework consists of the claim (C) being argued, the data
(D) used to demonstrate the claim, and the warrant (W) describing how the data support the claim. Although we acknowledge the
importance of the remaining three components in Toulmin’s framework (backing, modal qualifier, and rebuttal; Inglis, Mejia-
Ramos, & Simpson, 2007; Jahnke, 2008), the simplified framework was sufficient for our data. What is more, we are reassured that
Toulmin’s framework can be used to analyze the sort of reasoning that Lakatos describes in which arguments may be faulty, but
revisable, rather than being solely accepted or rejected (Aberdein, 2005; Pease & Aberdein, 2011).

Given that the main data analyzed in this study consisted of students’ answers to the task-based questionnaire, analysis of stu-
dents’ responses was divided into three phases. In the first phase, we graded each student’s answers to the questions in the ques-
tionnaire. The first author and fourth author carried out this grading independently. We then synthesized the results of our grading
(the agreement rate was 92.5%), and any discrepancies were discussed until we reached a consensus.

In the second analysis phase, we classified students’ attempts at proof validation and modification as successful or unsuccessful.
For proof validation, students were judged as successful if they gave correct answers to both Q2-1 and Q2-2. Regarding Q2-1,
students’ answers were judged as correct if they produced one diagram that constituted a local counterexample; Q2-1 does not require
the students to find all of the possible local counterexamples. Students who correctly answered Q2-1 but not Q2-2 were assessed as
unsuccessful in proof validation because they had only shown themselves able to draw diagrams, not to recognize the diagrams as
local counterexamples. Regarding proof modification, we considered both Q1-2 and Q2-3 because in both questions students are
asked to modify proofs; the questions differ only in the origins of the local counterexamples (Q1-2 is related to the given local
counterexample, while Q2-3 is related to local counterexamples discovered by the students). For Q1-2, we focused on students who
correctly answered Q1-1. We did this because the necessity for proof modification would not arise if students could not recognize the
given diagram as a local counterexample.* Students’ attempts at proof modification were judged as successful if Q1-2 was correctly
answered. Likewise for Q2-3, we focused on students who correctly answered Q2-1 and Q2-2; their attempts at proof modification
were judged as successful if Q2-3 was correctly answered.

In the third phase of the analysis, we used Toulmin’s framework to characterize, in more detail, students’ successful and un-
successful attempts at proof validation and modification. We began by categorizing unsuccessful attempts according to whether each
of the data, claims, and warrants in the attempts was valid or not. After that, we looked into each of the categories and, when
appropriate, made sub-categories based on the contents of the data, claims, and warrants. The same procedure was then applied to
students’ successful attempts.

Alongside the analysis of the students’ answers to the task-based questionnaire, we conducted a brief analysis of the teaching
intervention. We did this because we anticipated that the teaching intervention would influence the students’ performance in the
task-based questionnaire. The first author observed all of the lessons as a non-participant, and the video records and collected
students’ worksheets were used as data for this component of the analysis. As this aspect of the analysis is secondary in this paper, the
lesson data are used only if they provide clarification and/or explanation of the findings from the main data (i.e., the task-based
questionnaire). In other words, our focus is not on evaluating the intervention.

English translations of the tasks and the students’ answers to the questionnaire are rendered from the original Japanese by the
authors. All students’ names used in this paper are pseudonyms.

4.4. The lessons

To help contextualize our analysis, and before presenting the analysis, we give a short account of the teaching intervention
implemented immediately prior to the students completing the task-based questionnaire. In the first of the three lessons, the fol-
lowing task was used: “As shown in the Figure [this is Fig. 4a], there are four points A, B, C, and D on circle O. Draw lines AC and BD,
and let point P be the intersection point of the lines. Prove APAB ~ APDC.” The diagram in the students’ worksheets consisted of only
circle O and the four points. As such, the students first needed to complete the diagram by following the problem sentence (e.g.,

* We acknowledge that there are multiple reasons for revising proofs, for instance clarity or brevity. However, in this paper, we restrict the term proof modification
to our definition involving local counterexamples.
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a

Fig. 4. Diagrams in the first lesson (from the students’ worksheets).

drawing line AC). After the students proved the statement by showing £APB = #DPC and «BAP = 2CDP, the teacher prompted the
students to draw diagrams in which point A was on arc BC. The students recognized these diagrams (e.g., Fig. 4b) to be local
counterexamples, and modified their proofs in a similar way to that described in Section 3.

In the second lesson, the following task was used: “As shown in the Figure [this is Fig. 5a], two circles O and O’ intersect at points
P and Q, and two points A and B are located on circle O. Draw line AQ and let point C be the intersection point of the line and circle
O'. Draw line BQ and let point D be the intersection point of the line and circle O’. Prove APAC ~ APBD.” Like the first lesson, the
students first completed the diagram (e.g., drawing line AQ and placing point C) and then proved the statement by showing <PA-
C= «PBD and «PCA = «PDB. Afterwards, in contrast to the first lesson where the position of point A was specified, the teacher said,
“Let’s place point A on various places on circle O, and search for cases where your proofs become invalid.” The case of Fig. 5b, where
point A is on arc PQ of circle O, was the local counterexample discovered by the most students, and the case of Fig. 5c, where point C
is on arc PQ of circle O, was also discovered by some students. The students then engaged in proof modification in a similar way to
that described in Section 3.

As noted earlier, in the first part of the third lesson the students tackled the proof problem illustrated in Section 3, above. Similar
to the first and second lessons, the students first completed the diagram on their worksheets (because the initial diagram included
only part of the problem sentence); then they proved the statement. All the students’ proofs were based on showing ZQAC = ~PBD
and Z#ACQ = /BDP with the inscribed angle theorem. The following was a typical student proof.

In AAQC and ABPD, since inscribed angles corresponding to arc PQ of circle O are equal, ZQAC= «PBD. ...(1)
Since inscribed angles corresponding to arc PQ of circle O’ are equal, ZACQ= «BDP. ...(2)
From (1) and (2), since two pairs of angles are equal, AAQC ~ ABPD.

As also noted earlier, the teacher provided the opportunity for students who could not construct proofs by themselves to obtain

help from successful students. Following this, the students worked individually on the task-based questionnaire.

5. Results
5.1. Proof validation

Students’ attempts at proof validation are summarized in Table 2. In this classification, we regard the claims (C) of all the attempts
as “the proof is invalid in this case” because Q2-1 asked students to “find a case that rejects your proof.” When referring to Toulmin’s
framework, we use superscript X to indicate that the relevant element is not valid; for example, W indicates that the stated warrant is
valid, while WX indicates that it is incorrect, inappropriate, or insufficient. We also include the case where a warrant is notexpressed
in WX for the following reason. Suppose that a student draws Fig. 2b as a data, but does not express a warrant showing why this data
supports the claim “the proof is invalid in this case.” In this case, the student may implicitly hold a warrant, and the implicit warrant
could be still correct even though it is not directly expressed. However, as shown in Section 5.1.3 and Komatsu (in press), it is also

Fig. 5. Diagrams in the second lesson (from the students’ worksheets).
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Table 2
Classification of attempts at proof validation (D is data, W is warrant, C is claim).

#in category Toulmin’s model Description of category #in sub- Description of sub-category
category
18 D,W,C Success in producing local counterexamples 17 Placing point A on arc PQ
1 Placing point A on arc BP
9 DY, WX, C Failure in producing diagram data that can be regardedas 6 Drawing diagrams that do not satisfy the
local counterexamples problem condition
3 Other or no diagram
5 D, WY, C Failure in showing the warrants for why produced 3 Stating that valid parts of proofs are invalid

diagrams invalidate proofs 2 No reference to the warrant

possible that the student’s implicit warrant could be incorrect; he/she may wrongly consider that the valid part of the proof (i.e., the
reason for ZQAC = «PBD) is invalidated by this data. It is not possible to judge whether implicit warrants are valid from the written
answers to the questionnaire. In this sense, non-expressed warrants are insufficient for providing complete descriptions of how the
data support the claims, and thus we regard students’ answers as W if they do not express warrants.

While, in the first part of the third lesson, some four students could not write correct proofs despite obtaining help from successful
students, the response of these four students to the task-based questionnaire are nevertheless included in Table 2 because their
attempts at the questionnaire were observed. All their responses were assessed to be in the category of the combination of D*, W¥, and
C because the data and warrant they offered were invalid.

In the sections below, we present an analysis of the students’ successful and unsuccessful attempts in terms of Toulmin’s fra-
mework.

5.1.1. Successful attempts at producing local counterexamples

As shown in Table 2, 18 of 32 participating students (56%) succeeded in proof validation; that is, in discovering local counter-
examples to their proofs. More concretely, they produced diagram data that constituted local counterexamples in Q2-1, and showed
warrants identifying which parts of their proofs were rejected by the diagrams in Q2-2. All of these students except one placed point A
on arc PQ in Q2-1. For instance, student Rena gave the data shown in Fig. 6 and expressed her warrant, “It is not possible to show
2QAC = £PBD from inscribed angles corresponding to arc PQ of circle O.” In other words, Rena pointed out that angle QAC was no
longer an angle inscribed to circle O in Fig. 6; Rena’s answer is depicted in Fig. 6. The only student who did not place point A on arc
PQ drew a diagram in which point A was on arc BP, as in the original diagram in Fig. 1, but point C was on arc PQ.

From this we identified two possible reasons for the prevalence of local counterexamples in which point A was on arc PQ. The first
relates to the diagrams given in the task-based questionnaire. Circle O in Fig. 3b can be broadly divided into arcs BP, BQ, and PQ.
Point A is located on arc BP in the diagram in the original proof problem (Fig. 1) and on arc BQ in the diagram in Q1 (Fig. 3a). Hence,
the students would (consciously or unconsciously) choose to place point A on the remaining arc PQ. The second reason relates to the
influence of the implemented intervention. In the second lesson, the local counterexample discovered by the most students was the
case where point A was on arc PQ (Fig. 5b). Thus, the students would likely draw similar diagrams in response to the questionnaire.

5.1.2. Unsuccessful attempts at producing diagram data that can be regarded as local counterexamples

As Table 2 shows, 14 students (44 %) did not succeed in proof validation, specifically in the discovery of local counterexamples.
We classify these unsuccessful attempts at proof validation into two types.

The first type consists of attempts in which students were not able to produce diagram data that could be regarded as local
counterexamples. In particular, six students (19%) drew improper data that did not satisfy the condition of the problem. This number
accounted for approximately half of the students who did not succeed in proof validation (6/14 = 43%). For instance, two students
drew line AQ, not line AP. Nanami drew the data in Fig. 7 and gave no warrant in Q2-2. Another two students placed point C on the

D:

.| C: The proof is invalid in
“| this case.

W: It is not possible to show ZQAC = £ZPBD
from inscribed angles corresponding to arc
PQ of circle O.

C D

Fig. 6. Success in proof validation (diagram from student worksheet).
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Table 3

DX:

.| C: The proof is invalid in
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this case.

WX: No warrant

C: The proof is invalid in
this case.

WHX: The part of the inscribed angles
corresponding to arc PQ of circle O is not valid
because [angle QAC is] no longer an inscribed
angle corresponding to arc PQ of circle O.

.. | C: The proof is invalid in

“| this case.

not valid].

WX: The part stating the inscribed angles
corresponding to arc PQ of circle O’ [was

Fig. 9. Incorrect warrant stating that the valid part of a proof is invalid (diagram from student worksheet).

Classification of attempts at proof modification.

26

#in category Toulmin’s model Description of category #in sub- Description of sub-category
category
D,W,C Success in proof modification 14 Modifying proofs for local counterexamples
produced themselves
12 Modifying proofs for the given local
counterexample
D, WX, c* Failure to find another pair of equal angles 7 Not referring to a pair of angles
2 Referring to unequal angles
D, WX, C Failure to show sulfficient warrants for why

referenced angles are equal
Other type of failure in proof modification
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2| C: £QAC= £ZPBQ

W: In quadrilateral PAQB, since an interior
angle is equal to the exterior angle that is
next to the opposite interior angle

Fig. 10. Success in proof modification (diagram from student worksheet).

intersection point of lines AP and BD, rather than that of line AP and circle O'. Sakura gave the data in Fig. 8,°and described her
warrant as follows: “the part of the inscribed angles corresponding to arc PQ of circle O is not valid because [angle QAC is] no longer
an inscribed angle corresponding to arc PQ of circle O.” The content of the stated warrant is true in itself; however, using the data that
does not satisfy the problem condition is unacceptable for showing the invalidity of the proof. In this sense, the stated warrant isnot
appropriate. Nanami'’s case and Sakura’s case can be summarized as Figs. 7 and 8, respectively.

Although these six students thought of cases that were different from the original case (Fig. 1) in terms of the location of pointA,
they did not understand the problem condition. As described in Section 4.4, each of the three implemented lessons began with
drawing diagrams that satisfied the problem conditions; nevertheless, the responses of several students to the task-based ques-
tionnaire showed that they encountered difficulty producing diagrams satisfying the specified problem condition.

5.1.3. Unsuccessful attempts at showing the warrants for why produced diagrams invalidate proofs

The second type of unsuccessful attempt at proof validation, represented by five students, consisted of attempts that did extend to
producing diagram data that could be regarded as local counterexamples but not to providing warrants showing which parts of the
proofs were thereby invalidated. Three of these students stated warrants that incorrectly identified valid parts of their proofs as
invalidated by their data. For instance, Yui drew the data shown in Fig. 9, which can be regarded as a local counterexample to her
proof. For Q2-2, she wrote her warrant, “the part stating the inscribed angles corresponding to arc PQ of circle O’ [was not valid].”
However, her data rejects the part of her proof related to circle O, not circle O'. More concretely, the angles inscribed to circle
O'—angles ACQ and BDP—maintain this status in her data, and, as described above, angle QAC is no longer an angle inscribed to
circle O. Hence, Yui’s attempt can be depicted as in Fig. 9. Because these five students produced diagrams that could be regarded as
local counterexamples, they were able to understand the problem condition and consider cases different from the original case;
however, it was difficult for them to discern the parts of their proofs invalidated by their produced diagrams.

5.2. Proof modification

Some 24 students correctly answered Q1-1 of the task-based questionnaire and 18 students correctly answered Q2-1 and Q2-2.
Thus, as mentioned in Section 4.3, 42 (=24 +18) answers to Q1-2 and Q2-3 were available for analysis as attempts at proof
modification. This number (42) is larger than the number of participants (32) because attempts by 17 students who correctly an-
swered all of Q1-1, Q2-1, and Q2-2 were counted twice, namely their answers to Q1-2 and Q2-3.

Our classification of these 42 attempts at proof modification is shown in Table 3. Note that in all 42 attempts, the data were regarded
as correct. This is because we considered both the diagram in Q1-2 of the questionnaire and the diagrams produced by students in Q2-1
as data. Since we analyzed only those students who produced proper diagrams, as mentioned earlier, all the data were correct.

In what follows, we first consider the successful attempts at proof modification, before then considering different forms of in-
correct attempts.

5.2.1. Successful attempts at proof modification

As depicted in Table 3, 14 students successfully modified their proofs to cope with local counterexamples that they themselves
had produced; this number accounts for 44% of the participants (14/32) and 78% of the students who produced local counter-
examples themselves (14/18). Similarly, 12 students modified their proofs to address the local counterexample given in the ques-
tionnaire, accounting for 38% of the participants (12/32) and 50% of the students who recognized the given diagram as a local
counterexample (12/24). Nine students (28% of the participants) achieved both types of proof modification.

For instance, Mirai drew the data shown in Fig. 10 as a local counterexample to her proof, and constructed the following proof for
this case:

° Although the place of point C may not be clear in Fig. 8, the mark for angle ACQ in the figure tells us that the student let point C be the intersection point of lines
AP and BD.
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InAAQCand ABPD
Since inscribed angles corresponding to arc PQ of circle O’ are equal, «ZPCQ= 2PDQ ... (1)
In quadrilateral PAQB, since an interior angle is equal to the exterior angle that is next to the opposite interior angle,
ZQAC = «PBQ...(2)
From (1) and (2), since two pairs of angles are equal, AAQC ~ ABPD
In her initial proof for Fig. 1, Mirai had used the inscribed angle theorem as a warrant for claiming #QAC = /PBQ. Then, in the
above, she replaced her inscribed angle theorem warrant with an inscribed quadrilateral theorem warrant to justify the same claim.
This can be regarded as “rewarranting,” where an attempt is made “to find a new, more appropriate reason for a claim” (Zazkis et al.,
2016Zazkis, Weber, & Mejia-Ramos, 2016). Thus, her proof modification can be summarized using Toulmin’s framework as in Fig. 10.
Regarding Q1-2, the students who succeeded in proof modification performed the same substitution of warrants in the reason for
+«ACQ = «BDP in Fig. 3a.
As seen in Mirai’s answer, proof modification can be achieved by revising the part regarding a pair of equal angles invalidated by
the local counterexamples. Hence, in what follows when we examine the unsuccessful attempts, we focus on the part of proof
modification in which students addressed the invalidated parts of their proofs, rather than on the whole of proof modification.

5.2.2. Unsuccessful attempts to find another pair of equal angles

Students’ unsuccessful attempts at proof modification can be broadly divided into two types. The first type was observed innine
attempts in which students failed in giving valid claims; more specifically, they were not able to find another pair of equal angles. For
instance, Ayaka and Kotone answered Q1-2 as follows:

Ayaka:

In AAQC, ABPD

Since inscribed angles corresponding to arc PQ of circle O are equal

Kotone:

InAAQCand ABPD

Since inscribed angles corresponding to arc PQ of circle O are equal, ZQAC= 2QBP ... (1)

From the property of inscribed quadrilaterals, £/PCQ= «PDQ... (2)

From (1) and (2), since two pairs of angles are equal, AAQC ~ ABPD.

The data in Fig. 11 was taken from Ayaka’s worksheet. In Q1-1, she recognized that ZPAQ = ~#PBQ could be still shown with the
inscribed angle theorem in circle O. In the above answer, she intended to write this again, but left it unfinished. Moreover, she gave
no claim or warrant regarding another pair of angles. Thus, Ayaka’s case can be depicted as shown in Fig. 11. As for Kotone, although
she claimed #PCQ = £PDQ, these angles are not equal in Fig. 3a and so her claim cannot be warranted from the inscribed quad-
rilateral theorem. There were seven attempts like Ayaka’s and two attempts like Kotone’s.

5.2.3. Unsuccessful attempts at giving sufficient warrants for why referenced angles are equal
Another type of failure in proof modification was observed in six attempts in which although students referred to valid claims
(i.e., a pair of angles that are mathematically equal), they provided insufficient warrants. It is noteworthy that all of these students
changed which pair of angles was referenced from their original proofs. All six attempts were almost identical, so we take Moe’s
answer to illustrate them all. She drew the data shown in Fig. 12 and wrote the following argument:
InAAQCand ABPD
From the property of inscribed quadrilaterals, ~ZAQC= ~«BPD ... (1)
From the inscribed angles corresponding to arc PQ of circle O', ZPCQ= ~«PDB.... (2)
From (1) and (2), since two pairs of angles are equal, AAQC ~ ABPD
In her initial proof for Fig. 1, Moe had referred to the pair of angles CAQ and PBD; then, in (1) in the above answer, she changed
herclaimfrom this pair to the pair of angles AQCand BPD. However, her warrantisnotsufficient, because ZAQC= «BPD cannotbe
shown only from the inscribed quadrilateral theorem. This can be proved by using both the inscribed angle theorem and the inscribed
quadrilateral theorem: 2CQD = 2CPD from the former theorem, ~AQD = ~BPA from the latter, and then ZAQC= 2AQD —
2CQD= «BPA — 2CPD= «BPD. YetMoedidnotpresentthisreasoning;instead, shechanged which pair of angles wasreferenced

2| C*: No claim

WX: No warrant

Fig. 11. No reference to a pair of angles (diagram from student worksheet).
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2| C: £AQC = £BPD

WX: From the property of inscribed quadrilaterals

Fig. 12. Insufficient warrant for the equality of angles (diagram from student worksheet).

in a superficial way only. Thus, her attempt at proof modification can be depicted as shown in Fig. 12.

6. Discussion

In this paper, we have presented an analysis of the attempts that participating students made at proof validation and modification
of a set problem. Some 18 of the 32 participating students (56%) succeeded in proof validation, while 14 students (44%) successfully
modified their proofs to cope with local counterexamples that they themselves had produced. Regarding unsuccessful attempts, our
analysis provides two explanations for why some participating students did not achieve proof validation and modification.

First, as shown in Section 5.1.2, there were six cases of proof validation in which students drew improper diagram data that did
not satisfy the condition of the proof problem (part of the combination of D¥, WX, and C). These six students accounted for 19% of the
participating students and approximately half of the students who did not succeed in proof validation. Thus, the main cause of
student failure in proof validation seems to have been the difficulty of producing diagrams that satisfied the problem condition. This
phenomenon may be widely observed beyond this study if prevalent practice in schools is considered. Diagrams of proof problems are
usually given by teachers and textbooks, and rarely produced by students themselves (Herbst & Arbor, 2004; Herbst & Brach, 2006).
Under pressure to teach a large amount of content in a limited time, many teachers would devote their lessons to proof construction
with given diagrams rather than starting with diagram drawing by students. In addition, if each student produces a diagram, then
diverse diagrams appear in the classroom, some of which may be obscure or wrong in different ways and for different reasons. As
such, these diagrams may hinder subsequent proof construction. Thus, a single, clear, given diagram that is shared amongst students
helps teachers focus class attention on proof construction. As a result of this approach, however, students’ opportunity independently
to produce diagrams while considering problem conditions is limited, which would increase failure in proof validation.

Second, cases where students did not show acceptable warrants for their claims (i.e., the combination of D, WX, and C) were
observed in both proof validation and modification. In proof validation, the students’ warrants were not correct because they an-
swered that valid parts of their proofs were invalidated by the data that they had produced (Section 5.1.3). In proof modification, the
warrants were not sufficient because it was not possible to show the claims from these warrants alone (Section 5.2.3). To overcome
such difficulties, two types of actions can be taken. The first type is “rewarranting” (Zazkis et al., 2016). Rewarranting, as employed
by Zazkis et al., is related to translation from graphical warrants to verbal-symbolic warrants; in our study, instead, it involves adding
additional reasons in order to make sufficient warrants, as illustrated in Moe’s case in Section 5.2.3. Rewarranting also involves
replacing invalid warrants with valid ones. For instance, Yui’s warrant shown in Section 5.1.3 can be corrected if her reference to
circle O' is amended to the reference to circle O. The second type of action is to modify claims while keeping warrants, instead of
changing the warrants. For example, in Moe’s case in Section 5.2.3, if her claim is the equality of angles CAQ and PBD, it is possible to
show this claim directly from her warrant. Thus, in summary, another cause of student failure at proof validation and modification
was in the difficulty of showing acceptable warrants, but the actions of rewarranting or modifying claims based on warrants can help
overcome this difficulty.

Proof validation as discussed in this paper—namely the discovery of local counterexamples by producing diagrams—is an im-
portant activity in secondary mathematics. Our study examines proofs valid in certain domains, focusing on the production of
diagrams to find cases where the proofs become invalid. This activity enables students to experience an aspect of authentic math-
ematical practice that is a key to how mathematical knowledge is created in the discipline (Lampert, 1992). For example, De Villiers
(2010) treats mathematical experimentation, which includes diagrammatic evaluation of conjectures and proofs, and points out the
functions of experimentation in the discipline of mathematics. He points to the need “to explore authentic, exciting and meaningful
ways of incorporating experimentation and proof in mathematics education, in order to provide students with a deeper, more holistic
insight into the nature of our subject” (p. 220). Therefore, proof validation/modification as examined in this paper is significant in the
sense that this activity can provide students with an opportunity to experience the integration of proof and experimentation that is
essential for progress in mathematical practice.

Although the task-based questionnaire in this study was based on a single task, it is possible to create similar situations by using
other tasks. The task used in this study is an example of a larger class of proof problems with diagrams (Komatsu, in press; Komatsu
et al., 2014); the key characteristic of the task used here is that local counterexamples to a proof can be discovered by transforming
the diagram given in the task. In other words, tasks with this characteristic can elicit the types of proof validation and modification
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a b

Fig. 13. Diagrams for another task involving triangles.

examined in this study. This kind of task can be found in school mathematics textbooks; in fact, in secondary school geometry,
students are usually given proof problems for which diagrams and labels have already been prepared (Herbst & Brach, 2006), and in
some of these problems, it is possible to find local counterexamples to proofs by transforming the given diagrams. The following task
is a typical example (in which a summary of a proof is also shown):

Task. As shown in Fig. 13a, there are two equilateral triangles ABC and CDE that share point C. Prove AD = BE.

Proof (summary). AC=BC,CD=CE,and ZACD=60°+ £ ACE= «BCE. Therefore, AACD = ABCEand thus AD=BE.

This task and its variations are common in the sense that they are included in all eighth-grade mathematics textbooks in Japan. If
the two equilateral triangles in Fig. 13a are rotated, it is possible to discover local counterexamples, such as Fig. 13b in which the part
of the proof showing the equality of angles ACD and BCE becomes invalid and needs to be modified from “60 + 2ACE” to “60 —
#ACE.” Thus, students have the opportunity to experience proof validation and modification if, after constructing a proof for this
task, they are invited to transform the given diagram to inspect whether the proof is always valid.

Another option for eliciting proof validation and modification is to use universal geometrical propositions that are described in
general terms without any diagrams or labels, but require case analysis for proofs to be constructed. An example is the inscribed angle
theorem: the measure of an inscribed angle corresponding to an arc is half the measure of the central angle corresponding to that arc.
Proving this theorem requires case analysis according to the positions of the inscribed angles; hence, students can experience proof
validation and modification if, after showing the theorem in the case where an inscribed angle includes the center of the circle, they
are invited to change the place of the inscribed angle (e.g., to the case where it does not include the center of the circle) in order to
scrutinize whether their proofs are always valid (Komatsu, 2012). Furthermore, this activity can provide an opportunity for students
to learn key mathematical content (the inscribed angle theorem) while engaging in the important mathematical practice of proof
validation and modification (Dawkins & Karunakaran, 2016). We conjecture that some teachers may already practice this process in
their classes.

The tasks used in this study, and the similar approaches just described, show that geometry can be a suitable content area for
students to work on proof validation involving local counterexamples. Dawkins and Karunakaran (2016) contend that “research on
proof-oriented mathematical behavior should attend to the role of particular mathematical content” (p. 72) because students’ proving
behavior is affected by their understanding of the mathematical content. This implies that whether certain activity can be successfully
elicited depends on particular content areas. Given that geometry is the central area for proof learning at the secondary school level,
the feasibility of proof validation in geometry leads to the possibility of more opportunities for students to experience this form of
activity. Thus, our focus on geometry should be considered not as a limitation narrowing the study’s generalizability to other content
areas but rather a strength, showing that proof validation involving local counterexamples can be introduced in the main area for
proof learning in secondary school.

This argument leads directly to an implication for teaching: teachers may profitably employ proof problems with diagrams to
introduce proof validation and modification into secondary school geometry classes. Although scholars suggest that students’ cap-
ability at proof comprehension and validation can be improved by relevant training (e.g., Alcock & Weber, 2005; Hodds et al.,2014),
which kinds of tasks are useful for such training remains unclear. This study may offer relevant insight in that we illustrate how proof
problems with diagrams can be used to teach proof validation entailing the discovery of local counterexamples. When using such tasks,
however, teachers should consider the difficulties that the students in this study encountered. For example, it is likely to be crucial for
teachers to help students produce diagrams that satisfy the conditions of proof problems. It is also likely to be important, during
student proof validation and modification, for teachers to focus students’ attention on whether their warrants sufficiently connect the
data and their claims in terms of Toulmin’s framework.

7. Conclusion

This study builds on the limited previous research by addressing proof validation and modification in secondary school mathe-
matics. For that purpose, we employed the mathematical tasks called proof problems with diagrams. Using these tasks, this study
considered proof validation as entailing the discovery of local counterexamples to proofs by producing diagrams, and proof mod-
ification as entailing the revision of the proofs to cope with these local counterexamples. This mathematical activity is meaningful at

13



K. Komatsu et al. Journal of Mathematical Behavior

the secondary level because it enables students to work on critiquing arguments and engage in authentic mathematical practice. In
this paper, we analyzed attempts at proof validation and modification by ninth-grade students in Japan, by means of their ques-
tionnaire answers. We showed that their failures in proof validation and modification arose mainly from difficulties drawing dia-
grams that satisfied the condition of the proof problem and/or from showing acceptable warrants for their claims.

Nevertheless, there exist limitations to our findings that should be kept in mind. In particular, we do not have information
regarding the participating students’ conceptions of proof, such as whether they recognize the limitations of empirical arguments and
the generality of proofs. Students’ conceptions of proof could influence their proof validation behavior, and thus it is necessary to
investigate this influence. Additionally, the task-based questionnaire utilized for this study implied that there existed cases denying
students’ proofs and asked students to find these cases. More open-ended questions, such as whether proofs are valid or invalid,
should lead to different kinds of attempts at proof validation and modification. Further, our analysis was based on the students’
written answers to the task-based questionnaire; it would be worthwhile to look into student thinking by conducting additional
interviews. For example, we included students’ non-expressed warrants in the category of WX but, as mentioned in Section 5.1, the
students may have implicitly held warrants, and the implicit warrants could still be correct even though they were not directly
expressed. Additional interviews would be helpful for addressing this possibility.

Given that our analysis focused on the product of student answers to the questionnaire, task-based interviews would be also
helpful for addressing the process of how students engage in proof validation and modification. In such cases, students may refer to
the domains of the (in)validity of proofs, for analysis of which it is likely to be crucial to employ Toulmin’s (2003) full framework,
particularly the notions of modal qualifiers and rebuttals (Inglis et al., 2007; Jahnke, 2008). A final limitation is that the task-based
questionnaire reported here involved a single task and was implemented in a single class in one Japanese secondary school. It is
necessary to conduct larger-scale studies to examine the results of this study. We hope that future studies can address these lim-
itations and that our study can serve as a stepping-stone to better understand these questions.

Aside from addressing these limitations, we have two additional suggestions for future research. First, the use of dynamic geo-
metry software may be helpful for proof validation because the dragging function can help students more easily to transform dia-
grams. In relation to this, we have obtained a positive preliminary result in a task-based interview in which a triad of secondary
school students engaged in mathematical activity related to proofs and refutations (Lakatos, 1976) by creating several types of
diagrams in a dynamic geometry environment (Komatsu & Jones, in press). This preliminary result needs to be further scrutinized,
however, as it is based on one interview only. Second, given the importance of proof validation at the university level
(Alcock & Weber, 2005; Selden & Selden, 2003), it would be worthwhile to extend our research to this level as well. Aside from the
choice of subjects, the features of our research do not distinctly reflect the characteristics of the secondary school level, and a similar
approach would be adaptable to undergraduates. Of course, different results may be obtained. Given the relative maturity of un-
dergraduates, it may be possible to implement the questionnaire among them without conducting a prior teaching intervention.
Because proof validation is conceived in an innovative way in this study, as mentioned in Section 3, the extension of our research to
the university level could give new insights into proof validation behavior among undergraduates and provide new teaching op-
portunities to engage them in proof validation and modification.

Acknowledgements

We wish to express our thanks to the anonymous reviewers for their helpful comments on earlier versions of this paper. This study
is supported by the Japan Society for the Promotion of Science (Nos. 15H05402, 16H02068, and 26282039).

References

Aberdein, A. (2006). Proofs and rebuttals: Applying Stephen Toulmin’s layout of arguments to mathematical proof. In M. Bilkovéa, & O. Tomala (Eds.), The logica
yearbook 2005 (pp. 11-23). Prague: Filosofia.

Alcock, L., & Weber, K. (2005). Proof validation in real analysis: Inferring and checking warrants. Journal of Mathematical Behavior, 24(2), 125-134.

Balacheff, N. (1991). Treatment of refutations: Aspects of the complexity of a constructivist approach to mathematics learning. In E. von Glasersfeld (Ed.), Radical
constructivism in mathematics education (pp. 89-110). Dordrecht: Kluwer Academic Publishers.

Cirillo, M., & Herbst, P. (2012). Moving toward more authentic proof practices in geometry. The Mathematics Educator, 21(2), 11-33.

Common Core State Standards Initiative (2010). Common core state standards for mathematics. Retrieved August 27, 2015, from http:/ /www.corestandards.org/wp-
content/uploads/Math_Standards.pdf.

Dawkins, P. C.,, & Karunakaran, S. S. (2016). Why research on proof-oriented mathematical behavior should attend to the role of particular mathematical content.
Journal of Mathematical Behavior, 44, 65-75.

De Villiers, M. (2010). Experimentation and proof in mathematics. In G. Hanna, H. N. Jahnke, & H. Pulte (Eds.), Explanation and proof in mathematics: Philosophical and
educational perspectives (pp. 205-221). New York: Springer.

Department for Education (2014). Mathematics programmes of study: Key stage 4 (National curriculum in England). [Retrieved May 17, 2016, from https:/ /www.gov.uk/
government/uploads/system/uploads/attachment_data/file/331882/KS4_maths_PoS_FINAL_170714.pdf.].

Dvora, T., & Dreyfus, T. (2014). Unjustified assumptions in geometry made by high school students. Mediterranean Journal for Research in Mathematics Education,
13(1-2), 29-55.

Fujita, T., & Jones, K. (2014). Reasoning-and-proving in geometry in school mathematics textbooks in Japan. International Journal of Educational Research, 64, 81-91.

Healy, L., & Hoyles, C. (1998). Technical report on the nationwide survey: Justifying and proving in school mathematics. London: Institute of Education, University of

London.Healy, L., & Hoyles, C. (2000). A study of proof conception in algebra. Journal for Research in Mathematics Education, 31(4), 396-428.

Herbst, P., & Arbor, A. (2004). Interactions with diagrams and the making of reasoned conjectures in Geometry. ZDM — The International Journal on Mathematics
Education, 36(5), 129-139.

Herbst, P., & Brach, C. (2006). Proving and doing proofs in high school geometry classes: What is it that is going on for students? Cognition and Instruction, 24(1),
73-122.

Hodds, M., Alcock, L., & Inglis, M. (2014). Self-explanation training improves proof comprehension. Journal for Research in Mathematics Education, 45(1), 62-101.

14



K. Komatsu et al. Journal of Mathematical Behavior

Hoyles, C., & Healy, L. (2007). Curriculum change and geometrical reasoning. In P. Boero (Ed.), Theorems in schools: from history, epistemology and cognition to classroom
(pp. 81-115). Rotterdam: Sense Publishers.

Inglis, M., & Alcock, L. (2012). Expert and novice approaches to reading mathematical proofs. Journal for Research in Mathematics Education, 43(4), 358-390.

Inglis, M., Mejia-Ramos, J. P., & Simpson, A. (2007). Modelling mathematical argumentation: The importance of qualification. Educational Studies in Mathematics,
66(1),3-21.

Jahnke, H.N. (2008). Theorems thatadmitexceptions, including aremark on Toulmin. ZDM — The International Journal on Mathematics Education,40(3),363-371.

Knuth, E.J. (2002a). Teachers’ conceptions of proof in the context of secondary school mathematics. Journal of Mathematics Teacher Education, 5(1), 61-88.

Knuth, E. J. (2002b). Secondary school mathematics teachers’ conceptions of proof. Journal for Research in Mathematics Education, 33(5), 379-405.

Komatsu, K. (2012). Lakatos’ heuristic rules as a framework for proofs and refutations in mathematical learning: Local-counterexample and modification of proof. Pre-
proceedings of the 12th International Congress on Mathematical Education (pp. 2838-2847).

Komatsu, K. (2016). A framework for proofs and refutations in school mathematics: Increasing content by deductive guessing. Educational Studies in Mathematics, 92(2),
147-162.

Komatsu, K. (2017). Fostering empirical examination after proof construction in secondary school geometry. Educational Studies in Mathematics (in press).

Komatsu, K., Ishikawa, T., & Narazaki, A. (2016). Proof validation and modification by example generation: A classroom-based intervention in secondary school
geometry. Proceedings of the 13th International Congress on Mathematical Education.

Ko, Y. Y., & Knuth, E. . (2013). Validating proofs and counterexamples across content domains: Practices of importance for mathematics majors. Journal of
Mathematical Behavior, 32(1), 20-35.

Komatsu, K., & Jones, K. (2017). Proofs and refutations in school mathematics: A task design in dynamic geometry environments. Proceedings of the Tenth Conference of
the European Society for Research in Mathematics Education (in press).

Komatsu, K., Tsujiyama, Y., Sakamaki, A., & Koike, N. (2014). Proof problems with diagrams: An opportunity for experiencing proofs and refutations. For the Learning
of Mathematics, 34(1), 36—42.

Lakatos, I. (1976). Proofs and refutations: The logic of mathematical discovery. Cambridge: Cambridge University Press.

Lampert, M. (1992). Practices and problems in teaching authentic mathematics. In F. K. Oser, A. Dick, & J. L. Patry (Eds.), Effective and responsible teaching: The new
synthesis (pp. 295-314). San Francisco, CA: Jossey-Bass Publishers.

Larsen, S., & Zandieh, M. (2008). Proofs and refutations in the undergraduate mathematics classroom. Educational Studies in Mathematics, 67(3), 205-216.

Martin, W. G., & Harel, G. (1989). Proof frames of preservice elementary teachers. Journal for Research in Mathematics Education, 20(1), 41-51.

Martin, T.S., McCrone, S. M. S., Bower, M. L. W, & Dindyal, J. (2005). The interplay of teacher and student actions in the teaching and learning of geometric proof.
Educational Studies in Mathematics, 60(1), 95-124.

Mason, J., & Pimm, D. (1984). Generic examples: Seeing the general in the particular. Educational Studies in Mathematics, 15(3), 277-289.

McCrone, S. M. S., & Martin, T. S. (2004). Assessing high school students’ understanding of geometric proof. Canadian Journal of Science, Mathematics and Technology
Education, 4(2), 223-242.

Mejia-Ramos, J. P., Fuller, E., Weber, K., Rhoads, K., & Samkoff, A. (2012). An assessment model for proof comprehension in undergraduate mathematics. Educational
Studies in Mathematics, 79(1), 3-18.

Miyazaki, M., Fujita, T., & Jones, K. (2015). Flow-chart proofs with open problems as scaffolds for learning about geometrical proofs. ZDM - The International Journal

on Mathematics Education, 47(7), 1211-1224.

Miyazaki, M., Fujita, T., & Jones, K. (2017). Students’ understanding of the structure of deductive proof. Educational Studies in Mathematics, 94(2), 223-239.

Miyazaki, M., Nagata, J., Chino, K., Fujita, T., Ichikawa, D., Shimizu, S., et al. (2016). Developing a curriculum for explorative proving in lower secondary school
geometry. Proceedings of the 13th International Congress on Mathematical Education.

Otten, S., Gilbertson, N. J., Males, L. M., & Clark, D. L. (2014). The mathematical nature of reasoning-and-proving opportunities in geometry textbooks. Mathematical
Thinking and Learning, 16(1), 51-79.

Pease, A., & Aberdein, A. (2011). Five theories of reasoning: Interconnections and applications to mathematics. Logic and Logical Philosophy, 20(1-2), 7-57.

Pedemonte, B. (2007). How can the relationship between argumentation and proof be analyzed? Educational Studies in Mathematics, 66(1), 23-41.

Powers, R. A., Craviotto, C., & Grassl, R. M. (2010). Impact of proof validation on proof writing in abstract algebra. International Journal of Mathematical Education in
Science and Technology, 41(4), 501-514.

Presmeg, N. C. (1986). Visualisation in high school mathematics. For the Learning of Mathematics, 6(3), 42—46.

Reiss, K., Klieme, E., & Heinze, A. (2001). Prerequisites for the understanding of proofs in the geometry classroom. In M. van den Heuvel-Panhuizen (Vol. Ed.),
Proceedings of the 25th Conference of the International Group for the Psychology of Mathematics Education. Vol. 4, (pp. 97-104).

Samkoff, A., & Weber, K. (2015). Lessons learned from an instructional intervention on proof comprehension. Journal of Mathematical Behavior, 39, 28-50.

Segal, J. (1999). Learning about mathematical proof: Conviction and validity. Journal of Mathematical Behavior, 18(2), 191-210.

Selden, A., & Selden, J. (2003). Validations of proofs considered as texts can undergraduates tell whether an argument proves a theorem? Journal for Research in
Mathematics Education, 34(1), 4-36.

Selden, J., & Selden, A. (1995). Unpacking the logic of mathematical statements. Educational Studies in Mathematics, 29(2), 123-151.

Senk, S. L. (1985). How well do students write geometry proofs? Mathematics Teacher, 78(6), 448-456.

Stylianides, G. J., Stylianides, A. J., & Weber, K. (2017). Research on the teaching and learning of proof: Taking stock and moving forward. In J. Cai (Ed.), First
compendium for research in mathematics education. Reston, VA: National Council of Teachers of Mathematics (in press).

Toulmin, S. (2003). The uses of argument (updated edition). Cambridge: Cambridge University Press.

Weber, K. (2008). How mathematicians determine if an argument is a valid proof. Journal for Research in Mathematics Education, 39(4), 431-459.

Weber, K. (2010). Mathematics majors’ perceptions of conviction, validity, and proof. Mathematical Thinking and Learning, 12(4), 306-336.

Weber, K. (2015). Effective proof reading strategies for comprehending mathematical proofs. International Journal of Research in Undergraduate Mathematic Education,
1(3),289-314.

Yang, K. L., & Lin, F. L. (2008). A model of reading comprehension of geometry proof. Educational Studies in Mathematics, 67(1), 59-76.

Yerushalmy, M., & Chazan, D. (1990). Overcoming visual obstacles with the aid of the Supposer. Educational Studies in Mathematics, 21(3), 199-219.

Yopp, D. A. (2015). Prospective elementary teachers’ claiming in responses to false generalizations. Journal of Mathematical Behavior, 39, 79-99.

Yopp, D. A., & Ely, R. (2016). When does an argument use a generic example? Educational Studies in Mathematics, 91(1), 37-53.

Zazkis, D., Weber, K., & Mejia-Ramos, J. P. (2016). Bridging the gap between graphical arguments and verbal-symbolic proofs in a real analysis context. Educational
Studies in Mathematics, 93(2), 155-173.

15



