Spontaneous natural optical activity in disordered media
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We theoretically demonstrate natural optical activity in disordered ensembles of non-chiral plasmonic res-
onators. We show that the statistical distributions of rotatory power and spatial dichroism are strongly dependent
on the scattering mean free path in diffusive random media. This result is explained in terms of the intrinsic
geometric chirality of disordered media, as they lack mirror symmetry. We argue that chirality and natural opti-
cal activity of disordered systems can be quantified by the standard deviation of both rotatory power and spatial
dichroism. Our results are based on microscopic electromagnetic wave transport theory coupled to vectorial
Green’s matrix method for pointlike scatterers, and are independently confirmed by full-wave simulations.

The concept of chirality, introduced by Lord Kelvin to des-
ignate any geometrical object that lack mirror symmetry, per-
vades the natural world. The DNA double-helix structure and
the related long-standing enigma of the origin of homochiral-
ity of life are just some examples of this fundamental concept
in science [1]. Since the pioneer work by Pasteur on the res-
olution of tartaric acid, the development of efficient synthesis
processes of naturally occurring chiral molecules is of utmost
importance [1]. In addition to natural chiral systems, design-
ing artificial chiral structures constitutes an intense research
activity recently [2]. Chiral metamaterials are striking ex-
amples of artificial media without mirror symmetry [3]; they
have been applied to generate novel optical properties such as
negative index media [4, 5], broadband circular polarizers [6],
and enantioselective photochemistry [7]. Another possibility
of artificially generating chiral systems is to assembly achiral
plasmonic nanoparticles in standard chiral geometries, such
as helices [8—15]. Remarkably, natural optical activity (NOA)
in these systems can be considerably larger than in molecu-
lar ones. Also, the conditions for observing NOA have been
recently revisited [16—18].

Despite all efforts to understand the optical properties of
naturally occurring chiral media and to design artificial ones,
there is an important yet overlooked class of chiral systems:
disordered structures. Such systems have neither center nor
plane of symmetry, so that they should exhibit NOA as any
other chiral medium. Interestingly, there is some previous ex-
perimental evidence of NOA in random media, but this ef-
fect has never been attributed to the presence of disorder [20—
22]; instead, alternative explanations, such as surface con-
tamination by unwanted chiral substances, have been put for-
ward [20, 21].

Here, we theoretically demonstrate NOA due to intrinsic
geometric chirality in disordered, diffusive scattering systems
composed of pointlike scatterers (see Fig. 1). Using mi-
croscopic electromagnetic wave transport theory, we demon-
strate that the standard deviation of rotatory power and spatial
dichroism are strongly dependent on the scattering mean free
path. We show that NOA in disordered ensembles can be more
than an order of magnitude higher than in the archetypical he-
lical configurations [14]. By unveiling that random systems
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Figure 1. Examples of chiral ensembles with their respective mirror
images: dipole scatterers arranged in a helix (a) and in a random con-
figuration (b); (c) Schematic representation of polarisation rotation in
a disordered medium, where € corresponds to polarization rotations.

are chiral, and how this fundamental property shows up in a
physical observable (NOA), our findings may not only the-
oretically explain previous experimental results [20-22], but
also provide a new systematic way to optically characterize
disordered media. Indeed, our results demonstrate how one
can probe chirality of random media, an ubiquitous class of
materials in nature that includes a broad range of physical sys-
tems, such as clouds of atomic scatterers, small dielectric scat-
terers, disordered plasmonic resonators and metamaterials.

To derive the expression for NOA in disordered media we
use the well established microscopic theory of vector wave
diffusion [24]. The tensor dp, represents the specific intensity
of the diffuse radiation in the direction p [23]:

dp(q) =1 [Gp - G;’;] —iGp - Tp(q) - Gy, (1

with G, = [w? —p? + pp — Xp] ! the Dyson Green’s tensor.
For a low density n of the scatterers the mass-operator X, is
related to the T-matrix of one independent scatterer according
to ¥ = ntpp [24, 25]. In Eq. (1) I', describes the angular
dependence of the diffuse energy flow; it obeys the integral



equation [23]

Tp(q) =Lp(@) + > Tp(q) Gy @Gy - Upp,  (2)
p’

where Ly (q) is the current tensor and Upp the irreducible
vertex [24].

In isotropic chiral media, the tensor I'y, (neglecting longi-
tudinal terms) takes the form [28]:

I'p(a) =P 9)Ap +7c(p-q)®s, (3)

where Ap is the projector upon the space of transverse po-
larization (normal to p), ® is the antisymmetric Hermitian
tensor ®;; = ie;;,Pr (€:5% being the Levi-Civita tensor). In
chiral media ', (q) obeys the symmetry relation I'p(q) =
—T_,(q) = T_p(~q).

Our objective is to solve Eq. (2) and to explicitly obtain the
coefficients 7y, y¢ in Eq. (3), and an expression for NOA. To
this end, let us separate the mass operator X, in a symmetric
(S) and an antisymmetric (A) part:

AZp = — (ImES + Im%)) = —ImX, (U +£85). (4)

Equation (4) defines the pseudoscalar &, whose real and imag-
inary parts determines the rotatory power and the spatial
dichroism of the effective medium, respectively. Inserting
Eq. (3) into Eq. (2) and performing the operations [ Z—E’I‘rAp
and [ %Tr{)p results in the two following coupled equations
for vy and v¢:
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It can be shown that g, gc, gcc and £ can be explicitly written
in terms of the scattering total T-matrix of an ensemble of N
point dipoles [28], which describes multiple scattering from
the direction p to p’

Top = Z SNN/exp(—ipTN-i-iP/'I‘N’); @)
NN’

with SYN" the matrix describing scattering of light from par-
ticle N to N’ that is obtained by diagonalization [30]. As a
result, multiple scattering is treated exactly, i.e. all scattering
orders are included; the only approximation within this model
is at the level of single scattering, as scatterers are treated as
point dipoles. In terms of S¥V', ¢ reads [28]

1 /
§=5 D T{(8" e iy ) (kran)}, ()
NN’

where 71 () is the spherical Bessel function of the first kind,
and r - is the relative position between scatterers N and N'.
We have numerically verified that £ is indeed a pseudoscalar
and that it vanishes for IV < 4, reflecting the fact that a chiral
system must be composed of at least 4 particles.

In Fig. 2 the distributions of Re&, which gives the optical
rotatory power, is calculated using Eq. (8) for 1000 differ-
ent disorder realizations and two different particle densities;
the scatterers are randomly distributed inside a cylinder of
fixed volume. In Fig. 2(a) Re¢ is calculated for N = 10
resonant scatterers, which corresponds to k¢ ~ 1000 [with
k the wavenumber and ¢ = 1/(no) the mean free path, where
o = 3)\? /27 is the cross section of a resonant point scatterer].
We have considered resonant scatterers to facilitate multiple
light scattering, as the cross-section of point-dipoles is max-
imal at resonance [27]. In Fig. 2(b) Re¢ is calculated for
N = 700 scatterers, in which case multiple light scattering
is stronger (k¢ ~ 15). For both densities light transport in
the random medium is diffusive. Re& have been normalized
by the ones corresponding to 100 scatterers distributed along
a helix inside a cylinder of equal volume (see Fig. 1a). Fig-
ure 2b reveals that for a given configuration of random scat-
terers the value of rotatory power can be up to 60 times larger
than for a system with the same density, where the particles
are distributed along a helix, which is the hallmark of a chi-
ral system. Figure 2 also shows that (¢) = 0, which can be
explained by the fact that for large number of disorder realiza-
tions the mirror image of any configuration is equally proba-
ble. However, Fig. 2 demonstrates that the standard deviation
of the distribution of Re( is strongly dependent on ¢, which is
a measure of how strong light scattering is inside the medium.
We have verified that the standard deviation of Im¢& exhibits a
similar dependence on 4.
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Figure 2. Histogram of Re¢ that gives the rotatory power in disor-
dered medium for (a) 10 and (b) 700 pointlike scatterers randomly
distributed inside a cylinder of fixed volume (height /A = 10 and
radius R/A ~ 5). The values of Re¢ have been normalized by the
ones corresponding to 100 scatterers distributed along a helix (radius
5], pitch 2\, height 10)).

Figure 3 shows the real (Reo¢) and imaginary (Imo) parts
of the standard deviation of £ for 1000 disorder realizations as
a function of k¢ for a diffusive system (10 < k¢ < 3000) com-
posed of resonant pointlike scatterers randomly distributed in-
side a cylinder of fixed volume. For these values of k¢ dipole-
dipole interactions are expected to be negligible [29]. The
results are normalized by the value of £ for a system com-
posed of 100 scatterers distributed along a helix contained
in a cylinder of equal volume. This allows us to obtain the
order-of-magnitude of NOA of a disordered medium, as NOA



for nanoparticles oriented along a helix has been calculated in
Ref. [14]. Figure 3 reveals that o monotonically increases as
k¢ decreases, showing that the magnitude of NOA increases
as the density of scatterers increases. More importantly, for
kl < 20 o¢ can be approximately 15 times larger than the
case of a helix. Both Reo¢ and Imog¢ are small for ballis-
tic and weakly scattering systems, for which k¢ > 1. This
demonstrates that multiple light scattering is necessary in or-
der to produce significant values of NOA. We have verified
that at least four scattering events are required to generate a
non-vanishing value of £, so that light can “probe” the chiral
configuration associated to random scatterers.

To further investigate the interplay between the chirality as-
sociated with the random configuration of particles and NOA,
in Fig. 3 we also calculate the geometrical chiral index ¢ de-
fined in [31]. %, which only depends on the scatterers posi-
tions, is a pseudoscalar invariant under rotations that vanishes
for achiral configurations [31]. The choice of chiral index
is not unique and other chiral measures do exist [32]. The
chiral index v has been chosen here by its simplicity and,
more importantly, because it has been shown to be related
to physical observables, such as the magneto-chiral scattering
cross-section [33], the electronic current in chiral carbon nan-
otubes [34], and the pitch of a cholesteric liquid crystal [31].
For a random ensemble of scatterers the average value of 1)
over many disorder realizations is zero since the mirror im-
age of any configuration is equally probable. However, the
standard deviation o is strongly dependent on the particle
density. This can be seen in Fig. 3, where o, is calculated
for 1000 disorder realizations. Remarkably, Fig. 3 shows that
oy is proportional to o¢, confirming that the calculated optical
activity is indeed related to to the intrinsic chirality of disor-
dered systems. Together with previous experimental evidence
of NOA in disordered systems in the absence of any chiral
substance [20-22], these results strongly suggest that large
optical activity should be observed in a disordered medium.
As a possible application, Fig. 3 suggests that one could de-
termine the particle density in solution by measuring NOA.

To investigate whether the calculated NOA is related to the
anisotropy of the disordered medium, we have calculated Re¢
and Im¢ for 1000 random configurations of scatterers inside
a cylinder with the dimensions of Fig. 2 under continuous ro-
tation by an angle ¢ around the cylinder axis (Fig. 1c). We
have numerically verified that for all realizations ¢ does not
depend on ¢ as shown in Fig. 4, where we present the max-
imal, minimum, and average values of ¢ as a function of ¢
for all realizations. Hence anisotropy contributions to the re-
ported results can be ruled out. Indeed, polarization change
due to anisotropy does not require multiple light scattering.
On the contrary, here optical activity is related to the intrinsic
chirality of random media, which light can only probe when
multiple scattering occurs (or, more precisely, when at least
four scattering events occur) (Fig. 3).

All results presented so far are general and can be ap-
plied to a broad range of physical systems, as the point-dipole
model [27], on which our results are grounded, can describe
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Figure 3. The standard deviation of the distributions of &, o¢, for
1000 configurations of randomly distributed identical pointlike scat-
terers inside a inside a cylinder of fixed volume (height h/A = 10
and radius R/\ ~ 5) as function of k¢. The top horizontal axis
shows the corresponding number of particles inside the cylinder. Re£
and Im¢ have been normalized by Re&}%%, and IméLS%, which cor-
respond to rotatory power and spatial dichroism of 100 pointlike
dipoles distributed along a helix (radius 5\, pitch 2, height 10))
inside a cylinder of the same volume. Also shown is the standard
deviation o, of the distributions of chiral geometrical parameter v,
defined in Ref. [31], of the corresponding 1000 random configura-
tions. The insets show characteristic random configurations for high
and low particle densities.
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Figure 4. (a) The maximal (black squares), minimum (red circles),
and average (blue triangles) values of Re¢, from 1000 fixed, distinct
random configurations of 100 dipoles inside a cylinder of same vol-
ume as a function of the rotation angle ¢ around the cylinder main

axis (see Fig. 1c). Figure 4b shows the analogous for Im¢. Re and

Imé are normalized by Re£12Y. . and Imé3YY,., that correspond to

the values of £ for 100 scatterers distributed along a helix (radius 5,
pitch 2, height 10)\) inside a cylinder of the same volume.

successfully multiple light scattering in various random me-
dia, such as clouds of atomic gases [35, 36], ensembles of
small dielectric scatterers [30], and disordered plasmonic res-
onators and random metamaterials [37]. In the following we
focus on plasmonic systems and consider random and helical
configurations of achiral Au nanoparticles. In Fig. 5, we show
differential absorption (A A) for circularly polarized light as
a function of wavelength for random and helical ensembles
of 25 nanoparticles, calculated by the finite element method
(see Supplementary Material). In both cases, the density is
~ 4 nanoparticles/\?, so that light transport is diffusive, and
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Figure 5. Differential absorption (A A) spectra of random and heli-
cal Au nanoparticle (25 nm radius) configurations under illumination
with left- and right-circularly polarized light. Blue line represents the
AA of a helical arrangement with radius= 467 nm & pitch= 660
nm., while the red line shows Tte average, (A A), over 310 realiza-
tions of random configurations. Magenta line represents the standard
deviation oaa of AA. All spectra are obtained by finite element
modelling (see Supplementary Material for details).

hence corrections of high order multipoles can be neglected.
The helical configuration exhibits strong differential absorp-
tion in the vicinity of the plasmonic resonance (~ 525 nm).
In the case of random ensembles, the average over 310 real-
izations is close to zero, as predicted by the previous micro-
scopic analysis. However, the standard deviation (oa4) ex-
ceeds the A A of the helical configuration by a factor of 2 at
resonance. These results are in qualitative agreement with the
point-dipole model predictions, and demonstrate unambigu-
ously that polarization effects in such systems can be much
stronger than in a typical chiral medium (helix).

We note that the optical activity of disordered media could
be observed in various physical systems, such as cold atomic
clouds or ensembles of plasmonic nanoparticles. In the latter
example, one can perform polarimetry measurements in col-
loidal suspensions of gold nanoparticles at the plasmonic res-
onance wavelength. Concentrations similar to those consid-
ered here are commercially available. Even for a very small
number of particles (N=25), the predicted difference in extinc-
tion under illumination with left- and right- circularly polar-
ized light (see Supplementary Material) can be experimentally
observed with existing techniques (ref. [38]). Different real-
izations can be obtained by different measurements in time,
since the nanoparticle configuration changes slowly due to the
movement of the nanoparticles. Similar experiments can be
performed in spin coated nanoparticle films, or even by struc-
turing thin metallic films, which allows to accurately control
the density and positioning of the scatterers.

In conclusion, we have investigated NOA of diffusive dis-
ordered systems composed of non-chiral scatterers. Using
microscopic electromagnetic wave transport theory, we have
demonstrated that the distributions of the rotatory power and
spatial dichroism in such systems is strongly dependent on the
scattering mean free path, a result that is corroborated by full-
wave electromagnetic calculations. We show that the standard

deviation of a purely geometrical chiral parameter is propor-
tional to the standard deviation of NOA in random media.
This finding indicates that the latter is the appropriate quan-
tity to probe NOA in disordered media, which is intrinsically
related to the fact that random systems lack mirror symmetry.
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