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Abstract Fundamentally power-limited by thermal ef-
fects, the design challenge for end-pumped “bulk” solid-
state lasers depends upon knowledge of the temperature
gradients within the gain medium. We have developed
analytical expressions that can be used to model the
temperature distribution and thermal-lens power in end-
pumped solid-state lasers. Enabled by the inclusion of a
temperature-dependent thermal conductivity, applicable
from cryogenic to elevated temperatures, typical pump-
ing distributions are explored and the results compared
with accepted models. Key insights are gained through
these analytical expressions, such as the dependence of
the peak temperature rise in function of the boundary
thermal conductance to the heat sink. Our generalized
expressions provide simple and time-efficient tools for
parametric optimization of the heat distribution in the
gain medium based upon the material and pumping con-

straints.

1 Introduction

The end-pumped solid-state laser is a mature design ar-
chitecture exploited for many scientific, industrial and
medical laser applications, in the tens-of-watts power
regime. Cost effective, compact, and relatively efficient,
in recent decades their performance has capitalized on
improving diode laser brightness and power. Further power-
scaling however, is fundamentally limited by the thermo-
optical properties of the gain medium and the induced
optical distortions, primarily driven by the quantum de-
fect between pump and the emission wavelengths. Alter-
natively, the geometry of the gain medium can be op-
timized to enhance thermal management and minimize
the thermal lensing effects, such as the thin-disk [1], fibre

[2], or slab architectures [3], which have demonstrated



multi-kW average powers. Nonetheless, for many appli-
cations the end-pumped bulk architecture still holds an
important position for its simplicity and robust perfor-
mance.

The basic design strategy for these lasers has been to
try to mitigate the effects of the induced thermal lens-
ing and aberrations [4]. As such it is important to un-
derstand the induced temperature distribution over the
active volume of interest, that is, where the cavity mode
passes through the excited region of the gain medium.
Typically this involves numerical simulations solving the
heat equation with finite element algorithms, having al-
most completely replaced analytical solutions due to the
complexity of the necessary assumptions made in order
to obtain exact expressions. Analytical solutions though,
are unquestionably important: they highlight qualitative
and quantitative features of underlying physical phe-
nomena and provide more accurate solutions in far less
time than numerical calculations, particularly if trying
to perform parameter-dependence studies. One strict as-
sumption generally made in determining the exact solu-
tion for the temperature profile along an end-pumped
solid-state laser is that the thermal conductivity of the
crystal is not significantly dependent on temperature [5].
While a reasonable assumption for many active media,
operating at and above room temperature (RT), it is
generally not valid when cooled to a cryogenic temper-
ature (CT) [6]. Here the gradient for the changing ther-

mal conductivity with respect to temperature steepens

L Cini, J I Mackenzie

considerably compared with the same around RT. With
this argument in mind, and therefore including a tem-
perature dependence for the thermal conductivity in the
heat conduction equation, it is possible to exploit inte-
gral transforms to reach analytical solutions [7].

In this paper, we use the Kirchhoff transform [8] to con-
vert the non-linear heat equation into a solvable lin-
ear equation for a cylindrical radially isotropic gain el-
ement. Analytical solutions for the temperature distri-
bution along the length of a side-cooled end-pumped
rod are presented for different pump distributions that
can be used for practical configurations, such as near-
diffraction-limited, to fibre-coupled diode-laser, pumps.
Furthermore, this result provides novel analytical ex-
pressions for the thermal-lens strength associated with
the pump-induced accumulated optical phase shift, which
converge to well-known equations [5] when a temperature-
independent thermal conductivity is chosen.

The rest of this paper is organized as follows: we start
by introducing the model for the thermal conductivity
k(T), which matches with actual measurements and pro-
vides simple solutions for the Kirchhoff transform, and
its dependence over the two main temperature ranges of
practical interest. Utilizing this form for k(T) the deriva-
tion of the exact solutions for the temperature distribu-
tion along an end-pumped rod are given. Four different
pump distributions are studied to cover commonly used
pump sources, and to make direct comparison with pre-

vious work; these include the top-hat, Gaussian, gener-
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alized n-th order super-Gaussian, and annular (donut)
distributions. At this point the importance of the heat
transfer coeflicient, h, at the boundary between rod and
heat sink, is highlighted. An expression is derived that
relates the pumping parameters to a minimum critical
value for h, below which, the temperature at the centre
of rod rises rapidly. In the penultimate section the ex-
pressions for the thermal lens strength, now calculable at
any temperature in the CT and well above RT regimes,
are derived, and then compared with the two extremes
reported in the literature, i.e. top-hat and Gaussian. The
solution for the Gaussian pump is derived as a special
solution to the generalized SG distribution. Finally, to
end the paper we summarize with conclusions and ap-

pendices for detailed workings.

2 Temperature dependence of thermal

conductivity

We focus our attention on the Nd:YAG crystal. Since
YAG is a cubic crystal, the thermal conductivity can
be considered as a scalar quantity. The dependence on
temperature of the thermal conductivity can be modeled

by the following formula:

K(T) = ko (;;)m &

where kg, To and m results from a best fit to measured
data. Since these parameters strictly depend on the dop-
ing level of the rare-earth ion, we choose a particular

doping concentration, say ~ 1%. We performed two best

fits for two different temperature ranges around CT and
RT. The first fit is based on measured data on a 1.3
at.% Nd:YAG sample in a temperature range of 40 K<
T <175 K [10], while the second is based on published
data of Sato et al. [11] relating to 1.2 at.% Nd:YAG in
a temperature range of 300 K< T <475 K. By find-
ing the intersection of the two fitting curves, a common
value of Ty and kg = k(Tp) for the two temperature
ranges can be found. The values of the parameters for ~1
at.% Nd:YAG are therefore: Ty = 164.17 K, ko = 15.09
WK 'm™!, mep = —1.77, and mgr = —0.75. The data
used and the corresponding best fits curves are shown in

Figure 1.
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Fig. 1 Measured thermal conductivity dependance on tem-

perature, after [10,11], and best fits using Equation (1).

2.1 Temperature dependence of thermal conductivity

for selected materials

In Table 1 the values of kg, To and m are provided for

Nd:YAG at different temperatures, along with different



doping concentrations and a variety of other interest-
ing host materials, including some that would not nor-
mally be considered for an end-pumped rod architecture,
rather more appropriate to a thin disk geometry. These
values result from a best fit of Equation (1) to available
data from published literature [6,11,12]. As previously
mentioned, the thermal conductivity can be considered a
scalar quantity strictly for isotropic laser crystals. How-
ever, since in this thermal model a pure radial heat flux
will be assumed (see Section 3), uniaxial laser materials
can also be included and, in this case, only the depen-

dance on temperature along the a-axes is considered.

3 Analytical solution

The steady state heat conductance equation, with tem-
perature-dependent thermal conductivity and different
end-pumping profiles, governing the system shown in

Figure 2, is:

V- [k(T)VT(r,z)]+ S(r,z) =0 (2)

where k(T) is the temperature-dependent thermal con-
ductivity and S(r, z) is the thermal power per unit vol-
ume dissipated in the laser rod.

The edge of the rod is considered to be surrounded by
a heat sink, held at a constant temperature, 7., by ac-
tive cooling. Heat transfer across the boundary between
the laser rod and the heat sink is described by the heat
transfer coefficient or surface conductance, h. The end

faces are instead supposed to be in contact with air, with

L Cini, J I Mackenzie

Table 1 Thermal conductivity parameters for selected mate-

rials.

Crystal T K] ko [7=] To[K] m

YAG® 80-300  17.29 199.96  -1.57
1.3 at.% Nd:YAG ~ 40-175  15.09 164.17  -1.77
2 at.% Yb:YAG® 80-300  12.59 199.45 -1.46
4 at.% Yb:YAG® 11.72 199.38 -1.17
15 at.% Yb:YAG® 9.08 199.25 -0.87
LuAG® 12.06 199.43  -1.14
YLF(a)® 8.31 199.17  -1.57
5 at.% Yb:YLF(a)® 5.74 199.24  -1.04
LuLF(a)® 7.86 199.13  -1.65
GGG *® 100-300 12.19 199.44 -1.25
CY203" 20.43 200.37  -1.19
GdVO4(a)® 13.71 199.57 -1.30
YAG® 300-475  14.00 199.58 -0.78
0.7 at.% Nd:YAG® 13.55 199.56  -0.77
0.9 at.% Nd:YAG® 13.36 199.56  -0.77
1.2 at.% Nd:YAG® 15.09 164.17  -0.75
5.0 at.% Yb:YAG® 8.98 199.22  -0.56
9.4 at.% Yb:YAG® 8.12 199.19  -0.54
22.9 at.% Yb:YAG® 6.86 199.16  -0.48

References: a- [6], b- [12] and ¢ [11].

negligible heat flux through them. An equivalent he co-
efficient can be calculated for the end faces [15] and since
typically i >> hes the assumption of pure radial heat
flux can be made [5]. Furthermore, it is assumed in the
following that the diameter of the pumped region is sig-

nificantly smaller than the inverse of the absorption co-
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Fig. 2 End-pumped laser rod representation. Point O is lo-
cated at r =0 and z = 0.

efficient, reinforcing the statement of radial heat flux. It
follows that the longitudinal derivatives in Equation (2)
with respect to the corresponding radial derivatives [14],
can be neglected. Here it’s also assumed that the pump
profile is axisymmetric, the behavior of the thermal con-
ductivity k(T) of the crystal is described by Equation
(1) and the cooling is isotropic in the z-plane. These

assumptions allow us to write Equation (2) as

1d dT(r, z)

e [rk(T) e ] +8(r,2) =0 (3)

Equation (3) can be solved introducing an integral trans-
form (Kirchhoff transform) in terms of a function U de-
fined as [8]:

T
U(r,z)z/ k(r)dr (4)

By the fundamental theorem of calculus,

Kr) = 5)

and, substituting Equation (5) into Equation (3) and
using the chain rule of differentiation, Equation (3) is

transformed into the linear equation:

_ 1dU(r,2) d*U(r, 2)
Cr o dr dr?

V2U(r, z) =-=8(r,z) (6)

that can be easily solved for different pump distributions
and the actual temperature can be determined by the
inverse Kirchhoff transform.

Using Equation (1), one obtains

ko
U=——>"___7m+l4 ¢ 7
(m+1)Tg" * (7)

where C' is an arbitrary constant of integration. It is im-
portant to note that Equation (7) is not valid if m = —1;
however, the temperature distribution in this case has
already been derived by Hodgson and Weber for a side-
pumped laser rod [9].

The four different pump distributions studied in this
paper, corresponding to four different S(r,z) terms in
Equation (6), are shown in Figure 3 at z = 0 (see Section
3.1 for the value of the parameters considered). They
are respectively the top-hat (TH), Gaussian (G), super-
Gaussian (SG) and donut (D). Two super-Gaussian pro-
files are reported in the figure, one for the 4th order and

the other for 8th order.
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Fig. 3 Different heat source distributions considered. The

total heating power for each is 5.16 W.



8.1 Top-hat Pumping

Although not a typically realistic pump distribution for
end-pumped lasers, the top-hat profile is the simplest
starting solution, which can be easily compared with pre-
vious literature studies ( [15], [5]). Consider the following

thermal loading distribution:

0 a<r<b

where Qg is a normalization constant, « is the pump ab-
sorption coefficient, a is the radius of the pumping beam
and b is the radius of the laser rod. The normalization
constant Qg can be calculated using the following rela-
tion

Qu="r ©)

where 7y, P is the total heating power (), is the fractional
thermal load) and V' is the volume of the pump-photon
distribution in the rod, where it is assumed that there are
insignificant energy migration effects and the heat source

is created at the point of pump-photon absorption, i.e.

27 a L 2
Vv :/ d(p/ rdr/ e 0% dy = 12 labs (10)
0 0 0 o

—oL — 5,45 is the absorption efficiency. Sub-

where 1 —e
stituting Equations (9) and (10) into Equation (8), the

thermal power per unit volume dissipated into the laser

rod becomes:

S(r,z) = Ta B (11)
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where P, is the incident pump power.

Equation (6) is solved separately between 0 < r < a and
a < 1 < b, resulting in two functions U; and U, respec-
tively, leading to two temperature solutions, 77 (r, z) and
T5(r, z) in the respective regions, as shown in Appendix

A. These solutions are:

2 b2
Tl(T, Z) = {Foe_az |:1 — % + In (a2>:|

1 (12)
— +1) m+1
'r]thOée az\ "™
T, + —
+ ( + 27wbh ) }
for 0 <r <a and
b2
To(r,z) = [Foeo‘z In <7“2>
1 (13)
_ m—+1] m+1
npPnae™
T+ ——
* ( R = ) 1
for a < r < b, where Fy is a constant defined as:
FO — nhRna(m + l)TOm (14)

47Tk70

Figure 4 shows the calculated temperature distribution
using Equations (12) and (13) with the following param-
eters: b = 1.25 mm, L = 5 mm, a = 300 ym, P, = 25
W, n, = 025, T, = 300 K, a = 350 m~! and h = 2
WK~tem™2 (the choice of this value for h will be dis-
cussed in Section 4).

The temperature-independent thermal conductivity case
can be obtained from Equations (12) and (13) setting
m = 0. In this way the temperature distribution inside

the rod is given by

_ npProe”®* -2

47Tk0 b2
hl (2)
r
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Fig. 4 Temperature profile of a top-hat end-pumped laser
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rod.

where AT(r,z) = T(r,z) — T(b, z). Equation (15) shows
the well-know quadratic radial dependance of the tem-
perature inside the pumped region of the rod and the
logarithmic dependance outside [15]. In Figure 5 a com-
parison, at the pumped surface of the rod, z = 0, for
AT(r,z) considering a temperature-dependent thermal
conductivity, and Equation (15), is shown. The parame-
ters for this comparison are the same as those for Figure
4. The constant thermal conductivity in Equation (15)
is evaluated using Equation (1) at T' = T,.

8.1.1 Temperature Profile for different coolant temper-
atures Maintaining the same thermal load conditions,
whilst lowering the temperature of the heat sink sur-
rounding the Nd:YAG crystal, which is an artificial ex-
ample as the spectroscopic proprieties of the gain medium
also change [13], a decrease in the maximum tempera-
ture rise at the center of the crystal is obtained. This is

due to the corresponding increase in the thermal conduc-

80 = T T T

A. K. Cousins

N o 3 . .
70 N Analytical expression with k(T)| |

60 [ \

50 \

40 N

AT(r) [K]

30 J
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0 0.2 0.4 0.6 0.8 1 1.2
7 [mm]

Fig. 5 Comparison between our analytical temperature dif-
ference profile in the case of RT top-hat pumping and the

one published by Cousins [15].

tivity as shown in Figure 1. Equations (12) and (13) can
be used to have a quantitative measure of this effect. In
Figure 6 the temperature rise is calculated with the same

parameters above and different coolant temperatures.

AT(r) [K]

r [mm)]

Fig. 6 Temperature difference profile for the same thermal
load conditions as Figure 5 but with different coolant tem-
peratures. At T. = 225 K the thermal conductivity is extrap-

olated from the RT expression.



8.2 Gaussian Pumping

A more realistic and often used pumping distribution
employing a diffraction-limited pump, is a Gaussian, de-
fined as

-2

S(r,z) = Qoe *uTe (16)

where w is the 1/e? radius of the intensity profile of the
pump beam. The volume of the heated region is given
by

™ _gb2 Nabs
v=" 2(1— 2w2)— 17
2w e o (17)

and the term in the brackets in the Equation (17) can
be set to unity in most cases of interest, where the pump
beam is significantly smaller than the radius of the laser
rod. Using Equations (9) and (16), the heat source be-
comes:

27]hPinOé _2L22
= ——€ w

S(r, z) e~ (18)

Tw?

Thus Equation (6) in the case of Gaussian pumping is

1dU  d?U 2np Pna g2 _
- -~ _ZhTm= ” az 1
rdr  dr? Tw? C ¢ (19)
and with the following boundary conditions
au
— =0 20
dr {,_, (202)
dau
| =h[T.-T(r =0 20b
ar| = hEm T =) (20b)
yields:
oz b2 2b2
T(T, Z) = {FO@ |:hl (7,2) + E1 (102>
(21)

1
21“2 nhRnaeiaz m=+1Y) m+1
—F - TC e
! <w2 ﬂ * [ T

where E;(u) is the exponential integral defined as

Bi(u) = /100 . (22)

t
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Note that if a temperature-independent thermal conduc-

tivity (i.e. m = 0) is considered, Equation (21) becomes

Np Pmae™%* b2 2b2
T(r,z) T [ln (7"2) + E (wQ

2r2 Np Pnae™%*
—F; <w2>:| + T, + “obh

which gives a temperature difference between the center

and the edge of the rod equal to

Np Pnae™%* b2 252

()

For P, = np Py, Equation (24) is the same result as the

(24)

one published by Innocenzi et al. [14]. Figure 7 shows
a comparison between our temperature profile and the
one published by Innocenzi et al. with the same param-
eters used for the top-hat case (w = 300 pm is chosen).
Also in this case, the constant thermal conductivity is

evaluated using Equation (1) at T' = T..

Tnnocenzi et al.
— — — Analytical expression with k(T) | 4

. . . . .
0 0.2 0.4 0.6 0.8 1 1.2
r [mm)|

Fig. 7 Comparison between our analytical temperature dif-
ference profile in the case of Gaussian pumping and the one

published by Innocenzi [14].

In Figure 8 the analytical temperature difference pro-
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files with the same parameters above, but for different

coolant temperatures, are again shown.

120

0 0.2 0.4 0.6 0.8 1 1.2
r [mm]

Fig. 8 Temperature difference profile for the same thermal
load conditions as Figure 7 but with different coolant tem-

peratures.

3.8  Generalized n-th order Super-Gaussian

Often in the case of higher-power solid-state lasers, fiber-
coupled diode-laser pumps are employed. For a substan-
tial part of the pump distribution in the laser rod, the
pump can be approximated by a super-Gaussian. The

heat source considered is
S(r,z) = Qoe_o‘ze_Q% (25)

where n is an even integer. The volume of the heated

region can be found as
27 b n L
V:/ dga/ refzwi"dr/ e dz =
0 0 0
4= ww? 2 2 b
[ (0)-r ()
n n n wn" e}

where I'(a,z) is the incomplete gamma function. For

2w

n=2,b=125 mm and w = 300 pm, F<2,2bn> ~
now

10715 and since for higher values of n this term is even
smaller, it can be safely ignored. Furthermore, by defini-
. 2 2 .
tion, I' [ —,0 | = I [ — ), so the normalized heat source
n n
is
nnhf)ina

2
2m4=w w2l <>
n

Figure 9 shows the heat sources for n=2, 4, 8, 16 and 32

S(r,z) = e_aze_Q«%z (27)

at z = 0 with the following parameter values: w = 300

um, Pp,=25 W, 05, = 0.25, o = 350 m~".
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Fig. 9 Heat source distributions in the case of super-

Gaussian pumping.

Substituting Equation (27) into Equation (6), and using
the same boundary conditions of the previous section,
the temperature profile inside the end-pumped laser rod

is found to be:

T(r,z) =
2 2 2 2 26"
{Goe_az [b22F2 (, 7;1 + *,1 + ;_)
n'n n n wn
22 2 2 o (28)
—1%5Fy ( S+ 2,14 ;—T)]
n'n n n wn
1
—az\ m+1) m+T
nn Pnae
.+ —
+( + 2mwbh ) }
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where
2(" )nFO
Go= —75v—5 29
0 T (ﬁ) w2 ( )
pFy (a1, ...,ap;01,...,bg; 2) is the Generalized Hypergeo-

metric Function, defined as

k

=S e o

k=0

pFy (a1, ..., ap; b1, ...

and (2)j stands for the Pochhammer symbol, i.e.,

I'(z+ k)

=)

=z(z+1)...(z+k—-1) (31)

Figures 10 and 11 show Equation (28) for n=2, 4, 8, 16
and 32 at z = 0 with the same values of the parameters

used in the previous sections at RT.

. .
G (1=2)
—— 75(: (n=41)
G (n=8)
G (n=16)
G (n=32) |
N
30 - N
\‘\w,
20 N
10F S~
0 L L L L L T~
0 0.2 0.4 0.6 0.8 1 1.2

Fig. 10 Temperature difference profile in the case of super-

Gaussian pumping.

The center temperature is found to be maximum in the
case of n = 4. This is quite surprising, since one might
have expected that it increases going from the TH (n =
00) to G pump profile (n = 2). A more in-depth analy-

sis, varying both the transversal dimension of the crystal

and the pump laser waist in Equation (28), shows that

L Cini, J I Mackenzie

90 T T

SG (n=2)
— — —SG (n=4)
SG (n=8)
SG (n=16) | |
SG (n=32)

40

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
r [mm]

Fig. 11 Temperature difference profile in the case of super-

Gaussian pumping (zoom).

the relationship between the center temperatures in Fig-
ures 10 and 11 remains the same. Indeed, this does not
depend on the lab parameters, but rather on how G

and

depend on n.

However, T'(0,0) is not included in the calculation of
the thermal dioptric power of the pumped rod, which
does follow the expected trend (see Section 5). It will
be shown that what matters is the coefficient of the
quadratic term in the Taylor expansion of the temper-
ature distribution, whose modulus is maximum in the
case of G pumping and decreases in the SG pumping

case as n increases.

3.3.1 Gaussian solution as the special case of the super-
Gaussian with n = 2 It can be shown for the special

case of n = 2 in Equation (28) that its solution for the

temperature profile is the same as that derived from the
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Gaussian distribution (Equation (21)). In this case, the
Generalized Hypergeometric Function in Equation (28)

corresponds to

9 9. ) = — (Dr(D)x 2~
2F5 (1,152, 2; )7,;)7(2%(2% o (32)

From Equation (31)

(1)), = k! (33a)

(33b)

and substituting these values into Equation (32), one

obtains
> 1 P
B(1,12,22) =Y ——— " =
285 (1,1;2,2; 2) kZ:;)(k—’—l)Qk!
T T < 34
2 1k 1! (34)
1 i 1 Hk+1
2 k+1(k+1)
z 57 E+1(k+1)!
By the definition of the exponential integral:
o0 .’L‘/n'
Bile) =+ nlel + 32 (3)
Equation (32) becomes:
1
oFy (1,1:2,2;:2) == [—y — In|z| + Ei(2)] (36)
z

Substituting Equation (36) into (28) with n = 2, the
temperature profile is found to be exactly as Equation

(21).

3.4 Donut Pumping

Finally, a fourth pump distribution that can be exploited

to excite higher-order LG cavity modes is a donut shape

11

[16]. This can be described by:

0 O<’I"<d1

S(r,z) = M —az g < (37)
w(d3 — ) Lere
0 da <r<b

Using the same procedure explained in the previous sec-
tions, the following temperature distributions can be ob-

tained, respectively for 0 < r < dy, di < r < dy and

do <1 <b:
& — d? + d2In (g) — & (%)
T — F -z 2 1
R B
1
_ +1Y mFT
N Pnoe= ™
T + —8——
tliet 27wbh ] }
(38)
T o BB () - i (%)
2(T7 Z) - 0€ d% — d%
1Y) woT
P- —z m m
+ Tc + NhinCe
27wbh
(39)
and
b2
T5(r,z) = {Foe_o‘z In (7’2)

(40)

T
+[ et 27wbh

nhRnae“"Z]mH}mlﬂ
Also in this case, the temperature distribution reduces to
the known literature-reported result if m = 0 is imposed
(see the very recent paper of Kim et al. [18]).

A summary of all the analytical temperature solutions
obtained at z = 0 are shown in Figure 12. To ensure a
valid comparison with the other temperature solutions,

for the donut pump, d; = 0.225 mm and ds = 0.375

mm have been chosen. In this way the volume of the
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pump-photon distribution in the rod is the same for all

the pump distributions.

,,,,, G 4

SG (n=4)
SG (n=8)

— — —-D T

0 0.2 0.4 0.6 0.8 1 1.2

Fig. 12 Analytical solutions of the heat equation for each

distribution considered.

4 A brief digression on the heat transfer

coefficient

The heat transfer coefficient, h, and its influence on the
temperature distribution in this thermal model deserves
a special mention. For the sake of simplicity, we limit our
discussion to the pump-input surface, z = 0, where the
maximum rise of temperature is expected. In the case of
a top-hat pumping distribution, from Equation (12), the

maximum temperature is given by

b2
T1(0,0) = {Fo {1 +1In <a2>} +
1 (41)
) m+1Y) m+1
Tc + T]hPmOé
2mwbh

Figures 13 and 14 show respectively the dependance of

Equation (41), and its derivative with respect to h, on

h. Input parameters chosen are the same as in Section

L Cini, J I Mackenzie

3.1, with T, = 300 K. As one can see from these figures
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Fig. 13 Dependence of the maximum temperature on h
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Fig. 14 Dependence of the derivative of the maximum tem-

perature with respect to h on h

and as one would expect, an increasing h implies that
the maximum temperature rise asymptotes to a mini-
mum constant value. Since this constant value is strictly
reached at h = oo (i.e. in the case of perfect cooling), it
is not easy to define an expression for a critical value of
h, below which the maximum temperature rises rapidly.

However, from the only h-dependent term in Equation
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(41), one can define the limiting case, such that if

N Pno
2wbT,

<< h (42)

then the dependance of T3 (0, 0) on A can be ignored. For

the parameters used in this paper the left-hand side of

2

Equation (42) is approximately equal to 0.093 WK ~tcm—2.

As it can be seen this value is just off the scale in Fig-
ures 13 and 14, and ultimately a tolerable increase in
the peak temperature rise would have to be chosen to
find a critical value for h. For example a 1% increase
with respect to T, (e.g. at 300 K) would imply a critical
value for h ~ 9.3 WK~'em™2. This is five times higher
than the best value reported by Chénais et al. [5], when
employing heat sink grease as the thermal interface to a

copper mount.

4.0.1 Dependance of the temperature rise on h  To date
the effect of h has only been related to the tempera-
ture difference across the boundary layer, since from the
temperature-independent thermal conductivity model,
the temperature difference between the center of the rod
and the boundary does not depend on h [5]. As can be
seen from Equations (41) and (13) this is no longer true

when considering k(7T'), as expressed in:
T71(0,0) — Ty (b, 0) =

1
b2 I_)inOé m—+1Y) m+1
{FO {1 +n (ﬁ)} n (TC n ”;th ) (43)

nhPina
¢ 2mbh

(note that setting m = 0 this dependence disappears).

Actually this is quite intuitive when considering k(T"),

13

as h, resulting mainly in a different temperature at the
boundary of the rod, therefore changes the thermal con-

ductivity of the rest of the laser crystal.

5 Analytical expression for the thermal lens

power

Consider first the case of top-hat pumping and assume
h = oo, i.e. use the approximation of perfect cooling. A

Taylor expansion can be performed at r = 0, giving

b2 mh-l
T(r,z) = {Foe‘“ [1 +1In (2” + Tg"“}
a
Fpe— o {Foe—az {1 +ln (f;é)} i Tgﬂ+1}7m
B a?(m+1)

7‘2

+0(r?)

(44)
and the approximation of T?%(r, z) at r ~ 0 is instead

b2 nzil
T%(r, 2) = {Foe_az {1 +1n (2)] + Tcm"'l}
a

1-m
2Foe—az {Foe—az {1 _,’_ln (%)} +Tcr)1+1}m+1
B a?(m+1)

7‘2

+0(r®)
(45)
Figure 15 shows the agreement of the approximate func-
tion (44) in the pumped region (r < a) of the laser rod
at z = 0 for the RT.
In a similar manner as detailed by Hodgson et al. [19], we
consider the thermo-optic coefficient increasing linearly

with temperature, i.e.

x(T) = xo+x:1T (46)
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— — — Analytical solution
Quadratic Taylor expansion | |

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
r [mm]

Fig. 15 Analytical solution and its Taylor expansion inside
the pumped region in the approximation of perfect cooling at

z=0.

Then utilizing the definition for the optical path differ-

ence (OPD) [17]
L
OPD(T):/O x(T)T'(r, z)dz (47)

and substituting Equation (46) into Equation (47), one

obtains

L L
OPD(r) :XO/O T(r,z)dz—i—xl/o T?(r,2)dz  (48)

Furthermore using

Dth'f'2
OPD(0) ~ OPD(r) = (49)

the thermal lens dioptric power is found to be

2x0F0
Dy = —F———
th a?(m+1)
L b2 — AT
. / e &* {Foe_az [1 + In (2):| =+ Tgn+1} dz
0 a
4x1Fp
a?(m+1)
L b2 717;:11
[ [ ron(B)] e} e
0 a ’
(50)
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which gives (see Appendix B for details)

2
a’a [1 +1In (b—z)]

a

b2 mh—l 0
<Foeo‘z [1 + In (2)} JrTCm“)
a
L
b2 % 0
<Foeo‘z {1 + In <2>} +Tg”+1>
a

L

Dth =

X0

+X1

(51)

Note that, thanks to the particular dependence on r
and z on the temperature distribution (Equation (44)),
a higher-order polynomial fit equation for the thermo-

optic coeflicient could also be used, i.e.

N
X(T) = 3o xT", (52)

in which case the thermal lens dioptric power is found

to be

2 N
D = ;
0 T (E)] 2

b2 i1 1°
A (Foem®* |[1+1In | — || + 7™ )mer
a? ¢
L

Finally, in the case of temperature-independent ther-

(53)

mal conductivity (m = 0), and, thermo-optic coefficient
(x1 = 0), it is remarkable that Equation (51) reduces to
the well-known result for the thermal lens dioptric power
generated in a TH end-pumped laser rod [5]:

;- X0l Pinllabs

= 54
th 2mkoa? (54)

A similar analysis can also be followed in the case of SG

pumping (and then of G if n = 2 is considered), whereby
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the thermal lens dioptric power is given by

2
7Oéb22F2

1 10
Dth {XO [(Gob22F267az + TCerl) m+1i|L

0
.}
where, for the sake of simplicity, the constant

2 2 2 2 20"
2F2 (771+71+7_>
nn n n

wn

2
+x1 [(00522F2€_0‘z + Ty

is indicated just with o F5.

Again this result contracts to the well known one for the
thermal lens dioptric power generated by a Gaussian-
beam end-pumped laser rod in the case of constant ther-
mal conductivity and thermo-optic coefficient (n = 2,

m =0 and x; = 0) [14]:

ro_ X0 PinNabs
th 7Tk0’u)2 ’

(56)
Figure 16 shows the thermal lens powers as a function of
the coolant temperature in both ranges (CT and RT),
defined in Section 2, for four different pump distribu-
tions with the same parameters of Figure 4. Two dif-
ferent linear expressions for the thermo-optic coefficient
are used, for the CT and RT ranges, corresponding to
the valid temperature ranges for the thermal conductiv-
ity fits. The values utilized for xo and x; for each range

have been found as follows.

Consider the thermo-optic coefficient defined as [17]

X(T) = BT) 4 Culmg ~ (A +v)ar(T)  (57)

where dn/dT(T) is the thermal dispersion, Cy, is a pa-

rameter between 0 and 1 that includes the limitation of
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a heated element of the rod in the free expansion along
the longitudinal direction, due to the colder surround-
ing, if a transversely localized temperature increase oc-
curs, v is the Poisson’s ratio, ng is the refractive index
and ar(T') the thermal expansion coefficient. Supposing
both the thermal dispersion and the thermal expansion

coefficient linearly depend upon temperature, i.e.

dn

M =lo+uT (58)
and

ar(T) =la + 13T, (59)

Equation (57) becomes

(60)
+ [+ Calno— D)(v+ Di3)T
i.e. equivalent to Equation 46, by defining
Xo = lo + Ca(no — 1)(v + 1)lo (61)
and
X1 =l 4 Calno — (v + 1)l (62)

For the sake of simplicity C, is set equal to 1 [17] and,
since for YAG v = 0.25 and ny ~ 1.8, Equations (61)

and (62) therefore become

Xo = lo +12 (63)

and

X1 =1l +13 (64)

lo, l1, I and 3 are obtained from a best fit of Equations

(58) and (59) to measured data, as reported by Furuse et
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al. [20] for a single-crystal YAG (except the dn/dT coef-
ficient at RT, the data of which were for ceramic YAG).

Their values are listed in Table 2.

Table 2 Fit parameters for the linear model of the thermo-

optic coefficient.

e 0 [52] 0 [57] w [%] 0[]

CT -2.3% 3.8¢ 0.18° 2.1°

RT 3.4¢ 1.7¢ 4.2¢ 0.62¢

References: a- [21], b- [6], c- [20] and d- [22].

Note the dn/dT data were obtained using a 633 nm He-
Ne laser [20], however, for a real understanding of the
lens power it would need to be evaluated with data mea-
sured at the laser wavelength. As reported by Sato and
Taira [22] at RT, for example, at a wavelength of 1064
nm the dn/dT value is 12.1 1075/K, ~ 50% higher than
the value at 633 nm.

The lens power in Figure 16 at a heatsink temperature
T. > 125 K in the CT range should be taken with cau-
tion, since in this case the maximum temperature of the
rod no longer belongs to the CT range and the fit pa-
rameters Ty, kg and mcr are not strictly valid anymore

(see Figures 6 and 8).

6 Conclusion

In this paper we have drawn on the fact that the ther-

mal conductivity of laser gain media are dependent upon

L Cini, J I Mackenzie
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Fig. 16 Thermal lens dioptric power in CT and RT ranges
for Top-hat, Gaussian and super-Gaussian pumping distribu-

tions.

their temperature. Consequently, solving the heat con-
ductance equation, using the Kirchhoff integral trans-
form, analytical expressions were derived for a number of
realistic pumping sources, typically used in end-pumped
rod-laser configurations. We compare the solutions ob-
tained with exemplars from literature and show that in
the limit of a constant thermal conductivity there is a
natural convergence.

Through the power of having an analytical solution, we
show that the temperature rise at the center of the laser
rod has a dependence on the thermal impedance of the
boundary layer, as is intuitively expected. In contrast
with accepted expressions, these solutions predict an ad-
ditional temperature rise associated with the thermal
conductance parameter h. With this expression guidance
on the minimum acceptable value for h for a set of de-
sign parameters can be obtained.

Lastly analytical expressions for the thermal lens diop-



tric power are derived in the limit of perfect boundary
conditions. Intimately connected with the temperature
dependence of the thermal conductivity, in the limit of a
constant kg, the expressions once again converge to their
simplified analogues for Gaussian or top-hat pumping
distributions.

It is evident that the solutions derived herein, for the

typical parameters chosen, demonstrate a higher temper-

ature rise than those obtained with temperature-independent

thermal conductivity reported previously. Having ana-
lytical expressions that can be used for a range of tem-
peratures provides a powerful set of tools for designing
future end-pumped laser systems. This will be especially
relevant to laser systems operating at cryogenic temper-

atures.

Acknowledgements L. Cini acknowledges the support of the

Erasmus+ programme of the European Union @8l and Pro-

fessor Mauro Tonelli, whose encouragement is greatly ap-
preciated. The authors are indebted to Dr N. Hodgson for
his invaluable critic and input, which have dramatically en-
hanced the final version of this manuscript. J.I. Mackenzie
would like to acknowledge support by the Engineering and
Physical Sciences Research Council support via the grant
(EP/M020932/1). The data derived from calculations and
measurements and the MATLAB codes can be found at

DOI:10.5258/SOTON/D0117.

17

Appendices

Appendix A: Calculation of the temperature

distribution in a top-hat end-pumped laser rod

In the case of top-hat pumping and considering the inner

region of the laser rod, 0 < r < a, Equation (6) becomes

1dU(r, 2) n d*Uy(r, 2)
roodr dr?

= —Qoeiaz (65)

where the subscript 1 indicates that we are focusing just

on the inner region.

; dU1(r, 2)
dr

d2Uy(r, 2) _ dvy (1)

L
¢ dr? dr

= v1(r), which gives

d
Multiply both sides by r and substitute 1 = d—r, giving
r

ﬁVl(r) + rdyl r) _ —Qoe™**r (66)

So Equation (66) corresponds to
i[7’V (r)] = —Qoe™**r (67)
drt N 0

and performing an integration in both sides one obtains

rvi(r) = —QOeT_rz + A (68)

where A is a constant of integration, which must be
found with a boundary condition. Dividing both sides

by r, Equation (68) becomes

_ dUy(r,z)
N dr 2

vi(r)

and, with another integration, it returns

7?4+ Aln(r) + B (70)
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where B is another constant of integration. By the defi-
nition of U(r), Equation (7),!

ko Tm+1

- 24 Al B
T()Tn(m+1) 1 T+ H(T’)+

(r,z) =—

4

(71)

which gives

Ty(r, 2) = {{—Chw_azrz+u4hﬁr)+-3]

4 ko

(72)
For the outer region of the rod, a < r < b, Equation (6)

becomes

ldU2(T7 Z) + dQUQ(ra Z)

r dr dr? =0 (73)
and it gives a solution of the form
Us(r,z) =Dln(r) + E (74)

and then

zmm+ny#

To(r,z) = {[D In(r) + E] o

(75)

Now the boundary equations must be used to find the
constants of integration A, B, D and E.

For reasons of symmetry, the amount of heat conducted
per unit area (heat flux) in the r direction must be equal

to 0 at the rod center, i.e.

dTy

KTy S

—0 (76)
r=0

! For the sake of simplicity, we set the constant of inte-
gration C' of Equation (7) equal to zero. It’s easy to see, for
example by Equation (81), that its value does not contribute

to the calculation of the temperature distribution.

Jg"(rn-+-1)}7n11

Substituting Equation (5) into Equation (76) and using
the chain rule of differentiation, the first boundary con-

dition (76) becomes:

dU
- — =0 (77)
dr |,_o
and, by Equation (69), it gives
A=0 (78)

At the external surface of the rod, » = b, the boundary

condition is chosen instead to be [15]:

= h[Tyr = b) - T.] (79)

Substituting in Equations (74) and (75), it returns

5 =T - { o) + 5 T 50

Finally the continuity of the temperature and its deriva-

tive at » = a is imposed, i.e.

Ti(r=a)=Ts(r =a) (81)
which gives
_Qoe™ a’+B=Dln(a)+ E (82)
and
% - % - (83)

which gives

B Qoe~*a [T§*(m+1) 7Qoe*°‘za2 B T
2 ko 4
D [Ty (m+1) AT
ko

(DIn(a) + E)]

(84)



Equations (80), (82) and (84) can be solved to find B,
D and E and substituting their values in Equations (72)

and (75), one obtains

e = 1= 2o ()]
: (85)

P e m+1Y) m+1
+ <Tc+""> }

2wbh

b2
To(r,z) = {Foeo‘z In <r2>

1
np Pnae™ % ) mH] e
mn

+ (Tc +

Appendix B: Analytical calculation of the
thermal lens dioptric power in the case of

top-hat pumping

The integrals in Equation (50) can be analytically solved
with two changes of variable. Here only the steps used
to solve the first one are shown since the other integral
can be solved in exactly the same way.

We therefore consider

_ _2xofo
YT @2(m+1)
L b2 —
. / e % {FO [1 +In (2)} e~ + TC"LH} dz
0 a
(87)
Introducing u = —az (du = —adz)
j 2x0Fo
' a2a(m+1)
L b2 s
/ e (Fo [1 +In (2>] e" —&-TC’”H) du
0 a
(83)

and using a new change of variable

b2
’U}:FO |:].+1H <2>:| €u+TCTn+1
a
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(dw = I {1 + In (Z—z)} e“du), one obtains

2X0
a?(m+ 1a [1+1n(%)]

L m
0

L =-

2x0
T aa [1 + In (2—2)] [

1 L
wm+1:|
0

SO

_ 2x0
a’a [1 +1n (b—z)]

a

b2 mh—l 0
<Foea2 [1 + In (2” + TCmH)
a

L
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