On Higher-order Linear Port-Hamiltonian
Systems and Their Duals*

P. Rapisarda* J.C. Mayo Maldonado **

* Vision, Learning and Control Group, School of Electronics and
Computer Science, University of Southampton, UK
(e-mail: pr3@ecs.soton.ac.uk)
** School of Engineering and Sciences, Tecnologico de Monterrey, MX
(e-mail: jcmayo@itesm.mx)

Abstract: We formulate a behavioral approach to higher-order linear port-Hamiltonian
systems. We formalize constitutive laws such as power conservation, storage and (anti-
)dissipative relations, and we study several properties of such systems. We also define the dual

of a given port-Hamiltonian behavior.

Keywords: Bilinear- and quadratic differential forms; port-Hamiltonian systems; behavioral
system theory; duality; switched linear differential systems

1. INTRODUCTION

The usual approach to port-Hamiltonian systems is
representation-oriented, especially in state space terms
(see van der Schaft and Jeltsema (2014)). Such approach
captures the underlying principles and unveils an accu-
rate mathematical representation of physical systems in
terms of power and energy quantities, and consequently
it has been largely successful in the analysis of dynami-
cal systems in the linear and nonlinear setting (see e.g.
Duindam et al. (2009); Ortega et al. (2002)). Motivated
by the fact that, in many cases, state space models and
variables are not necessarily a given, in this paper we de-
velop a trajectory-oriented approach to port-Hamiltonian
systems. For instance energy-balance equations obtained
by modelling physical systems are often in higher-order
terms, since they derive from accounting for energy ex-
change between subsystems, themselves modelled in terms
of higher-order differential equations (see Willems (2007)
and Willems (2010)). Moreover, in many real-life scenarios
the state variables of the system are not necessarily known
(see e.g. Mazloum et al. (2016) and Raju and Khaitan
(2012)). Another common situation, e.g. in electrical sys-
tems involves the study of grids whose impedance speci-
fication (in higher-order terms) is directly identified from
phasor-measurements (see e.g. Ardakanian et al. (2017)),
but its state space structure is generally unknown, e.g.
due to the fact that node voltages and mesh currents are
not necessarily state variables. For such reasons, in this
paper we develop a framework in which we can use the
port-Hamiltonian system formalism, and simultaneously
accommodate first principle models in the form of sets of
higher-order differential equations.
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Another inspiration to develop a higher-order, trajectory-
based approach to linear port-Hamiltonian systems is
stimulated by recent results in the switched linear differ-
ential systems (SLDS) framework developed by the au-
thors (see Mayo-Maldonado and Rapisarda (2016a,b, 2013,
2014); Mayo-Maldonado et al. (2014); Rocha et al. (2011)).
While such approach offers some advantages over the
classical state-space based one, several important issues
are still open. Among these is the automatic derivation
of gluing conditions and related reset rules from phys-
ical principles (e.g. conservation of energy). In van der
Schaft and Camlibel (2009) a compelling mathematical
formalization of state transfer principles for switched port-
Hamiltonian systems has been given. We plan to explore
similar ideas to solve the above mentioned open problems
in the SLDS framework; this work is preparatory to such
end.

We study port-Hamiltonian systems from the behavioral
viewpoint, see Polderman and Willems (1997). We define
the variables of such a system as observables induced by
higher-order polynomial differential operators acting on an
auxiliary variable. Each such observable has associated a
conjugate one, just as in the classical framework each flow
has associated a corresponding effort variable. The observ-
ables obey certain constitutive relations (power conserva-
tion, dissipativity, etc.) expressed in terms of bilinear- and
quadratic differential forms (see Willems and Trentelman
(1998)). We describe properties of such variables that can
be derived from the constitutive relations, and we intro-
duce the concept of a dual port-Hamiltonian behaviour,
that satisfies an “anti-dissipative” constitutive relation.

2. BACKGROUND MATERIAL

A thorough treatment of the notions illustrated in this sec-
tion can be found, respectively, in Polderman and Willems
(1997), Rapisarda and Willems (1997); van der Schaft and
Rapisarda (2011) and in Willems and Trentelman (1998).



2.1 Notation

The space of n dimensional real vectors is denoted by R®;
that of m X n real matrices by R™*®; and R**™ denotes the
space of real matrices with m columns and an unspecified
finite number of rows. Given matrices A,B € R**"
col(A, B) denotes the matrix obtained by stacking A over
B. The ring of polynomials with real coefficients in the
indeterminate s is denoted by R[s]; the ring of two-variable
polynomials with real coefficients in the indeterminates ¢
and 7 is denoted by R[(,n]. R**¥[s] denotes the set of all
T X w matrices with entries in s, and R**®[(, 5] that of n xm
polynomial matrices in ¢ and 7. The set of rational m X n
matrices is denoted by R*™*?(s). Given G = G € R™*™®,
0+ (QG) denotes the number of positive eigenvalues of G.
The set of infinitely differentiable functions from R to R¥ is
denoted by € (R, R¥). (R, R") is the subset of €*° (R, R¥)
consisting of compact support functions.

2.2 Linear differential behaviors

A linear differential behavior is a linear subspace B C
€ (R, R¥) consisting of the solutions of a finite system of
constant-coeflicient linear differential equations. Such a set
can be represented as

%:{weem(R,Rw) | R(:ii)w:O}:kerR<jt> ;
(1)

with R € R&8*¥[s]. Equation (1) is called a kernel repre-
sentation of B. We denote by L¥ the set of linear time-
invariant differential behaviors with w variables.

The property of controllability is discussed in sect. 5.2 of
Polderman and Willems (1997); if % is controllable, it
can be also represented in image form , i.e. there exist
M € R"*™[g] and an auziliary variable ¢ such that

%:{w | 3¢ € € (R,R™) s.t. w:M(jt) €}

(). "

The number of input variables (see Def. 3.3.1 of Polderman
and Willems (1997)) of a behavior B is denoted by m(B);
the remaining p(8) := w — m(*B) variables are outputs.

2.3 State maps

An auxiliary variable x is a state variable for 9 if 28 has
a representation of first order in x and zeroth order in
w, i.e. there exist E, F € R**®, G € R**¥ such that
B = {w|3Izst. B4z + Fr+ Gw=0}. The minimal
number of state variables needed to represent 28 in such
way is called the McMillan degree of B, denoted by n(B).

A state variable for B can be computed as the image
of a polynomial differential operator called a state map
(see Rapisarda and Willems (1997),van der Schaft and
Rapisarda (2011)). Algebraic characterizations of state
maps and minimal state maps for systems in kernel and
image form are given Rapisarda and Willems (1997);
van der Schaft and Rapisarda (2011).

2.4 Bilinear and quadratic differential forms

Let ® € R™>*¥2[(,n]; then ®(¢,n) =), , @y, 1.C"nk, where

Oy, € R"*¥2 and the sum is finite. ®(¢,n) induces the
bilinear differential form (BDF) L from €*(R,R"!) x
€ (R,R"2) to €*°(R,R) defined by

dhwy
L@(wl,UIQ) = Z (dth1>

Rk

dkwg
h,k Atk

& € R¥Y¥[(,n] also induces a quadratic differential form
(QDF) Qo from €>®(R,R¥) to €*(R,R) defined by
Qse(w) = Le(w,w). Associated to & € R™*¥2[(,n] is
its coefficient matriz defined by ® := [®; ;]; j=0,1,2... P
is an infinite matrix with only a finite number of nonzero
entries. ®(¢,n) is called symmetric if ®(¢,n) = ®&(n,¢)7,

or equivalently if ® = ®T.

The derivative of Qg is the QDF Qg defined by Q4 (w) :=
4(Qg(w)) for all w € €*(R,RY); this holds if and only
it ®(¢,n) = (C+n)¥((,n) (see Willems and Trentelman
(1998), p. 1710).

B
Qs is nonnegative along B € LY, denoted by Qg > 0 if
Qo (w) > 0 for all w € B; and positive along B, denoted

by Qp > 0, if Qo > 0 and [Qa(w) = 0] — [w = 0].
If B = C°(R,R¥), then we call Qg simply nonnegative,
respectively positive. Algebraic characterisations of such
properties are on pp. 1712-1713 of Willems and Trentel-
man (1998).

2.5 Dissipative linear differential behaviors

Let B € L" be controllable and let ® € R"™¥[(,n]. B
is called ®-dissipative if for all w € B N D(R,RY) it
holds that ffooo Qo(w)dt > 0. The QDF Qg4 is called a
supply rate. A QDF Qg is a stomﬂqe function for B with
respect to a supply rate Qg if FQu(w) < Qg(w) for
all w € B. A QDF Qa is a dissipation function for B
with respect to Qo if Qa(w) > 0 for all w € B and
2. Qa(w)dt = [T Qa(w)dt for all w € B N D(R,RY).

QRae, Qv and Qa are related to each other through the
dissipation equality (see Trentelman and Willems (1997),
Th. 4.3.): 4Qo = Qo — Qa. If B = €°(R,R¥), such
equality holds true if and only if

(C+n)¥(¢,n) =2(¢n) — AN -

It follows from Prop. 5.2 of Willems and Trentelman (1998)
that the inequality [* Qe(w)dt > 0 is equivalent with
the condition ®(—jw,jw) > 0V w € R. Consequently
a dissipation function can be computed by factorising
®(—s,5) = D(—s)"D(s) with D € R**¥[s] and defining
A(¢,n) == D(¢) " D(n).

3. HIGHER-ORDER LINEAR PORT-HAMILTONIAN
BEHAVIORS

Let E,,F, € R"™*™[g], E,, F, € R»*™[s], E. F, €
R™*™[g]. Such polynomial matrices induce polynomial
differential operators acting on free trajectories ¢ €
¢ (R,R™) that define the following effort- and flow vari-
ables:
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We call e, and f, the state effort and flow variables, e,
and f, the port effort and flows, and e, and f, the resistive
effort and flow variables. Define

Me(s) == col (Ey(s), Ep(s), Er(s), Fu(s), Fp(s), £ (s)) (;4)
then we call B, = im (Me (%)) the efforts and flows
behaviour. The projection .(B.) of B, on the resistive
variables is defined by

7t Be — C°(R,R?™)
T (COI (ew’ep’ehfwvfpvfr)) := col (ervfr) . (5>

The projections on the port variables are defined analo-

gously. Such maps define the resistive- and port behaviours
B, := 7, (B.) and B, := 7, (B.), respectively.

We assume that B, satisfies constitutive relations induced
by bilinear- or quadratic functionals of the efforts and
flows. Define

0 Inz+np+nr
Inm—i-np-i-nr
The power relation is

-
col (6}556;)5671”]0;7 ;&f&) Je col (eiaegaezaf:fa pzvfrz) =0,

o (6)
for all col (e;,e;,e’r,f;7 ;wfﬁ) € B, t = 1,2. The storage
relation is

Je =

d
T e = e @

for all col (e, fi) € 7, (Be), i =
relation is

D

1,2. The dissipative

(®)

e FEA [ el <0,
i = 1,2; and the anti-

for all col (e, fi) € m (Be),
dissipative relation is

e FEH L el 20, 9)
for all col (%, fi) € m (Be), i = 1,2. If B, satisfies (6)-(7)
and one or both of (8) and (9), we call it a dissipative-,
respectively anti-dissipative port-Hamiltonian behavior.

In the following example we illustrate a modelling proce-
dure for flows an efforts as in (3) using first principles.
Example 1. Consider the following impedance:

vi(s) 2524+ 0.25 + 100

i1(s) 10s+1 '

To unveil the port-Hamiltonian structure of a circuit with
such impedance, we use the Brune synthesis (see Wing
(2008), Ch. 7). Such procedure enables modelling of flows
and efforts directly in higher-order terms, using funda-
mental physical principles. We illustrate the steps of the
Brune synthesis in Fig. 1; the procedure consists in remov-
ing poles/zeros at infinity, equivalently in removing series
inductors and shunt capacitors. We thus obtain a circuit
with impedance Z;(s), and we also obtain in intermediate
stages the following impedances as remainders:

Zo(s) = 22080 100 =028 .

ia(s)

Z1 (8) =

ir(s)  10s+1°

+ +—"W‘—+

—>
v | Z(s) | v | Za(s)
+ — | +
p, 1t iy + T
v, O R

Fig. 1. Circuit synthesis of impedance Zi(s).

Z1(8), Za(s) and Z3(s) can be represented in image form
(see Willems and Trentelman (2002), Sec. VI) i.e.

d
, 10— +1
) _ dt + io
U1 2d—2+02i+100 B
dt? T dt
. d ,
21 _ 10— +1 iy 9] |1 ;
V2 - %60 25 V2 - 100 2

Using these equations and following the traditional physi-
cal definition of flows and efforts for electric and magnetic
components (see App. B of van der Schaft and Jeltsema
(2014)), we obtain the following set of variables as in (3)

d2 d
(2 +0.2— + 100) i ;

R 72 dt
. d .
fpi=i1= 10%4—1 19 ;
. d
21 10— +1] ;
€yt = = dt 12 5
’ [“2} 100

d? d
v — vz] _ 255 +0.2—

s = dt? dt| 4, -
fat|:zl_22 10£ 12
dt
e, : = vy = 10015 ;
fri=1iz.

It is a matter of straightforward verification that such
effort- and flow- variables satisfy the relations (6)-(8).

4. FLOW- AND EFFORT VARIABLES

Our first result follows directly from (6)-(8).

Proposition 1. Assume that B, satisfies (6)-(8). Then its
port behavior B, = m, (B.) is dissipative with respect to
the supply rate induced by

10 I,
J, = [Inp Op] .
The functionals elex and e, f,. + frT e, are respectively a
storage- and associated dissipation function for m, (B.).

Proof. It follows from the constitutive relations that
e;fp + f;—ep = % (e;rew) — (e:—fr +f:er) for all tra-
jectories in B, and that (8) holds. Consequently B, is
Jp-dissipative. The rest of the claim is straightforward.



Analogously, if B. satisfies (6)-(7) and (9), then B, is J,-
anti-dissipative, meaning that e; fp+ pr ep = % (e;em) —
e} fr — f,} er (equivalently, B, is (—J.)-dissipative).

We now show that e, is a linear function of the state
of B, and that under suitable assumptions on the input
cardinality of B, it is a state variable for 9B,.
Proposition 2. Let B, be a port-Hamiltonian behavior,
and let  be a minimal state variable for B,. Then e,

is a linear function of z, i.e. there exists L € R"=*2(%»)
such that e, = Lx.

If m(B,,) = ny, then E, (<) is a state map for B, and L
has full column rank.

Proof. Let X (%) be a minimal state map for 2B, acting
on ¢ and producing z. Since e, e, is a storage function
for B, there exists K = K' € R2(Bp)xn(Bp) K > 0,
such that E.(¢)"E.(n) = X(¢)"KX(n) (see Th. 5.5 of

P
Willems and Trentelman (1998)). Conclude that E, E, =

XTKX , with X of full row rank because x is minimal.
Factorize K = FTF in a rank-revealing way; it follows

that ()? TF T) (F X ) is a rank-revealing factorization of

P, ~
E, E,. It follows that rowspany E, = rowspanyp F'X C
rowspang X and the first claim (choose L = F).

We prove the second part of the claim. An argument
analogous to that in the proof of (4) <= (7) of Th.
6.4 p. of Willems and Trentelman (1998) shows that
since X(¢)T KX (n) induces a nonnegative storage func-
tion and m(B,) = n, = o4+(Jp), K is not only semi-
definite positive, but also positive-definite. It follows that
rowspang F'X = rowspanp X = rowspany FE,, which is
equivalent with rowspany X(s) = rowspang E.(s). The
claim on L having full column rank follows from such
equality.

We prove an important consequence of (7).
Proposition 3. Let B, be a port-Hamiltonian behavior.
Let = be a minimal state map for B, = m,(B.),

and let L € R™**®») be as in Prop. 2. Let Lt €
R7a X (nz—rank(L)) he a basis matrix for im(L).

There exists G, € Re—rank(L)xm ] such that Fy(s) +
sE.(s) = LtG,(s).

Proof. From the storage relation conclude that for every
col(ea, fz) € ma(B.) it holds that (fo + Le,) e, =
0. From e, = Lx and the minimality of z con-
clude that for every col(ey, fz) € m(B) it holds that
(f2(0) + L%x(O))TL = 0. Let col(Vi, V») be a basis ma-
trix for the set of all col(vy,vs) € R?™= for which there
exists col(e,, f,) € m,(B.) such that col (e, (0), f,(0)) =
col(vy,v3). Then LTV; + LTV, = 0, from which it follows
that there exists H € R***® such that Vo = —V; + L+ H.
Denote by V; 1, the k-th column of Vj, j = 1,2, and by ¢;, an
auxiliary variable trajectory such that %Em (%) £,(0) =
Vik and Fj (%) 0(0) = Vap. It is straightforward to
see that there exists G € R(e—rank(L)xm[g] such that
G (&) €1(0) = Hy, the k-th column of H. Conclude that

for every ¢ € €*°(R,R™) it holds that L E, (4)¢(0) +
F, (&) €0) = L+G (&) £(0); this yields the claim.

In physical port-Hamiltonian systems the relation between
e, and f, is often differential or integral in nature, i.e.
G(s) = 0 in Prop. 3. In the rest of the paper we will
assume that this is the case.

Now define V), to be the set consisting of all col(vy,vs) €
R?7r for which there exists col(e,, f.) € m(B.) such that
col(e,(0), f-(0)) = col(vy, v2). Let col(Vy, Vo) € R27%® be
a basis matrix for V,.. If the equality VlTVQ = V;Vl holds
true for any such basis matrix, we say that B, is resistively
symmetric. The resistive symmetry condition is implied by
the property of reciprocity satisfied by e.g. a large class
of electrical circuits. We call the resistive effort- and flow
variables faithful if e,.(0)T f,(0) + £,(0) Te,(0) = 0 implies
that e,(0) = 0 and f,.(0) = 0.

Proposition 4. Let B, be a port-Hamiltonian behavior.
Assume it is resistively symmetric and that the resistive
variables are faithful. Then there exists R = RT € R"*"r,
R > 0 such that F.(s) = RE,(s).

Proof. Let col(Vi, V) € R?"*® be a basis matrix for V..
It follows from the properties of dissipativity and resistive
symmetry that

Ve =V Vi= 2V, > 0.
We now prove that V'V, is nonsingular. Assume by
contradiction that there exists v # 0 such that V' Vov = 0;

then it also holds that (Viv)' (Vav) = 0. Faithfulness
implies that Viv = 0 and Vv = 0; since col(Vy, V2) is
a basis matrix, this implies v = 0, a contradiction.

It follows that V;' V5 is nonsingular. Factor it as V' Vo =
FTF with F nonsingular. Define V; := V;F~1 i = 1,2;
then col(V{, Vy) is a basis for V.., and moreover V| V] =
Va TV = —1I. Tt follows that —V3 V3 TV} = Vj.

Define R := VyVy'; an argument similar to that used
at the end of the proof of Prop. 3 shows that F,.(s) =
—RE,(s).

We call the resistive effort variables independent if they
are not related to each other by algebraic relations. It
is straightforward to prove that if a port-Hamiltonian
behavior is resistively symmetric, then the resistive efforts

are independent if and only if E,. is surjective.

From Prop. 1 and Th. 5.5 of Willems and Trentelman
(1998) it follows that e, is a function of a state of B,
and e, is a function of a state and the input of B,,. If the
resistive variables are faithful, then it follows from Prop.
4 that also f, is a function of the state and input of B,,.
If G,(s) in Prop. 3 is zero, then also f, is a function of
a state of ©8,,. Under such assumptions it follows that the
number m of auxiliary variables on which the polynomial
differential operators (3) act equals m(8,), the number of
inputs of B,. We will assume this to be the case in the
rest of this paper.

5. DUAL PORT-HAMILTONIAN BEHAVIORS

We now define a port-Hamiltonian behavior constructed
from the dual of B,



5.1 Dual linear differential systems

B, is Jp-strictly dissipative if for all col(ey, f,) € B, N
D (R,Rznl’) it holds that

+oo T
[
—00

The following is an algebraic characterization of strict
dissipativity.

f;ep dt =0 = col(ep, fp) =0.

Proposition 5. Let B, be a port-Hamiltonian behavior.
The following statements are equivalent:

(1) B, is strictly dissipative;

(2) For all col(ey,ep,er, fo, fp, fr) € B of compact

support
/Jrooe:f,.—l—f:er dt = 0= col(ep, f,) = 0;
(3) (a) Ep(—iw)"F, p(iw)+ p( Zw)TE (lw)>0Vw€R
(b) det( p(—S) p(S) Fy(—s)" Ep(s)) #0:
(4) () By(~iw) " F(iw) + (zw)TE(zw)>0VweR
(b) det (E, (—5)T F,(s) + Fy(=s)T B, (s)) # 0;

—

()

here exists G, € R™*™[s] nonsingular such that
Ep(—S)TFp(S) + Fp(_s) Ep(s) = Gp(—S)TGp(S) :

(6) There exists G, € R™*™[s] nonsingular such that
Er(=5) " Fp(s) + Fp(=8)TE (s) = =G (—=5) TG(s) .

Proof. To prove the equivalence of (1) and (2), observe
that since B, is port Hamiltonian, for all its trajectories
ey fo+ [ ep = 5 (edex) — el fr — fTer. For each such
trajectory of compact support, integrate both sides of the
equality, obtaining fjooj e; fp+ pr e, dt = — fj;: e fr+
f.Te, dt. The claim follows.

The equivalence of (1) and (3) follows from statement (%)
of Prop. 5.2 in Willems and Trentelman (1998).

The equivalence of (3) and (4) is straightforward using
the calculus of BDFs. The equivalence of (3) and (5)
follows from standard results on symmetric factorization
of para-Hermitian polynomial matrices nonnegative on the
imaginary axis (see e.g. Coppel (1972)). The equivalence
of (5) and (6) follows from the two-variable version,
®(¢,n) == M.(¢)TJ.M(n) = 0, of the power relation by
substitution of —s in place of ¢ and s in place of 7.

Let B, be port-Hamiltonian and assume that m(B,) =
or(Jp) = mnp; then Mp(s) = col(Ey(s), Fp(s)) €
R2m X7 [g]. Let R, € R™*?"[s] induce a minimal ker-
nel representation of B, = im M, (). The behavior
B, = 1im J,R, (—E)T is called the Jp-dual of B, (see

sect. 10 of Willems and Trentelman (1998)). The following
result holds.

Proposition 6. Let X ( ) be a minimal state map for B,,.
There exists a minimal state map Z ( ) for ‘B’ such that

Ry(=0) " My(n) = (¢ +n)Z(¢) " X (n) - (10)

Proof. Follows from Prop. 10.1 of Willems and Trentel-
man (1998).

A state map Z () for B/, satisfying (10) is called matched
with X (4).

Proposition 7. Let B, be port-Hamiltonian. Assume that
n(B,) = o4(J,) = n, and that B, is strictly J,-
dissipative. Then B, is strictly (—.J,)-dissipative.

Let X ( ) be a minimal state map for 95,, and let Z ( )
be a matched state map for B If X(OTKX(n) is a
storage function, then K is nonsingular, and the quadratic
functional induced by Z(¢)T (—=K)~ ' Z(n) is a storage
function for 9B7,.

Proof. The first claim follows from statement (ii) in Th.
10.2 of Willems and Trentelman (1998). The second claim
follows from statement (iv) of Th. 10.2 ibid.

In the rest of this section, we assume that m(B,) =
o4 (Jp) = n,, that the resistive efforts are flows are faith-
ful, and that B, is strictly J,-dissipative. We proceed to
define a dual port-Hamiltonian system of B, by construct-
ing effort- and flow-variables from the representation of %7,
and the effort- and flow-variables of B..

5.2 Dual port efforts and flows

Partition
Ry(—s) =: [F}"(s) EJT(s)] (11)
with E, F}), € R"»*"r[s]. We define the dual port efforts by

e, = E, ( ) ¢" and the dual port flows by f,, := F} ( ) v,
with ¢/ 6 Q:OO(]R R™).

5.8 Dual state efforts and flows

Let X(%) be a minimal state map for B,, and let
L € R"%*2(®») he a full column rank matrix such that
E.(s) = LX(s) (see Prop. 2). Recall that E,(¢)" E,(n) =
X(C)TLTLX(U) is a positive-definite storage function.
Factorize L' L = F'T F with F square, and define X'(s) :=
FX(s). X' (E) is also a minimal state map, and E,(s) =
LF~1X'(s). Moreover, E.(¢)"E.(n) = X'({)"X'(n) is a
storage function for B,,.

Let Z' (4) be a state map for B/ matched with X’ (4);
since m(%p) = o4(Jp), it follows from Prop. 7 that
~Z'(O)TZ'(n) = Z'(¢)T(~1)Z'(n) is a storage function
for %7,. Define the dual state efforts matrix by
Ei(s) i= LF'Z'(s). (12)
It follows from the series of equalities —FE’(¢) " EL(n) =
~Z(OTF-TLTLF'Z'(y) = —Z'(0)TZ'(n) that the
polynomial matrix —E’,(¢) ' E’(n) induces a storage func-
tion for B;,.

The dual state flows f. are defined by

Fl(s) := —sE.(s) . (13)

5.4 Dual resistive efforts and flows

From the fact that —E”(¢) T E’ (n) is a storage function for
‘B; and from Prop. 7 it follows that there exists a semi-

definite negative A’ € R"»*"»[(, 5] such that

R(=Q)JpR(=m)" = (¢ +mEL(Q) " Ey(n) = A'(¢,m) - (14)



The result of Prop. 5 implies that there exists G €
R™» *"» 5] nonsingular such that A’(¢,n) = —G.(¢) TG".(n).
Now denote the dissipation function corresponding to the
storage function E,(¢) T E.(n) of B, by

A(G,n) = Ep(Q) T Fo(m)+F,(Q) T Ep(n)—((+m) Ex(Q) T Ex(n) -

Since B,, is strictly J,-dissipative, from Prop.5 it follows

that A(¢,n) admits a factorization G,(¢)"G,(n) with
G, € R™*"r[g] nonsingular. Use Prop. 4 to conclude that
there exists R > 0 such that A((,n) = E.(¢)" RE.(n).

Consequently, the coefficient-matrix equality E'RE, =
G, G, holds. Note that G, has full row-rank, since G,.(s)

SO N
is nonsingular. Define N := G (GTG;'—> € Rexm(Bp),
then NTETRE,N = I,,3,).

The dual resistive efforts e]. are defined by

E!(s) := E.NG.(s) . (15)
The dual resistive flows f] are defined by
R :=R and F/(s) := R'E.(s) . (16)

The following is the main result of this paper.

Theorem 8. Assume that m(*B,) = o4 (J,) = n,, that B,

is strictly J,-dissipative, and that the resistive flows and

efforts are faithful. Define

Mé(s) := col (E;(s)7 Ezly<5>7 E;(S)’ Fglc<5>7 Fz/)(5>7 F;(S)) )
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where E},, F} are defined in (11), F; is defined in (13),( EZ

is defined in (15), and F} is defined in (16).

BL =im M. (i) is an anti-dissipative port-Hamiltonian

| at
behaviour.

Proof. Use the definitions (15) and (16) of E!(s) and of
R’ to conclude that the anti-dissipation function A’(¢,n)

corresponding to the storage function E.(¢) T E’ (1) can be

written as A'(C, ) = —G1(0)" G(n) = —EL(C) R'EL(n) =
F/(Q)T B (n) + EL(C) " Fy(n).

The power relation for B/, follows from (14). The storage-
and anti-dissipation relations are also satisfied. The claim
is proved.

REFERENCES

Ardakanian, O., Yuan, Y., Dobbe, R., Meier, A., Low, S.,
and Tomlin, C. (2017). Event detection and localization
in distribution grids with phasor measurement units. In
Proc. IEEE PES General Meeting (to appear).

Coppel, W. (1972). Linear Systems. Notes in Pure
Mathematics. Australian National University.

Duindam, V., Macchelli, A., Stramigioli, S., and Bruyn-
inckx, H. (2009). Modeling and control of complex phys-
ical systems: the port-Hamiltonian approach. Springer
Science & Business Media.

Mayo-Maldonado, J.C. and Rapisarda, P. (2013). On
positive-realness and stability of switched linear differ-
ential systems. In 52nd IEEE Conference on Decision
and Control, 162-167.

Mayo-Maldonado, J. and Rapisarda, P. (2014). Modelling
of switching dynamics in electrical systems. Proc. Math-
ematical Theory of Networks and Systems Symposium
(MTNS), 985-992.

Mayo-Maldonado, J. and Rapisarda, P. (2016a). Dissipa-
tive switched linear differential systems. IEEE Trans.
Aut. Contr., 61(12), 3813-3825.

Mayo-Maldonado, J. and Rapisarda, P. (2016b). On
positive-realness and Lyapunov functions for switched
linear differential systems. IEEE Trans. Aut. Contr.,
61(8), 2239-2244.

Mayo-Maldonado, J., Rapisarda, P., and Rocha, P. (2014).
Stability of switched linear differential systems. IEEE
Trans. Aut. Contr., 59(8), 2038-2051.

Mazloum, Y., Sayah, H., and Nemer, M. (2016). Static
and dynamic modeling comparison of an adiabatic com-
pressed air energy storage system. ASME. J. Energy
Resour. Technol., 138(6), 062001-1-8.

Ortega, R., van der Schaft, A., Maschke, B., and Escobar,
G. (2002). Interconnection and damping assignment
passivity-based control of port-controlled Hamiltonian
systems. Automatica, 38(4), 585-596.

Polderman, J. and Willems, J. (1997). Introduction to
Mathematical System Theory: A Behavioral Approach.
Springer, Berlin.

Raju, M. and Khaitan, S. (2012). Modeling and simulation
of compressed air storage in caverns: A case study of the
Huntorf plant. Applied Energy, 89(1), 474-481. Special
issue on Thermal Energy Management in the Process
Industries.

Rapisarda, P. and Willems, J. (1997). State maps for linear
systems. SIAM J. Control Optim., 35(3), 1053-1091.
Rocha, P., Willems, J., Rapisarda, P., and Napp, D.
(2011). On the stability of switched behavioral systems.

Proc. 50th IEEE CDC-ECC, 1534-1538.

Trentelman, H. and Willems, J. (1997). Every storage
function is a state function. Syst. Contr. Lett., 32(5),
249-259.

van der Schaft, A. and Rapisarda, P. (2011). State maps
from integration by parts. SIAM J. Control Optim.,
49(6), 2415-2439.

van der Schaft, A. and Camlibel, M. (2009). A state trans-
fer principle for switching port-Hamiltonian systems. In
Proc. 48th IEEE CDC, 45-50.

van der Schaft, A. and Jeltsema, D. (2014). Port-
Hamiltonian  Systems  Theory: An  Introductory
Overview. Foundations and Trends in Systems

and Control. NOW Publishing Inc.

Willems, J. (2007). The behavioral approach to open
and interconnected systems. IFEE Control Systems
Magazine, 27, 46-99.

Willems, J. (2010). Terminals and ports. IEEE Clirc. Syst.
Magazine, 10(4), 8-26.

Willems, J. and Trentelman, H. (1998). On quadratic
differential forms. SIAM J. Control Optim., 36(5), 1703~
1749.

Willems, J. and Trentelman, H. (2002). Synthesis of
dissipative systems using quadratic differential forms:
Part I. IEEE Trans. Aut. Contr., 47(1), 53-69.

Wing, O. (2008). Classical circuit theory. Springer.



