
UNIVERSITY OF SOUTHAMPTON
FACULTY OF ENGINEERING AND THE ENVIRONMENT__________________________

AIRBUS NOISE TECHNOLOGY CENTRE

Aerodynamic and Aeroacoustic
Modelling of

Engine Fan Broadband Noise

by

Fernando Gea-Aguilera

Thesis for the degree of Doctor of Philosophy

March 2017





UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

AIRBUS NOISE TECHNOLOGY CENTRE

Doctor of Philosophy

AERODYNAMIC AND AEROACOUSTIC MODELLING
OF ENGINE FAN BROADBAND NOISE

by Fernando Gea-Aguilera

This thesis investigates simplified but representative configurations of the fan wake-OGV interac-

tion noise, which is a major source of engine fan broadband noise during take-off and landing. To this

end, Computational AeroAcoustics (CAA) simulations are performed by using the Linearised Euler

Equations (LEEs) and synthetic turbulence methods.

An advanced digital filter method is presented to generate divergence-free synthetic turbulence

with explicit control on the resulting turbulence spectrum. The method, which is based on the Ran-

dom Particle-Mesh (RPM) method and synthetic eddy methods, is able to produce two- and three-

dimensional fluctuating velocity fields of homogeneous isotropic and anisotropic turbulence. It is also

shown that similar levels of simulation accuracy can be achieved by using digital filter and Fourier

mode methods. Nevertheless, the advanced digital filter method provides enhanced performance in

terms of computational cost (up to 3.9 times faster for two-dimensional simulations in this study).

CAA simulations using the advanced digital filter method are performed to improve current un-

derstanding of leading edge noise from single aerofoils. For example, the method is used to examine

the distortion of turbulent structures in the leading edge region. Furthermore, a comparison between

numerical and experimental noise measurements in open-jet wind tunnel experiments indicate that

the advanced digital filter method is capable of reproducing experimental results with an accuracy to

within 3 dB. This thesis also presents a parameter study to assess the effects of moderately anisotropic

turbulence, as occurs in the fan wakes, on leading edge noise from single aerofoils.

Finally, fan wake modelling assumptions, such as cyclostationary variations in turbulent kinetic

energy and integral length scale, are investigated using a cascade of thin aerofoils. Results indicate that

broadband noise mainly depends on the circumferentially-averaged spectrum that is perceived by the

cascade, and not on the instantaneous features of the fan wakes. A parameter study on cascade noise

using isotropic turbulence is also included in this thesis, where variations in the vane count, aerofoil

thickness, camber, mean flow Mach number, stagger angle, and inter-vane spacing are investigated.

It is confirmed that the flat plate assumption provides sufficient accuracy for the frequency range in

which engine fan broadband noise is relevant.
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∆LE Minimum cell size in the leading edge region

εp Direction of rotation of the pth eddy (±1)

γ Heat capacity ratio

Γ(.) Gamma function

γ2
i j Magnitude-squared coherence function between ith and jth signals

κc Filter cut-off wavenumber

Λ Integral length scale for isotropic turbulence

Λw Integral length scale in the fan wakes

κ0 = (κx, κy, κz) Acoustic wavenumber

σ = (σx, σy) Unit vector in two-component Fourier mode method

η Vector potential

Ω Rotation speed

µh hydrodynamic reduced frequency

µa Acoustic reduced frequency

ω Angular frequency (= 2π f )

φ Random phase term in Fourier mode methods

Φi j Velocity spectrum of turbulence

ψ Inner angle of mesh cell

ρ′ Fluctuating density

ρ′tar Target fluctuating density within buffer zones

ρ0 Mean flow density

σe Correction term for calculation of effective angle of attack
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τ Separation between two instants

θ Far-field observer angle

θ′ Auxiliary angle in shear layer correction

Θ1, Θ2, Θ3 Auxiliary terms in analytical flat plate theory

θc Far-field observer angle with shear layer correction

ε Turbulence dissipation

εi jk Levi-Civita symbol

ζ Auxiliary term in shear layer correction

Roman Letters
U White noise signal in RPM method

Up Weighted white noise signal for pth eddy or particle

e j Unit vector in the jth spatial direction

k = (kx, ky, kz) Vortical wavenumber

n Unit normal vector

rp = (rp, rp, rp) Separation between a point in the flow field and the eddy centre (= x − xp)

t Unit tangent vector

u′ = (u′x, u
′
y, u
′
z) Fluctuating velocity, velocity disturbances

u′p Fluctuating velocity of the pth eddy

u′s Point in the source region where turbulence is injected

u′tar Target fluctuating velocity within buffer zones

U0 Mean flow velocity

x = (x, y, z) Cartesian coordinates, point in the flow field

xp Centre or location of the pth eddy

C Integer number used in the transverse wavenumber discretisation

E Error between Etar and Esum

L Non-dimensional unsteady loading term of a flat plate

P Sound power spectra

Pl Modal sound power

Pre f Reference sound power (= 1 × 10−12 W)

i Imaginary unit, i2 = −1

A(θ,M∞) =
√

1 − M2
∞sin2θ

Aw Distribution of turbulent kinetic energy in the fan wakes

Ap Exponential term of the pth anisotropic Gaussian eddy

AoA Angle of attack

b Aerofoil semi-chord (= c/2)

c Aerofoil chord

c∞ Speed of sound
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Ci j(r) Two-point correlation of the vector potential

d Aerofoil semi-span

E Energy spectrum

E f Fresnel integral

Ei j One-dimensional spectrum (of velocity fluctuations in the ith and jth-directions)

Esum Energy spectrum from Gaussian superposition

Etar Target energy spectrum

f Frequency

F(θ,M∞) Integration term in sound power calculation for single aerofoils

f (M∞) Phase correction factor in analytical flat plate theory

f (r) Longitudinal correlation function

G Spatial or temporal filter in RPM method

g(r) Transverse (or lateral) correlation function

H Vertical distance from noise source to far-field observer

h Half-jet vertical length

H(2)
m mth order Hankel function of the second kind

hw Semi-wake width of the fan wakes

Jm mth order ordinary Bessel functions of the first kind

k′ Wavenumber at the maximum of the energy spectrum

kc Constant in the von Kármán energy spectrum (= [
√
πΓ(5/6)]/[ΛΓ(1/3)])

Kw Turbulent kinetic energy in the fan wakes

l Order of the acoustic mode in the circumferential direction, or duct mode

l(k)
i j Integral length scale of the ith and jth velocity components in the kth spatial direction

la Axial length scale in axisymmetric turbulence (la = l(1)
11 )

lt Transverse length scales in axisymmetric turbulence (lt = l(2)
22 = l(3)

33 )

lx Streamwise length scale in anisotropic Gaussian turbulence (lx = l(1)
11 )

ly Transverse length scale in anisotropic Gaussian turbulence (ly = l(2)
22 )

lz Spanwise length scale in anisotropic Gaussian turbulence (lz = l(3)
33 )

Lbz Length or width of a buffer zone

Lre f Reference Length (= 1 m)

Lspan Spanwise extent (or width) of three-dimensional CAA domain

M∞ Freestream Mach number (= U∞/c∞)

N, M Number of Fourier modes used to discretise kx, and ky, respectively

Nr Number of independent realisations in two-component Fourier mode method

nw Number of fan wakes within the CAA domain

P Number of particles or eddies in the source region

p′ Fluctuating pressure
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p′c Fluctuating pressure with shear layer correction

p′tar Target fluctuating pressure within buffer zones

p0 Mean flow pressure

pre f Reference pressure (= 2 × 10−5 N.m−2)

Q±l Non-dimensional modal power response function

R Radius of a wrapped aerofoil cascade

r Separation between two points in the flow field

r0 Far-field observer distance

re Eddy radius

Ri j(r) Two-point velocity correlation

rLE Leading edge radius of an aerofoil

R±l Cascade response function

s Inter-vane spacing

S (µh) Sears function

S k Mesh skewness

S pp Pressure spectral density

t Time

Tw Period of the fan wakes

tA Maximum aerofoil thickness

u′0 Characteristic velocity term of anisotropic eddies

u′a Root-mean-square fluctuating velocity in the axial direction

u′t Root-mean-square fluctuating velocity in the transverse direction

u′rms,b Root-mean-square fluctuating velocity of background turbulence

u′rms,w Root-mean-square fluctuating velocity of wake turbulence

U∞ Freestream speed

Ure f Reference Speed (= 1 m.s−1)

Vs Source region where synthetic turbulence is injected

Subscripts

∞ Freestream variable

max Maximum

min Minimum

re f Reference variable

rms Root-mean-square

Superscripts
(2D) Two-dimensional turbulence
(3D) Three-dimensional turbulence
∗ Complex conjugate
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± Upstream (+) and downstream (-)

Symbols
〈.〉 Ensemble average operator

‖.‖ Magnitude (or modulus) of a vector

ln(.) Natural logarithm

Re {.} Real part operator

∇ Gradient operator

∇· Divergence operator

∇× Curl operator

⊗ Convolution operator

(.) Time average

(̂.) Variable in wavenumber or frequency domain

mod(a,b) Remainder of a divided by b



Chapter 1

Introduction

Over the past few decades, commercial aviation has experienced a large increase in the number

of passengers and goods transported. This expansion has been accompanied by a reduction in fuel

costs, which has helped to develop emerging economies and accelerate economic globalisation. Fur-

thermore, air traffic is forecast to grow in the coming years [1]. In order to ensure sustainable devel-

opment, the growth of commercial aviation must be associated with a reduction in its environmental

impact. The aerospace industry is committed to reducing carbon emissions, which contribute to the

greenhouse effect, and noise pollution, which may be disturbing for the community on the ground,

especially in populated areas near airports. Both carbon emissions and noise pollution have adverse

effects on the environment and could potentially affect human health [2, 3].

Airworthiness authorities are becoming increasingly strict in terms of noise pollution. Stringent

targets have been set in Europe [4] for noise reduction by 2050, which aims to reduce perceived aircraft

noise by 65% in comparison to the baseline year 2000. Furthermore, the International Civil Aviation

Organization (ICAO) has implemented noise-related charges for airports experiencing noise problems

[5]. Consequently, several airports have already implemented constraints in terms of night flight slots,

which could affect intercontinental flights and the growth of commercial aviation. A notable example

of these local regulations is the Quota Count system developed by the United Kingdom government

to reduce noise emissions of London airports over night [6].

The operating conditions and phase of flight determine the main noise sources of the aircraft,

which are shown in Figure 1.1a. During take-off, the engines have to provide the aircraft with enough

thrust to fly. Consequently, jet noise and fan noise are important contributors to the overall acoustic

level during this phase of flight. Airframe noise due to unsteady flows generated around high-lift

devices, such as flaps and slats, and landing gear becomes more relevant during landing. Nevertheless,

the contribution of the engine noise to the overall acoustic level remains dominant [7].

1
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According to the Federal Aviation Regulation (FAR36) [8] and the ICAO Annex 16 [9], the stan-

dard metric for aircraft certification in terms of noise pollution is the Effective Perceived Noise Level

(EPNL, in units of EPNdB), which takes into account tones, duration, and overall noise level. Figure

1.1b shows a schematic representation of the sound measurement locations for aircraft noise certifica-

tion. The EPNL is calculated from sound measurements at two different locations during take-off, one

at the sideline position with the engines at full power and another one at the cut-back position with

engines at 80% of full power. Additional noise measurements are taken at the approach position with

engines at 50% of full power.

landing gear

high-lift devices

aircraft engines

(a) Sources of noise in a commercial aircraft. Image re-
produced with permission of the rights holder, James Gill.

approach

sideline

cut-back

450 m

6500 m

2000 m
3o

(b) Sound measurements for noise certification.

Figure 1.1: Aircraft noise certification.

An improved understanding of engine noise is necessary to meet noise certification requirements

for the next generation of commercial aircraft. Engine noise is characterised by both tonal and broad-

band noise, which can be produced in different parts of the engine, such as the fan, compressor,

combustion chamber, turbine, and nozzle. In the 60’s, jet noise produced by turbojet-powered aircraft

was the dominant source of noise. This was mainly caused by the turbulent mixing between the jet

and the external flow around the nacelle. Today, modern turbofan engines have significantly reduced

jet noise by shielding the hot stream with a cold bypass exhaust stream and by increasing the by-

pass ratio. Thus, fan noise has become the biggest challenge when attempting to reduce engine noise

during take-off and approach, as the compressor and turbine stages remain quieter than the fan stage

[10, 11]. Figure 1.2 shows the main sources of noise in a turbofan engine and a comparison of the

relative sound PoWer Level (PWL) from different components of the engine.

Contra-Rotating Open Rotors (CRORs) have been established as a promising alternative to ultra-

high bypass turbofan engines for the next aircraft generation. CRORs are expected to reduce both fuel

consumption and carbon emissions. Turbofan engines and CRORs share several noise sources, how-

ever, the absence of a nacelle around the CROR blades makes it more difficult to fulfil the community

noise regulations.
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fan noise

jet noise

core noise

turbine noise

(a) Cross-section of a turbofan engine.

fan

airframe noiseengine noise

jet

turbine

core

5 dB

PWL takeoff approach

(b) Relative PWL from different components of an air-
craft. Data obtained from Astley et al. [7].

Figure 1.2: Schematic of a turbofan engine and main sources of noise.

1.1 Engine Fan Broadband Noise

Early research studies to reduce fan noise focused on diminishing tonal noise, since the human

hearing response1 is particularly sensitive to certain frequencies. Tones arise from the Blade Passing

Frequency (BPF) of the fan blades and its harmonics, from buzz saw tones caused by supersonic fan

blade tips [12], and from interaction tones due to the interaction of the fan wake velocity deficit and

the Outlet Guide Vanes (OGVs) [13]. Tonal noise behaves more deterministically than broadband

noise, which has allowed an effective reduction of fan tonal noise over the past few decades and has

highlighted the importance of fan broadband noise.

Engine fan broadband noise is generated by the interaction of any source of turbulence with fan

blades or OGVs, which may cause aerofoil self-noise and leading edge noise, as shown in Figure 1.3.

U8

leading edge noise aerofoil self-noise

turbulent flow

boundary layer

wake

Figure 1.3: Sources of broadband noise from a single aerofoil.

• Aerofoil self-noise is a noise mechanism inherent in all aerofoils, as it is generated by the in-

teraction of the fan blades and OGVs with turbulence from their own boundary layer and wake.

Trailing edge noise is a common type of aerofoil self-noise, which is generated as the turbu-

1The human hearing range is between 20 Hz and 20 kHz.
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lent boundary layer passes over the aerofoil trailing edge. Further details on various aerofoil

self-noise mechanisms can be found in the work of Brooks et al. [14].

• Leading edge noise. The interaction of oncoming turbulence with the fan blades and OGVs

generates dipole-like sound that radiates from the aerofoil leading edge. Leading edge noise,

also known as turbulence-aerofoil interaction noise, can be caused due to turbulence generated

at the engine intake, boundary layer on the casing, and fan wakes, as shown in Figure 1.4.

– Turbulence ingestion noise. Turbulence ingested through the fan intake interacts with the

leading edge of the fan blades, which produces broadband noise. The flow acceleration in

the axial direction at the fan intake causes turbulence to show high levels of anisotropy,

with turbulence length scales that are significantly larger in the engine axial direction when

compared to the lateral directions [15, 16]. The importance of the turbulence ingestion

noise depends on the location of the engine on the aircraft (under the wings, near the tail,

etc.). This is because installation effects, such as wing wakes and airframe boundary layer,

have an impact on the quality of the air ingested by the engine.

– Boundary layer-fan tip interaction noise. Broadband noise also arises from the inter-

action of the fan blade tips with the boundary layer along the outer casing. This source

of noise is notably affected by the fan tip clearance and the high turbulence intensity and

anisotropy within the boundary layer [17]. The fan tip interaction also produces strong

sheared flows in the fan wake near the outer casing that affects the fan wake-OGV inter-

action noise.

– Fan wake-OGV interaction noise, also known as rotor wake-stator interaction noise.

Broadband noise is generated from the interaction of the fan wakes with the OGVs, Inlet

Guide Vanes (IGVs) of the compressor, and a splitter section between them. However,

the contributions of the splitter section and the IGVs are considered small. This source of

noise is influenced by the characteristics of the turbulence in the fan wakes, such as high

turbulence intensity and moderate anisotropy [17, 18], and OGV design parameters, such

as aerofoil thickness and camber.

Ganz et al. [17] ran a series of experiments to quantify the individual contribution of different broad-

band noise sources in a 18-inch fan rig. From their experiment, it is seen that the fan wake-OGV

interaction noise is the greatest contributor to the engine fan broadband noise. Therefore, a good

understanding of the main factors that influence leading edge noise is required for effective noise pre-

diction and reduction in turbofan engines. Additionally, leading edge noise is also relevant in CRORs,

helicopter rotors, and wind turbines.
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fan

OGV

turbulence ingestion noise boundary layer-fan tip interaction noise

fan wake-OGV interaction noise

Figure 1.4: Sources of leading edge noise in a turbofan engine.

1.2 Context and Thesis Aims

Today, the scientific community is working on developing approaches to provide major aircraft

manufacturers with aeroacoustic predictions of the entire aircraft. This is the final goal of the wHole

AiRcraft Multidisciplinary nOise desigN sYstem (HARMONY) programme, in collaboration between

Rolls-Royce, Airbus, Bombardier, the University of Southampton, and the University of Cambridge.

The HARMONY programme, which is supported by Innovate UK, includes a work package on fan

broadband noise modelling. The present Ph.D. thesis was conducted within this framework at the

Airbus Noise Technology Centre in the University of Southampton.

The main objective of the present thesis is to develop computationally affordable methods to im-

prove understanding and noise prediction capabilities of engine fan broadband noise. Particularly, this

thesis focuses on the numerical modelling of the aerodynamics and aeroacoustics of simplified but

representative cases of the fan wake-OGV interaction noise and its underlying noise mechanism, the

leading edge noise.

Although Direct Numerical Simulations (DNS) and Large Eddy Simulations (LES) could poten-

tially be used in aeroacoustic studies, the computational cost is currently prohibitive in an industrial

context, where high Reynolds numbers are often required and high frequencies need to be computed

for the noise predictions [19, 20]. Typical Computational Fluid Dynamics (CFD) simulations using

the Reynolds-Averaged Navier-Stokes (RANS) equations are time independent, and therefore they are

not suitable for aeroacoustic simulations [21]. Promising broadband noise predictions have been ob-

tained recently by using a Lattice-Boltzmann solver to investigate complex fan-OGV configurations

at a reasonable computational cost [22, 23]. Nevertheless, DNS, LES, and Lattice-Boltzmann simu-

lations have difficulty in evaluating the contribution of independent noise sources, which may mask

the relative influence of the noise source under investigation due to variations in design parameters.

Therefore, DNS, LES, and Lattice-Boltzmann solvers are not convenient for large parameter studies

that could potentially enhance the current understanding of leading edge noise, and they are not suit-
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able to assess the influence of classic modelling assumptions, such as isotropic/anisotropic turbulence,

uniform/non-uniform mean flows, etc.

This thesis presents an extensive Computational AeroAcoustics (CAA) study on turbulence in-

teracting with aerofoils and cascades, which allows for a fundamental understanding of leading edge

noise. Numerical simulations involve the use of synthetic turbulence methods to reproduce the statis-

tics of oncoming turbulence, such as the fan wakes, and an in-house high-order CAA code that solves

the Linearised Euler Equations (LEEs) to model sound generation and propagation. The LEEs are

a simplified set of governing equations in which viscosity and non-linear terms are neglected, and

constitute an affordable numerical approach to perform leading edge noise simulations.

1.3 Literature Review

This section presents a literature review on synthetic turbulence methods (see Section 1.3.1), lead-

ing edge noise from single aerofoils (see Section 1.3.2), and fan wake-OGV interaction noise (see

Section 1.3.3). A brief summary of the literature review is presented at the end of each section to

highlight the key results and conclusions.

1.3.1 Synthetic Turbulence for CAA applications

The total flow velocity can be split into mean flow (U0) and fluctuating velocity (u′). The fluctuat-

ing velocity can be generated in numerical simulations by a synthetic turbulence method to reproduce

the key features of realistic turbulent flows. For example, synthetic turbulence methods are used in

DNS and LES to initialise the fluctuating velocity field and as a turbulent inflow generator. Addition-

ally, synthetic turbulence can be used in CAA simulations to model the vortical disturbances in the

full or linearised Euler equations. In order to avoid additional sources of noise related to the turbulent

inflow, the fluctuating velocity is normally assumed to be divergence-free in CAA simulations. The

characteristics of some methods developed for LES, such as divergence-free fluctuating velocity, make

them suitable for CAA simulations and have also been considered here.

The purpose of this literature review is to provide a broad overview of existing techniques to pro-

duce synthetic turbulence, and is not restricted to the area of leading edge noise predictions. Synthetic

turbulence methods can be classified into three different categories depending on how the turbulent ve-

locity field is generated. Thus, it is possible to distinguish between methods based on Fourier modes,

synthetic eddies, and filtering random data.
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Methods Based on Fourier Modes

Methods based on Fourier modes generate a fluctuating velocity field through a summation of

weighted sinusoidal functions. Therefore, the resulting turbulent field is periodic and contains a dis-

crete number of frequencies. Increasing the number of modes leads to a well-defined spectral content,

but it also increases the computational expense. Despite these potential limitations, Fourier mode

methods have become very popular over the past decades due to their simple implementation in nu-

merical codes and their facility for reproducing a target turbulence spectrum.

The use of Fourier modes to generate a stochastic velocity field was proposed by Kraichnan [24]

in 1970, when studying the scalar diffusion of fluid particles. The method generates divergence-free

velocity fluctuations through a summation of harmonic functions that produce a Gaussian energy

spectrum. This type of isotropic spectrum is often used in synthetic turbulence methods, despite

the fact that Gaussian spectra are centred at a certain wavenumber and cannot account properly for

the energy contained at high frequencies. Karweit et al. [25] modified Kraichnan’s method [24] to

reproduce the von Kármán energy spectrum, which provides a better description of the spectral content

in the inertial subrange. In this method, the amplitude of the modes is proportional to the square root

of the energy spectrum. Based on Kraichnan’s work [24], Smirnov et al. [26] generated anisotropic

turbulence through a scaling and orthogonal transformation of the velocity correlation tensor. This

technique, which was developed for LES applications, produces a fluctuating velocity field that is not

completely divergence-free in cases that consider highly anisotropic turbulence. In order to account

for non-Gaussian energy spectra, Huang et al. [27] proposed to generate several independent velocity

fields following the approach of Smirnov et al. [26]. The superposition of all the flow fields matches

a target isotropic energy spectrum. Recently, Castro et al. [28] introduced a number of parameters to

better control the statistical properties of the anisotropic velocity generated by the method of Huang

et al. [27]. Further developments were performed by Batten et al. [29], who proposed a Cholesky

decomposition of the Reynolds stress tensor to characterise the amplitude of Fourier modes. Yu and

Bai [30] proposed the use of a vector potential in Fourier mode methods. Thus, the fluctuating velocity

is obtained by taking the curl of the vector potential, u′ = ∇ × η, which ensures the divergence-free

condition. Alternatively, Patruno and Ricci [31] revisited the method of Castro et al. [28] and proposed

some corrections to include Taylor’s frozen turbulence assumption [32] and an explicit control over

the resulting anisotropic turbulence spectra.

In the area of CAA simulations, Béchara et al. [33] included a random phase term in the definition

of the fluctuating velocity field. This method, which was applied to jet noise predictions using the

LEEs, is known as Stochastic Noise Generation and Radiation (SNGR). In a later revision of the

SNGR technique, Bailly et al. [34, 35] introduced both a convection term and an angular frequency

term in the definition of each Fourier mode. These allowed the convection of vortical disturbances by
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a mean flow to be included in the study. Billson et al. [36] modelled the time correlation by using

a hybrid approach. The method combines the generation of a turbulent field according to Béchara et

al. [33] with a time filter to achieve an exponential decorrelation. In a later work, Billson et al. [37]

adapted the transformation of Smirnov et al. [26] to include anisotropy in the Reynolds stress tensor

and length scales when using a SNGR-based method [33, 35].

Fourier mode methods have also been applied to study leading edge noise using CAA solvers. For

example, Clair et al. [38] used a one-component Fourier mode method that was based on the method

of Bailly et al. [34, 35]. The method was able to reproduce the isotropic fluctuating velocity field

that is perpendicular to the aerofoil chord, as proposed by Amiet for flat plates [39]. The method

was extended in a later work to deal with more realistic fan-OGV configurations in an annular duct

[40]. Recently, Gill et al. [41] included the streamwise and spanwise velocity fluctuations to address

leading edge noise predictions using Fourier modes.

Methods Based on Synthetic Eddies

Stochastic turbulent flows can be generated by a summation of eddies with different shapes, such

as Gaussian or Mexican-Hat profiles. Each eddy introduces a velocity field around its centre, which

vanishes far from it. In contrast with Fourier mode methods, the resulting turbulent flow is not periodic

and has a continuous spectral density.

An early work in the area of LES was performed by Sergent [42], who used the vorticity field to

characterise two-dimensional velocity fluctuations at the inflow plane. Jarrin et al. [43, 44] devel-

oped a fully three-dimensional synthetic eddy method that is able to reproduce the Reynolds stress

tensor by using a similar reconstruction as in Lund et al. [45]. However, the resulting velocity field

is not divergence-free. Poletto et al. [46] adapted the method of Jarrin et al. [43, 44] to generate

a divergence-free turbulent flow from a vorticity vector. This method is able to produce anisotropic

turbulence by using eddies with different amplitude and length scales in each spatial direction. Simi-

larly, Sescu and Hixon [47] used the vector potential to define the fluctuating velocity field introduced

by synthetic eddies with Gaussian, Wavelet, and Mexican-Hat profiles. After taking the curl of the

vector potential, the resulting velocity perturbation is divergence-free. However, the method was not

designed to explicitly reproduce a target energy spectrum.

Using an Euler-based solver, Kim and Haeri [48] adapted the method of Sescu and Hixon [47]

to study turbulence-aerofoil interaction noise from three-dimensional flat plates with wavy leading

edges. The von Kármán energy spectrum was reconstructed via superposition of synthetic eddies with

different profiles under certain constraints. The method required the optimisation of 15 constraint
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parameters, and the generation of 8 random numbers for the specification of the size and amplitude of

each eddy, among others.

Methods Based on Digital Filters

Digital filter methods generate fluctuating velocity fields by applying spatial and temporal filters

to stochastic data fields, such as white noise signals. As in synthetic eddy methods, the resulting

turbulent flow is not periodic and presents a broadband spectral content.

Careta et al. [49] proposed to generate stochastic turbulent flows from a vector potential that was

defined by filtering white noise signals. The Langevin equation was used to model the spatio-temporal

evolution of the white noise signals. The method was able to accurately reproduce two-dimensional

divergence-free turbulent flows with well-defined energy spectra and correlation functions. For LES

simulations, Klein et al. [50] proposed to generate stochastic turbulent flows directly from a summa-

tion of filters applied to a series of random data. Anisotropic turbulence can be reproduced by using

filters with different lengths in each spatial direction. However, the resulting turbulent flow is not

divergence-free. A detailed description of how to calculate the coefficients of the filters was presented

by di Mare et al. [51].

Digital filter methods have also been used in CAA simulations. Ewert et al. [52, 53] extended

previous works of Careta et al. [49] and Klein et al. [50] to develop the Random Particle-Mesh

(RPM) method. Divergence-free velocity fluctuations are defined by taking the curl of the vector

potential, which is defined by applying spatio-temporal filters to white noise signals. Although the

RPM method was originally developed to realise Gaussian energy spectra, Siefert and Ewert [54]

and Wohlbrandt et al. [55] showed that non-Gaussian energy spectra can also be obtained through

a superposition of Gaussian spectra. The RPM method can generate anisotropic flows by using the

transformation of Smirnov et al. [26]. Alternatively, Siefert and Ewert [54] proposed to use a hierarchy

of filters to account for anisotropy in the Reynolds stress tensor and length scales. The RPM method

is often used along with the Acoustic Perturbation Equations (APEs) [56], which are more stable for

propagating acoustic waves but do not support vortical disturbances. Therefore, an auxiliary mesh is

required to evaluate the velocity disturbances computed by the RPM method when using the APEs.

This technique has been used to study airframe noise [52] and trailing edge noise [57], among others.

Cozza et al. [58] modified the RPM method to follow an Eulerian approach while using the APEs and

a temporal filter based on previous work by Billson et al. [36]. A similar technique was presented by

Mesbah [59] for jet noise predictions using the LEEs.

In the area of leading edge noise predictions, Dieste and Gabard [60] derived exact expressions

for the filters that can reproduce two-dimensional Liepmann and von Kármán isotropic energy spectra
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for a RPM-based method. Synthetic turbulence was directly evaluated on the surface of a flat plate

and imposed through a wall boundary condition in a LEE solver for the noise propagation. In order

to account for the distortion of the turbulent structures around thick aerofoils, Wohlbrandt et al. [61]

tested a number of numerical implementations using the RPM method. Among them, the use of a

buffer zone in the source region where synthetic turbulence was computed, was found to provide

consistent noise results in a LEE solver. In order to reduce the number of grid points on which the

velocity fluctuations need to be computed, Kim et al. [62] proposed two types of inflow boundary

condition for a RPM-based method to inject the synthetic turbulence at the edges of the computational

domain. One of them follows the radiation boundary condition of Tam et al. [63]. The other one is

based on the characteristic waves of the Euler equations proposed by Giles [64].

Summary of Previous Work on Synthetic Turbulence Methods

Several synthetic turbulence methods, such as Fourier mode, digital filter, and synthetic eddy

methods, have been used to study leading edge noise in CAA simulations [38, 41, 48, 61]. Initial

work in the field preferred Fourier mode methods, which can be seen as a natural extension of meth-

ods to inject single harmonic gusts in CAA simulations. However, Fourier mode methods can be

computationally expensive when a large number of modes are required, which is often the case for

three-dimensional simulations with high-frequency resolution [41]. Digital filter and synthetic eddy

methods are often considered to provide a more realistic description of the turbulent flow, since the

resulting fluctuating velocity field has a continuous spectral density and is not periodic. Nevertheless,

it remains unclear which type of method is the most suitable for accurate leading edge noise predic-

tions at an acceptable computational cost. A direct comparison between various synthetic turbulence

methods would be beneficial to highlight their advantages and limitations in practical cases.

To date, the majority of CAA studies on leading edge noise are restricted to two-dimensional sim-

ulations using isotropic synthetic turbulence [60, 61, 62], and few attempts have been made to use

fully three-dimensional turbulence [38, 40, 41, 48]. Fully three-dimensional works are often restricted

to simplified representations of isotropic turbulence, such as modelling only the upwash velocity fluc-

tuations [38, 40]. Although there are methods that are able to synthesise anisotropic turbulence, they

usually present difficulties to realise divergence-free anisotropic turbulence in a simple manner and to

provide explicit control on the resulting turbulence spectra, as required for leading edge noise predic-

tions.

Alternatively, synthetic turbulence methods developed for LES applications that are divergence-

free could potentially be used in CAA simulations. However, these methods usually focus on repro-

ducing the one-point velocity correlations, such as the Reynolds stress tensor, and not on reproducing

a target energy spectrum [26, 47, 50].
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1.3.2 Turbulence-Aerofoil Interaction Noise

The following literature review includes relevant analytical, experimental, and numerical studies,

in which the modelling assumptions and aerofoil geometry effects on broadband noise are highlighted.

Details on the experimental or computational setup and potential limitations are also provided.

Analytical Studies

Initially, analytical works focused on calculating the aerodynamic response of a harmonic gust

interacting with a single flat plate at zero angle of attack, AoA = 0o. Sears [65] calculated the two-

dimensional aerofoil response to parallel sinusoidal gusts and Filotas [66] extended the analysis to

include skewed sinusoidal gusts in compressible flow. Figure 1.5 shows both parallel and skewed

gusts impinging on a flat plate.

For low-frequency gusts, Amiet [67] derived the unsteady lift of a flat plate for compressible

flows by following the similarity rules given by Graham [68]. These rules state that the aerofoil

response due to a harmonic gust can be associated with either a parallel gust in a compressible flow

(supercritical gust) or a skewed gust in an incompressible flow (subcritical gust), depending on a

mathematical relationship between the Mach number and wavenumber components of the gust. For

high-frequency gusts, Amiet [69] separated the effects of the leading edge and the trailing edge by

considering semi-infinite flat plates. The resulting expression for the unsteady lift of a flat plate in

a subsonic compressible flow shows that compressibility effects are particularly important at high

frequencies.

Amiet [39] studied the unsteady response of a three-dimensional flat plate to derive analytical

expressions for the acoustic power spectrum due to oncoming turbulence. Following a Fourier mode

decomposition, the oncoming turbulence was described by a summation of skewed gusts that were

convected by a uniform mean flow as frozen turbulence [32]. Since velocity fluctuations that are per-

pendicular to the flat plate are responsible for the unsteady lift, only the upwash velocity spectrum was

included in the analytical model of Amiet [39]. In a recent work, Blandeau et al. [70] adapted Amiet’s

model [39] to study leading edge noise from a flat plate using two-dimensional Green’s functions for

the far-field sound propagation.
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Figure 1.5: Harmonic gusts with fluctuating velocity perpendicular to a flat plate.

In order account for the thickness effects on leading edge noise, semi-analytical corrections to

flat plate theories [71, 72, 73] and asymptotic approximations [74] have been proposed. For sym-

metric thick aerofoils, Gershfeld [71] obtained leading edge noise predictions by means of shape-

dependent Green’s functions. Additionally, Gershfeld [71] showed that the flat plate solution can

be corrected to account for aerofoil thickness effects on the noise by using an exponential scaling

law, exp(−π f tA/U∞), where f is the frequency, tA is the maximum aerofoil thickness, and U∞ is the

freestream speed. Such a correction term implies that leading edge noise decreases as the aerofoil

thickness increases. Moreau et al. [72] proposed both camber and thickness corrections to produce

leading edge noise predictions of aerofoils with realistic geometry. The camber correction assumes

that the aerofoil mean line is an arc. This leads to a change in the noise radiation pattern, which in-

creases on the pressure side and decreases on the suction side. Following Hunt’s work [75], Moreau

et al. [72] proposed a thickness correction that was based on the distorted velocity spectrum in the

leading edge region of a NACA 0012 aerofoil, and showed that the effect of aerofoil thickness is to

reduce the noise at high frequencies. Using rapid distortion theory, Santana et al. [73] modified the

von Kármán spectrum to account for a stronger decay at high frequencies. The re-defined von Kármán

spectrum was introduced in the analytical model of Amiet [39] to improve the accuracy of the noise

predictions from a NACA 0012 aerofoil. A discussion on the limitations of analytical models for

both leading and trailing edge noise was presented by Roger and Moreau [76]. Potential extensions to

account for the effects of thickness and angle of attack on the noise were also discussed.

Glegg and Devenport [77] used a panel method to obtain the unsteady aerofoil response and lead-

ing edge noise predictions of realistic aerofoils. The noise predictions were only valid for aerofoils

in incompressible flows, and were limited to low frequencies due to the assumption of acoustically

compact aerofoils. This panel method was also used by Devenport et al. [78] to study leading edge

noise from aerofoils with realistic geometry. For isotropic turbulence, aerofoil thickness was found to

decrease noise levels at relatively high frequencies, whereas the effect of angle of attack on the noise
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was nearly negligible. In contrast, a significant increase in noise levels with increasing angle of attack

was reported when testing anisotropic turbulence for leading edge noise predictions of a NACA 0015

aerofoil. An increase of up to 10 dB was found at AoA = 12o in comparison with the AoA = 0o base-

line, when turbulence was moderately stretched in the streamwise direction. This result highlights the

importance of including anisotropy for accurate leading edge noise predictions.

Experimental Studies

In 1976, Paterson and Amiet [79] performed far-field noise measurements of a NACA 0012 aero-

foil in an open-jet anechoic wind tunnel. The experiment tested two different geometric angles of

attack, AoA = 0o and 8o, and mean flow speeds ranging from 40 m/s to 165 m/s. Nearly isotropic tur-

bulence was generated by placing a grid upstream of the jet exit. Noise measurements were performed

by placing a microphone array outside the jet in the mid-span plane, such that sound scattering and

refraction occurred as the acoustic waves passed through the jet shear layer. Experimental data were

treated to remove the background noise and compared with Amiet’s theory [39], which was adapted to

account for the shear layer refraction [80, 81]. Broadband noise results showed that the angle of attack

introduces a measurable but small increase in the noise spectra, of about 1 dB at all frequencies and

observer locations. Nevertheless, the role of the angle of attack in leading edge noise predictions is

difficult to quantify experimentally. This is because open-jet wind tunnels produce a deviation of the

jet as it passes over the aerofoil, which decreases the effective angle of attack that is perceived by the

aerofoil. Additionally, aerofoil thickness was found to reduce noise levels at high frequencies when

compared to the flat plate prediction.

Using a similar experimental setup as in Paterson and Amiet’s work [79], Moreau et al. [72]

compared experimental noise measurements of a 3% thick flat plate with Amiet’s analytical model

[39]. Noise levels were found to be within 3 dB for most frequencies. Additionally, the geometric

angle of attack was varied between 0o and 15o for different thick aerofoils with no significant change

in noise levels. In a later work, Moreau and Roger [82] found leading edge noise as the dominant

noise mechanism of single aerofoils interacting with turbulence for low and mid-range frequencies,

up to a few kHz, whereas aerofoil self-noise becomes relevant at significantly higher frequencies and

angles of attack.

In order to minimise the jet deflection of aerofoils placed at incidence, Staubs [83] performed a

series of experiments in a half-open jet wind tunnel with enclosed test section. The upper and lower

walls were treated acoustically to reduce sound reflections, whereas the lateral walls were made of

Kevlar panels, which allow acoustic waves to pass through with minimal attenuation. The experiment

included aerofoils with different chord, thickness, leading edge radius, camber, and angle of attack

interacting with grid-generated turbulence. Results showed that aerofoil thickness effects on the noise
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depend on the leading edge radius and the overall thickness, among others. Additionally, it was

suggested that the effect of angle of attack becomes more important when the aerofoil chord (c) is

large in comparison to the integral length scale (Λ).2 Further analysis of the experimental results was

presented by Devenport et al. [78], where noise measurements were compared with the panel method

approach of Glegg and Devenport [77]. The effect of the angle of attack was found to be small, less

than 2 dB at AoA = 12o, for symmetric aerofoils with 12% and 15% maximum thickness and Λ/c of

0.403 and 0.134, respectively.

Hutcheson et al. [84] measured leading edge noise from a number of NACA 0015 aerofoils

with various Λ/c on aerofoils placed at incidence. For aerofoils with small Λ/c, the effects of angle

of attack on the noise were nearly negligible, with an increase of 2 dB for angles of attack below

AoA = 15o. However, an increase of about 2 dB every 4o was reported for aerofoils with Λ/c ≥ 1.

This result contrasts with the previous work of Staubs [83]. Additionally, Roger and Moreau [76]

compared experimental measurements of leading edge noise from a number of works, and suggested

that the noise reduction due to aerofoil thickness scales proportionally with the ratio tA/Λ.

Turbulence-aerofoil interaction noise was also examined on a NACA 65(12)-10 aerofoil with small

Λ/c by Gruber [85]. As in previous works, aerofoil thickness was found to reduce broadband noise at

high frequencies in comparison with the flat plate prediction. However, the angle of attack was found

to reduce leading edge noise by about 4 dB for a geometric AoA = 15o and mean flow speed 20 m/s.

Such a noise reduction was associated with of the lack of homogeneity in turbulence across the test

section, which varies the properties of the turbulence perceived by the aerofoil at non-zero angle of

attack. In the same open-jet wind tunnel facility [86], Chaitanya et al. [87] performed an extensive

parameter study on the effects of leading edge radius, Mach number, and camber on leading edge

noise. Noise reductions were achieved by increasing the leading edge radius of thin aerofoils, whereas

noise levels were unaffected by variations of camber of up to 8% on aerofoils with tA/c = 0.06.

Particle Image Velocimetry (PIV) measurements were performed around the aerofoil leading edge

to investigate noise reduction mechanisms related to variations in the turbulent flow. Aerofoils with

sharp leading edge were found to produce stronger transverse velocity fluctuations than aerofoils with

a blunt leading edge.

2In this thesis, the following notation is used for the integral length scales

l(k)
i j =

∞∫
0

〈
u′i (x + rek)u′j(x)

〉〈
u′i (x)u′j(x)

〉 dr,

where u′i represents the ith fluctuating velocity component, r is the separation between two points in the kth direction, ek is
a unit vector in the kth direction, and 〈.〉 is the ensemble average operator. Therefore, l(k)

i j is the integral length scale of the
ith and jth fluctuating velocity components in the kth spatial direction. For isotropic turbulence, l(1)

11 /l
(1)
22 = l(1)

11 /l
(1)
33 = 2 and

l(1)
11 = l(2)

22 = l(3)
33 = Λ.
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Although there are few experimental studies that are intended for leading edge noise predictions

using anisotropic turbulence, grid-generated turbulence in wind tunnel facilities normally presents a

certain level of anisotropy. For example, Paterson and Amiet [79] reported a streamwise-to-transverse

integral length scale ratio, l(1)
11 /l

(1)
22 , of approximately 1.25, whereas l(1)

11 /l
(1)
22 = 2 is expected for isotropic

turbulence [88]. Unlike experiments using grid-generated turbulence, Olsen and Wagner [89] tested

a number of symmetric aerofoils at zero angle of attack interacting with a jet shear layer, where

anisotropy is more pronounced. The study showed a notable reduction in noise levels at high frequen-

cies, which is consistent with findings in experiments using nearly isotropic turbulence. Hall et al.

[90] measured the noise from thick aerofoils with various leading edge geometries interacting with

anisotropic turbulence from a boundary layer. The scaling law of Gershfeld [71] (to predict the ef-

fects of aerofoil thickness on the noise) showed an acceptable agreement with experimental results,

despite the fact that the scaling law was initially intended for aerofoils interacting with isotropic turbu-

lence. Recently, Geyer et al. [91] tested a NACA 0012 aerofoil placed close to the nozzle exit, where

anisotropy occurs and turbulence intensity is high.

Numerical Studies

Early numerical works focused on noise predictions of gust-aerofoil interaction. Parallel and

skewed harmonic gusts were used to show the effects of aerofoil thickness and angle of attack on the

noise directivity [92, 93]. Recently, Gill et al. [94] used a multi-frequency gust approach in a LEE

solver to assess mean flow modelling assumptions, and to study the effects of aerofoil thickness and

leading edge radius on the noise at higher frequencies than previous works. Noise predictions using

inviscid and viscous mean flows were found to be in good agreement at low and mid-frequencies,

with small discrepancies at high frequencies. This result suggests a negligible role of viscosity on

leading edge noise predictions. In contrast, simulations using a uniform mean flow produced an over-

prediction of the noise levels at high frequencies. This was associated with the lack of gust distortion

in the vicinity of the aerofoil leading edge when a uniform mean flow is assumed. Recently, Kim et

al. [95] used a RPM-based method to assess aerofoil thickness effects using inviscid mean flows with

isotropic turbulence, and achieved similar conclusions as in the previous work of Gill et al. [94] using

harmonic gusts.

Deniau et al. [96] tested several LES approaches to reproduce experimental measurements of a

NACA 65(12)-10 aerofoil by means of a one-component Fourier mode method that only accounts

for the upwash velocity fluctuations. However, simulations included additional noise sources, such

as trailing edge noise and installation effects, and acoustic data were contaminated by recirculation

bubbles on the aerofoil pressure side. Using a similar turbulence description, Clair et al. [38] extended

the investigation to assess the effects of leading edge serrations on the noise from a NACA 65(12)-



16 Chapter 1: Introduction

10 aerofoil by means of an Euler equation solver. Simulations using a uniform mean flow showed a

slower noise decay at high frequencies when compared to the viscous mean flow solution, which is

consistent with the findings of Gill et al. [94]. Similar conclusions were reached by Hainaut et al. [97],

who performed LEE simulations of a NACA 65(12)-10 aerofoil by using stochastic vorticity sources

to locally inject a one-component fluctuating velocity field. This method was also used to show that

the aerofoil response remains unaffected by variations in the integral length scale. Additionally, Gill

[98] concluded that the noise reduction due to aerofoil thickness at high frequencies is not sensitive

to variations in the integral length scale when assuming isotropic turbulence. Recently, Hainaut et

al. [99] extended a synthetic turbulence method based on stochastic vorticity sources to generate two-

component fluctuating velocity fields. This method was used to examine the distortion of the turbulent

flow in the leading edge region of various aerofoil geometries, as this is believed to be responsible for

aerofoil geometry effects on leading edge noise.

Gill et al. [41] performed leading edge noise predictions using Fourier mode methods with one,

two, and three fluctuating velocity components in LEE simulations. The transverse velocity fluctu-

ations were identified as the main contributors to the noise generation, whereas the chordwise and

spanwise velocity disturbances had minor effects for symmetric aerofoils at zero angle of attack. This

finding may help to reduce the number of components to be used in CAA simulations and, there-

fore, decrease the computational expense. The effects of camber and angle of attack on the noise was

found to be negligible in the presence of isotropic turbulence. However, Gill et al. [41] suggested that

anisotropic turbulence could play a significant role in the leading edge noise of aerofoils at non-zero

angle of attack after examination of the aerofoil-gust response function.

Summary of Previous Work on Turbulence-Aerofoil Interaction Noise

Leading edge noise from single aerofoil configurations has been studied from analytical [39, 71],

experimental [72, 78, 79, 87], and computational perspectives [38, 41, 95]. However, analytical mod-

els often assume flat plates, and the noise prediction of real geometry aerofoils is done by semi-

analytical corrections [71, 72] or asymptotic solutions [74]. The distortion of the turbulent structures

in the leading edge region has been modelled analytically by means of rapid distortion theory [72, 73],

and has been highlighted as a major noise reduction mechanism of thick aerofoils in CAA simulations

using harmonic gusts [94, 95]. Initial work on the distortion of the upwash turbulence spectrum has

recently been presented by Hainaut et al. [99], and PIV of the turbulent flow in the leading edge region

has been shown by Chaitanya et al. [87].

To date, variations in leading edge noise due to isotropic turbulence interacting with real geometry

aerofoils are well understood. An increase in aerofoil thickness produces a significant reduction in

the noise levels at high frequencies [41, 79, 87, 95], whereas changes in angle of attack and camber
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produce minor effects on the noise levels [41, 72]. However, few works have addressed the effects

of anisotropic turbulence on leading edge noise [78, 90], despite the typical anisotropic features of

turbulence in the engine intake [15, 16] and fan wakes [18]. Experimental noise measurements in

open-jet wind tunnels are also affected by a certain degree of anisotropy [79].

1.3.3 Turbulence-Cascade Interaction Noise

Analytical Studies

The majority of turbulence-cascade interaction noise models are based on a two-step approach,

which follows a similar derivation as in Amiet’s work [39] for the leading edge noise of a flat plate.

Firstly, the unsteady cascade response due to harmonic perturbations is calculated through aerody-

namic relationships. Secondly, the acoustic power is obtained through a weighted sum of all harmon-

ics according to the spectral density of the upwash velocity fluctuations.

Smith [100] modelled the interaction of small amplitude sinusoidal wakes with a two-dimensional

flat plate cascade by means of the LEEs. The mean flow was aligned with the flat plate cascade such

that there were no steady loads acting on the vanes. Furthermore, lean and sweep effects were ne-

glected, and only the stagger angle was specified as an input (see Figure 1.6). Cheong et al. [101] ex-

tended the harmonic gust analysis of Smith [100] via Fourier decomposition to reproduce the isotropic

Liepmann spectrum. The acoustic power spectrum showed a different behaviour for low and high fre-

quencies. At low frequencies, the acoustic interaction between neighbouring blades results in a small

sensitivity to the vane count. In contrast, the power spectrum was reported to scale with the number

of vanes at high frequencies, showing that cascade effects were negligible. Similar results were found

by Blandeau et al. [70]. Additionally, a similar level of agreement was reported between the model

of Cheong et al. [101] and the three-dimensional model proposed by Hanson [102] when compared

to available experimental data. This result suggests that oblique gusts and three-dimensional effects

might play a secondary role in the prediction of the acoustic power spectrum. Jenkins [103] adapted

the original formulation of Cheong et al. [101] to be used with both CFD and experimental input data

from the fan wakes.

Several sources of leading edge noise, such as turbulence ingestion noise and rotor wake-stator

interaction noise, were included in the analytical model of Ventres et al. [104]. Noise predictions

were computed from two-dimensional flat plate response functions applied at different radii, as in

linear cascades. This technique, which is known as the strip theory approximation, can account for

radial variations in the oncoming turbulence, stagger angle, and inter-vane spacing, among others.

Additionally, three-dimensional propagation in an infinite hard-walled duct was included by means of

the Green’s function for an annular duct. Nallasamy and Envia [105] extended the model of Ventres
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et al. [104] to extract input data of the fan wakes from CFD simulations. Noise predictions from the

analytical model were in reasonable agreement with experimental measurements taken from the 22-

inch Source Diagnostic Test (SDT) fan rig of the NASA Glenn Research Centre [106, 107, 108, 109].

lean anglesweep angle stagger angle

fan OGV

OGVs

OGV
cascade

Figure 1.6: Schematic representation of sweep, lean, and stagger angles. Fan-stator and bypass duct
cross-section (left), front view of the stator (centre), and unwrapped stator at the mid-span section
(right).

Hanson [102] developed a broadband noise model based on previous models by Hanson and Horan

[110] and Glegg [111]. The latter provides the acoustic response of a fully three-dimensional gust

interacting with a rectilinear flat plate cascade with unloaded vanes. Thus, the model of Hanson [102]

accounts for lean and sweep effects on the acoustic power spectrum. Sweep alone was found to be

more effective than the lean alone in terms of broadband noise reduction, since swept vanes lead to a

reduction in the chordwise Mach number that is perceived by the vanes.

Alternatively, Posson et al. [112] developed a broadband noise prediction model to account for

both turbulence ingestion and rotor wake-stator interaction noise. The method is based on previous

works by Ventres et al. [104], Nasallamy and Envia [105], and Hanson [102]. Results were validated

using experimental results from the SDT fan rig. Acoustic power spectra were found to be highly sen-

sitive to the input turbulence spectra through a comparison between isotropic and anisotropic turbu-

lence using the axisymmetric spectra of Kerschen and Gliebe [113]. For example, turbulence stretched

in the engine axial direction shifts the maximum noise level towards lower frequencies and reduces

the noise by up to 16 dB at high frequencies. Based on the model of Posson et al. [112], Grace [114]

proposed a low-order method for the computation of the fan wake-OGV interaction noise downstream

of the OGVs that was vetted on several cases from the SDT fan rig. Experimental and CFD data were

used to compute the turbulence statistics of the fan wakes, which were then fitted by the isotropic

Liepmann spectra. The turbulence length scale was found to be a key parameter in the shape of the
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resulting noise spectra. Similar conclusions were also achieved by Ju et al. [115] when assessing the

influence of the integral length scale in background and wake turbulence separately.

A different type of approach, to account for the three-dimensional cascade without using strip

theory, has been proposed by Atassi et al. [116, 117, 118]. The model solves the LEEs for an annular

unloaded cascade and includes the effect of swirling mean flow, which was shown to have an effect on

acoustic mode propagation through the bypass duct.

Although the majority of established cascade models are based on the flat plate assumption, there

have been some attempts to include aerofoil geometry effects on the noise. For example, Evers and

Peake [119] extended the flat plate model of Hanson and Horan [110] to account for small thickness,

camber and angle of attack. The model consists of an asymptotic solution for the prediction of up-

stream acoustic power in non-uniform mean flow. Aerofoil geometry was found to have a reduced

effect on broadband noise, with variations in noise spectra of up to 2 dB. Recently, Grace [120] tested

an asymptotic gust response method [74] to include aerofoil geometry effects in a low-order model for

the prediction of exhaust cascade noise. Although the approach was restricted to small vane geometry

variations, which might not be representative of realistic OGV designs, the flat plate assumption was

found to be sufficiently accurate.

Experimental Studies

One of the most relevant works on fan noise was performed by Ganz et al. [17] in the Boeing

18-inch fan rig. The experiment focused on quantifying the contribution of several noise sources by

testing a fan stage with three different tip clearances that was mounted with or without a stator. Three

different stator configurations with various vane chords and solidities were used in the experiment,

each of them located at two different axial locations. Fan tip clearance was found to influence fan

tip vortices in the wake, where the turbulence intensity was found to be the highest. In contrast,

turbulence intensity in the mid-span region was the lowest. The isotropic von Kármán spectrum gave

good representation of the circumferentially-averaged turbulence spectra in this region. The fan wake-

OGV interaction noise was identified as the dominant source of broadband noise. Additionally, the

fan blades were found to scatter and shield upstream-travelling pressure waves.

A comprehensive characterisation of the noise mechanisms involved in the fan system was per-

formed at the SDT fan rig [106, 107, 108, 109]. A 22-inch turbofan engine was tested in an anechoic

low speed wind tunnel at a freestream Mach number of 0.1, which is representative of landing and

take-off conditions. Tests included two different fan designs with 22 blades each, one of them with a

10 % higher blade tip speed, and three stator vanes with 54, 26, and 26-swept guide vanes. Anisotropic

axisymmetric turbulence was reported in experimental measurements of fan wakes, especially close
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to the trailing edge of the fan blades [18]. Increasing fan tip clearance was found to produce a small

increase in noise levels. The swept guide vanes produced a measurable reduction in both tonal and

broadband noise, although the low-count vane produced a cut-on BPF tone.

To reduce the number of noise sources under study, Posson and Roger [121] measured the rear-arc

acoustic power from grid-generated turbulence interacting with two different stator vanes within an

annular duct. The experiment was designed to provide benchmark results for the validation of cascade

analytical models, such as those of Posson et al. [112] and Grace [114]. The oncoming turbulence was

assumed to be isotropic and convected by a nearly uniform flow upstream of the OGVs. Therefore, the

swirl due to an eventual fan was neglected. Lean and sweep angles were small enough to be neglected

in analytical models.

Experimental measurements from a large scale fan rig were used by Jenkins (see Chapter 8 in

Reference [103]) as a benchmark for aerodynamic and aeroacoustic studies of turbofan engines. The

experiment included one fan blade configuration and three different OGV designs placed at two dif-

ferent axial locations. Furthermore, an acoustically treated intake was installed in the fan system.

Hotwire measurements in all three spatial directions near the OGV leading edge were performed to

extract aerodynamic information from the fan wakes at different radial locations. Forward-arc noise

measurements were taken from a microphone array within the anechoic chamber. Rear-arc noise mea-

surements were derived from a set of microphones placed on the wall of the bypass duct. Experimental

acoustic data were used for comparison with the two-dimensional cascade model of Jenkins [103].

Numerical Studies

LES and RANS simulations are often performed to extract turbulence statistics from the fan wakes.

For example, Nallasamy and Envia [105] used a RANS code with a modified K − ε turbulence model

to predict the turbulence statistics required as an input for an analytical model of turbulence-cascade

interaction noise. Similarly, Grace [114] extracted CFD data from simulations of the SDT fan rig that

were used in a low-order cascade model. Sescu [122] computed the fan wakes by using a synthetic

eddy method to reproduce the unsteady velocity field of the fan wakes in the experiment of the SDT

fan rig [18]. Other computational methods, such as that by Olausson and Eriksson [123], combine

both RANS and LES with synthetic fluctuations to generate turbulent wakes.

Initial CAA studies in the field of turbulence-cascade interaction noise focused on modelling the

interaction of single-frequency gusts with cascades. For example, Namba and Schulten (see Category

4 in Reference [124]) proposed a three-dimensional benchmark case in which the fan wakes were

modelled by a discrete sum of harmonic gusts. Results were discussed by using Smith’s model [100]

and Tyler and Sofrin’s rule [13]. Another benchmark case was proposed by Envia (see Category 3,
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Problem 2 in Reference [125]) using a quasi two-dimensional cascade configuration with a realistic

OGV geometry. At the inlet plane, three harmonic gusts were introduced and convected downstream

by the mean flow. Sound Pressure Level (SPL) measurements were provided at different locations

for validation purposes. Recently, Chaitanya et al. [126] investigated the effects of vane geometry

in two-dimensional simulations using a harmonic gust decomposition in a linearised Navier-Stokes

equation solver. A parameter study that was performed at a fixed frequency showed small effects on

cascade noise due to aerofoil thickness, camber, angle of attack, and swirl in the mean flow.

Using a synthetic turbulence method based on a summation of Fourier modes, Polacsek et al. [40]

performed three-dimensional LEE simulations of a single flat OGV passage with isotropic turbulence

that only included the upwash velocity fluctuations. Unsteady data from the CAA calculation were

used as an input for a FW-H solver, which modelled the sound propagation within a duct with uniform

mean flow. Such a CAA method was applied to reproduce experimental results from Posson and Roger

[121] and a swirling mean flow configuration investigated by Atassi and Vinogradov [117].

Dieste (see Chapter 6 in Reference [127]) modelled cyclostationary variations in the turbulent ki-

netic energy of the fan wakes using two-dimensional synthetic turbulence. The method was validated

for broadband noise predictions using a single flat plate. Based on Dieste’s work [127], Wohlbrandt

et al. [128] adapted the RPM method in a LEE solver to reproduce two-dimensional fan wakes with

Gaussian spectra and different modelling assumptions, such as cyclostationary variations in the turbu-

lent kinetic energy and integral length scale. However, modelling the turbulent kinetic energy of the

fan wakes was found to have a limited effect on turbulence-cascade interaction noise, and the effect of

the integral length scale was inconclusive for the tested cases. The approach presented some compu-

tational limitations. For example, turbulence was only injected in a small region of the CAA domain

to reduce the computational expense, such that only a few OGVs interacted with the fan wakes, and

spurious noise reflections were identified in the CAA domain.

Lattice-Boltzmann simulations have also been proposed for fan broadband noise predictions [22,

23, 129]. This approach is able to simulate complex turbofan engine configurations while including

several noise sources simultaneously. Preliminary simulations of the active noise control fan rig [130]

were performed as a benchmark towards complex turbofan noise predictions including fan and jet

noise [129]. Recently, the SDT experimental results were accurately reproduced [22], and installation

effects were also addressed [23]. To increase the accuracy of the noise predictions, a trip needed to be

used on the fan blade surface to recover the correct turbulence intensity in the fan wakes.

Summary of Previous Work on Turbulence-Cascade Interaction Noise

The majority of analytical models of turbulence-cascade interaction noise use the flat plate as-

sumption to model the vane geometry [101, 102, 112]. Asymptotic methods, such as those by Evers
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and Peake [119] and Grace [120], have been proposed to study the effects of small variations in aerofoil

thickness, camber, and angle of attack. However, the study of Evers and Peake [119] was restricted to

the computation of upstream noise spectra, and Grace [120] highlighted the difficulty of using asymp-

totic methods for single aerofoils in cascade models. Fan rig experiments have shown the effects of

lean and sweep angles on cascade noise [17, 107], but an experimental parameter study on the effects

of vane geometry would be expensive, impractical, and affected by several noise sources acting si-

multaneously. Recently, CAA simulations using harmonic gusts have been performed to study vane

geometry effects on cascade noise [126]. An extension to fully broadband noise predictions using

CAA simulations would be beneficial to gain a more detailed insight into engine fan noise.

Analytical models often assume isotropic turbulence to model the fan wakes statistics. However,

analytical models are quite sensitive to the input turbulence spectrum, particularly to the turbulence

length scales [112, 114, 115]. Unlike classic analytical models, CAA simulations using synthetic

turbulence can be used to accurately reproduce the fan wake statistics. For example, Dieste [127]

modelled the circumferential distribution of the turbulent kinetic energy, and Wohlbrandt et al. [128]

included variations in the integral length scale. However, the effects of modelling the turbulent kinetic

energy on broadband noise were evaluated for single flat plate configurations [127], and the effects

of cyclostationary variations in the integral length scale were inconclusive for the tested cascade con-

figurations [128]. Furthermore, previous CAA works were restricted to Gaussian spectra in order

to reduce the computational cost [127, 128], whereas the von Kármán spectrum has been found to

provide a good representation of the spectral content in the fan wakes at the mid-span [17].

1.4 Original Contributions

The original contributions of this thesis are summarised as follows:

• Presentation of the advanced digital filter method to generate two- and three-dimensional
isotropic/anisotropic synthetic turbulence. The resulting turbulent flow is obtained from a

superposition of divergence-free eddies, which act as spatial filters. The advanced digital filter

method provides explicit control over the resulting isotropic/anisotropic turbulence spectra, as

required for leading edge noise predictions. Additionally, the accuracy and performance of the

advanced digital filter method has been compared to synthetic turbulence methods based on a

summation of Fourier modes.

• Improvement of current understanding of leading edge noise. This thesis investigates var-

ious aspects that influence leading edge noise, such as the distortion of the streamwise and

transverse velocity spectra in the leading edge region, the unsteady pressure response on the

surface of thick aerofoils, and strongly sheared mean flows with jet configurations, as occurs in
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open-jet wind tunnel experiments. Strong distortions of the turbulent flows occur in the vicin-

ity of the leading edge, in a region within 2% of the aerofoil chord for symmetric aerofoils at

AoA = 0o and 6o. It has been found that the distortion of the upwash velocity spectrum follows

the trends predicted by rapid distortion theory. The unsteady pressure response on the aerofoil

surface is weaker as the aerofoil thickness increases, especially at high frequencies, which ex-

plains the far-field noise reduction due to aerofoil thickness. Furthermore, leading edge noise

predictions using a gradient term suppression in the LEEs were shown to provide satisfactory

results in the presence of a jet. Nevertheless, leading edge noise is not significantly affected by

the aerofoil mean loading in CAA simulations.

• Effects of anisotropy on turbulence-aerofoil interaction noise. A CAA study is performed to

assess the effects of anisotropic turbulence on leading edge noise from various single aerofoil

configurations. The study includes variations in the streamwise-to-transverse length scale ratio

between 0.33 and 3, which is representative of the anisotropy in the fan wakes. Noise reduction

at high frequencies due to aerofoil thickness shows similar trends for both isotropic and mod-

erately anisotropic turbulent flows. However, the effects of anisotropic turbulence on the PWL

spectra become more evident at high frequencies for aerofoil configurations at non-zero angle

of attack.

• Influence of fan wake modelling assumptions on turbulence-cascade interaction noise. Var-

ious fan wake modelling assumptions, such as isotropic turbulence with von Kármán spectra

and cyclostationary variations in the turbulent kinetic energy and integral length scale, are in-

vestigated in two-dimensional cascade configurations. Numerical noise results are compared

to analytical predictions using the cascade model of Cheong et al. [101]. Results indicate that

cyclostationary variations in the turbulent kinetic energy shift the amplitude of the PWL spec-

tra, whereas variations in the integral length scale affect the slope of the PWL spectra. Overall,

broadband noise mainly depends on the circumferentially-averaged turbulence spectra that are

perceived by the OGV cascade, and is independent of the instantaneous statistics of the fan

wakes. Therefore, isotropic turbulence with the spectral content of the fan wakes is sufficient

for accurate cascade noise predictions.

• Effects of OGV design parameters on turbulence-cascade interaction noise. Broadband

noise spectra are examined systematically upstream and downstream of the cascade for several

configurations, including variations in vane count, thickness, mean flow Mach number, camber,

stagger angle, and inter-vane spacing. A modal spectral decomposition is performed to study

the contribution of cut-on ‘duct modes’ to the PWL spectra by means of mode-frequency maps.

Variations in OGV design parameters lead to significant variations in the cut-on modes and

modal spectral distributions. However, their effect on the PWL spectra is normally below 2 dB,

which confirms the suitability of the flat plate assumption for the prediction of OGV noise.
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1.5 Outline of Contents

The current work is organised as follows.

• Chapter 2 focuses on the development and analysis of synthetic turbulence methods that are

suitable for leading edge noise predictions. An advanced digital filter method is presented for

two-dimensional simulations using isotropic turbulence. Alternatively, one- and two-component

Fourier mode methods are also developed. The advantages and limitations of the methods are

discussed.

• Chapter 3 investigates leading edge noise from two-dimensional single aerofoils by means of

synthetic turbulence methods presented in Chapter 2. Variations in aerofoil thickness, Mach

number, and angle of attack are analysed. To improve current understanding of leading edge

noise, the distortion of the velocity spectra in the stagnation region is examined for each aerofoil

configuration, the spectral content of the unsteady pressure on the aerofoil surface is investi-

gated, and the PWL spectra and directivity plots are given in the far-field.

• In Chapter 4, the advanced digital filter method is extended to realise fully three-dimensional

isotropic turbulence. The method is applied to reproduce experimental measurements of leading

edge noise in open-jet wind tunnels. Alternatively, a low-cost approach is explored to perform

accurate noise predictions of experimental data from two-dimensional CAA simulations.

• In Chapter 5, the advanced digital filter method is adapted to realise two- and three-dimensional

anisotropic turbulence using eddies with various length scales in different spatial directions. A

parameter study is performed to assess potential effects of moderately anisotropic turbulence on

leading edge noise from single aerofoils. To this end, thick aerofoils at various mean flow Mach

numbers and angles of attack are investigated.

• Chapter 6 presents an extensive study on turbulence-cascade interaction noise. The advanced

digital filter method is adapted to reproduce the statistics of the fan wakes with various mod-

elling assumptions, such as cyclostationary variations in turbulent kinetic energy and integral

length scales. The effects of fan wake modelling assumptions on cascade noise are investigated.

Finally, a parameter study is presented to review cascade geometry effects on broadband noise

using isotropic turbulence.

• Finally, a summary of the main conclusions and suggestions for future research are provided in

Chapter 7.
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Synthetic Turbulence Methods

The present chapter describes the CAA methodology that is used throughout this thesis, focus-

ing on the generation of synthetic turbulence with the statistics and spectral content of the oncoming

turbulence. The correct modelling of the turbulence is essential for accurate leading edge noise predic-

tions, and therefore, the choice of a synthetic turbulence method might have an impact on the quality

of the resulting noise predictions. To date, methods based on a summation of Fourier modes [38, 41],

digital filters [61, 95], and synthetic eddies [48] have been used in CAA solvers for the prediction of

turbulence-aerofoil interaction noise. However, a direct comparison between different types of syn-

thetic turbulence methods has not been performed yet, and it remains unclear what the advantages

and limitations of each method are for leading edge noise predictions. In this chapter, three different

synthetic turbulence methods have been developed for leading edge noise predictions. Among them,

an advanced digital filter method, and one- and two-component Fourier mode methods. To simplify

the development of the different methods, purely two-dimensional isotropic turbulence is assumed in

this chapter.

The advanced digital filter method combines the advantages of the RPM method [52, 60], for the

mathematical background, and synthetic eddy methods [43, 47, 48], for the numerical implementa-

tion. This allows the generation of non-periodic turbulence without explicitly filtering white noise

signals, and gives a significant reduction in the number of constraint parameters and random numbers

involved in comparison to previous methods. The reconstruction of a target isotropic energy spectrum

is achieved by defining a new eddy profile from a superposition of Gaussian eddies.

Fourier mode methods are based on a superposition of harmonic gusts whose amplitude is mod-

ulated by a target isotropic energy spectrum, as in previous works by Clair et al. [38] and Gill et al.

[41]. The one-component Fourier mode method only models the upwash velocity disturbances. The

25
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two-component Fourier mode method and the advanced digital filter method consider both streamwise

and transverse velocity disturbances.

The present chapter is organised as follows. The characteristics of the CAA solver that is used in

this thesis are detailed in Section 2.1. The governing equations of the advanced digital filter method

are presented in Section 2.2. One- and two-component Fourier mode methods are presented in Sec-

tion 2.3. Finally, synthetic turbulence methods developed in this chapter are validated for leading edge

noise predictions in Section 2.4, where numerical results of a NACA 0001 aerofoil are compared with

the analytical solution for a flat plate. Section 2.4 also includes details on the CAA mesh generation,

numerical setup, and modelling assumptions. Further comparison of the advantages and limitations of

the different synthetic turbulence methods is presented in Chapter 3, where more challenging config-

urations of turbulence-aerofoil interaction noise are examined.

2.1 Computational Aeroacoustic Solver

The present thesis uses a high-order finite difference CAA code that has been developed within

the University of Southampton and used in prior CAA studies [131, 132, 133]. Synthetic turbulence

methods are implemented in the CAA code, which solves the LEEs to compute the noise generation

and propagation from the interaction of turbulence with aerofoils. All CAA simulations used the

IRIDIS-4 high performance computing facility at the University of Southampton.

2.1.1 Linearised Euler Equations

The CAA code solves the LEEs in the time domain. The flow variables are separated into mean

and fluctuating components such that density, pressure, and velocity are split as

ρ0 + ρ′, p0 + p′, U0 + u′, (2.1)

respectively, where the subscript ‘0’ represents the mean flow components, and the fluctuating com-

ponents are indicated by the superscript ‘′’. The mean flow velocity, U0 = (U0,x,U0,y,U0,z), can

be obtained from CFD simulations, and the fluctuating velocity, u′ = (u′x, u
′
y, u
′
z), is modelled by a

synthetic turbulence method. The LEEs in non-conservative form can be written as

∂ρ′

∂t
+ U0 · ∇ρ

′ + u′ · ∇ρ0 + ρ0∇ · u′ + ρ′∇ · U0 = −
c∞

Lre f
σbz

(
ρ′ − ρ′tar

)
, (2.2)

∂u′

∂t
+ (u′ · ∇)U0 + (U0 · ∇)u′ +

∇p′

ρ0
−
∇p0

ρ2
0

ρ′ = −
c∞

Lre f
σbz

(
u′ − u′tar

)
, (2.3)
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∂p′

∂t
+ U0 · ∇p′ + u′ · ∇p0 + γ

(
p0∇ · u′ + p′∇ · U0

)
= −

c∞
Lre f

σbz
(
p′ − p′tar

)
, (2.4)

where γ = 1.4 is the heat capacity ratio, c∞ = 340 m/s is the speed of sound, Lre f = 1 m is the

reference length, and σbz is the damping function of the buffer zones (see Section 2.1.4), which is

added to the right hand side of the LEEs as a source term. The target fluctuating variables, ρ′tar,

p′tar, and u′tar, are normally set to zero when solving the LEEs. It should be noted that the LEEs can

propagate acoustic, vortical, and entropy waves. In CAA simulations of leading edge noise, synthetic

turbulence corresponds to vortical waves that interact with the aerofoil surface to generate acoustic

waves. This process is assumed to be isentropic, and Equation 2.2 can be replaced by the relationship

ρ′ = p′/c2
∞ to reduce the computational expense of the CAA simulations.

2.1.2 Numerical Schemes

The LEEs are solved by using a 4th-order pentadiagonal compact spatial scheme [134] and a 4-6

stage Runge-Kutta time marching scheme with low dispersion and dissipation [135]. The numerical

solution is filtered after each time step by a compact low-pass filter with variable cut-off wavenumber,

κc = 0.88π [136]. Thus, the CAA code is able to propagate vortical disturbances without significant

dispersion and dissipation errors with 8 Points Per Wavelength (PPW). The Courant-Friedrichs-Lewy

(CFL) number is lower than 0.6 in all the simulations presented in this thesis to ensure numerical

stability.

2.1.3 Slip-Wall Boundary Condition

The absence of viscous terms in the LEEs prevents the flow from creating a boundary layer on the

aerofoil surface, where a slip-wall boundary condition is applied. Therefore, the velocity is tangent to

the aerofoil surface, and the normal component of the velocity is set to zero, which corresponds to the

hard-wall assumption. This implies that u′ · t , 0 and u′ · n = 0, where t and n are the local tangent

and normal vectors, respectively. Additionally, the pressure acts perpendicularly to the aerofoil surface

such that the fluctuating pressure is exerted in the direction of the local normal vector.



28 Chapter 2: Synthetic Turbulence Methods

2.1.4 Non-Reflective Boundary Condition

Implicit buffer zones, as defined by Gill et al. [137], are used to damp acoustic waves that reach

the edges of the CAA domain by applying an exponential ramp function

σbz(x′) =

 αbz
(
1 − Lbz−x′

Lbz

)βbz

0

if x′ ∈ [0, Lbz],

otherwise.
(2.5)

Here, Lbz denotes the length of the buffer zone, αbz controls the strength of the damping, βbz determines

the shape of the damping function, and x′ represents the distance from the edge of the CAA domain.

Optimal values to damp acoustic waves are αbz = 6 and βbz = 2 [137]. However, a higher αbz is

required to damp vortical waves before reaching the edges of the computational domain, which may

cause numerical instabilities. In the CAA simulations presented in this thesis, αbz varies between 30

and 50, and βbz = 2. These values allow an effective damping of acoustic and vortical waves without

producing strong reflections that could affect the accuracy of the noise predictions.

2.2 Synthetic Turbulence Using an Advanced Digital Filter Method

The advanced digital filter method uses the mathematical background of the RPM method [52,

60] to reduce the number of constraint parameters and random numbers involved in the turbulence

synthesis, and a numerical implementation strategy based on synthetic eddy methods [43, 47, 48],

which allows the generation of non-periodic turbulence without explicitly filtering white noise signals.

This significantly simplifies the numerical implementation of the method in comparison with previous

works in the field, and reduces the computational cost. A superposition of Gaussian eddies is used

to define a new eddy profile that can reproduce a target energy spectrum, such as the von Kármán

spectrum, which is useful to extend the energy content to higher frequencies than can be reached by a

single Gaussian spectrum. Although Dieste and Gabard [60] derived the exact equations of the spatial

filters for two-dimensional von Kármán and Liepmann spectra, a superposition of Gaussian spectra is

preferred here. This is because the equations of the filters for the non-Gaussian spectra go beyond the

simplicity of the exponential function that defines a Gaussian filter, and they are tailored to a specific

energy spectrum, which is a less generic option. Since the current development is based on previous

derivations for the RPM method, a complete derivation of the governing equations are presented in

Appendix A.



Chapter 2: Synthetic Turbulence Methods 29

2.2.1 Gaussian Energy Spectra

The fluctuating velocity field in a source region, Vs, can be written as [52, 60]

u′(x, t) = ∇ ×

∫
Vs

G(x − xs)U (xs, t)dxs, (2.6)

where G is the spatial filter, x is a point in the flow field, xs is a point within the source region, and

U = (U1,U2,U3) is the white noise field. When discretising Equation 2.6, the fluctuating velocity

field can be written as the contribution of P small particles or eddies that define the whole source region

where the turbulence is prescribed, i.e., Vs =
∑p=P

p=1 Vs,p. Each eddy introduces a fluctuating velocity

field, u′p = (u′x,p, u
′
y,p, u

′
z,p), around its centre that vanishes far from it, thus acting as a spatial filter.

For a two-dimensional turbulent flow, the white noise field is reduced to a single term, U = (0, 0,U).

Therefore, the resulting velocity field is calculated as

u′x(x, t) =

P∑
p=1

u′x,p =

P∑
p=1

∂

∂y
G(x − xp)Up, (2.7a)

u′y(x, t) =

P∑
p=1

u′y,p = −

P∑
p=1

∂

∂x
G(x − xp)Up, (2.7b)

where xp is the centre of the pth eddy, and Up represents the white noise term weighted over the

portion of source region that corresponds to each eddy, Vs,p,

Up =

∫
Vs,p

U(xs, t)dxs. (2.8)

Using the white noise properties for frozen turbulence [52] (also, see Equations A.3a-A.3c in

Appendix A), it is possible to show that the mean value and the variance of the white noise term

are
〈
Up

〉
= 0 and

〈
U2

p
〉

= ∆2
e , respectively, where

〈
.
〉

is the ensemble average operator and ∆e is a

constant that represents the separation between eddy centres for uniformly distributed eddies in the

source region, as shown in Figure 2.2. Therefore,Up can be obtained from a normal distribution with

zero mean and standard deviation ∆e. A novelty of the current digital filter formulation is to rewrite

the velocity field introduced by each eddy as

u′x,p(x) = εp∆e
∂

∂y
G(rp), (2.9a)

u′y,p(x) = −εp∆e
∂

∂x
G(rp), (2.9b)
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where rp = x−xp, and εp randomly takes the value ±1, which satisfies
〈
εp

〉
= 0. In this derivation, the

white noise term that is usually found in RPM methods is replaced by εp∆e, which is less demanding

from a computational perspective and accelerates the convergence of the turbulence statistics. This

novel and efficient implementation highlights similarities between RPM and synthetic eddy methods.

Thus, εp is a parameter that defines the direction of rotation for each eddy, and ∆e controls the density

of eddies that are introduced through the injection plane. Consequently, all eddies have the same

amplitude, and the only difference between them is the direction of rotation.

The isotropic energy spectrum is linked to the spatial filter in wavenumber space [60] (also, see

derivation in Appendix A) by

E(2D)(k) = 4π3k3Ĝ(k)2, (2.10)

where k is the overall wavenumber, and the Fourier transform3 of the spatial filter is defined as

Ĝ(k) =
1

4π2

∫ +∞

−∞

G(rp) exp
[
−ik · rp

]
drp. (2.11)

Since the target energy spectrum can be obtained from a superposition of Gaussian spectra, the equa-

tions of the fluctuating velocity are first derived according to the Gaussian spectrum proposed by

Kraichnan [24]

E(2D)(k) =
2
π2 u′2rmsΛ

4k3 exp
(
−

Λ2k2

π

)
, (2.12)

where u′rms is the root-mean-square of the turbulent velocity4, and Λ is the integral length scale. In-

troducing Equation 2.12 into Equation 2.10 and performing the inverse Fourier transform, a single

Gaussian filter in physical space takes the form

G(rp) =

√
2u′2rms

π
exp

− πr2
p

2Λ2

 . (2.13)

By substituting Equation 2.13 into Equations 2.9a and 2.9b, the two-dimensional fluctuating velocity

field generated by a single Gaussian eddy can be expressed as

u′x,p(x) = −
√

2π∆eεp
(
y − yp

) u′rms

Λ2 exp

− πr2
p

2Λ2

 , (2.14a)

u′y,p(x) =
√

2π∆eεp
(
x − xp

) u′rms

Λ2 exp

− πr2
p

2Λ2

 . (2.14b)

3The convention for the Fourier transform adopted in this thesis is the same as in Pope [88].
4For isotropic turbulence, u′rms =

√〈
u′2x

〉
=

√〈
u′2y

〉
=

√〈
u′2z

〉
.
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Figure 2.1 shows fluctuating velocity contours and magnitude of a two-dimensional Gaussian eddy

according to Equations 2.14a and 2.14b.
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Figure 2.1: Fluctuating velocity field of a two-dimensional Gaussian eddy.

The eddies are introduced into the CAA domain through a local injection plane and are convected

by the mean flow as frozen turbulence. Figure 2.2 shows a schematic representation of the numerical

implementation. The ability of the synthetic turbulence to realise the desired statistical properties

relies on the maximum eddy radius, re, and the eddy spacing, ∆e, which may be expressed as a

function of the integral length scale. Dieste [127] suggested re = 2.43Λ and ∆e = Λ/6 for Gaussian

spectra. In the present work, a parameter study was performed to show that both re and ∆e can take

less demanding values without affecting the quality of the synthetic turbulence. Particularly, the target

turbulence statistics are recovered provided that re ≥ 3Λ/2 and ∆e ≤ Λ/2. These new limiting values

allow a reduction in the size and number of eddies injected into the CAA domain, which decreases

the number of grid points on which synthetic turbulence must be computed. The complete parameter

study is presented in Appendix B.
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Figure 2.2: Synthetic eddies and injection plane parameters (re and ∆e). Light grey background
represents the region where the desired statistical properties are reproduced.
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Validation cases were run in a computational domain with freestream Mach number M∞ = U∞/c∞ =

0.3 and a uniform grid spacing, 1.1 × 10−3 m. The spectral density of the velocity fluctuations was

assessed by calculating one-dimensional spectra defined as

E(2D)
i j (kx) = 2

∫ ∞

−∞

Φ
(2D)
i j

(
kx, ky

)
dky, (2.15)

where the velocity spectrum, Φ
(2D)
i j , is related to the energy spectrum of two-dimensional isotropic

turbulence by

Φ
(2D)
i j (k) =

E(2D)(k)
πk

(
δi j −

kik j

k2

)
. (2.16)

It should be noted that for frozen turbulence, Ei j( f ) = 2πEi j(kx)/U∞. Furthermore, the one-dimensional

spectrum Ei j( f ) corresponds to the Power Spectral Density (PSD) of the velocity fluctuations in the ith

and jth-directions. In this validation case, a total number of 1.1 × 104 velocity samples were obtained

from a monitor point that was located at a distance larger than re downstream of the injection plane.

Velocity samples were collected every 9 non-dimensional time steps, ∆tc∞/Lre f = 4 × 10−4. The

multitaper spectral analysis of Thomson [138] is used to calculate the spectral density of fluctuating

velocity and pressure when using the advanced digital filter method.

Figure 2.3 shows analytical and numerical one-dimensional spectra to assess the effectiveness of

the new limiting values for re and ∆e. In both cases, numerical results closely match the analytical

expressions. The small oscillations that can be observed in the numerical predictions are mainly

related to the stochastic nature of the synthetic turbulence, which may require a larger number of

samples for the spectra to converge at some frequencies, and errors induced by the spectral analysis

tool to estimate the spectral density of the fluctuating velocity [138]. Despite a noticeable difference in

the values for re and ∆e used in Figure 2.3, the difference in computational time is less than 5% for the

validation cases presented in this section. This is due to the implementation strategy, which identifies

the grid points in the CAA domain that are affected by injection of eddies. Thus, the amplitude of the

eddies acting on each grid point can be pre-evaluated and stored at the very beginning of the simulation

to reduce the number of calculations per time step.

Although each eddy is divergence-free by definition, some spurious noise may appear around

the injection plane as the eddies are superimposed onto the mean flow velocity. This spurious noise

depends on the grid quality, re, and ∆e . If the grid is not fine enough to smoothly reproduce the shape

of the eddies, background noise is expected to be relatively high around the injection plane. This

is related to the PPW requirement for the solver to convect vortical waves. In the CAA simulations

presented in this section, 11 grid points were used along an eddy radius of re = 3Λ/2 to maintain

a low level of spurious noise at high frequencies. This number of grid points per eddy radius is

consistent with previous synthetic eddy methods. For example, Kim and Haeri [48] suggest that 10
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cells should be used along an eddy radius. Additionally, if the eddies are truncated at a value close

to re = 3Λ/2, where the normalised amplitude of the eddy is
∥∥∥u′p

∥∥∥ /max
{∥∥∥u′p

∥∥∥} = 0.128 (see Figure

2.1c), the derivatives ∂u′x,p/∂x and ∂u′y,p/∂y are not close to zero, which leads to a local infringement

of the divergence-free condition. Nevertheless, the amplitude of these spurious pressure fluctuations is

of the order of 103 times smaller than those due to the turbulence-aerofoil interaction in all simulations

presented in this thesis.
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Figure 2.3: One-dimensional Gaussian spectra of two-dimensional turbulence with M∞ = 0.3,
u′rms/U∞ = 0.017, and Λ = 0.008 m. Case 1 corresponds to re = 3Λ/2 and ∆e = Λ/2, and Case
2 corresponds to re = 5Λ/2 and ∆e = Λ/6.

Unlike previous works in this field [60, 61, 62], special boundary conditions are not required

around the injection plane. This because the synthetic turbulence is not introduced at the boundaries

of the CAA domain, and the levels of spurious noise are negligible for practical cases. The RPM

method was initially developed for the APEs, which cannot propagate vortical waves, and required

an auxiliary mesh in the source region for computing synthetic turbulence before being interpolated

into the CAA domain [52]. The use of an auxiliary mesh increases the computational cost, but allows

a better control of the synthetic turbulence. For example, it would be possible to include evolving

turbulence by means of time decorrelation introduced by a Langevin equation, contrary to the frozen

turbulence assumption.

2.2.2 Non-Gaussian Energy Spectra through Gaussian Superposition

An extension of the previous derivation for Gaussian spectra is developed here in order to match

a target non-Gaussian energy spectrum within a certain wavenumber (or frequency) range. The main
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idea is to define a new eddy profile from a superposition of Ne Gaussian eddies that have the same

direction of rotation, εp, but different root-mean-square velocity, u′rms,i, and integral length scale, Λi,

for i = 1, ..., Ne. Thus, it is possible to define a digital filter from a summation of Gaussian filters in

wavenumber space

Ĝsum(k) =

Ne∑
i=1

Ĝi(Λi, u′rms,i, k), (2.17)

where, according to Equations 2.10 and 2.12, each Gaussian filter is defined as

Ĝi(Λi, u′rms,i, k) =
Λ2

i

π2

√
u′2rms,i

2π
exp

−Λ2
i k2

2π

 . (2.18)

Using Equations 2.10 and 2.17, the target energy spectrum (e.g. von Kármán, Liepmann, etc.) can

be approximated by

E(2D)
sum (k) = 4π3k3Ĝ2

sum(k) = 4π3k3

 Ne∑
i=1

Ĝi(Λi, u′rms,i, k)


2

. (2.19)

Introducing Equation 2.18 into Equation 2.19, straightforward algebra shows that

E(2D)
sum (k) =

2k3

π2

Ne∑
i=1

Ne∑
j=1

√
u′2rms,iu

′2
rms, j

(
ΛiΛ j

)2
exp

[
−

k2

2π

(
Λ2

i + Λ2
j

)]
. (2.20)

Thus, the fluctuating velocity field introduced by the pth eddy from the Gaussian superposition is

u′x,p(x) = −
√

2π∆eεp
(
y − yp

) Ne∑
i=1

u′rms,i

Λ2
i

exp

− πr2
p

2Λ2
i

 , (2.21a)

u′y,p(x) =
√

2π∆eεp
(
x − xp

) Ne∑
i=1

u′rms,i

Λ2
i

exp

− πr2
p

2Λ2
i

 . (2.21b)

The new eddy profile defined by Equations 2.21a and 2.21b requires a suitable set of parameters,

u′rms,i and Λi for i = 1, ...,Ne, for the Gaussian superposition. These parameters can be obtained

by minimising E(k) = |Etar(k)−Esum(k)| within the wavenumber range of interest, where Etar(k) is

the target energy spectrum, such as the von Kármán or Liepmann spectrum. This optimisation is

performed by finding a set of values for u′rms,i that satisfy the system of equations given by E(k′i ) = 0,

where k′i =
√

3π/(2Λ2
i ) for i = 1, ...,Ne. It should be noted that k′i corresponds to the wavenumber

of maximum energy for a Gaussian spectrum defined by Equation 2.12. Random combinations of k′i
are tested until |10log10[Etar(k)/Esum(k)]| < 0.5 dB within the whole wavenumber range under study.
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Although there is not a unique set of parameters to reproduce a target energy spectrum, proposed

values are given for all simulations presented in this thesis. In practical cases a total number of eddies,

Ne, that ranges between 4 and 6 is sufficient to obtain a good representation of the target energy

spectrum over a wide wavenumber (or frequency) range.

The Gaussian superposition methodology is used to reproduce the two-dimensional von Kármán

energy spectrum, which is defined as

E(2D)(k) =
110u′2rmsΛ

27π

(
k
kc

)4[
1 +

(
k
kc

)2
]17/6 , (2.22)

where kc = [
√
πΓ(5/6)]/[ΛΓ(1/3)] with Γ(.) as the Gamma function. In this case, an accurate repre-

sentation of the von Kármán energy spectrum is obtained by using Ne = 5 different Gaussian eddies

with the parameters given in Table 2.1.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 2.524 × 10−2 5.194 × 10−2

2 1.401 × 10−2 2.152 × 10−1

3 7.285 × 10−3 3.012 × 10−1

4 3.023 × 10−3 4.667 × 10−1

5 2.238 × 10−3 8.929 × 10−3

Table 2.1: Parameters for Gaussian superposition to obtain the two-dimensional von Kármán spectrum
with M∞ = 0.3, u′rms/U∞ = 0.017, and Λ = 0.008 m.

Figure 2.4a shows the reconstructed von Kármán spectrum from a superposition of Gaussian spec-

tra using Equation 2.20. Although only Ne Gaussian eddies are combined to define a new eddy profile,

the resulting energy spectrum is obtained from the superposition of N2
e spectra, as a consequence of

the double summation in Equation 2.20. This Gaussian superposition methodology helps to reduce

the amplitude of the individual Gaussian eddies that are involved, and therefore the amplitude of po-

tential background noise around the injection plane. Additionally, it can be seen in Figure 2.4a that

the resulting energy spectrum from the superposition process (Esum) only matches the target energy

spectrum (Etar) within a certain wavenumber range. This is because Gaussian spectra are centred at a

single wavenumber and tend to zero quickly at high frequencies. Therefore, the total turbulent kinetic

energy [88]

K =

∫ +∞

0
E(2D)(k)dk, (2.23)
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is not completely recovered from the reconstructed energy spectrum. This is not a limitation for CAA

simulations of leading edge noise, in which the mesh resolution is adjusted to propagate vortical and

acoustic waves within a wavenumber (or frequency) range of interest. A good agreement between

analytical and superposed energy spectra is found in Figure 2.4b, where |10log10[Etar(k)/Esum(k)]| <

0.5 dB for k ∈ [46, 1071] m−1.
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Figure 2.4: Resulting spectrum from the Gaussian superposition and deviation from analytical von
Kármán (abbreviated as VK) energy spectrum with M∞ = 0.3, u′rms/U∞ = 0.017, and Λ = 0.008 m.
The parameters for the Gaussian superposition methodology are given in Table 2.1.

Note that the values of u′2rms,i and Λi for i = 1, ...,Ne that are given in Table 2.1 can be scaled

to reproduce the two-dimensional von Kármán spectrum with a different turbulence intensity and

integral length scale. Since the new eddies are obtained from a combination of several Gaussian

eddies, limiting values to realise non-Gaussian energy spectra are based on the largest and smallest

Gaussian eddies involved. Hence, re ≥ 3 max {Λi} /2 and ∆e ≤ min {Λi} /2 for i = 1, ...,Ne. Figure 2.5

shows one-dimensional spectra from numerical simulations using two sets of values for re and ∆e. A

good agreement was found for both combinations of parameters for frequencies up to 10 kHz.

2.3 Synthetic Turbulence Using Fourier Mode Summation

In this section, one- and two-component Fourier mode methods are presented to generate isotropic

synthetic turbulence. These methods are developed here to realise a purely two-dimensional turbulent

flow with the statistics of a target isotropic energy or velocity spectrum. The resulting turbulent flow

is periodic in both time and space, and has a discrete number of frequencies, as is usual in Fourier

mode methods.
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Figure 2.5: One-dimensional von Kármán spectra of two-dimensional turbulence with M∞ = 0.3,
u′rms/U∞ = 0.017, and Λ = 0.008 m. Case 1 corresponds to re = 3 max {Λi} /2 and ∆e = min {Λi} /2,
and Case 2 corresponds to re = 5 max {Λi} /2 and ∆e = min {Λi} /6, where the values for Λi are given
in Table 2.1.

2.3.1 One-Component Turbulent Inflow

The fluctuating velocity field is described as a superposition of plane waves, whose amplitude is

proportional to the square root of the transverse velocity spectrum. This synthetic turbulence method

is a simplified version of previous works by Clair et al. [38] and Gill et al. [41] to generate purely

two-dimensional turbulence. The fluctuating velocity field can be written as

u′y(x, t) =

N∑
n=1

√
Φ

(2D)
22

(
kx,n

)
∆kx,n cos

[
kx,n (x − U∞t) + φn

]
, (2.24)

where N is the total number of modes, φn is a random phase term varying between 0 and 2π radians for

the nth mode, kx,n is the streamwise wavenumber component, and ∆kx,n is the streamwise wavenumber

step. The velocity spectrum to be used in Equation 2.24 is obtained after integration over all transverse

wavenumbers, ky, as follows

Φ
(2D)
22 (kx) =

+∞∫
−∞

Φ
(2D)
22

(
kx, ky

)
dky. (2.25)

A uniform distribution is used to discretise the streamwise wavenumber component. Since kx =

2π/λx, the wavelengths are selected following the distribution λx,max, λx,max/2, λx,max/3, ..., λx,max/N,

for the modes n = 1, 2, ..., N, respectively. Unlike methods based on digital filters and synthetic
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eddies, the oncoming turbulence has a finite number of discrete frequencies, N, and is periodic around

the largest wavelength, λx,max. Therefore, the Fast Fourier Transform (FFT) algorithm is used to

calculate frequency spectra of the fluctuating velocity and pressure from simulations using Fourier

mode methods.

2.3.2 Two-Component Turbulent Inflow

The method proposed by Bailly et al. [34, 35] was developed to reconstruct a three-dimensional

energy spectrum based on the overall wavenumber such that the amplitude of each mode was pro-

portional to
√

E(3D)(k)∆k. However, the amplitude of the modes can be redefined in terms of the

wavenumber components in each direction. This capability is particularly relevant for CAA simula-

tions, since the mesh might have different spatial resolutions in each direction if the grid density is not

homogeneous.

The derivation presented for two-dimensional turbulence allows for a complete control of the

wavenumber components. For isotropic turbulence, the total turbulent kinetic energy can be obtained

by integrating the energy spectrum or the velocity spectra as follows

K =

∫ +∞

0
E(2D)(k)dk =

1
2

∫ ∫ ∫ +∞

−∞

[Φ(2D)
11 (k) + Φ

(2D)
22 (k)]dk. (2.26)

Introducing Equation 2.16 into Equation 2.26, straightforward algebra shows that ∆k can be replaced

by ∆kx∆ky/ (πk) for the discrete integration of the energy spectrum. Consequently, the two-component

turbulent inflow is defined as follows

u′(x, t) =

N∑
n=1

M∑
m=−M

m,0

√
E(2D) (knm)

∆kx,n∆ky,m

πknm
cos

[
kx,n (x − U∞t) + ky,my + φnm

]
σnm, (2.27)

where N×2M is the total number of Fourier modes, φnm is the random phase term of the nth streamwise

mode and mth transverse mode, knm =
√

k2
x,n + k2

y,m is the overall wavenumber component, ∆kx,n and

∆ky,m are related to the wavenumber discretisation, and σnm is a unit vector (‖σnm‖ = 1) that guarantees

the divergence-free condition (σnm ·k = 0). For a purely two-dimensional flow, the components of the

unit vector are given by σx,nm = ±ky,nm/k and σy,nm = ∓kx,nm/k.

Alternatively, the fluctuating velocity field defined in Equation 2.27 can also be written in terms

of the velocity spectra by using Equation 2.16 as

u′x(x, t) =

N∑
n=1

M∑
m=−M

m,0

√
Φ

(2D)
11

(
kx,n, ky,m

)
∆kx,n∆ky,m cos

[
kx,n (x − U∞t) + ky,my + φnm

]
, (2.28a)
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u′y(x, t) =

N∑
n=1

M∑
m=−M

m,0

√
Φ

(2D)
22

(
kx,n, ky,m

)
∆kx,n∆ky,m cos

[
kx,n (x − U∞t) + ky,my + φnm

]
. (2.28b)

The kx,n discretisation of the N modes follows the uniform distribution proposed for the one-

component Fourier mode method (see Section 2.3.1). Following previous work by Béchara et al. [33],

a logarithmic distribution has been adopted here for the ky,m discretisation of the 2M modes. Such a

distribution allows for a good representation of the spectral content while minimising the number of

modes in the transverse direction. Thus, the transverse wavenumber components are defined as

ky,m =
m
|m|

exp
[
ln(ky,min) + (|m| − 1)∆k′y

]
, (2.29)

where ln() represents the natural logarithm, and the auxiliary term ∆k′y is defined as

∆k′y =
ln(ky,max) − ln(ky,min)

M − 1
. (2.30)

In this work, ky,min = 2π/λx,max, and ky,max = 2πNC/λx,max, where C is an integer number that

defines the limit of integration for the energy spectrum in the transverse direction. The transverse

wavenumber step, ∆ky,m, is obtained by following the rectangle method for numerical integration

∆ky,m =


ky,m+1 − ky,m−1

2
∆ky,m = ∆ky,|m|+1

∆ky,m = ∆ky,|m|−1

if

if

if

|m| = 2, ..., M−1,

|m| = 1,

|m| = M.

2.3.3 Numerical Implementation

Although different approaches exist to implement Fourier mode methods in CAA solvers, they all

focus on injecting the fluctuating velocity field without producing spurious noise that may affect the

accuracy of the noise predictions. For example, Clair et al. [38] used a turbulent inflow based on

Tam’s boundary conditions [139], and Kim [140] and Gill [98] opted for implicit and explicit buffer

zones, respectively.

In this thesis, synthetic turbulence using Fourier modes is defined within implicit buffer zones at

the edge of the CAA domain, where the mean flow is required to be uniform. This is done to prevent

spurious sources of noise from appearing at the buffer zone exit. Gust-enforcing buffer zones that are

used for Fourier mode methods damp density, pressure, and velocity fluctuations to a target solution
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in the LEEs (see Equations 2.2-2.4). Particularly, ρ′tar and p′tar are set to zero, and u′tar corresponds to

the vortical disturbances defined by a Fourier mode method. Vortical disturbances are convected by

the mean flow as frozen turbulence, as they leave the buffer zones.

Figure 2.6 shows a schematic representation of the buffer zone configuration for leading edge noise

predictions of single aerofoils. In order to reduce the computational time, the fluctuating velocity field

is initialised throughout the CAA domain at the beginning of the simulation, which helps to reduce

the expense of the transitory state.

gust-enforcing buffer zone

Fourier 

aerofoil

leading edge noise

U8

u'

x

ymodes 

Figure 2.6: Buffer zone configuration for Fourier mode simulations.

2.4 Validation Case: Two-Dimensional NACA 0001 Aerofoil

In this section, the advanced digital filter method and Fourier mode methods are validated for

leading edge noise predictions using a NACA 0001 aerofoil. Details on the CAA methodology are

given, including modelling assumptions, CAA mesh, and input parameters that are required for the

synthetic turbulence methods. Noise results are compared with far-field predictions from an analytical

flat plate model.

2.4.1 Analytical Flat Plate Model

The key equations in the analytical model of Amiet [39] are reproduced in this section according

to Blandeau et al. [70] for two-dimensional noise radiation. This model has been previously used

for validation of analytical [78], numerical [38, 41, 60], and experimental [79] leading edge noise

predictions from single aerofoils, and therefore it constitutes a well-established tool for validation

purposes. Additionally, this flat plate model will be used in Chapter 3 to highlight aerofoil geometry

effects on broadband noise. Figure 2.7 shows the reference frame for the flat plate model.
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Figure 2.7: Reference frame and far-field observers for a two-dimensional flat plate.

According to Blandeau et al. [70], the pressure spectral density in the far-field is given by

S (2D)
pp (r0, θ, ω) =

πρ2
∞b2 sin2 θU∞κ0

2r0A(θ,M∞)3 |L(θ, kx)|2 Φ
(2D)
22 (kx), (2.31)

where A(θ,M∞) =
√

1 − M2
∞ sin2 θ, κ0 = ω/c∞ is the acoustic wavenumber, ω = 2π f is the angular

frequency, b = c/2 is the aerofoil semi-chord, r0 is the far-field observer distance, and θ is the radi-

ation angle. The non-dimensional unsteady loading term, L(θ, kx), is given at low acoustic reduced

frequencies, µa = kxM∞b/β2 < π
4 , by [67]

Llow(θ, kx) =
1
β

S (µh) exp
[
iµh f (M∞)

] {
J0

(
µaM∞

cos θ
A(θ,M∞)

)
− iJ1

(
µaM∞

cos θ
A(θ,M∞)

)}
,

where J0 and J1 are Bessel functions of the first kind, β =
√

1 − M2
∞ is the Prandtl-Glauert factor,

µh = kxb/β2 is the hydrodynamic reduced frequency, f (M∞) = (1 − β) ln(M∞) + β ln (1 + β) − ln(2) is

a phase correction factor, and S (µh) represents the Sears function, which is defined by means of the

Hankel functions of the second kind (H(2)
0 and H(2)

1 ),

S (µh) =
2

πµh
[
H(2)

0 (µh) − iH(2)
1 (µh)

] .
At high acoustic reduced frequencies, µa >

π
4 , the non-dimensional unsteady loading term L(θ, kx) is

split into two contributions [69]

Lhigh(θ, kx) = L1(θ, kx) +L2(θ, kx),

where L1(θ, kx) corresponds to the main leading edge scattering half-plane problem,

L1(θ, kx) =

√
2E∗f (2Θ1) exp(iΘ2)

πβ
√
µh(1 + M∞)Θ1

, (2.32)
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which is corrected by the solution of the back scattering trailing edge problem,

L2(θ, kx) =

exp(iΘ2)
{
i
(
1 − exp(−i2Θ1)

)
+ (1 − i)

[
E∗f (4µa) −

√
2

1+cos θ/A(θ,M∞) E∗f (2Θ3) exp(−i2Θ1)
]}

πΘ1β
√

2πµh(1 + M∞)
.

(2.33)

In Equations 2.32 and 2.33, the following terms have been introduced to simplify the notation

Θ1 = µa

(
1 −

cos θ
A(θ,M∞)

)
, Θ2 = µa

(
M∞ −

cos θ
A(θ,M∞)

)
−
π

4
, Θ3 = µa

(
1 +

cos θ
A(θ,M∞)

)
, (2.34)

and E∗f represents the conjugate of the Fresnel integral, which is defined as

E∗f (Θ) =
1
√

2π

∫ Θ

0

exp(−iξ)
√
ξ

dξ.

The SPL in the far-field is then calculated as

SPL(r0, θ, ω) = 10 log

2S pp(r0, θ, ω)

p2
re f

 , (2.35)

where the reference pressure is pre f = 2 × 10−5 N/m2 and the factor 2 has been introduced to realise

a one-sided spectrum. In order to measure the SPL at different frequencies in Hz, instead of rad/s, an

additional 2π factor should be added to S pp(r0, θ, ω) in Equation 2.35.

The S pp(r0, θ, ω) at different observers over a circle of constant radius can be used to calculate the

sound power from an aerofoil with unit span (Lre f = 1 m),

P(ω) =
r0Lre f

2ρ∞c∞

∫ 2π

0
S pp(r0, θ, ω)F(θ,M∞)dθ, (2.36)

where F(θ,M∞) = β4A(θ,M∞)/(A(θ,M∞) − M∞ cos θ)2 as shown by Blandeau et al. [70]. It follows

from Equation 2.36 that the sound power is independent of the observer distance. The sound power

level takes the form

PWL(ω) = 10 log
(
2P(ω)
Pre f

)
, (2.37)

where Pre f = 1 × 10−12 W is the reference power level.

2.4.2 Aerofoil Configuration and Modelling Assumptions

A NACA 0001 aerofoil at M∞ = 0.6 and AoA = 0o is chosen to validate leading edge noise

predictions using different synthetic turbulence methods. For such a thin aerofoil, a uniform mean
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flow can be assumed for comparison with an analytical flat plate model [94]. The aerofoil chord is set

to c = 0.15 m, which is of the order of the size of OGVs in modern turbofan engines. The freestream

density is ρ∞ = 1.2 kg/m3 throughout this thesis, unless otherwise stated.

In Sections 2.2 and 2.3, synthetic turbulence methods have been developed by assuming that the

vortical disturbances are convected by the mean flow as frozen turbulence. This implies that the

vortical disturbances are convected unchanged by the mean flow until reaching the leading edge region,

and the frequency is related to the vortical wavenumber by 2π f = k·U0. The frozen turbulence

assumption has been shown to produce similar leading edge noise predictions to evolving turbulence

[60]. Furthermore, this assumption is justified for turbofan engines, since the rate of change of the

turbulent structures is slow compared to the time taken to pass over the stator blades.

In this thesis, leading edge noise predictions of single aerofoils in the far-field are performed by

means of a time-domain Ffowcs-Williams and Hawkings (FW-H) solver, which is based on formula-

tion 1A of Farassat and Succi [141, 142] and neglects quadrupole noise sources. The FW-H surface,

in which the unsteady flow variables are collected, corresponds to the aerofoil surface. This is done to

prevent vortical disturbances from passing through the FW-H surface, which may produce additional

noise sources when quadrupole source terms are neglected in the FW-H formulation [143]. The sam-

pling frequency is calculated by ensuring that at least 25 samples of unsteady variables are collected

along a period of the smallest vortical wavelength being resolved. The FW-H solver assumes a uni-

form mean flow outside the collection surface, which is consistent with the assumption of uniform

mean flow in the CAA simulation.

2.4.3 Mesh Generation

The size of structured CAA meshes used to study turbulence-aerofoil interaction usually extends

to 6 or 8 chord lengths in all directions around the aerofoil. This CAA mesh size allows for the

collection of unsteady pressure samples in the acoustic far-field and the convergence of the mean

flow when solving the full Euler equations [38, 140]. In this thesis, the size of the mesh for LEE

simulations of a NACA 0001 aerofoil can be reduced to less than 4 chords in all directions around

the aerofoil. This is because the mean flow is uniform, and the FW-H surface for the far-field noise

radiation corresponds to the aerofoil surface. This allows significant savings in the computational cost.

The CAA mesh was designed by using at least 8 PPW to convect vortical disturbances upstream

of the aerofoil leading edge, as required by the CAA solver presented in Section 2.1, and it is able

to accurately propagate frequencies of up to fmax = 8000 Hz at M∞ = 0.6. If the grid spacing in the

source or propagation region is uniform, then the required grid spacing can be estimated using the

frozen turbulence assumption as ∆x = ∆y = U∞/( fmaxPPW). In this work, the PPW requirement is
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similar to that of Clair et al. [144] (10 PPW) when using a different CAA solver to propagate harmonic

gusts. The mesh presents a C-shape topology around the aerofoil leading edge, and a rectangular

structure with H-shape topology near the edges of the domain. The aerofoil surface is defined by

540 grid points, and the smallest cell is located at the leading edge. The non-dimensional time step

is ∆tc∞/Lre f = 4 × 10−6, which ensures that the CFL number is below 0.54 and guarantees the

numerical stability of the simulations. Figure 2.8 shows the block topology around the NACA 0001

aerofoil and the structured mesh in the leading edge region. Since viscous effects on leading edge

noise are neglected in this thesis, the boundary layer is not included in the mean flow solution and

CAA mesh is not refined close to the wall. The width of the buffer zones is Lbz = 1c, which is

sufficient to damp potential noise reflections for the configuration investigated. Further details on

the CAA meshes, such as maximum skewness and minimum cell size, are given in Appendix C for

representative configurations.

buffer zone

aerofoil

Lbz

(a) Block topology around the aerofoil. A thick red line is
used to highlight the location of the aerofoil.

(b) Mesh in the leading edge region.

Figure 2.8: Two-dimensional CAA mesh for a NACA 0001 aerofoil at AoA = 0o.

2.4.4 Numerical Setup for Synthetic Turbulence Methods

Synthetic turbulence methods are used to generate purely two-dimensional turbulence with the

von Kármán spectrum. The turbulence intensity and integral length scale are set to u′rms/U∞ = 0.017

and Λ = 0.008 m, respectively. In this thesis, integral length scales are small compared to the aerofoil

chord, as is the case in typical fan wakes.
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The advanced digital filter method uses Ne = 5 Gaussian eddies to define a new eddy shape that can

reproduce the von Kármán spectrum. The parameters that are required for the Gaussian superposition

are given in Table 2.2. Since the mean flow is uniform in the CAA domain, the eddies are not distorted

by mean flow gradients in the vicinity of the leading edge. Consequently, the injection plane can be

placed upstream of the aerofoil leading edge at a distance equivalent to the eddy radius, re. The

transitory state in the advanced digital filter method lasts until the first set of eddies introduced within

the CAA domain is convected past the aerofoil. Then, the simulation was run for a total number of

8.625 × 106 iterations, which corresponds to the propagation of approximately 10 periods of λx,max

according to Fourier mode methods. This value has been taken as a reference for a direct comparison

with the results given by the two-component Fourier mode method, as explained below.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 2.524 × 10−2 2.077 × 10−1

2 1.401 × 10−2 8.608 × 10−1

3 7.285 × 10−3 1.205

4 3.023 × 10−3 1.867

5 2.238 × 10−3 3.566 × 10−2

Table 2.2: Parameters for Gaussian superposition to obtain the two-dimensional von Kármán spectrum
with M∞ = 0.6, u′rms/U∞ = 0.017, and Λ = 0.008 m.

Table 2.3 presents the parameters that are required for the wavenumber discretisation using the

one- and two-component Fourier mode methods, abbreviated as 1cFm and 2cFm, respectively. In

both cases, there are N = 100 modes uniformly distributed in the x-direction, whose wavelengths

range from λx,max = 2.55 m ( f = 80 Hz) to λx,max/N ( f = 8000 Hz). Additionally, the two-component

Fourier mode method requires 2M = 20 modes that follow a logarithmic distribution in the y-direction.

The transitory state of these simulations corresponds to the frozen propagation of the synthetic tur-

bulence over a distance of λx,max. Then, each simulation was run for another whole period of the

largest wavenumber, while unsteady data for the velocity and noise spectra calculations are collected.

For the two-component Fourier mode method, averaging over several realisations is required to obtain

converged velocity and noise spectra. This is because each kx,n (or frequency) is related to several

ky,m that may lead to noise cancellation effects depending on the phase terms φnm, as can be inferred

from Equation 2.27. Consequently, Nr = 10 independent simulations were performed, and individual

velocity and noise spectra were averaged to obtained converged results. This strategy reduces the

statistical error of the numerical results, which decreases proportionally to
√

1/Nr [41].
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λx,max [m] N M C

1cFm 2.55 100 - -

2cFm 2.55 100 10 3

Table 2.3: Parameters for the one- and two-component Fourier mode methods at M∞ = 0.6.

Figure 2.9 shows contours of fluctuating vorticity magnitude and pressure for the different syn-

thetic turbulence methods. Fluctuating pressure plots show the NACA 0001 aerofoil radiating as a

multi-frequency dipole source, where the noise is generated at the leading edge. Furthermore, there

are no fluctuating pressure waves approaching the aerofoil from the edges of the CAA domain, which

indicates a satisfactory performance of the implicit buffer zones as a non-reflecting boundary condi-

tion.

The advanced digital filter method allows a local injection of the turbulent structures close to the

aerofoil leading edge (see Figure 2.9e), whereas Fourier mode methods define the velocity distur-

bances throughout the CAA domain. For realistic simulations of open-jet wind tunnel experiments,

a local turbulence injection can avoid the interaction of vortical disturbances with jet shear layers,

which may produce instabilities in the LEEs [145]. Furthermore, injecting the turbulence locally can

produce significant savings in computational cost. Figure 2.9e also shows a change in the size and

amplitude of the turbulent structures downstream of the aerofoil compared to those upstream of the

aerofoil. This is related to the grid stretching that is used downstream of the aerofoil in the CAA mesh,

which reduces the grid density and dissipates small vortical disturbances.

2.4.5 Turbulent Velocity Spectra

A monitor point was placed at approximately 0.02c upstream of the aerofoil leading edge to con-

trol the quality of the oncoming turbulence in the CAA simulations. Figure 2.10 shows a comparison

of one-dimensional velocity spectra from simulations using different synthetic turbulence methods.

The one-component Fourier mode method, which only enforces E(2D)
22 , shows an agreement with the

analytical result to within 1.5 dB. The same level of agreement is shown for E(2D)
11 and E(2D)

22 when us-

ing the advanced digital filter method. In contrast, numerical results from the two-component Fourier

mode method show oscillations of up to 3.5 dB between the analytical and the numerical curves. These

oscillations can be reduced by increasing the number of realisations, Nr, or by applying a smoothing

technique to the curves.
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(d) Two-component Fourier mode method. Contours
of fluctuating pressure, p′/max{p′}.
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(e) Advanced digital filter method. Contours of vor-
ticity magnitude, ‖∇ × u′‖ /max{‖∇ × u′‖}.
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(f) Advanced digital filter method. Contours of fluc-
tuating pressure, p′/max{p′}.

Figure 2.9: Instantaneous contour plots of a NACA 0001 aerofoil at M∞ = 0.6 (uniform mean flow).
A thick black line is used to highlight the location of the aerofoil.
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Figure 2.10: One-dimensional von Kármán spectra of two-dimensional turbulence with M∞ = 0.6,
u′rms/U∞ = 0.017, and Λ = 0.008 m.

2.4.6 Far-Field Noise Spectra

A FW-H solver is used to yield an integral solution of the FW-H equation for far-field directivity.

Far-field observers are placed at a distance of r0 = 100c from the aerofoil mid-chord, ranging from

θ = 0o to 360o with an angle resolution of 1o, according to the reference frame shown in Figure 2.7.

Figure 2.11 shows the PWL and SPL spectra. All synthetic turbulence methods that have been

developed in this chapter provide noise predictions accurate up to 1.5 dB for most frequencies. Small

discrepancies between analytical and numerical noise results are influenced by the convergence of

the turbulence spectra (see Figure 2.10), particularly the spectrum that corresponds to the transverse

velocity fluctuations (S (2D)
pp ∝ Φ

(2D)
22 as can be seen in Equation 2.31).

Directivity plots are shown in Figure 2.12, where the location of the lobes and SPL levels are in

good agreement for all the three synthetic turbulence methods. Nevertheless, the methods that include

the streamwise velocity fluctuations over-predict the SPL at high observer angles, θ > 160o. This is

believed to be associated with the interaction between streamwise disturbances and the cross-section

of the NACA 0001 aerofoil. Such a noise mechanism is not included in the analytical model of a flat

plate, since only the transverse velocity fluctuations contribute to the leading edge noise.
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Figure 2.11: PWL and SPL spectra at r0 = 100c for a two-dimensional NACA 0001 aerofoil at
M∞ = 0.6.
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Figure 2.12: Directivity plots at r0 = 100c for a two-dimensional NACA 0001 aerofoil at M∞ = 0.6.

2.5 Summary

In this chapter, a CAA methodology that uses synthetic turbulence in a LEE solver has been pre-

sented for leading edge noise predictions. To date, synthetic turbulence based on a summation of

Fourier modes, digital filters, and synthetic eddies have been used to study turbulence-aerofoil inter-

action noise. A direct comparison between several synthetic turbulence methods is required to identify

what type of method is the most suitable for accurate noise predictions at a reduced computational ex-

pense. Based on previous works in the field, three different synthetic turbulence methods are fully
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developed here to generate a two-dimensional fluctuating velocity field with the statistics of a target

isotropic energy spectrum:

• Advanced digital filter method. This novel synthetic turbulence method combines the advan-

tages of the RPM and synthetic eddy methods to reduce the number of constraint parameters

and random numbers involved, and to avoid the generation and filtering of white noise signals

in comparison with previous methods. The resulting turbulent field is able to match a target

energy spectrum through a superposition of Gaussian eddies that define a new eddy profile. All

eddies have the same size, shape, and amplitude, and the only difference between them is their

direction of rotation, which accelerates the convergence of the turbulence statistics and sim-

plifies the numerical implementation. Furthermore, optimised values to define the eddy radius

(re ≥ 3Λ/2) and the eddy spacing (∆e ≤ Λ/2) are found from a parameter study to increase the

computational performance of the method.

• One-component Fourier mode method. This method generates transverse velocity fluctua-

tions from a summation of parallel gusts, whose amplitude is proportional to the square root of

a target velocity spectrum. This simple representation of the oncoming turbulence is based on

the work of Amiet [39], in which the upwash velocity spectrum is used to compute the leading

edge noise of a flat plate.

• Two-component Fourier mode method. Based on a summation of skewed gusts, this method

generates a fluctuating velocity field that includes both streamwise and transverse components.

This allows a more realistic representation of the oncoming turbulence than the one-component

Fourier mode method.

An initial validation of the different types of synthetic turbulence methods highlights differences in the

characteristics of the resulting turbulent flow. Methods based on Fourier modes generate a periodic

fluctuating velocity field with a finite number of discrete frequencies. These methods inject the fluc-

tuating velocity field throughout the CAA domain in order to meet the divergence-free condition. In

contrast, the advanced digital filter method generates a turbulent flow from divergence-free synthetic

eddies that are injected locally. The resulting turbulent flow is non-periodic and has a broadband

spectrum. Differences between synthetic turbulence methods are summarised in Table 2.4.

Turbulence spectrum Periodicity of the turbulence Turbulence injection

Fourier modes Discrete Periodic Global buffer zones

Digital filters Continuous Non-periodic Local injection plane

Table 2.4: Summary of differences between Fourier mode methods and digital filter methods.
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Synthetic turbulence methods have been validated for leading edge noise predictions in CAA sim-

ulations of a NACA 0001 aerofoil. Noise results have been compared with a two-dimensional version

of Amiet’s model [70]. For a thin aerofoil at zero angle of attack, the accuracy of the noise predictions

is related to the convergence of the velocity spectra. The one-component Fourier mode method and

the advanced digital filter method provide velocity and noise spectra to within an accuracy of 1.5 dB.

In contrast, results of the two-component Fourier mode method present a slower convergence than the

advanced digital filter method for a similar simulation length. Oscillations of up to 3.5 dB are seen in

velocity and noise spectra.
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Chapter 3

Leading Edge Noise Predictions Using
Isotropic Turbulence

In Chapter 2, two-dimensional isotropic synthetic turbulence was generated by using the advanced

digital filter method (see Section 2.2) and Fourier mode methods (see Section 2.3). These methods

were developed and validated for leading edge noise predictions using a NACA 0001 aerofoil. The

present chapter examines a number of single aerofoil configurations to assess the accuracy and com-

putational expense of digital filter and Fourier mode methods, including variations in freestream Mach

number, aerofoil thickness, and angle of attack.

Additionally, this chapter presents an extensive characterisation of the unsteady flow field around

the aerofoils to improve current understanding of noise reduction mechanisms due to realistic aerofoil

geometry. To this end, averaged contours of fluctuating velocity and pressure fields are analysed

in the near-field, the distortion of velocity spectra is examined in the leading edge region, and a

spectral analysis of the unsteady pressure response on the aerofoil surface is also included. This

information is straightforward to extract from numerical simulations, which can overcome limitations

in data collection that occur in open-jet wind tunnel experiments. The PWL spectra and directivity

plots are also computed in the far-field.

The present chapter is organised as follows. The aerofoil configurations investigated in this chapter

are detailed in Section 3.1, including CAA mesh information, mean flow modelling assumptions, and

input parameters for synthetic turbulence methods. The effects of aerofoil thickness and freestream

Mach number on near- and far-field broadband noise are discussed in Section 3.2. Then, an angle of

attack configuration is tested in Section 3.3. Finally, Section 3.4 presents a summary of the computa-

tional expense from digital filter and Fourier mode methods.

53
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3.1 Aerofoil Configurations

NACA 4-digit aerofoils with 6 % and 12 % maximum thickness-to-chord ratios are tested at AoA =

0o with freestream Mach numbers M∞ = 0.3 and 0.6. These aerofoils are representative of the thick-

ness in OGVs (tA/c ∼ 0.06) and in the pylon of CRORs (tA/c ∼ 0.12). The aerofoil chord is set to

c = 0.15 m. Additionally, the thicker aerofoil is tested at M∞ = 0.3 and AoA = 6o.

3.1.1 Mesh Generation

The CAA mesh for each configuration extends to 4c in all directions around the aerofoil mid-

chord. All meshes were designed to propagate acoustic waves without dissipation up to chord-based

reduced frequencies of f c/U∞ = 12. Therefore, the frequency range covered for the CAA simulations

in this chapter is similar to that in recent numerical works of leading edge noise. For example, the

studies of Clair et al. [38] and Gill [98] were limited to frequencies lower than f c/U∞ = 12.5, and

simulations of Dieste and Gabard [60] were restricted to frequencies below f c/U∞ = 10. Figure

3.1 shows the CAA mesh in the leading and trailing edge regions of a NACA 0012 aerofoil. Further

details on the CAA meshes that are used in this thesis are given in Section 2.4.3 and Appendix C.

(a) Leading edge region. (b) Trailing edge region.

Figure 3.1: Two-dimensional CAA mesh for a NACA 0012 aerofoil at AoA = 0o.

Extending the study of leading edge noise to frequencies higher than f c/U∞ = 12 might be

unnecessary in practical cases. This is because aerofoil self-noise, which is not modelled in the CAA

simulations in this thesis, is expected to be dominant at high frequencies. For example, Chaitanya et
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al. [87] found that aerofoil self-noise was dominant for thickness-based frequencies f tA/U∞ > 1 in

an anechoic wind tunnel experiment, which correspond to approximately f c/U∞ > 8.3.

3.1.2 Inviscid Mean Flow Modelling

The assumption of uniform mean flow is valid for thin aerofoils at zero angle of attack, such as

the NACA 0001 aerofoil that was examined in Section 2.4. However, Gill et al. [94] showed that as

the aerofoil thickness increases, leading edge noise of aerofoils in uniform mean flows becomes over-

predicted at high frequencies. This is because the distortion of the turbulent structures in the leading

edge region is not modelled by a uniform mean flow simulation. Furthermore, viscosity was found to

have a small effect on leading edge noise predictions when compared to inviscid solutions. Similar

results were also reported by Clair et al. [38] and Hainaut et al. [97] when studying leading edge noise

from a NACA 65(12)-10 aerofoil. Additionally, Clair et al. [38] found hydrodynamic instabilities and

non-physical pressure fluctuations near the trailing edge when using a viscous mean flow, which was

related to strong velocity gradients in the boundary layer region.

Consequently, steady inviscid mean flows have been adopted for the CAA simulations of thick

aerofoils presented in this thesis. The inviscid mean flow is computed by using a second-order finite

volume CFD solver (FLUENT v14.5). In the near-field, CFD and CAA meshes are similar. However,

the CFD mesh extends to 20c in all directions around the aerofoil in order to reduce the influence of

the boundary conditions on the mean flow solution. As the mean flow computation for each aerofoil

configuration was converged, it was interpolated onto the CAA mesh.

3.1.3 Numerical Setup for Synthetic Turbulence Methods

In this chapter, digital filter and Fourier mode methods are used to generate synthetic turbulence

with the statistics of the von Kármán spectrum defined by Equation 2.22 with u′rms/U∞ = 0.017 and

Λ = 0.008 m (Λ/c = 0.053), which correspond to the same values that were used in Chapter 2.

Therefore, the parameters for the Gaussian superposition to reproduce the von Kármán spectrum with

the advanced digital filter method are given in Tables 2.1 and 2.2 for M∞ = 0.3 and 0.6, respectively.

The parameters required for the wavenumber discretisation in Fourier mode methods are given in

Table 2.3 for M∞ = 0.6. Simulations at M∞ = 0.3 required the same number of Fourier modes with

λx,max = 1.275 m and C = 2.
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3.2 Effects of Aerofoil Thickness and Freestream Mach Number

This section presents a detailed characterisation of the unsteady flow surrounding NACA 0006

and NACA 0012 aerofoils at AoA = 0o. CAA simulations were performed at two different freestream

Mach numbers, M∞ = 0.3 and 0.6. Although aerofoils at high Mach numbers cannot be tested in

open-jet wind tunnel experiments due to the increase in jet noise, previous CAA studies reported

some discrepancies between noise reduction due to aerofoil thickness at high frequencies for various

Mach numbers [95, 98]. Aerofoil thickness effects on the near- and far-field broadband noise are

examined here by using digital filter and Fourier mode methods to generate the oncoming turbulence.

3.2.1 Turbulence Distortion in the Leading Edge Region

The distortion of the turbulent structures in the leading edge region is believed to be responsible for

the noise reduction of thick aerofoils at high frequencies. Previous works examined the distortion of

harmonic gusts [94, 95] or were restricted to examine the distortion of the transverse velocity spectrum

[73, 97]. This section provides a spectral analysis of both streamwise and transverse velocity spectra

along the stagnation line.

When using the LEEs, the distortion of the turbulent structures is caused by variations in the mean

flow velocity. Figure 3.2a shows the Mach number distribution at three different locations for NACA

0006 and NACA 0012 aerofoils. At 20% of the chord away from the leading edge (x/c = −0.2 and

y/c = 0), Mx/M∞ shows a small reduction in the streamwise Mach number of about 10% of the

freestream value. Consequently, a small distortion of the turbulent structures would be expected at

this location. Closer to the leading edge, the streamwise Mach number becomes strongly affected. A

50% reduction in Mx can be seen at 0.02c upstream of the NACA 0012 aerofoil leading edge, whereas

this reduction is about 25% for the NACA 0006 aerofoil along the stagnation line. This suggests that

the distortion of turbulent structures is expected to begin further upstream as the aerofoil thickness

increases.

For Fourier mode methods, synthetic turbulence is prescribed within the buffer zones, where the

mean flow is nearly uniform. The distance between the aerofoil leading edge and the buffer zone is

approximately 3.5c. However, the location of the turbulence injection plane should be studied for the

advanced digital filter method. If the injection plane is excessively close to the leading edge, where

strong mean flow gradients occur, turbulent structures could not have sufficient time to be distorted

before impinging on the aerofoil. Consequently, the noise prediction would be affected by incorrect

distortion of the oncoming turbulence. To overcome this issue, the injection plane is placed in a region

where the mean flow is nearly uniform. The proposed distance is re,1 +c upstream of the leading edge,

where re,1 = 5max {Λi} /2 according to the values for Λi given in Table 2.1. Therefore, the injection
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plane of the advanced digital filter method is located at x/c ≈ −1.42, as shown in Figure 3.2b. Closer

locations of the injection plane are discussed in Section 3.2.2.

NACA 0012
M  =0.3

NACA 0006
M  =0.3

NACA 0012
M  =0.6
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(a) Mx/M∞ at different locations upstream of the aerofoil leading
edge.

stagnation line

turbulence 
injection plane

NACA 0012

monitor points

(b) Contours of Mach number around a NACA 0012
aerofoil (M∞ = 0.3).

Figure 3.2: Mean flow distortion around aerofoils at AoA = 0o in the freestream.

Figure 3.3 shows contours of streamwise and transverse turbulence intensity around a NACA

0012 aerofoil using the advanced digital filter method. It can be seen that the streamwise turbulence

intensity, u′x,rms/U∞, decreases in the stagnation region. This is due to the reduction in Mx along

the stagnation line and the cross-section of the aerofoil, which restricts velocity fluctuations in the

x-direction. However, the transverse turbulence intensity, u′y,rms/U∞, is increased in the stagnation

region, as anticipated by Gill et al. [94] and Kim et al. [95] when examining the distortion of harmonic

gusts. This result remains valid here for isotropic turbulence.

The decay in u′x,rms/U∞ and the increase in u′y,rms/U∞ along the stagnation line suggests that

some kinetic energy in the streamwise disturbances is transferred into the transverse component. This

process is accelerated near the aerofoil leading edge in a region within 0.02c. Recently, experimental

tests by Santana et al. [73] found that the strongest turbulence distortion occurs in a distance of the

order of the leading edge radius5. This corresponds to x/c ≈ −0.016 for a NACA 0012 aerofoil, which

is consistent with the results shown in Figure 3.3.

5For a NACA 4-digit aerofoil, the leading edge radius is calculated as rLE/c = 1.1019 (tA/c)2.
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(a) Contours of u′x,rms/U∞. (b) Contours of u′y,rms/U∞.

Figure 3.3: Contours of turbulence intensity and mean flow streamlines around a NACA 0012 aerofoil
at M∞ = 0.3 and AoA = 0o. Turbulence intensities were calculated from 500 independent samples
of fluctuating velocity fields using the advanced digital filter method. Note that rLE represents the
leading edge radius.

Figure 3.4 shows one-dimensional spectra near the NACA 0012 aerofoil at M∞ = 0.3. All syn-

thetic turbulence methods predict similar levels of distortion in the spectra. E(2D)
11 drops about 3 dB

at all frequencies, and the amplitude of E(2D)
22 increases at low frequencies and decreases at high fre-

quencies. This reduction at high frequencies is larger for the one-component Fourier mode method,

which could be related to the lack of streamwise velocity fluctuations. Similar trends were reported by

Hainaut et al. [99] in another CAA study that focused on the distortion of the transverse velocity spec-

trum, and by Hunt [75] when analysing the shape of the velocity spectra around a cylinder by means

of the rapid distortion theory developed by Batchelor and Proudman [146]. The maximum value of

u′y,rms/U∞ in the stagnation region is associated with an increase in E(2D)
22 ( f ) at low frequencies.

Both E(2D)
11 and E(2D)

22 present a reduction in the amplitude at high frequencies with respect to the

prescribed spectra at the injection plane. It should be noted that the distortion of the turbulence spectra

does not occur in the presence of a uniform mean flow. This explains the over-prediction in leading

edge noise predictions at high frequencies when using uniform mean flows around thick aerofoils

[38, 94, 97].
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(a) Streamwise, Ure f = 1 m/s.
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Figure 3.4: One-dimensional spectra 0.02c upstream of the leading edge of a NACA 0012 aerofoil at
M∞ = 0.3 and AoA = 0o.

Figure 3.5 shows differences between distorted and injected one-dimensional spectra for NACA

0006 and NACA 0012 aerofoils using the advanced digital filter method. Away from the leading edge,

at x/c = −0.2, no significant distortions are appreciated for any of the aerofoils and freestream Mach

numbers investigated, where 10 log10(E(2D)
i j /E(2D)

i j,∞ ) ≈ 0 dB. However, distortions in the turbulence

spectra are noticeable at x/c = −0.02. These distortions are more pronounced and begin further

upstream as the aerofoil thickness increases. For example, the averaged reduction in E(2D)
11 is about

10 dB for the NACA 0012 aerofoil at x/c = −0.005, whereas a 5 dB reduction is observed for the

NACA 0006 aerofoil at the same location. Nevertheless, the distortions of the spectra closely follow

the same trends for each aerofoil geometry, and are weakly influenced by variations in the freestream

Mach number. This result is consistent with the overlap of the distorted mean flows in Figure 3.2a.

Modifications in the velocity spectra have been proposed to better match experimental noise mea-

surements using analytical models [72, 73]. These modifications aim to reproduce the distortions of

the turbulence spectra in the presence of a thick aerofoil. Figure 3.5 also shows a modified isotropic

von Kármán spectrum based on rapid distortion theory. Following the previous work of Santana et

al. [73], the exponential term in the denominator of the isotropic von Kármán spectrum (see Equation

2.22) should be amended from 17/6 to 22/6 in order to follow the asymptotic slope reported by Hunt

[75] at high frequencies. Thus, the modified energy spectrum in the vicinity of the leading edge takes

the form

E(2D)(k) =
110u′2rmsΛ

27π

(
k
kc

)4[
1 +

(
k
kc

)2
]22/6 . (3.1)
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Figure 3.5: Distortion of one-dimensional spectra using the advanced digital filter method. Numerical
results are normalised with the upstream one-dimensional spectra, E(2D)

i j,∞ , and compared to analytical
results from rapid distortion theory, abbreviated as RDT.

The distorted energy spectrum in Equation 3.1 produces a redistribution of the energy in the ve-

locity spectra, but it does not affect the total turbulent kinetic energy, which remains constant. The

numerical E(2D)
22 resembles the distorted analytical spectrum at x/c = −0.005, where the agreement is

better than 2 dB for the NACA 0012 aerofoil over a large portion of the frequency range. The good

agreement justifies the use of Equation 3.1 to improve analytical predictions of a NACA 0012 aerofoil,

as done by Santana et al. [73]. However, a worse agreement is found between numerical and analytical

distorted spectra for the NACA 0006 aerofoil. This suggests that a different modification of the energy

spectrum might be required for each aerofoil geometry. Furthermore, the modified energy spectrum

does not match the behaviour of E(2D)
11 in the vicinity of the aerofoils. A modification in the slope of
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the isotropic energy spectrum does not seem suitable for reproducing simultaneously the distortion of

the streamwise and transverse velocity spectra. Nevertheless, leading edge noise predictions are not

expected to be significantly affected by discrepancies in the streamwise velocity spectrum, since they

are dominated by the transverse spectrum.

3.2.2 Location of the Turbulence Injection Plane

In the previous section, the injection plane of the advanced digital filter method was placed re,1 + c

upstream of the aerofoil leading edge, where re,1 = 5max {Λi} /2 according to the values for Λi given

in Table 2.1. At that location, the mean flow is nearly uniform and the turbulent structures have enough

time to be distorted before reaching the aerofoil. However, the distortion of the turbulent structures

occur in the vicinity of the aerofoil, which suggests that a closer location of the injection plane could

be possible for leading edge noise predictions. This could potentially result in a reduction of the mesh

size and the transitory state, and savings in the computational cost. To investigate this, a new location

is considered for the injection plane in the CAA simulations of the NACA 0012 aerofoil at M∞ = 0.3

and 0.6. The new location is re,2 upstream of the aerofoil leading edge, where re,2 = 3max {Λi} /2

according to the values for Λi given in Table 2.1, which corresponds to x/c ≈ −0.25.
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Figure 3.6: One-dimensional spectra 0.02c upstream of the leading edge of a NACA 0012 aerofoil
at AoA = 0o using the advanced digital filter method. The injection plane is placed at two different
locations upstream of the aerofoil leading edge.

One-dimensional spectra using two different locations for the injection plane are presented in

Figure 3.6. Results show that locations lead to similar distortions in the spectra and, consequently,

similar noise predictions are expected. This implies that the injection plane can be placed at a distance
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of re ≥ 3max {Λi} /2 upstream of the aerofoil leading edge in practical cases, even if the mean flow is

not completely uniform at this location.

3.2.3 Near-Field Noise

The noise perceived in the far-field is a consequence of the noise generated and radiated from the

near-field. This section examines the unsteady pressure field in the near-field from CAA simulations

of thick aerofoils. The aim is to provide a better understanding of the leading edge noise in its origin.

(a) NACA 0006 aerofoil. (b) NACA 0012 aerofoil.

Figure 3.7: Contours of p′rms/ρ∞c2
∞ around aerofoils at M∞ = 0.3 and AoA = 0o. Contour levels were

calculated from 500 independent samples of fluctuating pressure fields using the advanced digital filter
method.

Figure 3.7 shows contours of the root-mean-square fluctuating pressure around NACA 0006 and

NACA 0012 aerofoils. In both cases, a maximum p′rms/ρ∞c2
∞ is found on each side of the stagnation

point, which is due to the symmetry in the aerofoil configuration and the dipole pattern that follows

the leading edge noise. This result indicates that the noise is not radiated from the stagnation point,

where the largest u′y,rms occurs (see Figure 3.3b). Furthermore, the noise source has slightly moved

backwards from the leading edge. Nevertheless, this result is consistent with Amiet’s theory [39], in

which the maximum p′rms is located exactly at the leading edge of the flat plate. Gill [98] reported

a similar behaviour in p′rms when examining the distortion of harmonic gusts around thick aerofoils.

Overall, the NACA 0006 aerofoil produces a stronger aerofoil response than the NACA 0012 aerofoil,

as can be inferred from the larger area with red contours in Figure 3.7. In contrast, the NACA 0012
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aerofoil presents stronger p′rms/ρ∞c2
∞ contours in the upstream direction along the stagnation line.

This indicates that as the aerofoil thickness increases, noise radiated in the upstream direction becomes

more important.

To study the relationship between the distorted turbulent structures and the unsteady pressure

response on the aerofoil surface, the magnitude-squared coherence is defined as

γ2
ui p( f ) =

∣∣∣S ui p( f )
∣∣∣2

S uiui( f )S pp( f )
, (3.2)

where S uiui is the spectral density of the fluctuating velocity (u′i) in the vicinity of the leading edge,

S pp is the spectral density of the fluctuating pressure (p′) on the aerofoil surface, and S ui p is the cross-

spectral density between u′i and p′. Figure 3.8 shows the coherence between velocity fluctuations

collected at x/c = −0.02 along the stagnation line and pressure fluctuations on the surface of a NACA

0012 aerofoil at various locations.
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Figure 3.8: Magnitude-squared coherence between pressure fluctuations at three different locations
(A, B, and C) on the aerofoil surface and velocity fluctuations in the vicinity of the aerofoil leading
edge (location D, x/c = −0.02 along the stagnation line). Results were obtained from the simulation
of a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 0o using the advanced digital filter method. Inserted
contour plots correspond to an enlarged view of p′rms/ρ∞c2

∞ at the leading edge from Figure 3.7b.

The streamwise velocity fluctuations are mainly responsible for the noise radiated from the stag-

nation point (location A), as can be inferred from Figure 3.8, where γ2
ux p ≈ 0.95 and γ2

uy p ≈ 0.05 at all

frequencies. Since the turbulence intensity in the streamwise direction is attenuated in the vicinity of

the leading edge (see Figure 3.3a), this explains why the noise is not radiated from the stagnation point.



64 Chapter 3: Leading Edge Noise Predictions Using Isotropic Turbulence

When moving away from the stagnation point (locations B and C), the transverse velocity fluctuations

become increasingly coherent with the unsteady pressure response. The maximum in p′rms/ρ∞c2
∞ (ap-

proximately at location C) is mainly due to the transverse fluctuating velocity component, as occurs

for flat plates.

Contours of root-mean-square fluctuating pressure are useful to locate the noise source, but do

not provide any information about its frequency content. Figure 3.9 shows the spectral decomposition

of the unsteady pressure response along the aerofoil chord in terms of SPL. It can be seen that noise

is mainly radiated from locations close to the aerofoil leading edge (x/c < 0.2) and low reduced

frequencies ( f c/U∞ < 4). Thus, the maximum in p′rms/ρ∞c2
∞ contours in Figure 3.9 is primarily

caused by low frequencies. This result is consistent with the distorted turbulence spectra in the vicinity

of the leading edge, where the transverse velocity spectrum undergoes a significant increase at low

frequencies. When comparing results from both aerofoils, the SPL is lower for the thicker aerofoil,

especially from the mid-chord at high frequencies. Therefore, the reduction of unsteady pressure

fluctuations on the surface of thick aerofoils explains the well-known noise reduction due to aerofoil

thickness at high frequencies in the far-field [78, 79, 94].
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Figure 3.9: SPL spectra on the surface of aerofoils at M∞ = 0.3 and AoA = 0o using the advanced
digital filter method. Leading Edge (LE) and Trailing Edge (TE) correspond to x/c = 0 and x/c = 1,
respectively.

Figure 3.10 shows fluctuating velocity and pressure contours of the NACA 0012 aerofoil simula-

tions at M∞ = 0.3. Although the unsteady pressure fields follow a dipole pattern as in Figure 2.9 for a

NACA 0001 aerofoil at M∞ = 0.6, convective amplification effects are less pronounced at low Mach

numbers.
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Figure 3.10: Instantaneous contour plots of a NACA 0012 aerofoil at M∞ = 0.3 (inviscid mean flow).
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3.2.4 Far-Field Noise

Figure 3.11 shows the reference frame for far-field noise predictions of single aerofoil configura-

tions. Far-field observers were placed at a distance of r0 = 100c from the aerofoil mid-chord, ranging

from θ = 0o to 180o with an angle resolution of 1o.

M r0

x
c / 2

y

AoA

8

Figure 3.11: Reference frame for leading edge noise predictions in the far-field.

Figure 3.12 shows the PWL spectra for NACA 0006 and NACA 0012 aerofoils at AoA = 0o using

digital filter and Fourier mode methods. Results agree with the findings reported in the literature.

Noise reduction at a fixed frequency is more pronounced for thicker aerofoils at low Mach numbers,

as shown experimentally by Paterson and Amiet [79] and numerically by Gill et al. [94], among

others. For example, a NACA 0012 aerofoil at M∞ = 0.3 produces a noise reduction of 8 dB at

8000 Hz, whereas a NACA 0006 aerofoil at M∞ = 0.6 produces nearly the same PWL spectrum as a

flat plate for frequencies up to 6000 Hz.
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Figure 3.12: PWL spectra for NACA 0006 and NACA 0012 aerofoils at AoA = 0o and freestream
Mach numbers M∞ = 0.3 and 0.6.
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For each case investigated in Figure 3.12, all three synthetic turbulence methods predict similar

noise levels. Only for the NACA 0012 aerofoil simulations, an under-prediction of up to 3 dB is

identified at frequencies above 6000 Hz for the one-component Fourier mode approach in comparison

with the methods that include two components. This finding suggests that the streamwise velocity

fluctuations could be necessary for simulations of thick aerofoils at high frequencies. Nevertheless,

this small disagreement is close to the level of accuracy of the current method (∼ 1.5 dB), which makes

it difficult to draw further conclusions.

The noise reduction is quantified by calculating ∆PWL = PWL |flat plate −PWL|NACA aerofoil. Figure

3.13a presents the ∆PWL spectra as a function of the chord-based reduced frequency, f c/U∞. NACA

aerofoils appear to be louder than a flat plate at low frequencies, f c/U∞ ≤ 2. This might be due to

the streamwise velocity fluctuations interacting with the cross-section of the NACA aerofoils. Nev-

ertheless, numerical noise predictions are not reliable at very low frequencies ( f c/U∞ ≈ 0) due to

the reduced physical time simulated and the limited number of time steps in numerical simulations to

maintain an acceptable computational cost.

The noise reduction follows a linear increase in dB with f c/U∞, which is more pronounced as the

aerofoil thickness increases. For a given aerofoil geometry, ∆PWL is approximately the same at vari-

ous Mach numbers and frequencies. This result could be explained by the normalised turbulent spectra

shown in Figure 3.5, where the distortion of the turbulent structures in the vicinity of the leading edge

was found to be weakly influenced by the Mach number. Additionally, the linear behaviour in the

∆PWL spectra from f c/U∞ = 1 could be related to the quasi-linear decay of the transverse spectrum,

E(2D)
22 , which corresponds to the dominant velocity component in the noise generation of aerofoils at

AoA = 0o. Previous experimental works also reported this linear behaviour in the noise reduction due

to aerofoil thickness at high frequencies, such as those by Olsen and Wagner [89] and Chaitanya et al.

[87]. Other works by Gill [98] and Kim et al. [95] using CAA solvers showed a dependency of the

noise reduction on the freestream Mach number. Particularly, an earlier onset of noise reduction due

to aerofoil thickness was observed at low Mach numbers (M∞ = 0.2). This behaviour is not evident

in ∆PWL spectra for the moderate and high Mach numbers considered in this chapter, M∞ = 0.3 and

0.6.

It is well known that noise reduction at high frequencies depends on the overall thickness and

leading edge radius [83, 87, 94], among others. Figure 3.13b presents the ∆PWL spectra as a function

of the thickness-based reduced frequency, f tA/U∞. For the tested NACA 4-digit aerofoils, there is a

good overlap of the ∆PWL spectra onto a single plot for the various thicknesses and Mach numbers,

especially for f tA < 0.6. This result is consistent with the CAA predictions of Gill [98] using synthetic

turbulence based on a two-component Fourier mode method for aerofoil thicknesses ranging from

tA/c = 0.02 to 0.12 at M∞ = 0.5.
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Additionally, Figure 3.13b includes the scaling law proposed by Gershfeld [71] to account for

aerofoil thickness effects on leading edge noise, which takes the form

∆PWL = 10log10[exp(π
f tA

U∞
)] = log10[exp(10π)]

f tA

U∞
. (3.3)

The noise reduction proposed by Gershfeld [71] is significantly over-predicted at high frequencies for

the aerofoil configurations that have been investigated in this chapter. Alternatively, a representative

estimation of ∆PWL for various thick aerofoils and freestream speeds can be obtained by using the

linear least squares method to fit the CAA predictions. The best fit line for ∆PWL in dB is given by

∆PWL = −2.0857 + 8.6854
f tA

U∞
. (3.4)

There are a few differences between Gershfeld’s correction [71] and Equation 3.4. The best fit line

presents a lower slope than Gershfeld’s correction [71] (8.6854 < log10[exp(10π)] ≈ 13.6438). Fur-

thermore, ∆PWL < 0 dB at f = 0 Hz in Equation 3.4. This is to account for a slight increase in noise

at low frequencies due to aerofoil thickness. This implies that the best fit line is not valid close to the

limit tA → 0, since the flat plate solution is not recovered (∆PWL = 0 dB for tA = 0 m).
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Figure 3.13: ∆PWL = PWL |flat plate −PWL|NACA aerofoil spectra for aerofoils at AoA = 0o using the
advanced digital filter method.

Directivity plots of the NACA 0012 aerofoil are shown in Figure 3.14. Noise reduction at medium

and high frequencies is mainly due to a decrease in SPL at downstream observer angles when com-

pared with the flat plate solution. At high observer angles, the advanced digital filter method and the

two-component Fourier mode method over-predict the noise levels. This is attributed to the stream-

wise velocity fluctuations and their interaction with the cross-section of the thick aerofoil. The lack
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of this fluctuating velocity component could lead to a significant under-prediction of the noise at high

frequencies, especially at upstream observer angles, as shown in Figure 3.14b at 8000 Hz.

For all synthetic turbulence methods, Figures 3.14b and 3.14d show a disagreement in the location

of the lobes at acute upstream angles in comparison with the flat plate prediction. This could be related

to the numerical treatment of the trailing edge in the CAA simulations. Although the Kutta condition

is satisfied by the inviscid mean flow solution, the unsteady Kutta condition has not been explicitly

imposed at the trailing edge. This might introduce small numerical errors in the location of upstream

lobes. The numerical error is mainly relevant for thick aerofoils at high frequencies. Ayton et al. [147]

estimated that the averaged error, including upstream and downstream observers, was below 2 dB for

various frequencies. CAA simulations in this thesis have been shown to correctly predict the location

of the lobes for thin aerofoils (for example, see Figure 2.12 for the NACA 0001 aerofoil).
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Figure 3.14: Directivity plots at r0 = 100c for a NACA 0012 aerofoil at AoA = 0o.
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3.3 Effect of Angle of Attack

Aerofoils at non-zero angle of attack can be difficult to model in LEE solvers. This is because

the angle of attack increases the velocity gradients in the leading edge region, which may cause the

flow to become locally supersonic and the appearance of shocks. In this case, non-linear terms must

be retained, and the full Euler equations could be required [148]. Additionally, the boundary layer

detaches on the suction side at a high angle of attack. This phenomenon causes strong unsteady flows

and vortex shedding around the trailing edge, which is an additional source of noise that cannot be

modelled by the current CAA methodology.

In this section, the suitability of synthetic turbulence methods to study angle of attack is assessed

on a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 6o. This configuration has been chosen to study

an aerofoil at a moderate angle of attack in which the mean flow remains subsonic and leading edge

noise is the dominant source of noise. The aerofoil has been rotated around the leading edge, which

stays at the same location as in the zero angle of attack simulations.

3.3.1 Turbulence Distortion in the Leading Edge Region

Variations in the turbulence intensities around the aerofoil leading edge are shown Figure 3.15 for

the angle of attack configuration. Strong distortions of the turbulent structures occur in a region within

0.02c from the aerofoil surface. The turbulence intensity in the x-direction decreases in the stagnation

region, and the transverse component is amplified, as found for the aerofoil at AoA = 0o (see Figure

3.3). Additionally, Figure 3.15b shows that the maximum u′y,rms/U∞ has moved slightly from the

stagnation point towards the suction side, where the strongest mean flow acceleration is expected to

occur.

Figure 3.16 shows one-dimensional spectra using different synthetic turbulence methods at 0.02c

upstream of the aerofoil leading edge. At this location, initial distortions in the turbulence spectra

were evident for the AoA = 0o configuration in Figure 3.4. It should be noted that this monitor point

is no longer on the stagnation line, since the stagnation point shifts towards the pressure side of an

aerofoil placed at non-zero angle of attack. The distortion of both E(2D)
11 and E(2D)

22 in the vicinity of

a NACA 0012 aerofoil shows similar trends and levels at AoA = 0o and 6o. This could potentially

explain why the angle of attack has been reported to have a small effect on leading edge noise. Only

for the one-component Fourier mode method a larger decay in E(2D)
22 is found at all frequencies, which

leads to an under-prediction of 3.5 dB at 8000 Hz in Figure 3.16b. This phenomenon is attributed to

the lack of streamwise velocity disturbances, since the one-component Fourier mode method cannot

benefit from a potential energy transfer from one velocity component to the other.
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(a) Contours of u′x,rms/U∞. (b) Contours of u′y,rms/U∞.

Figure 3.15: Contours of turbulence intensity and mean flow streamlines around a NACA 0012 aero-
foil at M∞ = 0.3 and AoA = 6o. Turbulence intensities were calculated from 500 independent samples
of fluctuating velocity fields using the advanced digital filter method.
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Figure 3.16: One-dimensional spectra 0.02c upstream of the leading edge of a NACA 0012 aerofoil at
M∞ = 0.3 and AoA = 6o.
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3.3.2 Near-Field Noise

Contours of root-mean-square fluctuating pressure for a NACA 0012 aerofoil at AoA = 6o are

shown in Figure 3.17. The angle of attack breaks down the symmetry in the noise radiation that was

found for the AoA = 0o configuration. The noise radiates now from a single location that is placed

on the suction side of the leading edge, as anticipated by Gill for harmonic gusts [98]. This contrasts

with the NACA 0012 aerofoil at AoA = 0o, where a maximum p′rms/ρ∞c2
∞ was found on each side of

the leading edge. Although the noise source concentrates on the suction side of the leading edge, lines

of iso-contours indicate that noise radiated from the pressure side is larger in the near-field. Thus,

far-field observers below the aerofoil are expected to be louder than those above the aerofoil.

Figure 3.17: Contours of p′rms/ρ∞c2
∞ around a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 6o.

Contour levels were calculated from 500 independent samples of fluctuating pressure fields using the
advanced digital filter method.

The frequency content of the unsteady pressure on the aerofoil surface is analysed in Figure 3.18.

The maximum p′rms/ρ∞c2
∞ is still caused by fluctuating pressure in the leading edge region at low

frequencies. However, there are some differences between pressure and suction sides. Close to the

leading edge (x/c < 0.3), the suction side exhibits larger SPL at high frequencies ( f c/U∞ > 6).

However, the SPL is larger on the pressure side for medium and low frequencies ( f c/U∞ < 6) along

the aerofoil chord.
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Figure 3.18: SPL spectra on the surface of a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 6o. Leading
Edge (LE) and Trailing Edge (TE) correspond to x/c = 0 and x/c = 1, respectively.

3.3.3 Far-Field Noise

Figure 3.19 shows the PWL spectra from various synthetic turbulence methods. Both the advanced

digital filter method and the two-component Fourier mode approach produce noise levels within 2 dB

for most frequencies. This result confirms that CAA noise predictions are independent of the synthetic

turbulence method employed, provided that both streamwise and transverse velocity components are

included in the analysis. Consequently, the choice of a synthetic turbulence method relies on the com-

putational expense, which is discussed in Section 3.4. The one-component Fourier mode approach

under-predicts the PWL by more than 5 dB for frequencies above 4000 Hz in comparison with syn-

thetic turbulence methods that include two fluctuating velocity components. As discussed by Gill et

al. [41], this under-prediction of the noise levels is due to the lack of positive skewed gusts in the one-

component Fourier mode method (modes with ky > 0), which generate an increased gust response for

aerofoils at AoA > 0o. Furthermore, the under-prediction of the noise levels also agrees with the rapid

decay of the transverse turbulence spectrum at high frequencies (see Figure 3.16b).

The PWL spectrum from the AoA = 0o configuration using the advanced digital filter method is

also included in Figure 3.19 to highlight the small effect of the angle of attack, as found in previous

experimental studies by Moreau et al. [72] and Devenport et al. [78], among others. Although

the examination of the near-field unsteady field showed significant differences between aerofoils at

AoA = 0o and 6o, these differences are not translated into noticeable variations in the PWL spectra.

It should be noted that the integral length scale-to-chord ratio is Λ/c = 0.053 in the present CAA
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simulations, which is significantly below the threshold proposed by Hutcheson et al. [84] at which the

effects of angle of attack on the noise could be relevant (Λ/c ≥ 1).
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Figure 3.19: PWL spectra for a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 6o.

Directivity plots of a NACA 0012 aerofoil at AoA = 6o are shown in Figure 3.20 at two different

frequencies. The one-component Fourier mode method predicts the position of lobes correctly at

2000 Hz, with an under-prediction of about 5 dB at upstream observers. However, noise levels and

directivity patterns at 8000 Hz are not correctly predicted. This result highlights the importance of the

streamwise velocity fluctuations when predicting broadband noise from aerofoils at non-zero angle of

attack. Additionally, synthetic turbulence methods with two fluctuating velocity components predict

similar directivity plots.
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Figure 3.20: Directivity plots for a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 6o.
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Although the PWL spectra are weakly affected by a moderate variation in angle of attack, directiv-

ity plots show some differences. For example, noise levels are slightly larger below the aerofoil, with

an increase of up to 3 dB at some observer angles, in comparison with noise levels above the aerofoil

for the frequencies examined.

3.4 Computational Expense

A comparison in terms of computational time from the different methods to synthesise turbulence

is presented in this section. Since the conclusions of this comparison are similar for all the aerofoil

configurations analysed, only data for the NACA 0012 aerofoil at M∞ = 0.3 and AoA = 0o are

presented. Table 3.1 shows the relative expense of the different methods. The same CAA mesh and

number of processors were used for the simulations of the different synthetic turbulence methods. The

number of time steps include both transitory state and data collection process.

The relative comparison shows that the one-component Fourier mode approach is the fastest ap-

proach, followed by the advanced digital filter method, which is 4.8 times slower in total. However,

a single time step can be run faster with the advanced digital filter method. The difference in the to-

tal computational time arises from the total number of time steps that are required to obtain accurate

noise predictions. The digital filter method, which produces a non-periodic turbulent inflow, requires

a larger number of fluctuating velocity and pressure samples in order for the turbulence and noise

spectra to converge. The transitory state in the advanced digital filter method lasts until the first set

of eddies introduced within the CAA domain is convected past the aerofoil, which represents about

1.5 % of the total computational time.

Time per time step [s] No. time steps Total expense [s] Relative expense

1cFm 4.541 × 10−2 84998 3860 1.0

2cFm 8.556 × 10−2 849980 72721 18.8

Digital filter 4.177 × 10−2 439657 18362 4.8

Table 3.1: Comparison of computational expense for a NACA 0012 aerofoil at M∞ = 0.3 and AoA =

0o. The CAA mesh has 821,010 grid points and 96 cores were used for all the simulations.

The two-component Fourier mode approach is the slowest method among those presented in this

work. This is caused by two aspects. Firstly, the total number of Fourier modes in these simulations

is N × 2M = 2000, whereas only N = 100 modes are required for the one-component Fourier mode

method. Secondly, 10 independent simulations were used to obtain converged noise results that are

within 3 dB accuracy, and a transitory state has to be considered for each of them. In the simulations
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using Fourier mode methods, the transitory state corresponds to the frozen propagation of the synthetic

turbulence over a distance of λx,max. Then, each simulation was run for another whole period of the

largest wavenumber involved, to collect the required unsteady data for the velocity and noise spectra

calculations. Therefore, the transitory state represents 50% of the total computational time.

From the numerical results in Sections 3.2 and 3.3, it is concluded that similar noise predictions

can be obtained from digital filter and Fourier mode methods, provided that both the streamwise and

transverse velocity fluctuations are included in the simulation. Nevertheless, the digital filter method

presents the best compromise to obtain accurate leading edge noise predictions, independently of

the aerofoil configuration, in a reasonable computational time. This is because leading edge noise

predictions using the advanced digital filter method are approximately 3.9 times faster than the two-

component Fourier mode method.

Although a fair comparison has been presented in this section, variations in the numerical imple-

mentation, number of samples collected for the spectral analysis, number of modes included in Fourier

mode simulations, number of realisations used to average results in the two-component Fourier mode

method, and the transitory state, among others, could lead to changes in the computational cost.

3.5 Summary

In this chapter, two-dimensional leading edge noise predictions from the advanced digital filter

method are compared to those provided by one- and two-component Fourier mode approaches. Var-

ious aerofoil configurations have been analysed, including variations in aerofoil thickness (NACA

0006 and NACA 0012 aerofoils), freestream Mach number (M∞ = 0.3 and 0.6), and angle of attack

(AoA = 0o and 6o). The mean flow used for the LEEs was obtained from inviscid CFD simulations.

In order to improve current understanding of leading edge noise, the unsteady flow in the leading edge

region has been examined for the various configurations. Furthermore, the distorted turbulence spectra

and unsteady pressure response on the aerofoil surface have been discussed in detail here. The main

findings are summarised as follows:

• Distortions in the turbulent structures around an aerofoil begin at approximately 0.02c upstream

of the leading edge, where initial distortions in the velocity spectra can be appreciated. This

distance is of the order of magnitude of the leading edge radius for a NACA 0012 aerofoil, as

anticipated by Santana et al. [73]. Therefore, the turbulence injection plane of the advanced

digital filter method can be located re upstream of the aerofoil leading edge in practical cases.

• Turbulent structures have been examined in the stagnation region of thick aerofoils. In the

streamwise direction, the turbulence intensity u′x,rms/U∞ is damped, and the one-dimensional
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spectrum E(2D)
11 shows a uniform decay at all frequencies, with almost no change in shape. In

the transverse direction, the turbulence intensity u′y,rms/U∞ is significantly increased, and the

one-dimensional spectrum E(2D)
22 increases at low frequencies and decreases at high frequencies.

• The distortion of E(2D)
22 in CAA simulations closely follows the trends and levels predicted by a

modified von Kármán spectrum using rapid distortion theory.

• The distortion of the turbulence spectra in the leading edge region is weakly influenced by the

freestream Mach number when plotted against chord-based reduced frequency, f c/U∞. Fur-

thermore, the distortion of the turbulence spectra mainly depends on the aerofoil geometry.

• Aerofoils at zero and non-zero angle of attack present similar distortions of the turbulence spec-

tra in the leading edge region. This justifies the small effect of the angle of attack on leading

edge noise.

• The coherence between distorted turbulent structures and unsteady pressure on the aerofoil sur-

face has been investigated. For a thick aerofoil at zero angle of attack, the streamwise velocity

fluctuations are the main contributors to the unsteady pressure at the stagnation point. However,

the maximum p′rms is mainly related to the transverse velocity fluctuations, as occurs for flat

plates.

• The spectral analysis of the unsteady pressure response on the surface of NACA 0006 and

NACA 0012 aerofoils indicates that the increase in p′rms in the leading edge region is primarily

caused by low frequencies. Additionally, the unsteady pressure response of high frequencies is

weaker for the thicker aerofoil, which explains the far-field noise reduction at high frequencies

due to aerofoil thickness.

• For a given NACA aerofoil, the ∆PWL = PWL |flat plate −PWL|NACA aerofoil spectrum scales lin-

early with the chord-based reduced frequency, f c/U∞, for moderate and high Mach numbers.

Furthermore, a good collapse onto a single trend has been found when plotting ∆PWL against

thickness-based reduced frequency for f tA/U∞ ≤ 0.6. These results provide further evidence of

noise reduction scaling with the aerofoil thickness and the freestream speed (or Mach number),

as recently discussed in numerical and experimental works [87, 98]. Additionally, a best fit line

has been calculated to estimate ∆PWL as a function of f tA/U∞ using the least squares method.

• The one-component Fourier mode approach is the simplest and fastest synthetic turbulence

method of those tested, and produces satisfactory noise predictions for symmetric aerofoils with

moderate thickness (tA/c = 0.06) at zero angle of attack. However, either the advanced digital

filter method or the two-component Fourier mode approach is required when considering thick

aerofoils (tA/c ≥ 0.12) and non-zero angle of attack.
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• Similar predictions of leading edge noise can be obtained by using different synthetic turbu-

lence methods, provided that both the transverse and the streamwise velocity fluctuations are

included. However, two-dimensional simulations using the advanced digital filter method are

about 3.9 times faster than the two-component Fourier mode method, and therefore, give en-

hanced computational performance.



Chapter 4

Numerical Predictions of Open-Jet Wind
Tunnel Experiments

The aim of the present chapter is to develop a numerical methodology that is able to reproduce

leading edge noise predictions from various aerofoil configurations and open-jet wind tunnel facilities.

When studying aerofoils with large thickness (tA/c = 0.12) or placed at incidence (AoA = 6o) in Chap-

ter 3, the advanced digital filter method was found to be advantageous over Fourier mode methods in

terms of computational cost and simulation accuracy. However, numerical simulations were restricted

to purely two-dimensional turbulence. Although this type of turbulence has extensively been used in a

number of works [60, 61, 62], it cannot be employed to reproduce experimental noise measurements

without applying some correction factors [57]. This is because the governing equations of purely two-

dimensional turbulence differ from those of fully three-dimensional turbulence (see Chapter 10 in the

work of Davidson [149]). Therefore, a turbulence spectrum correction needs to be applied to account

for the shape of the three-dimensional velocity spectra. Additionally, the acoustic power decays as

1/r2
0 in a three-dimensional free field, whereas it decays as 1/r0 in case of a two-dimensional free field

[57, 96].

In this chapter, two different approaches are proposed to perform numerical leading edge noise

predictions that can be compared with experimental measurements. Firstly, the advanced digital filter

method is extended to generate fully three-dimensional turbulence in Section 4.1. Then, the advanced

digital filter method is adapted in Section 4.2 to realise a two-dimensional turbulent flow with the key

statistics of three-dimensional turbulence. In Section 4.3, both numerical approaches are compared

with leading edge noise measurements of a NACA 0012 aerofoil tested by Paterson and Amiet [79].

An experiment by Chaitanya et al. [87] is used in Section 4.4 to reproduce leading edge noise pre-

dictions from aerofoils with thickness ranging from tA/c = 0.06 to 0.24. Finally, Section 4.5 includes

79
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numerical simulations of a cambered NACA 65(12)-10 aerofoil at various angles of attack to repro-

duce experimental results from Fundamental Case 1 in the Fan Stage Broadband Noise Benchmarking

Programme [97].

4.1 Three-Dimensional Advanced Digital Filter Method

This section presents an extension of the advanced digital filter method to produce fully three-

dimensional isotropic turbulence. The resulting turbulent flow preserves the main characteristics of

the two-dimensional version (see Section 2.2), such as being divergence-free, non-periodic, and con-

taining broadband spectra. Realistic turbulence is useful when studying more generic cases in which

three-dimensional effects are important, such as wavy leading edge aerofoils and aerofoils with taper

or sweep.

4.1.1 Gaussian Energy Spectra

Following a similar development as described in Section 2.2.1, the three-dimensional energy spec-

trum is linked to the spatial filter in wavenumber space through (see Equation A.50 in Appendix A)

E(3D)(k) = 32π4k4Ĝ(k)2, (4.1)

where k =
√

k2
x + k2

y + k2
z , and the isotropic Gaussian energy spectrum for a three-dimensional turbu-

lent flow is defined, according to Kraichnan [24], as

E(3D)(k) =
4
π3 u′2rmsΛ

5k4 exp
(
−

Λ2k2

π

)
. (4.2)

Introducing Equation 4.2 into Equation 4.1, the spatial filter in wavenumber space to realise a Gaussian

energy spectrum takes the form

Ĝ(k) =

√
u′2rmsΛ

5

8π7 exp
(
−

Λ2k2

2π

)
. (4.3)

Taking the inverse Fourier transform of Equation 4.3, the three-dimensional spatial filter in physical

space is given by

G(rp) =

√
u′2rms

πΛ
exp

− πr2
p

2Λ2

 , (4.4)
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where rp =
√

(x − xp)2 + (y − yp)2 + (z − zp)2 is the distance between a point in the flow field, (x, y, z),

and the eddy centre, (xp, yp, zp). When dealing with three components of the fluctuating velocity field,

the RPM method [52] requires the filtering of three statistically independent white noise signals (see

Equation 2.6), whose variances are

〈
U2

i,p

〉
=

∫
Vs,p

〈Ui(xs, t)Ui(xs, t)〉 dxs = ∆3
e ,

for i = 1, 2, 3. Therefore, each Ui,p follows a normal distribution with zero mean and standard

deviation ∆
3/2
e . The direction of rotation of the pth eddy is now defined by three random numbers εi,p

for i = 1, 2, 3, each of them randomly taking ±1. This represents an advantage in comparison with

the synthetic eddy method proposed by Kim and Haeri [48], in which 8 independent random numbers

are required to compute each eddy.

The three-dimensional velocity field introduced by each Gaussian eddy takes the form

u′x,p(x) =
√
π∆

3/2
e

[
ε2,p

(
z − zp

)
− ε3,p

(
y − yp

)] u′rms

Λ5/2 exp

− πr2
p

2Λ2

 , (4.5a)

u′y,p(x) =
√
π∆

3/2
e

[
ε3,p

(
x − xp

)
− ε1,p

(
z − zp

)] u′rms

Λ5/2 exp

− πr2
p

2Λ2

 , (4.5b)

u′z,p(x) =
√
π∆

3/2
e

[
ε1,p

(
y − yp

)
− ε2,p

(
x − xp

)] u′rms

Λ5/2 exp

− πr2
p

2Λ2

 . (4.5c)

Figure 4.1a shows contours of fluctuating velocity magnitude from three-dimensional Gaussian

eddies. A number of these eddies can be combined to realise isotropic turbulence that follows the

three-dimensional Gaussian energy spectrum defined by Equation 4.2. To this end, the injection plane

is extended in the z-direction, where eddies are injected with a uniform spacing of ∆e along a distance

of at least 2re, as shown in Figure 4.1b. The normalised radius of a three-dimensional Gaussian

eddy, re/Λ, is approximately the same as a two-dimensional Gaussian eddy. This is because the

exponential terms in the equations that define the length of two- and three-dimensional eddies are

similar. Consequently, the limiting values that are given in Appendix B remain valid, and the correct

turbulence statistics are obtained provided that re ≥ 3Λ/2 and ∆e ≤ Λ/2.

For validation purposes, a cuboid-shaped CAA mesh has been designed to propagate vortical dis-

turbances for frequencies up to 10 kHz. The mean flow is uniform at M∞ = 0.3, and the parameters

that define the Gaussian energy spectrum are u′rms/U∞ = 0.017 and Λ = 0.008 m. Figure 4.2 shows

one-dimensional spectra from a monitor point downstream of the injection plane. Numerical results

are in good agreement with the analytical expressions, since the averaged error is lower than 1.5 dB.
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This validates the advanced digital filter method to generate fully three-dimensional synthetic turbu-

lence.

(a) Iso-contours of fluctuating velocity magnitude
in single Gaussian eddies.

x
y

z
Δe

Δe

M 8

Δe

re

(b) Turbulence injection plane.

Figure 4.1: Implementation of three-dimensional advanced digital filter method.
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Figure 4.2: One-dimensional Gaussian spectra of three-dimensional turbulence with M∞ = 0.3,
u′rms/U∞ = 0.017, and Λ = 0.008 m. Case 1 corresponds to re = 3Λ/2 and ∆e = Λ/2, and Case
2 corresponds to re = 5Λ/2 and ∆e = Λ/6.

4.1.2 Non-Gaussian Energy Spectrum through Gaussian Superposition

A target non-Gaussian energy spectrum can be achieved by defining a new eddy profile from the

superposition of several Gaussian eddies. Using Equation 4.1, the energy spectrum from a summation
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of Gaussian filters is given by

E(3D)
sum (k) = 32π4k4

 Ne∑
i=1

Ĝi(Λi, u′rms,i, k)


2

. (4.6)

Introducing Equation 4.3 for the spatial filter of each Gaussian eddy into Equation 4.6, the resulting

energy spectrum is

E(3D)
sum (k) =

4k4

π3

Ne∑
i=1

Ne∑
j=1

√
u′2rms,iu

′2
rms, jΛ

5
i Λ5

j exp
[
−

k2

2π

(
Λ2

i + Λ2
j

)]
. (4.7)

In this case, the fluctuating velocity field introduced by the pth eddy from the Gaussian superpo-

sition takes the form

u′x,p(x) =
√
π∆

3/2
e

[
ε2,p

(
z − zp

)
− ε3,p

(
y − yp

)] Ne∑
i=1

u′rms,i

Λ
5/2
i

exp

− πr2
p

2Λ2
i

 , (4.8a)

u′y,p(x) =
√
π∆

3/2
e

[
ε3,p

(
x − xp

)
− ε1,p

(
z − zp

)] Ne∑
i=1

u′rms,i

Λ
5/2
i

exp

− πr2
p

2Λ2
i

 , (4.8b)

u′z,p(x) =
√
π∆

3/2
e

[
ε1,p

(
y − yp

)
− ε2,p

(
x − xp

)] Ne∑
i=1

u′rms,i

Λ
5/2
i

exp

− πr2
p

2Λ2
i

 . (4.8c)

The set of parameters u′rms,i and Λi for i = 1, ...,Ne in Equation 4.7 are obtained by following a

similar optimisation process as described in Section 2.2.2, with k′i =
√

2π/Λ2
i . This corresponds to the

wavenumber of maximum energy in the Gaussian energy spectrum defined by Equation 4.2. As the

new eddy profile is obtained from a superposition of Gaussian eddies, the limiting values to reproduce

the desired statistical properties of a turbulent flow are re ≥ 3 max {Λi} /2 and ∆e ≤ min {Λi} /2.

The method is validated to reproduce the three-dimensional von Kármán spectrum, which is de-

fined as

E(3D)(k) =
55u′2rmsΛ

9π

(
k
kc

)4[
1 +

(
k
kc

)2
]17/6 . (4.9)

Proposed parameters for the three-dimensional Gaussian superposition are given in Table 4.1, which

aims to reproduce the von Kármán spectrum with M∞ = 0.3, u′rms/U∞ = 0.017 and Λ = 0.008 m. It

should be noted that only 10 parameters are required to reproduce the three-dimensional von Kármán

spectrum if Ne = 5. A larger number of constraint parameters is normally required in synthetic eddy

methods due to the use of different eddy profiles, among others. For example, 15 constraint parameters
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are to be optimised in the synthetic eddy method of Kim and Haeri [48] to reproduce a similar turbulent

flow. Figure 4.3 shows numerical and analytical one-dimensional spectra for the three-dimensional

Gaussian superposition. An agreement to within 1 dB accuracy of analytical predictions is shown for

a case with re = 3max{Λi}/2 and ∆e = min{Λi}/2, according to the parameters given in Table 4.1.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 3.798 × 10−2 1.111 × 10−2

2 2.218 × 10−2 1.246 × 10−1

3 1.217 × 10−2 2.730 × 10−1

4 6.251 × 10−3 3.135 × 10−1

5 2.639 × 10−3 4.567 × 10−1

Table 4.1: Parameters for Gaussian superposition to obtain the three-dimensional von Kármán spec-
trum with M∞ = 0.3, u′rms/U∞ = 0.017, and Λ = 0.008 m.
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Figure 4.3: One-dimensional von Kármán spectra of three-dimensional turbulence with M∞ = 0.3,
u′rms/U∞ = 0.017, and Λ = 0.008 m. Case 1 corresponds to re = 3max{Λi}/2 and ∆e = min{Λi}/2,
where the values for Λi are given in Table 4.1.

4.2 Pseudo Three-Dimensional Turbulence

Fully three-dimensional CAA simulations are more expensive than two-dimensional CAA simu-

lations from a computational perspective. This is due to an increased number of grid points in the

CAA domain and the additional momentum equation in the LEEs that must be solved, among oth-
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ers. This section presents an alternative low-cost approach that involves CAA simulations using two-

dimensional synthetic turbulence with the key statistics of three-dimensional turbulence. This type of

turbulence is referred to as ‘pseudo three-dimensional turbulence’ in this work. Then, unsteady data

from the two-dimensional CAA simulation is combined with a three-dimensional FW-H solver for the

far-field noise radiation.

In previous CAA studies of leading edge noise, simulations using purely two-dimensional turbu-

lence applied some correction factors to compare numerical results with experimental measurements

[97, 127]. For example, Dieste [127] found the correction factor for flat plates by comparing the

two-dimensional pressure spectral density in the far-field, as given by Equation 2.31, and its three-

dimensional version derived by Amiet [39]

S (3D)
pp (r0, θ, ω) =

πρ2
∞b2d sin2 θU∞κ2

0

r2
0A(θ,M∞)4

|L(θ, kx)|2 Φ
(3D)
22 (kx, kz = 0), (4.10)

where d is the aerofoil semi-span, and Φ
(3D)
22 (kx, kz = 0) is the three-dimensional velocity spectrum of

the upwash disturbances with the spanwise wavenumber set to zero, kz = 0. Thus, the correction term

for flat plates takes the form

S (3D)
pp =

M∞kx2d

r0

√
1 − M2

∞ sin2 θ

Φ
(3D)
22 (kx, kz = 0)

Φ
(2D)
22 (kx)

S (2D)
pp . (4.11)

Such a correction factor includes two different terms to amend S (2D)
pp . The first fraction on the right

hand side corresponds to a correction factor to account for the three-dimensional decay of sound and

the aerofoil span. The second fraction on the right hand side is a correction factor for the transverse

velocity spectrum. However, Equation 4.11 is inaccurate for thick aerofoils interacting with synthetic

turbulence methods with two or three velocity components, since only the upwash velocity spectrum

is included. This justifies the need for the numerical methodology presented in this section.

4.2.1 Numerical Methodology

The numerical methodology that is presented in this section produces accurate noise predictions at

a reduced computational cost that can be compared with experimental measurements without applying

correction factors for the shape of the velocity spectra and the far-field noise propagation.

According to the analytical model of Amiet [39], far-field noise at the mid-span plane is only

affected by the upwash velocity spectrum with the spanwise wavenumber kz = 0 (see Equation 4.10),

if the span is much larger than the integral length scale. This assumption was employed by authors
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such as Clair et al. [38] and Gill et al. [41] when using synthetic turbulence based on Fourier modes.

The amplitude of each mode is proportional to the square root of the velocity or energy spectrum in

Fourier mode methods, which makes it straightforward to set kz = 0. In this case, Clair et al. [38]

reported that a constant spanwise wavenumber step ∆kz = π/d was necessary to recover the correct

amplitude of the pressure spectral density. This section shows that the kz = 0 assumption can also be

made when using digital filter methods, provided that an amplitude scaling factor of π/d is applied to

the pressure spectral density at all frequencies.

For two-dimensional isotropic turbulence, introducing Equation 2.16 into Equation 2.15, the one-

dimensional spectrum of the transverse velocity fluctuations can be written as

E(2D)
22 (kx) = 2

∫ ∞

−∞

E(2D)

πk

1 − k2
y

k2

 dky. (4.12)

Similarly, for three-dimensional isotropic turbulence and assuming kz = 0, E(3D)
22 can be expressed as

E(3D)
22 (kx, kz = 0) = 2

∫ ∞

−∞

E(3D)

4πk2

1 − k2
y

k2

 dky. (4.13)

It is inferred from Equations 4.12 and 4.13 that if E(2D) takes the form of E(3D)/(4k), the resulting

two-dimensional velocity spectra, Φ
(2D)
22 (kx, ky), will follow the shape of Φ

(3D)
22 (kx, ky, kz = 0). The

same reasoning applies to the streamwise fluctuating velocity component. Consequently, it is possible

to realise a two-dimensional turbulent flow with the key statistics of the three-dimensional turbulence

through a Gaussian superposition. To this end, E(2D)
sum in Equation 2.20 is set to reproduce E(3D)/(4k).

The pseudo three-dimensional turbulence is injected into a two-dimensional CAA domain, where

unsteady data are collected on the aerofoil surface. Then, a three-dimensional aerofoil (or wing) with

straight leading edge is generated by copying the unsteady data repeatedly in the spanwise direction

over the full span. The configuration is shown in Figure 4.4.

M
y

x
z

r0
0

d

8

Δz

Figure 4.4: FW-H surface and far-field observer location.



Chapter 4: Numerical Predictions of Open-Jet Wind Tunnel Experiments 87

By using a FW-H solver, the fluctuating pressure is radiated in a three-dimensional free field.

It should be noted that all panels in the spanwise direction contain the same information, and are

therefore radiating in phase. This assumption is suitable for aerofoils with straight leading edge since

there is only one mode in the spanwise direction that affects the noise perceived by an observer at the

mid-span plane in the far-field (kz = 0). Furthermore, if the distance between two consecutive panels

in the spanwise direction is much smaller than the distance to the far-field observer, the retarded time

is approximately the same for all panels in the spanwise direction.

4.2.2 Validation Case: Three-Dimensional NACA 0001 Aerofoil

The numerical methodology of pseudo three-dimensional turbulence is validated in this section.

To this end, leading edge noise from a NACA 0001 aerofoil is computed numerically and compared

to the analytical prediction of Amiet [39], which is given by Equation 4.10. The same CAA mesh as

in Section 2.4.3 is used in this validation case. Thus, the aerofoil chord is set to c = 0.15 m, and the

grid resolution is sufficient to solve frequencies up to 8000 Hz in a uniform mean flow at M∞ = 0.6.

The parameters for the Gaussian superposition are found by setting E(2D)
sum in Equation 2.20 to

follow the shape of E(3D)/(4k) with kz = 0, u′rms/U∞ = 0.017, and Λ = 0.008 m. Proposed parameters

are given in Table 4.2.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 3.618 × 10−2 4.204 × 10−4

2 2.029 × 10−2 2.149 × 10−3

3 1.091 × 10−2 1.963 × 10−3

4 5.524 × 10−3 1.079 × 10−3

5 2.199 × 10−3 6.760 × 10−4

Table 4.2: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity field
with the statistics of the three-dimensional von Kármán spectrum, assuming kz = 0 with M∞ = 0.6,
u′rms/U∞ = 0.017, and Λ = 0.008 m.

The pseudo three-dimensional turbulence is injected into a two-dimensional CAA domain con-

taining a NACA 0001 aerofoil, and fluctuating velocity samples are collected for the validation of the

turbulence statistics. Figure 4.5 illustrates one-dimensional spectra that are calculated near the aerofoil

leading edge. A good agreement is found between numerical and analytical spectra, with the largest

disagreement being about 1.5 dB.
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Figure 4.5: Analytical one-dimensional von Kármán spectra of three-dimensional turbulence with
M∞ = 0.6, u′rms/U∞ = 0.017, and Λ = 0.008 m, in comparison with the corresponding numerical
spectra using pseudo three-dimensional turbulence. Numerical spectra were obtained from a monitor
point on the stagnation line, which is placed 0.02c upstream of the leading edge of a NACA 0001
aerofoil. The reference length and speed are Lre f = 1 m and Ure f = 1 m/s, respectively.

Additionally, fluctuating pressure, density, and velocity samples are collected at 540 grid points

on the aerofoil surface. Then, unsteady data are copied in the spanwise direction over the full span.

Three different spanwise resolutions are tested, d/∆z = 5, 15, 30, where ∆z is the spanwise length of

the each panel in the FW-H solver, as shown in Figure 4.4. The aerofoil semi-span is assumed to be

d = 0.225 m for the noise computation, which is similar to that of aerofoils tested by Gruber [85] and

Chaitanya et al. [87] in open-jet wind tunnel experiments.

Figure 4.6a shows PWL and SPL spectra at different observer locations. For the PWL calculation,

the sound power from three-dimensional aerofoils is computed in this thesis as

P(ω) =
dr0

ρ∞c∞

∫ 2π

0
S pp(r0, θ, ω)F(θ,M∞)dθ. (4.14)

An under-prediction of about 2 dB is observed at all frequencies in Figure 4.6a when the spanwise

resolution is d/∆z = 5. Nevertheless, noise results are weakly affected by the tested spanwise resolu-

tions, and d/∆z ≥ 15 is sufficient to generate a well-defined three-dimensional aerofoil with straight

leading edge. In these cases, the agreement between analytical and numerical noise levels is better

than 1.5 dB. Additionally, Figure 4.6b shows the directivity pattern at 8000 Hz, which corresponds to

the highest frequency that has been computed for this validation case. The location and shape of the

lobes and the noise levels closely follow those predicted by using the analytical model of Amiet [39].
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Figure 4.6: Noise predictions at r0 = 100c for a three-dimensional NACA 0001 aerofoil at M∞ = 0.6.

4.3 Simulations of a NACA 0012 Aerofoil at Zero Angle of Attack

In this section, CAA simulations using fully and pseudo three-dimensional turbulence are per-

formed to reproduce the experiment of Paterson and Amiet [79, 150]. The aim is to assess the advan-

tages, limitations, and accuracy of each approach to perform leading edge noise predictions that can

be compared with experimental measurements. Although a certain degree of anisotropy was found in

the grid-generated turbulence, CAA simulations are performed by using isotropic synthetic turbulence

for the comparison with experimental data.

4.3.1 Experimental Setup

Paterson and Amiet [79, 150] performed a series of aerodynamic and acoustic measurements on a

NACA 0012 aerofoil at different mean flow speeds and angles of attack. Since the effect of the angle

of attack was found to be small (below 2 dB at AoA = 8o), the zero angle of attack configuration has

been chosen here for the numerical analysis. The aerofoil chord and span were 0.23 m and 0.53 m,

respectively. The experiment was conducted at mean flow speeds of 60 m/s, 90 m/s, and 120 m/s in

the test section for frequencies up to 3000 Hz.

The isotropic von Kármán spectrum was found to be in good agreement with hotwire measure-

ments across the test section. Consequently, the turbulence intensity was approximately equal for

streamwise and transverse disturbances, which are presented in Table 4.3. Although the turbulence

intensity was different for the various jet speeds tested, the integral length scale was nearly 0.03 m in
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all cases. A microphone array was placed in the acoustic far-field, outside the jet shear layer, at 2.25 m

from the aerofoil centreline in the mid-span plane. Figure 4.7 shows a schematic representation of the

experimental setup.

U∞ u′rms/U∞ Λ [m]

60 m/s 0.039 0.03

90 m/s 0.048 0.03

120 m/s 0.041 0.03

Table 4.3: Turbulence intensity and integral length scale for various jet speeds in the experiment of
Paterson and Amiet [79].
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o
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x
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Figure 4.7: NACA 0012 aerofoil in the experimental setup of Paterson and Amiet [79].

The presence of strong mean flow gradients in the jet shear layer can produce numerical instabil-

ities in CAA simulations [145]. To avoid this, an inviscid mean flow with no shear layer is used for

the numerical simulations. This could lead to variations in aerofoil loading and pressure coefficient

between the experiment and the CAA simulations. The effect of this assumption on the noise predic-

tions is discussed in Section 4.5. It should also be noted that the experimental apparatus has not been

included in the CAA simulations. Thus, installation effects, such as acoustic reflections with the jet

nozzle, are neglected.
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4.3.2 Numerical Setup for Fully Three-Dimensional Turbulence

Fully three-dimensional CAA simulations are challenging due to the associated increase in the

computational cost. In order to minimise its impact, a three-dimensional mesh is generated by extrud-

ing a two-dimensional mesh in the spanwise direction. The mesh topology and grid details around the

aerofoil are shown in Figure 4.8, and further details can be found in Appendix C.

(a) Mesh topology and blocks. (b) Mesh in the leading edge region.

Figure 4.8: Three-dimensional CAA mesh of a NACA 0012 aerofoil at AoA = 0o.

The spanwise extent of the CAA domain is set to Lspan = 2re, where re = 3 max {Λi} /2 according

to the values given in Table 4.4 for the Gaussian superposition using Equation 4.7. This corresponds

to the minimum length to introduce a whole three-dimensional eddy without truncation, and ensures

that the spanwise correlation of the velocity fluctuations is statistically zero for a spanwise separation

equivalent to the width of the CAA domain. This numerical strategy allows the simulation of a wing

with a reduced span, where the ratio between the wing span in the experiment and the width of the

CAA mesh is 2d/Lspan = 1.9. Since the pressure spectral density is proportional to the semi-span

(see Equation 4.10), numerical SPL predictions can be scaled by 10 log10(2d/Lspan) to account for the

full span of the real aerofoil. A similar strategy was adopted by Clair et al. [38] when performing

three-dimensional CAA simulations with reduced span.

Periodic boundary conditions were used on the spanwise edges of the CAA domain. To this end,

the injection plane has been extended in the spanwise direction to account for the truncation of the

eddies that are close to the edges, and thus preserve the periodicity condition in the fluctuating velocity
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field. This was achieved by generating ghost eddies on the opposite side of the injection plane in the

spanwise direction, as shown in Figure 4.9. Each ghost eddy has the same characteristics, such as

direction of rotation, as its corresponding eddy within the CAA domain. This ensures the continuity

of the turbulent structures across the spanwise edges.

u′2rms,i [m2/s2]

ith Gaussian eddy Λi [m] (U∞ = 60 m/s) (U∞ = 90 m/s) (U∞ = 120 m/s)

1 9.284 × 10−2 2.317 × 10−1 7.898 × 10−1 1.024

2 5.116 × 10−2 4.064 × 10−1 1.385 1.797

3 2.848 × 10−2 3.968 × 10−1 1.352 1.754

4 1.607 × 10−2 3.147 × 10−1 1.073 1.391

5 8.086 × 10−3 2.435 × 10−1 8.301 × 10−1 1.077

6 5.333 × 10−3 1.752 × 10−1 5.971 × 10−1 7.742 × 10−1

Table 4.4: Parameters for Gaussian superposition to obtain the three-dimensional von Kármán spec-
trum with the turbulence intensity and integral length scale of Paterson and Amiet’s experiment [79].

re

re
x

y

z

re

re

eddy within
CAA domain

ghost eddy spanwise edge 
of CAA domain

spanwise edge 
of CAA domainΔe
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Figure 4.9: Three-dimensional injection plane with periodic boundary conditions (abbreviated as b.c.)
for the advanced digital filter method.

Figure 4.10 shows instantaneous plots of the NACA 0012 aerofoil. Synthetic turbulence is intro-

duced locally upstream of the aerofoil leading edge. As expected for isotropic turbulence, the size of

the turbulent structures is similar in different spatial directions throughout the CAA domain. Contours

of fluctuating pressure at the aerofoil mid-span plane exhibit the same dipole-like pattern as in purely

two-dimensional CAA simulations (see Figure 3.10).



Chapter 4: Numerical Predictions of Open-Jet Wind Tunnel Experiments 93

(a) Iso-contours of constant Q-criterion coloured by non-
dimensional fluctuating velocity magnitude, ‖u′‖ /c∞.

(b) Contours of non-dimensional fluctuating pressure at mid-
span plane, p′/ρ∞c2

∞.

Figure 4.10: Instantaneous contour plots of a three-dimensional NACA 0012 aerofoil at U∞ = 60 m/s
and AoA = 0o.

4.3.3 Numerical Setup for Pseudo Three-Dimensional Turbulence

Table 4.5 shows the parameters for the Gaussian superposition using pseudo three-dimensional

turbulence. Since the integral length scale was approximately 0.03 m in all experimental configura-

tions, the same values of Λi for i = 1, ...,Ne are suitable to reproduce the von Kármán energy spectrum

for different jet speeds.

u′2rms,i [m2/s2]

ith Gaussian eddy Λi [m] (U∞ = 60 m/s) (U∞ = 90 m/s) (U∞ = 120 m/s)

1 1.551 × 10−1 2.751 × 10−4 8.480 × 10−4 9.950 × 10−4

2 9.045 × 10−2 3.015 × 10−3 9.294 × 10−3 1.090 × 10−2

3 4.934 × 10−2 4.425 × 10−3 1.364 × 10−2 1.601 × 10−2

4 2.495 × 10−2 2.468 × 10−3 7.608 × 10−3 8.927 × 10−3

5 1.206 × 10−2 9.319 × 10−4 2.873 × 10−3 3.371 × 10−3

6 4.824 × 10−3 5.173 × 10−4 1.595 × 10−3 1.871 × 10−3

Table 4.5: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity
field with the statistics of the three-dimensional von Kármán spectrum assuming kz = 0, and with the
turbulence intensity and integral length scale in the experiment of Paterson and Amiet [79].
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4.3.4 Comparison with Experimental Results

Paterson and Amiet [79] compared their experimental measurements with analytical results from

a flat plate. The latter were corrected to account for the sound refraction through the shear layer

[80, 81]. The same correction is applied here to numerical results from CAA simulations, in which

the shear layer is not included. Figure 4.11 shows a schematic of the jet shear layer, which is assumed

to be parallel to the flow with zero thickness. In the experimental setup, a microphone that is located

at (r0, θ) corresponds to an observer at (r0, θc) in the CAA simulation. According to Amiet [80], the

geometric relationships between the different angles are given by

tan θc =
ζ

β2 cos θ′ + M∞
, cot θ =

h
H

cot θc + (1 −
h
H

) cot θ′, (4.15)

where ζ =
[
(1 − M∞ cos θ′)2

− cos2 θ′
]1/2

is defined for brevity. Additionally, an amplitude correction

is required to account for potential attenuations or amplifications of the sound. The fluctuating pressure

at the microphone location, p′, is related to the fluctuating pressure in the absence of a shear layer, p′c,

by [80]
p′c
p′

=

{
h csc θ′

r0ζ2

[
sin θ′ +

(H
h
− 1

)
ζ
]1/2 [

sin3 θ′ +
(H

h
− 1

)
ζ3

]1/2}
×

1
2 sin θ′

[
M2
∞

(
1 − M∞ cos θ′

)2
+

(
1 − M2

∞ cos2 θ′
)]1/2 [

ζ + sin θ′
(
1 − M∞ cos θ′

)2
]
. (4.16)
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Figure 4.11: Configuration for shear layer correction in an open-jet wind tunnel.

Figure 4.12 shows the amplitude and angle corrections for the shear layer at various jet speeds.

These corrections are applied from the aerofoil mid-chord, which is assumed to be the noise source.

Table 4.6 summarises the corrections that are considered for the numerical results. For a microphone

at θ = 90o, the largest deviation in the observer angle occurs at the highest speed, θ − θc = 16o for
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U∞ = 120 m/s. However, the amplitude corrections are less than 1 dB. Therefore, including the shear

layer correction is expected to have a small effect in the numerical noise predictions, at least for the

tested cases. This might not be the case for acute upstream observer angles, θ > 130, in which the

amplitude and angle corrections are particularly strong, as is shown in Figure 4.12. Note that the

shear layer correction could have been applied from the aerofoil leading edge instead of the aerofoil

mid-chord, however, this would have a small impact for the configurations investigated in this section.
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Figure 4.12: Shear layer correction at various jet speeds with r0 = 2.25 m and h/r0 = 0.177.

U∞ [m/s] θc [o] ∆SPL = 20log10(p′/p′c) [dB]

60 82 -0.20

90 77 -0.44

120 74 -0.73

Table 4.6: Shear layer corrections for CAA simulations with r0 = 2.25 m, h/r0 = 0.177, and θ = 90o.

Figure 4.13 shows SPL spectra from numerical simulations and experimental measurements at

an observer angle of θ = 90o. Both fully and pseudo three-dimensional turbulence predict similar

trends and noise levels at all frequencies, with discrepancies between both approaches of less than

2 dB. This indicates that leading edge noise of a three-dimensional aerofoil with realistic geometry

can be predicted from the two-dimensional aerofoil response, which is consistent with the results

reported by Glegg and Devenport [77] for incompressible flows. Additionally, the agreement between

experimental and numerical results is better than 3 dB for the majority of tested frequencies and cases,

especially at low speed. This suggests that the isotropic turbulence assumption is sufficiently good

to reproduce experimental noise measurements. However, as the tunnel speed increases, numerical
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simulations over-predict the experiment. For example, the largest disagreement is about 4.5 dB at

frequencies around 2500 Hz for the jet speed of 90 m/s. It should be noted that for frequencies above

2000 Hz, Paterson and Amiet [79] applied amplitude corrections of up to 4 dB to the experimental data.

This was due to the wind tunnel background noise, which caused some uncertainty in the experimental

data. Additionally, some necessary inputs for the numerical simulations had to be assumed since

these were not specified by Paterson and Amiet [79]. For example, the mean flow density was set to

1.2 kg/m3 for the numerical simulations.

An important assumption of the present methodology is that the FW-H solver considers noise

propagation in a uniform mean flow before the shear layer correction is applied to the numerical

predictions. This implies that potential distortions in the noise radiation due to mean flow gradients

around the aerofoil are not included. Although SPL spectra at more observer locations are required to

make further conclusions, the shape of the numerical curves follow the trends predicted experimen-

tally.
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Figure 4.13: Experimental noise measurements and CAA simulations of a NACA 0012 aerofoil at
AoA = 0o. Experimental data digitised from the work of Paterson and Amiet [79].

In terms of computational cost, the total time divided by the number of time steps, grid points

and processors is of the same order of magnitude in both numerical approaches. This result suggests

that the computation of fully three-dimensional turbulence is not behind the increased computational

cost of three-dimensional simulations. For the same number of time steps and processors, fully three-

dimensional simulations are more expensive due to the larger number of grid points (about 22 million)

when compared to the two-dimensional mesh (about 0.4 million), and also due to the larger number

of governing equations that must be solved. The good agreement between both approaches shows that

the pseudo three-dimensional turbulence approach constitutes an accurate low-cost alternative to fully

three-dimensional simulations for wings with straight leading edge and constant cross-section.
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4.4 Simulations of Symmetric Aerofoils at Zero Angle of Attack

Chaitanya et al. [87] measured far-field noise from a number of symmetric aerofoils with thick-

nesses ranging from tA/c = 0.06 to 0.24. Experimental results showed a good agreement when com-

pared to CAA predictions using synthetic turbulence based on Fourier modes. In this section, this

experiment is reproduced using the pseudo three-dimensional turbulence approach, which has been

shown to provide similar results to fully three-dimensional simulations at a reduced computational

cost in Section 4.3.

4.4.1 Experimental and Numerical Setup

NACA 0006-63, NACA 0012-103, and NACA 0024-63 aerofoils were tested in the ISVR open-jet

wind tunnel with c = 0.15 m and d = 0.225 m. These aerofoils correspond to modified versions of the

classic NACA aerofoils to include independent modifications of leading edge radius and chordwise

location of maximum thickness. Tested aerofoils are shown in Figure 4.14. Further details on how to

generate NACA aerofoils of the 4-digit modified series are given in References [94, 151].
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Figure 4.14: Aerofoils tested in the experiment of Chaitanya et al. [87].

The jet speed was set to U∞ = 60 m/s and the characteristics of the turbulent flow in the test section

were u′rms/U∞ = 0.025 and Λ = 0.008 m. For these input parameters, the Gaussian superposition tech-

nique is used to reproduce the isotropic von Kármán spectrum. Using the pseudo three-dimensional

turbulence approach, the parameters for the Gaussian superposition are presented in Table 4.7. For

each aerofoil geometry, an inviscid mean flow with no shear layer was used in the CAA simulations.

This allows a direct comparison with the experimental results presented by Chaitanya et al. [87], in

which the effect of the shear layer on the noise was corrected.
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ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 3.618 × 10−2 7.861 × 10−5

2 2.029 × 10−2 4.021 × 10−4

3 1.091 × 10−2 3.672 × 10−4

4 5.524 × 10−3 2.020 × 10−4

5 2.199 × 10−3 1.265 × 10−4

Table 4.7: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity
field with the statistics of the three-dimensional von Kármán spectrum assuming kz = 0, and with
U∞ = 60 m/s, u′rms/U∞ = 0.025, and Λ = 0.008 m.

An array of 11 microphones was placed in the acoustic far-field at a distance of r0 = 1.2 m from

the aerofoil leading edge. The microphones were uniformly distributed from 40o to 140o, relative to

the downstream direction. Figure 4.15 shows a schematic representation of the experimental setup.

r0=1.2 m
θ=140

2h=c

o θ=40
o

θ
x

y

Figure 4.15: Symmetric NACA aerofoil in the experimental setup of Chaitanya et al. [87].

4.4.2 Comparison with Experimental Results

Untreated experimental data from an open-jet wind tunnel using grid-generated turbulence usually

include jet noise from the nozzle, leading edge noise from the turbulence impinging on the aerofoil,

and aerofoil self-noise from the boundary layer passing by the trailing edge. In contrast, CAA simula-

tions in this thesis only include leading edge noise, since turbulence is injected into the CAA domain

without producing jet noise, and the turbulent boundary layer is not included in the numerical mod-

elling. Figure 4.16 shows SPL spectra at 90o above the aerofoil mid-chord, in which experimental

data were treated by Chaitanya et al. [87] to remove shear layer effects on the noise propagation. The

discrepancy at low frequencies is due to jet noise in the experiment, which is dominant for frequen-
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cies below 800 Hz. When leading edge noise is the dominant source of noise, the agreement between

numerical and experimental predictions is within 2 dB at most frequencies. However, numerical pre-

dictions exhibit a larger disagreement close to the frequency in which aerofoil self-noise is expected

to be dominant. This threshold arises at lower frequencies for thicker aerofoils, at approximately

f tA/U∞ = 1 for the tested configurations. It is concluded that the advanced digital filter method using

pseudo three-dimensional turbulence is able to reproduce the experimental results with a similar level

of accuracy as the Fourier mode method used by Chaitanya et al. [87].
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(b) NACA 0012-103 aerofoil.
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Figure 4.16: Experimental noise measurements at 90o above the aerofoil mid-chord and CAA simula-
tions of NACA 4-digit aerofoils at AoA = 0o. Experimental data digitised from the work of Chaitanya
et al. [87].
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4.5 Simulations of Cambered Aerofoils at Non-Zero Angle of Attack

In the Fan Stage Broadband Noise Benchmarking Programme, an open-jet wind tunnel experiment

of a NACA 65(12)-10 aerofoil was proposed as a benchmark case to study turbulence-aerofoil inter-

action noise [97]. This aerofoil has also been used in previous experimental and numerical studies,

such as those by Gruber [85], Deniau et al. [96], and Clair et al. [38], among others.

In this section, numerical simulations of a NACA 65(12)-10 aerofoil at various angles of attack

are presented using various mean flow modelling assumptions. Inviscid mean flows without jet shear

layer have been shown to produce accurate noise results for symmetric aerofoils at AoA = 0o (see

Sections 4.3 and 4.4). In this section, the suitability of the inviscid mean flow assumption is assessed

on a cambered NACA 65(12)-10 aerofoil. Additionally, a CAA simulation using a viscous mean

flow with the jet shear layer is performed for a high angle of attack configuration. In this case, a

gradient term suppression strategy is used to guarantee the stability of the LEEs. Numerical noise

predictions are compared to experimental measurements available at various observer angles, which

allows a thorough validation of the pseudo three-dimensional turbulence approach.

4.5.1 Experimental and Numerical Setup

Noise measurements of a NACA 65(12)-10 aerofoil at AoA = 0o (baseline) were presented by

Hainaut et al. [97]. The experiment was performed in the same open-jet wind tunnel facility as the

symmetric aerofoils presented in Section 4.4, with the experimental setup shown in Figure 4.15. The

jet speed was set to 60 m/s, and the turbulence intensity and integral length scale were u′rms/U∞ =

0.017 and Λ = 0.008 m, respectively. Table 4.8 shows the parameters for the Gaussian superposition

using the pseudo three-dimensional turbulence approach.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 3.618 × 10−2 3.637 × 10−5

2 2.029 × 10−2 1.859 × 10−4

3 1.091 × 10−2 1.699 × 10−4

4 5.524 × 10−3 9.335 × 10−5

5 2.199 × 10−3 5.847 × 10−5

Table 4.8: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity
field with the statistics of the three-dimensional von Kármán spectrum assuming kz = 0, and with
U∞ = 60 m/s, u′rms/U∞ = 0.017, and Λ = 0.008 m.
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Noise results for the NACA 65(12)-10 aerofoil presented by Gruber [85] showed a 2 dB difference

between the baseline and the AoA = 15o configuration at U∞ = 60m/s, i.e., the effect of angle of attack

on the noise predictions was found to be small. However, the angle of attack introduces significant

variations in the mean flow distribution around the aerofoil. A downwards jet deflection was reported

for the AoA = 15o configuration, which reduced the effective angle of attack perceived by the aerofoil.

For symmetric aerofoils, Brooks et al. [152] defined the effective angle of attack for a two-dimensional

wind tunnel as the result of dividing the geometric angle of attack by [(1 + 2σe)2 +
√

12σe], where

σe = (π2/48)[c/(2h)]2 and 2h is the jet vertical length, as shown in Figure 4.15. Assuming that

the correction is suitable for cambered aerofoils, the effective angle of attack for a NACA 65(12)-10

aerofoil at AoA = 15o would be of approximately 4.21o, as reported by Gruber [85]. Figure 4.17

shows a NACA 65(12)-10 aerofoil at various angles of attack.
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Figure 4.17: NACA 65(12)-10 aerofoil at various angles of attack.

For the CAA simulations, the aerofoil is tested at angles of attack of 0o and 4.21o using an inviscid

mean flow without jet, and 15o using a viscous mean flow with jet. The aerofoil is rotated around

the leading edge, such that the distance from the leading edge to far-field observers is similar in all

configurations. Gruber [85] found a recirculation bubble on the pressure surface near the leading

edge for the AoA = 0o configuration. However, such a recirculation bubble cannot be included in

the inviscid mean flow solutions without jet. The viscous mean flow with the jet was computed by

using the Spalart-Allmaras turbulence model for the RANS equations with zero shear stress on the

aerofoil wall. Consequently, the boundary layer on the aerofoil surface and recirculation bubbles are

not included in the mean flow solution, which is consistent with the slip-wall boundary condition that

is used by the LEEs. The absence of the recirculation bubble in the CAA simulations is expected

to have a small effect on the noise results. This is because the distortion of the turbulence spectra,

which has been identified as an important contributor to aerofoil geometry effects on the noise, occurs

upstream of the leading edge.

Figure 4.18 shows contours of mean flow Mach number and non-dimensional vorticity magnitude

around a NACA 65(12)-10 aerofoil. For the AoA = 4.21o configuration in the freestream, there is a
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small deviation of the turbulent structures due to the aerofoil camber and angle of attack. However,

when the jet of the wind tunnel is modelled, the deflection of the jet mean flow forces the turbulent

structures to move downwards. An increase in the vorticity contours can also be observed in the shear

layer due to the strong mean flow gradients, which stretch the turbulent structures. In such a case,

the LEEs diverge due to the development of Kelvin-Helmholtz instabilities [145]. To avoid this, the

simulation using a viscous mean flow with jet was performed by means of a simplified version of the

LEEs that removes the term ∂U0,x/∂y from the governing equations. This numerical simplification

was shown to produce stable LEE results without significant loss of accuracy by Bogey et al. [153],

when studying the sound propagation of a low-frequency monopole in a sheared mean flow.

(a) Aerofoil at AoA = 4.21o in an inviscid mean flow without
jet (freestream).

(b) Aerofoil at AoA = 15o in a viscous mean flow with jet.

Figure 4.18: Contours of mean flow Mach number (grey scale) and non-dimensional vorticity magni-
tude (‖∇ × u′‖ Lre f /c∞, colour scale) around a NACA 65(12)-10 aerofoil.

In the experiment, the separation between the nozzle exit and the leading edge is equal to the

aerofoil chord, as shown in Figure 4.15. For the simulation using a viscous mean flow with jet, such

a small distance is not sufficient to inject the eddies without truncation and to include a buffer zone.

Consequently, the mean flow variables at the plane of the nozzle exit have been copied to all grid

points in the CAA domain that are upstream of the nozzle exit.

4.5.2 Comparison with Experimental Results

The pressure coefficient, Cp, of the CFD mean flow simulations is compared to experimental data

in Figure 4.19. The amplitude of the Cp on the aerofoil surface is over-predicted for the freestream

configurations (no jet), especially on the suction side. It is concluded that the Cp computed by the
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aerofoil in the freestream at 4.21o cannot reproduce the experimental pressure distribution around the

aerofoil at AoA = 15o, and therefore the aerofoil loading is significantly affected by the absence of the

jet. This conclusion is supported by the viscous mean flow simulation with the jet, which is able to

closely reproduce the trends and levels of the Cp distribution at AoA = 15o, despite the fact that shear

stress has been neglected on the aerofoil surface. Including the jet of the experimental setup plays an

important role in the correct modelling of the mean flow around the aerofoil.
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Figure 4.19: Cp for a NACA 65(12)-10 aerofoil at U∞ = 60 m/s.

Figure 4.20 shows SPL spectra at several microphone locations measured from the aerofoil leading

edge. In this case, experimental and numerical results are presented without applying a shear layer

correction. This is because the amplitude and angle corrections are expected to be small for observer

angles around 90o at low jet speeds (U∞ = 60 m/s in this experiment). Additionally, applying the

shear layer correction might be inaccurate for the aerofoil at AoA = 15o due to the strong deflection

of the jet and the shear layer, which is broadened (see Figure 4.18b).

As shown in Figure 4.20, numerical simulations of the aerofoil at AoA = 15o in the jet configu-

ration, and AoA = 4.21o in the freestream, predict noise levels to within 2 dB. This suggests that the

aerofoil loading and mean flow modelling assumptions play a small role in the accuracy of the CAA

results. The simulation with the aerofoil at AoA = 0o shows consistently higher noise levels at high

frequencies than those at non-zero angle of attack, especially at upstream observer angles. Gruber [85]

found experimentally a small noise reduction with increasing the angle of attack of a NACA 65(12)-10

aerofoil, which was associated with non-homogeneous turbulence across the test section and potential

variations in the leading edge location when changing the angle of attack. Similar trends in the noise

results are shown in Figure 4.20 for the CAA simulations, although the aerofoil leading edge was
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kept at a fixed location (see Figure 4.17) and completely isotropic turbulence was used. Nevertheless,

the differences in noise levels between all numerical computations at different angles of attack are

small (less than 4 dB), which suggests that moderate variations in the angle of attack are not necessary

to be included in CAA simulations in order to obtain a representative leading edge noise prediction.

Finally, the comparison between numerical and experimental noise predictions at AoA = 0o shows

an agreement to within 2 dB for the frequency range in which leading edge noise is dominant. The

disagreement at low frequencies ( f < 800 Hz) is due to jet noise from the nozzle in the open-jet wind

tunnel.
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(b) θ = 90o.
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(c) θ = 110o.
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Figure 4.20: SPL spectra for a NACA 65(12)-10 aerofoil at various observer angles. Experimental
data digitised from the work of Hainaut et al. [97].
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4.6 Summary

In this chapter, the advanced digital filter method has been extended to realise a fully three-

dimensional turbulent flow. The method is validated to reproduce a target isotropic spectrum through

a superposition of three-dimensional Gaussian eddies that define a new eddy shape. Additionally, a

pseudo three-dimensional approach has been developed to perform low-cost CAA simulations that

can be used to reproduce experimental measurements without applying correction factors for the ve-

locity spectra and the three-dimensional sound propagation in the free field. Firstly, two-dimensional

synthetic turbulence with the key statistics of three-dimensional turbulence is generated. This can be

achieved if E(2D) is forced to reproduce the shape of E(3D)/(4k) with kz = 0 in the two-dimensional

Gaussian superposition. Secondly, unsteady data from a two-dimensional CAA simulation are col-

lected on the aerofoil surface and copied in the spanwise direction to produce a three-dimensional

surface. This is used as an input for a three-dimensional FW-H solver that radiates the noise to the

far-field. Both fully and pseudo three-dimensional synthetic turbulence approaches have been used to

reproduce experimental measurements of leading edge noise from a number of open-jet wind tunnel

facilities. The main findings are summarised as follows:

• From a computational perspective, the generation of fully three-dimensional turbulence with

the advanced digital filter method does not noticeably slow down the code. Three-dimensional

simulations of leading edge noise were found to be more expensive due to the increased number

of grid points and governing equations to be solved.

• The pseudo three-dimensional turbulence approach has been successfully validated for a NACA

0001 aerofoil with straight leading edge. The agreement between the analytical prediction of

Amiet [39] and the numerical results is better than 1.5 dB, if the numerical spanwise resolution

satisfies d/∆z ≥ 15.

• Additionally, the pseudo three-dimensional turbulence approach has been found to be suffi-

ciently generic to reproduce experimental noise measurements from different open-jet wind

tunnels to within 3 dB, at least for the tested aerofoil configurations. Consequently, fully

three-dimensional CAA simulations are not required to obtain numerical results from aerofoils

with straight leading edge that can be compared to experimental results. The pseudo three-

dimensional approach constitutes a low-cost numerical methodology that provides satisfactory

results.

• Three-dimensional noise predictions of aerofoils with realistic geometry can be obtained by

CAA modelling of the two-dimensional aerofoil response.

• The assumption of isotropic turbulence was found to be suitable for reproducing experimental

measurements of leading edge noise from single aerofoils in various open-jet wind tunnels.
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• The amplitude and angle corrections to account for the shear layer refraction are small for ob-

server angles at around 90o at low jet speeds. Under these circumstances, shear layer corrections

might not be required to compare experimental and numerical leading edge noise predictions

from open-jet wind tunnel experiments.

• Realistic mean flows, including viscosity and jet with shear layers, can be modelled in LEE

simulations of leading edge noise if ∂U0,x/∂y gradients are suppressed for numerical stability.

• Important discrepancies were found between numerical and experimental Cp distributions for

the freestream and jet configurations. Only the CAA simulation including the open-jet of the

wind tunnel was able to closely match the experimental trends in the Cp distribution.

• Numerical noise results have shown a weak dependence on the mean flow modelling assump-

tions and aerofoil loading. Particularly, inviscid mean flows and aerofoils in the freestream are

acceptable mean flow assumptions to reproduce experimental noise measurements from open-

jet wind tunnels. For example, numerical noise results showed an agreement with experimental

measurements by Chaitanya et al. [87] to within 2 dB.

• Numerical noise predictions of a cambered NACA 65(12)-10 aerofoil showed an insensitivity

to angle of attack and aerofoil mean loading. This confirms that modelling the angle of attack

is not necessary in CAA simulations at the design stage.



Chapter 5

Leading Edge Noise Predictions Using
Anisotropic Turbulence

In previous chapters, leading edge noise predictions of single aerofoils were performed by as-

suming isotropic turbulence. This assumption has been found to be suitable for fundamental studies

of turbulence-aerofoil interaction noise (see Chapter 3), and for numerical predictions of open-jet

wind tunnel measurements using grid-generated turbulence, which is nearly isotropic (see Chapter 4).

However, anisotropic turbulence is present in turbofan engines, as shown in Figure 5.1.

In static test conditions, variations of the order of 102 between the streamwise and transverse

length scales were reported at the fan intake by Kantola and Warren [16], although the level of

anisotropy is notably reduced in flight conditions [15]. Highly anisotropic turbulence can also be

found in the boundary layer that interacts with the fan blade tip [154]. Additionally, anisotropic turbu-

lence has been reported in hotwire measurements of fan wakes. For example, the ratios of streamwise-

to-transverse integral length scales, l(1)
11 /l

(1)
22 and l(1)

11 /l
(1)
33 , can range approximately between 1.4 and 4

depending on the radial location, as can be inferred from the experimental data of Podboy et al. [18].

Note that l(1)
11 /l

(1)
22 = l(1)

11 /l
(1)
33 = 2 for isotropic turbulence6. Ganz et al. [17] found that the isotropic von

Kármán spectrum might be sufficient to represent the spectral distribution of the fan wakes in the mid-

span. However, modelling the anisotropy in the fan wakes is becoming increasingly important. This

is because the next generation of turbofan engines, such as ultra-high bypass ratio turbofan engines, is

expected to decrease the separation between the fan blades and the OGVs.

6See footnote 2.
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(1) (3)fan OGV

(2)

Figure 5.1: Locations where anisotropic turbulence affects leading edge noise in a turbofan engine:
intake (1), boundary layer (2), and fan wakes (3).

Anisotropic turbulence at the fan intake [113] and the fan wakes [18] can be modelled as axisym-

metric turbulence. This type of turbulence corresponds to a simple representation of an anisotropic

flow, in which the root-mean-square velocity and length scale vary in a prevailing direction [155] (such

as the engine axis) and remains isotropic in a plane perpendicular to the prevailing direction. Atassi

and Logue [156] used an axisymmetric turbulence model that is based on rapid distortion theory of

Batchelor and Proudman [146] to study turbulence ingestion noise from the fan intake. Alternatively,

Posson et al. [112] and Hanson [102] adopted the homogeneous axisymmetric turbulence model of

Kerschen and Gliebe [113] in their cascade models for the prediction of fan wake-OGV interaction

noise. This turbulence model was also used by Devenport et al. [78] to study the effect of angle of

attack on the turbulence-aerofoil interaction noise from a NACA 0015 aerofoil.

To date, few works have addressed the effects of anisotropic turbulence on leading edge noise,

despite the anisotropic features of turbulence in turbofan engines. For turbulence that is stretched in

the axial direction, Atassi and Logue [156] and Posson et al. [112] found that the maximum noise level

moved to lower frequencies, followed by a decrease in noise in the mid-frequency range. Furthermore,

analytical models to predict turbulence ingestion noise and fan-OGV interaction noise have been found

to be highly sensitive to input turbulence spectra [112, 114, 156]. Devenport et al. [78] reported a

significant increase in noise levels with increasing angle of attack for turbulence stretched in the axial

direction. However, the study was limited to low frequencies and incompressible Mach numbers.

In light of the above discussion, it is necessary to obtain a more comprehensive insight into the

effects of anisotropic turbulence on leading edge noise. This could be useful to improve current under-

standing of broadband noise from complex fan systems in which anisotropic turbulence is present. In

this chapter, an extensive parameter study is presented to assess the effects of anisotropic turbulence

on leading edge noise. This CAA study includes simulations using moderately anisotropic turbulence,

which is representative of the anisotropy in the fan wakes, and a number of single aerofoil configura-

tions, including variations in aerofoil thickness, mean flow Mach number, and angle of attack, among

others.
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The present chapter is organised as follows. In Section 5.1, the advanced digital filter method

is extended to generate two- and three-dimensional homogeneous anisotropic synthetic turbulence

with Gaussian spectra. Then, fully and pseudo three-dimensional anisotropic turbulence are tested for

CAA simulations of single aerofoils in Section 5.2. Finally, a parameter study is presented in Section

5.3 to assess the effects of anisotropy on turbulence-aerofoil interaction noise. The homogeneous

axisymmetric turbulence model of Kerschen and Gliebe [113] has been adopted for the parameter

study.

5.1 Anisotropic Synthetic Turbulence

In this section, further developments in the advanced digital filter method are presented to generate

homogeneous anisotropic synthetic turbulence with Gaussian spectra. The assumption of homogeneity

allows an explicit control on the resulting velocity spectra, which is convenient for leading edge noise

predictions.

5.1.1 Two-Dimensional Anisotropic Turbulence

In the isotropic version of the advanced digital filter method (see Section 2.2), each eddy intro-

duces a fluctuating velocity field around its centre, acting as a spatial filter with a constant length

scale (Λ) in all spatial directions. However, the governing equations of a two-dimensional Gaussian

eddy can be extended to account for spatial variations in length scales. This is achieved by taking into

account the following aspects in Equations 2.14a and 2.14b:

• For isotropic turbulence, l(1)
11 = l(2)

22 = Λ. However, the length scales may vary in each spatial

direction for anisotropic turbulence. To simplify the notation, the length scales in the streamwise

and transverse directions are written here as lx = l(1)
11 and ly = l(2)

22 , respectively.

• Variations in the filter length in each spatial direction are introduced by taking advantage of

the properties of the exponential function, which allows the separation of the exponential term

exp
[
−πr2

p/(2Λ2)
]
, where r2

p = (x − xp)2 + (y − yp)2, into

A(2D)
p = exp

−π
(
x − xp

)2

2l2x

 exp

−π
(
y − yp

)2

2l2y

 . (5.1)

• By imposing the divergence-free condition on the fluctuating velocity field of each eddy, the

terms u′rms/Λ
2 are conveniently replaced by u′0/l

2
x and u′0/l

2
y , where u′0 is a characteristic velocity

term that controls the amplitude of the anisotropic eddies.
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• The term that controls the eddy density, ∆e, is substituted by
√

∆e,x∆e,y, where ∆e,x and ∆e,y

correspond to the separation between eddy centres in the x- and y-directions, respectively.

Thus, Equations 2.14a and 2.14b can be rewritten for the pth two-dimensional anisotropic Gaussian

eddy as

u′x,p(x) = −

√
2π∆e,x∆e,yεp

(
y − yp

) u′0
l2y

A(2D)
p , (5.2a)

u′y,p(x) =

√
2π∆e,x∆e,yεp

(
x − xp

) u′0
l2x

A(2D)
p . (5.2b)

Note that the equations of a two-dimensional isotropic Gaussian eddy are recovered by setting u′0 =

u′rms, lx = ly = Λ, and ∆e,x = ∆e,y = ∆e in Equations 5.2a and 5.2b.

Figure 5.2 shows contours and streamlines of the fluctuating velocity field introduced by an

anisotropic Gaussian eddy. This type of eddy introduces streamlines with the shape of an ellipse

due to the different length scales involved, i.e., the eddies are stretched in a prevailing direction. In

contrast, isotropic Gaussian eddies introduce circular-shaped streamlines with a constant radius, as

shown in Figure 2.1.

-max{u'x,p} max{u'x,p}

x

y

(a) u′x,p contours and streamlines.

-max{u'y,p} max{u'y,p}

x

y

(b) u′y,p contours and streamlines.

Figure 5.2: Fluctuating velocity field due to a two-dimensional anisotropic eddy with lx = 3ly.

Following the implementation strategy of the advanced digital filter method for isotropic tur-

bulence, eddies are introduced into the CAA domain through a local injection plane to generate

anisotropic turbulence. Figure 5.3 shows a schematic of the numerical implementation. Since the

limiting values of the eddy radius and eddy spacing can be expressed as a function of the length

scales, the correct statistics of the anisotropic turbulent flow are recovered provided that re,x ≥ 3lx/2,

re,y ≥ 3ly/2, ∆e,x ≤ lx/2, and ∆e,y ≤ ly/2. These limiting values are based on those obtained from a

parameter study in Appendix B.
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M
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y

x

re,y
re,x

re,y

8

Δe,x

Δe,y

Δe,x

Δe,y

Figure 5.3: Injection plane and parameters to generate anisotropic turbulence. Light grey background
represents the region where the desired statistical properties are reproduced.

The spectral content of turbulent flows generated by using two-dimensional anisotropic Gaussian

eddies is defined by the streamwise and transverse velocity spectra

Φ
(2D)
11 (kx, ky) =

2
π3 u′20 l2xl2yk2

y exp
(
−

l2xk2
x

π

)
exp

− l2yk2
y

π

 , (5.3a)

Φ
(2D)
22 (kx, ky) =

2
π3 u′20 l2xl2yk2

x exp
(
−

l2xk2
x

π

)
exp

− l2yk2
y

π

 , (5.3b)

respectively. The root-mean-square velocities of the anisotropic turbulent flow are obtained through

the integration of their corresponding velocity spectrum over all wavenumbers, which gives u′x,rms =

u′0
√

lx/ly and u′y,rms = u′0
√

ly/lx. Hence, the ratio of root-mean-square velocity components is propor-

tional to the ratio of length scales, i.e.,

u′x,rms/u
′
y,rms = lx/ly. (5.4)

This relationship, which is a consequence of the divergence-free condition, implies that it is only

possible to take control of 3 of the parameters u′x,rms, u′y,rms, lx, and ly. Furthermore, Equation 5.4

indicates that an increase in a particular length scale is associated with an increase in the velocity

fluctuations in the corresponding direction, if the rest of parameters remain constant.

The numerical implementation of the synthetic turbulence method was validated by using turbu-

lence stretched in both streamwise and transverse directions with the same turbulent kinetic energy,

K = (u′2x,rms + u′2y,rms)/2 = const. Figure 5.4 shows analytical and numerical one-dimensional spectra,

where an agreement of better than 1.5 dB is found at all frequencies. This level of accuracy, which is

similar to that reported for the advanced digital filter method using isotropic turbulence in Section 2.2,

validates the numerical implementation.
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(b) Turbulence stretched in the transverse direction with ly =

3lx, lx = 0.004 m.

Figure 5.4: One-dimensional spectra of two-dimensional anisotropic Gaussian turbulence with u′20 =

3 m2/s2. The injection plane parameters are re,x = 3lx/2, re,y = 3ly/2, ∆e,x = lx/2, and ∆e,y = ly/2.
The reference speed is Ure f = 1 m/s.

5.1.2 Three-Dimensional Anisotropic Turbulence

The fluctuating velocity field of a three-dimensional isotropic Gaussian eddy, which is defined by

Equations 4.5a-4.5c, can also be extended to account for anisotropy. Following a similar approach

as in Section 5.1.1, the fluctuating velocity field introduced by the pth three-dimensional anisotropic

Gaussian eddy is given by

u′x,p(x) =

√
π∆e,x∆e,y∆e,z

ε2,p
(
z − zp

)
l2z

−
ε3,p

(
y − yp

)
l2y

 u′0(
lxlylz

)1/6 A(3D)
p , (5.5a)

u′y,p(x) =

√
π∆e,x∆e,y∆e,z

[
ε3,p (x − xe)

l2x
−
ε1,p (z − ze)

l2z

]
u′0(

lxlylz
)1/6 A(3D)

p , (5.5b)

u′z,p(x) =

√
π∆e,x∆e,y∆e,z

ε1,p (y − ye)

l2y
−
ε2,p (x − xe)

l2x

 u′0(
lxlylz

)1/6 A(3D)
p , (5.5c)

where εi,p are random numbers that can take ±1 for i = 1, 2, 3, and A(3D)
p corresponds to the exponential

term

A(3D)
p = exp

−π
(
x − xp

)2

2l2z

 exp

−π
(
y − yp

)2

2l2y

 exp

−π
(
z − zp

)2

2l2x

 . (5.6)
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In order to realise a fully three-dimensional turbulent flow, the injection plane is extended in the

spanwise direction as shown in Figure 5.5a. It should be noted that the length of the filters are similar

for two- and three-dimensional eddies, since A(2D)
p and A(3D)

p have similar definitions. Therefore,

the correct turbulence statistics can be recovered provided that the radius of the eddies satisfies re,x ≥

3lx/2, re,y ≥ 3ly/2, and re,z ≥ 3lz/2, and the eddy spacing in each spatial direction is ∆e,x ≤ lx/2, ∆e,y ≤

ly/2, and ∆e,z ≤ lz/2. The resulting velocity spectra using three-dimensional anisotropic Gaussian

eddies are given by

Φ
(3D)
11 (kx, ky, kz) =

u′20
π4

(
lxlylz

)5/3 (
k2

y + k2
z

)
exp

− l2xk2
x + l2yk2

y + l2z k2
z

π

 , (5.7a)

Φ
(3D)
22 (kx, ky, kz) =

u′20
π4

(
lxlylz

)5/3 (
k2

x + k2
z

)
exp

− l2xk2
x + l2yk2

y + l2z k2
z

π

 , (5.7b)

Φ
(3D)
33 (kx, ky, kz) =

u′20
π4

(
lxlylz

)5/3 (
k2

x + k2
y

)
exp

− l2xk2
x + l2yk2

y + l2z k2
z

π

 . (5.7c)

The numerical implementation is validated in Figure 5.5b, which shows analytical and numerical

one-dimensional spectra of three-dimensional anisotropic Gaussian turbulence with u′20 = 3 m2/s2,

lx = 0.008 m, ly = 2lx, and lz = 3lx. The values of the length scales have been chosen to generate

moderately anisotropic turbulence that is stretched in the transverse and spanwise directions. Con-

sequently, the transverse and spanwise one-dimensional spectra, E(3D)
22 and E(3D)

33 respectively, do not

overlap onto a single curve, as would be expected for isotropic turbulence. Numerical and analytical

results exhibit an agreement of better than 1.5 dB.

x
y

z

Δe,y

Δe,z

M 8

re,x

Δe,x

re,z
re,y

(a) Turbulence injection plane.
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Figure 5.5: Three-dimensional anisotropic Gaussian turbulence with u′20 = 3 m2/s2, lx = 0.008 m,
ly = 2lx, and lz = 3lx. The injection plane parameters are re,x = 3lx/2, re,y = 3ly/2, re,z = 3lz/2,
∆e,x = lx/2, ∆e,y = ly/2, and ∆e,z = lz/2.
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5.2 Investigation into the Spanwise Wavenumber

In Chapter 4, the pseudo three-dimensional turbulence approach was found to be suitable for lead-

ing edge noise predictions of aerofoils with straight leading edge and constant spanwise cross-section.

This approach is based on the assumption that only the spanwise wavenumber kz = 0 contributes to

the far-field noise at the mid-span plane, due to the symmetry of the flat plate configuration studied

by Amiet [39]. However, CAA simulations in Chapter 4 were intended for isotropic turbulence. This

section performs leading edge noise predictions using fully and pseudo three-dimensional anisotropic

turbulence. The aim is to assess the influence of the spanwise wavenumber on leading edge noise

predictions when using anisotropic turbulence. To this end, a NACA 0012 aerofoil at AoA = 0o is

simulated using an inviscid mean flow with M∞ = 0.3. The aerofoil chord and semi-span were set to

c = 0.15 m and d = 0.1125 m, respectively.

5.2.1 Numerical Setup for Fully Three-dimensional Turbulence

Fully three-dimensional anisotropic Gaussian turbulence was injected into the CAA domain with

u′20 = 3 m2/s2, lx = 0.008 m, ly = 2lx, and lz = 3lx, as shown in Figure 5.6. The turbulent structures are

predominantly elongated in the spanwise direction, which is convenient to study possible effects of the

spanwise wavenumber on the noise. Note that periodic boundary conditions are set in the spanwise

direction, as explained in Section 4.3.2.

Figure 5.6: Iso-contours of constant Q-criterion coloured by non-dimensional fluctuating velocity
magnitude, ‖u′‖ /c∞, interacting with a three-dimensional NACA 0012 aerofoil at M∞ = 0.3 and
AoA = 0o. Three-dimensional anisotropic Gaussian turbulence was generated with u′20 = 3 m2/s2,
lx = 0.008 m, ly = 2lx, and lz = 3lx.
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5.2.2 Numerical Setup for Pseudo Three-dimensional Turbulence

The pseudo three-dimensional turbulence approach (see Section 4.2) is also used here to reduce

the computational cost associated with fully three-dimensional simulations. The purpose is to model

the aerofoil response from a two-dimensional CAA simulation. Then, a three-dimensional FW-H

solver is used for the far-field noise radiation. The CAA simulation of the NACA 0012 aerofoil was

performed by using two-dimensional anisotropic turbulence with u′20 = 0.019 m2/s2, lx = 0.008 m,

and ly = 2lx, as described in Section 5.1.1. These input parameters ensure that the resulting two-

dimensional velocity spectra from Equations 5.3a and 5.3b are similar in shape and levels to those

defined by Equations 5.7a and 5.7b for three-dimensional turbulence, if kz = 0 is assumed.

5.2.3 Influence of Spanwise Wavenumber on Leading Edge Noise

Figure 5.7 shows PWL spectra of NACA 0012 aerofoils from the CAA simulations and the

flat plate prediction using the analytical model of Amiet [39] with the upwash velocity spectrum

of anisotropic turbulence. Similar noise predictions can be obtained from pseudo and fully three-

dimensional simulations, which confirm the validity of the kz = 0 assumption for anisotropic tur-

bulence. Thus, the acoustic response of three-dimensional aerofoils with straight leading edge and

constant cross-section can be modelled as two-dimensional, even in the presence of anisotropic turbu-

lence. Overall, the PWL spectra of the NACA 0012 aerofoil show similar trends as reported for thick

aerofoils in isotropic turbulence. At low frequencies, f c/U∞ < 3, there is a reasonable agreement

between the thick aerofoil and the flat plat prediction. However, a noticeable decay on the noise levels

is observed at high frequencies, as a consequence of the aerofoil thickness.
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Figure 5.7: PWL spectra of a NACA 0012 aerofoil using fully and pseudo three-dimensional
anisotropic Gaussian turbulence in comparison with the flat plate prediction.
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5.3 Effects of Anisotropic Turbulence on Leading Edge Noise

In this section, a number of parameters are examined to better understand the effects of anisotropy

on turbulence-aerofoil interaction noise, including variations in freestream Mach number, aerofoil

thickness, angle of attack, and turbulence length scale-to-chord ratio. To reduce the computational

expense, two-dimensional CAA simulations are performed by means of the pseudo three-dimensional

turbulence approach. Anisotropic synthetic turbulence with the key statistics of the homogeneous ax-

isymmetric model of Kerschen and Gliebe [113] is generated by superimposing a number of anisotropic

Gaussian eddies with various length scales. This allows an extension of the spectral content, which is

useful to study the effects of anisotropic turbulence on leading edge noise at high frequencies. CAA

simulations were performed for aerofoils with c = 0.15 m and d = 0.225 m.

5.3.1 Homogeneous Axisymmetric Turbulence

For homogeneous axisymmetric turbulence that is aligned with the mean flow in the x-direction,

the axial and transverse velocity spectra are defined according to Kerschen and Gliebe [113] as

Φ
(3D)
11 (kx, ky, kz) =

2lal4t u′2a
(
k2

y + k2
z

)
π2

[
1 + l2ak2

x + l2t
(
k2

y + k2
z

)]3 , (5.8a)

Φ
(3D)
22 (kx, ky, kz) =

2lal4t u′2a

π2
[
1 + l2ak2

x + l2t
(
k2

y + k2
z

)]3

[
k2

x + k2
z

(
2

u′2t
u′2a
−

l2t
l2a

)]
, (5.8b)

respectively, where u′a, la, and u′t , lt, are the root-mean-square velocity fluctuations and length scales

in the axial and transverse directions, respectively. The length scales in the model of Kerschen and

Gliebe [113] are related to the longitudinal and transverse integral length scales, l(1)
11 and l(1)

22 , as follows

l(1)
11 =

π

u′2x,rms

∫ ∞

−∞

∫ ∞

−∞

Φ
(3D)
11 (kx = 0, ky, kz)dkydkz = la, (5.9)

l(1)
22 =

π

u′2y,rms

∫ ∞

−∞

∫ ∞

−∞

Φ
(3D)
22 (kx = 0, ky, kz)dkydkz =

la
2

u′2a
u′2t

(
2

u′2t
u′2a
−

l2t
l2a

)
. (5.10)

A constraint of this model is that 2(u′t/u
′
a)2 ≥ (lt/la)2, which is easily satisfied in typical fan wake

experiments. Furthermore, the isotropic turbulence model of Liepmann et al. [157] is recovered from

Equations 5.8a and 5.8b when u′a = u′t = u′rms and la = lt = Λ. It can additionally be verified that

l(1)
11 /l

(1)
22 = 2 is satisfied under these conditions.
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The superposition of Gaussian spectra is useful to expand the spectral content of a turbulent flow.

The shape of a three-dimensional velocity spectrum Φ
(3D)
i j (kx, ky, kz = 0) can be reproduced through

a linear summation of Ne two-dimensional anisotropic Gaussian spectra,
∑Ne

n=1 Φ
(2D)
i j,n (kx, ky). To this

end, anisotropic Gaussian eddies with various u′0,i, lx,i, and ly,i for i = 1, ...,Ne are introduced simulta-

neously at each eddy centre along the injection plane. The fluctuating velocity field introduced by the

summation of Ne eddies at each eddy centre is given by

u′x,p(x) = −

√
2π∆e,x∆e,y

(
y − yp

) Ne∑
i=1

εp,iu′0,i
l2y,i

exp

−π
(
x − xp

)2

2l2x,i

 exp

−π
(
y − yp

)2

2l2y,i

 , (5.11a)

u′y,p(x) =

√
2π∆e,x∆e,y

(
x − xp

) Ne∑
i=1

εp,iu′0,i
l2x,i

exp

−π
(
x − xp

)2

2l2x,i

 exp

−π
(
y − yp

)2

2l2y,i

 . (5.11b)

Limiting values for the eddy radius and separation between eddy centres are based on the largest

and shortest length scales involved in each spatial direction. Thus, the correct statistics of the turbulent

flow are obtained provided that re,x ≥ 3max{lx,i}/2, re,y ≥ 3max{ly,i}/2, ∆e,x ≤ min{lx,i}/2, and ∆e,y ≤

min{ly,i}/2 for i = 1, ...,Ne.

To study the effects of anisotropy on leading edge noise, the baseline configuration corresponds

to the isotropic Liepmann spectrum with la = lt = 0.008 m, and u′a = 0.017U∞. Note that u′t is not

explicitly defined in Equations 5.8a and 5.8b if kz = 0. Nevertheless, u′t is assumed to take a value that

satisfies the constraint 2(u′t/u
′
a)2 ≥ (lt/la)2 for the validity of the model.

From the baseline configuration, la/lt is varied between 0.33 and 3 to assess the effects of mod-

erately anisotropic turbulence. In ducted-fan configurations and open-jet wind tunnel experiments,

turbulent flows are normally stretched in the axial direction. Therefore, cases with la/lt > 1 are

particularly relevant for turbofan engine applications. Nevertheless, cases with la/lt < 1 are also

documented here for completeness of the analysis. Table 5.1 presents values of u′0,i, lx,i, and ly,i for

the superposition of anisotropic Gaussian spectra. These values were found by fitting the analytical

spectra with an accuracy better than 1.5 dB for reduced frequencies f c/U∞ ≤ 12.
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u′20,i [m2/s2]

Length scales ith Gaussian eddy lx,i [m] ly,i [m] (M∞ = 0.3) (M∞ = 0.6)

1 7.50 × 10−2 2.50 × 10−2 1.40 × 10−4 6.50 × 10−4

la/lt = 3 2 4.70 × 10−2 1.65 × 10−2 4.60 × 10−4 1.91 × 10−3

lt = 0.008 m 3 2.80 × 10−2 9.50 × 10−3 4.10 × 10−4 1.45 × 10−3

4 1.50 × 10−2 5.10 × 10−3 2.20 × 10−4 8.50 × 10−4

5 6.55 × 10−3 4.00 × 10−3 1.60 × 10−5 6.40 × 10−5

1 4.70 × 10−2 2.35 × 10−2 3.90 × 10−4 1.56 × 10−3

la/lt = 2 2 2.60 × 10−2 1.30 × 10−2 9.00 × 10−4 3.60 × 10−3

lt = 0.008 m 3 1.42 × 10−2 7.20 × 10−3 4.20 × 10−4 1.68 × 10−3

4 8.00 × 10−3 4.00 × 10−3 1.80 × 10−4 7.20 × 10−4

5 4.40 × 10−3 8.00 × 10−3 4.50 × 10−6 1.80 × 10−5

1 2.35 × 10−2 2.35 × 10−2 7.38 × 10−4 3.00 × 10−3

la = lt = 0.008 m 2 1.30 × 10−2 1.30 × 10−2 1.77 × 10−3 7.00 × 10−3

isotropic turbulence 3 7.20 × 10−3 7.20 × 10−3 7.10 × 10−4 2.50 × 10−3

4 5.00 × 10−3 5.00 × 10−3 5.00 × 10−4 2.00 × 10−3

1 2.10 × 10−2 4.10 × 10−2 4.70 × 10−3 1.90 × 10−2

la/lt = 0.5 2 1.05 × 10−2 2.10 × 10−2 7.80 × 10−3 3.00 × 10−2

la = 0.008 m 3 4.70 × 10−3 9.60 × 10−3 2.50 × 10−3 1.00 × 10−2

4 5.30 × 10−3 4.90 × 10−3 1.80 × 10−4 7.00 × 10−4

5 5.00 × 10−3 1.30 × 10−2 1.00 × 10−5 4.00 × 10−5

1 2.50 × 10−2 7.80 × 10−2 4.00 × 10−3 1.60 × 10−2

la/lt = 0.33 2 1.65 × 10−2 4.70 × 10−2 1.15 × 10−2 4.60 × 10−2

la = 0.008 m 3 9.50 × 10−3 2.80 × 10−2 1.20 × 10−2 4.80 × 10−2

4 5.10 × 10−3 1.50 × 10−2 6.00 × 10−3 2.40 × 10−2

5 4.00 × 10−3 6.55 × 10−3 4.80 × 10−4 1.90 × 10−3

Table 5.1: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity
field with the statistics of axisymmetric turbulence as defined by Kerschen and Gliebe [113], assuming
kz = 0 with u′a/U∞ = 0.017.
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5.3.2 Flat Plates and Thin Aerofoils at Zero Angle of Attack

CAA simulations of a NACA 0001 aerofoil at M∞ = 0.6 and AoA = 0o are presented in this

section. The aerofoil chord and the semi-span are set to c = 0.15 m and d = 0.225 m, respectively.

The mean flow is assumed to be uniform, which is valid for thin aerofoils. To assess that the correct

velocity spectra are recovered from the CAA simulations, a monitor point was placed at approximately

0.2c upstream of the aerofoil leading edge along the stagnation line. Figure 5.8 shows numerical and

analytical one-dimensional spectra of anisotropic turbulence for moderate ratios of la/lt. Results are

in good agreement, showing the effectiveness of the anisotropic Gaussian superposition methodology.
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Figure 5.8: One-dimensional spectra of homogeneous axisymmetric turbulence as defined by Ker-
schen and Gliebe [113], assuming kz = 0 with M∞ = 0.6 and u′a/U∞ = 0.017. The reference length
and speed are Lre f = 1 m and Ure f = 1 m/s, respectively.

Both E11 and E22 show similar behaviours with respect to the isotropic turbulence baseline. An

increase in the streamwise length scale, la/lt > 1, leads to slightly higher amplitudes at low frequencies

and a significant reduction at high frequencies. Additionally, the maximum in E22 is shifted towards

lower frequencies. In contrast, an increase in the transverse length scale (la/lt < 1) leads to a nearly

constant increase in amplitude at all frequencies. The use of axisymmetric turbulence produces a

redistribution of the energy in the velocity spectra when compared to isotropic turbulence with the

same turbulent kinetic energy. This redistribution, which is caused by the different length scales

involved, changes the amount of energy that could potentially contribute to the leading edge noise.

Consequently, two flows with the same turbulent kinetic energy can produce different leading edge
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noise depending on the spatial length scales. This is particularly important for analytical models, in

which noise predictions are quite sensitive to the input turbulence model, as reported by Posson et

al. [112]. Grace [114] also highlighted the importance of the turbulence length scales in the power

spectrum from a low-order cascade model.

Figure 5.9 shows the numerical PWL and SPL spectra of a NACA 0001 aerofoil. The PWL

spectra are computed from the sound power as given in Equation 4.14. Additionally, the analytical

flat plate prediction of Amiet [39] has been computed by using the transverse velocity spectrum in

Equation 5.8b. The agreement between numerical and analytical predictions is better than 2 dB at

all frequencies. In the cascade model of Posson et al. [112], a strong decrease in noise levels at

high frequencies and a shift of the maximum towards lower frequencies was found when using the

axisymmetric turbulence model of Kerschen and Gliebe [113] with la/lt = 2 in comparison to the case

with la/lt = 1 (isotropic turbulence). Similar trends are reported for the PWL spectra of a single flat

plate in Figure 5.9, which are also consistent with the findings of Atassi and Logue [156] using rapid

distortion theory to model anisotropy at the fan intake.
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Figure 5.9: PWL and SPL spectra for a NACA 0001 aerofoil in anisotropic turbulence.

The trends of the transverse turbulence spectra in Figure 5.8b closely follow those of the PWL

spectra in Figure 5.9a. Thus, E22 and PWL spectra present a maximum at the same chord-based

reduced frequency for each anisotropic turbulence case. Furthermore, the amplitude separation in dB

at a fixed frequency between two particular ratios, la/lt, is similar in E22 and PWL spectra. Amiet [39]

showed that the broadband noise due to the interaction of isotropic turbulence with a flat plate only
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depends on the transverse velocity spectrum (S (3D)
pp ∝ Φ

(3D)
22 (kx, kz = 0) as can be seen in Equation

4.10). This result remains valid for thin aerofoils in anisotropic turbulence.

Directivity patterns at f c/U∞ = 3 are shown in Figure 5.10 for further validation of the CAA

simulations. The agreement of the numerical results with the flat plate model of Amiet [39] is better

than 2 dB at the majority of observer angles. The location of the lobes due to the loss of compactness

at high frequencies is correctly predicted by the numerical simulations.

20 40 60 80

0

o

60

o
120

o

180

o

la/lt = 0.33,

la = lt = 0.008m

la/lt = 3,
lt = 0.008m

la = 0.008m

Flat plate

NACA 0001 aerofoil

SPL [dB]

U∞

40 60 8020

(a) SPL spectra at f c/U∞ = 3.

0 20 40 60 80

0

o

60

o
120

o

180

o

la/lt = 0.33,

la = lt = 0.008m

la/lt = 3,
lt = 0.008m

la = 0.008m

Flat plate

NACA 0001 aerofoil

SPL [dB]

U∞

20 40 60 800

(b) SPL spectra at f c/U∞ = 6.

Figure 5.10: Noise directivity for a NACA 0001 aerofoil at M∞ = 0.6 using anisotropic turbulence.

5.3.3 Thick Aerofoils at Zero Angle of Attack in Various Mach Number Flows

The effects of aerofoil thickness on the noise are studied for a NACA 0012 aerofoil at AoA = 0o.

CAA simulations were performed by assuming inviscid mean flows at two different freestream Mach

numbers, M∞ = 0.3 and 0.6, and by using the parameters that are given in Table 5.1 for the anisotropic

Gaussian superposition. Figure 5.11 shows instantaneous contours of non-dimensional vorticity mag-

nitude and fluctuating pressure in CAA simulations with eddies stretched in the streamwise and trans-

verse directions. In both cases, acoustic pressure is generated at the aerofoil leading edge and radiated

to the far-field with a dipole-like directivity, as occurs with isotropic turbulence (for example, see

Figure 3.10). However, pressure contours due to anisotropic turbulence with la/lt = 0.33 present a

broader frequency content than those with la/lt = 3. This observation is related to the shape of the

one-dimensional spectra shown in Figure 5.8, in which the small amplitude difference between high

and low frequencies in the la/lt = 0.33 case makes fluctuating pressure contours to show a wide fre-

quency content. In contrast, most energy in one-dimensional spectra with la/lt = 3 concentrates at

low frequencies.
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Figure 5.11: Instantaneous contour plots of a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 0o

interacting with anisotropic synthetic turbulence.

Figure 5.12 shows the PWL spectra from anisotropic turbulence interacting with a NACA 0012

aerofoil at M∞ = 0.3 compared to analytical predictions for a flat plate. The noise reduction is quan-

tified by plotting the ∆PWL = PWL|flat plate − PWL|NACA 0012 spectra as a function of the thickness-

based reduced frequency. The good overlap in the ∆PWL spectra indicates that the noise reduction

due to aerofoil thickness occurs in all the anisotropic turbulence cases investigated. These cases follow

the same trends as in the isotropic turbulence baseline. Therefore, the amount of noise reduction due

to thickness at high frequencies is independent of the anisotropy in the flow.
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The scaling law of Gershfeld [71] has been included in Figure 5.12b, which shows a consistent

over-prediction of the noise reduction effect in comparison with the numerical ∆PWL spectra. The

over-prediction is particularly pronounced at high frequencies. Alternatively, Equation 3.4 can pro-

vide an improved estimation of the ∆PWL spectra due to aerofoil thickness, even in the presence of

moderately anisotropic turbulence.

Paterson and Amiet [79] tested a NACA 0012 aerofoil and found a 5 dB noise reduction at f tA/U∞ =

1, which was used as a reference value for the breakdown of the flat plate model. An earlier appear-

ance of aerofoil thickness effects on the noise from a NACA 0012 aerofoil has been reported in recent

numerical and experimental studies [87, 94]. In Figure 5.12b, the ∆PWL spectra for isotropic turbu-

lence suggests that the breakdown occurs at a slightly lower frequency than predicted by Paterson and

Amiet [79]. A 5 dB reduction in PWL due to thickness effect of a NACA 0012 aerofoil is found at

approximately f tA/U∞ = 0.9 for both isotropic and anisotropic turbulence at M∞ = 0.3.

10

20

30

40

50

60

70

80

0 1.5 3 4.5 6 7.5 9 10.5 12

P

W

L

[d
B
/H

z]

fc/U∞

la/lt = 0.33, la = 0.008m
la/lt = 0.5, la = 0.008m

la = lt = 0.008m
la/lt = 2, lt = 0.008m
la/lt = 3, lt = 0.008m

Flat plate

NACA 0012 aerofoil

(a) PWL spectra.

-5

0

5

10

15

20

0 0.2 0.4 0.6 0.8 1 1.2 1.4

∆

P

W

L

[d
B
/H

z]

ftA/U∞

la/lt = 0.33, la = 0.008m
la/lt = 0.5, la = 0.008m

la = lt = 0.008m
la/lt = 2, lt = 0.008m
la/lt = 3, lt = 0.008m
Gershfeld

′
s 
orre
tion

(b) ∆PWL = PWL|flat plate − PWL|NACA 0012.

Figure 5.12: Noise spectra for a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 0o interacting with
anisotropic turbulence.

Figure 5.13 shows a directivity plot at f c/U∞ = 9. ∆SPL = SPL|flat plate − SPL|NACA 0012 exhibits

a more pronounced noise reduction at downstream observer angles, θ < 45o, for both isotropic and

anisotropic turbulence. Furthermore, the directivity pattern at a fixed frequency seems to be indepen-

dent of the degree of anisotropy in the flow, as the location of the lobes are similar for la/lt ranging

between 0.33 and 3.
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Figure 5.13: Noise directivity at f c/U∞ = 9 for a NACA 0012 aerofoil at M∞ = 0.3 and AoA = 0o

interacting with anisotropic turbulence.

The PWL spectra from simulations with a freestream Mach number of M∞ = 0.6 are presented in

Figure 5.14. ∆PWL spectra scales linearly with f tA/U∞, as found for M∞ = 0.3 in Figure 5.12b. How-

ever, the increase in the mean flow Mach number results in a worse overlap of the ∆PWL spectra for

different levels of anisotropy, as can be seen in Figure 5.14b. Particularly, ∆PWL|la/lt>1 is consistently

lower than ∆PWL|la/lt<1 . In other words, cases with turbulence stretched in the streamwise direction,

la/lt > 1, tend to be about 2 − 3 dB louder at all frequencies than cases with turbulence stretched

in the transverse direction, la/lt < 1, when compared to their corresponding flat plate predictions.

This difference is significant, since it goes beyond the uncertainty of the current CAA methodology,

which is below 2 dB at a discrete frequency. In Chapter 3, it was found that the transverse veloc-

ity fluctuations are mainly responsible for the leading edge noise of a thick aerofoil at AoA = 0o

in isotropic turbulence, which is consistent with previous findings of Gill et al. [41]. However, the

streamwise fluctuating velocity component becomes increasingly important in anisotropic turbulence

with la/lt > 1, as can be inferred from Equation 5.4. Additionally, Kim et al. [95] found that the

streamwise velocity fluctuations have a bigger influence on the noise as the Mach number increases.

Consequently, it is hypothesised here that a relatively large ratio, la/lt, may delay the onset of aerofoil

thickness effects on leading edge noise at high Mach numbers.

Directivity plots at f c/U∞ = 9 are shown in Figure 5.15 for a NACA 0012 aerofoil at M∞ =

0.6. Similar to the directivity plots at M∞ = 0.3 in Figure 5.13, noise reduction at a high frequency

mainly occurs at downstream observer angles, θ < 45o. Furthermore, the location of the lobes occurs

at similar radiation angles regardless of the degree of anisotropy in the flow. However, a smaller
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∆SPL = SPL|flat plate − SPL|NACA 0012 can be found as la/lt increases, which reinforces the hypothesis

of aerofoil thickness effects on leading edge noise being delayed by large la/lt at high Mach numbers.
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Figure 5.14: Noise spectra for a NACA 0012 aerofoil at M∞ = 0.6 and AoA = 0o interacting with
anisotropic turbulence.
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Figure 5.15: Noise directivity at f c/U∞ = 9 for a NACA 0012 aerofoil at M∞ = 0.6 and AoA = 0o

interacting with anisotropic turbulence.
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5.3.4 Thick Aerofoils at Non-Zero Angle of Attack

In this section, the NACA 0012 aerofoil is rotated 6o around its leading edge to study the effects

of angle of attack on leading edge noise using anisotropic turbulence. An inviscid mean flow with

freestream Mach number M∞ = 0.3 is used in CAA simulations. This aerofoil configuration is suitable

to study possible effects of angle of attack on the noise, while ensuring a subsonic flow around the

aerofoil.

Figure 5.16a presents the PWL spectra of a NACA 0012 aerofoil at AoA = 6o for various la/lt in

comparison to simulations at AoA = 0o from Section 5.3.3. The PWL spectra show that an increase in

the angle of attack tends to reduce the noise of a thick aerofoil in anisotropic turbulence with la/lt < 1,

especially at high frequencies. Synthetic turbulence methods that only enforce the transverse velocity

fluctuations under-predict the leading edge noise of thick aerofoils at non-zero angle of attack, as

shown in Section 3.3. In a way, this also occurs in anisotropic turbulence with la/lt < 1, since the

transverse fluctuating velocity component is larger than the streamwise component, and is thus the

dominant component, producing the noise reduction at non-zero angle of attack. Further evidence

of the similarity between synthetic turbulence that only models the transverse velocity fluctuations

and anisotropic turbulence stretched in the transverse direction can be observed in Figures 3.10a and

5.11c, respectively. In both cases, non-dimensional contours of vorticity magnitude exhibit similar

flow features, such as turbulent structures elongated in the transverse direction.
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Figure 5.16: Noise predictions for a NACA 0012 aerofoil at AoA = 0o and 6o in a M∞ = 0.3 flow
interacting with anisotropic turbulence.
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In anisotropic turbulence with la/lt > 1, the PWL spectra in Figure 5.16a present a consistent

increase of about 1 dB at all frequencies. Although such an increase is within the level of accuracy

of the current methodology, the result indicates that a moderate increase in the angle of attack of a

thick aerofoil has a small impact on the PWL spectra. In contrast, Devenport et al. [78] showed

an increase in SPL of about 5 dB for every 4o increment at 800 Hz for a NACA 0015 aerofoil at

M∞ = 0.08 with la/lt = 2, suggesting a stronger effect of anisotropy on leading edge noise. The

results of this thesis, which have been validated by using a flat plate theory in Section 5.3.2, are also

consistent with experimental findings. Although turbulence is considered nearly isotropic in open-jet

wind tunnel experiments of leading edge noise, a certain degree of anisotropy exists [79, 82, 158]. For

example, Paterson and Amiet [150] found that the effect of angle of attack on leading edge noise was

negligible for a NACA 0012 aerofoil, despite correcting the von Kármán isotropic spectrum with a

contracted spanwise correlation length to account for some anisotropy in the flow. Additionally, the

use of isotropic spectra in analytical models for the prediction of fan-OGV interaction noise usually

offers an acceptable agreement with experiments [102, 112], in which the fan wakes often present

la/lt > 1, suggesting that potential anisotropy effects might be negligible.

The discrepancy with the findings reported by Devenport et al. [78] may be explained by the

different assumptions involved in the numerical methodologies. Devenport et al. [78] used a panel

method that is valid for leading edge noise predictions of aerofoils in incompressible flows, i.e. low

Mach numbers, whereas the LEEs can deal with compressible flows. Additionally, the panel method

assumed the aerofoil to be acoustically compact such that the aerofoil chord is significantly smaller

than the acoustic wavelength. Consequently, the noise predictions performed by Devenport et al. [78]

were restricted to frequencies below 1000 Hz. The validity of the results presented in the current work

extends to frequencies up to 8160 Hz for M∞ = 0.3, which corresponds to f c/U∞ = 12. Further-

more, the loss of compactness, which causes lobes in directivity plots at high frequencies, is correctly

modelled by the LEEs.

Figure 5.16b shows variations in ∆OAPWL = OAPWL|AoA=6o − OAPWL|AoA=0o with la/lt. The

OverAll PWL (OAPWL) for each aerofoil configuration is calculated as

OAPWL = 10log10


∫
P( f )d f

Pre f

 , (5.12)

where the sound power of the aerofoil is calculated as in Equation 4.14, and integrated for fre-

quencies between 204 Hz ( f c/U∞ = 0.3) and 8160 Hz ( f c/U∞ = 12). The ∆OAPWL calculation

shows a nearly negligible effect of angle of attack for aerofoils interacting with isotropic turbulence,

∆OAPWL ≈ 0 dB. However, there is a small increase (< 1 dB) in the noise when turbulence is

stretched in the streamwise direction, la/lt > 1, and a decrease as turbulence is stretched in the trans-

verse direction, la/lt < 1. It should be noted that the OAPWL is mainly dominated by low frequencies
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with large sound levels, which may mask differences in the PWL spectra at high frequencies. Overall,

the effect of the angle of attack on leading edge noise due to moderately anisotropic turbulence is

small, with differences in ∆OAPWL smaller than 1 dB for la/lt ranging from 0.33 to 3.

Figure 5.17 shows directivity plots of NACA 0012 aerofoils at various chord-based reduced fre-

quencies and la/lt. The leading edge noise reduction that was identified for the aerofoil at AoA = 6o

in anisotropic turbulence with la/lt < 1 is mainly produced at downstream observer angles. For cases

with anisotropic turbulence stretched in the streamwise direction, no significant variations in SPL are

observed at a particular observer location due to a change in angle of attack.
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Figure 5.17: Directivity plots for a NACA 0012 aerofoil at AoA = 0o and 6o in a M∞ = 0.3 flow
interacting with anisotropic turbulence.

5.3.5 Turbulence Length Scale-to-Chord Ratio

In this thesis, leading edge noise predictions have been performed for aerofoils in which the chord

is significantly larger than the turbulence length scale, as occurs in turbofan engines. While keeping

this assumption, this section presents simulations of a NACA 0012 aerofoil in a M∞ = 0.3 flow at

AoA = 0o and 6o with twice the baseline turbulence length scale (0.016 m instead of 0.008 m). The

objective is to assess whether an increase in the ratio between the turbulence length scales and the

aerofoil chord can vary the conclusions achieved in previous sections. The configurations studied are
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la/lt = 0.5 with la = 0.016 m and la/lt = 2 with lt = 0.016 m. The parameters for the anisotropic

Gaussian superposition are given in Table 5.2. Additionally, Table 5.3 presents a summary of the

turbulence length scale-to-chord ratios in this chapter.

Length scales ith Gaussian eddy lx,i [m] ly,i [m] u′20,i [m2/s2] (M∞ = 0.3)

1 9.40 × 10−2 4.70 × 10−2 7.80 × 10−4

2 5.18 × 10−2 2.60 × 10−2 1.80 × 10−3

la/lt = 2 3 2.80 × 10−2 1.40 × 10−2 8.38 × 10−4

lt = 0.016 m 4 1.60 × 10−2 7.80 × 10−3 3.20 × 10−4

5 8.60 × 10−3 1.40 × 10−2 1.02 × 10−5

6 1.20 × 10−2 4.00 × 10−3 5.00 × 10−5

7 4.40 × 10−3 4.40 × 10−3 9.00 × 10−6

1 4.70 × 10−2 9.40 × 10−2 6.24 × 10−3

2 2.60 × 10−2 5.18 × 10−2 1.44 × 10−2

la/lt = 0.5 3 1.40 × 10−2 2.80 × 10−2 6.70 × 10−3

la = 0.016 m 4 7.80 × 10−3 1.60 × 10−2 2.56 × 10−3

5 1.40 × 10−2 8.60 × 10−3 8.16 × 10−5

6 4.00 × 10−3 1.20 × 10−2 4.00 × 10−4

7 4.40 × 10−3 4.40 × 10−3 7.20 × 10−5

Table 5.2: Parameters for Gaussian superposition to obtain a two-dimensional fluctuating velocity
field with the statistics of axisymmetric turbulence as defined by Kerschen and Gliebe [113], assuming
kz = 0 with u′a/U∞ = 0.017.

la/c lt/c

la/lt = 0.5 and la = 0.008 m 0.053 0.107

la/lt = 2 and lt = 0.008 m 0.107 0.053

la/lt = 0.5 and la = 0.016 m 0.107 0.213

la/lt = 2 and lt = 0.016 m 0.213 0.107

Table 5.3: Turbulence length scale-to-chord ratio for cases in Sections 5.3.2, 5.3.3, and 5.3.4 (grey
contours) and new values (white contours). Note that the aerofoil chord is c = 0.15 m.

Figure 5.18 shows the PWL spectra for the CAA simulations with increased length scales. For

cases with la/lt = 2, a 10 dB noise reduction is found at f c/U∞ = 12 for the NACA 0012 aerofoils at

AoA = 0o and 6o in comparison with the flat plate prediction, which is similar to the noise reduction



130 Chapter 5: Leading Edge Noise Predictions Using Anisotropic Turbulence

shown in Figure 5.16a. In this case, the effect of angle of attack on leading edge noise is small.

In contrast, a significant noise reduction is found for the angle of attack configuration with la/lt =

0.5. These results suggest that variations in the turbulence length scales do not significantly alter the

conclusions of Sections 5.3.3 and 5.3.4 for the effects of anisotropy on leading edge noise, if la/lt is

kept constant and turbulence length scales are small in comparison with the aerofoil chord.
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Figure 5.18: Influence of length scale-to-chord ratio on broadband noise using anisotropic turbulence.

5.4 Summary

The advanced digital filter method has been extended and validated to generate two- and three-

dimensional homogeneous anisotropic synthetic turbulence with Gaussian spectra. A superposition

of anisotropic Gaussian spectra is applied to reproduce homogeneous axisymmetric turbulence as de-

fined by Kerschen and Gliebe [113] with la/lt varying from 0.33 to 3, which is representative of the

anisotropy in the fan wakes. Leading edge noise predictions of a number of single aerofoil configu-

rations have been performed using a CAA solver to model the aerofoil response and a FW-H solver

for the far-field noise radiation. The CAA methodology has been validated on a NACA 0001 aerofoil

at AoA = 0o in homogeneous axisymmetric turbulence. Noise predictions show an agreement with

the analytical flat plate solution of Amiet [39] to within 2 dB. The main findings are summarised as

follows:

• If the turbulence length scales are significantly smaller than the aerofoil span, only the span-

wise wavenumber kz = 0 of the vortical disturbances contributes to the leading edge noise for

observers in the far-field at the mid-span [39]. This assumption is valid for aerofoils interacting

with both isotropic and anisotropic turbulence.
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• Leading edge noise from thin aerofoils at AoA = 0o mainly depends on the transverse velocity

spectrum, regardless of the degree of anisotropy in the turbulent flow.

• The directional dependence of the length scales in anisotropic turbulence allows the energy to be

redistributed over the different wavenumber components. This redistribution affects the amount

of energy in the turbulent flow that contributes to the leading edge noise.

• CAA simulations of a NACA 0012 aerofoil at AoA = 0o show that the noise reduction due

to aerofoil thickness follows similar trends in both isotropic and moderately anisotropic tur-

bulence. For example, a 10 dB noise reduction is observed at f c/U∞ = 12 in a M∞ = 0.3

flow.

• ∆PWL = PWL|flat plate − PWL|NACA 0012 spectra scale linearly with f tA/U∞, and show a good

overlap for the various la/lt investigated at M∞ = 0.3. Furthermore, the correction of Gershfeld

[71] over-predicts the noise reduction of thick NACA 4-digit aerofoils interacting with both

isotropic and anisotropic turbulence.

• As the Mach number is increased (M∞ = 0.6), the onset of thickness effects on the noise seems

to be slightly delayed for cases with la/lt > 1. This is believed to be related to the streamwise

velocity fluctuations, which become increasingly important with a larger la/lt.

• Sound directivity is unchanged by anisotropy in the flow. At a fixed frequency, directivity plots

show that the location of the lobes occur at the same observer angles for the various la/lt tested.

• An angle of attack increase of 6o does not show significant changes on the PWL spectra of a

NACA 0012 aerofoil in anisotropic turbulence with la/lt > 1. In contrast, the PWL spectra

decay notably faster at high frequencies when la/lt < 1 due to a noise reduction at downstream

observer angles. Nevertheless, the effect of angle of attack on leading edge noise is small, with

differences in ∆OAPWL = OAPWL|AoA=6o − OAPWL|AoA=0o of less than 1 dB for anisotropic

turbulence with la/lt ranging from 0.33 to 3.

• Absolute variations in the turbulence length scale do not change previous conclusions, provided

that the ratio between them is kept constant, i.e. la/lt = const., and the turbulence length scales

are small in comparison with the aerofoil chord.
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Chapter 6

Fan Wake Modelling for
Turbulence-Cascade Interaction Noise

Previous chapters focused on the interaction of isotropic and anisotropic turbulence with single

aerofoil configurations. In this chapter, the CAA analysis is extended to study fan wake modelling

assumptions and turbulence-cascade interaction noise. Early works in this area modelled the inter-

action of harmonic gusts with cascades, such as the benchmark configurations proposed by Namba

and Schulten (see Category 4 in Reference [124]) and Envia (see Category 3, Problem 2 in Reference

[125]). Recently, a harmonic gust decomposition was used by Chaitanya et al. [126] to assess the

effects of vane geometry on cascade noise using a two-dimensional linearised Navier-Stokes equation

solver.

Synthetic turbulence methods have been proposed to overcome the limitations of harmonic gusts

to represent the fan wake statistics. For example, Polacsek et al. [40] adopted a simplified representa-

tion of the fan wakes that modelled the upwash velocity fluctuations by using a Fourier mode method

for isotropic turbulence. Based on the RPM method [52], Dieste (see Chapter 6 in Reference [127])

generated two-dimensional fan wakes with Gaussian spectra and cyclostationary variations in the tur-

bulent kinetic energy, such that the resulting turbulent flow was non-homogeneous and non-stationary.

Wohlbrandt et al. [128] extended Dieste’s approach [127] to include cyclostationary variations in the

integral length scale of the fan wakes, although their effect on cascade noise was inconclusive.

This chapter presents two-dimensional CAA simulations to study simplified but representative

configurations of fan wake-OGV interaction noise. The advanced digital filter method is adapted here

to reproduce the turbulence statistics of the fan wakes under various assumptions, including homo-

geneous isotropic turbulence with the von Kármán spectrum, and non-homogeneous turbulence with

cyclostationary variations in turbulent kinetic energy and integral length scale. Synthetic turbulence

133
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with correct statistics of the fan wakes is injected into the CAA domain to model the interaction with

a cascade, which radiates broadband noise in the upstream and downstream directions. Noise pre-

dictions from cascade simulations are validated against the analytical model of Cheong et al. [101].

This analytical model predicts the sound power spectrum from the interaction of isotropic turbulence

with an unloaded two-dimensional flat plate cascade using the LEEs. The present work also includes

a parameter study of the effects of mean flow Mach number and vane geometry on cascade noise.

A modal spectral decomposition is also included to examine the contribution of cut-on modes to the

broadband noise.

This chapter is organised as follows. In Section 6.1, the advanced digital filter method is adapted

and validated to generate fan wakes with various modelling assumptions. The numerical setup for

the cascade simulations is presented in Section 6.2. A cascade of NACA 0001 aerofoils is used in

Section 6.3 to validate the CAA methodology against the flat plate model of Cheong et al. [101].

The influence of the fan wake modelling assumptions on cascade noise are discussed in Section 6.4.

Finally, a parameter study is presented in Section 6.5 to assess the effects of mean flow Mach number,

vane count, aerofoil thickness, camber, stagger angle, and inter-vane spacing on broadband noise from

cascades interacting with isotropic turbulence.

6.1 Fan Wake Modelling Assumptions

The two-dimensional advanced digital filter method that was presented in Chapter 2 is adapted in

this section to account for various fan wake modelling assumptions, such as

• isotropic turbulence with constant turbulent kinetic energy (or turbulence intensity) and integral

length scale,

• cyclostationary variations in turbulent kinetic energy with constant integral length scale, and

• cyclostationary variations in both turbulent kinetic energy and integral length scale.

It should be noted that the cyclostationary assumption is valid when the fan wake statistics present

periodic variations in time, as shown by Jurdic et al. [159]. To reduce the computational cost, the

fan wake modelling assumptions are implemented for two-dimensional CAA simulations in this chap-

ter. However, the numerical implementation could potentially be extended to fully three-dimensional

simulations.
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6.1.1 Isotropic Turbulence

Analytical models for the prediction of fan wake-OGV interaction noise often assume isotropic

turbulence to represent the spectral content of the fan wakes. Although the fan wakes always present

a certain degree of anisotropy, especially close to the trailing edge of the fan blades [18], Ganz et

al. [17] found that the isotropic von Kármán spectrum provides a good representation of the spectral

distribution at mid-span locations.

In this section, the advanced digital filter method is adapted to inject two-dimensional isotropic

turbulence into the CAA domain all along the circumferential direction, i.e., from the top edge of

the CAA domain to the bottom edge, where periodic boundary conditions are applied. As shown in

Figure 6.1, the periodic boundary condition in the transverse direction is implemented by creating

ghost eddies with the same characteristics as their corresponding eddies in the physical domain that

cannot be fully injected without truncation. Such a numerical implementation ensures the continuity

of the fluctuating velocity field across the circumferential edges. The fluctuating velocity field of a

two-dimensional eddy from the Gaussian superposition is defined by Equations 2.21a and 2.21b for

isotropic turbulence.

eddy
centre

injection
plane

periodic b.c.

periodic b.c.

re

ghost eddy

eddy within
CAA domain

Δe

Δe

Figure 6.1: Injection plane with periodic boundary conditions (abbreviated as b.c.) in the circumfer-
ential direction.

The current numerical implementation is particularly useful to study cascade noise, since all vanes

would interact with the oncoming turbulence. This represents an advantage in comparison with pre-

vious CAA studies on fan wake modelling, in which the fan wakes interacted with a single flat plate

[127] or were injected locally to interact with a few vanes [128]. In such a case, further assumptions

should be made for the computation of cascade noise with the total vane count, such as considering

that the vanes are uncorrelated noise sources [128].
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6.1.2 Cyclostationary Variations in Turbulent Kinetic Energy

Various analytical and numerical studies have proposed to split the turbulence downstream of

the fan stage into background and wake turbulence [105, 112]. Background turbulence is typically

modelled as having a constant turbulent kinetic energy and integral length scale. Wake turbulence

includes spatio-temporal variations in the turbulent kinetic energy, but the integral length scale takes a

constant value. Dieste [127] used the cyclostationary analysis of Jurdic et al. [159] to model periodic

variations in the turbulent kinetic energy from two-dimensional fan wakes as

Kw(y, t) = u′2rms,b + u′2rms,w

i=+∞∑
i=−∞

exp
[
−

ln 2
h2

w

(
y − ΩR(t + iTw)

)2
]
, (6.1)

where u′rms,b is the root-mean-square fluctuating velocity of the background turbulence, u′rms,w is the

maximum root-mean-square of the fluctuating velocity of the wake turbulence, hw is the semi-wake

width, Ω is the angular speed of the fan wakes, R is the radius of the wrapped cascade, and Tw =

2π/(nwΩ) is the period of the fan wakes, with nw being the number of wakes along the circumferential

direction, y. Figure 6.2 shows cyclostationary variations in the turbulent kinetic energy of the fan

wakes, which are modelled by a train of Gaussian functions. Although the fan wakes usually present

a certain degree of skewness, and are not perfectly symmetric, Gaussian functions are considered a

good approximation for the distribution of the turbulent kinetic energy of the fan wakes [103, 105].

2hw

Kw

2

0
y 

urms,w'2

ΩRTw=2πR/nw
urms,w'2

Figure 6.2: Schematic of variations in the turbulent kinetic energy of the fan wakes modelled by a
Gaussian profile (solid line in red) and typical distribution from experiments (dash-dot line in blue) in
the circumferential direction. Background turbulence has been neglected, u′rms,b = 0 m/s.

Due to the absence of accurate information, and to simplify the analysis, the integral length scales

of the background and wake turbulence are often assumed to take the same value [105, 127]. However,

Ju et al. [115] showed non-negligible variations in the shape of the noise spectra when using different

integral length scales for the background and wake turbulence. In the current work, Equation 6.1 is

adopted to define cyclostationary variations in the turbulent kinetic energy, in which the background
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turbulence is neglected, i.e., u′rms,b = 0 m/s. This assumption is suitable to assess the influence of

the wake turbulence on cascade noise, since u′rms,w is between 7.4 and 14.8 times larger than u′rms,b in

experimental tests [159].

By assuming that the statistics of the fan wakes can be locally defined at the eddy centre, (xp, yp),

the fluctuating velocity field of the pth eddy that is injected into the CAA domain takes the form

u′x,p(x) = −Aw
√

2π∆eεp
(
y − yp

) Ne∑
i=1

u′rms,i

Λ2
i

exp

− πr2
p

2Λ2
i

 , (6.2a)

u′y,p(x) = Aw
√

2π∆eεp
(
x − xp

) Ne∑
i=1

u′rms,i

Λ2
i

exp

− πr2
p

2Λ2
i

 , (6.2b)

which correspond to Equations 2.21a and 2.21b for an isotropic eddy multiplied by an amplitude

scaling factor, Aw, to include cyclostationary variations as defined by Equation 6.1, i.e.,

Aw(yp, t) =

i=+∞∑
i=−∞

{
exp

[
−

ln 2
h2

w

(
yp − ΩR(t + iTw)

)2
]}1/2

. (6.3)

The assumption of defining the fan wake statistics at the eddy centre was found to be suitable

for reproducing the correct turbulence statistics by Dieste [127] (see Implementation 1 in Chapter 6),

who also examined alternative implementations. In the numerical implementation used in this the-

sis, Aw(yp, t) acts as a scaling factor for the amplitude of the eddies that are injected into the CAA

domain. Therefore, the resulting turbulent flow is locally isotropic and contains eddies with similar

size throughout the CAA domain. Since Aw(yp, t) ∈ [0, 1] and the maximum Kw contained in the

fan wakes occurs at Aw(yp, t) = 1, the Gaussian superposition must be performed to match the target

isotropic energy spectrum with u′rms,w. It should also be noted that streamwise and transverse velocity

fluctuations present similar levels of turbulence intensity in the current implementation, which is con-

sistent with experimental findings of fan wake statistics at the mid-span [17, 160]. Since the eddies are

convected as frozen turbulence, the current CAA methodology cannot account for the wake spreading

and increased overlapping that occurs as the wakes are convected downstream of the fan stage.

6.1.3 Cyclostationary Variations in Integral Length Scale

To date, few works have studied the circumferential distribution of the integral length scale within

the fan wakes [128, 160]. Wohlbrandt et al. [128] performed unsteady RANS simulations of a fan

stage and reported that the smallest turbulence length scales occur at approximately the wake centre,

where the turbulent kinetic energy presents a maximum. In contrast, Maunus et al. [160] examined
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experimental data from the SDT fan rig and found that the largest length scales occur around the

wake centre at the mid-span. Furthermore, RANS simulations using two-equation turbulence models

showed unclear trends for the circumferential distribution of the integral length scale.

In order to assess the effects on cascade noise due to cyclostationary variations in integral length

scale, two circumferential distributions with opposite trends are proposed in this section:

Λw,1(yp, t) = Λmin + (Λmax − Λmin)
[
1 −

Aw(yp, t) −min{Aw(yp, t)}
max{Aw(yp, t)} −min{Aw(yp, t)}

]
, (6.4)

where the minimum integral length scale, Λmin, is found at maximum turbulent kinetic energy in the

fan wakes, and

Λw,2(yp, t) = Λmax − (Λmax − Λmin)
[
1 −

Aw(yp, t) −min{Aw(yp, t)}
max{Aw(yp, t)} −min{Aw(yp, t)}

]
, (6.5)

where the maximum integral length scale, Λmax, corresponds to the maximum turbulent kinetic energy

in the fan wakes. Figure 6.3 shows a schematic of the proposed distributions for the integral length

scale of the fan wakes. The ratio Λmax/Λmin ranges between 4 and 2.4 approximately in previous works

of Wohlbrandt et al. [128] and Maunus et al. [160], which give an indication of the circumferential

variations expected for the integral length scales of the fan wakes.
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Figure 6.3: Schematic of variations in the integral length scale of the fan wakes modelled by a Equation
6.4 (Λw,1, solid line in blue) and Equation 6.5 (Λw,2, solid line in red) in the circumferential direction.

Assuming that the fan wake statistics are defined at each eddy centre, Equations 6.2a and 6.2b

can be modified to account for cyclostationary variations in both turbulent kinetic energy and integral

length scale as follows

u′x,p(x) = −Aw
√

2π∆eεp
(
y − yp

) Ne∑
i=1

u′rms,i

Λ2
i

Λ2
w

Λ2
max

exp

− πr2
p

2Λ2
i

Λ2
w

Λ2
max

 , (6.6a)
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u′y,p(x) = Aw
√

2π∆eεp
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) Ne∑
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 , (6.6b)

where Λw is the circumferential distribution of the integral length scale in the fan wakes, such as those

proposed by Equations 6.4 and 6.5. Thus, the integral length scales in the Gaussian superposition, Λi

for i = 1, ...,Ne, are locally scaled by a factor of Λw/Λmax for each eddy along the injection plane.

6.1.4 Validation of Numerical Implementation for Gaussian Spectra

Previous works used Gaussian spectra to generate synthetic turbulence as a simplified approach

for the spectral content in the fan wakes [127, 128]. In this section, the numerical implementation of

the previous fan wake modelling assumptions is validated for Gaussian spectra.

The baseline configuration corresponds to isotropic turbulence that follows the two-dimensional

Gaussian spectrum defined in Equation 2.12 with M∞ = 0.3, u′rms/U∞ = 0.017, and Λw (= Λ) =

0.008 m. In order to include variations in the turbulent kinetic energy using Equation 6.3, the semi-

wake width is set to hw = Λw/0.42 according to Jurdic et al. [159]. A total number of nw = 2 wakes

are injected into the CAA domain. To simplify the post-processing of the fan wake statistics, the

rotational speed is set to zero (Ω = 0 rad/s), such that the resulting turbulent flow is homogeneous in

the x-direction. Variations in the integral length scale using Equations 6.4 and 6.5 are performed by

setting Λmin = 0.004 m and Λmax/Λmin = 4.

For validation purposes, synthetic turbulence is injected into an empty CAA domain with uniform

grid spacing 1.1×10−4 m, whose dimensions are x/Lre f ∈ [−0.096, 0.16] and y/Lre f ∈ [−0.125, 0.125]

with Lre f = 1 m. Figure 6.4 shows the CAA domain for the validation case with cyclostationary

variations in the turbulent kinetic energy. All simulations were run for 4.8 × 106 iterations using a

non-dimensional time step of ∆tc∞/Lre f = 5 × 10−4. Velocity samples were collected at 100 monitor

points uniformly distributed along the circumferential direction, y, downstream of the injection plane.

Figure 6.5 shows analytical and numerical one-dimensional spectra averaged in the circumfer-

ential direction, where an agreement of better than 1 dB is found at all frequencies. All cases with

cyclostationary variations in Kw(y) have the same total turbulent kinetic energy. Therefore, differ-

ences in the shape of streamwise and transverse spectra are caused by different distributions of Λw.

For example, the spectra are dominated by the low frequencies when using the Λw,2(y) distribution,

since the maximum turbulent kinetic energy occurs at the largest integral length scale.



140 Chapter 6: Fan Wake Modelling for Turbulence-Cascade Interaction Noise

buffer zone

turbulence injection plane

bu
ff

er
 z

on
e

periodic b.c.

periodic b.c.

U

monitor points

x

y

8

Figure 6.4: CAA domain for validation of the fan wake statistics and contours of fluctuating vorticity
magnitude, assuming Kw(y) and Λw = const.
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Figure 6.5: One-dimensional Gaussian spectra averaged in the circumferential direction for different
fan wake modelling assumptions.

Figure 6.6a shows variations in Kw = (u′2x,rms + u′2y,rms)/2 for the different fan wake modelling

assumptions. A good agreement is found between analytical and numerical results, giving validation

to the numerical method to inject fan wakes with periodic boundary conditions in the circumferential

direction. The maximum turbulent kinetic energy from the different numerical implementations is

slightly lower than the analytical predictions at location A. This is likely to be caused by the finite mesh
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resolution, which cannot convect the smallest vortical structures without dissipation. Additionally, no

significant wake overlapping is found at location B, where Kw ≈ 0 m2/s2.

The integral length scale distribution can be obtained from the streamwise one-dimensional spec-

trum at each monitor point by using [88]

Λw = lim
f→0

U∞E(2D)
11 ( f )

4u′2x,rms
. (6.7)

Taking advantage of the flatness of E(2D)
11 ( f ) at low frequencies, lim f→0 E(2D)

11 ( f ) can be approximated

by taking the averaged value of the spectrum for f < 250 Hz. This strategy is similar to that used by

Ganz et al. [17] to compute the integral length scale from experimental hotwire measurements of the

fan wakes. Figure 6.6b shows the circumferential distribution of the integral length scale, in which a

good agreement is observed between analytical and numerical predictions.
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Figure 6.6: Circumferential distribution of turbulent kinetic energy and integral length scale for dif-
ferent fan wake modelling assumptions.

6.1.5 Validation of Numerical Implementation for von Kármán Spectra

Following a similar methodology as described in Section 6.1.4, the numerical implementation is

also validated for the von Kármán spectrum in Equation 2.22 with M∞ = 0.3, u′rms/U∞ = 0.017,

and Λw (= Λ) = 0.008 m. Since the von Kármán spectrum presents a broader spectral content than

a Gaussian spectrum, the CAA mesh has been refined to ensure that small vortical structures are

convected without significant dissipation. Thus, the uniform grid spacing is now set to 2.1 × 10−4 m.
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Isotropic turbulence with the von Kármán spectrum is generated from a superposition of Gaussian

eddies using Equations 2.21a and 2.21b with the values that are given in Table 2.1. The amplitude of

the isotropic turbulent flow is modulated by using Equation 6.3 with nw = 2, Ω = 0 rad/s, and hw =

Λw/0.42, such that the width of the wakes is similar to that of the Gaussian validation in Section 6.1.4.

In order to include variations in the integral length scale between Λmin = 0.004 m and Λmax/Λmin = 4,

Equations 6.6a and 6.6b are used with the values given in Table 6.1.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 5.048 × 10−2 5.176 × 10−2

2 2.801 × 10−2 2.180 × 10−1

3 1.457 × 10−2 2.759 × 10−1

4 7.117 × 10−3 2.522 × 10−1

5 2.801 × 10−3 3.721 × 10−1

Table 6.1: Parameters for Gaussian superposition to obtain the two-dimensional von Kármán spectrum
with M∞ = 0.3, u′rms/U∞ = 0.017, and Λ (= Λmax) = 0.016 m.

The numerical implementation is validated by comparison of analytical and numerical one-dimensional

spectra averaged in the circumferential direction, as shown in Figure 6.7. A good agreement is found

at all frequencies for the different fan wake modelling assumptions examined.
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Figure 6.7: One-dimensional von Kármán spectra averaged in the circumferential direction for differ-
ent fan wake modelling assumptions.
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Figure 6.8 shows contours of non-dimensional fluctuating vorticity magnitude using different fan

wake modelling assumptions. When comparing Figures 6.8a and 6.8b, the amplitude of the turbu-

lent structures decay away from the wake centreline as a consequence of modelling variations in the

turbulent kinetic energy. However, the size of the turbulent structures remain approximately constant

throughout the domain. In contrast, Figure 6.8c shows small turbulent structures at the wake centre-

line, as expected from the Λw,1 distribution. Opposite trends are observed when using Λw,2 in Figure

6.8d, where the largest turbulent structures are located at the wake centreline.
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Figure 6.8: Instantaneous contours of non-dimensional vorticity magnitude,
∥∥∥∇ × u′

∥∥∥Lre f /c∞, using
different fan wake modelling assumptions. Dashed lines represent the wake centreline (abbreviated as
w.c.).
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6.2 Cascade Configurations

A schematic of the two-dimensional cascade configuration that is investigated in this chapter is

shown in Figure 6.9, where M±x = U±0,x/c∞ and M±y = U±0,y/c∞ are the mean flow Mach numbers

in the axial and circumferential directions respectively, the superscript ‘+’ denotes upstream and ‘−’

denotes downstream, α is the stagger angle, s is the inter-vane spacing, and c is the vane chord. Such

a configuration allows the study of stagger angle effects on cascade noise, whereas sweep and lean

angles cannot be included in the present analysis. The reader is referred to Figure 1.6 for a schematic

of the OGV angles.
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Figure 6.9: Computational setup for two-dimensional CAA simulations of turbulence-cascade inter-
action noise.

Numerical noise predictions are obtained from arrays of monitor points upstream, xu, and down-

stream, xd, of the cascade. Following previous work of Kim et al. [62], numerical sound power spectra

for a unit span cascade can be computed as

P±(ω) =

∞∑
l=−∞

P±l (ω) (6.8)

where l is the order of the acoustic mode in the circumferential direction (or ‘duct mode’), which is

related to the acoustic wavenumber in the circumferential direction, κy,l = 2πl/(Bs). The modal sound

power is defined as

P±l (ω) =
BsLre f

ρ∞
Re


∣∣∣p̂′l(ω)

∣∣∣2 ω∣∣∣∣ω + U±0,xκ
±
x,l + U±0,yκ

±
y,l

∣∣∣∣2
−κ±∗x,l +

U±0,x
c2
∞

(
ω + U±0,xκ

±
x,l + U±0,yκy,l

)
 (6.9)
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where ()∗ represents the complex conjugate, Re{} is the real part operator, B is the number of vanes,

p̂′l(ω) is the amplitude of the fluctuating pressure from a spatio-temporal Fourier transform, and the

acoustic wavenumber in the axial direction is

κ±x,l =
M±x (ω/c∞ + M±y κy,l) ±

√
(ω/c∞ + M±y κy,l)2 −

[
1 −

(
M±x

)2
]
κ2

y,l

1 −
(
M±x

)2 . (6.10)

It should be noted that Equation 6.9 constitutes an extension of that proposed by Kim et al. [62]

for cascades with zero stagger angle and without variations in the direction of the mean flow across the

cascade. A complete derivation of Equation 6.9 is presented in Appendix D. Although the summation

in Equation 6.8 extends to an infinite number of circumferential modes, in practice only cut-on modes

contribute to the sound power spectra. The limit for the cut-on modes can be computed by solving the

discriminant in Equation 6.10, which leads to

l±max(ω) =
Bsω
2πc∞

M±y +

√
1 −

(
M±x

)2

1 − (M±)2 , l±min(ω) =
Bsω
2πc∞

M±y −
√

1 −
(
M±x

)2

1 − (M±)2 . (6.11)

Since the cascade radiates noise into the free field, the upstream and downstream Mach numbers

are similar away from the cascade, i.e., M+ = M− = M∞. Due to the absence of the fan stage in the

CAA simulations, potential shielding effects on upstream-travelling acoustic waves cannot be included

in the sound power spectra.

6.3 Validation Case: Two-Dimensional NACA 0001 Cascade

In order to validate the CAA methodology for the computation of the sound power spectra, a

cascade of NACA 0001 aerofoils with a reduced vane count of B = 4 is used in this section. The

aerofoil chord and the gap-to-chord ratio are set to c = 0.15 m and s/c = 0.75, respectively, which

are representative values for OGVs in turbofan engines. The mean flow is assumed to be uniform and

aligned with the aerofoil chord at M∞ = 0.6. Two configurations with stagger angles of α = 0o and 30o

are investigated using purely two-dimensional isotropic turbulence. To this end, the advanced digital

filter method is used to reproduce the von Kármán spectrum in Equation 2.22 with u′rms/U∞ = 0.017,

Λ = 0.008 m, using the values in Table 2.2 for the Gaussian superposition.



146 Chapter 6: Fan Wake Modelling for Turbulence-Cascade Interaction Noise

6.3.1 Analytical Cascade Model

The analytical model of Cheong et al. [101], which was developed for isotropic turbulence inter-

acting with a flat plate cascade in a uniform mean flow, gives upstream and downstream sound power

spectra. Therefore, this analytical model is used in the present chapter for validation and analysis of

cascade noise from CAA simulations. Sound power spectra for a unit span cascade can be written as

P±(ω) =
2πρ∞M∞Lre f

cos(α)

lmax∑
l=lmin

Q±l (kx)
∞∑

r=−∞

Φ
(2D)
22 (kx, ky,l+Br), (6.12)

where Q±l is the non-dimensional modal power response function defined as

Q±l (kx) =
∣∣∣R±l (kx, ky,mod(l,B))

∣∣∣2 ωRe{−c∞κ±x,l + Mx(ω + U0,xκ
±
x,l + U0,yκy,l)}∣∣∣∣ω + U0,xκ

±
x,l + U0,yκy,l

∣∣∣∣2 . (6.13)

In Equation 6.13, mod(l, B) corresponds to the reminder of l/B, and the cascade response function,

R±l , can be obtained from the LINSUB code of Whitehead [161].

6.3.2 Mesh Generation and Numerical Setup

Initially, the CAA mesh of a single vane passage was designed for each cascade configuration.

The CAA mesh extends to 5 chord lengths upstream and downstream of the cascade and contains

3.5 × 105 grid points for a single vane passage. Then, the cascade mesh with the total vane count was

obtained by copying the mesh of a single vane passage B times in the transverse direction. Periodic

boundary conditions were used in the top and bottom edges of the cascade mesh. It should be noted

that CAA meshes for cascade simulations were designed by following a similar strategy as detailed in

Section 2.4.3 for single aerofoils, and further details are given in Appendix C. Figure 6.10 shows the

cascade mesh of a single passage using a NACA 0001 aerofoil with the stagger angle set to α = 30o.

Cut-off modes in the acoustic pressure field are expected to be damped before reaching the mon-

itor points such that cut-off modes do not contribute to the sound power spectra. However, Kim and

Cheong [162] suggested that time-domain computations of cascade noise could be affected by unat-

tenuated cut-off modes. In order to assess the dependency of the noise predictions on the location of

the monitor points, arrays of 225 monitor points were placed at xu = −3c and −1.5c upstream of the

cascade, and at xd = 2.5c and 4c downstream of the cascade. For the numerical calculation of P±, a

total number of 3.18× 104 fluctuating pressure samples are collected every 566 non-dimensional time

steps ∆tc∞/Lre f = 4 × 10−6.
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(a) Block topology around the aerofoil. (b) Mesh in the leading edge region.

Figure 6.10: Cascade mesh of a single vane passage with a NACA 0001 aerofoil at α = 30o.

A double FFT is performed from fluctuating pressure samples to compute p̂′l(ω) in Equation 6.9.

In order to reduce high-frequency oscillations in the p̂′l(ω) calculation, the result from the FFT is

smoothed by using a moving average filter with a span of 22 elements. The reference power for the

PWL spectra is Pre f = 1 × 10−12 W.

6.3.3 Noise Results

Sound power spectra at various upstream and downstream locations are shown in Figure 6.11 for

the cascade of NACA 0001 aerofoils at α = 0o. The good agreement between noise predictions at

the locations examined indicates that the arrays of monitor points can be placed at xu ≤ −1.5c and

xd ≥ 2.5c, where sound power spectra are not significantly affected by cut-off modes.
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Figure 6.11: Influence of the monitor array location on the PWL spectra from a cascade of NACA
0001 aerofoils at M∞ = 0.6 with B = 4, s/c = 0.75, and α = 0o.
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Figure 6.12 shows a comparison between the PWL spectra from the cascade of NACA 0001 aero-

foils at α = 0o and 30o, and their corresponding flat plate prediction using the analytical model of

Cheong et al. [101]. Numerical noise predictions are able to reproduce the correct shape of peaks

and valleys in the spectra due to the interference of several cut-on modes propagating upstream and

downstream of the cascade. Overall, the numerical PWL spectra show an agreement within 2 − 3 dB

of the analytical prediction at most frequencies, which validates the current CAA methodology.

Additionally, the sound power spectrum from a single flat plate using Amiet’s model [39] was

calculated and scaled by the number of vanes, B = 4, as shown in Figure 6.12. Cheong et al. [101]

reported that sound power spectra have a high sensitivity on the vane count at low frequencies, in

which the interaction between neighbouring vanes is important. In contrast, at high frequencies, cas-

cade effects on the noise are negligible, and the sound power spectra scale with the number of vanes.

The comparison between the cascade and single flat plate predictions in Figure 6.12 shows a good

agreement, especially at high frequencies. Similar results were also shown by Blandeau et al. [70].

However, the predictions for a single flat plate cannot reproduce the correct shape of peaks and valleys

in the cascade spectra.
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Figure 6.12: PWL spectra from a cascade of NACA 0001 aerofoils at M∞ = 0.6 with B = 4 and
s/c = 0.75.

For further validation, mode-frequency maps of P±l are shown in Figure 6.13 for the cascade with

α = 0o. A reasonably good agreement is found between analytical and numerical modal power distri-

butions. Numerical predictions are able to correctly identify the circumferential modes that contribute

to the sound power spectra, i.e., the ‘cut-on triangle’.
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(b) P−l downstream of flat plate cascade.
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(d) P−l downstream of NACA 0001 cascade.
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l upstream.
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Figure 6.13: Modal spectral decomposition for a cascade of flat plates (analytical) and NACA 0001
aerofoils (numerical) at M∞ = 0.6 with B = 4, s/c = 0.75 and α = 0o. A thick black line is used to
highlight the cut-off lines.
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The largest discrepancies between analytical and numerical mode-frequency maps in Figure 6.13

are observed on the line of minimum modal power, which corresponds to l = 0. This is not believed

to be caused by numerical error, but due to the thickness of the NACA 0001 aerofoils in the numerical

simulations. In the upstream direction, circumferential modes near the cut-off lines defined by Equa-

tion 6.11 present a larger amplitude than the modes away from the cut-off lines. However, opposite

trends are found in the downstream direction. These observations, which were previously highlighted

by Cheong et al. [163] for flat plates, remain true for a cascade of thin aerofoils.

6.4 Influence of Fan Wake Modelling on Cascade Noise

Potential effects of fan wake modelling assumptions on cascade noise are assessed using a 4-vane

cascade of NACA 0001 aerofoils at M∞ = 0.6 with c = 0.15 m, s/c = 0.75, and α = 0o. To this end,

numerical sound power spectra are compared to analytical predictions using the flat plate model for

two-dimensional cascades of Cheong et al. [101]. The analytical predictions were obtained by using

the circumferentially-averaged transverse velocity spectrum, which is a common practice to reproduce

experimental noise measurements using analytical models [102, 114]. Unlike CAA simulations, the

fan wake modelling is not included in the analytical model.

6.4.1 Effect of Turbulent Kinetic Energy Modelling

Cyclostationary variations in the turbulent kinetic energy are modelled by using the von Kármán

spectrum with u′rms/U∞ = 0.017 and Λw (= Λ) = 0.008 m, which is achieved from Gaussian super-

position with the parameters in Table 2.2. In this case, the amplitude of the eddies is modulated by

Equation 6.3 using nw = 4, Ω = 2640 rad/s, R = Bs/(2π), and hw = Λw/0.42. Figure 6.14 shows

instantaneous contours of non-dimensional fluctuating vorticity magnitude and fluctuating pressure

in the simulation with cyclostationary variations in the turbulent kinetic energy. The effectiveness of

the periodic boundary condition in the circumferential direction can be observed in the fluctuating

pressure contours, which also show a number of upstream- and downstream-travelling cut-on modes.

These are radiated from the leading edge of the aerofoils, following a dipole-like pattern as occurs in

single aerofoil configurations.

Figure 6.15 shows the PWL spectra radiated by the cascade of NACA 0001 aerofoils when mod-

elling cyclostationary variations in the turbulent kinetic energy (Kw(y, t), Λw = const.). The absence

of fan wake modelling in the analytical flat plate model does not impact the good agreement between

numerical and analytical results, which is better than 2 dB for most frequencies. When comparing the

noise predictions in Figure 6.15 with those in Figure 6.12a for isotropic turbulence, it can be observed
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that cyclostationary variations in the turbulent kinetic energy of the fan wakes modify the amplitude

of the PWL spectra. Particularly, the PWL spectra are scaled down by approximately 4.4 dB at all

frequencies, which corresponds to 10log10(A2
w,rms). This conclusion is not expected to be altered by

variations in the input parameters that define the distribution of turbulent kinetic energy in the fan

wakes, such as nw, Ω, and R. For example, Dieste [127] showed that an increase in the separation

between fan wakes that interact with a single flat plate scales down the noise levels, but maintains

the shape of the noise spectra, and Wohlbrandt et al. [128] reported unaffected cascade noise when

increasing the rotation speed of the fan wakes. Ju et al. [115] recently concluded that modelling vari-

ations in the turbulent kinetic energy of the fan wakes might not be necessary for analytical models, if

a constant integral length scale is assumed.
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Figure 6.14: Instantaneous contour plots of a cascade with NACA 0001 aerofoils at M∞ = 0.6 with
B = 4, s/c = 0.75, and α = 0o. The fan wakes include cyclostationary variations in the turbulent
kinetic energy. A thick black line is used to highlight the location of the aerofoils.
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Figure 6.15: PWL spectra from a cascade of NACA 0001 aerofoils at M∞ = 0.6 with B = 4, s/c =

0.75, and α = 0o. The CAA simulation includes fan wakes with cyclostationary variations in the
turbulent kinetic energy.
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6.4.2 Effect of Integral Length Scale Modelling

Cyclostationary variations in the integral length scale are modelled by Equations 6.4 and 6.5 for

the Λw,1 and Λw,2 distributions with Λmin = 0.004 m and Λmax/Λmin = 4. In this case, the Gaussian

superposition is done by using Equations 6.6a and 6.6b with the parameters given in Table 6.2.

ith Gaussian eddy Λi [m] u′2rms,i [m2/s2]

1 5.048 × 10−2 2.070 × 10−1

2 2.801 × 10−2 8.721 × 10−1

3 1.457 × 10−2 1.104

4 7.117 × 10−3 1.009

5 2.801 × 10−3 1.488

Table 6.2: Parameters for Gaussian superposition to obtain the two-dimensional von Kármán spectrum
with M∞ = 0.6, u′rms/U∞ = 0.017, and Λ (= Λmax) = 0.016 m.

Figure 6.16 shows the PWL spectra from simulations including cyclostationary variations in the

integral length scale of the fan wakes. The slope of the PWL spectra is altered by variations in the

integral length scales, which produce a redistribution of the energy over the whole frequency range.
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Figure 6.16: PWL spectra from cascades of NACA 0001 aerofoils at M∞ = 0.6 with B = 4, s/c = 0.75,
and α = 0o. CAA simulations include fan wakes with cyclostationary variations in both the turbulent
kinetic energy and integral length scale.
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When using the Λw,1(y, t) distribution, the smallest turbulent structures in the fan wakes present

high levels of turbulent kinetic energy. Therefore, noise levels are decreased at low frequencies (∼

2 dB for f c/U < 4 in comparison with Figure 6.15) and the PWL spectra are flattened, as shown

in Figure 6.16a. In contrast, the role of the low frequencies is reinforced when using the Λw,2(y, t)

distribution, in which the turbulent kinetic energy is mainly contained by large turbulent structures.

Thus, Figure 6.16b shows a noticeable increase in noise levels at low frequencies of about 5 dB.

It should be noted that variations in the shape of the PWL spectra follow similar trends to those

experienced by the transverse one-dimensional spectrum averaged in the circumferential direction, as

shown in Figure 6.7b.

6.4.3 Summary of fan wake modelling assumptions

For all the fan wake modelling assumptions that have been examined, the PWL spectra show

similar distributions of peaks and valleys. This suggests that acoustic cut-on modes excited by the

cascade response due to vortical disturbances are pre-determined by a given cascade configuration

and Mach number. Therefore, the role of the oncoming turbulence from the fan wakes is to modulate

the amplitude of the cut-on modes that contribute to the sound power spectra, as indicated by Cheong

et al. [163] for isotropic turbulence. For the frequency range investigated, the lowest noise levels are

found when modelling the fan wake statistics with the Λw,1(y, t) distribution. This result indicates that

significant noise reductions can be achieved by reducing the turbulent kinetic energy of large turbulent

structures and energy containing eddies in the fan wakes.

Overall, a good agreement is found between analytical predictions using the circumferentially-

averaged transverse spectrum and numerical simulations including fan wake modelling. Broadband

noise mainly relies on the averaged spectrum that is perceived by the cascade, and not in the instanta-

neous statistics of the fan wakes. A more realistic description of the fan wakes leads to an increase in

modelling complexity and computational cost, however, it does not produce more accurate broadband

noise predictions. This conclusion is valid for the cases with small Λw/c, as occurs in turbofan en-

gines. For example, Λw/c is approximately 0.05 in the cases examined in this section, and about 0.1 in

the fan rig experiment of Ganz et al. [17]. For large values of Λw/c, the size of the eddies is increased

and vane-to-vane correlations might be relevant, particularly for cases with an eddy radius larger than

the inter-vane spacing. Overall, numerical results indicate that OGV noise can be predicted accurately

by using isotropic turbulence with the circumferentially-averaged spectrum of the fan wakes.
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6.5 Parameter Study on Turbulence-Cascade Interaction Noise

In this section, a parameter study on turbulence-cascade interaction noise is presented using the

isotropic von Kármán spectrum with u′rms/U∞ = 0.017 and Λ = 0.008 m. The assumption of isotropic

turbulence is adopted here to reduce the computational expense of CAA simulations in comparison to

those modelling the fan wake statistics. The baseline configuration is a 4-vane cascade of NACA 0012

aerofoils in an inviscid mean flow at M∞ = 0.3 with c = 0.15 m, s/c = 0.75, and α = 0o. Figure 6.17

shows instantaneous contours of non-dimensional fluctuating vorticity and pressure for the baseline

configuration. The present parameter study includes variations in the vane count, aerofoil thickness,

mean flow Mach number, camber, stagger angle, and inter-vane spacing on cascade noise.
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Figure 6.17: Instantaneous contour plots of a cascade with NACA 0012 aerofoils at M∞ = 0.3 with
B = 4, s/c = 0.75, and α = 0o interacting with isotropic turbulence.

6.5.1 Vane Count

Broadband noise predictions of turbulence-cascade interaction normally require the inclusion of a

full annulus in order to account for refraction effects and the correct cut-on acoustic modes that can

propagate in the duct. However, single OGV passages have been used in previous numerical studies

to reduce the size of the mesh, and therefore the computational expense [20, 40].

In order to assess the effect of vane count on the noise, cascades of NACA 0012 aerofoils with

B = 1, 4, and 20 vanes are simulated in the CAA solver. Figure 6.18 shows the PWL spectra per vane

upstream and downstream of the cascade, respectively. Noise predictions from CAA simulations were

compared with the flat plate model of Cheong et al. [101]. Results show a significant noise reduction

due to aerofoil thickness at high frequencies, as occurs in single aerofoil configurations (see Chapter

3), which is discussed in Section 6.5.2.
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Figure 6.18: PWL spectra for different vane counts in cascades at M∞ = 0.3 with s/c = 0.75 and
α = 0o.

Simulations with a single vane passage cannot give accurate noise predictions for low frequencies

due to the small width of the CAA domain, which limits the cut-on modes that can propagate. Based

on the analytical model of Cheong et al. [101], the minimum frequency that can propagate for a

cascade of flat plates at α = 0o is given by

fmin =
c∞

√
1 − M2

∞

Bs
, (6.14)

which corresponds to f c/U∞ = 4.2 for the cascade simulation with B = 1, as can be seen in Figure

6.18. Chaitanya et al. [126] highlighted that the reduced frequency range of interest for fan broadband

noise applications is around f c/U∞ = 2, which corresponds to the third harmonic of the BPF for a

conventional turbofan engine at approach conditions. Thus, at least B = 4 vanes should be used to

cover the reduced frequency range of interest. However, discrepancies of up to 4 dB can be found

in the PWL spectra at low frequencies ( f c/U∞ < 4). This highlights the importance of taking into

account the total number of vanes for correct broadband noise predictions in the frequency range of

interest for fan noise applications.

At high frequencies, there is a good collapse in the shape and trends of the PWL spectra per vane,

especially for B ≥ 4. Thus, it is possible to reduce the number of vanes computed when investigating

high frequencies, since the PWL spectra increase with the number of vanes at high frequencies as
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10log10(B) [102]. Therefore, thick aerofoils seem to behave as uncorrelated noise sources at high

frequencies, as found in previous studies for flat plates [70, 101].

6.5.2 Aerofoil Thickness

A typical OGV thickness in turbofan engines is about tA/c ≈ 0.06. For example, Ganz et al. [17]

performed noise measurements of a 18-inch fan rig using stators with tA/c = 0.05 and 0.07 at the hub

and tip, respectively. In this section, cascades of NACA 0006 and NACA 0012 aerofoils are used to

assess thickness effects on cascade noise. Figure 6.19 shows the numerical PWL spectra and their

corresponding analytical predictions for a cascade of flat plates. For the various cases examined, the

downstream PWL spectra are about 5dB louder than the upstream spectra. This result indicates that

OGV broadband noise mainly contributes to the exhaust noise from the bypass duct, regardless of the

vane thickness.

55

60

65

70

75

80

85

2 4 6 8 10 12

P

W

L

+
[d
B
/H

z]

fc/U∞

Flat plate 
as
ade

NACA 0006 
as
ade

NACA 0012 
as
ade

(a) Upstream.

55

60

65

70

75

80

85

90

2 4 6 8 10 12

P

W

L

−
[d
B
/H

z]

fc/U∞

Flat plate 
as
ade

NACA 0006 
as
ade

NACA 0012 
as
ade

(b) Downstream.

Figure 6.19: PWL spectra from cascades of NACA 0006 and NACA 0012 aerofoils at M∞ = 0.3 with
B = 4, s/c = 0.75, and α = 0o.

At low frequencies ( f c/U∞ < 3), the PWL spectra from thick vanes present similar noise levels

than flat plates, with small discrepancies of less than 3 dB on average. Consequently, increasing the

vane thickness is unlikely to reduce broadband noise in the frequency range of interest for turbofan

engines. For the cascade of NACA 0006 aerofoils, the PWL spectra resemble those of flat plate

predictions over a large portion of the frequency spectrum. This result reinforces the validity of the

flat plate assumption for OGV noise predictions, as recently suggested by Grace [120] and Chaitanya

et al. [126] using a low-order analytical model and harmonic gust simulations, respectively.
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(b) P−l downstream of flat plate cascade.

0 2 4 6 8 10 12

fc/U∞

-12

-8

-4

0

4

8

12

l

20 30 40 50 60 70

10log10(|P+
l |numerical/Pref ) [dB]

0 2 4 6 8 10 12

-12

-8

-4

0

4

8

12

(c) P+
l upstream of NACA 0006 cascade.
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(d) P−l downstream of NACA 0006 cascade.
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l upstream of NACA 0012 cascade.
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(f) P−l downstream of NACA 0012 cascade.

Figure 6.20: Modal spectral decomposition for cascades at M∞ = 0.3 with B = 4, s/c = 0.75, and
α = 0o. A thick black line is used to highlight the cut-off lines.
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A significant noise reduction due to aerofoil thickness is found at high frequencies in Figure 6.19,

as occurs in single aerofoil configurations. This noise reduction is especially pronounced for thicker

vanes in the downstream direction. For example, the cascade of NACA 0012 aerofoils presents a

7.5 dB noise reduction at f c/U∞ = 12 in the upstream direction, whereas the noise reduction is

about 15 dB downstream. These findings are consistent with sound directivity plots in Chapter 3 (for

example, see Figure 3.14b), where noise reduction due to aerofoil thickness is larger at downstream

observer angles.

A modal decomposition was performed to study the contribution of acoustic modes in the circum-

ferential direction, l = κyBs/(2π), to the sound power spectra of thick aerofoils. Figure 6.20 shows

mode-frequency maps of P±l for cascades with different vane thickness. At low frequencies, the width

of the CAA domain, Bs, limits the number of duct modes that can contribute to the sound power

spectrum, which is restricted to a few modes within the cut-off lines. The aerofoil thickness produces

an amplitude increase in the circumferential modes close to the line of minimum modal power, l = 0,

which is particularly pronounced in the upstream direction. This mechanism produces a slight in-

crease in the PWL spectra of cascades with thick vanes at low frequencies, especially in the upstream

direction (see Figure 6.19a).

To highlight further thickness effects on cascade noise, Figure 6.21 shows the difference between

P±l from cascades with flat plates and NACA 0012 aerofoils. The modal sound power of cascades with

thick vanes resembles that of a cascade with flat plates for f c/U∞ < 4. This justifies the similarities in

the PWL spectra from cascades with various vane thicknesses at low frequencies. However, the modal

sound power decreases quickly for modes that are away from the cut-off lines at high frequencies. For

f c/U∞ > 8, the noise reduction is mainly caused by duct modes with |l| ∈ [1, 8].
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Figure 6.21: Differences in the modal spectral decomposition from cascades of flat plates (analytical)
and NACA 0012 aerofoils (numerical) at M∞ = 0.3 with B = 4, s/c = 0.75, and α = 0o. A thick black
line is used to highlight the cut-off lines.
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6.5.3 Mach Number

Cascade simulations of NACA 0006 and NACA 0012 aerofoils were performed at M∞ = 0.5.

This Mach number is sufficiently high to investigate potential Mach number effects on cascade noise

while preventing the formation of shocks between vanes. Note that the inter-vane spacing behaves

as a convergent-divergent nozzle. Additionally, noise results are compared to those from cascades at

M∞ = 0.3 that were presented in Section 6.5.2.

Figure 6.22 shows the ∆PWL = PWL|flat plate−PWL|NACA aerofoil spectra as a function of f c/U∞ for

different mean flow Mach numbers. There are large oscillations in the ∆PWL spectra, which are due to

a mismatch between cut-on modes that contribute to the noise of cascades with thick aerofoils and flat

plates. Nevertheless, the ∆PWL spectra show similar trends for each aerofoil geometry at both M =

0.3 and 0.5. The collapse is slightly worse for the cascade of NACA 0012 aerofoils at high frequencies,

f c/U∞ > 5, where discrepancies of about 3 dB can be observed in both upstream and downstream

directions. For a given frequency, slightly larger noise reductions occur at low Mach numbers for

thick aerofoils, as reported by Gill [98] and Kim et al. [95] for single aerofoils. Nevertheless, it

is concluded here that the ∆PWL spectra in cascades scale linearly with f c/U∞, as occurs in single

aerofoil configurations.

Additionally, Figure 6.22 indicates that noise reduction at high frequencies due to aerofoil thick-

ness is significantly smaller for cascades of NACA 0006 aerofoils than for NACA 0012 aerofoils. For

the various Mach number investigated, cascades of thin aerofoils and flat plates present similar noise

levels (∆PWL < 3 dB) for f c/U∞ < 4.
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Figure 6.22: ∆PWL = PWL|flat plate − PWL|NACA aerofoil spectra as a function of f c/U∞ for cascades of
NACA 0006 and NACA 0012 aerofoils at M∞ = 0.3 and 0.5 with B = 4, s/c = 0.75, and α = 0o.



160 Chapter 6: Fan Wake Modelling for Turbulence-Cascade Interaction Noise

The thickness-based reduced frequency, f tA/U∞, has been highlighted as an important parameter

to estimate the noise reduction of thick aerofoils at high frequencies [87, 98]. The importance of

this parameter is also found in Figure 6.23 for cascades. A good collapse is found in the ∆PWL

spectra of cascades with different vane thicknesses and mean flow Mach numbers. It can also be

seen that aerofoil thickness produces larger noise reductions in the downstream direction. Gershfeld’s

correction [71] (to account for the aerofoil thickness effects on leading edge noise) could be adapted

to estimate the noise from cascades with real geometries. This can be done by using a different scaling

factor to f tA/U∞ for the upstream and downstream spectra in Equation 3.3. Alternatively, the linear

least squares method can be used to fit the CAA predictions, as shown in Figure 6.23. The best fit

lines for the upstream and downstream estimations of the ∆PWL spectra in dB are given by

∆PWL+ = −2.4579 + 5.6077
f tA

U∞
, ∆PWL− = −0.7704 + 9.4340

f tA

U∞
, (6.15)

respectively. It should be noted that the estimated ∆PWL− spectrum has a greater slope than the

∆PWL+ spectrum to account for a larger noise reduction at high frequencies in the downstream direc-

tion.
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Figure 6.23: ∆PWL = PWL|flat plate − PWL|NACA aerofoil spectra as a function of f tA/U∞ for cascades
of NACA 0006 and NACA 0012 aerofoils at M∞ = 0.3 and 0.5 with B = 4, s/c = 0.75, and α = 0o.

6.5.4 Camber

The effects of camber are studied in cascades of NACA 0006, NACA 3406, and NACA 6406 aero-

foils, which present a camber of 0%, 3%, and 6% of the chord, respectively. The majority of analytical

models for cascade noise assume unloaded flat plates with a constant stagger angle. Therefore, the
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mean flow is aligned in the chordwise direction upstream and downstream of the cascade. In contrast,

CAA simulations can account for variations in the mean flow direction across the cascade to compute

sound power spectra using Equation 6.9. This is particularly relevant when dealing with cambered

aerofoils, which may vary the direction of the mean flow, adding or removing swirl.

As shown in Figure 6.24, the mean flow around the cascades is significantly affected by the aerofoil

camber. Although the stagger angle is kept to zero, the camber of the NACA 6406 aerofoil induces a

change in the direction of the mean flow downstream of the cascade (swirl, M−y < 0). Additionally,

the stagnation region shifts towards the suction side, which varies the angle of attack that is perceived

by the aerofoils.

x [m]

y 
[m

]

(a) Symmetric NACA 0006 aerofoils.

x [m]

y 
[m

]

(b) Cambered NACA 6406 aerofoils.

Figure 6.24: Contours of Mach number around cascades at M∞ = 0.3 with B = 4, s/c = 0.75, and
α = 0o.

The upstream and downstream PWL spectra are shown in Figure 6.25 for various cascades of

cambered aerofoils. Despite the significant change in the mean flow distribution around the cascade,

there is a good overlap in the PWL spectra for different degrees of camber. This result indicates a

small effect of camber and aerofoil mean loading on the cascade noise. For the 6% cambered aerofoil,

a consistent increase in the upstream PWL spectrum of only 1 dB is found at most frequencies with

respect to low-cambered aerofoils. These findings agree with previous works of Chaitanya et al. [126]

and Evers and Peake [119], in which variations in the total radiated power within 1 − 2 dB were

reported for cascades of cambered aerofoils.
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Figure 6.25: PWL spectra from cascades of cambered aerofoils at M∞ = 0.3 with B = 4, s/c = 0.75,
and α = 0o.

Figure 6.26 shows mode-frequency maps of P±l for the cascade of NACA 6406 aerofoils. The

camber of the aerofoils produces a redistribution of the modal sound power, which breaks down the

symmetry reported in Figures 6.20c and 6.20d for NACA 0006 aerofoils. This redistribution is related

to the swirl generated by the cambered aerofoils, which produce a mean flow deviation of 9o in the

downstream direction. The swirl also leads to a small variation in the downstream cut-off lines, which

produce a certain skewness in the cut-on triangle ofP−l . These effects are expected to be aggravated by

stronger swirling mean flows. Although camber introduces variations in the modal power distribution,

such variations are not reflected in the resulting PWL spectra from the summation of all cut-on modes.

This conclusion, which is valid for broadband noise spectra at low and high frequencies, is consistent

with results of Evers and Peake [119] and Chaitanya et al. [126] using harmonic gusts.
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(b) P−l downstream.

Figure 6.26: Modal spectral decomposition for a cascade of NACA 6406 aerofoils (numerical) at
M∞ = 0.3 with B = 4, s/c = 0.75, and α = 0o. A thick black line is used to highlight the cut-off lines.
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6.5.5 Stagger Angle

The stagger angle is now set to α = 30o in the baseline cascade configuration of NACA 0012

aerofoils. This stagger angle is similar to that used by Hanson [102] and Cheong et al. [101] when

comparing their analytical methods with experimental data from a NASA fan rig. In this configuration,

the absence of camber makes the mean flow aligned with the aerofoil chord. Note that the stagger angle

and aerofoil camber are usually combined in OGV designs to remove the swirl in the downstream

direction.

Figure 6.27 shows the upstream and downstream PWL spectra for staggered and non-staggered

cascade configurations. In the upstream direction, the increase in the stagger angle leads to an increase

in the noise levels of about 2 − 3 dB for cascades of flat plates and NACA 0012 aerofoils, which is

particularly pronounced at low frequencies. However, similar noise levels are found in the down-

stream direction for each configuration when the stagger angle is changed. These results suggest that

variations in the stagger angle of cascades with thick aerofoils have a limited effect on the broadband

noise.
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Figure 6.27: PWL spectra from cascades of flat plates and NACA 0012 aerofoils at M∞ = 0.3 with
B = 4, s/c = 0.75, and α = 0o − 30o.

The change in stagger angle leads to a modification of the peaks and valleys in the PWL spectra.

This is caused by the redistribution of the cut-on modes that contribute to the modal sound power, as

shown in Figure 6.28 using mode-frequency maps of P±l . As a consequence of the swirling mean flow

(M±y > 0), the cut-on triangle is now skewed with
∣∣∣l±max

∣∣∣ > ∣∣∣l±min

∣∣∣ at all frequencies. In the upstream

direction, cut-on modes with l < 0 are the main contributors to the sound power, whereas sound power

is dominated by cut-on modes with l > 0 in the downstream direction. These observations were also
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discussed by Cheong et al. [163] and Jenkins [103] for flat plate cascades. Adding thick vanes to a

staggered cascade does not alter significantly the distribution of cut-on modes at low frequecies, but

decreases the modal sound power at high frequencies.
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(b) P−l downstream of flat plate cascade.
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l upstream NACA 0012 cascade.
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(d) P−l downstream of NACA 0012 cascade.

Figure 6.28: Modal spectral decomposition for a cascade of flat plates (analytical) and NACA 0012
aerofoils (numerical) at M∞ = 0.3 with B = 4, s/c = 0.75, and α = 30o. A thick black line is used to
highlight the cut-off lines.

6.5.6 Inter-Vane Spacing

The effect of variations in the gap-to-chord ratio (or reciprocal of solidity) is assessed by increasing

the separation between vanes in the baseline cascade configuration. Thus, s/c is now set to 1.5, while

keeping the chord fixed to c = 0.15 m. An increased gap-to-chord ratio is more representative of
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CRORs, in which the separation between consecutive rotor blades is larger than the separation between

OGVs in conventional turbofan engines.

Figure 6.29 shows the upstream and downstream PWL spectra for a gap-to-chord ratio of s/c = 1.5

in cascades of flat plates and NACA 0012 aerofoils. Results are compared to the baseline configuration

with s/c = 0.75. The increase in s/c produces a slight increase in noise levels at low frequencies and

similar noise levels at high frequencies. It should be noted that as the s/c ratio increases, cascade

effects on broadband noise become less important at high frequencies [70, 103]. Thus, the PWL

spectrum of the cascade with NACA 0012 aerofoils is expected to become closer to that of the single

aerofoil response, scaled by the number of vanes.
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Figure 6.29: PWL spectra from cascades of flat plates and NACA 0012 aerofoils at M∞ = 0.3 with
B = 4, s/c = 0.75 − 1.5, and α = 0o.

6.6 Summary

In this chapter, the advanced digital filter method has been adapted and validated to reproduce

the statistics of two-dimensional fan wakes. Three different fan wake modelling assumptions have

been proposed: (a) isotropic turbulence with von Kármán spectra, (b) cyclostationary variations in

turbulent kinetic energy with a constant integral length scale, and (c) cyclostationary variations in

both turbulent kinetic energy and integral length scale. These assumptions have been used to predict

turbulence-cascade interaction noise in CAA simulations. Numerical noise results were compared

with the analytical cascade model of Cheong et al. [101]. Additionally, several cascade configurations

have been studied to assess potential OGV geometry effects on cascade noise, including variations in
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the vane count, aerofoil thickness, Mach number, camber, stagger angle, and inter-vane spacing. The

main findings are summarised as follows:

• When modelling cyclostationary variations in the turbulent kinetic energy of the fan wakes, the

PWL spectra upstream and downstream of the cascade are uniformly shifted at all frequencies

by 10log10(A2
w,rms).

• Cyclostationary variations in the integral length scale of the fan wakes produce a redistribution

of the energy in the circumferentially-averaged turbulence spectra. As a consequence, the slope

of the PWL spectra is altered upstream and downstream of the cascade. For example, if the

largest integral length scale occurs at the maximum turbulent kinetic energy, the resulting PWL

spectra will be dominated by low frequencies.

• The location of peaks and valleys in the PWL spectra remains unchanged by the fan wake mod-

elling. This suggests that the same cut-on modes are activated when using isotropic turbulence

and when modelling the fan wakes. Therefore, the main effect of the turbulent fan wakes is to

modulate the cascade response function.

• The comparison between the analytical and numerical PWL spectra shows that broadband noise

mainly depends on the circumferentially-averaged turbulence spectra that interact with the cas-

cade. A realistic description of the fan wakes, with cyclostationary variations in both turbulent

kinetic energy and integral length scale, does not lead to a significant improvement of broad-

band noise predictions. Thus, the isotropic turbulence assumption provides the best compromise

between computational cost and simulation accuracy.

• When using a single passage, the minimum frequency that can be solved is normally larger than

the frequency range of interest for fan broadband noise applications, f c/U∞ ≈ 2, due to the

limited width of the CAA domain. By increasing the vane count, the PWL spectra per vane

overlap at high frequencies, but there are still some discrepancies in the shape of the spectra

at low frequencies. This suggests the need for the total vane count to be used for high-fidelity

noise predictions.

• Cascades of thick aerofoils have been found to reduce noise levels at sufficiently high frequen-

cies, f c/U∞ > 4, as occurs for single aerofoils. The noise reduction is particularly pronounced

downstream of the cascade, which is caused by a reduction in the modal sound power of duct

modes away from the cut-off lines. Additionally, aerofoil thickness has been found to increase

the modal sound power along the line of minimum modal power.

• The PWL spectra from 6% thick aerofoils, which are representative of the typical thickness of

OGVs, match satisfactorily the analytical flat plate results over a large portion of the frequency



Chapter 6: Fan Wake Modelling for Turbulence-Cascade Interaction Noise 167

range ( f c/U∞ < 4). This reinforces the use of the flat plate assumption for the prediction of

OGV broadband noise.

• Noise reduction due to aerofoil thickness in cascades, ∆PWL = PWL|flat plate−PWL|NACA aerofoil,

scales linearly with f c/U∞ and f tA/U∞, as reported for single aerofoil configurations. How-

ever, the slope of the ∆PWL spectra is different in the upstream and downstream directions,

since larger noise reductions due to aerofoil thickness occur in the downstream direction. Best

fit lines have been calculated to estimate the upstream and downstream ∆PWL spectra as a

function of f tA/U∞ using the least squares method.

• For cascades of aerofoils with tA/c = 0.06, the PWL spectra are not significantly affected

(∼ 1 dB) by a 6% camber increase, despite the noticeable variations in the mean flow around

the cascade. This is consistent with the small effect of the aerofoil mean loading on leading

edge noise that was discussed in Chapter 4. Nevertheless, modifications to the mean flow, such

as adding or removing swirl, break down the symmetry of the cut-on triangle in the mode-

frequency maps.

• The PWL spectra present similar noise levels after a significant variation in the stagger angle

(α = 30o) and in the inter-vane spacing (s/c = 1.5). However, the distribution of the peaks and

valleys in the PWL spectra was significantly altered. This is because variations in α and s/c

modify the cut-on modes that contribute to the PWL spectra. For example, the mode-frequency

maps ofP±l for the staggered cascade showed a highly skewed cut-on triangle due to the swirling

mean flow.

According to the previous conclusions, small improvements in broadband noise reduction from fan

wake-OGV interaction can be achieved by independent variations in the vane thickness, camber, stag-

ger angle, and inter-vane spacing. This reduces the number of design parameters that can effectively

be optimised to reduce engine fan broadband noise. However, the PWL spectra scale with the number

of vanes at high frequencies. Therefore, fan wake-OGV interaction noise can be reduced by decreas-

ing the vane count in turbofan engines. Note that this could introduce variations in the BPF and its

harmonics. Additionally, it can be concluded from the present CAA study that the turbulent kinetic

energy of the fan wakes is one of the main contributors to the cascade noise. To reduce this potential

source of noise: (a) the number of fan blades could also be reduced, (b) the blade design could be

further optimised to reduce the boundary layer and wake turbulence, and (c) the separation between

the fan stage and OGVs could be increased to allow for the decay of the turbulence intensity in the fan

wakes. Alternative OGV designs that use passive noise control technologies, such as wavy leading

edges, could also be further investigated [164, 165]. The challenge is to reduce the fan wake-OGV

interaction noise without significantly affecting the aerodynamic performance of the engine.
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Chapter 7

Conclusions and Future Work

This chapter summarises the work presented throughout this thesis. The key findings and contri-

butions are highlighted, and recommendations for future work are also provided.

7.1 Summary and Conclusions

CAA simulations using the LEEs and synthetic turbulence have been performed to study leading

edge noise from single aerofoils and cascades. The conclusions of this thesis have been classified

into three different categories: synthetic turbulence methods (see Section 7.1.1), turbulence-aerofoil

interaction noise (see Section 7.1.2), and turbulence-cascade interaction noise (see Section 7.1.3).

7.1.1 Synthetic Turbulence Methods

In this thesis, an advanced digital filter method has been developed to generate two- and three-

dimensional synthetic turbulence with well-defined isotropic and anisotropic turbulence spectra. The

method is based on the RPM method [52, 60], for the mathematical background, and synthetic eddy

methods [43, 47, 48], for the numerical implementation. The resulting turbulent flow is divergence-

free, as required for leading edge noise predictions, and has a broadband frequency content, in contrast

with methods based on Fourier mode methods. The main properties of the advanced digital filter

method are summarised as follows:

• The advanced digital filter method reduces the number of parameters and random numbers that

are necessary to calculate in recent synthetic eddy methods [48], and avoids the generation and

filtering of white noise signals in comparison with the RPM method [52].

169
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• A new eddy profile is defined from a superposition of Gaussian eddies in order to recover a

target isotropic energy spectrum, such as von Kármán or Liepmann. In practical cases, Ne = 5

Gaussian eddies are sufficient to reproduce a target isotropic energy spectrum.

• All eddies injected into the CAA domain have the same profile and amplitude, and the only

difference between them is their direction of rotation, which simplifies the implementation and

accelerates the convergence of the turbulence statistics.

• For two- and three-dimensional isotropic turbulence, the correct turbulence statistics are recov-

ered provided that the eddy radius and the eddy spacing in the injection plane satisfy re ≥ 3Λ/2

and ∆e ≤ Λ/2, respectively. These are optimised values obtained by evaluating the averaged

error in the resulting turbulence spectra from a parameter study.

• For leading edge noise predictions, the injection plane can be placed at a distance equivalent to

the eddy radius, re, upstream of the aerofoil leading edge.

• The advanced digital filter method can be used to generate pseudo three-dimensional turbulence,

i.e., two-dimensional synthetic turbulence with the key statistics of three-dimensional turbu-

lence. This type of turbulence is useful to reproduce experimental results from single aerofoils

in open-jet wind tunnel experiments at a reduced computational cost. Numerical noise predic-

tions show an agreement with experimental measurements of better than 3 dB for the majority

of tested configurations.

• Homogeneous anisotropic turbulence is realised by modifying the length scales of the Gaussian

eddies in different spatial directions, while preserving the divergence-free condition. Further-

more, a superposition of anisotropic Gaussian eddies has been used to generate homogeneous

axisymmetric turbulence as defined by Kerschen and Gliebe [113].

• The advanced digital filter method can accurately reproduce cyclostationary variations in the

turbulent kinetic energy and integral length scale of the fan wakes.

The advantages and limitations of the advanced digital filter method have been compared to Fourier

mode methods with one and two fluctuating velocity components. The main conclusions from this

comparison are listed below.

• The one-component Fourier mode method is the simplest and fastest synthetic turbulence method

among those analysed in this thesis. This method is suitable for studying leading edge noise

from aerofoils with moderate thickness (tA/c ≤ 0.06) at zero angle of attack. However, the one-

component Fourier mode method fails to correctly predict leading edge noise from aerofoils

with large thickness at high frequencies and aerofoils at non-zero angle of attack, as indicated

by Gill et al. [41].
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• The advance digital filter method and the two-component Fourier mode method give similar

leading edge noise predictions for all the aerofoil configurations examined. This implies that the

choice of synthetic turbulence method has no significant influence on the resulting noise predic-

tion. However, the advanced digital filter method provides savings in computational cost, since

it is up to 3.9 times faster than the two-component Fourier mode method for two-dimensional

simulations.

7.1.2 Turbulence-Aerofoil Interaction Noise

Isotropic turbulence interacting with single aerofoils has been studied to improve current under-

standing of leading edge noise. The main conclusions are listed below.

• Synthetic turbulence methods based on digital filters and Fourier mode methods have been

used to study the effects of freestream Mach number, aerofoil thickness, and angle of attack

on leading edge noise. Numerical far-field noise predictions show similar trends as reported in

previous experimental, analytical, and numerical works on leading edge noise using isotropic

turbulence. Noise is reduced at high frequencies as the aerofoil thickness increases, whereas the

angle of attack has a small effect on the noise.

• The ∆PWL = PWL|flat plate − PWL|NACA aerofoil spectra (in dB) scale linearly with f c/U∞ for

the various configurations investigated using isotropic turbulence. For NACA 0006 and NACA

0012 aerofoils, there is a good overlap in the ∆PWL spectra as a function of the thickness-based

reduced frequency for f tA/U∞ ≤ 0.6. A best fit line based on the least squares method has been

proposed to estimate the ∆PWL spectra as a function of f tA/U∞.

• Turbulent structures are distorted in a small region confined within 0.02c from the aerofoil

leading edge. In the stagnation region, u′x,rms/U∞ is reduced, and u′y,rms/U∞ is increased. These

trends are also observed in the one-dimensional spectra of the fluctuating velocity, which are

distorted in the vicinity of thick aerofoils. Particularly, E(2D)
11 decays uniformly at all frequencies,

whereas E(2D)
22 is increased at low frequencies and decreased at high frequencies. Additionally,

it has been found that the trends and levels of the distorted E(2D)
22 can be estimated by using a

modified von Kármán spectrum that is based on rapid distortion theory.

• One-dimensional spectra E(2D)
11 and E(2D)

22 present similar distortions in the leading edge region

as a function of f c/U∞ for a given aerofoil geometry. This result indicates a weak effect of the

freestream speed on the distorted spectra. Furthermore, the distortion of the turbulence spectra

shows similar trends for aerofoils at zero and non-zero angles of attack, which justifies the

insensitivity of the noise predictions to variations in the angle of attack.
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• A spectral analysis of the fluctuating pressure on the surface of NACA 0006 and NACA 0012

aerofoils indicates a reduction in the strength of the unsteady pressure response as the aerofoil

thickness increases, especially at high frequencies. This finding is consistent with the far-field

noise reduction due to aerofoil thickness at high frequencies. Additionally, the maximum p′rms,

which is found in the leading edge region, is mainly caused by low frequencies.

• Unlike aerofoils in the free field, simulations including the jet and strong shear layers can re-

produce the trends of the experimental Cp. In this case, a simplified version of the LEEs with

∂U0,x/∂y terms neglected can be used to guarantee the stability of the simulations. Neverthe-

less, numerical results showed a weak dependence on the mean flow modelling assumptions and

aerofoil mean loading, with variations of less than 3 dB for jet and freestream configurations.

At a design stage, simulations of aerofoils in the freestream at zero angle of attack should be

sufficiently accurate to estimate the leading edge noise of more challenging configurations.

Moderately anisotropic turbulence has been reported experimentally in the fan wakes [18]. However,

few works have discussed the effects of anisotropy until now, and the majority of prediction tools for

fan broadband noise assume isotropic turbulence. In this thesis, the effects of anisotropic turbulence

on leading edge noise have been addressed by means of homogeneous axisymmetric turbulence as

defined by Kerschen and Gliebe [113]. CAA simulations were performed using anisotropic synthetic

turbulence with the streamwise-to-transverse length scale ratio, la/lt, ranging between 0.33 and 3. The

main conclusions are summarised as follows:

• Anisotropic turbulence produces a redistribution of the energy in the velocity spectra, which

affects the amount of energy that contributes to the leading edge noise. This highlights the need

for noise prediction tools that can account for anisotropy in the fan wakes.

• The upwash velocity spectrum remains the main contributor to the leading edge noise of aero-

foils interacting with moderately anisotropic turbulence, as occurs for isotropic turbulence.

However, the streamwise velocity fluctuations become increasingly important for cases with

la/lt > 1.

• When using anisotropic turbulence, the spanwise wavenumber kz = 0 is the main contributor

to the leading edge noise from wings with constant cross-section for far-field observers in the

mid-span plan. This extends the validity of the kz = 0 assumption, previously stated by Amiet

[39] for isotropic turbulence.

• Noise reduction due to aerofoil thickness, ∆PWL = PWL|flat plate − PWL|NACA 0012, scales lin-

early (in dB) with f c/U∞ for anisotropic turbulence, following similar trends as for isotropic

turbulence. Furthermore, a good overlap in the ∆PWL spectra is found for the various la/lt
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investigated. The correction of Gershfeld [71] over-predicts the noise reduction due to aerofoil

thickness in both isotropic and anisotropic turbulence.

• A moderate angle of attack variation (AoA = 6o) has a small effect (∆OAPWL < 1 dB) on the

leading edge noise from single aerofoils interacting with anisotropic turbulence. Nevertheless,

cases with la/lt < 1 present a significant noise reduction at high frequencies.

7.1.3 Turbulence-Cascade Interaction Noise

In this thesis, the influence of the fan wake modelling assumptions on cascade noise has been

assessed in two-dimensional CAA simulations. The main conclusions are summarised as follows:

• Cyclostationary variations in the turbulent kinetic energy uniformly scale the amplitude of the

PWL spectrum, whereas cyclostationary variations in the integral length scale modify the slope

of the PWL spectrum.

• Broadband noise mainly depends on the circumferentially-averaged turbulence spectra that are

perceived by the cascade. Therefore, isotropic turbulence could be used to fit the circumferentially-

averaged statistics of the fan wakes without significant loss of accuracy in the broadband noise

results.

• Fan wake modelling assumptions do not alter the distribution of peaks and valleys in the PWL

spectra, suggesting that the oncoming turbulence only modulates the amplitude of the cut-on

modes from the cascade response.

Additionally, a parameter study was performed to assess the effects of OGV geometry on turbulence-

cascade interaction noise. This CAA study provides PWL spectra and modal spectral decompositions

upstream and downstream of the cascades for representative configurations. The key conclusions are

summarised as follows:

• A good overlap is found between the PWL spectra for cascades with B ≥ 4 using flat plates

and 12% thick aerofoils, especially at high frequencies. Using a reduced vane count at low

frequencies could provide an estimation of the noise levels, but variations of up to 4 dB in the

PWL spectra have been reported at low frequencies.

• Vane thickness effects on cascade noise are small for f c/U∞ < 4. The PWL spectra from 6%

thick aerofoils, which are representative of the typical OGV thickness, match satisfactorily the

analytical flat plate results over a large portion of the frequency range. This confirms that the

flat plate assumption is suitable for the prediction of OGV broadband noise.



174 Chapter 7: Conclusions and Future Work

• Mode-frequency maps ofP±l show that vane thickness increases the amplitude of the duct modes

along the line of minimum modal power. The reduction of cascade noise at high frequencies,

f c/U∞ > 4, is caused by a decrease in the amplitude of duct modes away from the cut-off lines.

• The PWL spectra show a negligible effect of camber on the noise levels (∼ 1 dB), despite the

significant variation that camber causes in the mean flow. This reinforces the fact that aerofoil

mean loading has a small effect on leading edge noise.

• Overall, noise levels are weakly affected by a 30o variation in the stagger angle and a signifi-

cant increase in the inter-vane spacing. However, peaks and valleys in the PWL spectra were

redistributed across the spectra due to a change in the cut-on modes that contribute to the PWL

spectra upstream and downstream of the cascade.

• Swirling mean flows, which are related to cascades with cambered or staggered vanes, produce

some skewness in the cut-on triangle of the mode-frequency maps. Nevertheless, significant

variations in the modal spectra distribution are smoothed out when computing the PWL spectra.

7.2 Recommendations for Future Work

This section presents suggestions for future work in the area of leading edge noise predictions

from single aerofoils and cascades.

• Turbulence-aerofoil interaction noise in transonic flows. Leading edge noise predictions

using the LEEs are restricted to configurations in which the flow remains subsonic. Regions

with local supersonic flows and shocks may appear on the suction side of thick aerofoils at

transonic Mach numbers or aerofoils at a moderate angle of attack. These cases could be studied

by using the full Euler equations, which include the effect of non-linear terms. Initial work in

this area has recently been presented for harmonic gusts interacting with single aerofoils in

transonic flows [148]. In future works, these configurations could be studied by using realistic

turbulent flows, such as those generated by the advanced digital filter method.

• Aerofoils with wavy leading edge interacting with anisotropic turbulence. The use of

shorter nacelles in the next generation of turbofan engines will reduce the separation between

the fan blades and OGVs. Consequently, it will be necessary to account for the anisotropic

turbulence in fan wakes for accurate noise predictions. New designs of low-noise OGVs have

been proposed for turbofan engines, including aerofoils with wavy leading edge. Experimental

works using nearly isotropic turbulence have recently highlighted the importance of the integral

length scale on the noise reduction from aerofoils with wavy leading edge [164]. Therefore,

it would be interesting to investigate the impact of anisotropic turbulence with various length
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scales on aerofoils with wavy leading edge. This could be done by using the three-dimensional

advanced digital filter method for anisotropic turbulence that has been presented in Chapter 5.

• Unsteady mean flows for the prediction of cascade noise. In Chapter 6, simulations of

turbulence-cascade interaction noise were performed by assuming steady mean flows in the

LEEs. This was useful to compare results with the analytical model of Cheong et al. [101],

which assumes a uniform mean flow. However, the use of unsteady mean flows in the LEEs

might be useful to model more realistic cases of turbulence-cascade interaction noise. Unsteady

mean flows could potentially affect the convection speed of the turbulent flow, and the propaga-

tion of acoustic cut-on modes in the bypass duct. Although unsteady mean flows might increase

the computational cost and memory requirements of the computations, it seems a step forward

towards more realistic CAA computations of fan wake-OGV interaction noise. Initial works

on this subject have been recently presented by Wohlbrandt et al. [128]. However, an exten-

sive study on the suitability of unsteady mean flows and their effects on cascade noise is still

required.

• Moving/sliding meshes to include the fan/rotor stage in CAA simulations. Unsteady mean

flows could be combined with moving meshes in LEE solvers to include the fan stage in the

simulations. Including a row of fan blades might be useful to study the effect of fan shielding on

upstream-travelling acoustic waves from the OGVs. There are analytical models in the literature

to account for the loss of sound power transmitted across the fan stage that could be used for val-

idation of numerical results using the LEEs. For example, Jenkins (see Chapter 5 in Reference

[103]) developed a model based on the previous works of Smith [100] and Whitehead [161] for

two-dimensional configurations. Additionally, the interaction between anisotropic turbulence

stretched in the axial direction and rotating fan blades could be studied to assess the effects of

anisotropy on turbulence ingestion noise at the fan intake.

• Strip theory in CAA simulations of cascade noise. The strip theory is used by several analyt-

ical models to compute cascade noise at various radial locations. However, analytical models

often assume isotropic turbulence and flat plates. The strip theory could be applied in two-

dimensional cascade simulations, such as those in Chapter 6, to account for vane geometry ef-

fects and fan wake modelling on the predictions of cascade noise. This approach represents an

alternative to fully three-dimensional simulations, and would potentially improve the accuracy

of cascade noise predictions and the comparison with experimental data.

• Fully three-dimensional CAA simulations of cascade noise. In this thesis, cascade simula-

tions were restricted to two-dimensional configurations in order to improve the current under-

standing of fan wake-OGV interaction noise. However, the effects of sweep and lean angles

in OGV noise should be addressed by fully three-dimensional simulations. Until now, few
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works have performed three-dimensional simulations of OGVs using the LEEs, and often in-

volve several assumptions to reduce the complexity and computational cost of the simulations.

For example, Polacsek et al. [40] used a single vane passage with a flat plate, and isotropic

turbulence with only the upwash component to model the fan wakes. Next steps in the area

of cascade noise using the LEEs should focus on reproducing more realistic cases at a reduced

computational cost. Alternatively, Lattice Boltzmann solvers could be used for the computation

of turbofan engine noise in highly realistic cases [22, 23, 129].

• In-duct divergence-free turbulence injection. The use of in-duct synthetic turbulence to study

fan wake-OGV interaction noise in three-dimensional simulations is a challenging problem.

This is because the fluctuating velocity field may interact with the duct walls, producing an

additional noise source that can contaminate leading edge noise from the OGVs. Thus, it would

be useful for three-dimensional cascade noise predictions to develop a method or a boundary

condition to inject realistic synthetic turbulence within a duct. By including the bypass duct in

the CAA simulations, it could also be possible to study the performance of different liners on

broadband duct mode propagation.

• Effects of heterogeneous OGVs on broadband noise. Recent developments in turbofan en-

gines show heterogeneous OGVs in which some stator vanes present a modified geometry, such

as an increased aerofoil chord or thickness. To date, current analytical models for the prediction

of fan wake-OGV interaction noise are not suitable to study the effects of OGV heterogeneity

on cascade noise. However, the CAA methodology presented in Chapter 6, which was applied

to study broadband noise from homogeneous cascades, can also be used to analyse the effects

of OGV heterogeneity on cascade noise.



Appendix A

Random Particle-Mesh

This Appendix presents a derivation of the governing equations for three-dimensional isotropic

synthetic turbulence based on the Random Particle-Mesh method [52, 53]. A complete derivation

was presented by Dieste (see Appendices A and B in Reference [127]). This derivation is reproduced

here, including additional intermediate steps. Although the derivation has been performed for three-

dimensional turbulence, the two-dimensional derivation follows the same steps and its main results

are also included here.

This Appendix is organised as follows. General equations for the definition of the turbulent veloc-

ity field, which is derived from a vector potential, are presented in Section A.1. It should be noted that

the vector potential is obtained by filtering white noise signals. In Section A.2, the two-point correla-

tion tensor of the vector potential is linked to the filter in wavenumber space. Assuming homogeneous

and isotropic turbulence, it is possible to find a relationship between the longitudinal and transverse

correlation functions and the two-point correlation of the vector potential, as shown in Section A.3.

Then, the trace of two-point velocity correlation is linked to the filter in wavenumber space in Section

A.4. Finally, the energy spectrum of a turbulent flow is linked to the filter in wavenumber space in

Section A.5.

A.1 General Equations

To ensure the divergence-free condition, the fluctuating velocity field is derived from the curl of

the perturbation vector potential

u′(x, t) = ∇ × η(x, t) = εi jk
∂

∂x j
ηkei, (A.1)
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where x represents a point in the flow field at time t and εi jk is the Levi-Civita symbol. Thus, it is

straightforward to verify that ∇ · u′ = ∇ · (∇ × η) = 0.

The perturbation vector potential is defined as

ηi(x, t) =

∫
Vs

G(x − xe)Ui(xe, t)dxe, (A.2)

where G(x − xe) is the spatial filter, Ui(xe, t) is the spatio-temporal white noise signal for the ith-

component, and xe is a point within the source region, Vs, where the filters are applied. Note that

only one white noise term is required for a two-dimensional case, since the turbulent velocity field is

derived using only one component of the vector potential, which is reduced to a single streamfunction.

The random signal has the following properties:

〈Ui(x, t)〉 = 0, (A.3a)

〈
Ui(x1, t)U j(x2, t)

〉
= δ(r)δi j, (A.3b)

DUi

Dt
= 0, (A.3c)

where r = x2 − x1 is the separation between two points and 〈.〉 represents the ensemble average

operator. Note that the process is assumed to be statistically stationary and thus, ensemble average and

time average operators are equivalents. Equation A.3c only holds under frozen turbulence assumption,

and can be combined with Equation A.3b to give〈
Ui(x1, t1)U j(x2, t2)

〉
= δ(r − τU0)δi j, (A.4)

where U0 is the convection velocity and τ = t2 − t1 is the separation between two instants.

A.2 Two-Point Correlation of the Vector Potential in Wavenumber Space

In this Section, the two-point correlation of the vector potential is related to the digital filter in

wavenumber space. For a statistically homogeneous process, the two-point correlation of the vector

potential is defined as

Ci j(r) =
〈
ηi(x1, t)η j(x2, t)

〉
. (A.5)
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Introducing Equation A.2 into Equation A.5 leads to

Ci j(r) =

〈∫
Vs1

G(x1 − xe1)Ui(xe1, t)dxe1

∫
Vs2

G(x2 − xe2)U j(xe2, t)dxe2

〉
. (A.6)

Applying the ensemble average operator to the stochastic term, i.e., to the white noise term, gives

Ci j(r) =

∫
Vs1

∫
Vs2

G(x1 − xe1)G(x2 − xe2)
〈
Ui(xe1, t)U j(xe2, t)

〉
dxe1dxe2. (A.7)

Using the property of the white noise term defined by Equation A.3b and taking into account that

x1 = x2 − r, gives

Ci j(r) = δi j

∫
Vs2

G(x2 − xe2)G(x2 − xe2 − r)dxe2, (A.8)

which is the convolution of the digital filter, and therefore

Ci j(r) = (G ⊗G)(r)δi j. (A.9)

If the Fourier transform for Ci j(r) is defined as

Ĉi j(k) =
1

(2π)3

∫ +∞

−∞

Ci j(r) exp (−ik·r) dr, (A.10)

the one-dimensional convolution of two functions in physical space corresponds to the multiplication

of 2π and the Fourier transforms in wavenumber space, hence

Ĉi j(k) = δi j8π3Ĝ2(k). (A.11)

For a purely two-dimensional turbulent flow, Equation A.11 can be rewritten as Ĉ(k) = 4π2Ĝ2(k),

since the vector potential is defined by a unique streamfunction.

A.3 Longitudinal and transverse Correlation Functions

In this Section, the two-point velocity correlation

Ri j(r) =
〈
ui(x1)u j(x2)

〉
, (A.12)

is related to the two-point correlation of the vector potential

Ci j(r) = C(r)δi j =
〈
ηi(x1)η j(x2)

〉
, (A.13)
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by assuming that the turbulent flow is homogeneous and isotropic. In this case, the two-point velocity

correlation can be defined by means of the non-dimensional longitudinal and transverse correlation

functions, f (r) and g(r), respectively,

Ri j(r) = u′2rms

{[
f (r) − g(r)

]
nin j + g(r)δi j

}
. (A.14)

Introducing Equation A.1 into Equation A.12 gives

Ri j(r) =
〈
ui(x)u j(x + r)

〉
=

〈
εilm

∂

∂xl
ηm(x)ε jpq

∂

∂xp
ηq(x + r)

〉
. (A.15)

The Levi-Civita symbols can be taken out of the ensemble average operator, and using the property of

the partial derivatives ∂/∂xpηq(x + r) = ∂/∂rpηq(x + r), Equation A.15 can be rewritten as

Ri j(r) = εilmε jpq

〈
∂

∂xl
ηm(x)

∂

∂rp
ηq(x + r)

〉
= εilmε jpq

∂

∂rp

〈
ηq(x + r)

∂

∂xl
ηm(x)

〉
. (A.16)

Since
〈
ηm(x)ηq(x + r)

〉
only depends on r, using the chain rule for derivatives

∂

∂xl

〈
ηm(x)ηq(x + r)

〉
=

〈
ηq(x + r)

∂

∂xl
ηm(x)

〉
+

〈
ηm(x)

∂

∂xl
ηq(x + r)

〉
= 0. (A.17)

This allows to rewrite Equation A.16 as

Ri j(r) = −εilmε jpq
∂

∂rp

〈
ηm(x)

∂

∂xl
ηq(x + r)

〉
. (A.18)

Again, using the property of the partial derivatives as above

Ri j(r) = −εilmε jpq
∂

∂rp

〈
ηm(x)

∂

∂rl
ηq(x + r)

〉
, (A.19)

and taking the derivative ∂/∂rl out of the ensemble average operator, leads to

Ri j(r) = −εilmε jpq
∂2

∂rp∂rl

〈
ηm(x)ηq(x + r)

〉
= −εilmε jpq

∂2

∂rp∂rl
C(r)δmq. (A.20)

The second order partial derivative can be developed by using the chain rule and taking into ac-

count that ∂r/∂rp = rp/r, which gives

∂2

∂rp∂rl
C(r) =

1
r

d
dr

C(r)δpl −
rlrp

r3

d
dr

C(r) +
rlrp

r2

d2

dr2 C(r). (A.21)
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Introducing Equation A.21 into Equation A.20, the two-point velocity correlation takes the form

Ri j(r) = −εilmε jpqδmqδpl
1
r

d
dr

C(r) − εilmε jpqδmq

(
d2

dr2 C(r) −
1
r

d
dr

C(r)
)

rmrp

r2 , (A.22)

Straightforward algebra shows that εilmε jpqδmq = δlpδi j − δipδ jl and εilmε jpqδmqδpl = 2δi j, which

leads to

Ri j(r) = −2
1
r

d
dr

C(r)δi j−

(
d2

dr2 C(r) −
1
r

d
dr

C(r)
)

rlrp

r2 δlpδi j +

(
d2

dr2 C(r) −
1
r

d
dr

C(r)
)

rlrp

r2 δipδ jl. (A.23)

Rearranging terms in Equation A.23, the two-point velocity correlation takes the form

Ri j(r) =

(
d2

dr2 C(r) −
1
r

d
dr

C(r)
)

︸                      ︷︷                      ︸
{ f (r)−g(r)}u′2rms

rir j

r2 +

(
−

d2

dr2 C(r) −
1
r

d
dr

C(r)
)

︸                        ︷︷                        ︸
g(r)u′2rms

δi j. (A.24)

Thus, Equation A.24 can be compared to Equation A.14 to find the longitudinal and transverse corre-

lation functions in terms of the two-point correlation of the vector potential, which gives

u′2rms f (r) = −
2
r

d
dr

C(r), (A.25a)

u′2rmsg(r) = −
d2

dr2 C(r) −
1
r

d
dr

C(r), (A.25b)

respectively. It should be noted that Equations A.25a and A.25b satisfy the relation between f (r) and

g(r) for three-dimensional isotropic turbulence

g(r) = f (r) +
r
2

d f (r)
dr

. (A.26)

For a two-dimensional flow field, these equations are

u′2rms f (r) = −
1
r

d
dr

C(r), (A.27a)

u′2rmsg(r) = −
d2

dr2 C(r), (A.27b)
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since the relation between the longitudinal and the transverse correlation functions differs from the

three-dimensional expression and it is given by

g(r) = f (r) + r
d f (r)

dr
. (A.28)

A.4 Trace of the Two-Point Velocity Correlation and Spatial Filter in
Wavenumber Space

The objective of this section is to find a relationship between the half trace of the two-point velocity

correlation and the digital filter in wavenumber space. To this end, the first step is to defined the two-

point correlation of the vector potential by means of the inverse Fourier transform

C(r) =

∫ ∞

−∞

Ĉ(k) exp [ik·r] dk, (A.29)

which can also be expressed in spherical co-ordinates. Thus, the separation distance is determined by

r = (r cosϕr cos θr, r cosϕr sin θr, r sinϕr) and the wave vector is k = (r cosϕk cos θk, r cosϕk sin θk,

r sinϕk). The dot product of these vectors gives

r·k = kr
[
cosϕr cosϕk cos θr cos θk + cosϕr cosϕk sin θr sin θk + cosϕr cosϕk + sinϕr sinϕk

]
,

(A.30)

and, since the turbulence is isotropic, the statistics only depend on the distance (r) and are inde-

pendent of the direction (θr, ϕr). For example, it is possible to set θr = ϕr = 0, which leads to

r·k = kr cosϕk cos θk. If this variable change is applied, Equation A.29 takes the form

C(r) =

∫ ∞

0

∫ π/2

−π/2

∫ 2π

0
Ĉ(k) exp

[
ikr cosϕk cos θk

]
k cosϕkdθkdϕkdk. (A.31)

The second step consists of relating C(r) to the spherical Bessel function of the first kind. Note

that the Bessel function of the first kind can be defined as

Jn(z) =
1

2πin

∫ 2π

0
exp

[
iz cos φ

]
exp

[
inφ

]
dφ, (A.32)

and for order n = 0 it takes the form

J0(z) =
1

2π

∫ 2π

0
exp

[
iz cos φ

]
dφ. (A.33)
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Therefore, Equation A.31 can be expressed as

C(r) = 2π
∫ ∞

0

∫ π/2

−π/2
Ĉ(k)k cosϕkJ0(kr cosϕk)dϕkdk. (A.34)

Since ∫ π/2

−π/2
k cosϕkJ0(kr cosϕk)dϕk = 2

sin(kr)
kr

, (A.35)

and the spherical Bessel function for n = 0 can be defined by the sinc function, j0(z) = sinc(z) =

sin(z)/z, the two-point correlation of the vector potential can be written as

C(r) = 2π
∫ ∞

0
Ĉ(k) j0(kr)dk. (A.36)

Note that Equation A.36 is an alternative form to define the inverse Fourier transform. For a purely

two-dimensional approach, the use of spherical Bessel functions is not required, since r·k = kr cosϕk

and Equation A.36 is replaced by

C(r) = 2π
∫ ∞

0
Ĉ(k)kJ0(kr)dk. (A.37)

On the other hand, half the trace of the two-point velocity correlation tensor is defined as

R(r) =
1
2

Rii(r) =
1
2

[R11(r) + R22(r) + R33(r)] , (A.38)

where, using Equation A.14, the diagonal components of the tensor are

R11(r) =

[ f (r) − g(r)
] r2

1

r2 + g(r)

 u′2rms, (A.39a)

R22(r) =

[ f (r) − g(r)
] r2

2

r2 + g(r)

 u′2rms, (A.39b)

R33(r) =

[ f (r) − g(r)
] r2

3

r2 + g(r)

 u′2rms. (A.39c)

Thus, introducing Equations A.39a-A.39c into Equation A.38 leads to

R(r) =

{
f (r)
2

+ g(r)
}

u′2rms, (A.40)
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which can be easily related to C(r) using Equations A.27a and A.27b

R(r) = −

[
2
r

d
dr

C(r) +
d2

dr2 C(r)
]
. (A.41)

Now, using the properties of the spherical Bessel functions

d
dz

jn(z) =
n
z

jn(z) − jn+1(z), jn(z) =
2n + 3

z
jn+1(z) − jn+2(z), (A.42)

and Equation A.36, the trace of the two-point velocity correlation tensor takes the form

R(r) = −

{
−

4π
r

∫ ∞

0
Ĉ(k)k j1(kr)dk + 2π

∫ ∞

0
Ĉ(k)

[
−k2

(
1
kr

j1(kr) − j2(kr)
)]

dk
}

=

= 2π
∫ ∞

0
Ĉ(k)k2

[
3
kr

j1(kr) − j2(kr)
]

dk = 2π
∫ ∞

0
Ĉ(k)k2 j0(kr)dk. (A.43)

Since Ĉ(k) is related to Ĝ(k) by Equation A.11, then

R(r) = 2π
∫ ∞

0
8π3Ĝ2(k)k2︸       ︷︷       ︸

R̂(k)

j0(kr)dk, (A.44)

and therefore

R̂(k) = 8π3k2Ĝ2(k). (A.45)

For a purely two-dimensional velocity field, Equation A.45 takes the form R̂(k) = 2π2k2Ĝ2(k),

where k =
√

k2
1 + k2

2 instead of k =
√

k2
1 + k2

2 + k2
3.

A.5 Energy Spectrum and Spatial Filter in Wavenumber Space

In this Section, the digital filter in wavenumber space is associated to any energy spectrum. Thus,

the filter includes both the amplitude and the shape that are required to obtain the target statistical

properties of the isotropic turbulent flow.

The trace of the two-point velocity correlation tensor in wavenumber space is related to the veloc-

ity spectra as

R̂(k) =
1
2

Φ
(3D)
ii (k) =

1
2

[
Φ

(3D)
11 (k) + Φ

(3D)
22 (k) + Φ

(3D)
33 (k)

]
, (A.46)
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where introducing Equation A.45 leads to

Φ
(3D)
ii (k) = 16π3k2Ĝ2(k). (A.47)

The energy spectrum can be obtained by integrating the trace of the velocity spectrum tensor over

spheres with constant radius

E(3D)(k) =
1
2

∮
k=‖k‖

Φ
(3D)
ii (k)dS (k). (A.48)

Using Equation A.48 and considering that S (k) is a sphere of radius k in wavenumber space, the

energy spectrum is related to the velocity spectra by

E(3D)(k) = 2πk2Φ
(3D)
ii (k), (A.49)

where Equation A.47 can be used to obtain

E(3D)(k) = 32π4k4Ĝ2(k). (A.50)

Considering a purely two-dimensional velocity field, Equation A.50 takes the form E(2D)(k) =

4π3k3Ĝ2(k). It should be noted that the energy spectrum has the same units in both two-dimensional

and three-dimensional approaches, i.e., m3/s2. This means that the filter has different units depending

on the number of dimensions involved in the flow field realisation. The same occurs with the white

noise term in Equation A.2.
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Appendix B

Parameter Study for Advanced Digital
Filter Method

This appendix presents a parameter study to determine the eddy radius, re, and the separation

between eddy centres, ∆e, that are required to recover the correct turbulence statistics when us-

ing the advanced digital filter method. This synthetic turbulence method is used here to reproduce

purely two-dimensional Gaussian turbulence, as explained in Section 2.2.1, with turbulence intensity

u′rms/U∞ = 0.017 and integral length scale Λ = 0.008 m. To this end, synthetic turbulence is in-

jected into an empty CAA domain with uniform Mach number M∞ = 0.3. The grid spacing is set to

∆x = ∆y = 1.1× 10−3 m, and the non-dimensional time step is ∆tc∞/Lre f = 4× 10−4 with Lre f = 1 m.

Samples of velocity fluctuations are collected every 9 time steps downstream of the injection plane

up to a total number of 1.1 × 104. These are used to compute the streamwise and transverse one-

dimensional spectra, E(2D)
11 and E(2D)

22 , respectively. A comparison between analytical and numerical

spectra is performed to quantify the accuracy of the resulting turbulence for various combinations of

re ∈ [Λ, 5Λ/2] and ∆e ∈ [Λ, Λ/6].

Figures B.1 and B.2 show streamwise and transverse one-dimensional spectra, respectively. The

spectra are calculated using the multitaper spectral analysis of Thomson [138] over a frequency range

from f = 80 Hz to 10 kHz with ∆ f = 100 Hz. The results are summarised in Table B.1, in which the

averaged error of the numerical spectra is calculated as

Averaged error =

 N f∑
n=1

∣∣∣∣∣∣∣∣10log10

E(2D)
i j ( fn)|digital filter

E(2D)
i j ( fn)|analytical


∣∣∣∣∣∣∣∣
 /N f ,

where N f corresponds to the total number of frequencies in which the spectra have been calculated.

Cases with an averaged error lower than 1 dB (approximately) in both E(2D)
11 and E(2D)

22 are highlighted

187
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with a green background colour in Table B.1. Thus, it is concluded that cases with re ≥ 3Λ/2 and

∆e ≤ Λ/2 can reproduce the correct turbulence statistics.

Averaged error in [dB]

re [m] ∆e [m] E(2D)
11 E(2D)

22

Λ Λ 11.47 2.81

3Λ/2 Λ 3.65 0.73

2Λ Λ 2.58 0.47

5Λ/2 Λ 2.64 0.68

Λ Λ/2 2.75 3.67

3Λ/2 Λ/2 0.59 0.85

2Λ Λ/2 0.31 0.63

5Λ/2 Λ/2 0.35 0.49

Λ Λ/4 3.83 3.70

3Λ/2 Λ/4 0.62 1.08

2Λ Λ/4 0.62 0.67

5Λ/2 Λ/4 0.70 0.87

Λ Λ/6 3.33 3.72

3Λ/2 Λ/6 0.37 0.92

2Λ Λ/6 0.36 0.45

5Λ/2 Λ/6 0.36 0.59

Table B.1: Parameters for re with ∆e using the advanced digital filter method and averaged numerical
error.



Appendix B: Parameter Study for Advanced Digital Filter Method 189

-70

-60

-50

-40

-30

0 2000 4000 6000 8000 10000

10
lo
g
1
0
(E

(2
D
)

1
1

/U
2 r
ef
)
[d
B
/H

z]

f [Hz]

Analyti
al

re = Λ, ∆e = Λ

re = 3Λ/2, ∆e = Λ

re = 2Λ, ∆e = Λ

re = 5Λ/2, ∆e = Λ

(a) Variations in re with ∆e = Λ.

-70

-60

-50

-40

-30

0 2000 4000 6000 8000 10000

10
lo
g
1
0
(E

(2
D
)

1
1

/U
2 r
ef
)
[d
B
/H

z]

f [Hz]

Analyti
al

re = Λ, ∆e = Λ/2

re = 3Λ/2, ∆e = Λ/2

re = 2Λ, ∆e = Λ/2

re = 5Λ/2, ∆e = Λ/2

(b) Variations in re with ∆e = Λ/2.

-70

-60

-50

-40

-30

0 2000 4000 6000 8000 10000

10
lo
g
1
0
(E

(2
D
)

1
1

/U
2 r
ef
)
[d
B
/H

z]

f [Hz]

Analyti
al

re = Λ, ∆e = Λ/4

re = 3Λ/2, ∆e = Λ/4

re = 2Λ, ∆e = Λ/4

re = 5Λ/2, ∆e = Λ/4

(c) Variations in re with ∆e = Λ/4.

-70

-60

-50

-40

-30

0 2000 4000 6000 8000 10000

10
lo
g
1
0
(E

(2
D
)

1
1

/U
2 r
ef
)
[d
B
/H

z]

f [Hz]

Analyti
al

re = Λ, ∆e = Λ/6

re = 3Λ/2, ∆e = Λ/6

re = 2Λ, ∆e = Λ/6

re = 5Λ/2, ∆e = Λ/6

(d) Variations in re with ∆e = Λ/6.

Figure B.1: Streamwise one-dimensional spectra, E(2D)
11 , obtained from various combinations of re and

∆e using the advanced digital filter method. The reference speed is Ure f = 1 m/s.
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Figure B.2: Transverse one-dimensional spectra, E(2D)
22 , obtained from various combinations of re and

∆e using the advanced digital filter method. The reference speed is Ure f = 1 m/s.



Appendix C

Additional Mesh Information

This appendix presents further details on the meshes that have been designed for CAA simulations

of leading edge noise in this thesis. Representative aerofoil and cascade configurations have been

selected to better illustrate the key characteristics of the CAA meshes, such as the cell count, the

minimum cell size in the leading edge region, ∆LE = min{∆x,∆y,∆z}, and mesh skewness. The latter

is defined for equiangular skew as

S k = max
{
ψmax − ψe

ψe
,
ψe − ψmin

ψe

}
,

where ψe = 90o represents the ideal inner angle for a square cell in the CAA mesh, and ψmax and

ψmin are the maximum and minimum inner angles in a cell, respectively. The CAA meshes have been

designed in compliance with the indications given by Fattah et al. [166] for structured grids in finite

different solvers. The aim is to minimise the zones of the mesh that could potentially affect the quality

of the numerical solution, such as strong changes in skewness, grid stretching, and sudden variations

in the grid metrics. In CAA meshes of thin aerofoils, the maximum skewness normally occurs in the

leading edge region, as shown in Figure C.1a. The mesh in this region is often over-resolved in order

to capture the curvature of the aerofoil leading edge. Other critical regions are block interfaces, in

which sudden changes in the grid lines and metrics may occur, as can be appreciated in Figure C.1b.

Tables C.1 and C.2 present additional mesh information for representative cases. In this thesis, CAA

meshes usually extend to 4 chord lengths in all directions around a single aerofoil, and the smallest

vortical disturbances are propagated with 8 PPW.
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(a) NACA 0001 aerofoil at AoA = 0o. (b) NACA 0012 aerofoil at AoA = 0o.

Figure C.1: Contours of skewness, S k. CAA mesh and block interfaces around the leading edge.

Leading edge region

Aerofoil AoA [o] Dim. ∆tc∞/Lre f No. cells ∆LE/c Max. S k Avg. S k

NACA 0001 0 2D 4.0 × 10−6 318,890 7.0 × 10−5 2.9 × 10−1 1.4 × 10−2

NACA 65(12)-10 0 2D 4.5 × 10−5 1,904,014 1.2 × 10−3 2.1 × 10−1 7.8 × 10−3

NACA 65(12)-10 4.21 2D 4.5 × 10−5 1,898,084 1.3 × 10−3 2.6 × 10−1 5.9 × 10−3

NACA 65(12)-10 15 2D 4.5 × 10−5 2,106,125 6.7 × 10−4 3.5 × 10−1 1.4 × 10−2

NACA 0012 0 3D 1.8 × 10−4 21,776,800 3.0 × 10−3 2.1 × 10−1 1.5 × 10−2

Table C.1: Mesh information for representative simulations of single aerofoils in Chapter 4.

Leading edge region

Aerofoil α [o] s/c ∆tc∞/Lre f No. cells ∆LE/c Max. S k Avg. S k

NACA 0001 0 0.75 4 × 10−6 351,386 7.0 × 10−5 3.4 × 10−1 2.0 × 10−2

NACA 0006 0 0.75 6 × 10−5 182,250 8.0 × 10−4 2.7 × 10−1 2.0 × 10−2

NACA 0012 30 0.75 8 × 10−5 237,590 1.2 × 10−3 3.3 × 10−1 8.4 × 10−2

NACA 6406 0 0.75 6 × 10−5 182,250 8.0 × 10−4 3.6 × 10−1 2.5 × 10−2

Table C.2: Mesh information for representative simulations of cascades in Chapter 6. Mesh data are
given for a single passage of simulations using isotropic turbulence.



Appendix D

Derivation of Sound Power for Acoustic
Waves

This appendix presents the derivation of Equation 6.9 for the modal sound power in cascade sim-

ulations. To this end, the sound power of a harmonic acoustic wave is derived. Using the two-

dimensional LEEs, the momentum equations with uniform mean flow can be written as

∂u′x
∂t

+ U0,x
∂u′x
∂x

+ U0,y
∂u′x
∂y

+
1
ρ0

∂p′

∂x
= 0, (D.1)

∂u′y
∂t

+ U0,x
∂u′y
∂x

+ U0,y
∂u′y
∂y

+
1
ρ0

∂p′

∂y
= 0, (D.2)

where U0 = (U0,x,U0,y) is the mean flow velocity, u′ = (u′x, u
′
y) is the fluctuating acoustic velocity,

p′ is the fluctuating acoustic pressure, and ρ0 is the mean flow density. Note that in the absence of

vortical and entropy waves, fluctuating variables only contain acoustic waves, which introduce both

pressure and velocity disturbances. For a harmonic acoustic wave, the fluctuating variables are given

by ∣∣∣∣∣∣∣∣∣∣∣∣∣
p′

u′x

u′y

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣
p̂′

û′x

û′y

∣∣∣∣∣∣∣∣∣∣∣∣∣
exp

[
i
(
ωt + κxx + κyy

)]
, (D.3)

where p̂′, û′x, and û′y are constant amplitudes, (κx, κy) are the acoustic wavenumber components in

the x− and y−directions, respectively, and the imaginary unit satisfies i2 = −1. As shown by Smith

[100], the amplitude of the fluctuating acoustic velocity can be written as a function of the fluctuating
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acoustic pressure by introducing Equation D.3 into Equations D.1 and D.2. Hence,

û′x = −
κx p̂′

ρ0
(
ω + U0,xκx + U0,yκy

) , û′y = −
κy p̂′

ρ0
(
ω + U0,xκx + U0,yκy

) . (D.4)

Assuming a uniform mean flow, the acoustic intensity in the axial direction can be written as

proposed by Morfey [167]

Īx(x, t) = p′u′∗x +
U0,x

ρ0c2
∞

p′p′∗ + ρ0U0,xu′xu′∗x + ρ0U0,yu′yu′∗x +
U2

0,x

c2
∞

u′x p′∗ +
U0,xU0,y

c2
∞

u′y p′∗, (D.5)

where ()∗ represents the complex conjugate, () indicates the time average, and c∞ is the speed of sound.

Introducing Equation D.4 into Equation D.5, and taking the real part gives

Īx(x) = Re

 |p̂′|2 ω

ρ0
∣∣∣ω + U0,xκx + U0,yκy

∣∣∣2
[
−κ∗x +

U0,x

c2
∞

(
ω + U0,xκx + U0,yκy

)] , (D.6)

where |p̂′|2 = p̂′ p̂′∗. The sound power (per unit span) can be calculated by integrating the acoustic

intensity along the circumferential direction (y), i.e.,

P̂ =

L∫
0

Īx(x)dy, (D.7)

where L corresponds to the circumferential extent. Introducing Equation D.6 into Equation D.7, the

sound power of a harmonic acoustic wave takes the form

P̂ =
L
ρ0

Re

 |p̂′|2 ω∣∣∣ω + U0,xκx + U0,yκy
∣∣∣2

[
−κ∗x +

U0,x

c2
∞

(
ω + U0,xκx + U0,yκy

)] . (D.8)
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