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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Institute of Sound and Vibration Research

Doctor of Philosophy

MODELLING NONLINEAR INTERACTIONS WITHIN THE COCHLEA

by Dario Vignali

The auditory system has a wide dynamic range and remarkable selectivity, due partly to

the nonlinear processing within the cochlea. Modelling the performance of the cochlea is

a way to gain insight into how it operates and to better understand its mechanical struc-

ture, whose arrangement generates nonlinear phenomena. A box model with nonlinear

micromechanics was simulated using the state space method and the quasi-linear method

to understand nonlinear dynamic interactions within the cochlea. The results from the

quasi-linear model were essential for obtaining cochlear compression curves, which were

used to tune the saturation parameters of the nonlinear function incorporated into the

state space model. The nonlinear state space model allows time domain simulations

to be performed that can replicate spontaneous otoacoustic emissions (SOAEs); sounds

that can be measured in the ear canal, which are generated inside the cochlea and are

by-products of the nonlinear process of the cochlear amplifier. The time domain model

was mathematically formulated to reduce the computational load, which has previously

limited the number of results that could be obtained. A novel method of incorporating

initial conditions into the state space model has also been developed. Time domain

simulations illustrate how SOAEs are due to limit cycle oscillations, whose amplitude is

controlled by the saturation of the cochlea’s amplification process. The results support

the standing wave theory, whereby the emissions are produced by the reflection from

random perturbations along the length of the cochlear partition at one end and the

stapes at the other. Simulations of the interaction between a SOAE and low frequency

bias tones give results that are comparable with those produced experimentally, but

allow a greater physical interpretation. Simulations are also performed of the interac-

tion between a SOAE and other stimuli, such as a swept tone that sweeps through the

frequency of the emission and a high-level, low-frequency tone.
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Chapter 1

Introduction

What are the benefits of modelling? What information does a model give us that

we cannot obtain from experiments? Questions like these come naturally when trying

to understand new features of an unknown system. However, the connection between

modelling and reality is much deeper than it may seem at the surface. Scientific and

technological achievements are generally reached through some kind of model, whether

it be numerical, mechanical, electrical, etc.. It allows one to discard unimportant fea-

tures in a system that may have very little influence at all or may be disregarded for the

outcome one aims to achieve; in other words, one can make assumptions that simplify

the model of a system. Therefore, modelling is of fundamental importance, whether

it matches and confirms experimental results or allows for new numerical results that

could not be achieved experimentally. Sometimes a model is necessary because physical

experiments cannot be performed on certain systems due to their size, location, acces-

sibility, etc.. A further important aspect about models that replicate physical processes

is not necessarily whether they produce results that exactly fit the experimental data at

hand, but rather the insight they bring regarding the system under study.

The system under scrutiny in this thesis is the human cochlea, which, not only is a

very complex and active system, but one that is not easily accessible and whose active

properties are hard to control and analyse under experimental conditions. Therefore,

developing a numerical model of the cochlea is extremely beneficial for a greater under-

standing of its functioning. Assumptions can be made with regards to its properties that

simplify its implementation and the model can be easily modified in order to compare its

performance as a function of the parameters used to simulate this advanced biological

system.

Nowadays, it is possible to create very large and complicated computer models thanks to

software packages, such as MATLAB, that allow for fast simulations in the time domain.

The mathematical model described in this thesis uses such a strategy to replicate the

mechanics of the human cochlea and simulate cochlear phenomena, such as compression,

1



2 Chapter 1 Introduction

self-suppression and the generation of otoacoustic emissions (OAE). The model incor-

porates micromechanical lumped elements that mimic the characteristics of radial slices

of the cochlea. The basic micromechanical elements, which include nonlinear properties

to model cochlear behaviour, are cast into a state space formulation, that allows for

interaction between these individual slices and the fluid contained in the cochlea (Elliott

et al., 2007). A macromechanical model of the coupled cochlea is therefore obtained,

capable of performing both frequency and time domain simulations.

The strengths of the model are the capability of predicting its stability and of perform-

ing nonlinear time domain simulations. This provides great insight into the model’s

behaviour when stimulated by a virtual acoustic input signal. It is therefore possible,

for example, to establish and predict the occurrence of certain OAEs.

Generally speaking, cochlear models operate either in the frequency domain, in the time

domain, or both. A review of cochlear modelling efforts over the years is provided by

de Boer (1996). Although frequency domain methods tend to be faster, analyses in

this domain alone cannot take account of nonlinearities incorporated in the system. A

strategy to partially overcome this problem is to implement a quasi-linear model to

predict the response of the dynamics of the cochlear partitions in the frequency domain.

This is possible because quasi-linear methods take into account, to a certain extent,

nonlinearities incorporated in the system (Kanis and de Boer, 1993, 1994). Although it

is not the main focus of this thesis, a model of this type was used in tandem with the

time domain model to initially tune the nonlinear parameters and then to reduce the

computational time.

The work undertaken here was a small part of a larger European project entitled “Se-

mantic Infostructure interlinking an open source Finite Element tool and libraries with

a model repository for the multi-scale Modelling and 3D visualization of the inner-ear”

(SIFEM). The project’s main aim was to address hearing loss, which is affecting an

increasing number of people worldwide and hence to develop an inner-ear model that

takes into account the anatomical details of the cochlea and therefore can help identify

the mechanisms that trigger hearing loss (SIFEM, 2011).

The work presented in this thesis is a continuation of the work described in Elliott et al.

(2007), where a cat’s cochlea is modelled, and Dr. E. Ku’s Ph.D. thesis (Ku, 2008),

where a human cochlea is modelled. The work described in Elliott et al. (2007) and Ku

(2008) introduces the state space model, demonstrating its efficiency in producing both

frequency and time domain results.

The following sections of this chapter review the well known morphological aspects of

the mammalian cochlea. This will also allow for a better understanding of the aims and

contributions of the thesis, which are outlined at the end of this chapter. However, a

more thorough review of the literature on the cochlear nonlinearity and how it has been

modelled will be outlined in later chapters, particularly Chapters 2 and 3.
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1.1 The mammalian cochlea

1.1.1 Historical developments in cochlear mechanics

The mammalian cochlea is an organ that has fascinated scientists for many years. Al-

though its physiology and characteristics have been studied for a long time, numerous

aspects of cochlear functioning are still not well understood, due to its inaccessibility

and the difficulties associated with performing direct measurements on it. This intri-

cate organ exhibits a variety of passive and active behaviours, which help us to perceive

different sounds, and it is extremely sensitive to acoustical perturbations in time, fre-

quency and intensity (Pickles, 2012). These incredible features make it an outstanding

biological system from an engineering point of view. One of the first pioneering studies

to be accomplished in this field was that undertaken by Georg von Békésy (von Békésy,

1949, 1960), who carried out experiments on cochleae in dead animals. His work shed

light on the functioning of the cochlea despite the fact that, since the cochleae samples

were procured from cadavers, Békésy could only predict the passive behaviour of the

organ.

Thomas Gold suggested that an active process occurs in the living cochlea that fine tunes

the perception of sound (Gold, 1948). His theories were confirmed many years later with

the discovery of auditory responses, or more precisely emissions, measured from the ear

canal with a small microphone that were observed when stimulating normal hearing

ears with acoustic impulses near the threshold of audibility (Kemp, 1978). Later, these

emissions would be termed otoacoustic emissions (OAE).

This active behaviour of the cochlea, and in general, cochlear mechanics, has also been

studied using various modelling techniques (de Boer, 1996). These models require a

number of assumptions, which have been necessary, either to overcome the lack of knowl-

edge regarding the functioning of this organ and/or to simplify a model by disregarding

properties considered negligible for the all-round functioning of the cochlea. It is, how-

ever, important that a model retains physiological plausibility if the results are to be

understood in terms of the underlying processes within the cochlea.

1.1.2 Why model the mammalian cochlea?

Many models have been made of the human cochlea, ranging from mechanical struc-

tures, to electrical networks, to abstract mathematical representations (de Boer, 1996).

But why are engineers and scientists obsessed with this minuscule organ? First of all,

the cochlea is a unique organ that is characterised by some extremely interesting prop-

erties: it is a frequency analyser that divides incoming sounds into its various frequency

components and its dynamic response varies over the range of intensities it perceives.

All this is accomplished on a microscopic scale and by means of nonlinear phenomena.
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From an engineering point of view, the phenomena that occur within the cochlea are

complicated and only partly understood. To be able to simulate its properties with a

model can be advantageous for the following reasons:

• Cochlea models are a way of better understanding and interpreting experimental

results

• A better understanding of the cochlea would enable the production of more accu-

rate hearing devices that would be extremely beneficial for the hearing impaired

community

• Simulations that replicate the characteristics of specific ears may enable the diag-

nosis of certain causes of deafness and help understand what treatment is more

suitable for individuals

• Smart structures and engineering sensors for real world applications could be de-

signed that mimic the unique capabilities that distinguish the cochlea (Elliott and

Shera, 2012)

1.1.3 Anatomy and properties of the cochlea

The ear, as shown in Figure 1.1, can be divided into the outer ear, the middle ear and the

inner ear. As sound enters and travels through the ear canal, it encounters the ear drum,

which can be considered the boundary between the outer ear and the middle ear. At this

boundary, acoustical energy is transformed into mechanical energy and transferred to the

inner ear via the three ossicles contained in the middle ear (malleus, incus and stapes).

The middle ear acts as an impedance transformer that allows coupling between the air

(low impedance) and the cochlear fluids (high impedance). The particular structure of

the middle ear minimises transmission loss (Pickles, 2012).

The organ in the inner ear responsible for hearing is the cochlea, a snail shaped organ

positioned inside the temporal bone in the skull. Sound is transmitted from the stapes to

the oval window allowing the signal to enter the cochlea. This organ can be thought of as

a frequency analyser that divides incoming acoustical pressure signals into their various

frequency components in order to send appropriate neural impulses to the auditory

cortex. Figure 1.1 shows the position of the cochlea in relation to the other parts of the

ear, while Figure 1.2 shows a cross section of the cochlea of a guinea pig. Figure 1.2

illustrates the three chambers (or scalae) of the cochlea: the scala vestibuli, the scala

media and the scala tympani.
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Figure 1.1: The peripheral auditory system. Reproduced from Gelfand and
Levitt (1998). Permission requested.

The scalae spiral together from the base to the apex of the cochlea. The scala vestibuli

and the scala tympani both contain a fluid called perilymph, and are joined together

at the apex via the helicotrema, while the scala media forms an inner compartment

containing a fluid called endolymph. Figure 1.3 shows an idealised representation of the

uncoiled cochlea.

Figure 1.2: Cross section of the cochlea of the guinea pig. Reproduced with
permission from Raphael and Altschuler (2003).



6 Chapter 1 Introduction

Figure 1.3: The uncoiled cochlea. Reproduced from Gelfand and Levitt (1998).
Permission requested.

The oval window is at the base of the scala vestibuli and receives mechanical excitations

from the stapes in the middle ear. This displaces the cochlear fluids, which in turn

displace the round window at the basal end of the scala tympani, which acts as a pressure

release boundary. The scala vestibuli and the scala media are separated by Reissner’s

membrane, which is generally considered acoustically transparent and assumed not to

affect the mechanical properties of the cochlea (Dallos, 1996). The main function of

Reissner’s membrane is to separate endolymph from perilymph. The scala media and the

scala tympani are separated by the basilar membrane (BM), which supports the organ of

Corti (OC) and the hair cells responsible for the mechanical transduction process. The

vibrations transmitted inside the cochlea by the stapes generate a wave-like displacement

on the BM as it interacts with the cochlear fluid motion, as shown in Figure 1.4. It is this

motion of the BM that displaces the tiny hair cells housed in the OC, that communicate

directly to the auditory nerve fibres the information to be sent to the brainstem for the

understanding of sound in the auditory cortex.

The lower section of Figure 1.3 shows how the BM changes its shape along the length

of the cochlea: at the base it is narrower and stiffer, facilitating the detection of higher

frequencies, while at the apex it is wider and less stiff, allowing it to be more easily

stimulated by lower frequencies. This leads to what is known as a tonotopic frequency

map of the cochlear membranes, where low and high frequency tones stimulate apical

and basal locations respectively.



Chapter 1 Introduction 7

Figure 1.4: Travelling wave in the cochlea. The vibration of the stapes produces
a travelling wave along the BM. Reproduced with permission from Nobili et al.
(1998).

A representation of the cross section of a single turn inside the cochlea is shown in Figure

1.5. The OC sits on the BM and contains the receptor cells, inner hair cells (IHC), and

outer hair cells (OHC), responsible for the transduction of pressure variations along

the BM into electrical impulses. Generally speaking, both types of hair cells send and

receive auditory information to and from the brain; however, IHCs mostly have afferent

connections that convey auditory signals to the brainstem, whereas OHCs mostly have

efferent connections that receive feedback signals from the brainstem and are involved

in the cochlear amplification process (Pickles, 2012), as described below.

Figure 1.5: Cross section of the cochlea. Reproduced with permission from
Davis (1962).
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On top of the OC lies the Tectorial Membrane (TM), a gelatinous flap hinged along its

inner edge and raised above the BM. Hence, the TM moves with a shear movement with

respect to the BM (Pickles, 2012). Figure 1.6 shows in detail how the OC is arranged.

Figure 1.6: Cross section of the organ of Corti. Reproduced with permission
from Lim (1986).

On the extremity of the hair cells are bundles of stereocilia, as shown in Figure 1.7, that

are involved in the transduction process. The stereocilia are put into motion by the

shear movement between the TM and the BM in response to a travelling wave. This

process by the hair cells transduces the mechanical signal into an electrical one and is

known as mechano-electrical transduction (MET) of the stereocilia (Pickles, 2012). The

tallest stereocilium of the OHC is embedded in the TM.

The travelling wave that moves along the BM has an extremely important function and

the pattern it generates on the BM depends on the complexity of the external acoustic

stimulus. Frequency selectivity in the cochlea is very sharp, so that an acoustic stimulus

at a single frequency will stimulate a specific narrow region on the BM (Pickles, 2012). It

can be seen in Figure 1.8 that tones of different frequencies stimulating the ear generate

displacement envelopes with peaks at different locations along the length of the cochlea,

following the tonotopic mapping behaviour previously mentioned. These plots were

originally obtained by G. von Bèkèsy, who used cochleae from cadavers where no active

process was present.
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Figure 1.7: Stereocilia of an OHC. Stereocilia are hair-like organelles placed on
IHCs and OHCs. They are connected to one another via tip links. The figure
shows the case of an OHC, where the tallest stereocilium is embedded in the
TM. Reproduced from LeMasurier and Gillespie (2005)

Figure 1.8: Amplitude and phase along the length of the cochlea due to trav-
elling waves of different frequencies. Depending on the stimulus frequency, the
displacement envelope peaks at specific regions of the cochlea. Reproduced with
permission from Bekesy (1947).

In reality, live cochleae are characterised by a nonlinear active process that sharpens

the frequency selectivity. The effect of this active nonlinear response of the cochlea on

the BM motion is demonstrated in Figure 1.9. The plot shows the BM response at the

position where the characteristic place along the tonotopic map is equivalent to 18 kHz

in a guinea-pig. At different sound pressure levels (SPL) the response changes its form.

At high excitation levels, the frequency response is broad. At low levels a sharp peak

is generated at 18 kHz and a lower response at other frequencies. This amplification of

the BM response at low levels is due to the active process and allows for great frequency

selectivity (Pickles, 2012). In other words, as the SPL increases, the amplitude of the BM

vibration also increases, but at a reduced rate, an effect that is known as self-suppression

(Kanis and de Boer, 1993). Self-suppression is a result of the compressive nature of the
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cochlea. Compression is a remarkable aspect of the mammalian auditory system, as it

allows us to perceive sounds over an extremely wide range of levels, approximately 120

dB for mid-frequency tones (Bacon, 2006; Johnstone et al., 1986; Robles et al., 1986), as

shown in Figure 1.10, even though the sensory IHCs only operate over a dynamic range

of about 30 to 40 dB (Bacon, 2006).

Figure 1.9: Compression of the BM response. The plot illustrates the BM re-
sponse at the 18kHz point on the guinea-pig BM, against frequency. Connected
points between specific curves indicate constant SPL of the stimulus at a par-
ticular frequency. Reproduced with permission from Johnstone et al. (1986).

The effect of compression along the BM can be seen more explicitly in Figure 1.11,

where the response of the BM grows in a nonlinear fashion with respect to increasing

external stimuli. Three stages can be observed: up until approximately 30 dB SPL the

BM response is commonly thought of as being almost linear and active because of OHC

amplification; saturation occurs between approximately 30 dB SPL and 90 dB SPL,

resulting in compression of about 1
3

dB
dB , and finally, for higher levels of SPL, the system

becomes once again linear, but totally passive, as the OHC activity is not sufficient to

influence the dynamics (Pickles, 2012).
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Figure 1.10: Dynamic range of the human auditory system. The bottom curve
represents the threshold of hearing while the top curve represents the hearing
levels that bring discomfort. The area between the two curves represents the
dynamic range of human hearing across frequency. Reproduced from Bacon
(2006).

Figure 1.11: Compression in the human cochlea. The compression phenomenon
due to cochlear amplification is illustrated in this plot, which is a combination of
the linear passive mechanics and the saturating active mechanics. Reproduced
from (Elliott and Shera, 2012).

Therefore, the cochlea has the capacity to act actively or passively. How does it achieve

this? How are low level stimuli amplified, making them easier to perceive, while high
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level ones are not? The answer lies in a biological active feedback system situated within

the inner ear that is referred to as the cochlear amplifier (CA). The CA can amplify the

motion inside the inner ear by more than 40 dB at low excitation levels, but saturates

at higher levels. This is because the transduction process performed by the OHCs that

lead to cochlear amplification is highly nonlinear, as illustrated in Figure 1.12, which

shows the input-output characteristics of a hair cell.

Figure 1.12: Transfer responses of IHCs and OHCs: intracellular voltage against
the instantaneous pressure of a 600Hz tone stimulus. On the left is the transfer
function of IHCs while the plot on the right shows the transfer function for
OHCs. Reproduced with permission from Cody and Russell (1987).

It is important to understand how and where the nonlinear behaviour of the cochlea takes

place. One of the origins of nonlinearity is without a doubt due to the MET process

in the stereocilia and its effect on the CA (Guinan Jr. et al., 2012). With reference to

Figure 1.13 (A) and (B), when the stereocilia are displaced towards the tallest row of

the bundle due to the shear movement between the BM and the TM, tip links attached

between adjacent stereocilia pull open channels on their apical end, allowing a flow of

current into the hair cells. The tip links can be thought of as damper-spring mechanisms

that when pulled with sufficient tension, cause the opening of the channels and therefore

depend on both displacement and velocity of the shear motion between the BM and the

TM. The mechanical opening of the channels generates a receptor current due to the

endocochlear potential across the hair cells. This current causes a piezoelectric reaction

in OHCs because of a motor protein named Prestin, as illustrated in Figure 1.13 (C).

Prestin is unique to the mammalian auditory system, in that its piezoelectric capabilities

allow motion at audio frequencies. In particular, depolarization of the hair cell produces

OHC contraction and hyperpolarization causes OHC elongation, therefore generating

a force on the cochlear partition (Guinan Jr. et al., 2012). This active mechanism

works to its full potential with low level incoming sounds, which causes amplification
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of motion of the cochlear structures, i.e. amplification of the signal. However, when

further elongation/contraction of the OHCs is no longer possible at higher SPLs, then

saturation of system occurs, meaning that active amplification of the travelling wave

will not take place.

Figure 1.13: Mechanism of the stereocilia that provides OHC amplification.
Reproduced with permission from Guinan Jr. et al. (2012).

The CA is thus crucial for a correct functioning of the auditory system and determines

the sensitivity and selectivity of our sense of hearing. The nonlinearity of the active

process is the cause of many features of the cochlear response that are discussed in the

following chapters, in particular, compression, self-suppression and OAEs.

1.2 Objectives

This project involves investigating the effect of the nonlinearity of the CA and how it

may play a role in the active processes in the cochlea. The properties of the nonlinearity

are modified by active hair-bundle motility, which is a result of adaptational mechanisms

in the hair-bundles, and can be studied using suitable cochlear models. This will allow

the understanding of wave propagation within the inner ear and therefore of cochlear

mechanics and cochlear amplification. Various mechanisms that occur in the human

inner ear will be analysed in order to develop a cochlear model, which is cast in a state

space formulation. It is then possible to predict the stability of the model and the mo-

tion of the cochlear structures, by performing frequency and time domain simulations.

A quasi-linear model is also developed to predict self-suppression of the cochlea. Sim-

ulations give insight into nonlinear mechanisms that generate OAEs and the simulated
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emissions can then be compared to real experimental data. In summary, the main goals

of this thesis are:

• To deduce a set of micromechanical parameters that can replicate the properties

of the human cochlea, such as frequency tuning, dynamic range and the travelling

wave (TW)

• To replicate a quasi-linear model based on Kanis and de Boer (1993, 1994) and a

state space model based on Elliott et al. (2007) using the new human parameters

• To review previous work that has been performed on the suppressive properties of

the cochlea and on OAEs, with particular attention to spontaneous OAEs (SOAEs)

• To simulate SOAEs using the state space model and replicate experiments per-

formed on these emissions. This will help understand the underlying cause that

generates SOAEs and other phenomena linked to the CA

1.3 Contributions

The following is a list of the main contributions of this doctoral research:

• The development and tuning of a nonlinear model of the human cochlea, validated

against previous measured BM response data

• Significant reduction has been achieved in the calculation time of time domain

simulations by pre-calculating initial conditions, which allows many sets of results

to be calculated

• Simulations of the effects of low frequency bias tones on SOAEs have been per-

formed in order to evaluate the nonlinear properties of the CA according to a

method described in the literature by Bian and Watts (2008). Results were com-

pared with experimental ones by Bian and Watts (2008), demonstrating that the

method they describe does not measure accurately the characteristics of the non-

linearity of the CA

• Simulations of the effects of swept tones interfering with an SOAE were under-

taken that were compared with experimental results by various authors (Bergevin

and Salerno, 2015; Bergevin et al., 2015; Hansen et al., 2014). Simulation re-

sults demonstrate that nonlinear effects take place when such an experiment is

performed, however, raise the question of whether entrainment or suppression or

both phenomena are taking place
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• Simulations of the effects of a high level low frequency tone interfering with an

SOAE were performed; results show that the model does not account for nonlinear

auditory effects reported during experiments on human subjects by Kugler et al.

(2014)

• Simulations of click evoked otoacoustic emissions (CEOAEs) were performed; nu-

merical results demonstrated that CEOAEs are strictly related to the threshold

microstructure exhibited by the cochlear model, which has also been demonstrated

experimentally

• The state space cochlear model was used to simulate other phenomena, i.e posture

change and virtual bass, proving to be a valuable tool for understanding cochlear

mechanics

The findings of the work presented in this thesis have been shared with the academic

community through the following papers:

• Vignali, D., Elliott, S. j. and Lineton, B. (2015). ‘Modelling the effect of low

frequency bias tones on spontaneous otoacoustic emissions,’ Proc. Int. Conf.

Sound and Vibration (ICSV22), Florence, Italy.

• Shuokai, P., Elliott, S. J. and Vignali, D., (2015). ‘Comparison of the nonlinear

responses of a transmission-line and a filter cascade model of the human cochlea,’

Applications of Signal Processing to Audio and Acoustics (WASPAA), 2015 IEEE

Workshop on, New Paltz, NY, 2015, pp. 1-5.

• Vignali, D., Elliott, S. J. and Lineton, B. (2016), ‘Modelling interactions between

spontaneous otoacoustic emissions and external stimuli,’ BSA Annual Conference,

Poster Session.

• Vignali, D., Elliott, S. J. and Lineton, B. (2016), ‘Modeling dynamic properties

of spontaneous otoacoustic emissions: Low-frequency biasing and entrainment,’ J.

Acoust. Soc. Am. (171st Meeting Acoust. Soc. Am.), 139, 2074-2075

The research undertaken for the present thesis has resulted in the following awards:

• The Sir James Lighthill Prize in the Best Student Paper Competition at the 22nd

International Congress on Sound and Vibration (ICSV22), Florence, Italy.

• Travel award for the Spring 2016, 171st meeting of the Acoustical Society of Amer-
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• Award for Best Overall Contribution First Prize at the Institute of Sound and

Vibration Research (ISVR), Signal Processing and Control Group (SPCG), Away

Day, 2016.
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1.4 Thesis structure

The main goal of the work undertaken for this doctoral research was to model cochlear

nonlinearities in the human auditory system. This study required background knowledge

in the field of cochlear mechanics and cochlear modelling before delving into numerical

models that replicate the dynamics of such organ. After the brief introduction to the

anatomy of the mammalian cochlea in Chapter 1, Chapter 2 investigates the current

thoughts in nonlinear cochlear mechanisms in the research community. An effort has

been made to reproduce the most important notions found in the literature regarding the

CA and OAEs, with particular attention to SOAEs. Chapter 3 reviews various cochlear

models that exist in the literature and focuses on the ones used for the research presented

in this thesis. Chapters 4 and 5 describe how the model was tuned in order to perform

simulations that replicate the properties of the human cochlea. Chapter 6 shows the

results from the simulations where the effects of low frequency bias tones on an SOAE

were investigated: these results are compared with data from experimental findings on

real cochleae, in order to give a better insight into its functioning. This comparison of

results is of fundamental importance to understand the validity and reliability of the

model. In Chapter 7, other nonlinear effects of the CA are investigated: a swept tone

and a high level low frequency tone are used as stimuli to understand their effects on an

SOAE, and a click stimulus is sent as an input to the model, in order to understand how

the CA responds and how this response may be related to the internal microstructure

of the cochlea. A small section is also dedicated to how changes in the middle ear may

affect the CA. Chapter 8 summarises the findings of this research and suggests further

work to be conducted.



Chapter 2

Nonlinear mechanisms in the

cochlea

Developing a model of the human cochlea requires, on the one hand, inclusion of all the

necessary details that are responsible for the correct functioning of this organ, and on

the other hand, neglecting characteristics of the cochlea that do not play an essential

role in its working. Making simplifications to the structure allows for an easier, but

nonetheless efficient, computation of the model. This Chapter reviews the mechanisms

present in the cochlea deemed necessary for a correct development of a cochlear model.

It also discusses the active process that occurs in the peripheral auditory system, which

produces OAEs as a by-product of its normal function. The assumptions made about

the parameters of the cochlear model will be discussed in Chapters 3, 4 and 5. The

second part of this chapter reviews the source, classification and properties of OAEs and

different kinds of OAEs are then considered and explained. Finally, SOAEs are discussed

in more detail, in order to understand how they occur and what experiments have been

done to determine their properties, with the aim to cover what is most relevant for this

project.

2.1 The active process of the peripheral auditory system

During Von Békésy’s ground-breaking studies in the 1940s, many aspects of the cochlea

were uncovered (von Békésy, 1949); one of his discoveries was the existence of travelling

waves that excite the BM at a specific position according to the stimulus frequency, as

shown in Figure 1.8. However, Békésy was working on dead specimens of the cochlea

and therefore could not explain the extraordinary frequency resolution achieved by the

BM, which would later be explained as an active process taking place in the inner ear

and was no longer operational in dead specimens.

17
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In 1948, an hypothesis of an active process occurring in the inner ear had already

been proposed (Gold, 1948) that could explain the powerful self-tuning properties of

the BM when responding to specific frequencies. According to Gold, an active element

played a fundamental role when perceiving sounds that allowed the cochlea to be more

sensitive to low level sounds and also more frequency selective. This theory, named the

‘regeneration hypothesis’, tried to explain how the viscous damping of the fluids in the

cochlea is counteracted in order to perceive sounds correctly. Gold also mentions what

he calls ‘ringing’ of the ear, which occurs when one of the active elements enters a state

of self-oscillation and may result in “the sensation of a single clear note of steady pitch”

(Gold, 1948). This ‘ringing’ may be thought of as a by-product of the ‘regeneration

hypothesis’. Hence, even before the first actual measurements of any form of OAE that

occurred a few decades later, the theories postulated by Gold to explain the auditory

system’s great tuning capacities, already accounted for some kind of emission to occur.

What was clear at this point was that without some form of enhancement, the observed

selectivity and the sensitivity of hearing could not be predicted from the BM measure-

ments performed by Békésy. The main problem was trying to understand the source of

what seemed to be a cochlear amplification process. The discovery and measurement

of OAEs by Kemp in 1978 (Kemp, 1978) partially solved this dilemma, and helped to

confirm the theory of a positive feedback mechanism that would enhance the BMs sen-

sitivity and selectivity. The electro-motile response of the OHCs is now thought to be

the driving force for the CA and hence to play an important role in OAE generation

(Oghalai, 2004; LeMasurier and Gillespie, 2005; Kemp, 2009). This was experimentally

proved by work performed on undamaged cochleae and further work on the functioning

process of OHCs (Sellick et al., 1982; Brownell, 1990). Nevertheless, despite the numer-

ous experiments undertaken to understand the nature of OAEs, it is not yet completely

clear how this phenomenon is physically possible. What is clear is that a nonlinear active

phenomenon does occur within the cochlea, which causes the BM to be sharply tuned

(Johnstone et al., 1986) and that the emissions produced by the ear are considered to

be by-products, or epiphenomena (Shera, 2003), of this active process. Since the CA is

too difficult to observe directly, it may be that the properties of OAEs can be used to

throw light on its operation.

As discussed in Section 1.1.3, the CA depends on the MET process of OHCs, and

these hair cells behave nonlinearly, as demonstrated in Figure 1.11. The response of

the cochlea varies according to the level of the external stimuli. Low level stimuli are

boosted by the CA but as the level of a stimulus is increased the action of the CA

decreases leading the latter’s response to a saturation point and to what is known as

self-suppression. The nonlinearity introduced by the OHCs defines the mechanics of

motion of the cochlear structures and many studies have been performed to understand

the nonlinear form of the OHC’s transfer function (Nieder and Nieder, 1971; Bian and

Watts, 2008; Brownell, 1990; Ospeck et al., 2003; Johnson et al., 2011; Zha et al., 2012).
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Experiments on hair cells are often performed in vitro and may not faithfully reproduce

OHC nonlinearity. However, Johnson et al. (2011) showed that if in vivo conditions

are replicated in the environment where the OHCs are studied, then it is possible to

obtain a more realistic transfer response from the OHC. The difference between the

nonlinear properties of the OHC analysed in different environments are shown in Figure

2.1: (E) shows the estimated nonlinear function of OHCs in perilymph, which is an

unrepresentative condition, while (F) shows the estimated nonlinear function of OHCs

in endolymph, which is a more realistic condition.

Figure 2.1: Transfer response of OHCs. Experiments performed on OHCs re-
veal their transfer response in terms of current vs. motion, when the cells are
submerged in perilymph (E) and when they are submerged in endolymph (F).
Reproduced from Johnson et al. (2011). No permission required.

In both scenarios, the transfer functions resemble that of a Boltzmann function. How-

ever, in the more realistic scenario in Figure 2.1(F), an increase in both the maximum

current amplitude and the current activated by the OHC at rest are necessary condi-

tions for a normal working OHC; these characteristics resemble a nonlinear Boltzmann

function, whose asymmetrical features are very subtle. Moreover, this implies that the

OHC channels have approximately a 0.5 probability of being open at rest, allowing a

current of 1 nA to flow within the cell when there is no shear displacement between the

BM and the TM. In the unrepresentative scenario shown in Figure 2.1(F), barely any

current flows through the OHC when their is no shear displacement, and for maximum

values of shear displacement the current reached, of approximately 1.5 nA, is not a re-

alistic hypothesis when compared to the true nonlinearity represented in Figure 2.1(E).

It will be shown later in Chapter 5 that these notions are fundamental for the correct

development of a cochlear model.

In summary, sound-transduction performed by the peripheral auditory system is of fun-

damental importance for normal hearing and relies greatly on the nonlinearities of the

system. In particular, the cochlea is an organ that involves nonlinear signal trans-

formation that generates a number of important phenomena (Cooper, 1996), of which

otoacoustic emissions is just one of them.
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2.2 Otoacoustic emissions

Otoacoustic emissions are sounds that are detected in the ear canal (Hall, 2000) due

to nonlinear interactions within the cochlea. The generation of OAEs is directly re-

lated to the electromotive action of OHCs, hence these emissions are carriers of impor-

tant information residing in a microscopic and inaccessible area in the cochlea. OAEs

vary from individual to individual and tend to remain very stable over time (Kemp,

2009). Therefore, OAEs are potentially an excellent way to monitor and probe the inner

ear. Measurements of these sorts can be undertaken in vivo without compromising the

cochlea’s normal behaviour (Brownell, 1990; Shera and Guinan, 1999), which is other-

wise vulnerable to more invasive measurements of BM motion. Differences can therefore

be sought between healthy and unhealthy ears, since OHCs play an important role in

the health of the peripheral auditory system. In fact, the production of OAEs following

an acoustic stimulus through the ear canal is now considered such a good indication of

healthy OHCs that it is common practice to use them to carry out screening tests on

neonates in order to assess their hearing capabilities (Hall, 2000).

OAEs can be defined as sounds that are generated within the cochlea and escape the

ear canal (Kemp, 2009). Their measurement was first reported in 1978 by Kemp (1978,

1979). He was able to measure emissions originating in the inner ear of human sub-

jects when stimulating it with a low level stimulus. They were recorded by inserting a

microphone probe into the auditory meatus while the latter was sealed. The emissions

recorded by Kemp were found to be present in healthy human ears but not in ears

affected by cochlear deafness. OAEs are now a well-established phenomena that have

taken an important role in research within the auditory community. Their discovery had

an enormous impact in the field of auditory sciences: first of all it was the beginning of

a new topic to be investigated in more detail; secondly it supported the theory that the

cochlea exhibits a nonlinear active behaviour.

The OHCs take part in the process that amplifies weak signals within the inner ear,

known as the CA; these cells are capable of generating unique vibrations on the BM

at specific frequencies depending on their position along the BM and on the intensity

of the external acoustic stimulus. Weak stimulations are amplified, and the energy

produced by the OHCs may escape from the inner ear, pass through the middle ear

and reach the ear canal in the form of acoustical energy, therefore producing an OAE.

However, OAEs generated at positions along the cochlea tuned to frequencies at and

nearby the frequencies of high-level stimuli presented to the ear can be totally or partially

suppressed (Long et al., 1990). Moreover, if the ear is presented with a pure tone

stimulus, phenomena known as beating and entrainment, which shall be discussed later

in this chapter, can occur depending on the intensity of the tone and its frequency with

respect to the frequency of the OAE and in particular SOAEs (Long et al., 1990).
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2.2.1 Importance of OAE

OAEs are invaluable tools for helping us understand the mechanics of the cochlea and

therefore the mechanisms of a healthy, or unhealthy, ear. The fact that their measure-

ment is non-invasive and performed on living subjects is very important, since it allows

investigation of the properties of the CA without having to interfere with or dissect the

cochlea, in which case it may totally or partially loose its active properties.

So why are OAEs so important? What makes them so interesting? It has already been

mentioned that they are used to determine, non-invasively, potential hearing loss in new

born babies (Hall, 2000). In fact, if OAEs are not present in an individual, whether

a neonate or an adult, then the latter is probably affected by sensory transmissive

hearing loss, i.e. “poor transmission and frequency analysis of sound energy through the

structures of the cochlea onto the sensory inner hair cells” (Kemp, 2009). Appropriate

treatment can then be given, whenever possible, to restore hearing to the individual.

The possibilities given by exploiting these emissions go further still; the properties of

OAEs have been related to intracranial pressure (de Kleine et al., 2000; Voss et al.,

2006). Abnormal intracranial pressure may occur for different reasons, for example head

trauma, stroke, etc. and its variation has been associated with OAE frequency modula-

tion. Hence, OAE analysis can potentially serve as a unique, non-invasive technique to

monitor brain pressure and substitute other invasive methods (Voss et al., 2006).

Research has been undertaken to understand if OAEs can reveal certain hearing patholo-

gies other than sensory transmissive hearing loss. Endolymphatic hydrops, i.e. an in-

crease in pressure of the endolymph caused by an obstruction of the flow through the

endolymphatic duct (Pickles, 2012), cause alterations to specific types of OAEs (Fetter-

man, 2001). It is also well-established that OAEs can be subject to changes in intensity

if an individual is exposed to intense noise, especially if for long durations, ototoxic

trauma or certain drugs (Kemp, 2009). In these cases, a modification of the emissions

can be directly related to changes in the OHCs properties, and potentially OHC damage.

2.2.2 Types of OAE

OAEs are categorised depending on how they are generated. They are generally mea-

sured by inserting a probe into the external ear that seals the ear canal. The probe

consists of an earphone that sends an appropriate stimulus to the ear and a microphone

to detect the acoustic response, i.e. the OAE generated inside the cochlea. The acoustic

stimulus sent to the ear determines the type of OAE detected by the microphone.

Different theories exist about OAE generation of which two are the most prominent:

one is the mechanism-based taxonomy for OAEs suggested by Shera and Guinan (1999),

where OAE generation is either due to linear reflections or to nonlinear distortions or
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a combination of these. Another theory supports the idea of local oscillators placed

along the length of the cochlea that play an important role in the generation of OAEs.

The work in this thesis supports the mechanism-based taxonomy for OAEs suggested

by Shera and Guinan (1999).

Shera and Guinan (1999) hypothesize that “evoked otoacoustic emissions arise by two

fundamentally different mechanisms within the cochlea”. In other words, each type of

OAE is the product of one, or a combination of two different mechanisms associated with

the mechanics of the cochlea. These differences are due to the origin of the particular

emission and are summarised schematically in Figure 2.2.

Figure 2.2: Taxonomy of otoacoustic emissions. Reproduced with permission
from (Shera and Guinan, 1999).

Stimulus Frequency OAEs (SFOAEs), which include SOAEs and Transient Evoked

OAEs (TEOAEs), are categorised as emissions that arise by linear reflection sources,

while Distortion Product OAEs (DPOAEs) are regarded as emissions that arise by non-

linear distortion sources (Shera and Guinan, 1999, 2003; Shera, 2004).

Although spontaneous and reflection emissions arise from linear reflections, as shown in

Figure 2.2, it can be argued that these types of OAEs are also affected by nonlinearity.

Thus, in the case of SOAEs, linear reflections will undergo an amplification process

because of the CA that will keep the travelling wave from decaying and therefore the

SOAE stable, but the nonlinearity will limit their amplitude.

This mechanism-based taxonomy for OAEs is in contrast to a previous view of OAEs

that can be found in the literature, for example in Kemp (1980), where all emissions

are thought to be caused by nonlinear distortion possibly arising from the electromotive
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action of OHCs. Nevertheless, Kemp (1978) previously raised the possibility that the

origin of the emissions could be attributed to a cochlear reflection hypothesis and, in a

similar way, termed the mechanisms shown in Figure 2.2 as place-fixed, where a linear

reflection due to irregularities along the cochlea is produced, and wave fixed, due to

nonlinear distortions generated by the interference of stimuli of different frequencies and

the activity of the CA (Kemp and Brown, 1983).

A further line of thought pursued by many researchers is that OAEs do not occur through

backward travelling waves occurring on the BM, but that emissions escape the cochlea

via other routes, such as ‘fast wave’ cochlear fluids (He and Ren, 2013). This hypothesis

would obviously give far more importance to the interaction between fast and slow waves

that propagate in the cochlea, but does not seem to be necessary to explain the results

discussed in this thesis and so is not pursued further.

Transient evoked otoacoustic emissions (TEOAE)

TEOAEs are OAEs of the linear reflection family (Figure 2.2) that occur when stim-

ulating the ear with a click sound (Kemp, 2009), or other short signals such as tone

bursts. The interesting feature about stimulating the cochlea with a click is that the

broad frequency spectrum of the stimulus can stimulate a large portion of the cochlea,

therefore creating a travelling wave that runs across much of the BM, generating multi-

ple emissions. An example of the response of a human cochlea to a click sound is shown

in Figure 2.3. The time series of the TEOAE is shown in the left panel as a waveform

that starts at approximately 3 ms and lasts approximately 20 ms. The inset figure in

the left panel shows the click used as a stimulus and it can be seen that it has a duration

of about 1 ms. Both signals are measured by the microphone in the probe, and can be

distinguished in the time domain due to the delay between them, allowing them to be

separated.

Figure 2.3: Response of a TEOAE evoked by a click. The time series in the
left panel shows the emission where the click stimulus, shown in the inset, has
been deleted. The right panel shows in blue the spectra of the emission in third
octave bands, where the sound pressure level of each band represents otoacoustic
emission content. Reproduced with permission from Kemp (2009).
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The spectral content of the waveform, plotted with blue columns in the right panel,

shows otoacoustic emission content within third octave bands. As shown in Figure

2.2, the development of TEOAEs is thought to be caused by reflection sites occurring

irregularly along the cochlea that reflect the travelling wave back to the base of the

cochlea. Energy is then transferred through the middle and outer ear, ultimately into

an acoustic signal. Adding to this is the electro-motile action of the OHCs that amplify

the stimulus at particular frequencies, feeding the reflected wave with enough energy to

allow part of it to be emitted in the ear canal (Hall, 2000; Kemp, 2009).

A person affected by hearing impairment, in particular sensory hearing loss, is generally

not able to hear sounds properly at frequencies at which an OAE cannot be emitted.

Hence, performing a frequency analysis of TEOAEs can help understand whether the

OHCs along the length of the cochlea are functioning or not. This said, the TEOAE

technique is mainly valid in the frequency range between 1 to 4 kHz (Kemp, 2009), as

can be seen also in Figure 2.3, partly due to the band-limiting transmission properties

of the middle ear. TEOAEs vary from individual to individual but they tend to remain

fairly constant over time, unless the ear undergoes trauma that modifies its behaviour.

Distortion Product Otoacoustic Emission (DPOAE)

DPOAEs are part of the family of nonlinear distortion emissions shown in Figure 2.2

and result from a nonlinear interaction amongst multiple tones. The principle behind

the measurement of these emissions is that two pure tones presented to the ear will

produce OAEs with frequencies equivalent to harmonic distortions of each tone and

intermodulation distortion products between the two tones (Kemp, 2009). The tones

used for such measurements are generally quite close in terms of frequency (one third

of an octave apart). The stimulus and the DPOAEs are measured by the microphone

and can be separated in the frequency domain in order to obtain a spectrum as the

one shown in the left panel of Figure 2.4. The predominant DPOAEs are narrow-band

pass filtered when recorded. Reichenbach et al. (2012) also emphasize that DPOAEs are

generated by nonlinear distortion on the BM, but they suggest that these travel back

towards the middle ear on both the BM and on Reissner’s membrane.

The advantage of measuring DPOAEs is that the excitation frequencies and the distor-

tion frequencies can be close; therefore, by stimulating a limited region of the cochlea,

the sensory cells try to respond to the excitation tones individually and consequently

create distortion. Hence, if the BM is stimulated by tones of frequencies f1 and f2, vibra-

tions at new frequency components such as 2f1 − f2 can arise. An example is shown in

Figure 2.4, which illustrates the spectrum of the stimuli and of the distortion products;

the right panel shows a DP-gram, which plots the SPL of the 2f1 − f2 DPOAE against

the frequency of f2, where the ratio f1/f2 is kept constant. This can provide more



Chapter 2 Nonlinear mechanisms in the cochlea 25

detailed information about OHC motility up to a higher range of frequencies compared

to a spectrogram of TEOAEs (Kemp, 2009).

Figure 2.4: Response of a distortion product otoacoustic emissions (DPOAE).
DPOAEs arise from intermodulation between two frequency components, in this
case f1 and f2. The right panel shows a DP-gram, where the distortion product
2f1−f2 is plotted for increasing steps of f1 and f2 where the ratio f1/f2 is kept
constant at 1.05. Reproduced from Kemp (2009). Permission requested.

Other types of OAEs

SFOAEs are OAEs of the linear reflection family that are measured when the cochlea is

stimulated with a single tone; this method provides a way to analyse possible fluctuations

over periods of time of OAEs generated at a specific position along the BM. It is also

possible to use an acoustic stimulus that sweeps over a range of frequencies in order to

ascertain OAEs produced over a wider portion of the BM (Kemp, 2009).

2.3 Spontaneous otoacoustic emissions (SOAE)

2.3.1 Importance of SOAE

SOAEs are one of the main topics under examination in this project. A brief introduction

is given regarding their origin and some experiments concerning their properties are

described.

Although it is shown in Figure 2.2 that SOAEs are emissions that are part of the linear

reflection family, they occur spontaneously without any external acoustic stimulation. A

reflection site along the cochlea, due to an irregularity, allows a forward travelling wave

to be reflected and travel backwards to the middle ear where it is once again reflected,

producing a forward travelling wave moving towards the irregularity. This back and

forth motion of the travelling wave produces a standing wave. The active property
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of the CA plays a significant role in keeping the standing wave sustained. This is a

result of the active process of the OHCs that overcome the loss of energy of the wave

while travelling between the middle ear boundary and the site in the cochlea where the

irregularity occurs (Shera, 2003). The compressive function of the nonlinearity prevents

the amplitude of the emission from growing too large, therefore, producing a limit cycle

(Shera, 2003; Ku, 2008). SOAEs are the product of unstable feedback loops present

along the cochlea that can be considered as self-oscillatory sites along the BM located at

specific positions (Shera, 2004; Ku, 2008). The phase accumulation in such a standing

wave must be very precise, producing OAEs with a very narrow frequency band, typically

of 1 Hz or less (Hall, 2000; Kemp, 2009).

Shera described SOAEs as a global collective phenomenon, “necessarily involving the

mechanics, hydrodynamics, and cellular physiology of the entire cochlea, as well as the

mechanical and acoustical loads presented to it by the middle and external ears” (Shera,

2003). Shera also proposes that a coherent reflection of waves is spanned over a region

of the cochlea involving many hair cells, which is in contrast to a similar ‘reflection

theory’ postulated by Kemp (Kemp, 1979), where reflection was thought to take place

at specific points in the cochlea. The active global model takes account of the many

properties of the cochlea that characterize spontaneous emissions. It explains that the

dispersive nature of cochlear waves and the presence of distributed perturbations along

the length of the cochlea allow for multiple emissions to be generated. Reflection occurs

where the wave peaks, allowing for a round trip phase condition to be met, where the

“total phase change of the round trip wave travel is an integral number of cycles” (Shera,

2003). Experimental observations on evoked OAEs have shown that in the frequency

domain, emissions are arranged in an orderly pattern, “consisting of regularly spaced,

almost periodic peaks and valleys” (Shera and Zweig, 1993). However, in the case of

SOAEs, adequate amplification must occur to keep the wave from decaying, and since

this will not be available throughout the whole length of the cochlea, SOAEs only occur

at the various locations where the amplification criterion is met. The active global model

predicts the characteristic minimum frequency spacing occurring between SOAEs, i.e.

the minimum distance between neighbouring SOAEs, which is roughly (Shera, 2003)

∆xSOAE ≈
1

2
λ, (2.1)

where λ is the wavelength of the travelling wave at its peak, but the spacing may be

multiples of this. The ratio of the SOAE frequency to the spacing is given by

NSOAE =
fSOAE

∆fSOAE
, (2.2)
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where fSOAE is the geometric mean between two adjacent SOAE frequencies and ∆fSOAE

is the absolute value of the difference between the two frequencies. A histogram of the

distribution of NSOAE is shown in Figure 2.5 (Shera, 2003), using data of SOAE from

Talmadge et al. (1993) and Burns et al. (1992). NSOAE peaks at around 15, meaning

that the SOAE spacing is approximately 1
10

th
of an octave.

Figure 2.5: The histogram of NSOAE . Reproduced with permission from (Shera,
2003).

It is possible to transform the SOAE signal into a complex phasor that can give useful

information about the slowly varying amplitude and phase components of an SOAE.

This is done by computing the Hilbert transform of the filtered waveform of the SOAE,

which allows generating the imaginary part of the pressure from the measured real part

(Shera, 2003). The probability distributions of an SOAE, which can be obtained by

plotting the real part of the complex phasor of the SOAE against its imaginary part,

has a very distinct shape (Shera, 2003), as shown in the left panel in Figure 2.6.

Figure 2.6: Probability distribution of a SOAE and of a noise signal. The plot
on the left illustrates the statistical distribution of a SOAE and is compared
with the plot on the right which is the distribution of noise filtered such that its
power spectrum is equivalent to that of the SOAE. Reproduced with permission
from (Shera, 2003).
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The distribution takes the form of a ‘molerun’, demonstrating that SOAE amplitude

fluctuations are very small, unlike SOAE phase, which is erratic over time. The plot in

the panel on the right shows the probability distribution of a random noise signal that

has been filtered such that its power spectrum is equal to that of the SOAE; the plot

is characterised by a two-dimensional Gaussian distribution centred around the origin.

The comparison between the two distributions with the same power spectra, shows that

the statistical properties of SOAEs are very distinctive; similar results were previously

obtained by Kemp (1984).

Although SOAEs are understood to be a ‘natural’ by-product of an important and nec-

essary amplification process occurring in the ear, the literature seems to divide SOAEs in

two categories: low frequency SOAEs, considered to be normally present in the majority

of normal hearing people, and high frequency SOAEs, considered to be damage-related

SOAEs caused by acoustic trauma, (Baiduc et al., 2014). In view of more recent studies

conducted by Baiduc et al. (2014), it is still uncertain whether high frequency SOAEs,

i.e. over 4.3 kHz, are attributable to cochlear pathologies.

One final categorization of SOAEs is necessary to avoid confusion regarding their origin:

SOAEs can be divided into primary emissions, which are generated by cochlear instabil-

ity, harmonic products, which are the harmonics of a primary emission, and distortion

products, caused by the interaction between primary emissions. The cochlear model

developed by Ku (2008) demonstrated that when many instabilities are present in the

cochlea, these interact with one another in a complicated manner, generating different

types of SOAEs.

2.3.2 Research on SOAEs

Roughness and fine structure of the mammalian cochlea

Before delving into experiments performed on SOAEs, it is necessary to understand two

properties of the cochlea, known as cochlear roughness and threshold microstructure,

which are thought to be highly related to the generation of SOAEs.

Experimental observations of the monkey cochlea have shown that it is not a smooth

structure, but is characterised by irregularities along its length. Lonsbury-Martin et al.

(1988), for example, obtained maps of the arrangement of OHCs in the rhesus monkey,

shown in Figure 2.7, demonstrating that the cochlea presents what can be termed as

cochlear roughness, an irregular alignment of OHC organisation that becomes more and

more pronounced while moving towards the apex of the cochlea.
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Figure 2.7: Detailed view of the organization of stereocilia bundles on OHCs
at various sections along the length of the cochlea. They are taken from the
left (L) and right (R) ears of rhesus monkeys having SOAEs; the numbers in
the plots indicate the distance from the apex in percentage terms. A, B and
C represent apical, middle and basal regions respectively. There is a striking
difference between the patterns formed by the stereocilia that depends on the
region along the cochlea where they are situated. Reproduced with permission
from Lonsbury-Martin et al. (1988).

A striking difference appears in terms of organization and orientation of stereocilia bun-

dles in different regions along the length of the OC. In the apical region that handles

characteristic frequencies (CF) of approximately 500 Hz (20% distance from the apex)

shown in Figure 2.7 (A), both stereocilia orientation and alignment are very irregular

and disorganised; furthermore, four rows of OHCs are frequently seen. In Figure 2.7

(B), the middle region of the cochlea is shown, having CF of around 1.6 kHz (46%

distance from the apex), where the bundles are slightly more organized and the fourth

row is more intermittent. In the basal region that deals with frequencies around 16 kHz
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(80% distance from the apex) shown in Figure 2.7 (C), stereocilia bundles are much

more organized and the fourth row of OHC is nearly absent. Although the detailed

relationship between the physical arrangement of the cochlea and SOAEs is difficult to

understand, anomalies along the length of the cochlea are considered to be a feature of

normal hearing ears in humans and primates, and their association with these types of

emissions is a plausible hypothesis (Lonsbury-Martin et al., 1988; Hilger et al., 1995). In

fact, it is highly plausible that cellular disorganization causes a gradual, but irregular,

variation of impedance along the length of the cochlea, in particular moving towards the

apex.

Elliott (1958) observed that when measuring thresholds in a human subject, sharp

changes of sensitivity between frequencies that are very close to each other, in the order

of tens of Hz, were present in the audiogram. These changes can be up to about 10

dB. The presence of ripples in the audiogram, as shown in Figure 2.8, is a universal

phenomenon amongst humans and is known as threshold microstructure. This rippling

effect has been associated with functional irregularities in the OC, i.e. cochlear roughness

(Kemp, 1979).

Figure 2.8: Audiograms of a typical threshold microstructure from two different
subjects. Reproduced with permission from (Elliott, 1958).

Microstructure has been associated with the properties of specific types of OAEs, in

particular reflection-source emissions (Shera and Guinan, 1999) i.e. SFOAEs (including

SOAEs) and TEOAEs. Figure 2.9 shows the relationship between SOAEs and mi-

crostructure measured by Baiduc et al. (2014). It was experimentally shown that sub-

jects with SOAEs also demonstrate microstructure pattern variation. In Figure 2.9, the

black curves in the plots illustrate the spectra of SOAEs in 18 subjects, whose mean be-

havioural threshold, represented by the thick red curves, show a dip in the micrstructure

of their thresholds in the vicinity of the frequency of the SOAE. These subjects were
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paired with other subjects having very similar behavioural thresholds in the frequency

bands of interest, but no measurable SOAEs, and the microstructure of these subjects

appeared to be more flat, as shown by the thick blue curves that represent the mean

threshold of these subjects.

Figure 2.9: The 18 data-sets plotted are from 18 subject pairs, consisting of
one subject having SOAEs matched to a subject with no measurable SOAE,
but both subjects having similar threshold in certain frequency bands. The
black curves show the spectra of an SOAE in the subject having emissions; the
amplitude of the SOAE is shown in the ordinate on the right hand side of each
plot. The red and blue curves show the behavioural thresholds in dB SPL, with
the ordinate on the left hand side, of the subjects with and without the SOAE,
respectively. The thin coloured lines represent the thresholds of a subject from
three separate sessions, while the thick line is the mean of the three sessions.
Reproduced with permission from Baiduc et al. (2014).
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So very confined frequency bands with only one ripple in the audiogram, can be associ-

ated with an SOAE (Bright, 1985; Baiduc et al., 2014). Note that Figure 2.9 shows a

few exceptions: subject 14, who has an SOAE, presents a trough rather than a dip in

the microstructure, whereas subjects 15 and 18, both having an SOAE in the frequency

band depicted, show a flat microstructure.

Furthermore, Brownell (1990); Long and Tubis (1988b) show that the consumption of

aspirin has a short term deteriorating effect on SOAEs; SOAE suppression is accompa-

nied by a ‘flattening’ of cochlear microstructure, as shown in Figure 2.10. This will be

discussed further in the next section, regarding experiments on SOAE.

Figure 2.10: The four panels show the effect of aspirin on threshold microstruc-
ture in four different human subjects. The evolution undertaken by the thresh-
old microstructure over time under the influence of aspirin is similar from sub-
ject to subject, and the top left panel, which is the most clear, is taken as an
example: it can be seen that before aspirin consumption, the curve indicated
by ‘Before’ shows the typical threshold microstructure expected to be measured
within a normal hearing subject; aspirin consumption then leads to an initial
reduction of threshold microstructure, in particular at threshold maxima, ac-
companied therefore by increased auditory sensitivity, as shown by the curve
indicated by ‘Middle’. After a certain amount of time has passed, a flattening
of the threshold microstructure occurs, and therefore a decrease in sensitivity,
as shown by the curve indicated by ‘Late’. Reproduced with permission from
Long and Tubis (1988b)
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2.3.3 Experiments

General aspects of SOAEs

SOAEs are present in most healthy ears, although they may be hard to measure without

the correct equipment, given that isolation from noise floor is extremely important for

their detection (Hall, 2000). SOAEs in human subjects seem to have a tendency to

occur more in right ears and in greater quantity in female subjects (Burns et al., 1992).

An impressive feature of SOAEs is there stability over time. Burns conducted a long

term experiment by monitoring changes in SOAEs over a period of 19.5 years, noticing

a slight linear change in their frequency of about 0.25%/year. On the contrary, level

changes were quite unpredictable: changes did occur but were not consistent throughout

subjects (Burns, 2009).

Experiments have demonstrated that SOAEs are not generated randomly along the

length of the cochlea but instead their frequencies follow a pattern, as described in

Section 2.3.1. Many theories have been suggested, demonstrating that the characteristic

spacing between adjacent SOAEs increases in direct proportion to emission frequency

(Braun, 1997; Shera, 2003) so that it is constant on a logarithmic scale, equivalent to

a constant distance along the BM (≈ 400µm) or as a constant increase in fractions of

an octave (≈ 1
10

th
of an octave) (Braun, 1997). Braun argues that this pattern is only

valid for two neighbouring emissions and that statistical analysis of SOAE data from

many subjects shows no relation between system of multiples of the preferred minimum

distance (PMD) and hence no spectral periodicity of SOAEs (Braun, 1997). On the

contrary Shera confutes this prediction arguing that plotting the distribution of all

SOAE pairs will inevitably provide weak relationships between emissions at multiples

of the PMD. This relationship is foreseeable, however, if a first-order distribution is

computed (Shera, 2003), as shown in Figure 2.5, where a peak occurs in the histogram

at around 15, which would smear out if higher order distributions were calculated.

Various phenomena are known to affect the properties of SOAEs. Being aware of them

is helpful to understand what physical circumstances are necessary to alter SOAEs and

therefore inner ear properties such as cochlear fluid pressure, static displacement of

cochlear membranes, etc.. Some interesting experiments from the literature that are

known to affect SOAE are discussed below.

OAEs are affected by changes in cochlear fluid pressure. Pressure changes of the cochlear

fluids are directly related to changes in intracranial pressure that can be caused by health

related matters, such as a head trauma or a stroke. One method for inducing cochlear

fluid pressure variations in a safe way is by subjecting human subjects to postural changes

by using a reclining bed. OAEs measured in subjects affected by postural changes show

that when the posture is such to increase the pressure of the cochlear fluids, OAEs are

modulated in both amplitude and frequency (Voss et al., 2006; de Kleine et al., 2000,
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2001). Figure 2.11 shows some examples of frequency modulation (FM) that occurs to

an SOAE at 1065 Hz in a human subject when being tilted on the bed at specific angles.

The waterfall plot illustrates that after the subject is tilted to a recumbent position

(head down 30 degrees) the SOAE centre frequency increased to 1090 Hz, the width of

the peak increased and its height was decreased (de Kleine et al., 2000). It can also be

seen that a new SOAE is generated at approximately 1170 Hz. The reason for these

changes in emission properties is the increase in intracranial pressure and therefore of the

cochlear fluids that press against the cochlear windows making them stiffer; this change

will induce a modification of the overall impedance of the middle ear and consequently

a change in its reflection properties.

Figure 2.11: Frequency modulation of SOAEs during postural changes in human
subjects. Reproduced with permission from (de Kleine et al., 2000).
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Interaction between SOAEs and external low frequency tones

An interesting way to understand the properties of SOAEs is to observe how they interact

with different external stimuli that induce changes in perilymphatic pressure. Bian and

Watts (2008); Bian (2009) undertook experiments to observe the amplitude modulation

(AM) and frequency modulation (FM) of SOAEs caused by low-frequency bias tones.

Bian and Watts argued that by observing the relation between the AM and FM of a

SOAE and a bias tone, the transducer function of OHCs could be obtained. The deduced

nonlinear transducer characteristics resembled a 2nd order Boltzmann function. OHC

transfer functions were obtained, following Nieder and Nieder (1971), by performing

what they term quasi-static analysis, where amplitude modulation of the SOAE was

measured during the positive or negative half cycles of the low-frequency bias tone.

It was assumed that during the half cycles, OHC behaviour was quasi-static, i.e. a

constant modulation of the amplitude of the SOAE. This experimental method relies

on the fact that the frequencies of the bias tones are low enough to assume that the

quasi-static behaviour is independent of bias tone frequency. SOAE amplitude is then

plotted as a function of the peak level of the bias tone during its positive and negative

half-cycles, as shown on the left of Figure 2.12, for many experiments with different

levels of bias tone to give the individual data points shown. These points were fitted to

bell shaped curves, obtained by taking the first derivative of second-order Boltzmann

functions that are assumed to represent the cochlear transfer functions, which are then

illustrated in the column on the right of Figure 2.12.

Although the bias tone frequencies change from plot to plot, the general bell shape of the

curve is maintained; however, the higher the frequency of the bias tone the narrower is the

width of the bell shaped curve, which does not fit well with the quasi-static assumption.

One of the aims of this work was to replicate these experiments in a nonlinear numerical

model of the cochlea. The exact form of the nonlinearity in such a model is known, so

the nonlinear function derived using Bian’s method can be directly compared with this

to test the validity of the approach.

High level bias tones are able to reduce and eventually suppress the amplitude of the

SOAE while producing side bands. The generation and subsequent suppression of side

bands as a function of bias tone level, as observed by Bian and Watts (2008), is shown

in Figure 2.13. The effect was greater for higher levels of the biasing tone, until total

suppression of the emission occurred. The side bands occur at frequencies equal to

fSB = fSOAE ± fbias. The low frequency bias tone is able to shift the cochlear partition,

affecting the nonlinear dynamics of the OHCs that produce SOAEs, thus supporting the

hypothesis that the SOAEs are by-products of the CA (Bian and Watts, 2008).
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Figure 2.12: Variation of SOAE amplitude as a function of peak bias tone
amplitude. The bell shaped curves shown in the left side columns are derived
and fit to the scattered points in the plots by taking the derivative of the assumed
nonlinearity of the CA, shown in the right hand column. Reproduced with
permission from (Bian and Watts, 2008).

Bian and Watts (2008) also measured the effect of the external bias tone over one period

in time on the amplitude envelope of the SOAEs. Their results, given in Figure 2.14,

show that for high level bias tones, the modulation patterns present two peaks, as shown

by the the lower traces in each panel. By decreasing the level of the bias tone, the two

peaks merge with each other, generating a single peak within a period of the bias tone.
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Figure 2.13: Measured variation of an SOAE and its side-bands amplitude as a
function of bias tone level. Reproduced with permission from (Bian and Watts,
2008).

Figure 2.14: Modulation patterns of SOAEs, produced over a single period
of the bias tone. Results are shown for different bias tone frequencies in the
different boxes and for different bias tone levels within each box. When the
level of the external bias tone is higher, the patterns obtained show two peaks
in the SOAE during the period of the bias tone. However, as the level of the
bias tone decreases, the amplitude of the SOAE increases and these two peaks
merge into a single peak. Reproduced with permission from (Bian and Watts,
2008).
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Changes in perilymphatic pressure can occur due to low frequency biasing tones which

affect the CA. Wind turbines can generate high levels of low frequency sound and it

has been hypothesised that they can affect the normal operation of the peripheral au-

ditory system. It is a well known fact that wind turbines generate infrasound, which is

commonly thought to not disrupt the auditory system in humans since it is outside the

audible frequency range. However, more recent studies on the subject have shown that

this may not be the case since infrasound does stimulate OHCs and varies the cochlear

fluid pressure, therefore varying the perception of audible sounds that are modulated by

the superimposed infrasound (Salt and Lichtenhan, 2014). People that reside near wind

turbines often feel discomfort due to dizziness and nausea; infrasound generated by the

wind turbine might be the reason, although this is a contentious issue and research is

still being undertaken in this area (Salt and Lichtenhan, 2014).

Further experiments, where low-frequency bias tones were used to modulate the mechan-

ical properties of the ear were undertaken by Kugler et al. (2014, 2015), in which human

subjects were exposed to high-level low-frequency sounds that are generally considered

to be harmless for the auditory system. The experiments demonstrated that after low

frequency sound exposure, human hearing does in fact respond quite dramatically to

such sounds producing amplitude and frequency shifts to SOAEs together with the for-

mation of new SOAEs for lengthy periods of time, of the order of 100 seconds, as shown

in Figure 2.15. There is reasonable evidence to support the hypothesis that AM and FM

of the SOAEs, together with the formation of new emissions, is caused by OHC calcium

homoeostasis (Kugler et al., 2015). Hence, although these low frequency sounds may be

perceptually unobtrusive, they may in fact have a deteriorating effect on the mechanical

properties of the cochlea when over-stimulation occurs, inducing oscillating variations

in cochlear gain.

Interaction between SOAEs and other stimuli

The interaction of external tonal stimuli with SOAEs is a widely studied area. Phe-

nomena such as synchronization, frequency locking, suppression and frequency shift of

a SOAE due to an external tone has been observed in many experiments, for example

Wilson and Sutton (1981); Kemp (1979); Long (1998); Bergevin et al. (2015); Bergevin

and Salerno (2015); Manley and van Dijk (2016). Generally speaking, these consist of

interactions between the emission and external stimuli, which demonstrate the nonlinear

nature of the CA. Although these measurements have been published in a number of

papers, the bigger question is what is happening to the cochlear structures to allow such

phenomena to occur and how is the CA affected? These questions are extremely hard

to answer without physical access to an active cochlea.

Frequency-locking of an SOAE to an external tone is an interesting phenomenon: it

depends on the level, frequency and phase of the tone. Wilson and Sutton (1981)
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made successful attempts in synchronising SOAEs with short tone bursts of different

frequencies. A tone burst of sufficient level is capable of synchronising a spontaneous

emission, regardless of the phase. However, by lowering the level of the tone burst to

a critical level, the phase then becomes important as there will be a push-pull effect

between the emission and the tone burst; the SOAE is phase locked in certain instances

but returns to its natural frequency in others (Wilson and Sutton, 1981).

Figure 2.15: Amplitude and Frequency Modulation of SOAEs measured after
exposure to high level low frequency sounds. It can be seen in the plots in the
left column that after an exposure to high level low frequency sounds, delineated
by the grey areas, the SOAE is modulated in both amplitude and frequency for
approximately 100s, before returning to its natural state. Furthermore, the
plots in the right column show the formation of new SOAEs after exposure to
low frequency, which then eventually die out. Reproduced from (Kugler et al.,
2014). No permission required.
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An example of a frequency-locking tuning-curve is shown in Figure 2.16 (Wilson and

Sutton, 1981), where the sound spectra has been recorded in the sealed ear, at first

without any external stimulation (lower curve), then with an external stimuli of tonal

bursts at various levels, shown by the numbers next to the curves, and frequencies. It can

be seen that for the lower level stimuli at -7 dB and 3 dB, the emission component and

its bandwidth are unaffected, indicating that there is no interaction going on, although

a rise in baseline level occurs. At higher levels the emission begins to synchronise itself

over a range of frequencies delineated by the triangles with the external tone bursts.

Figure 2.16: Frequency locking tuning curves showing the amplitude of the pres-
sure recorded in the ear. The curves are obtained experimentally by stimulating
the ear with tones of various level, having frequencies near to that of an SOAE.
Low level tones do not affect the SOAE, while higher level tones interact with
the emission, allowing it to synchronise with the external stimulus between the
frequencies indicated by the triangles. Reproduced with permission from Wilson
and Sutton (1981).

Results similar to these, where the external stimulus is a sweeping tone, have been

reported in other experiments (Long, 1998; Hansen et al., 2014) and their results are

shown in Figure 2.17. The curves in Figure 2.17 show the interaction between an SOAE

and the continuous external tone that sweeps in frequency over that of the emission,

allowing one to distinguish between regions of beating and entrainment. Note that the

frequency range covered in Figure 2.16 is much narrower in Figure 2.17 and interaction

between the two components is always occurring. At first, when the sweeping tone has a

frequency, fext, that is lower than that of the SOAE, fSOAE , but they are close enough,

beating will occur at fSOAE − fext. Secondly, when fext is sufficiently close to fSOAE , a

region of entrainment begins, where fSOAE is locked to the tone for a certain frequency

range. In the third and final stage, the SOAE will unlock itself from the external tone

and beating will occur once again as fext increases further at fext − fSOAE .
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A

B

Figure 2.17: Examples of entrainment results showing the pressure level
recorded in the ear canal obtained experimentally for different levels of swept
tone. Areas of beating occur between the external tone and an SOAE occur be-
fore a region of entrainment and suppression of the emission due to the external
tone. In both examples, it can be seen that entrainment depends on the level
of the external swept tone and that it has an asymmetrical aspect. Upper plot
reproduced with permission from Long (1998) and lower plot reproduced with
permission from Hansen et al. (2014).

Zwicker and Schloth (1984) obtained similar results when they found that spontaneous

emissions could be synchronised, or frequency-locked, with external stimuli of neigh-

bouring frequencies, and that this property depended on the level of the external tone.

Before synchronisation occurs, they mention that there is a region which gives rise to

deviations due to both beating and partial synchronisation of the two components as

seen in Figure 2.18. Interestingly, the dashed line has the properties of a sharp tuning

curve. Furthermore, they show that as the external stimulus sweeps across the SOAE

frequency, it does not necessarily enhance the amplitude of the SOAE, but in some cases

reduces the amplitude of the sound pressure measured in the sealed ear canal.
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Figure 2.18: Plot of the level, L, of the sound pressure in the sealed ear canal
against frequency of the stimulating pure tone for different sensation levels, SL.
Frequency locking of a SOAE is illustrated with external stimuli of neighbour-
ing frequencies and of various levels. Note that the dashed line resembles the
properties of a sharp tuning curve. Reproduced with permission from Zwicker
and Schloth (1984).

It has been reported that when subjects with spontaneous emissions are presented with

an external tone, they perceive interaction between two tones, although they do not

perceive the emission on its own (Kemp, 1979; Zwicker and Schloth, 1984; Long and

Tubis, 1988a). This phenomenon has been identified as monaural diplacusis and it has

been proven that the perception of the tone changes in accordance with the level of

the external stimulus. For low level stimuli, two simultaneous tones were perceived

by most of the subjects, while at higher levels beating would start to occur. Increas-

ing the level further would decrease the beat rate until a limit is reached where beating

would disappear. Suppressing the SOAE by administrating aspirin to the subjects would

eliminate the monaural diplacusis (Long, 1998). As discussed in Section 2.3.2, aspirin

consumption can reduce and/or abolish the production of SOAEs while also affecting

threshold microstructure: initially, there is an increase in sensitivity followed by a de-

crease in sensitivity and flattening of the microstructure. It is plausible that the initial

reduction of maxima in the threshold microstructure, i.e. increased sensitivity, is due

to the abolishment of SOAEs, and therefore their masking effect on frequencies in the

vicinity of the regions that are affected by SOAEs. In fact, the aspirin appears to affect

OHC physiology before affecting the physiological aspects of the cochlea related to its mi-

crostructure. SOAE abolishment can be related to the weakening of the OHCs hydraulic

skeleton, hence, their ability to generate the mechanical force involved in the production

of a spontaneous emission (Brownell, 1990; Long and Tubis, 1988a). It should also be

mentioned that other than aspirin, many other drugs cause changes in the properties of
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the peripheral auditory system and consequently to SOAEs, such as cisplastin, certain

antibiotics, quinine, etc. (Whitehead et al., 1996).

SOAEs are found in many animals across different species, regardless of the large anatom-

ical differences in their auditory systems. Bergevin and Salerno (2015) performed a study

where a comparison was made between SOAE characteristics of a human, a barn owl

and a lizard (anolis carolinensis). For the purposes of this thesis, only the properties

of SOAEs from human subjects are discussed, but generally speaking, SOAEs from hu-

man cochleae tend to be more stable over time and produce spectra with distinctive

peaks, whereas other species, especially lizards, tend to have spectra where the peaks

are broader. This is thought to be because SOAEs in lizards seem to turn on and turn

off over time. Bergevin and Salerno (2015) show how SOAEs in humans resemble the

characteristics of a relatively stable sinusoid as shown in the top row in Figure 2.19.

Figure 2.19(A) shows the spectra obtained from a measurement of the ear canal pres-

sure, where typical peaks of SOAEs are observed. The stability of the emissions over

time is illustrated in Figure 2.19(B): an individual SOAE takes on the appearance of

a stable sinusoidal signal, giving it its characteristic ringing sound when measured in

the ear canal. Furthermore, its time series of the calculated envelope, shown in Figure

2.19(C), is quite stable. These features of human SOAEs are not found in all animals,

for example, the response is more dominated by noise in barn owls and lizards, as shown

in the second and third rows of Figure 2.19. In particular, these animals do not appear

to have SOAEs that are stable in both amplitude and frequency over time.

Bergevin and Salerno (2015); Bergevin et al. (2015) also obtained entrainment patterns

using tone bursts of increasing centre frequency in a similar way to Wilson and Sutton

(1981), as shown in Figure 2.20, where a comparison is again made between a human

(top row of plots) and a lizard (bottom row of plots). These results are obtained by

stimulating the ear with tone bursts of increasing frequency over time. The spectrogram

is then calculated as shown in Figures 2.20(A) and (D), while Figures 2.20(B) and (E)

show the variation in level of the SOAE over time, given the time events of the tone

burst onset. It is shown that as the frequency of the tone burst approaches that of the

SOAE, the latter becomes more and more entrained. In particular, two time constants

are considered and shown in Figures 2.20(C) and (F): when the tone burst is sufficiently

near the emission there is an entrainment time coefficient and a second one when the

emission returns to steady state. Bergevin refers to these as the entrainment time

coefficient when the emission is going into the suppressed state, and the relaxation time

coefficient when the emission returns to its steady state. Interestingly, these two time

coefficients differ from each other, meaning that the actual dynamics of the system that

generate the emission play a role in determining these time intervals. This phenomenon

is significantly different than that shown in Figure 2.15, where the level of the external

tone was much higher and the SOAE took a greater amount of time to regenerate.
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Bergevin mentions that when stimulating the cochlea with a swept tone, in particular

one made up of tone bursts, the shape of the bursts may affect entrainment.

Figure 2.19: Spectra, phase plots and envelope functions illustrating how SOAEs
from different species appear to have different properties. The top row of plots
were measured from a human subject, the middle row from a barn owl at the
bottom row from a lizard. Plots A, D and G show the spectra of the SOAE.
Plots B, E and H are obtained by taking the Hilbert transform and thereafter,
plotting the real part against the imaginary part. Plots C, F and I show the
envelope of the SOAEs over time. Reproduced with permission from Bergevin
and Salerno (2015).
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Figure 2.20: Comparison between the properties of SOAEs of a human subject
(top row) and of a lizard (bottom row). Plots A and D show the spectrograms of
the SOAE when the ear is stimulated by tone bursts of varying centre frequency.
Plots B and E show SOAE amplitude over time together with the time events
of the tone burst onset. Plots C and F, although plotted in two different ways,
show SOAE amplitude over time in relation to one specific time burst, in order
to investigate the different time constants that develop from the interaction.
Reproduced with permission from Bergevin and Salerno (2015).

Other entrainment patterns are shown in Figure 2.21, obtained by taking spectrograms

of the response in the ear canal of an SOAE to a swept tone presented to the ear as

a stimulus (Bergevin and Salerno, 2015). SOAEs appear as horizontal lines, while the

swept tone appears as a diagonal line. These examples show that as the swept tone

passes through the frequency of a SOAE, the latter will be suppressed. The expanded

plot on the right was said to demonstrate the entrainment effect, where the frequency of

the SOAE is pulled towards the frequency of the swept tone as it is passing by, although

this is not particularly clear.

In summary, interaction between the stimulus and the emissions show that the following

events are taking place:

• As the swept tone approaches and leaves the frequency of the spontaneous emission,

it tends to push or pull the frequency of the emission towards or away from itself;

• When the swept tone is near enough in frequency to the SOAE, beating will occur

that depends on the level of the swept tone;
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• When the swept tone is even closer to the SOAE frequency, it will act as a masker

towards the SOAE and supress/frequency lock it;

• Subharmonic distortion patterns are generated due to the interaction;

• Facilitation, i.e. regions where an increase of magnitude the SOAE, occurs.

Bergevin notes that by changing the sweep rate or the direction of the stimulus had

little effect on the entrainment patterns.

Figure 2.21: Entrainment patterns obtained from experimental results on a
human subject: horizontal lines represent SOAEs, while the diagonal line is the
swept tone. The left and middle plots show areas of suppression, while the plot
on the right, shows the entrainment effect, where the SOAE frequency is pulled
towards the frequency of the external stimulus. Reproduced from Bergevin and
Salerno (2015). Permission requested.

2.4 Summary

This chapter has provided a review of the literature that covers many aspects about

OAEs and experiments performed on them. A review of some of the types of OAEs was

given, followed by an in depth discussion about SOAEs, how they originate and how

they may be linked to threshold microstructure. Many experiments have been performed

on SOAEs and how these emissions interact with external stimuli, in particular low

frequency bias tones and swept tones. External low frequency bias tones have been used

to estimate the nonlinear properties of the transducer function of the CA (Bian and

Watts, 2008). External swept tones have shown to generate a number of phenomena on

SOAEs, i.e. entrainment, beating and suppression, which if studied appropriately, may

reveal other aspects cochlear functioning.



Chapter 3

Cochlear modelling

A cochlear model can be a very helpful tool to help understand how the cochlea works

and, if possible, also make predictions, about OAE generation in the inner ear for exam-

ple. The advantage of obtaining results through a model rather than experimentally is

that it is possible to test predictions about how different parts of it affect the generation

of OAEs. Many mechanical models have been formulated over the years to simulate the

cochlea’s behaviour and various models exist that mimic SOAE generation. There is

still some debate as to whether spontaneous emissions are the product of local oscilla-

tors along the length of the cochlea or if they are generated by a number of global and

interrelated properties of the cochlea. Some of the models in the literature, which are

the most relevant for the present thesis, are described in the following sections of this

chapter. Local models, in which only the localised behaviour of a SOAE generation site

is modelled, should be distinguished from global models of the whole cochlea, in which

SOAEs emerge as an instability due to multiple reflections.

3.1 Models using Van der Pol oscillators

A particular local model of SOAEs, used for example by Talmadge et al. (1998), takes

advantage of a Van der Pol oscillator.

The dynamic properties of a nonlinear dissipative oscillator like the Van der Pol oscillator

are very attractive when modelling a biological complex system such as the cochlea. In

fact, it produces nonlinear limit cycle oscillations, i.e. oscillations of a fixed amplitude

and period, without the need of an external stimulus (Slotine and Li, 1991), which

closely resemble the properties of SOAEs. The Van der Pol equation incorporates a

single degree of freedom system with nonlinear damping; the forced and normalised

form of the equation can be expressed as the following:

47
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ẍ+ ε(| x2 | −1)ẋ+ ω2
nx = A · cos(ωdt) (3.1)

Where:

• x is a nondimensional displacement at the site of an SOAE

• ωn is the natural angular frequency of the SOAE

• ωd is the driving frequency of the forced oscillation

• ε is the nonlinear damping term that has a value greater than 0

• A is the amplitude of the driving force

Forced oscillations applied to such a system can produce frequency locking when the fre-

quency of the forced oscillation approaches the natural frequency of the system (Hanggi

and Riseborough, 1983).

If a mass spring damper system is associated with this equation, it can be said that

it contains a damping coefficient ε(| x2 | −1) that, assuming no driving force is acting

on the system, depends on the amplitude of x. For large values of x the damping

coefficient is positive, so the system loses energy and x will decrease to the amplitude

of the limit cycle. If x is smaller than the amplitude of the limit cycle, the damping

coefficient becomes negative, hence energy is added to the system and x increases, until

once again, the amplitude of the limit cycle is reached. Therefore, regardless of the

initial state of the system, it will always converge to a limit cycle when the system is

not perturbed. Figure 3.1 shows a section of a time domain simulation performed on

a Van der Pol oscillator by the author of this thesis: it can be seen that the dynamics

of the system tend to stabilise and generate a limit cycle. The properties of a Van der

Pol oscillator make it an interesting tool for modelling SOAEs because the limit cycle

generated can be tuned to resemble a spontaneous emission when the oscillator is not

forced.

Assuming the validity of such an oscillator for this application, perturbing the oscillator

with an external force having amplitude A, and driving frequency ωd, is a possible

method to understand interactions between a SOAE and an external stimulus. Correct

tuning of the parameters of the Van der Pol equation will lead to suppression and

entrainment of the natural frequency of the limit cycle across a “basin of entrainment”.
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Figure 3.1: The plot on the left shows a time domain simulation of a Van der
Pol oscillator reaching steady state and producing a limit cycle. The plot on
the right shows a phase plot, demonstrating the convergence of the dynamic
variables to stability, therefore generating a limit cycle.

A number of simulations were performed as part of this thesis using a Van der Pol

oscillator, where a forced component was used to interact with the limit cycle, the latter

having a natural frequency of 10 Hz. Figure 3.2 shows two examples where the external

force applied has an amplitude of A corresponding to 40 dB in the top panel and to

50 dB in the lower panel. In both cases, the frequency of the external force is varying

between 9 Hz and 11 Hz. Note that the tone is not swept across this range of frequencies,

instead, individual time domain simulations were performed for external forces in this

range of frequencies. A swept tone does not have the time to let the system reach steady

state and also it would be computationally expensive to perform such a simulation.

The results of the simulations using a Van der Pol oscillator can be summarised as

follows: the properties of the driving force alter the system; higher amplitudes lead to

a widening of the basin of entrainment, meaning that an external force will suppress or

partially suppress the limit cycle within a greater range of frequencies, ωd around the

natural frequency, ωn. The values of A and ωd will determine the “pull-out amplitude”,

which, for a fixed value of ωd, determines the boundary between moderate to high driving

levels that will trigger the suppression of the limit cycle at ωn (Ku, 2008). The pull-out

amplitude is a function of ωd.

The amplitude of the signal at the limit cycle frequency and that of the driving tone are

calculated from a Fourier transform of the steady state time history. The drawback of a

Van der Pol model is that it cannot easily produce an asymmetrical basin of attraction

at frequencies close to the oscillator’s natural frequency. In reality, frequency locking

of an SOAE has an asymmetrical shape when a low-level tone is swept at frequencies

close to the region of an SOAE (refer to Chapter 2.3.3, Figures 2.18 and 2.20), unlike

the results shown in Figure 3.2, where the frequencies that delineate the basin of en-

trainment are at similar distances from ωn. In addition, as the suppressor frequency, ωd,

approaches the natural frequency, ωn, of the Van der Pol oscillator, the latter does not
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move away, a phenomenon known as frequency pushing that is seen in SOAEs. These

two disadvantages are also discussed by Long et al. (1990).
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Figure 3.2: Simulations illustrating the basin of entrainment produced from a
Van der Pol oscillator when driven by external forces of different magnitudes.
Greater amplitudes of the external force generate a larger basin of entrainment
and vice-versa.

Experiments on human subjects have proven that SOAE amplitudes and frequencies

fluctuate over time, either naturally (van Dijk and Wit, 1990), or when perturbed by

external stimuli (Bian and Watts, 2008; Bian, 2009). Comparing these results with a

SOAE modelled by a second order Van der Pol oscillator with nonlinear damping shows

that the analytical results are not compatible with experimental ones because the SOAE

does not present any kind of fluctuation in amplitude and frequency over time. Van Dijk

and Wit discuss that this can be obviated by using alternative oscillators with nonlinear

stiffness terms driven by narrow band noise and that analytical studies have proven that

nonlinear stiffness must be small for the emission generator to function correctly.

The Van der Pol oscillator model was widely used in the work by Long and Tubis (Long

and Tubis, 1988b; Long et al., 1990). This also included variations to the model that

could mimic SOAE changes due to drug consumption, such as aspirin. The evolution

undertaken by an SOAE under the effect of aspirin consumption can be directly as-

sociated with the changes occurring to threshold-microstructure in the vicinity of the

same SOAE, as shown in Figure 2.10. As discussed in Section 2.3.3, both features un-

dergo alterations; in particular there is an initial increase in sensitivity, followed by a

decrease in sensitivty and flattening of the microstructure. Analytically speaking, Long
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and Tubis (1988b) modelled this effect using a Van der Pol oscillator and proved that

the latter may indeed be tuned to reduce threshold microstructure when the amplitude

of the SOAE in question is reduced.

Summarising the results of local oscillator models such as those using Van der Pol

oscillators, it can be said that the biggest disadvantage is the requirement of fine tuning

of the individual oscillators, which therefore act independently. According to Shera’s

global standing-wave model for SOAE generation (Shera, 2003), in which the cochlea

resembles a laser oscillator, there is a strict dependency between the overall cochlear

structures and SOAE properties, and this therefore excludes the idea of secluded and

independent oscillators along the cochlea.

3.2 Coupled model of the cochlea

A coupled model of the cochlear mechanics must include both the fluid coupling in the

chambers and the dynamics of an array of micromechanical models of the OC along

the length of the cochlea. The state space formulation of the mechanics of the cochlea

developed by Elliott et al. (2007) uses the micromechanical element by Neely and Kim

(1986) as its basic building block. Neely and Kim’s micromechanical element represents

an individual radial slice of the cochlea and uses a mechanical formulation that simulates

the behaviour of the OC. Figure 3.3 illustrates the details of this element, which is

comprised of two masses, M1 and M2, three springs, K1, K2 and K3, and three dampers,

C1, C2 and C3. M1 and M2 can be interpreted as the masses of the BM and of the TM

respectively and are coupled by means of K3 i.e. the stiffness of the OHC and stereocilia

(Ku, 2008). Neely and Kim (1986) define the impedances of the micromechanical element

as follows:

Z1 =
K1

s
+ C1 + sM1 (3.2)

Z2 =
K2

s
+ C2 + sM2 (3.3)

Z3 =
K3

s
+ C3 (3.4)

Z4 =
K4

s
+ C4 (3.5)
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where

s = jω. (3.6)

Z1 is the impedance associated with the BM, Z2 with the TM, Z3 couples together the

BM and the TM, and can be associated with the passive part of the OHC impedance,

while the active part is represented by Z4.

Each element is driven by the pressure difference, Pd, that acts on M1. The element has

two resonant frequencies, one where the motion of the two masses is in phase, and one

where they are out of phase. It is the out of phase motion between the two masses that

drives the CA.

The cochlear element offers an interpretation of the CA. It hypothesises that active

elements, such as the one shown in Figure 3.3, which are spatially distributed along

the length of the cochlea, are capable of replicating the peripheral auditory system’s

frequency resolution and sensitivity. It assumes that the OHC impedance is formed of

an active part, Z4, and a passive part, Z3. While the element in Figure 3.3 provides

a plausible mechanical model of the micromechanics of the inner ear, its limitation is

that it is physically unrealistic, in that no reacting force exists to counteract the active

pressure, Pa, pushing against the mass, M1, of the BM, and so it cannot be said to be

an accurate representation of the detailed dynamics.

The model by Elliott et al. (2007) introduces nonlinearities in the micromechanical

elements, which are able to suppress excessive values of relative motion between the

BM and the TM, leading to saturation of the dynamical system. Figure 3.4 shows the

micromechanical element with the nonlinear component applied. In previous work on

the model by Elliott et al. (2007); Ku (2008); Ku et al. (2009), the nonlinearity has been

modelled either as a hyperbolic tangent function, tanh, or by a Boltzmann function. The

nonlinearity is the reason why, under certain circumstances, the system can saturate and

produce a limit cycle comparable to the behaviour of OAEs (Ku et al., 2009). The state

space model demonstrates that SOAEs are a by-product of the active elements when

driven by high values of gain and that they are comparable to limit cycles attributed to

unstable linear coherent reflections inside the cochlea that produce standing waves and

that are stabilised due to the saturation of the nonlinear active transducer function of

the CA; therefore, the model supports the global standing wave theory of the cochlea.
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Figure 3.3: Micromechanical element of the cochlea by Neely and Kim (1986).
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Figure 3.4: Neely & Kim’s micromechanical element of the cochlea with the
addition of the nonlinearity.

Most of the results presented in this thesis use the state space formulation of the cochlear

model, which is outlined in Appendix A. The standard notation for the state space

formulation is as follows:

ẋ(t) = Ax(t) + Bu(t) (3.7)

y(t) = Cx(t) + Du(t), (3.8)
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where bold lower case symbols represent vectors and bold upper case symbols represent

matrices (Friedmand, 2005); in particular:

• x(t) is the (n x 1) state vector containing n state variables

• A is the (n x n) system matrix containing the mechanics of the model

• B is the (n x m) input matrix that relates the input u(t) to the model

• u(t) is the (m x 1) input vector

• y(t) is the (p x 1) output vector

• C is the (p x n) output matrix

• D is the (p x m) matrix that directly connects the input to the output

It is shown in Appendix A that the state space formulation is applied first to describe

all the micromechanical elements, and secondly, to couple all of the individual elements

through fluid coupling, in order to obtain the macromechanical model of the cochlea.

The major advantages of the state space model formulation are that it is possible to

easily check the system’s stability and also to perform time domain simulations whilst

including nonlinearities in the system.

The micromechanical element used for the simulations presented in later chapters, is one

that contains a nonlinear component, shown in Figure 3.4, and will be discussed in more

detail in Chapter 4. By supplying the element with a nonlinear component, the system

matrix An in Equation A.6, Appendix A, can be divided into two separate matrices,

one including the active part that undergoes a nonlinear transformation, and the other

including the passive part. This is shown in Equation 3.9.

An = Aactiven + Apassiven =


gγC4

M1

gγK4

M1

−γC4

M1

−γK4

M1

0 0 0 0

0 0 0 0

0 0 0 0


n

+


− (C1+C3)

M1
− (K1+K3)

M1

C3
M1

K3
M1

1 0 0 0
C3
M2

K3
M2

− (C2+C3)
M2

− (K2+K3)
M2

0 0 1 0


n

.

(3.9)

Assuming, at this stage, linearity of the system and given an initial estimate of the

coupled state vector xn(t), either from the initial conditions or from previous iterations
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during a simulation, the active pressure Pa at a particular element n acting on M1 in

Figure 3.4 can then be calculated using the active matrix Aactiven as follows:

Pa = M1Aactivenxn(t) = M1


gγC4

M1

gγK4

M1

−γC4

M1

−γK4

M1

0 0 0 0

0 0 0 0

0 0 0 0


n


ẋ1

x1

ẋ2

x2


n

(3.10)

In the nonlinear case, the state vector xn(t) may undergo compression depending on

the relative displacement and velocity between the BM and TM, which are subject to

nonlinear compression as follows:

NLfunction{∆ẋ} = NLfunction{ẋ2 − ẋ1} (3.11)

and

NLfunction{∆x} = NLfunction{x2 − x1}, (3.12)

where NLfunction may assume a number of sigmoid nonlinear functions, as will be shown

in Chapter 5. Therefore, the nonlinearity will suppress large values of ∆ẋ and ∆x.

The value of the feedback gain, γ, determines the performance of the active impedance

Z4 that will amplify the BM displacement and velocity. Therefore, it determines the total

performance of OHC impedance given by Z4 in Figure 3.4. Z4 will remain fully active

for very low incoming sound levels. However, for high levels of sound, the nonlinearity

compresses ∆ẋ and ∆x to the extent that the effect of Z4 is de-activated, resulting in a

totally passive system.

The macromechanical model of the cochlea is constructed by coupling together, through

fluid coupling, the individual radial slices represented by the micromechanical elements.

There is still a debate as to whether it is important to account for the fact that adjacent

elements of the cochlea are mechanically coupled in the longitudinal direction. Naidu and

Mountain (2001) describe longitudinal coupling as a key feature to the overall response

of the cochlea, whereas Robles and Ruggero (2001) claim that the basilar membrane

exhibits negligible longitudinal coupling. The work presented in the present thesis follows

the suggestions from Robles and Ruggero, where longitudinal coupling along the BM

is considered negligible. Figure 3.5 shows how all the micromechanical elements are

aligned next to one another to form the overall discrete macromechanical model of the

cochlea. The elements for the cochlear partition go from 2 to N − 1, while element 1

describes the dynamics of the middle ear and element N those of the helicotrema. The

distance between two adjacent micromechanical elements, n and n+ 1, is termed ∆.
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Figure 3.5: Discrete model of the cochlea showing the disposition of the mi-
cromechanical elements coupled to one another by the cochlear fluids.

Appendix A details the mathematical formulation of the macromechanical cochlear

model. The state space formulation for the fluid-coupled model with included boundary

conditions can be written as:

ẋ(t) = Ax(t) + Bu(t) (3.13)

where

A = [I−BEF−1CE ]−1AE , (3.14)

B = [I−BEF−1CE ]−1BE , (3.15)

and

u = F−1q. (3.16)

The details of Equations 3.14, 3.15 and 3.16 are the following:

• AE is the system matrix containing the uncoupled mechanics of the model

• BE is the input matrix for the uncoupled state space equation

• CE is the output matrix for the uncoupled state space equation

• I is a unit matrix

• F is the finite difference matrix

• q is the vector of source terms
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Equations 3.14, 3.15 and 3.16 are derived by taking into consideration the coupled

response due to the cochlear fluids, described in detail in Appendix A. The state space

equation for the coupled response of the model can then be derived, as shown in Equation

3.13, where the state vector, x, contains the displacements and velocities of the BM and

TM of each micromechanical element.

Matrix A is termed the system matrix. Calculating the eigenvalues of such a matrix

determines the poles of the system’s transfer function and therefore its stability. The

system is stable when all poles have a negative real part (Elliott et al., 2007).

If the nonlinearity is ignored and the system matrix A is independent of x(t), then

Equations 3.7 and 3.8 can be solved in the Laplace domain, assuming all waveforms are

proportional to est, to give

Yp(s) = [D + C(sI−A)−1B]U(s). (3.17)

To run time domain simulations, an alternative formulation of the above equations is

used that increases computational efficiency and speed (Pan et al., 2014). Its derivation

is discussed in Appendix B. The final equation that gives the displacements and velocities

of the cochlear partition when using this alternative formulation is

ẋ = AE(x) + BE(F−CEBE)−1CEAE(x) + BE(F−CEBE)−1q. (3.18)

Equation 3.18 has the advantage of using tridiagonal matrices that can be inverted very

rapidly. In addition, putting AE , BE , CE , F and (F−CEBE) into sparse form greatly

increases simulation speeds.

3.3 Quasi-linear model

One of the drawbacks of linear simulations using the state space formulation in the

frequency domain is that it cannot automatically account for nonlinearities in the system.

A possible solution to this is to use a quasi-linear method which considers the effect that

nonlinearities have on the model. This approach has previously been used, for example,

by Kanis and de Boer (1993, 1994); Young (2011).

The aim of the quasi-linear method is to simulate cochlear nonlinearity in the frequency

domain (Kanis and de Boer, 1993), taking into consideration the nonlinear properties

of OHCs that depend on the level of the incoming stimulus. Figure 3.6 (a) shows

the case of the linear micromechanical model where the active component is always

present, regardless of the level of the input. However, Figure 3.6 (b) introduces a sigmoid

nonlinear function that scales the difference in velocity and displacement between the
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BM (x1, ẋ1) and the TM (x2, ẋ2) that are then used to calculate, through Z4, the quasi

linear outer hair cell pressure, pQLOHC , which is equivalent to pa in Figure 3.6 (b). Higher

levels of input increase the difference in displacement and velocity between the BM and

the TM, which will saturate after a certain limit due to the nonlinear function making

the system level dependent. As will be shown in later chapters, different nonlinear

functions can be used to simulate OHC nonlinearity.

Figure 3.6: The upper diagram represents the linear micromechanical element.
The lower diagram has a nonlinearity introduced into it and represents the basic
functioning of the quasi-linear model.

An obvious consequence of the nonlinearity is the generation of harmonics at its output

that will influence the response of the BM motion. This is illustrated in Figure 3.7:

considering, for example, a Boltzmann function, when the input is low compared to the

saturation point, the output will be similar to the input and the spectra of both input

and output are equivalent. When the input is high compared to the saturation point

of the nonlinearity, the output will saturate, and, depending on the parameters of the

Boltzmann function, the output will resemble a square wave. What is important is the

difference between the spectrum of the input and that of the output, the latter having

extra harmonics, as shown in the bottom right plot in Figure 3.7.

The aim of the quasi-linear method is that, even when the output produces harmonics,

to consider only the fundamental component as the output of the nonlinear function,
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while discarding higher order harmonics. This is reasonable if the primary component is

dominant with respect to the higher harmonics. At this point, since the ‘new’ output of

the nonlinear function is a sinusoid, the system may be regarded as linear and analysis

in the frequency domain may be performed.

The procedure used to obtain the output of the nonlinear function requires the input

to be transformed from the frequency domain to the time domain; this is done by

constructing a time vector of, typically, Nt = 24 samples per period (Kanis and de Boer,

1993), although the number of samples, Nt, may be incremented if necessary to reduce

overall error. The output can then be converted back to the frequency domain for

analysis.

Figure 3.7: Example of the response of the system containing the nonlinearity,
in both time and frequency domains, to a low level input with respect to the
saturation point of the nonlinearity (top five graphs) and to high level input
with respect to the saturation point of the nonlinearity (bottom five graphs).
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Although Kanis and de Boer (1993); Young (2011) use single degree of freedom mi-

cromechanical elements to develop the quasi-linear model, for this doctoral project, the

two degree of freedom element, shown in Figure 3.4, is used, in order to be consistent

with the micromechanics of the state space model. This allows us to use the two models

in tandem for obtaining different results. As with the original state space model, 512 of

these elements are spatially aligned to form the cochlear partition and coupled together

via the cochlear fluid. Appendix C provides the detailed mathematical formulation of

the quasi-linear model, which has been kept out of the main body of the thesis, since

the results obtained from this model are not the main focus of the project.

3.4 Summary

This chapter has reviewed some of the models that can be used to model cochlear me-

chanics. First, Van der Pol oscillators were introduced, showing how they are used to

simulate local effects inside the cochlea, including SOAE generation and entrainment.

Secondly, the micromechanical model by Neely and Kim was introduced, and it was

shown how it can be used as the basic building block to construct a macromechanical

model of the cochlea using the state space formulation. Individual micromechanical

elements are coupled through fluid coupling. The state space formulation has the ad-

vantage of allowing nonlinear time domain simulations to be easily performed. In the

last section of this chapter, the quasi-linear model of the cochlea was introduced, which

allows computing simulations of the cochlear model containing nonlinear elements in the

frequency domain.



Chapter 4

Development of the linear

properties of the cochlear model

A cochlear model is based on assumptions and simplifications that allow components

that do not contribute significantly to the functioning of the cochlea to be neglected. The

modeller must choose which parameters are most important for it to operate correctly

and select values for these parameters. A theoretical model of the cochlea must be tuned

in order to obtain results that can be compared to experimental measurements. It is

therefore very important to understand the processes, both linear and nonlinear, inside

the cochlea and how they can produce by-products such as OAEs that can be measured

for experimental purposes. The primary cochlear model used here is the state space

model introduced in Chapter 3, which is composed of a series of sharply tuned active

micromechanical elements, as shown in Figure 3.3, spatially distributed along the length

of the cochlea. These are coupled through cochlear fluid coupling, using the state space

formulation.

The present chapter will explain the details of the model, including the reasons behind

the choice of the parameters assigned to the micromechanics of a human cochlea. The

parameters were obtained by converting those from the cochlea of a cat used by Neely

and Kim (1986). Furthermore, the sensitivity of the model has been adjusted to match

as well as possible the enhancement properties of the human cochlea and considerations

have been made regarding the influence on the cochlear fluids and their impact on the

frequency response curves.

61
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4.1 Tuning the model to replicate a human cochlea

4.1.1 Frequency tuning and response

The parameters used in the Neely & Kim model were selected to represent the biome-

chanical properties of the cochlea of a cat, according to physiological measurements and

experiments (Neely and Kim, 1986). The frequency range used for the original model

was from approximately 200 Hz to 60 kHz. Neely and Kim originally compared their

results with the experimental data of neural tuning in a cat from Liberman (1982).

Figure 4.1 shows the frequency to place map obtained when using the state space for-

mulation implemented here with Neely & Kim’s parameters of the cat’s cochlea, which

is compared with Greenwood’s function (Greenwood, 1990), given by the following:

CF = 418 · (102.1xnorm − 0.8), (4.1)

where xnorm is expressed as a proportion of length along the cochlea, with the apex =

0 and the base = 1. The characteristic frequency (CF) curve obtained from the state

space model fits well within a range of frequencies with Greenwood’s function. Problems

arise at low frequencies, at the apical end of the cochlea, where the results from the state

space model tend to continue to decrease logarithmically, while the Greenwood function

decreases rapidly covering a wider range of low frequencies. Nonetheless, the CF results

from the state space model are a good approximation of the frequency mapping in the

cochlea of a cat.
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Figure 4.1: Frequency to place map of the state space model using Neely & Kim
cat parameters (blue curve) compared with Greenwood’s function (red curve).
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Tuning the Neely & Kim parameters to be more appropriate for a human cochlea was

achieved by equating those at the base of the cochlea to those in the 20 kHz region in

Neely & Kim’s model of the cat’s cochlea. The stiffness parameters along the cochlea

were then tuned to provide a range of natural frequencies from 20 kHz at the base, to

200 Hz at the apex, stretched over a length of 35 mm, i.e. the length of the human

cochlea. The damping terms were scaled to give Q factors for each micromechanical

element that are in reasonable agreement with those in the original Neely & Kim model.

The red dashed curve in Figure 4.2 shows the Greenwood function for the human cochlea,

which is given by the following equation:

CF = 165.4 · (102.1xnorm − 0.8). (4.2)

In order to match this trend, amendments were made to the exponential decay of the

new set of human stiffness and damping parameters over the length of the cochlea. This

allowed for a correct assignment of the natural frequencies to each micromechanical

element. The solid black line in Figure 4.2 shows the frequency to place mapping of

the human parameters obtained. The slope of this curve and that of the Greenwood

function are very similar, although a slight discrepancy still exists in the apical end

from approximately 25 mm upwards; after this point the Greenwood function tends to

decrease more rapidly although there is no certain evidence of the cochlear mapping at

the apical end of the inner ear.

Also plotted is the curve obtained from the commonly used approximation fn = f0e
−x/l,

where f0 is the natural frequency at the base of the cochlea, showing the distribution

of natural frequencies that is exponential and assumes a characteristic length of the

frequency distribution of l = 7 mm. The characteristic length, or cochlear length-scale,

l, can be defined as the distance over the length of the cochlea by which the characteristic

frequency varies by a factor of e (Shera, 2003). The value assigned to the length scale

is strictly linked to other cochlear properties such as the minimum wavelength and the

preferred minimum distance (PMD) and therefore spacing between adjacent SOAEs.

These properties will be dealt with further on in this chapter. The correct assignment

of the length scale l, which in this case is 7 mm for the properties of human cochleae,

provides a distribution of natural frequencies along the cochlea which is very similar

to the distribution of frequencies obtained from the Greenwood Function and is also

comparable to the mapping derived from the cochlear model, as shown in Figure 4.2.
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Figure 4.2: Frequency to place map of the state space model using human
parameters derived from Neely & Kim’s cat parameters (black curve) com-
pared with Greenwood’s function (red curve). Also plotted is the distribution
of natural frequencies along the cochlea assuming exponential variation and a
characteristic length-scale of l = 7 mm.

The new set of modified parameters to be used in the model for the human cochlea is

listed in Table 4.1, together with their revised formulation. The mass of the BM was

chosen to be the same as that in Neely and Kim (1986), and the effect of this mass

on the form of the coupled response is further discussed in Appendix D. Table 4.1 also

shows the variations that were applied to the helicotrema and middle ear boundary

conditions of the model. In particular, the apex of the cochlea was modelled by allowing

a minimum amount of damping to occur in this region that would reduce reflectivity

and therefore affecting only the lower frequencies (Ku et al., 2008c). The middle ear

parameters at the basal end were changed to match the characteristics of the human

cochlea and are modelled based on measurements by Puria (2003) and later on revised

for the state space model by Ku (2008).
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Table 4.1: Parameters of the modified micromechanical model for the human
cochlea

Quantity Symbol Formula (SI) Units

Stiffness of BM k1(x) 2.25 · 109e−276.14x Nm−3

Damping term of BM c1(x)
200 + 6.79 ·
103e−138.07x

Nsm−3

Mass of BM m1(x) 3 · 10−2 kgm−2

Stiffness of TM k2(x) 1.25 · 107e−300.68x Nm−3

Damping term of TM c2(x) 42.19e−150.34x Nsm−3

Mass of TM m2(x) 5 · 10−3 kgm−2

Stiffness of passive OHC impedance k3(x) 2.05 · 107e−276.14x Nm−3

Damping term of passive OHC

impedance
c3(x) 13.82e−64.43x Nsm−3

Stiffness of active OHC impedance

(Z4)
k4(x) 1.26 · 109e−276.14x Nm−3

Damping term of active OHC

impedance (Z4)
c4(x) 4.71 · 103e−138.07x Nsm−3

Micromechanical feedback gain γ 0.745 –

BM to inner hair cell (IHC) lever

gain
g 1 –

Ratio of BM displacement to av-

erage BM displacement over radial

cross section

b 0.4 –

Length of the cochlea L 35 mm

Height of the cochlea H 1 mm

Stiffness of middle ear boundary el-

ement
km 2.63 · 108 Nm−3

Damping term of middle ear bound-

ary element
cm 2.8 · 104 Nsm−3

Mass of middle ear boundary ele-

ment
mm(x) 2.96 · 10−2 kgm−2

Damping term of helicotrema ch 210 Nsm−3

Mass of helicotrema mh(x) 1.35 · 10−2 kgm−2

Cochlear fluid density ρ 1000 kgm−3

Number of cochlear elements N 512 –

Characteristic length scale l 7 mm



66 Chapter 4 Development of the linear properties of the cochlear model

The frequency response of the linear model can be calculated using Equation 3.17 in

both the passive case, with γ = 0, and in the fully active case, with γ = 0.745. The

derivation of this particular value assigned to γ will be explained later on in this chapter.

Examples of the frequency response of the cochlear model are shown in Figure 4.3. The

response along the cochlea due to pure tone inputs at three different frequencies (0.8

kHz, 3.2 kHz and 12.8 kHz) are shown for both the active case and the passive case,

represented by the solid lines and the dashed lines respectively.
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Figure 4.3: Predicted amplitude and phase of the BM velocity responses along
the cochlea produced by the linear state space model at 0.8 kHz, 3.2 kHz and
12.8 kHz. The solid line represents the response of the active cochlea, where
γ = 0.745, and the dashed line represents the response of the passive cochlea,
where γ = 0.

These responses show the typical transition seen in experimental measurements, (Robles

and Ruggero, 2001), between the well damped peak when passive, to the “broad and

tall” peak, with a half octave shift in the best frequency, when active.

4.2 Modelling cochlear amplification

The amplification process of the CA occurring in the cochlea is fully active for low

level stimuli where maximum enhancement takes place. The feedback gain, γ, shown in

Table 4.1, can be thought of as a parameter that allows full activation of the CA, and

therefore maximum enhancement. When this parameter is zero, the active impedance of
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the OHCs, Z4, also becomes zero, and the model becomes completely passive. When γ

is greater than zero, the active impedance adds what has come to be known as “negative

damping” to the system. An upper limit value has to be given to γ, which will be used

for a fully active model, when stimulated by low level stimuli. The value assigned to

γ also determines the stability of the model. For a constant value of γ equal to 1.016

along the whole length of the cochlea, it was found that the model became unstable. It

is therefore important to understand how much enhancement occurs over the frequency

range of interest when the model is fully active and stimulated by low level sounds by

assigning the correct value to γ.

Enhancement curves were produced from the simulated frequency responses, in order

to understand the value to assign to γ, which show the difference in peak values of the

BM response for specific values of γ set along the length of the BM. Figure 4.4 shows

several such curves, with values of γ between 0.2 and 0.8. The final value selected was

γ = 0.745, which allowed for a maximum enhancement of approximately 45 dB at the

base of the cochlea and of 20 dB at the apex, which is in reasonable agreement with

measured enhancements in rodents (Robles and Ruggero, 2001), although there is some

debate about whether the maximum enhancement in humans is somewhat higher (Shera

et al., 2002).
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Figure 4.4: Enhancement of the state space model of the human cochlea using
various levels of γ. A value to γ of 0.745 provides a maximum enhancement of
approximately 45 dB at the base of the cochlea and of 20 dB at the apex, which
are levels indicated by the black dashed lines.
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4.3 Sharpness of the cochlear model tuning curves

The validity of the parameters shown in Table 4.1 were also verified by calculating the

sharpness of the tuning curves, which depends on the amount of damping in the system.

This was assessed using the following formula:

Q10dB =
fcentre
∆f10dB

, (4.3)

where fcentre is the natural frequency at a specific location along the BM, and ∆f10dB is

the interval between the frequencies of the response that has fallen by 10 dB on either

side of fcentre. An example of how this was performed for one of the responses in the

frequency domain is shown in Figure 4.5. The overall sharpness of tuning obtained for

the human parameters in Table 4.1 used here and the cat cochlea, using Neely and Kim’s

original parameters, are shown in Figure 4.6. It can immediately be seen that the human

cochlear model shows a greater selectivity than that of the cat. This is in agreement with

studies conducted by Joris et al. (2011) that demonstrate, by means of both non-invasive

and invasive experimental methods, that the cochlea of macaque monkeys, which are

considered to be phylogenetically closer to humans, is more selective than that of other

species, in particular cats, guinea pigs and chinchillas. The values of Q10dB obtained

from the human model here are, however, somewhat less than the psychophysical tuning

measurements reported by Yoon et al. (2011) at higher frequencies. Yoon also reports a

smoother increase of Q10dB with CF.
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Although the sharpness of the tuning curves from the model show a flatter trend with

respect to frequency than the experimental results by Yoon et al. (2011), for example,

the values assumed by the model are in reasonable agreement with measured ones and

are considered acceptable, given the ability of the model to simulate to a good degree

other properties of the human cochlea.

4.4 SOAE spacing

An SOAE is generated by a standing wave produced between the middle ear boundary

and a reflection site along the BM; the phase change of the wave undergoes an integral

number of cycles during its round trip and is kept sustained by the CA (Shera, 2003).

How the state space model can replicate this phenomenon and generate SOAEs will be

explained in Chapter 5 . However, it is possible at this stage to make predictions of

the spacing between adjacent SOAEs. Shera and Zweig (1993) hypothesised that the

average distance between resonant positions along the cochlea that take part in SOAE

generation is:

ˆ
∆SSOAE ≈

1

2
λpeak. (4.4)

This equation assumes a dependency between the distance between sources of generation

of SOAEs and the peak wavelength, λpeak. λpeak is calculated by means of the impedance

of the cochlear partition, Zcp, which is evaluated at each position along the cochlea and

is dependent on the characteristic frequency at that specific location:

λpeak = maximum of <
{√HZcp(xcf , ωcf )

−2iωcfρ
2π
}
, (4.5)

where H and ρ are defined in Table 4.1. The peak wavelength is plotted as a function

of position in the top plot of Figure 4.7, for different values of feedback gain. When

γ = 0, the peak wavelength, λpeak, is about twice that for γ = 0.745, and in both cases

this increases somewhat at higher values of CF. Assuming the validity of the active

cochlear model, the average distance between resonant positions of SOAEs, ∆SSOAE ,

along the cochlea, obtained from Eq. 4.4, is approximately equal to 0.6 mm at the

base. This is in acceptable agreement with findings by Talmadge et al. (1993), where

the characteristic frequency separation between adjacent independent emissions within

an ear corresponded to approximately 0.4 mm, while for adjacent emissions with larger

separation the distance tends to be a multiple of 0.4 mm.

Shera (2003) shows that Equation 4.4 is related to the more common method for ob-

taining spontaneous emission separation given by
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f

∆f
=

2l

λpeak
. (4.6)

It was previously shown in Figure 2.5 that the measured value of f/∆f peaks at about

15. Results from the cochlea model in Figure 4.7 show that in the active case, where

λpeak ≈ 1 mm, values of f/∆f vary between a range of 5 and 11. This variation is

plausible, although NSOAE was, in practice, shown to increase with SOAE frequency

(Shera, 2003) rather than fall as in Figure 4.7. However, the active cochlear model

predicts a value for f/∆f of about 11 at the base, which is in reasonable agreement

with what is expected.
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Figure 4.7: The top plot shows the variation in minimum wavelength that the
travelling wave undergoes at different locations along the length of the cochlea
in the present model. The bottom plot shows the variation in PMD along the
length of the cochlea, as calculated using Eq. 4.6.

4.5 Cochlear irregularity

The parameters in Table 4.1 have a smooth variation along the cochlea. In reality, the

mammalian cochlea, particularly in primates, is characterised by random irregularities,

or roughness, of the parameters between the base and the apex, as discussed in Chapter

2. The constant values of feedback gain were thus superimposed with a random Gaussian

distribution that could take account of the perturbations along the cochlear length with

a smaller variation at the base, where the cochlea is more sensitive than at the apex.

The random variations of the feedback gain will allow for an unstable cochlea model, i.e.

the generation of positive poles when calculating the eigenvalues of the system matrix

A in Equation 3.14 that initiate the generation of spontaneous emissions (Elliott et al.,
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2007; Ku, 2008). It is therefore possible to generate a cochlear model that produces a

statistically plausible number of SOAEs by changing the characteristics of the random

perturbation (Ku et al., 2008c). Talmadge et al. (1993) showed that emissions were

present in 72% of the subjects and in 56% of the ears under examination in their study.

Furthermore, studies from a number of authors, summarised in Table 4.2, show that

the mean number of SOAEs measured is between 3.0 and 6.9 and the median number is

between 2.0 and 5.0, where these numbers depend to some extent on the instrumentation

and methodologies used and the variation in the backward middle ear transfer function.

There is also a difference between genders, with prevalence and average numbers of

SOAEs being slightly higher in women than in men.

Table 4.2: Results from various experiments involving SOAE measurement in
humans using different methods. The second column shows the average number
of people with SOAEs across all subjects in %. The mean number and the
median number of SOAEs per emitting ear are also shown.

Study All [%] Mean Median

Penner et al. (1993) 66 3.0 2.0

Talmadge et al. (1993) 72 6.9 5.0

Penner and Zhang (1997) 62 3.4 2.0

Zhang and Penner (1998) 75 3.6 3.0

As discussed in Chapter 2, a natural variability of the irregularities exists along the

length of the cochlea, with the base being more smooth and regular with respect to the

apex, where there is a more chaotic arrangement of OHC organization. It is assumed

that this is a further reason to believe that spontaneous emissions are predominant

in the lower frequency hearing range, i.e. between 0.5 and 6 kHz with the highest

number ranging between 1 and 2 kHz (Probst et al., 1991). It is desirable to include

these properties in the cochlear model to understand their influence on the way the

cochlea operates. The potential number of SOAEs that a model can generate can be

calculated by considering the number of unstable eigenvalues of matrix A in Equation

3.14, although not all of these potential instabilities grow into distinct SOAEs due to

their interaction with each other (Ku, 2008; Ku et al., 2008c, 2009). The form of the

irregularity used here was:

γ(x) = γ0 + δ(x), (4.7)

where γ0 = 0.745, as estimated previously from the enhancement curves in Figure 4.4,

and
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δ(x) = D(x)r(x), (4.8)

where D(x) varies smoothly from 0 to 1 between x = 0 mm to x = 35 mm along

the length of the cochlea, and r(x) is a Gaussian random function with unit variation.

Random variations of the feedback gain that generate statistically plausible numbers of

SOAEs in the model were generated. Amongst a large set of random variations obtained

through simulations, the ones that generate only one unstable pole, and therefore one

SOAE in a certain frequency range, were chosen as possible candidate variations for

running further simulations. The reasoning behind this choice is simplicity: assuming

the variation is a plausible example of the irregularities in the human cochlea, it will

initially be easier to understand how a single SOAE interacts with external tones without

being interfered by other instabilities along the length of the cochlea.

The feedback gain of the cochlea, γ, was set at 0.745, as shown in Equation 4.7, and

was used as the mean value of the generated Gaussian random variation. The roughness

function, r(x), was generated by passing a Gaussian white noise signal through a 5th

order Butterworth band pass filter (Ku et al., 2008c). The high cut-off wavelength was

chosen such that the wavelengths do not exceed the actual length of the cochlea (35

mm). The low cut-off wavelength was chosen above the scale of the cochlear discretiza-

tion (0.0684 mm); despite this limit, various values were evaluated for the lower cut-off

wavelength. The vertical dashed line shown in the Figure 4.8 represents half the wave-

length of the travelling wave at its peak; the pass-band spectrum shown includes this

value since this allows the travelling wave to encounter irregularities at correct distances

along the length of the cochlea. A comparison of the results using various wavelength

spectra and peak-to-peak amplitudes for gain variation is shown in Table 4.3. The lower

cut-off frequency chosen is λcut−off = 0.19 mm and gives what Ku describes as a feed-

back gain with a densely spaced random variation (Ku et al., 2008c). This allows for a

more rapid spatial variation that generates instabilities in the lower part of the frequency

spectrum, i.e. below 2 kHz. The choice of cut-off wavelengths is also consistent with

Shera’s view that the generation of SOAE in human cochleae is due to dense, random

inhomogeneities along its length (Shera and Zweig, 1993). In particular, the values of

cut-off frequency allow for enough spectral content in the inhomogeneities at half the

peak wavelength, (λpeak).

Various peak-to-peak amplitudes (standard deviations) were also tested for evaluating

the most plausible results. The chosen statistical parameters to apply to the random

vector are those shown in red in Table 4.3. The chosen standard deviation for the random

vector predicted an ensemble of cochleae models with a mean number of primary SOAEs

equal to 3.18 and a median value of 3. By running a total of 400 simulations, 13.25%

of these produced random feedback gains that would generate one unstable pole, with

5.5% of these having an unstable pole below 6 kHz.
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Table 4.3: Results of 400 numerical simulations of models with irregularity in
the gain with different statistical parameters. The percentage of simulations
with a single SOAE are shown, together with an SOAE below 6 kHz, the mean
and median number of SOAEs per ear.

Cut-off

wave-

length

[mm]

peak-to-

peak

amplitude

[%]

Simulations

with one

SOAE [%]

Simulations

with one

SOAE

<= 6 kHz

[%]

mean

number of

SOAEs

per ear

median

number of

SOAEs

per ear

0.48 5 27.75 4.75 1.13 1

0.48 10 0.50 0.25 6.82 7

0.3 5 23.75 4.00 0.61 0

0.3 10 1.75 0.50 5.53 5.50

0.19 5 9.5 1.25 0.17 0

0.19 10 13.25 5.50 3.18 3

0.14 5 2.50 0.00 0.04 0

0.14 10 21.75 5.25 1.96 2

Figure 4.8 shows how the chosen parameters assigned to produce random variations of

feedback gain affect the model in terms of SOAE generation. The plot on the top left

shows the spectra of the various filters used using a λcut−off = 0.19 mm. Different

λcut−off allowed the amount of irregularity of the feedback gain to be varied. The

vertical dashed line shows the position of half the wavelength of the travelling wave at

its peak (λmin). The plot on the top right shows the ensemble of values obtained for the

parameter f/∆f for 400 realizations of the random variation, most of them assuming a

value around 11 (dashed black line), as also predicted in the lower plot in Figure 4.7. The

bottom left plot of Figure 4.8 shows a histogram of the ensemble of unstable frequencies.

Most unstable poles occur between approximately 2 and 15 kHz. The bottom right plot

shows a histogram of normalised spacings per cochlea, again showing a peak around 11.
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Figure 4.8: Results obtained from the simulations that tested the suitability
of a random variation with specific statistic parameters. The plot on the top
left shows the spectrum of the filter used when λcut−off = 0.19 mm. Different
λcut−off were tested, which allowed varying the amount of irregularity of the
feedback gain. The vertical dashed line shows the position of half the wavelength
of the travelling wave at its peak (λmin). The plot on the top right shows the
values obtained for the parameter f/∆f , most of them assuming a value around
11 (dashed black line). The bottom left plot shows a histogram of the unstable
frequencies across the ensemble of simulated cochleae. The bottom right plot
shows a histogram of normalised spacings per cochlea, also across the ensemble
of simulated cochleae.

With respect to previous work performed on the state space cochlea model in Ku et al.

(2008c), the overall value of f/∆f is lower, being approximately 15 in Ku’s case and 11

in the present study. The reason behind this involves the value assigned to the feedback

gain. Although it is possible to increase the f/∆f to a more desirable value by increasing

the average level of feedback gain, this would not be feasible since the enhancement

given by the model would be too high and unrealistic. Therefore, a compromise has

been made by leaving the mean value of the feedback gain at 0.745, in order to have

acceptable values of enhancement, peak wavelength and f/∆f .

Amongst the many cases that gave the results shown in Figure 4.8, one specific pattern

of random feedback gain along the cochlea was chosen. The aim was to use a pattern

that would lead to a stability plot with only one unstable pole. Figure 4.9 shows the
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stability plot for the random gain variation used for the simulations shown in the fol-

lowing chapters of this thesis, where σ is the real part of the eigenvector of A, which is

positive if the pole is unstable, that do include only one SOAE. The zoomed-in section

shows the location of the unstable pole, having a frequency of approximately 2.6 kHz.

The SOAE produced by running time domain simulations for this model has a frequency

of 2665 Hz at a level of −17 dB SPL in the ear canal. The inset in Figure 4.9 shows the

chosen feedback gain distribution along the length of the cochlea.
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Figure 4.9: Example of the stability plot together with the random variation in
the feedback gain that produces it. The zoomed in section shows the location
of the unstable pole having a frequency of approximately 2.6 kHz. This random
feedback gain will be used for further simulations in the following chapters of
the thesis.

4.6 Summary

In this chapter, the development of the linear properties of the state space cochlear

model have been presented. The estimated parameters for the model were derived by

modifying those used by Neely and Kim (1986) and were tested in order to validate their

suitability for replicating the characteristics of a human cochlea, including frequency to
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place mapping, sharpness of the tuning curves and enhancement. Simulations were per-

formed on the model to predict SOAE spacing; Ku (Ku, 2008; Ku et al., 2008c,b,a),

has shown that the state space model predicts with reasonable accuracy the normalised

spacing between SOAE as predicted by Shera (2003). A neat periodicity in the spectrum

of SOAEs appears when a number of unstable poles are present in the model, where the

spacing between emissions depends on the phase of the travelling waves that generate

them and undergo integral round trip phase changes. The fact that the model predicts

this periodicity improves its credibility, since no fine tuning of emission location is re-

quired, unlike mathematical models that use Van der Pol oscillators as SOAE generators

(van Dijk and Wit, 1990; Long et al., 1990; van Dijk et al., 1994). The latter usually rely

on oscillators whose parameters are finely tuned to obtain oscillations that reproduce

the periodic properties of SOAEs. The frequency of the generated SOAE in the state

space model is such that its response undergoes an integral number of cycles of phase

change while travelling between the middle ear boundary and the reflection site inside

the cochlea. There must also be sufficient gain close to the site where the travelling

wave peaks to overcome the reflection losses and viscous damping and sustain the trav-

elling wave. In fact, pole instability means that this standing wave will be sustained

by negative damping. However, if the numerical results are compared to experimental

ones such as those by Probst et al. (1991); Talmadge et al. (1993); Zhang and Penner

(1998), it is plausible that both microphone restrictions and middle ear reverse transfer

function properties could explain why the state space cochlear model is likely to have

instabilities, and therefore spontaneous emissions over a larger range, i.e. up to 15 kHz,

in contrast with experimental results that tend to not measure SOAEs above 9 kHz

if not less. In a realistic scenario, multiple travelling waves of various frequencies will

interfere constructively across multiple reflection sites, generating a number of primary

and secondary SOAEs.

The state space cochlea model reflects reasonably well what is assumed to happen in

the cochlea. However, modelling the irregular structure of the human cochlea is open

to debate and the random feedback gain chosen to replicate it here is not necessarily

the best reproduction of what occurs in reality, although the results shown in this thesis

reproduce reasonably well what has been measured experimentally.





Chapter 5

Modelling cochlear nonlinearity

5.1 Introduction

In Chapter 2, it was noted that the CA is inherently nonlinear and provides a re-

duction in the active contribution of the cochlea as the input signal is increased, i.e.

self-suppression (Kanis and de Boer, 1993). This nonlinearity is also important in the

generation of OAEs. In modelling the cochlea, it is important to take into account these

nonlinear characteristics. The nonlinear mechanism can be replicated in a numerical

model using various functions to mimic OHC behaviour. This chapter will focus on the

nonlinear functions used to model CA nonlinearity and on how these can be adjusted

to obtain results that compare favourably to experimental measurements. As discussed

in Chapter 3, the assumed position of the nonlinear element in the feedback loop of the

micromechanical model used here is before the active impedance (Z4); the latter acts

according to the displacement and velocity caused by the shear motion between the BM

and the TM. Although some models, such as Kanis and de Boer (1993), locate the non-

linearity after the active impedance, it can be argued from a physiological point of view

that the order of events that produce an active force on the cochlear partition is such

that the active pressure is a consequence of the nonlinear OHC impedance. A further

reason for placing the nonlinear function before the active impedance is because this

configuration allows for a more suitable comparison with those found experimentally

(Young, 2011; How et al., 2010).

5.2 Assumed form of the nonlinearity

With the nonlinearity positioned before the active impedance it was possible to compare

the results of the simulations using two forms of nonlinearities: a symmetric hyperbolic

tangent function
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v(u) =
α

2
tanh

2u

α
, (5.1)

and a first order Boltzmann function

v(u) =
α

1 + βe
−u
η

− α

1 + β
, (5.2)

where, v is the displacement output, u is the displacement input, α is the saturation

point having units of displacement, which is a function of position along the cochlea, β

is dimensionless and scales the amount of asymmetry of the Boltzmann function, and η

determines the slope of the function. In order to ensure that the function has a slope of

unity for low level inputs, η is constrained, given α and β. In particular,

dv(u)

du
|u=0 = 1 (5.3)

so that

η =
αβ

(1 + β)2
. (5.4)

The stereocilia are assumed to be affected by both the shear displacement and velocity

between the BM and the TM. Figure 3.4 illustrates that both the output of the nonlinear

function used, and its derivative, velocity, are inputs to the the block, γZ4.

Experiments have shown that emissions generated by the mammalian cochlea, in re-

sponse to a pure tone, contain both even and odd harmonics. This initial consideration,

makes the asymmetric Boltzmann function a more suitable candidate than the tanh func-

tion. Its input-output characteristic also appears to be a good approximation of those of

OHCs, shown, for example, in Figures 1.12 and 2.1 (Cody and Russell, 1987; Kros et al.,

1992; Dallos, 1996; Kros, 1996; Johnson et al., 2011). One of the biggest unknowns is

the degree of asymmetry that it should provide, as the literature is inconclusive on this

point (Johnson et al., 2011).

The saturation levels of the nonlinear function will depend on the specific location of an

element along the length of the cochlea, and hence, the saturation point, α is a function

of position. The tonotopic map of the cochlea also implies that the micromechanical

elements at the base, which have greater values of stiffness, will saturate differently com-

pared to the elements at the apical end, which have lower values of stiffness and hence,

greater magnitudes of displacement. Figure 5.1 shows examples of how the Boltzmann

function varies as a function of α. In this particular case, where β is set to 1, the
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Boltzmann functions take the same symmetrical form of a tanh functions. The param-

eter β controls the amount of even and odd components in the output by altering the

asymmetry of the function. Higher values of β allow for greater amplitudes of even har-

monics relative to the odd harmonics. Figure 5.2 shows examples of how the Boltzmann

function varies as a function of β, while keeping α fixed at a 1.

Figure 5.1: Variation of the input-output characteristics of the Boltzmann func-
tion when varying the parameter α. β is set to 1.

Figure 5.2: Variation of the input-output characteristics of the Boltzmann func-
tion when varying the parameter β. α is set to 1.
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5.3 Choice of parameters

By comparing results using the hyperbolic tangent function with the Boltzmann func-

tion, it is possible to gain insight into the effect of the symmetrical properties of the

nonlinearities on the results from the model. Physiological data that can help to set the

parameters, α and β, is not attainable in vivo, as many of the measurements are from

in vitro experiments, making it hard to predict the actual properties of the nonlinear

phenomenon occurring in the CA. Furthermore, the cochlear model includes a nonlin-

earity whose output has the same dimensions as the input. This is not the case during

experimental data, where the input is usually a SPL and the output is an electrical

signal, i.e. the electrical potential generated in OHCs. To evaluate the values for α that

would simulate the correct level of cochlear self-suppression at different positions along

the cochlea, the quasi-linear model introduced in Section 3.3 was implemented, based on

the one by Kanis and de Boer (1993), but using the same parameters as the state space

model, which allowed the effective gain of the nonlinearity to be calculated for various

driving amplitudes, at various frequencies between 200 Hz and 20 kHz. The α parameter

of the two nonlinearities was adjusted to ensure that compression of the response began

for input SPLs in the ear canal of about 30 dB, below which the response is assumed

to be almost linear. It is difficult to know whether this is a feature of the cochlea over

the whole frequency range. In fact, compression is certainly a characteristic of cochlear

mechanics at high and mid frequencies, but there is little evidence to suggest that com-

pression, and in particular mechanical nonlinearity, occurs in the lower frequency range

below approximately 500 Hz (Cooper and Yates, 1994). However, it has been assumed

that 30 dB is the starting point for compression at all frequencies. Between about 30

dB and 80 dB, self-suppression becomes increasingly effective, generating a compression

curve with a slope between 1/5th and 1/3rd of a dB per dB (Robles and Ruggero, 2001).

Above inputs of about 80 dB SPL, the system is assumed to again become linear, but

is now passive. Figure 5.3 shows examples of level curves for excitation at characteristic

frequencies of 0.2 kHz, 0.8 kHz, 3.2 kHz and 12.8 kHz, for the model incorporating ei-

ther the tanh (left panel) or the Boltzmann functions (right panel). Both cases are very

similar, which demonstrates that it is difficult to deduce the form of the nonlinearity,

and particularly its degree of asymmetry, from these level curves alone.
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Figure 5.3: Compression curves for the state space cochlear model, obtained
from the quasi-linear method, illustrating how the parameter α is tuned so that
compression commences at approximately 30 dB until around 80 dB, where the
model becomes nearly entirely passive. Compression is shown for input tones
of 0.8 kHz, 3.2 kHz and 12.8 kHz for levels that vary between 0 dB and 100
dB. The solid line represents the response of the active cochlea where γ = 0.745
and the dashed line represents the response of the passive cochlea where γ = 0.
Results are shown for the cochlear model containing both the tanh and the
Boltzmann functions, but the results are indistinguishable on this scale.

Even order harmonics arise as a consequence of the asymmetry in the CA’s nonlinearity.

The assignment of an appropriate value to β in the Boltzmann function can thus be

determined from the measured amplitude of the 2nd harmonic in measurements of the

nonlinear BM response (Cooper, 1998). Young (2011) assigns a value of 1.2 to β. Young

(2011) and How et al. (2010) explain that the simulated DPOAEs change less than 1 dB

when increasing this parameter from 1.3 to 3 and that its value does not notably affect

the amplitude of predicted DPOAEs. On the basis of these results, β has again been

assigned the value of 1.2.

Setting the parameter α as a function of position along the cochlea, also requires con-

sidering the following details of the ear model and of experimental data:

• Experimental findings show that saturation values of BM nonlinearity do not vary

significantly in terms of input SPL over the audible frequency range
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• Middle ear mechanics will influence the overall response given its frequency depen-

dence

• Cochlear micromechanics vary in stiffness along the length of the cochlear partition

making it stiffer at the base and less stiff at the apex; consequently, when moving

from base to apex, if the parameter α is set to a constant value, then the saturation

point would increase from base to apex

After running a number of quasi-linear simulations, it was possible to obtain reasonable

values for α along the length of the cochlea by trial and error, and these are plotted

as a function of position in Figure 5.4. This choice of values for α allows compression

to commence at approximately 30 dB and to end at around 80 dB, where the model

becomes nearly entirely passive for all excitation frequencies. The variation of α with

position is somewhat different from results obtained by Ku (2008) and Young (2011).

It can be seen in Figure 5.3 that to maintain compression from 30 dB to 80 dB, the

saturation values given by α need to decrease after around 20 mm, as shown by the solid

curve in Figure 5.4. If α is kept constant at the apical end, as in the work by Ku (2008)

and Young (2011), then compression for the lower frequency range starts at a SPL that

is too high.
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Figure 5.4: Saturation values, α, of the Boltzmann function incorporated into
the micromechanical elements plotted as a function of position. The solid curve
shows the calculated values while the dashed curve shows an example similar to
those used by Ku (2008) and Young (2011).

A comparison of the two functions used in the model 15 mm along its length is illustrated,

together with their slopes, in Figure 5.5. The differences in the symmetry of the functions
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are seen in the top panel of Figure 5.5, where the Boltzmann function is shifted upwards

on the ordinate for larger positive and negative inputs with respect to the tanh function.

The slopes of the different functions indicate the gain of the system and are shown

in the lower panel of Figure 5.5. Unlike the hyperbolic tangent function, which is

symmetrical with respect to the ordinate at 0 input, the slope of the Boltzmann function

is asymmetrical, and initially increases for positive input values, adding gain to the

output as it grows higher than 1. Both functions are defined to have unity gain for low

level excitation. Figure 5.5 illustrates that the difference between the two functions is

very subtle, demonstrating that the asymmetry introduced by the Bolzmann function is

minimal, in accordance with experiments that resemble in vivo studies of OHCs (Johnson

et al., 2011) as discussed in Section 2.1.
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Figure 5.5: Comparison of the nonlinear characteristics of a tanh function and
a Boltzmann function with β = 1.2. The top plot shows the output vs. input.
The bottom plot shows the slope of the output vs. input for both functions. The
parameters of the nonlinear functions are those used 15 mm along the cochlea,
close to the position where the SOAE is generated.

5.4 Self-suppression using the quasi-linear model

One reason for using the quasi-linear cochlear model was to determine the values of

α that could then be used in the state space cochlear model. The quasi-linear model

was also used to find initial conditions from which to start time domain simulations of

the state space model, as described in Section 6.4. An example of the results from the

quasi-linear model is given in Figure 5.6; it can be seen that increasing stimulation levels

decreases the activity of the system and reduces cochlear amplification. For higher input

levels the response becomes less sharp and more broad. This is clearly shown in the top

left plot of Figure 5.6, where at the characteristic place along the length of the cochlea,

the magnitude does not increase as much for increasing levels of input as it does at the
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base of the cochlea. The lower left plot shows the real part of the cochlear partition

impedance. This has a negative part, which provides negative damping, and hence,

amplifies the cochlear wave when the input level is below about 60 dB SPL. This shows

that for lower input levels, an active component is acting on the cochlear partition, while

at higher level inputs, the cochlear partition is totally passive, leading to a dampening

of the cochlear structures. The lower right plot shows how γ varies along the cochlea for

different input levels: for lower input levels it assumes its maximum value of 0.745 along

the whole length of the cochlea, but as the input level increases, γ decreases, particularly

at the best position corresponding to the frequency of the input signal. Note that γ also

decreases in a region at the base of the cochlea, which is far away from the characteristic

place. As previously discussed, the values of α in this region have been tuned for high

frequency input tones, however, significant motion is occurring in this region even for

inputs of lower frequencies.
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Figure 5.6: Self-suppression of a 1 kHz tone simulated using the quasi-linear
method. The top plots show the magnitude of the BM velocity on the left
and the phase of the BM velocity on the right, both as a function of position
and it can be seen that increasing input levels lead to greater compression,
but little change in the phase. The lower left plot shows the real part of the
cochlear partition impedance, which has a negative part (negative damping)
for lower input levels, indicating that an active component is acting on the
cochlear partition, while for higher level inputs the cochlea is passive, leading
to a dampening of the cochlear structures. The lower right plot shows how γ
varies according to different input levels: for lower input levels it assumes its
maximum value of 0.745 along the whole length of the cochlea, but as the input
level increases, γ also decreases in particular at the position of the frequency of
the input signal, but also at the base.
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5.5 Two-tone suppression using the quasi-linear model

The quasi-linear model can also be used to predict two-tone suppression (Kanis and

de Boer, 1994). In this case two sinusoidal signals, a probe tone kept at a constant SPL

and a suppressor tone, whose SPL is varied, are simultaneously applied to the nonlinear-

ity and its response is analysed to give the quasi-linear gain at the two frequencies. An

example of the two-tone suppression results that were produced using the quasi-linear

model here is shown in Figure 5.7; in this example, the probe tone is at 2 kHz and

the suppressor tone is at 2.4 kHz, and it can be seen that increasing the level of the

suppressor compresses the response of the probe tone. The frequency of the suppressor

tone will affect the way it suppresses the probe.

Figure 5.7: The BM simulated velocity at the probe tone is a function of the
SPL at this frequency, for different levels of suppressor tone, illustrating two-
tone suppression where the probe tone is 2 kHz and the suppressor tone is 2.4
kHz.

Similar results to the ones shown in Figures 5.6 and 5.7 were used to make comparisons

between this state space model and a filter cascade model by Pan et al. (2015b), who

also compared the prediction with measurements of two tone suppression measured in

the cochlea by Cooper (1996).

5.6 Summary

In this chapter a symmetrical and an asymmetrical nonlinear function are introduced

as possible models for that in the CA. The parameters of these functions have been set
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to reproduce the saturation curves measured in the cochlea, using the results from a

quasi-linear model. The use of the quasi-linear model to model self-suppression, as well

as two-tone suppression, is also described.



Chapter 6

Modelling SOAEs and the effect

of low frequency bias tones

6.1 Introduction

This chapter describes numerical simulations of SOAEs performed using the cochlear

models, with the aim of gaining a better insight into the possible causes behind cochlear

nonlinearity and OAEs. The best way to validate a model is by replicating real experi-

ments in order to obtain similar results. It is then possible to help understand the nature

of the results by modifying parts of the model and making comparisons between the re-

sults from the alterations made. This strategy also allows understanding of whether

certain results from real experiments are due to the mechanics of the cochlea and are

replicable by the model, or if they are due to other effects, for example, neural, electro-

chemical or cellular that are not contained in the model. The state space model includes

the presence of a nonlinear CA and can be used to simulate the generation of OAEs,

and these are the focus of the results in the following sections.

First, a discussion regarding the stability of the state space model is outlined, then

the results obtained from its time domain response are illustrated and compared with

experimental data. Simulations of the variation in SOAE frequency and amplitude over

time when affected by low-frequency external tones, i.e. bias tones, are then discussed

and the results compared with experimental studies by Bian (2009). An ear canal and

middle ear model are used in conjunction with the cochlear model to obtain input and

output SPLs from the ear canal in a similar fashion to real experiments, as described in

Appendix F.

89
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6.2 Stability of the state space model

One of the great advantages of the state space method is the ease with which one can

determine the system’s stability. By calculating the eigenvalues of the state matrix A

in Equation 3.7 it is possible to obtain the poles of the system. A system is classified as

stable when its transfer function contains only poles having negative real parts. If this

is not true, the linear system becomes unstable making its response grow exponentially.

The second great advantage of this formulations, is that the state matrix A can include

nonlinear functions when running time domain simulations of the cochlea; these nonlin-

earities will limit the exponential growth of motion of the system when it contains one

or more unstable poles, generating the limit cycles that give rise to SOAEs.

As explained in Section 3.2, the macromechanical model consists of 512 micromechanical

elements that resemble slices of the BM. Adjacent elements are coupled to one another

through fluid coupling. The feedback gain, γ, is represented by a vector equal in length

to the number of micromechanical elements, excluding the middle ear (the first element)

and the helicotrema (the last element); the latter two elements represent the boundary

conditions of the system. Therefore, each element is associated with a particular value

of γ.

Figure 6.1 shows the poles of the system for four different sets of values associated to the

feedback gain, γ; in each plot there are 2048 poles and so the individual poles appear

to form lines. Note that the imaginary part of the poles has been divided by 2π to give

units of Hz and plotted on the abscissa for notational clarity. The two upper plots show

examples of when γ is constant along the whole length of the cochlear partition, where

γ is equal to 0.745 on the left and to 1.02 on the right. For γ = 0.745, the system is

completely stable as all poles have a negative σ; but when γ = 1.02, a number of poles

become unstable. The frequencies of the unstable poles shown on the imaginary axis

correspond to the frequencies of generated SOAEs. These emissions can also combine

with one another, generating new SOAE frequencies that are not necessarily associated

with an unstable pole (Ku, 2008). The plot on the bottom left shows a step variation

introduced in the feedback gain, γ, that results in a single unstable pole of the system,

as shown in the zoomed in portion of the plot. In the bottom right plot, γ resembles

a more realistic condition of the cochlea, with the random distribution of the feedback

gain at each location described in Section 4.5, which also has a single unstable pole that

generates an SOAE at approximately 2.6 kHz.



Chapter 6 Modelling SOAEs and the effect of low frequency bias tones 91

0   2.5 5   7.5 10  12.515  17.520  
−4

−3

−2

−1

0

x 10
4

Frequency [kHz]

σ 
[s

−
1 ]

0   12.5 35  

0.745

Position [mm]

γ

0   2.5 5   7.5 10  12.515  17.520  
−4

−3

−2

−1

0

x 10
4

Frequency [kHz]

σ 
[s

−
1 ]

0   12.5 35  

1.02

Position [mm]

γ
0   2.5 5   7.5 10  12.515  17.520  

−4

−3

−2

−1

0

x 10
4

Frequency [kHz]

σ 
[s

−
1 ]

0   12.5 35  
0.75

Position [mm]

γ

0

0   2.5 5   7.5 10  12.515  17.520  
−4

−3

−2

−1

0

x 10
4

Frequency [kHz]

σ 
[s

−
1 ]

0 12.5 35

0.745

Position [mm]
γ

Figure 6.1: Stability plots for the coupled cochlear model with various gain
distributions. Top left panel, γ = 0.745, system is stable; top right panel,
γ = 1.02, system is unstable; bottom left panel, γ includes a step variation,
system contains one unstable pole; bottom right panel, γ resembles a random
gain distribution as described in 4.5, system contains one unstable pole.

6.3 Time domain simulations

A strength of the state space formulation of the cochlea model is the ease with which it

can perform nonlinear time domain simulations, using a 4th order Runge-Kutta ordinary

differential equation (ODE) solver as implemented in MATLAB, ODE45, for coupled

ODEs. The sampling rate of the model was set to be 96 kHz in these simulations. The

time domain results obtained are extremely useful to show how the cochlear partition

is affected by incoming sound and how the travelling wave actually moves along the

cochlea. Simulations were run using two different nonlinear functions: a hyperbolic

tangent function, tanh, and a first order Boltzmann function. The results are compared

to understand their effects on the results.
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6.3.1 Speeding up the simulations

The numerical implementation of the time domain simulations using the ODE45 solver

for the modified state space model has been modified to be much faster than the original

implementation by Elliott et al. (2007). Improvements have been made to the numer-

ical implementation of the state space algorithm to produce much faster time domain

simulations (Pan et al., 2015a). When compared with the computational efficiency of

the simulations in Elliott et al. (2007), these are now more than 140 times faster, and

reach steady-state conditions very quickly when specific initial conditions are given by

the user.

Specifically, numerical implementation of the state space model was coded so that the

formulation included tri-diagonal matrices, whose inverse and product with a vector may

be calculated very rapidly, greatly aiding the algorithm in delivering faster simulations.

Another factor that optimized simulation time was matrix sparsity. By converting large

matrices containing vast numbers of zeros into sparse form, computational efficiency was

increased.

Most of the results presented in this paper were obtained from the simulations once the

system dynamics had reached steady-state. By forcing the correct initial conditions in

the dynamics of the system, steady-state can be reached very quickly compared with

starting from zero initial conditions (Vignali et al., 2015). The strategy developed to set

the initial conditions of the system are discussed later on in this chapter.

6.3.2 Modelling an SOAE

To initiate the SOAE for the initial tests, the model is stimulated by an impulse, and

the response is left to die away until the SOAE reaches steady-state. The results of

this are illustrated in Figure 6.2, which shows a colour plot of the instantaneous BM

velocity amplitude at each position along the cochlea as a function of time. As the

initial impulse dies away over time, which is similar to that seen in the stable cochlea,

a limit cycle develops at approximately 15 mm along the cochlea. Even though the BM

amplitude is small at the base and most of the backward travelling wave is reflected

at the stapes, the pressure is large enough for part of the wave energy to escape into

the middle ear, travelling through to the ear canal and generating the SOAE. Given the

dispersive nature of the system, the wave speed of the travelling wave varies while moving

from the stapes to the location of the characteristic frequency, as explained in Appendix

D. This leads to a variation in wave amplitude along the cochlea, which complicates

the interpretation of the travelling wave produced by the limit cycle shown in Figure

6.2. A clearer representation of the forward and backward travelling waves is depicted

in the steady state condition of the limit cycle shown in Figure 6.3, where a comparison

is also made between the two nonlinearities used. Here, the instantaneous waveform of



Chapter 6 Modelling SOAEs and the effect of low frequency bias tones 93

the BM response along the cochlea is shown on a logarithmic scale, in contrast to the

linear scale in Figure 6.2, to show more detail. The level of positive velocities is now

shown in red and those of negative velocities is now shown in blue, so that the transition

at 0 dB is somewhat artificial. The reference value used for converting the velocity into

logarithmic scale was vref = 1 nm.

Figure 6.2: Illustration of the time domain simulation, showing the velocity
along the BM when stimulated by a low amplitude click that sets into motion
all the elements. The instability leads to the generation of the SOAE at 15 mm
from the base. It can be seen that the limit cycle reaches steady-state conditions
after about 20 ms, while the linear response to the impulse is still dying away.

The forward-travelling nature of the limit cycle that generates the SOAE, as it is am-

plified at positions close to 15 mm from the base of the cochlea, is seen as diagonal lines

with a positive slope. In contrast, the pressure due to the limit cycle at more basal

positions is characterised by the backward-travelling wave on its way to the middle ear,

which also appear as diagonal lines of constant phase, but with a negative slope. The

micromechanical elements at around 15 mm possess negative damping, aiding the gen-

eration of the limit cycle, and the constant oscillation of the stapes footplate due to the

backward travelling wave, sets into motion the middle ear ossicles and the ear drum,

generating an SOAE in the ear canal. The results in Figure 6.3 lead to the possibility

of the travelling wave that generates the SOAE to be classified as a standing wave with

boundaries at the stapes and at the location of the irregularity, i.e. the limit cycle.

This would be in agreement with the theory suggested by Shera (2003), which states

that SOAEs result from standing waves generated within the cochlea. Interestingly,

simulation results obtained from the state space model also show that if the middle ear

stiffness is changed, then the reflection at the stapes is affected and unstable poles at

different frequencies are generated.
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Figure 6.3: Representation of the results from the time domain simulation of
the limit cycle when the model is in steady state. The plot on the left shows
the case where the nonlinearity is a hyperbolic tangent function while the one
on the right shows the case where it is a Boltzmann function.
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Figure 6.4: Results from the time domain simulation at specific points along
the BM when the model is in steady state with no stimulation occurring. The
column on the left shows the cases where the nonlinearity is a hyperbolic tangent
function while the one on the right shows the cases where it is a Boltzmann
function.
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Therefore, the location of the limit cycle changes together with SOAE frequency. These

results are shown in Appendix E and are discussed more in detail in Chapter 7; however,

variation of SOAE frequency due to changes in middle ear stiffness indicate that the

middle ear behaves as a boundary that reflects the travelling wave, thus playing an

important role in generating the standing wave between itself and the irregularity at the

height of the limit cycle.

Figure 6.4 shows individual waveforms of the BM motion at various locations, together

with the stapes velocity for the cochlea model with a limit cycle oscillation at 15 mm

from the base. Ultimately, it is the stapes motion that generates sound in the ear canal

as explained through experiments, for example, by Kemp (2007).

Figures 6.3 and 6.4 do not appear to show any significant difference between the results

obtained using the tanh function and those obtained using the Boltzmann function.

6.4 Pre-establishing initial conditions from the frequency

domain

Running time domain simulations of complex models can be very time consuming; how-

ever, if suitable initial conditions are applied to the model that allow the results to reach

steady state very quickly, then the duration of the simulations can be shortened. Initial

conditions can be obtained by pre-calculating the waveforms of the state variables for

the SOAE and for the bias tone individually, which are then superimposed before be-

ing applied to the ODE solver. Although the steady state responses of the SOAE and

the bias tones will be slightly different from those obtained individually, they are close

enough to allow the time domain simulations to converge rapidly to an overall steady

state solution. Initial conditions for the SOAE are obtained from previous nonlinear

simulations in which an impulse is left to decay until the SOAE reaches stable condi-

tions, as shown in Fig. 6.3. These conditions can then be used for future simulations

involving this SOAE generated by specific feedback gains. The steady-state conditions

for the bias tone are obtained by calculating the frequency response of the cochlear

model when applying the bias tone as the only input of the system as calculated using

Equation 3.17, which is re-written here

<{Yp(iω)} = <{[D + C(iωI−A)−1B]U(iω)}. (6.1)

An example of pre-calculated initial conditions for both the SOAE and the bias tone is

shown in Figure 6.5.

The frequency response that leads to <{Yp(iω)} is obtainable either from a linear or

from a quasi-linear cochlear model. One of the advantages of the latter is that it allows
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initial conditions to be obtained for high level input signals that undergo self-suppression

(Kanis and de Boer, 1993).
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Figure 6.5: Initial conditions applied to the ODE45 solver (red solid line), which
are made up of the sum of the initial conditions for the SOAE (blue solid line)
and initial conditions for the bias tone (blue dashed line).

6.5 Simulating the effect on an SOAE of a low-frequency

bias tone

Low frequency bias tones were used as input driving pressures to the ear canal of the

cochlear model in order to understand the interaction between the SOAE and the bias

tone. The frequencies of the bias tones were varied between 10 Hz and 100 Hz in steps of

10 Hz. For each frequency, a simulation was performed for varying amplitudes: typically,

the lower level limit assigned to the bias tone was -10 dB, where no modulation of the

SOAE occurs. The upper limit depended on the level required for total suppression of the

emission for specific bias tone frequencies and are shown in Table 6.1. The suppression

levels shown in Table 6.1 were obtained by stimulating the model with bias tones for

each frequency that would produce a displacement of approximately 2.4 nm on the BM

at the location of the limit cycle. This BM displacement would be entirely due to the

bias tone, enabling total suppression of the BM displacement due to the limit cycle. For

each bias tone frequency, 40 equal steps in level were assumed between the lower and
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upper limits. Each step involved a simulation 0.6 seconds long with the initial conditions

as described in Section 6.4. This method allowed for immediate interaction between the

SOAE and bias tone. SOAE spectral features were obtained by high-pass filtering the

computed ear canal pressure at 500 Hz to eliminate the low frequency bias component.

Spectral information of the SOAE peak amplitude, its upper side bands (USB) and lower

side bands (LSB), were retrieved from the last 0.3 second sections of each simulation.

Table 6.1: The bias tone level, at different frequencies, found to give suppression
of the SOAE.

Bias tone frequency [Hz] Suppression level [dB]

10 100

20 88

30 100

40 94

50 91

60 94

70 91

80 91

90 91

100 91

Quasi-static properties were also obtained, as described in Bian and Watts (2008), with

only the last period of the bias tone considered for analysis after high-pass filtering the

computed ear canal pressure at 500 Hz. After extracting sections of the time series from

both the positive and negative half cycles of the bias tone pressure in the ear canal, Fast

Fourier Transforms (FFT) of these sections were taken and the amplitudes of the SOAE

plotted as a function of the positive and negative peak pressures in the bias tone. These

results, addressed in Section 6.6, show how the amplitude of the SOAE depends on bias

tone level and frequency.

A comparison of the results in the time domain was made between cochlear models using

either a tanh function or the Boltzmann function and the results are shown in Figures 6.6

to 6.9 for low-frequency bias tones of 10 Hz and 100 Hz, respectively. Similar results are

shown for all other bias tones used from 20 Hz to 90 Hz, as shown in Appendix F. Again,

the velocity in the contour maps shown are plotted with a dB scale with vref = 1 nm, for

both positive and negative phases. It should be noted that in some of the contour plots,

the time frame used is such that it causes the SOAE waveform to be aliased down to

a lower apparent frequency due to under-sampling, although the features of the figures

are still accurate. All the results have been plotted so that the bias tones of different

frequencies go through two cycles. Also, the velocity in the waveform plots have been

scaled differently in each case for clarity; however, each row of plots representing the

same locations along the length of the cochlea are scaled equally.
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Figure 6.6: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 10 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 90 dB, bottom left panel, 95 dB and bottom right panel, 100 dB. The
waveform plots show the BM velocity at different times and specific locations:
far left panel, no bias tone present, centre-left panel, 90 dB, centre-right panel,
95 dB and far right panel, 100 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed at even
higher levels.
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Figure 6.7: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 10 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 90 dB, bottom left panel, 95 dB and bottom right panel, 100
dB. The waveform plots show the BM velocity at different times and specific
locations: far left panel, no bias tone present, centre-left panel, 90 dB, centre-
right panel, 95 dB and far right panel, 100 dB. The plots show how the SOAE
is affected by the bias tone at different levels: at first, the emission is unaf-
fected, but higher levels of biasing tone modulate its characteristics until it is
suppressed at even higher levels.
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Figure 6.8: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 100 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 81 dB, bottom left panel, 84 dB and bottom right panel, 91 dB. The
waveform plots show the BM velocity at different times and specific locations:
far left panel, no bias tone present, centre-left panel, 81 dB, centre-right panel,
84 dB and far right panel, 91 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed at even
higher levels.
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Figure 6.9: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 100 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 81 dB, bottom left panel, 84 dB and bottom right panel, 91
dB. The waveform plots show the BM velocity at different times and specific
locations: far left panel, no bias tone present, centre-left panel, 81 dB, centre-
right panel, 84 dB and far right panel, 91 dB. The plots show how the SOAE
is affected by the bias tone at different levels: at first, the emission is unaf-
fected, but higher levels of biasing tone modulate its characteristics until it is
suppressed at even higher levels.
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When the cochlea is stimulated by high-level low-frequency bias tones, interaction occurs

between these tones and the SOAE, as can be seen in Figures 6.6 through 6.9. Regardless

of the frequency, increasing levels of bias tone initially modulate the level of the emission

but then at higher levels it is totally suppressed for both types of nonlinearities. However,

the results show that one can differentiate between “very-low-frequency” bias tones, up

to approximately 50 Hz, and “low-frequency” bias tones, between 60 and 100 Hz for the

cases shown. The model containing the tanh function appears to modulate the emission

in a similar way during positive and negative cycles of the bias tone for all the bias tone

frequencies, as shown most clearly in the bottom left panel of the contour plots in Figures

6.6 and 6.8. Whereas, in the case of the Boltzmann function, for “very-low-frequency”

bias tones, the emission is modulated differently by positive cycles and negative cycles

of the bias tone, as shown in the bottom left panel of the contour plots in Figure 6.7,

and as shown in Appendix F up to a bias tone of about 50 Hz. However, when the

bias tones have frequencies of approximately 60 Hz and above, the model containing

Boltzmann nonlinearities behaves similarly to the model containing tanh nonlinearities.

In these cases, the emission is modulated in a similar way during positive and negative

cycles of the bias tone, as shown in Figure 6.9, and as shown in Appendix F for bias

tone frequencies of and above 60 Hz.

For very low frequency bias tones of 10 and 20 Hz, as shown in Figures 6.6 and 6.7, the

BM moves in phase along almost the entirety of its length. For higher frequency bias

tones, equal to 30 Hz and above, the travelling wave caused by the bias tone appears

to curve, and therefore slows down in speed, as soon as it reaches the location of the

characteristic frequency, as shown, for example, in Figures 6.8 and 6.9.

6.5.1 Harmonic generation

With no bias tone, the spectrum of the SOAE, as shown in the top two panels in

Figure 6.10, nearly resembles that of a pure tone. Figure 6.10 also demonstrates that

increasing the level of a 10 Hz bias tone leads to the formation of lower side bands,

LSBs, and upper side bands, USBs, in the spectrum of the emission, where there is

now a significant difference between the results given by the model using the hyperbolic

tangent function and that using the Boltzmann function. The former, shown in the left

column of Figure 6.10, shows a diminution of the fundamental peak of the emission as

bias tone level is increased, with little formation of side bands. The most prominent side

bands that do occur are at fSOAE ± 2fbias, and this is due to the symmetrical nature of

the tanh function that generates distortion products at fSOAE±2nfbias, where n = 1, 2.

In the case of the asymmetric Boltzmann function, shown in the right-side column of

Figure 6.10, the side bands are larger and appear at fSOAE ± nfbias, where n = 1, 2.

Emission energy is therefore spread across a greater frequency range.
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Figure 6.10: The spectrum of the simulated SOAE for different levels of 10 Hz
external bias tone when using the hyperbolic tangent function (left column) and
the Boltzmann function (right column). The top panels show the spectra of the
SOAE when no bias tone is presented to the ear canal. The middle row shows
SOAE variations due to a 10 Hz, 92 dB bias tone. The formation of LSBs and
USBs at fSOAE±nfbias, where n = 1, 2, can be seen very clearly in the case of the
model using the Boltzmann function, while this effect is less prominent for the
model using the tanh function. In the latter case, the level of the fundamental
frequency of the SOAE is still quite high and contains most of the emissions
energy, and part of the remaining energy is distributed to fSOAE ± 2fbias. The
bottom row shows substantial suppression of the SOAE, due to high levels of
external bias tones.

For the sake of brevity only three examples are shown, in Figures 6.11, 6.12 and 6.13,

that are sufficient to describe how different bias tone levels and frequencies generate

LSBs and USBs. In every case, the model containing the Boltzmann function generates

side-bands at fSOAE ± nfbias, where n = 1, 2, while the model containing the tanh

function only generates side-bands at fSOAE ± 2fbias.
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Figure 6.11: Spectrum of the SOAE for different levels and frequencies of the
external bias tone when using the hyperbolic tangent function (left column)
and the Boltzmann function (right column). Each row of panels show SOAE
variations due to a bias tone of a specific frequency and level. The formation
of LSBs and USBs at fSOAE ± nfbias, where n = 1, 2, can be seen very clearly
in the case of the model using the Boltzmann function, while this effect is less
prominent for the model using the tanh function. In the latter case, the level
of the fundamental frequency of the SOAE is still quite high and contains most
of the emissions energy, and part of the remaining energy is distributed to
fSOAE ± 2fbias.
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Figure 6.12: Spectrum of the SOAE for different levels and frequencies of the
external bias tone when using the hyperbolic tangent function (left column)
and the Boltzmann function (right column). Each row of panels show SOAE
variations due to a bias tone of a specific frequency and level. The formation
of LSBs and USBs at fSOAE ± nfbias, where n = 1, 2, can be seen very clearly
in the case of the model using the Boltzmann function, while this effect is less
prominent for the model using the tanh function. In the latter case, the level
of the fundamental frequency of the SOAE is still quite high and contains most
of the emissions energy, and part of the remaining energy is distributed to
fSOAE ± 2fbias.
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Figure 6.13: Spectrum of the SOAE for different levels and frequencies of the
external bias tone when using the hyperbolic tangent function (left column)
and the Boltzmann function (right column). Each row of panels show SOAE
variations due to a bias tone of a specific frequency and level. The formation
of LSBs and USBs at fSOAE ± nfbias, where n = 1, 2, can be seen very clearly
in the case of the model using the Boltzmann function, while this effect is less
prominent for the model using the tanh function. In the latter case, the level
of the fundamental frequency of the SOAE is still quite high and contains most
of the emissions energy, and part of the remaining energy is distributed to
fSOAE ± 2fbias.

Figure 6.14 shows how the SOAE amplitude and the amplitude of some of the side-bands

vary with bias tone level. In both cases there are similar variations of the fundamental

amplitude of the SOAE for different bias tone frequencies. Bian and Watts (2008)

show experimental data that is similar to these cases, but where the rate of decline of

the SOAE also depends on fbias. In Figure 6.14, the rate of decline of the SOAE is

almost constant for every case and appears to be independent of fbias. Aside from this

feature, the gradual suppression of the fundamental component of the SOAE resembles

the measured results of Bian and Watts (2008), shown in Figure 2.13, for both the tanh

and Boltzmann nonlinearities.

The most striking aspect of the plots in Figure 6.14, however, is the difference in LSB

and USB generation between the two forms of nonlinearity. These show USB I and

LSB I at fSOAE ± fbias and USB II and LSB II at fSOAE ± 2fbias. In the case of the

tanh function, the nonlinearity is symmetrical, and the saturation of a high level bias

tone superimposed with the SOAE, leads to the generation of an output having equal

positive and negative cycles. The left hand column of panels in Figure 6.14 shows that

intermodulation between the two components generates prominent harmonics around the

emission at fSOAE ± 2fbias. The right hand column of panels show that the asymmetry
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of the Boltzmann function, on the other hand, generates distortion products at fSOAE±
fbias and fSOAE ± 2fbias.

The simulation results with the Boltzmann function give a much better prediction of

the measured results of Bian and Watts (2008) than those with the tanh function,

indicating that even the rather subtle degree of asymmetry seen in Figure 5.5 can have

a large influence on the generation of these side-bands.
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Figure 6.14: Variation of the fundamental amplitude, LSBs and USBs of the
SOAE with bias tones of varying frequency and level. The column on the left
shows the results obtained when the nonlinearity used is the hyperbolic tangent
function while the plots in the column on the right show the ones obtained when
using the Boltzmann function. The fundamental amplitude appears to vary in
a similar way in both cases; the variation of the amplitudes of both LSBs and
UBs is significantly different from one case to another.
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6.6 Quasi-static analysis of the biased SOAE

Figures 6.7 and 6.9 show that for the model using the Boltzmann function, the level of

the SOAE is modulated differently for the positive or negative parts of the cycle of the

external bias tone. Analysing differences between change in SOAE level between these

parts of the cycle, as with the quasi-static analysis of Bian and Watts (2008) described

in Section 2.3.3, helps to understand the effect of the bias tone on the SOAE and in

particular, the effect of different nonlinear functions embedded in the model. Figure

6.15 shows the average amplitude of the SOAE in the positive and negative half cycles

of the bias tone, calculated as per the method described in the beginning of Section

6.5, plotted against the peak BM displacement due to the bias tone at the location of

the SOAE. An advantage of the model is that it allows the peak BM motion due to

the bias tone to be evaluated in the different cases and thus provides a more direct

representation of the quasi-static results than is possible with experimental results. In

Figure 2.12, taken from Bian and Watts (2008), for example, only the average SOAE

amplitude is plotted as a function of the bias tone pressure. The curves in Figure 6.15

are symmetrical for all biasing frequencies when the tanh function is used as expected,

but with the asymmetrical Boltzmann function, the SOAE is affected differently for

positive and negative cycles of bias tone frequencies below approximately 40 Hz. At

higher bias tone frequencies a more symmetrical bell shaped curve is observed even with

the Boltzmann nonlinearity. This suggests that the SOAE amplitudes only approach the

quasi-static value when the period of the bias tone is large enough to allow the SOAE

to settle down to a steady-state. Although the SOAE appears to have reached a steady

state about 20 ms after the transient excitation shown in Figure 6.2, it in fact takes

much longer to achieve its final amplitude, and this time depends on the form of the

transient excitation and its amplitude. To a first approximation, however, this 20 ms

settling time gives a good prediction of the period of the highest bias tone that would

behave quasi-statically, which corresponds to a frequency of 50 Hz.
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Figure 6.15: The average amplitude of the SOAE in the positive and negative
half cycles of the bias tone is plotted against the peak BM displacement due to
the bias tone in the simulations of the quasi-static method. Simulations were
performed for different bias tone frequencies of varying level for models con-
taining either the tanh function or the Boltzmann function. For very low bias
tone frequencies, in particular 10 Hz, 20 Hz, 30 Hz and 40 Hz, the Boltzmann
function affects the cochlear model by inducing an asymmetrical shape in the
curves, but for the higher bias tone frequencies, the bell shape curves are sym-
metrical; however, when the tanh function is employed in the model, symmetry
of the bell shape curves occurs at all bias tone frequencies.

Interestingly, when the model employing the Boltzmann function is stimulated by very

low bias tone frequencies (below 40 Hz), the amplitude of the emission is slightly in-

creased during the positive cycle of the bias tone, as may be expected from the increase

in the gain of the Boltzmann function for slightly positive inputs seen in Figure 5.5.
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The results shown in Figure 6.15 are similar to those obtained by Bian and Watts (2008)

shown in Figure 2.12. However, Bian and Watts plot the bell-shaped curves as a function

of bias tone pressure rather than BM displacement, using bias tone frequencies of 25,

32, 50, 75 and 100 Hz. As described in Section 2.3.3, Bian and Watts (2008) fit the

bell-shaped curves to the scattered data from the derivative of what they assume to

be the nonlinearity that describes the CA. In particular, they model the nonlinear hair

cell transfer function as a second-order Boltzmann function, whose parameters change

according to the bell-shaped curve that will be obtained from its derivative, as shown in

Figure 2.12 (Bian and Watts, 2008; Bian et al., 2002). The derived bell-shaped curves

in their analysis are more symmetrical for higher frequency bias tones than for those at

lower frequencies, as found in the simulations using the state space model.

A reverse strategy was undertaken in this thesis compared to that used by Bian and

Watts (2008); the nonlinear function describing the CA was modelled from the integral

of the bell-shaped curves obtained from the simulations. This was possible since the

simulations allowed obtaining directly the bell-shaped curves, unlike in the experiments

performed by Bian and Watts, where the curves had to be inferred from the scattered

data obtained from the measurements.

Therefore, by calculating the integral of the bell-shaped curves in Figure 6.15, it is

possible to derive the nonlinear functions that are assumed for the CA by Bian and

Watts (2008), as shown in the right column in Figure 2.12. These nonlinear functions

should thus be similar to the nonlinear curves actually used for the CA simulations, as

shown in the top panel of Figure 5.5, if the assumptions of Bian and Watts (2008) are

correct. The results obtained by taking the integral of the curves in Figure 6.15 are shown

in Figure 6.16, where the left panel shows the derived function for the simulations using

the tanh nonlinearity, and the right panel shows the derived function for the simulations

using the Boltzmann function. These integrals have been normalized to have a slope of

unity at the origin so that they can be directly compared with the nonlinearites shown

in Figure 5.5.

The first thing to note from these results is that the nonlinear function derived from

the results of the model with the tanh function are symmetric, as expected, but also

almost independent of bias tone frequency. In contrast, the nonlinear function derived

from the quasi-static results from the model with the Boltzmann function does depend

on bias tone frequency and is only asymmetric for bias tone frequencies below about 40

Hz, for which the period is large enough for the SOAE to settle towards a steady-state

condition.
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Figure 6.16: The derived nonlinear functions obtained from the bell shaped
curves shown in Fig. 13 for the cochlear models that used either the tanh
nonlinearity (left) or the Boltzmann nonlinearity (Right).

On closer inspection, however, the scale of the derived nonlinear functions are signifi-

cantly different from those used to generate them, in Figure 5.5, and the asymmetry in

the derived Boltzmann function is much greater than the Boltzmann function used in

the micromechanical model.

These results thus indicate that, although the analysis of the quasi-static measurements

suggested by Bian and Watts (2008) does give an indication of whether the nonlinear

function generating the SOAE is symmetrical or not, provided the bias tone frequency is

sufficiently low, it does not accurately reproduce the actual form of the nonlinearity. This

may be partly due to the procedure whereby the quasi-static responses are calculated,

with the average SOAE amplitudes calculated for the whole of the positive and negative

half-cycles of the bias tone. It may also reflect an over-simplified view of the generation

mechanism, since in practice the OHC nonlinearity is a function of stereocilia shear

displacement, rather than the BM displacement, and these two displacements are not

linearly proportional to each other because of the nonlinear action of the CA. It is also

clear that instead of the SOAE amplitude gradually decreasing for higher levels of bias

tone, it becomes completely suppressed, which is not accounted for in the quasi-static

view.
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6.7 Temporal features of the biased SOAE

The modulation properties of the SOAE when exposed to low frequency bias tones were

also studied by band pass filtering the ear canal pressure, pec, between 1.5 kHz and 4

kHz and then applying the Hilbert transform. The output was then low pass filtered at

200 Hz to obtain the slowly varying temporal features of the biased SOAE. This allowed

amplitude modulation (AM) and frequency modulation (FM) patterns to be obtained

that gave a description of the instantaneous variation of SOAE amplitude and frequency

during a cycle of the external bias tone.

This method of extracting the envelope differed from that used by Bian and Watts

(2008), where temporal features were extracted from the inverse Fourier transform of

the rectangular windowed spectrum of specific SOAEs with their side-bands. When the

method of envelope extraction used by Bian and Watts (2008) was applied to the signals

obtained from the simulations, curves similar to their results for the measured data were

found, but these were different from those obtained using the Hilbert transform. It is

possible that there are difficulties applying the Hilbert transform to noisy experimental

data, however, for the clean simulated data shown here, the Hilbert transform method

appears to be the best way of calculating the envelope.

Figure 6.17 shows the envelope function of the SOAE when exposed to bias tones of dif-

ferent frequencies and levels. The symmetrical tanh function generates SOAE envelopes

that oscillate at twice the frequency of the bias tone, and the amplitude never rises above

the unperturbed level of the SOAE. The minimum amplitude in the temporal pattern

occurs twice during the period of the bias tone, first caused by the lowest pressure of the

bias tone and secondly caused by its highest pressure. The Boltzmann function behaves

differently because of its asymmetry, so that the saturation of the cochlear structures

is different depending on the direction in which they are biased by the external tone.

Amplitude variations then occur at the same frequency of the bias tone, and an increase

in SOAE amplitude, over the steady-state level, can be seen at some parts of the cycle.
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Figure 6.17: Temporal patterns of pec obtained from taking the AM patterns
from the Hilbert transform of the signal. Temporal patterns are shown from
simulations using different bias tone frequencies, from top to bottom, 10 Hz, 40
Hz and 70 Hz. Each plot shows multiple curves that indicate different levels
assumed by the bias tones. A comparison is made between the model using the
Boltzmann function and the model using the tanh function.
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It is interesting to note that even for very low bias tone frequencies, the position of the

peak SOAE amplitude changes significantly with level. This is shown in Figure 6.17

for the case of the model using the Boltzmann function stimulated by a 10 Hz bias

tone. Plotting instantaneous SOAE amplitude against instantaneous BM displacement

thus results in a series of open loops, as shown in Figure 6.18, rather than a single-

valued function, which do not accurately describe the underlying nonlinearity of the

CA. However, once again, these curves highlight the symmetrical difference between the

two nonlinearities. The model including the tanh function modulates the SOAE in the

same way during positive or negative half-cycles of the external bias tone, whereas the

model including the Boltzmann function modulates the SOAE differently.
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Figure 6.18: Open loops obtained by plotting the instantaneous SOAE am-
plitude of the pressure in the ear canal against the normalised instantaneous
pressure in the ear canal due to the bias tone. The curves show an example of
when the model is stimulated by an external bias tone of 10 Hz and 91 dB when
using different nonlinear functions.

With regards to the frequency modulation of the SOAE by the bias tones, the results of

which are shown in Figure 6.19, similar considerations can be made about the temporal

features for the two forms of nonlinearity. In this case, the symmetrical tanh function

generates a variation in frequency of the SOAE that oscillates at twice the frequency of

the bias tone, as in the case for AM. The variation in frequency modulation does not

oscillate symmetrically around fSOAE , which is approximately 2665 Hz. In fact, when

the 10 Hz bias tone is introduced into the system, the fSOAE decreases and oscillates

at values that range between about 2660 Hz and 2665 Hz. Figure 6.19 shows that

fSOAE becomes greater than its unperturbed value of about 2665 Hz for a short period

of time, but only for frequencies of bias tones above 40 Hz. The Boltzmann function

behaves differently because of its asymmetry, and already at 10 Hz the SOAE frequency

oscillates between higher and lower frequencies of the unperturbed value of 2665 Hz.

FM variations occur at the same frequency of the bias tone, and an increase in SOAE

frequency over the steady-state level can be seen at some parts of the cycle.
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Figure 6.19: Temporal patterns of pec obtained from taking the FM patterns
from the Hilbert transform of the signal. Temporal patterns are shown from
simulations using different bias tone frequencies, from top to bottom, 10 Hz, 40
Hz and 70 Hz. Each plot shows multiple curves that indicate different levels
assumed by the bias tones. A comparison is made between the model using the
Boltzmann function and the model using the tanh function.
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6.8 Summary

In this chapter, time domain simulations of the nonlinear state space model of the

cochlea have been used to investigate the nature of an isolated SOAE and its interaction

with a low frequency bias tone. The initial simulations clearly illustrate the forward

and backward going waves that generate the SOAE. The simulations also suggest that

it takes about 20 ms for the SOAE to become established after a transient excitation,

which ties in reasonably well with the frequency below which quasi-static features of the

low frequency modulation are independent of bias tone frequency, which is also about

50 Hz.

Although the form of the assumed nonlinearity in the model did not significantly affect

the way in which it was suppressed by bias tones of increasing level, the side-bands of the

SOAE were very different in the two cases. The rather mild asymmetry assumed in the

Boltzmann function had a large effect on some of these side-bands and gave predicted

results that were similar to those that have been measured.

The quasi-static analysis of Bian and Watts (2008) has also been applied to the simulated

SOAE in order to compare the nonlinear function deduced using this method with that

actually used in the model of the CA. Even if very low frequency bias tones are used, it

is found that the assumptions of the Bian and Watts analysis are not valid and rather

different nonlinear functions are predicted from the quasi-static analysis than those used

in the CA model.

Finally, the amplitude modulation and frequency modulation of the simulated SOAE

due to a low frequency bias tone are analysed using the Hilbert transform. This analysis

is different to perform on experimental data, presumably due to noise problems, but

generates some interesting predictions, particularly for frequency modulation, that it

may be possible to validate experimentally.



Chapter 7

Modelling other nonlinear effects

in the cochlea

7.1 Introduction

In this chapter, various other nonlinear effects in the cochlea are discussed. A sec-

tion replicating results from SOAEs interacting with an external swept tone is included

for comparison with the measured results in the literature. Other simulations were

performed to understand the interaction between an SOAE and a very high level, low

frequency tone. A small section is also dedicated to the simulation of microstructure and

its relationship with SOAEs and CEOAEs. Also, tests were performed to understand

what would happen to the modelled SOAE when the middle ear stiffness was changed,

in order to replicate posture changes experiments. Further simulations were also per-

formed to understand whether the model could predict the generation of low frequency

distortion products that can explain the phenomenon known as virtual bass.

7.2 Simulating the interaction between an SOAE and a

swept tone

In this section, results are shown from the model when it is stimulated by a swept

tone that passes through fSOAE , which is approximately 2660 Hz for the simulations

discussed above. Experiments using swept tones have been performed by a number of

researchers, for example Bergevin and Salerno (2015); Bergevin et al. (2015); Hansen

et al. (2014); Long (1998). Some of the results from these authors were shown in Figures

2.17 and 2.21. By performing numerical simulations that replicate these measurements

using the model, it may be possible to understand what is happening from a mechanical

point of view on the cochlear structures.
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A series of simulations were performed using swept tones of different levels and sweeping

frequencies, while other simulations used individual tones as the input to the model,

having a frequency in proximity to fSOAE . The model used was the one containing the

Boltzmann function in its mechanics, since from the results in the previous chapter this

appeared most realistic. It should be noted that each of these simulations took about

12 hours on a desktop computer, with a 3.1 GHz Core i5 processor, 4GB RAM, and

would not have been practical without the improvements in simulation time described

in Appendix B.

Figure 7.1 shows three examples of the spectrograms of the pressure at the ear canal

obtained when slowly sweeping a tone between 2610 Hz and 2710 Hz. It can be seen in

each case that as the frequency of the swept tone passes through that of the emission,

fSOAE , the stimulus interacts with the SOAE. These spectrograms are similar to those

obtained experimentally in Bergevin et al. (2015), and they show that an interaction is

taking place that involves the nonlinear features of cochlear mechanics. However, they

do not provide clear evidence of whether the SOAE is entrained by the stimulus or if

the emission is simply suppressed by the incoming swept tone.

A feature that stands out from these results is the generation of distortion products

at frequencies equal to 2fSOAE − fswepttone and 2fswepttone − fSOAE . These are a by-

product of the nonlinearity introduced in the CA of the model and, to the knowledge of

the author, have not been measured or detected in real experiments.

To understand more fully when entrainment and/or suppression occurs, the ear canal

pressure was bandpass filtered with centre-frequency at the emission frequency, i.e. 2660

Hz, and a bandwidth of 15 Hz. The waveform obtained was full-wave rectified and

sent through a further bandpass filter that could extrapolate the low-frequency beating

patterns given by the difference over time between the frequencies of the swept tone

and the emission, as used by Hansen et al. (2014). The latter filter had a low cut-off

frequency of 0.4 Hz and a high-cut-off frequency at 20 Hz. The results from the analysis

are shown in Figure 7.2 and it can be seen that, starting from t = 0 s, beating occurs

between the stimulus and the SOAE as the frequency of the former approaches that of

the latter. For a certain frequency difference, which depends on the level of the stimulus,

the waveform smooths out. This creates a region of entrainment and/or suppression,

where the frequency of the emission appears to either lock on to that of the stimulus,

or the SOAE is abolished by the incoming stimulus. Note that for higher level stimuli,

the smooth regions occur over larger bands of time. Simulated results of the patterns

shown in Figure 7.2 are in reasonable agreement with those obtained from experimental

analysis of real data, as shown by Hansen et al. (2014) and Long and Tubis (1988a) in

Figure 2.17.
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Figure 7.1: Spectrograms of the predicted pressure in the ear canal during the
simulated interaction between a SOAE and a swept tone of different levels.
The left column shows spectrograms of the pressure at the ear canl where it
can clearly be seen that as the swept tone passes by the SOAE frequency, the
emission is abolished. There appears to be a slight deviation from fSOAE of the
SOAE just before and after it is suppressed, which may suggest entrainment.
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Figure 7.2: Level curves of the narrow-band pressure in the ear canal during the
simulated interaction between an SOAE and a swept tones of different levels.
Areas of rough beating and of smooth entrainment or suppression between the
stimulus and the SOAE can be seen. fswepttone is equal to fSOAE at 29s in these
simulations, as shown by the dashed line.

An expanded detail of Figure 7.1, between 35 and 45 seconds, is shown in Figure 7.3.

In this region of interaction between the two components, the SOAE is starting up

again, after having been suppressed by the external swept tone. Before completely re-

stabilising at around 2665 Hz, it appears to take on slightly higher frequencies, as if

it were entrained by the swept tone. Although this phenomenon is pronounced more

in this figure than in the other results, it does show an event that can be likened to

entrainment, although the evidence is not strong.

To understand whether entrainment or just suppression is occurring, individual tones

were fed into the model that have frequencies very close to fSOAE . By leaving the system

to reach steady state, it was possible to investigate the interaction occurring between the

components in more detail. Figure 7.4 shows the power spectral density (PSD) of the

pressure at the stapes when the model is not stimulated by the external tone; therefore,

the peak of the PSD falls approximately at 2665 Hz.

Figure 7.5 shows how the PSD of the pressure at the stapes changes when the model is

stimulated by 15 dB tones of different frequencies; the frequency of the external tone is

shown in each individual panel. The top left plot shows that when the external tone’s
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frequency is in proximity to the frequency of the SOAE, extra components are present in

the spectra due to the nonlinear interaction between the SOAE and the stimulus. These

components are equivalent to the diagonal lines that emerged in the spectrograms in

Figure 7.1. The top right plot shows that as the frequency of the external tone gets

closer to fSOAE , the frequency of the SOAE does not change, but the power content

in the frequency band between the two components due to distortion products, i.e.

between 2648 Hz and 2665 Hz, has increased. This may explain the entrainment effect

shown in Figure 7.3, where there is an increase in power across a broader frequency

band. Thereafter, higher frequencies of the input tone suppress totally the SOAE, until

it reaches a frequency of approximately 2680 Hz, as shown in the fourth panel in Figure

7.5. At 2688 Hz and 2691 Hz, the SOAE has been restored and again, the power content

in spectra between fSOAE and the input frequency show higher values that resemble

entrainment. In the final panel, the SOAE appears to be restored and is interacting

with the input stimulus to generate harmonics at other frequencies in their proximity.

The steady state portions of the simulated waveforms used in this frequency analysis

were 0.2 seconds long and the window size on the FFT used was also 0.2 seconds, so

that the frequency resolution was about 5 Hz.

Figure 7.3: Analysis of the SOAE using a 15 dB swept tone. What is shown is a
detail from Figure 7.1, between 35s and 45s. In this period of time the SOAE is
being regenerated and appears to increase very slightly over time in frequency
as it was entrained by the swept tone.
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Figure 7.4: Power spectral density of the pressure at the stapes when no input
is presented to the ear. The response resembles that of a quasi-pure tone at
2665 Hz, as shown by the dashed line.
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Figure 7.5: Power spectral density of the pressure at the stapes when various
pure tone inputs are used to drive the simulations that generate a single SOAE.
The frequency of the input tone is increasing from the top left panel to the lower
right panel and interacts with the SOAE, while the unperturbed frequency is
indicated by the dashed line.

In order to further test whether the entrainment and suppression phenomena shown in

Figure 7.1 were occurring because of the modelled nonlinearity of the CA, a simulation

was performed with the cochlear model where the random perturbations in the feedback

gain generated only stable poles. Such a model produces no SOAE; but in this case,

apart from the swept tone, the simulation consisted of a continuous stimulus that was

also used to drive the model at 2665 Hz, which replicated the SOAE. The model was
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then stimulated by a second input swept tone, as used to generate in Figure 7.1. The

aim was to understand whether nonlinear interactions within the cochlear model would

also lead in this case to entrainment and/or suppression of either component. The

result is shown in Figure 7.6, which is rather different in form to those in Figure 7.1,

in that neither entrainment, nor suppression occurs and that there is no generation

of distortion products. The two components only produce a beating pattern with one

another, throughout the whole duration in time of the swept tone, as shown in Figure

7.7.

Figure 7.6: Analysis of the interaction between a swept tone and a pure tone
both driving the ear canal in a model where no SOAE is present. No interaction
exists between the two components in this case.

Although the results from the simulations give great insight into the functioning of

the cochlear model, and possibly the functioning of the real cochlea, the entrainment

effect appears to be somewhat weak. It is difficult to find unambiguous evidence for

entrainment in measurements on human subjects. Also, it appears that confusion exists

in the literature between SOAE entrainment and SOAE suppression due to an external

tone. A proper distinction should be made between these two phenomena since they

involve different alterations of SOAE properties.
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Figure 7.7: Analysis of the interaction between a swept tone and a pure tone
both driving the ear canal in a model where no SOAE is present. Beating occurs
between the two components for the whole duration of the swept tone, meaning
that the components are never suppressed or entrained.
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7.3 Modelled SOAE response after exposure to high level

low frequency bias tone

Kugler et al. (2014) demonstrated experimentally that the human auditory system re-

sponded to high level low frequency tones that would modulate SOAEs for periods of

approximately 100s after the bias tone was cut off and could also generate new SOAEs

as reproduced in Figure 2.15. The same test was performed on the state space model to

investigate whether it would produce any amplitude and/or frequency modulations on

the limit cycle (and consequently on the SOAE) if the model was stimulated by a high

level low frequency tone that was suddenly turned off. The results are shown in Figure

7.8, where it can be seen that there is very little resemblance to the results by Kugler

et al. (2014), since the SOAE recovers within about 0.5s with no amplitude or phase

modulation. The long term modulation effects observed by Kugler et al. (2014) are

presumably a consequence of homoeostasis in the auditory cells, which is not replicated

in this model.

Figure 7.8: Response of the limit cycle when a high level 30 Hz tone is suddenly
switched off at t = 0s. It can be seen that the limit cycle that produces the
SOAE regenerates itself without any kind of FM or AM modulation as shown
experimentally by Kugler et al. (2014).

7.4 Modelling microstructure and its relation to OAEs

Both OAE microstructure and threshold microstructure are quasi-periodic features that

are indications of roughness in the physical structure of the cochlea (Talmadge et al.,

1998; Shera, 2003). Epp et al. (2010) assumes that threshold stimulation of the cochlear

membranes requires a given BM velocity. So in order to investigate microstructure

here, simulations were performed, where the threshold microstructure was measured
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in a cochlear model. This was achieved by feeding input tones at various levels and

frequencies, which would generate the same velocities along the BM at the characteristic

place stimulated by each frequency. Two models were used, one of which generates an

SOAE and one which did not. However, both models are characterised by random

feedback gain with the same statistical properties. The threshold microstructure of the

two models is seen in the top panels of Figures 7.9 and 7.10. The bottom panels in

these figures, show spectrograms of the stapes pressure, when the cochlear model was

stimulated with a click to generate click evoked otoacoustic emissions (CEOAE). These

have specific frequency components that fade away over time, which can be seen in the

spectrogram in Figure 7.9 as red peaks that decay away after about 0.03 or 0.04 seconds.

Figure 7.9: Illustration of threshold microstructure (top panel) and of CEOAEs
(lower panel) from simulations of a stable cochlear model having random feed-
back gain. It can be seen that the CEOAEs generated after the click coincide
with the troughs in the threshold microstructure.
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Figure 7.10: Illustration of threshold microstructure (top panel) and of CEOAEs
(lower panel) from simulations of an unstable cochlear model having random
feedback gain, which produces an SOAE at approximately 2.6 kHz. It can be
seen that the CEOAEs generated after the click coincide with the troughs in
the threshold microstructure. However, the biggest trough in the microstructure
coincides with the frequency of the SOAE.

A striking resemblance exists between the upper and lower panels in Figures 7.9 and

7.10, where it can be seen that the spectral peaks in the CEOAEs coincide with the

troughs in the threshold microstructure. These results agree with experimental findings

of Long and Tubis (1988b).

Figure 7.10 shows the results from the cochlear model that generated a SOAE. In this

case the equivalent trough in the threshold microstructure is lower than other troughs.

Baiduc et al. (2014) performed experiments, showing that SOAEs appear to be associ-

ated with troughs in the threshold microstructure, as shown in Figure 2.9. The cochlear

model demonstrates that a plausible explanation for this phenomenon is that the nega-

tive damping that generates the SOAE, leads the BM to reach a given velocity for lower

level inputs when this location of the cochlea is stimulated.

These simulations have shown that the principle behind the generation of SOAEs and

CEOAEs in the cochlear model are similar, the fundamental difference being the stability

of the poles. The SOAE is generated by a pole, which is always unstable. However, when

the model is stimulated by a click, some of the stable poles give rise to resonant responses

for a short period of time, leading to the generation of CEOAEs.



Chapter 7 Modelling other nonlinear effects in the cochlea 127

7.5 Simulating posture change with the state space cochlear

model

It was noted in Chapter 2 that postural changes can affect SOAE properties in human

subjects. This is shown clearly in Figure 2.11, where both the amplitude and the fre-

quency of the SOAE are subject to change when a subject’s posture is changed, together

with the formation of the new SOAEs. It is believed that this phenomenon is due to

the change in the stiffness of the middle ear (ME) ossicles, due to variations in cochlear

fluid pressure, and this hypothesis was tested in some preliminary simulations here.

It was assumed that by changing the value of the ME stiffness in the cochlear model, it

would be possible to replicate this event. The original value of ME stiffness used during

all previous simulations is kME = 2.63 ·108Nm−3. A comparison was made between the

SOAE results with this value of stiffness and those with kME that is 100 times larger

or 100 times smaller than 2.63 · 108Nm−3. These assumed values of stiffness are not

based on any measurement and therefore do not replicate the actual variation of ME

stiffness when a subject undergoes a change in posture, but were chosen to investigate

their effect. Figure 7.11 shows the envelope of the absolute value of BM velocity plotted

against position along the cochlea from simulations of the cochlea that produced a SOAE

with the nominal ME stiffness.
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Figure 7.11: Variations in the properties of the limit cycles that generate the
SOAEs in the cochlear model as a function of ME stiffness. The curves represent
the envelope of the absolute BM velocity plotted against cochlear length.

With the original ME stiffness the model develops an SOAE at around 15 mm from

the base, which has a higher amplitude with respect to the other cases. In the case
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of increased ME stiffness, the amplitude of the limit cycle’s envelope decreases, and

its frequency increases. This is demonstrated by the location of the limit cycle, which

is closer to the base. In the third scenario, where the ME stiffness is decreased, the

amplitude is very low with respect to the other two cases. Furthermore, two limit cycles

appear to now be generated, which would lead to the transmission of two SOAEs in the

ear canal. These results have similar characteristics to the measurements of de Kleine

et al. (2000), shown in Figure 2.11. These results depend on the roughness introduced

in the cochlear model, since this is what determines the stability of the poles of the

model. This can be likened to the differences between cochlear properties of different

individuals.

7.6 Can the cochlear model generate virtual bass?

Many studies have shown that the auditory system has the capability to generate the

missing fundamental component of complex signals. This principle is taken advantage of

in the audio industry to compensate for the poor low frequency response of loudspeakers

(Gan and Oo, 2010; H. Mu and Tan, 2015). The virtual bass effect is most probably

due to psychoacoustics and perhaps to the neural pathways involved in the auditory

system. Nevertheless, an attempt was made in this thesis to understand whether there

may also be a mechanical explanation to this phenomenon, which can be demonstrated

with the cochlear model, due to its nonlinear properties. Simulations were performed

by driving the model with signals containing multiple harmonics, such as a square wave

and a saw-tooth wave, with and without their fundamental harmonic. An example is

shown in Figure 7.12, where the top panel shows a 100 Hz saw-tooth wave, and the lower

panel shows the same wave without its fundamental.

The BM velocity was calculated from the cochlear model when driven by these two

waveforms, and Figures 7.13 and 7.14 show the BM velocity at specific locations along

the length of the cochlea. The responses in the panels on the left show the variation of

the velocity of the BM in the time domain at 35 mm, 32.5 mm and 30 mm from the base

of the cochlea, while the equivalent responses in the frequency domain are shown in the

panels on the right and have a resolution of 25 Hz. The most interesting location shown

in Figures 7.13 and 7.14 is the one at 35 mm, for which the characteristic frequency is 100

Hz, which is the fundamental component of the saw-tooth waveform. A clear response

is seen at this position in both time and frequency domains when the fundamental is

included to the saw-tooth wave, but no response is seen if the fundamental is removed.

Changes also occur between the two cases at the other locations of 32.5 mm and 30 mm,

where the characteristic frequencies correspond to approximately 200 Hz and 300 Hz.
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Figure 7.12: An example of a saw-tooth wave illustrated with its fundamental
component in the top panel, and without the fundamental component in the
lower panel.
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Figure 7.13: The response in the time domain (left panels) and in the frequency
domain (right panels) at different positions along the BM to a 100 Hz saw-
tooth wave with its fundamental component. The positions chosen correspond
to characteristic frequencies of approximately 100 Hz, 200 Hz and 300 Hz.
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Figure 7.14: The response in the time domain (left panels) and in the frequency
domain (right panels) at different positions along the BM to a 100 Hz saw-tooth
wave without its fundamental component. The positions chosen correspond to
characteristic frequencies of approximately 100 Hz, 200 Hz and 300 Hz.

The presence or absence of the fundamental component causes differences in the wave-

forms of the BM response at thus locations, presumably due to the presence or absence of

the biasing effect due to the lower frequency 100 Hz component. So although the missing

fundamental is not explicitly generated by the nonlinearity in the cochlear mechanics,

this does have an effect on the BM waveforms at the higher harmonics.

7.7 Summary

In this chapter, time domain simulations of the nonlinear state space model of the cochlea

have been used to investigate various nonlinear effects in the cochlea. Simulations of

the interaction between an SOAE and a swept tone were first performed, where the

results clearly illustrated the generation of distortion products and suppression of the

SOAE when the frequency of the swept tone was close to that of the emission. When

the SOAE was not suppressed, beating amongst the two signal occurred. The evidence

for entrainment does not appear to be very strong from the results of those simulations.

When the same effect was investigated in a cochlear model with no SOAE, but with an

extra stimulus that replicated the SOAE, no suppression and/or entrainment effects were
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observed. This confirms that when suppression does occur in the model that produces

a SOAE, it is due to nonlinear effects of the CA.

Further simulations were undertaken of the modelled SOAE response after exposure to

a high-level low-frequency bias tone. Kugler et al. (2014) observed through experiments

that such an exposure would suppress SOAEs for lengthy periods of time and that new

SOAEs would appear. However, the model failed to reproduce this phenomenon, as it

is presumably due to homoeostasis within the auditory cells, which is not replicated in

the model.

Cochlear microstructure was replicated and its relation to OAEs was investigated. Re-

sults from the model confirmed what was demonstrated experimentally by Long and

Tubis (1988b) and Baiduc et al. (2014), showing that spectral peaks in the CEOAEs

signal coincided with troughs in the threshold microstructure. Furthermore, very deep

troughs could be associated with SOAEs.

Finally, simulations of the nonlinear cochlear mechanics were performed to investigate

whether the cochlear model could replicate the effect of virtual bass. The simulations

performed did not generate the missing fundamental, which is heard in these systems,

although the nonlinearity did affect the cochlear response at other harmonics. This

confirms that the main mechanism for this effect is psychoacoustic rather than being

directly caused by the cochlear nonlinearity.





Chapter 8

Conclusions and suggestions for

further work

It is fascinating how the mechanics of the cochlea are so precise in delivering appropri-

ate stimuli to the auditory nerve, and the scale at which these actions are performed.

Nonlinear interactions in the cochlea are crucial for the correct functioning of the ear

as a whole and have been the focus of the work presented in this thesis. This Chapter

outlines the conclusions of the work performed in the thesis: a general discussion of the

state space model of the cochlea is summarised, where its strengths and weaknesses are

reviewed, followed by a summary of the most important findings. The later sections

of this chapter deal with suggestions for further work and outline what can be done to

improve the state space model, including what simulations would be useful.

8.1 The cochlear state space model and modelling SOAEs

A nonlinear state space model of the cochlea, based on previous work from Elliott et al.

(2007), has been developed to simulate the generation of a single SOAE and how it

interacts with various external stimuli. It has the capability of linking together cochlear

mechanisms that occur both on a microscopic level, due to OHCs, and on a macroscopic

level, where coupling between the micromechanics is made possible. The model was

modified here to replicate the properties of the human cochlea, including the generation

of SOAEs. The results demonstrate how the generation of an SOAE is due to the com-

bination of forward and backward waves that travel along the BM, in accordance with

the multiple reflection theory of Zweig and Shera (1995). The state space formulation

adopted has the benefit of easily performing time domain simulations so that compar-

isons can be made of the results when changing different parameters in the model. It also

allows simulation of the effect of unstable poles on the results, by introducing roughness

133
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in the parameters, which can be stabilized using nonlinear functions to mimic compres-

sion of the CA in the real cochlea. Numerical experiments were performed, where one

unstable pole was generated in the model that would generate a limit cycle. The limit

cycle generated along the BM is directly linked to the SOAE measured in the ear canal.

OHC activity has previously been shown to be highly nonlinear (e.g. Cody and Russell

(1987)), but the direct measurement of such nonlinearity in vivo is challenging. The

present model can readily incorporate and test various forms of nonlinearities in the CA

and the results can then be compared with experimental data in order to demonstrate

the plausibility of different forms of nonlinear functions. Two types of nonlinearities were

used in the micromechanical elements of the model, i.e. a hyperbolic tangent function

and a first order Boltzmann function.

8.2 The quasi-linear model

A quasi-linear version of the same cochlear model has been developed, based on previ-

ous work (Kanis and de Boer, 1993, 1994; Young, 2011). The model gives insight into

self-suppression, which is a phenomenon due to nonlinear activity of the cochlear struc-

tures. This model has been used to predict input/output compression response curves

of the cochlea and for modelling saturation levels of the nonlinear function used in the

micromechanical elements.

The quasi-linear model was also used to predict initial conditions for time domain sim-

ulations in the state space model.

8.3 Low frequency biasing of the cochlear structures and

estimation of cochlear nonlinearity

A large proportion of the thesis has dealt with the response of the cochlear model to

external low frequency bias tones and how they interact with an SOAE. It has been

shown how these stimuli are valuable in helping to determine nonlinear properties of

the cochlea. The simulations show that biasing the cochlear structures with an external

low-frequency bias tone influences the behaviour of the limit cycle and therefore that

of the SOAE. Interesting features are demonstrated when different nonlinear functions

are included in the cochlear micromechanics, influencing the modulation of the SOAE.

The simulations show that a SOAE can be partly or totally suppressed by external low

frequency bias tones, and also generates side-bands in the process, as measured experi-

mentally (Zwicker and Schloth, 1984; Bian and Watts, 2008). However, the simulation

results change according to the nonlinearity used in the cochlear micromechanics. The

symmetrical hyperbolic tangent function biases the structures in the same way during
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positive and negative half cycles of the low frequency stimulus, while an asymmetrical

Boltzmann function included in the CA biases the cochlear structures differently during

positive and negative half-cycles of the bias tone.

Bian and Watts (2008) refers to the measurements made during these half-cycles as quasi-

static measurements. The simulations have shown that the asymmetrical Boltzmann

function produces more similar results to the experiments than the hyperbolic tangent

function. It is shown that excessive motion of the BM and TM is compressed due to

external bias tones, and that the limit cycle is compressed differently according to the

nonlinear function embedded into the mechanics.

For the Boltzmann function there is an added gain for small positive inputs. Quasi-static

results are then “inflated” for positive half cycles and “deflated” for negative half-cycles,

especially for the cases when the bias tone frequency is lower than approximately 40

Hz. Bian and Watts (2008) assumed that the details of the nonlinearity featured in the

CA may be reconstructed from the modulated response of SOAEs to the low frequency

bias tones. But simulations show that, although similar features to the measured quasi-

static responses are generated when using an asymmetric nonlinearity, the details of the

reconstructed nonlinearity do not match those of that used in the cochlear model. This

is thought to be due to assumptions inherent in the quasi-static analysis method and

also because the nonlinearity of the CA depends on the shear motion of the OHC, rather

than just the displacement of the BM.

The instantaneous amplitude and frequency of the simulated SOAE modulated by an

external tone has also been obtained using the Hilbert transform, in order to illustrate

temporal modulation patterns. Again, this shows significant differences for symmetrical

and asymmetrical nonlinearities in the modelled CA. The amplitude and the frequency

of the bias tone greatly affected the modulation of the emissions.

Using different frequencies for the biasing tone has led to the conclusion that quasi-

static modulation, as defined by Bian and Watts (2008), only occurs for bias tones

below about 10 Hz. When the bias tone is greater than 10 Hz, the situation is really due

to dynamic modulations, since the SOAE does not appear to reach steady state at these

modulating frequencies. The upper frequency of the quasi-static behaviour is related

to the settling time observed to establish the steady state behaviour of the SOAE. The

model demonstrates that quasi-static measurements, as performed by Bian and Watts

(2008), can be misleading and do not fully take account of the nonlinear properties of

the cochlea. This is due to the failure of the limit cycle to sustain itself when the gain

of the CA is lowered, a result of the bias tone affecting the dynamics of the system.
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8.4 Nonlinear properties of the cochlear model

Interaction between an SOAE and a swept tone

Chapter 7 was dedicated to simulating a number of other nonlinear phenomena that

occur in the cochlea. Various experiments described in the literature have shown that

SOAEs interact with external swept tones, which cross their frequency, and that this

leads to suppression and entrainment. Although suppression effects are relatively easy

to quantify in experiments, entrainment effects, where the SOAE frequency is pulled

towards and eventually merged with the swept tone at some critical frequency, have not

been demonstrated as clearly as it has been with animal subjects, in particular barn

owls and lizards Bergevin and Salerno (2015). The model can easily predict suppression

of an SOAE as the frequency of the swept tone enters the vicinity of the emission, but

entrainment is harder to demonstrate. There was some evidence from the simulations

that the SOAE is pulled and pushed away from the stimulus, but these results are

complicated by distortion product generation.

Interaction between an SOAE and a very high, low frequency tone

The response of the SOAE in the model to a transient of the very high, low frequency

tone gave results that differed greatly from recent experiments. This suggests that the

experimental results, that extend over time-scales of 100s of seconds, are dominated by

cell homoeostasis behaviour, which is not included in the cochlear model.

The relationship between threshold microstructure and CEOAEs ac-

cording to the cochlear model

The literature suggests a relationship between CEOAEs and SOAEs and threshold mi-

crostructure. This was clearly demonstrated through simulations, where the frequencies

of CEOAEs and of an SOAE coincided with troughs in the threshold microstructure. It

can be concluded that reflection emissions are generated at locations along the cochlea

that are more sensitive to external sounds. In fact, these locations are characterised

by weaker values of damping, close to instability in the locations where CEOAEs are

generated, and unstable for locations of negative damping that generate SOAEs.

Simulating the effect on postural changes on the cochlea

Initial work was undertaken to understand the effects of postural changes on the cochlea.

Postural changes were implemented in the model by varying the value of middle ear

stiffness. These variations lead to changes in SOAE properties in both amplitude and
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frequency, and also to the generation of new SOAEs, which are phenomena that have

been documented in the literature (de Kleine et al., 2000).

Can the cochlear model predict virtual bass effects?

Simulations to understand whether virtual bass is caused by cochlear mechanics were

performed, demonstrating that the model did not account for this phenomenon and that,

as stated in the literature, this effect is more likely to be a consequence of psychoacoustic

effects further up the neural pathway.

8.5 Future work

In the following sections, an effort has been made to summarise what the author believes

to be the most interesting, useful and relevant modelling experiments to be performed

in light of the results shown in the present thesis.

Refining the model and expanding its capabilities

When modelling a system such as the cochlea, whose physical properties are extremely

hard to measure, one has to deduce from experimental measurements what mechanical

parameters to use, as was done in this project. The cochlear parameters used in this

thesis, could be used in future work, but the micromechanical model used here may not

be entirely realistic, and new micromechanical models need to be developed as more of

the actual physical properties of the cochlea are measured. In fact, a great advantage of

working on a numerical model such as this one, is the possibility to modify its structure

and parameters and understanding how such a modification affects the system. The

aim of the model is not necessarily to perfectly match real existing data, but to convey

greater insight into the functioning of the system. Moreover, future work is necessary

to understand if asymmetrical nonlinear functions, other than the Boltzmann function,

may be more suitable for the model.

It was found towards the later stages of the project, that the frequency response of the

cochlea to very low frequencies gave inaccurate results, where, for example, the response

would contain multiple resonances and anti-resonances as well as the resonance expected

at the characteristic frequency of a particular location. An example of the frequency

response measured at one position, 15 mm, along the cochlea is given in Figure 8.1, where

the highest peak occurs at around 2 kHz. This is due to the expected resonance of the

cochlea’s characteristic frequency for this location, but other resonances also occur, for

example, at around 20 Hz and 50 Hz. Similar resonances, but of a lower magnitude, have

recently been observed by Marquardt and Hensel (2013). These effects are thought to
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be due to reflections at the helicotrema, which do not seem to be accurately modelled by

the boundary condition in the current model, but were discovered at a stage during the

project where it would have been inconvenient to modify the model. However, further

work is required to understand this effect more fully.
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Figure 8.1: Illustration of the model’s response at 15 mm from the base to low
frequency.

Many efforts were made to make time domain simulations faster. Increased speed was

achieved through a number of mathematical and coding strategies. However, it is desir-

able to make the model even more efficient. A possible solution is to code the model with

alternative programming languages, such as Python or C++, whose coding efficiencies

may allow for faster simulations, while still remaining fairly easy languages to use.

It was discovered that, when the model was stimulated by a very high level, low fre-

quency tone, its response differed from real experimental data. It was concluded that

the response of real cochleae are influenced by cell homoeostasis, which was not mod-

elled into the mechanics of the state space model. A future model may be developed to

include such mechanisms.

The ultimate goal of a model is to replicate as accurately as possible the system under

scrutiny. Work has been undertaken to use linear finite element models to predict the

individual responses from acoustic pressure and OHC activity to BM vibration and

hair bundle shear, and then combine these together with a nonlinear OHC model to

predict the active response of a single slice of the cochlea (Ni et al., 2015). One method

of simulating the coupled response of the cochlea from these results, would be to use

a modified form of the state space model above. The fluid coupling, calculated for

the base model in F−1 in the Macromechanical model section in Chapter 4, may need
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to be modified to account for the 3D geometry of the model and the two degree of

freedom model in Figure 3.3 could be replaced with one based on the low-order model

behaviour of the finite element model. In this way the parameters of a tractable nonlinear

model of the nonlinear cochlea could be generated from a number of more detailed finite

element models, and this model then used to predict the coupled response of the cochlea,

potentially including the OAEs.

Further interesting simulations

Results from the simulations have led to the conclusion that a bias tone with a low

enough frequency will modulate the SOAE slowly enough to avoid interactions with

the dynamics of the SOAE initiation process that occurs within the cochlea. This was

performed using bias tones down to 10 Hz, but it would be better if it could be proved in

a future study involving the use of bias tones of frequencies down to 1 Hz. The problem

with such a simulation is that it requires a lot of computer memory, due to the length

in time of a 1 Hz tone, and was not achievable during this project.

CEOAEs and their relation to microstructure were briefly analysed with the model,

giving some very interesting results. There is still some debate on the existence of

roughness along the cochlear structures, hence, further exploration of this would be

very beneficial to better understand the properties of cochlear roughness, how and if it

affects hearing, and whether it is linked to the generation of OAEs or not.

It was shown in Chapter 7 that variations to the middle ear stiffness changed the prop-

erties of the cochlea, in particular of the limit cycle generated along the length of the

BM. Simulations like these should be further pursued, in order to match real experimen-

tal results, and to understand the relationship between posture, OAEs and intracranial

pressure. These findings could be very helpful for determining to what extent OAEs

vary with intracranial pressure (ICP) variations, and ultimately lead to the creation of

alternative non-invasive methods to measure ICP, which is currently measured using

invasive methods.

Other interesting simulations would involve the interaction between multiple primary

SOAEs and the generations of distortion products amongst these emissions.

Other cochlear models

A state space model using 3dof lumped micromechanical elements

Future work could compare the proposed state space model used here with other models,

involving three degrees of freedom micromechanical elements, which are documented in

the literature (Galvez and Elliott, 2014). These aim to increase the reliability and
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precision of a cochlear model. Figure 8.2 (a) shows a slice of the cross section of the OC;

this can be transformed into a lumped parameter model with three degrees of freedom,

shown in Figure 8.2 (b). Unlike the micromechanical element shown in Figure 3.3, this

model takes into consideration the motion of the reticular lamina (RL), a stiff membrane

lying between the hair cells and the TM.

Figure 8.2: Representation of a cross section of the organ of corti (a) and its
equivalent three degree of freedom lumped parameter model (b). Reproduced
from Galvez and Elliott (2014).

Figure 8.3 (a) illustrates how the element tends to move in two directions; this can be

simplified by adjusting the structures such that motion occurs along a single axes, as

shown in Figure 8.3 (b). The overall macromechanical model incorporates a number of

micromechanical elements coupled through fluid coupling.

A disadvantage of the current implementation of this model is that it is not capable

of predicting appropriate levels of the feedback gain. By using a quasi-linear method

it may be possible to obtain a more realistic distribution of feedback gain along the

cochlea.

Figure 8.3: Lumped parameter model of the organ of Corti having motion in
two axis (a) and its transformation into a micromechanical model having motion
on a single axis (b). Reproduced from Galvez and Elliott (2014).
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A state space model using Van der Pol oscillators

A further model that would be of great interest is a state space model with Van der

Pol oscillators as micromechanical elements. Van der Pol oscillators have been used to

understand local effects in the cochlea by, for example, Talmadge et al. (1998) and a

brief analysis of their behaviour was also described in this thesis in Chapter 3.1. By

modelling the entire length of the cochlea using many of these oscillators, which can be

coupled together using a state space formulation, it may be possible to understand other

cochlear phenomena and also to compare results obtained from the state space model

used in this thesis.

Translational research - from simulations to real experiments

One of the ultimate goals of cochlear modelling is to promote translational research and

help our understanding of hearing loss. The closer a cochlear model can replicate the

properties of a real cochlea, the greater are its possibilities to replicate various forms

of hearing loss. However, one needs to distinguish between various forms of hearing

loss. Given the mechanical structure of the state space model used in this thesis, it may

be suitable in future applications to understand sensory transmissive hearing loss, but

further work is still required to reach this stage.

This thesis has concentrated on obtaining results that replicate experiments performed

on human subjects. Morphological differences exist between the cochleae of humans and

other animals, which lead to differences in SOAE properties. For this reason, SOAEs

should be classified according to the animal/species and a separate analysis has to be

done before comparing SOAEs between species. For this reason, the state space model

developed cannot simulate features that arise in the cochleae of other species that may

have a different anatomy, and further development is required in this area.





Appendix A

State space formulation of the

cochlear model

A.1 State space formulation of the micromechanical model

The following sections describe how the state space model is developed. The reader

should refer to Elliott et al. (2007) for further details on the theoretical background

regarding the application of the state space formulation to the cochlear model. In

particular, the micromechanical model from Neely and Kim (1986) will be introduced

here, followed by its application to the state space model in order to obtain the coupled

macromechanical model.

With reference to Figure 3.3 and to Equations 3.7 and 3.8, the BM and TM displacements

and velocities are represented in the state space formulation as follows:

• ẋ1(t) ≡ BM velocity

• x1(t) ≡ BM displacement

• ẋ2(t) ≡ TM velocity

• x2(t) ≡ TM displacement

The differential equation describing the dynamics of the micromechanical element, as

shown in Elliott et al. (2007), can be written as follows:

ẍ1 =
1

M1
{pd(t) + gγ[C4(ẋ2(t)− ẋ1(t)) +K4(x2(t)− x1(t))]

− ẋ1(t)(C1 + C3)− x1(t)(K1 +K3) + ẋ2(t)C3 + x2(t)K3} (A.1)
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and

ẍ2 =
1

M2
{−ẋ2(t)(C2 + C3)− x2(t)(K2 +K3) + ẋ1(t)C3 + x1(t)K3} (A.2)

Note that equations A.1 and A.2 are written in terms of x1(t) and x2(t) and incorporate

the active feedback term, γ. The state vector can be written as follows:

xn =


ẋ1(t)

x1(t)

ẋ2(t)

x2(t)


n

, (A.3)

where n refers to the index number of the element. The derivative of Equation A.3 is:

ẋn =


ẍ1(t)

ẋ1(t)

ẍ2(t)

ẋ2(t)


n

. (A.4)

The mechanics of the single element can now be expressed in state space form as follows:

ẋn(t) = Anxn(t) + Bnpn(t), (A.5)

where

An =


− (C1+C3−gγC4)

M1
− (K1+K3−gγK4)

M1

(C3−γC4)
M1

(K3−γK4)
M1

1 0 0 0
C3
M2

K3
M2

− (C2+C3)
M2

− (K2+K3)
M2

0 0 1 0


n

(A.6)

Bn =


1
M1

0

0

0


n

(A.7)

The output given by Equation 3.8 becomes

ẋn1(t) = Cnxn(t) + Dnpdn(t), (A.8)
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where

Cn =
[
b 0 0 0

]
(A.9)

and

Dn = 0. (A.10)

The term b in Equation A.9 selects the desired output, which in this case is the BM

velocity of the nth element, although one can choose to modify matrix C to obtain one

of the other state variables. Neely and Kim (1986) use the following differential equation

to describe the dynamics of the middle ear:

p1(t) = Mmẍ1(t) + Cmẋ1(t) +Kmx1(t) (A.11)

where Mm, Cm and Km are the lumped mass, damper and stiffness terms of the middle

ear and x1 is the displacement of the middle ear element. This can be cast into the state

space formulation for the first element as:

ẋ1(t) = A1x1(t) + B1p1(t), (A.12)

where

x1(t) =

[
ẋ1

x1,

]
(A.13)

A1 =

[
−Cm
Mm

−Km
Mm

1 0

]
, (A.14)

and

B1 =

[
1
Mm

0

]
. (A.15)

The boundary conditions at the helicotrema, as shown in Ku et al. (2008c), are the

following:

pN (t) = MH ẍN (t) + CH ẋN (t), (A.16)
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where MH and CH are the lumped mass and damper of the helicotrema and xN is the

displacement of the helicotrema. This can be cast into the state space formulation for

the last element as:

ẋN (t) = ANxN (t) + BNpN (t), (A.17)

where

xN (t) =

[
ẋN

xN

]
, (A.18)

AN =

[
−CH
MH

0

1 0

]
, (A.19)

and

B1 =

[
1
MH

0

]
. (A.20)

Given that the micromechanical element is a linear system and given that An is inde-

pendent of xn(t), the admittance of an isolated micromechanical element can be solved

in the Laplace domain from Equations A.5 and A.8 and written as:

ypn(s) = [Dn + Cn(sI−An)−1Bn]pn(s), (A.21)

where s = σ + jω.

A.2 State space formulation of the macromechanical model

The one-dimensional wave equation describing the dynamics of the cochlear partition in

terms of the radially averaged acceleration is the following (Elliott et al., 2007):

∂2p(t)

∂x2
− 2ρ

H
ξ̈p(t) = 0, (A.22)

where ξp is the average BM displacement over the radial cross section, ρ is the density

of the cochlear fluids and H is the height of the chambers above and below the cochlear

partition. Note that, as in the box model described by de Boer (1996), the model takes

into account only two chambers of the cochlea by neglecting the effect of Reissner’s
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membrane. The dependence of p(t) and ξ̈p(t) on the variable x is suppressed for nota-

tional convenience. The boundary condition at the base of the cochlea in conjunction

with the middle ear can be written in terms of the stapes acceleration, ξ̈st(t), as follows:

∂p(t)

∂x

∣∣∣∣
x=0

= 2ρξ̈st(t). (A.23)

ξ̈st(t) can be written as the sum of two linearly superposing components ξ̈st(t) = ξ̈SO(t)+

ξ̈SR(t), i.e. the sum of the acceleration due to an external stimulus, ξ̈SO(t), and the

acceleration due to the loading by the internal pressure response in the cochlea at x = 0,

ξ̈SO(t). Therefore, equation A.23 can be written as:

∂p(t)

∂x

∣∣∣∣
x=0

− 2ρξ̈SR(t) = 2ρξ̈SO(t). (A.24)

The boundary condition at the apical end of the cochlea is described by the following

equation (Ku et al., 2008c):

∂p(t)

∂x

∣∣∣∣
x=L

≈ pN−1 − pN
∆

= 2ρξ̈N +
1

H
pN . (A.25)

Equations A.22, A.23 and A.25 can be defined using a finite difference approximations

method, allowing them to be used in the state space formulation. The finite difference

wave equation used to approximate the pressure difference and the acceleration of the

nth element of the cochlear partition, as shown in Equation A.22, is the following:

pn−1(t)− 2pn(t) + pn+1(t)

∆2
− 2ρ

H
ξ̈n(t) = 0, (A.26)

while boundary condition at the basal end of the cochlea, shown in Equation A.23,

becomes:

p2(t)− p1(t)

∆
− 2ρξ̈SR(t) = 2ρξ̈SO(t) (A.27)

and at the apical end, shown in Equation A.25, becomes:

pN (t) =
H

∆2

[
∆

H
pN−1(t)−

(
∆

H
− ∆2

H2

)
pN (t)

]
= 2ρξ̈N . (A.28)

Equations A.26, A.27 and A.28 can be represented in matrix form (Neely, 1981):



148 Appendix A State space formulation of the cochlear model

H

ρ∆2



− ∆
2H

∆
2H 0

1 −2 1

0 1 −2 1
. . .

. . .
. . . 0

1 −2 1 0

1 −2 1

0 ∆

−( ∆
H

+ ∆2

H2 )
−ρ∆2

H





p1(t)

p2(t)

...

pN−1(t)

pN (t)


−



ξ̈SR(t)

ξ̈2(t)

...

ξ̈N−1(t)

ξ̈N (t)


=



ξ̈SO(t)

0

...

0

0


.

(A.29)

This can be written as:

Fp(t)− ξ̈(t) = q, (A.30)

where:

• F is the finite different matrix

• p is the vector of pressure differences

• ξ̈ is the vector of cochlear partition accelerations

• q is the vector of source terms

The uncoupled micromechanical elements are all gathered and combined into matrix

form:

ẋ(t) = AEx(t) + BEp(t) (A.31)

and

ξ̇p(t) = CEx(t), (A.32)

where the vectors are defined as

xT (t) = [xT1 (t)xT2 (t) . . .xTN−1(t)xTN (t)], (A.33)

ξ̇Tp (t) = [ξ̇1(t)ξ̇2(t) . . . ξ̇N−1(t)ξ̇N (t)], (A.34)
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and

pT (t) = [p1(t)p2(t) . . . pN−1(t)pN (t)], (A.35)

and the block diagonal matrices are:

AE =



A1 0 · · ·
0 A2

...
. . .

...

AN−1 0

· · · 0 AN


, (A.36)

BE =



B1 0 · · ·
0 B2

...
. . .

...

BN−1 0

· · · 0 BN


, (A.37)

and

CE =



C1 0 · · ·
0 C2

...
. . .

...

CN−1 0

· · · 0 CN


. (A.38)

The nomenclature ‘T’ means that the vector or matrix is transposed. Solving Equation

A.30 for p gives:

p(t) = F−1ξ̈(t) + F−1q(t) (A.39)

and given that ξ̈p(t) = CEẋ(t) the following is obtained:

p(t) = F−1CEẋ(t) + F−1q(t) (A.40)

The state space formulation for the fluid-coupled model with included boundary condi-

tions can now be written as:
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ẋ(t) = Ax(t) + Bu(t) (A.41)

where

A = [I−BEF−1CE ]−1AE , (A.42)

B = [I−BEF−1CE ]−1BE , (A.43)

and

u = F−1q. (A.44)

As previously shown for the case of the micromechanical element, if the nonlinearity is

ignored and the system matrix A is independent of x(t), then Equations A.42 and A.43

can be solved in the Laplace domain, assuming all waveforms are proportional to ejωt,

to give

Yp(s) = [D + C(sI−A)−1B]U(s). (A.45)



Appendix B

Speeding up the state space

model - alternative formulation

One of the main problems of the state space model was its simulation speed. In the

original formulation by Elliott et al. (2007), running times would approach approxi-

mately 8 hours to simulate 0.1 seconds of data. The main factors involved with the

speed of the algorithm are related to matrix size, inversion and sparsity, but also the

inclusion of nonlinear elements. Dr. Teal, from the School of Engineering and Computer

Science at the Victoria University of Wellington New Zealand (no reference available),

devised a formulation that greatly increased the speed of the time domain simulations.

This method relies on the fact that the formulation includes a tridiagonal matrix, i.e.

(F−CEBE), whose inverse and product with a vector may be calculated very rapidly.

The original formulation of the state space model does not include such a matrix since

the state matrix is obtained by other means.

ẋ can be eliminated by combining Equations A.31 and A.32. Combining also with A.30

the following is obtained:

ξ̈ = CE ẋ = CEAE(x) + CEBEp = Fp− q (B.1)

which can be rearranged as:

(F−CEBE)p = CEAE(x) + q (B.2)

p = (F−CEBE)−1CEAE(x) + (F−CEBE)−1q (B.3)

where ξ̈ is eliminated.
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Substituting Equation B.3 into Equation A.31 gives the following equation:

ẋ = AE(x) + BE(F−CEBE)−1CEAE(x) + BE(F−CEBE)−1q, (B.4)

which is much faster to compute than the method utilised by Ku (2008), also shown in

Appendix A. Also note that the term q in Equation B.4 can be computed before calling

the ODE45 solver in MATLAB:

q’ = BE(F−CEBE)−1q (B.5)

Note that the matrix (F − CEBE) is tridiagonal, meaning that the inverse of such a

matrix multiplied by a vector can be computed very fast and efficiently using appro-

priate algorithms. It is important also to keep this matrix in sparse form for speed

improvements.

Matrix sparsity can also greatly optimize simulation time. In fact, matrices AE , BE ,

CE and F have all been modified into sparse form, therefore, increasing computational

efficiency of the simulations (Pan et al., 2014). In summary, it can be said that a

matrix should be made sparse depending on the amount of nonzero values it has; if

these elements are far less than the zero elements then it is generally convenient to make

a matrix sparse.

The computational efficiency of the time domain simulations has been much improved

when compared to previous simulations performed by Ku (2008), as shown in Table B.1.
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Table B.1: Parameters of the modified model for the human cochlea.

Study Computer
Simulation

Time

Running

Time

Ku (2008), linear simulation

Desktop

computer,

3.4 GHz

Pentium 4

processor, 2

GB RAM

100 ms 8 hours

Present study, nonlinear sim-

ulation

Desktop

computer,

3.1 GHz

Core i5

processor, 4

GB RAM

100 ms
3 minutes

21 seconds

Table B.1 shows that when running similar simulations with the same absolute and rela-

tive tolerances, set at 10−15 and 10−13 respectively, and the same sampling rate (50 kHz),

the present study is much more efficient being approximately 143 times faster. This has

allowed to compute much longer simulations in acceptable amounts of time that can be

compared to experiments that are performed over lengthy periods of time. Furthermore,

very long time domain simulations were able to be computed; these were set to run for

60 seconds to test entrainment properties of the nonlinear state space formulation of the

cochlear model by using a swept tone as the input signal that would interfere with SOAE.

These simulations require great amounts of physical storage space; this was overcome

by adopting the “matfile” function in MATLAB, which allows saving variables without

having to load and/or clear them; in fact, the latter operation is both time consuming,

ineffective for storing variables and very inefficient from a computational point of view.





Appendix C

Quasi-linear method

The formulation of the quasi-linear method is shown below; the impedances of a mi-

cromechanical element will have the following notation for the analyses shown:

Z1(x, ω) ≡ ZBM (x, ω) (C.1)

Z2(x, ω) ≡ ZTM (x, ω) (C.2)

Z3(x, ω) ≡ ZpassiveOHC (x, ω) (C.3)

Z4(x, ω) ≡ ZactiveOHC (x, ω) (C.4)

The total active impedance of an isolated micromechanical element of the cochlear par-

tition is the following:

ZactiveCP (x, ω) =
g

b

ZBM (x, ω)(ZTM (x, ω) + ZpassiveOHC (x, ω)) + ZTM (x, ω)(ZpassiveOHC (x, ω)− γZactiveOHC (x, ω))

ZTM (x, ω) + ZpassiveOHC (x, ω)
(C.5)

where:

ZBM (x, ω) =
K1(x)

jω
+ C1(x) + jωM1(x) (C.6)

ZTM (x, ω) =
K2(x)

jω
+ C2(x) + jωM2(x) (C.7)
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ZpassiveOHC (x, ω) =
K3(x)

jω
+ C3(x) (C.8)

ZactiveOHC (x, ω) =
K4(x)

jω
+ C4(x) (C.9)

The quasi-linear algorithm is applied for a number of iterations depending on how accu-

rately the result converges to a stable value; the number of the iterations depends on the

precision of the results. The first iteration takes into account a fully active cochlea. In

the case shown in this example the fully active cochlea assumes that the active gain (γ) is

equal to 0.745 for every micromechanical element along the whole length of the cochlea.

At every iteration the value of γ of each micromechanical element will be reduced to

certain values until it is stable, at which point the iterative process stops.

At the beginning of each iterative stage, the BM displacements (xBM ) and velocities

(ẋBM ) and the TM displacements (xTM ) and velocities (ẋTM ) are calculated at each

location along the cochlear partition; this is done in the frequency domain by implement-

ing numerically the one-dimensional wave equation written in terms of the differential

pressure across the cochlear partition (see Appendix D for the numerical implementa-

tion of frequency domain macromechanics). Note that this is the same wave equation

used for implementing the state space method. From the frequency domain numerical

implementation the following can be obtained:

xn =


ẋBM (ω)

xBM (ω)

ẋTM (ω)

xTM (ω)


n

(C.10)

From (xBM ), (ẋBM ), (xTM ) and (ẋTM ) it is possible to obtain the difference in displace-

ments and velocities between the BM and the TM:

∆xcp = xTM − xBM (C.11)

∆ ˙xcp = ẋTM − ẋBM (C.12)

xn, ∆xcp and ∆ẋcp are converted to the time domain where a time vector of Nt samples

per period is used to reconstruct the input frequency in the time domain:

IXn(x, t) = 2 ∗ <{|Xn|ej(ωt+φXn )} (C.13)
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I(x, t)∆xcp
= 2 ∗ <{|∆xcp |e

j(ωt+φ∆xcp
)} (C.14)

I(x, t)∆ẋcp
= 2 ∗ <{|∆ẋcp |e

j(ωt+φ∆ẋcp
)} (C.15)

I(x, t)∆xcp
and I(x, t)∆ẋcp

are passed through the Boltzmann function in order to obtain:

︷ ︸︸ ︷
I(x, t)∆xcp

= Boltz{I(x, t)∆xcp
} (C.16)

︷ ︸︸ ︷
I(x, t)∆ẋcp

= Boltz{I(x, t)∆ẋcp
} (C.17)

and the ratios between
︷ ︸︸ ︷
I(x, t)∆xcp

and I(x, t)∆ẋcp
,
︷ ︸︸ ︷
I(x, t)∆ẋcp

and I(x, t)∆ẋcp
are used to

obtain the scaling factor κx and κẋ to multiply to the displacements and the velocities

accordingly in the vector Xn:

κx =

︷ ︸︸ ︷
I(x, t)∆xcp

I(x, t)∆ẋcp

(C.18)

κẋ =

︷ ︸︸ ︷
I(x, t)∆ẋcp

I(x, t)∆ẋcp

(C.19)

xn−scaled−x = κx · IXn−x(x, t) (C.20)

xn−scaled−ẋ = κẋ · IXn−ẋ(x, t) (C.21)

The new values of BM and TM motion Xn−scaled can now be reconverted to the frequency

domain and be used to calculate the quasi-linear OHC pressure pOHC .

Xn =
1

T

∫
Xn−scaleddt (C.22)

At this point a new impedance of the cochlear partition is obtained from which it is

possible to obtain also the vector of γ associated with each micromechanical element:

ZactiveOHC |Nt=n = −
pactiveOHC

iω∆xcp

(C.23)
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γ = <
{
ZactiveOHC |Nt=n
ZactiveOHC |γ=0.745

}
(C.24)

The new γ obtained can be substituted into Equation C.5 to find the new set of dis-

placements and velocities of the BM and the TM (i.e. xn); at this point a new iteration

starts. Iterations stop when the BM and TM velocities and displacements vary less than

0.1 or when the simulation exceeds 50 iterations.

Note that, initially, the time vector is 24 samples long, as recommended by Kanis and

de Boer (1993); however, Young (2011) proposes an alternative method using variable

sample length (Nt) in order to reduce numerical integration errors. This is valid mainly

for high stimulus levels. Therefore, the value of Nt can increase in a single iteration and

will stop increasing only when the estimated pressure, pOHC , is reasonably stable for a

given sample rate Nt.



Appendix D

The effect of BM mass on the

form of the coupled response

The mass per unit area of the BM used in the model described in Chapter 4 was chosen

to be the same as that in the Neely and Kim (1986) model, i.e. 3 · 10−2kgm−2. This

is rather low when compared with the value calculated if fluid loading is accounted for

(Neely, 1985; Elliott et al., 2011b; Ni et al., 2011), and so an investigation was undertaken

of the effect of the assumed BM on the form of the coupled response.

Simulations were performed using the set of human parameters shown in Table 4.1, but

with different assumed BM masses, where all the stiffness and damping were also scaled

to ensure that the natural frequencies and damping ratios of the micromechanical model

were the same. Rapson et al. (2014) has also demonstrated numerically how changes in

mass influence the tuning curves and a similar approach has been taken here, where the

results are shown in Figures D.1 and D.2, which show the response of the BM at 1.6

kHz and 6.4 kHz respectively. The curves compare the BM’s response when the mass

is modified by a factor of 0.5, 1 or 10 to the value shown in Table 4.1. It can be seen

that the mass significantly influences the coupled response of the BM in both amplitude

and phase. For a given size of fluid chamber, higher masses generate lower sensitivity

(sharpness) and a reduced value of the slope of the curve in the apical region. This effect

can be explained by picturing the mass as the inertial term associated with the motion

of the BM that carries the travelling wave. Incrementing the mass therefore increases

the distance the travelling wave travels along the cochlea, and this can be associated

with the lower slope of the apical part of the BM response.
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Figure D.1: Frequency response to a 1.6 kHz tone using different fluid inertial
loading.
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Figure D.2: Frequency response to a 6.4 kHz tone using different fluid inertial
loading.

The velocity of the travelling wave can be obtained from its wavenumber, which is given

by:
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k(x, ω) =

√
−2iωρ

H
YBM (x, ω), (D.1)

where YBM (x, ω) is the BM admittance, ω is the stimulation frequency (which is kept

constant for the cases shown below), ρ is the cochlear fluid density and H is the height

of the cochlea chamber. The wave speed is therefore obtained from:

c =
ω

<{k}
. (D.2)

Figures D.3 and D.4 show plots of the real and imaginary parts of the wavenumber

k(x, ω) against position for the linear model with different assumed values of BM mass

at 1.6 kHz and 6.4 kHz, while Figures D.5 and D.6 show the corresponding speed and

wavelength of the travelling wave.
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Figure D.3: Real and imaginary parts of the wavenumber k at 1.6 kHz.
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Figure D.4: Real and imaginary parts of the wavenumber k at 6.4 kHz.
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Figure D.5: Properties of the travelling wave at 1.6 kHz. The top plot shows
the variation of the wavelength along the length of the BM; the bottom plot
shows the wavespeed along the BM.
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Figure D.6: Properties of the travelling wave at 6.4 kHz. The top plot shows
the variation of the wavelength along the length of the BM; the bottom plot
shows the wavespeed along the BM.

The wavenumbers plotted as a function of position give valuable information regarding

the characteristics of the travelling wave. Before the travelling wave reaches the location

of the characteristic frequency, the wavenumber is predominantly real, and therefore

carrying energy with very little loss. The wave builds up in amplitude at the location

of the CF and stimulates this location most, but when the travelling wave passes this

position, the imaginary part of the wavenumber becomes dominant, meaning that the

wave decays very fast as the wave becomes evanescent. It can also be seen in Figures

D.5 and D.6 that the wave speed decreases slowly until it reaches the place of the CF

and then decays rapidly in proximity of this location. The trend of the wave speed

varies greatly with different frequencies as the system is dispersive. Also, the change

in mass affects the wave speed as high mass allows for greater wave speeds prior to the

CF location. Similar considerations can be given to the wavelength of the travelling

wave which at first decreases, but then peaks in proximity of the location of the CF

allowing that position of the BM to respond with greater selectivity with respect to

nearby locations.

The decay of the wave when it is evanescent, can be calculated as the inverse of the

imaginary part of the wavenumber. It may also be estimated from the following equation:

d =

√
hmBM

2ρ
, (D.3)
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where mBM is the BM mass for each element, which is constant along the length of the

cochlea, ρ is the density of the cochlear fluids and h is defined (Elliott et al., 2011a) as:

h =
π2WH

8B
≈ H ≈ 0.001m, (D.4)

where B is the width of the flexible section of the BM and W is the width of the BM,

which in this case is assumed to be equal to B. The decay length d is obviously a

function of mBM . Table D.1 indicates how the decay length varies when the mass is

varied by a factor of 0.5, 1 or 10.

Table D.1: Change in decay length using various BM masses.

mBM x factor Decay length [mm] (active) Decay length [mm] (passive)

mBM x 0.5 0.087 0.087

mBM x 1 0.12 0.12

mBM x 10 0.39 0.39

Figures D.7 and D.8 show the decay against position for the cases of a 1.6 kHz stimulus

and a 6.4 kHz stimulus, respectively, where it can be seen that at the most apical end

of the BM (35 mm) the decay is in agreement with the values shown in Table D.1. This

trend is in accord with Rapson et al. (2014) that shows that if the cochlea with high BM

mass is stimulated by an impulse, then the travelling wave covers a large proportion of

the partition for each instant in time, although the response decays by three orders of

magnitude over a period of 20 ms. On the contrary, in the low mass scenario, narrow

bands of the partition are stimulated at subsequent instances in time from base to apex,

but the order of magnitude of the decay remains more or less constant over a period of

time of 20 ms.
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Figure D.7: Wave decay plotted against position along the BM at 1.6 kHz.
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Figure D.8: Wave decay plotted against position along the BM at 6.4 kHz.

By changing the mass of the system there is also a considerable amount of variation in

the gain of the system, in particular where the travelling wave peaks (Figures D.1 and

D.2). Higher values of mass reduce the gain while lower values of mass tend to increase

the gain. The typical gain of the CA is approximately 45 dB at the base to around 20
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dB at the apex; with regards to the simulations and results shown above, this is more

likely when the mass is multiplied by a factor of 1.

Another aspect to consider in the results is the slope of the wave in the frequency domain

after it has peaked at its characteristic place (Figures D.1 and D.2). The blue curve of

the plot of the frequency response of the model shows the best slope conditions. In fact

the loss of dB per octave can be calculated as follows:

slope = 20 log(e
−l·ln(2)

d ) ≈ 6
l

d
, (D.5)

where d is the decay length previously calculated for different BM masses and l is the

cochlear length scale which, as previously mentioned, for the case of the human cochlea

is approximately 7 mm. The results shown in Table D.2 demonstrate how the slope

decreases for greater values of added mass. Again, the most sensible and realistic value

obtained for the slope value is given for values of BM mass multiplied by a factor of 1.

Table D.2: Change in decay length and slope using various BM masses.

mBM x factor Decay length [mm] Slope [dB/octave]

mBM x0.5 0.087 483

mBM x1 0.12 350

mBM x10 0.39 108

In conclusion, it is found that the decay rate at high frequencies and the amplification

obtained with the assumed value of BM mass are reasonably representative of those

measured in the cochlea (Robles et al., 1986). This is despite its value being somewhat

smaller than that which would seem reasonable by taking fluid loading into account.

Further work is clearly needed to address this apparent paradox, which is beyond the

scope of the present thesis.



Appendix E

The ear canal and middle ear

models

The state space model of the cochlea takes into account a boundary condition at its

basal end that links the first element of the BM to the stapes of the middle ear. In

fact the input to the state space model is the stapes velocity. It is desirable to obtain

a transfer function between the external sound pressure level and the stapes velocity.

For this reason, models of both the ear canal and the middle ear are necessary that

can mimic the behaviour of these sections of the auditory system, i.e. match the low

impedance of the air entering the ear canal to the high impedance of the cochlear fluids.

It is possible to construct these models by means of two port networks and connect them

in cascade so that the input is a sound pressure level and the output is a stapes velocity.

The following sections will give details regarding these two models in order to obtain an

overall ear canal and middle ear transfer function. The model is based on previous work

by Ku (2008) where more details regarding the model can be found.

The two-port network

In general a two-port network may be represented as shown in Figure E.1.
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Figure E.1: General representation of a two-port network.

It is possible to calculate the input impedance of the network by loading the output

terminal with loading impedance and vice versa. Given the general transmission matrix

for two-port networks as follows:

{
pout

Qout

}
=

[
T11 T12

T21 T22

][
pin

Qin

]
(E.1)

By dividing Pout by Qout we can obtain the output impedance (Zout) in relation to the

loading input impedance (Zin). The obtained expression is as follows:

Zout =
T11Zin + T12

T21Zin + T22
(E.2)

Given that:

Zin =
Pin
Qin

(E.3)

Same considerations may be made to obtain the expression for the input impedance (Zin)

although in this case it is necessary to obtain the inverse of the transmission matrix:

{
pin

Qin

}
=

[
T11 T12

T21 T22

]−1 [
pout

Qout

]
(E.4)

Where:

[
T11 T12

T21 T22

]−1

=

[
T22 T12

T21 T11

]
(T11T22 − T21T12)

(E.5)
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Hence, if the determinant is equal to 1, i.e.:

(T11T22 − T21T12) = 1 (E.6)

Then the transmission matrix is reciprocal, therefore allowing obtaining an expression

for the input impedance (Zin):

Zin =
T22Zout + T12

T21Ziout + T11
(E.7)

The two port network ear canal model

A representation of how the ear canal is modelled is shown in Figure E.2 followed by

Table E.1, that shows the dimensions assigned to the model.

Figure E.2: Dimensions of the modelled ear canal.

Table E.1: Ear canal model parameters

Parameter Dimensions

Aec 3.85 · 10−5[m2]

d 0.007[m]

Lec 0.02[m]

The two port network used for the ear canal is shown in Figure E.3.
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Figure E.3: Two-port network of the ear canal.

The matrix that represents the ear canal two port network contains acoustic variables

that are a function of frequency and can be written down as the following:

{
pec

Qec

}
=

[
1 0
1

Rplug
1

][
T11 T12

T21 T22

][
ped

Qed

]
(E.8)

Equation E.8 can be used to obtain the ear canal transfer function between the ear canal

acoustic variables and the ear drum acoustic variables.

The transfer matrix also contains the term Rplug which takes account of the loss due to

the foam on the ear plug inserted in the ear canal and used for measuring OAEs.

The two port network middle ear model

The set of parameters used for modelling the middle ear are shown in Table E.2 and are

taken from Kringlebotn (1988).

The middle ear two port network is shown in Figure E.4.

Figure E.4: Middle ear two-port network.

The matrix to represent the middle ear two port network contains acoustic variables

that are a function of frequency and can be written down as the following:
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{
ped

Qed

}
=

[
Tedst11 Tedst12

Tedst21 Tedst22

][
pst

Qst

]
(E.9)

Equation E.9 can be used to obtain the middle ear transfer function between the ear

drum acoustic variables and the stapes acoustic variables.

The various parameters in Table E.2 are used to obtain the transformer ratios of the

middle ear transfer matrix. A detailed derivation is found in Ku (2008).

The ear canal and middle ear transfer function

The two two-port models in cascade allow obtaining a relationship between the external

acoustic pressure and the stapes volume velocity. A representation of the overall network

is shown in Figure E.5.

Figure E.5: Two-port network of the ear canal and the middle ear in cascade.

Cascading the networks will give the following transfer matrix.

{
pec

Qec

}
=

[
Tecst11 Tecst12

Tecst21 Tecst22

][
pst

Qst

]
(E.10)

By obtaining the latter transfer matrix a relationship between the input acoustic pressure

and volume velocity at the stapes with the output acoustic pressure and volume velocity

at the ear canal is obtained. The forward transfer function in the frequency domain is

plotted in Figure E.6 while the reverse transfer function is plotted in Figure E.7.
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Figure E.6: Forward pressure transfer function between the pressure at the
stapes and the pressure at the ear canal.

Figure E.7: Reverese pressure transfer function between the pressure at the
stapes and the pressure at the ear canal.





Appendix F

Further results from bias tones at

different frequencies

A comparison is made between cochlear models using either a tanh function or a 1st

order Boltzmann function. The following figures show the results when the input is a

low frequency bias tone that changes in frequency for each simulation between 20 Hz

and 90 Hz. The velocity in the contour maps shown are plotted with a dB scale with

vref = 1 nm, for both positive and negative phases. All the results have been plotted

so that the bias tones of different frequencies go through two cycles. Also, the velocity

in the 2D plots have had to be scaled differently in each case for clarity; however, each

row of plots representing the same locations along the length of the cochlea are scaled

equally.
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Figure F.1: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 20 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 78 dB, bottom left panel, 81 dB and bottom right panel, 88 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 78 dB, centre-right panel, 81 dB
and far right panel, 88 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.2: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 20 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 78 dB, bottom left panel, 81 dB and bottom right panel, 88 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 78 dB, centre-right panel, 81
dB and far right panel, 88 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.3: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 30 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 90 dB, bottom left panel, 96 dB and bottom right panel, 100 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 90 dB, centre-right panel, 96 dB
and far right panel, 100 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.4: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 30 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 90 dB, bottom left panel, 96 dB and bottom right panel, 100
dB. The 2D plots show the BM velocity at different times and specific locations:
far left panel, no bias tone present, centre-left panel, 90 dB, centre-right panel,
96 dB and far right panel, 100 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.5: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 40 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 84 dB, bottom left panel, 88 dB and bottom right panel, 94 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 84 dB, centre-right panel, 88 dB
and far right panel, 94 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.6: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 40 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 84 dB, bottom left panel, 88 dB and bottom right panel, 94 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 84 dB, centre-right panel, 88
dB and far right panel, 94 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.7: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 50 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 81 dB, bottom left panel, 85 dB and bottom right panel, 91 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 85 dB
and far right panel, 91 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.8: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing Boltzmann nonlinearities is stim-
ulated by a 50 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 81 dB, bottom left panel, 85 dB and bottom right panel, 91 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 85
dB and far right panel, 91 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.9: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 60 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 84 dB, bottom left panel, 89 dB and bottom right panel, 94 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 84 dB, centre-right panel, 89 dB
and far right panel, 94 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.10: The results from the time domain simulations in terms of the
level of the BM velocity when the model containing Boltzmann nonlinearities is
stimulated by a 60 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 84 dB, bottom left panel, 89 dB and bottom right panel, 94 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 84 dB, centre-right panel, 89
dB and far right panel, 94 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.



186 Appendix F Further results from bias tones at different frequencies

0 6 11 17 23 29
−2

0

2
x 10

−5 30 mm

0 6 11 17 23 29
−2

0

2
x 10

−5 30 mm

0 6 11 17 23 29
−2

0

2
x 10

−5 30 mm

0 6 11 17 23 29
−2

0

2
x 10

−5 30 mm

0 6 11 17 23 29
−2

0

2
x 10

−6 15 mm

B
M

 v
el

oc
ity

 [m
s−

1 ]

0 6 11 17 23 29
−2

0

2
x 10

−6 15 mm

0 6 11 17 23 29
−2

0

2
x 10

−6 15 mm

0 6 11 17 23 29
−2

0

2
x 10

−6 15 mm

0 6 11 17 23 29

−2

0

2

x 10
−8

  stapes 
 velocity

0 6 11 17 23 29

−2

0

2

x 10
−8

  stapes 
 velocity

0 6 11 17 23 29

−2

0

2

x 10
−8

  stapes 
 velocity

70Hz bias tone − tanh function

0 6 11 17 23 29

−2

0

2

x 10
−8

  stapes 
 velocity

Time [ms]

Figure F.11: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 70 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 81 dB, bottom left panel, 88 dB and bottom right panel, 91 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 88 dB
and far right panel, 91 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.12: The results from the time domain simulations in terms of the
level of the BM velocity when the model containing Boltzmann nonlinearities is
stimulated by a 70 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 81 dB, bottom left panel, 88 dB and bottom right panel, 91 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 88
dB and far right panel, 91 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.13: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 80 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 81 dB, bottom left panel, 86 dB and bottom right panel, 91 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 86 dB
and far right panel, 91 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.14: The results from the time domain simulations in terms of the
level of the BM velocity when the model containing Boltzmann nonlinearities is
stimulated by a 80 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 81 dB, bottom left panel, 86 dB and bottom right panel, 91 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 86
dB and far right panel, 91 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.
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Figure F.15: The results from the time domain simulations in terms of the level
of the BM velocity when the model containing tanh nonlinearities is stimulated
by a 90 Hz biasing tone of various levels. The contour plots show the response
at different positions and times: top left panel, no bias tone present, top right
panel, 81 dB, bottom left panel, 86 dB and bottom right panel, 91 dB. The
2D plots show the BM velocity at different times and specific locations: far left
panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 86 dB
and far right panel, 91 dB. The plots show how the SOAE is affected by the
bias tone at different levels: at first, the emission is unaffected, but higher levels
of biasing tone modulate its characteristics until it is suppressed.
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Figure F.16: The results from the time domain simulations in terms of the
level of the BM velocity when the model containing Boltzmann nonlinearities is
stimulated by a 90 Hz biasing tone of various levels. The contour plots show the
response at different positions and times: top left panel, no bias tone present,
top right panel, 81 dB, bottom left panel, 86 dB and bottom right panel, 91 dB.
The 2D plots show the BM velocity at different times and specific locations: far
left panel, no bias tone present, centre-left panel, 81 dB, centre-right panel, 86
dB and far right panel, 91 dB. The plots show how the SOAE is affected by
the bias tone at different levels: at first, the emission is unaffected, but higher
levels of biasing tone modulate its characteristics until it is suppressed.





Appendix G

Numerical implementation of the

wave equation in the frequency

domain

This numerical implementation is based on Neely and Kim (1986) formulation for solv-

ing the wave Equation describing the dynamics of the cochlea using finite difference

approximations cast into a matrix form. The one-dimensional wave equation written

in terms of the differential pressure across the cochlear partition can be written as the

following:

∂2pd(x, ω)

∂x2
+ κ2

TW (x, ω)pd(x, ω) = 0 (G.1)

where the wave number is:

κ2
TW (x, ω) =

−2iωρ

HZcp(x, ω)
(G.2)

Therefore, the simplified equation becomes:

∂2p(t)

∂x2
− 2ρ

H
ẅ(t) = 0 (G.3)

The boundary condition at the middle ear is:

∂p(t)

∂x

∣∣∣∣
x=0

= 2ρẅS(t) (G.4)
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where ẅS can be divided into its superposing components: ẅSO(t) is the acceleration

due to an external acceleration and ẅSR is the acceleration due to the loading by the

internal pressure response of the cochlea at x = 0.

∂p(t)

∂x

∣∣∣∣
x=0

− 2ρẅSR(t) = 2ρẅSO(t) (G.5)

The boundary condition at the helicotrema is the following:

∂p(t)

∂x

∣∣∣∣
x=L

= 2ρẅN +
1

H
PN (G.6)

Using finite different approximations, Equations G.3, G.5 and G.6 can be converted such

that there formulation is suitable for casting into matrix form. This is done by dividing

the length of the cochlea in N section (in this case N = 512) having ∆ length. The

following Equations are therefore obtained:

pn−1(t)− 2pn(t) + pn+1(t)

∆2
− 2ρ

H
ξ̈n(t) = 0 (G.7)

The boundary condition for the middle ear becomes:

p2(t)− p1(t)

∆
− 2ρξ̈SR(t) = 2ρξ̈SO(t) (G.8)

The boundary condition for the helicotrema becomes:

pN (t) = pN (t) =
H

∆2
[
∆

H
pN−1(t)− (

∆

H
− ∆2

H2
)pN (t)] = 2ρξ̈N (G.9)

Equations G.3, G.5 and G.6 are expressed into matrix form:

(F−M)pd = q (G.10)

where F is the fluid coupling matrix:

F =
1

∆2



−∆ ∆ 0

1 −2 1
. . .

. . .
. . .

1 −2 1

0 ∆2


(G.11)
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M is the mobility matrix:

M =
2iωρ

H



YmH 0

Ycp(2)
. . .

Ycp(N − 1)

0 YH


(G.12)

pd is the matrix of local pressure differences

pd =



pd(1)
. . .

pd(n)
. . .

pd(N)


(G.13)

and q is the input matrix

q =



−2iωρust

0
. . .

. . .

0


(G.14)

Combining F and M allows obtaining a tri-diagonal matrix T:

T = F−M (G.15)

Combining Equations G.16 and G.10 gives:

Tpd = q (G.16)

and by inverting T, the distribution of pressure differences is obtained:

pd = T−1q (G.17)

BM motion can then be calculated at any position along the BM using the following

Equations
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ξ̇b(x, /omega) =
pd(x, ω)

Zcp(x, ω)
(G.18)

ξb(x, /omega) =
ξ̇b(x, ω)

s
(G.19)
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