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Abstract 

The objective of this paper is to provide a review on some aspects of the mathematical and computational 
modelling of skin biophysics, with special focus on constitutive theories based on non-linear continuum 
mechanics from elasticity, through anelasticity, including growth, to thermoelasticity. Microstructural and 
phenomenological approaches combining imaging techniques are also discussed. Finally, recent research 
applications on skin wrinkles will be presented to highlight the potential of physics-based modelling of skin 
in tackling global challenges such as ageing of the population and the associated skin degradation, diseases 
and traumas. 
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1. Introduction 

Besides the brain, no other organ of the human body plays such a central role in our everyday biological and 
social life than the skin. The skin is the first line of defence of our body against the external environment, 
and therefore, acts as a primary and essential physical interface. This interface controls many types of 
exchanges between our inner and outside worlds which take the form of mechanical, thermal, biological, 
chemical and electromagnetic processes. These processes typically do not operate in isolation but are rather 
parts of a very dynamic system featuring complex non-linear feedback mechanisms [1, 2]. At a secondary, 
but nonetheless very important exchange level, the skin is not only a sort of social sign post that tells a story 
about us, but also a fundamental active social instrument that is pivotal in how we socially interact with our 
fellow humans, through conscious and unconscious communication cues [3]. The skin is also a biochemical 
plant that synthesises vital compounds like vitamin D, hosts vital immunologic biochemical and cellular 
processes, and contains a rich sensory biophysical network that informs us in real-time of any haptic cues or 
potentially threatening physical insults and noxious agents [1, 3]. 
Considering the place of the skin in our life and its multiple physiological functions, from genesis to death, 
understanding its complex physiology and biophysics in health, disease and trauma has become, particularly 
in the last two decades, a broad research arena. Interdisciplinary scientists, engineers and clinicians join 
forces to improve health, quality of life, design products that are easier and more comfortable to use or help 
us to slow down the signs of ageing by developing innovative surgical cosmetic procedures and skin care 
pharmaceutical compounds. 
As in many branches of life sciences, be it in academia or industry, physics-based modelling of the skin has 
become an integral part of research and development. Nowadays, advanced numerical simulations, typically 
relying on finite element [4] and/or meta-modelling techniques [5], are used in the rational design of products 
intended to interact with the skin, from razors and incontinence nappies through respiratory masks and 
medical surfaces to running shoes, vehicle interiors and tactile electronic surfaces. At a more fundamental 
level, and as hypothesis-driven research tools, mathematical and computational models of the integument 
are developed to shed light on the biophysical complexity of skin physiology and to unravel particular 
mechanobiological aspects associated with diseases and the ageing process. This focus is particularly relevant 
for medical, pharmaceutical and cosmetic sciences. 
Jor et al. [6] provided an excellent review discussing the current (as of 2013) and future challenges of the 
computational modelling and experimental characterisation of skin mechanics. These authors highlighted the 
need for tight integration of modelling, instrumentation and imaging. They also recommended that focus 
should be directed toward the development of in vivo quantitative characterisation techniques so that 
research could be more seamlessly translated into the clinical setting. Recently, Li [7] conducted a short 
review of modelling approaches for the description of in vitro biomechanical properties of the skin. He 
concluded that major research efforts should be devoted to the development of constitutive models of skin 
capable of accounting for viscoelastic effects, damage and fracture. Although Jor et al. [6] and Li [7] reviewed 
some popular constitutive models of the skin, no attempt was made to provide an extensive, detailed and 
unified review of formulations capable of representing the finite strain and anisotropic behaviour of skin, 
from elasticity through anelasticity to damage and growth. 
Here, it is proposed to address this current shortcoming. The objective of this paper is to provide a review 
on some aspects of the mathematical and computational modelling of skin biophysics with special focus on 
theories based on the powerful constitutive framework offered by non-linear continuum mechanics [8-10]. As 
in any review paper, there is a natural bias towards the topics covered which stems from the author’s personal 
research but, here, it is hoped that the treatment of the subject is sufficiently general and high-level to appeal 
to a broad range of scientists and engineers, particularly those involved in interdisciplinary skin research. 
The ambition is to present a selection of state-of-the-art skin models that are presently used in academic and 
industrial research, inform about the attractive prospects offered by biophysical modelling, highlight less 
well-known areas where the modelling of skin can address important scientific questions and practical 
engineering challenges. Ultimately, the aim is to stimulate cross-fertilising of ideas and techniques, to 
encourage researchers from diverse scientific background to engage dialogue within their communities and 
outside, particularly with clinicians and biologists. More generally, the review should also be of interest to 
researchers involved in the modelling of biological soft tissues.  
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2. Basic structural anatomy and biophysical characteristics of the skin 

2.1 Structural anatomy 
In mammalian species, the skin is part of the integumentary system that includes the skin itself as the largest 
organ of the body in terms of surface, and various appendages such as hair, nails and hooves, nerve receptors 
and glands. In humans, the skin—which can be considered as a membrane—accounts for up to 16% of an 
adult’s total body weight whilst covering an average surface area of about 1.6 m2 [11]. As alluded to in the 
Introduction section, the skin is a very complex biological system featuring a multitude of coupled physical 
processes acting in concert, or sequentially, as for instance, in the case of wound healing where a cascade of 
biochemical and mechanobiological events is triggered by an injury [12]. From the mechanical and material 
science point of view, the skin is primarily a multiphasic and multiscale structure which, as a result, 
encompasses a rich set of mechanical properties and constitutive behaviours [13, 14]. The biological nature 
of this structure renders these properties very dynamic, particularly over a life time, and like most biological 
tissues, there is a strong variability according to body site, individuals, age, sex, ethnicity and exposure to 
specific environmental conditions [15, 16]. At the meso-macroscopic level, skin is generally considered as a 
multi-layer assembly made up of three main distinct structures: the epidermis, dermis and hypodermis (Figure 
1) [11, 14, 17, 18]. 

 
Figure 1. Histological section of haematoxylin and eosin stained back human skin sample obtained from a 30 years-old 
healthy White Caucasian female volunteer following biopsy (10 x magnification, image resolution: 1600 x 1200 pixels, imaged 
using a modified Nikon E950 camera). Image courtesy of Dr. Maria-Fabiola Leyva-Mendivil (University of Southampton, UK). 

The epidermis—which is avascular—is a terminally differentiated stratified squamous epithelium about 200 
µm thick. 95% of the cells contained in the epidermis are keratinocytes which undergo mitosis at the 0.5-1 
µm thick epidermal basement membrane (also known as basal lamina) [19]. From this basement membrane 
which separates the epidermis from the dermis, the cells subsequently migrate from towards the skin surface, 
forming four main well delineated layers during their transit, namely the stratum basale (also called the 
stratum germinativum), the stratum spinosum, the stratum granulosum and the stratum corneum. This latter 
layer consists of a one to three cell-thick layer of dead keratinocytes representing a 15 to 30 thickness µm. 
The epidermis includes other cells such as melanocytes, Langerhans’s cells and Merkel cells [11]. The complex 
formed by the living epidermis at the exclusion of the stratum corneum is called the living or viable epidermis. 
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The stratum corneum is the prime line of defence against external threats be they mechanical, thermal, 
chemical, electromagnetic or biological. In particular, the mechanical properties of the stratum corneum are 
key in conditioning transmission of loads and subsequent deformations of the other underlying skin layers 
across several spatial scales [20, 21]. These purely mechanical aspects are essential for certain biophysical 
processes such as the stimulation of mechano-receptors that transduce mechanical energy into neural 
signalling (e.g. tactile perception [22] and pain [23]) or mechanobiological transduction involved in metabolic 
processes (e.g. homoeostatic regulation of the skin barrier function [24]).  
Any variation in the mechanical properties of the stratum corneum—like those occurring daily as a results 
of fluctuations in internal and external environmental conditions (e.g. relative humidity, temperature) [25]—
is likely to affect the material mechanical response and also the subsequent altered external surface 
topography. This has obvious consequences for the tribological response of the skin [21].  
The living epidermis is connected to the underlying dermis through a three-dimensional (3D) interlocking 
wavy interface, called the dermal-epidermal junction (DEJ) which is the basal lamina evoked earlier. Papillae 
are the protrusions of the papillary dermis into the epidermis (Figure 1). These finger-like structures increase 
the contact surface area between the reticular dermis and the living epidermis, and are thus believed to 
favour biochemical mass exchanges between these layers e.g. transport of oxygen or nutrients [19, 26, 27]. 
The DEJ controls the transit of biomolecules between the dermis and epidermis according to their dimension 
and charge. It allows the passage of migrating and invading cells under normal (i.e. melanocytes and 
Langerhans cells) or pathological (i.e. lymphocytes and tumour cells) conditions [27]. The behaviour of 
keratinocytes is influenced by the DEJ via modulation of cell polarity, proliferation, migration and 
differentiation. 
As principally constituted of a dense array of crimped stiff collagen fibres, the dermis is the main load-
bearing structural component of the skin when subjected to tension-inducing loads (e.g. in-plane tension, 
out-of-plane indentation and suction). It is 15 to 40 times as thick as the epidermis [11] and much thinner 
on the eyelids than on the back. The dermis can be decomposed into three main layers: the papillary layer 
juxtaposed to the epidermis, the sub-papillary layer underneath and the reticular layer which is connected 
to the underlying subcutaneous tissue. The papillary layer is defined by the rete ridges protruding into the 
epidermis and contains thin collagen fibres, a rich network of blood capillaries, sensory nerve endings and 
cytoplasms. The sub-papillary layer which is the zone below the epidermis and papillary layer features similar 
structural and biological components to the papillary layer. Besides a dominant content of types I and III 
collagen (respectively 80 and 15% of total collagen content), the reticular layer is innervated and vascularised, 
contains elastic fibres (e.g. elastin) and the dermal matrix made of cells in the interstitial space. Cells present 
in the reticular dermis include fibroblasts, plasma cells, macrophages and mast cells.  
Collagen fibres account for approximately 70% of the weight of dry dermis. Collagen fibres in the papillary 
and sub-papillary dermis are thin (because of their low aggregate content of fibrils) and sparsely distributed 
while reticular fibres are thick, organised in bundles and densely distributed. Fibrils are typically very long, 
100 to 500 nm in diameter featuring a cross striation pattern with a 60 to 70 nm spatial periodicity. The 
diameter of thick collagen bundles can span 2 to 15 µm. Birefringence techniques are promising tools to 
characterise the orientation and supramolecular organisation of collagen bundles in skin [28]. 
The dermal matrix is composed of an extra-cellular matrix, ground substance which is a gel-like amorphous 
phase mainly constituted of proteoglycans and glycoproteins (e.g. fibronectin) as well as blood and lymph-
derived fluids which are involved in the transport of substances crucial to cellular and metabolic activities. 
Proteoglycans are composed of multiple glycosaminoglycans (i.e. mucopolysaccharides) interlaced with back 
bone proteins. Dermal fibroblasts produced glycosamine which is rich in hyaluronic acid and therefore plays 
an essential role in moisture retention. 
Unlike collagen fibres, elastic fibres are extremely elastic and can fully recover from strains in excess of 100% 
[29]. Their diameter ranges between 1 and 3 µm. Their mechanical entanglement with the collagen network 
of the dermis is what gives the skin its resilience and recoil ability. This is evidenced by the correlation 
between degradation of elastin/abnormal collagen synthesis associated with ageing and the apparent 
stiffening of the dermis [30]. The diameter of elastic fibres in the dermis is inversely proportional to their 
proximity to the papillary layer where they tend to align perpendicular to the DEJ surface.  
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The subcutaneous tissue is the layer between the dermis and the fascia which is a band of connective tissue, 
primarily collagen, that attaches, stabilises, encloses, and separates muscles and other internal organs. The 
thickness of subcutaneous tissue is highly variable intra- and inter-individually. This layer is mainly composed 
of adipocytes. Its role is to provide mechanical cushioning, heat generation and insulation as well as a reserve 
of nutrients.  
A very important aspect of skin mechanics is that, in vivo, skin is in a state of complex in-plane heterogeneous 
tension patterns which depend on individuals, their age, body location and position. This was first evidenced 
by French anatomist and military surgeon Baron Guillaume Dupuytren (1777-1835) who, incidentally, also 
gave his name to a proliferative connective tissue disorder, the Dupuytren’s contracture. In 1834, Dupuytren 
examined the chest of a man who had stabbed himself with a round-tipped awl in a failed suicide attempt, 
and noticed that the inflicted wounds were elliptical and not circular [31-33]. Later, in 1838, French surgeon 
and medical historian Joseph-François Malgaigne (1806-1865) reported that this type of elliptical wound 
patterns were oriented differently according to body location. Although these two surgeons had discovered 
the existence of tension lines in vivo, it was the Austrian anatomist Karl Langer (1819-1887) [31-33] who 
provided a sound explanation and comprehensive anatomical basis by conducting a large number of 
punctures on cadavers, using a round awl, and meticulously mapping the direction and dimensions of the 
created elliptical wounds on the body. Because these experiments were conducted on cadavers with 
extremities in extension, Langer observed that tension lines varied with the position of the cadaver. Real in 
vivo conditions are also likely to differ from cadaveric conditions because of rigor mortis which stiffens muscles 
and joints. Moreover, tension lines are also dependent upon skin dysfunctions and diseases such as the Elhers-
Danlos syndrome. 

2.2 Mechanical properties of the skin 
In light of the skin anatomy described above, and, as will be discussed in the next section in more details, 
depending on the spatial scale considered, the skin can be viewed as a structure or material (i.e. a 
homogeneous structure). Here, in this brief review of mechanical properties, we will mainly focus on the 
latter. Due to its characteristic dimensions and interfacial nature, the skin is often described as a membrane 
in the general sense. From the mechanical point of view, it would be more accurate to describe it as a multi-
layer shell structure because it possesses a non-negligible bending stiffness despite mainly sustaining 
membrane strains. 
Due to its significant thickness compared to that of the stratum corneum and viable epidermis, combined 
with its high content in collagen fibres, the dermis is the main contributor to the tensile mechanical properties 
of the skin. The intricate fibrous collagen architecture of the dermis and its close mechanical connectivity to 
elastin fibres lead to anisotropic and non-linear macroscopic mechanical properties which is consistent with 
the strain stiffening effect typically observed in biological soft tissues under tension [8]. 
Here, it is important to point out and recognise that the measured mechanical anisotropy of the skin is not 
only due to the structural characteristics of the skin layers and their microstructural constituents but is also 
the result of its mechanical interplay with the Langer lines. In-plane anisotropy of the skin is correlated with 
the distribution and orientation of Langer lines [34] while out-of-plane (or across-the-thickness) anisotropy is 
due to the distinct mechanical properties and complex 3D structure of the skin layers. This presents a number 
of challenges for the experimental characterisation of the mechanical properties of skin [6, 35] as well as their 
mathematical and computational realisation. Intuitively, one would expect that the inclusion or not of pre-
stress/pre-strain in a mathematical or computational model of the skin would significantly influence its 
mechanical response. Flynn et al. [36, 37] determined a relation between the in vivo relaxed skin tension lines 
(RSTL) on a human face and the directional dependency of the skin stiffness using a combination of contact 
measurement techniques and inverse finite element methods. These authors demonstrated the need to 
account for these tension lines in the characterisation of the anisotropic properties of the human skin. 
Recently, Deroy et al. [38] developed a non-destructive and non-invasive experimental protocol based on 
elastic surface wave propagation to determine the orientation of skin tension lines. The method was validated 
on canine cadaveric specimens. The Cutiscan CS 100® (Courage-Khazaka Electronic GmbH, Köln, 
Germany) is a device offering the possibility of qualitatively measuring mechanical anisotropy of the skin in 
vivo [39]. 



7 
 

A variety of methods have been used to measure the mechanical properties of skin: e.g. uniaxial and biaxial 
tensile tests [34, 40-42], multiaxial tests [13, 43], application of torsion loads [44], indentation [45], suction 
[39, 46-49] and bulge testing [50]. More recent techniques have focused on the experimental characterisation 
of the mechanical properties of the epidermis [51-53] which are particularly relevant for cosmetic and 
pharmaceutical applications. Beside intra- and inter-individual biological variability as well as sensitivity to 
environmental conditions, the nature of these experimental techniques combined with their operating spatial 
scale (e.g. macroscopic or cellular levels) are the main reasons there is a such a wide variability in mechanical 
properties reported in the literature. Differences for the mechanical properties of the skin or those of its 
individual layers can span several order of magnitude (see Table 1 in [20]). 
Given its complex hierarchical structure, and like most soft tissues, the skin exhibits a wide range of 
viscoelastic phenomena including creep, relaxation, hysteresis [16, 40, 54, 55] and strain rate dependency [42]. 

3. Modelling of the skin 

3.1 General considerations 
The review of the structural and macroscopic mechanical properties of the skin in the previous section have 
highlighted three main characteristics, namely, non-linear behaviour, structural non-homogeneity and 
mechanical anisotropy. The first task in any constitutive modelling endeavour is to assess the “why” of the 
constitutive model. Why do we need a model? What are the answers we are looking for? What are the 
hypotheses we want to assess? Do we want to be predictive or simply descriptive? What are the operating 
conditions we need to account for? Can we practically design a physical experiment or a series of experiments 
that will inform the mathematical formulation of the constitutive equations and allow us to extract 
constitutive parameters so we can exploit the constitutive model?  
The formulation of any constitutive model must be designed in the light of the intended application, which 
means that the model will have to rely on a number of (simplifying) assumptions that will discard certain 
aspects of the physical system (e.g. heterogeneous microstructure, time-dependent behaviour, large strains) 
whilst accounting for others. For example, for studying the transport of drug through the skin it would be 
highly relevant to account for the geometry and porous nature of the microstructure of the relevant skin 
layers. If biochemical aspects such as molecular water binding to collagen were of interest, then models and 
techniques capable of representing these atomic/molecular scale phenomena would be appropriate. In these 
conditions, using a finite strain model would be “overkill” as only very small strains would be expected. If 
one were to investigate the failure of skin in traumatic situations (e.g. vehicle accident) it would be essential 
to avail oneself with a model capable of describing the large strain and failure behaviour of the tissue. 

3.2 Classification of constitutive models 
Mathematical and computational models of the skin can be classified into three main categories: 
phenomenological, structural and structurally-based phenomenological models. 
 
Phenomenological models are based on the assumption that the skin is a homogeneous material where the 
microstructure and multiple phases as well their associated mechanical properties are ignored These 
phenomenological models aim to capture the overall—generally macroscopic—behaviour of the tissue without 
accounting for the individual behaviour of its elemental constituents and their mutual interactions [56]. 
Typically, if one considers mechanical behaviour only, a phenomenological model is a set of mathematical 
relations that describe the evolution of stress as a function of strain [8]. Provided the formulation is 
appropriate, it is generally always possible to fit such a constitutive law to a set of experimental data. 
However, the main drawback of this approach is that the resulting constitutive parameters often do not have 
a direct physical interpretation, and the model effectively acts as a “black box” without the flexibility of 
integrating and studying mechanistic structural effects. 
Structural models of the skin represent the tissue as a composite material made of an explicitly defined 
assembly of key microstructural elements (e.g. collagen fibres arranged in bundles with a certain degree of 
crimp and dispersion, within a matrix mainly composed of proteoglycans). The way these structural elements 
interact can also be specified by developing appropriate equations (e.g. mutual shear interactions of collagen 
fibrils and fibres  or small-range electromagnetic interactions between proteoglycans and collagen fibres [57]).  
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In this approach, not only the mechanical properties of the individual basic structures need to be determined 
or known but also the way they are geometrically arranged to form the macroscopic tissue, and how they 
interact mechanically, thermally or through any other type of physics. The overall mechanical properties of 
the tissue are the result of this—generally nonlinear— coupling between geometry and mechanics. Structural 
models can be viewed as geometrical assemblies of phenomenological models. For this reason, one could argue 
that, strictly speaking, structural models are not fully structural, and that classification as a structural or 
phenomenological model is a matter of spatial scale. Only if models are built ab initio from the first principles 
of quantum chemistry could one talk about structural models. In that respect, the constitutive parameters 
of phenomenological models describing the behaviour of elemental microstructural components may also not 
have a direct physical interpretation but, typically, they do. For example, if collagen fibres are part of the 
formulation, their elastic modulus, waviness and degree of dispersion around a main orientation are indeed 
constitutive parameters with have a direct physical interpretation. One of the main drawbacks of structural 
models lays in the necessity to have accurate information about the geometrical and material characteristics 
of each elemental building block as well as their mutual spatial and interfacial arrangement. This presents 
obvious experimental characterisation challenges which, however, are progressively overcome as technologies 
in this field improve, and new techniques emerge. Moreover, in a computational finite element environment, 
structural models spanning several orders of magnitude in terms of length scale require significantly high 
mesh density to explicitly capture the geometry of the structural constituents. Inevitably, despite tremendous 
advances in the computing power of modern processors, this can lead to prohibitively computationally 
expensive analyses and lengthy run times. 
A judicious compromise between strictly phenomenological and structural models is a third-class of models, 
formulated by combining certain characteristics of phenomenological models to those of structural ones. 
These models could be denoted under the general appellation of structurally-based phenomenological 
models or structurally-based continuum models. The continuum composite approach of Spencer is a 
good example of that idea [58]. In this type of constitutive formulation for fibre-reinforced composite 
materials, fibres are not explicitly modelled at the geometric level but their mechanical contribution to the 
overall (i.e. continuum) behaviour is implicitly accounted for by strain energy density terms directly related 
to microstructural metrics (e.g. stretch along the fibre direction). Nowadays, models adopting this type of 
constitutive hypotheses dominate the published literature as they have been very successful at representing 
the biomechanics of many biological tissues [9, 10]. The mathematical formulation of these models can be 
viewed as mutltiscale in the general sense as it accounts for structural geometrical/mechanical features/effects 
arising from a smaller spatial scale than that at which the gross physical response is represented in a 
continuum sense. Multiscale formulations in the homogenisation theory/computational mechanics sense are 
also possible  but require more advanced finite element formulations for practical calculations [59, 60]. 
It appears that over the last fifteen years there has been a significant thrust in the biomechanics community 
to delve into this under-researched topic that is skin biophysics. This possibly stems from the academic 
potential to deliver novel research with high impact which is intimately correlated to the drive to address 
growing research needs in many industrial sectors such as personal care and consumer products, cosmetics 
and biomedical devices. Like what happened in the communities of orthopaedic, dental and cardiovascular 
clinicians, the new generations of reconstructive surgeons and dermatologists are progressively acknowledging 
and embracing the potential and key role that computational modelling can play in improving and optimising 
treatment procedures. An attractive feature of computational models is the ability to quantify physical 
parameters required to obtain a specific outcome. For example, Prof. Kuhl’s group at Stanford University 
has pioneered the development of mechanobiological adaptation models for skin to optimise the outcome of 
reconstructive surgery procedures in children [61-67] (see Supplementary Material section 1.10). 

3.3 Image-based microstructural models of the skin: principles and applications 
Given the hierarchical nature of the structure of biological tissues, especially the skin, capturing certain key 
aspects of their microstructure in computational models opens up the possibility of conducting hypothesis-
driven research about the links between their structure and function [8] in a very systematic and mechanistic 
way. One can isolate and study the influence of certain microstructural and/or material parameters on the 
global response of the system [20, 21, 68] to formulate hypotheses and theories that can further our 
fundamental understanding of skin physiology and also assist in the design of physical experiments. 
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According to the classification of models presented in the previous section, image-based models could be best 
described as computational (micro)structural models where the constitutive model used for representing the 
material behaviour of each substructure could be a phenomenological, structural or structurally-based 
phenomenological model. Image-based modelling has become ubiquitous in many research domains where 
capturing complex multiphasic structures at various length scales is essential for conducting physics-based 
numerical analyses [69]. In the context of biological tissues and structures, any type of imaging modalities 
(1D, 2D, 3D, 4D) can be used including digital optical photography [20], computed tomography [70], 
magnetic resonance imaging [71] and laser confocal microscopy [72]. 
Developing an image-based computational model is the process of acquiring the geometry of a physical system 
through a single or a combination of imaging modalities, bring it into the digital world under the form of a 
picture or a series of pictures, conduct image-processing on these files to identify and isolate regions of interest 
(i.e. segmentation) (e.g. distinct skin layers) and mesh these digital regions into finite elements so that the 
partial differential equations governing the physics considered could be solved using the finite element method 
(Figure 2). 

 
Figure 2. Image-based microstructural finite element model of a cross section of human abdominal skin obtained from a 30 
years-old healthy white Caucasian female patient following biopsy [adapted from Leyva-Mendivil et al. [20]]. Series of digital 
images of histological sections that had been stained with haematoxylin and eosin were acquired using Nikon E950 camera 
(Nikon UK Ltd, Kingston Upon Thames, UK) mounted on an optical microscope at 10 times magnification (digital sensor 
resolution 1600 x 1200 pixels). Each histological section was imaged several times by moving the plate. The series of images 
were subsequently stitched together in a software environment (GIMP, www.gimp.org) by aligning each image with the next 
one, ensuring correct overlapping and alignment. The resulting composite image was then exported as a single PNG file into 
the image processing environment of ScanIP ® 6.0 (Simpleware, Synopsys, Exeter, UK) where three regions of interest 
(stratum corneum, viable epidermis and dermis) were identified and segmented using a simple threshold-based algorithm. 
The three masks corresponding to the segmented anatomical regions were then meshed using bilinear triangular finite 
elements within ScanIP®. To capture the geometrically-complex microstructures as well as the large aspect ratio between 
the largest and smallest dimensions, whilst ensuring a minimum number of finite elements, an adaptive mesh refinement 
algorithm was used. Because of their high densities, the meshes of the stratum corneum and viable epidermis layer are not 
plotted. 

Image-based microstructural finite element models of the skin can provide unique insights into the interplay 
between material and structural properties of the skin even when considering 2D geometries. Leyva-Mendivil 
et al. [20] unveiled and quantified structural folding mechanisms driven by the mechanics of the stratum 
corneum in combination with its intricate surface topography when the skin is subjected to plane-strain 
compression (Figure 3). It was shown that macroscopic strains may significantly be modulated at the 
microscopic (i.e. local) level. The convoluted shape of the stratum corneum can effectively acts as a strain 
reducer. These authors subsequently used a similar approach to show that the macroscopic coefficient of 
friction between the skin and a rigid slider moving across its surface is noticeably higher that the local 
coefficient of friction applied as an input parameter to the finite element analyses [21]. 
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This demonstrated that the deformation-induced component of skin friction is significant unlike what has 
been widely assumed in the tribology community [73-77] where adhesion-induced friction is deemed to be 
the dominant contributor to macroscopic friction. Similar observations were made in a similar computational 
contact homogenisation study by Stupkiewicz et al. [78]: geometrical effects alone can have a significant 
impact on the macroscopic frictional response of elastic contacts. To date, despite much experimental and 
modelling studies investigating shear stress at the surface of the skin in relation to skin injuries and pressure 
ulcers [51, 53, 79], very little efforts have been made to develop methodologies to gain a more accurate and 
mechanistic understanding of how shear stresses are induced at the level of skin microrelief asperities and 
how they propagate from the skin surface to the deeper layers where they are likely to mechanically stress 
living cells. Ultimately, excessive stress or strain can lead to cell damage and death, which, at a 
meso/macroscopic level translates into tissue damage and loss of structural integrity. An image-based finite 
element study was recently conducted by Leyva-Mendivil et al. [68] to investigate these aspects and 
demonstrated again the importance of accounting for skin microstructure in this type of study. 

 
Figure 3. Streamline plots representing the maximum (coloured) and minimum (white) principal strain vectors in a finite 
deformation 2D plane-strain image-based finite element model of the skin subjected to 20% in-plane compression (adapted 
from [20]). Grey arrows indicate the direction and location of the applied load. Streamlines, which are here overlaid over the 
undeformed geometry of the cross section of skin, allow direct visualisation of load/strain paths within the skin as a result of 
any type of applied load. They are therefore very valuable, for example, to understand how deep and in which directions, 
loads are transmitted/deflected from the skin surface to/from the underlying layers in response to contact interaction with 
an external object. 

4. Constitutive models of the skin 

Here we present what are considered state-of-the-art mechanical constitutive models of the skin. The focus 
is on non-linear elasticity and viscoelasticity theories. In the Supplementary Material section, plastic effects 
[80], softening and damage [81], recent coupled thermomechanical [82] as well as mechanobiological models 
for growth [64] will be presented. Other types of constitutive laws such as chemo-mechanobiological models 
of wound healing [12, 83-85] are beyond the scope of the present review. 

4.1 Basic continuum mechanics for anisotropic hyperelastic solids 
Non-linear continuum mechanics provides a flexible mathematical framework to model a wide range of 
constitutive behaviours [86, 87] from non-linear elasticity and finite strain plasticity to thermoelasticity 
and biological growth. 
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Accounting for finite deformations is essential for many applications in skin biophysics, and it is 
therefore sensible to develop constitutive equations a priori valid for finite kinematics. To this end, in 
this section, essential definitions of kinematic and kinetic quantities are provided, and, without loss of 
generality, particularised for Cartesian coordinate systems. Because of the popularity of their use in the 
constitutive modelling of biological tissues [9], particularly those featuring anisotropic mechanical 
properties, tensor invariants and structural tensors are also introduced. Invariant formulations typically 
postulate the existence of a strain energy function depending on a set of tensorial invariants of a given 
deformation or strain measure [87-90]. Introducing a dependency of the strain energy to tensor agencies 
characterising local microstructural features (e.g. local collagen fibre bundle orientation) is a very 
efficient way to incorporate microstructural information within a macroscopic continuum constitutive 
formulation. This class of material models corresponds to that of the microstructurally-based models 
defined in the previous section. In order to ensure a direct physical interpretation of constitutive 
parameters it is judicious to select a set of tensor invariants that characterise particular deformation 
modes the tissue is known to be subjected to and that also can be physically measured [91, 92]. For 
collagenous tissues, a standard assumption is to consider the tissue as a continuum composite material 
made of one or several families of (oriented) collagen fibres embedded in a highly compliant isotropic 
solid matrix composed mainly of proteoglycans. A preferred fibre alignment is defined by the 
introduction of a so-called structural or structure tensor which appears as an argument of the strain 
energy function [88, 90]. These notions are detailed in the next sections. 

4.1.1 Kinematics of a continuum and deformation invariants 
A key basic kinematic entity in continuum mechanics is represented by the deformation gradient F 
defined as: 

 

3

1

( )
( ) :

X
i

Ii,I






  

  i I

X
F X e E

X
 (1) 

X is the position of a material point in the Lagrangian—or reference—configuration while ( )x X  is 
its material placement in the Eulerian—or current— configuration. 1,2,3

{ }
I IE  and 1,2,3

{ }
i ie  are fixed 

orthonormal bases in the Lagrangian and Eulerian configurations respectively. “.”, “:”,   and “T” 
respectively denote the scalar product of second-order tensors, double-contraction tensor product, tensor 
outer product and transpose operators. F maps infinitesimal line vectors from the material to spatial 
configuration while cofactor(F) = J F-T and J = determinant(F) respectively maps oriented infinitesimal 
surface and volume. The right (material) and left (spatial) Cauchy-Green deformation tensors are 
respectively defined as T.C F F  and T.b F F . Because these two tensors only contain information 
about change of length, and therefore exclude local material rotations, they are appropriate to define 
valid constitutive equations that satisfy the Principle of Material Frame Indifference [87]. From the 
deformation tensor C, one can define the Green-Lagrange strain tensor ( ) / 2 E C I  where I is the 
second-order identity tensor. The classical three principal deformation invariants of C which define the 
isotropic (or non-directional) response of a given material are defined as follows [86]: 

    2
1 2 1 3

1
trace : ; [ : ]; determinant

2
I I I I    C C I C I C  (2) 

To characterise a general orthotropic symmetry one can  introduce three unit vectors 0
in . associated 

respectively with the principal material directions i  in the reference configuration. Because these 
material directions are signed directional properties one introduces the concept of structural tensors 0

iB  
[87-90] which are even functions of these unit vectors: 

 0 0 0
{ 1,2, 3}(no summation on )i i i i i  B n n  (3) 

The spatial counterparts of these structural tensors are defined as: 

 T T
0 0 02 2

1 1
. . .( ). { 1,2, 3}(no summation on )i i i i i i

t t t

i i

i i
 

     F F F Fn n n nB B   (4) 

where { 1,2, 3}i
t

i n  are the unit vectors in the spatial configuration and { 1,2, 3}
i

i   are the stretches 
along these directions. 
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For material isotropy all material directions are equivalent so that: 

 1 2 3 1 1 2 2 3 3
0 0 0 0 0 0 0 0 0
         1 1n n n n n nB B B  (5) 

For transverse isotropy, if the preferred material direction is given by 3
0

n : 

 3 3 3 1 2 3
0 0 0 0 0 0

1
( )

2
    IB B B Bn n   (6) 

For orthotropic symmetry the preferred material directions are orthogonal to each other. 
In the context of soft tissue mechanics, depending on the spatial scale of investigation, a single unit 
vector 0

in  can represent the local orientation of a single collagen microfibril or fibril, that of a single 
fibre bundle or that of a family of fibres. This gives rise to a transverse isotropy symmetry if one assumes 
that these fibres are embedded in an isotropic matrix. Two additional tensorial invariants characteristic 
of transverse isotropy symmetry can be defined [87, 88, 90]: 

 2 2
4 0 5 0

: , :i i i i
i

I I  C CB B  (7) 

4
iI  is a very convenient invariant with a direct physical interpretation as it is the square of the stretch along 

the corresponding fibre direction. It is worth pointing that C and b have the same invariants. 

4.1.2 Constitutive equations for invariant-based hyperelasticity 
As a general procedure to formulate constitutive equations for hyperelastic materials, one can postulate 
the existence of a strain energy density  , isotropic function of its deformation or strain invariant 
arguments. Stress and elasticity tensors are obtained by respectively first and second order 
differentiation [87]. Hyperelastic formulations can serve as a basis for inelastic formulations such as 
finite strain plasticity, finite strain viscoelasticity and growth, or any combination of these constitutive 
behaviours. 
The Lagrangian second Piola-Kirchhoff stress tensor, S, is readily obtained by differentiation of the 
strain energy density function with respect to the right Cauchy-Green deformation tensor whilst 
applying the chain rule of differentiation for the n  deformation invariants i

I : 

 

invariants

1

2

n

i

ii

I

I





        S
C

 (8) 

The Cauchy stress tensor, often referred as true stress tensor, is obtained by push-forward operation of 
the second Piola-Kirchhoff stress tensor S from the reference to the current configuration [87]: 

 
invariants

T T T
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( ) . . . . . .
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ii
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                    S FSF F F F F
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  (9) 

while, the (volume ratio)-weighted Cauchy stress is the Kirchhoff stress tensor: 

 

invariants
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ii
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J
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            b b
b b

  (10) 

Remarks about the associated material and spatial elasticity tensors in the context of finite element 
procedures are provided in section 1.1 of the Supplementary Material. The particular form of the tangent 
stiffness required for the implementation of constitutive models in the commercial software package 
Abaqus/Implicit (Simulia, Dassault Systèmes, Providence, RI, USA) is also derived. 

4.2 Non-linear elastic models of the skin 
In this section, a selection of some of the seminal and/or current state-of-the-art non-linear elastic 
models of skin are presented. As mentioned earlier in this review, the anisotropic mechanical properties 
of the skin are critical for most applications, so the focus of this review is therefore on constitutive 
models capturing these characteristics.  
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4.2.1 Lanir’s model 
A very significant microstructurally-based continuum model of skin was first proposed by Lanir [93] who 
assumed that skin was a continuum composite made of an isotropic ground substance matrix in which 
oriented collagen and elastin fibres were embedded. These fibres obeyed an angular distribution ( )

k
  (see 

section section 1.2 of the Supplementary Material). The total strain energy function of the material is defined 
as: 

  21
(1 ) ( 3) ( ) 1

2 2
k

c e k k
k

K
I




              (11) 

  is a shear modulus defining a neo-Hookean hyperelastic potential for the matrix, k
 , k

K  and k
  are 

respectively the volume fraction, fibre stiffness and fibre orientation probability density function of each 
fibrous phase k (collagen: k = c and elastin: k = e). 
Collagen and elastin fibres are assumed to be linear elastic and unable to sustain compression along their 
axis: 

 
   
 

1 , 1

0, otherwise
k k

k

f K

f

  



  


  (12) 

In Lanir’s model, collagen fibres are assumed to be undulated and can only resist loads when fully 
straightened. The degree of crimp of collagen fibres oriented in the direction θ is not uniform and follows a 
Gaussian distribution ( )D x , where x is the stretch required to straighten an uncrimped fibre. The Cauchy 
stress in skin is given as: 

 * T

0

1
( ) ( )

k k k
k

f d p
J

 
  

     
  F F 1

E
σ     (13) 

*( )
k
f   is the force per unit undeformed cross sectional area of an individual fibre at stretch   and p is a 
hydrostatic pressure that represents the mechanical contribution of the isotropic matrix. For collagen fibres 

*( )
k
f   is expressed as follows: 

      * *

1k c c c
f f D x f dx

x

 
 

          (14) 

As elastin fibres are assumed to be undulation-free,    *
e e
f f  .  

Although Lanir [93] did not identify its model with experimental data, Meijer et al. [94] exploited it by 
characterising in-plane mechanical properties of human forearm skin using an hybrid numerical-experimental 
approach. Collagen fibre stiffness and mean undulation were estimated from the physical tests while the 
other constitutive parameters were extracted from the literature. Very low values of collagen fibre stiffness 
ranging from 51 to 86 MPa were determined from the identification procedure. As an explanation, the partial 
mechanical recruitment of fibres for the specific limited strain range applied during the physical test was 
invoked. Lanir’s model was used as a constitutive framework for an in vitro porcine skin model in a study 
by Jor et al. [95]. Constitutive parameters were determined through numerical optimisation, and, as it is 
often the case in identification procedures, multiple comparable solutions were obtained. The mean 
orientation of collagen fibres was determined to lay within the 2-13 degrees range which is consistent with 
observations. Young’s modulus ranges for the ground substance matrix and collagen fibres were respectively 
5-12 kPa and 48-366 MPa. Fixing structural parameters that can be experimentally measured (e.g. fibre 
splay distribution) is a way to accelerate numerical identification and eliminate feasible but unrealistic 
solutions, thus reducing the issue of non-unicity in parameter sets. 
 
Remark: fibre dispersion can be accounted for by means of two main modelling approaches [96]. The first 
one, termed the “angular integration approach” is due to Lanir [93] while the second approach, known as 
the “generalised structure tensor” approach is due to Gasser et al. [97]. For a more detailed discussion of 
these topics and a new approximation of the π-periodic von Mises distribution see section 1.2 of the 
Supplementary Material.  
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4.2.2 Models based on Bischoff-Arruda-Grosh’s formulation 
This class of models is based on the notion of entropic elasticity and the micromechanics of macromolecule 
mechanical networks [98]. These concepts are briefly reviewed in section 1.4 of the Supplementary Material. 
Bischoff et al. [99] extended the eight-chain model of Arruda and Boyce [98] developed for polymer elasticity 
to orthotropy by considering distinct values a  a , b  b and c  c  for the three characteristic 
dimensions of the original cuboid microscopic unit cell defined by Arruda and Boyce (see Figure 8 of the 
Supplementary Material). Earlier, Bischoff et al. [100] had demonstrated that, despite being mechanically 
isotropic, the Arruda-Boyce model could reproduce load-induced anisotropy. However, the model could not 
capture the mechanical response of rabbit skin under biaxial extension [54]. Bischoff-Arruda-Grosh (BAG)’s 
strain energy function per unit volume is decomposed into chain and bulk energies: 

 chain bulk      (15) 
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  a b c

K
  (16) 

where 0
  a reference energy of the chain in the reference configuration, calculated so that the reference state 

is stress free, n  is the volumetric chain density, /
ii

r r d  is the end-to-end length of deformed chain 
normalised by the chain link length d , N  is the length of each undeformed chain: 

  2 2 21

4
N a b c     (17) 

 i  are the stretches along the principal material axes (a, b, c) defined as: 

 : ( ), ( , or )   i C i i i a b c   (18) 

 1
i

ir

N
       

    (19) 

Finally, the bulk energy is defined as: 

  bulk 2
cosh ( 1) 1J


 


       (20) 

where   is the bulk modulus and  , a parameter that controls the shape of the pressure-J  curve. Bischoff 
et al. [99] calibrated their constitutive model using data from biaxial testing on rabbit skin [54] and obtained 
an excellent fit with only seven parameters. The parameters were 223.75.10n  [m-3,], 1.25N  , 

50[kPa]  , 1   and { , , } {1.37,1.015,1.447}a b c  . 
Flynn et al. developed a series of skin models based on BAG’s formulation to investigate the wrinkling 
behaviour of skin [101], scar tissue contraction [102] and wrinkling/ageing of the skin [103]. Kuhl et al. 
[104] particularised BAG’smodel to the case of transverse isotropy by setting two of the unit cell 
dimensions equal and fitted their model to the ubiquitous rabbit skin data from Lanir and Fung [54] 
but the fit was not as good as that provided by the original BAG’s model. 

4.2.3 Model based on Limbert-Middleton’s/ Itskov-Aksel’s formulation 
A polyconvex anisotropic strain energy function for soft tissues was developed by Limbert and Middleton 
[105] and independently formulated by Itskov et al. [106] shortly after. The constitutive framework was 
based on the generalised structural tensor invariant formulation proposed by Itskov and Aksel  [107]. 
Rabbit skin biaxial tensile test data from Lanir and Fung [54] were used by Limbert and Middleton to 
identify sets of constitutive parameters. It was shown that a 3-term series formulation was sufficient to 
obtain a very good fit between the experimental measurements and the predictions of the model. The 
starting point of the formulation which features novel invariants (compared to those described in section 
4.1.1) is the definition of a generalised structural tensor (indexed by k) as the weighted sum of three-
mutually orthogonal structural tensors [106]:  

  
3

1 1 2 2 3 3
0[ ] 0 0 0 0
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, 1,2,...,i i i
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where ( 1,2, 3; 1,2,..., )i
k

i k n    are non-negative scalars dependent on the principal directions. The 
generaliszed structural tensors must satisfy the normalisation condition so that: 

  
3

0[ ]
1

1 1i i
k k

i

trace if 


 B   (22) 

Itskov and Aksel [107] proposed the following two sets of invariants to describe the generalised 
orthotropic behaviour of hyperelastic materials: 
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The original strain energy function proposed by Itskov and Aksel [107] was designed to model the 
mechanics of transversely isotropic calendered rubber sheets at high strains which it did very well: 
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This function was subsequently modified by Limbert and Middleton [105] to capture the typical 
exponential behaviour of the toe region of the stress-strain curve of biological soft tissues: 
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For both strain energy functions  , the polyconvexity condition is fulfilled if the material coefficients 
, .

k k k
    and k

  satisfy the following inequalities: 

  1
0, 1, 1, 1,2,...,

2k k k k
k n         (27) 

Although the function developed by Limbert and Middleton was able to fit very well the data from 
Lanir and Fung [54] it featured twelve parameters with no direct physical interpretation which, 
depending on the intended application, might be a limiting factor. 

4.2.4 Models based on Gasser-Ogden-Holzapfel’s anisotropic hyperelastic formulation 
Gasser-Ogden-Holzapfel (GOH)’s constitutive formulation [97] was designed to capture the orthotropic 
hyperelastic behaviour of arterial tissues whilst accounting for fibre splay around two main directions 
corresponding to each collagen fibre families, characteristic of arterial microstructure. It is an extension 
of the original model developed by Gasser and his colleagues [108] and is based on the introduction of 
a new structural tensor i

H  accounting for fibre dispersion of fibre family i: 

 0 0 0
(1 3 ) (1 3 )i i i

i i i i i
         H 1 1n n B   (28) 

where i
  is a measure of fibre dispersion. The deceptively simple form for i

H  was derived by introducing 
a statistical distribution which was integrated analytically. One can observe that i

H  is a simple 
weighting of isotropy and transverse isotropy. When 0

i
  , i

H  collapses to the classical structure 
tensor 0

iB  that corresponds to perfect alignment of fibres without dispersion. If i
  reaches its maximum 

value 1 / 3
i

  , isotropic symmetry is recovered. The structural tensor is assumed to be only defined 
when fibres exhibit tension ( : 1 0

i
 H C ) The strain energy function of GOH’s model was defined as  
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               H C  (29) 

where 1 2
, ,

i ki
k k  are material parameters.   is a shear modulus defining a neo-Hookean hyperelastic 

potential whilst 1i
k  and 2ki

k  are respectively a stress-like and unitless scaling parameters. 
The GOH model was used in the context of skin mechanics by Ní Annaidh et al. [34] who conducted a series 
of physical uniaxial tensile tests to failure using digital image correlation (DIC) to measure stress-strain 
characteristics and mean collagen fibre distribution [41]. The physical characterisation was conducted on 
cadaveric human skin specimens at various body locations and along several orientations (defined with 
respect to Langer lines).  
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GOH’s model was fitted to the experimental tensile stress-strain curves and implemented into the finite 
element environment of Abaqus (Simulia, Dassault Systèmes, Providence, RI, USA). The physical 
experiments were replicated by means of finite element analysis and demonstrated very good performance of 
the numerical model. 
Combining 3D DIC and bulge tests, Tonge et al. [50] determined in-plane anisotropic mechanical 
properties of post-mortem human skin using cyclic full-field measurements. Two main directions of 
anisotropy were considered and a series of full skin samples (located on the back torso) obtained from 
six male and female donors (43, 44, 59, 61, 62 and 83 years-old) were used. The effect of preconditioning 
and humidity of the sample on the stress-strain response was investigated and was shown to be 
negligible. Age of the donors had a significant effect on the stiffness and directional properties of the 
skin. Specimens for older donors exhibited a stiffer and more isotropic response compared to those of 
younger donors. The authors also found that the bulge test method was limited by its inability to 
accurately determine stress and material parameters due to significant bending effects. In a companion 
paper, Tonge et al [109] analysed the results of their bulge tests [50] using an analytical method based 
on thin shell theory which considered the effects of bending stiffness of the skin. The method accounts 
for through-the-thickness linear strain gradients. These authors fitted the shell version of GOH’s model 
featuring a fully-integrated fibre distribution to their experimental data. Two cases were considered for 
the GOH model—2D and 3D fibre distributions—whilst the fully-integrated fibre model was restricted 
to 2D planar fibre orientation. It was found that both the 2D and 3D GOH model were unable to 
capture the anisotropic mechanics of skin from bulge tests unlike the 2D fully-integrated fibre model 
which was shown to capture it very well. Tonge et al. [109] attributed the differences between their 
results and those of Ní Annaidh et al. [34, 41] mainly to the younger age of their donors, lower strain 
level considered in their tests and their assumption about fibre orientation. Tonge et al. [109] considered 
only one fibre family aligned with the principal stretch direction while Ní Annaidh et al. [34, 41] assumed 
that skin was made of two fibre families symmetric about the loading axis. In the context of surgical 
simulation procedures, the GOH model was used by Buganza-Tepole et al. [63] to model the mechanics 
of skin. In that study, computed stress profiles in skin flap were used as a surrogate measure of likelihood 
of tissue necrosis, following reconstructive surgery. 

4.2.5 Models based on Flynn-Rubin-Nielsen’s formulation 
To address the issue of computationally expensive integration methods required for microstructural 
models of soft tissues featuring statistical distributions of material or structural characteristics (e.g. 
integration of fibre splay angular distribution over the unit sphere, distribution of engaged fibres) Flynn 
et al. [110] proposed a new model termed “discrete fibre icosahedral structural model”. The model relies 
on the use of a discrete rather than continuous fibre orientation distribution kernel which allows closed-
form solutions for strain energy and stress. Six discrete directions are considered: they are oriented 
parallel to the lines connecting opposing vertices of a regular icosahedron. Six unit vectors 

0
{ 1,..., 6}i i n  

corresponding to distinct fibre bundles are thus defined (see details in section 1.5 of the Supplementary 
Material). Flynn et al. [110] introduced a strain energy function per unit mass of the collection of six 
fibre bundles which features separate contributions for collagen and elastin fibres: 
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where i
w  are positive weights, associated with each of the six structural tensors, that balance the respective 

structural contributions of each fibre direction and 0
  is the mass density in the reference configuration. 

 are the Macaulay Brackets defined as follows:  1/ 2x x x  . Because collagen fibres are typically 
crimped in the macroscopic stress-free reference configuration [93, 110], it is sensible to introduce a so-called 
undulation parameter 1x   , which is the value of stretch at which a fibre starts to bear tension: 

  
1

D x dx


  (32) 
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This means that the fraction of fibres that are fully taut (i.e. straight) at a stretch   is given by the 
following integral, where D  is an undulation probability distribution: 

  
1

D x dx


   (33) 

The stiffness of any of the six collagen bundles is: 
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Assuming that all the collagen fibres are slack and are stress-free for stretch lower or equal to unity, and 
further assuming that deformations are isochoric: 
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Flynn et al. [110] considered two undulation probability distributions: step and triangle distributions. They 
offer the advantage of being simple enough so that a closed-form analytical expression can be obtained for 

c
 . The example of a using unit step distribution is provided in section 1.5 of the Supplementary Material. 
This strain energy function was used by Flynn et al. [110] to model the biaxial tensile response of rabbit skin 
[54] (8.7% error) and uniaxial response of porcine skin [111] (7.6% error). The constitutive model was later 
extended by Flynn and Rubin [112] to address shortcomings linked to the relation between fibre weight and 
anisotropic response, namely, the fact that for equal weights i

w  the mechanical response is not necessarily 
isotropic. These authors introduced a generalised strain invariant  : 
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where i
w  are positive weights, associated with each of the six structural tensors 0 0 0

i i i B n n , that 
balance the respective structural contributions of each fibre direction. 
Unlike for the earliest model of Flynn et al. [110], here, equal weights can only lead to isotropy of 
mechanical properties. Finally, Flynn and Rubin [112] proposed the following strain energy density: 
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where 0
  is the mass density in the reference configuration, 0

  is a stress-like material parameter, m
  

are dimensionless positive material parameters and M  is the order of the polynomial expansion. Using 
the same experimental data as in their 2011 paper [54, 111], Flynn and Rubin [112] identified constitutive 
parameters of their new strain energy function (equation (37)). The fit was not as good as in their 
previous study [110] as the fitting errors for rabbit and pig skin data were respectively 12 and 17%. 
However, in that case, the weights were a pure measure of anisotropy. 

4.2.6 Model based on Limbert’s formulation 
Most of the microstructurally-based constitutive models of soft tissues assume an additive decomposition 
of the strain energy function into decoupled matrix and fibre elastic potentials. This means that fibre-
fibre and matrix-fibre interactions are not explicitly captured in the constitutive formulation. The 
network models based on BAG’s formulation captures only implicitly and globally these interactions. To 
address this first shortcoming, Limbert [113] developed a novel invariant-based multi-scale constitutive 
framework to characterise the transversely isotropic and orthotropic elastic responses of biological soft 
tissues. The constitutive equations were particularised to model skin. The model was not only capable 
to accurately reproduce the experimental multi-axial behaviour of rabbit skin, as in [114] but could also 
a posteriori predict stiffness values of individual tropocollagen molecules in agreement with physical 
and molecular-dynamics-based computational experiments [113]. Another key motivational aspect of the 
formulation is that the constitutive parameters can be directly extracted from physical measurements 
by segregating the orthogonal deformation modes of its constituents. Another desirable feature of the 
constitutive equations is that the response is based on physical geometrical/structural parameters that 
can be measured experimentally or determined ab initio from molecular dynamic simulations. 
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Limbert’s formulation is based on the constitutive framework of Lu and Zhang [115] for transversely 
isotropic materials which make use of four invariants that characterise decoupled deformations modes 
solely related to purely volumetric ( )J  , deviatoric stretch in the fibre direction ( ) , cross-fibre shear 

1
( )i  and fibre-to-fibre/matrix-to-fibre shear 2

( )i  stress responses. Orthotropic symmetry is accounted 
for by introducing a second family of fibres. The index 1,2i   identifies each fibre family: 
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Limbert proposed the following strain energy function: 
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v , i
 , 

1ˆ
i

  and 
2
i

  are respectively the volumetric, deviatoric fibre, cross-fibre shear and fibre-to-
fibre/fibre-to-matrix shear energies. The functional forms of the energies and the constitutive parameters 
are detailed below. 
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A notable feature of this constitutive approach is that collagen fibres and matrix are allowed to interact 
via explicit decoupled shear interactions whilst collagen fibres behave like a worm-like chain model [104, 
116]. 
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The constitutive model resulted in a set of twenty three constitutive parameters 
1 2

1 2 1 20 ,
, , , , ,{ , , , , , , , }i i i c

i i
i

p i ii i i
L arL b       p p p K . Moreover, all the constitutive parameters of this 

multiscale formulation have a direct physical interpretation. Limbert [113] determined the parameter 
set 2p  using a numerical global optimisation algorithm while the parameter set 1p  was assumed a priori 
based on existing data [104] and data obtained via visual inspection of the biaxial stress-strain curves 
[114]. The physical meaning of these parameters is provided in Table 1 of section 1.6 of the Supplementary 
Material. Although the model slightly under-predicts the response of rabbit skin along the head-tail 
direction at low stretch (<1.35), an excellent fit was obtained (Figure 9). Limbert implemented the non-
linear constitutive model as tri-linear hexahedral finite element using an enhanced strain formulation 
[117] which has been proven to be superior to a standard displacement-based formulation, particularly 
for shear-dominated problems and nearly incompressible materials. Moreover, analytically-exact direct 
sensitivity analyses subroutines were also implemented to assess the sensitivity of the shear response of 
the model to its constitutive parameters during a simulated indentation test [113]. From the persistence 
lengths of tropocollagen molecules determined from the optimisation procedure (22 and 65 nm for fibre 
families 1 and 2) Limbert [113] calculated equivalent Young’s moduli of respectively 293 and 865 MPa. 
These values lie within one order of magnitude less of what has been determined experimentally and 
obtained through computational modeling studies (see for example Gautieri et al. [118]). However, using 
the same equation used by Limbert to calculate Young’s modulus, Sun et al. [119] estimated Young’s 
modulus of collagen molecules to range between 350 MPa and 12 GPa. 

4.2.7 Models based on Weiss’s transversely isotropic hyperelastic formulation 
Groves et al. [120] used Weiss’s model [121] to model the anisotropic mechanics of skin by identifying 
constitutive parameters from a series of uniaxial tensile tests. The original model proposed by Weiss et 
al. [121] was formulated to capture the transversely isotropic hyperelastic response of ligaments of the 
knee joint but without including fibre dispersion which is not significant in these soft tissues. 
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The strain energy function used by Groves et al. [120] was defined as the sum of a Veronda-Westmann 
(VW) potential VW  [56] and a piece-wise anisotropic fibre function 

fibre
i

  [121], to model the isotropic 
and anisotropic responses respectively: 
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where: 
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1
c  is a shear-like modulus while 2

c  is a dimensionless parameter that scales the response connected to the 
second invariant. 
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4
i iI   represents the stretch at which the (collagen) fibres are assumed to be fully taut. 3

c  is an 
elastic modulus-like parameter scaling the exponential response, 4

c  controls the rate of un-crimping of 
the fibres, 5

c  is the elastic modulus of the taut fibre while 6
c  is a correcting factor to ensure continuity 

of the stiffness response at i i  . 
In their experimental procedure, Groves et al. [120] used eight human discoid skin samples from two 
female donors (aged 56 and 68) following mastectomy and fourteen post-mortem murine skin samples 
obtained from eight mice (aged 18-24 months). For each sample, tensile tests were simultaneously 
conducted along three axis (0, 45 and 90 degrees). Using an inverse analysis based on finite element 
simulations of the testing procedures constitutive parameters were determined. For each sample, three 
sets of four parameters ( 3 4 4

, , ic c I  and an additional parameter characterising the deviation from the 
assumed fibre orientation) for each fibre energy function were obtained in addition to the two parameters 
of the VW function. Although Groves et al. [120] demonstrated a good fit between their three-fibre 
family model and their experimental data, they also acknowledged the limitations of using a Simplex 
optimization algorithm for their inverse analysis which could only capture local minima of their cost 
function. 

4.3 Nonlinear viscoelastic models of the skin 
The skin exhibits a wide range of viscoelastic effects including stress relaxation, creep, rate-dependency 
of stress and hysteresis [8]. A large number of researchers have characterised the viscoelastic properties 
of skin under various testing conditions [55, 122-129]. Observed macroscopic viscoelastic effects can be 
attributed to two main mechanisms that operate in concert. Viscoelasticity of the skin can originate 
from the intrinsic viscoelastic characteristics of its nano- and microstructural constitutents (e.g. 
proteoglycans, elastic fibres) and also from the time-dependent rearrangement of its microstructure 
under macroscopic loads which takes a finite amount of time to occur (flow of interstitial fluid across 
the porous structures, progressive sliding of collagen fibrils past each other). Proteoglycan 
macromolecules such as decorin bound on the collagen fibrils and play an important role in these 
interactions which are mediated by the side chains of glycosaminoglycans. Because the forces acting 
between fibrils are of a non-covalent nature, these links can break and reconnect [55, 130, 131]. One 
should also note that there are other complex physics phenomena at play. For example, the thermal 
motion of ions, including Na+ and K+, displacing toward the negatively charged ends of 
glycosaminoglycans of fibril-associated proteoglycans, induce an attractive force between two collagen 
fibrils. 
To date, there are only very few nonlinear viscoelastic anisotropic constitutive models of skin, see [55, 
132-135] and references therein. This is partly due to the considerable challenges of experimentally 
characterising the behavior of skin, particularly in vivo, and the success of simpler theories such as 
quasi-linear viscoelasticity (QLV) [8, 136]. 



20 
 

The literature on general viscoelastic constitutive models is rich and, here, only a brief account of the 
most common approaches to model biological soft tissues (following the classification of Ehret [137]) is 
reported. More recent and state-of-the-art nonlinear viscoelastic models of skin are presented. 

4.3.1 Quasi-linear viscoelasticity and its derivatives 
The application of QLV theory to soft tissue mechanics has been particularly popularised by the work 
of Fung and co-workers [8, 136]. The idea behind QLV is to assume that the time-dependent stress 
response ( )t  following uniaxial loading can be expressed as a convolution integral of the form: 
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where e
  is the instantaneous elastic stress and G  the reduced relaxation function. This function 

controls how the current stress response is modulated by past loading history. 
The notion of quasi-linearity stems from the linear relation of the integrand terms and the analogy with 
rate equations of linear viscoelasticity. The uniaxial relationship can be extended to a full 3D 
representation by introducing second-order and fourth order tensors describing respectively the stress 
and reduced relaxation function [8]. This represents a flexible framework where anisotropic properties, 
and decoupling between deviatoric and volumetric responses can be captured by appropriate constitutive 
equations. 
Bischoff [138] applied QLV at the collagen fibre level to model porcine skin by developing an anisotropic 
microstructurally-motivated constitutive model which also includes fibre dispersion. A notable feature 
of the model is the ability to capture a fibre-level viscoelastic orthotropic response with only seven 
parameters. However, the authors recognised the need for additional experiments to fully characterise 
the mechanical response as numerical identification procedures are plagued by non-unicity of 
constitutive parameters. Additional characterisation tests would likely lead to convergence toward a 
single set of optimal parameters. 

4.3.2 Explicitly rate-dependent models 
By design, these types of model—also called viscoelastic models of the differential type—capture strain-
rate sensitivity and short-term viscous effects following application of load [139]. They are based on 
differential rather than integral equations like for QLV, and are therefore inappropriate to capture long-
term memory viscoelastic effects such as relaxation. Long-term memory effects encompass the whole 
deformation history of the material. The so-called principle of fading memory [140] states that 
deformations that occurred in the recent time history have greater influence on the actual stresses than 
those which occurred in a more distant past history. 
Explicitly rate-dependent models of soft tissues are particularly well suited to high strain rate situations 
such as those occurring during vehicle accidents, sport activities, impact and blast [139, 141-144]. These 
models generally postulate the existence of a viscous potential v  from which the viscous dissipative 
effects (denoted by scalar  ) arise by differentiation with respect to the rate of the Cauchy-Green 
deformation tensor / t  C C : 
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v
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The total second Piola-Kirchhoff stress tensor which include purely elastic effects through a potential 
e , and purely viscous effects through v , is obtained by differentiation of the total potential   

assuming that C  is a parameter or internal variable: 

 2
e v           

S
C C

  (47) 

The framework proposed by Pioletti et al. [139] for modelling the rate-dependent isotropic 
viscohyperelastic behavior of ligaments and tendons was later extended by Limbert and Middleton [142] 
to transverse isotropy using tensor formalism. This model was subsequently combined with damage 
equations to model the failure of human skin in response to puncturing biting loads [141]. 
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4.3.3 Internal variables based on deformation/strain decomposition 
Unidimensional (small-strain) rheological models based on combinations of spring and dashpot elements 
are efficient means to conceptualise particular viscoelastic behaviours [87]. The arrangement of a dashpot 
and a spring in series constitutes a Maxwell element with elastic modulus E and viscosity   and The 
total strain   in the element can be decomposed into elastic and inelastic strains as e i

     and the 
total strain rate is: 
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A very simple approach to account for the viscoelastic properties of skin would be to assume that it is 
a generalised standard viscoelastic solid made of n  Maxwell elements so that it can be described by a 
strain energy function of the form ( )t    where   is the time-independent or instantaneous 
strain energy which is convolved with a time-dependent kernel represented by a n-terms Prony series 
  defined through characteristic times and moduli. i

  and i
c  as:  
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Borrowing the concept of linear strain decomposition and applying it to the 3D finite strain regime, it 
is possible to establish a multiplicative decomposition of the deformation gradient into an elastic and 
inelastic parts as .e iF F F  [145, 146]. From this definition one can define the fictitious elastic and 
inelastic right Cauchy-Green deformation tensors as: 
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One can then postulate the existence of a free energy ( , )e i C C  decomposed into equilibrium and non-
equilibrium terms where iC   is treated as an internal variable [145]: 

 .( ) ( , ) ( ) ( )e i equilibrium e n equilibrium i     C C C C C   (51) 

Naturally, one can generalise this concept to n  Maxwell elements so that one introduces n  internal 
(tensor) variables 
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The second Piola-Kirchhoff stress is then obtained as the sum of equilibrium and non-equilibrium terms 
as: 
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A notable feature of the present formulation is that non-equilibrium or viscous deformations are not restricted 
to the small strain regime unlike the vast majority of viscoelastic models of biological soft tissues found in 
the literature. 
Bischoff et al. [132] combined this type of formulation with their previous orthotropic eight-chain model [99] 
to model the viscoelastic behavior of soft tissues. The model was fitted to the experimental data on rabbit 
skin [54]. Vassoler et al. [147] recently proposed a variational framework making use of the multiplicative 
decomposition of the deformation gradient into elastic and inelastic parts to represent the mechanics of fibre-
reinforced biological composites and this would be appropriate for skin. 
Limbert (private communication) extended his decoupled invariant orthotropic hyperelastic model to finite 
strain viscoelasticity following a similar approach to that described in this section. The particular approach 
for anisotropic viscoelastic effects follows the tensor formalism of Nguyen et al. [148] and Nedjar [149] who 
introduced viscosity tensors. An essential feature of the model is that the matrix and the fibre phase are 
treated separately, each featuring their own deformation gradient. The non-linear creep and/or relaxation 
response is based on the multiplicative viscoelastic split of the deformation gradient combined with the 
assumption of the existence of viscoelastic potentials for each phase. The deformation gradient and its 
multiplicative decomposition apply to all the continua (matrix and fibre phase) linking them implicitly. 
Separate flow rules are specified for the matrix and fibre families. 
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The flow rules of the fibre families are combined to provide an anisotropic flow rule of the fibre phase. Details 
of the constitutive formulation and finite element implementation of the present constitutive model for the 
dermis can be found in Nguyen et al.’s paper [148]. One should point out that, besides the matrix phase, the 
multiplicative decomposition of the deformation gradient applies to the fibre phase, not to the individual 
families of fibres (two, in our case). 

 ( ) ( ) ( ) ( )
e v e v
matrix k matrix k fibre p fibre p

 F F F F F  (54) 

The elastic right Cauchy-Green deformation tensors associated with the matrix and fibre phases are defined 
as: 

 T 1( ) ( )( )e v T v
matrix matrix matrix

 C F F F F  (55) 

and T 1( ) ( )( )e v T v
fibre fibre fibre

 C F F F F  (56) 

The general formulation of the free energy density can be expressed as the sum of equilibrium and non-
equilibrium energies depending on the total and viscous deformation tensors and the fibre orientation vectors 
(defined by 0

n  and 0
m  If one considers two family of collagen fibres): 
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where  ork matrix fibre   (63) 

Finally, the specific form of the free energy using the decoupled invariants introduced in section 4.2.6 is 
defined as follows: 
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where invariants with superscript/subscript “e” refer to those associated with the elastic right Cauchy-Green 
deformation tensor eC . The equilibrium part of the free energy is identical to the total elastic energy defined 
in equation (39) . The reduced dissipation inequality is: 
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where 
v
M

S  and 
v
F

S  are the stresses driving the viscous relaxation of the matrix and fibre phases. To satisfy 
the positive dissipation criterion for the matrix/fibre phase, the following evolution equations are proposed 
[145, 148]: 

 1 11 1
: and :

2 2
v v v v
matrix M M matrix M M

  C S C S    (66) 

where 1
M
  and 1

F
  are the inverse of positive definite fourth-order isotropic/anisotropic viscosity tensors. 

These are defined in section 1.7 of the Supplementary Material, together with particular non-equilibrium 
potentials for anisotropic viscoelasticity. 
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Flynn and Rubin [150] extended the original Flynn-Rubin’s [112] and Flynn-Rubin-Nielsen’s [110] 
formulations to phenomenologically model dissipative effects in soft tissues. They followed the theoretical 
and numerical approach of Hollenstein et al. [151] which can capture both rate-independent and rate-
dependent anelastic response including stress relaxation effects. The model was applied to stress relaxation 
data of rabbit skin [54] with various degrees of success depending on the magnitude of stretch [150]. 

4.3.4 Internal variables based on stress decomposition 
Another popular approach for describing the viscous non-linear elasticity of biological soft tissues is to 
considers a set of non-measurable (i.e. internal variable) strain-like internal variables k

E  in the reference 
configuration, the free energy of a viscoelastic material can be defined as follows [87]: 
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where, in analogy with equation (52), the free energy (and stress) can be split into equilibrium and non-
equilibrium contributions associated respectively with elastic and viscous deformation mechanisms: 
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The over-stress .n equilibrium
k

Q  are work-conjugate to k
E . Drawing a parallel with rheological elements of 

linear viscoelasticity, and instead of formulating evolution equations for the strain-like variables k
E , 

one can formulate rate equations in terms of the stress-like internal variables .n equilibrium
k

Q . These equations 
can be solved by means of convolution integrals [145, 152]. Using a multi-modal Maxwell element 
rheological analogy, this type of formulation was applied by Holzapfel and Gasser [152] to model the 
viscoelastic orthotropic behavior of arteries. Peña et al. [153, 154] developed a similar approach to model 
the ligaments of the knee but conceptually used a combination of Kelvin-Voigt elements. Ehret et al. 
[155] proposed a microstructurally-motivated finite strain viscoelastic model for soft tissues which is 
very relevant for skin mechanics. Gasser and Forsell [156] developed a finite strain viscoelastic 
framework using an elastic and Maxwell body configurations which respectively correspond to an elastic 
and viscous phase. The model was motivated by the desire to gain an insight into the passive mechanics 
of the myocardium tissue during pacing lead perforation. The non-equilibrium energy in equation (67) 
could have been equivalently defined in terms of internal stress-like variables .n equilibrium

k
Q  as proposed by 

Simo [157]. Only in special cases, the approach based on the multiplicative decomposition of the 
deformation gradient is consistent with the one based on convolution integrals [157]. 
 

5.  Application – Skin wrinkles 

Over the course of a life time, human skin undergoes a series of chemo-mechano-biological alterations 
(i.e. intrinsic ageing) which occur in combination with the effects of external environmental factors such 
as solar radiations or chemical pollution (i.e. extrinsic ageing). These microstructural and material 
biophysical changes typically translate into the formation of wrinkles which become more pronounced 
as intrinsic and extrinsic ageing progress [158]. Skin wrinkles have been the subject of much attention 
because of their societal importance in relation to age and beauty but also, in the case of expression 
wrinkles, because of their role in conveying emotions, and thus, as a vehicle for communication. Besides 
these important aspects of human life, unveiling the underlying mechanical principles that condition the 
morphologies and patterns of wrinkles are essential in evaluating, and ultimately, predicting, how an 
aged skin interacts with its environment. Many products that interact with, support or protect human 
skin actually cause discomfort for the user and even irritation or damage to the skin. Examples include 
incontinence products, medical device and sport equipment. Through adhesive and deformation-induced 
friction, skin wrinkles play a central role in these contact interactions, [21, 68, 159] and any alteration 
of the skin surface (e.g. wrinkles) is likely to modulate these effects. Moreover, the growing market of 
stretchable and wearable epidermal electronics [160] put wrinkles in the spotlight as these systems, do 
not only interact with the skin and its wrinkles, but are also often multi-layer systems themselves which 
are prone to wrinkling behaviour [161].  
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5.1 Basic classification of skin wrinkles 
Here, one should provide a slightly more nuanced definition of skin wrinkles. Skin wrinkles (or skin 
folds) [162] are generally associated with ageing and manifest as amplification of the natural skin 
microrelief (see section 1.7 and Figure 10 in the Supplementary Material section) which is believed to be 
the results of material and structural alterations of the skin internal structure [158]  in combination 
with changes in the mechanical environment of the body (e.g. relaxation of tension lines and resorption 
of hypodermal tissue). 
Expression (or temporary) wrinkles (also called expression lines) are associated with skin and facial 
movement. They can originate from facial muscular activation (i.e. smiling) or by simple mechanical 
actions on the skin surface such as twisting, shear or compression. Gravitational folds on the face arise 
from the combined effect of constant gravitational loads applied to a microstructurally ageing-altered 
epidermis, dermis and hypodermis. 

5.2 A brief summary of the physics of wrinkles 
Wrinkling, ubiquitous in Nature, is a multiscale spatial phenomenon which can span over eight orders 
of magnitude [163]. From a physical point of view, wrinkles are the result of a complex interplay between 
material and structural properties, boundary and loading conditions, the exact nature of which remains 
to be elucidated [164], particularly for non-linear materials assembled into geometrically-complex 
structures such as the skin. Although the study of surface instabilities dates back to the seminal work 
of Biot [165, 166], Cerda and Mahadevan revisited the Föppl–von Kármán equations for thin elastic 
plates using asymptotic and scaling arguments and established a simple theory of wrinkling, valid far 
from the onset of surface instability. They showed that the wavelength of wrinkles   is proportional to 

0.25K  and A  where K  is an equivalent stiffness arising from an “elastic substrate” effect and A  is the 
amplitude of wrinkles. Wrinkles can be induced by a variety of ways including residual strains in bi-
layer structures [167], differential growth in multi-layer biological structures [168] (see Figure 1, the 
convoluted geometry of the basement membrane separating the viable epidermis from the papillary 
dermis can be explained by differential growth), compressive and tensile [169] loads combined with 
geometric constraints (i.e. inextensibility, geometrical coupling with a thicker foundation) in very thin 
structures (i.e. membranes and shells) or any rebalancing of material and structural properties in these 
single or multi-layer systems. A simple conceptual model to explain the formation of wrinkles consists 
of a bi-layer plate structure featuring a thin and stiff layer laying on a much thicker and softer 
foundation [164]. Upon in-plane compression of both layers, due to its higher bending stiffness, the top 
(thin) layer will favour large wavelength bending deformations while the bottom (soft) layer will penalise 
these wavelengths and rather promote smaller wavelengths. As a result of this energy-minimising 
structural response to competition between bending energies of the top and bottom layers, intermediate 
wavelengths, and so, length scales, will emerge under the form of wrinkles. If compression continues 
after the formation of wrinkles, the latter will evolve into folds and, finally, creases when self-contact of 
the surface occurs. Since the paper of Cerda and Mahadevan [164] a large body of work on surface 
instabilities has been being produced, particularly in the physics community, as understanding and 
harnessing surface instabilities opens up a broad range of industrial applications from nano-metrology 
to programmable surfaces, whereby generation of self-organised wrinkling patterns can be controlled by 
judicious structural/material arrangements and tuned localised loading conditions [163, 170]. Holland 
et al. [171] recently provided an in-depth analysis of instabilities of soft films on compliant substrates 
and showed the high sensitivity of these soft bi-layer systems to stiffness ratio, boundary conditions and 
modes of compression. They also introduced novel metrics, the effective strain, effective stiffness and 
effective wavelength and recommend their standardised use in the analysis of instabilities. 
In the last decade, there has also been a growing interest in studying surface instabilities (e.g. wrinkles, 
folds and creases) in biological systems as they play a central role in many physiological functions and 
processes including morphogenesis/growth of normal and cancerous tissues as well as ageing [26, 168, 
172-177]. Of particular relevance to skin and ageing, skin wrinkles constitute a rich test-bed for many 
theories of surface instability phenomena. However, the majority of resulting mathematical models are 
often restricted to idealised geometries (e.g. perfectly flat structures, i.e. plates), simplified boundary 
and loading conditions or simplistic constitutive models. 
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5.3 Analytical models of skin wrinkles 
Because the skin can sustain finite deformations and strains in vivo, it is sensible to model it using appropriate 
corresponding theories. Although precluding material anisotropic effects, a neo-Hookean constitutive 
formulation is probably the simplest form of materially-stable hyperelasticity valid for finite kinematics. In 
the physics of wrinkling, the ratio of stiffness and that of thickness between the different layers making up a 
structure are central in conditioning the onset of wrinkle formation as well as wrinkle characteristics [164, 
167].  
The stratum corneum is the skin layer most sensitive to external environmental conditions (see sections 2.1 
and 2.2) and its Young’s modulus can span several orders of magnitude as a result of alterations in relative 
humidity [25]. Considering the skin as an assembly of a thin layer of thickness h  (i.e. the stratum corneum) 
bonded to an underlying infinitely deep half-space, both made of a neo-Hookean material with distinct 
mechanical properties (shear moduli f

  and s
  for, respectively the thin film and thick substrate) is a 

reasonable assumption to study the characteristics of wrinkles as a function of layer stiffness ratio. Cao and 
Hutchinson [167] proposed such a model which was based on an extension of Biot’s exact finite strain 
bifurcation analysis to bi-layer systems. Assuming isochoric behaviour and application of plane strain 
compression to both layers, the compression bifurcation strain is: 
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They showed that, for both layers in a stress-free reference state, the compressive bifurcation strain at the 
onset of wrinkling matches very well that determined by Allen [178] who considered the film to be linear 
elastic provided the modulus ratio /

f s
   is large enough (>10). The critical wave number is then 

determined as: 
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leading to a wrinkle wave length 0
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When the material properties of both layers are identical ( / 1)
f s

   , 0
0.456   which is the solution 

established by Biot [165] for a homogeneous neo-Hookean half-space. However, based on another study [179], 
Cao and Hutchinson recognise that, given the high sensitivity of wrinkling to imperfections, the likelihood of 
the film reaching a strain value 0

0.456   before onset of wrinkling is very low. 
Lejeune et al. [180] recently developed a comprehensive quad-layer model to shed light on observed geometric 
instabilities in thin film-substrate systems, thereby accounting for interfacial layers absent from theoretical 
bi-layer models which do not account from material or structural imperfections from manufacturing 
processes. Their modelling framework would be applicable to skin provided strains are small and materials 
could be considered as isotropic linear elastic. Motivated by epidermal electronics applications, Lejeune et al. 
[161] later generalised their previous approach by extending it with an arbitrary number of layers featuring 
arbitrary thicknesses and by using an algorithmic approach which was validated by testing it against finite 
element computations. Through analytical and numerical calculations, Goriely et al. [177] studied the role of 
structural (e.g. thin or thick shell assumption) and constitutive parameters (e.g. type of hyperelastic 
constitutive formulation) on compression- and extension-induced structural instabilities in elastomers and in 
biological soft tissues. For certain cases, the typical strain-hardening behaviour of soft tissues was found not 
to be a stabilising factor delaying the onset of instabilities. Besides, for a compressed half-space, a soft tissue 
material is more stable than an elastomeric material while an opposite behaviour is observed when considering 
a compressed spherical thick shell. Dervaux and Ben Amar [168] proposed a mechanobiological model of 
constrained growth in bi-layered structures that could explain the wrinkled nature of the basement membrane 
separating the viable epidermis from the papillary dermis. However, they recognised that the Föppl–von 
Kármán approximation for the thin top layer is violated when the stiffness of the two layers are of the same 
order of magnitude. 
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Ciarletta et al. [181] developed an analytical model of shear-induced wrinkling instabilities in skin by 
assuming the skin to be a mono-layer neo-Hookean solid endowed with a surface energy and subjected to a 
residual stretch corresponding to a cleavage line (i.e. Langer line). By conducting a perturbation analysis 
these authors corroborated experimental observations showing that shearing the skin surface along cleavage 
lines requires a greater magnitude of shear than shearing along the direction of compression. It was also 
demonstrated that surface energy delays the onset of instability. The model was then extended to transverse 
isotropy by introducing a single family of fibres (i.e. collagen and elastin) and studied using a Stroh formalism. 
The mathematical analysis showed that the shear threshold at which surface instabilities occur is lower in 
the presence of fibres, and further decreases as the apparent stiffness of fibres increase (like what is often 
reported in the context of ageing). Motivated by metrology applications, Gower [182] later devised an 
analytical framework to study wrinkles in soft fibre-reinforced solids in order to establish a link between 
wrinkle characteristics and material constitutive parameters. He considered a transversely isotropic 
hyperelastic formulation featuring two distinct invariants, one for representing fibre extension and the other 
to represent fibre compression. The model showed how the angle between the fibres and the surface wrinkle 
orientation indicates the mechanical status of fibres: fibres resisting only extension, only compression, or a 
combination of both. Moreover, at the onset of surface wrinkling, and for the constitutive parameters 
considered, this angle was shown to be discrete by taking only 3 or 4 possible values. Against experimental 
evidence and physical intuition, Carfagna et al. [183] demonstrated that oblique wrinkles (i.e. not aligned 
with a principal direction of deformation) can arise in soft isotropic solids. Understanding the mechanics of 
wrinkle formation is an essential step toward the development of applications aiming at reducing or removing 
wrinkles [184] by straightening of wrinkles [185]. For example, Yu et al. [184] recently developed a wearable 
and physico-chemically tuneable polysiloxane-based material that can be topically applied to the skin surface. 
After curing, the cross-linked polymer layer bonded to the skin effectively straightens wrinkles. Beyond 
cosmetics, applications of this technology extend to restoration of the skin barrier function, pharmaceutical 
delivery and wound dressings. 

5.4 Computational models of skin wrinkles 
Although analytical models of skin wrinkles can be extremely insightful in unravelling physical 
mechanisms that explain experimental observations, they quickly become too restrictive if research 
objectives are to investigate naturally complex biological structures, non-uniform loading conditions or 
to account for more sophisticated non-linear materials. In these cases, numerical techniques such as the 
ubiquitous finite element method are the only way forward. 
Flynn and McCormack [101] developed an experimentally-based computational model of compression-
induced macroscopic skin wrinkles. The model provided a valuable insight into the influence of the number 
of layers and pre-stress on wrinkle formation. In the in vitro and in silico experiments it was observed that 
the depth of wrinkles significantly increases under 20-30% strain. This model was subsequently used to 
simulate ageing effects on compressive wrinkle formation but still did not take into account real skin 
microrelief [103]. Based on the modelling framework of their multi-stage buckling theory which suggested 
that wrinkle morphology suddenly changes from stratum corneum wrinkling to epidermis wrinkling leading 
respectively to shallow fine furrows and deep coarse wrinkles, Kuwazuru et al. [186] devised an experimental 
apparatus to address this question. It was demonstrated that the skin wrinkling rate experiences a step 
increase at the age of 33 translating into a sudden change in the morphology of skin wrinkles. What these 
authors called “buckling mode switch” is the result of what had already been explained by Cerda and 
Mahadevan [164], namely the competition between bending energies of individual layers which favour 
particular wave lengths during wrinkle formation. Any change in the ratio of bending energies (through 
changes in layer thickness and/or material properties) affect the morphology of wrinkles. Recently, Shiihara 
et al. [187] conducted a series of finite element analyses to study the effect of skin microrelief on large wrinkles. 
Their simplified two-dimensional (2D) analyses were based on non-anatomical skin microrelief and dynamic 
implicit-based buckling-post-buckling procedures [188]. Shiihara et al. [187] suggested that fine microrelief at 
the surface inhibit large wrinkles (i.e. deeper than 0.35 mm). Until the recent work of Limbert and Kuhl 
[189], no physics-based study had examined the role of (anatomically-realistic) skin microrelief on the 
characteristics of surface micro-wrinkles. 
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Using an anatomically-based bi-layer finite element model featuring neo-Hookean materials, these authors 
highlighted the critical role of layer stiffness ratio on wrinkle characteristics and surface strains in simulated 
in-plane compression (Figure 4, see also section 1.13 of the Supplementary Material). As predicted by 
theoretical and computational models of growth-induced surface instabilities of flat bi-layer systems [190], 
period-doubling effects were also observed in the finite element analyses. The highly non-linear nature of 
surface instabilities make their numerical realisation very challenging, and standard Newton-Raphson 
incremental solving procedures might be insufficient [188], thus requiring better path-following procedures 
such as arc-length methods [189, 191] and/or dynamic regularisation techniques [189]. Cubic finite element 
shape functions continuous across element boundaries are desirable to capture steep curvature gradients such 
as those occurring in surface instabilities. Isogeometric finite element formulations [192-194] are therefore 
superior to those based on Lagrange polynomial interpolation. Identifying critical conditions that trigger 
surface instabilities is also a challenging endeavour but progress in this area is steadily moving forward [195]. 

 

Figure 4. Colour plots of minimum principal strains after 25% uniform in-plane compression as a function of the stiffness 
ratio /

stratumcorneum substrate
E E  . The undeformed skin geometry is plotted in white to highlight the significant surface 

topography alterations arising from wrinkling instabilities which strongly depend on  . Adapted from Limbert and Kuhl 
[189]. 

6. Perspective and conclusion 

From this review which offered a relatively large and eclectic selection of constitutive models of the 
skin, it is clear that these models have now reached a high level of sophistication, and can capture a 
wide range of relevant biophysical features. Nevertheless, as pointed out by Jor et al. [6] in their review 
paper on the computational and experimental characterisation of skin, a significant limiting factor in 
the development and adoption of advanced constitutive theories is the scarcity and relevance of captured 
experimental data. There are several fundamental aspects, or more precisely, reasons, and questions 
associated with this observation: 

1. Large intra- and inter-individual variability of biophysical properties; 
2. The in vivo and ex vivo biophysical environments of the skin are fundamentally different; 
3. Extreme sensitivity of the skin to environmental conditions; 
4. How to best integrate multi-modality and multiscale imaging, characterisation and modelling 

techniques? 
Intra-individually, the skin is a complex heterogeneous adaptive structure which varies according to 
body location, health status and history, diet, age, lifestyle, external environmental conditions (e.g. 
temperature, humidity, pollution level, water quality, sun exposure, contact with external surfaces) and 
internal environmental conditions (e.g. hormones, pregnancy, water and glucose levels, tension lines). 
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Besides intra-individual variability, there is a strong biophysical variability, particularly that associated 
with sex and ethnicity. There are therefore formidable challenges in representatively characterising the 
skin ultrastructure as well as its biophysical properties. Should we describe the skin as an individual-
specific system, or rather, as a statistical system describing particular populations? Or, even more 
daringly, as a combination of both? This issue is, of course, not unique to the skin, but pervasive 
throughout many complex biological systems. Data mining and machine learning techniques [196] are 
likely to play an increasing role in the future to make sense of large and complex heterogeneous data 
sets, whether they originate from physical or computer experiments, expert knowledge (e.g. anatomists, 
clinicians, nurses, vets) or from any other means (e.g. patient’s observations, shamanic knowledge). 
Perhaps, another related buzz word of modern times to throw in here, is artificial intelligence (AI)! AI 
is simply the processing ability of a (non-human) computer to solve problems without having been 
taught how. Only when the techniques discussed above will have assisted us in establishing a more 
fundamental and mechanistic understanding of the multi-factorial nature of skin biophysics, will we be 
able to seamlessly integrate these huge data sets into, first, descriptive, and then, predictive, 
mathematical and computational models. Multi-variate and multiscale data-based and/or physics-based 
statistical models of the skin built from the results of machine learning (i.e. meta-models) could then 
replace computationally expensive physics-based finite element models, and be used to predict a variety 
of scenarios and outcomes. For example, one could ask: What should be the optimum stiffness/thickness 
of a silicon layer on a seating surface so that pressure on the skin does not reach a critically-damaging 
threshold? How would this change if relative humidity increases by 30%? And if the patient is between 
50 and 65 years of age instead of 25? Of course, it depends! And it depends on a lot of factors. The 
answers to these questions are likely to be statistical distributions rather than single deterministic values. 
Perhaps, in the same way that statistical information is currently being integrated into constitutive 
models (e.g. fibre dispersion, degree of crimping of collagen fibres), additional stochastic elements could 
be added into constitutive equations effectively developing what could be termed stochastic partial 
differential equations [197]. This would be another approach to encompass variability, directly into the 
constitutive equations, rather than at the input data level when conducting probabilistic simulations. 
The reliance of structural and structurally-based phenomenological models on accurate descriptions of 
the skin ultrastructure and the associated mechanical properties of its sub-components, means that 
imaging and characterisation techniques needs to span multiple spatial and temporal scales if one wants 
to capture more reliably the complex biophysics of the skin. Additionally, and as a corollary to that, 
multiscale modelling techniques needs to be developed in concert with these physical experimental 
protocols. Computational multiscale methods combining atomistic, molecular and continuum techniques 
are likely to play an increasingly important role in the modeling of skin biophysics in the forthcoming 
decades [57, 198, 199]. Moreover, integration of imaging and physical testing (i.e. in situ imaging) [200] 
is a very promising approach that should be followed, as much can be learnt about microstructural 
mechanisms under real loading conditions. For a detailed discussion of challenges/opportunities of tissue 
structure imaging and mechanical characterisation, see the review by Jor et al. [6]. These authors also 
discuss the critically important point concerning the differences between in vivo and ex vivo testing of 
skin. They rightly point out that, to better translate research into the clinical setting, major attention 
should be directed toward the development of in vivo quantitative characterisation techniques. The 
advent of cheap, powerful personal and cloud computing is rapidly transforming the face of research in 
the life sciences. In the very near future, on-demand physics-based computing accessible from any 
personal electronic device such as tablets and smart phones, and from any location on the planet, is 
likely to become an everyday commodity, like electricity. It is anticipated that patients will be able to 
collect in vivo data, process and transmit it so that health practitioners will be able to use these tools, 
remotely, or in clinics, to assist their decision process while engineers and scientists will continue to 
embrace, develop and push forward this trend. In the meantime, biophysical modellers are likely to keep 
busy! 
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1. SUPPLEMENTARY MATERIAL  

1.1 Remark about elasticity tensors in the context of finite element numerical procedures 
Elasticity tensors that characterise the stiffness of a hyperelastic material can be defined in the 
Lagrangian and Eulerian configurations, respectively as: 
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The material, so, objective, rate of the second Piola-Kirchhoff stress tensor is expressed as: 

 
1

: :
2

 E ES C E  

   (3) 

These elasticity tensors are generally not constant and depend on deformation [1]. They are essential in 
the implementation of constitutive models into non-linear implicit-based finite element codes as they 
are used to calculate the numerical tangent stiffness, and therefore, condition the rate of convergence of 
the system of non-linear algebraic equations [2]. However, an aspect which is often overlooked and/or 
misunderstood, is that to benefit from the theoretical quadratic rate of convergence of non-linear finite 
element solvers of the Newton-Raphson type, it is essential to calculate the consistently linearised 
tangent modulus, consistent with the work-conjugate strain rate-stress pair, chosen in combination with 
the appropriate objective stress rate. In the finite element software package Abaqus/Implicit (Simulia, 
Dassault Systèmes, Providence, RI, USA), widely used in research and development across academia, 
government and industry, the use of the UMAT subroutine allows the user to code displacement-based 
constitutive models of arbitrary complexity. In that case, explicit expression of the components of the 
true stress (i.e. Cauchy stress) and consistent elasticity tensors corresponding to the incremental solving 
procedure must be provided. As an Eulerian code, and for continuum elements, Abaqus/Implicit requires 
the explicit definition of the tangent tensor, ABAQUS , consistent with a Zaremba-Jaumann objective rate 
of Kirchhoff stress and spatial strain rate so that: 
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The spatial strain rate d is defined as: 
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where l  is the spatial velocity gradient while the objective Zaremba-Jaumann rate of Kirchhoff stress 
is defined as [1]: 
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The rate of spin w is introduced as: 
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In order to derive ABAQUS , one needs to derive the tangent tensor consistent with the Lie derivative of the 
Kirchhoff stress tensor which is also known as the Oldroyd objective rate of this tensor. It is obtained by 
pulling back the spatial strain rate to the material configuration so that the resulting stress rate is calculated 
in that configuration, and then pushed back to the spatial configuration: 
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Although the final explicit form of ABAQUS  has been previously reported in the literature [3], the detailed 
intermediary derivation steps were not provided, and, for sake of completeness, are given below.  
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Equation (8) leads to: 

  T: . : : : :            d d dl l l l I l I l I I l          (9) 

where the non-standard tensor operators   and   are defined as [4]: 
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By injecting Equation (9) into Equation (6) one obtains the following formula for the Zaremba-Jaumann rate 
of Kirchhoff stress: 
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After simplifications, one obtains: 
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It follows that the correct tangent tensor to input into the Abaqus/Standard UMAT user subroutine is: 
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This formula was provided by Zöllner et al. [3]. In indicial notation the tangent tensor can be expressed as: 
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1.2 Fibre dispersion models 
It is clear that the complex microarchitecture of the collagen network in skin cannot be accurately captured 
by the strong assumption of uniform fibre alignment, even at a local level (see Figure 1 of the main article). 
A better assumption, more in line with physical observations, is to assume that, at a local level, fibres are 
distributed around a main orientation, 0

n  with a certain probability to lay within a particular range of 
angular deviation from that main direction (Figure 5). This is embodied by the notion of fibre dispersion 
which can be accounted for by means of two main modelling approaches [5]. The first one, termed the 
“angular integration approach” is due to Lanir [6] while the second approach, known as the “generalised 
structure tensor” approach is due to Gasser et al. [7].  
 

 

 

 

 

Figure 5. Schematic highlighting the Euler angles   and   
defining the position of any vector (in that case, denoted by 

0
v ) in a three-dimensional Cartesian coordinate system 
defined by the unit vectors x

e , 
y

e  and z
e . [0, ]   and 

[0,2 ]  . The mean fibre direction 0
n is indicated by the 

pink arrow aligned with the third Cartesian basis vector z
e . 

 

1.2.1 Angular integration approach 
In this approach, also known as the microsphere approach, the strain energy function of a single fibre, 

( )
fibre

  , is considered as a function of the fibre stretch  . This strain energy is then integrated over the 
unit sphere 2  to represent the strain energy of a bundle of these fibres per unit reference volume, bundle

 . 
This could effectively be viewed as an homogenisation procedure where mesoscopic (or macroscopic) 
quantities are obtained by integration of fibre level microscopic quantities (e.g. strain energy of a single fibre 

( )
fibre

  ). It follows that: 

 0

2 0
( ) ( )

bundle fibre
n dA   

n v   (18) 

where dA  is the elemental solid angle, n  is the number of fibres per unit reference volume, 0
v  is a unit 

vector bearing the direction of an arbitrary fibre, defined with respect to 0
n , a unit vector representing a 

mean direction around which fibre dispersion occurs, and 0n  is the relative angular distribution of fibres 
around the mean direction which must satisfy the following normalisation condition [5]: 

 0

2 0

1
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4
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n v   (19) 

The homogenised second Piola-Kirchhoff stress tensor associated with a fibre bundle can then simply be 
defined as: 

 0

2 0
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n dA
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Similarly, the associated Lagrangian elasticity tensor is: 
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As pointed out by Holzapfel and Ogden [5], in Equation (18), it is assumed that the elastic properties of all 
the fibres are defined by the same strain energy function fibre

 . This is was not the case in Lanir’s study [6] 
where a probability distribution characterising the degree of fibre crimp, and therefore, the degree of 
mechanical activation, was considered, effectively leading to a modulation of fibre

  for each fibre. 
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1.2.2 Generalised structure tensor approach 
In this ingenious approach, introduced by Gasser et al. [7], the idea is to use a homogenised structure tensor 
H  which is obtained by integration of the structure tensor 0 0

v v  associated with an arbitrary fibre of 
direction 0

v , deviating from the mean fibre direction 0
n , over the unit sphere. This effectively amounts to 

defining a statistical strain-like invariant ( : 1)C H  (see section 4.2.4 of the article). In that case, the strain 
energy of a bundle of fibres per unit reference volume bundle

  is defined as: 

 ( , )
bundle bundle

  C H   (22) 

where: 

 0

2 0 0 0

1
( )

4
dA


 H



n v v v   (23) 

with satisfaction of the normalisation condition (19) leading to : 1H I . 
 
Remark 
Holzapfel and Ogden [5] recently discussed important theoretical aspects of the angular integration and 
generalised structure tensor approaches for fibre dispersion. They demonstrated the equivalence of these two 
formulations in terms of predictive power and therefore, implicitly recommend the latter approach because 
it has been proven very effective in describing experimental data for a broad range of biological fibrous 
tissues, is conceptually simple, much simpler to implement in a numerical context, and also, much less 
demanding with regards to computational power. Moreover, and of particular significance, these authors 
developed a formulation based on the generalised structure tensor approach which exclude compressed fibres 
within a dispersion group. By so doing, they proved that it is indeed possible, unlike what has previously 
been claimed in the literature. 

1.3 A common angular distribution function: the π-periodic von Mises distribution function 
In his seminal paper, Lanir [6] developed a microstructurally-based plane stress model of skin in which he 
introduced a planar fibre angular density distribution ( )

k
  where ( )

k
d   is the fraction of all fibres of 

type k  (collagen or elastin) oriented between   and ( )d   in the reference configuration. In that case,   
represents the deviation from the mean fibre orientation 0

n . Lanir selected a circular normal distribution, 
also known as von Mises type distribution: 

 
0

exp( [cos( ) ])
( , , )

2 ( )I

  
  

 


   (24) 

where 0
( )I   is the modified Bessel function of order 0. Naturally, other forms of angular distribution 

functions are possible [7-9]. Fibre dispersion over the unit sphere is described by a spatial density function 
( , )    where   and   represent the Eulerian angles describing the direction of any material vector 0

v  [7] 
so that one can write 0 0

( , ) ( ) [ ( , )]       v v  (see Figure 5) where: 

 0
( , ) (sin cos ) (sin sin ) (cos )

x y z
        e e ev   (25) 

sindA d d    represents the infinitesimal surface area of the unit sphere defined by the angular range 
[( , ),( , )]d d       . Without loss of generality, if one assumes that any vector 0

( , ) v  is aligned with 
the base vector z

e  rotational symmetry around z
e  is obtained and the fibre density distribution becomes 

independent of   so that 0
( ) [ ( )]      v . The normalisation condition is then reduced to: 

 00
[ ( )] 2dA


   v  (26) 

The dispersion of collagen fibres around a preferred mean direction (transverse isotropy) can be accounted 
for by the use of a modified version of the standard  -periodic von Mises distribution function with dispersion 
parameter b  [8, 10]: 

 
exp( [cos(2 ) 1])
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2 erfi( 2 )

bb
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where erfi  is the imaginary error function defined as: 

 
2

0

2
erfi( ) e

i x
tx i dt


    (28) 

It can be shown [11] that the dispersion parameter   of the structure tensor approach of Gasser et al. [7] 
can be expressed as: 

 
 

exp(2 )1 1 1 2

2 8 4 erfi 2

b

b b b



     (29) 

Instead of using a MacLaurin series expansion to approximate the imaginary error function (which is often 
not standard in low-level programming languages), here, it is proposed to use a global Padé decomposition 
established by Winitzki [12]. This approximation offers the simultaneous advantages of low computing 
requirement and high accuracy: 
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The relative error between erfi  and its Padé approximant can be estimated [12]: 
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    (34) 

In a numerical context, to prevent a singularity at the origin, a small numerical parameter   can be 
introduced in the approximation (30) so that: 
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The very accurate 4-term Padé approximant of the imaginary error function erfi , Padé
4

erfi  is provided below: 
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Figure 6. Comparison between erfi 2b  (grey dots) and its approximation using 1 term (pink dotted line) and 4 terms (pink 
continuous line) in the Padé series. The 4-term series defined in Equation (36) shows an excellent agreement with the exact 
imaginary error function Erfi available in Mathematica® (Wolfram Research Inc., Champaign, IL, USA) to a nearly arbitrary 
order of precision. 

 
Figure 7.  -periodic von Mises angular distribution function calculated for the following dispersion parameter values: 

{1,5,10,20,30,40,50}b  . The continuous pink lines represent the distribution values calculated using the 4-term Padé 
approximant of erfi 2b  defined by Equation (36) while the grey dots are corresponding discrete values calculated using the 
exact imaginary function Erfi available in Mathematica® (Wolfram Research Inc., Champaign, IL, USA). 

 
  

0b 

b  
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1.4 Network models 
Chain network models such as the Arruda-Boyce eight-chain model originates from concepts borrowed 
from statistical mechanics, namely, entropic elasticity of macromolecules [13]. In this theory, long 
molecular chains are assumed to rearrange their conformation under the influence of random thermal 
fluctuations so that their possible geometrical configurations can only be known in a statistical sense. 
Polymer chains in rubber are typically described as uncorrelated [14] as their conformation is reminiscent 
of a random walk. The term freely jointed chains is also used. In contrast, biopolymer chains such as 
collagen assemblies feature smoothly varying curvature and are therefore considered correlated. These 
chains are best described using the concept of worm-like chains of Kratky and Porod [15]. In the context 
of soft tissue mechanics, several authors used this approach to describe the structure and mechanics of 
the basic building block of collagen assemblies, the tropocollagen molecule, the so-called collagen triple-
helix [14, 16-21]. 
Both freely-jointed and worm-like entropic chains are assumed to be made of beads connected by N  
rigid links of equal length d , the so-called Kuhn length [22], so that the maximum length of a chain, 
the contour length, is L Nd . The mechanics of macromolecular polymer structures is not only 
governed by the mechanical properties of individual chains but also by their electromagnetic and 
mechanical interactions which can take the form of covalent bonds, entanglement and physical cross-
links. These combined effects give rise to strong network properties which can be implicitly captured by 
network models such as the eight-chain model of Arruda and Boyce [23]. The central idea behind these 
formulations is that there exists a representative nano-/microscopic unit cell able to capture network 
properties. The eight-chain model assumes that the unit cell is made of eight entropic chains of equal 
lengths connected from the centre of the cell to each of its corners (Figure 8), each equipped with their 
own strain energy chain

 . For uncorrelated and correlated chains one can consider respectively the freely 
jointed chain energy [Equation (39)] and the worm-like chain energy [Equation (41)] The unit cell is 
further assumed to feature a solid phase conferring isotropic bulk properties through the strain energy 

bulk
 . 

 
Figure 8. Schematic representation of the orthotropic eight chain network model of Bischoff et al. [16]. The light grey solid 
volume represents the bulk material admitting the strain energy function bulk

  while the eight single polymer chains are 
governed by the strain energy function chain

 . When  a b c  the Bischoff et al.’s model [16]degenerates to the 
Arruda-Boyce’s model while the Kuhl et al.’s model [14] is recovered is two cell dimensions are identical (e.g. a b ).  



44 
 

1.4.1 The freely jointed chain model for uncorrelated chains 

 chain
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K   (39) 

where 0
ˆFJC  is the ground state chain energy in the unperturbed state, r  the current end-to-end 

distance of the chain and 1  is the inverse of the Langevin function defined as ( ) coth( ) 1 /x x x 
, 23 2 2 11.3806503  10 m kg s K       K  is the Boltzmann constant and   is the absolute temperature 
[K]. 1  can be approximated using a Padé approximant [24] as:  
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For a more in-depth analysis and alternative approximations of the inverse Langevin function, see recent 
papers by Nguessong et al. [25], Jedynak [26], Marchi and Arruda [27] and Darabi and Itskov [28]. 

1.4.2 The worm-like chain model for correlated chains 
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where 0, ,L r  and r  are respectively the contour, persistence, initial end-to-end length and the current end-
to-end length of the chain. Similarly to the freely jointed chain model, 0

ŴLC  is the chain energy in the 
unperturbed state. 
 

1.5 Flynn-Rubin-Nielsen’s formulation [29] 

1.5.1 Discrete fibre vectors 
The model developed by Flynn et al. [29] is based on a discrete rather than continuous fibre orientation 
distribution kernel which allows closed-form solutions for strain energy and stress. Six discrete directions 
are considered 

0
{ 1,..., 6}i i n : they are oriented parallel to the lines connecting opposing vertices of a 

regular icosahedron (i.e. a 20-faced polyhedron). These six directions, corresponding to distinct fibre 
bundles, are defined as: 
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From these six unit vectors, Flynn et al. [29] defined six structural tensors: 
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1.5.2 A particular strain energy function for collagen fibre bundles assuming a unit step distribution 
If one injects the definition of a unit step distribution function D : 
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x x x x

D x

x x

    

 (44) 

into Equation (35), after simplification, one arrives to the following expression for the strain energy function 
of a single collagen fibre bundle: 
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1.6 Description of the constitutive parameters of Limbert’s model [30] 
Limbert’s model [30] features a set of twenty three constitutive parameters 
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Limbert [30] determined the parameter set 2p  using a numerical global optimisation algorithm while the 
parameter set 1p  was assumed a priori based on existing data [14] and data obtained via visual inspection 
of biaxial stress-strain curves for rabbit skin [31]. 

Table 1. Description of the constitutive parameters of decoupled-invariant orthotropic hyperelastic developed by Limbert 
[30] with assumed and numerically-optimised values obtained by identification with the rabbit skin data of Lanir and Fung 
[32]. 

 Measured or estimated constitutive parameters  
K   Boltzmann constant 1.3806503.10-23  [J.K-1] 
   Absolute temperature 310 [K] 

   Bulk modulus of the matrix 50 [kPa] 

0
   Shear modulus of collagen fibres 0 [Pa] 

0 0
,a an m  First shape parameter for sigmoid coupling function (families 1 and 2) 50 

0 0
,b bn m   Second shape parameter for sigmoid coupling function (families 1 and 2) 20 

0 0
,c c n m  Critical stretch for sigmoid coupling function (families 1 and 2) 1.15 | 1.40 

0 0
, n m  Density of collagen fibres (families 1 and 2) 7.1021 [m-3] 

 Constitutive parameters determined by numerical optimisation  

1
  Matrix shear modulus 150.123 [Pa] 

2
  Maximum fibre-fibre/matrix-fibre shear modulus 9.981 [Pa] 

0 0
,L Ln m  Contour length of a tropocollagen molecule (families 1 and 2) 2.792 

0 0,
p p

L Ln m  Persistence length of a tropocollagen molecule (families 1 and 2) 0.200 | 0.591 

0 0
,r rn m  Initial length of a crimpled collagen molecule (families 1 and 2) 1.368 | 1.741 

 

 
Figure 9. Experimental data from uniaxial tensile tests (stretch-nominal stress) on rabbit skin from Lanir and Fung [32] and 
the corresponding theoretical values (continuous lines) calculated after identification of the constitutive parameters of the 
decoupled invariant model developed by Limbert [30](Blue: head-to-tail fibre direction, r2 = 0.997; Red: perpendicular to 
head-to-tail direction, r2 = 0.998).  
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1.7 Finite strain viscoelasticity – Viscosity tensors 
From the formulation established in section 4.3.3, the viscosity tensor for the matrix and fibre phases, denoted 
respectively as M

  and F
  are defined as: 

 1 1 1 1

2 3 9
S B

v v v v v v
M matrix matrix matrix matrix matrix matrix

M M
 


         
C C C C C C   (47) 
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where the non-standard tensor product 


 is defined as: 
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( ) ( ) ( )
2ijkl ijkl ik jl il jk

              (49) 

and 
SM

  and 
BM

  are the deviatoric and bulk viscosities of the matrix while 
1F

  and 
2F

 are the viscosities 
associated with the two families of fibres. 

Particular non-equilibrium potentials for anisotropic viscoelasticity 
The particular forms of the non-equilibrium viscous potentials are given as follows: 
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1 1
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v , e
M

 , 1
v  and 2

v  are material parameters that define the properties of the elastic part of the non-
equilibrium Maxwell component. This non-linear orthotropic viscohyperelastic constitutive model was 
implemented into a commercial finite element code and constitutive parameters were identified from 
proprietary experimental data. 

1.8 Softening and damage 
Preconditioning effects are often associated with viscoelasticity [33]. They are linked to short-term 
rearrangement of the tissue microstructure and, in some instances, permanent deformation and/or 
damage of the microstructure. Preconditioning of biological soft tissues before in vitro tensile tests is 
often recommended. On one hand, it is a way to re-load the tissue into a state closer to in vivo conditions, 
on the other hand, depending on the amount of pre-conditioning, this could lead to microstructural 
rearrangements going beyond what would be physiologically experienced by the tissue. Muñoz et al. [34] 
observed a typical softening effect—known as the Mullins effect in the context of filled rubber 
mechanics—during cyclic uniaxial testing of murine skin at large deformations. A similar effect was 
reported by Edsberg et al. [35] for human skin under cyclic pressures. Ehret and Itskov [36] developed 
a constitutive framework to capture the Mullins effects observed in biological soft tissues and fitted it 
to the experimental data of Muñoz et al. [34] demonstrating an excellent agreement. 
Ehret et al. [37] later applied their constitutive model to porcine dermis and corroborated observations 
made by Muñoz et al., namely the occurrence of significant residual deformations upon cycling loading. 
Recently, Li and Luo [38] proposed an invariant-based softening damage and failure constitutive model 
for human and animal skins. The 9-parameter model is based on a combination of the GOH model [7] 
and the energy-limiter approach of Volokh [39, 40]. The performance of the model was tested on a series 
of orthogonal uniaxial tensile tests on human, swine, bovine and rabbit skins and exhibited excellent 
results. The main drawback of the model is its conservative nature: upon unloading the material would 
fully recover its original shape and return to its virgin undamaged state, effectively healing. This 
shortcoming could easily be rectified [41]. 
Considering its soft interfacial and protective nature, it is reasonable to assume that, at an evolutionary 
level, the skin of mammals in general, and that of humans, in particular, must have evolved damage 
resistance strategies through optimisation of their ultrastructure.  
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Recently, Yang et al. [42] have discovered four microstructural mechanisms that explain the extreme 
tear resistance of rabbit skin by conducting a very comprehensive multi-modality study. This study 
combined physical tensile tests, scanning electron microscope, in situ synchrotron X-ray characterisation 
and constitutive modelling. The viscoelastic constitutive model used to represent the tensile response of 
skin is based on the mechanics of a wire made of circular segments and captures two hierarchical levels 
of the skin: nanometre level (collagen fibrils) and micrometer level (collagen fibres). 

1.9 Plasticity 
Mazza et al. [43, 44] developed a non-linear elasto-visco-plastic model to simulate ageing of the human 
face [43, 44]. It is based on the constitutive formulation of Rubin and Bodner [45] to model the dissipative 
response of soft tissues. In this study the dissipative effects were a combination of elastic and visco-
plastic mechanisms. Rubin and Bodner [45] demonstrated the relevance of their model by capturing 
very well the cyclic dissipative response of superficial musculoaponeurotic system tissue. The 
constitutive equations were implemented  as a user subroutine in the commercial finite element code 
Abaqus (Simulia, Dassault Systèmes, Providence, RI, USA) to simulate gravimetric descent of facial 
tissue [43]. Mazza et al. [43, 44] extended the model of Rubin and Bodner [45] by including an ageing 
parameter equipped with its own time evolution equation. This ageing-driven parameter was a 
modulator of tissue. A four-layer model of facial skin combined with a face-like geometrical base was 
developed and highlighted the great potential of this kind of computational models to study the effects 
of skin ageing on facial appearance. The Rubin and Bodner’s constitutive model [45] was generalised by 
Weickenmeier and Jabareen [46] in terms of the viscoplasticity equations and hardening parameter 
whilst establishing a robust finite element framework featuring a strongly objective integration scheme. 
In this paper, this modelling framework was applied to identify the mechanical properties of facial skin 
by combining suction measurements obtained via a Cutometer® MPA 580 (Courage and Khazaka 
Electronic GmbH, Köln, Germany) and inverse finite element techniques. The procedure is described in 
more details in a subsequent paper by Weickenmeier et al. [47]. 

1.10 Growth 
As any biological soft tissue, the skin undergoes growth and remodelling in physiological and abnormal 
conditions. This starts from morphogenesis of the embryo and continues through life as the skin ages 
and adapts in response to various types of physiological and abnormal physical stimulations. Examples 
include stretching of the skin during pregnancy and natural growth, healing and scarring in response to 
injury, tanning and extrinsic ageing in response to the photo-chemical effects of solar radiations, 
stiffening of the dermal collagen network as the result of glycation associated with diabetes.  
In his seminal review paper, Taber [48] defined growth as the process of adding mass while remodelling 
“involves changes in material properties” and morphogenesis “is the generation of animal form”. Epstein 
[49] recently refined these definitions by demonstrating that, given an arbitrary time-dependent 
constitutive law, one can establish a canonical decomposition into growth, remodelling, ageing and 
morphogenesis parts. 
Motivated by surgical tissue expansion procedures [50], Socci et al. [51] developed an axisymmetric 
computational model of skin growth. The constitutive model was based on a multiplicative 
decomposition of the deformation gradient using three distinct configurations: (1) the stress-free 
configuration before growth; (2) the configuration at the end of the growth process, not necessarily 
geometrically compatible, as grown stress-free configuration; (3) the configuration of the grown body 
after restoring strain compatibility via elastic deformations and 4) the configuration of the grown body 
after subsequent application of external loads. The general point of departure of growth theories consists 
in multiplicatively splitting the deformation gradient .e gF F F  into a growth part (inelastic) gF  and 
an elastic deformation gradient eF [52].  
This effectively assumes that there exists an intermediate virtual configuration between the reference 
and current configurations in which individual material particles have their volume changed. 
However, the growth (positive or negative) of each material particle renders them geometrically 
incompatible with their neighbours [48, 53]. The elastic deformations characterised by eF  bring back 
compatibility and, by so doing, introduce residual stress [54]. 
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In the context of skin expansion procedures for reconstructive surgery, Tepole et al. [55] formulated a 
3D constitutive model for skin growth embedded into a rigorous theoretical framework based on the  
thermodynamics of open systems [56]. The essence of this theory is encapsulated by the equivalence 
between the rate of variation of the material density 0

  and the mass in- and out-fluxes .X R  and 
mass sources/sinks 0

R  : 

 0
0

.
d

R
dt


  X R   (52) 

To replicate the clinically observed supra-physiological skin growth induced by balloon expansion, 
Tepole et al. [55] considered in-plane skin growth driven by a strain-based stimulus: growth occurs when 
a critical in-plane stretch is reached. The growth factor was described by a temporal evolution equation 
and the skin was modelled as a homogeneous neo-Hookean material. 3D tissue expansions were simulated 
by considering a series of expanders with different shapes and showed the promising potential of the 
computational model of skin growth. Tepole et al. [57] later extended this model by considering skin as 
an eight-chain transversely isotropic material [14]. Computational relaxation and creep tests were 
conducted to study the evolution of in-plane area stretch. Skin growth due to the application of circular-
, square-, rectangular- and crescent-shape tissue expanders was also simulated and confirmed that such 
computational tools can assist clinicians in planning and providing quantitative insight into complex 
surgical procedures.  Several iterations of the original Tepole et al.’s model [55] were made by the same 
group, mostly focusing on refining the computational procedures for simulating the inflation of the tissue 
expander [3, 58, 59]. Tepole et al. [60, 61] integrated in vivo experiments conducted on pig and 
isogeometric finite element techniques to calibrate and validate their computational growth simulations. 

1.11 Thermomechanics 
Thermomechanical phenomena are an essential aspect of skin physiology [62] through the natural functions 
of the skin such as thermo-regulation but also play a central role in traumatic injury scenarios such as 
multiple-degree burns induced by high temperature resulting from external heat sources (e.g. fire) or from 
friction interactions (e.g. deployment of airbag in automotive accidents can create severe burns of the upper 
body, particularly of the face, by heat-generating rubbing of the airbag membrane against the skin) [63]. The 
coupling between thermal effects and mechanical loads, and its subsequent effect on the biochemistry of the 
skin is particularly relevant to the formation of pressure ulcers (also known as pressure sores) and skin blisters 
[64, 65] where the notion of skin microclimate is key [66]. Skin microclimate is embodied by the intimate 
coupling of temperature and relative humidity at the surface of the skin which affects the microstructure 
and mechanical properties of the skin, and, can therefore lead to loss of skin mechanical integrity and barrier 
function. These few examples illustrate why it is relevant to develop advanced mechanistic constitutive 
models of the skin capable of replicating and predicting the potentially strong interplay between mechanics, 
thermodynamics and biochemistry. 
The need to develop a fundamental understanding of how thermal exchanges across and at the surface of 
the skin operate is two-fold. At a fundamental level, it is first essential to unveil the complex physiology of 
skin in health, disease and ageing. From the knowledge bases previously established, one can seek to optimise 
the design and functionalities of devices intended to interact with the skin whilst ensuring protection of this 
vital organ. A discussion of these aspects and a review of state-of-the-art models up to 2011 are discussed in 
the excellent monograph by Xu and Lu [62].  
The development of medical therapies involving thermal phenomena such as laser surgery, hyperthermia 
procedures for cancer treatment, infrared light therapy or cryotherapy has been responsible for driving 
research efforts toward the formulation of mathematical models of skin thermomechanics [62, 67]. Abnormal 
and potentially harmful thermomechanical loading of the skin can arise from diverse sources such as those 
discussed below. Associated with the ever-growing popular practice of skin tattooing as a decorative art form 
[68], is the subsequent need to have tattoos removed, typically after a few years [69].  
Removal procedures are mainly based on the sublimation of ink pigment particles by generation of localised 
very high temperatures produced by Q-switched lasers [69, 70]. The wavelength of the laser source is tuned 
to match that of the absorption wave length of the specific colour of a given tattoo pigment. A laser pulse is 
then emitted for a duration shorter than the thermal relaxation time which represents the time required for 
a structure to cool down to half of its heating temperature. 
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However, the immediate and long-term thermal, photochemical and biological effects of such a destructive 
technique on a living tissue remain unclear. Severe side effects have been observed including dyspigmentation 
and textural changes because of the role of melanin which may have absorption wave lengths overlapping 
those of the targeted tattoo pigments. Other consequences of laser treatment include rupture of blood vessels, 
aerosolisation of tissue (i.e. generation of an instantaneous and localised plasma) and carcinogenicity. Another 
significant side effect of tattoos is the potential for patients undergoing MRI scanning procedures to sustain 
burn injuries [71, 72]. The presence of ferromagnetic metallic compounds in tattoo pigments, especially iron 
oxide, leads to electromagnetic interactions with the magnetic field produced by MRI machines. This 
effectively generates an electric induction current that heats the skin tissue from the inside. Recent armed 
conflicts in the Middle-East have highlighted the need to develop efficient soldier clothing and protection 
equipment that can be optimised to operate in extreme temperature environments [73]. This also apply to 
space exploration, and is also of particular relevance, considering alarming climate change facts and 
predictions [74]. Military and law-enforcement forces have also pioneered the use of directed-energy weapons 
(e.g. Active Denial System developed by the US Air Force Research Laboratory [75]) which rely on high-
powered beam of high-frequency waves (95 GHz). Like a traditional microwave oven, these millimeter waves 
excite water and lipid molecules producing instant intense heat and pain in the skin [76]. As a complementary 
role to clinical and biological studies, modelling has the potential to shed light on complex multiphysics 
phenomena involving thermal transfer, operating in a highly compliant multiscale living structure. A brief 
review of state-of-the-art continuum models of skin thermomechanics post-2011 can be found in [67]. These 
authors developed the first finite deformation thermomechanical model of the skin that accounts for biological 
heat sources as proposed by Pennes [77]. Accounting for the finite deformations that the skin can sustain, 
within a thermomechanical fully coupled constitutive model, is essential for some applications: for example, 
deformations induced by the application of a thermal treatment device or by the growth of a cancerous 
tumour growth can be large. Moreover, even in physiological situations, the skin can sustain finite strains. 
McBride et al. [67] implemented their constitutive law into a finite element code and analysed a geometrically 
idealised four-layer finite element skin model. Although limited by the availability of dedicated experimental 
data in terms of thermomechanical and geometrical properties for each skin layer, the coupled-physics 
framework enjoys a sound thermodynamically consistent formulation that could be experimentally validated 
in the future. 
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1.12 Skin microrelief 
Skin microrelief is made of a network of furrows and ridges—also called sulcus cutis or glyphic patterns—
criss-crossing each other and thus delimiting polygonal plateaux with rectangular, square, trapezoidal 
and triangular shapes. These polygonal patterns—present at birth—lose their isotropic distribution with 
age and become more anisotropic by forming preferred structural orientations [78-80]. The 
characteristics of skin microrelief can be classified according to the orientation and depth of featured 
lines into primary, secondary, tertiary and quaternary lines [78, 79, 81-84]. 

 

Figure 10. Synthetic image representing the typical microrelief of the skin surface (ridges and furrows), reconstructed from 
laser scanning profilometry of a silicone replica of a human volar forearm skin patch (40-years old healthy male subject). The 
acquisition features a 400 x 400 grid of points that was fitted to a NURBS surface. 
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1.13 Skin wrinkles and the stratum corneum 

 
Figure 11. Anatomically-based bi-layer finite element model of human skin featuring a 20 microns-thick stratum corneum 
(top) and a 2.6 mm thick epidermal-dermal substrate, in its undeformed and deformed configurations. In-plane compression 
of the skin was simulated to trigger wrinkle formation using a robust path-following solving procedure. Young’s modulus of 
the stratum corneum is 400 times that of the underlying thicker layer (0.6 MPa). Adapted from Limbert and Kuhl [85]. 

1    20   
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Figure 12. Plot of the deformed stratum corneum layer as a function of the ratio of ground state Young’s moduli of the 
stratum corneum (20 microns-thick) and underlying substrate (0.6 MPa for the substrate)  . Both layers were modelled as 
neo-Hookean solids and subjected to 25% in-plane compression. This is the same finite element model depicted on Figure 
11. Adapted from Limbert and Kuhl [85].  
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