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1 Introduction

Instrumental variable (IV) methods are a commonly used resource in structural equation
estimation and testing. While asymptotic theory is still the primary tool of inference in such
cases, a substantial body of finite sample theory is now available to guide applied research.
Exact finite sample distribution theory for IV estimates began with the work of |Basmann
(1961)), who derived the distribution of the two stage least squares estimator of the coefficient
in a special case of a structural equation with two endogenous variables driven by Gaussian
errors. The general case was explored in Phillips| (1980) who derived the exact distribution of
the IV estimator of the coefficients in a structural equation with an arbitrary number (m) of
endogenous variables and gave a higher order asymptotic expansion of the exact distribution
using a Laplace approximation. Importantly, the exact theory holds for any configuration of
strong, weak, or even irrelevant instruments — cases that are determined by the strength of
the systematic component of the reduced form as measured by the reduced form parameters
or, more specifically, by the matrix noncentrality parameter matrix which appears as a key
element in the exact density (Phillips, (1980, equation (12)). This appealing feature has a
major bearing on asymptotic theory and the quality of asymptotic approximations.

When the instruments are strong and the noncentrality matrix diverges with the sample
size at the usual O (n) rate that applies with stationary data, the exact distribution yields
the standard y/n asymptotic normal distribution for IV estimates. When the instruments are
irrelevant, the exact distribution yields the asymptotic distribution in the unidentified case
where order conditions but not rank conditions hold. In this case, the IV estimator converges
weakly to a random variable whose distribution is proportional to a t distribution, reflecting
the uncertainty in the limit that is implicit in the lack of identification. Importantly, in this
case the same asymptotic distribution holds when the Gaussian error assumption is relaxed
because a martingale central limit theorem operates with respect to the sample moment
components on which the IV estimator is based, as first demonstrated in Phillips (1989).
Thus, an invariance principle applies in the unidentified case, just as it does in the strong IV
case. An entirely analogous argument based on a noncentral version of the same martingale
central limit theorem shows that an invariance principle applies in the weak IV case where
the reduced form parameters are local to the origin at a y/n rate, so that the limit distribution
is simply the exact finite sample distribution (under Gaussian errors) upon simple rescaling
of the noncentrality matrix without requiring Gaussianity.

The case of many weak instrument asymptotics may also be obtained quite simply from
the exact theory. As the number of instruments K grows, while m remains fixed, then a
martingale CLT enables use of the exact results to deliver the appropriate asymptotics under
conditions on the rate of expansion of K that ensure consistency of the estimator is retained.
These various uses of the exact theory in conjunction with a suitable martingale CLT are
explored in |Phillips (Forthcoming)). The wider literature on weak instrumentation and many
instruments is extensive and is not reviewed here. Readers are referred toAndrews and Stock
(2005)) for an overview of some aspects of that literature, focusing on cases where instrument
weakness is induced by localizing coefficients to the origin, as in Staiger and Stock| (1997)).
Other approaches to weak instruments are possible and some alternatives are considered in



recent work by |Andrews and Guggenberger| (Forthcoming)) and Phillips (2006; Forthcoming)).

Work on structural parameter testing dates back to/Anderson and Rubin/(1949) and much
of the recent literature deals with test statistics that are robust to the strength of instruments.
In particular, Kleibergen| (2002)) constructed a test statistic (the so-called K-statistic) whose
limit distribution is chi-squared with degrees of freedom m matching the dimension of the
structural parameter, irrespective of the strength and number of the instruments. This
reduction in degrees of freedom is a feature of the test statistic that is proposed in the
present paper, although the mechanism by which this is accomplished differs. |Bekker and
Kleibergen (2003) later characterized many instrument asymptotic theory for the K-statistic.
Moreiral (2003) provided an alternate method of constructing test statistics, particularly a
conditional likelihood ratio (CLR) test, that are robust under weak instrumentation, and
Andrews, Moreira, and Stock (2006) developed theoretical results on the power envelope
within the class of invariant similar tests.

While most exact theory deals with estimation, some recent work has considered re-
stricted reduced form estimation that incorporates information from the structural system.
The reduced form is particularly important for forecasting and it seems natural to import
structural information into forecasts constructed from the reduced form. |Phillips| (Forthcom-
ing)) derives the exact distribution of forecasts obtained from the partially restricted reduced
form (Kakwani and Court), |1972)), which carries restrictions from a structural equation that
is estimated by IV. The primary effect of importing such structural restrictions into forecasts
is to reduce variance in the forecasts. It turns out that even when the structural equation
is unidentified, shrinkage still occurs and is generally beneficial in concentrating the forecast
distribution and in reducing forecast mean squared error, although this is not universally so,
as noted in Kakwani and Court| (1972).

Since the reduced form parameters satisfy identifiability relations, these parameters are
also useful in testing hypotheses about the structural parameters. The present paper explores
this approach to inference. We focus on the identifying relation embedded in the partially
restricted reduced form equation, and investigate both the exact finite-sample theory and
the asymptotics of the partially restricted reduced-form estimators, which we then use to
construct statistics for hypothesis testing about the structural parameters. The most closely
related work to the present paper is (Chernozhukov and Hansen| (2008), who examined the
unrestricted reduced-form estimator as a vehicle for structural parameter testing.

The paper’s main contribution is to develop both exact finite sample and asymptotic dis-
tributions for structural equation tests based on partially restricted reduced form (PRRF)
estimates. This approach is shown to be especially advantageous in statistical testing when
there are large numbers of instruments and this remains so even in cases of uniformly weak
instruments and reduced forms. Our main finding is that the PRRF is useful in raising the
power of structural parameter tests when the number of instruments is large especially, but
not always, when the instruments are strong and when the focus is on testing whether the
structural coefficients are zeroE]. Comparisons are made with tests based on unrestricted re-
duced forms. Some numerical calculations reporting finite sample performance of these tests

'In unstandardized systems, this hypothesis corresponds to absence of endogeneity.



are reported. The paper also contributes by providing new analytic results on inequalities for
tail probabilities of noncentral chi-squared distributions with different degrees of freedom.
These results assist in making analytic power comparisons between PRRF and unrestricted
reduced form (URRF') procedures.

The paper is organized as follows. The model, identifiability relations and reduced form
estimates are given in Section 2. Section 3 develops exact and asymptotic distributions of the
estimators under standardizing transformations of the model. Section 4 considers hypothesis
tests constructed using unrestricted and partially restricted reduced form estimates. Section
5 provides limit theory for large numbers of instruments. Section 6 gives extensions for
unstandardized cases and Section 7 concludes. Proofs are provided in the Appendix.

2 Estimation with Instrumental Variables

We consider a single regression equation in the following structural form
1 =Y +u (1)

where [y, Y5] is an n x (m + 1) matrix of endogenous variables, u is a vector of structural
errors, and [ is an m x 1 vector of structural parameters. Extensions to structural equations
with included exogenous variables are straightforward and are not considered in what follows
for notational simplicity. Let Z be a n x K matrix of (exogenous) instruments with order
condition K > m satisfied. The associated reduced form for then has the form

Y = [y, Va] = Z [0, Ihy] + [v1, Vo] = ZI1 + V. 2)

where IT = [rry, 5] is the reduced form parameter matrix and V' = [vy, V5] is the reduced
form error matrix. The restrictions imposed by the structural equation (1)) on the reduced
form are

T = H267 (3)
vy =u+ Vaf.

Let IT = (ﬁl,ﬂg) be the unrestricted reduced form (URRF) least squares estimate of II

with #, = (2/2)' Z'y; and [, = (2'2) " Z'Y5.

Exploiting the restrictions from the structural form implied by the identifiability rela-
tions (3)), we may transform the reduced-form equation to the partially restricted form
(Kakwani and Court,, |1972):

(4)

y1 = ZlLB + v
Yo =ZI, +V;

which leads to the partially restricted reduced-form (PRRF) estimator IT of IT (Knight, 1977):
1= (ﬁl,ﬂ2> , = ﬂ?ﬁIVa
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where 8, = (YQ/PZYQ)_l Y, Pzy1 is the IV estimator of 8in (1) and Py := Z (Z'Z)" Z'. Since
ANy e ! Ay S ANy A + Ay
Bry = (HQHQ) ly7, we have 7 = Py 71, where Py = Il (HQHQ) I1, is the projection

matrix to the range of IL,.

Interest focuses on the partially restricted reduced-form estimator 71, which carries in-
formation about the structural equation through the estimate [3;y,, and the effect of this
information on inference. We investigate both exact finite sample and asymptotic distribu-
tions. It is already known from Knight| (1977) that the partially restricted reduced form
estimator has finite moments of all orders under a Gaussian error matrix V. Finite sample
density results for the PRRF estimator were first obtained in [Phillips (Forthcoming), again
for Gaussian errors.

3 Exact and Asymptotic Distributions of the PRRF
Estimator

We derive the exact and the asymptotic distributions of the PRRF estimator under
three different assumptions concerning instrument strength. For simplicity and without
loss of generality (see |Phillips, [1983)), we employ standardizing transformations so that
7'7Z = nlg. For the exact finite sample theory we employ Gaussian error assumptions

with V < Num+1 (0, ]n(m+1)) where N, ;11 (A, Y) signifies an n x (m + 1) matrix normal

distribution with mean matrix A and covariance matrix X, or in vectorized form vec (V) £
N (vec(A),X). Then
1 d
—Z'V = Ng.m (0, Ic(m . Al
= e (0. Tinen) (A1)
To develop asymptotics without Gaussianity, we assume that the rows {V(Z) }?:1 of V, coupled
with the natural filtration, form an R™*!-valued martingale difference sequence with

E[V] =0 and Var [V] := Var [vec (V)] = Lyomt1).- (A2)

Using the martingale central limit theory in |Phillips| (1989)) we have the weak convergence

as n — oo 1 1
%Z'V = %Z' o1, Vo] =55 (£,2) £ Nicoir (0, I (mt1)) - (A3)

It is convenient in what follows to expand the probability space as needed so that, by

Skorokhod’s representation theorem, (A3) may be replaced by strong convergence in that

space, giving
1 a.s. —_
%Z’V'—> (&,2) i./\/}(,m (0, Ikm), as n — 0. (A3)

We proceed to characterize the exact finite sample and asymptotic distributions of the
PRRF estimator under three different assumptions concerning instrument strengths.



3.1 Strong Instruments

We first consider the case of strong instruments under the following standard condition.

Assumption (S-1V). (Strong instruments) I, is fized with respect to n and has full column
rank m.

Since I = E[Y|Z] and IL,II, is invertible under strong instruments, the structural

parameter [ is identified from the reduced-form and satisfies 5 = (H;Hz)_l [ymry.

Lemma 1. Under (S-1V) and (A3’), the asymptotic distributions of 11, By, and 7y are
gien by

Vvn (ﬁ - H) () < Nim1 (0, I ms1)) (5)
Vi (B~ 8) =5 (IIL) " T (€ ~20) £ N (0, (1+#5) (H;m)_l) (6)
\/ﬁ(ﬁ'l - 771) % PH2§ + MHQE/B i N <076/6 : ]K + (1 - 6,6) PH2) ) (7)

where My, = Ix — P, . )
Under (S-IV) and (A1), the finite-sample distributions of 11, By,, and 71 are given by

A 1
1L Nyt (H, ;IK(mH))
Brv = Wagwm £ MN (Vi (Azdz)™ AcTlf, (ALA2)™)
71 L MN (PA5H2ﬁu %PAE> (8)

where Az := /nlly + 2, and (Wag, wa1) form blocks of the non-central Wishart matrix

1 m
W = [wu " ] inH (K Lpr, MM')

war  Wa

with K degrees of freedom, covariance matrixz 1,1, and noncentrality matrix
! /8, /
MM =n 510, (5, 1],

using MN (b (Z), H (Z)) to denote the mized normal distribution with random mean vector

h (Z) and random covariance matriz H (Z), where = < Nim (0, Ic).

Let AVar (7)) and AVar (71) denote the asymptotic variances of 71, 71. Then
AVar (7,) — AVar (71) = (1 — 8'8) - My, >0
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Since My, is positive semidefinite, it follows that 7, is asymptotically weakly more efficient
than 7; when ||8]] < 1. That is, when ||5|| < 1, 4/7; is at least as efficient as +/'7; in all
directions and more efficient in directions v ¢ R (Il2) .

The relative efficiency of the PRRF and the URRF estimators depends on the magnitude
of two opposite effects. On one hand, the partially restricted estimator 7, = I, ;v brings
extra information from the structural equation into the estimation of 7, potentially con-
tributing to more efficient estimation. This is captured mathematically by comparing the
two terms P, & and € = P, + (I — P, ) € in the asymptotic distributions of the PRRF and
the URRF estimators, viz., for PRRF, and for URREF': the former achieves a reduction
of My, = I — P, in asymptotic variation relative to the latter. On the other hand, the
PRRF estimator introduces estimation error in /3, multiplicatively with ﬂg, which can am-
plify asymptotic variance when that factor is large. This is captured through the addition of
the second term M, =f in the asymptotic distribution of 71, which is not present in that of
1. This extra term contributes to the additional variance component Bl B - M, that figures
in the asymptotic variance of the PRRF estimator. When the length of [ is less than 1, the
improvement by incorporating the information from the structural equation dominates the
extra variance it brings in, leading to smaller asymptotic variance for the PRRF estimator
.

Since N (Ily,n ) = Ty + N (0,0 Hg,,) = Iy + O, (n_1/2) , the representation
reveals that the distribution of 7, is determined by {H2 +n 12N (0, IKm)} X W2_21w21,
showing that a primary contribution to the finite sample distribution is given by IIy x Wi, ws;.
The analytic form of this density was obtained recently in Phillips| (Forthcoming) and can be
derived using the exact density of the matrix quotient W, ws;, which was given in [Phillips
(1980)).

3.2 Totally Irrelevant Instruments

Next consider the case where the instruments are all totally irrelevant for the structural
parameter 5. This case represents the polar extreme of the strong instrument case. There
is no information in the reduced form about the structural coefficients and so [ is totally
unidentified.

Assumption (I-IV). (Irrelevant instruments) 11y = 0.
Lemma 2. Under (I-1V) and (A3’), the asymptotic distributions of 11, By and Ty are given

by
VI 25 (6,5) £ Nign i1 (0, Tcgmen)) » (9)
By &5 (55)1 = L MN (0, (EE) 1) (10)
Vi 25 Pog £ MN (0, Ps) with < Nican (0, Tem) (11)

Under (I-1V) and (A1), the finite-sample distributions are obtained from the above simply
by replacing ““> 7 with “dn



Define 7 := = (& E)fé . Since T is uniformly distributed on the Stiefel manifol Vi m,
we may alternatively take the mixture in MN (0, Pz = 77”) with respect to 7.

Notice that AVar(7,) — AVar(7,) = Ix — E[Pz] = E[Mz]. Since Mz is positive semi-
definite for each realization of = and Mz is well defined almost surely, E [Mz] is also positive
semi-definite. Hence, the PRRF estimator 7, is asymptotically more efficient for 7 = 0
than the URRF estimator 7. Importantly, as the model is totally unidentified, the relative
efficiency of 7y does not translate in this case into improved inference on the structural
parameter 3, which will be made clear in Section 4.

3.3 Weak Instruments

Finally we consider the case where the instruments are weak in the conventional sense
that the corresponding reduced form coefficients are local to zero.

Assumption (W-IV). (Weak instruments) 11y = \%H;, where 115 is of full rank m.

In this case, we say that [ is weakly identified. Write IT* = (77, II3) with 77 := [I;5.

Lemma 3. Under (W-IV) and (A3’), the asymptotic distributions of 11, B, and 7y are
given by

\/ﬁﬂ =501+ (&, E) = Nk m+1 (H*, [K(m+1)) )
! — -1 * —’ *
B =5 [(G+3) (G + )] (G+3) (7 +¢)
VIFL S Pl ey (714 €) £ MN (P, 2y TBB, Py yz)) with = 2 Nign (0, Tien)

Under (W-IV) and (A1), the finite-sample distributions can be obtained from above by
replacing ““5 7 with “=”.

Again, AVar (7,) — AVar (7)) = E [M(H2 +5)} is positive semi-definite, but notice that
the asymptotic distribution of 7; is now no longer centered at 77 because

E P(H;+E) (71 + f)} =E [P(H;+E)} IS # 1155.

Therefore, when instruments are weak, importing structural information into reduced-form
estimation introduces bias, as compared with unrestricted reduced-form estimation. This
bias is to be expected, because the weak instrument asymptotic theory corresponds to the
Gaussian exact distribution and therefore carries all the finite sample parameter dependencies
that arise in finite sample theory, including the finite sample bias of the instrumental variable
estimator. This heuristic reasoning indicates that there may be some advantage in the use
of partially restricted reduced form estimation using the LIML estimator of S because the
LIML estimator, while having no finite sample integer moments (e.g., Phillips, 1984]), is
known to be better centered about 5 than 3.

2V m is the manifold formed by K frames of m dimensional orthonormal vectors. See, for example,
Muirhead| (2005)).



4 Hypothesis Testing on

The structural parameter [ is usually the parameter of interest and we can use the
reduced-form estimates <f[, II) to construct tests concerning . Specifically, to test the hy-
pothesis Hy : = 3, we may test the implied relationship between reduced-form parameters
Hy: m =1Iy03,. Using the estimates (fI, f[) respectively, define

/

n (7%1 - ﬂ?ﬁo) (ﬁl - 121260)

Wﬁo = 7 )
UR 1 + ﬁoﬂo
8 n (7~T1 - 121250) <7~T1 - ﬁZﬁo)
WP(IJ% = 7 :
1+ ByBo

We call Wg% the unrestricted reduced-form (URRF) test statistic, and Wg(}% the partially
restricted reduced-form (PRRF) test statistic. The URRF statistic was proposed in |Cher-
nozhukov and Hansen (2008), who showed that the asymptotic distribution of the URRF
statistic Wg% is robust to assumptions concerning instrument strength.

Theorem 1. (Chernozhukov and Hansenl, |2008) Under (A8) and the null hypothesis Hy :

pil = HQﬁO)
Wi —5 Xk,

wrrespective of the strength of instruments.

The next result characterizes the asymptotic distribution of the PRRF test statistic Wg‘;%.

Theorem 2. Under (A3) and the null hypothesis Hy : m = I1503,,

Bo d 2
— ———MX (280 12
PR 1+ 8,5, Aa(E8,80) ( )

where MX?n,/\A(E,B ) denotes a mized noncentral chi-squared distribution with m degrees of

0
freedom and random noncentrality parameter \a (2, 5,) with = L Nk (0, Ixp), and the
index A € {S,W, 1} signifies strong, weak and irrelevant instruments:

(i) A=S: under (S-1V) and (A3’),

—_ [e— —_ d /
As (Z,B0) = BoE P, =By = BBy - X?n‘ (13)
In this case, equivalently we have

B d 2
Wpkr — X

m:*



Under (S-1V) and (A1), the finite-sample distribution is given by
Bo i 1 M 2
=T o5 Y XmasnE
PR 1 +/80/80 7>\S,n( 150)
with
>\S,n (Ea 50) = BOE PAgaﬁo‘

(1)) A=1: under (I-IV) and (A3’),

A (2, B0) = Bo= Eh0 = BoBo - X (14)
Under (I-1V) and (A1), the finite-sample distribution coincides with the asymptotic
distribution.

(i) A= W: under (W-1V) and (A3’),
Aw (Ea Bo) = 5IOE'IP(H§+E)550' (15)

Under (W-1V) and (A1), the finite-sample distribution coincides with the asymptotic
distribution.

Theorem 2 shows that the differences in the asymptotic distributions under different
instrument strengths are embodied in the corresponding noncentrality parameters A s(Z, 5,).
A smaller noncentrality parameter corresponds to a more concentrated null distribution, and
thus a tighter (smaller) critical value in hypothesis testing.

As the family of noncentral chi-squared distributions with the same degree of freedom, say
m, are ordered in the sense of first-order stochastic dominance according to their noncentral-
ity parameters, we may compare distributions by comparing the noncentrality parameters
for the three instrument strengths. For any 3, and realization Z,

)\S (Evﬁ()) < )\I <5760)7

)\W (E7 50) S )\I (Ea 60) )
with the inequality being strict almost surely. So, in the case of irrelevant instruments,
the asymptotic distribution of Wﬁ% first-order stochastically dominates those with strong
and weak instruments. This is natural because with both strong and weak instruments the

reduced-form estimates contain information about the structural parameter 5, while under
irrelevant instruments these estimates carry no such information. The comparison between
As (£, By) and Ay (2, B,), however, is not immediately clear from and (15).

We may also compare the asymptotic distributions of Wg% with that of ngg Noticing
that, regardless of instrument strengths, under (A3’)

n (= Tady) (R -Tfh) . (-=a) (- =4,
1+ BoBy 1+ 348y
(E—ZBy) Ps(€—EBy) 4 1
1+ BBy 1+ BBy

Wi =

2
> M 1(2.80)-

10



Thus the asymptotic distribution of Wg% first-order stochastically dominates that of ng‘}%
under all three instrument strengths.

Moreover, under the particular null hypothesis where 3, = 0, the asymptotic distribution
of W3 also becomes invariant to the strength of instruments, as A4 (Z,0) = 0 for any = and

A € {S,W,I}. In this case, we have W3, N X2, in all cases. Importantly, the distribution
of the PRRF test statistic has degrees of freedom m, corresponding to the dimension of the
vector 3 being tested, unlike the URRF statistic whose distribution has degrees of freedom
K, corresponding to the number of instruments available from the reduced form.

The analysis above focuses on the asymptotic distribution of W3 under the null hypoth-
esis Hy : 8 = ;. To obtain a complete comparison of hypothesis tests based on the URRF
and the PRRF test statistics, we need to compute the power functions.

Consider tests of size a for the null hypothesis Hy : 5 = 3, based on the URRF and the
PRRF test statistics. Let Kyr (815 80), Kpr (81; By) denote the asymptotic power functions
of the test of the null hypothesis Hy : 8 = [, against an alternative involving the localiz-
ing parameter [3; (specified precisely later), and let IC,(}% (B1; Bo), ICE;LI)% (By; By) denote the
corresponding finite-sample power functions. Let g, ® denote the (1 — «)-th quantile of x?
and ¥ (x; k, \) denote the upper tail (survivor function) probability of Xi, y- We state the
following lemma before giving the results on power.

Lemma 4.
(i) Ve >0, YA >0, Vk e Ny, U (z;k + 1, \) > W (2 k, \).
(i) Vk € Ny, Vo > 0, ¥ (z; k, \) is increasing in \.

(ii) For any even k € N and for small enough a € (0,1), there exists some X > 0 such that
VA € (0, )\) , v (q;;g‘, k+ 2, )\) <V (q,i_o‘; k,)\).

The inequality in Lemma 4(iii) appears to be the first result of this kind for noncentral chi-
squared distributions. The result gives an inequality for the tail probabilities of noncentral
chi-squared variates evaluated at different quantiles and with different degrees of freedom.
The result is relevant to power comparisons in many circumstances in which alternative test
statistics have finite sample or asymptotic ch-squared distributions with differing degrees of
freedom.

A stronger version of Lemma 4(iii) would state: for small enough o € (0,1), Vk € N,
4 (‘]1:?7 k+1, /\) 4 (q,i_a; k, )\). This inequality seems expected on the following heuris-
tic grounds: a chi-squared distribution with a higher degree of freedom is more dispersed,
so a shift in the noncentrality parameter of a given size should have a smaller impact
on the tail probability of the resultant chi-squared distribution with a higher degree of
freedom when evaluated at corresponding quantiles under the null. We have numerically
verified that the inequality holds uniformly for o« € {0.01, 0.05, 0.1}, & < 200 and \ €
{0.01,0.02,...,0.99, 1, 2, ...,50}.|ﬂ

3The calculations were performed in MatLab with a machine epsilon of approximately 2 x 10716, and

11



A proof of this more general version of the inequality appears difficult due to the com-
plicated nonlinear dependence of the quantiles qi_a on both k and «, as well as the analytic
complexity of the chi-squared CDF, which involves an incomplete gamma function. A proof
of the power comparison inequality would probably require relatively tight upper and lower
bounds on the quantiles of the associated chi-squared distributions, which play a significant
role in the comparison. Further analysis of such comparisons is therefore left for future work.

Theorem 3. (Hypothesis testing against the null Hy : = f3,)

(i) Under (S-IV) and (A3’), and testing Hy against Hy : § = S, == B, + \/Lﬁ (81— Bo)
with size o, we have

(B, — Bo) LIy (81 — By)
1+ 5650 ’

(By = By) TLTT, (8, — 60>> |

Kur (By;B) =¥ (Q}{a; K,

. — 1-a.
ICPR (611ﬁ0) =V <Qm ; MM, 1+5650

Under (S-1V) and (A1),

—B) LTI (B — By) |
1+ ByBo ’

20580 = 5[ (1 58) s . a5

UR 61750 uv/(q au K?

with
kin (2) = (26 — 2 (B; — 50)), Paz (280 — 12 (81 = Bo)) -

(i) Under (I-IV) and (A3’), and testing Hy against Hy : = [, with size o, we have
Kur (815 80) = Kpr (815 6y) =

Under (I-1V) and (A1), the finite-sample power functions coincide with the asymptotic
power functions.

(i1i) Under (W-IV) and (A3’), and testing Hy against Hy : = B, with size a, we have
(81— Bo) I3 (B, — )
1+ 5y,
Ken (51 B0) = B |0 (14 8380) €5, m, (580 = 1 (B, — B0)) Py =) (B8 — 13 (81 — 80))) |

Kvr (61?60) =V <Q}<_a§ K,

we found that: the maximum difference ¥ (¢, sk +1,A) — ¥ (g, %k, A) is negative and has a magnitude
larger than 10~8, and the maximum log ratio log (W (qu k41 )\) /W (q,i %k )\)) is also negative and has
a magnitude larger than 107°.

12



where = < Nim (0, Ix,,) and c};go‘ is such that

P {MX:%BSE'P =, > (1 + Boﬂo) Céga} = Q.

If B, =0, then cé;o‘ = ¢ and

Kpr (81;0) =E [& (g5, % m, )]

Under (W-1V) and (A1), the finite-sample power functions coincide with the asymptotic
power functions.

(13+=)

These results facilitate several power comparisons between the URRF and the PRRF
tests. First, with strong instruments, the PRRF test is typically more powerful than the
URREF test for any null 3, and (local) alternative 3, under the conditions of Lemma 4(iii)
or, more extensively, as supported by the stated numerical computations; and we conjecture
that the power domination comparison holds more generally. Second, with irrelevant instru-
ments, power equals size and neither the PRRF nor the URRF test is informative about [.
Third, with weak instruments, the power comparison is indeterminate. Take for example
the case of 5, = 0. Recall that ¥ (q,i_o‘; k, )\) is increasing in A and decreasing in k, so

BQH;P(H; +E)H§ﬁ1 < B 1135, almost surely. But in overidentified models m < K and

so ¥ (g1~ m,) may be larger or smaller than ¥ (q}(_o‘; K ,), depending on the values of
m, K, II5 and the realization of =. With = integrated out, the power comparison remains
dependent on II5 and 3.

5 Asymptotic Power with K — oo

To construct a framework that allows for an increasing number of instruments, we assume
that
!/ .
Iy = [Iyy, .y My 5 with Thary ~iig (O15m, Q1) R, > 0. (16)

Then, as K — oo, we have K '1.1I, 2% 0 and KL, %% Qp, > 0. Next let K =
K (n) — oo slowly relative to n so that £ — 0. With this framework, we can derive
asymptotic power functions of the URRF test and the PRRF test allowing for different
strengths in the increasing number of instruments. First note that under the null Hy : 8 = j,,
Assumption Al or A3, and suitable centering and standardization, the URRF statistic W[%
is asymptotically normal, viz.,

1 A a e 4

- 1 =n (7 — 1B, 71 — 3,

Wi = VK (=W —1) = VK | = ( >< )
v 1+ BB,

—1
K

4y i VR |20 E2E6) L N(0,2).
K—00 K 14 BB,

13



This limit theory is used to obtain critical values of the URRF statistic when K — oo.
Theorem 4. (Hypothesis testing of Hy : f = , with K — 00)

(i) (Strong instruments, \/%—K—local alternatives) Suppose that Ilygy ~iia (01xm, Om,) and
consider a size-a test of Hy against

1
Hy:p =8, ¢250+W(51_50) (17)

based on the (asymptotic distributions of) the test statistics Wg% = VK <%W50 — 1)
and Wﬁ‘}% as (K,n) = oo with £ — 0. Under (S-1V) and (A3’), the PRRF test has non-
trivial asymptotic power while the URRF test is asymptotically blind to O <1 /VnK )

local alternatives. In particular

(B, = Bo) Oy (B1 — Bo)
1+ 5650

Kpr(B1;B0) =¥ <q71na; m, ) > a = Kyr (B1; 8o) -

(ii) (Strong instruments, W—local alternatives) Suppose that auy ~iia (01xm, Qm,) and

a size-a test of Hy is performed against the local alternative

~ 1
H135:5n3:50+m<51—50) (18)

using Wg(]’% and Wg%. Then, under (S-1V) and (A3’), the URRF test has nontrivial
asymptotic power while the PRRF test has unit power asymptotically:

Kpr (B1;:60) =1 2> Kyr (B1;8) =P (@1 (o) — %(ﬁl — 601)—52;/2;61 _ 60)) .
0~0

(11i) (Weak instruments, #—loeal alternatives) Let Iy = \/LEHZ(/@ with H;(k) ~iid (01xm, QH;)
and Qqpy > 0. Size-a tests of Hy are performed against the local alternative

(81 — Bo)

W£R7 /80 - 07
Who, .= 1 [t m+ KBy (Qmg+Im)  Bo 5 40
VK | "' PR 148580 roreT

14



Then, under (W-1V) and (A3’),

Kur (81;8y) = a.

v <q71nia; m, 6,191_[; (QH; + Im>_1 QH361> >, ﬁO = 07

1+808o

’CPR (ﬁl; 50) = > (@_1 (Q) n 25:)(91-[;-1-],”)—101‘[3(51—50)) : BO 7& 0.

(iv) (Weak instruments, m—local alternatives) Let Tlygy = \/Lﬁﬂg(k) with Hg(k) ~iid

(lem,Qns) and QH; > 0. Size-a tests of Hy are performed against the local alter-

native

Hliﬂzﬁizﬂo‘f’ (/31_50)

K1/4

using WgOR and Wﬁ%. Then, under (W-1V) and (A3’),

Kur (By;8) = @ (djl (o) = (6

Kpr (81; Bo) =

where

;

\

fr =

L= Bo) Qus (B, — m)

V2 (1 + 5650)
1, Bo=0V By (s + L) Qmz (B, — By) <0,
o (0@ -] B A0 A B (4 1) s (5 ) =
AVar[WP(I){]
0, By (s + L)~ Qus (8, — By) > 0.

(81— Bo) Qs (Vg + L)~ Qg (8) — By)

: >0
1+ By,

— Y

and AVar [Wﬁ%} is some finite positive constant.

A particularly interesting outcome of Theorem 4 is the robust superiority of the PRRF
test over the URRF test for the null hypothesis Hy : f = 0: irrespective of the instrument
strength, so that Kpg (5;;0) > Kyr (81;0) . Notably, with weak instruments, the URRF test
is blind against local alternatives that converge to the null § = 0 at rates faster than #,
while the PRRF test is informative against these and other local alternatives that converge

1
at rates up to TE

6 Correspondence with the Unstandardized Model

Removing the standardizing transformation (A2) on the variance matrix of V, we now
assume that the rows {V(i)}?:l of V have common variance Var [V(Z)} = 2, and use the

15



triangular decomposition 2 = L'L where

L=< “he O )
Qop’war

with wiro = Wi — Wy Qo wa. Let YO := YL7' TI° := TIL~' and V° := VL™!. Then
Var [V(?)} = L VQL™' = I so that this transformation leads to the standardized system
(Phillips, 1983). Defining 3° = L3, we obtain the standardized structural-form 9 = Y3 +
u? and corresponding reduced-form Y° = ZII° 4+ VO where 3 = wi% (y1 — YaQsr wo1) |
Y)Y = YQQQ_Z%, 0 — wl_ﬁzQQ%Q (B —Qpws), and u’ = wl_l%u. All previous results apply to this
standardized model with variables superscripted by 0. Importantly, note that F (u?YQO( i)> =

—f3°, so that ° measures the extent of endogeneity in the standardized model.

Hypothesis testing on 3 in the unstandardized model corresponds to tests on the stan-
dardized parameter 8° in the standardized model. Thus, Hy : 8 = 3, has the following
standardized parametric form (with superscripts 0 denoting standardized parameters)

11 B
Hy: %= 58 1= wip% {23 (50 - Q221W21) :
We can then apply the results obtained in the standardized case in previous sections. In
particular, we note the following correspondences.

(i) Testing the null hypothesis Hy : £% = 0 in the standardized case is equivalent to testing
Hy: =5 = Qpwy

in the unstandardized system. This particular value * corresponds to the null hy-
pothesis that Y5 is exogenous in the structural equation, viz., Hy : E [Yg(i)u(i)] = 0.

To see this, note that
(H2 Z) + V2(i>> (Ul(z’) — Vo B )
mXK Kx1 mx1 1x1 1xm MXx1

= ILE [Zeyvis) ~ THE | Zo) Vo | B +E [Vawyoao] — B Ve Voo | 5
= O+O+w21 —Qggﬁ
= 0 if and only if § = 5.

E | Yopup | =E

mx1l 1x1

Hence, all previous results for testing the null hypothesis Hy : f = 0 in the standardized
case correspond to tests of exogeneity of Y; in the unstandardized structural equation.

(ii) Tests of Hy : B = 0 in the unstandardized system similarly correspond to tests in
1

)1/2

101
the standardized system of Hy : 8° = w30 wa = p/ (1 —p'p)"?, where p =

_1
wil/ 29222 woy is the correlation vector of y1;) and Y5(;) in the unstandardized model.

(iii) Results for testing a general null hypothesis such as Hy : ° = B9 for arbitrary 3)
correspond to similar general hypotheses in the unstandardized system.

16



Figure 1: Strong IV

(a): Asymptotic (b): Finite Sample (n = 100)
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7 Numerical Results

7.1 Numerical Evaluation of the Power Functions

For simplicity in the following calculations we set m = 1 and Hy : f = 0. The graphics are
computed numerically using the analytic forms of the density functions given in Theorems
3 and 4. We consider separately the case of a fixed number K of instruments and the case
of many instruments where K increases.

Case (i): Fixed Number of Instruments

We fix K = 3 and set IT; ~ (0.5377, 1.8339, 2.2588)/ , based on random drawings from a
standard normal distribution. For the case with strong instruments, i.e., II, = II;, we plot
in Figure la the asymptotic power functions Ky g (81;0), Kpr (5;;0) of the tests against the
local alternative Hy : f = \/iﬁﬁl for different values of ;. We also plot the finite-sample

power functions IC((JnI)% (81;0), ICE;?% (81;0) of the same tests for n = 100 in Figure 1b. For
the case with weak instruments, i.e., Il = \%H;, we plot in Figure 2 the asymptotic (and
finite-sample) power functions Kyg (5;;0), Kpr (5;;0) of the test against the alternative
H, : g = B, for different values of j3,.

As noted in Section 4, the power comparison in the weak-IV case is ambiguous and de-
pends on the value of IT}. For the case shown in Figure 2, it is clear that power for the PRRF
test exceeds that of the URRF test except when both powers are close to unity. To compare
the “average” performance of the PRRF and URRF tests across multiple specifications of
IT;, we draw 150 different II; from normal distributions with three configurations of means
and variances, and plot the average power functions in the three graphs of Figure 3. These
graphs show that PRRF power continues to exceed power of the URRF test for alternatives

17



Figure 2: Weak IV

0.8

0.6

0.4}

0.2

-0.2

close to the null. When the elements of II} are very small on average as in Figure 3(a), the
URRF power tends to exceed PRRF power for alternatives further from the null and when
power for both tests is greater than 50%. But when the elements of II} are centred away
from the origin as in Figure 3(c), PRRF power is uniformly greater than URRF power.

Case (ii): Many Instruments K — co

For the strong-IV case, we assume Iy ~jiq (0, Qr,) and set Qp, = 1. For the weak-IV
case, we assume H;(k) ~iid (O, Q’ﬁ2) and set (f, = 1.

In all of the cases considered, the gains are apparent from using the partially restricted
reduced form for testing. The strong instrument and many instrument cases reveal un-
equivocal gains. The gains are especially evident in cases where there are many instruments
(Figures 4 and 5). In the weak instrument case (Figure 2 and 3) the power gains are clear for
all alternatives that are close to the null. Loosely speaking, if the magnitude of II} is large
relative to the variance of =, then only for alternatives far from the null where power for
the PRRF and URRF tests are both closer to unity does the URRF power function exceed
the PRRF power function. So even in the weak instrument case, strength in the remaining
signal from the reduced form continues to matter in the performance of structural parameter
tests.

8 Conclusion

One advantage of using reduced forms as a vehicle for testing structural hypotheses is
that the effect of employing many instruments on testing is immediately apparent in the
dimensional linkage between reduced form and structure. The partially restricted reduced
form approach takes advantage of this linkage in using the additional information that comes

18
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Figure 3: Weak IV: Average Power
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Figure 4: Strong IV, Asymptotic
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Figure 5: Weak IV
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from a higher dimensional reduced form while at the same time exploiting the dimensional
reduction of the restrictions that produce the structural parameters. The power gains from
lower degrees of freedom in the chi-squared limit theory are especially notable when instru-
ments are strong and the number of instruments is large, as might be expected. Gains are
also apparent in weakly identified cases especially for local departures from the null, but
they do not hold uniformly in the parameter space in this case. The results of the paper
therefore help to reveal how strength and weakness in the reduced form are transmitted to
structural coefficient testing. The approach taken in the paper also shows some of the close
connections that exist between exact finite sample distributions and asymptotic theory in
structural model testing, underlining the value of the trail pioneered by [Basmann| (1961) and
Bergstrom| (1962).
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Appendix: Proofs

Proof of Lemma 1
Proof. Under (S-IV) and (A3'),
~ 1 / a.s. -
ﬁ(n-n) = =2V S5 (69,
V(B —B) = (ﬂ;ﬂ2> B ﬂl2 [\/ﬁ (1 =m) = Vn <ﬂ2 B H2> 5]

’

(€ =B),
Vi (F = m) = Vi (s = 12) (B = 8) + v/ (8 = 8) + Vi (112 — 112) 8
= Pr, (€ — 26) + 26 = P& + M, =B,

establishing the limit theory (5) - (7).

Under (S-IV) and (A1), mL Nk.m1 (H,n‘llK(mH)). So the matrix quadratic form
nIl'll = Y'P,Y = Y'CC'Y, where C = Z (Z’Z)_l/2 , is distributed as noncentral Wishart of
dimension m + 1 with covariance matrix I,,;1 and noncentrality matrix M M’ where

, -1
=5 (M)

M =EC'Y)=(2'2)"% 2’211 = Vi |m, L] = vally |3, L] .

This distribution is written as W, +1 (K, 111, M M) . Partitioning the Wishart matrix W :=
Y'CC'Y conformably with the structural equation , we can write the matrix quadratic
form

wln i Py yPYs | 4 /
W=l W | = L ePan ygpyy | = Wt UG B ML), (19)
where the noncentrality matrix
/8/
MM =n { I, ] 510, (8, 1) (20)

Ay

has deficient rank m. Then £, = (12[;1:[2) I,y 4 W, w1, showing the exact finite sample

distribution of 8, to be a matrix quotient of the components of the non-central Wishart
matrix W. The analytic form of this density is derived in Phillips (1980). We may also write

this distribution in mixed normal form as 3, L MN (\/ﬁ (A’EAEY1 A=l [, (A’EAE)A) ,
where Az = /nlly + =, by noting that Az = C'Y; L Nigm (\/EHQ,IK(mH)) and C'y, <
Nx (v/nIlaB, I¢) . Continuing under the Gaussian assumption (A1) we have

1
\/ﬁ
again with = 4 Nigm (0, Ir) and Py = Az (A’EAE)_1 AZ. 1

1
T = Pg,m < Py (H25 + f) L MN (PAEHQﬁu EPAE)
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Proof of Lemma 2

Proof. Under (I-IV) and (A3’),

e ]— a.s. —
Vnll = %ZV 25 (£,2) L Nims1 (0, Ircmsn))

= (Vaat) Vatlviin 25 (22) 2L n (o0, (22) )
Vi = vl (Vallyy/atly)  villayim % Pog £ M (0, P2)

Under (I-IV) and (A1), /nll = \/LEZV il (¢,Z), and the stated results follow. §

Proof of Lemma 3
Proof. Under (W-IV) and (A3’), notice that
Vnll = %Z’(ZHjLV) :H*+%Z’V 25105+ (£,5),
B 5 (54 2) (15 + ”)] ) e+ o)
Vi = il [Vallyally] iy,
== Pz (71 +8) = Prypz) (8 +6).

Under (W-IV) and (A1), /nIl < T35 + (£, Z) and the stated results follow. B

Proof of Theorem 2

Proof. We prove the proposition for the three cases with strong, irrelevant and weak instru-
ments separately.

(i). Strong instruments: Under the null 7; = II14,,
vn <7~T1 - ﬂ?ﬁo) = \/ﬁﬂ2 (Brv — Bo) = \/ﬁﬂ2 ((ﬂ;fb) 1 i 2771 50)
= Py, [\/ﬁ(ﬁl —m)+ \/5<H2 —ﬁ2> 50}
=55 Py (6~ 28) LN (0, (1+ B0 Pi.)
Define C =11, (H;HQ)_% . Then CC" = P, and C'C = I,,, so
C't L N(0,C'C=1,),

C'Z L Ny (0, L) |

C'€ — C"ZBy L Nicm (o, (1 + ,6;,60> Im> .
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Hence,

’

n (7}1 — ﬂ250> <7~T1 - ﬂzﬂo)

Bo __
ek = 1+ Bofo
s, (§=EBo) Pu, (€~ EBy) _ (C'6 ~ C'EBy) (C'€ — C'Z5y)
1+ Bof, 1+ Bof
d 1 9 d

£ M R
T ofy = =0~ X

As C'E8, £ N (0, BBy - Im),

—LAMEQQ=BEI7 C=ho | 22
BoBo vV BoBo \\/ BoBs

Under the Gaussianity assumption (A1), note that
Vn <7~T1 - ﬂ250> = Py, [\/ﬁ(ﬁl — ) +Vn <H2 — ﬂz) 50}
d N -
= P (6 - :50) = MN(_PAE:/807 PAE)
Hence,

Wﬁo i (5_560) PA/E (5_560) i 1/ MX2 . _
PR 1+ By 1+ B8yB, mufoE PazEfo

(ii). Irrelevant instruments: Under the null 7, =I5, =0,

N <7~71 — ﬂ250> = /nll, (Brv — Bo)

1 1., 1 B B |
- VI 7Vy —ViZ—T v, —
Vn (\/ﬁ 2T n 2) N0 o= Po

L% Po (§ —E8y) =N (-EBy, P=)

Z'Vy

Define 7 := = (E’E)fé. As 7Y = I, the conditional distribution of 77§ given any
realization of 7" is N (0,7'Y = I,,,), which does not depend on 7, so

¢ L N(0,1,,).
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Hence,

/

n (7~T1 - ﬂ260> (7}1 - ﬂ250)

Wﬁo _ :
r 1+ BBy
ws, (§—EBy) P=(§~Zh) _ (16 ~T'Zpy) ('€~ T'EBy)
1+ ByB, 1+ ByBy
d

< —  Mized x> ,_._. .
1 + 6050 m,ByE EBq

As 2, LN (0, 8o - I ).

WY R = WOV
BoPo \/ BoBo \/BoBo

(iii). Weak instruments: Under the null 7, = I8, = 0,

\/ﬁ(ﬁl—ﬂgﬁo)Z\/ﬁﬂz(ﬁlv_ﬁo)
_(m+ Loy m+Lav) (msLav
- (e o) (e ) (e o)
1 ' 1
(HZ + %Z‘é) (H§5o + %Z’m) - 50}
(e L) |(metaw) (meLov)|
() [ o) )

1 AR 1
(H; + %Z%) (ﬁzlw - %Z/Vﬁo>

== Pligyz) (€= E60) £ MN (_P(H%E)Eﬁo’ P(Hif*E)) ’

=

Define 113 = (II; + E) ((H; + E)/ (I3 + E))i . As TI/ETHS = [, the condition dis-
tribution of Tﬁsg given any realization of = is N <O,TI'I§TH3 = ]m), which does not
depend on Z, so

T& £N(0,1,) .
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/
Hence, as THSTHS = P<H§+E),

’

n <7~T1 — ﬂﬁo) <7~T1 - ﬂ250>

Wpy = :
o 1+ BoBo
ve (6= ZB0) Py z) (€ —E5) (Tr}gf - Tﬁ;EBO) (Tr’lgg - Tﬁ;550>
— ! = /
1+ B0 1+ By,
d 1 9

= ———Mx o =3,
L+ BBy 0= Mg 4=)

Proof of Lemma 4
Proof. (i). Let &, ~uq N (0,1). Vo > 0,

k+1 k
LP(x;k+1,0)—P<Z§?2x>>]P’< f?Zx)—!Z?(x;k,O).
i=1 i=1
Then, VA > 0,

J
—Z)!P(a:;k—i—l—l—Zj,O)

<
&
oyl
+
\'}—‘
=
I
(]
[

7=0

00 e_% (A)J

EZTQW(x;kJer,O):LP(x;k,)\).
=0

0 1 e B (3) (i |
—W(x;k,)\):—ge 2 (27 k,0) + E T(——Z)-W(x;k—i-Zj,O)
A
2

oA , 2
J=1
oo A j—1 oo J
Lge () PIRE Yatci .
1
= Sk 2,0) ~ ¥ (5k, )
>0 by (i).

(iii). As ¥ (z;k+1,0) > ¥ (2;k,0) Vo > 0, Vk € N, we have, Va € (0,1),
gt >
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For any even k € N, define
g2 (N) =" (q,ijrg, k+2, )\) 4 (q;*a; k, )\) )

Taking the first-order derivative at A = 0, by ,
/ 1 —a —a
g5 (0) = 3 W (g5 k+4,0) —a—¥ (¢, k+2,0) +a]

1— _
r k+4 qk+3 r k+2 qi “
1 2 0 2 2 02

Ta Ty |

where I' (s,z) denotes the upper incomplete gamma function. For integer s, we have the
finite series representation

s—1

[ (s,x) :(3—1)!-e_xzf.

Jj=0

Using a slight abuse of notation, it is frequently convenient in the following to suppress
the index 1 — a in q,i’a and instead use a superscript on ¢; to denote powers of ¢ as in:
Q= (qi’a)x. However, whenever a becomes relevant in derivations, the index 1 — « will be
retained in q,i_a. With this notation in mind, for even k, we have

- a2 E_i_l qj L k p
g, (0) = 1| (+1D)te o 3 (&) e 2 3‘2:023—'};
2 =z - B :
2 G 5
- k/2 j kg b1 ,
- 1 e qk_Jr? + e—qukQ# —e q—k, - e*qkkq—k2
. T - . s
2 =0 27 51 95+1 (5 + 1)! s 27! ok (5)!
[ 541 .
1 _dk+2 QkZ_i_g a4 qkz
=5 |late 2 54— ————a—¢€ 2
2 95+1 (§+1)! Sk (%)'
- L )
_1 e*qkT”L %W
? 254 (5 + 1)1 25 (1)1
- 1 k42 E+1 a
= |e" "2 g2 —(k+2)e 2 2] ’ 0
25+ (5+1)! [ Gz ~ ) Qe (22)

where the third line follows from the observation that:

. J
a=V (g k0)=e7 T (23)



Note that the ratio of the two terms in the square bracket in is

etz By k
e 2 qk+2 _ <Qk+2)2 C Qkt2 1
(k + 2) kg Qk k + 2 6%(Qk+2_Qk) ’
Taking logarithms, we have
_%kt2 k4
e "2 ¢ k 1
log k? I B (log qr+2 — log gx) + log qro — log (k +2) + 5 (qk — Qry2)
(k+2)e =2 ¢
k 1 1
<3 (Qrr2 — 1) - o + log g2 — log (k +2) + 5 (qr — Qrr2)
k

1 k
= log qi42 — log (k +2) — 5 (G2 — Qi) (1 — %>

where the inequality follows from the mean-value theorem and the fact that gy > qx. By
Inglot| (2010, Proposition 5.1), for £ > 2 and « < 0.17, we have the inequality

1 5
qx > k+2log — — -,
a 2
so that
_%kt2 k4
e 2 q 1 k
log e 7| < 10ng+2—10g(k+2)_§ (Qrt2 — qx) (1 T 5k~ dloa L 5) , (24)
(k+2)e g gL T
the last term of which .
— —1 asa 0.
2k +4logL — 5 \
Uil o (g2)
Now, recall that ae 2 = Y 2  ~£22 by (23)). Taking derivatives with respect to a on
7=0 27 5! Yy g p
both sides, we have
1—a 1—a g . 1—a)J—1 g_l 1—a\J
Gz % 10, J (%s3) O 1o _10 14 (%42
€ e s = ) T ks = 5k i
2 0« = 274! Oa 2 0« e 274!
k
= 12ql_a aeq%g — q’i;g)Q
k+2 E (k ’
2 da 23 (§)|
which implies that
l1—a
0 o0 e f2 B 1
a k+2 — 11—« _ k 1-a - qlf["
e q%+k)2 i 1—adt -3 (0:55)*
27(2)' 2%(%)!
1

_1—a+2@b(qk+2,k+2 O)
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where 9 (z; k,0) denotes the pdf of xi. By Lemma 5, which is stated and proved below, we
have

O<¢(qk+2ak+20)<w( aak70)7 (26)
and so by
0 1, 0 1,
0> %Cbi o Qk+2 (27)
Next consider )
h () :=log gt — log (k +2) — 5 (k2 — @) , (28)

and

/ a —a 1 —a —«
W(0) = 5 (log Gy —log (k+2) = 5 (35 — o ))
19 10 10

_ R St l-a _ = ¥ l-«

B Ty Do T+ 3 29k 2 9o T+

1o, (1 1 0 1,

~ 29a 2 q,:g‘ " da da T2

> 0. (29)

By |Chen and Rubin| (1986)), noting that %X% ~ Gamma (g, 1), we have the inequality

1 11 2 1
—k—§<2qk< k 0rk—§<q,§<k3,

so that
1 1 1/ 1 1
h (5) =log gy, —log(k+2) — 5 (q/i+2 - qi)
1
<log(k+2) — log(k+2)—§((k+2—1) k):—§
< 0.

As h(a) is strictly increasing on (0,1) by , we have

h(a) <0, Va € (0,%).

Hence, following equation , for a small enough, we have

37%T+2 g—H
log qk“ = | <0,
(k+2)e ,3

k k
fe. e 3 qkj; —(k+2) e’%kq,f < 0, and thus by it follows that

g; (0) <0.
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Hence, locally in a neighborhood of 0, i.e., VA € (O,X) for some X\ > 0, we have
W(qkﬁ,k—i—Q )\) < W(q,ﬁ_o‘;k,)\) ,

as required. §

Lemma 5. For any k > 2 and small enough o € (0, 1),
¥ (g % k,0) >0 (g5 k+2,0),

where 1 (z;k,0) denotes the pdf for x3.

Remark. We have numerically verified the stronger inequality 1) (q,i_o‘; k, 0) > (qk okt O)
for all combinations of a € {0.01,0.05,0.1} and k < 1000/

z k
Proof. First recall that ¢ (z; k,0) = @2 ’;fé)l’ <0
e (gorn)i . k
Y (qr + 3 k,0) B 2%1“(%) B ez (ar+2—ar) . (qi + x)5_1 0
¥ (Qk+2 +a; k+2, 0) e~ qk+22+z ((Ik+2+-T)% k <Qk+2 + I)%
25 r(5+1)

Taking logarithms of the fraction in parenthesis, we obtain

f(z) :=log (%) = (E - 1) log (qx + =) — glog (Grr2 + ),

(Qry2 + ) 2

and

(k —2) qoro — kar, — 22

2(qx + ) (qrt2 + ) (31

[ (@) =

By Proposition 5.1 of [Inglot| (2010), and by |Laurent and Massart| (2000), cited in Inglot
(2010) as Theorem A, for k > 2 and o < 0.17, we have

1 1
Q2 §k+2+210ga+2 (k—|—2)10ga,

1 5
Q. > k+2log — — =,
a 2

4Computations were performed in MatLab with a machine epsilon of approximately 2 x 1076, The
minimum difference (qk_o‘ k O) P (qk;?, k+1 O) was found to be a magnitude larger than 10~7, and

the minimum ratio ¢ (q,i %k O) /¥ (qu sk+1 0) was found to be a magnitude larger than 1 4 104,
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and thus
(]f - 2) Qr+2 — ka

1 1 1
§(k—2)<k+2+210g—+2 (k+2)log—>—k<k+2log——§>
« o a 2

1 1 5
=2(k—2)Vk+2y/log — —4log — + 5%—4
Q@ a
<0 for small enough «a. (32)
Plugging the inequality into , we have

) (k —2) qiro — kax
P S ) (e + )

<0, Vze(0,00).

P(grtata; k+2,0
Now, suppose that (q,i_a; k, O) < (q,;g, k+ 2, O), ie.,

Y (qrr2; k+2,0) =
Then, by the above, for a < 0.17, we have

V(g + 3 k,0)
U (qrs + 25 k+2,0)

. . . . x; k,
Hence, f (x) is decreasing in z, and so is M by .

<1, Vze(0,00). (33)
which implies
a :&D(q,:;‘;k—f—l()) = /000¢ (q,;g—i—x;k:—i—Z,O) dx
< /Ooow (q,ifa + k,O) de =V (q,i’o‘; k,O) = q,
giving a contradiction. 1

Proof of Theorem 3

Proof. By Theorem 2, under the null Hy : 8 = 3, ng% N X%, so the critical value for a

size-a test of Hy is given by ¢ ®. In the following we prove the proposition for the three

cases with strong, irrelevant and weak instruments separately.

(i). Strong instruments: For the URRF test, under H, : 8 = j3, == f, + \/Lﬁ (81 — Bo)s

ﬁ(ﬁl—ﬂgﬁo> :\/ﬁ(ﬁl—m)—\/ﬁ<ﬁ2—ﬂ2> Bn+ﬂ2(51—50)
25 ¢ —E8y 4+ o (By — By)
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SO
gt e [ =ZB0 + T2 () = Bl € = Sy + I (8, = o)
L+ 838,

d 2
= XK ,(81-Bo) 128, —Bo)/(1+6B0)

and thus
oo (e e (Bi— Bo) T (B, — By)
’CUR(Bhb)O)_W((IK ; K, 1+5650 >

Under the Gaussianity assumption,

vn (7%1 - ﬂgﬁo) =n(t —m)+vn (HQ - ﬂ2> B, +lay/n (Bn - 50)

. 1
gﬁ—EﬁnJr(Her%E) (B1 = Bo) -
={—E68y + 1 (B, — By) -

Hence,
W’BO 4 [5 — =0+ 1ls (51 - 50)]/ [f — =0, +1ls (51 - 50)]
UR 1+ 5650
4 2
= XK L(81-B0) 028, —Bo)/ (148680
and thus
_ BN TILII _
’C((?})% (By;By) =¥ (Q}(_aé K, (Bl 601 +2ﬁ/2ﬁ(ﬁl BO)) .

0”0

For the PRRF test, as Wﬁj’% — X2, under Hy, so the critical value of the size-« is given
by g.=*. Under H, : 3 = 3,
vn <7~T1 - ﬂ250> = Myv/n (51\/ - Bn) +115 (B, — By)
— Py, /i (7 = m1) = Pyyv/n (Tl = T ) B, + 112 (8, — 5o)

= Pr, (€ — 28,) + 2 (8, — Bo)

SO
sy [Py (€ = ZBo) + 10 (8) — o)l [P, (€~ Zfo) + 12 (51 — o)

W, ,
1+ BoBo

4 2
Xim,(8,~Bo) Ty TLa(81—B0)/ (14+508)-
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Note that, under the conditions for Lemma 4 (iii), we have
(81— Bo) 1L (B — By)
1+ By8

(8, — Bo) TLIL (B — By)
1+ 5650

Kpr (B1;8y) =¥ (q,ia; m,

>y (q}(o‘; K, > = Kur (815 Bo)

Under the Gaussianity assumption,

i (fn _ ﬂ2ﬁ0> P, (5 _ EBH> + A= (B, — By)
= Pa_ (£ —ZBy+ 12 (B — By))

SO
50 g 1 2
PR 1 +6660Xm,11n
with
kn = (EBy — a2 (B; — By)) Pa (EBy — a2 (By — By)) -
Hence,

K3 (B o) = (14 8380) @i s m, )
(ii). Irrelevant instruments: For the URRF test, under H; : § = f34,
N - a.s. —_ d /
\/ﬁ (7T1 — H260> — 5 — 560 = N (O, <1 + ﬁoﬂo) . IK)

so W —%5 2 and thus
Kur (B1; Bo) = .

For the PRRF test, the asymptotic distributions of Wﬁ% under Hy and under H; are

the same 1
Bo d 2
? / Xm = )
PR 1 + ﬁoﬁo Az ( 7/80)

SO

Krr (81 8y) = a.
(iii). Weak instruments: For the URRF test, under H; : = 3, # 5,
Vn <ﬁ1 - ﬂ250> =Vn (ﬁl - ﬂ251) +v/nIly (B, — By)
2% €~ 24, + (I + ) (8, — o)
25—550+H;<51—50)7
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SO

€ — By + 103 (B) — By)) (€ — EBy + IT5 (8, — By))
1+ 5650

da 2
= XK (81-B0) 115 T (8, ~B0)/ (1+8050)

Wi, 2 L

and thus

I+ 5650

For the PRRF test, under Hy, Wg(}% N ﬁ/\/lxil A (E,80)° Let c}j;a be the critical
0”0 ’ =

ICUR (5150) — <q}(—a. K (ﬁl - ﬁo)l H;H; (61 — 50)) .

value of the size-« test such that

1 2 1—
, > *5 = q.
P { 1+ BE}BOMXmﬁoﬂo'X%( - CBO } @
Then, under Hy,

Vit (71— ofy ) = Vally (B — 1) + Vitlla (8, = o)
= P, (Vi — vl ) + VTl (8, — By)
== Playyz) (€= E81) + (IG+5) (81 — By)
= P,z (€ — 26 + 113 (8, — o))
0
8, _d 1 2

H —/M / )
PR 14+ ﬁoﬂo va(Eﬁ(J_HE(fBl_BO)) P(H§+E) (Eﬂo_ng(ﬁl_ﬁo))

and thus

. _ 1 2 11—
Kon(61;f0) =P { 1+ 6560MXm(Eﬁwns(61—50>)’Pn3+5(aﬂfns(ﬁl—ﬁo)) = €, }
=B [7 (14 8y8o) s m, (F60— 03 (81 — 60)) Pruy.z) (E60 — 13 (6 — o)) |

2

Hence
/ .
m,B; Hslpng +=1158,4

For the special case of 3, = 0, c}jga = q- 7 and WPg N My

we have

Ken (Bi:80) = E @ (4% m. 1T P,z T381) |

35



Proof of Theorem 4

Proof. We prove the result for different strengths of instruments.

().

Strong instruments, against Hy : § = Bn = By + \/%T( (B, — By): For the URRF test,

under Hy : B = B, Wg(}% LN (0,2), so the critical value for the size-a test under
the null is v2Q ™! (@), where @ (z) = 1 — ® (z) denotes the survival function for the
standard normal distribution with cdf ® and density ¢. Under H; : § = 3,, and (A3’)

M7, 4 el (8~ 50) (71— B, + el (3, — 5,))

1
5.3 ?n(
Wi = VK

—1
1+ BoB,
oy o vie | L ES Tt e (A= ) (6= =0+ Fella (5= Ay)
K—o0 K 1 +BOBO
The term

(280 + el (8, - B0)) (€80 + Tl (8, — o))
E 1+ BB

is % times a noncentral chi-squared distribution with K degrees of freedom and non-
centrality parameter

(81 — Bo) %HIQH2 (81 = Bo) a8y (81 — Bo) O, (81 — Bo)
L+ ByBy 1+ BoBo
The term can also be interpreted as the sample average of K i.i.d. random variables

drawn from the noncentral chi-squared distribution with one degree of freedom and
noncentrality parameter

(34)

L (8= Bo) %0502 (8 — ).

K 1+ ﬁl)ﬁo

The mean and variance of a xi , variate are (1+ X) and 2 (1 + 2X), so that under H,
we have

o 1os o 18— B) £ILIL (B, — By)
WUR_\/E<KWU - — v )
LU (B 80) #ILIG (B, — Fy)
VK I+ 52)50
L N (0,2).
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It follows that the URRF test has trivial asymptotic power Ky g (815 8,) = Q (Q 7! (o)) =
« against local alternatives Hy : = [, + \/%T( (8, — By) - For the PRRF test, under
Hy : 5 = 3, we have,

Wk 25
so the critical value is given by ¢!~®. Under (A3’) and H; : 8 = 3, + \/%T{ (B, — Bo),
we have
By as. 1 [C/ (€ —Zpo) + \/Lgclfb (81— /Bo)] [Cl (£ —EBy) + \/%C’/HQ (81 — By)
WpE — lim /
K—oo 1 +6050
d 9 o

X Jim e (81—B0) T2 (81—Bo)/ (1+8580) — Xm.(81—B0) 1, (B1—B0)/ (1+5085)’

so the PRRF test has nontrivial asymptotic power given by

(B1 = By) o (B — ﬁo>> |

. _ l1—a.
KPR(ﬂl)/BO)_W<qm ym, 1_{_6/060

(ii). Strong instruments, against Hy : = 5, + m (81 — By)- A replication of the above
analysis reveals that under H;

W - VR <%W50 O G Bo) LI (5 — Bo)> o (B = Bo) &1L (B, — Bo)

K 1+ 846 L+ 8080
(B Bo) Ona (8= o)
1+ BBy

so that the URRF test has nontrivial asymptotic power

1 (B = By) O, (B — By)
V2 1188 ) -

Kur (B1;80) = Q (Q_l (a) —
while the PRRF test has unit asymptotic power

(51 — ﬁo)/ O, (ﬁl — 60) -1
1+ By,

Kprr (51?50) = I%linoo 1288 <q7171_a5ma \/E

(iii). Weak instruments, against H; : 8 = 5, + \/LE (B, — By): For the URRF test, under
Hy : B =5, Wﬁg% LN N (0,2), so the critical value remains the same. Under (A3’)
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and Hy, we have \/n

/N

T — ﬂgﬁo) L5 — BBy + 1T \F (8, — B,y) and therefore

] 8y + Tk (B, — ) (€ — 0+ L (8, — 5
Wik == Jim VE %@ : = 10)+>ﬁ<20 Tk R)
0

1 (6=2h+ M6 - 5) (6-=60+ FLG-5)

Koo K 1+ 880 K
Ak
+ \/_F
L N(0,2)
with / / ,
A = (81 = By) %H?H; (81— Bo) sy (81— Bo) QH/; (B, — 50)’
1+ 8,80 1+ ByBo

and \/%AK 2% 0. So the URRF test again has trivial asymptotic power Ky r (5;; B) =
a. For the PRRF test, under Hy,

8, as (S Hﬁo) (m5+2) (€ —EBo)
K—o0 1+ 5050

< lim —— M2 _
Koo (14 Bofy) - 0= (ny4m) =0

For 3, = 0, then W3 r=W2s LN X2, so the critical value is given by

FOI‘ 50 7£ 07

ﬁOEP(H§+E)EBO =K - P( :)Eﬂo 2% .

By Muirhead (1982, p. 46, Problem 1.18) ,

in,x_m_)‘

i>./\/'(O,1) as A — 00.
2(m+2X)

Hence, conditional on the sigma algebra o ((E(k)) e 1) and expanding the probability
space as needed to replace weak convergence by a.s. convergence we have

(= E@o)l P(n;+3) (§ —EBy) —m — BE)E/P(Hg—I-E)EBO
\/m + Q/BE)EP(HngE)EBD

25 N(0,2).

38



As the limit distribution does not depend on =, the unconditional limit distribution

will also be given by N (0,2). As

1 / a.s. 1 / a.s. 1 /'— a.s.
we have
1 _ | RV I RIS R
Eﬂo:P(HSJFE)Zﬁo = Eﬁoz (I + ) K (I3 4+ 2) (115 + ) K (I3 + =) Z6,

o 52) (Qng + Im)il By

Let (Z'Z),; denote the ij-th element of the m x m matrix Z'=. Since (Z'E),; ~ X%,

VK <% (Z'F), — 1> 5 N (0,2).

Also, for i # j, (E'E),; = Y, ExiZx; with E[Er 5] = 0 and E [23,53,] = 1, so

\/% <EE)] 5 N(0,1).

It is easily shown that Cov [(E/E)U : (E'E)hl] =0 V(i,j) # (h,]). Let Q== denote
the asymptotic variance-covariance matrix as described above. Then, working in the
expanded probability space, the limiting matrix variate

1
AE'E = lim \/E (?E,E - Im) i Nm,m (07 QE'E) :

K—o0

is well-defined almost surely with nondegenerate limit distribution. Also, notice that

1 s — 1 [ d
and so we may similarly define Al'l;/E = limg oo \/—%Hg/E. By direct algebraic decom-
position, we can write
1 — —_ —1
\/?: P(H§+E):‘ —VK (QH§ + Im)
]_ —_ * —_ 1 % —_ * —_ -t ]_ % — \/— 1 J
%= (I + =) E(Hz—i_:) (I + =) —KH2:+ K K::—Im
+ (=M + VE (221 L s a3 h
\/?‘_' 2 K'_' = m K 2 = 2 —

(35)



Define the limiting matrix variate AH;’H; = limg o0 VK (%H;lﬂg — QH;) and let
1 /
Mk:j€@g+5)m3+3,wﬂzQ@+Jm

By virtue of the above limit theory we have

1 / 1 /
¢?Um(—M):¢?(EHﬁE—Q@)+¢?<EEE—LJ

1 1
b I+ —='II

VK VK

Since M~! > 0 and Mg > 0 a.s., we deduce by standard matrix delta methods that
VEK (Mg = M™Y) 25 —M'AM™Y e,

1

1 / - 1 oas - -
VK = (I +2) (H;+E)} —VE Qg+ L) 22— (Quy + L)~ A (Qug + L)

Then, in view of , we have

— (g 4 L) T A (Quy + L) (36)
Hence,
W= (Wﬁ% e 150)
VE 1+ BoBo
__¢%+Q-%%3Q@ﬁf%o(S—E%Yﬂwe@_gﬁﬂ_m_ﬁggh%ﬂg%
1+ By, \/m + 2602 P (11, =) E 5
. Bo [\/LEEIP(H§+E)E B \{F (s + ]m)il] F
1+ BB
as, ﬁ [ N (0,48, (s + 1) ™ Bo) + 28 (T + Qg;)_l (Anyz+ ) By

—B, (g + Im)*1 A (Quy + Im)f1 ﬂo]
LN (O,AVar [WgOR]) .
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The asymptotic normality of ng(}% follows from the fact that the component vari-
ates AH;’ , A=, A are jointly all normally distributed with zero mean. However, the

asymptotic variance is complicated (though analytically derivable) due to the correla-
tion between the random variables. The critical value is then given by

Q%l_av 60 = O
1
cg ¢ = - .
o AVar [Wﬁ%} Q' (a), By#0

UnderH1:B:Bn:60+\/%(51—B0),W6haveasn—>oo

Jn (frl _ ﬂ260> “% Plgyyz) (g — 28, + 113 \/_ (84 60))

For 5, = 0, the noncentrality parameter A\x for the asymptotic distribution of WIQ R =
Wpp is
1 o % a.s. o -1
Ak = ?ﬁlﬂz P(H§+E)H251 = 81005 (Y + L) Quy,
and so

w9, =% X .
PR 1
m, 81 Qs (s +Im) Oz By

Hence, the PRRF test has nontrivial power:

Kpr(B81;0) =¥ (qm ; 75/1911; (Qmg +Im)71 QH;51> >«

For B, # 0, note that now the noncentrality parameter \x for the asymptotic distri-
bution of Wg(]’% is such that

1
\/_E)\K - \/?ﬁo (QH; + [m)

— {\/%H :,P(n*+a)550 = VEBy (y + L) 501

U?ﬁo_ sy T (51— )
b | (00— 00 TP T (51 - ) (37

-1

Bo

=N
N

Notice that

1 ! * 1 * * —_ x =Y * —_ - 1 * =\’ T
T Pl = o115 (014 2) | 1 (054 2) (1 4+3)] o @0349m;
a.s. ’ —1
== Quy (g + L) Omy (38)
1 j— % @.S. —
7= Pzl (U + L)~ Oy (39)
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Hence, applying , and to the corresponding terms in the three square
brackets in , we have

\/%)\K — VKB, (Qm; + Im)_l Bo
2528 (Qn; + 1) ™ (Any=+ Azrz) Bo = B (Ong + 1) A (U + L) By
— 28, (Qmz + Im)_l Qmy (81 — Bo) 5 (40)
so that
L (s m KB (O + L) B
Wek = Ui (WPR I+ BBy
B \/%—1—2%{ (5 HBO+H2\/>(B BO)) P(H§+5) <£_~ﬁO+H (ﬁ 50)) —m— Ak
a 1+/36/30 vVim 4 2 g
N \/Lg)\l( — \/Fﬁo (/QH§ + Im)_l Bo
1+ BoBo
sy ar _252) (QHS + Im)_l QH; (81— By) AVar [Wﬁo}
1+ By, ’ P

It follows that the power of the PRRF test for 5, # 0 is given by

260 (s + 1) Qs (8, —
Kpr(B1;80) =Q | Q7" () + Bo (s + 1) S (B = o) ,

AVar || - (14 838,)

and Kpg (6;; 5,) > a if and only if
Bo (g + 1)~ Oy (8y — By) < 0.

. Weak instruments, against Hy : 3 = By + =7z (6, — By): Note that the null distri-
butions of the URRF and the PRRF test statistics both remain the same as in (iii).
Under Hy, the URRF test statistic

1 (5 - Eﬁo K%mn* (51 - 50)), (f - E50 K}/4H* (61 - 50)) . 1]

whe 2% lim VK | =

K=o K 14 BB
i lim \/E [l (5 - Eﬂo K}/4H* (61 - 50)), (,£ - EBO K}/4H* (ﬁ ﬁO)) 11— )\_K]
K—oc0 K 1+ 6060 K
Ak
TR
a5 [((Br=B80) O (B =B ,
1+ ByB,
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where

(B — Bo) F=TI5 T3 (8, — By)
)\K = )

1+ B8,
L)\K _ (B1 — Bo) %H;HS (81— Bo) as. (B1—Bo) Qumy (81 — Bo)
VK 1+ By, 17 5.5 .

Hence, the asymptotic power of the URRF test is

1= 50)/ QH; (51 - 50)
V2 (1 + 5550) .

Kur (B1;80) = @ (¢—1 (a) — (8
For the PRRF test,
Vn <7~T1 - ﬁ250> ~ P(n;JrE) (f —ZB, + ﬁﬂz (81— 50)) :
For 3, = 0, the noncentrality parameter \x diverges to infinity:
Me = VE BT Pl T8, 25 o,

so the PRRF test has unitary power:

Kpr(81;0) = 1.
For 8, # 0, note that now the noncentrality parameter Ax is such that

1

\/E)\K — VKB, (Qur + Im)il Bo

1 - 1 1
= {\/—EﬁoE P<H3+E)Eﬁo - \/?ﬁo (Qng + [m) 1 ﬁo} -2 {\/—EﬁoE P(H;+E) ;W (B, — Bo)
1 1 / 1
+ L/—E e (B = 80) (P 115) 773 (81 — ﬁoﬂ (41)

By , the term in the first square bracket converges to a nondegenerate random
variable. By , the term in the third bracket converges to a finite constant:

(B — 50)/ Q/H; (Qﬂz + [m)_l Qs (81 — Bo)

By (39),

1 [ a.s. 4 -
2B0E Pl 115 (B = Bo) % o (Quiy + L) ™ Qg (B = B)
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If the right-hand side is nonzero, the term in the second bracket of may diverge to
positive or negative infinity, depending on the sign of ,86 (Qng -+ Im)f Qs (81 — Bo) #
0. Then:

00, By (Qmy + L) Qmg (By — By) <0,

1
—00, By Qs + L)~ Qus (B, — By) > 0.

VK

In the particular case where

B (Qng + [m)_l Quy (81 — By) =0,

A — VEBy (Qm + [m)_l Bo == {

notice that

1 / ’ 1
\/—Fﬁoz P(n3+5) ZW (51 - ﬁo)

’ 1,_/ % — 1 % . * — - ]- * T —/

:5()?: (I3 + 2) {E(H2+:) <H2+:)} 3/4 (H2H2+:H2) (81 = Bo)
IR BV I (VISR

=K 4‘50?: (I15 + 2) ?(H2+:) (I15 + 2)

1 _
X (\/E <?H§ 115 — QH;) + \/EE H;) (81— Bo)
_l’_

T EEVES DV I SRV
K™ 'ﬁo?z (I + =) {_ (I3 + =) (115 + :)} \/EQH; (81— Bo)

=

_1 1 — % 1 R —1
= Ogq.s. (1) — K 4ﬂ0 <\/_F: H2 + \/—?: :) (an + Im) QH; (61 — 60)

= 0gs. (1) = 0us (1) — K 3 B,VK (%EE — 1) (Qus + L)~ Qus (B, — Bo)

+ Kﬁi\/?ﬁg (QH; + [m)_l Quz (B, — Bo)

= Og.s. (1)
since 3, (Qmz + Im)fl Qs (81 — By) = 0. In this particular case, by ,
b
VK
1) (g S22) 1)

+(By — Bo) Qg (Ymrg + L)~ Qg (By — Bo) -

Ak — VKB, (Qmy + ]m)_l Bo

1

A (Qmy + L) By
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VK 1+ By0,
B2 (6-ZB0+ gk (8- B)) Pugrs (§ 8y + g (81— Bo) ) —m = Ax
© 1488 vm + 2Ag
N LKAK — VKB, (QH; + ]m)_l Bo
1+ 52}50

+o0, By (Quis + L)~ Qus (B, — B,) <0,
% ./\/ (MAVar [Wg%}) 3 B;J (Qng -+ Im)_l QH; (ﬁl — 50) = O,

—o0, By (s + L)~ Qus (B, — By) > 0.
where

(B1 = Bo) Qs (my + 1)~ Qg (B, — Bo)

o= ; > 0.
1+ BB
Thus, the asymptotic power of the PRRF test is given by
( i —1
17 50 (QH§+Im) QHE (ﬁl_ﬁO) <07

Kpr(B1:8y) = § @ (Ql (o) — #%]) >a, f (Qmy + ]m)_l Qu (B, — By) =0,

AVar [

0, By (Quis + L) ™ Qus (B, — By) > 0.
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