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ABSTRACT
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Master of Philosophy Thesis

HIGH-FREQUENCY SOUND TRANSMISSION IN FLOW DUCTS

Oliviero Olivieri

This  dissertation considers  sound  transmission  in  axisymmetric,  uniformly-lined  ducts  of 

constant cross-section, carrying a high speed, subsonic, parallel mean shear flow.  Fast and 

efficient numerical and analytical methods that can be used with high-frequency sound are 

developed.

This is fundamentally theoretical work, but with a view to the specific engineering application 

of acoustic liner optimization in turbofan aero-engine ducts, as cylindrical and annular ducts 

are approximate models of inlet and bypass ducts, respectively.  Focus has been given on 

applying  those  methods  to  problems  for  which  the  noise  source,  mean  flow  and  duct 

geometry are representative of the turbofan aero-engine application.

A new numerical  procedure to calculate  the small-amplitude pressure perturbation  in the 

frequency domain with arbitrary mean velocity profiles is developed and a computer code is 

implemented.  The method is a  problem-specific  finite element solver which, owing to the 

axisymmetric geometry, enables the rapid computation of a large number of modes at very 

high frequencies (e.g., several harmonics of the fan’s blade passing frequency) at a modest 

computational cost.  Because of its speed and accuracy, it may be suitable for application in 

practical design optimisation procedures for acoustic linings.

Examples of finite element solutions  of the eigenvalue problem  in cylindrical and annular 

ducts are provided and results, which show how the shape of the boundary-layer profile can 

affect the modal structure of the in-duct pressure perturbation field are presented.

In the special case of uniform core flow and thin boundary layers at duct walls, finite element 

solutions are compared with those obtained from an approximate perturbation method based 

on an asymptotic inner expansion valid in the boundary layer.

An  investigation  of  the  effect  of  boundary-layer  shielding  on  high-frequency  sound 

transmission is carried out.  A new cost function, which provides a quantifiable measure of an 

acoustic liner’s performance for a multi-mode noise source is proposed.
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Chapter 1: Introduction

Chapter 1

Introduction

1.1 Background

This dissertation considers sound transmission in axisymmetric, uniformly-lined ducts

of constant cross-section, carrying a high speed, subsonic, parallel mean shear flow.

This is fundamentally theoretical work, but with a view to the specific engineering ap-

plication of acoustic liner optimization in turbofan aero-engine ducts, as cylindrical and

annular ducts are approximate models of inlet and bypass ducts, respectively. Focus

has been given on applying numerical and analytical methods to problems for which

the noise source, mean flow and duct geometry are representative of the turbofan aero-

engine application.

This field of study has received much attention over the course of last 50 years or so.

Since early years, new theoretical findings and the development of both analytical and

numerical methodologies has progressed steadily and remarkable advances have been

made. Many novel contributions continue to appear annually in scientific and technical

journal papers and conference proceedings.
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1.1.1 Practical applications

Historically, a great deal of research efforts has been focused on the practical application

of noise prediction and control of aircraft turbo-jet and turbo-fan engines. That is clearly

demonstrated by the vast amount of scientific and technical literature, which has been

published in the 70’s and 80’s on the subject 1. However, the study pertains to a very

wide range of engineering applications. In addition to ducted turbo-machinery, of which

aircraft turbo engines are a particular case, other prominent applications are, ventilation

& air-conditioning (HVAC) systems and automotive intake and exhaust systems [83, 44,

15, 59].

For all these applications, a moving air flow is constrained in ducts, whose surfaces

in contact with the fluid can be lined with appropriate acoustic absorbing materials to

reduce the noise. The passive acoustic treatment of the internal noise path is, in fact,

a standard technique to achieve noise reduction objectives. Predicting reliably the ef-

ficiency of acoustic treatments depend on the understanding of the interaction of the

sound field with the lining material and a non-uniform mean velocity profile.

Furthermore, applications extend to the analysis and control of aerodynamically induced

blade vibrations (both flutter and forced vibrations) in ducted turbo-machinery used as

propulsion such as aero-engines or for electricity generation such as steam turbines.

Periodic fluctuating forces on cascade blades with frequencies close to the structural

natural frequencies of the system can lead to stability problems, create durability issues

or even cause fatigue failure [121, 122, 50, 78, 97].

1.1.2 Numerical simulation

With the incredible progress of computer memory and calculation capability, numerical

simulations now make it possible to find approximate solutions to mathematical models

that cannot be solved analytically. It has become an irreplaceable tool in science and
1Review articles by Nayfeh et al. [91] and Eversman [38] offer a comprehensive and systematic review

on aero-engine duct acoustics, updated to 1975 and 1991, respectively.
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engineering, creating a bridge between theoretical and experimental work. Calculations

through numerical models are often referred to as numerical experiments.

Some of the main advantages of adopting simulation in engineering are:

• reducing to a minimum the need for running expensive tests on physical proto-

types;

• quickly focussing on promising product design alternatives at the very start of the

development process through numerical experiments, which can easily be modi-

fied with a large number of parameter variations.

The aerospace industry has been adopting computational tools for quite some time through-

out the entire product life cycle from design and validation process to manufacturing

and product support. Testing has become an aid to the development and validation of

the models, which are applied at the very early stage of the design of new products or

product variants.

More recently, other industries, i.e., the automotive and the energy sectors, under leg-

islative and competitive pressures to develop innovative designs faster are also turning to

computational simulations to implement rapid, high-quality and cost-effective product

development processes.

Defining a correct mathematical model is critical. As the initial product design relies

on simulations and later design modification at a late stage of development may not be

done or can be prohibitively expensive, it is evident how crucial the choice of a suitable

model is.

1.1.3 Underlying theoretical models

In the case of the subject of interest of this dissertation, numerical simulations open new

possibilities in the understanding of sound propagation and its interaction with mean

flow and surfaces lined with acoustically-absorbent material. Clearly, the quality of a

3



computer simulation can only be as good as the quality of the model, and simulations

must be validated against experimental data.

A direct numerical simulation (DNS) approach could potentially solve the problem from

first-principles with little need of developing underlying theoretical models, but it is

a technique still prohibitively expensive in terms of computational cost. Also, often

numerical simulations based on theoretical models (when appropriately validated) may

provide a better insight of the physical phenomenon.

The general purpose of this work was to develop fast and efficient numerical and analyt-

ical methods that could be practical for use, for example, by the aerospace industry. This

requires specific choices on the underlying model to be made, which will be discussed

in this dissertation.

1.1.4 Aircraft noise

Aircraft noise control is a very critical technical issue for the aerospace industry. Be-

cause of the incredible expansion of civil aviation, noise at take-off and landing is a

major cause of adverse community reaction to the operation and further expansion of

airport capacity, and it is potentially a limiting factor in the growth of future air traffic.

Designing significantly quieter aircraft is necessary if the aerospace industry is to enable

sustained growth while limiting the environmental impact, and respond to strong envi-

ronmental opposition to building new airports and runways. As a matter of fact, tougher

noise legislations and self-imposed goals by the industry are on the way (see paragraph

below).

Historically, jet noise was the dominant source of noise in older engine designs (turbojets

and low bypass ratio turbofan engines) due to the high jet velocities. One of the results of

the continuing search for higher performance propulsion systems was the development

of ultra high bypass turbofan engines.
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In modern high-bypass and ultra high-bypass ratio aero-engines2, most of the thrust is

produced by the air bypassed around the core. This has allowed significantly lower jet

velocities for the same thrust, resulting in much less jet exhaust noise, thus leaving the

fan stage and first compressor stage as the primary engine noise source and hence as the

primary target for noise control. Noise, which has high-frequency content, propagates

in the intake and bypass ducts. The use of appropriate acoustic linings can effectively

attenuate noise inside a duct before it reaches a termination and radiates into the free

field.

Passive noise control by using acoustic liners is one of the main strategies to reduce fan

noise emissions from a turbofan engine. In general, sound absorption depends on the

properties of the acoustic liners, but at high frequencies, sound can be refracted towards

or away from the lined duct walls: this depends on the direction of propagation of the

sound relative to the mean flow.

In order to have an effective noise control in duct systems, it is crucial to gain a thorough

understanding of the physics, in particular the interaction of the perturbed flow with the

mean flow and the acoustic liners in order to build effectively models which can guide

the design of liners.

Anote on key noise regulations It should be said at the outset that this brief paragraph

is not meant to give a comprehensive overview of complex legislation matters in regards

to aircraft noise, but it aims simply to highlight some of the key regulations that have

been leading the aerospace industry to large research investments and efforts to mitigate

the effects of aircraft noise.

The International Civil AviationOrganisation (ICAO), a specialized agency of theUnited

Nations which provides standards, recommended practices and policies for civil avia-

tion 3, introduced its first aircraft noise regulations back in 1971. Following that, the
2These large engines have bypass ratios in the range of 10:1 to 15:1, compared to 4:1 to 6:1 for the

earlier turbofan engine [118].
3The 191 members of ICAO are representatives of the government and industries of all states of the

United Nations. ICAO regulations are done by consensus and become binding on the member states.
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aircraft industry embraced major research in a number of technologies for noise mitiga-

tion. The optimisation of duct acoustic liners was recognised as one of the key research

areas. It was realised the importance of developing theoretically-based models not only

to interpret and correlate test data, but also to assess the potential of hypothetical design

features and to guide the design of liners. [116]

Noise regulations are embedded into the Annex 16, vol. 1 of the Convention on Interna-

tional Civil Aviation [96], a document which established the organisation. Aircrafts are

classified in 13 Chapters according to their year of design, type and weight. For each

type and for each corresponding weight, a maximum EPNdB noise emission level is

defined. Currently, Chapter 3 requirements are imposed to any fleet, and more restric-

tive noise limits, which took effect from 2006, are imposed to aircrafts with high-bypass

ratio engines through Chapter 4. In 2001, the organisation endorsed the balanced ap-

proach principle to aircraft noise management4 [], which includes, among others, oper-

ating restrictions and reduction of aircraft noise at source, however, favouring the latter

to encourage the operation of the quietest fleet possible.

In March 2014, the ICAO Council meeting has adopted the amendments to Annex 16.

The amendments include a new noise standard for jet and propeller-driven aircrafts

(Chapter 14) and impose further 7 EPNdB below the previous limit [53]. Requirements

applies to newly-designed high-weight aircraft entering service from 2017 and for lower

weight aircraft entering service from 2020.

Moreover, in 2000 The Advisory Council for Aviation Research and innovation in Eu-

rope (ACARE), an initiative aiming to provide a network for strategic research in aero-

nautics and air transport in the European Union, set a goal for EU research to reduce the

EPNdB of new aircrafts by 10 dB by 2020 relative to best practice in 2000. A similar

goal was declared by NASA [101].
4Appendix C of Assembly Resolution A36-22
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1.2 Literature review

This section is intended to provide general background to this study. The advancements

of research made in the development of both theoretical models of small-amplitude per-

turbation 5 propagation in flow ducts and appropriate methods to solve their mathemati-

cal equations are reviewed here. In particular, areas of incomplete understanding, which

have motivated this work will be highlighted in subsection 1.2.1.7.

Since the introduction of the first aircraft noise regulations, research in this field has

been driven by the aerospace industry. It has largely focused on aero-engine duct ap-

plications, aiming to develop mathematical models which could be suitable for use in

liner optimization studies. It may not be surprising to the reader that most of the liter-

ature reviewed here, although of fundamental theoretical nature, considers mean flow

approximations and boundary conditions which are typical of aero-engine duct systems.

Although aiming to offer an account of the progress of the investigations in a chrono-

logical order, this has not been the primary criterion for the organization of the material.

It has been recognized that organizing material in paragraphs, each of which addresses

a particular aspect or reflects on the implications of certain model assumptions, could

provide a more systematic review.

1.2.1 Small disturbance propagation theory

1.2.1.1 Basic equations

An appropriate starting point to describe the dynamics and thermodynamics of a general

viscous, heat-conducting compressible Newtonian fluid would be the following set of

equations (cf. [98]).

• The conservation of mass equation
5In what follows, the term ‘small-amplitude perturbation’ instead of ‘acoustic’ is preferred. As it

will been explained later, the acoustic, vortical and entropic perturbation modes become coupled in an
inhomogeneous mean flow.
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• The Navier-Stokes momentum balance6 equation at thermodynamic quasi- equi-

librium7

• The energy (per unit mass) balance equation, where the thermodynamic pressure,

p, and the absolute temperature, T , may be chosen as independent thermodynamic

variables, and the heat flux vector is assumed to obey the Fourier’s law.

Alternatively, entropy could be used in place of the internal energy applying the funda-

mental thermodynamic relation

T̃ ds̃ = dẽ+ p̃ d (1/ρ̃) (1.2.1)

where s is the entropy per unit mass, e is the internal energy per unit mass and ρ is the

fluid density.

In the remainder of this paper, for the sake of simplicity of exposition, we will refer to the

set of equations above as the Navier-Stokes equations, and to the second equation above

as the equation of motion, since it represents the Newton’s second law for Newtonian

fluids.

From a theoretical point of view, such set of equations, when matched with appropriate

source terms and initial and boundary conditions, would describe completely the fluid

motion, from its smallest scales (e.g., smallest turbulent eddies) to its largest scales.

However, it is very hard to solve these equations under given conditions. No solution to

these equations subject to general conditions has been found and the application of the

direct numerical simulation (DNS) method, which aims to resolve all scales, including

the very smallest ones, has an extremely large computational cost [28].
6The Cauchy-Poisson’s law holds as constitutive equation.
7The mean of the three normal stresses at a point (often referred to asmechanical pressure, [Acheson])

is assumed equivalent to the negative of the thermodynamic pressure, that is pressure maintained by
molecular collisions.
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1.2.1.2 Linear theory

In order to solve the problem of small amplitude motion, which is of interest in linear

acoustics [98], aeroacoustics and computational aeroacoustics (CAA) [115], linear un-

steady aerodynamics [121] and here, the so-called linear theory is adopted. It is well

known that it consists of decomposing the flow field into two different scales: a steady

base flow, which can be a steady-state or time-averaged condition, and an unsteady per-

turbed compressible motion. The key condition is that the amplitude of the perturbed

quantities is small enough compared to the corresponding mean flow quantities, so that

a linearization procedure to the equations of fluid motion and thermodynamics about an

arbitrary steady solution to those equations can be applied.

Any flow quantity q(xxx, t) is expressed as linear (first-order) perturbation series in a di-

mensionless parameterϵ≪ 1

q(xxx, t) = Q(xxx) (1 + ϵq′(xxx, t) + ...) (1.2.2)

where xxx is the space coordinate vector, t is time and q′ is a dimensionless variable.

Substituting the expressions into the governing equations, subtracting the equations for

the steady flow and neglecting the products of fluctuating components, the equations

in the perturbed quantities are then obtained. Some of the steady-state quantities Q(xxx)

would appear in the linearized equations and must be provided in order to solve them.

1.2.1.3 Splitting the noise problem

Any in-duct propagation of small-amplitude disturbances implies a generation process

and eventually radiation from duct terminations. In principle, a complete aero-engine

noise prediction strategy would consider all the three main processes, i.e., generation,

propagation and radiation to the far field, as a single noise problem, since there would

be a certain degree of coupling between the three processes.
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With regards to an aero-engine duct system,there are two types of mean flow of interest

[97].

1. Flow where the swirl is negligible but the axial flow is radially sheared, as found

inside the inlet duct or bypass duct downstream of the guide vanes,

2. Flowwhich is both radially sheared and contains a significant swirling component,

as found in compressor and turbine stages or between the fan and stator.

Typically, due to the variety and complexity of the mechanisms involved, the noise prob-

lem has been tackled by dividing it into those three, more manageable parts, both in the

case of sheared and swirling mean flow. Once the solutions for the generation, propa-

gation and radiation are obtained, they can be coupled in a sensible manner to produce a

complete solution. In this way, the control of noise at the receiver may become an easier

task. For example, if the sound power that radiates within a particular sector of the far

field has to be reduced and the characteristics of the radiation are understood, the modes

that predominantly radiate within that sector can be targeted for control.

However, Atassi [9], investigating the acoustic and unsteady aerodynamic loading of

a cascade of loaded blades (a physical phenomenon found, for example, between fan

and stator of an aero-engine, where a strong swirling mean flow is present), showed

strong interference between the two, which led him to conclude that it was not possible

to separate the process of generation from that of propagation.

1.2.1.4 Modal decomposition of the flow field perturbations

If the duct geometry can be approximated by a prismatic shape and the flow field can

be considered invariant in the duct axial direction, the study of perturbation propagation

can then be reduced to the analysis of normal modes of the linearized equations. The

small-amplitude disturbances are written as an infinite sum of normal modes.
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In order to take advantage of the simplicity and power of normal mode analysis, aero-

engine intake and bypass ducts have been commonly simplified to cylindrical and annu-

lar shapes, respectively, with uniform cross-section in the axial direction. Moreover, a

flow condition, referred to as fully-developed flow is typically assumed, which consists

of invariant mean flow in the axial direction.

The mathematical problem of perturbation propagation is then that of identifying pat-

tern and propagation characteristics (e.g., dispersion relations) of all upstream- and

downstream-travellingmodes that could potentially be excited inside the duct by a source.

The duct is treated as a multi-mode waveguide of infinite length, as for example in the

electric transmission theory, and the problem formulation leads to an eigenvalue prob-

lem in two dimensions in the frequency domain. In the case of axisymmetrical cross

sections or idealized two-dimensional ducts (two parallel infinite planes), this approach

leads to one-dimensional problems, that is the governing equations to be solved are or-

dinary differential equations.

Then, in order to obtain useful predictions in practical applications, the identified modes

would be matched to some fluctuating pressure field, which is specified at some refer-

ence plane normal to the duct axis, by using the modes’ orthogonality property.

In the case of modelling aircraft turbofan duct systems, normal mode analysis has been

widely adopted since the first pioneering works. Analytical and semi-analytical methods

can provide fast and efficient simulation techniques, which also often give insight into

the physics of the sound propagation and radiation. Numerical techniques can simulate

more realistic models, including three-dimensional ducts and complex fluid flows, albeit

at high-frequencies the computational cost can be prohibitive.

In a classic paper, Tyler & Sofrin [119] laid the foundation for the contemporary study

of duct acoustics based on modal decomposition. They first introduced the concept of

spinning pressure patterns in ducts which are generated by rotating sources normal to

the duct’s axis (e.g., axial flow compressor stage or ducted fan) and provided a mathe-

matical formulation in the case of hard-walled annular ducts without flow. They carried
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out extensive experimental investigations on the structure of the near sound field gen-

erated on a reference plane adjacent to a ducted axial flow compressor and then built

a theoretical model. They considered first the case of rotor alone, then a compressor

stage. They recognised that two different noise generation mechanisms were in place.

In the former case, they observed spinning pressure patterns of azimuthal order either

the same or multiples of the number of rotor blades (B), turning with rotor speed and

propagating at frequencies of harmonics of the blade passing frequency (BPF). In the

latter case, a plurality of spinning pressure patterns was identified corresponding to the

BPF and any of its harmonics according to the formula

m = nB ± kV (1.2.3)

where B is the number of rotor blades, V the number of stator vanes, n is the n-th

harmonics of BPF and k is any positive integer. This is known as rotor-stator interaction

noise.

The idea of using Tyler and Sofrin’smodel of discrete tone noise generation and coupling

it with duct modal decomposition in order to estimating sound attenuations was first

suggested by Rice [105]. The work proved the usefulness of the modal decomposition

approach.

Some years later Rice et al. [107] also presented an interesting way to physically in-

terpreting the modes as the result of the interference of plane waves propagating at an

angle to the duct axis and subsequently reflecting from the duct walls.

Matching spinning pressure patterns determined from the formula (above) and an anal-

ysis of duct modes, aero engine designers could carefully select the appropriate number

of rotor blades and stator vanes such that the discrete tone interaction noise at blade-

passing frequencies and higher harmonics could be cut-off (that is, not propagate). A

whole family of engines benefited from Tyler and Sofrin’s work: the Pratt & Whitney
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JT9D 8, the General Electric CF-6 9, and the Rolls-Royce RB.211 EPA10[2].”

1.2.1.5 Viscosity

Large Reynolds numbers are encountered in aero-engine duct applications. However,

the question of whether viscosity is small enough to be neglected can only be settled in

relation to a specific problem. A notorious example of this statement is the boundary

layer, which is briefly explained here below.

It is an experimental fact that a Newtonian fluid adheres to a wall - this is the so-called

no-slip boundary condition. If it is imposed at a solid surface, in a thin region near the

wall, the fluid velocity changes rapidly from zero at the wall to its value in the free

stream which leads to significant velocity gradients. In that region, referred to as the

boundary layer11, however small is the coefficient of viscosity of the fluid, the flow

velocity develops such strong gradients that the effect of the viscous term in the motion

equation becomes important and cannot be neglected.

Implications on the equations of motion In an early study on the effect of nonuni-

form flow in ducts on the acoustic wave propagation Nayfeh [89], introduced the fol-

lowing distinctions with respect to the way the effects of viscosity could be take into

account to carry out the analysis.

1. Neglect viscosity in both the mean flow equations and the equations in the per-

turbed quantities;

2. Include viscosity in the mean flow equations only;

3. Include viscosity in both sets of equations.
8Pratt & Whitney’s first high-bypass-ratio turbofan.
9The high bypass of the General Electric CF6 represented a historic breakthrough in fuel efficiency
10High bypass engine subsequently developed into the Rolls-Royce Trent family of engines
11The role of viscosity in the boundary layer and the definition of the boundary layer concept, is at-

tributed primarily to Prandtl [93].
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We recover these distinctions because they are useful to organise the material in the

remainder of this subsection.

Case 1: inviscid mean flow and disturbances If neglecting viscosity and heat con-

duction at the outset, the Navier-Stokes equations reduce to the Euler equations. More-

over, the mass conservation equation and the Euler momentum equation become de-

coupled from the energy (or entropy) equation, which in turn can be omitted from the

coupled system of equations.

Moreover, if non-equilibrium processes (e.g., combustion) are not taking place, the en-

tropy of a material particle remains constant in time, i.e.,

Ds̃

Dt̃
= 0 (1.2.4)

When s̃ = const. or ∂p̃
∂s̃

= 0 the isentropic thermodynamic constitutive relation, which

relates pressure with density

p̃ = p̃(ρ̃) (1.2.5)

can be used instead of the energy (or entropy) equation.

Assuming a unidirectional uniform mean velocity field parallel to the duct axis and ap-

plying the linearization process mentioned above yields the convective wave equation

(see, for example, [111]). In a similar way, assuming a unidirectional shear mean ve-

locity field of arbitrary profile, after some manipulations (see section 2.4), yields the

Pridmore-Brown equation12 (cf. [45]).

The assumption of zero viscosity used in this derivation of the Pridmore-Brown equation

may seem inconsistent with the fact that, in a duct, the Pridmore-Brown equation is used

in conjunction with a mean flow profile exhibiting shear layers at the duct walls. This

issue will be addressed in the next paragraph.
12The equation has been named after Pridmore-Brown, who obtained it first in a seminal paper [104]

for the particular case of a two-dimensional duct (that is, parallel planes). The equation in cylindrical
coordinates was obtained by [81].
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The convective wave equation is essentially a wave equation in new coordinates (cf.

[12]). The Pridmore-Brown equation has variable coefficients that depend upon the

underlying mean flow. A closed-form, exact solution has not yet been found.

Goldstein [45]showed that the Pridmore-Brown equation is a special form of the Landahl-

Lilley’s third-order wave equation 13 when it is linearized about a unidirectional trans-

versely sheared mean flow, rearranged to exhibit a source term on the right-hand side

and then removed, and considering pressure fluctuations p′ ≪ p0 small relative to the

mean pressure p0 so that the term ln
(

p′

p0
+ 1
)
can be approximated by p′

p0
.

Case 2: viscous mean flow and inviscid disturbances This assumption was adopted

both byMungur&Gladwell [81] andNayfeh et al. [91] in their derivation of the Pridmore-

Brown equation. Starting from the Navier-Stokes equations, they applied a linearization

procedure around themean flow, in which viscosity and thermal conductivity, among the

other flow quantities, were decomposed in first-order perturbation series (steady mean

flow quantity and small unsteady perturbation).

After those expressions had been substituted into the governing equations, the equations

for the steady flow were subtracted. Those equations exhibited the steady coefficients

of viscosity and thermal conductivity. On the contrary, in the resulting equations in

the perturbed quantities, the steady and unsteady coefficients of viscosity and thermal

conductivity were set to zero.

What this assumptions’ choice tells us is that, even though the perturbed quantities obey

inviscid and non-heat conducting equations and, therefore, the inviscid and non-heat

conducting boundary conditions are to be used, the underlying mean flow, which has

been modelled as viscous and heat conducting, can sustain a shear flow, giving rise to

boundary layers.
13Lilley’s third-order wave equation is obtained rearranging the Navier-Stokes equations into the form

of an inhomogeneous convective, or moving medium, wave equation rather than the inhomogeneous
stationary medium wave equation originally proposed by Lighthill.
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The action of viscosity on the perturbation propagation can, in this case, be considered

“indirect”: the viscosity-generated shear flow has refractive effects on the perturbation

propagation.

These assumptions are made, more or less implicitly, in numerous papers from early

works to recent (for example, [39], [117], [125]),

Case 3: viscous mean flow and disturbances Starting from the exact equations de-

scribed in subsection 1.2.1.1 (two-dimensional case), [81] derived a wave equation for

sheared flow in a two-dimensional duct retaining viscosity terms in both the mean flow

equation and the equation in the perturbed quantities. However, due to the difficulty of

solving the equation, they numerically solved for the inviscid flow case only. To the

author’s knowledge, this result has not been better explored or developed further in any

other subsequent works.

In order to overcome issues related to the simplification of the Navier-Stokes equations

by neglecting viscous and thermal effects, with the possibilities offered by the continuing

rapid technological advancement of computational capability, there is new interest in

numerical approaches to solve the linearized Navier-Stokes equations methodologies

for efficient simulations of acoustic wave propagation in ducts retaining the coefficients

of viscosity and thermal conductivity in the perturbed equations.

Implications on boundary conditions; Ingard-Myers boundary condition The as-

sumption of inviscid flow has important implications on the modelling of the boundary

conditions which have to be provided for both the mean flow equation and the equation

in the perturbed quantities.

Within the viscous flow theory, the no-slip boundary condition is customarily employed

at any fluid-solid interfaces, imposing that the fluid adheres to the wall (in other words,

the flow velocity is zero on a boundary at rest). Although it is an assumption that cannot
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be derived from any conservation law, it is amply confirmed by experimental observa-

tions (cf., for example,Batchelor [11]). That condition is responsible for giving rise to

shear stresses and therefore to a shear layer.

Conversely, under a ‘slip’ boundary condition there are no shear stresses to prevent a

fluid from moving along the boundary: the only direction an impermeable14 and rigid15

boundary can apply a force to the fluid is along the normal to the boundary surface, and

a discontinuity in the velocity component tangential to the surface occurs at the surface,

from zero at the wall to a non-zero value at the ‘edge’ of the flow region.

Within the inviscid flow theory, such a surface of discontinuity is modelled by a vortex

sheet, a concept adopted in aerodynamic studies since its introduction by Helmholtz. A

vortex sheet is a surface obtained in the asymptotic limit of a vanishingly-thin (inviscid)

boundary layer. In other words, its thickness, δ → 0, as Re→ ∞.

For an acoustically ‘hard’ wall, by definition, the normal component of the fluctuating

acoustic particle velocity vanishes.

Surfaces that react elastically to a perturbed field16 with a response which is indepen-

dent of the detailed nature of the field and acts only in the direction normal to the wall

are named locally-reacting. This is the surface type which will be considered in this

dissertation (see 1.2.1.6).

In the absence of mean flow or in the case of vanishing mean flow velocity at the wall

(i.e., ‘no-slip’ condition), the effect of such liners on the acoustic field is completely

characterized by the so-called surface specific acoustic impedance, Z, which is defined

as the complex ratio of the local Fourier-transformed pressure p̂ (η) and normal velocity

component ûuu (η) · nnn as follows

Z (η) =
p̂ (η)

ûuu (η) · nnn
(1.2.6)

14A wall is impermeable if it does not allow flow through it.
15A wall is rigid if it does not move with the pressure exerted on the wall.
16Walls which are compliant to acoustic perturbations are commonly referred to as acoustically ’soft’

walls.
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where normal vector n points into the wall. In other words, effects of sound propagation

inside the liner is not considered.

In the presence of inviscid mean flow (i.e., ‘slip’ condition), the formulation of a suitable

boundary condition for the inviscid equation in the perturbed quantities is more ‘subtle’

(cf. Rienstra & Hirschberg [111]). In this case, the so-called Ingard-Myers boundary

condition has been defined by Ingard [58] for the particular case of a plane boundary

and reformulated later, in its most general formulation, by Myers [85].

Following Myers’ formulation, the surface of discontinuity of the axial mean velocity,

which is located in the proximity of the wall can be modelled as an unsteady vortex

sheet. On the wall side mean velocity is zero and on the other side it has the value

corresponding to that at the ‘edge’ of mean flow region close to the wall.

The wall can mathematically be described by an (arbitrary curved) steady surface S0.

The unsteady vortex sheet can be represented by a time-dependent surface, S(t), ori-

ented locally parallel to S0 and expressed mathematically as a perturbation of S0.

The vortex sheet cannot sustain transverse force [45], so it is assumed to follow the local

fluid motion. Moreover, no jumps in the acoustic pressure across the vortex sheet are

allowed. Continuity of normal particle displacement is imposed, and after a linearization

in the acoustic order and some manipulation, an expression for the acoustic boundary

condition is then obtained.

An implication of the boundary condition expression is the requirement of continuity of

acoustic particle displacement in the direction normal to the surface across the vortex

sheet, irrespective of the thickness of the real boundary layer. Moreover, it has to be

noted that this approach assumes that the effects of a finite boundary layer and a vortex

sheet on the perturbed field are the same; a point which has generated a good deal of

debate.

Before the publication of Myers’ work, a number of investigators compared theoretical

predictions based on continuity of normal particle velocity and normal particle displace-

ment at the interface to experimental data. Conclusions were mixed [91]. In a paper by
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Mungur & Plumblee [82], theoretical results obtained using the two boundary condi-

tions and compared with those of a progressively smaller shear profile suggested a trend

toward the particle-displacement results, which seemsmore favored since there has been

widespead adoption of the model within the aeroacoustics community in most theoret-

ical studies and duct acoustic codes where sound attenuation in a moving fluid is of

concern.

1.2.1.6 On the disturbance propagation models for aero-engine duct applications

Where swirling flow is negligible17 (see Sec. 1.2.1.3) typical flows in aero-engine ducts

can be divided into two main regions.

• The core of the flow, occupying s + δin 6 r < 1 − δout, where s and r = 1

are the non-dimensional inner and outer wall duct radii, and δin and δout are the

non-dimensional boundary layer thicknesses at the outer and inner walls, respec-

tively. In this region, the flowmoves close to uniform velocity and no temperature

gradients are present.

• Thin (but finite) boundary layers of arbitrary profile, where the effects of viscosity

and thermal conduction cause strong shear and temperature/density gradients.

Acoustic liners in inlet and bypass ducts are typically characterized as locally-reacting

absorbers [60] [84] . They consist of one or more composite sandwich panels consisting

of some type of resistive sheets, which may be either perforated materials or resistive

meshes, and a hard wall backing sheet bonded to a small honeycomb array of air-filled

cavities. Those cavities are directed perpendicular to the wall, and act as Helmholtz

resonators meant to dissipate the incident acoustic energy.

Due to the complexities inherent in solving the Pridmore-Brown equation, and the fact

that the boundary layer regions are very small compared to the core flow region, early
17This assumptions is the basis of the present study.
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theoretical investigations, typically aiming to identify an optimum acoustic liner impedance

for aero-engine ducts, adopted the convective wave equation coupled with the Ingard-

Myers boundary conditions [30] [33] [66] [116] [106]. Tester [116] referred to this as

the first stage of aero-engine propagation noise modelling.

However, it was expected that the mean velocity profile within the shear layers modifies

the propagation of sound and that the prediction of the performance of acoustic treatment

based on solving the convective wave equation was most certainly inaccurate. In the

inlet duct, the acoustic perturbation propagates upstream and the boundary layer tends to

refract waves toward the duct’s axis. According to Rice’s acoustic mode interpretation

[107], waves’ propagation angle decreases and converts them into lower-order radial

modes. On the other end, in the bypass duct, perturbation propagates downstream and

the boundary layer refracts waves toward the wall, increasing the waves’ propagation

angle.

Therefore, since those early investigations, the question of how modal solutions ob-

tained for an uniform flow would differ from those that are obtained for a non-uniform

flow was repeatedly addressed (cf., for example,[113] [81] [82] [65] [66] [34] [35][117]

[89]). The experimental results of Tack & Lambert [113] and Plumblee & Dean [100],

among others, provided evidence of good agreement between theoretically predicted at-

tenuation spectra using the Pridmore-Brown equation and experiments for a wide range

of acoustical lining materials.

However, even if performing a Runge–Kutta integration–iteration method – a compu-

tationally low-demanding integration method, only a few modes (the least attenuated)

could be extracted because of the low computational capabilities at that time.

For the particular case of aero-engine duct flow where the region of nonuniform flow

is very thin, Eversman & Beckemeyer [39] proposed an attractive approach. Taking the

cue from the definition of acoustic impedance of a lined wall (1.2.6), they developed a

‘lumped’ acoustic impedance, which characterises the combined effect of the liner and

the boundary layer. Later it will be referred to as effective acoustic impedance Zeff.
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It was obtained using an approximation for the Fourier-transformed acoustic pressure

and its derivative with respect to the radial direction (proportional to the radial compo-

nent of the Fourier-transformed acoustic velocity) at the ‘edge’ of the boundary layer

based on an inner expansion (cf. [13]) of a solution to the Pridmore-Brown equation.

In essence, their work showed that approximate wavenumbers and mode shapes for

acoustic propagation (in a duct containing thin sheared layers only) could be obtained by

solving the simpler convected wave equation coupled to an effective acoustic impedance

as the boundary condition.

They also showed that, in the limit of vanishing boundary layer thickness (that is, a

uniform flow profile), the boundary condition reduces to that of continuity of particle

displacement at the wall (that is, the Ingard-Myers’ boundary condition). In other words,

the work suggests that, with a thin boundary layer, it seems reasonable to neglect the

boundary layer and assume that the mean flow is uniform.

1.2.1.7 Ongoing theoretical work: current outstanding issues

Several limitations have become apparent for both the flow assumptions.

Mode instabilities In the context of hydrodynamic stability, a laminar flow is con-

sidered unstable when a small disturbance that is introduced into it grows while being

convected, or spread out and contaminate the whole flow. In the former case the pertur-

bation is referred to as convected instability, in the latter case, absolute instability.

The approach used in hydrodynamic stability analysis is very similar to that used in the

context of normal mode waveguide theory, which is used in this work. Both methods

assume at the outset that the governing equations may be linearized for small distur-

bances around a steady flow, and that their spatial patterns may be resolved into normal

modes. The point of difference is that the normal mode waveguide theory assumes a

harmonic time dependence (steady-state analysis of all modes that could potentially be

excited) so that a Fourier transform is applied to the linearized Euler equations. Instead,

21



hydrodynamic stability considers an initial-value problem to evaluate the evolution of

an initial perturbation in time and, therefore, a Laplace transform is used. Assuming that

modes vary with time like exp (s t) for some complex number s, the flow is unstable if,

at least, for one mode Re(s)>0 : the mode is said to grow in time.

General mathematical criteria based on the properties of the dispersion relation in the

complex k- and ω-plane have been formulated to identify an instability and determine

its convective or absolute nature. A widely applied method in fluid dynamics [52] and

aeroacoustics [17] is the so-called Briggs–Bers stability analysis, originally developed

by Briggs [22] and Bers [14]. In essence, the method determines the long-time (i.e.,

t→ ∞) behavior of the solution of an initial-value problem.

The debate about whether or not the uniform flow model associated with the Ingard–

Myers condition may provide realistic predictions for aero-engine duct applications was

mentioned above. In addition to that, one more point of discussion has recurrently been

raised over the years: the appearance of anomalous modes. Tester first noted “modes

with phase velocities in the opposite direction to that of decay”[116] and he named them

‘strange’ modes. As it was not confusing enough, their appearance was limited to spe-

cific configurations of mean flow velocity, frequency and wall impedance. He specu-

lated that what he believed was an upstream-running mode was, in fact, to be interpreted

as a downstream-running instability related to a type of Kelvin-Helmholtz instability in-

herent to the introduction of a vortex sheet.

It is to be noted that a correct identification of such a mode is of significant practical

importance, for example, when applying a mode-matching procedure in order to select

and match all appropriate modes.

In a widely referenced paper, Rienstra [108] inspects the behavior of acoustic modes in a

lined cylindrical duct with no mean flow and uniform mean flow with the Ingard–Myers

condition in the case of large dimensionless angular frequency. In the case of no mean

flow, he analytically derived that, for each azimuthal order, there may exist two modes

spatially confined in the proximity of the wall, which he named acoustic surface modes.
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Their steep decay away from the wall is associated with their large imaginary part of the

radial wave number.

Their existence depends whether or not the wall acoustic impedance Z lies in particular

regions of the complex Z-plane. They do not have an equivalent in the hard-wall duct

case.

In the presence of uniform flow only, he found that there may be two more with the same

radial decay, which he then named hydrodynamic surface modes. Through the applica-

tion of a stability analysis criterion, he concluded that one of those must be unstable.

Recently, in a series of papers by Brambley & Peake [20] Brambley [17] and Rienstra &

Darau [110] it was definitely shown that the combination of the Ingard–Myers condition

with some values of impedance (e.g., calculated using the impedance model) forms an

ill-posed problem in the time domain.

The conclusion was that the model of a uniform flow with the Ingard-Myers may not be

appropriate for practical applications.

Vilenski & Rienstra [125] provided an extended analysis in the case of a mean flow with

a boundary layer of finite thickness and showed that the instability was removed.

Recently Rienstra & Darau [110] and Brambley [18] proposed modified Myers condi-

tions – they both include a small but finite boundary layer above the impedance surface,

which removes the instability while still allowing a slipping flow above the boundary

layer. A comparison between the three conditions has been very recently carried out by

Gabard [42].

Mode coupling A significant theoretical progress in the understanding of the structure

of the modal disturbances to a steady uniform flow was the work of Kovasznay [68]

and Chu & Kovásznay [27], in which the linearized Navier-Stokes equations around a

uniform mean flow were re-written in a way that three distinct, first-order, uncoupled

solutions of fluctuations could be readily obtained. Solutions were then named acoustic,

vortical and entropic modes.
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The finding of the co-existence, in small-amplitude disturbances on a uniform mean

flow, of those three different types of perturbations was first reported by Rayleigh [29].

Kovasznay [68] and Chu & Kovásznay [27] first provided a formal derivation.

The underlying idea was the Helmholtz’ decomposition theorem, which states that any

vector velocity field can be decomposed into the sum of a solenoidal (i.e., zero diver-

gence) component and an irrotational (i.e., zero curl) component.

The linearized Navier-Stokes equations were then rewritten replacing the unsteady flow

velocityuuu′ (t− z/M0, x⊥) expressed in a coordinate systemwhichmoveswith themean

velocity, with two new independent perturbation variables convected with the flow:

ωωω′ (t− z/M0, x⊥) ≡ ∇× uuu′ (1.2.7)

ϑ′ (t− z/M0, x⊥) ≡ ∇ · uuu′ (1.2.8)

where t is time, z is the axial coordinate,M0 is the constant mean velocity and xxx⊥ posi-

tion vector in the transverse plane. The former is the well known definition of vorticity.

The latter is the specific dilatation rate, which represents the rate of volume increase per

unit volume of the fluid.

Then, any fluid perturbation variable, q′, (i.e., pressure, density and entropy perturba-

tions plus ωωω′ and ϑ′) were decomposed into the sum of three components

q′ = q(aco) + q(vor) + q(ent), (1.2.9)

where the superscripts (aco), (vor) and (ent) refer to the acoustic, vortical and entropic

modes, respectively.

Substituting the sums into the rewritten equations yields three uncoupled subsystems of

equations, from which three different uncoupled solutions, one for each component, can

be obtained.
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The vortical solution is characterized by viscous, incompressible, vorticity fluctuations

(i.e.,∇ · uuu(vor) = 0), which are convected by the mean flow and it has no pressure nor

entropy fluctuations.

On the other hand, the acoustic and entropy modes are related to irrotational velocity

fluctuations. Moreover, the acoustic mode is associated with the propagation of pressure

waves in a compressible medium travelling with the speed of sound (altered by the mean

flow velocity). The entropy mode is associated with heat exchanges and it does not

generate pressure fluctuations.

In the limit of zero viscosity and zero thermal conductivity (Euler equations), the acous-

tic mode is then characterized by having zero acoustic component of entropy, s(aco) = 0

and the acoustic pressure is directly related to irrotational acoustic velocity fluctuation

by the well-known relation:

p(aco) = −Dϕ
Dt

, (1.2.10)

where ϕ is the commonly referred (acoustic) velocity potential. Moreover, the entropic

mode becomes a time-independent entropy perturbation convected by the mean flow.

When the base flow is non-uniform the analysis becomes much more involved because

it is not any more possible to split the flow disturbances into distinct modes obeying

separate equations.

Goldstein [46][47] carried out a natural generalization of the theory of Kovasznay to

mean flows that could be expressed in terms of a potential. He proposed a convenient

method for the determination of the normalmodes by starting from the same idea of split-

ting the perturbation velocity field into potential and vortical components. He showed

that vortical disturbances are independent of acoustic disturbances, while acoustic dis-

turbances are produced by vortical ones.

Kousen [67] andGolubev&Atassi [49] studied small-amplitude disturbances in the case

of ducted, inviscid, swirling mean flows. The normal mode approach was used to define
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an eigenvalue problem, which was solved numerically. Kousen [67] suggested that there

are three families of perturbation modes. The first family encompasses spinning ‘nearly-

acoustic’ waves, suggesting that the acoustic solutions have a vortical component within

them. The second family comprises vortical modes related to the swirl of the mean flow,

which have a pressure perturbation and, therefore, he named them ‘nearly convected

modes’. The third family consists a continuum of modes, which Kousen called ‘purely

convected modes’ because the convective derivative, D
Dt
, of these modes is zero. Later,

Tam & Auriault [114] confirmed the existence of the first two families, but denied the

existence of the so-called ’purely convected modes’ as they are simply a mathematical

artifact.

In the presence of transversely sheared mean flows, the situation is even more compli-

cated. In a recent paper, Goldstein et al. [48] extended further his generalization of the

theory of Kovasznay mentioned above to the case of transversely sheared mean flows.

His theoretical findings are that the unsteady hydrodynamic mode carries pressure fluc-

tuations and the acoustic mode is no longer irrotational. Moreover, he shows that there

is a linear combination of the convected quantities that is equal to a linear combination

of the pressure and vorticity.

1.2.2 Methods of solution

The approximationmethods used can be roughly divided into twomain types: numerical

methods and analytical methods.

Numerical methods

For the case of ducts with uniform cross-section, [81] andMungur & Plumblee [82] were

the first to tackle the eigenvalue problem numerically for a number of different velocity

profiles using the fourth-order Runge–Kutta method. Recently, the same technique was

adopted by Fisher et al. [40]. It has been demonstrated that results are accurate, but for
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the determination of a large number of eigenvalues more calculation-efficient methods

need to be used.

Since the advent of computers in the early 1970s, there has been a continuing interest in

developing and improving computational technique for tackling this problem for general

non-uniform flow conditions and geometries. After some initial interest in applying

the method of weighted residuals, [120, 126], the attention of investigators focused on

the finite element method as a viable solution technique to this problem. The finite

element method makes use of test functions which are the same subset of complete

functions used as basis functions, and contrary to the method of weighted residuals,

basis functions have small support. It leads to algebraic systems of sparse matrices,

which can be solved efficiently, which substantially reduces the computing efforts while

maintaining the same accuracy of the method of weighted residuals [4].

There has been several pioneering works investigating the applicability and accuracy

of the finite element method to different duct geometries, which proved from the start

the flexibility of its application in duct acoustics. Some of these pioneering works deals

with a duct segment of non-uniform cross-section joining two semi-infinite cylindrical

ducts of uniform cross-section, where upstream and downstream propagating modes are

assumed. The no-flow case is considered in [4], while the case of a subsonic flow with

general profile is examined in [6]. The transition region is divided into elements and a

weak form finite element formulation for the appropriate governing equations is derived.

At the bounding surfaces with the terminating ducts the solution is matched to modal

expansions for the uniform sections.

In another group of pioneering papers [5, 6] the case of an infinite duct with constant

cross-section is considered. It is shown how the approach of decomposing the acoustic

field into duct modes (eigenfunctions) can be particularly convenient. The set of eigen-

vectors obtained with the finite element method is the discrete analogs of the eigenfunc-

tions which are solutions to the boundary value problem. It was also demonstrated with
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numerical experiments that the accuracy of the solution set of eigenvalues degenerates

rapidly as the modal order increases.

Since the late 1970s, a vast amount of literature on this subject has been published.

Following the progresses in the consolidation of the mathematical theory supporting

the finite element theory [57], especially in relation to convergence and error estimation

[56, 55, 57], a number of papers address the problem of the dispersion properties of finite

element models for the convected Helmholtz equation, which describes the acoustic

propagation in ducts with uniform mean flows. To the author’s knowledge, there is no

paper of this sort dealing with the much more complex case of acoustic propagation in

ducts with general mean flows.

Recently [43], a new finite element formulation of the two-dimensional eigenvalue prob-

lem associated with the Pridmore-Brown equation has been proposed. It can be used to

approximate solutions to various classes of problems (ducts with cross section of ar-

bitrary shape and with azimuthally varying liners). The implementation of the finite

element method presented in this work will follow that approach.

Analytical methods

Few analytical solutions exists in the literature (see, for example, [71, pag. 87]) and

they mostly refer to the two-dimensional model. On assuming that the mean flow uni-

form except in a thin boundary layer near the duct walls, asymptotic methods can be

used.Eversman & Beckemeyer [39] found a first-order asymptotic expansion for the

acoustic pressure in a boundary layer with general shape. From this, they introduced an

equivalent boundary condition applicable at the outer edge of the boundary layer. This

enables the formulation of an eigenvalue problem consisting of the convected Helmholtz

equation in the region of uniform core flow with an equivalent boundary condition.

They solved the problem numerically using the fourth-order Runge–Kuttamethod. They

proved that in this way they could reduce dramatically the computation time. However,

this method assumes that the region of nonuniform flow is very thin, which does not
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always correspond to real cases. An alternate asymptotic analysis of the sound field in

the thin shear layer by the application of the method of matched asymptotic expansions

was performed by Myers & Chuang [88].

What Eversman & Beckemeyer [39] showed was the correctness of the condition of

the continuity of normal acoustic particle displacement at the duct walls where there is

strong near-wall shear. Using a slightly different formulation, Tester [117] came to the

same conclusion.

1.3 Motivation for this work

In summary, impressive aircraft engine noise reduction has been achieved thanks to sig-

nificant advances in the the theory of small amplitude motions in a compressible fluid

confined in a duct. With the introduction of the more fuel efficient high-pass ratio turbo-

fan engines, jet noise was significantly reduced but fan noise became the predominant

noise source [97]. Passive noise control by using acoustic liners inside the nacelle’s inlet

and bypass ducts is still a valid strategy to further reduce engine noise emissions [63].

The design of an optimal acoustic liner is a challenging task because it has to provide

an appreciable benefit over a wide range of frequencies, both those related to steady

prominent tones and those included in a wide broadband noise spectrum, and at various

flow conditions.

The mean flow field in a nacelle of a turbofan engine is a complex flow: (i) there is a

shear flow in the air inlet leading to coupling between vortical perturbations and acoustic

waves; (ii) flow between fan and stator and downstream of the turbine stages contains a

significant swirling component leading to coupling between vortical perturbations and

acoustic waves; (iii) the heat exchanges in the combustion process lead to acoustic-

vortical-entropy waves [97].

The numerical computation of small-amplitude perturbations in such complex flow fields

can, in principle, be accomplished using direct numerical simulations (DNS), where the
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full Navier-Stokes equations for three-dimensional, unsteady, compressible flows are

solved directly for both mean flow and acoustic and vortical perturbations simultane-

ously, with no or little assumptions or turbulence modeling involved. In practice, they

are not typically used for engineering applications because it requires computationally

very expensive simulations to obtain an accurate representation of the solutions, as a

wide disparity exists between unsteadiness length scales and flow quantity amplitudes.

Hybrid methods have been developed instead, where the computation of the mean flow

field is decoupled from the computation of the small perturbation field. The mean flow

field, which is typically assumed steady, viscous and incompressible is solved using

classical CFD methods. The small perturbation field is calculated from linearized equa-

tions (i.e., linearized Euler equations) about the incompressible mean flow solution us-

ing a variety of numerical schemes. Commonly used time-domain numerical schemes

that solve the linearized Euler equations are the dispersion relation preserving (DRP)

algorithm originally proposed by [115] and the discontinuous Galerkin method (DGM).

When the geometry of the problem can be reasonably approximated by a simple sym-

metrical shape (e.g., a cylinder) the normalmode (eigenmode) analysis can provide valu-

able insights into the physics of small-disturbance propagation and its interaction with

the main flow and the acoustic surfaces. The behavior of the modal solutions can be

thoroughly investigated in relation to different factors, such as mean flow quantities,

duct geometry, liner acoustic response, and a detailed analysis of the response of the

complete lined duct system to an arbitrary unsteady excitation can be carried out. As

a consequence, through an appropriate selection of the above quantities, the theoretical

modal structure can be altered in a way that undesired acoustic modes decay exponen-

tially as they move in the axial direction (i.e., modes become ’cut-off’). Therefore, a

precise modelling of the structure of the modal solutions is of paramount importance.

A wealth of literature has been devoted to the development of methods and techniques

to obtain solutions to the mathematical problem and a critical analysis of theoretical re-

sults (see section 1.2). As theoretical results and experimental data have been becoming
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more and more available, models and solution techniques has evolved into higher lev-

els of sophistication [117]. For practical applications, there are methods, which aim for

example to simply identify the least attenuated acoustic modes, or those which imple-

ment a mode matching scheme. It is very important to find the optimal balance between

computational efficiency and accuracy of results.

Researchers currently debate on the appropriateness and accuracy of current mathemat-

ical models of small perturbations in aero-engine ducts. The concern is whether key

features of the perturbation spectral structure are sufficiently well captured and charac-

terized. The model based on the convected wave equation and Ingard-Myers boundary

conditions offers the simplicity of determining solution using semi-numerical methods,

but it raises doubts about the accuracy of the mode spectrum. A number of theoretical

studies from the early 1960’s and late 1970’s ([113] [81] [82] [65] [66] [34] [35][117]

[89] have revealed how different boundary layer profiles affect sound attenuation. More-

over, it introduces the issue of ill-posedness associated with the introduction of a vortex-

sheet boundary layer, which results in the appearance of spuriousmodes. Considerations

that models based on the Ingard-Myers boundary conditions may not be not sufficiently

accurate to foster the development of the next generation of acoustic liner configura-

tions seems to increasingly take hold among academics and nacelle and acoustic liner

manufacturers.

On the other hand, adopting the model based on the Pridmore-Brown equation intro-

duces a new kind of problems. First of all, the equation is difficult to solve. Few ana-

lytical solutions exists in the literature (see, for example, [71, pag. 87]) and they mostly

refer to the two-dimensional model (infinite plane duct model). The complexity of de-

riving wave propagation solutions in mean shear flow ducts arises from having a wave

equation with singularities which occur where the Doppler shifted frequency vanishes.

Rotor-alone and rotor-stator interaction tones, which are the prevailing distinct promi-

nent tonal noise components, are related to the fan’s blade passing frequency, which is

particularly high in the latest high-bypass-ratio engine designs. Although highHelmholtz
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numbers (ranging from, say , approx. 20 for the first harmonic to 70 for the third har-

monic) and high circumferential wavenumbers (relevant periodicities range between,

say, 4 to 30) are of great interest for this application, little attention has been given to

high frequencies. A quantification of the effect of refraction of the boundary-layer has

not been systematically investigated yet. Studies have so far dealt with frequencies cor-

responding to Helmholtz number up to 10. Only a series of papers by Vilenski et al.

[123][124][125] provide results at high frequencies. At high frequencies this effect is

expected to be quite substantial because the acoustic wavelength is comparable to the

boundary-layer thickness, and hence will significantly affect the overall noise attenua-

tion.

Finally, the methodologies to obtain solutions to the mathematical problem need to deal

with relatively high frequencies. Current numerical methods for solving 3D differential

equations are computationally very expensive at such high frequencies.

1.4 Aim and objectives

The aim of this work, as outlined in the initial programme of the study, was to develop

fast and efficient analytical and numerical methods to calculate the pressure perturbation

modes in acoustically-lined annular ducts containing sheared mean flow.

The key objectives initially set out were:

• Enable numerical simulation at frequencies corresponding to Helmholtz number

up to 100;

• Testing the method for its convergence with respect to spatial meshes and validat-

ing it on test cases for which an exact solution is available;

• Comparing solutions with recent results obtained with other methods;

• Supplementing the computational approach with analysis based on the perturba-

tion method;
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• Carrying out simulations to provide evidence of the influence of different shear

mean flow and acoustic linings configurations on the structure of the modal solu-

tions;

• Investigating whether boundary layers with similar shape factor are predicted to

have similar pressure modes at high frequencies;

• Carrying out multi-mode simulations to predict noise transmission losses in lined

flow ducts.

Although of fundamental theoretical nature on the general subject of small-amplitude

unsteady motion of a fluid in a duct, the work was carried out with a view to the spe-

cific engineering application of acoustic liner optimization in intake and bypass turbofan

aero-engine ducts.
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Chapter 2: Formulation of The Problem

Chapter 2

Formulation of The Problem

As outlined in the initial programme of this study, the basis for all the work is solving

the Pridmore-Brown equation. The purpose of this chapter is to introduce the equation

together with its appropriate boundary conditions. A derivation from the general gov-

erning equations of motion, thermodynamics and continuity of a fluid is provided. This

provides an opportunity to review the assumptions and to introduce the notation used

throughout this work.

It is assumed that the fluid is compressible and obeying the ideal gas law. The flow

is subject to small-amplitude perturbations, such that a linearisation of the governing

equations around a background mean flow is justifiable. A parallel shear flow, whose

velocity profile is supposed to be known, uniform along its direction, is assumed to be

the background mean flow. Mean flow perturbations are assumed to be inviscid and

adiabatic.

Nayfeh et al. [91] have demonstrated that the Pridmore-Brown equation can be obtained

from a linearisation process of the Navier-Stokes equations (see Chapter 1 for a defini-

tion of the equation set). It is noted that the assumption of inviscid and adiabatic process

for the flow perturbations was introduced only at the very end of the derivation proce-

dure. Therefore, one of the merits of the approach is to demonstrate that the mean flow

can be viscous and heat conducting. However, since the derivation is laborious, it is
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preferred here, for the sake of brevity (without affecting the final result) to adopt the

approach used, for example, by Goldstein [45].

Before proceeding with the derivation of the Pridmore-Brown equation, it is worth stat-

ing clearly a fundamental difference in the propagation characteristics of disturbances

in the presence of uniform mean flow (convected wave equation) and parallel shear

flow (Pridmore-Brown equation). In the former case, any fluid perturbation variable

(i.e., pressure, density and entropy perturbations) can be decomposed into the sum of

three components: acoustic, vortical and entropic perturbations. Since they are decou-

pled from each other, acoustic perturbations, vortical perturbations (velocity fluctuations

alone) and entropic perturbations (density fluctuations alone) are generally considered

separately. On the other hand, in the latter case, the above decoupling do not occur.

Acoustic-flow interaction processes, in principle, need to be taken into account: energy

can be transferred between an acoustic and a vortical field (thus the difficulty in formu-

lating an expression for sound intensity, as it will be discussed in chapter 6). However,

for the types of flow considered in this work, it is reasonable to assume that any acous-

tic/flow interaction will be small compared to the attenuation losses predicted for the

acoustic modes in a lined duct.

2.1 Governing equations

At the outset, it is assumed that the total flow is inviscid and non-heat conducting. This

implies that the flow is isentropic along streamlines. The energy balance equation is

then uncoupled from the equations of motion and conservation of mass and it can be

replaced by the isentropic thermodynamic relation, which relates pressure with density.

It is useful to define the local speed of sound as

C̃ ,
√
γ R T̃ , (2.1.1)
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where γ = cP/cV is the ratio of specific heats, R is the specific gas constant and T̃ is

the absolute temperature. Pressure can then be determined from density and speed of

sound according to the relation

p̃ =
ρ̃ C̃2

γ
. (2.1.2)

The starting point here is to present a summary of the governing equations. It is helpful

to make use of dimensionless variables. The equations that govern the flow of interest

here, written in dimensionless form, are1

∂ρ

∂t
+∇ · (ρuuu) = 0 (conservation of mass) (2.1.3)

ρ

[
∂uuu

∂t
+ (uuu · ∇)uuu

]
+∇p = 0 (conservation of momentum) (2.1.4)

γp = ργ (isentropic equation of state) (2.1.5)

Here ρ represents the fluid density, uuu the fluid velocity and p the fluid pressure (all

dimensionless). Velocities has been scaled by a reference velocity c0, lengths has been

scaled by a suitable reference length ã (e.g., the outer duct radius), and the fluid density

has been scaled by a reference density ρ0. The acoustic pressure has been scaled by ρ0c20

and time by ã/c0. Following the approach to the modeling outlined in Chapter 1, here

any source of excitation is excluded.

The flow can be split up into a stationary (mean) flow and small perturbations.
1Equations (2.1.3) and (2.1.4) can be written, in index notation, as

∂ρ

∂t
+

∂

∂xi
ρui = 0; ρ

[
∂ui

∂t
+ uj

∂ui

∂xj

]
+

∂p

∂xi
= 0.

where the convention that the repetition of an index denotes a sum over that index (Einstein summation
convention) is adopted here.
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2.2 The mean flow field

Themean flow field is assumed to have densityD(xxx), pressureP (xxx), and velocityMMM(xxx),

which are all steady quantities. As before, these quantities are also dimensionless. Equa-

tions (2.1.3) to (2.1.5) become

∇ · (DMMM) = 0 (2.2.1)

D (MMM · ∇)MMM +∇P = 0 (2.2.2)

γP = Dγ (2.2.3)

The local speed of sound is nondimensionalised based on the reference velocity c0 and

the following relation holds:

C2 = γ
P

D
(2.2.4)

2.3 The acoustic field

Now define the acoustic particle velocity, acoustic pressure and acoustic density as the

unsteady perturbations superimposed on a steady base flow, i.e.

uuu′ = uuu−MMM (2.3.1a)

p′ = p− p0 (2.3.1b)

ρ′ = ρ− ρ0 (2.3.1c)

Substituting these expressions into Equations (2.1.3) to (2.1.5), utilizing Equations (2.2.1)

to (2.2.3) and neglecting second- and higher-order terms in the primed variables, the fol-

lowing general acoustic equations are obtained:

Dρ′

Dt
+∇ · (Duuu′) + ρ′(∇ ·MMM) = 0 (2.3.2)

D
Duuu′

Dt
+D(uuu′ · ∇)MMM + ρ′(MMM · ∇)MMM +∇p′ = 0 (2.3.3)
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p′ = C2ρ′ (2.3.4)

where
D

Dt
=

∂

∂t
+MMM · ∇ (2.3.5)

2.2.2 is the convective differentiation operator2.

2.4 Case of unidirectional, transversely sheared mean

flow

ConsiderMMM = eeezM(r), where eeez denotes the unit vector in the axial direction and r is

the radial coordinate in the polar cylindrical coordinate system (r, θ, z) (figure 2.4.1). It

represents a unidirectional, axially and circumferentially uniformmean flow, but radially

nonuniform. In this case, the term(MMM · ∇)MMM in 2.2.2 is zero, which yields the result

that P and D are constant. Note that choosing their corresponding dimensional values

as scaling factor, P = 1/γ, D = 1 and C = 1. The gradient operator in cylindrical

coordinates is given by

∇ = eeer
∂

∂r
+ eeeθ

1

r

∂

∂θ
+ eeez

∂

∂z
(2.4.1)

whereeeer andeeeθ denote the unit vectors in the radial and azimuthal direction, respectively.

The second term of the acoustic momentum equation (2.3.3) can be rewritten as

(uuu′ · ∇)MMM = eeez (uuu
′ · ∇M) = eeez

dM
dr

u′r , (2.4.2)

where u′r is the radial component of the acoustic particle velocity.
2It is also known as the material derivative. The operator represents the time rate of change seen by

an observer moving with the mean flow.
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Figure 2.4.1: Geometry of an acoustically lined annular duct, with cylindrical
coordinate system used in this work.

The momentum equation (2.3.3) then reduces to

Duuu′

Dt
+ eeez

dM
dr

u′r +∇p′ = 0 , (2.4.3)

where
D

Dt
=

∂

∂t
+M(r)

∂

∂z
. (2.4.4)

The continuity equation (2.3.2) can be combined with equation of state (2.3.4) to yield

Dp′

Dt
+ (∇ · uuu′) = 0 (2.4.5)

Taking the divergence of the momentum equation (2.4.3), operating with the convective

differential D
Dt

on equation (2.4.5), and subtracting the result yields 3

3It can be demonstrated that

∇·
Duuu′

Dt
=

D

Dt
(∇·uuu′) +

dM
dr

∂u′
r

∂z
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∇2p′ − D2p′

Dt2
= −2

dM
dr

∂u′r
∂z

(2.4.6)

where
D2

Dt2
=

∂2

∂t2
+ 2M

∂2

∂t∂z
+M2 ∂

2

∂z2
(2.4.7)

This equation has two dependent variables, p′ and u′r. In the special case where U is

constant, it reduces to the homogeneous convected wave equation. When M = 0, it

reduces to the homogeneous wave equation. To obtain a single differential equation for

the acoustic pressure p′ only, the following procedure is carried out.

Operating on Eq. (2.4.3) in the following manner

∂

∂z
[eeer · Eq. (2.4.3)] = 0

leads to the relation
D

Dt

∂u′r
∂z

= − ∂2p′

∂r∂z
(2.4.8)

Inserting equation (2.4.8) into D
Dt

[
Eq. (2.4.6)

]
yields

D

Dt

(
∇2p′ − D2p′

Dt2

)
= 2

dM
dr

∂2p′

∂r∂z
. (2.4.9)

2.5 Pridmore-Brown problem

This work considers infinitely-long, uniformly-lined ducts of constant cross-section car-

rying a high speed, subsonic, unidirectional, transversely sheared mean flow that is uni-

form in the axial direction (fully developed flow). Since the mean flow properties and

boundary conditions do not depend on the time t or the axial coordinate z„ a Fourier

.
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integral representation of the pressure perturbation in the time and the axial cooordi-

nate exists. Without loss of generality, we can consider a single Fourier component to

represent the pressure perturbation, p′, and obtain the general result by superposition.

Let us assume

p′(t, r, θ, z) = Ψ(r, θ) ej (η t−kz z) , (2.5.1)

where the mode shape Ψ(r, θ) is the transverse component of the pressure perturbation

(not restricted, at this point, to rotational symmetry in the transverse plane). Substituting

this expression in equation (2.4.9) one obtains:

(1−M λ)

[
∇2

⊥Ψ+ η2
[
(1−M λ)2 − λ2

]
Ψ

]
+ 2λ∇⊥M · ∇⊥Ψ = 0 in Ω , (2.5.2)

where Ω denotes the acoustic domain,∇⊥ denotes the gradient operator in the direction

transverse to the z axis and λ = kz/η .

When the Pridmore-Brown equation (2.5.2) is employed to describe pressure perturba-

tions in aero-engine ducts, the parallel mean flow is typically described as consisting of

a uniform core velocity profile and no-slip, small boundary layers (see, for example, fig-

ures 2.6.1(b) and 2.6.1(c)). The duct walls are commonly assumed to be locally-reacting

impedance surfaces.

In this case, standard locally-reacting impedance boundary conditions to the Pridmore-

Brown equation would be sufficient because the mean flow vanishes at the wall (no-slip

boundary condition), given by

nnn · ∇⊥Ψ = − j η
Z
Ψ on ∂Ω , (2.5.3)

where ∂Ω denotes the surface of the acoustic domain, and Z is the specific acoustic

impedance, which is a function of frequency (and possibly a function of the azimuthal

angle, θ).
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Indeed, that would be the case in the first study of chapter 5, where the linear-without-

slip and 1/7th power law boundary-layer flow profiles are compared (see figures 2.6.1(b)

and 2.6.1(c) , respectively).

However, in the second study of chapter 5, it is investigated whether it is possible to

model any arbitrary boundary layer profile just using a linear-with-slip boundary layer

(see figure 2.6.1(d)), whose shape factor can be adjusted by varying the wall velocity.

In order to provide a general problem formulation, the Ingard–Myers boundary condi-

tions are imposed to equation (2.5.2), which, for this problem, take the form

nnn · ∇⊥Ψ+
j η
Z
(1−Mwallλ)

2Ψ = 0 on ∂Ω , (2.5.4)

whereMwall denotes the value of themean-flow velocity at thewall. Note that, in the case

of zero mean flow at the wall, standard impedance boundary conditions are recovered.

Equations (2.5.2) and (2.5.4) represent a third-order eigenvalue problem with eigen-

value λ and eigenfunction Ψ. The problem is linear, but has variable coefficients. The

eigenvalue appears in the boundary condition.

For simplicity of exposition, the boundary value problem consisting of the partial dif-

ferential equation (2.5.2) and boundary conditions (2.5.4) will be herein referred to as

the Pridmore-Brown problem.

2.6 On the Ingard–Myers boundary conditions

A summary of theoretical considerations which lead to the formulation of the Ingard-

Myers boundary conditions and a brief description of the fundamental problem found in

its modelling are provided in chapter 1.

Here, a few additional considerations are included, with particular respect to the way

the Ingard–Myers impedance model may affect the solutions to the problem considered

in this work.
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(a) (b)

(c) (d)

Figure 2.6.1: Types of radial mean-flow velocity profiles used in this work: (a)
uniform; (b) uniform core and linear-without-slip boundary-layer; (c) uniform
core and 1/7th power law boundary-layer (no slip); (d) uniform core and linear-
with-slip boundary-layer.

Since early theoretical developments in aero-engine duct acoustics, the Ingard–Myers

boundary conditions have been widely adopted to approximating, in a simple mathemat-

ical manner, the interaction of a liner’s impedance and a thin boundary layer on pressure

perturbations. However, considerations that the model is not sufficiently accurate have

been made ([113] [81] [82] [65] [66] [34] [35][117] [89]). It has only been quite re-

cently that alternatives to the Ingard–Myers boundary conditions have been put forward

(cf., for example, [42]), since mathematical considerations by Brambley [17] had proven

that using these conditions in the time domain introduces instabilities with unbounded

growth rate. Within the time frame of this work, it has not been possible to consider

such alternatives.

It has to be noted that these instabilities are mathematical artefacts and they are different

from unstable surface modes which may occur in the presence of a uniform mean flow,

as identified by Rienstra [108], or a boundary-layer type mean flow, as identified by

Vilenski & Rienstra [125], depending onmean flow properties (Mach number, boundary

layer thickness) and liner impedance.
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In the frequency domain, as it is the case in the present work, instabilities would re-

veal themselves as modes whose amplitude grows with distance along the propagation

direction, instead of decaying. The problem becomes that of identifying their correct

propagation direction.

If it is known for certain that amode decays, a simple approach to identify its propagation

direction consists of inspecting its axial phase velocity, vph = η/kz . However, according

to this, instabilities would be incorrectly classified. In this work, following Moinier &

Giles [78], the mode propagation direction is determined by evaluating its axial group

velocity, vg =
(

d
dηkz

)−1

, which makes the direction identification unequivocally clear,

as the mode group velocity defines the propagation of the energy flux.
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Chapter 3: The Finite Element Method

Chapter 3

The Finite Element Method

3.1 Theory of the FEM

In this section, the finite element method (FEM) is applied to the convected Helmholtz

equation and to the Pridmore–Brown equation with Ingard–Myers boundary conditions.

We beginwith a review of essential facts concerning themathematical theory of the FEM

to give basic definitions and results which will be used in this section and to establish the

formalism that will be adopted. The presentation of such background material mainly

follows the conceptual approach and the notation found in recent textbooks in Applied

Mathematics on FEM [21, 54].

First, a variational (also calledweak) formulation of linear elliptic boundary value prob-

lems is given making use of concepts of functional analysis such as Hilbert function

spaces, linear and sesquilinear forms. Then, the Galerkin formulation is presented as

a restriction of the variational formulation to an approximating finite-dimensional sub-

space. Finally, the FEM formulation is introduced as a special case of the Galerkin

formulation where the problem domain is partitioned in finite elements and the basis

functions are constructed implicitly in an element-by-element manner in terms of local

interpolating functions (shape functions).
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Following this approach, according to which we move from a higher level of abstraction

to progressively lower levels of abstraction, the FEM is unfolded in a broader perspective

as a particular case of a more general framework of approximation methods. This may

be useful when relating it to other methods, such as the weighted residual method.

3.1.1 Mathematical preliminaries

Let us first review some basic definitions.

Definition 3.1. Suppose V is a complex vector space. A complex-valued linear func-

tional l (also called linear form) on V is a linear function l : V 7→ C, i.e.,

l(u1 + λu2) = l(u1) + λl(u2) ∀u1, u2 ∈ V, λ ∈ C

Definition 3.2. A sesquilinear form a on V is a mapping a : V × V 7→ C, with the

properties:

a(v, u1 + λu2) = a(v, u1) + λa(v, u2) i.e., is linear form for vfixed

a(v1 + λv2, u) = a(v1, u) + λa(v2, u) i.e., is anti-linear form for ufixed

where the overbar denotes the complex conjugate.

Now suppose V is a complex Hilbert space with some complex inner product denoted

by ⟨ · , · ⟩ and let ∥u∥ =
√

⟨u, u⟩ be the norm associated with the inner product.

Definition 3.3. A sesquilinear form a on V is said to be V-elliptic (also called coercive)

if

∃α such that a (u, u) ≥ α ∥u∥2 ∀u ∈ V

Definition 3.4. A sesquilinear form a on V is said to be bounded if

∃ β such that |a (v, u)| ≤ β ∥u∥ ∥v∥ ∀u, v ∈ V
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3.1.1.1 Variational formulation of linear elliptic BVPs

Suppose V is a complex Hilbert space. Let the expression a ( · , · ) denote an elliptic,

bounded sesquilinear form on V and F denote a complex-valued linear functional on V .

Definition 3.5. A variational problem is the following:

Find u ∈ V such that a(v, u) = F (v) ∀v ∈ V. (3.1.1)

3.1.1.2 Galerkin approximation problem

The Galerkin approximation problem is based on two fundamental ideas:

• the variational formulation of the problem,

• restriction of the spaces.

Definition 3.6. Given an arbitrary finite-dimensional subspace Vh ⊂ V , a Galerkin

approximation problem is the following:

Find uh ∈ Vh(Ω) such that a(v, uh) = F (v) ∀v ∈ Vh. (3.1.2)

A Galerkin solution to the variational problem (3.1.1) is an approximate solution uh ≈ u

of the form

uh =

Nglob∑
j=1

cjϕj (3.1.3)

where the functions ϕj are preselected and form a basis for a finite-dimensional subspace

Vh, and cj are unknown complex coefficients to be determined.

3.1.2 The general FEM formulation

The FEM is a special implementation of the Galerkin’s method where the approximate

solution uh is sought among continuous, piecewise, polynomial functions of degree p
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on Ω. These are functions that reduce to a polynomial of degree p on each element K

into which the domain has been partitioned. The implementation involves the following

steps.

1. Discretization of domain

2. Definition of global-to-local index

3. Definition of local basis functions and local interpolation

4. Definition of global basis functions and global interpolation

5. Mapping from reference elements

6. Computation of element matrices

7. Assembly of the linear system

8. Solution of the linear system

Points 1 to 5 will be explained in their general in this sub-section. Points 6 and 7 require

a specific problem formulation and therefore will be explained in the sub-sections on

convected wave problem and Pridmore-Brown problem.

3.1.2.1 Discretization of the domain

Definition 3.7. Amesh is a subdivision Th = {Ki} of the domainΩ into a finite number

of open subsets Ki with the following properties:

1.
∪
Ki = Ω

2. For i ̸= j, Ki ∩Kj = ∅

In other words, the collection of open sets {Ki} forms a non-overlapping decomposition

of Ω. Each subdivision is typically characterized by its mesh size h, where
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h = max {diam (K) | K ∈ Th}

and diam (K) is a suitable criteria to characterise width.

Note that in a space with more than one dimension it is necessary to require an additional

property to the mesh , which in this case is called conforming mesh. Let us limit in the

following to elements having simple shapes, that is they consists of a group of vertices

bounded by straight lines (e.g., triangles, quadrilaterals in two dimensions, tetrahedra

and hexahedra in three dimensions).

Definition 3.8. A conforming mesh has the following additional property:

For i ̸= j, if Ki ∩Kj ̸= ∅, then Ki ∩Kj is a common vertex or a common edge.

Wewill see later that the global basis functions are constructed in an element-by-element

manner. The latter requirement ensures the continuity of the global basis functions. See

Figure 3.1.1 for examples of conforming and nonconforming meshes.

From the domain partition a system of points {aaai}, called nodes, is generated. We will

denote the total numer of nodes with Nglob.

(a) (c)

Figure 3.1.1: Examples of conforming mesh (a), and nonconforming mesh (b).

3.1.2.2 Global-to-local index

It is convenient to introduce a numbering scheme, n(e, j), which associates local node

labels to global node labels to simplify the notation and to facilite the assembly method-

ology, as will be shown later. In the literature, it is sometimes named global-to-local

index ([21]) or connectivity matrix ([102]).
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n(e,1)=4 n(e,2)=26

n(e,N-1)=72

n(e,N)=103

Figure 3.1.2: Graphical representation of the global-to-local index.

Consider a general mesh as defined in the previous paragraph. Each element has a num-

ber of interpolating nodesNen. For simplicity, let us assume that this number is the same

for each element of the mesh. For each element, a local node label is assigned to its in-

terpolating nodes, ranging between 1 and Nen following a certain numbering criteria.

For example, in the case of one-dimensional mesh over the domain
[
x0, xNglob

]
, for each

sub-interval a local node label i = 1 can be assigned to the the node at the left end of the

sub-interval, and progressive integer numbers can be assigned to the other nodes while

moving left-to-right towards the last node at the right end.

The global-to-local index is defined such that n(e, j) is the global label of the j-th node

of the e-th element. Thus, j takes values in the range: 1, . . . , Nen. n(e, j) takes values

in the range: 1, . . . , Nglob, where Nglob is the total number of global nodes.

3.1.2.3 Local basis functions and local interpolation

Suppose Ke ∈ Th be an element with nodes
{
aaan(e, i)

}
i=1, ..., Nen

⊂ Rd (see figure 3.1.2).

Let P d
p (Ke) denote the space of d-dimensional polynomial functions of order p on Ke.

This space contains all functions of the form

∑
l1+···+ld≤p

cl1,l2,··· ,ld x
l1
1 x

l2
2 · · ·xldd (3.1.4)
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Let v be a sufficiently smooth 1 arbitrary function onKe. A local interpolation problem

is defined by:

Find a local interpolant vI ∈ P d
p (Ke) such that v(aaan(e, i)) = v(aaan(e, i)) ∀i = 1, . . . , Nen.

(3.1.5)

Let functions
{
ϕe
n(e, i)

}
be a basis for P d

p (Ke). They are so-called local basis functions

or shape functions. They fulfil the requirement:

ϕe
n(e, i)(aaan(e, j)) = δij (3.1.6)

The solution of the local interpolation problem is then given by

vI =
3∑

i=1

vi ϕ
e
n(e, i) (3.1.7)

where vi = v(aaan(e, i)).

3.1.2.4 Global basis functions and global interpolation

The restriction of the FEM solution uI to each element is a polynomial of degree up to p

in each spatial variable and uI is continuous across all boundaries between neighboring

mesh elements throughout Ω. For

Suppose Ω is a domain with a subdivision Th = {Ke}. The global interpolant uI for u

overΩ is defined by:

uI = uI |Ke for all Ke ∈ Th (3.1.8)
where uI |Ki

denotes the restriction of the function uI to the elementKi.

We now define the space of all continuous piecewise functions as

S p
h (Ω) :=

{
uI ∈ C(Ω) | u|Ke ∈ Pp(Ki) for all Ke ∈ Th

}
(3.1.9)

1A more precise requirement on function v will be given later.
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where u|Ke indicates the restriction of u toKe.

A basis {ϕi} for the space S p
h (Ω) defined on Th can be easily obtained by combining

local basis functions on neighboring elements (see Figure 3.1.3). The functions ϕi are

called global basis functions and they fulfil the following requirements:

• ϕi(aaaj) = δij ;

• ϕi vanishes on any element that does not contain the node aaai ;

• suppϕi consists of all elements that contain the node aaai (see Figure 3.1.7 )

The approximate solution can therefore be described by the expansion:

uI(aaa) =

Nglob∑
i=1

ûi ϕi(aaa) =
[
ϕ1(aaa), . . . , ϕNglob(aaa)

]


û1

. . .

ûNglob

 (3.1.10)

where Nglob is the total number of nodes, also called degrees of freedom, and the coeffi-

cients ûi are the unknown values at the nodes ûi = u(aaai).

Example 3.1 (Two-node, one-dimensional element). Consider a one-dimensional do-

main [x0, xn] and a sufficiently smooth function f on this domain. Let the domain be

partitioned by a finite number of points x0 < x1 < x2 < . . . < xn. Consider any

interval Ie = [xi, xj] and the restriction p = u|Ie of the function u to this interval Ie.

An approximation pI to p on the interval Ie is sought in the form of a linear polynomial,

that is

pI = c0 + c1x (3.1.11)

The two constants c0 and c1 can be determined by solving a set of two equations, which

can be obtained by inserting the element nodal coordinates, xi and xj , and the appro-

priate nodal values of the function pI into Equation (3.1.11)
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pI(xi) = pi = c0 + c1xi

pI(xj) = pj = c0 + c1xj

(3.1.12)

where pi ≡ p(xi) and pj ≡ p(xj) are the unknown values at the nodes i and j, respec-

tively. Solving for c0 and c1 yields

pI(x) = pi ϕ
e
i + pj ϕ

e
j (3.1.13)

where

ϕe
i (x) =

xj − x

xj − xi
(3.1.14a)

ϕe
j(x) =

x− xi
xj − xi

(3.1.14b)

are the local basis functions on the element Ie.

Global basis functions can be built from the above local basis functions as follows (see

Figures 3.1.3 and 3.1.4).

ϕj(x) =



x− xi
xj − xi

x ∈ Il = [xi, xj],

xk − x

xk − xj
x ∈ Im = [xb, xc],

0 otherwise.

(3.1.15)
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xi xk

I

xj

e

jϕi k
ϕ ϕ

iϕ
e

jϕ
e

Figure 3.1.3: The two linear local basis functions ϕe
i (x) and ϕe

j(x) on the ele-
ment Ie = [xi, xj] and piecewise-linear global basis functions for global nodes
i, j, and k; finite element mesh with equidistant points.

xi xk

I

xj

e

j
ϕ
i k

ϕ ϕ

If

Figure 3.1.4: Piecewise-linear global basis functions defined on a finite element
mesh with non-equidistant points.
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3.1.2.5 Mapping from reference elements

An affine mapping of a ’reference’ or ’master’ element [−1, 1] to the element [xi, xj] is

defined

x = Q(ξ) =
xi + xj

2
+
xj − xi

2
ξ (3.1.16)

The interpolant pI on the interval Ie of Equation (3.1.11) can be re-written as

pI (Q(ξ)) ≡ ψI(ξ) = ψ1N1(ξ) + ψ2N2(ξ) (3.1.17)

Here ψ1 ≡ pI (Q(ξ = −1)), ψ2 ≡ pI (Q(ξ = 1)) and

N1(ξ) ≡ 1− ξ

2
(3.1.18a)

N2(ξ) ≡ 1 + ξ

2
(3.1.18b)

are linear local basis functions on the ’reference’ element [−1, 1].

Example 3.2 (Three-node, one-dimensional element). An approximation to p on the

interval Ie = [xi, xj] is now sought in the form of quadratic polynomial

pI = c0 + c1x+ c2x
2. (3.1.19)

It is defined by three coefficients and requires three interpolation nodes. Consider the

interval having three nodes: one corresponding to the left end of the interval at xi, one

corresponding to the right end at xj , and one at the interval mid-point xm = (xi+xj)/2.

It is convenient to introduce the affine mapping of Equation (3.1.16). The origin of the

local coordinate system ξ is now at the node xm corresponding the interval mid-point.

Then Equation (3.1.19) can be rewritten in term of the local coordinate ξ as

pI (Q(ξ)) ≡ ψI(ξ) =
(
c0 + c1 xm + c2 x

2
m

)
+ (c1 + 2 c2 xm)δ ξ + c2 δ

2 ξ2

≡ α′ + β′ξ + γ′ξ2
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where δ = (xc − xa)/2. The three constants α′, β′ and γ′ can be evaluated by solving

a set of three equations, which can be obtained by inserting the element nodal local

coordinates and the appropriate nodal values of the function ψ into Equation (3.1.19)


ψ1 ≡ pI (Q(ξ = −1)) = α′ − β′ + γ′

ψ2 ≡ pI (Q(ξ = 0)) = α′

ψ3 ≡ pI (Q(ξ = 1)) = α′ + β′ + γ′

(3.1.20)

Solving for α′, β′ and γ′ , this leads to

ψI = ψ1+
ψ2 − ψ0

2
ξ+

ψ0 + ψ2 − 2ψ1

2
ξ2 = ψ1N1(ξ)+ψ2N2(ξ)+ψ3N3(ξ) (3.1.21)

where

N1(ξ) ≡ 1

2
ξ (ξ − 1) (3.1.22a)

N2(ξ) ≡ 1− ξ2 (3.1.22b)

N3(ξ) ≡ 1

2
ξ (ξ + 1) (3.1.22c)

are quadratic local basis functions on the interval Ie = [−1, 1].

Example 3.3. Let d = 2 (two-dimensional space) and k = 1 (linear polynomial case).

Consider a triangular elementTe with vertices having coordinates { (x1, y1), (x2, y2), (x3, y3) } .

A set of linear functions

ϕe
i (x, y) = αi + βix+ γiy i = 1, 2, 3

each associated with the vertex (xi, yi) and satisfying

ϕe
i (xj, yj) = δij

can be found by solving the system
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xi xj

I

xm

e

mϕi jϕ ϕ

ϕ ϕ

ϕ
m

i j
e e

e

Figure 3.1.5: The three quadratic local basis functions ϕe
i (x), ϕe

m(x) and ϕe
j(x)

on the element Ie = [xi, xj] and piecewise-linear global basis functions for
global nodes i,m, and j; finite element mesh with equidistant points.

xi xj

I

xm

e

m
ϕ
i j

ϕ ϕ

Figure 3.1.6: Piecewise-quadratic global basis functions defined on a finite el-
ement mesh with non-equidistant points. Note that the extra nodes such as xm
are added at the midpoint of each element.

59



aj

ak

ai

i=n (e,1),  j=n (e,2),  k=n (e,3)  

element

ϕ

Te

e
j

ϕ
j

Figure 3.1.7: ’Tent-like’ global basis function ϕj associated with the global
node j. The contribution of the linear local basis function ϕe

j on the element e
to the global basis function ϕj is highlighted. Note that suppϕj (in green colour)
consists of all elements that contain the node aaa,.


1 x1 y1

1 x2 y2

1 x3 y3



α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

 =


1 0 0

0 1 0

0 0 1

 .

The solution of the interpolation problem (3.1.5) is then given by

pI =
3∑

i=1

pi ϕ
e
i (3.1.23)

where pi = p(xi, yi). The set {ϕe
i}i=1,...,3 form a basis for P 2

1 (T ).

3.1.2.6 Finite element approximation problem

We now give a formal definition of a finite element approximation problem.

Given an arbitrary finite-dimensional subspace Vh = S p
h (Ω), a finite element approxi-

mation problem is the following:
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Find uI ∈ S p
h (Ω) such that a(v, uI) = F (v) ∀v ∈ S p

h (Ω) . (3.1.24)

Note that any v ∈ S p
h (Ω) can be written in terms of the basis functions {ϕi}, that is

v(aaa) =

Nglob∑
j=1

dj ϕj(aaa) =
[
d1, . . . , dNglob

]

ϕ1(aaa)

. . .

ϕ(aaa)

 (3.1.25)

where dj are complex coefficients. Substituting (3.1.10) and (3.1.25) in (3.1.24), using

the properties of the sesquilinear form and the linear functional yields

[
d1, . . . , dNglob

]


a(ϕ1, ϕ1) . . . a(ϕ1, ϕNglob)

. . . . . . . . .

a(ϕNglob , ϕ1) . . . a(ϕNglob , ϕNglob)




u1

. . .

uNglob

 =

=
[
d1, . . . , dNglob

]


F (ϕ1)

. . .

F (ϕNglob)


The requirement that (3.1.24) be satisfied for all v ∈ S p

h (Ω) implies that


a(ϕ1, ϕ1) . . . a(ϕ1, ϕNglob)

. . . . . . . . .

a(ϕNglob , ϕ1) . . . a(ϕNglob , ϕNglob)




u1

. . .

uNglob

 =


F (ϕ1)

. . .

F (ϕNglob)

 (3.1.26)

61



3.2 TheFEM formulation for the Pridmore-Brownprob-

lem

3.2.1 Two-dimensional problem

Variational formulation. Let Ω ⊆ R2 be an open, bounded and connected set with

sufficiently smooth boundary ∂Ω (see Figure 3.2.1). Consider the problem



(1−Mλ)

[
∇2Ψ+ η2

[
(1−Mλ)2 − λ2

]
Ψ

]
+

+2λ∇M · ∇Ψ = 0 in Ω

∇Ψ · nnn+ j η A (1−Mwallλ)
2Ψ on ∂Ω

(3.2.1a)

withM : Ω 7→ R and λ ∈ C. A = Z−1 is the specific acoustic admittance and nnn is the

outward-pointing unit normal vector to ∂Ω.

Γ

Γ1

2

Ω

n

n

Figure 3.2.1: Two-dimensional region Ω with boundary ∂Ω = Γ1∪Γ2 and nor-
mal vector nnn to Γ1 and Γ2.

For notation convenience, let us define a linear operator

L [Ψ] =

{
(1−Mλ)

[
∇2 + η2

[
(1−Mλ)2 − λ2

]]
+ 2λ∇M · ∇

}
Ψ (3.2.2)

Let its domain be

D (L) =
{
Ψ ∈ C2(Ω) ∩ C1(Ω) | ∇Ψ · nnn+ j η A (1−M0λ)

2Ψ = 0 on ∂Ω
}
.

(3.2.3)
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where C2(Ω) is the set of twice continuously differentiable functions on Ω, Ω = Ω∪∂Ω

and C1(Ω) is the set of functions with bounded and uniformly continuous derivatives on

Ω.

Using this notation, the Pridmore-Brown equation with Myers boundary conditions

(3.2.1a) in its differential formulation which, from now on, will be referred to as the

strong formulation in contrast to the weak formulation, can be conveniently written as

L [Ψ] = 0 . (3.2.4)

To formulate the variational equivalent of (3.2.4), wemultiply both sides by the complex

conjugate of an arbitrary function V , called test or weight function (the properties of

which are to be defined) and we integrate the product overΩ. This yields the variational

problem

a(V,Ψ) =
⟨
V, L [Ψ]

⟩
= 0 , (3.2.5)

where we introduced the familiar notation for the inner product

⟨
V, Ψ

⟩
=

ˆ

Ω

V ∗Ψ (3.2.6)

and the asterisk denotes complex conjugation.

Let Ω be a domain such that the Gauss theorem (divergence theorem) is valid, i.e., for

any vector field FFF : Ω 7→ Rd with components in C2(Ω) ∩ C1(Ω) it holds

ˆ

Ω

∇ ·FFF =

ˆ

∂Ω

FFF · nnn (3.2.7)

where nnn is the outward-pointing unit normal vector to ∂Ω. Using the product rule for

the divergence and gradient operators

∇ ·
[
(1−Mλ)V ∗∇Ψ

]
= ∇

[
(1− λM)V ∗] · ∇Ψ+ (1− λM)V ∗∇2Ψ (3.2.8)

63



Equation (3.2.5) can be rewritten

ˆ

Ω

∇·
[
(1−Mλ)V ∗∇Ψ

]
−
ˆ

Ω

(1−Mλ)∇V ∗·∇Ψ +η2
ˆ

Ω

(1−Mλ)
[
(1−Mλ)2−λ2

]
V ∗Ψ+

+ 3λ

ˆ

Ω

V ∗ (∇M · ∇Ψ) − j η
ˆ

∂Ω

A (1−Mλ)3V ∗Ψ = 0

Applying Gauss theorem and boundary conditions one obtains

−
ˆ

Ω

(1−Mλ)∇V ∗ · ∇Ψ + η2
ˆ

Ω

(1−Mλ)
[
(1−Mλ)2 − λ2

]
V ∗Ψ+

+ 3λ

ˆ

Ω

V ∗ (∇M · ∇Ψ) − j η
ˆ

∂Ω

A (1−Mλ)3 V ∗Ψ = 0

After some manipulations the previous equation is recast as the following

a(V,Ψ) = a0(V,Ψ) + λa1(V,Ψ) + λ2a2(V,Ψ) + λ3a3(V,Ψ) = 0 (3.2.9a)

where

a0(V,Ψ)= η2
ˆ

Ω

V ∗Ψ −
ˆ

Ω

∇V ∗ · ∇Ψ − j η
ˆ

∂Ω

AV ∗Ψ (3.2.9b)

a1(V,Ψ)=− 3η2
ˆ

Ω

M V ∗Ψ +

ˆ

Ω

M(∇V ∗ · ∇Ψ )+

+ 3 j η
ˆ

∂Ω

AM V ∗Ψ + 3

ˆ

Ω

V ∗ (∇M · ∇Ψ) (3.2.9c)

a2(V,Ψ)= η2
(
3

ˆ

Ω

M2 V ∗Ψ −
ˆ

Ω

V ∗Ψ
)
− 3 j η

ˆ

∂Ω

AM2 V ∗Ψ (3.2.9d)

a3(V,Ψ)=− η2
(ˆ
Ω

M3 V ∗Ψ −
ˆ

Ω

M V ∗Ψ
)
+ j η

ˆ

∂Ω

AM3 V ∗Ψ (3.2.9e)

At this point it is worthmaking some comments. First, notice that the integration by parts

has lowered the order of the differential equation by one. Then, formulation (3.2.9a) in-

corporates the boundary conditions in a natural way, that is the validity of the boundary

condition is simply guaranteed by satisfying the variational form. Then, the implicit

assumption on the existence of the second derivative in the original strong formulation
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(3.2.4) is replaced by a condition of existence of the first derivative in the sense of distri-

butions (generalized functions) in the weak formulation. This fact is of great importance

because it allows us to seek approximate solutions within piecewise continuous func-

tions, which belong to H1(Ω) but not to C2(Ω) .

FEM formulation. Let {Φi} be the two-dimensional basis functions for the space

S p
h (Ω). A finite element approximation for the problem is of the form (cf. equation

(3.1.10))

ΨI(aaa) =

Nglob∑
i=1

Ψ̂i Φi(aaa) , (3.2.10)

where the coefficients Ψ̂i = Ψ(aaai) are the unknown values of Ψ at the nodes. Any

V ∈ S p
h (Ω) can be written as

V (aaa) =

Nglob∑
j=1

dj Φj(aaa) (3.2.11)

According to the procedure described in subsection (3.1.2.6), substituting (3.2.10) and

(3.2.11) into (3.2.9a), the following algebraic eigenvalue problem is obtained.

[
A0 + λA1 + λ2A2 + λ3A3

]
Ψ̂ = 000 (3.2.12a)

where

A0 = η2M(0) −K(0) − j η Z(0) , (3.2.12b)

A1 =− 3 η2M(1) +K(1) + 3 j η Z(1) + 3S , (3.2.12c)

A2 = η2
(
3M(2) −M(0)

)
− 3 j η Z(2) , (3.2.12d)

A3 =− η2
(
M(3) −M(1)

)
+ j η Z(3) , (3.2.12e)

M
(k)
ij =

ˆ
Ω

Mk Φ∗
j Φi dΩ , (3.2.12f)

K
(k)
ij =

ˆ
Ω

Mk ∇Φ∗
j · ∇Φi dΩ , (3.2.12g)

Z
(k)
ij =

˛
∂Ω

AMk Φ∗
j Φi dΓ , (3.2.12h)

Sij =

ˆ
Ω

Φ∗
j ∇M · ∇Φi dΩ , (3.2.12i)
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Ψ̂ΨΨ =
[
Ψ̂1, . . . , Ψ̂Nglob

]T
. (3.2.12j)

The sets of matrices
{
M(k)

}
k=0, 1, 2, 3

and
{
K(k)

}
k=0, 1

are Mach-weighted versions of

the so-called in literature mass and stiffness matrices, respectively. Following Gabard

& Astley [43],
{
Z(k)

}
k=0, 1, 2, 3

and S are here called boundary impedance and shear

coupling matrices, respectively.

Solving the algebraic eigenvalue problem Equation (3.2.12a) can be expressed as a

linear eigenvalue problem of the form

Aqqq = λBqqq , (3.2.13)

where

A =


0 I 0

0 0 I

−A0 −A1 −A2

 , B =


I 0 0

0 I 0

0 0 A3

 , qqq =


u

λu

λ2u

 , (3.2.14)

and 0 and I are the square Nglob by Nglob null and identity matrices, respectively.

The assembling methodology. Calculating the above integrals is the main computa-

tion of the finite element method. It is then crucial to adopt a computation methodology

that is numerically efficient. For this purpose, consider the mesh Th = {Ki} of the

domain Ω over which the global basis functions {Φi}i=1,...,Nglob
are defined. The idea

is to take advantage of the fact that suppΦi only consists of the elements that contain

the i-th node. The integration region is then divided into the elements of the mesh and

the integrals (3.2.12f), (3.2.12g), (3.2.12h) and (3.2.12i) are obtained by summing its

constituent parts over each element, which are computed separately. For example,

M
(k)
ij =

Ne∑
e=1

ˆ

Ke

Mk Φ∗
j Φi dΩ , (3.2.15)
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where Ne is the number of elements. The integrals over each element are nonzero only

if nodes i and j lie inside or on the boundary of the e-th element. Making use of the Kro-

necker’s delta δi,j and the global-to-local index, this can be mathematically expressed

as follows

ˆ

Ke

Mk Φ∗
j Φi dΩ = δi,n(e,1)δj,n(e,1)M

(k),e
1,1 + . . .+ δi,n(e,1)δj,n(e,Nen)M

(k),e
1,Nen

+ . . .+

+ δi,n(e,Nen)δj,n(e,1)M
(k),e
Nen,1

+ . . .+ δi,n(e,N)δj,n(e,Nen)M
(k),e
Nen,Nen

(3.2.16)

where Nen is the number of element nodes and

M (k),e
p,q =

ˆ

Ke

Mk Φ∗
n(e,q)Φn(e,p) dΩ p, q = 1, . . . , Nen (3.2.17)

{
M

(k),e
p,q

}
p, q=1, ..., N

defines the so-called element mass matrix, corresponding to the e-th

element. Each element matrix is computed separately on an element-by-element basis.

3.2.2 Axisymmetric duct: reduction to one-dimensional problem

Variational formulation. If it is assumed that the problem has rotational symmetry,

the transversal component of the pressure perturbation, Ψ, can conveniently be repre-

sented by a Fourier series expansion in the azimuthal coordinate, θ. Without loss of

generality, it is appropriate to seek a solution of the form

Ψ(r, θ) = ψ(r) e−jmθ , (3.2.18)

whereψ(r) is the radial component of the pressure perturbation, or radialmode shape,and

m is the azimuthal mode number (m = 0,±1,±2, . . . ).
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This substitution, for a given value of m, into equation (3.2.1a) leads to the following

one-dimensional eigenvalue problem for the radial mode shape.

Lm [ψ] = 0 (3.2.19)

where the operator Lm, for each azimuthal mode,m, is defined as

Lm [ψ] :=

{
(1−Mλ)

d2

dr2
+

[
1−Mλ

r
+ 2λ

dM
dr

]
d
dr

+

+ (1−Mλ)

[
η2
[
(1−Mλ)2 − λ2

]
− m2

r2

]}
ψ . (3.2.20)

Annular duct In the case of annular duct the domain of the operator Lm is defined as

follows

D (Lm) =

{
ψ ∈ H1(s, 1) | dψ

dr
− j η Ain (1−Mλ)2ψ = 0 on r = s ,

dψ
dr

+ j η Aout (1−Mλ)2ψ = 0 on r = 1

}
(3.2.21)

where Ain = Z−1(r = s) and Aout = Z−1(r = 1) are the specific acoustic admittance

values at r = s and r = 1, respectively.

The variational formulation of this problem now has the form⟨
v, Lm [ψ]

⟩
= a′0(v, ψ) + λa′1(v, ψ)+

+ λ2a′2(v, ψ) + λ3a′3(v, ψ) = 0 (3.2.22a)

where

a′0(v, ψ)=η
2

1ˆ

s

v ψ r dr −
1ˆ

s

(
dv
dr

dψ
dr

+
m2

r2
vψ

)
r dr −

− j η [Ainvinψins+ Aoutvoutψout] (3.2.22b)

a′1(v, ψ)=

1ˆ

s

M

(
dv
dr

dψ
dr

+
m2

r2
vψ

)
r dr −
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− 3η2
1ˆ

s

M vψ r dr +

+ 3 j η [AinMin vin ψins+ AoutMout vout ψout] +

+ 3

1ˆ

s

v
dM
dr

dψ
dr

r dr (3.2.22c)

a′2(v, ψ)=η
2
(
3

1ˆ

s

M2v ψ r dr −
1ˆ

s

v ψ r dr
)

− 3 j η
[
AinM

2
in vin ψins+ AoutM

2
out vout ψout

]
(3.2.22d)

a′3(v, ψ)=− η2
( 1ˆ

s

M3v ψ r dr −
1ˆ

s

M vψ r dr
)
+

+ j η
[
AinM

3
in vin ψins+ AoutM

3
out vout ψout

]
(3.2.22e)

and vin = v(r = s) , vout = v(r = 1) and similarly for ψin and ψout.

Note that the same expression (3.2.22a) can be obtained from expression (3.2.9a) by

considering the following test and trial functions

Ψ(r, θ) = ψ(r)e−jmθ (3.2.23a)

V (r, θ) = v(r)e−jmθ . (3.2.23b)

FEM formulation. Let {ϕi} be the one-dimensional basis functions for the space

S p
h ([s, 1]) . An approximate solution ψI(r) can be described by the expansion

ψI(r) =

Nglob∑
i=1

ψi ϕi(r) (3.2.24)

where ψi = ψ(ri). Any v ∈ S p
h ([s, 1]) can be written as

v(r) =

Nglob∑
i=1

di ϕi(r) (3.2.25)
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Substituting (3.2.24) and (3.2.25) into (3.2.22a), the finite element approximation for

the problem is obtained.

[
A′

0 + λA′
1 + λ2A′

2 + λ3A′
3

]
ψ̂ψψ = 000 (3.2.26a)

where

A′
0 = η2M′(0) −K′(0) − j η Z′(0) ,

A′
1 =− 3 η2M′(1) +K′(1) + 3 j η Z′(1) + 3S′ ,

A′
2 = η2

(
3M′(2) −M′(0))− 3 j η Z′(2) ,

A′
3 =− η2

(
M′(3) −M′(1))+ j η Z′(3) ,

M
′(k)
ij =

1ˆ

s

Mk ϕjϕi r dr ,

K
′(k)
ij =

1ˆ

s

Mk

(
dϕj

dr
dϕi

dr
+
m2

r2
ϕjϕi

)
r dr ,

Z
′(k)
ij =

[
AinM

k
in ϕj(s)ϕi(s) s+ AoutM

k
out ϕj(1)ϕi(1)

]
,

S ′
ij =

1ˆ

s

ϕj
dM
dr

dϕi

dr
r dr ,

ψ̂ψψ =
[
ψ̂1, . . . , ψ̂Nglob

]T
.

Element matrices For each element Ie, the element matrices can be calculated

M ′(e,k)
pq =

ˆ

Ie

Mkϕn(e,q)ϕn(e,p)r dr , (3.2.27)

K ′(e,n)
pq =

ˆ

Ie

Mk

(
dϕn(e,q)

dr
dϕn(e,p)

dr
+
m2

r2
ϕn(e,q)ϕn(e,p)

)
r dr , (3.2.28)

S ′e
pq =

ˆ

Ie

ϕn(e,q)
dM
dr

dϕn(e,p)

dr
r dr . (3.2.29)

Here p and q are local node numbers, n(e, j) is the global-to-local index as defined

in Subsection 3.1.2 It is convenient to transform coordinates according to (3.1.16).The
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formula for a change of variable gives (3.1.16).

M ′(e,n)
pq =

1ˆ

−1

[
M̂(ξ)

]k
Nq(ξ)Np(ξ)F (ξ, ri, rj) dξ , (3.2.30)

K ′(e,n)
pq =

1ˆ

−1

[
M̂(ξ)

]k dNq

dξ
dNp

dξ
G(ξ, ri, rj) dξ +m2

1ˆ

−1

Nq(ξ)Np(ξ)H(ξ, ri, rj) dξ ,

(3.2.31)

S ′e
pq =

1ˆ

−1

Nq(ξ)
dM̂
dξ

dNp

dξ
G(ξ, ri, rj) dξ , (3.2.32)

where Np and Nq are local basis functions on the interval [−1, 1] and

M̂(ξ, ri, rj) = M [Q(ξ, ri, rj)] =M

(
ri + rj

2
+
rj − ri

2
ξ

)
, (3.2.33)

F (ξ, ri, rj) =
rj − ri

4
[ri + rj + (rj − ri)ξ] , (3.2.34)

G(ξ, ri, rj) =
ri + rj + (rj − ri)ξ

rj − ri
, (3.2.35)

H(ξ, ri, rj) = G−1(ξ, ri, rj) . (3.2.36)

These integrals can be obtained by numerical integration.

Cylindrical duct In the case of cylindrical duct the domain of the operator in Equation

(3.2.22a) is defined as follows

D (Lm) =

{
ψ ∈ H1(0, 1) |ψ = 0 on r = 0 form ̸= 0,

dψ
dr

+ j η Aout (1−Mλ)2ψ = 0 on s = 1

}
(3.2.37)
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The boundary condition on r = 0 must be explicitly imposed in the weak form. The

space of test and trial functions are therefore

ψ =


{ψ | ψ ∈ H1(0, 1)} (m = 0)

{ψ | ψ ∈ H1(0, 1), ψ(0) = 0 } (m ̸= 0)

v =


{ v | v ∈ H1(0, 1)} (m = 0)

{ v | v ∈ H1(0, 1), v(0) = 0 } (m ̸= 0)

3.3 The FEM formulation for the convected Helmholtz

problem

The present section briefly summarizes key equations for the one-dimensional convected

Helmholts problem, which are a particular case of those obtained in the more general

formulation of section 3.2.

The strong formulation can be compactly written as

Lm [ψ] = 0 , (3.3.1)

where the operator Lm is defined as

Lm [ψ] :=

{
d2

dr2
+

1

r

d
dr

+

[
η2
[
(1−M0λ)

2 − λ2
]
− m2

r2

]}
ψ . (3.3.2)

In the case of annular duct, the operator domain is

D (Lm) =

{
ψ ∈ H1(s, 1) | dum

dr
− j η Ain (1−Mλ)2ψ = 0 on r = s ,

dum
dr

+ j η Aout (1−Mλ)2ψ = 0 on r = 1

}
. (3.3.3)
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Instead, in the case of cylindrical duct, it is

D (Lm) =

{
ψ ∈ H1(0, 1) |ψ = 0 on r = 0 form ̸= 0,

dum
dr

+ j η Aout (1−Mλ)2ψ = 0 on r = 1

}
. (3.3.4)

Multiplying both sides of equation (3.3.1) by the complex conjugate of an arbitrary com-

plex function, v, and integrating the product over Ω yields, after some manipulations,

the variational formulation of this problem

a(v, ψ) =
⟨
v, LΩ [ψ]

⟩
= c0(v, ψ) + λc1(v, ψ) + λ2c2(v, ψ) = 0 (3.3.5a)

where

c0(v, ψ)=η
2

1ˆ

s

vψ r dr −
1ˆ

s

(
dv
dr

dψ
dr

+
m2

r2
vψ

)
r dr − (3.3.5b)

− j η [AinVinψin + AoutVoutψout] , (3.3.5c)

c1(v, ψ)=− 2M0

η2 1ˆ

s

v ψ r dr − j η [Ain vin ψins+ Aout vout ψout]

 ,

c2(v, ψ)=η
2(M2

0 − 1)

1ˆ

s

v ψ r dr − j ηM2
0 [Ain vin ψins+ Aout vout ψout] .

(3.3.5d)

Let {ϕi} be the one-dimensional basis functions for the space S p
h ([s, 1]) . Substituting

an approximate solution ψI(r), as described in equation (3.1.10) and any v ∈ S p
h ([s, 1])

as written in equation (3.1.25) into (3.3.5a), an algebraic eigenvalue problem for λ is

obtained, expressed compactly in the form

[
C0 + λC1 + λ2C2

]
ψ̂ψψ = 000 (3.3.6a)

where

C0 =η2M−K− j η Z , (3.3.6b)

C1 =− 2M0

(
η2M− j η Z

)
, (3.3.6c)
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C2 =η2(M2
0 − 1)M− j ηM2

0 Z , (3.3.6d)

Mij=

1ˆ

s

ϕjϕir dr , (3.3.6e)

Kij=

1ˆ

s

(
dϕ
dr

dϕi

dr
+
m2

r2
ϕjϕi

)
r dr , (3.3.6f)

Zij = [Ainϕj(s)ϕi(s) s+ Aoutϕj(1)ϕi(1)] , (3.3.6g)

ψ̂ψψ =
[
ψ̂1, . . . , ψ̂Nglob

]T
. (3.3.6h)

For each element Ie, the element matrices can be calculated

M (e)
pq =

ˆ

Ie

ϕn(e,q)ϕn(e,p)r dr ,

K(e)
pq =

ˆ

Ie

(
dϕn(e,q)

dr
dϕn(e,p)

dr
+
m2

r2
ϕn(e,q)ϕn(e,p)

)
r dr ,

where p and q are the local node numbers, n(e, j) is the global-to-local index. Trans-

forming coordinates according to (3.1.16) one obtain

M (e)
pq =

1ˆ

−1

Nq(ξ)Np(ξ)F (ξ, ri, rj) dξ , (3.3.7)

K(e)
pq =

1ˆ

−1

dNq

dξ
dNp

dξ
G(ξ, ri, rj) dξ +m2

1ˆ

−1

Nq(ξ)Np(ξ)H(ξ, ri, rj) dξ (3.3.8)

where Np and Nq are local basis functions on the interval [−1, 1] and

F (ξ, ri, rj) =
rj − ri

4
[ri + rj + (rj − ri)ξ] , (3.3.9)

G(ξ, ri, rj) =
ri + rj + (rj − ri)ξ

rj − ri
, (3.3.10)

H(ξ, ri, rj) = G−1(ξ, ri, rj) . (3.3.11)
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It is possible to evaluate these integrals exactly by symbolic integration (see appendix

A).

Equation (3.3.6a) can be expressed as a linear eigenvalue problem of the form

Aqqq = λBqqq , (3.3.12)

where

A =

 0 I

−C0 −C1

 , B =

 I 0

0 C2

 , qqq =

 u

λu

 , (3.3.13)

and 0 and I are the squareNglob by Nglobnull and identity matrices, respectively.

3.4 Code verification

3.4.1 Benchmarking

In this subsection, results obtained using the finite element method are compared with

some benchmark results to verify the implementation.

3.4.1.1 Case of uniform mean flow

Figure 3.4.1 shows the computed eigenvalues (λ = kz/η) for the first twelve acoustic

eigenmodes, six in each propagation direction and for azimuthal ordersm = 0 to 3, for a

test case with uniformmean flowwithMach numberM = 0.2 (in the positive direction),

with an annular duct having hub-tip-ratio h = 0.4. A mesh consisting of 31 nodes and

quadratic elements has been used for the FEM calculation. The nodes per wavelength

is 22.3, and the (non-dimensional) element size is 0.02. Results in figure 3.4.1(a) are

for a rigid duct, and in 3.4.1(b) for a lined duct with specific acoustic impedance Z =

1.5−3j . In both examples, the computed eigenvalues may be compared with the ‘exact’
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eigenvalues which are also shown plotted in figure 3.4.1. The ‘exact’ eigenvalues may,

in these test cases, be determined from a closed-form analytic solution of the convected

wave equation, since the mean flow is uniform. The agreement between the numerical

and analytical values is excellent.

3.4.1.2 Case of shear mean flow

Table 3.4.1 and figure 3.4.2 contain results for a shear mean flow. In this example the

mean flow is not uniform, due to the inclusion of a boundary layer. The variation of

the flow velocity is linear through the boundary layer. Eigenmodes corresponding to

azimuthal order m = 1 only are shown. A mesh consisting of 75 nodes and linear

elements has been used for this calculation. The nodes per wavelength is 55, and the

(non-dimensional) element size is 0.008. The propagating modes have been ordered

according to increasing values of the imaginary part of the wave number, and are com-

pared to the results of Joshi et al. [62] and also Brooks [23]. The three sets of results

compare well for both upstream and downstream propagating modes.

3.4.2 Convergence of the relative error

The purpose of this subsection is to quantify the accuracy of the numerical model by

inspecting the convergence of the relative error of the axial wavenumbers, by increasing

the number of mesh points. The relative error used here is defined as

e =
|λ− λref|
|λref|

(3.4.1)

where λref is a reference value obtained numerically with a very high-resolution mesh.

Themesh resolution is typically characterized by the number of elements per wavelength

ne =
λaco
h

(3.4.2)

76



(a) Rigid duct

(b) Lined duct

Figure 3.4.1: Comparison between FEM and analytic method. Location of the
eigenvalues λ = kz/η in the complex plane.
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Mode No. Joshi et al. Brooks FEM

real imag. real imag. real imag.

1+ 0.856 -0.020 0.858 -0.020 0.858 -0.020

2+ 0.797 -0.026 0.801 -0.027 0.801 -0.027

3+ 0.558 -0.034 0.562 -0.034 0.561 -0.034

4+ -0.131 -0.305 -0.125 -0.311 -0.128 -0.311

5+ -0.200 -1.037 -0.205 -1.038 -0.213 -1.039

1- -1.041 0.054 -1.030 0.056 -1.031 0.057

2- -1.266 0.069 -1.263 0.069

3- -1.321 0.080 -1.311 0.081 -1.306 0.080

4- -0.358 0.328 -0.346 0.336 -0.351 0.335

5- -0.286 1.059 -0.272 1.063 -0.281 1.064

6- -0.283 1.558 -0.266 1.562 -0.280 1.565

Table 3.4.1: Eigenvalues λ = kz/η for a lined annular duct with hub-to-tip ratio
s = 0.4,m = 1, η = 14.06667, Z = 1.5− 3j and a linear boundary-layer flow
profile. Outside the boundary layer, M0 = 0.2, whilst the (non-dimensional)
boundary-layer thickness δ = 0.01. The FEM results are compared to previous
results Joshi and Brooks.

Figure 3.4.2: Location of eigenvalues λ = kz/η listed in Table 3.4.1 in the
complex plane.
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where λaco is the acoustic wavelength and h is the typical element size in a given mesh.

Therefore we define ηh = 2π/ne, where η is the Helmholtz number and h is the non-

dimensional element size scaled by the outer duct radius.

Two test cases are considered, which correspond to duct geometries and flow configu-

rations of study 2 in chapter 5 and study 3 in chapter 6. The first test case is that of a

lined annular duct with hub-to-tip ratio s = 0.8, uniform mean flow M0 = 0.5, non-

dimensional specific acoustic impedance Z = 2 − 3j , and Helmholtz number η = 20.

The relative error, e, is plotted as a function of the radial mode order and for different

mesh resolutions in figure 3.4.3, and as a function of ηh for a number of prescribed

modes in figure 3.4.4.

The second test case is that of a lined cylindrical duct, non-dimensional specific acoustic

impedance Z = 2+ 3.96j , and Helmholtz number η = 100. The mean flow consists of

a uniform flow ofM0 = 0.5 in the core and a quarter-sine profile in the boundary layer

of thickness δ = 0.05. The relative error is plotted as a function of ηh for cut-on modes

of azimuthal orderm = 0, m = 50 andm = 100 in figure 3.4.5.

As a general trend, the relative error grows as modes of higher radial order are consid-

ered. This is expected as the higher the radial order, the resolution of the mode becomes

less accurate using the finite element method. Moreover, the relative error reduces sys-

tematically for all the modes shown here as ηh is reduced, which can be regarded as a

positive verification of the FEM implementation.
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(a) (b)

Figure 3.4.3: Relative error of the calculated axial wavenumbers with different
mesh resolutions for the test case of a lined annular duct with uniform flow,
s = 0.8, M0 = 0.5, Z = 2 − 3j , η = 20: (a) m = 0, negative (upstream)
modes, (b)m = 0, positive (downstream) modes.

Figure 3.4.4: Convergence of the calculated axial wavenumbers with increased
mesh resolution for the test case of a lined annular duct with uniform flow,
s = 0.8, M0 = 0.5, Z = 2 − 3j , η = 20. Convergence is shown for positive
and negative modes, radial orders n = 1 to 5.
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(a)m = 0

(b)m = 50

(c)m = 100

Figure 3.4.5: Convergence of the calculated axial wavenumbers with increased
mesh resolution for the test case of a lined cylindrical duct, Z = 2 + 3.96j ,
η = 100. The mean flow consists of a uniform flow ofM0 = 0.5 in the core and
a quarter-sine profile in the boundary layer of thickness δ = 0.05. Convergence
is shown for all cut-on positive and negative modes of azimuthal order: (a)
m = 0, (b);m = 50; (c)m = 100.

81





Chapter 4: The Method of Approximate Equivalent Boundary Condition

Chapter 4

The Method of Approximate

Equivalent Boundary Condition

This chapter introduces an alternate method to calculate the wavenumber values of

small-amplitude pressure modes in an axisymmetric duct with fully developed (axially

uniform) unidirectional transversely sheared mean flow parallel to the duct walls.

The method assumes that the mean flow consists of two main regions: (a) uniform core

flow; (b) thin but finite boundary layers (of arbitrary profile). This flow assumption,

which is necessary to carry out an asymptotic approximation for the acoustic modes, is

generally accepted for typical flow engine applications [97].

The method was originally proposed by Eversman & Beckemeyer [39] to determine an

‘equivalent’ boundary condition for the convected wave equation – which governs the

acoustic propagation in the core flow, to be imposed at the edge of core flow region

in order to account for the effect of the boundary layer on the propagation of small-

amplitude pressure perturbations1.

The method is extended herein to permit a slip velocity at the duct wall, a feature which

is relevant to investigate whether different boundary layer profiles with the same shape
1The condition was also used to show the validity of the Ingard-Myers boundary condition, which

could be resumed from that in the limit of vanishing boundary-layer thickness.
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factor affect the propagation of pressure perturbations in a similar way: the shape factor

associated with a linear boundary layer profile can be adjusted by varying the mean

velocity at the wall.

4.1 Asymptotic expansions and equivalent boundary con-

ditions

In the derivation presented here, the following Pridmore-Brown problem (which is the

one-dimensional version of equations 2.5.2 and 2.5.4) is considered:



ψ′′ +

[
1

r
+

2λM (r)′

1− λM (r)

]
ψ′+

+

{
η2
[
(1−Mλ)2 − λ2

]
− m2

r2

}
ψ = 0

ψ′ − ȷ η Ain [1− λMin]
2 ψ = 0 on r = s,

ψ′ + ȷ η Aout [1− λMout]
2 ψ = 0 on r = 1.

(4.1.1)

where the dimensionless independent variable, r, is expressed in units of outer radius - a

convention adopted throughout the dissertation 2; s is the hub-to-tip ratio. The prime de-

notes a derivative to r ,Ain = Z−1
spec andAout = Z−1

spec are the specific acoustic admittance

values at r = s and r = 1, respectively, andMin =M(r = s) andMout =M(r = 1).

The flow profile considered in the present derivation is of the form

M(r) =


M0 ϕin(r) s 6 r < rin = s+ δin,

M0 s+ δin 6 r 6 1− δout

M0 ϕout(r) rout = 1− δout < r 6 1

(4.1.2)

2Note that in the work by Eversman & Beckemeyer [39] and Eversman [36] the duct height L =
rout − rin is chosen for nondimensionalization of lengths and distances. Therefore, the Helmoltz number
η used in this derivation corresponds to kL/(1− s) in those papers.
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in whichM0 is the constant axial mean velocity of the core flow, ϕin(r) and ϕout(r) are

arbitrary functions for which ϕin(s+δin) = ϕout(1−δout) = 1, and δin and δout are the non-

dimensional boundary layer thicknesses at the inner and outer duct walls, respectively.

Note that no restrictions are made concerning slip at the wall.

Equation (4.1.1) has singularities at the points r = rc in the domain of flow where

1 − λM (r) = 0. The study of such singularities, which are commonly referred to as

critical layer singularities, is a complex and mathematically very subtle problem (cf., for

example, [19, 110, 25]) and it is beyond the scope of the derivation presented here. In

the following, it is thus assumed that, for any λ considered, 1− λM (r) ̸= 0.

It is convenient to write equations (4.1.1) in a more suitable form. Making a change of

the independent variable, y =
r − s

1− s
and defining ψ̂ (y) = ψ (r) and M̂ (y) = M (r),

the problem above becomes



ψ̂′′ +

[
1

y + e
+

2λ M̂ ′ (y)

1− λM̂ (y)

]
ψ̂′+

+

{
η2 (1− s)2

[[
1− λM̂ (y)

]2
− λ2

]
− m2

(y + e)2

}
ψ̂ = 0,

ψ̂′ − ȷ η (1− s)2Ain [1− λMin]
2 ψ = 0 on y = 0,

ψ̂′ + ȷ η (1− s)2Aout [1− λMout]
2 ψ = 0 on y = 1,

(4.1.3)

where e =
s

1− s
andm is the circumferential mode number.

Inner expansions for pressure perturbation, ψ̂, in the boundary layers close to both the

duct inner and outer walls are now considered. Let us obtain, first, asymptotic solutions

in the boundary layer region close to the inner wall. To determine an inner solution valid

for 0 ≤ y ≤ O (δin), let us define ζ =
y

δin
as the ‘stretching’ variable, ξ (ζ) = ψ̂ (y) and

M∗(ζ) = M̂ (y).

For convenience of notation, let us also introduce the function

h(ζ) = [1− λM∗(ζ)]2 . (4.1.4)
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The above problem in the neighborhood of y = 0 then becomes



ξ′′ +

[
δin

δinζ + e
− h′

h

]
ξ′ζ+

+ϵ2h

{
η2 (1− s)2

[
γ2h − λ2

]
− m2

(δinζ + e)2

}
ξ = 0

ξ′(0)− j δinη (1− s)Ain hin ξ(0) = 0

(4.1.5)

where

hin = [1− λM∗(0)]2 (4.1.6)

The inner solution is sought in the form

ξ(ζ) = ξ0(ζ) + δinξ1(ζ) + δ2inξ2(ζ) +O(δ3in) , (4.1.7)

Substituting the above perturbation series into (4.1.5) and expanding (δinζ + e)−1 and

(δinζ + e)−2 using the property

(a+ b)n = an + n an−1b+
n (n− 1)

2
an−2b2 + . . . (4.1.8)

give a sequence of differential problems.

0-th order. 
ξ′′0 − 2

h′

h
ξ′0 = 0

ξ0(0) = P0

ξ′0(0) = 0

(4.1.9)

A solution is

ξ0(ζ) = P0 (4.1.10)
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1-st order. 
ξ′′1 − 2

h′

h
ξ′1 = 0

ξ1(0) = 0

ξ′1(0) = j η (1− s)Ain hin P0

(4.1.11)

A solution is

ξ1(ζ) =
j η (1− s)Ain

hin
P0

ζˆ

0

h (σ) dσ (4.1.12)

2-nd order. 

ξ′′2 − 2
h′

h
ξ′2 +

1

e
j η (1− s)Ain hP0 =

= −
{
η2 (1− s)2

[
h− λ2

]
− m2

e2

}
P0

ξ2(0) = 0

ξ′2(0) = j η (1− s)Ain hin ξ1(0)

(4.1.13)

It can be rewritten 
ξ′′2 − 2

h′

h
ξ′2 = q(ζ)

ξ2(0) = 0

ξ′2(0) = j η (1− s)Ain hin ξ1(0)

(4.1.14)

where

q(ζ) =

[
β − hα

]
P0 (4.1.15)

α = j
η (1− s) Ain

e
+ η2(1− s)2 (4.1.16)

βm = η2(1− s)2λ2 +
m2

e2
(4.1.17)

A solution is

ξ2(ζ) = P0

ζˆ

0

h

βm
νˆ

0

1

h
dν − ασ

 dσ (4.1.18)
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After some manipulation, at the outer edge of the boundary layer, ζ = 1, the following

equation, approximated to , is obtained

ξ′ = Λmξ (4.1.19)

where

Λm =

(1− λM0)
2

[
j η (1− s)Ain + δin

(
βm
´ 1
0

1

h (ν)
dν − α

)]
1 + δinj η (1− s)Ain

´ 1
0
h (σ) dσ

(4.1.20)

By similar means, at the outer edge of the boundary layer close to the duct outer wall

the following equation is obtained

Φ′ = Λ̃mΦ (4.1.21)

where

Φ

(
1− y

δout

)
= ψ̂ (y) for 1−O (δout) ≤ y ≤ 1 (4.1.22)

Λ̃m =

(1− λM0)
2

[
j η (1− s)Aout + δout

(
β̃m
´ 1

0

1

h̃ (ν)
dν − α̃

)]
1 + δoutj η (1− s)Aout

´ 1
0
h̃ (σ) dσ

(4.1.23)

α̃ = −j η (1− s) Aout

1 + e
+ η2(1− s)2 (4.1.24)

β̃m = η(1− s)2λ2 +
m2

(1 + e)2
(4.1.25)

h̃(
1− y

δout
) =

[
1− λ M̃∗(

1− y

δout
)

]2
(4.1.26)

M̃∗(
1− y

δout
) = M̂ (y) (4.1.27)

Within the uniform-flow section, s+δin 6 r 6 1−δout, the solutions to equation (4.1.3)

are given by ψ = AJm(κr) + B Ym(κr), where Jmand Ym are the Bessel functions

of the first and second kind, order m, respectively, and κ is the dimensionless radial

wavenumber.
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Expressions (4.1.20) and (4.1.23) can be used as boundary conditions for the case of

uniform mean flow at r = s + δin and r = 1 − δout, respectively. This lead to a lin-

ear system of two transcendental eigenvalue equations, whose determinant set to zero

provides the eigenvalues, κ,

∣∣∣∣∣∣∣
J ′
m (κrin)− ΛmJm (κrin) Y ′

m (κrin)− ΛmYm (κrin)

J ′
m (κrout)− Λ̃mJm (κrout) Y ′

m (κrout)− Λ̃mYm (κrout)

∣∣∣∣∣∣∣ = 0 . (4.1.28)

In the case of a cylindrical duct, only Bessel functions of the first kind, Jm are involved,

which are finite on the duct axis. The transcendental eigenvalue equation to solve is

J ′
m (κrout)− Λ̃mJm (κrout) = 0. (4.1.29)

The determination of roots of transcendental functions is a problem commonly encoun-

tered in a broad spectrum of engineering applications. There exist a wide variety of root-

finding algorithms that are useful for approximating the solution to any desired degree of

accuracy. A standard numerical scheme is the Newton-Raphson iteration method, which

was employed, for example, by Ko [65]. However the algorithm applied to an eigen-

value problem with multiple roots presents some limitations: convergence to some roots

may not be achieved if a nearby starting value is not accurately identified. Recently,

Brooks [23] has proposed a robust computational scheme, which uses a combination of

tracking techniques of Eversman [37] and Rienstra [108].

It has to be said that, due to the constraints of time, it was not possible to implement a nu-

merical technique, which solves the transcendental determinant equation (4.1.28) or the

trascendental equation (4.1.29). In order to obtain anyway some qualitative indication

of how closely the method presented here can determine the eigenvalues, λ, a straight-

forward (though not highly accurate) approach is adopted, which consists of generating

a contour plot using computer software. A contour plot displays lines of a constant value

(isolines) over a two-dimensional dataset, as in a topographic map. Drawing a contour
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plot may be useful to find local maxima and minima of real functions of two variables,

since, in their proximity, isolines gradually wraps around a hollow core. The accuracy of

their determination depends, in general, on the density of the isolines in the surroundings

of the maximum or minimum.

The case considered here is that of a cylindrical duct with mean-flow consisting of a

uniform flow of Mach number equal to 0.5 in the core and a quarter-sine profile in the

boundary layer. The non-dimensional boundary layer thickness is 0.01. The Helmholtz

number, η, is equal to 100. Z = 2 + 3.96j , m = 0. Parameter values are selected

to compare results with those obtained previously by the finite element method and

presented in study 3 (chapter 6). Figure 4.1.2shows the full set of cut-on modes as a

reference. Expressions (4.1.20) and (4.1.23) has been calculated using an off-the-shelf

symbolic language manipulator

Figure (4.1.2) showsthe location of the eigenvalues, λ, corresponding to ’cut-on’ upstream-

propagating acoustic modes determined using the finite element method. Eigenvalues

obtained from the perturbation method are the location, in the contour plot, of the min-

imum points of the following (real) function

f(λ) =
∣∣∣ J ′

m (κrout)− Λ̃mJm (κrout)
∣∣∣ (4.1.30)

where

κ(λ) =

√
η2 (1−M0λ)

2 − λ2 (4.1.31)

Within the obvious limitations of a visual inspection, the comparison shows a reason-

ably good agreement of the first dozen of cut-on modes (figure 4.1.1(a) ) despite the

shear length scale and the acoustic wavelength are comparable. Note that the eigenval-

ues obtained from the finite element method are very accurate (see convergence study).

On the contrary, agreement of higher order cut-on modes of is not as good (see figure

4.1.1(b) )
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4.2 Summary of the findings

The mathematical technique presented in this chapter provides the basis for a method

which could be developed and utilised to evaluate duct modes with a thin boundary layer,

based on uniform flow calculations and the notion of equivalent boundary conditions

given by analytical expressions. This has the significative advantage that the modes for

uniform flow are known analytic solutions of the convected Helmholtz equation, and

that greatly simplifies the calculation of the modes. However the associated eigenvalue

problem still need to be solved by some numerical technique.

Although the approach was originally proposed by Eversman & Beckemeyer [39], a

contribution to new knowledge here is the extension of the method to the case of mean

flow with slip at the wall. The advantage of a linear-with-slip profile is that the shape

factor can be adjusted to be comparable with other more complicated profile shapes.

A preliminary qualitative comparison between results obtained by this method and the

finite element method has been carried out at a very high Helmholtz number. It seems

to indicate good agreement, although a more accurate determination of the eigenval-

ues of equation (4.1.29) would lead to a better assessment. To the best of the author’s

knowledge, it is the first time that such a comparison has been carried out at very high

Helmholtz number.
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(a)

(b)

Figure 4.1.1: Comparison of eigenvalues λ = kz/η obtained from perturbation
method and the finite element method. Case of a cylindrical duct. The mean-
flow consists of a uniform flow of Mach no = 0.5 in the core and a quarter-sine
profile in the boundary layer. δout = 0.01, η = 100,Z = 2+3.96j ,m = 0. FEM
results shown by a red dot. Eigenvalues obtained from perturbation method are
the location of the minimum points in the contour plot.
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Figure 4.1.2: Location of eigenvalues, λ, in the complex plane corresponding to
the full set of cut-on modes, obtained from the finite element method.The case
is that of figure 4.1.1.
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Chapter 5: Numerical Simulations

Chapter 5

Numerical Simulations

This chapter describes examples of numerical simulations, carried out using the numeri-

cal analysis tool described in chapter 3 that implements a problem-specific finite element

method. The aim is to answer certain questions on the properties of the modal solutions

for the sheared mean flow and compare solutions obtained from the Pridmore-Brown

equation to those obtained from the convected wave equation.

Study 1 provides evidence of the influence of different shear mean flow profiles on the

structure of the modal solutions by comparing the duct modes with different boundary

layer profiles.

Of key interest in study 2 is whether boundary layers with similar shape factor (ratio

of displacement to momentum thickness) are predicted to have similar pressure modes

at high frequencies and, in particular, whether the attenuation determined by the axial

decay rates Im(λ) of these modes are comparable. If that is confirmed, at least for a

range of non-dimensional boundary layer thicknesses, it would be possible to model

any arbitrary boundary layer profile just using a linear boundary layer with slip at the

wall, whose shape factor can be adjusted by varying the wall velocity. This investigation

was inspired by a paper by Nayfeh et al. [90].
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A typical acoustic liner used in aero-engine ducts is formed from a single sandwich panel

consisting of a porous facing sheet and a hard-wall backing sheet bonded to a small hon-

eycomb array of air-filled cavities. A simplemathematical model for the locally-reacting

acoustic impedance of that type of liner can be built modelling the facing sheet as a

single-degree-of-freedom mass-spring-damper system, and the cavities as Helmholtz

resonators (see, for example, [109]) . This yields the following expression

Z̃ (ω̃) =

[
R̃FS + ȷ ω̃ m̃− ȷ ρ0c0 cot

(
ω̃ d̃

c0

)]
, (5.0.1)

where R̃FS is the facing sheet resistance, ω̃ m̃ is the facing sheet mass reactance. The

term −ȷ ρ0c0 cot

(
ω̃ d̃

c0

)
represents the impedance of the air cavity, where d̃ is the cell

depth (all dimensional quantities). The same expression, in terms of the nondimensional

quantities, may be written as

Z (η) =

[
RFS + ȷ η

m̃/ρ0
ã

− ȷ cot (η d)
]
, (5.0.2)

where Z (η) = Z̃/ρ0c0 represents the ratio of the specific acoustic impedance of the

surface to the characteristic impedance of the medium, RFS = R̃FS/ρ0c0 , and d = d̃/ã

where ã is the outer duct radius.

The parameters R̃FS and m̃ are typically determined experimentally. They depend on the

physical construction of the facing sheet (porosity, thickness and hole size). Moreover,

R̃FS is generally influenced by the mean grazing flow over the surface and the sound

pressure amplitude, and m̃ varies both with R̃FS and the grazing flow (see, for example,

reference[7]). A discussion of the validity and limitations of this impedance model is

however outside of the scope of this work. In all of the numerical simulation presented in

this chapter and in chapter 6, the valuesRFS = 2 and m̃/ρ0 = 2.5cm have been assumed

as typical values from aeronautical applications, as affirmed by Rienstra & Darau [110].

However, it is noted that, in reference [110], a low-Mach-number mean flow (M0 =

0.17) was considered. In the work presented here, the same two values have been used
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for a number of mean flows in a higher-Mach-number flow condition (M0 = 0.5), under

the assumption that they would not change significantly. Values of the non-dimensional

specific acoustic impedance,Z, were then determined from equation (5.0.2) by inserting

the non-dimensional frequency, η, and arbitrary (though typical) values for the quantities

ã and d .

The numerical simulations results which are presented in this chapter have previously

been published in two conference articles: the results of the first and second study have

been reported in references [94] and [95], respectively, with the exception of the sum-

mary of the findings and the considerations offered in the last section of this chapter. It

has to be explained that, since the presentation of paper [2], a coding error in the calcu-

lation of the solution of the eigenproblem related to the 1/7th power law shear profile

case has been detected and corrected. The error was introduced somehow during code

refactoring between the presentation of the first and the second paper. After correction,

new sets of data for that particular case have been generated and reported herein. This

has resulted in some changes in the interpretation of the results associated to the 1/7th

power law shear profile.

5.1 Study 1: Effect of mean flow non-uniformity on the

modal structure

An annular duct with hub-to-tip ratio s = 2/3 is used for the examples in this section.

The duct wall is lined having specific acoustic impedance Z = 2− 0.5j . The frequency

corresponds to Helmholtz number η = 30. The eigenmodes have been computed for

three different mean-flow profiles

1. Uniform flow;

2. Linear boundary-layer of thickness δ = 0.03;

3. 1/7th power law boundary-layer also of thickness δ = 0.03.

97



The flow profiles for the shear flow test cases are

M(r) =



M0

(
r − s

δ

)1/N

s 6 r < s+ δ,

M0 s+ δ 6 r 6 (1− δ)

M0

(
1− r

δ

)1/N

(1− δ) < r 6 1

(5.1.1)

where M0 = 0.3 is the core flow Mach number, and N defines the power (N = 1 for

case (2), N = 7 for case (3)). In all three cases a one-dimensional mesh consisting of

75 nodes has been used. The nodes per wavelength is 46.5, and the (non-dimensional)

element size is 0.0045. Quadratic element shape functions are used for cases (1) and

(3) – uniform flow and 1/7th power law boundary layer flow. Linear element shape

functions are used for case (2) – linear boundary layer flow.

Mode No. Uniform Linear 1/7th power law

real imag. real imag. real imag.

1+ 0.762254 -0.0298238 0.767216 -0.0429713 0.752477 -0.0385387

2+ 0.720099 -0.0666787 0.735697 -0.0857692 0.710757 -0.0959106

3+ 0.574907 -0.0867974 0.587065 -0.0985904 0.580324 -0.119471

4+ 0.238579 -0.164771 0.236721 -0.176683 0.238334 -0.188594

5+ -0.168087 -0.635233 -0.181914 -0.657412 -0.172457 -0.680591

6+ -0.254177 -1.13849 -0.266665 -1.16711 -0.247567 -1.1805

1- -1.38066 0.0228141 -1.38276 0.013392 -1.3935 0.0280103

2- -1.24982 0.120678 -1.25528 0.0746442 -1.31762 0.102902

3- -1.12519 0.270276 -1.10397 0.184008 -1.19124 0.170892

4- -0.89105 0.378465 -0.85227 0.288935 -0.891667 0.242585

5- -0.520351 0.805449 -0.501949 0.725359 -0.498628 0.720267

6- -0.435734 1.28972 -0.43552 1.19818 -0.432423 1.21014

Table 5.1.1: Eigenvalues λ for a lined annular duct with hub-to-tip ratio s =
2/3, m = 0, η = 30, Z = 2.0 − 0.5j and flow profiles: (1) Uniform flow;
(2) Linear boundary-layer; (3) 1/7th power law boundary-layer. Outside the
boundary layer,M0 = 0.3, whilst the (non-dimensional) boundary-layer thick-
ness δ = 0.03.

The computed eigenvalues (λ = kz/η) for the first twelve acoustic eigenmodes, six in

each propagation direction and for azimuthal order m = 0, are shown in table 5.1.1
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Figure 5.1.1: Location of eigenvalues λ listed in Table 5.1.1 in the complex
plane.

and in figure 5.1.1. In figure 5.1.2 the computed eigenvalues are shown plotted (for

the 1/7th power law boundary layer). It is seen that there are two families of acoustic

modes (propagating in the positive and negative z-direction). There are also a number

of modes which have real and positive eigenvalues. These are identified as being modes

predominantly convected with the mean flow. The number of the latter depend on the

number of nodes in the mesh, since the problem has been discretized. In reality they
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Figure 5.1.2: Location of the computed eigenvalues λ = kz/η for the 1/7th
power law boundary-layer in the complex plane. The real and positive eigen-
values on the far right of the plot are modes predominantly convected with the
mean flow.

may constitute a continuous spectrum 1.

The results illustrate the effect of a boundary layer on sound attenuation compared with

a uniform flow. There are small differences in the imaginary part of the axial wave num-

ber. The notable differences are for the modes propagating against the flow. For these

modes, generally, with uniform flow the axial decay rates are slightly higher compared

to the decay rates with a boundary layer. This is because the sheared flow causes the

upstream propagating modes to be refracted towards the centre of the duct, leading to

lower pressure at the duct walls. The first radial order, which typically will be the least

attenuated mode, is seen to be the most affected by the type of flow profile, as shown in

figure 5.1.3 where a selection of mode shapes are plotted. This is significant for noise

control because it is the least attenuated mode. Higher radial orders appear less affected

by a boundary layer.

It is worth noting that the mode shapes are non‐symmetric about the mid‐point with

respect to the duct’s height, H = 1 − s (non‐dimensional). This is because there is

no symmetry in the problem about the duct’s mid‐point. For example, the mass flow
1The existence of a continuous spectrum of coupled acoustic-vortical modes in inviscid unidirectional

shear mean flows is associated with the presence of a critical layer, that is, a region where the local mean
flow velocity is equal to the phase speed of the disturbance. This is a current subject of research in Applied
Mathematics. See, for example, references [19][24].
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between r = s and r = s+H/2 is different to the mass flow between r = 1−H/2 and

r = 1, owing to the circular geometry.

If the hub‐to‐tip ratio, s, tends to 1, an approximation of the modal solutions may be

obtained by replacing the annulus by a narrow rectangular duct, whose height equalsH

and width equals the average circumference of the annulus. In this case, with the same

lining on each wall, the rectangular duct problem is symmetric, and the mode shapes

are symmetric about the mid‐point with respect to the duct’s height. A study on the

approximation of modal solutions in an annular duct using a narrow rectangular duct

model at increasing hub-to-tip ratio is provided by Brooks [23].

5.2 Study 2: Use of a linear profile with slip as an ap-

proximation to any profile

A rigid and an acoustically-lined annular duct with hub-to-tip ratio s = 0.8 are used for

the examples in this section. The frequency corresponds to Helmholtz number η = 20.

In the case of the lined duct, results are provided for a locally-reacting acoustic lining

with (non-dimensional) specific acoustic impedance Z = 2 − 3j . The eigenmodes

have been computed for three different mean-flow profiles: (a) uniform flow; (b) linear

boundary-layer; (3) 1/7th power law boundary-layer. The flow profiles for the shear

flow test cases are defined in equation 5.1.1 of section 5.1. The linear boundary layer

profile can be adjusted by permitting a slip velocity at the wall. This requires a slight

modification:

M(r) =



M0

[
Mslip

M0

+

(
1− Mslip

M0

)
r − s

δ

]
s 6 r < s+ δ,

M0 s+ δ 6 r 6 (1− δ)

M0

[
Mslip

M0

+

(
1− Mslip

M0

)
1− r

δ

]
(1− δ) < r 6 1

(5.2.1)
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whereMslip is the duct wall Mach number, 0 ≤Mslip ≤M0. In all the results the uniform

flow is taken to beM0 = 0.5.

For each test case, the eigenvalues, λ, are shown plotted on an Argand diagram. Only the

acoustic modes are shown (the continuous spectrum of modes predominantly convected

with the mean flow is not shown). Both downstream and upstream propagating modes

are shown. Varying the velocity at the duct wall allows the shape factor of the profile

to be altered, whilst keeping the boundary-layer thickness fixed. Accordingly, in all

the following test cases, each boundary-layer profile has the same thickness δ, but two

linear boundary-layer profiles are assessed. One profile has no slip at the wall, whilst the

other profile has a slip velocity such that the linear with slip boundary-layer profile has

the same shape factor as the 1/7th power law boundary layer. This allows comparisons

to be made between two different profiles having matching thickness and/or matching

shape factor as well. Results are provided taking the non-dimensional boundary layer

thickness to be δ = 0.01 (1% of duct outer radius) and δ = 0.05 (5% of of duct outer

radius).

The eigenvalues λ for a rigid and a lined annular duct are shown in figures 5.2.1 and

5.2.2, respectively, for boundary-layer profiles with thickness δ = 0.01, and in figures

5.2.3 and 5.2.4, respectively, for profiles with thickness δ = 0.05. Modes having cir-

cumferential orderm = 0 andm = 10 are shown.

Some examples of the pressure mode shapes ψ(r) are plotted in figures 5.2.5 and 5.2.6

for boundary-layer profiles with thickness δ = 0.01, and in figures 5.2.7 and 5.2.8 for

boundary-layer profiles with thickness δ = 0.05. These show the positive and negative

modes with circumferential orderm = 0, and radial orders n = 1 and 2.

There are several features which can be observed in these results, and warrant further in-

vestigation. In figures 5.2.1 to5.2.4 it is seen that the inclusion of a boundary layer alters

the eigenvalues, and unsurprisingly there is greater variation with the thicker boundary-

layer profile. There are no clear trends evident when comparing the eigenvalues for

the different profiles, albeit there is slightly more variation in the values of λ with the
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upstream propagating modes. Conversely, in the rigid duct, the values of λ for the down-

stream propagating (cut-on) modes are very similar for each of the different boundary-

layer profiles.

The other notable feature in these results is that with the 1/7th power law boundary

layer profile in the lined duct, the upstream propagating cut-on modes have attenuation

rate, Im(λ), similar to those of the linear-without-slip profile for δ = 0.01 and of the

linear-with-slip profile for δ = 0.05.

In figures 5.2.7 to 5.2.8 there are comparisons of some low-order pressure mode shapes

(eigenfunctions ψ(r)) with circumferential orderm = 0. As expected the largest varia-

tion in the mode shapes occur for n = 1. In the rigid duct, (m,n) = (0, 1) is the plane

wave mode in the uniform mean-velocity profile. The inclusion of a boundary layer

means that this mode shape is not planar, hence the seemingly large variation in the

eigenfunctions for this mode order, which is more evident for the upstream propagating

mode and is greater with the thicker boundary-layer profile. There is less variability in

radial order n = 2, although as already noted the variability is greater with theupstream

propagating modes.

Moreover, similarly to the trend noted for the attenuation rate, , it is seen that for these

low-order modes in the lined duct the 1/7th power law boundary layer have similar

mode shapes to those of the linear-without-slip boundary layer for δ = 0.01, whilst to

those of the linear-with-slip boundary layer for δ = 0.01.

5.3 Summary of the findings

In this chapter, the results of two different studies on the acoustic propagation in annular

ducts using the finite element method have been presented. In each study, two different

frequencies, annular duct geometries, Mach-number mean flows and surface acoustic

impedance values were chosen, which were believed to be representative of modern
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aero-engine applications. Each study had a different aim, which will be summarised in

the following.

The first study aimed to investigate the influence of a finite boundary layer thickness on

the mode attenuation rate. A number of key theoretical studies on the effect of the pres-

ence of shear flow in the mean boundary layer on the modal solutions were published

between late 1960’s and early 1970’s ([113] [81] [82] [65] [66] [34] [35][117] [89]).

At that time, high-bypass-ratio turbofan engines were just about to be developed and

the primary interest of acousticians was focussed on relatively low frequencies (corre-

sponding to Helmholtz number less than about 20) . Nevertheless, the limited computing

resources available at the time typically allowed the calculation of the least attenuated

modes only. Since then, with the very rapid progress of computational capability, there

appears to have been less of this type of analysis, probably due to the shift of interest

towards the new analysis possibilities associated with applying CFD/CAA methods.

The study carried out here revisited the topic, but considering a higher frequency (cor-

responding to Helmholtz number η =30), which is an appropriate example for acoustic

propagation studies of modern high-bypass-ratio engines.

The analysis quantified the impact of two simple shear boundary-layer profiles which

have been often used in the literature: the linear and 1/7th power law profiles. It con-

firmed, for the particular case considered, the findings of those early studies: a decrease

(compared to the uniform flow case) in the attenuation rate of the upstream-propagating

modes and an increase of the downstream-propagating ones. A point to be noted from

the analysis is that the effect is noticeable only in the case of upstream propagation (a

change in the second decimal place of λ for cut-on modes).

The second study offered further examples of the general trend mentioned above. More

importantly, it provided an investigation into the presumed dependency of attenuation

rate of upstream-propagating modes on the shape factor of a boundary layer. The study

provided a comparison of modal solutions for the 1/7th power law and linear-with-slip
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boundary-layer profile at equal boundary-layer thickness and shape factor for two dif-

ferent values of boundary-layer thickness.

In the case of a lined duct, the numerical analysis revealed notable discrepancies between

the corresponding attenuation rate values of cut-on modes. The conclusion drawn from

the analysis is that the method of estimating the attenuation rate of (cut-on) upstream

propagating modes by approximating an arbitrary boundary layer profile with a con-

venient linear-with-slip profile having matching thickness and shape factor cannot be

generalised to any case. The study provided evidence that, at high frequencies, for the

particular case considered of a 1/7th power law boundary layer profile, which is the most

relevant one for modelling a turbulent boundary layer, modelling this with a linear-with-

slip profile is not appropriate.
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(a) n = 1 (b) n = 2

(c) n = 3

Figure 5.1.3: Mode shapes ψ(r) of upstream-propagating modes listed in Table
5.1.1 corresponding to radial order n =1, 2 and 3. Mode shapes are shown for
different flow profiles: (L) linear boundary layer (without slip); (T) 1/7th power
law boundary layer; (U) uniform flow.
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Figure 5.2.1: Eigenvalues λ for a rigid annular duct (s = 0.8, M0 = 0.5, δ =
0.01,η = 20 ) with mean flow profiles: (L) linear boundary layer without slip;
(S) linear boundary layer with slip; (T) 1/7th power law boundary layer; (U)
uniform flow.
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Figure 5.2.2: Eigenvalues λ for a lined annular duct (s = 0.8, M0 = 0.5,
δ = 0.01,η = 20, Z = 2 − 3j ) with mean flow profiles: (L) linear boundary
layer without slip; (S) linear boundary layer with slip; (T) 1/7th power law
boundary layer; (U) uniform flow.
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Figure 5.2.3: Eigenvalues λ for a rigid annular duct (s = 0.8, M0 = 0.5, δ =
0.05,η = 20 ) with mean flow profiles: (L) linear boundary layer without slip;
(S) linear boundary layer with slip; (T) 1/7th power law boundary layer; (U)
uniform flow.
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Figure 5.2.4: Eigenvalues λ for a lined annular duct (s = 0.8, M0 = 0.5,
δ = 0.05,η = 20, Z = 2 − 3j ) with mean flow profiles: (L) linear boundary
layer without slip; (S) linear boundary layer with slip; (T) 1/7th power law
boundary layer; (U) uniform flow.
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(a) Upstream propagating modes; n = 1 (b) Upstream propagating modes; n = 2

(c) Downstream propagating modes; n = 1 (d) Downstream propagating modes; n = 2

Figure 5.2.5: Examples of pressure mode shapes ψ(r) for a rigid annular duct
(s = 0.8,M0 = 0.5, δ = 0.01,η = 20 ) for circumferential orderm = 0. Mode
shapes are shown for different flow profiles: (L) linear boundary layer without
slip; (S) linear boundary layer with slip; (T) 1/7th power law boundary layer;
(U) uniform flow.
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(a) Upstream propagating modes; n = 1 (b) Upstream propagating modes; n = 2

(c) Downstream propagating modes; n = 1 (d) Downstream propagating modes; n = 2

Figure 5.2.6: Examples of pressure mode shapes ψ(r) for a lined annular duct
(s = 0.8, M0 = 0.5, δ = 0.01,η = 20, Z = 2 − 3j ) for circumferential
order m = 0. Mode shapes are shown for different flow profiles: (L) linear
boundary layer without slip; (S) linear boundary layer with slip; (T) 1/7th power
law boundary layer; (U) uniform flow.
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(a) Upstream propagating modes; n = 1 (b) Upstream propagating modes; n = 2

(c) Downstream propagating modes; n = 1 (d) Downstream propagating modes; n = 2

Figure 5.2.7: Examples of pressure mode shapes ψ(r) for a rigid annular duct
(s = 0.8,M0 = 0.5, δ = 0.05,η = 20 ) for circumferential orderm = 0. Mode
shapes are shown for different flow profiles: (L) linear boundary layer without
slip; (S) linear boundary layer with slip; (T) 1/7th power law boundary layer;
(U) uniform flow.
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(a) Upstream propagating modes; n = 1 (b) Upstream propagating modes; n = 2

(c) Downstream propagating modes; n = 1 (d) Downstream propagating modes; n = 2

Figure 5.2.8: Examples of pressure mode shapes ψ(r) for a lined annular duct
(s = 0.8, M0 = 0.5, δ = 0.05,η = 20, Z = 2 − 3j ) for circumferential
order m = 0. Mode shapes are shown for different flow profiles: (L) linear
boundary layer without slip; (S) linear boundary layer with slip; (T) 1/7th power
law boundary layer; (U) uniform flow.
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Chapter 6: Practical Application: Effect of Boundary-layer Shielding on High-frequency Sound
Transmission

Chapter 6

Practical Application: Effect of

Boundary-layer Shielding on

High-frequency Sound Transmission

This chapter presents a computation-intensive parametric study that has been carried out

using the new proposed finite element implementation described in chapter 3. It is an

example of the use of the method in an engineering application to aid the prediction and

optimisation of the acoustic impedance of liners used in aero-engine nacelles to mitigate

the effects of aircraft engine noise.

As mentioned in chapter 1 on page 1, lining the nacelle with passive acoustic treatments

is an effective measure to reduce the emitted noise in the far-field (see recent commu-

nications [41],[72]). Ideally, liners must be effective over a wide range of frequencies,

reducing both tones and broadband noise at different flow conditions (e.g. at aircraft

take-off, climb, cruise, etc.) and satisfy many other requirements and constraints [63].

Liner optimisation is the process of selection of appropriate liner design parameters with

respect to requirements and specific noise reduction objectives. Prediction and optimi-

sation of liner performance in fan ducts nowadays relies considerably upon the use of

computer simulation of the acoustic field inside the aero-engine ducts for given noise
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source characteristics [7], and it is concerned with the development of suitable optimiza-

tion algorithms [8]. In essence, assisting the liner optimisation process is one of the main

objectives of the development of models of small-amplitude perturbation propagation

in flow ducts.

Historically, early studies focussed on identifying, with respect to a particular duct ge-

ometry under consideration, only a small number of least attenuated modes correspond-

ing to a particular frequency (e.g., two modes [116], six modes [65]), and alter the axial

attenuation rate of thosemodes with appropriate choice of the liner’s acoustic impedance

[116], or trace the change of the axial attenuation rate when varying the frequency[65].

However, the blade passing frequency (BPF) in modern turbofan engines typically cor-

responds to values of Helmholtz number between 20 and 30. Therefore, the frequency

range of interest goes up to values of η of the order of 100, i.e. fourth or fifth harmonic

of BPF. At such large Helmholtz number, the number of cut-on modes is of the order of

hundreds, so clearly an individual evaluation of the modal attenuation rate for each cut-

on mode is not so practical. Moreover, current noise reduction efforts are now increas-

ingly focusing on broadband fan noise, which is commonly modelled by a multi-mode

source. Therefore, when dealing with normal mode analysis for modern aircraft engine

application, it is necessary to classify hundreds of modes according to their type (acous-

tic or non-acoustic), direction of propagation (positive or negative travelling waves),

and attenuation rate.

Before describing the study in detal, some preliminary background information pertain-

ing to modal sound power transmission in ducts is necessary in order to explain inherent

conceptual difficulties in simply adopting a customary transmission loss metric which

lead to the introduction of a new cost function.
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6.1 Theory of modal sound power transmission in ducts

6.1.1 Case of no mean flow

It is well-known that, for isentropic disturbances in a uniformmedium at rest, in a region

where acoustic sources are not present, the following law of conservation of acoustic

energy holds (cf. [69]),

∂w

∂t
+∇ · jjj = 0, (6.1.1)

where definitions of energy density 1 associated with an acoustic disturbance,

w , 1
2
ρ0
[
uuu2 + (ρ0c0)

−2 p2
]
, (6.1.2)

and acoustic energy flux density vector

jjj , puuu, (6.1.3)

are introduced. The interpretation of equation (6.1.1) is straightforwardwhen integrating

over a fixed domain delimited by an oriented surface, S, and applying the divergence

theorem,

ˆ
S

(jjj · nnnS) dS = − ∂

∂t

ˆ
V

w dV (6.1.4)

that is, the total net outflow of sound energy per unit time through the surface, S, equals

the negative rate of change of the total sound energy within the surface.

Let us introduce the concept of acoustic intensity as the time-average acoustic energy

flux density vector,
1Energy per unit volume.
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III , j̄jj, (6.1.5)

where the overbar is used to denote a time average operation, and the time-average

power flow across an oriented surface S with unit normal vector nnnS as

W S ,
ˆ
S

(III · nnnS) dS , (6.1.6)

The following equation holds

∇ · III = 0 (6.1.7)

In the study presented here, a semi-infinite duct of uniform cross-section, with a source

plane located at the finite end, z = 0, is considered. Let us select two cross-sectional

oriented surfaces, S1 and S2 perpendicular to the duct axial direction, with unit normal

vectors pointing in the same direction, and duct wall surface, SW , between those with

unit normal vectors pointing outwards. Based on definition (6.1.6) and property (6.1.7),

one then may write

W S1 −W S2 = W SW
. (6.1.8)

Equation (6.1.8) is perfectly useful to characterize the time average acoustic power ab-

sorbed by the duct wall,WSW
. If the left-hand side of the equation is non zero, there is

an absorption of energy by the wall.

A convenient metric is the transmission loss, which is typically introduced to quantify

the acoustic energy absorbed, and is defined as

△SWL =10 log10
(
W S1

W S2

)
. (6.1.9)
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In this case, the effect of duct liner design parameters on the overall acoustic energy

attenuation can then be determined by comparing time average acoustic powers at two

axial locations.

6.1.2 Case of irrotational and homentropic flow

In the case of an irrotational and homentropic2 flow, a definition of acoustic energy flux

density vector, jjj appears to have gained acceptance, although to some extent arbitrary

(cf.[80]). Written in non-dimensional form

jjj = puuu+
1

ρ0c20
MMMp2 + ρ∞ (MMM · uuu)uuu+ 1

c20
MMM (MMM · uuu) p (6.1.10)

The expression was originally introduced by Cantrell & Hart [26]. It has been adopted,

among others, by Morfey [80] and Joseph et al. [61].

In the case of a duct with uniform mean flow velocity in the z direction, assuming

a monochromatic acoustic field varying in time with frequency ω , the time average

acoustic power flow across a cross-sectional surface, S, perpendicular to the duct axial

direction is given by

W S =

ˆ
S

Iz dS = 1
2

ˆ
S

[(
1 +M2

)
Re (p̂û∗z) +M

(
|p̂|2 + |ûz|2

)]
dS (6.1.11)

where Iz denotes the axial component of the acoustic intensity, the asterisk denotes the

complex conjugate, p̂ and ûz are the complex pressure amplitude and the axial compo-

nent of the complex particle velocity, respectively, defined as:

p (xxx, t) , Re
(
p̂ (xxx) ejω t

)
, (6.1.12)

uz (xxx, t) , Re
(
ûz (xxx) e

jω t
)
. (6.1.13)

2Isentropic flow with uniform entropy
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.Note that the identities

p2 = 1
2
|p̂|2,

u2z =
1
2
|ûz|2,

puz =
1
2
Re (p̂û∗z) ,

have been used here.

Since a semi-infinite duct is considered here (that is, no end-termination wave reflec-

tions), we consider waves traveling in one direction only. The complex acoustic pressure

field, p̂ (r, θ, z), subject to the convected wave equation can be decomposed in terms of

travelling modes

p̂+ (r, θ, z) =
∞∑

m=−∞

∞∑
n=1

p+mn(r, θ, z), or p̂− (r, θ, z) =
∞∑

m=−∞

∞∑
n=1

p−mn(r, θ, z).

(6.1.14)

where (r, θ, z) are the non-dimensional radial, azimuthal and axial coordinates, respec-

tively;m and n are the azimuthal and radial orders, respectively, and

p±mn(r, θ, z) = A±
mnψ

±
mn(r) e

−j (mθ±λ±
mnk z), (6.1.15)

are the positive and negative propagating waves. ψ±
mn are the transverse (radial) mode

shapes, the parameters λ±mn are the axial wave numbers normalized by the free field

wavenumber, k, A±
n are the modal amplitudes, which are determined, for example, by

the mechanism of noise generation involved at plane z = 0.
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In a similar way, the axial component of the complex acoustic particle velocity field,

ûz (r, θ, z) can be decomposed in term of modes

û+z (r, θ, z) =
∞∑

m=−∞

∞∑
n=1

u+z,mn(r, θ, z), or û−z (r, θ, z) =
∞∑

m=−∞

∞∑
n=1

u−z,mn(r, θ, z).

(6.1.16)

Substituting equations (6.1.15) in the linearized Euler momentum balance equation give

u±z,mn = γ±mn p
±
mn, (6.1.17)

where

γ±mn , λ±mn

1−Mλ±mn

. (6.1.18)

Let us consider modes traveling, say, in the positive z-direction. Only cut-on modes

transport energy; let us assume that N+
(m) is the number of cut-on modes for azimuthal

order,m.

Substituting equations (6.1.15) and (6.1.17) into (6.1.11), the time average acoustic

power, W+
S corresponding to modes travelling in the positive direction would contain∑∞

m=−∞

(
N+

(m)

)2
separate terms, of which

∑∞
m=−∞N+

(m)

[
N+

(m) − 1
]
are cross terms.

In the case of acoustic hard walls, the mode shape functions are orthogonal and the

expression of the time average acoustic power across a cross-sectional surface, S, given

in equation (6.1.11) reduce to

W
+

S =
∞∑

m=−∞

N+
(m)∑

n=1

W+
mn (6.1.19)

where the modal elements of the time average acoustic power

W+
mn(z = zS) = χ+

mn

ˆ
S

|pmn(r, θ, zS)|2 dS = χ+
mn|A+

mn|2e
2 Im(λ+

mn) k zS (6.1.20)
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are found by integrating Iz,mn over the cross section of the duct, and

χ+
mn , S

2

[(
1 +M2

)
Re
(
γ+mn

)
+M

(
1 + |γ+mn|2

)]
, (6.1.21)

It is assumed here that the orthogonal mode shape functions are normalized so that

1

S

ˆ
S

ψmn(r) e
ȷm θψ∗

m′n′(r) e−ȷm′ θ dθ r dr = δmm′δnn′ . (6.1.22)

where δij is the Kronecker delta.

The transmission loss calculated between two cross-sectional surfaces, S1 and S2, per-

pendicular to the axial direction, at a distance L apart is then

△SWL =10 log
(
W̄S1

W̄S2

)
= 10 log

 ∑∞
m=−∞

∑N+
(m)

n=1 χ
+
mn|A+

mn|2∑∞
m=−∞

∑N+
(m)

n=1 χ
+
mn|A+

mn|2e
2 Im(λ+

mn) k L


(6.1.23)

In aero-engine liner design studies, the source is typically assumed exciting all possible

in-duct modes with equal energy across a discrete set of frequencies, that is,

|A+
mn|2 = c (6.1.24)

where c is a constant.

In the case of acoustic soft walls, modes are not orthogonal and the expression of the

time average acoustic power, W+

S , cannot be simplified as in equation (6.1.19). The∑∞
m=−∞N+

(m)

[
N+

(m) − 1
]
cross-terms are now present and may be of significant mag-

nitude. A possible approach to calculation is that adopted by Law [70], which consists

of splitting the energy contribution equally between the two ± modes that form a cross-

term.
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6.1.3 Case of an arbitrary mean flow

In the case of rotational mean flows (such as the shear flow) and non-isentropic flows,

there is no expression for a conserved acoustic intensity. Therefore, it is not possible

to evaluate the overall acoustic energy attenuation through a practical calculation of

transmission loss such as equation (6.1.23).

As mentioned in chapter 1, the fundamental difficulty arises from the fact that the mean

flow is subject to coupled entropy, vorticity and acoustic perturbations and, in this case,

definitions of acoustic energy density and flux carried by disturbances are problematic.

Several energy conservation laws for wave propagation in a moving medium have been

proposed by Morfey [80] Möhring [76] Myers [86] [87]. They all propose a generalized

form of the conservation law given in equation (6.1.1). For example, Morfey [80] found

an identity by separating out the irrotational part of the perturbed flow.

The derivation byMyers [86, 87] of a general equation governing the transport of energy

associatedwith disturbances seems to bemost widely accepted. Myers’ basic ideawas to

derive a ‘disturbance’ energy relation directly from the total fluid energy conservation

law (cf. [69]). By purely algebraic manipulation of equations, he obtained an exact

energy corollary

∂wexact

∂t
+∇ · jjjexact = −Dexact, (6.1.25)

where terms wexact and jjjexact were identified as energy density and flux, respectively,

carried by any disturbance, and dissipation term, Dexact, included all terms excluded

from wexact and jjjexact. No linearization was assumed up to this point, hence the name

’exact’. Note that in the case of irrotational and homentropic flow, Dexact = 0 and

equation (6.1.10) is retrieved.

Then, each fluid quantity was expanded to second order (quadratic) approximation3 in
3Acoustic energy density in the case of a stagnant medium (equation (6.1.2)) is quadratic to leading

order in disturbance quantities.
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the perturbed quantities and energy density, flux and dissipation carried by the unsteady

disturbances were obtained. The main finding was that the expressions for the ‘pertur-

bation’ energy density and flux are second order expressions depending only on first

order quantities.

Atassi [10] made use of Myers’ disturbance energy relation in the particular case of an

annular duct with homentropic swirling mean flow and highlighted that “the disturbance

field interacts with the mean flow and mean flow gradients to transfer energy between

the mean flow and the propagating disturbances”.

6.2 Study 3: Investigation of liner acoustic performance

at high-frequency in flow ducts

Solutions (eigenmodes) of the eigenvalue problem for the Pridmore-Brown equation

have been determined. Among them, only ‘predominantly’ acoustic cut-on modes have

been identified and selected in accordance to the criterion described in chapter 3. Their

modal weight (that is, their relative importance) has been determined according to con-

siderations of modal energy coupling between the sound generation and propagation

processes at an ideal cross-sectional plane of the duct, as it will be explained below.

In the present study, a fully developed flow in a semi-infinite cylindrical duct is con-

sidered (that is, no reflection of sound waves at the duct’s end-termination). Flow is

assumed to comprise a uniform core flow and a thin boundary layer at lined duct walls.

A quarter-sine mean-velocity profile is used to model the boundary layer as, for exam-

ple, in reference [35].

The acoustically soft-wall condition considered in the study is assumed to be charac-

terised by a locally-reacting acoustic impedance as defined in equation (5.0.2). The

values RFS = 2, m̃/ρ0 = 2.5cm and â = 1m have been chosen as typical values from

aeronautical applications (see comments at the end of section 1, chapter 5 on page 95).
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Table 6.2.1 shows the values of the dimensionless specific acoustic impedance, Z, cor-

responding to values of dimensionless frequency, η, and dimensionless cell depth of air

cavities, d, selected for the parametric study.

d = 0.0127 d = 0.0254 d = 0.0508

η = 20 2-3.35j 2-1.3j 2-0.12j

η = 50 2-0.107j 2+0.94j 2+2.71j

η = 100 2+2.19j 2+3.96j 2+2.89j

Table 6.2.1: Values of the dimensionless specific acoustic impedance, Z, corre-
sponding to values of dimensionless frequency, η, and dimensionless cell depth
of air cavities, d, selected for the parametric study.

To overcome the inability to determine a suitable theoretical expression for the acoustic

intensity in a duct in the presence of a sheared mean flow and, consequently, evaluate the

transmission loss as a measure of the overall acoustic energy absorbed, a new definition

of cost function has been introduced to provide guidance for optimizing the performance

of acoustic liners. It is based on the variation in sound pressure level at two arbitrary

stations at the duct walls. The change in the sound pressure level is given by

△SPL =10 log10
(
|p̂+ (z = 0)|2

|p̂+ (z = L)|2

)
, (6.2.1)

and similarly,

△SPL =10 log10
(

|p̂− (z = 0)|2

|p̂− (z = −L)|2

)
. (6.2.2)

With respect to how to allocate appropriate modal amplitudes, the assumption that has

been made here is that, , for each azimuthal order, the sums of the squared pressures at

the duct wall of each cut-on mode contribute approximately equally. This is justified

following a recent experimental finding by Achunche [1], who studied the modal power

distribution required to accurately model fan broadband noise. That is
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N+
(m=−M)∑
n=1

|p±(−M,n)|
2 =

N+
(m=0)∑

n=1

|p±(0, n)|
2 =

N+
(m=M)∑

n=1

|p±(M,n)|
2 = c (6.2.3)

where c is a constant.

This assumption enables the cost function given in equation (6.2.1) to be calculated:

|p̂+ (z = 0)|2 =
N+

(m=−M)∑
n=1

|p+(−M,n)|
2 + . . . . . . . . .

+

N+
(m=0)∑

n=1

|p+(0, n)|
2 + . . . . . . . . .

+

N+
(m=M)∑

n=1

|p+(M,n)|
2 = (2M + 1) c

|p̂+ (z = L)|2 = c

N+
(m=−M)

N+
(m=−M)∑
n=1

e
2 Im

(
λ+
(−M,n)

)
k L

+ . . . . . . . . .

+
c

N+
(m=0)

N+
(m=0)∑

n=1

e
2 Im

(
λ+
(0, n)

)
k L

+ . . . . . . . . .

+
c

N+
(m=M)

N+
(m=M)∑

n=1

e
2 Im

(
λ+
(M,n)

)
k L

Similarly,

|p̂− (z = 0)|2 =
N−

(m=−M)∑
n=1

|p−(−M,n)|
2 + . . . . . . . . .

+

N−
(m=0)∑

n=1

|p−(0, n)|
2 + . . . . . . . . .
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+

N−
(m=M)∑

n=1

|p−(M,n)|
2 = (2M + 1) const ,

and

|p̂− (z = −L)|2 = c

N−
(m=−M)

N−
(m=−M)∑
n=1

e
−2 Im

(
λ−
(−M,n)

)
k L

+ . . . . . . . . .

+
c

N−
(m=0)

N−
(m=0)∑

n=1

e
−2 Im

(
λ−
(0, n)

)
k L

+ . . . . . . . . .

+
c

N−
(m=M)

N−
(m=M)∑

n=1

e
−2 Im

(
λ−
(M,n)

)
k L
.

In the parametric study, five control factors were selected. These factors and their levels

are listed in table 6.2.2.

Levels

Wave propagation direction downstream (positive), upstream (negative)

Boundary layer thickness, δ (in units of duct radius ã) 0∗) to 0.1 in equally spaced steps of 0.005

Distance between two axial points, L (in units of ã) 0.5, 1, 2

Cell depth of air cavities, d (in units of duct radius ã) 0.0127, 0.0254, 0.0508

Helmholtz number, η 20, 50. 100

*) Boundary layer thickness value equal to 0 corresponds to the case of uniform mean flow.

Table 6.2.2: Control factors and their level.

Figures 6.2.1 to 6.2.9 show variation of the performance metric (cost function) defined

in equation (6.2.1) for downstream (positive) and upstream (negative) wave propagation

direction against a set of boundary layer thickness values in the range between 0.5% and

10% of the duct radius. Boundary layer thickness value equal to 0 corresponds to the

case of uniform mean flow.

Results are in agreement with the expected general effect of a shear layer on sound trans-

mission. Sound propagating in the direction of flow (positive modes) is more refracted
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towards the wall, resulting in a larger acoustic pressure level difference, ∆SPL, be-

tween two axial stations compared to a smaller acoustic pressure level difference when

the sound is propagating opposite to the flow (negative modes), because in this case

more of the sound is refracted away from the wall.

The exception is for the case of Helmholtz number η = 20, liner configurations corre-

sponding to nondimensional cell parameter d = 0.0127 and d = 0.0254, dimensionless

boundary layer thickness within the range of δ = 0.005 to δ = 0.05 (figures 6.2.1 on

the next page and 6.2.2 on page 130).

What is interesting from the results of this study is its quantitative aspect. In the case of

sound propagating in the direction of flow, the sound level attenuation does not change

significantly as the boundary layer thickens (around one decibel or less), and it is nearly

the same for all the three frequencies and the three different liner configurations consid-

ered.

On the contrary, in the case of sound propagating opposite to the flow, there is a sub-

stantial decrease in the attenuation as the boundary layer thickens, which it is more

significant at moderately large Helmholtz number (η = 20) than at very high Helmholtz

number (η = 100).

It also has to be noted that, at moderately large Helmholtz number, attenuation decreases

as the boundary layer increases in thickness at an approximately comparable rate over the

entire range considered (δ = 0.005 to δ = 0.1). On the contrary, at very high Helmholtz

number, changes in the attenuation mainly take place within the range of δ = 0.005 to

δ = 0.03.

6.3 Summary of parametric study

The aim of the study presented here was to provide an example of how to carry out a

performance analysis of acoustic liners by using the finite element code developed in

this work. A multi-mode analysis coupled with a cost function calculation based on
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.1: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). Liner depth
d = 0.0127, Helmholtz number η = 20.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.2: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 20.
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a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.3: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 20.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.4: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0127,
η = 50.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.5: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 50.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.6: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 50.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.7: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0127,
η = 100.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.8: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 100.
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(a) L = 1
2

(b) L = 1

(c) L = 2

Figure 6.2.9: ∆SPL between axial points separated by a distance L plotted
against boundary-layer thickness, δ (all dimensionless quantities). d = 0.0254,
η = 100.
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sound pressure level difference at two arbitrary stations at the duct walls provides a

simple quantifiable measure of the effect of the boundary-layer thickness on the liner

attenuation. A parametric study was conducted at moderately large Helmholtz number

(η = 20 and η = 50), and at very high Helmholtz number (η = 100), for a set of liners

of different cell depth value, on varying boundary-layer thickness of the sheared mean

flow.

It has to be highlighted that, although typically frequencies up to the 5th harmonic of

the blade passing frequency are of interest to optimise the acoustic treatment in aero-

engine ducts (which correspond to Helmholtz number in excess of 100), to the author’s

knowledge, there exist no studies in the literature similar to the one presented here,

probably because of the difficulty to calculate, at a reasonable computational cost, the

large number of modes that are ‘cut-on’ at high frequencies (in the order of hundreds

for η = 100).

In this work, the duct and mean flow have been assumed axisymmetric, and therefore

a one-dimensional FEM formulation was possible, which substantially decreases the

computational time. This study has then provided a quantifiable measure of the per-

formance of three different liner configurations (based on a simple acoustic impedance

model given by (5.0.2) ). The main result is that, at very high frequencies (η = 100), for

the specific liner configurations considered, the sound pressure level difference,∆SPL,

is significantly affected by the presence of the boundary layer only when the sound is

propagating opposite to the flow. Moreover, at the same frequency range and the up-

stream propagation case, the rate of change of ∆SPL, as a function of the boundary

layer thickness, is significant only in a small interval of values (approx. δ = 0.005 and

δ = 0.03).

To the author’s knowledge, this result is new. Although important assumptions have

been made (equal energy for modes of the same azimuthal order), the result is believed

to be of interest and relevance to the aerospace sector, specifically associated with the

design of aero-engine acoustic linings. Predictions which do not take into account the
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region of thin sheared mean flow may significantly over-predict the liner attenuation at

high frequencies.
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Chapter 7: Summary and Concluding Remarks

Chapter 7

Summary and Concluding Remarks

The aim of the work was to develop fast and efficient analytical and numerical methods,

that could be used with (a) high-frequency sound (corresponding to Helmholtz number

up to 100), (b) sheared mean flow, (c) acoustically lined ducts, to calculate the trans-

mission of sound in lined flow ducts [http://gtr.rcuk.ac.uk/projects?ref=EP/E065775/1].

The basis for all the work was the Pridmore-Brown equation (modal equation for parallel

shear flows) [104][81].

Emphasis on high-frequency sound was motivated by the fact that, in modern high by-

pass ratio engine design, it has become imperative to carry out high-frequency analysis

in order to include several harmonics of the fan’s blade passing frequency.

Interest in combining the effect of the acoustic impedance of the lining, and the sheared

mean flow,on pressure perturbations in ducts, was motivated by the need to improve

the accuracy of current models based on uniform flow and the widely-applied Ingard–

Myers boundary condition, in order to foster the optimisation of the design of aero-

engine acoustic linings.

The focus was on the efficient implementation of methods that could calculate, with

accuracy and at modest computational cost, the large number of modes that are ‘cut-on’

at high frequencies for use in an engineering context.
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To achieve this, the geometry of real inlet and bypass ducts has been simplified. Ducts

have been modelled as infinitely long with axisymmetric (circular or annular) cross-

section uniform in the axial direction. Wall acoustic linings have been assumed locally

reacting and characterized by an impedance independent of axial and azimuthal coor-

dinates. Mean flow has been assumed homentropic and axisymmetric, but not radially

uniform. For this axisymmetric geometry, solutions for the pressure perturbation field

have been sought by separation of variables, which have yielded an immediate reduction

in the dimension of the problem.

Although the focus has been on providing examples where the mean flow, frequency and

liner acoustic impedance have been chosen to be representative of a turbofan aircraft

engine application, the methods and their associated considerations presented in this

work are of general theoretical nature in the field of small-amplitude unsteady fluid

motion in ducts, relevant to a number of engineering applications.

7.1 Summary of achievements

The aim of the work has been achieved by the development of two different methods: the

finite element method (presented in chapter 3) and themethod of approximate equivalent

boundary condition (presented in chapter 4).

Since the advent of scientific computation in the early 1970s, the finite element method

has been regarded as a flexible and reliable technique to solve mathematical problems.

Since then, there appears to have been, within the aeroacoustics community, a progres-

sive interest in applying the technique to solve computational-intensive problems in two

or three dimensions with boundary conditions of complex realistic geometries (see, for

example, reference [7]) rather than exploiting its computational efficiency and accuracy

to solve simpler problems. In this work, the approach was the latter: the finite element

method was adopted as a tool capable to provide solutions faster, more efficiently and
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more accurately than usingmore traditional numerical schemes, such as the Runge-Kutta

method [3] [23].

Surprisingly, to the best of the author’s knowledge, no previous publications provide

a comprehensive finite element formulation of the one-dimensional Pridmore–Brown

equation for the particular case of axisymmetric geometry. Therefore, the obvious first

challenge was to obtain a correct formulation within the framework of the finite element

mathematical theory [21][54][64]. Chapter 3 provides a comprehensive formulation,

useful to be directly translated into computer code. Appendix B offers practical details

of the construction of the code.

As a novel contribution, it has been shown that the variational formulation of the one-

dimensional Pridmore–Brown problem (equation 3.2.22a) can be obtained either start-

ing from its corresponding strong form (equation 3.2.19) or starting from the variational

formulation of the two-dimensional Pridmore–Brown problem (equation 3.2.5 ) by in-

troducing test and trial functions ψ(r)e−jmθ and v(r)e−jmθ (equations (3.2.23a) and

(3.2.23b), respectively). In order to obtain the latter, complex-valued linear functional

and sesquilinear form were introduced to deal with complex functions. An additional

contribution was the calculation of the analytical expressions of the mass and stiffness

matrix elements, which are reported in Appendix A.

The implementation of the method into a C++ computer program enabled the rapid com-

putation of a large number of modes at very high frequencies (Helmholtz number of the

order of 100) at a modest computational cost, even on a standard personal computer. Due

to the low CPU time, the code may well be used for optimization of liner properties.

The computer code has been extensively tested and verified by comparison of the eigen-

modes with exact analytic solutions in the case of uniform flow, and other solutions re-

ported previously in the case of a boundary layer flow. Convergence of the solutions has

been verified. To the best of the author’s knowledge, it is the first time that a complete

mathematical formulation and code implementation description of the Galerkin’s finite
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element method to solve the Pridmore-Brown problem in axisymmetric ducts has been

given.

A significant advantage of the finite element implemenation is its ability to use a finer

grid in the vicinity of the duct walls in the regions of strong mean velocity gradients, and

a coarser grid in the core flow region, which translates into a lower number of degrees

of freedom for an equivalent accuracy, thus a remarkable efficiency of the method, or

very accurate solutions inside the boundary layer.

A number of post-processing routines have been developed which classify the modes

according to their type (acoustic or non-acoustic), direction of propagation (positive or

negative travelling waves), and attenuation rate. This post-processing enables the least

attenuated modes to be identified, which are the most significant modes to be targeted

for noise control measures.

The second method developed in this work derives asymptotic expansions of the modal

solutions in the boundary layer in the limit of vanishing thickness, and uses these to

define an ‘equivalent’ boundary condition for the uniform core flow. The problem can

then be solved analytically for the uniform flow.

Although most of the mathematical development is similar to that by Eversman & Beck-

emeyer [39], a certain degree of manipulation was necessary in order to conform to the

particular length scaling for dimensionless lengths used throughout this work. This ap-

proach potentially offers a very efficient calculation method, as it simply evaluates an-

alytical expressions, although numerical methods are still necessary to solve a trascen-

dental equation. A contribution to new knowledge here is the extension of the method

to the case of mean flow with slip at the wall.

A number of numerical examples of the use of the finite element method with parame-

ters representative of an aeronautical application have been provided in three different

studies.

In the first study the influence of a relatively thin boundary layer thickness (corre-

sponding to dimensionless boundary layer thickness, δ =0.03) on the mode attenuation
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(modal structure, in general) for a relatively high frequency (corresponding to Helmoltz

numberη =30) has been investigated, thus filling a gap in the literature with respect to

this type of investigation with respect to high frequencies. Numerical results have con-

firmed that, for the particular case considered, only significant effects are observed for

upstream propagating modes.

In the second study the dependency of attenuation rate of upstream-propagating modes

on the boundary-layer thickness and shape factor only of a boundary layer of an arbitrary

mean velocity profile has been investigated. In contrast with general observations by

Nayfeh et al. [90], the study has demonstrated that, at high frequencies, in the case of

lined duct, approximating a 1/7th power law-without-slip boundary-layer profile with a

linear-with-slip profile having matching thickness and shape factor produce dissimilar

upstream-propagating modes.

In the third study an example of how to carry out a performance analysis of acoustic lin-

ers by using the finite element code developed in this work has been demonstrated.An

investigation of the effect of boundary-layer shielding on sound transmission at high

frequencies (Helmholtz number up to the order of 100) has been carried out. A new

cost function has been defined to provide a quantifiable measure of an acoustic liner’s

performance for a multi-mode noise source.The main result is that, at very high frequen-

cies (η = 100), for the specific liner configurations considered, the sound pressure level

difference, ∆SPL, is affected by the presence of the boundary layer significantly only

when the sound is propagating opposite to the flow. Moreover, at the same frequency

regime and upstream propagation case, the rate of change of∆SPL, as a function of the

boundary layer thickness, is significant only in a small interval of very thin thickness

values. This is a new result which it is believed will be of interest to the aero-engine

acoustic liner industry.
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7.2 Final considerations

Considering a duct carrying sheared mean flow introduces a new level of complexity

to the analysis of the propagation of unsteady pressure modes when compared to the

case of uniform flow. Three considerations are worth highlighting here, which outline

possible areas of future work.

1. Critical layers arise in shear flows as a mathematical singularity. When solving

numerically the Pridmore–Brown equation using the finite element solver, calcu-

lations have revealed the existence of a conspicuous set of eigenvalues clustered

about the value 1/M. Those modes have been classified as predominantly con-

vected with the mean flow, and they have been filtered out from calculations of

acoustic attenuation assuming their contribution to be insignificant. It is however

recognised that a better understanding of their mathematical properties is desir-

able, in particular, how they are represented in a finite element scheme.

2. The concept that, for any arbitrary thin boundary layers with similar shape factor,

‘cut-on’ modes may have comparable axial decay rates, has not been fully ex-

plored. It is author’s opinion that, in order to provide stronger evidence to prove

or disprove the idea, an extensive parametric study, conducted in a systematic way

and possibly with the support of a design of experiments (DoE) methodology, is

necessary.

3. There is no expression for a conserved acoustic intensity. Therefore, the trans-

mission loss which, in the case of uniform homentropic flows, can directly quan-

tify the overall acoustic energy absorbed by the liner, cannot be evaluated. A

new single-parameter descriptor (cost function) has been defined to evaluate the

in-duct sound attenuation. How effectively it can be used in a practical design

optimisation procedure for acoustic linings has to be explored.
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Appendix A

Exact Integration of The Mass and

Stiffness Matrices

Case of linear basis functions
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Appendix B

FEM Code Implementation

This section is devoted to describe the specific practical details of the construction of

the code which implements the method. In the following we will refer to such imple-

mentation with the acronym AMADO (Acoustic Mode Analysis in Ducts with flOw).

This section is organized as follows. Section B.1 presents a state of the art of finite

element programming, in order to give insight on best practices in program design to

ensure a robust, reliable and calculation-efficient solution as well as save development

time. Section B.2 first introduces the overall initial requirements for the implementation

explaining the reasoning behind them. Then, it presents a sneak overview of the general

organization of the software highlighting the rationale for certain design choices. It

demonstrates how the object-oriented approach yields advantages over procedural (e.g.

FORTRAN) programming methods and discusses the adoption of a number of design

patterns. Finally, it highlights key elements in the design of the classes (the building

blocks of object oriented programming), and it provides comments on selected parts of

the code (code extracts).
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B.1 State of the art of finite element programming

The FEM has traditionally been programmed in procedural programming languages

such as FORTRAN, and some early textbooks on the FEM provide examples of com-

puter implementation written in this language. Since the introduction of the object-

oriented paradigm in the early 1990s, which since then became all pervasive in com-

puting, a number of articles on applying this programming style to the FEM have been

published. Some of the first papers on the subject are by Dubois-Pelerin et al. [32]

and Mackie [73]. Both papers contain thorough discussions on how the finite element

programming could benefit from this new programming style.

The main benefits that are highlighted in the first paper can be summarized as follows.

First, implementing algebraic entities (such as a vector and a matrix) and fundamental

entities of the FEM (such as a node and an element) as new types (objects) is a natural

extension of mathematical thinking, which leads to self-descriptive software. Then, the

fact that objects can encapsulate their associated data and manage their own state and ac-

tions encourages to apply a distributed (decentralized) control programming style, which

improves the overall code mainteinability. Finally, the high degree of coding modularity

which can be reached offers the possibility of testing parts of the code independently.

The second paper stresses that the finite element method is by its very nature a modular

numerical tool and demonstrates how the richer data structures of the object-oriented

programming enables a high degree of modularity. Moreover, it explains how features

such as inheritance and virtualmethods allow software to be substantially alteredwithout

major changes to the existing code.

Since then, a number of papers have been published dealing with the issue of how to

design classes in order to ensure maximum flexibility and software reuse. For example,

in related papers byMackie [74, 75] a proposal of design of the basic objects of the finite

element method like the element and the node are meticulously described. In a paper

by Dubois-Pelerin & Pegon [31] two classes of objects, namely problem and domain,
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which encapsulate the relevant procedures of FEM are proposed to set up an adequate

data organization in order to overcome the complexity which arise when programming

the FEM.

B.2 Software design

B.2.1 Overall objectives

In scientific computing coding bugs could easily lead to erroneous conclusions. There-

fore, software quality - defined here as the capability of the software to produce correct

results - has been of major concern at all stages of software development. It has been

achieved by focussing on code understability, mainteinability and adopting a modu-

lar test strategy, as it will be explained later. Since the overall goal of this study was

to provide fast and efficient methods at high frequencies and, at such frequencies, the

FEM requires operations on large matrices and vectors, numerical efficiency has been

regarded of primary importance. Moreover, portability of the code has also been of

concern. Portability relates to the use of a standard programming language common to

many software/hardware environments. Initially, the application ran on a laptop run-

ning Microsoft Windows XP operating system. Later on, it has been ported on a cluster

running Red Hat Enterprise Linux.

B.2.2 Required functionalities

AMADO implements the FEM for certain combinations of problem options:

• the convected Helmholtz equation and the Pridmore-Brown equation,

• rigid and lined wall boundary conditions,

• annular and cylindrical duct geometries,
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• linear and quadratic Lagrange basis functions,

• numeric and symbolic (where possible) integration schemes,

• a number of mean-velocity profiles.

AMADO imports data obtained using a Runge-Kutta integration scheme and compare

them with those calculated using FEM.

B.2.3 Design concepts

The object-oriented programming style has been adopted for the development of the

AMADO software because it has been evaluated as the most suitable programming

paradigm in order to achieve the overall objectives defined above. This sub-section

explains in some details the rationale of this choice.

B.2.3.1 Objects to enhance modularity

In programming it is widely recognized that an effectiveway tomanage complex projects

is to break them down into a collection of sub-problems (modules). In procedural pro-

gramming (such as legacy FORTRAN scientific programming 1), modularity is obtained

by organizing the code into separate procedures. Data structures (e.g., arrays) and pro-

cedures are separate entities, which interact only when data are passed to a specific pro-

cedure. Therefore, there always exists a main routine which stores and passes data to the

appropriate procedures. This is called a central control-style of programming. When the

problem becomes larger andmore complex it is increasingly difficult to define andmain-

tain an appropriate global data structure in the main routine which minimizes software

dependencies among procedures. The program may easily become heavy with details

of storage and a large number of ’if-then’ conditions. Keeping software dependencies
1FORTRAN90 and FORTRAN2003 support object-based programming. See [77].
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to a minimum among procedures becomes very challenging. More likely, software de-

pendencies rise and the code becomes more error-prone because changes to any part of

the program are likely to have some impact on other parts of the program.

The object-oriented programming overcomes this problem. Since its introduction in the

late eighties, it “has become recognized as the almost unique successful paradigm for

creating complex software” [103]. Every procedure can be associated to a data structure

in an object. Instead of being concerned to write a main routine that passes adequate

data to any procedure, focus is on defining objects which intrinsecally link data struc-

tures (attributes) and procedures (operations). Objects store information and perform

some calculations on their attributes; they provide access to another objects or even cre-

ate new objects. This leads to a decentralized control-style of programming (see, for

example, [32]). A program then consists of objects which know how to relate to each

other. Defining classes (of objects) is a natural extension of thinking to abstract objects

and this enables the writing of a more readable code. The challenge is to make good

use of this capability, that is a suitable decomposition of the system into classes and the

definition of their operations.

Typically, data is embedded within objects, which means that objects can ’hide’ their

own data. They can pass data to each other, but only through their interfaces. This is

called information hiding. This control over access to data helps to build robust code

because changes within a class do not require changes to the rest of the code (provided

that the interface to the class is maintained unchanged). Moreover, separating “the inci-

dental details of the implementation (e.g., the layout of the data used to store an object

of the type) from the properties essential to the correct use of it (e.g., the complete list

of functions that can access the data)” [112, Chap. 10] encorages conceptual integrity

which leads to a better understability of the code.

It is helpful, at this point, to make an example: the implementation of a data structure as-

sociated with a one-dimensional mesh. It will be shown how the complex mathematical
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structure of a mesh can be clearly implemented with the use of classes and how its asso-

ciated data can be accessed and manipulated much easier when using an object-oriented

approach rather than a programming language in which only arrays are available, such

as legacy FORTRAN.

The one-dimensionalmesh data structure. Aone-dimensionalmesh consists of nodes

and elements inter-connected. The information associated with a node include its carte-

sian coordinates, its global node index, whether it is located inside the domain or on the

domain boundaries, whether or not a Dirichlet condition is enforced there, what are the

elements it belongs to. Figure B.2.1(a) depicts a one-dimensional mesh and the infor-

mation associated with it; two examples of global numbering are considered.

An example of data structure implementation using arrays only is presented in figure

B.2.1(b). A list of the x-coordinates that define each node of the mesh is stored in a

Nglob × 1 array coordsOfNodes, where Nglob is the total number of nodes. This array is

used to associates each node global index with its x-coordinate: the order of the nodes

in this array reflects the node global numbering scheme. Each element (interval) is de-

fined by its endpoints. A table of global indices corresponding to the left-hand side and

right-hand side endpoints, respectively, for each interval are stored in a Ne × 2 matrix

elements (where Ne is the total number of elements). This table is implemented as a ma-

trix of pointers into coordsOfNodes, that is, a matrix of variables which contain the address

to the corresponding x-coordinate variable located at that address in memory. Finally,

a Nb × 1 array and a Nd × 1 array, which contain the global indices of the nodes which

lies on the boundary and the indices of the nodes which a Dirichlet condition applies

to, respectively, can be defined. It is to be noted that the information on a single node

is obtained by accessing each array by the appropriate index location. The information

is spread over a number of arrays and the data structure hardly reflects the structure of

the mathematical object. Moreover, it becames very challenging to maintain this struc-

ture when adding more nodal points to the elements in order to make use of Lagrange

polynomials of higher order as shape functions.
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(a)

(b)

Figure B.2.1: The diagram represents: (a) two examples of global numbering
associated with same one-dimensional mesh; (b) an implementation of a data
structure using arrays only for the two examples of global numbering above.
The solid arrows graphically represent pointers.

On the contrary, an object-oriented approach encorages to think about the objects that

are actually used in the mathematical framework, such as mesh, element and node. A

mesh is a collection of related data: it can be implemented as an object Mesh, which

represents an aggregation of objects of class Element. Similarily, each Element consists

of an aggregation of objects of class Node. Any objects of class Node contains all the

required information. The manipulation of data can then be carried out by invoking

specific methods of the class. For example, to get the Cartesian coordinates associated

to a node called, say, aNode the following method can be defined

aNode . g e t C o o r d i n a t e s ( )
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1 / / s o l v i n g t h e A l g e b r a i c E i g e n v a l u e Problem ( q u a d r a t i c )
2 / / −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
3 AA. r e s i z e ( dim , dim ) ;
4 BB . r e s i z e ( dim , dim ) ;
5
6 v e c t o r <doub l e > x _ c o o r d ;
7 f o r ( uns igned i n t i = 0 ; i < noNodes ; i ++)
8 {
9 f o r ( uns igned i n t h = 0 ; h < noNodes ; h++)
10 {
11 AA( i , h ) = z e r o M a t r i x ( i , h ) ;
12 BB ( i , h ) = id M a t r i x ( i , h ) ;
13 AA( i , h + noNodes ) = i d M a t r i x ( i , h ) ;
14 BB ( i , h + noNodes ) = z e r o M a t r i x ( i , h ) ;
15 AA( i + noNodes , h ) = −1.0 ∗ m a t r i x C o e f f s [ 0 ] ( i , h ) ;
16 BB ( i + noNodes , h ) = z e r o M a t r i x ( i , h ) ;
17 AA( i + noNodes , h + noNodes ) = −1.0 ∗ m a t r i x C o e f f s [ 1 ] ( i , h ) ;
18 BB ( i + noNodes , h + noNodes ) = m a t r i x C o e f f s [ 2 ] ( i , h ) ;
19 }
20 x _ c o o r d . push_back ( pMesh_1d−>getNodes ( ) [ i ] . g e t C o o r d ( ) [ 0 ] ) ;
21 }
22 genEig ( x _ c o o r d ) ;

Figure B.2.2: Code extract from EigPrb _1d _ax _uni _cal .

An example of the use of this method is provided in line 20 of the code extract of figure

B.2.2.

The classes used to implement the mathematical structure of a mesh in AMADO using

the object-oriented programming paradigm and their relationshipsare depicted in figure

B.2.3, where the UML2 graphical notation has been used2. The arrow with the filled

diamond represents the UML2 ’composition’ relationship: objects of class Element are

part of objects of class Mesh. The symbol ’1’ stands for a single-valued multiplicity:

an element has only one mesh as owner, as the definition of composition implies. The

arrow with the empty diamond represents the UML2 less strictly defined ’aggregation’

relationship: objects of class Node are part of objects of class Element, but a node can have

one element - this is the case of the endpoints of the domain - or two elements. Therefore

the symbol ’1:2’ is used. The simbol ’*’ is an indication of multivalued multiplicity: any

mesh has many elements, as well as any element has many nodes (at least two).

2For a description of the UML2 conventions, see, for example, reference [16].
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Mesh

+elements: std::vector<Element>

Element

+nodes: std::vector<Node>

Node

+xCoord: double
+onTheBoundary: Boolean

*

1

*

1:2

Figure B.2.3: The relationship of classes used to implement a one-dimensional
mesh using the object-oriented approach.

B.2.3.2 Organizing around change: the convenience of class hierarchies

The object-oriented programming style supports class hierarchies (inheritance), which

promote code reuse and facilitates code extension at a later time. Abstract classes may

be used to define the overall structure of the hierarchy and implement methods that are

common to all derived classes, which are lower in the hierarchy. This feature has been

particularly convenient for the way the AMADO code has been developed and validated,

as explained in the following examples.

The EigPrb_1d family. The EigPrb_1d and Mode_1d class families implement the finite

element computations and the ordering of themodes. Figure B.2.6 shows anUML2 class

diagram describing their hierarchy, properties, methods and relationships. TheEigPrb_1d

abstract class contains the method arrangeModes(), which is common to all its derived

classes. One level lower in the hierarchy, theEigPrb_1d_axi abstract class contains the

method solve(), which computes the generalised eigenexpansion. The derived classes

EigPrb_1d_axi_cal_uni and EigPrb_1d_axi_cal_she implement the computation of the global
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matrices for the convected Helmholtz problem and the Pridmore-Brown problem, re-

spectively. The former was implemented first, and it was validated against exact solu-

tions. The latter was added at a later time and, with this code development approach, no

changes to code written previously were necessary.

The use of abstract container classes. The routines that handle vectors and matrices

has been written at a level of abstraction sufficient to allow almost any existing C++

vector/matrix class library to be used 3. These routines do not need to know which

storage model is used. The code is then easy to read (a sort of MATLAB script). In

this way, suitable, “highly tuned” vector/matrix class libraries (such as those dealing

efficiently with sparse matrices) were implemented at a later time in a flexible manner.

B.2.4 Key elements in the design

B.2.4.1 The model-analysis separation design

There are three main steps a finite element code has to perform

• creating a mesh on the domain Ω

• assembling the global matrices

• solving the algebraic eigenvalue problem

The benefits of decomposing a finite element program into the modelling of the prob-

lem domain (that is, the generation of the mesh) and the finite element analysis are thor-

oughly discussed by Heng & Mackie [51]. These authors reckon that with no clear dis-

tinction between domain modelling- and analysis-related code “ a finite element system

can quickly become too large and complicated to maintain efficiently”. They consider
3C++ per se does not provide matrix functionality. On the other hand, thanks to the object-oriented

programmability of C++ vector and matrix classes can be implemented. Many libraries provide vector
and matrix classes which include fundamental operations.
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1 i n t main ( i n t argc , c h a r ∗ argv [ ] )
2 {
3 . . .
4 / / C r e a t i n g mesh
5 / / −−−−−−−−−−−−−
6 Mesh_1d AxiMesh ( p ,
7 i s _ h a r d W a l l e d C a s e ,
8 c o o r d s O f V e r t i c e s _ f i l e N a m e ,
9 bndVert icesAndAdm_fi leName ,
10 mesh_comple t eDirPath ,
11 e l e m e n t s _ f i l e N a m e ) ;
12
13 / / S o l v i n g t h e c u b i c e i g e n v a l u e prob l em
14 / / −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
15 E i g P r b _ 1 d _ a x i _ c a l _ s h e AxiCalShe ( i s _ h a r d W a l l e d ,
16 cHelmholtzNo ,
17 coreMachNo ,
18 nMax ,
19 m,
20 & AxiMesh ,
21 m e a n V e l o c i t y P r o f i l e T y p e N o ,
22 b L T h i c k n e s s _ i n ,
23 b L T h i c k n e s s _ o u t ,
24 s l i p V e l o c i t y _ i n ,
25 s l i p V e l o c i t y _ o u t ) ;
26
27 / / p o i n t e r t o o b j e c t o f c l a s s ’ E igPrb_1d_ax i ’
28 E i g P r b _ 1 d _ a x i _ c a l ∗ p E i g P r b _ 1 d _ a x i _ c a l _ s h e = & AxiCalShe ;
29
30 / / po lymorphism
31 p E i g P r b _ 1 d _ a x i _ c a l _ s h e −>s o l v e ( ) ;
32
33 . . .
34
35 r e t u r n 0 ;
36 }

Figure B.2.4: Outline of the main function.

the separation a best practice in order to make both mainteinance and subsequent exten-

sions of the software easier because any change in the code of one subsystem will have

reduced impact on the other (in other words, the coupling between the two subsystems

is reduced). They name this design pattern model-analysis separation.

Figure B.2.4 shows the very essence of the code, which is split into: (a) generation of

the mesh (line 6) and (b) analysis-related code (line 15 to end). Figure B.2.5 shows

the hierarchy and interactions of classes that are used to represent the problem domain.

The hierarchy and interactions of classes which are used to implement the finite element

computations and store the computation results are depicted in figure B.2.6.

B.2.4.2 The assembling procedure

The assembling is carried out by scanning the elements of the mesh. When an element

with nodes i, j is encountered, the corresponding element Aij in the global element
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Figure B.2.5: UML2 class diagram showing the hierarchy of theMesh, Node, and
Element class families, their properties and methods and their relationships.
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Figure B.2.6: UML2 class diagram showing the hierarchy, properties, methods
and relationships of the EigenPrb_1d and Mode_1d class families. The abbrevia-
tions used in the class names correspond to: 1d, one-dimensional; axi, axisym-
metric; imp, imported results from .csv file; cal, calculated results; uni, case of
uniform mean flow (convected Helmholtz problem); she, case of sheared mean
flow (Pridmore-Brown problem).

161



InitializeK to the zero matrix
for e = 1, 2, . . . , Ne

for p = 1, 2, . . . , Nen

Find i = n(e, p)

for q = 1, 2, . . . , Nen

Find j = n(e, p)

ComputeKe
p,q and add it to Kij

If i ̸= j, add it toKji.

Figure B.2.7: Pseudo-code fragment showing the element-oriented algorithm
for computingK(case of the convected Helmholtz problem).

1 / / Assembl ing C0 , C1 and C2
2 / / −−−−−−−−−−−−−−−−−−−−−−−−
3 ne = pMesh_1d−>g e t E l e m e n t s ( ) . s i z e ( ) ;
4
5 f o r ( i n t e = 0 ; e < ne ; e ++)
6 {
7 u b l a s : : matr ix <dComplex > M = t h i s −>getMassMatr ix ( e ) ;
8 u b l a s : : matr ix <dComplex > K = t h i s −>g e t S t i f f M a t r i x ( e , m) ;
9 u b l a s : : matr ix <dComplex > Z = t h i s −>getBndImpMatrix ( e ) ;
10 nen = pMesh_1d−>g e t E l e m e n t s ( ) [ e ] . g e t N o d e L i s t ( ) . s i z e ( ) ;
11
12 f o r ( i n t p = 0 ; p < nen ; p++)
13 {
14 i n t i = pMesh_1d−>g e t E l e m e n t s ( ) [ e ] . g e t N o d e L i s t ( ) [ p ] . g e t I n d e x ( ) ;
15
16 f o r ( i n t q = 0 ; q < nen ; q ++)
17 {
18 i n t j = pMesh_1d−>g e t E l e m e n t s ( ) [ e ] . g e t N o d e L i s t ( ) [ q ] . g e t I n d e x ( ) ;
19
20 m a t r i x C o e f f s [ 0 ] ( i , j ) += pow ( k , 2 ) ∗ M( p , q ) − K( p , q ) ;
21 m a t r i x C o e f f s [ 1 ] ( i , j ) += −2 ∗ M0 ∗ pow ( k , 2 ) ∗ M( p , q ) ;
22 m a t r i x C o e f f s [ 2 ] ( i , j ) += pow ( k , 2 ) ∗ ( pow (M0, 2 ) − 1 ) ∗ M( p , q ) ;
23
24 i f ( pMesh_1d−>g e t E l e m e n t s ( ) [ e ] . isOnTheBoundary ( ) )
25 {
26 m a t r i x C o e f f s [ 0 ] ( i , j ) += −imUnit ∗ k ∗ Z( p , q ) ;
27 m a t r i x C o e f f s [ 1 ] ( i , j ) += −2 ∗ M0 ∗ ( −imUnit ∗ k ∗ Z( p , q ) ) ;
28 m a t r i x C o e f f s [ 2 ] ( i , j ) += pow (M0, 2 ) ∗ ( −imUnit ∗ k ∗ Z( p , q ) ) ;
29 }
30 }
31 }
32 }

Figure B.2.8: Implementation of the assembling procedure (case of the con-
vected Helmholtz problem).

matrices are incremented by the corresponding contribution from the integral over ele-

ment. The procedure for assembling the globalmatrixK is described by the pseudo-code

fragment of figure B.2.7. The code implementation of the assembling procedure for all

global matrices in the case of the convected Helmholtz problem is provided in figure

B.2.8.
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B.2.4.3 Mode ordering

A robust sorting algorithm for modes has been implemented. The modes are first iden-

tified as upstream or downstream propagating modes based on their group velocity. If

this is positive, then it is downstream propagating mode, whereas if it is negative, it is

upstream propagating mode. The evaluation of the group velocity is carried out by im-

plementing an algorithm proposed by Moinier & Giles [78]. Then, downstream modes

are classified as predominantly acoustic in nature or predominantly convected with the

mean flow according to the location of their axial wavenumber in the complex plane.

The code implementation strategy for ordering the modes is outlined in figure B.2.9. It

is based on the use of vectors of vectors using the C++ Standard Template Library [99].

The use of permutation arrays has replaced the practice of copying columns of tables of

data when sorting on multiple fields.

Finally, modes in each of the categories are sorted according to the increasing mag-

nitude of the absolute value of the imaginary part of the axial wavenumber, which is

proportional to the attenuation rate. In the case of modes whose axial wavenumber has

zero imaginary part(pure acoustic modes which occur with uniform flow only), sorting

is according to the decreasing magnitude of the absolute value of the real part of the

axial wavenumber. A flow diagram of the algorithm used to sort modes whose axial

wavenumber has zero imaginary part is shown in figure B.2.10. The algorithm’s input

variables vec1_sort and vec2 are the array containing the absolute value of the imaginary

part of the axial wavenumber, sorted according to the increasing magnitude, and the ar-

ray containing the inverse of the absolute value of the real part of the axial wavenumber,

respectively.

B.2.4.4 About the computation of the generalized eigenexpansion

In the IMSL Library User’s Guide [92] a description of the algorithm used to compute

the generalized eigenexpansion is provided. ‘The function imsl _c _geneig uses the QZ
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Figure B.2.9: Outline of the code implementation strategy for ordering the
modes.

164



h
 <

 N

v
e
c1

_s
o
rt

[h
] 

!=
 v

e
c1

_s
o
rt

[h
-1

]
O

R
 h

 =
 N

 -
 1

v
e
c1

_s
o
rt

[h
] 

!=
 v

e
c1

_s
o
rt

[h
-1

]
A

N
D

 h
 =

 N
 -

 1

v
e
ct

o
r<

d
o
u
b
le

>
 v

e
c1

_s
o
rt

v
e
ct

o
r<

d
o
u
b
le

>
 v

e
c2

ja
g
_v

e
c2

_s
o
rt

p
e
rm

N
 =

 v
e
c1

_s
o
rt

.s
iz

e
()

a
=

0

v
e
ct

o
r<

v
e
ct

o
r<

d
o
u
b
le

>
>

 j
a
g
_v

e
c2

_s
o
rt

v
e
ct

o
r<

in
t>

 p
e
rm

v
e
ct

o
r<

d
o
u
b
le

>
 s

u
b
_v

e
c2

su
b
_v

e
c2

.p
u
sh

_b
a
ck

(v
e
c2

[0
])

su
b
_v

e
c2

.p
u
sh

_b
a
ck

(v
e
c2

[h
])

 

h
=

1

su
b
_v

e
c2

.p
u
sh

_b
a
ck

(v
e
c2

[h
])

 

so
rt

_a
sc

(s
u
b
_v

e
c2

, 
su

b
_v

e
c2

_s
o
rt

, 
su

b
_p

e
rm

)

su
b
_v

e
c2

_s
o
rt

 =
 s

u
b
_v

e
c2

su
b
_p

e
rm

.p
u
sh

_b
a
ck

(0
) 

ja
g
_v

e
c2

_s
o
rt

.p
u
sh

_b
a
ck

(s
u
b
_v

e
c2

_s
o
rt

) 

p
=

0

p
+

+

p
e
rm

.p
u
sh

_b
a
ck

(s
u
b
_p

e
rm

[p
] 

+
 a

) 

a
=

h
su

b
_v

e
c2

.c
le

a
r(

)
su

b
_v

e
c2

.p
u
sh

_b
a
ck

(v
e
c2

[h
])

h
+

+
ja

g
_v

e
c2

_s
o
rt

.p
u
sh

_b
a
ck

(s
u
b
_v

e
c2

)
p
e
rm

.p
u
sh

_b
a
ck

(h
) 

v
e
c1

_s
o
rt

[h
] 

=
=

 v
e
c1

_s
o
rt

[h
-1

]
A

N
D

 h
 =

 N
 -

 1

su
b
_v

e
c2

.s
iz

e
()

 !
=

 1

p
 <

 s
u
b
_v

e
c2

.s
iz

e
()

v
e
ct

o
r<

d
o
u
b
le

>
 s

u
b
_v

e
c2

_s
o
rt

v
e
ct

o
r<

in
t>

 s
u
b
_p

e
rm

Figure B.2.10: Flow diagram explaining the algorithm used to sort modes
whose axial wavenumber has zero imaginary part. The function sort_asc(sub_vec2,
sub_vec2_sort, sub_perm) sorts the elements of the array sub_vec2 into ascending or-
der, storing the sorted array in sub_vec2_sort and the resulting permutation in
sub_perm.
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algorithm to compute the eigenvalues and eigenvectors of the generalized eigensystem

Ax = λBx, where A and B are complex matrices of order n. The eigenvalues for

this problem can be infinite, so α and β are returned instead of λ. If β is nonzero,

λ = α/β. The first step of the QZ algorithm is to simultaneously reduce A to upper-

Hessenberg form and B to upper-triangular form. Then, orthogonal transformations are

used to reduce A to quasi-upper-triangular form while keeping B upper triangular. The

generalized eigenvalues and eigenvectors for the reduced problem are then computed.

The function imsl _c _geneig is based on the QZ algorithm due to Moler & Stewart [79].

B.2.4.5 Other implementation features

1. The computational kernel, which handles the algebraic calculations including the

generalized non-hermitian eigenproblem solver, has been implemented in a way

that switching from a solver to another one does not require major code mod-

ification. The solver imsl_z_geneig in IMSL C Math library [92] was the initial

choice due to its extensive documentation and installation support. However, this

is proprietary software. Other solvers are available as free software for Unix-like

platforms.

2. Input and output data are stored in ’self-describing’ ASCII files, i.e. files that

include metadata annotations, which may be parsed by external application pro-

grams at a later time.

3. Output filesare organized in a hierarchical tree of directories where calculation

results corresponding to some set of input parameters are stored in folders with

a unique name. For this purpose, the C++ Boost.Filesystem library has been in-

cluded in the solution to provide a portable mechanism for representing paths in

C++ programs irrespective of the platform used (Windows or Unix).

4. Data visualization has been decoupled from the ’CPU-critical’ C++ code for a

more efficient management of computer memory and more flexible inspection of
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results. It has been implemented using Python and the scientific plotting library

DISLIN. The Python scripting programming style has demonstrated to be a very

convenient tool here for traversing directory trees in search for the appropriate

data files.
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