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Abstract

This thesis investigates the three-dimensional container loading problem. We review all
literatures published in this area, and explain our unique problem raised from an industry
partner. As constructive heuristic remains uncontrollable to us, we design improvement al-
gorithms both to and not to intervene with how constructive heuristic works, namely iterated
local search and beam search. New benchmark data sets for multiple containers problem are
generated to fill the shortage of challenging data sets. Computational results for homoge-
neous containers problem indicate that while both approaches work on our problem, beam
search remains a favourable choice. We also extend our algorithms to solve heterogeneous
containers problem.
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Chapter 1

Introduction

The three-dimensional container loading problem is much closer towards our daily life than
we might initially realise. It does not matter if you have experience in a shipping yard
loading hundreds and thousands of containers, or if you ever see the inside of a container.
Almost everything we use in the daily life, from food to clothing, from furniture to auto-
mobiles, all at one point were transferred by this simple metal box. It made big savings
and speeded up the whole transportation process by packing ‘break bulk’ cargo in uniform
containers which could easily be transported between lorry and ship. Indeed, containerisa-
tion has transformed global trade with its nearly impossible to be quantified transformative
power.

This research focuses on the business applications of the problem. Our target problems are
the multiple containers problems, i.e. homogeneous container problem and heterogeneous
containers problem. It is an area that has had relative less attention from scholars, especially
for heterogeneous containers problem. The following section introduces the field of 3D
container loading and our motivation behind carrying out this research. The subsequent
section describes the problem tackled in this thesis, and discusses geometric and real-life
constraint aspects that need to be considered. The final section states the aims and objectives
as well as the structure of this thesis.

1.1 Background

The three-dimensional (3D) packing problem has its most common application in the trans-
portation of goods where goods are packed directly into containers or trucks or first packed
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on pallets. Boxes are placed into packing arrangements that will be further packed into
containers. While extra containers with low utilisation indicate waste resource, an underes-
timate of the number of containers may result in left cargo which usually lead to delay in
transportation. In addition to the real world constraints such as stability, Load bearing and
weight distribution, it makes such packing a complex problem. Majority of literature have
their focus on items contained within three-dimensional bins. Almost all the paper satisfy
the ‘hard’ geometric constraints with most of them extending their basic models to tackle
a selection of real-life constraints. While some papers use terms such as items and bins to
outline a more theoretical approach, others use terms boxes and containers instead of items
and bins. However, some of these papers still meant to have a theoretical approach of items
and bins while they used the terms boxes and containers.

The majority of the literature focus on solving single container problem. The single con-
tainer problem is an output maximization problem where a subset of boxes are to be packed
into a single container where the packed value is to be maximised. A small portion of papers
focus on the multiple containers problem, an input minimisation problem where all boxes
are to be packed in as few containers as possible. The literature review in chapter 2 contains
a full review on the typology.

We are however interested in solving multiple containers problem, i.e. homogeneous con-
tainer problem and heterogeneous containers problem. In homogeneous container problem,
we pack all boxes into as few identical containers as possible. In heterogeneous containers
problem, a combination of containers with lowest defined cost is to be found to pack all
boxes.

Three reasons motivate our research on the multiple containers problems.

• Multiple containers problem was not the focus of the literature and therefore it was
not well tackled.

• Compared to single container problem where maximising utilisation in a single con-
tainer is the focus of the study, multiple containers problem has a directly larger im-
pact on the industry. Ironically, the cause of it is contributed by the contradictory
nature of these two problem types. While a perfectly packed single container may be
a success for single container problem, it may cause bad packings in other containers
for multiple containers problem and therefore leads to extra container(s) being used.
Taken the scale of container shipping within industry, solving multiple containers
problem will be more appreciated because it directly tackles the end problem.

• The problem of finding a packing solution with lowest defined cost itself is very inter-
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esting. It demands designing improvement heuristic methods which travel along the
solution space to reach the optimum. The implementation on an applied problem will
help improve our understanding on these methods.

1.2 The Problem

Our research project is sponsored by a software company, Gower Optimal Algorithms Ltd
(GOAL). GOAL develops software products providing logistics solutions. For our research
project, GOAL provides us their software Cargo Manager (CM) which is capable for pack-
ing a single container. The software Cargo Manager is purchased by many companies to
be used in daily operation and therefore takes all industry constraints seriously. GOAL re-
quires us to embed CM in our algorithms which will be able to solve multiple Containers
problem. Thus it is a guarantee that the solution generated by our algorithms are absolutely
industrially feasible.

Before solving multiple containers problem, it is important to identify any constraints and
define our objectives. We hereby group constraints into three categories. They are fun-
damental, literature practical, and real industrial constraints. The three fundamental con-
straints are considered as ‘hard’ geometric constraints that any packing must be following.
The first constraint is that boxes must be placed with their edges parallel to the container
walls. Then, all boxes must be placed within the container. At last, intersection between two
boxes are not allowed. Any violation of the fundamental constraints is a deal breaker. Be-
yond these fundamental constraints are those practical constraints which are defined in the
literature. Some commonly mentioned ones are box orientation, stability, stacking, weight
distribution, weight capacity, multi-drop, prioritization and bearing strength of boxes. De-
tailed description on each of them is given in chapter 2. These constraints are well-defined
and indeed practically important. However, academic models which take one or more of
these practical constraints into consideration have not been used in daily operation. The real
industrial constraints are the ones our sponsor GOAL specially taking care of for industrial
use. Most of the constraints are already mentioned in the literature. However, our spon-
sor has their restrict standard when implementing them. A discussion in depth is given in
chapter 4.

Although multiple containers problem is an input minimisation problem where containers
as few as possible are used to pack all available boxes. We set different objectives for
homogeneous container problem and heterogeneous containers problem. Although using
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minimum number of containers is the objective for homogeneous container problem, we
find it too much a broad measurement and may not be sensitive enough when evaluating the
solution quality. Therefore, we set overall utilitsation across all the used containers as our
objective. For heterogeneous containers problem, we assign a unique cost to each container
type and our objective is to minimise the total container cost.

1.3 Research Aims and Objectives

The main aim of this research is to use single container constructive heuristic to solve multi-
ple containers problem by building improvement heuristics around the constructive heuris-
tic. In particular, we focus on proposing improvement heuristics with and without problem
specific knowledge embedded to enhance the solution quality. We have our research objec-
tives stated below.

1) To review the literature focusing on existing solution methodologies, with the aim
of providing insight into some of the critical algorithmic design issues. Besides filling
the gap in the literature for an up-to-date review in 3D container loading area, such review
of existing literature helps design our own improvement heuristics around a constructive
heuristic.

2) To identify specific characteristics of the packing layout generated by the construc-
tive heuristic and design improvement heuristics with different neighbourhood moves
for homogeneous container problem. The constructive heuristic we are based on is a com-
mercial product which meets various practical constraints faced in day-to-day operations.
Therefore, we use it as a standalone embedment to ensure the feasibility of the solution.
Together with the fact that we are only revealed with partial information on how the con-
structive heuristic works due to privacy reason, the uniqueness of our research provides us
the opportunity of exploiting problem specific knowledge based on known characteristics
of the constructive heuristic.

3) To implement an approach which allows the constructive heuristic effectively does
what it is good at. This approach is contrary to the above approach, and the comparison of
their performances will be drawn.

4) To adapt above improvement heuristics for heterogeneous containers problem. Along
with a lack of research on this problem type, this research chapter contributes to the day-to-
day decision making where different container sizes apply.
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The remainder of the thesis is structured as follows. In chapter 2 we draw a comprehensive
review on all the 3D container loading algorithms. In chapter 3 we briefly review commonly
used improvement heuristics in the area of 3D container loading problem, and explain our
decision on the methods we use in our algorithms. Chapter 4 introduces our sponsor Gower
Optimal Algorithms Ltd (GOAL) and their software Cargo Manager (CM). We also carry
out investigation on CM to draw implementation on building our algorithms. We present our
own iterated local search algorithms and beam search approach for homogeneous container
problem in chapter 5. Chapter 6 modifies beam search and iterated local search algorithms
to solve heterogeneous containers problem. Chapter 7 draws conclusions and layouts future
work.





Chapter 2

A Comparative Review of 3D Container
Loading Algorithms

2.1 Introduction

The three-dimensional (3D) packing problem is a natural generalization of the classical one-
and two-dimensional problems. The most commonly cited application for such problems
is the transportation of goods that may be packed directly into containers or trucks or first
packed on pallets. With a few exceptions, the literature focuses on items contained within
three-dimensional boxes. Even with this restriction, it is clear that the relevance and scope
of application is high. Despite its important industrial and commercial applications, his-
torically, publications on this problem area are relatively few in comparison to its one- and
two-dimensional counterparts. However, recent years has seen rapid growth in research
and publications on this problem, including new research avenues that examine integrating
packing with routing and scheduling.

Arranging boxes into a container, truck or pallet is one of the more complex packing prob-
lems with respect to real world constraints. While aiming to produce a packing arrange-
ment that makes the best use of resources, an underestimate of the number of containers
required to transport certain goods may be very costly in terms of delay or carrying extra
containers that are under-utilized, resulting in wasted resource. In addition to the box sizes,
there is a host of constraints associated with weight distribution, stacking, stability and sup-
port that need to be respected when determining the number of containers. Further, clients
may constrain consignments to be carried together, or delivery vehicles need to unload at
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several locations. Bortfeldt and Wäscher (2013) provide a comprehensive review of such
constraints.

The aim of this paper is to review the literature on 3D container loading. Here, the term
container loading is used in its broadest sense, in a similar way to Bortfeldt and Wäscher
(2013), who recently provided a review that specifically focuses on the inclusion of authors
of various constraints encountered in practice but gives relatively little attention to the so-
lution approaches. Our paper is a complementary review to that of Bortfeldt and Wäscher
(2013) in that it focuses on the design and implementation of solution methodologies for
solving these problems. We also provide an experimental comparison of different algo-
rithms on benchmark data sets to identify the state-of-the-art in solution methods in the
area. In order to contain the size of the review, we have excluded pallet loading, irregu-
lar objects and do not explicity review the open dimension problem although some papers
addressing this problem are mentioned.

The rest of the paper is structured as follows. The next section provides a detailed descrip-
tion of the problem types reviewed in the paper, following the typology of Wäscher et al.
(2007). Section 2.3 briefly discusses the constraints met in practice. Sections 2.4 and 2.5
discuss specific aspects of the solution approaches, these are the placement heuristics (how
a layout is constructed) and the improvement heuristics (how to search for better solutions)
respectively. Section 2.6 presents the research that examines the use of exact methods. Sec-
tion 2.7 gives an overview of how the literature is split between different problem varients.
Experimental results, along with benchmark data sets are analyzed in section 2.8. Conclu-
sions are given in section 2.9.

2.2 Problem Variants

According to Wäscher et al. (2007), cutting and packing problems can be grouped by dimen-
sionality, assortment of large items, assortment of small items and the objective. Here we
are only concerned with three dimensional items that are cuboid. We will call the large items
containers and the small items boxes. Boxes may be identical, weakly heterogeneous (many
boxes but a few box types) or strongly heterogeneous (few boxes and many box types). If
there is more than one container, these can be identical, weakly or strongly heterogeneous.
They provide the following problem typology.

If the objective is one of input minimization, then the aim is to pack all the boxes in as few
containers as possible. Combining the classes of large and small item assortments gives six
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unique problems as follows,

• Single Stock-Size Cutting Stock Problem (SSSCSP) if the containers are identical and
boxes are weakly heterogeneous,

• Single Bin-Size Bin Packing Problem (SBSBBP) if the containers are identical and
the boxes are strongly heterogeneous,

• Multiple Stock-Size Cutting Stock Problem (MSSCSP) if the containers and the boxes
are weakly heterogeneous ,

• Multiple Bin-Size Bin Packing Problem (MBSBPP) if the containers are weakly het-
erogeneous and boxes are strongly heterogeneous,

• Residual Cutting Stock Problem (RCSP) if the containers are strongly heterogeneous
and boxes are weakly heterogeneous,

• Residual Bin Packing Problem (RBPP) if the containers and the boxes are strongly
heterogeneous,

If the objective is one of output maximization, then the aim is to pack a subset of boxes that
give the highest value into a fixed set of containers. Here there may be a single container or
multiple containers. Seven unique problems can be defined as follows:

• Identical Item Packing Problem (IIPP) if there is a single container and the boxes are
identical

• Single Large Object Placement Problem (SLOPP) if there is single container and
weakly heterogeneous boxes,

• Single Knapsack Problem (SKP) if there is a single container and the boxes are
strongly heterogeneous,

• Multiple Identical Large Object Placement Problem (MILOPP) if there are multiple
identical containers and weakly heterogeneous boxes,

• Multiple Heterogeneous Large Object Placement Problem (MHLOPP) if the contain-
ers are weakly or strongly heterogeneous and weakly heterogeneous boxes,

• Multiple Identical Knapsack Problem (MIKP) if there are multiple identical contain-
ers and strongly heterogeneous boxes,

• Multiple Heterogeneous Knapsack Problem (MHKP) if the containers are weakly or
strongly heterogeneous and strongly heterogeneous boxes.
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All the above problems assume the containers have fixed dimensions. There is one further
case where two dimensions are fixed and one, either the length or height, is variable. Clearly,
this is a single container input minimization problem, defined by Wäscher et al. (2007) as
the Open Dimension Problem. We do not explicitly review this problem type here, some
example papers are Allen et al. (2011), Bortfeldt and Mack (2007), Faina (2000), Fujiyoshi
et al. (2009), He et al. (2012), Lai et al. (1998), Li and Cheng (1992), Miyazawa and Wak-
abayashi (1997, 1999), and Yeung and Tang (2005).

2.3 Problem Constraints

There are three basic constraints that are fundamental to the problem and observed by all
research papers. These are stated as follows:

• boxes may only be placed with their edges parallel to the walls of the container,

• all boxes must be placed within the container,

• boxes may not intersect each other.

In many cases only solutions that result in the entire base of the box being fully support are
acceptable, others allow a small amount of overhang. In cases where the centre of gravity
of a box must be supported, it is assumed to be at the same position as its geometrical
centre.

Beyond these basic constraints are a multitude of practical considerations. These are largely
associated with box orientation, stability, stacking, weight distribution, weight capacity,
multi-drop, prioritization and bearing strength of boxes. These are comprehensively dis-
cussed by Bortfeldt and Wäscher (2013), who divide them into constraints in relation to the
container, items, cargo, positioning and load. We only briefly describe them here.

There are six unique orientations for a box. Many authors allow boxes to freely rotate, for
example, Gehring and Bortfeldt, (1997), Wang et al (2008), Egeblad and Pisinger (2009).
Perhaps more realistically is the case when the vertical orientation is fixed but boxes may
rotate horzontally, for example, Heassler and Talbot (1990), Chien and Deng (2004). While
a few papers (Scheithauer, 1992; Morabito and Arenales, 1994) disallow any rotation among
boxes.

Load stability is an important consideration in practice, yet is inconsistently dealt with in
the literature. If a load is unstable it can lead to cargo damage and difficulty loading and
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unloading. Use of straps and filling gaps with airbags between boxes and between boxes
and the container wall is an industry practice, but costly and less desirable. Load stability
is most commonly achieved through guaranteeing full support for the bottom of the boxes
(Gehring and Bortfeldt, 1997). Others relax this constraint and allow partial support by
defining a maximum overhang (Parreño et al., 2008; Parreño et al., 2010). Several pa-
pers include further constraints such as requiring at least one side to be attached to another
box. Two measurements for evaluating cargo stability are proposed by Bischoff and Ratcliff
(1995).

Stacking constraints refer to restrictions on how boxes are placed on top of each other as a
result of the bearing strength of the boxes. Each box has a maximum weight per unit of area
it can support that may vary depending on the box orientation. Also, Bischoff and Ratcliff
(1995) argue that the load bearing strength of a box is primarily provided by its side walls.
Therefore, in some cases it would be feasible to place an identical box directly on the top
of the existing box, but damage may be caused if a box half the size with half the weight
is placed centrally on top. Limits on the height a heavy box can be placed in the container
may also be associated with stability.

The weight capacity and how the weight is distributed across the container are both impor-
tant practical constraints for shipping and handling the already loaded container. The ideal
weight distribution is measured if a container’s centre of gravity is close to the geometri-
cal mid-point of its floor. An unevenly distributed weight may cause difficulties for certain
handling operations. In the case of loading a vehicle, the weight on the axels is the critical
measure. Further, containers may not exceed a total weight, and in some scenarios, weight
capacity, rather than the limited available loading space, is the binding constraint.

Multi-drop is a situation in which a container will be unloaded in a number of different
terminals (Bischoff and Ratcliff, 1995; Lai et al., 1998; Ren et al., 2011). Boxes with
different consignments are packed separately as an effective strategy to deal with this situ-
ation. Therefore, the arrangement of packing patterns is better to be designed in a way that
unloading and re-loading a large part of cargo at every destination is avoided.

The above mentioned constraints, which have direct impact on the packing patterns, have to
be taken into consideration within the single container heuristic. Mustafee and Bischoff
(2013) try to analyse the trade-offs between loading efficiency and a few above practi-
cal considerations by combining placement heuristics with agent-based simulation, while
Ramos et al. (2015) focus on the stability constraint and extend it into dynamic stability.
Tian et al. (2016) further embed some of the constraints into their work in the form of user
preference.
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Moreover, Eley (2003) defines two other constraints that impact the distribution of boxes
among the different containers. Separation of boxes refers to the situation that boxes of two
different types must be stored in separate containers. In practice, foodstuff and perfumery
articles are required to be transported separately. Complete shipment refers to the situation
that shipment should include all other boxes belonging to a certain sub-set.

2.4 Placement Heuristics

In any heuristic solution approach, there needs to be a mechanism to decide how to put the
boxes in the container, whether this is simply to generate an initial solution or as an integral
part of the approach. Here we call this the placement heuristic, also commonly known as the
construction heuristic. For container loading there are a wide range of approaches. When
the mix of boxes are weakly heterogeneous then the most common are wall building and
layer building, whereas in the strongly heterogeneous case, boxes will be placed one at a
time.

Under wall and layer building schemes, boxes of the same type are arranged in rows or
columns to fill one side or the floor of the empty space. A list of empty spaces is created for
all the feasible placement positions. Once an empty space accommodates a wall or layer,
new spaces are generated. Generally, once a wall or layer is built, the remaining space is
treated as a reduced-sized container. Both approaches mimic manual packing by attempting
to create flat packing faces.

Along with the decision of how to pack the boxes comes the decision of which box type
to pack next. Common approaches include pre-determined ordering and dynamic ordering.
The pre-determined ordering is achieved by employing some sort criteria, such as box vol-
ume, number of boxes, base area or a certain dimension of a box. Dynamic sorting tends
to be based on the usable space remaining after the next placement, volume of remaining
boxes of the same type and free floor space.

The following sections discuss the placement heuristics including the sequencing decisions.
Many of these papers may employ improvement strategies in addition, these are discussed
in the following section.
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(a) Wall-building (Davis and Bischoff, 1999) (b) Layer-building (Ratcliff, 1996)

Fig. 2.1 Examples of Wall- and Layer-building

2.4.1 Wall-building

The basic wall-building scheme fills the container with a number of walls across the depth of
the container. While the walls are created sequentially, issues around weight distribution can
be dealt with by swapping, interchanging or taking the mirror image, provided the boxes do
not interlock. While there is no absolute definition of the wall-building placement strategy,
the wall-building placement is practically suitable for daily operation where walls consisting
of boxes are packed from the back of the container towards the door side. The wall-building
placement together with the layer-building placement discussed in section 2.4.2 are the most
common placement heuristics one can find in both daily operation and academic literature.
Figure 2.1 provides a visual difference of the two different placements with wall-building
placement shown in figure 2.1a.

The earliest example of wall-building is by George and Robinson (1980). They design a
two-section heuristic based on a real industry example of 800 boxes with no more than 20
types. Given the next empty space, initially the whole container, they select the first box
of each wall so that each wall has a size which is not too deep or too shallow using the
following ranking criteria. First, select the box whose smallest dimension is the largest
among all candidates. In case there is a tie in the first criterion, select the box type with the
highest quantity. If there is still a tie, select the box type with the longest largest dimension.
Once at least one of a certain box type has been packed, that box type is open. Open box
types are given preference where the type with largest quantity has the highest ranking. If
the length of unfilled container is too short, usually below a certain defined amount, the rest
packing no longer follows the wall-building rules.
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Based on the George-Robinson framework, Bischoff and Marriott (1990) compare 14 differ-
ent heuristics, combined by six ranking rules and three filling methods developed by others,
with different ranking criteria. Without a clear winner, they proposed a hybrid version where
all 14 heuristics are executed and compared to select the best solution.

Moura and Oliveira (2005) adopt the placement heuristic of George and Robinson (1980)
with two modifications. The first modification arises from new space creation. While
George and Robinson’s heuristic assumes the width of original space as the width of the
new created height space, Moura and Oliveira (2005) restrict the space to the area above the
packed boxes, citing issue with stability in the former approach. The second modification
restricts the width of new wall to be no longer than that of the previous wall, resulting in
the amalgamation of unpacked spaces into larger more useful spaces and increasing cargo
stability.

Instead of using a fixed sorting criteria, Chien and Wu (1998) and Pisinger (2002) deter-
mine the arrangement of boxes by a tree-search algorithm and use the wall approach first
proposed by George and Robinson (1980). In Pisinger’s (2002) extension of wall building
approach, a tree search is designed to find the set of wall depths and strip widths, which
can be either vertically or horizontally oriented, to make up the wall. Firstly different wall
depths are selected at each branching node, followed by the strip width. Only a fixed num-
ber of sub-nodes are considered for each branching node and back tracking is permitted.
Several different wall depths are considered according to a total of 27 ranking criteria at
each branching node.

Bischoff and Ratcliff (1995) consider the container loading with where cargo has multiple
destinations. Their approach packs each consignment in sequence starting with those as-
signed to the final destination. Given a consignment, the next box packed and its orientation
is selected in order to maximize the remaining usable space. In the case of a tie, they select
the box space combination with the smallest length protrusion. Two further tie-breakers are
to choose the box with largest volume and then to choose the space with shortest width.
Here the wall building strategy sequentially adds individual columns or a container width
instead of complete walls.

Gehring et al. (1990) pack boxes into a single container of known dimensions using a wall-
building approach. The length (thickness) of each wall is decided by the length of the ‘Layer
Determining Box’ (LDB) which is the first, usually largest, box placed in that wall. Two
non-overlapping spaces are generated in that section once the LDB is placed. The first space
stays next to the LDB with the same height. The second space is above LDB and the first
place and is across the container width. Each box is allowed to stay within a wall rather
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than project into adjacent walls. Davies and Bischoff (1999) adopt the concept of LDB for
generating a block which consists of a fixed number of walls rather than a single vertical
wall. Boxes are allowed to bridge the adjacent walls but not two separate blocks. The
ranking criteria for selecting box types and orientations are based on Bischoff and Ratcliff
(1995). When it is impossible to place another LDB, the current wall is considered as the
last wall and its wall depth is extended to the end of the container rather than the length
of the LDB. Bortfeldt and Gehring (2001) also use the wall construction heuristic based on
LDB as part of a hybrid genetic algorithm.

Bortfeldt and Gehring (1998) and Bortfeldt et al. (2003) construct cuboid configurations of
a single box depth, which are effectively walls. In a 1-arrangement, the cuboid consists of as
many of one box type as can feasibly fit along the width and height. A 2-arrangements places
two 1-arrangement cuboids next to or one on top of the other. All empty spaces are stored
in a list, and the space with smallest volume is always packed first. Two available standards
are applied alternatively to evaluate the local arrangements within a packing space. The first
standard is that the overall volume of the boxes placed in the space should be maximized.
The second standard contains double criteria of smallest possible loss volume and largest
possible maximum effective volume.

Chien and Deng (2004) describe a container packing support system to determine and visu-
alize, in a step-by-step manner or continuously, the container packing pattern that consists
of the packing orientation of each box and corresponding location within a fixed dimen-
sional container. Boxes are packed into vertical strips which later are combined into walls.
The spatial matrix representation method is adopted when searching and merging the empty
spaces. Liu et al. (2014) and Moon and Nguyen (2014) are two further papers adopting the
wall-building strategy in recent research with the latter designing a block-building strategy
to improve the wall-building.

2.4.2 Layer-building

Layer building is also a common placement heuristic, although fewer researchers adopt this
approach. The packing arrangement is constructed by first placing boxes on the bottom of
the container to create the base layer. Once this layer is full, the next layer is constructed on
top of the base layer, and so on until no further layers can be contained within the height of
the container. An example of layer-building is presented in figure 2.1b in which layers are
packed from bottom to top rather than from back to front. It is important to note that some
paper describe layers that, according to our terminology, are walls.
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The approach of Bischoff and Ratcliff (1995) is inspired by pallet loading. Patterns are built
from the container floor upwards in the form of layer building. Each layer contains no more
than two different types of boxes, selecting the box type and orientation according to the uti-
lization of the loading surface on which a layer is built. Their motivation for this approach
was in tackling stability resulting from significant height differences or gaps exist between
adjacent walls of boxes found in other approaches. Lim et al. (2012) follow the same layer
building approach as part of an iterative heuristic that focuses on the issue of packing awk-
ward box types. A certain boxes packing priority is revised after each iteration to reflect
how “awkward” it was to pack. As a result awkward boxes are packed earlier.

Ratcliff and Bischoff (1998) build on the previous work and design a container loading
algorithm which allows for load bearing constraints. Their heuristic approach iteratively
packs layers of boxes one at a time from the container floor upwards. Each layer contains
no more than two rectangular blocks. Boxes in a single block are of the same types and
all have the same orientation. At each step, the algorithm checks the inequality between
the weight of the chosen block and the load limit on the loading surface. Boxes with a low
load bearing ability can not be packed in the early stages of the procedure. Therefore, the
opportunities for future placements on higher layers are examined at each step.

Loh and Nee (1992) propose a layer building construction heuristic. Weakly heterogeneous
boxes are grouped according to height and then groups are sorted tallest to shortest. Within
each height group, they are sorted by descending base area. Boxes are packed starting at the
back of the container, in order, in the first large enough space. Lodi et al. (2002) following
a similar sorting strategy, however, group boxes if they are within a certain hight tolerance.
If the tallest box in the group has height h, then all boxes with height between h and αh are
also members of that group. α is set between 0 and 1. Like Loh and Nee (1992), boxes
are sorted by non-increasing base area within groups. A two dimensional packing heuristic
creates the layer by evaluating and scoring candidate positions. After generating layers that
accommodate all the pieces, they solve a one dimensional bin packing problem to pack layer
heights within a finite bin height. They call the heuristic Height first - Area second (HA)
and combine it with tabu search.

2.4.3 Other placement heuristics

Blocks are homogeneous and each block consists of only identical boxes. Packing container
with homogeneous blocks results in several advantages. First of all, it is easy to arrange
and requires less loading time. Re-sorting cargo is avoided after unloading as boxes of
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same type are stowed closely to one another. The constraint of load bearing strength is less
problematic when identical boxes are stacked. The block structure provides extra stability as
identical boxes packed in rectangular shape cannot easily slip. Liu et al. (2011a) develope
a hybrid tabu search approach in which both a tabu search and a block-building heuristic
run iteratively. Box types are sorted in decreasing volume to generate the initial solution.
Blocks are made up of the same box type in a configuration to best fit the available space.
In some cases another box type is added to improve the fit. Ren et al. (2011) adopt a
block placement strategy to tackle shipment priority within a single container. They define
five block evaluation functions and use a tree search strategy branching on the best block
placement for each evaluation function. Wang et al. (2008) also use a tree structure to
represent the container and branch on the mutually exclusive sub-spaces left after placing a
block of identical boxes. Zhang et al. (2012) propose a block-building heuristic under which
multiple types of boxes can be bound in one single block. A multi-layer search algorithm
is designed for block selection. Other block building papers include Alvarez-Valdes et al.
(2013a), Wang et al. (2013), Alonso et al. (2014), Elhedhli and Gzara (2015) and Gonzalez
et al. (2016). Among all the block building papers, a block could be packed in the form of
wall, layer, column or row within a container.

Lai and Chan (1997) propose the maximal space strategy. Maximal space intervals are the
set of largest cuboid spaces that entirely cover the unpacked volume of the container. Note
these spaces may overlap. After a box is placed, these are generated and stored in a list. Any
intervals that are not sufficiently large to contain a box or that are entirely contained within
other space intervals are removed from the list. The next box is packed in the closest space to
the bottom left corner of the container that is large enough to accommodate the box. Many
efficient algorithms adopt the maximal space approach. For example, Parreño et al. (2008;
2010) design a constructive heuristic that can place columns, rows, walls or layers of boxes
of the same type. The main idea is to identify maximal spaces and then fill them with the
best configuration of identical boxes according to one of two criteria. In each iteration the
maximal space with the minimum distance to a corner of the container is filled where space
volume is used to break ties. This heuristic is combined with GRASP in Parreño et al. (2008)
and Variable Neighborhood Search in Parreño et al. (2010). Other recent papers generating
competitive results on benchmark dataset embrace this idea (Gonçalves and Resende, 2012;
Zhu and Lim, 2012; Zhu et al., 2012b; Araya and Riff, 2014; Li and Zhang, 2015; Ramos
et al., 2016).

Gehring and Bortfeldt (1997) pack boxes into towers or stacks when dealing with strongly
heterogeneous boxes. Towers have a base box directly placed on the container floor. Each
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of the rest of boxes within that arrangement is placed on another box in a way that its bottom
area is entirely supported from below. A greedy algorithm is used to minimize the spaces
wasted above the base boxes. In the second step, tower bases are arranged to cover the floor
of the container using as a two-dimensional packing problem.

Eley (2002) solves single container loading problem with boxes in block arrangements.
The proposed greedy heuristic sorts boxes by volume in the non-increasing order. Each
combination of box orientation and empty space is investigated by certain criteria, and the
most appropriate empty space is chosen for a box. The main criterion is that after packing a
box the sum of the volume of spaces where no remaining boxes can be packed is minimized.
In the case of a tie, preference is given to the empty space closest to the lower back left
corner of the container. The solutions are further improved through considering different
box loading sequences via a tree search where branching is carried out for different box
types and box orientations.

Lim et al. (2003) sort the boxes by evaluating a pairwise priority according to the ratio
of volume and base area. They propose a new construction approach called multi-faced
buildup algorithm where boxes can be placed on any wall in the container as each and every
wall can be used as base or floor. Once boxes are placed on the wall of the container to
construct the first base, the other boxes will be placed on top of these boxes.

Ngoi et al. (1994) avoid the dependency of the layout on the order of the boxes by evalu-
ating every potential placement location for each box. In order to improve the efficiency
of their approach, they use a spatial representation technique. A single 3D matrix (or the
spatial matrix), in the form of layers of 2D matrices is used to represent the positions and
dimensions of all the packed boxes and empty spaces. Chua et al. (1998) and Chien et al.
(2009) also use the spatial representation techniques to model the box packing process and
to track both the packed and unpacked space in a single container. Compared to that of Ngoi
et al. (1994), their algorithm allows users to pre-assign positions for certain boxes. Spacial
matrices are also used by Bischoff (2006) who develops a new construction heuristic to
specifically consider load bearing strength. The approach guarantees all boxes are directly
placed on the container floor or have their whole base in direct contact with other boxes.
The constructive heuristic packs a single box in each iteration and uses a scoring system
made up of five criteria to choose between placement alternatives. The available loading
surfaces are stored and updated in two matrices, one records the height of surfaces and the
other records their corresponding load bearing ability.

The above packing heuristics model available spaces. Martello et al. (2000) and Crainic
et al. (2008) both follow an alternative strategy of identifying placement points, the former
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calling it corner points, the latter extreme points. These become the candidate placement
positions for placing the unpacked boxes. Consider the packing profile over the 3D surface
(if overhang not permitted), these points arise from contact between the face of two boxes
or a box and the container and are located at the point where three edges coincide to create
a fully concave corner. Martello et al. (2000) approach first distributes boxes between bins
before determining the specific position of each box. Each bin is constructed using a tree
search where each node is a partial solution and there is a child node for each feasible corner
point for the next box, where boxes are packed in non-increasing order of volume. Crainic
et al. (2008) simultaneously assigns boxes to containers and packs using the well known
best fit decreasing heuristic. Zhu et al. (2012c) absorb the idea of both papers and develop
the so-called extreme point insertion heuristic.

A similar placement strategy is proposed by Huang and He (2009a) and Huang and He
(2009b) to pack boxes into a single container. In their papers they call it caving degree
where boxes packed into a corner or even a cave, an empty hollow-like space surrounded
by many boxes, whenever possible. The caving degree approach stores all available corners
into a list and evaluates all combinations of corners, types of boxes and allowed orientations
selecting the best combination of corner, box and orientation based on ranking rules. He and
Huang (2010) suggest a modification to the original approach in the effort of decreasing the
searching space. He and Huang (2011) make further improvement to the modified approach
including adding a local search phase.

Han et al. (1986) construct an L-shape pattern by placing boxes along the base and one
vertical edge of the container. George (1992) designs a heuristic to solve the same problem
of identical boxes. The heuristic runs iteratively and each iteration creates a layer. The
reorientation of the container is allowed and layers can be built against any side wall or even
floor rather than only the end wall suggested by common approaches.

Lins et al. (2002) provide a directed graph representation of a packing arrangement that
builds on a successful application to the two-dimensional case. Three directed graphs are
needed to represent the x, y and z edges of each box within the container. They claim
that degeneracy and symmetry lead to a sufficient reduction in problem size to allow for
enumeration. Experimental results are for identical boxes with six orientations and a largest
problem size of 394 boxes.

Clearly there are many diverse ways of creating arrangements of boxes to load a container
in terms of placement rules and static and dynamic ordering. While there is no definitive
answer as to the best approach, sorting by volume is a very common characteristic. Chien
and Wu (1999) proposed the integration of space allocation and ranking in a decision support
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system, although did not provide any experimental evidence.

2.4.4 Sequencing

Sequencing refers to the ordering of the boxes and can be critical to the effectiveness of the
packing heuristic. Modifications to the placement heuristics often involve altering the box
sequence. Here we summarize the most common box sequences described in the literature.
We categorize sequences into two groups: static and dynamic. Static sequencing refers to
fixed ranking of boxes or box types before packing takes place. Dynamic sequencing refers
to the criteria that decides the next box or space to be packed during the packing process.
Twelve static sequencing rules and five dynamic sequencing rules are identified through the
review. Table 2.1 provides a tabulated listing of the sequences found in the literature. The
primary ranking criteria for a particular paper is stated as 1, and the first and second tie
breaking criteria are indicated as 2, 3, and onwards. It is worth to mention there are two
slight exceptions. In Xue and Lai (1997), three criteria are picked and all combinations with
a third-tier tie are tried . There is no clear winner of 6 combinations. Among Crainic et al.’s
(2008) proposed sequencing rules, two combinations generating best results are remained
in the table. However, the first priority of both combinations is slightly different from the
ones we defined in this paper. Take the first combination, clustered area and height, as
an example. Clustered area means separating base areas into clusters defined by certain
intervals. Boxes are then assigned to clusters according to their base areas. Clusters are
ordered by certain rule, and boxes within the same cluster are ordered by height.
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2.5 Improvement Heuristics

While the placement heuristics will provide a fast, and in many cases reasonable quality,
solution, broadening the search space using an improvement heuristic can usually provide a
significant gain. In general, these work with one or more complete solutions and make
neighborhood moves to find better solutions. These vary in sophistication from simple
neighborhood structures and acceptance criteria that only accept improving moves, to com-
plex and varying neighborhoods and acceptance criteria that can find many local optima
including many implementations of the standard metaheuristics. In this section we review
how these techniques have been employed for 3D container loading and how they build on
the placement heuristics described in the previous section.

Many of the placement heuristics are dependent on a sorted order, or permutation, of boxes.
This representation is often used in a Genetic Algorithm (GA) implementation. Its popular-
ity may be due to the many genetic operators designed to deal with permutation representa-
tions in the GA literature.

One of the earliest examples is Hemminki (1994) who uses a GA to determine the widths
of the walls. Each chromosome consists of a string of integers. Each integer indicates the
packing strategy used in corresponding wall, and all these walls are combined into a whole
container. Parent chromosomes are selected randomly and the selection chance of each
chromosome is directly linked to its fitness. Crossover or mutation is applied to two parents
in order to generate two child chromosomes. Best combinations of walls will be decided
through the evolving process of the generations.

The GA of Gehring and Bortfeldt (1997) solves a two-dimensional subproblem. As dis-
cussed earlier, boxes are arranged into towers. The tower bases form the two-dimensional
packing problem. A chromosome represents the solution by a placement vector, which in-
dicates the sequence of the placements of the tower bases and the two possible orientations
of each tower base. Each chromosome is transformed into a solution by identifying an or-
der list of placement corners and placing the boxes in the first feasible placement corner.
The population are ranked according to fitness value and the ranking provides the selec-
tion probabilities. Since the chromosomes in this cases are permutations of tower bases, a
permutation preserving operators are applied to generate descendants representing feasible
solutions. Crossover and mutation are alternated randomly. A similar framework for the
GA is implemented by Bortfeldt and Gehring (2001). However, in this work the GA is rep-
resenting layers (walls) of boxes that are constructed using a basic heuristic based on the
LDB. The basic heuristic is used to generate starting solutions and new layers for offspring
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via crossover and mutation. The chromosome with the best stowage plan finally undergoes
resequencing of the layers in order to determine the best weight distribution. Gehring and
Bortfeldt (2002) try to improve the solution quality through the application of a parallel ge-
netic algorithm. The new model is implemented in a local PC network and each GA instance
is assigned to a separate workstation.

Wu et al. (2010) propose two different approaches to load boxes into a single bin. The
second approach is a genetic algorithm. Each bit of the chromosome has two parts, the box
and its rotation angle numbered from one to six. Initially all the GA chromosome encode
the boxes in non-increasing volume order with a randomly assigned rotation. Reproduction
uses roulette wheel selection, a one point crossover with repair mechanisms and a mutation
that randomly swaps boxes or changes rotations. The best solution is copied to the next
generation.

Gonçalves and Resende (2012, 2013) also use a permutation structure but avoid the need
to correct descendent chromosomes by using a biased random key strategy. The strategy
considers a permutation of boxes and randomly assign a real number to each box. Sorting
the boxes by the random number provides a new permutations. The biased random key ap-
proach applies the genetic operator to the random keys rather than the boxes, hence ensuring
any offspring is feasible. Their implementation doubles the length of the chromosome to
include a placement heuristic for each box.

Dereli and Das (2011) propose an alternative population heuristic that has many similarities
to GA but is inspired by foraging behavior of honey bees. The bees algorithm works with
a population of solutions and evaluates their fitness, where promising solutions are selected
and undergo a neighborhood search phase. The best solutions and some newly generated
solution go on to the next population. Layouts are constructed using LDB placement heuris-
tic hence the focus of the search algorithm is to find the alternative widths of layers for a
better overall performance through enabling or disabling the rotation of the boxes. Other
than getting inspired by honey bees, Silveira et al. (2013) adopt Ant Colony Optimization
with the constraint of guillotine cut added to their problem.

Into recent years, GA remains a popular method among academics (Moon and Nguyen,
2014; Bożejko et al., 2015; Zheng et al., 2015; Jamrus and Chien, 2016; Ramos et al.,
2016). A few other papers propose evolutionary algorithms similar to GA (Li and Zhang,
2015; Gonzalez et al., 2016; Huang et al., 2016). The majority of the evolutionary algo-
rithms (including GA) solve single container problem, with only a couple of exceptions. Li
and Zhang (2015) solve problems with multiple heterogeneous containers, while Wu et al.
(2010) only stated that they solve multiple containers problem.
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Tabu Search (TS) is one of the most popular metaheuristics in combinatorial optimisation
and this is also reflected in how often it has been adopted in 3D packing. Bortfeldt and
Gehring (1998)and Bortfeldt et al. (2003) employ tabu search in combination with their
wall building heuristic for loading a weakly heterogeneous boxes into a single container.
A complete solution is first generated through a basic heuristic. The tabu search algorithm
operates on the encoded problem in the form of a packing sequence and fillable packing
spaces. Neighborhood moves involve deviating from the fillable space order. The tabu list
holds the complete packing sequence of the selected neighbor. Parallelization of the tabu
search algorithm is later applied to improve the solution quality (Bortfeldt et al., 2003). The
general approach in these papers is built on by Mack et al., (2004), who apply a simulated
annealing (SA) algorithm as an alternative to the TS while maintaining the basic heuris-
tic. SA is later combined with TS to form a hybrid search system. Efforts are taken to
integrate the advantages of both meta-heuristics and avoid their weakness. Therefore, SA
is pre-processed to determine a good starting solution for one or more TS iterations. The
parallelization of SA and the hybrid search is introduced in the end. Unlike genetic algo-
rithm, tabu search and simulated annealing are applied widely in both single and multiple
containers problem as later summarised in section 2.7.

Liu et al. (2011a) also perform a search over the assignment of boxes to spaces. Instead
of altering the free space assigned to a box, the search alters the box packing order using
a swap neighborhood. The tabu list length varies with the size of the problem. Liu et al.
(2012) is another example of implementing tabu search.

An intuitive way to combine TS and a placement heuristic when solving the multi-container
problem is to use the TS to assign boxes to containers and then use the placement heuris-
tic to determine the layout within the container. This is the approach of Jin et al. (2003),
who design several neighborhood moves with the aim of eliminating a target bin. Crainic
et al. (2009) suggest a two-level tabu search. The first-level tabu search, similar to Jin et al.
(2003), focuses on assigning boxes to bins without deciding their placement. The neighbor-
hood focuses on changing bin assignment through swapping and reassigning boxes between
containers. The second-level tabu search works to arrange the boxes in each container using
an extreme point construction heuristic and searching over the interval graph proposed by
Fekete and Schepers (1997, 2004). Each pair of boxes in the same bin will follow a certain
approach to form seven feasible combinations.

Instead of assigning boxes to containers Lodi et al. (2002) use tabu search to assign boxes to
two dimensional layers. Their unified tabu search approach has been successfully applied in
two dimensional bin packing. The tabu search governs the boxes in each layer and attempts



2.5 Improvement Heuristics 25

to reduce the total number of layers. The neighborhood moves are designed to empty a
specific target layer that is considered the weakest or most empty. A single box from the
target is combined with all boxes in k other bins. The neighborhood includes different values
of k as well as different boxes from the target layer. The tabu list holds move penalties
determined by the outcome of the move.

Guided local search (GLS) has many similarities to TS in terms of using memory to guide
the search. Farøe et al. (2003) tackle the SBSBBP, a multiple homogeneous container prob-
lem, using guided local search (GLS). The paper is novel in that it permits overlap between
boxes within the containers. Given a fixed number of containers, the aim is to find a feasible
arrangement of boxes, once found, one container is eliminated and the boxes are distributed
over the remaining containers and the search begins again. A neighborhood move arises
from moving a single box along one coordinate axes within a single container or moving
a box to the same co-ordinate position in another container. Features that guide the local
search away from local optima are defined by the volume of overlap between box i and box
j and the total volume of i and j. Due to the large neighborhood, fast local search is used to
find local minima.

Apart from Mack et al. (2004), SA has not been a common choice of meta-heuristic. Further
examples are Lai and Chan (1997) and Faina (2000), both examine the open dimension
problem. In the case of Lai and Chan (1997), neighborhood moves arise from swapping two
boxes in the packing order and the search is governed by a fairly standard cooling schedule.
Results are reported for the 2D problem but not the 3D problem. Faina (2000) also performs
neighborhood moves over the sequence of the boxes. A clear disadvantage to this approach
is the computational cost of reconstructing solutions after a move. Faina (2000) reports that
beyond 64 boxes the computational effort of improving the solution is unfavorable.

While GA, TS and SA are the classic trio of meta-heuristics, Greedy Randomized Adap-
tive Search Procedure (GRASP) and Variable Neighborhood Search (VNS), are popular
predecessors. While GRASP is applied to solve both single container problem and mul-
tiple heterogeneous containers problem, the paper implementing VNS only solves single
container problem. GRASP is designed to use a greedy solution construction heuristic and
perturb characteristics of the construction process by making selections randomly from a
restricted candidate list rather than the most greedy choice. Hence, it has clear advantages
for combining with a placement heuristic for container loading.

Lai et al. (1998) consider the open dimension problem where boxes are grouped into col-
lections of customer orders and packed as separate sub-lengths of the container. Hence they
argue that they can solved each subproblem of minimizing the packing length of each cus-
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tomer order. They model the problem as a graph and show that the optimal soluton is when
the maximum clique is equal to the number of the boxes. They solve the maximum clique
problem exactly and the maximal clique problem using GRASP.

Moura and Oliveira (2005) sort the available box types by the volume utilization given the
next empty space. The basic greedy strategy chooses the first box type. Under GRASP, they
select a random box from a candidate list of the best candidates controlled by a threshold
parameter set between zero and one. When set to one the selection is purely random and
when set to zero it is purely greedy. The constructed solution is then improved by a first
found improve local-search where the neighborhood unpacks the tail of the sequence then
repacks greedily forbidding the first box in the tail to be returned to its previous position. A
similar implementation of GRASP is used by Parreño et al. (2008) and combined with the
maximal-space placement heuristic. This time candidates join the restricted list according
to rank (i.e. being in the top 100 ·a%, where the parameter a is between zero and one) rather
than meeting a quality threshold. Initially, a is randomly chosen from a set of possible
values. As the search progresses probabilities are attached to each possible value according
to its past success. A couple of other GRASP implementation are Alvarez-Valdes et al.
(2013a) and Alonso et al. (2014).

Following the successful implementation of GRASP, the same authors combine their maximal-
space heuristic with VNS algorithm (Parreño et al., 2010). The authors propose five types
of neighborhood move for the descent phase of the VNS and an additional neighborhood
move for the shaking phase. These are layer reduction that removes rows or columns from
a layer and attempts to fill the empty space with other boxes, column insertion adds a new
column in one of the empty spaces, box insertion is similar to column insertion but only
adds a single new box, and the last two moves are to empty an already packed region and to
fill it using best-volume for one neighborhood and best-fit for the other. The shaking neigh-
borhood eliminates between 10% and 30% of the boxes in the current solution and refilling
with the best-volume criterion.

While the meta-heuristic approaches described above seek to be less greedy or at least in-
clude phases that allow a more diverse search of the solution space, other authors simply
perform a greedy local search many times. For example Takahara (2006, 2008) perform
local search over the permutation of pieces and piece orientation via swap moves. Multiple
starting solutions provide a broader search of the solution space. Another approach is to
make the greedy choice after looking ahead a few steps, thus reducing the short-term fo-
cus of the decision. Local search is also used by Trivella and Pisinger (2016) and Zhu et
al. (2012c) where the latter implementing a simple iterated local search strategy called bin
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shuffling. So far the focus of all papers applying local search method is only on multiple
homogeneous container problem.

Zhu and Lim (2012) describe a look-ahead tree search that decides the next placement on
the basis of the best node of an expanded tree of depth d where the m best child nodes
are expanded at each node. A predecessor of this paper, Eley (2002) uses a restricted tree
search to construct a solution. The tree is searched breadth first and a limit is imposed on the
number of child nodes explored. In addition, to avoid a dominant solution path, if two nodes
at the same depth have the same evaluation function and the item is packed, then one of the
nodes is removed. They call the tree search the pilot method. The tree search method is also
applied in Liu et al. (2014). Furthermore, beam search, a tree search alike technique, is also
adapted by academics (Wang et al., 2013; Araya and Riff, 2014; Baldi et al., 2014). Tree
search method is applied widely to solve all three types of problems, i.e. single, multiple
homogeneous and multiple heterogeneous containers problem.

2.6 Matheuristics

Compared to the number of heuristics available, the number of exact algorithms in 3D con-
tainer loading are limited. One reason behind this limitation is the difficulty in representing
possible patterns or practical packing constraints. Even if this can be done (and we provide
pointers to the literature below where it is), another difficulty is the solution of the resulting
formulation, which is often large-scale due to the number of containers and boxes. Never-
theless, encouraging progress has been made along this line of research for which a review
is presented below.

Mohanty et al. (1994) describe an algorithm for the (3D) BPP, where the aim is to pack
boxes of different types, each with a prespecified number, length, width and height, into
a set of containers of different sizes, with the objective of maximizing the total value of
packed boxes. The problem is originally formulated as a multidimensional knapsack prob-
lem, including an integer variable that is defined with respect to each container type packed
with respect to a given pattern. As the number of such patterns is excessively large, the com-
plexity of solving the formulation to optimality is a challenge. For this reason, the authors
describe a column generation procedure where the pricing problem involves solving an in-
teger program, in the form of a general fractional knapsack problem with side constraints,
which itself is difficult to solve. Instead, the authors propose heuristics to solve it. Although
the overall solution approach is heuristic in nature, it is interesting that elements of exact
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solution methods (i.e. mathematical formulations) are integrated within the approach. In a
relevant study, Eley (2003) looks at a similar problem setting, possibly with some side con-
straints, and an objective function that minimizes the number of bins used using a two-stage
column generation algorithm. In the first stage, a limited number of patterns (columns)
are generated a priori using a heuristic, which are then fed into an integer program that is
solved to optimality in the second stage. The algorithm has the advantage of being able
to incorporate a number of practical constraints, such as box orientation or load stability.
The computational results that the author presents on benchmark problems suggests that the
integer program does not require more than five seconds of solution time, and the algorithm
itself outperforms the integer programming based heuristic approach purposed by Ivancic
et al. (1989) and the heuristic method by Bortfeldt (2000).

Given the success of column generation, it is not surprising to see that Zhu et al. (2012a)
have also described a similar algorithm for the Multiple Bin-Size BPP, where the aim is to
minimize the cost of containers used. The problem also incorporates some side constraints,
namely full-support and partial-support for boxes and that all boxes are packed orthogonally.
The pricing problem here is a single container loading problem. Instead of generating the
actual columns, which is costly, the authors instead resort to a strategy where a reasonable
approximation of the columns, named prototype columns, are generated. Compared with
the algorithm of Che et al. (2011a), the proposed method finds solutions that improve the
average gap from the optimal solutions by about 50%. The recent work of Wei et al. (2015)
also has column generation embedded in their algorithm.

An alternative approach to mathematical models where variables are defined with respect to
each possible pattern (or packing) has been to use formulations where variables are defined
with respect to placement of individual items. Such an approach avoids the problem of
dealing with a large set of patterns, and instead relies on a discretization of the container
space and an explicit representation of decisions on whether items are placed in certain
coordinates or not. Chen et al. (1995) present such a model in the form of a mixed integer
linear programming formulation for the general 3D container loading problem, with an
objective to minimize the unused space of the containers used. The model is used to solve
a sample instance of three heterogeneous containers and six boxes using LINGO, with a
solution time of 15 minutes. The authors also report results on another sample instances with
a single container and six boxes, this time to minimize the required length of the container. A
polyhedral study of an improved version of this formulation is presented by Padberg (2000).
The study provides some facet results and valid inequalities, with the recommendation that
they are used within a branch-and-cut algorithm to solve the problem. Allen et al. (2012)
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provide empirical evidence that the computational reach of this formulation is only about
20 boxes using modern solvers. The authors present an alternative formulation that is based
on space-index variables, which has better performance than that of the Chen et al. (1995)
and Padberg (2000), both with respect to the size of the instance and the computational time
required to solve to optimality. Wu et al. (2010) build on the work of Chen et al. (1995) for
the open dimension problem.

For a mixed integer programming formulation of the BPP with identical bins, see Hifi et
al. (2010), who also present some valid inequalities and computational results. Another
model based on the Cartesian coordinate system is presented by Junqueira et al. (2012a) for
the 3D container loading problem, where constraints representing vertical and horizontal
stability and load bearing strength of the boxes are explicitly represented in the formulation.
Computational results presented by the authors show that by using CPLEX 11.0 with default
parameters, the formulation is able to solve randomly generated instances with four types
and up to 20 boxes, and between 10 and 100 containers, in most cases to optimality. The
difficulty of finding an optimal solution increases with the number containers as well as with
the similarity of dimensions of the boxes. An extension of this model to the variation of the
problem with multi-drop constraints is presented in Junqueira et al. (2012b).

Lim et al. (2013) present a heuristic algorithm for a problem named the single container
3D loading problem with axle-weight constraints, which arises due to the weight restric-
tion for trucks which carry containers when they are offloaded from ships. This additional
restriction introduces nonlinearities in a possible mathematical programming formulation
of the problem. The authors describe a heuristic procedure, but make use of integer lin-
ear programming formulations, either mixed or binary, within the algorithm to improve the
packing.

Finally, we mention the work by Hifi (2002) who presents approximation algorithms for
container loading problems. The algorithms are based on the idea of solving a series of
knapsack problems to form stacks, and then putting the stacks into the container by solving
unbounded knapsack problems to optimality.

2.7 Implementation by Problem Type

In this section we categorise the papers according to the problem types they address. Bort-
feldt and Wäscher (2013) provide a useful table that identifies each paper by its problem
type. Here we go further and identify the features of the methodologies employed for each
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of these problems.

2.7.1 Single Container Loading

Among the papers we have reviewed, twenty-six tackle SLOPP. The type and sophistication
of the methodologies vary greatly. Thirteen of the paper only employ a placement heuris-
tic, and of these thirteen seven use a static ranking and a placement criteria (Bischoff and
Marriott, 1990; Chien and Deng, 2004; Chien et al., 2009; Christensen and Rousøe, 2009;
George and Robinson, 1980; Loh and Nee, 1992; Ren et al., 2011). The remaining six
use dynamic selection of the next box or space (Bischoff and Ratcliff, 1995; Davies and
Bischoff, 1999; Ratcliff and Bischoff, 1998; Wang et al., 2008), or a tree search to make
the exploration less greedy (Lins et al., 2002; Morabito and Arenales, 1994). Eleven papers
augment the placement heuristic with an improvement heuristic, or design an improvement
heuristic that directly tackles the problem. Of these two use genetic algorithm (Gonçalves
and Resende, 2012; Kang et al., 2012), three use tabu search (Bortfeldt et al., 2003; Liu
et al., 2012a; Mack et al., 2004) and one uses simulated annealing (Mack et al., 2004),
with the rest adopting various local search techniques (Bischoff, 2006; Burke et al., 2012;
Eley, 2002; Hifi, 2002; Moura and Oliveira, 2005; Parreño et al., 2008, 2010). Junqueira et
al. (2012b) is the only paper we reviewed that developes exact methods for SLOPP, while
Gonzalez et al. (2016) draw a multi-objective formulation of volume and weight with the
placement constraint of guillotine cuts.

Thirty-three papers aim to solve SKP. The methodologies differ largely in terms of type and
sophistication. Ten of the paper only employ a placement heuristic, and of these ten five
use a static ranking and a placement criteria (Chien and Wu, 1999; Gehring et al., 1990;
Haessler and Talbot, 1990; Lim et al., 2003; Liu et al., 2011b). The remaining five use
dynamic selection of the next box or space (Burke et al., 2012; Lim and Zhang, 2005; Ngoi
et al., 1994; Scheithauer, 1992), or a tree search to make the exploration less greedy (Chien
and Wu, 1998). Nineteen papers augment the placement heuristic with an improvement
heuristic, or design an improvement heuristic that directly tackles the problem. Of these
nineteen eight use genetic algorithm (Bortfeldt and Gehring, 2001; Gehring and Bortfeldt,
1997, 2002; Gonçalves and Resende, 2012; Hasni and Sabri, 2013; Liang et al., 2007; Lin
et al., 1993; Yeh et al., 2003), one uses tabu search (Liu et al., 2011a) and one uses sim-
ulated annealing (Egeblad and Pisinger, 2009), with the rest adopting various local search
techniques (Fanslau and Bortfeldt, 2010; He and Huang, 2011, 2012; Huang and He, 2009a,
2009b; Lim et al., 2005; Parreño et al., 2008, 2010; Pisinger, 2002). Finally the following
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four papers develope exact methods for SKP, Fekete et al. (2007), Junqueira et al. (2012a,
2012b), Padberg (2002).

Besides all the single-container papers mentioned above, a few exceptions are identified.
Ramos et al. (2016) design their algorithm for both SLOPP and SKP problems. While
Liu et al. (2012), Moon and Nguyen (2014) and Wang et al. (2013) do not declare which
problem type their algorithms are designed for, they run computational experiments using
data sets with only weakly heterogeneous boxes. On the other hand, Alonso et al. (2014)
and Liu et al. (2014) use data sets with both weakly and strongly heterogeneous boxes in
their computational experiments without declaring which problem they specifically intend to
address. Some other papers only clarify their intention for solving single container problem
without mentioning whether weakly or strongly heterogeneous boxes are involved (Bożejko
et al., 2015; Huang et al., 2016; Jamrus and Chien, 2016; Zheng et al., 2015).

2.7.2 The Multiple Container Packing Problem

To load multiple containers, three strategies are usually suggested: sequential strategy, pre-
assignment strategy and simultaneous strategy (Eley, 2003). Under a sequential strategy
(de Castro Silva et al., 2003; Thapatsuwan et al., 2012; Wu et al., 2010; Xue and Lai,
1997), containers are filled one after the other. A new container is opened once the current
containers can not store any of the available boxes. However, one of the disadvantage of
this strategy is that containers filled last are at risk of poor volume utilization ratios since
large or awkwardly formed boxes are often left to the end. The pre-assignment strategy first
distributes boxes among different containers. No actual packing occurs at the distribution
stage. A heuristic is then applied to load assigned boxes into each container. Boxes not
be packed in their designated containers are re-packed to other containers under additional
mechanisms. Jin et al. (2003) is a typical example of adopting this strategy. The simulta-
neous strategy adopted by Chen et al. (1995), de Almeida and Figueiredo (2010), and Soak
et al. (2008) attempts to assign and pack boxes into more than one container at a time. It
is surprising to learn that the sequential strategy outperformed the simultaneous strategy in
Eley’s 2002 approach. A few exceptions are Che et al. (2011a), Crainic et al. (2009) and
Farøe et al. (2003) who all apply mixed strategies. Che et al. (2011a) firstly pack boxes into
packing patterns and then load one container at a time based on these patterns. Crainic et al.
(2009) build initial solution under a sequential strategy but apply improvement phase using
pre-assignment strategy. Farøe et al. (2003) construct an initial solution by firstly generating
a number of walls before combining them into whole bins.
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Seven papers address SSSCSP. Among them, Bischoff and Ratcliff (1995) and Ivancic et
al. (1989) only propose placement heuristic, while Che et al. (2011a, 2011b), Eley (2002)
and Kang et al. (2010) design improvement heuristic. Sciomachen and Tanfani (2007) is an
exceptional paper which determines container stowage plans in a ship by comparing its own
problem to SSSCSP in 3D packing. We reviewed sixteen SBSBPP papers. Most paper in
this category only focus on the construction of placement heuristic (Amossen and Pisinger,
2010; Burke et al., 2012; Crainic et al., 2008; de Castro Silva et al., 2003; Epstein and Levy,
2010; Hifi et al., 2013; Lim and Zhang, 2005; Martello et al., 2000; Miyazawa and Wak-
abayashi, 2009). Among those proposed improvement heuristic, tabu search is surprisingly
chosen by most papers (Crainic et al., 2009; Jin et al., 2003; Lodi et al., 2002, 2004), while
Farøe et al. (2003) propose a guided local search and Li and Zhang (2015) design evolution-
ary algorithms. Hifi et al. (2010) is the only paper to use exact methods although these are
embedded within a broader heuristic, while Boschetti (2004) suggests a new lower bound.
Among MSSCSP papers, Ivancic et al. (1989) only give a placement heuristic while others
(Brunetta and Gregoire, 2005; Che et al., 2011a, 2011b; Eley, 2003) all design improvement
heuristic. Five MBSBPP papers (Alvarez-Valdes et al., 2013a; Brunetta and Gregoire, 2005;
Ceschia and Schaerf, 2011; de Almeida and Figueiredo, 2010; Jin et al., 2003) contain im-
provement heuristic, while Alvarez-Valdes et al. (2013b) works on the lower bounds. Chen
et al. (1995) claim their paper can solve all problem types including RCSP. However, no
algorithm is proposed to tackle specifically RCSP. Two papers (de Almeida and Figueiredo,
2010; Jin et al., 2003) in our collection solve RBPP. Similar to RCSP, Hifi’s (2002) algorithm
is capable of solving MILOPP but it is a problem type remaining almost untackled. MIKP
is the third problem type remaining unexplored. Eley (2003) and Mohanty et al. (1994) are
the only two papers we found solving MHLOPP. The paper of Ceschia and Schaerf (2011)
also solves MHKP. While Elhedhli and Gzara (2015) only solve multiple identical contain-
ers problems, Baldi et al. (2012; 2014) and Wei et al. (2015) claim that they intend to solve
problems with multi-sized containers.

2.8 Experimental Results

One aim of this paper is to provide a comparison of the various algorithms described above
based on their performance on benchmark data sets, in an attempt to identify the state-of-
the-art algorithms for this class of problems. To our knowledge, five classes of benchmark
data sets exist for 3D loading problems. These are:

1. Ivancic et al. (1989): This data set contains 47 instances of weakly heterogeneous
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boxes. Only one container size is assigned to each instance, but different container
sizes are assigned across different instances. The number of containers should be
kept as small as possible as is typical in the Single Stock-Size Cutting Stock Problem
(SSSCSP).

2. Loh and Nee (1992): This data set contains weakly heterogeneous boxes and a single
container in each of its 15 problem instances. Boxes may be left over if the single
container is full. This dataset is designed for the Single Large Object Placement
Problem (SLOPP).

3. Bischoff and Ratcliff (1995): This set is for the Single Large Object Placement Prob-
lem (SLOPP) which packs weakly heterogeneous boxes into a single container. There
are seven classes in total with each class including 100 instances.

4. Davies and Bischoff (1999): This set pertains to the Single Knapsack Problem (SKP)
which packs strongly heterogeneous boxes into a single container. There are eight
classes in total with each class including 100 problem instances. This set is usually
merged with Bischoff and Ratcliff (1995) to become a so-called BR1-15 dataset.

5. Martello et al. (2002): This set is for a typical Single Bin-Size Bin Packing Problem
(SBSBPP) which packs strongly heterogeneous boxes into a minimum number of
identical containers. There are eight classes of problem that are randomly generated
according to certain parameters, but the second and the third classes are not included
in the result tables due to their similarity to the first class.

In the rest of the section we provide comparisons of all algorithms published in papers
listed in Table 2.2, which also presents the running environment of each algorithm. Then,
we present comparison results for each data set. In particular, Table 2.3 is for the data set
by Ivancic et al. (1989) and Table 2.4 is for the data set by Loh and Nee (1992). Tables 2.5
and 2.6 jointly present the data sets by Bischoff and Ratcliff (1995) and Davies and Bischoff
(1999). Finally, Table 2.7 presents the comparison results for the instances by Martello et
al. (2002).

Table 2.2 lists all the papers whose algorithms we compare in this section. Papers are listed
by year of publication and we assign a code that contains the first letter of the author’s
name and year of publication. In cases where more than one method is presented in the
same paper, extra letters, usually short for the methods (and often assigned by the authors
themselves), are added to the end. For example, two methods are presented in Lodi et al.
(2002). We therefore include both methods in the table under names of L2002-HA and
L2002-TS. Some authors present two sets of results, one that takes account of box stability
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(S), and another where stability is ignored (U). In these cases we add letter S for when
box stability is included, and letter U when it is not. An example would be Fanslau and
Bortfeldt (2010) as we differentiate them as FB2010S and FB2010U. Gehring and Bortfeldt
(1997), as well as Bortfeldt and Gehring (1998), re-ran their algorithm after the publication
of their original papers using a more powerful PC. In this case the new codes GB1997N and
BG1998N are assigned. The last two algorithms are separated in the table because they are
lower bound generators.

In Table 2.3 the number of box types and total number of boxes are provided for each of
the 47 instances. For the 13 methods compared, results are presented in term of the number
of containers used. In some cases average running times are reported. A lower bound
is also presented in the last column of the table. Among all the methodologies, the column
generation combined with heuristics approach of Zhu et al. (2012a) generates the best results
when box stability is not considered. However, it has a much higher average running time
compared to other methods.

Table 2.4 contains 15 problem instances and the number of boxes is given for each instance.
Overall, the results of 17 algorithms are presented. While 16 results are shown by the
percentage utilisation rate in the columns of U%, the original Loh and Nee (1992) paper uses
packing density (D%) to present their results. Instead of using the original three container
dimensions, the maximum used container dimensions are chosen. The number of boxes
leftover (BL), running time in seconds indicated as rt(s) and stopping time in seconds are
presented for each method, if they are reported by the original authors. The best result of
a 71% overall average utilisation rate is generated by He and Huang (2011). They claim
that their heuristic method is inspired by an old Chinese proverb together with a fit degree
algorithm (FDA) their algorithm is designed to solve weakly heterogeneous problems.

Data set Bischoff and Ratcliff (1995) (reported as BR1-7) and Davies and Bischoff (1999)
(generally reported as BR8-15) are combined making it a total of 15 data sets, namely BR1-
15. Tables 2.5 only includes those results taking stability into consideration while Tables 2.6
consists of results without taking stability into account. Numbers of box types are given to
each class for both tables. The results are presented as percentage utilisation. Running times
and stopping time are also presented if they are available. The beam search based algorithm
of Araya and Riff (2014) outperforms all other methods in both tables, except for data sets
BR8-BR15, on which the approach of Ramos et al. (2016) with stability consideration per-
forms very well. Also, in Table 2.5 when stability is taken into consideration their approach
uses considerably less running time than others. However, it is worth pointing out that in
Table 2.5 although all algorithms attempt to take stability into account, the levels of stability
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are still different and difficult to identify. While some algorithm have the base of all boxes
fully supported, others permit a certain percentage of the base to be supported. Therefore,
inferior results don’t necessarily mean the algorithm is less competitive.

Bin dimension and number of items are presented for each class in Table 2.7. Results are in
the form of the number of bins used, and stopping time is presented if available. A lower
bound is also presented in the last column of this table. The two-level tabu search proposed
by Crainic et al. (2009) outperforms other methods. To sum up, all tables in this section
show clear improvements on results along the time. Partly benefiting from the development
of computer technology, it proves that more competitive algorithms are being developed
through all these years.
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Year Paper Code Running Environment
1989 Ivancic et al., 1989 IMM1989 IBM PC System 2, model 50
1990 Bischoff and Marriott, 1990 BM1990 (not stated)
1992 Loh and Nee, 1992 LN1992 HP9000 Series 300 workstation with the CPU rated at 5 MIPS
1994 Ngoi et al., 1994 N1994 80386 processor with 33 MHz clock speed
1995 Bischoff and Ratcliff, 1995 BR1995a (not stated)
1995 Bischoff and Ratcliff, 1995 BR1995b (not stated)
1995 Bischoff and Ratcliff, 1995 BR1995C (not stated)
1997 Gehring and Bortfeldt, 1997 GB1997 Pentium/130 MHz PC
1997 Gehring and Bortfeldt, 1997 GB1997N Pentium PC with a frequency of 400 MHz
1998 Bortfeldt and Gehring, 1998 BG1998 Pentium PC with a frequency of 200 MHz
1998 Bortfeldt and Gehring, 1998 BG1998N Pentium PC with a frequency of 400 MHz
1998 Chua et al., 1998 C1998 DOS platform; IBM PC
2000 Bortfeldt, 2000 B2000 Pentium PC (200 MHz)
2000 Martello et al., 2000 MPV2000 HP9000/C160 160 MHz
2000 Martello et al., 2000 MPV2000-BS HP9000/C160 160 MHz
2000 Martello et al., 2000 MPV2000-SPack HP9000/C160 160 MHz
2001 Bortfeldt and Gehring, 2001 BG2001 Pentium PC with a frequency of 400 MHz
2002 Eley, 2002 E2002-seq Pentium C with 200 MHz clock and 32MB memory
2002 Eley, 2002 E2002-sim Pentium C with 200 MHz clock and 32MB memory
2002 Eley, 2002 E2002 Pentium C with 200 MHz clock and 32MB memory
2002 Gehring and Bortfeldt, 2002 GB2002 slave on Pentium PC, 400 MHz; master on 486 PC, 33 MHz
2002 Lodi et al., 2002 L2002-HA Digital 500 workstation with a 500 MHz CPU
2002 Lodi et al., 2002 L2002-TS Digital Alpha 533MHz
2003 Bortfeldt et al., 2003 B2003 Pentium with a frequency of 2 GHz
2003 Bortfeldt et al., 2003 B2003PS Pentium with a frequency of 2 GHz
2003 Eley, 2003 E2003 Petium II PC with a 266 MHz clock and 192MB memory
2003 Farøe et al., 2003 F2003 Digital 500 workstation with a 500 MHz CPU
2003 Lim et al., 2003 L2003 alpha 600 MHz machine
2004 Mack et al., 2004 M2004 several Intel Pentium computers with a frequency of 2GHz combined in a LAN
2005 Lim et al., 2005 L2005 (not stated)
2005 Lim and Zhang, 2005 LZ2005 2.40 GHz Pentium 4 PC with 128 MB memory limit
2005 Moura and Oliveira, 2005 MO2005 Pentium IV at 2.4GHz with 480Mb RAM
2006 Bischoff, 2006 B2006 1.7 GHz Pentium 4 computer with 256 Mb of RAM
2006 Takahara, 2006 T2006 Pentium4 PC with 2.8GHz and 1GB memory
2008 Takahara, 2008 T2008 Xeon PC with 3.0GHz and 3GB memory
2008 Parreño et al., 2008 P2008 Pentium Mobile at 1,500MHz with 512MB RAM
2008 Wang et al., 2008 W2008 Pentium PC
2008 Crainic et al., 2008 C2008 Pentium4 2000 MHz CPU
2009 Crainic et al., 2009 C2009 Pentium4 2000 Mhz CPU
2010 Fanslau and Bortfeldt, 2010 FB2010S AMD Athlon processor (64 FX60, 2.6GHz) with 2,048MB RAM
2010 Fanslau and Bortfeldt, 2010 FB2010U AMD Athlon processor (64 FX60, 2.6GHz) with 2,048MB RAM
2010 He and Huang, 2010 HH2010 Intel(R) Xeon(R) 2.33 GHz and 1 GB RAM
2010 Parreño et al., 2010 P2010 Pentium Mobile @ 1,500MHz with 512MB RAM
2011 Che et al., 2011a C2011 Intel Xeon E5430 CPU @ 2.66 GHz, 8GB RAM
2011 Dereli and Das, 2011 DD2011 (not stated)
2011 He and Huang, 2011 HH2011 Intel(R) Xeon(R) 2.33 GHz
2011 Liu et al., 2011a L2011 Intel Centrino Duo CPU 1.66GHz and RAM 1GB
2011 Ren et al., 2011 R2011 Intel Core 2 U9300 PC (1.2GHz, 2GB RAM)
2012 Gonçalves and Resende, 2012 GR2012S AMD 2.2 GHz Opteron 6-core CPU
2012 Gonçalves and Resende, 2012 GR2012U AMD 2.2 GHz Opteron 6-core CPU
2012 Lim et al., 2012 L2012 2.40GHz Pentium 4 pc with 512MB memory limit
2012 Liu et al., 2012 LIU2012 (not stated)
2012 Zhang et al., 2012 Z2012S Intel(R) Xeon(R) X5460 @ 3.16GHz
2012 Zhang et al., 2012 Z2012U Intel(R) Xeon(R) X5460 @ 3.16GHz
2012 Zhu and Lim, 2012 ZL2012S Intel Xeon E5520 Quad-Core CPUs @ 2.27GHz with 8G RAM
2012 Zhu and Lim, 2012 ZL2012U Intel Xeon E5520 Quad-Core CPUs @ 2.27GHz with 8G RAM
2012 Zhu et al., 2012a ZE2012aS Intel Xeon E5520 CPU @ 2.26GHz, 8GB RAM
2012 Zhu et al., 2012a ZE2012aU Intel Xeon E5520 CPU @ 2.26GHz, 8GB RAM
2012 Zhu et al., 2012b ZE2012b Intel Xeon E5520 Quad-Core CPUs @ 2.27 GHz
2013 Hifi et al., 2013 H2013-EHGH2 3.3 GHz processor with 2 GB RAM
2013 Hifi et al., 2013 H2013-Ampv 3.3 GHz processor with 2 GB RAM
2014 Alonso et al., 2014 A2014 Intel Core Duo T6500 with 2.1 Ghz and 4 GB of RAM
2014 Araya and Riff, 2014 AR2014S Intel Xeon @ 2.20GHz and 8GB RAM with 2 quad-processors
2014 Araya and Riff, 2014 AR2014U Intel Xeon @ 2.20GHz and 8GB RAM with 2 quad-processors
2014 Liu et al., 2014 L2014 Core2 Q8300@2.5 GHz
2014 Moon and Nguyen, 2014 MN2014 Intel Core 2 Quad 2.4 GHz processor with 2 GB RAM
2016 Ramos et al., 2016 R2016S 2 Intel Xeon CPU E5-2687W at 3.1 Ghz with 128 Gigabytes of RAM
2016 Ramos et al., 2016 R2016U 2 Intel Xeon CPU E5-2687W at 3.1 Ghz with 128 Gigabytes of RAM
2002 lower bound (Eley, 2002) lbE2002 Pentium C with 200 MHz clock and 32MB memory
2004 lower bound (Boschetti, 2004) lbB2004 Pentium III Intel 933 MHz

Table 2.2 Lists of Papers included in the Results Comparison
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No. Box Types Total Boxes No. IMM1989 BR1995b B2000 E2002-seq E2002-sim E2003 LZ2005 T2006 T2008 C2011 L2012 ZE2012aU ZE2012aS lbE2002
1 2 70 26 27 25 27 26 25 25 25 25 25 25 25 25 19
2 2 70 11 11 10 11 10 10 10 10 10 10 10 10 10 7
3 4 180 20 26 20 21 22 20 19 20 20 19 19 19 19 19
4 4 180 27 27 28 29 30 26 26 26 26 26 26 26 26 26
5 4 180 65 59 51 55 51 51 51 51 51 51 51 51 51 46
6 3 103 10 10 10 10 10 10 10 10 10 10 10 10 10 10
7 3 103 16 16 16 16 16 16 16 16 16 16 16 16 16 16
8 3 103 5 4 4 4 4 4 4 4 4 4 4 4 4 4
9 2 110 19 19 19 19 19 19 19 19 19 19 19 19 19 16

10 2 110 55 55 55 55 55 55 55 55 55 55 55 55 55 37
11 2 110 18 25 18 17 18 17 16 16 16 16 16 16 17 14
12 3 95 55 55 53 53 53 53 53 53 53 53 53 53 53 45
13 3 95 27 27 25 25 25 25 25 25 25 25 25 25 25 20
14 3 95 28 28 28 27 27 27 27 27 27 27 27 27 27 27
15 3 95 11 15 11 12 12 11 11 11 11 11 11 11 11 11
16 3 95 34 29 26 28 26 26 26 26 26 26 26 26 26 21
17 3 95 8 10 7 8 7 7 7 7 7 7 7 7 7 7
18 3 47 3 2 2 1 1 2 2 2 2 2 2 2 2 1
19 3 47 3 3 3 2 2 3 3 3 3 3 3 3 3 1
20 3 47 5 5 5 2 2 5 5 5 5 5 5 5 5 2
21 5 95 24 26 21 24 26 20 20 20 20 20 20 20 20 17
22 5 95 10 11 9 9 9 8 9 9 9 8 9 8 8 8
23 5 95 21 22 20 21 21 20 20 20 20 19 20 19 20 17
24 4 72 6 7 6 6 6 6 5 5 5 5 5 5 5 5
25 4 72 6 5 5 6 5 5 5 5 5 5 5 5 5 4
26 4 72 3 4 3 3 3 3 3 3 3 3 3 3 3 3
27 3 95 5 5 5 5 5 5 5 5 5 5 5 4 4 4
28 3 95 10 12 10 11 10 10 9 10 10 10 9 10 10 9
29 4 118 18 23 17 18 18 17 17 17 17 17 17 17 17 15
30 4 118 24 26 22 22 23 22 22 22 22 22 22 22 22 18
31 4 118 13 14 13 13 14 13 12 13 13 12 12 12 12 11
32 3 90 5 4 4 4 4 4 4 4 4 4 4 4 4 4
33 3 90 5 5 5 5 5 5 4 5 5 4 4 4 4 4
34 3 90 9 8 8 5 9 8 8 8 8 8 8 8 8 5
35 2 84 3 3 2 2 2 2 2 2 2 2 2 2 2 2
36 2 84 18 14 14 18 14 14 14 14 14 14 14 14 14 10
37 3 102 26 23 23 26 23 23 23 23 23 23 23 23 23 12
38 3 102 50 45 45 46 45 45 45 45 45 45 45 45 45 25
39 3 102 16 18 15 15 15 15 15 15 15 15 15 15 15 12
40 4 85 9 11 9 9 9 8 9 9 9 8 9 8 8 7
41 4 85 16 17 15 16 15 15 15 15 15 15 15 15 15 14
42 3 90 4 5 4 4 4 4 4 4 4 4 4 4 4 4
43 3 90 3 3 3 3 3 3 3 3 3 3 3 3 3 3
44 3 90 4 4 3 4 4 4 3 3 3 3 3 3 3 3
45 4 99 3 3 3 3 3 3 3 3 3 3 3 3 3 2
46 4 99 2 2 2 2 2 2 2 2 2 2 2 2 2 2
47 4 99 4 4 3 3 3 3 3 3 3 3 3 3 3 3

Total 763 777 705 725 716 699 694 698 698 692 694 691 693 572
Avg. Time (s) <30 6.43 <2 45.94 6.43 246.2 116.7

Table 2.3 Ivancic et al., 1989
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2.9 Conclusion

In this chapter we have focused our review on the design and implementation of solution
methodologies for solving 3D container loading problem with an experimental comparison
on the performances of various algorithms on benchmark data sets. We have reviewed 113
papers that cover all variants of 3D container loading and address a wide spectrum of com-
binatorial optimisation methodologies, which we review according to placement heuristics,
improvement heuristics and exact methods. We have attempted to provide an insightful re-
view that describes the main ideas clearly. These sections do not differentiate between prob-
lem types, so we provide an overview of these papers by problem variant. Our examination
of the literature has highlighted three possible fruitful avenues for research. First we found
that there are significantly fewer papers examining the multiple container packing problem
when compared to the single container loading problem. Further, of the papers looking
at multiple containers, very few consider heterogeneous container problem types. Another
observation is that often papers that tackle the multi container problem do so by simply
extending their models for the single container loading problem. A second research issue
surrounds the consideration of real world constraints. Only a small proportion of papers
comprehensively address this, while most other papers focus on a few specific constraints.
Even within those papers discussing real world constraints, not all critical constraints are
taken into consideration. A consistent set of real world constraints would benefit the re-
search community and make adoption by practitioners more likely. This links with the final
research issue regarding the quantity and quality of benchmark datasets. As Bortfeldt and
Wäscher (2013) point out, the current decade-old data sets might not be challenging any-
more. Realistic and challenging data sets with clear real world constraints would help in
moving this research area forward.



Chapter 3

Methodology Review

3.1 Introduction

During the review of 3D container loading algorithms in the last chapter, we noticed some
improvement heuristics are popularly implemented. In this chapter, we review these com-
monly applied improvement heuristics in the area of 3D container loading problem. We will
also review beam search, a tree search algorithm often applied in scheduling problems and
recently in irregular strip packing problem. We intend to implement beam search on our
specific 3D container packing problem for the first time.

The chapter is structured as follows. Firstly, the general concept of heuristics and meta-
heuristics are briefly discussed. We then give description on improvement heuristics Descent
Method, Iterated Local Search, Genetic Algorithm, Simulated Annealing, Tabu Search, and
other less commonly applied ones such as Greedy Randomised Adaptive Search Procedures,
Variable Neighborhood Search and Guided Local Search. We explain beam search in detail
as the last search algorithm. At last, We will conclude our decision on the improvement
heuristics we choose to implement for our specific multiple containers problem.

3.2 Heuristics and Metaheuristics

Reeves and Beasley (1995) defines heuristic as "a technique which seeks good (i.e. near
optimal) solutions at a reasonable computational cost without being able to guarantee either
feasibility or optimality or even in many cases to state how close to optimality a particular
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feasible solution is". Many heuristics consist of a combination of the four basic strategies
classified for heuristic procedures (Foulds, 1983).

construction strategy: starts with a partial solution. Potential valuable new elements are
added successively to the final solution. This is a useful strategy when generating
feasible starting solutions is difficult.

improvement strategy: starts with a sub-optimal solution and progressively improves through
modifications. This strategy is suitable when generating starting solutions is easy.

component analysis strategy: firstly divides the problem into component parts. These
parts are then optimised separately and recompiled in the end.

learning strategy: adopts a tree-search approach similar to branch & bound. The outcomes
of earlier decisions guide the choice of future branches.

When the heuristics search becomes trapped in a local optimum, meta-heuristics are intro-
duced to escape such local optimal points. Osman and Kelly (1996) defines meta-heuristic
as "an iterative generation process which guides a sub-ordinate heuristic by combining in-
telligently different concepts for exploring and exploiting the search spaces using learning
strategies to structure information in order to find efficiently near optimal solutions".

3.3 Descent Method

Descent method only allows improving moves. Any deteriorating or neutral move is re-
jected. Finding no more improving moves indicates the termination of the procedure. Three
general steps are described below. The method is mediocre in a way that it usually only
reaches a local optimum rather than further seeking a global optimum. Additional accep-
tance rule which allows non-improving moves can be introduced to allow further explo-
ration outside of current local optimum. Because of the limit of descent method, various
meta-heuristic methods are developed.

Step 1: Choose an initial solution s0, and set s = s0.

Step 2: Find a solution s∗ in a set of neighboring solutions N(s) for which F(s∗) ≤ F(s′)
for any s′ ∈ N(s).

Step 3: Terminate if F(s∗)≥ F(s). Otherwise set s = s∗ then go to Step 2.
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3.4 Iterated Local Search (ILS)

Local search is a metaheuristic method for solving optimization problems that are compu-
tationally hard. Local search can be applied on problems for which a solution is to be found
among a number of candidate solutions. Local search algorithms move from solution to
solution among the search space of candidate solutions till a solution considered optimal
is found or a stopping time is reached. Iterated local search (ILS) generates a sequence of
solutions and each such solution is generated by the embedded heuristic within the ILS. The
parameter-less approach was first applied by Baxter (1981) to a location problem and Baum
(1986) to the traveling salesman problem (TSP). Since then ILS has been widely applied
to TSP, scheduling problems, and cutting and packing problems along with many industrial
problems successfully. The notation of ILS can be presented as follow. S represents the
set of candidate solutions. s represents solution in S. F represents the cost function. F(s)
represents the cost function value of solution s. s∗ represents locally optimal solution. The
mapping from S towards S∗ is achieved by local search. When having an initial solution s0,
local search randomly restarts each time and generate multiple s∗ independently. A smaller
space S∗ from a large space S is the result of local search. Within S∗ perturbation is applied
to a given s∗ resulting a random move towards other neighbourhood from s∗ to s′, and then
local search is applied to generate a s∗new as shown in figure 3.1. The new s∗ is decided by
acceptance test. The procedural view of iterated local search is shown below.

Step 1: Generate initial solution S0 and compute cost function F(s0).

Step 2: Apply local search to reach local optimal from s0 to s∗ for which cost function
F(s∗)≤ F(s0).

Step 3: Repeat following steps.

Perform perturbation to randomly move towards other neighbourhood from s∗ to s′.

Apply local search to reach local optimal from s′ to s∗new for which cost function
F(s∗new)≤ F(s′).

Compare F(s∗) and F(s∗new) to decide the new optimal s∗ (in some cases a ‘wait and
see’ strategy is applied) according to acceptance criterion.

Step 4: Stop until termination condition is met (usually in term of exceeding the preset
computation time or completing the preset number of iterations).
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Fig. 3.1 Pictorial representation of iterated local search

The basic framework of iterated local search often leads to considerably good performance
and only requires a few lines of additional code. It has a nature of modular approach which
steps can be added one at a time to increase complexity. The local optimisation of ILS can
be achieved through optimising single modules with other modules remaining unchanged.
Some guidelines of ILS are described below.

Though dependence on initial starting point s0 is very low for long runs, the initial solution
is preferable to be greedy rather than random. The strength of perturbation is important
because a strong perturbation is close to random restart and a weak perturbation may not be
strong enough to jump out of local optimal in which case applying local search may undo
the perturbation. The design of local search should be as effective and as fast as possible.
The choice on perturbation depends strongly on the design of local search. If local search
has known short-comings, a good perturbation should compensate for those short-comings.
Execution on local search with small perturbations is much faster as fewer elements are
changed.

Acceptance criterion strongly influences the effectiveness of reaching to the optimal as an
aggressive acceptance criterion may or may not help speed up the search process. The
choice of acceptance criterion depends strongly on perturbation and local search. The inter-
actions between perturbation strength and acceptance criterion is important as well. There
is always a trade-off between intensification and diversification. An extreme intensification
is when the new solution is only accepted if the new solution improves on the historical
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solutions in term of functional cost. An extreme case for diversification is to accept the new
solution no matter what. The combination of perturbation and acceptance criterion controls
the relative balance of intensification and diversification.

Search history is also very useful in iterated local search. An example of using history is
that the memory about the previously found local minima is there to help find better and
better starting points for local search. Some known local search algorithms are iterative
improvement, threshold accepting, simulated annealing and tabu search. Overall, since the
performance of a local search algorithm highly depends on the construction of the neigh-
bourhood, a method, if one exists, designed based on the specific structure and nature of a
particular problem is usually preferable.

3.5 Genetic Algorithm

Developed by Holland (1975), a general genetic algorithm (GA) brings higher performance,
can be easily implemented and prevents the occurrence of duplicate descendants. A gen-
eral procedure of GA is presented below. Different from shown in the procedure, it can
also alternatively adopt a crossover or a mutation operator. Two complementary probabil-
ities, which have the sum of 1, decide the choice of the two operators. If no crossover is
performed, the children are the exact copy of parents. The survival of the best solution is
guaranteed during the entire re-production process through replacing weak individuals in
the current population with descendants generated.

Step 1: Generate an initial population of n chromosomes.

Step 2: Evaluate the fitness f (s) of each chromosome s.

Step 3: Create a new population by repeating these processes until completion.

Selection: Choose 2 parent chromosomes based on their fitness, and the fitter ones
have higher chance to be chosen.

Crossover: Cross over the parents to form 2 children according to the crossover prob-
ability pcross.

Mutation: Mutate children at each position in chromosome according to the muta-
tion probability pmut .

Replace: Replace children for those with lowest fitness.
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Step 4: Evaluate the fitness f (s′) of each chromosome s′ in the new population.

Step 5: Return the best solution and terminate algorithm if stopping criterion or goal is
reached, otherwise go to Step 3.

A genetic algorithm is considered to be suitable for large and hard optimization problems
such as three dimensional container packing based on several major characteristics. GA
guides a highly exploitative search from a population of points, not a single point, through a
parameter space based on random choice. It uses payoff or objective function information,
not derivatives or other auxiliary knowledge. Probabilistic transition rules, not deterministic
rules, are used.

The hybridisation approach is summarized in the equation GAs+data structures= evolution programs.
Local search is applied during the evolutionary cycle. The solutions of hybrid GA are pre-
sented as more complex data structures such as graphs or matrices. The actual problem
needs specifically-designed operators to generate the offspring.

3.6 Simulated Annealing

Firstly purposed by Metropolis et al. (1953), simulated annealing started to draw interest
through the work of Kirkpatrick et al. (1983) and Černý (1985). The method is a local
search where a move to an inferior solution is controlled by an acceptance probability that
decreases along with the progression of the search. The simulated annealing algorithm for
maximization problems is presented below. The movement to inferior solutions allows the
algorithm to escape from local optima by exploring unknown regions of the search space.
The need to leave a local optimum is high at the early stage of the search process. One of
the advantages of SA is that it can move quickly from current solution to another feasible
solution once the acceptance of a randomly selected neighbor has been confirmed. However,
it also means that promising neighbors may be omitted too easily.

Step 1: Initialise solution s = s0 and temperature t = t0.

Step 2: Local search, and derive a neighbour s′ in neighbourhood N(s) and energy ∆E =

E(s′)−E(s).

Step 3: If ∆E < 0, then set s = s′.

Step 4: Else generate random number x ∈ [0,1], and if x < e−
∆E
t then set s = s′.

Step 5: Reduce temperature t by cooling function t =C(t), and go to Step 2.
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Step 6: Terminate algorithm when reaching stopping criterion or goal.

3.7 Tabu Search

Originally developed by Fred Glover (1986, 1989, 1990), a general tabu search algorithm
is shown below. Tabu list contains a list of solution points or move attributes that are not
allowed, while aspiration criteria allow exceptional moves which lead to promising solutions
from the tabu list. The structure of the tabu list prevents cycling through solutions as the
move from a new solution to the last solution is recorded and banned for a certain rounds.
However, a move found in the tabu list is still available for run if it leads to a new global best
solution. TS has the ability to intensively examine regions of the search space by visiting all
neighbors of a given solution, though computing time is at the risk to be wasted if no global
optimal (or near optimal) solution exists in the current region. Based on the specific problem
and algorithm, the tabu list may contain different number, size, contents, and management
policies. A method named diversification may be performed to enhance the tabu search by
guiding the search towards zones of the unexplored solution space.

Step 1: Generate initial solution.

Step 2: Create a candidate list of moves.

Step 3: Choose the best admissible candidate based on the tabu list and aspiration criteria.

Step 4: Record it as the new best solution if it improves on the previous best.

Step 5: Stop if stopping criterion is reached. Otherwise go to Step 2.

3.8 Greedy Randomised Adaptive Search Procedures - GRASP

GRASP algorithm, an iterative procedure, first developed by Feo and Resende (1989) then
improved by Resende and Ribeiro (2003), consists of a constructive phase and an improve-
ment phase. First a solution is generated within the constructive phase. The solution is built
by adding element to a partial solution at each step. A greedy function is adapted to choose
the elements to be added. Different solutions can be obtained through the adoption of a
randomization strategy at each iteration. A simple local search is usually carried out in the
improvement phase.
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3.9 Variable Neighborhood Search - VNS

Mladenović and Hansen (1997) develops Variable Neighborhood Search (VNS), a meta-
heuristic procedure, to solve hard combinatorial problems such as graph problems, loca-
tion, routing, sequencing and scheduling problems. VNS algorithm changes neighborhoods
systematically by exploring increasingly distant neighbourhoods of the current solution.
Among a set of neighbourhoods, VNS starts at the first neighbourhood. Any local search
method could be used to explore within the current neighbourhood. The current solution
is updated if a better solution is found. If no better solution can be found in the current
neighbourhood, the search stops within the current neighbourhood and a shaking phase is
performed to diversify the search to the next neighbourhood. Such process terminates when
a stopping criterion is met. The philosophy of VNS is to consider more than one neighbour-
hood to avoid being held by local minimum.

3.10 Guided Local Search - GLS

Among all the local search methods, Guided local search (GLS), a powerful metaheuristic
for solving hard optimization problems (Voudouris, 1997; Voudouris and Tsang, 1999), may
be classified as a tabu search heuristic since the way it uses memory to control the search is
similar to that of tabu search. Search is guided to promising regions of the solution space
based on memory as some features of previously visited solutions are labeled as bad by
augmenting the cost function with a penalty term. The local search is regarded as a process
of iteratively improving towards local optimisation. A solution is characterized by a set
of features which all have more or less direct contribution to the value of solution upon
their presence. The contribution is defined by the cost assigned to the feature. Penalty may
be given to the feature with a high cost. The neighbourhood is divided into smaller sub-
neighbourhoods. Fast local search (FLS) is further implemented to drastically speed up the
local search towards a local minimum by de-activating less promising sub-neighbourhoods
based on the lack of improving move found.

3.11 Beam Search

Unlike all the heuristics mentioned above which always generate an initial solution, beam
search adds a new element to the partial solution through each step and a final solution is
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Fig. 3.2 Illustration of a beam search

generated at the end of the whole procedure. Similar to branch-and-bound, beam search
uses a tree search structure of nodes and branches. Common application of beam search can
be found in scheduling problems (Sabuncuoglu and Bayiz 1999, Blum 2005, Ghirardi and
Potts 2005) because of the nature of its structure lending itself to modeling problems where
sequences are constructed. The search is breadth first, and an evaluation is given to aggres-
sively prune the branches at each level. The number of branches retained is user-defined,
thus the running time of the algorithm can be controlled given the polynomial nature of its
size. A combination of local and global evaluation functions is used to decide the most
promising nodes, and only those nodes are to be branched from in the next level. A local
evaluation can be fast but may face the risk of discarding good solutions, while a global eval-
uation may cost much more computational time but is more accurate to predict which nodes
are promising. In general, beam search does not allow backtracking. However, Ghirardi
and Potts (2005) designs recovery strategies to allow beam search to recover from wrong
decisions. The basic structure and its variant of beam search is described below.

Figure 3.2 illustrates the structure of beam search. Each node adds a new element to the
partial solution. Root node contains the initial partial solution, and a complete final solution
is formed in the last level at the bottom of the tree. All child nodes at each level are evaluated
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and the approximate solution quality is predicted by a local evaluation function. During the
local evaluation, only child nodes from the same parent node are competed with each other.
This is because the local evaluation function only measures the cost of adding an element to
the current partial solution without taking account of the elements which are not included
in the partial solution yet. The filter width α is user-defined, and the best α nodes from
the same parent node are selected after local evaluation. Global evaluation is then carried
on these filtered α nodes. During the global evaluation, all selected filtered nodes from
different parent nodes (i.e. beams) are competed with each other. The beam width β is
user-defined, and the best β nodes are retained for branching in the next level. An example
of such procedures is demonstrated in figure 3.2 with user-defined filter width α as 3 and
beam width β as 2. At Level 1, there are four possible child nodes, i.e. A, B, C, D, derived
from the root node. Local evaluation is carried on all four nodes. The best three nodes A,
B and D are selected, and node C is pruned as illustrated in broken line. The three filtered
nodes are then evaluated using global evaluation function, and the best two nodes B and D
are selected as highlighted in the figure. Node C is pruned. Therefore, node B and D serve
as parent nodes for Level 2. At Level 2, four child nodes are derived from each parent node.
That is child node a, b, c and d from parent node B, and child node e, f, g and h from parent
node D. Local evaluation is carried on all 8 child nodes. The best three child nodes b, c
and d are selected under parent node B, and child nodes e, f and g are selected under parent
node D. The six filtered nodes are then evaluated globally, and the best two nodes b and f
are selected to be parent nodes for Level 3. It is possible that global evaluation selects all
its beam nodes from the same parent node as shown in Level 3. Child nodes I and IV are
selected as beam nodes from the same parent node b. The branches derived from the parent
node f are totally pruned in this case. It is clear that user has a higher chance to find better
solutions by setting the values of α and β larger in the cost of computational time.

3.12 Conclusion

In this chapter, we reviewed those improvement heuristics which are commonly applied in
the area of 3D container loading problem. The reason we totally exclude exact method in
our consideration is because our sponsor Gower Optimal Algorithms Ltd (GOAL) does not
want to buy a commercial solver. Even we can model it, it is unlikely to solve our problem
given the number of boxes we are trying to pack. Among the improvement heuristics we
reviewed above, we choose Iterated Local Search (ILS) and Beam Search (BS).

We choose ILS because of its simple and few parameters characteristic. As we have lit-
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tle control over our sponsor’s constructive heuristic, improvement heuristics with lots of
parameters may not be the best fit because those heuristics require knowledge on construc-
tive heuristics to change parameters for reaching better results. Also, under the modular
approach of ILS we are able to freely add or remove steps for better results. During the
implementation of Iterated Local Search (ILS), we adopt the improvement strategy we dis-
cussed in section 3.2 as it is easy to generate a feasible initial solution of decent quality
with the help of our sponsor’s constructive heuristics. An initial sub-optimal solution (or
partial solution which is very close to a full solution) is generated for future improvement.
We also adopt Descent Method within one of our ILS algorithms. Given the complexity of
the problem we are trying to solve, we would try to get closer to global optimum through
necessary deteriorating or neutral move. It would be interested to see how improvement
heuristic would perform when only improving moves are allowed.

Beam Search (BS) is the other improvement heuristic we implement. It is a combination of
construction strategy and learning strategy we discussed in section 3.2. While generating
a feasible initial solution can be easily done in our case, it may be the case that the initial
solution contains poor choices needed to be corrected through progressive modifications.
In this sense, Beam Search works in a different way compared to Iterated Local Search.
It allows a few partial solutions to be generated in parallel and builds gradually towards
the final solutions with the best new elements. We implement BS to allow our sponsor’s
constructive heuristics to do what they are best at. We do not correct any poor choice we
think they might make. Instead, we only choose the best ones.





Chapter 4

Gower Optimal Algorithms Ltd
(GOAL)

4.1 Introduction

Our project is sponsored by Gower Optimal Algorithms Ltd (GOAL), a software company
providing logistics solutions. GOAL develops software products for pallet loading, prod-
uct and packaging design, and container and trailer loading with the promise to reduce
warehousing, transportation and packaging costs for small and medium-sized enterprises
and multi-national organisations. Our specific project is on solving multiple (homogeneous
and heterogeneous) containers problem. GOAL provides us their software Cargo Manager
(CM) which is comprised of constructive heuristics specialising in packing a single con-
tainer along with taking care of all the restrict industry constraints. Their requirement to us
is that we embed CM as a standalone within our algorithms so that the solutions we come
up with are feasible and by GOAL’s standard. The consequence of such requirement on our
algorithm design is that we build our search algorithms around embedded CM and run CM
every time when we evaluate a solution’s feasibility and quality.

In this chapter, we intend to draw a brief introduction on our sponsor Gower Optimal Al-
gorithms Ltd (GOAL) and their single container packing software Cargo Manager (CM).
We will place emphasis on explaining how it is ‘conservative’ in what it allows making CM
appear uncompetitive. We will also briefly discuss any difficulties we have to overcome
when dealing with a third-party software. Moreover, we will investigate CM and carry out
analysis of CM algorithm’s performance. Such analysis includes algorithm execution time
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under different conditions and the impact of different sequencing and heuristics.

The structure of this chapter is as follows. In section 4.2, we will briefly introduce our
sponsor, Gower Optimal Algorithms, along with the constraints they face in the industry
with a vivid example of their ‘conservativeness’. We then describe how the CM algorithm
works in general and its constructive heuristic methods along with challenges we faced when
trying to embed CM into our own algorithms. In section 4.4, we discuss on what aspects
we investigate CM and present our new benchmark data sets which are essential for all our
future experiments. Experimental results on the investigation are presented in section 4.5.
A short conclusion is drawn at the end of the chapter.

4.2 Gower Optimal Algorithms

The efficient use of containers benefits both small and medium-sized enterprises and multi-
national organisations economically in the area of production and distribution of goods. A
high container utilisation can save considerable cost. Our sponsor Gower Optimal Algo-
rithms provide computer supported packing methods to achieve this goal. Cargo Manager
is one of their flagship products designed to pack containers more efficiently. As shown
in figure 4.1, customers can input box dimensions and quantity along with other constraints
they want to define for each box type. A visual solution is presented for customer use.

Common constraints reviewed in the academic literature mean more than just a few exten-
sions to our sponsor. Unlike academic which always sets performance improvement as the
first priority, industry would appreciate something never fails over a not guaranteed better
performer. Many clients use Cargo Manager as a part of the quotation procedure to have a
good estimation of the number of containers needed for an assignment. Therefore, any inac-
curate initial measurements may create problems. Even when the actual product is smaller
than that quoted, the already generated packing pattern may not be accurate enough as a
guide for actual packing. Unfortunately they face a more dynamic world where the internal
load space varies between operators and even within companies.

Note that extra constraints are to be considered when pallets are used in container loading.
On many occasions, identical cargo are required to be grouped together so that it is easier
to be palletised and unloaded. Cargo (i.e. boxes, which is the most commonly used name
by researchers) are firstly arranged onto pallets before pallets are then packed (usually in-
volving stacking onto each other) into containers. While the flat structure of pallet is able to
provide cargo with stable support from the bottom, extra measures are needed for stability
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(a) Information Input

(b) Solution Output

Fig. 4.1 Cargo Manager
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due to the absence of support from sides (Bischoff and Ratcliff, 1995). Moreover, the cur-
rent Europe pallet sizes of 1200mm× 1000mm (UK) and 1200mm× 800mm (Euro) do not
fit very well with the footprint of most container sizes.

Facing a more robust container loading world than that of academic, a few common ex-
tended measures taken by our sponsor are sampled below.

Stability Overhang over the front of the completed load is not desirable in most cases.
Some clients have requested building a wall by interlocking blocks like bricks. How-
ever, this leaves the question of what to do at the edges.

Load bearing In the case of light squashable products the case itself provides the load
bearing strength. It will not support a smaller heavier product placed at its centre.

Gravity centre Calculations may become complex for road transport as the load on each
axle is included into consideration. The ‘Load Levelling’ function in CM is used to
spread the completely loaded cargo out.

Access/loading This is an important issue for multi-drop situations. Due to the load stabil-
ity constraints, the arrangement of some loads can not be placed at their ideal posi-
tions. Therefore, trailers with ‘curtain sides’, which ensures items be accessed along
the whole length of the container, are used so it may be possible to place an early drop
in the middle and to maintain the gravity centre after it’s removed.

Product qualilty/compatibility The storage requirements of some loads may not be ho-
mogenous, and food is an example requiring different temperature during transport.
In some cases, products in the same loads can not be packed together, such as food and
cleaning products. In other cases, some products must not be in the same container,
such as kiwi fruit and apple. Or additional neutral products are used as the buffer to
avoid incompatible products being too close. Other than these, empty spaces need to
be left out around some products such as frozen goods to ensure product quality.

Consignment Items related to each other are packed in the same consignment. Examples
are parts which will be assembled together, and related items of clothing which will
be sold as a single outfit. In the case that the whole consignment cannot be packed, the
correct proportions of related items should be packed instead. For cases that a large
consignment is to be loaded into several containers in an on-line situation, buffer
space to store products prior to packing or the number of open containers at a time
may be limited. As a result, the packing order usually resembles the production order
closely.
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Cost of Loading and Unloading There will always be a trade-off between efficiency of
packing and the cost of loading and unloading especially in the case of a mixed load
with many small items. Larger cases or pallets are used first for these small items.
In the case that boxes goods are first packed into a small set of boxes before those
boxes being packed into container, decision is made on which box is used for which
product.

As a result, our sponsor tends to adopt a fairly conservative approach with respect to permit-
ted box arrangements when compared to the methods in the literature. We hereby describe
an example to explain the conservativeness implied by our sponsor. Given a situation where
boxes within the same consignment must be packed in the same container. The instance is
taken from the Vehicle Routing and Loading Problem (VRLP) data set of Gendreau et al.
(2016). The original data set does not include any unit measurement on either container or
box dimension. We therefore duplicate the original container size and box sizes as shown
below.

Container size: length 60, width 25, height 30;

Consignment 1:

Box 1: length 32, width 15, height 11;

Box 2: length 33, width 12, height 13;

Box 3: length 14, width 10, height 9;

Consignment 2:

Box 4: length 21, width 12, height 15;

Box 5: length 34, width 12, height 13;

Methods in the literature have no problem packing each consignment into the same con-
tainer. Using our sponsor’s algorithm, all the boxes in consignment 1 can only be packed
in the same container if consignment 2 is packed first as shown in figure 4.2a. However, if
consignment 1 is packed alone or packed first it only packs box 1 and box 3 as shown in
figure 4.2b. This is because placing box 2 either under or above box 1 results in an over-
hang, and certain situations overhang is not allowed in order to meet practical needs. The
first situation is when the overhang might block off a significant container space for later
packing. Especially in the case of filling spaces above the floor when the floor has not yet
been filled. The logic behind this application is complicated, as told by our sponsor. The
other situation is that when packing near to the container door our sponsor ensures a reason-
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(a) Packing Consignment 2 first (b) Packing Consignment 1 alone or first

Fig. 4.2 An Example of Cargo Manager’s Conservativeness

ably neat and stable packing face. The above infeasible solution is caused by this second
situation. In practice container loaders do not like or use overhang in which only part of an
item is supported.

One reason is that overhanging boxes are likely to cause crushing of the boxes especially
towards the front of the container. According to GOAL, geometrical arrangement applying
overhang strategy permitted in academic papers may not always meet practical needs. Fur-
thermore, directly placing a small box in the middle top of a much larger box is undesirable
due to the lack of support from the sides of the larger box. Our sponsor tackles this problem
with an option to strictly generate piles of only identical size.

4.3 Cargo Manager

Here we will help draw an understanding on Cargo Manager (CM). Firstly, we will describe
how CM works in general. Then we will explain CM’s various constructive heuristics in
more detail. In section 4.3.3, we will brief discuss the challenges including technical ones
we face when embedding CM into our own algorithms.

4.3.1 How Cargo Manager Works

Cargo Manager (CM) is a stand alone executable which packs a single container. Packing
starts at the back of the container and works through the items in the sorted order attempting
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to place them using a series of placement rules. If an item is not suitable then the next item
is tried, with the ‘unsuitable’ item being considered again for the next placement. As the
data is sorted into priority order, higher priority items will tend to be packed first. If it is a
requirement that no item of the next priority is packed unless all items of the current priority
have been packed first, then we are able to set the packing as priorities strictly applied. For
a straight-forward problem with no multi-drop requirement, CM executes a main stage and
an additional stage.

The main stage attempts to place the boxes using different constructive heuristic methods,
from the very basic heuristic to the more time-consuming ones. Boxes are placed in blocks
if possible, where a single block consists of boxes of same type with the same orientation.
All the methods are based on the idea of filling spaces. At the start, there is a single space
consisting of the whole container. As each item or block of items is placed, the space in
which it is placed is no longer available and a set of new cuboid shaped spaces are created.
Some of the new spaces may be merged with previous spaces. All heuristic methods select
the boxes from the current list in order. Each feasible depth-wise dimension for the box is
tried, and the largest possible block is placed in one or more of the available spaces. The
heuristic methods differ in the way of selecting the spaces and the boxes and restrictions
put on the depth of a block. In the next section, we will discuss in more detail on the
five fundamental constructive heuristics GOAL builds into Cargo Manager. In this main
stage, as many items as possible are packed in a series of ‘walls’ designed to make the
maximum possible use of the rectangular cross-section defined by the height and width of
the container.

In the additional stage, the very basic heuristic from the main stage is used to pack as many
of the remaining items as possible into the available spaces. The additional stage is not
suitable for multi-drop problems or problems where load leveling is required. In this stage
heavy or fragile items are also excluded from the wall-building routine.

Solutions produced by different constructive heuristic methods are evaluated based on vol-
ume packed and then on length used in the case of equal volume. Let V(X) be the volume
of boxes packed in solution X and L(X) be the length used by solution X. Solution A is
judged to be better than solution B if V (A) > V (B) or V (A) = V (B)andL(A) < L(B). The
best solution is chosen as the final solution of the run. User is able to decide if all or only
a few heuristics are to be involved. In the case of only one selected heuristic method, its
solution automatically becomes the final solution.

The input file read by CM is in the form of text document (.txt) as shown in figure 4.3. The
first row contains container dimensions. From the second row onward, each row contains
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Fig. 4.3 Input File for Cargo Manager

details of a single box type including dimensions, box number, and other constraints such
as weight if provided. Each row is considered as a unique box type even two or more
box types may contain exact same details, i.e. same dimensions, quantity and constraint.
We define all the boxes in a row as a batch. This concept will be frequently referred to
during our modeling in chapter 5 and 6. A unique index is given to each batch to distinguish
themselves from each other. During packing, CM will give higher priority to the batch listed
ahead. The position of a batch indicates its priority. In our example, batch A has the highest
priority and batch H has the lowest priority. The output files generated by CM are also in
the form of text document (.txt). One piece of information very useful to us is the remaining
box number of each batch. After each run of CM, we replace the original box number of
each batch with this information before another run of CM if there are still boxes left. The
impact of different box types and box numbers on the CM execution time is presented in
section 4.5.1.

4.3.2 Constructive Heuristics

As we discussed earlier, GOAL’s Cargo Manager (CM) executes heuristics set by users,
and selects the best solutions by comparing each of them. There are 16 separate heuristics
overall, while 5 of them serve as basic heuristics. Brief descriptions of these 5 heuristics are
provided below.

Herusitic 0 (H0) is the basic heuristic. It packs from the back and uses as much of the
depth, height and width as possible.

Herusitic 2 (H2) considers the possibility that swapping the height/width dimensions of
the boxes may allow for another block of the same type of box to placed to the side
and selects the best option.

Herusitic 3 (H3) is similar to H2 but instead of working with blocks of maximum depth
it uses blocks of depth of 1 box. This means that orientation choices are made more
often possibly resulting in better packings.
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Herusitic 4 (H4) is similar to H3 but biases the choice of spaces to try and fill across the
width of the container before moving forward.

Herusitic 5 (H5) is similar to H2 but biases the choices towards spaces on the floor and was
originally conceived for the loading of mixed pallets where the actual physical loading
operation is from the base up. This is the only layer building heuristic compared to
all the other wall building ones.

While Heuristics 0, 2, 3, 4 and 5 do not allow boxes to project over the boxes that support
them, Heuristics 10, 12 and 13 apply the same strategies as H0, H2 and H3 but allowing
overhang up to a percentage limit set by the user. The other eight heuristics, namely S0,
S2, S3, S4, S5, S10, S12 and S13, apply H0, H2, H3, H4, H5, H10, H12 and H13 with the
length and width dimensions of the container swapped.

4.3.3 Challenges in working with Cargo Manager

We think it is important to mention the challenges we face when working with Cargo Man-
ager. We face not only challenges in working in its context but also technical challenges.
Unlike most literatures which structure their own placement heuristic, we have to embed
Cargo Manager within our own search heuristics. Therefore, extra coding is done just to
transfer input and output between the standalone and our algorithms. We also had difficul-
ties to have Cargo Manager to run on the university computing cluster. As Cargo Manager
can only be run on the Windows environment, the university computing cluster runs on a
linux system. This was a major woe for us that we had to wait for week for the results which
could be obtained in minutes by running in parallel on the university computing cluster. The
other difficulty we faced was that it took quite a while to have a final version of Cargo Man-
ager. As the research went, our sponsor made several modifications along the way. This
included to slim down the standalone so it only runs the exact procedures needed and thus
takes less time while executing the same packing orders and reaching the same solutions.
Such changes resulted me to re-run the same experiments to have the results and running
time if concerned generated under the final version of Cargo Manager.

4.4 Investigating Cargo Manager

As we have introduced Cargo Manager as much as we know in the previous section, there
are many aspects remaining unclear and uncontrollable to us. Therefore, we decided to
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investigate Cargo Manager (CM) so that we can draw some implications for our algorithms’
design. The first aspect we want to know is that how CM would react to different settings
in the respect of its execution time. CM’s execution time can not be neglected because
we will have to run CM every time we generate an actual packing. Therefore, we are
interested in investigating the impact of three aspects, the number of boxes (CMI1), the
number of box types (CMI2) and container sizes (CMI3) on CM’s execution time. We
give each investigation its code in brackets so they can be easily referred later. Also, we
are interested to investigate the impact of sequencing on the results. Although we have
little control over Cargo Manager, we do have control over our inputs towards the CM and
sequencing of the box types is one of them. At last, we are not satisfied with the brief
description on those constructive heuristic methods GOAL gives us. We would like to run
those heuristics separately and compare the results to have a general understanding of which
heuristic(s) generally performs the best.

In short, we will carry out three experiments on CM. First experiment is to investigate the
impact of the number of boxes (CMI1), the number of box types (CMI2) and container
sizes (CMI3) on Cargo Manager’s execution time. Second experiment is to investigate the
impact of sequencing on the packing results. The last experiment is to investigate the im-
pact of CM’s constructive heuristic methods. We also generate our own data sets for our
experiments as the ones in the literature are not particularly suitable for the multiple con-
tainers problem we are solving. In section 4.4.1, we generate data sets for the investigation
on Cargo Manager’s execution time only. In section 4.4.2, we present our new benchmark
data sets for multi-container packing problem. New benchmark data sets are used in the
experiments on the impact of sequencing and heuristics, as well as to generate results for
our algorithms in chapter 5 and 6.

4.4.1 Experimental Data for The Investigation on Cargo Manager’s
Execution Time

As discussed before, we will investigate on the impact of three factors on Cargo Manager’s
execution time. The three factors are number of boxes (CMI1), number of box types (CMI2)
and container sizes (CMI3). Therefore, we need data sets specially designed for each inves-
tigation. Each of the data sets has 10 instances, and all boxes are selected from a range of
358 different types of electronic products such as cookers, fridges, fans and the like, i.e. the
mother data sample pool of data set soton1. For each instance, all box types are randomly
selected before a single box is added from the selected box types each time until the required
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CMI1 (The Impact of box number) CMI2 (The Impact of Box Type Number)

b5 b10 b25 n100 n250 n500
n50 n100 n250 n500 n50 n100 n250 n500 n50 n100 n250 n500 b3 b5 b10 b25 b3 b5 b10 b25 b3 b5 b10 b25

Used in CMI3 (The Impact of Container Sizes) X X X X

Number of Box Types (b)

3 X X X
5 X X X X X X X

10 X X X X X X X
25 X X X X X X X

Number of Boxes (n)

50 X X X
100 X X X X X X X
250 X X X X X X X
500 X X X X X X X

Table 4.1 Data Sets for Cargo Manager Investigation

box number is reached. All instances have the standard container size of 12035 * 2350 *
2393(mm).

Overall, we create 24 data sets for these experiments. For investigation CMI1, we generate
12 data sets with all of the instances having same number of box types. These data sets are
categorized into three groups with 4 data sets in each group. Data sets in the first group
(CMI1b5) all have 5 box types with box number of 50, 100, 250, and 500 respectively. Data
sets in the second group (CMI1b10) all contain 10 box types and the data sets in the third
group (CMI1b25) all contain 25 box types. The other aspects of the data sets are the same as
the ones in the first group. For investigation CMI2, we generate 12 data sets with all of the
instances having same number of boxes. Again, three groups are structured for these data
sets with 4 data sets in each group. The first group (CMI2n100) contains data sets which
all have 100 boxes with box types of 3, 5, 10, and 25 respectively. The second (CMI2n250)
and third (CMI2n500) group of data sets are similar compare to the first group only with
different box number of 250 and 500 respectively.

For the investigation on the impact of container size (CMI3), only four data sets of the 24
are used. They are data sets with 25 box types and 250 boxes (CMI1b25n250), 25 box
types and 500 boxes (CMI1b25n500), 500 boxes and 10 box types (CMI2n500b10), 500
boxes and 25 box types (CMI2n500b25). Nine different container sizes are created. The
idea behind this design is to change all three dimensions by the same proportion so that
the total container volume is increased or decreased steadily. Taken the standard container
volume of VC, the eight variations of container volume are 0.125VC with each dimension D
shorten by 0.5 times, 0.25VC (0.63D), 0.5VC (0.7937D), 0.75VC (0.90856D), 2VC (1.2599D),
4VC (1.5874D), 6VC (1.8171D), and 8VC (2D). Table 4.1 summaries the 24 data sets we
generated for Cargo Manager Investigation, and the 9 different container sizes used for
CMI3 is summarised in table 4.2.
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C0.125 C0.25 C0.5 C0.75 C1 (12035 * 2350 * 2393mm) C2 C4 C6 C8

Volume 0.125 0.25 0.5 0.75 1 2 4 6 8
Each Dimension 0.5 0.63 0.7937 0.9085 1 1.2599 1.5874 1.8171 2

Table 4.2 Container Sizes for CMI3

4.4.2 New Benchmark Data Generation

The two already existed benchmark data sets designed for multi-container packing prob-
lem are Ivancic et al., (1989) and Martello et al., (2000). Although those two data sets
are still valid data set for theoretical models, they are not particular suitable for our al-
gorithms. Ivancic et al., (1989) has large item sizes compared to bin size in most of its
instances. Therefore, they only reflect a tiny part of the real life container loading scenario.
Martello et al., (2000) has all its items rotatable in all instances, and all its instances have
highly heterogeneous setting, which is less common in real life problems. Moreover, con-
tainer packing problem like ours faces more realistic measures such as those described in
section 4.2 compared to general bin packing problem in literature. Therefore, we generate
new benchmark data sets sampled from two real-industry data sets provided by our sponsor
Gower Optimal Algorithms Ltd.

First data s1 samples a range of 358 different types of electronic products such as cookers,
fridges, fans and the like from a UK domestic electrical company. The other data s2 provided
by a major UK supermarket samples a range of 518 different types of products under from
the ‘Paper, Computer and Office Supplies’ category. In general, the box sizes in s2 are
smaller than those in s1. Data sets expected to fill approximate 5 and 10 containers are
generated separately for s1 and s2 each. Three data sets, intended to represent weakly
heterogeneous, mixed, and strongly heterogeneous cases, containing 5, 10 and 25 different
box types respectively are generated for both 5-container and 10-container categories. 20
instances are created for each data set. For all data sets, the 40ft Standard Steel Maersk
Container with the size of 12035 * 2350 * 2393(mm) is used.

Table 4.3 summarises the structure of our benchmark data sets. Individual data set is given a
code based on its compositions. For example, data set sampled from electronic products (s1)
aiming to pack 5 containers (c5) with 10 box types (b10) is given code s1c5b10. Data set
sampled from the ‘Paper, Computer and Office Supplies’ category (s2) aiming to packing
10 containers (c10) with 25 box types (b25) is given code s2c10b25. Codes are also given
to a cluster of data sets. Code s1c5 is given to the cluster of data sets s1c5b5, s1c5b10 and
s1c5b25. Codes s1c10, s2c5 and s2c10 are assigned in the same way. Code soton1 is used
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soton1 (s1) soton2 (s2)

s1c5 s1c10 s2c5 s2c10

s1c5b5 s1c5b10 s1c5b25 s1c10b5 s1c10b10 s1c10b25 s2c5b5 s2c5b10 s2c5b25 s2c10b5 s2c10b10 s2c10b25

Product Type (s)
Electronic products (1) X X X X X X

from the ‘Paper, Computer and Office Supplies’ category (2) X X X X X X

Estimated Container Number (c)
5 X X X X X X

10 X X X X X X

Number of Box Types (b)
5 X X X X

10 X X X X
25 X X X X

Table 4.3 Benchmark Data Sets

for all data sets in s1c5 and s1c10, while all data sets in s2c5 and s2c10 are represented as
soton2.

The method to generate the data sets is an adaptation of the framework suggested by Bischoff
and Ratcliff (1995). In the case of data set of 10 different box types targeting 5 containers
sampling from soton1, 10 different box types are randomly selected from 358 possible types,
and each box type has the quantity of 1 box. In an effort to make the realistic data, only
one dimension is allowed to be placed vertically for our data. However, all boxes can be
rotated 90° provided the base stays as the base. Since the new designed data is supposed
to create interesting problems, i.e. reducing the number of containers during the process,
the total cargo volume is designed to only 85% of the total container volume. The data is
generated firstly by comparing the total cargo volume with 85% of the total container vol-
ume. If the limit is not reached, a single box of a random box type will then be selected
from the already chosen types. The quantity of this box type will thus increase by one. The
process is repeated until the 85% limit is reached (or exceeded). The detailed description
on generation of a single instance can be found in figure 4.4. Our new benchmark data sets
can be downloaded from the ESICUP website (to be uploaded in the future).

Despite the effort to generate sample data set, we think it is worth mentioning that there is
no standard type of consignment in real-life industry as the consignment may have as many
as 10,000 individual items or as few as a dozen. Regarding the item types, it is hard to say
whether weakly or strongly heterogeneous data is more common than the other. It depends
on the company and the shipment. They might be all the same but more usually might have
a size between 5 to 50 different types.

4.5 Experimental Results

We present results of Cargo Manager Investigation in this section. Firstly, results on Cargo
Manager (CM) execution time are present along with discussion on any findings. Then, we
present the comparison of results under different sequencings and discuss our findings. Fi-
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Fig. 4.4 Generation of a single instance
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nally, results run using each single CM constructive heuristic are compared and we draw our
thought on it. All the procedures involved are coded in Java 1.8.0_05 and all the instances
are run on an Intel(R) 2.60 GHz PC with a 4.00 GB RAM.

4.5.1 Cargo Manager Execution Time

We present our results of Cargo Manager investigation in this section. Execution times are
presented for investigations on number of boxes (CMI1), number of box types (CMI2) and
container sizes (CMI3). During experiment, Cargo Manager is run once on an instance. The
execution time of that running is recorded regardless of the result of packing, i.e. no matter
whether all boxes are packed or not. The same instance is run 10 times, and the average
of these 10 execution times is taken to represent that instance. These averaged execution
times along with number of packed boxes are then being averaged again to present that data
set which these 10 instances belong to. When investigating the impact of box type and box
number, all instances are run two more times with all three container dimensions doubled
and halved respectively.

The results on the impact of box number (CMI1) on CM execution time are presented in
figure 4.5. Figure 4.6 summarises the results on the impact of box type (CMI2). On the
figures, the number of packed boxes for each data set is shown before the default box types
or box numbers for each data set. The execution time is shown in second. Take figure 4.5a as
an example, an average of 87.5 boxes are packed for data set with 100 boxes under standard
container dimensions. The average execution time is 0.132 second. We can see from the
figures that the standard container size is able to completely pack some of the instances.
Container with doubled dimensions, which has its volume 8 times of the standard container,
is large enough to pack all boxes in any instance. Container with their dimensions halved,
which has its volume 0.125 times of the standard container, is small enough so that none
instance can be completely packed.

Some common trends are observed after examining all results. Firstly, more boxes result in
clearly higher execution time with the same number of box types and the same container
dimensions only when the container size is at least large enough, i.e. double container di-
mension in this case, to pack all the boxes. Clear leaps in execution time are observed
when boxes are increased. When container size is not large enough to pack all boxes, i.e.
standard container dimension and half container dimension, execution time might only in-
crease slightly even more boxes are actually packed. In almost all cases, execution times
remain in a certain range and no obvious increase is observed. On the other hand, more
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box types result in higher execution time with same box number and same container dimen-
sions. When container size is larger enough to pack at least half of the boxes, i.e. standard
container dimension and double container dimension, clear increase on execution time is
observed when box types are increased. Even when container size is small enough to pack
only a small portion of the boxes, i.e. half container dimension, increase on execution time
can still be observed. Therefore, it seems that box type has a more significant impact on
execution time when compared to box number. In general, time used to pack 25 box types
increases significantly compared to packing 10 box types with same number of boxes while
time used to pack 500 boxes increases in a moderate manner compared to packing 250 boxes
with the same box types.

The results on the impact of container size are presented in figure 4.7, 4.8, 4.9 and 4.10.
Container size is presented as C0.125 for the smallest container size and C8 for the largest
container size. Number of unpacked boxes for each container size is also presented. For
data set (CMI1b25n250) with 25 box types and 250 boxes (figure 4.7), almost all boxes
are packed under container size of C2 with only 3.9 boxes remaining unpacked. We ob-
serve that execution time peaks at 120.095 seconds under container size of C2 from C1’s
15.285 seconds. Execution time then slowly decreases to 81.821 seconds once container
size is increased to C8. For data set (CMI1b25n500) with 25 box types and 500 boxes
(figure 4.8), almost all boxes are packed under container size of C4 with only 3.5 boxes
remaining unpacked. Execution time peaks at 284.683 seconds under container size of C4
from C2’s 57.298 seconds. It then slowly decreases to 240.135 seconds once container size
is increased to C8. For data set (CMI2n500b10) with 500 boxes and 10 box types (fig-
ure 4.9), almost all boxes are packed under container size of C4 with 10.3 boxes remaining
unpacked. Execution time increases to 19.063 seconds under container size of C4 from
C2’s 6.14 seconds. It then continues to increase to 24.179 seconds under container size of
C6 and decreases to 18.802 seconds once container size is further increased to C8. For data
set (CMI2n500b25) with 500 boxes and 25 box types (figure 4.10), almost all boxes are
packed under container size of C4 with only 18.5 boxes remaining unpacked. Execution
time peaks at 218.288 seconds under container size of C4 from C2’s 62.769 seconds. It then
slowly decreases to 186.088 seconds once container size is increased to C8. Based on the
above observation, we can conclude that execution time is likely to be at its peak when the
container size is large enough to pack all the boxes. It then tends to decrease slowly, if not
keeping increasing for a short while, when the container size keeps increasing. Last but not
the least, it is worth pointing out that while the above observation is the general trend, the
actual execution times still differ from instance to instance.
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(a) 5 Box Types

(b) 10 Box Types

(c) 25 Box Types

Fig. 4.5 Execution Time for Different Box Types
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(a) 100 Boxes

(b) 250 Boxes

(c) 500 Boxes

Fig. 4.6 Execution Time for Different Box Numbers
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Fig. 4.10 Impact of Container Size (500 Boxes, 25 Box Types)

4.5.2 Impact of Sequencing

In chapter 2, we summarised both the static and dynamic sequencing rules in the literature.
Here we choose seven static sequencing rules to test which sequencing rule tends to gen-
erate better solutions in general. These rules are number of boxes (N), volume (V), largest
dimension (D), largest surface (S), height (H), base area (B), and ratio of base dimensions
(R). Among the rules, number of boxes (N) and volume (V) are suitable for situations where
rotation of boxes is either allowed or not allowed. Largest dimension (D) and largest surface
(S) are used for situation where boxes can be rotated, while height (H), base area (B) an ratio
of base dimensions (R) are used for situation where rotation is not allowed. The sequencing
rules are summarized in Table 4.4.

Notation Description If Used in Rotation

N No. of Boxes Both
V Volume Both
D Largest Dimension Rotation
S Largest Surface Rotation
H Height No Rotation
B Base Area No Rotation
R Ratio of Base Dimensions No Rotation

Table 4.4 List of Sequencing Rules

These sequencing rules are combined into sets having a third-tier tie. The box types in the
chosen instance are sorted accordingly before GOAL’s CM is executed repeatedly till all
boxes are packed. Here is an example how it works. In the case of rotation is allowed,
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all the sequencing rules which can be used, i.e. number of boxes (N), volume (V), largest
dimension (D), and largest surface (S), are formed into combination having a third-tier tie.
All the combination are listed below. Take combination NVD as an example. All box
types are non-increasingly sorted by number of boxes (N). Box types with ties are then non-
increasingly sorted by volume (V). In the case of further ties, box types are non-increasingly
sorted based on their largest dimension (D).

• NVD NVS NDV NDS NSV NSD

• VND VNS VDN VDS VSN VSD

• DNV DNS DVN DVS DSN DSV

• SNV SND SVN SVD SDN SDV

Three benchmark data sets from literature are used. BR data set is designed for output max-
imisation problem by Bischoff and Ratcliff (1995). Among the 15 sets, the first 7 sets are
designed for Single Large Object Placement Problem (SLOPP) in which weakly heteroge-
neous boxes are packed into a single container while the other 8 sets are designed for Single
Knapsack Problem (SKP) in which strongly heterogeneous boxes are packed into a single
container. Each BR data set has 100 instances. LN data set is designed for SLOPP as well
by Loh and Nee (1992). LN data set has 15 instances. IMM dataset is designed for input
minimisation problem by Ivancic et al. (1989). The data is designed for designed for Sin-
gle Stock Size Cutting Stock Problem (SSSCSP) in which weakly heterogeneous boxes are
packed into identical containers. IMM data set has 47 instances. We also run experiments
on our soton1 and soton2 data sets presented in section 4.4.2.

Table 4.5 and 4.6 summarizes results under different sequencing rules. We report the results
in terms of percentage utilisation for data sets BR and LN, and in terms of total number
of containers (bins) used for data sets IMM, soton1 and soton2. Data sets BR and LN are
designed for packing single container. Therefore, percentage utilisation is calculated as the
ratio of total box volume packed in the first container and the volume of first container.
Results for 15 BR data sets are separately reported with BR1-15 takes the average of all 15
results. The results shown in the table are the average of all the results with the same first
sequencing rule of that data set. As shown in Table 4.5, BR1, BR2, BR3 and BR5 have the
best results when largest surface (S) is set as the first sequencing rule. However, volume
(V), when set as the first sequencing rule, generates the best results overall with all the rest
data sets. For data set LN, volume (V) generates the best percentage utilisation.

Data sets IMM, soton1 and soton2 are designed for packings multiple containers. Their
results are presented as the total number of containers used for all instances in each data
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set. As presented in Table 4.6, data sets soton1 and soton2 are categorised into 4 groups
and a sum is calculated for each group. Because it takes a huge amount of time to run
data set soton2 under its usual settings, we adjusted container size under which soton2 runs.
Boxes in soton2 are smaller in soton2 compared to those in soton1. Average box size in
soton1 is roughly 15 times that of soton2. As our previous experiments show, a high ratio
of container size to average box volume and a much larger number of boxes, causes long
running time. Therefore, we reduce container size for the same amount by making each
container dimension 2.45 times smaller. IMM results show that volume (V) uses the fewest
containers. Results of soton1 and soton2 indicate that volume (V) generates the best results
in general while height (H) generates some best results in soton1. Thus, we narrow down
our first sequencing rule as volume (V).

Dataset N V D S H B R

BR1 89.283 89.966 89.786 90.331
BR2 87.952 89.479 89.292 89.652
BR3 87.354 88.925 88.700 88.960
BR4 86.498 88.467 88.128 88.358
BR5 85.449 87.560 87.196 87.624
BR6 84.754 87.277 86.857 87.205
BR7 83.099 86.117 85.473 85.778
BR8 80.927 84.379 83.670 83.919
BR9 79.094 82.810 81.498 82.279

BR10 77.725 81.857 80.387 80.850
BR11 76.820 80.522 79.028 79.124
BR12 75.931 79.891 77.962 78.629
BR13 75.355 79.172 77.035 77.550
BR14 74.258 78.372 76.092 76.372
BR15 74.159 77.795 75.238 75.550

BR1-15 81.244 84.173 83.089 83.479
LN 69.461 69.910 69.460 69.493 69.212

IMM 752.000 732.333 747.000 734.000

Table 4.5 Results of Different Sequencing Rules for Literature Benchmark Data Sets

We then further investigate the impact of combination of sequencing rules with volume (V)
as the first sequencing rule. As shown in Table 4.7, six combinations are available for data
sets BR and IMM in which all three dimensions are allowed to be height. The results show
no significant difference among different combinations. Table 4.8 presents results for data
set LN, soton1 and soton2. Because data sets LN, soton1 and soton2 have 1 dimension fixed
as height, there are twelve combinations and all of them give the same result.
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Dataset N V H B R

s1c5b5 58.25 56 56 62 61
s1c5b10 58 55 56 57 63
s1c5b25 59 54 53.75 55 60

s1c5 Sum 175.25 165 165.75 174 184
s1c10b5 120 114 112 121 119
s1c10b10 114 106 108 113 117
s1c10b25 110.5 108 107 109 113

s1c10 Sum 344.5 328 327 343 349
s2c5b5 821 794 800 800 886

s2c5b10 762.75 710 714.25 718 795
s2c5b25 630 602 608.5 606 642

s2c5 Sum 2213.75 2106 2122.75 2124 2323
s2c10b5 1660.5 1559 1588.25 1560 1701
s2c10b10 1639 1461 1474.5 1493 1676
s2c10b25 1235.25 1184 1194 1195 1252

s2c10 Sum 4534.75 4204 4256.75 4248 4629

Table 4.6 Results of Different Sequencing Rules for Soton Data Sets

We can conclude that setting the right primary sorting criteria is the most important towards
obtaining a good performance. As different combinations fail to show significant difference,
we consider the best sequencing strategy as VSD (volume, largest surface, largest dimen-
sion) for data sets which allow box rotation and VHB (volume, height, base area) for data
sets which do not allow rotation. We decide our second and third sequencing rule based on
their overall performances in Table 4.5 and 4.6.

4.5.3 Results under Different Constructive Heuristics

Under the best sequencing strategies generated in the previous section, we make CM run a
single heuristic only each time rather than running all heuristics and picking the best result.
Sequencing strategy VSD is set for data sets BR and IMM, while LN, soton1 and soton2
have VHB as their sequencing. All CM heuristics described in section 4.3.2 are included in
the comparison. Table 4.9 and 4.10 shows the full results run by 16 heuristics separately.
Among 15 BR data sets, H2 generates 5 best results and H4 generates 4 best results. Overall,
H2 generates the best average result on BR data set with H4 result closely follows. Heuristic
S2 generates the best result for LN data set, and best result on IMM data set was generated
by heuristic S0, S2, S10 and S12. It is worth mentioning that S2 uses the exact same
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Dataset VND VNS VDN VDS VSN VSD

BR1 89.966 89.966 89.966 89.966 89.966 89.966
BR2 89.479 89.479 89.479 89.479 89.479 89.479
BR3 88.925 88.925 88.925 88.925 88.925 88.925
BR4 88.467 88.467 88.467 88.467 88.467 88.467
BR5 87.560 87.560 87.560 87.560 87.560 87.560
BR6 87.277 87.277 87.277 87.277 87.277 87.277
BR7 86.117 86.117 86.117 86.117 86.117 86.117
BR8 84.379 84.379 84.379 84.379 84.379 84.379
BR9 82.810 82.810 82.810 82.810 82.810 82.810

BR10 81.857 81.857 81.857 81.857 81.857 81.857
BR11 80.522 80.522 80.522 80.522 80.522 80.522
BR12 79.895 79.895 79.887 79.887 79.890 79.890
BR13 79.173 79.173 79.173 79.173 79.172 79.172
BR14 78.371 78.371 78.374 78.374 78.372 78.372
BR15 77.795 77.789 77.798 77.798 77.791 77.796

BR1-15 84.173 84.173 84.173 84.173 84.172 84.173
IMM 731 731 733 733 733 733

Table 4.7 Results of Different V Sequencing Rules on BR and IMM

heuristic as H2 only with container length and width swapped. For data sets soton1 and
soton2, heuristic H0 generates the best results in general with heuristic H2 comes second.
For data sets s1c5, s1c10 and s2c5, the results generated by H2 is only slightly behind by 1
container compared to those generated by H0. For all the data sets including those ones from
literature, the most complex and time consuming heuristic H3 however does not perform as
well as expected.

In summary, Heuristic H0 and H2 generate better results compared to the rest heuristics in
general. However, other heuristics may occasionally generate the best results. Excluding
them from operation may lead to the risk of losing better solutions. Therefore, users are
faced with a dilemma. We may choose to include all or a few heuristics to have a better
final result with the cost of a longer running time. The other option is to include only one
or minimum heuristics for a reduced running time with the risk of missing better solution.
However, the decision for us is much easier due to the nature of this project. As we will
build search heuristics with Cargo Manager embedded in. We rely on CM’s constructive
heuristics to do the actual packing. Therefore, we may allow Cargo Manager to run one
heuristic only to ensure the consistence of our packing placement.
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Dataset VNH VNB VNR VHN VHB VHR VBN VBH VBR VRN VRH VRB

LN 69.910 69.910 69.910 69.910 69.910 69.910 69.910 69.910 69.910 69.910 69.910 69.910
s1c5b5 56 56 56 56 56 56 56 56 56 56 56 56

s1c5b10 55 55 55 55 55 55 55 55 55 55 55 55
s1c5b25 54 54 54 54 54 54 54 54 54 54 54 54
s1c10b5 114 114 114 114 114 114 114 114 114 114 114 114

s1c10b10 106 106 106 106 106 106 106 106 106 106 106 106
s1c10b25 108 108 108 108 108 108 108 108 108 108 108 108

s2c5b5 794 794 794 794 794 794 794 794 794 794 794 794
s2c5b10 710 710 710 710 710 710 710 710 710 710 710 710
s2c5b25 602 602 602 602 602 602 602 602 602 602 602 602
s2c10b5 1559 1559 1559 1559 1559 1559 1559 1559 1559 1559 1559 1559

s2c10b10 1461 1461 1461 1461 1461 1461 1461 1461 1461 1461 1461 1461
s2c10b25 1184 1184 1184 1184 1184 1184 1184 1184 1184 1184 1184 1184

Table 4.8 Results of Different V Sequencing Rules on LN and soton

Dataset H0 H2 H3 H4 H5 H10 H12 H13 S0 S2 S3 S4 S5 S10 S12 S13

BR1 88.644 88.803 88.629 88.509 87.977 88.363 88.486 88.209 89.150 89.188 89.103 89.134 88.945 88.900 88.924 88.888
BR2 87.561 87.599 87.550 87.528 86.686 87.123 87.186 86.934 89.167 89.155 89.129 89.111 89.098 89.085 89.065 89.066
BR3 86.312 86.073 86.187 86.246 84.834 85.310 85.461 85.281 88.512 88.472 88.477 88.501 88.425 88.438 88.438 88.463
BR4 85.366 85.560 85.171 85.033 84.624 84.913 84.927 85.015 88.143 88.157 88.144 88.196 88.100 88.109 88.109 88.108
BR5 87.301 87.326 87.331 87.351 87.157 87.120 87.211 87.198 84.149 84.371 84.330 84.669 80.173 80.686 80.857 80.649
BR6 87.130 87.094 87.130 87.090 87.032 86.876 86.875 86.910 83.806 83.946 83.961 83.987 79.308 78.552 78.951 78.739
BR7 85.893 85.952 86.001 85.992 85.817 85.648 85.682 85.660 82.530 82.643 82.617 82.706 77.874 75.917 76.134 76.103
BR8 84.207 84.209 84.148 84.173 83.638 83.435 83.387 83.390 81.225 81.300 81.223 81.397 77.361 72.502 72.938 72.985
BR9 82.447 82.539 82.423 82.413 81.470 80.943 80.851 80.872 79.679 79.705 79.638 80.176 76.451 69.836 70.103 70.232

BR10 81.310 81.407 81.358 81.537 79.982 78.656 78.642 78.683 78.754 79.024 79.081 79.383 75.827 68.530 69.049 68.905
BR11 79.763 79.865 79.797 79.941 78.377 76.754 76.657 76.686 77.590 77.661 77.711 78.214 74.962 67.343 67.463 67.451
BR12 78.976 79.058 79.020 79.500 77.685 75.846 76.120 76.140 76.677 76.792 76.737 77.401 74.513 66.815 67.013 67.039
BR13 78.349 78.465 78.377 78.354 77.284 75.092 74.778 74.711 76.211 76.343 76.302 76.663 74.499 65.952 66.214 66.229
BR14 77.263 77.397 77.378 77.337 76.060 73.789 74.047 74.026 74.984 75.053 75.035 75.722 73.425 65.182 65.447 65.304
BR15 76.720 76.931 76.903 76.732 76.103 73.750 73.465 73.438 74.571 74.727 74.718 75.065 73.407 65.124 65.415 65.434

BR1-15 83.149 83.219 83.160 83.182 82.315 81.575 81.585 81.544 81.677 81.769 81.747 82.022 79.491 75.398 75.608 75.573
LN 69.252 69.293 69.136 69.169 67.746 68.693 68.109 67.521 69.549 69.685 69.162 69.304 68.457 68.195 68.215 68.188

IMM 750 750 751 748 784 750 750 751 735 735 737 738 769 735 735 737

Table 4.9 Results of Different Heuristics for Literature Benchmark Data Sets

Dataset H0 H2 H3 H4 H5 H10 H12 H13 S0 S2 S3 S4 S5 S10 S12 S13

s1c5b5 57 56 56 56 55 58 56 59 57 58 58 58 58 57 57 58
s1c5b10 56 56 58 57 56 58 57 59 56 56 56 56 56 57 58 57
s1c5b25 54 56 56 57 58 58 58 59 54 55 55 56 60 59 59 59

s1c10 Sum 167 168 170 170 169 174 171 177 167 169 169 170 174 173 174 174
s1c10b5 115 115 115 115 115 116 115 116 114 116 116 117 117 116 116 118

s1c10b10 110 111 112 112 111 110 111 113 110 112 112 112 112 110 111 112
s1c10b25 109 109 109 109 111 109 110 109 110 109 109 110 111 112 112 111

s1c10 Sum 334 335 336 336 337 335 336 338 334 337 337 339 340 338 339 341
s2c5b5 792 791 811 808 792 795 796 828 794 801 803 804 801 795 806 817
s2c5b10 711 712 726 728 712 716 715 751 711 717 716 717 715 712 717 724
s2c5b25 609 610 615 613 612 616 617 638 611 614 614 614 617 612 615 618

s2c5 Sum 2112 2113 2152 2149 2116 2127 2128 2217 2116 2132 2133 2135 2133 2119 2138 2159
s2c10b5 1567 1575 1595 1597 1575 1578 1583 1657 1568 1570 1571 1578 1571 1571 1572 1580

s2c10b10 1462 1462 1482 1480 1463 1477 1476 1539 1470 1469 1466 1469 1469 1474 1472 1482
s2c10b25 1185 1193 1203 1208 1197 1196 1200 1240 1184 1193 1191 1191 1194 1188 1195 1201

s2c10 Sum 4214 4230 4280 4285 4235 4251 4259 4436 4222 4232 4228 4238 4234 4233 4239 4263

Table 4.10 Results of Different Heuristics for Soton Data Sets
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4.6 Conclusion

In this chapter, we introduced our sponsor and the unique request they presented to us. We
explained Cargo Manager as a standalone software in as much detail as we could. The fo-
cus is on our investigation of Cargo Manager. We investigated the impact of the number
of boxes, the number of box types and container sizes on Cargo Manager’s execution time.
We found out that compared to the number of boxes, the number of box types has a more
significant impact on the execution time. The increasing of execution time is not propor-
tional to the increasing of the number of box types. A few extra box types may result in a
much longer execution time. Moreover, for the same box sets a larger container size results
in a longer execution time. The execution time usually is at its peak when the container is
just larger enough to pack almost all boxes. Also, we investigated the impact of sequencing
and heuristics on packing results. The best 3-tier sequencing strategy for data sets which
allow box rotation is volume, largest surface and largest dimension (VSD), while for data
sets which do not allow rotation volume, height and base area (VHB) serves as the best
strategy. On the heuristic side, two simple wall building heuristics H0 and H2 generate the
best results in most cases.

These findings are valuable as they provide us implications for our algorithm design in
chapter 5 and 6. The experiments on Cargo Manager’s execution time confirmed the high
cost of CM’s running time especially when there is a large number of box types or/and
the container size is much larger compared to box size, i.e. this would be the case of data
set soton2 under 40ft container. Cargo Manager is the only mean to evaluate a packing
and is time consuming, while we have much exploration to do within a neighbourhood and
in different neighbourhoods. Therefore, it is important to design a search with the right
balance of calling CM and exploring our search neighbourhood. The findings on the best
performing sequencings and heuristics are directly contributed to the experimental runs of
our algorithms in chapter 5 and 6. A selected sequencing and a constructive heuristic are
implemented throughout all the experimental runs of our algorithms. We also generate two
new benchmark data sets for multi-container packing problem, as we feel that the current
data sets in the literature fall short to satisfy the modern day needs.



Chapter 5

Homogeneous Container Problem

5.1 Problem Description

The homogeneous container problem we are interested in solving here is an input minimi-
sation problem defined as follows. There is an unlimited number of rectangular containers
of identical dimensions and cost. A given number of rectangular boxes are categorised into
N types. All box types have different dimensions, and boxes of each type are all unique.
Each box type is represented by B1,B2, ...,BN . There are n j available boxes of type j where
1 6 j 6 N. The objective is to pack all boxes into as few identical containers as possi-
ble.

Because the number of containers used is too coarse a measurement to sufficiently discrimi-
nate between solutions, we consider overall utilisation across all used containers will reflect
more about the quality of a solution. Therefore, we evaluate solution quality through over-
all utilisation which is to be maximised. We consider the boxes in our benchmark data sets
soton1 and soton2 as weakly heterogeneous boxes. Therefore, we are solving Single Stock-
Size Cutting Stock Problem (SSSCSP) where weakly heterogeneous boxes are packed into
identical containers. This aspect will only be reflected in our experiments in section 5.6. All
the algorithms we design in this chapter are suitable to run data sets with strongly heteroge-
neous boxes. As our algorithms are heuristics, all solutions obtained are approximate.

The structure of this chapter is as follows. In section 5.2, we introduce our iterated lo-
cal search with intelligent neighbourhood (ILSIN). We then explain iterated local search
with descent and randomness (ILSDR) in section 5.3 and iterated local search with simple
neighbourhood (ILSSN) in section 5.4. A completely different approach, beam search, is
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introduced in section 5.5. At last, computational results are reported and comparison is
drawn before a short conclusion ending the chapter.

5.2 Iterated Local Search with Intelligent Neighborhood
(ILSIN)

5.2.1 Notation

Before introducing our algorithm in detail, we would like to list all the notations used in
Iterated Local Search with Intelligent Neighbourhood (ILSIN).

• R be a fixed sequencing rule

• LBAwk be the lower bound of box number selected for type t

• UBAwk be the upper bound of box number selected for type t

• L be the length of container

• W be the width of container

• H be the height of container

• Vc be the volume of a single container

• E be the number of containers currently used

• Ce be the packed container Ce, where e = 1,2, ...,E

• Lm be the least container length used among E packed containers

• L∗
m be the least container length used among E packed containers under the best solu-

tion

• VB be the total box volume

• T be the total number of box types

• t be the box type t, where t = 1,2, ...,T

• lt be the length of box type t

• wt be the width of box type t
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• ht be the length of box type t

• mt be the total box number of box type t

• J be the total number of blocks found among E containers

• B j be the block B j separated from container(s), where j = 1,2, ...,J

• L j be the length of block B j

• U j be the utilisation of block B j

• Vj be the packed box volume of block B j

• Um be the user-defined utilisation deciding if a block B j is to be unpacked

• VU be the total box volume unpacked from block(s)

• Pe be the consolidated empty block in the packed container Ce

• Ve be the total box volume previously packed within the consolidated empty block Pe

• Le be the length of the consolidated empty block Pe

• Ue be the utilisation before the consolidated empty block Pe being unpacked, i.e. Ue =
Ve

Le×W×H

• UH be the highest utilisation among all Ue

• F be a list where all unpacked boxes are stored to

• VF be the total volume of unpacked boxes in list F

• V ∗
F be the total volume of unpacked boxes in list F under the best solution

• I be the number of box types in list F

• i be the box type i in list F , where i = 1,2, ..., I

• ni be the current available box number of type i

• hi be the height of box type i

• ki be the maximum box number of type i stacking onto each other within block height
H

• r be the box type r in list F , where r ∈ I&r ̸= i

• hr be the height of box type r
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• kr be the maximum box number of type r stacked onto a selected number of type i
within block height H

• Uc be the current utilisation after packing the current consolidated empty block Pe

• Ub be the best utilisation among all Uc

5.2.2 Design and Framework

With the relationship between permutation and packing remaining not straightforward and
having control only on the input, we choose iterated local search because its simple and few
parameters characteristic fits well with the nature of the problem we deal with. Since we
do not have control over the constructive heuristic itself, it is pointless to change parameter
blindly just to get a better result while having no knowledge about why certain parameters
generate better results than others. The other reason we choose iterated local search is that
the modular approach of ILS allows us to have the flexibility of changing steps if the current
framework does not perform. The result of experiments on the Cargo Manager execution
time, which is shown in section 4.5.1, suggests that executing Cargo Manager can be very
costly.

In this model we decide to design a framework in which we can exploit problem specific
knowledge and generate more intelligent neighbourhood moves. The key thing is to evaluate
fewer moves but more promising ones within the same neighbourhood. Also, extra time may
be saved for exploring towards other neighborhoods. Along with this main goal in mind, we
implement some small designs in the effort to compensate our lack of control over the CM
heuristics.

Firstly, we realize that CM will always generate a greedy solution based on the given box
type sequencing. A greedy solution in a container might result in bad packing in later con-
tainers, and the bad packing might outweigh the benefit brought by the earlier greedy pack-
ing. Therefore, we suggest an alternative way which generates a less greedy initial solution
by semi-randomly pre-assigning boxes into containers before actually packing them.

Secondly, we realize the limitation that upon execution, Cargo Manager packs (and repacks)
the whole container including those sections which may have already packed well. Repack-
ing them may be a waste of time and may lead to worse results. Therefore, instead of
repacking the whole container, we partition the container so that repacking now only hap-
pens within certain sections of the container. Hence well packed section of container do not
have to be unpacked every single time.
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In addition, since Cargo Manager tends to pack all identical boxes together we try to split
the same type of boxes into smaller batches by defining them as more types. The split is
done by re-defining a box type as different types. On the input file, a single box type may be
split into two or more batches. We hope this move might lead us to different solution spaces
because CM may pack the container in a completely different way based on the numbers of
new types and their positions in the sequences.

The framework of ILSIN is presented in Algorithm 1. As shown in the algorithm, ILSIN
can be separated into five stages. The algorithm firstly generates a partial initial solution.
The algorithm then forms a new neighbourhood around the current (partial) solution. Local
optimal is therefore being searched within that neighbourhood. Once improvement is spot-
ted, a new neighbourhood is formed around the updated (partial) solution. Upon reaching an
approximate local optimal, a kick phase is implemented to kick the current (partial) solution
into a completely different space. A final complete solution is generated when time limit is
reached.

Algorithm 1 Iterated Local Search with Intelligent Neighborhood (ILSIN)
1: Generate Partial Initial Solution
2: while time limit is not reached do
3: while improvement is found at least once do
4: Form a New Neighbourhood - Algorithm 1a
5: Search within the Neighbourhood - Algorithm 1b
6: end while
7: Kick Phase
8: end while
9: Generate Final Solution

5.2.3 Generate Partial Initial Solution

We propose two choices of generating partial initial solution, by using a fixed sequencing
rule R or by using the pre-assignment method. Using a fixed sequencing rule denoted by
R is one of the two ways we suggest to generate partial initial solution. By taking such
approach, the majority of the boxes are packed within the partial initial solution with only
a fraction of the boxes remaining unpacked. We then improve the overall utilisation across
these E containers by re-arranging boxes among as well as packing the remaining unpacked
boxes into these E containers.

All box types are sorted into a certain order using R onto the input file shown in figure 4.3.
The fixed sequencing rule R is a user defined parameter which is decided through the ex-
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periment presented in section 4.5.2, and the exact R we use can be found in section 5.6.1.
Cargo Manager is then used to pack E containers one by one. E is also a user defined pa-
rameter and can be decided by any rule set by the user. One way to decide the value of E
is to calculate the ratio of 85% of total box volume VB and single container volume Vc and
take the integer part of the ratio as E. It is possible to define this relationship as

E ≤ 85%×VB

Vc
< E +1.

85% is an acceptable starting point for decent packing result. By deciding E in such a
way, the majority of the boxes can be packed while hopefully only a few are left unpacked.
Among the 16 separate heuristics available in Cargo Manager, only one heuristic is cho-
sen. The decision is made through the experiment presented in section 4.5.3, and the exact
heuristic we use can be found in section 5.6.1. Any boxes remaining unpacked are stored
into a list F , and in the case of all boxes packed list F stays empty.

Other than generating a partial initial solution by sequentially packing E containers using
a fixed sequencing rule R, we alternatively propose a pre-assignment strategy which packs
E containers simultaneously. The purpose of this design is to avoid packing the first few
containers too greedily and leave awkward boxes to the end. Also, we try to distribute boxes
of the same type over the containers as evenly as possible, so they have more combination
options to choose from rather than always packing the same type of boxes together. A box
type t is defined as awkward if

H
ht

< 2,
W
wt

< 2 or
W
lt

< 2.

All awkward box types are categorised in Set A, and the remaining box types are categorised
in Set B.

We firstly allocate Set A boxes across containers. For awkward box type t, we select a
random number of boxes within the range of upper bound UBAwk and lower bound LBAwk.
If the box type t with a total number of mt boxes satisfies the following requirement

L×W ×H
lt ×wt ×ht ×mt

≤ 1,

then
UBAwk =

mt
E
2

and LBAwk =
mt

E
.
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If the box type t satisfies
L×W ×H

lt ×wt ×ht ×mt
> 1,

then
UBAwk = mt and LBAwk =

mt
E
2
.

The reason for setting up UBAwk and LBAwk this way is to make sure boxes of same type
spread throughout different containers but not in a too heterogeneous way. If the current
box number left is no more than LBAwk, all boxes of this type are selected.

Once the number of to-be-assigned boxes is decided, we select a random container from
those currently available ones. If the remaining space of the selected container is not enough
for the selected boxes, a second chance is given if the remaining space of the selected con-
tainer is enough for two-thirds of the selected boxes. If the requirement for second chance
is still not achieved, the current selected container is marked as unavailable for this box type
and another random container is selected. The selection of random container continues till
selected boxes are assigned to the successful container. The successfully assigned container
is then marked as unavailable for this box type, and the above process continues till either
all boxes in this type are assigned or no available container exists for this box type. We reset
all containers to be available again before moving on to the next box type.

Once we assign all the awkward box types, the rest of the box types, i.e. Set B, are assigned
using the same method. The reason to assign awkward box types first is because those
boxes are considered difficult to pack. Therefore, we make sure we assign all of them first
and hopefully the other boxes can be fit into the remaining space. Unassigned boxes are
stored in the list F under the same fixed sequencing rule R. Cargo Manager is then used to
pack each container with its pre-assigned boxes sorted by box type under rule R. In case of
boxes unable to be packed, those unpacked boxes are also added to the list F .

5.2.4 Form a New Neighbourhood

As demonstrated in algorithm 1a, to form a new neighbourhood separate blocks among
all containers are firstly identified and the best solution is updated. A selected number of
blocks are then to be unpacked, following the consolidation of emptied blocks within each
container.

Since the CM heuristic works in such a way that creates completely separate blocks along
the container length, i.e. no overhang between two blocks, we read the coordinate file gen-
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Algorithm 1a ILSIN: Form a New Neighbourhood
Set V ∗

F =VB & L∗
m = L if this algorithm is called first time

Phase 1 - Identify Independent Blocks B j

1: for each container Ce, where e = 1,2, ...,E do
2: if B j is identified then
3: J = J+1 & record U j
4: end if
5: end for

Phase 2 - Update Best Solution
6: Calculate the volume of all unpacked boxes VF in list F and the least length used among

containers Lm
7: if VF <V ∗

F then
8: V ∗

F =VF & L∗
m = Lm

9: else if VF =V ∗
F then

10: if Lm < L∗
m then

11: V ∗
F =VF & L∗

m = Lm
12: end if
13: end if
Phase 3 - Unpack Block(s) B j with U j <Um

14: Set VU = 0
15: for blocks B j with U j ̸= 0, where j = 1,2, ...,J do
16: Randomly select a block B j
17: if U j <Um then
18: VU =VU +Vj
19: if VU ≥ 10% ·VB & VU ≤ 25% ·VB then
20: Unpack B j & End Phase 3
21: else if VU < 10% ·VB then
22: Unpack B j
23: else if VU > 25% ·VB then
24: VU =VU −Vj
25: end if
26: end if
27: end for
28: if VU < 10% ·VB then
29: Um =Um +5% & Return to Step 15
30: end if
Phase 4 - Consolidate Emptied Blocks
31: Set UH = 0
32: for each container Ce, where e = 1,2, ...,E do
33: Consolidate emptied blocks to form an consolidated empty block Pe with the length

of Le

34: Obtain the previously packed total box volume Ve, and calculate Ue =
Ve

Le×W×H
35: if Ue >UH then
36: UH =Ue
37: end if
38: end for
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erated by Cargo Manager to identify all such blocks. Occasionally no separate block may
be observed, we treat all packed boxes in the container as a whole block. These blocks all
have width W and height H same as container but different length L j. Because there is no
gap between two completely separate blocks, the block length L j of block B j is always the
same as the maximum length used in that block. For the last block packed in the container
where full container length is not used, an extra empty block usually with a tiny length is
created. We then calculate the utilisation of each block. We also record the total volume VF

of boxes which are not packed, i.e. all those boxes in the list F , as well as the least container
length used Lm among all E packed containers.

Next, we compare the current volume VF of remaining boxes, i.e. all those boxes in the
list F , with the best one in record V

′
F . If the current volume of remaining boxes is lower

than the current best one, we accept the current result as the best. In the case of a volume
tie, we compare the least length used among containers. The solution with the shorter
length becomes the best. The volume of remaining boxes under partial initial solution is
automatically recorded as the best at the beginning.

We then randomly loop through all J existing blocks and unpack those with utilisation U j

lower than Um. Um is a user-defined parameter, and the value of Um we use can be found
in section 5.6.1. An upper bound of 25% and a lower bound of 10% of total box volume
are put on the unpacked box volume. These two bounds are set to make sure that we do not
unpack too many boxes making it a complete repacking but still do unpack enough boxes.
If the next unpack exceeds the upper bound, the selected block will be dropped and another
block will be randomly selected within the allowed range. The unpacking process stops
when the current unpacked volume has already exceeded the lower bound. In the case of
failing to reach the lower bound, A 5% increase is added to the current unpack cap Um until
the lower bound is reached.

The remaining blocks within their own container are consolidated as well as the emptied
blocks, and this results in one empty block in each container only. The utilisation of each
consolidated empty block before unpack is compared, and the highest one is noted as UH .
The unpacked boxes are restored to the list F .

5.2.5 Search within the Neighbourhood

We loop through all consolidated empty blocks Pe following the procedures described in
algorithm 1b. When searching within the neighbourhood, the main procedures are to firstly
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evaluate box type combinations, to pack consolidate empty block based on the best combi-
nations, to split original box type of the best packing to further explore solution space, and
to accept or reject solution based on the condition of improvement.

Algorithm 1b ILSIN: Search within the Neighbourhood
1: for each consolidated empty block Pe where e = 1,2, ...,E do
2: Evaluate available combinations of any two box types, and record those well-fit ones

within the current block Pe

3: for each box type i in list F where i = 1,2, ..., I
2 and i represents the sequencing

position of ith do
4: Mark box type i as the main box type, and make it the 1st box type of list F
5: Mark box types that fit well with the main box type as sub box types, and relo-

cate them right after the main box type
6: Call Cargo Manager to pack current block Pe, and record current utilisation Uc
7: Compare Uc with Ub, and update Ub =Uc if Uc >Ub
8: Move box type i down 1 position, and call CM each time until box type i is

below all of its sub box types
9: Restore list F’s sequencing to the original order before Step 3, and move box

type i to the end of the list
10: end for
11: Split each original box type from the sequencing order which generates the best

utilisation Ub into 2, 3 and 4 batches (i.e. new box types with exact same box di-
mensions), and call Cargo Manager each time

12: Compare Ub with the utilisations generated by 3 splits, and update Ub accordingly
13: if Ub >UH or improvement is made on any early block then
14: Accept solution
15: else
16: Reject solution, and move current block Pe to the end of the block list
17: end if
18: end for

Before packing each block using the available boxes in list F , we evaluate box combination
in pairs to find those that fit together well along the height and width. For each available box
type i where i = 1,2, ..., I, we find out the maximum number ki of the same type of boxes it
can stack onto each other given its box height hi and block height H where

ki ≤
H
hi

< ki +1.

If the current available box number ni is fewer than the theoretical maximum number ki, we
choose the available box number as the maximum stack number.

We then loop through from 1 box to ki number of boxes for the following steps. For 1 box
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of type i, we loop through the rest of available box types in list F . For box type r where
r ∈ I & r ̸= i, the maximum box number kr to be stacked onto this 1 box of type i satisfies
such relationship

kr ≤
H −hi

hr
< kr +1.

Therefore, the gap between the top of the stack and top of the consolidated empty block Pe

can be defined as
H −hi −hr · kr.

In case that multiple dimensions can be vertically placed, all available orientations are tried
for both box type i and r and the smallest gap of all orientation combinations is recorded.
Same loop is applied for and ended till ki boxes of type i. All such gaps are compared,
and those box types generating the smallest gaps with the current box type i are recorded.
We record up to three best matches for current box type i. We loop through all available
box types I in such a way. Using the same procedure, we find out the best combination in
widthwise. The evaluation phase is based on the observation that low utilisation is usually
caused by either wasted space in height or width, or in both as the worst case.

Once the evaluation of best combination phase finishes, we keep packing the current block
Pe. From the available box types I which are listed by default sequencing R, we pick the
first box type as our main box type. We move all the box types which fit well with the
main box type during evaluation phase, namely sub box types, directly after the main box
type. We then call CM for the first time to pack this block and record the result. For the
next rounds, we move down the position of the main box type each time and pack till its
position is directly behind all its sub box types. The current main box type is back to its
original sequencing position before the next main box type is selected. The next main box
type is picked according to the default order, and current block is repeatedly packed under
the same process. We limit that only the first half of the original box types in list F can
be set as the main box type. We compare all the results, and pick the one with the highest
utilisation.

Here we split original box types to explore more solution space within a neighbourhood. For
the result with the highest utilisation, we split each box type equally into 2 batches (i.e. 2
new box types with exact same box dimensions) with same box numbers. For example, we
split box type A into box type A1 and A2. We then place each batch using the current order
before calling CM. For example, a list of box type ABCD is split into A1B1C1D1A2B2C2D2.
We also try to split them into 3 batches and 4 batches. In case that box numbers can not be
divided equally, there will be a batch with those extra boxes which can not be divided. We
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however do not split awkward box types. This is because awkward box types tend to result
in bad packing and we do not want them to be mixed up with other box types which can
potential have better packing.

We compare these three results with the original non-split best result, and note the one with
highest utilisation. The new result is compared with UH , which is generated in Step 36 of
Algorithm 1a. We only accept the new result if it is higher than UH or an improvement is
already observed during the packing of a previous block, otherwise the new result is rejected
and the current block is rotated to the end of the consolidated empty block list.

5.2.6 Kick Phase

Two options of kick, namely small kick and big kick, are provided in this phase. If search-
ing within the neighbourhood does not result in an improvement, rather than have a big kick
immediately we design a so-called small kick in the hope of expanding current neighbour-
hood further before kick into a completely different neighbourhood. In the case of failing to
reach the criteria of small kick, big kick is carried out.

For small kick, we randomly loop through current J packed blocks and unpack those ones
with utilisation U j lower than the current Um. The current Um comes from last running of
Phase 3 in Algorithm 1a. Again an upper bound of 25% and a lower bound of 10% of
total box volume are put on the unpacked box volume to make sure we do not unpack too
many or too few boxes. If the next unpack will result in the exceeding of the upper bound,
the selected block will be dropped and another block will be randomly selected without
violating the allowed volume range of [10%, 25%]. The unpacking process terminates once
the current unpacked volume exceeds the lower bound of 10%. In the case of failing to
reach the lower bound, the small kick process is terminated and we start implementing big
kick.

The big kick phase is designed to give those well-packed blocks same chance to be un-
packed. This is because we believe that the best packed blocks (tightly packed with a ex-
tremely high utilisation compared to others) can be considered as the cause of those poorly
packed blocks, as it takes away the opportunities that other blocks will have a moderate util-
isation at the cost of a lower utilisation of the best packed block. Although not in all cases,
the best packed blocks are usually the first packed ones. Regardless of the priority order
of different box types, considerably good combinations can always be found when all box
types are available to be chosen from. Thus, it results that the later packed blocks only have
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a few box types to be chosen from. With such few box types, there may be cases that all
possible combinations are poor enough to leave large gap waste in the height or width.

During the big kick, we randomly select blocks to unpack from the current packed. Only a
lower bound of 10% of total box volume is put on the unpacked box volume. Once the lower
bound is reached, the big kick process ends. The reason for setting 10% is to make sure that
enough of the solution is destroyed. We also set up a list to record all the blocks unpacked
during last two kicks so that we do not repeatedly kick into the same neighbourhood. We
record the length and the container number of those blocks to prevent situations where
blocks with same length and container number happen to be selected for unpacking during
current kick. Thus, same blocks, whether with same or different boxes packed inside, are
not to be unpacked during every kick.

5.2.7 Generate Final Solution

Upon reaching the running time limit, we start to generate the final solution by packing the
remaining boxes in list F . The final solution is generated based on the best partial solution
recorded so far. We firstly loop through all existing E containers to check if there is still
empty blocks available for remaining boxes. Once no such block is found, we then pack the
remaining boxes into new containers. New containers are added one at a time based on the
need.

5.3 Iterated Local Search with Descent and Randomness
(ILSDR)

5.3.1 Notation

While many steps are the same as those in Iterated Local Search with Intelligent Neighbour-
hood , two new notations are introduced to reflect the new elements of Iterated Local Search
with Descent and Randomness (ILSDR).

• FSplit be the new unpacked box list after the original box types in F are split

• O be the stopping criteria for the stage of Search within the Neighbourhood
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5.3.2 Design and Framework

While keeping the framework structure similar to the ILSIN, we apply modifications with
certain aims in mind. Firstly, we want to explore the impact of a more simple and direct
acceptance criteria. Secondly, we try to find out if the intelligent neighbourhood designed
in ILSIN does help improve results by implementing more randomness instead of manual
effort when searching within a neighbourhood. Moreover, we question if it is worth accept-
ing worse solution so in ILSDR we apply a descent move which only accepts improving
results.

The general steps of this framework are presented in Algorithm 2. The algorithm can be
broke down into five stages. First stage is the Generate Partial Initial Solution stage which
is step 1. Stage of Form a New Neighbourhood expands from step 3 to 7. Step 8 presents
the stage of Search within the Neighbourhood. The last two stages are the Descent Move
and the Generation of Final Solution.

Algorithm 2 Iterated Local Search with Descent and Randomness (ILSDR)

1: Generate partial initial solution by using a fixed sequencing rule R or by using pre-
assignment method

2: while time limit is not reached do
3: Identify Independent Blocks
4: Update Best Solution
5: while improvement is made do
6: Randomly choose a block (or more if needed) to unpack
7: Consolidate emptied blocks within their container
8: Repeat the process of randomly splitting batches and packing until stopping

criteria O is reached

9: end while
10: Apply descent move
11: end while
12: Generate final solution by packing the remaining boxes

5.3.3 Generate Partial Initial Solution

The partial initial solution is generated using the same method from ILSIN. It can be gen-
erated by either pre-assignment method or by default-priority method. Both methods are
already described in detail in section 5.2.3.
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5.3.4 Form a New Neighbourhood

Step 3 and 4 are the same as those in the ILSIN, and can be referred back to Phase 1 and 2
of Algorithm 1a. For step 6, rather than unpacking blocks using a set criteria we randomly
choose a block to unpack. We choose only 1 block so the size of split batch is controllable.
The unpacked boxes are added to the unpacked box list F . However, if less than 3 box types
are remaining unpacked, we randomly choose another block till no less than 3 box types
remain unpacked. The reason for this is because there may not be a difference for only 2
box types even after we split batches. We then consolidate blocks within the same container,
as well as those empty blocks within the same container in step 7.

5.3.5 Search within the Neighbourhood

From the unpacked box list F , we randomly pick a box type and a random number of boxes
of that type. A new box type is created this way, and the chosen box number is deduced
from F . This step is repeated till all boxes in the list F are transferred to the new packing
list FSplit . We then repack the empty block with the new list FSplit . In the case of multiple
empty blocks, we randomly pick a block each time till all empty blocks are packed. The
described process is repeated until stopping criteria O reached.

We form our stopping criteria O as follows. If the number of unpacked box types is no
more than 30% of the number of original box types, we give t1 seconds running time for the
whole repeating process. If the number of unpacked box types is more than 30% but not
exceeding 60% of the number of original box types, we give t2 seconds running time. If the
number of unpacked box types is more than 60% of the number of original box types, we
give t3 seconds running time. If the number of unpacked boxes is more than 40% of the total
number of original boxes, we double the stopping time decided based on the percentage of
remaining box types. t1, t2 and t3 are user-defined parameters, and the exact value we use can
be found in section 5.6.1. We form stopping criteria in such a way so unpacked boxes with
more box number and/or more box types are allocated with more time, i.e. t1 < t2 < t3.

5.3.6 Descent Move

Once the empty block(s) is repacked, we go to Step 3. If improvement is found, we note
the last packed blocks to avoid them being unpacked immediately in the next round. Then
we start from Step 6 to randomly choose a block to unpack. If improvement is not found,
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all blocks recently packed in Step 8 are unpacked. One of them is randomly selected and
restored to its former packing. If the move had only packed 1 block, this block is restored.
We then start from Step 6. This design is to have unpacked blocks as minimum as possible
so the size of split batch is controllable.

5.3.7 Generate Final Solution

Upon reaching running time limit, we firstly loop through all existing containers to check
if there is still empty blocks available for remaining boxes. We then pack the remaining
boxes into the new containers. New containers are added one at a time based on the need.
We use the same method in Step 8 treating the whole new container as a block. Once all
the remaining boxes are packed, we loop the whole process again starting another round
of splitting batch until the stopping criteria reached. Same stopping criteria based on the
number of remaining box types and boxes in Step 8 apply.

5.4 Iterated Local Search with Simple Neighbourhood (ILSSN)

5.4.1 Notation

While Iterated Local Search with Simple Neighbourhood (ILSSN) is a local search algo-
rithm just as Iterated Local Search with Intelligent Neighbourhood (ILSIN) and Iterated
Local Search with Descent and Randomness (ILSDR), the design of ILSSN has no rela-
tion with those two. Therefore, we introduce a set of new notations for our ILSSN algo-
rithm.

• R be a fixed sequencing rule

• Si be the initial solution

• Sc be the current solution

• Sb be the best solution

• C be the set of packed containers

• c be the packed container c, where c ∈C

• B be the set of box types
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• b be the box type b, where b ∈ B

• ct be the target container

• bt be all the chosen boxes for a target box type within the target container ct

• n be the number of chosen target boxes bt

• L be the container length used in the target container ct

• L
′
be the new container length used in the target container ct

• cu be the untarget container, where u ∈C & u ̸= c

• bu be all the boxes within the untarget container cu

• b
′
u be the new set of all the boxes within the untarget container cu

• U be the utilisation in the untarget container cu

• U
′
be the new utilisation in the untarget container cu

• r be the number of chosen target boxes bt during kick - n Random Move

• b
′′
u be the new set of all the boxes within the new untarget container cu during kick -

fill Target Container Move

• b
′′
t be the new set of all the boxes within the new target container ct during kick - fill

Target Container Move

5.4.2 Design and Framework

The idea behind ILSSN is to design a straightforward framework contrary to ILSIN. In
ILSIN, unlimited neighbor pool makes it impossible to search extensively within the same
neighborhoods. That means the local optima may be missed and even if you are in a good
neighbourhood the chance to reach the local optima is low. We therefore reduce the neigh-
bourhood to a manageable size and search within it extensively. Also, we do not implement
the idea of dividing container into separate sections as we realize that by only repacking a
section of container the size of the section itself may be a limitation to achieve the desired
result. The design of the framework is based on the idea of emptying the least full container
ct . The earliest paper we can find using this strategy that reduces the number of containers
one at a time is Bengtsson (1982).
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The general steps of this framework are presented in Algorithm 3. The algorithm can be
divided into four main components. Firstly, a complete initial solution is generated. Inter
Container Optimisation is then applied to search within the neighbourhood, i.e. from step 3
to 32. Two alternative kicks are proposed to explore other neighbourhoods. Intra Con-
tainer Optimisation is optional and can be applied before kick or after reaching stopping
criteria.

5.4.3 Generate Complete Initial Solution

Different from ILS with Intelligent Neighborhood which generates a partial initial solution,
we general a complete initial solution Si which packs all boxes into containers. We use
default priority R to place box types into a fixed order, and repeatedly call CM to pack
boxes until all boxes are packed. The initial solution Si is automatically recorded as the best
solution Sb, i.e. Sb = Si.

5.4.4 Inter Container Optimisation

We set the least full container with minimum utilisation rate as the target container ct , and
unpack it. We then choose n boxes of target box type bt by its pre-decided priority, the
number n is decided in such a way that we wish to move a batch of boxes rather than 1
box each time. We therefore divide container height (H) by the height of target box type
bt . In the case where more than one box dimension can be vertical, the largest dimension is
always picked. A figure will be obtained indicating the number of boxes in a column. If the
available box number is no less than this figure, pick the figure. Otherwise all the available
boxes are picked.

Once we have the target container ct and n target box type bt selected, we then select an un-
target container cu by indexical order from all available containers along with all its untarget
boxes bu. We insert bt in each position within the sequencing of bu it can be while keeping
the sequencing among bu unchanged. We pack bu + bt and accept the first improvement.
For example, we assume box types A, B and C are in the untarget container and target box
type is T. We have four positions to insert T, i.e. TABC, ATBC, ABTC, and ABCT.

It is worth mentioning that our coding is specifically designed to eliminate unnecessary runs
which will not generate better results. When packing n boxes of target box type bt into a
untarget container which initially doesn’t contain the same target box type bt , the current
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Algorithm 3 Iterated Local Search with Simple Neighborhood (ILSSN)
1: Generate initial solution Si under fixed sequencing rule R, and set Sb = Si
2: while time limit is not reached do
3: for all container c ∈C do while C > 1 do
4: Pick target container ct with minimum utilisation (and unpack it)
5: for each box type b ∈ B within ct do while B ̸=∅ do
6: Choose n boxes of target box type bt by its pre-decided priority, the number

n is decided under certain Rule
7: for each remaining c ∈C− ct do
8: Select an untarget container cu (and its all boxes bu) by index order
9: for each priority bt can be (while keeping relative priority among bu) do

10: pack bu + bt and accept the First Improvement
11: if all boxes can be packed (b

′
u = bu +bt) then

12: Update solution and return to Step 6 providing the target con-
tainer hasn’t been emptied

13: else
14: Check utilisation rate in the untarget container cu
15: if U ≤U

′ then
16: Repack target container ct with remaining boxes bu +bt −b

′
u

17: if bu +bt −b
′
u are all packed in ct then

18: check length used in the target container
19: if L > L

′
OR L = L

′
and U

′
<U do

20: Update solution and return to Step 6 providing the
target container hasn’t been emptied

21: end if
22: end if
23: end if
24: end if
25: end for
26: end for
27: end for
28: end for
29: Compare Sc with Sb
30: if Sc < Sb then
31: Sb = Sc
32: end if
33: Apply Optional Intra Container Moves
34: Apply KICK (i.e. nRM or fTCM) to jump out of current local optimal
35: end while
36: Apply Optional Intra Container Moves
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untarget container is temporarily abandoned and the packing moves on to the next untarget
container if the same exact n boxes of target box type bt is return as unpacked and the
untarget container remains the same utilisation. However, if the current untarget container
initially already contains the same target box type bt , the packing will carry on as these n
boxes of target box type bt might be all or partially packed later.

If all boxes can be packed, i.e. b
′
u = bu + bt , we update solution and go to step 6 in Algo-

rithm 3 to select n boxes of a new target box type bt providing the target container hasn’t
been emptied. However if there are boxes cannot be packed, check utilisation rate in the
untarget container. If utilisation keeps the same or improves, i.e. U ≤U

′
, we repack target

container ct with remaining boxes bu +bt −b
′
u. We then check the length used in the target

container. If the length used in target container is improved, i.e. L > L
′
, or if the length used

in target container remains the same but utilisation in untarget container improves, i.e. L= L
′

and U
′
<U , we update the solution and go to step 6 in Algorithm 3. If no improvement can

be found in this untarget container, we go to step 8 in Algorithm 3 moving on to the next
untarget container by indexical order. If no improvement is found in all untarget containers,
we mark the current target box type bt unpackable and go to step 6 in Algorithm 3.

In the case of the target container ct is emptied, we go to step 4 in Algorithm 3 picking a new
target container. When no further improvement can be made during Inter Container Opti-
misation phase, we start the stage of Intra Container Optimisation, which will be explained
in the section 5.4.5.

5.4.5 Intra Container Optimisation

The aim for this stage is to repack the boxes already in the untarget containers and reduce
each container’s length used. Each untarget container is selected by indexical order. For
each box type within the untarget container cu, we lower its priority rank one position at
a time. For example, we assume there are four box types A, B, C and D in the untarget
container cu. We firstly pick box type A and lower its position one each time. We have three
combinations, i.e. BACD, BCAD, and BCDA. We repack the untarget container cu for each
such position. If the length used is improved, i.e. L

′
< L, we update solution. The process

is stopped if current box type reaches the bottom of the list. We then restore the list to the
initial list and pick the next box type repeating the same steps. Taking the previous example,
we now move down box type B’s position one each time, i.e. ACBD, and ACDB. We accept
the best improvement after trying out all the cases.
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If any improvement is spotted during the Intra Container Optimisation stage, the Inter Con-
tainer Optimisation stage is re-started from step 6 in Algorithm 3 as target container ct is
already selected. A kick is implemented when the re-started Inter Container Optimisation
stage ends. If no improvement is found during the Intra Container Optimisation stage, we
implement a kick, either n Random Move or fill Target Container Move, to jump out of
current local optimal.

Intra Container Optimisation is optionally implemented before kick or after the run time
limit is reached. Details of this option can be found in section 5.6.1.

5.4.6 Kick

We implement two alternative kick moves. For the first called n Random Move, we ran-
domly select a random number r of box type bt within the target container ct and randomly
select an untarget container cu. We pack bt +bu in the untarget container cu and always list
bt ahead of bu to ensure they are packed. The new packing in cu is described as b

′
u. We then

repack target container ct with the remaining boxes bu +bt −b
′
u and update solution. While

C is defined as the total number of packed containers for Algorithm 3, C−1 is the number
of untarget containers. We implement such random move for C−1 times to ensure the kick
is significant enough to jump to another neighbourhood.

For fill Target Container Move, we pick a random untarget container cu. We then swap target
container ct and the selected untarget container cu. The selected untarget container cu thus
becomes the new target container ct , while the target container ct becomes untarget container
cu. We pack all boxes bt +bu from the target container ct and the untarget container cu into
the untarget container cu. If all boxes bt + bu can be packed, we reduce the number of
containers by 1. If not all boxes can be packed, we pack the remaining boxes bt + bu − b

′′
u

into target container ct . If still not all boxes bt +bu −b
′′
u can be packed, we add in an extra

container and pack the remaining boxes bt +bu −b
′′
u −b

′′
t into it.

5.4.7 Obtain Final Solution

Unlike ILSIN and ILSDR, ILSSN does not require extra time to generate the final solution
as the algirhtm generates full solutions every time rather than partial solution. Therefore, the
best solution when the run time limit is reach automatically becomes the final solution.
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5.5 The Proposed Beam Search Algorithm

In the previous sections, we designed those iterated local search algorithms of varying com-
plexity. Also, local search serves as an improvement heuristic which corrects the mistakes
made in the initial solution. As reviewed in chapter 3.11, the beam search proposed here
works in a different way to all the previous algorithms. It aims to exploit what CM is origi-
nally designed for and good at, i.e. packing a single container. Beam search works on a few
partial solutions in parallel and builds from there by gradually adding those new elements
which help retain the quality of the partial solutions. The quality of each new element is
based on container utilisation and its impact upon the overall utilisation, which is the cri-
terion when judging the quality of the final solution for Homogeneous Container Problem.
Each partial solution is built into final solution through adding a new container at each stage.
A few complete solutions are only generated at the end of the algorithms, and the best one is
selected as the final solution. While the general beam search practice adds a new element in
each node, certain modification has to be made in our beam search implementation.

Other beam search implementations for cutting and packing problems include irregular strip
packing problem (Bennell and Song, 2010). They consider a single piece with a specific
orientation as a new element. All such options are presented as child nodes to each parent
node. The number of levels in the tree graph equals to the number of pieces in that run (i.e.
instance). The 3D container packing problem potentially involves a much larger number
of boxes in a single instance and multiple large objects (containers). Also, the cost of
computational time spent on each node by running Cargo Manager (CM) is much higher.
These two facts force us to control the depth and width of the search tree very carefully.
Therefore, our search tree represents the sequencing order of fully packed containers. Using
figure 3.2 to illustrate our tree, each node in the search tree corresponds to a fully packed
container except for the root node. The root node contains zero element, i.e. no container
nor box. In this way, the tree’s depth is controlled as the number of containers packed. A
branch from a parent node (beam) towards a child node represents the decision to pack the
next container with the boxes packed using a specific sequencing. Such decisions are made
based on various strategies which we will discuss later in detail. As the number of child
node branching from each parent node (beam) has a significant impact on the tree’s width,
it is not possible for us to list all the possible sequencing combination. Hence, we rely on
the strategies to limit the excessive choices of such combinations.

Once all child nodes are generated at a level, both local and global evaluations are used to
decide which nodes are the better ones to become beam for the next level. Given a filter
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width α and beam width β , the local evaluation compares all child nodes from the same
beam on their utilisation and length used. The higher the utilisation, the better the child
node is. In the case of tie, the child node with shorter length is considered better. The
best α child nodes from each beam are the filler nodes and selected for global evaluation.
A further check is made to detect any repetitive node selected during local evaluation. A
repetitive node is defined as a container of the same size packed with same number of boxes
in the same sequence. Once such nodes are detected, they are not allowed to be a filter node
so different nodes can be selected as filters. The global evaluation function continues to
pack the remaining boxes for each filter node. The remaining boxes are placed within their
original batch, and the box types are ordered using the fixed sequencing rule R which is
also used in the previous local search algorithms to generate initial solutions. As figure 5.1
shows, global evaluation is carried on for filter node B. We pack the remaining boxes till all
of them are packed. In this case, four containers are used in global evaluation for filter node
B. The global evaluation is the total container length used in the final solution (Lt). It is
calculated as the sum of the shortest length used across all containers and the full container
length of the other containers. Assume container 4 has the shortest length used Ls, Lt in this
case is the sum of LB, L1, L2, L3 and Ls where LB, L1, L2 and L3 are identical. According
to the global evaluation, the best β nodes across all the filter nodes are selected as the new
beams for the next level. In the case when the number of total filtered nodes is less than the
specific beam width, all these filtered nodes are used as beams for the next level.

Consider figure 3.2 as an example. Filter width α is 3, and beam width β is 2. Each parent
node generates four child nodes. Four containers A, B, C and D are packed in parallel
in level 1, where all boxes are available for packing. Container C is pruned after local
evaluation, and after global evaluation B and D are selected as the beams for level 2. A total
of eight containers are generated in parallel in level 2. Container a, b, c, and d are packed
with the remaining boxes left after container B, and container e, f, g, and h are packed after
container D. Container a and h are pruned after local evaluation, and after global evaluation
container b and f are selected as the beams for level 3. As the result of such implementation,
the nodes at the lowest level of the tree represent the last packed containers and the whole
solution is found by tracking a path through the tree. The search tree stops at the level
where it is observed that all boxes are packed in one or more nodes. For those nodes where
all boxes are packed, one’s parent nodes at all previous levels are backtracked. The branch
with the shortest Lt (total container length used) is selected as the best solution.

As we mentioned above, we need to control the width and depth of the search tree. While
depth is taken care of by making every child node a single packed container, the tree width is
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Fig. 5.1 Global Evaluation for Homogeneous Container Problem
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based on the beam width and the number of child nodes generated from each beam. We will
experienment and set up beam width as a parameter in computational results section 5.6.3.
As for the number of child nodes, we design various strategies to help make decisions on
generating better child nodes since it is impossible to list all the feasible sequencing com-
binations. Overall we propose seven strategies. All strategies are used for generating child
nodes from each beam.

Strategy 0 packs a single container twice, and generates two child nodes. Under this strategy,
all unpacked boxes remain in their original batch as defined in section 4.3.1. We set up two
fixed sequencing combinations based on the outcome of our experienments on the impact of
sequencing in section 4.5.2. For instances only allowing side rotation, box types are firstly
sorted non-increasing by the single box volume of each box type. In the case of a tie, the box
type with larger height is given higher priority. Base area serves as a third-tier tie in the case
of same height. Box Type with larger base area has higher priority. For the second node,
Box types are sorted non-increasing by the height of each box type. Single box volume and
base area are taken as second-tier and third-tier tie accordingly.

Strategy 1 similarly places all boxes within their original batch. However, the sequence of
box types is sorted randomly. The same process can be repeated multiple times to generate
as many nodes as the user desires. This same rule applies to the rest five strategies. Multiple
child nodes can be generated by repeating each one of the strategies.

Strategy 2 takes the concept of randomly sorting sequence of box types with single box type
can be split into more box types. The number of boxes getting split into new box type is
randomly selected each time. A maximum of 100 box types is allowed to make it a realistic
strategy as too many box types only worsen the cost of computational time.

Strategy 3 is the modification of strategy 2. As a single box type in strategy 2 can be split
into many new box types, we feel that the possibility of having so many box types with only
a few boxes within each type may not necessarily lead us to better packing. We therefore
decide to split each original box type into either 2 or 3 batches with random box number
selected for each new type. All the new box types are sorted into a random sequence. Under
this strategy, it still allows batch splitting which will lead us into different solution spaces.
Also, it does not make the packing too heterogeneous. Fewer box types in larger batches
will save computational time and may keep the good homogeneous block while exploring
into new solution spaces.

Strategy 4 adopts most of strategy 3’s practice, it gives larger box types higher priority in
the sequencing compared to smaller box types. Here is how we divide boxes into these two
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categories. All box types are sorted in non-increasing order of single box volume. Types
in the first half of the list are categorised as larger box types, and the rest are smaller box
types. We apply strategy 3 on those larger box types first to make sure they have priority
over smaller box types. After all larger box types are re-arranged into new types, strategy
3 is then applied on the remaining smaller box types and the new types created are added
after those previous larger types.

Strategy 5 adds the concept of column and row onto strategy 4. Whenever a random number
of boxes are selected to form a new box type, it is reduced to the closest number which can
form one or more columns or rows given the height and width of container. The idea behind
this modification is that a homogeneous column or row is considered a nearly perfect partial
solution, and by modifying the random number we hope to increase the chances for obtain-
ing such partial solutions. The concept of splitting into only 2 or 3 batches is removed in
this strategy so that more new types are allowed to hopefully create homogeneous columns
or rows.

Strategy 6 embraces the idea of packing those we consider difficult boxes ahead of any other
boxes. Once all filtered child nodes are selected after local evaluation, the global evaluation
function continues to pack the remaining boxes left after each child node. The boxes packed
in the last container are considered as difficult boxes and are recorded within the box types
as when they are packed. Beams are then selected among these filtered child nodes. At the
next level, when child nodes are generated, strategy 6 is used alongside of other strategies
by placing those difficult boxes at the top of the list. These difficult boxes are placed within
their original batch and are randomly sorted using strategy 1. The remaining boxes are re-
arranged in the same manner. Different from other strategies, strategy 6 only applies starting
from level 2.

Our beam search algorithm is summarised by the following procedure.

• B be the total set of boxes

• br be the remaining boxes to be packed

• T be the original box types (batches)

• Lt be the total container length used

• c be the number of packed containers

• Sc be the partial solution containing c packed containers

• bc be the boxes packed in the first c containers
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• Su be the partial solution for the current (c+1)th container

• bu be the number of boxes packed in the current (c+1)th container

• sn be the proposed strategy n where n = 0,1, ...,6

• α be filter width

• β be beam width

• GLOBAL(Sc + Su,bc + bu,B) be the global evaluation function that returns the total
length used of all packed containers, where the packing order of the first (bc + bu)

boxes in the partial solution (Sc+Su) have been determined by the search tree through
the choices of sn and the remaining (B−bc −bu) unpacked boxes placed within their
original batch T which are ordered using the fixed sequencing rule R

• LOCAL(Su,bu) be the local evaluation function that returns the utilisation of current
packed container with container length used as tier breaker

Step 0 Set c = 0, S0 =∅ and root node as the single beam node. Initialize br = B.

Step 1 Node generation. Generate Su (i.e. level (c+ 1) nodes) by adopting sn where n =

0,1, ...,6.

Step 2 Termination test. If one or more of the nodes has bu = br, go to Step 6.

Step 3 Filtering. For each node compute LOCAL(Su,bu) and select the best α nodes. Prune
remaining nodes. If the number of available nodes is less than α , all nodes are selected
as filtered nodes.

Step 4 Select beam nodes. Compute GLOBAL(Sc + Su,bc + bu,B) for each of the α ×β

filtered nodes (β = 1 when c = 0). Select the best β nodes as beam nodes. If the
number of filtered nodes is less than β , all filtered nodes are selected as beam nodes.

Step 5 Update sets. For each selected beam node, form Sc+1 by adding the beam node Su

to Sc, and remove bu from br. Let c = c+1, and go back to Step 1.

Step 6 Final solution. Among all the nodes where bu = br, select the one (along with the
whole branch) with the shortest total container length used Lt .
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5.6 Computational Results

In this section, under the chosen sequencing and heuristic derived from section 4.5.2 and
4.5.3 solutions are generated by our three iterated local search algorithms and beam search
algorithm for homogenerous containers problem. Firstly, we discuss the experimental de-
sign for our iterated local search algorithms. Secondly, we generate and compare results
under different conditions for all three local search algorithms. We then generate results un-
der different parameter settings for beam search. Finally, we compare the best results from
iterated local search and beam search with each other and against control-set results. The
new benchmark data sets generated in chapter 4.4.2 are used to generate all the results. We
coded all our algorithms in Java 1.8.0_05 and all the instances are run on an Intel(R) 2.60
GHz PC with a 4.00 GB RAM.

5.6.1 Iterated Local Search Experimental Design

For all three Iterated Local Search algorithms, sequencing combination VHN is selected
as fixed sequencing rule R, because it is the combination which generates the best results
through our experiment on the impact of sequencing and heuristic in section 4.5.2 and 4.5.3.
Based on the results from the same experiment, we choose H2 as our constructive heuristic.
The main reason for choosing only one heuristic is that we need to use the same constructive
heuristic throughout the whole experiment to keep consistency.

For Iterated Local Search with Intelligent Neighbourhood (ILSIN), we decide the parameter
E, which is used during generating the partial initial solution, based on the data sets we
are running. As our benchmark data sets are generated to have their overall box volume
match with the volume of either five containers or ten containers that all containers are 40ft
Standard Steel Maersk container. Therefore, parameter E is 5 when data sets s1c5 and s2c5
are running while E is 10 when we are running data sets s1c10 and s2c10. We set parameter
Um as our experience and the experience of other researchers indicate that 80% utilisation
is low in these problems. Therefore, starting to improve blocks with utilisation lower than
80% seems to be a good starting point. A running time limit of 500 seconds is set. The
500 seconds are set based on two reasons. The running time of 500 seconds is widely
implemented in many literatures. Moreover, in practice a time span of 500 seconds seems
to be a reasonable waiting time for clients to get a solution. Upon the time reached, extra
time is given for algorithm to finalize the solution.

Iterated Local Search with Descent and Randomness (ILSDR) is run under the same setting
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default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

Picking Order
By Non-increasing Single Box Volume X X X X X X X X
By Non-increasing Total Box Volume X
By Non-increasing Box Number X

The Number of Boxes Selected

A Single Box X
A Single Column of Boxes X X X X X X
A Wall of Boxes X
11 Column of Boxes X
All Boxes X

Kick
n Random Move (nRM) X X X X X X X X X
fill Target Container Move (fTCM) X

Intra Container Optimisation (ICO)
No ICO X X X X X X X X
Before Each Kick (i.e. At Local Optimal) X
At the End of 500 seconds Running Time X

Table 5.1 Experimental Design for Iterated Local Search with Simple Neighbourhood

as ILS with Intelligent Neighborhood. As described in section 5.3.5, a running time of t1
seconds is set when the number of unpacked box types is no more than 30% of the number
of original box types. A running time of t2 seconds is set for the number of unpacked box
types which is more than 30% but not exceeding 60% of the number of original box types.
When the number of unpacked box types is more than 60% of the number of original box
types, a running time of t3 seconds is implemented. We set the value of t1, t2 and t3 as 10,
20 and 30 seconds respectively so that unpacked boxes with larger number of box types get
more running times.

We design our experiments to run Iterated Local Search with Simple Neighbourhood (ILSSN)
under three conditions. The first condition is when selecting the target box type, the poten-
tial box type list can be ordered by non-increasing single box volume, by non-increasing
total box volume, or by non-increasing box number. When deciding the number of target
boxes, we can pick a single box, a single column of boxes, a wall of boxes, 11 column of
boxes, or all boxes from the target box type. Due to the fact that only 1 box dimension
can be vertical in all instances of data soton1, the number of boxes in a single column is
fixed. Given the container size and the boxes sizes in data, the smallest box type can form
17 columns. Therefore, we choose 11 column as a middle ground to fill in the gap between
a wall of boxes and all boxes from the target box type in the experimental design. The
second condition concerns two options for the kick: n Random Move (nRM) and fill Target
Container Move (fTCM). The last condition is Intra Container Optimisation (ICO) part. We
run under no ICO at all, ICO before each kick, and ICO when 500 seconds running time
is reached. The whole experimental design is summarized below as well as their notations
in table 5.1. Each column indicates an experiment with their notation shown in the first
row running under which conditions. For example, the default run uses the conditions of:
non-increasing single box volume, a single column of boxes, n Random Move (nRM) and
No ICO.
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5.6.2 Iterated Local Search Results

In this section, we tested all three models on both dataset soton1 (s1) and soton2 (s2), i.e.
10 instances from boxtype5 (b5), boxtype10 (b10) and boxtype25 (b25) for both container5
(c5) and container10 (c10). Each instance is run 5 times, and the average value is taken. For
ILS with Intelligent Neighborhood, all instances are run under two different initial solution
generation method, i.e. default sequencing (default) and pre-assignment (pre-assign). Be-
cause only partial initial solution is generated under ILSIN (and ILSDR), we only compare
two final solutions from each other at this stage. A complete initial solution however is gen-
erated under algorithm ILSSN. Therefore, a final comparison among final solutions from all
three algorithms and this initial solution is drawn in Table 5.10 and Table 5.11. All results
are reported in terms of percentage utilisation. As we explained earlier in the algorithm sec-
tion that the utilisation is defined as the utilisation of total packing length. The total packing
length is calculated by the shortest container length used among all packed containers plus
the sum of the full length of the rest packed containers.

Table 5.2 shows the results of ILSIN for soton1. Results generated by default sequencing
are better in general. For data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25,
results generated by default sequencing are 0.84%, 1.41%, 3.36%, 1.18%, 1.39% and 1.82%
better than those generated using pre-assignment method respectively. Time spent on eval-
uating neighbourhood is at most 0.1% of overall running time. This shows that the time
spent on neighbourhood evaluation is far from being a constraint on the overall running
time. We monitor such measure because we try to avoid the situation where the evalua-
tion goes on a huge amount of time under the condition of not knowing how exactly CM’s
constructive heuristic works and as a result of such situation that the real and only precise
evaluation, which is running the standalone blackbox, does not take place enough than it
should be.

We define split batch improvement rate as the rate of improved split batch result during
the full running time. As described in section 5.2.5, the results from split batch are firstly
compared with the non-split best result and the best one is then compare with UH from
section 5.2.4. Such comparison counts as 1 try, and a split result better than UH is noted
as an improvement. For default results, the split batch improvement rate is 8.14%, 9.19%,
8.71%, 3.56%, 9.01% and 8.05% for data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10
and s1c10b25 respectively. This shows that the strategy of split batch has a positive impact
on the result.

The number of times a kick is performed is 29.32 (with a standard deviation of 32.07), 8.32
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(9.91), 1.92 (1.83), 14.42 (12.20), 4.94 (6.96) and 0.76 (1.02) for data s1c5b5, s1c5b10,
s1c5b25, s1c10b5, s1c10b10 and s1c10b25 respectively. Instances with fewer box types
have considerable more number of kicks than those with more box types. Also, instances
requiring more containers have a lower number of kicks. The standard deviations, however,
suggest that the number of times a kick is performed is extremely instance-specific under
this algorithm. Instances within the same data cluster, e.g. s1c5b10, have totally differ-
ent numbers of kicks among them. In short, generating partial initial solution by default
sequencing leads to better final results in general when comparing to that generated by pre-
assign strategy.

Instance
s1c5b5 s1c5b10 s1c5b25 s1c10b5 s1c10b10 s1c10b25

default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign

1 87.299% 86.706% 81.064% 80.535% 81.398% 79.599% 82.715% 81.992% 80.362% 79.510% 81.462% 80.866%
2 72.421% 72.289% 89.277% 86.964% 83.742% 81.284% 87.011% 87.092% 81.978% 80.612% 89.162% 84.826%
3 91.872% 87.825% 71.545% 71.489% 86.984% 84.562% 80.149% 78.666% 77.398% 76.043% 80.322% 79.530%
4 90.747% 89.310% 74.826% 74.951% 84.454% 83.694% 72.247% 70.827% 76.876% 75.929% 82.862% 80.533%
5 91.972% 91.245% 80.176% 79.475% 82.428% 77.617% 76.995% 76.995% 85.396% 84.724% 79.638% 78.278%
6 88.108% 87.052% 89.586% 89.128% 84.751% 81.605% 84.083% 83.846% 89.569% 88.780% 82.664% 83.701%
7 81.599% 81.486% 86.342% 84.867% 81.729% 80.486% 88.029% 85.579% 84.362% 84.347% 81.873% 82.638%
8 75.281% 77.684% 84.167% 82.064% 86.287% 83.387% 75.137% 73.041% 74.019% 73.930% 76.824% 75.419%
9 80.646% 80.318% 91.671% 89.438% 91.644% 86.952% 75.799% 75.584% 79.927% 77.791% 89.693% 87.021%

10 78.297% 77.353% 93.648% 91.674% 87.315% 83.882% 76.392% 75.630% 84.619% 81.712% 84.339% 81.218%
Average 83.824% 83.127% 84.230% 83.059% 85.073% 82.307% 79.856% 78.925% 81.450% 80.338% 82.884% 81.403%

Table 5.2 soton1 Results for ILS with Intelligent Neighborhood

Table 5.3 shows the results of ILSIN for soton2. The similar outcome is observed compared
to that for soton1, as results generated by default sequencing are better in general. Only that
the number of kicks suggests that the search is barely extended outside of the first neighbour-
hood. The number of kicks is 1.50 (with a standard deviation of 2.46), 4.04 (11.27), 0.12
(0.48), 0.18 (0.56), 0.46 (1.57) and 1.32 (3.89) for data s2c5b5, s2c5b10, s2c5b25, s2c10b5,
s2c10b10 and s2c10b25 respectively. We however restrained ourselves from setting a longer
running time so that the search could extend to more neighbourhood. We intend to show
that within the same running time, the same algorithm may yield inconsistent performances
towards different data sets. As we mentioned in section 4.4.2, data set soton1 represents
electronic products which are much larger than products under ‘Paper, Computer and Of-
fice Supplies’ category represented by data set soton2. To sum up, generating partial initial
solution by default sequencing leads to better final results in all instances compared to that
generated by pre-assign strategy.

All results of ILSDR are reported in terms of percentage utilisation. Table 5.4 shows the
results of ILSDR for soton1. Results generated by default sequencing are better in general.
For data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25, results generated by
default sequencing are 3.07%, 4.40%, 4.91%, 3.24%, 3.88% and 4.33% better than those
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Instance
s2c5b5 s2c5b10 s2c5b25 s2c10b5 s2c10b10 s2c10b25

default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign

1 93.237% 92.906% 92.475% 90.275% 90.692% 90.581% 95.506% 93.360% 94.269% 90.838% 94.094% 88.880%
2 92.607% 90.638% 94.720% 91.663% 94.384% 91.243% 93.664% 92.392% 93.691% 90.590% 93.537% 88.620%
3 90.450% 89.979% 80.460% 80.089% 94.345% 90.853% 94.259% 91.948% 95.972% 93.658% 93.148% 88.395%
4 90.599% 90.737% 93.954% 91.401% 95.766% 91.928% 95.087% 92.989% 94.810% 91.416% 93.027% 88.532%
5 91.434% 90.785% 91.450% 90.261% 94.128% 92.438% 91.608% 90.596% 95.733% 93.989% 92.628% 89.823%
6 94.028% 93.057% 94.455% 91.227% 94.457% 91.699% 93.809% 92.909% 94.810% 93.012% 94.084% 89.846%
7 95.310% 94.713% 92.627% 91.052% 93.125% 91.387% 90.586% 89.159% 94.117% 91.843% 80.973% 78.031%
8 93.333% 92.911% 93.727% 91.257% 90.722% 89.512% 95.485% 90.374% 91.960% 91.385% 92.350% 89.405%
9 88.586% 87.941% 95.629% 93.615% 94.140% 92.636% 91.634% 90.783% 95.157% 93.252% 94.054% 88.105%

10 93.174% 92.188% 93.541% 91.490% 92.467% 90.642% 93.618% 93.520% 96.460% 90.897% 93.153% 88.537%
Average 92.276% 91.585% 92.304% 90.233% 93.423% 91.292% 93.526% 91.803% 94.698% 92.088% 92.105% 87.817%

Table 5.3 soton2 Results for ILS with Intelligent Neighborhood

generated using pre-assignment method respectively. Time spent on splitting batch (exclud-
ing Cargo Manager running time) is at most 0.1% of overall running time. This shows
that the strategy we design does not consume much running time. We define split batch
improvement rate as the rate of improved split batch results during the full running time.
Each split batch, no matter if it splits the same box type list or not, counts 1. For default
results, the split batch improvement rate is 0.53%, 0.84%, 0.47%, 1.77%, 0.80% and 1.39%
for data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25 respectively. This re-
sult shows that the design of split batch here is mediocre. The number of descents is 24.16
(with a standard deviation of 6.94), 27.44 (7.96), 30.50 (5.30), 30.84 (8.46), 32.80 (7.41)
and 41.92 (5.60) for data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25 re-
spectively. The number of descent increases with the increase of box type and container
number.

Instance
s1c5b5 s1c5b10 s1c5b25 s1c10b5 s1c10b10 s1c10b25

default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign

1 87.403% 86.184% 80.275% 77.868% 81.027% 77.798% 82.690% 81.727% 80.166% 78.315% 80.967% 77.894%
2 72.677% 71.819% 88.346% 84.202% 83.682% 79.435% 86.830% 83.735% 81.977% 78.704% 89.162% 80.778%
3 91.872% 85.834% 70.915% 71.055% 86.802% 81.531% 77.943% 76.456% 77.946% 71.779% 78.692% 77.064%
4 90.186% 87.191% 74.658% 73.839% 84.048% 82.376% 72.572% 68.266% 76.801% 74.702% 81.436% 79.172%
5 92.068% 90.428% 79.944% 78.295% 81.103% 76.581% 76.621% 76.743% 85.282% 83.268% 78.802% 75.617%
6 88.392% 83.657% 86.270% 81.192% 84.309% 81.248% 84.087% 76.106% 88.810% 85.601% 81.243% 80.685%
7 81.634% 80.179% 86.216% 81.428% 81.028% 79.437% 88.285% 84.009% 85.473% 82.338% 81.746% 80.988%
8 80.689% 77.496% 83.548% 80.071% 85.599% 81.807% 73.998% 73.442% 73.043% 72.707% 76.823% 73.813%
9 80.348% 79.710% 91.511% 85.860% 91.159% 85.411% 76.467% 75.591% 79.424% 76.163% 89.202% 83.466%

10 78.167% 75.788% 93.648% 86.345% 87.200% 80.728% 76.798% 75.252% 84.606% 79.605% 84.377% 78.854%
Average 84.344% 81.829% 83.533% 80.016% 84.596% 80.635% 79.629% 77.133% 81.353% 78.318% 82.245% 78.833%

Table 5.4 soton1 Results for ILS with Descent and Randomness

Table 5.5 shows the results of ILSDR for soton2. Results generated by default sequencing
again are better in general. Similar to the outcome for soton1, randomly batch splitting is
not an efficient design under the framework of ILSDR. Only a tiny portion of running time
actually has a positive impact on the overall performance for soton1 and soton2. The number
of descents is 20.72 (with a standard deviation of 3.89), 21.66 (4.87), 20.34 (4.25), 19.78
(2.79), 22.50 (4.09) and 23.00 (6.32) for data s2c5b5, s2c5b10, s2c5b25, s2c10b5, s2c10b10
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and s2c10b25 respectively. Different from those for soton1, the number of descent remains
rather the same regardless of the increase of box type and container number. The standard
deviation indicates that the mean is a reasonable representer for all instances in the same
data cluster for both soton1 and soton2. In short, generating partial initial solution with
default sequencing leads to better final solutions for both data set soton1 and soton2.

Instance
s2c5b5 s2c5b10 s2c5b25 s2c10b5 s2c10b10 s2c10b25

default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign default pre-assign

1 93.580% 93.253% 92.434% 91.615% 90.605% 89.648% 95.506% 91.521% 94.269% 90.476% 94.094% 89.206%
2 92.607% 91.714% 94.769% 92.709% 94.383% 90.230% 93.667% 89.866% 93.691% 89.850% 93.537% 89.313%
3 90.378% 89.763% 80.460% 80.184% 94.345% 90.192% 94.318% 90.573% 95.888% 89.599% 93.148% 89.330%
4 90.881% 91.029% 93.954% 92.459% 95.766% 91.229% 94.831% 89.219% 94.810% 90.790% 93.015% 89.079%
5 91.493% 91.448% 91.939% 90.844% 94.128% 91.542% 92.175% 91.735% 95.732% 90.334% 92.628% 88.687%
6 94.028% 92.442% 94.500% 92.233% 94.438% 91.580% 93.878% 90.110% 94.799% 91.042% 94.055% 89.299%
7 95.342% 94.516% 92.636% 90.786% 92.914% 88.941% 90.857% 90.125% 94.117% 90.475% 80.394% 79.070%
8 93.391% 92.404% 93.727% 92.193% 90.798% 88.651% 95.522% 91.873% 92.023% 89.767% 92.185% 89.335%
9 88.586% 88.011% 95.629% 93.968% 94.140% 91.585% 91.578% 90.708% 94.982% 90.834% 94.054% 89.947%

10 93.268% 92.537% 93.541% 91.884% 92.480% 89.745% 94.121% 91.871% 96.466% 90.215% 93.153% 88.332%
Average 92.355% 91.712% 92.359% 90.887% 93.400% 90.334% 93.645% 90.760% 94.678% 90.338% 92.026% 88.160%

Table 5.5 soton2 Results for ILS with Descent and Randomness

The results of ILSSN for data set soton1 are shown in Table 5.6 and Table 5.7. Algorithm
generates the best results under experiment allBoxes apart from data s1c5b25 which has its
best result generated under experiment 11Column. However, the result under experiment
11Column is just 0.009% better than the one under experiment allBoxes for data s1c5b25.
For results run under allBoxes experiment, the number of CM executed is 3842, 3638, 2793,
4005, 3911 and 3865 for data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25
respectively. We record this in additional to support our findings in section 4.5.1. The num-
ber of kicks is 39.72 (with a standard deviation of 13.76), 12.76 (2.30), 2.94 (2.02), 24.58
(9.94), 8.66 (2.22) and 2.86 (0.93) for data s1c5b5, s1c5b10, s1c5b25, s1c10b5, s1c10b10
and s1c10b25 respectively.

Similar to ILSIN, significantly fewer kicks are observed for instances having more box types
and requiring more containers. Standard deviations suggest that instances in the same data
cluster have similar number of kicks. In terms of results, one of the observed reasons for
good performance when selecting all boxes is that once all boxes from target box type bt

are selected, any number of boxes might be packed into untarget container cu because those
particular number of boxes might form a good enough block. When fewer, e.g. a column
of, boxes is selected, they might not be packed because the column is not considered good
enough by CM algorithm due to issues like stability.

The results of ILSSN for data set soton2 are shown in Table 5.8 and Table 5.9. Algorithm
generates the best results under experiment allBoxes for data set s2c5b5, s2c5b10, s2c10b5
and s2c10b10. Data set s2c5b25 has its best result generated under experiment 11Column.
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s1c5b5 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 87.793% 87.945% 87.453% 87.572% 87.967% 87.847% 87.751% 87.676% 87.593% 87.685%
2 73.085% 72.677% 73.138% 72.968% 72.685% 73.090% 73.028% 72.938% 72.975% 73.018%
3 91.872% 92.233% 91.872% 91.872% 92.353% 92.012% 91.895% 91.872% 91.872% 91.872%
4 90.326% 90.873% 90.272% 90.521% 91.566% 91.240% 90.932% 90.166% 90.336% 90.428%
5 92.541% 91.972% 92.521% 92.410% 92.234% 92.755% 92.839% 92.284% 92.554% 92.504%
6 88.284% 88.242% 88.258% 88.165% 88.643% 88.501% 88.322% 88.229% 88.184% 88.108%
7 81.682% 81.682% 81.682% 81.682% 81.787% 81.724% 81.692% 81.682% 81.682% 81.692%
8 82.000% 83.748% 82.612% 82.123% 84.181% 83.970% 83.305% 81.958% 82.844% 82.413%
9 80.566% 80.850% 80.541% 80.708% 80.775% 80.686% 80.835% 80.768% 80.592% 80.568%

10 78.629% 79.010% 78.480% 78.352% 78.925% 78.757% 78.757% 78.383% 78.531% 78.503%
Average 84.678% 84.923% 84.683% 84.637% 85.112% 85.058% 84.936% 84.596% 84.716% 84.679%

s1c5b10 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 80.217% 80.726% 80.230% 80.430% 80.776% 80.682% 80.464% 80.206% 80.292% 80.254%
2 89.859% 90.002% 89.162% 89.420% 91.891% 91.742% 90.966% 88.982% 90.199% 88.980%
3 72.649% 72.629% 72.630% 72.516% 72.678% 72.792% 72.796% 72.284% 72.435% 72.633%
4 74.553% 75.209% 74.961% 74.231% 75.260% 75.471% 75.079% 74.856% 74.965% 75.188%
5 81.947% 82.122% 81.585% 81.941% 81.892% 81.938% 81.652% 81.392% 81.750% 81.761%
6 88.131% 87.898% 88.328% 88.076% 89.925% 89.418% 89.056% 88.103% 88.046% 88.300%
7 86.605% 86.804% 86.636% 86.779% 87.003% 87.349% 86.908% 86.381% 86.617% 86.649%
8 84.348% 84.348% 84.376% 84.582% 84.376% 84.376% 84.109% 84.037% 84.435% 84.435%
9 92.104% 92.172% 91.760% 91.749% 92.259% 92.179% 92.294% 92.346% 91.937% 91.900%

10 93.648% 93.706% 93.648% 93.648% 93.703% 93.657% 93.648% 93.648% 93.648% 93.648%
Average 84.406% 84.562% 84.332% 84.337% 84.976% 84.960% 84.697% 84.223% 84.432% 84.375%

s1c5b25 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 81.002% 81.150% 81.002% 81.002% 81.120% 81.237% 81.118% 80.887% 81.002% 81.002%
2 83.879% 83.984% 83.879% 83.879% 83.858% 83.822% 83.841% 83.742% 83.879% 83.890%
3 87.564% 87.857% 87.474% 87.412% 88.539% 88.285% 88.049% 87.491% 87.738% 87.615%
4 85.324% 85.566% 84.824% 84.629% 85.838% 86.139% 86.427% 84.643% 85.148% 84.909%
5 82.021% 82.384% 82.603% 82.541% 83.530% 83.015% 82.707% 81.918% 82.027% 82.302%
6 85.360% 85.463% 85.529% 85.435% 85.360% 85.343% 85.415% 85.335% 85.335% 85.511%
7 82.921% 83.228% 82.821% 82.862% 83.564% 83.564% 82.922% 82.754% 82.965% 83.026%
8 87.568% 87.568% 86.452% 86.570% 87.610% 87.727% 88.694% 86.646% 87.568% 87.568%
9 91.600% 91.600% 91.847% 91.633% 91.900% 92.053% 92.327% 91.534% 91.600% 91.600%

10 87.510% 87.438% 87.328% 87.963% 88.251% 88.464% 87.813% 87.595% 87.438% 87.769%
Average 85.475% 85.624% 85.376% 85.393% 85.957% 85.965% 85.931% 85.254% 85.470% 85.519%

Table 5.6 Results for ILS with Simple Neighbourhood on data s1c5

The result under experiment allBoxes comes as the second best and the result under ex-
periment 11Column is just 0.03% better than the one under experiment allBoxes. Data set
s2c10b25 has its best result generated under experiment wall. However, the result under
experiment wall is just 0.01% better than the one under experiment allBoxes.

The cost of running Cargo Manager is proved to be incredible high, as time spent on execut-
ing CM is at least 99.9% of overall running time for both soton1 and soton2. For results run
under allBoxes experiment, the number of CM executed is 3269, 2381, 682, 3307, 2634 and
1961 for data s2c5b5, s2c5b10, s2c5b25, s2c10b5, s2c10b10 and s2c10b25 respectively.
However, the standard deviation for s2c5b25 is 306 and that of s2c10b25 is 1008. The num-
ber of CM executed is just over 200 for some instances in those two data sets. The reason
behind this is that Cargo Manager has a hard time to deal with data with over 10,000 boxes
together with a high box types such as 25 as explained in section 4.5.1. The number of kicks
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s1c10b5 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 82.293% 82.850% 82.554% 82.445% 82.866% 82.797% 82.615% 82.191% 82.361% 82.519%
2 86.928% 86.849% 87.081% 87.083% 87.115% 87.393% 87.568% 86.929% 87.138% 87.155%
3 76.981% 77.101% 76.591% 76.170% 79.835% 79.651% 79.197% 77.472% 76.762% 77.390%
4 72.605% 73.063% 72.542% 72.416% 72.741% 72.614% 72.531% 72.480% 72.607% 72.545%
5 76.767% 76.995% 76.785% 76.914% 76.920% 76.920% 76.995% 76.635% 76.739% 76.767%
6 84.578% 84.710% 84.357% 84.363% 84.471% 84.536% 84.307% 84.356% 84.321% 84.537%
7 88.178% 88.460% 88.307% 88.443% 89.168% 88.828% 88.715% 88.036% 88.386% 88.255%
8 75.221% 75.853% 74.051% 72.790% 75.834% 75.700% 74.452% 75.065% 74.640% 75.222%
9 76.662% 76.811% 76.605% 76.581% 77.193% 77.467% 77.125% 76.416% 76.811% 76.679%

10 76.516% 76.531% 76.153% 76.300% 76.725% 76.634% 76.317% 76.341% 76.211% 76.373%
Average 79.673% 79.922% 79.503% 79.350% 80.287% 80.254% 79.982% 79.592% 79.598% 79.744%

s1c10b10 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 80.649% 81.137% 80.476% 80.515% 81.034% 81.022% 80.961% 80.437% 80.323% 80.561%
2 82.434% 82.365% 82.393% 82.264% 82.530% 82.587% 82.815% 82.173% 82.374% 82.233%
3 79.370% 79.438% 79.392% 79.365% 79.359% 79.372% 79.359% 79.359% 79.359% 79.361%
4 76.513% 76.872% 76.400% 76.414% 76.722% 76.674% 76.538% 76.460% 76.463% 76.396%
5 85.837% 85.383% 84.850% 84.889% 85.706% 85.484% 84.974% 85.550% 85.394% 85.935%
6 89.774% 90.157% 89.829% 90.152% 90.172% 90.170% 90.431% 89.254% 89.735% 90.010%
7 87.531% 88.568% 87.282% 85.855% 88.742% 88.640% 87.983% 86.950% 87.042% 87.448%
8 73.551% 73.635% 73.529% 73.624% 73.933% 74.013% 73.676% 73.409% 73.628% 73.451%
9 80.906% 81.021% 80.848% 81.002% 81.279% 81.346% 81.257% 80.862% 80.926% 81.024%

10 84.647% 84.704% 84.647% 84.619% 84.652% 84.732% 84.676% 84.619% 84.647% 84.647%
Average 82.121% 82.328% 81.964% 81.870% 82.413% 82.404% 82.267% 81.907% 81.989% 82.107%

s1c10b25 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 81.660% 82.969% 81.403% 81.210% 83.528% 81.982% 81.877% 81.980% 82.001% 81.785%
2 89.962% 90.091% 89.299% 89.275% 89.797% 89.798% 89.392% 89.287% 89.962% 89.962%
3 79.067% 79.579% 79.299% 79.209% 79.967% 79.813% 79.337% 79.260% 79.080% 79.426%
4 82.353% 82.489% 82.457% 82.157% 83.564% 83.601% 82.846% 82.864% 82.415% 82.251%
5 79.395% 79.812% 79.531% 79.469% 80.356% 80.119% 79.661% 79.286% 79.530% 79.772%
6 82.160% 82.881% 81.008% 81.219% 82.538% 82.158% 81.730% 81.899% 81.141% 82.043%
7 82.384% 82.663% 82.263% 82.067% 82.912% 82.826% 82.775% 82.170% 82.164% 82.544%
8 76.960% 77.518% 77.057% 77.022% 78.223% 77.779% 77.706% 77.012% 77.826% 77.120%
9 89.532% 89.688% 89.819% 89.363% 90.329% 90.117% 89.762% 89.290% 89.748% 89.715%

10 84.452% 84.755% 84.435% 84.539% 85.625% 85.759% 84.965% 84.306% 84.467% 84.306%
Average 82.792% 83.245% 82.657% 82.553% 83.684% 83.395% 83.005% 82.735% 82.833% 82.892%

Table 5.7 Results for ILS with Simple Neighbourhood on data s1c10

is 28.66 (with a standard deviation of 4.32), 14.88 (24.68), 0.00, 12.38 (2.75), 2.74 (0.99)
and 0.46 (0.65) for data s2c5b5, s2c5b10, s2c5b25, s2c10b5, s2c10b10 and s2c10b25 re-
spectively. The standard deviation for s2c5b10 suggests that kick does not happen in some
instances within that data cluster. Also, the numbers of kicks in s2c5b25, s2c10b10 and
s2c10b25 indicate that search never really expends into other neighbourhoods. To sum up,
results run under experiment allBoxes are better than those run under other conditions for
both data set soton1 and soton2.

Table 5.10 summarizes the initial solution, and solutions generated by ILSIN (default se-
quencing), by ILSDR (default sequencing), and by ILSSN (allBoxes) for data set soton1.
Initial solutions are generated by executing CM repeatedly till a list of pre-ordered boxes are
all packed. Generating initial solutions is a necessary step for ILSSN but not for ILSIN or
ILSDR as those two algorithms only generate partial initial solution at beginning. Solutions
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s2c5b5 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 93.893% 94.004% 93.904% 93.920% 94.017% 93.954% 94.147% 93.635% 93.926% 94.036%
2 92.376% 92.401% 92.375% 92.375% 92.490% 92.453% 92.451% 92.346% 92.372% 92.366%
3 90.183% 90.392% 90.177% 90.119% 90.374% 90.238% 90.215% 90.094% 90.078% 90.148%
4 91.291% 91.497% 91.250% 91.209% 91.502% 91.371% 91.398% 91.140% 91.283% 91.267%
5 91.901% 91.878% 91.972% 91.933% 91.996% 91.922% 92.076% 91.727% 92.004% 91.926%
6 93.450% 93.664% 93.441% 93.442% 93.779% 93.566% 93.596% 93.294% 93.466% 93.459%
7 95.296% 95.348% 95.296% 95.296% 95.417% 95.318% 95.320% 95.296% 95.296% 95.296%
8 93.258% 93.432% 93.225% 93.229% 93.675% 93.319% 93.368% 93.225% 93.297% 93.225%
9 88.474% 88.594% 88.497% 88.498% 88.650% 88.551% 88.524% 88.456% 88.513% 88.510%

10 94.298% 94.337% 94.298% 94.298% 94.444% 94.298% 94.322% 94.298% 94.298% 94.298%
Average 92.442% 92.555% 92.444% 92.432% 92.634% 92.499% 92.542% 92.351% 92.453% 92.453%

s2c5b10 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 93.007% 92.956% 92.842% 92.671% 93.296% 93.182% 92.934% 92.631% 92.981% 92.889%
2 94.880% 94.994% 94.878% 94.878% 95.017% 94.878% 94.896% 94.878% 94.878% 94.878%
3 79.624% 79.624% 79.624% 79.624% 79.624% 79.624% 79.624% 79.624% 79.624% 79.624%
4 94.088% 94.093% 94.088% 94.088% 94.375% 94.176% 94.192% 94.102% 94.088% 94.094%
5 92.550% 92.088% 92.323% 92.366% 94.018% 93.221% 92.964% 91.943% 92.797% 92.527%
6 94.484% 94.484% 94.484% 94.484% 94.944% 94.534% 94.544% 94.484% 94.484% 94.484%
7 92.854% 92.864% 92.763% 92.763% 93.252% 93.199% 93.299% 92.724% 92.963% 92.943%
8 95.132% 95.304% 95.155% 95.057% 95.632% 95.330% 95.551% 94.908% 95.212% 95.118%
9 95.767% 95.770% 95.765% 95.765% 95.783% 95.776% 95.784% 95.776% 95.765% 95.765%

10 93.400% 93.707% 93.361% 93.431% 94.207% 93.865% 93.762% 93.307% 93.569% 93.615%
Average 92.579% 92.588% 92.528% 92.513% 93.015% 92.779% 92.755% 92.438% 92.636% 92.594%

s2c5b25 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 90.546% 90.546% 90.546% 90.546% 90.546% 90.546% 90.546% 90.546% 90.546% 90.964%
2 93.810% 93.810% 93.810% 93.810% 93.810% 93.810% 93.810% 93.815% 93.810% 93.810%
3 94.155% 94.155% 94.155% 94.155% 94.480% 94.377% 94.107% 94.147% 94.155% 94.155%
4 96.177% 96.177% 96.172% 96.172% 96.139% 96.139% 96.139% 96.139% 96.177% 96.314%
5 94.168% 94.168% 94.168% 94.043% 94.376% 94.233% 94.201% 94.168% 94.184% 94.184%
6 94.438% 94.438% 94.438% 94.438% 94.438% 94.438% 94.438% 94.438% 94.438% 94.438%
7 93.035% 93.035% 93.035% 93.027% 93.027% 93.027% 93.027% 93.027% 93.035% 93.035%
8 91.323% 91.323% 91.323% 91.323% 91.237% 91.342% 91.362% 91.408% 91.323% 91.323%
9 93.745% 93.745% 93.745% 93.745% 93.745% 94.326% 94.209% 93.745% 93.745% 93.745%

10 93.141% 93.229% 93.271% 93.158% 93.911% 93.755% 93.595% 93.216% 93.271% 93.271%
Average 93.454% 93.463% 93.466% 93.442% 93.571% 93.599% 93.543% 93.465% 93.468% 93.524%

Table 5.8 Results for ILS with Simple Neighbourhood on data s2c5

generated by ILSSN (allBoxes) are better in general. For data s1c5b5, s1c5b10, s1c5b25,
s1c10b5, s1c10b10 and s1c10b25, solutions generated by ILSSN (allBoxes) are 2.74%,
2.25%, 1.75%, 2.31%, 1.67% and 2.26% better than the initial solutions. While solutions
generated by ILSIN (default) come second except for s1c5b5, those generated by ILSSN
(allBoxes) are 1.54%, 0.89%, 1.04%, 0.54%, 1.18% and 0.97% better when compared to
ILSIN. Solutions generated by ILSIN (default) are 0.84%, 0.56%, 0.29%, 0.12% and 0.78%
better than those generated by ILSDR for data s1c5b10, s1c5b25, s1c10b5, s1c10b10 and
s1c10b25. For data s1c5b5 solution generated by ILSDR is 0.62% better than ILSIN’s.
Solutions generated by three algorithms all have improvements compared to the initial so-
lutions.

Table 5.11 summarizes the initial solution, and solutions generated by ILSIN (default se-
quencing), by ILSDR (default sequencing), and by ILSSN (allBoxes) for soton2. Again,
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s2c10b5 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 95.384% 95.384% 95.384% 95.384% 95.365% 95.336% 95.331% 95.331% 95.384% 95.384%
2 93.828% 93.828% 93.828% 93.828% 93.828% 93.828% 93.828% 93.828% 93.828% 93.828%
3 94.446% 94.616% 94.479% 94.481% 94.667% 94.491% 94.560% 94.455% 94.540% 94.488%
4 95.134% 95.239% 95.117% 95.170% 95.763% 95.358% 95.448% 95.065% 95.225% 95.121%
5 94.626% 94.649% 94.613% 94.613% 94.653% 94.638% 94.619% 94.613% 94.613% 94.630%
6 93.825% 93.940% 93.721% 93.766% 93.918% 94.001% 94.025% 93.709% 93.758% 93.809%
7 90.993% 91.011% 91.013% 90.935% 91.150% 91.004% 91.157% 90.824% 90.935% 90.992%
8 95.329% 95.328% 95.313% 95.281% 95.718% 95.404% 95.344% 95.272% 95.338% 95.284%
9 91.573% 91.628% 91.688% 91.591% 91.884% 91.734% 91.890% 91.530% 91.635% 91.634%

10 94.424% 94.204% 94.303% 94.354% 95.541% 94.947% 95.250% 93.724% 94.148% 94.329%
Average 93.956% 93.983% 93.946% 93.940% 94.249% 94.074% 94.145% 93.835% 93.940% 93.950%

s2c10b10 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 94.082% 94.069% 94.067% 94.025% 94.124% 94.077% 94.061% 94.045% 94.067% 94.069%
2 94.031% 94.027% 94.061% 94.025% 94.021% 94.018% 94.040% 94.032% 94.029% 94.026%
3 95.850% 95.903% 95.845% 95.845% 96.277% 96.124% 96.123% 95.845% 95.845% 95.845%
4 95.783% 95.862% 95.783% 95.783% 96.279% 95.802% 95.822% 95.783% 95.854% 95.848%
5 95.554% 95.571% 95.674% 95.674% 95.709% 95.552% 95.580% 95.545% 95.546% 95.546%
6 94.601% 94.645% 94.550% 94.540% 94.768% 94.590% 94.665% 94.506% 94.561% 94.589%
7 94.076% 94.099% 94.050% 94.044% 94.272% 94.167% 94.137% 94.063% 94.086% 94.076%
8 91.571% 91.728% 91.599% 91.656% 92.167% 91.665% 91.815% 91.497% 91.537% 91.539%
9 94.887% 94.918% 94.911% 94.878% 95.990% 95.080% 95.587% 94.854% 94.904% 94.878%

10 96.493% 96.499% 96.496% 96.483% 97.031% 96.587% 96.707% 96.470% 96.489% 96.519%
Average 94.693% 94.732% 94.704% 94.695% 95.064% 94.766% 94.854% 94.664% 94.692% 94.693%

s2c10b25 default fTCM totalBoxVolume boxNumber allBoxes 11Column wall oneBox ico endIco

1 94.461% 94.513% 94.546% 94.439% 94.386% 94.431% 94.386% 94.385% 94.581% 94.581%
2 93.717% 93.717% 93.690% 93.667% 93.728% 93.615% 93.803% 93.669% 93.717% 93.717%
3 94.223% 94.223% 94.223% 94.223% 94.223% 94.223% 94.223% 94.223% 94.223% 94.223%
4 93.481% 93.614% 93.458% 93.430% 93.747% 93.633% 93.763% 93.421% 93.531% 93.476%
5 92.845% 92.845% 92.856% 92.789% 92.958% 92.878% 92.891% 92.841% 92.845% 92.845%
6 94.039% 94.039% 94.039% 94.088% 93.868% 93.868% 93.865% 93.865% 94.039% 94.052%
7 79.359% 79.631% 79.388% 79.359% 79.550% 79.518% 79.602% 79.449% 79.359% 79.359%
8 91.935% 91.935% 91.935% 91.950% 91.922% 91.922% 91.922% 91.935% 91.935% 91.935%
9 93.616% 93.641% 93.496% 93.468% 93.751% 93.746% 93.751% 93.478% 93.651% 93.760%

10 94.011% 94.011% 94.011% 94.011% 94.011% 94.011% 94.011% 94.011% 94.011% 94.149%
Average 92.169% 92.217% 92.164% 92.142% 92.214% 92.184% 92.222% 92.128% 92.189% 92.210%

Table 5.9 Results for ILS with Simple Neighbourhood on data s2c10

solutions generated by ILSSN (allBoxes) are better in general. One other observation is that
neither solution generated by ILSIN or ILSDR is better than the initial solution for s2c10b5.
One of the reasons of that all search algorithms achieve less on data set soton2 is that boxes
in soton2 are much smaller compared to those in soton1 and they already are tightly packed
in nature leaving less space for later improvement.

In summary, almost all solutions generated by three iterated local search algorithms have
improved when comparing to initial solutions generated by iterated local search with simple
neighbourhood (ILSSN). More significant improvements are observed for data set soton1
compared to those of data set soton2. One cause for this is that smaller boxes in soton2 have
already been more tightly packed thus less space is left for future improvement. Overall,
ILSSN generates better results than ILSIN and ILSDR. This implies that a goal-oriented
search frame with simple neighbourhood move works better when we have little control
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Instance
s1c5b5 s1c5b10 s1c5b25

Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR

1 87.299% 87.967% 87.299% 87.403% 80.206% 80.776% 81.064% 80.275% 80.253% 81.120% 81.398% 81.027%
2 71.152% 72.685% 72.421% 72.677% 87.656% 91.891% 89.277% 88.346% 83.742% 83.858% 83.742% 83.682%
3 91.872% 92.353% 91.872% 91.872% 71.834% 72.678% 71.545% 70.915% 86.802% 88.539% 86.984% 86.802%
4 90.114% 91.566% 90.747% 90.186% 73.856% 75.260% 74.826% 74.658% 83.566% 85.838% 84.454% 84.048%
5 91.972% 92.234% 91.972% 92.068% 78.707% 81.892% 80.176% 79.944% 81.103% 83.530% 82.428% 81.103%
6 88.108% 88.643% 88.108% 88.392% 84.201% 89.925% 89.586% 86.270% 84.309% 85.360% 84.751% 84.309%
7 81.682% 81.787% 81.599% 81.634% 86.216% 87.003% 86.342% 86.216% 81.117% 83.564% 81.729% 81.028%
8 69.114% 84.181% 75.281% 80.689% 83.210% 84.376% 84.167% 83.548% 85.546% 87.610% 86.287% 85.599%
9 80.076% 80.775% 80.646% 80.348% 91.511% 92.259% 91.671% 91.511% 91.159% 91.900% 91.644% 91.159%

10 77.013% 78.925% 78.297% 78.167% 93.648% 93.703% 93.648% 93.648% 87.200% 88.251% 87.315% 87.200%
Average 82.840% 85.112% 83.824% 84.344% 83.105% 84.976% 84.230% 83.533% 84.480% 85.957% 85.073% 84.596%

Instance
s1c10b5 s1c10b10 s1c10b25

Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR

1 82.172% 82.866% 82.715% 82.690% 79.850% 81.034% 80.362% 80.166% 80.828% 83.528% 81.462% 80.967%
2 86.578% 87.115% 87.011% 86.830% 81.804% 82.530% 81.978% 81.977% 89.162% 89.797% 89.162% 89.162%
3 75.661% 79.835% 80.149% 77.943% 79.359% 79.359% 77.398% 77.946% 77.636% 79.967% 80.322% 78.692%
4 71.907% 72.741% 72.247% 72.572% 75.925% 76.722% 76.876% 76.801% 81.152% 83.564% 82.862% 81.436%
5 76.208% 76.920% 76.995% 76.621% 84.638% 85.706% 85.396% 85.282% 78.378% 80.356% 79.638% 78.802%
6 84.083% 84.471% 84.083% 84.087% 88.433% 90.172% 89.569% 88.810% 79.364% 82.538% 82.664% 81.243%
7 87.833% 89.168% 88.029% 88.285% 84.122% 88.742% 84.362% 85.473% 81.750% 82.912% 81.873% 81.746%
8 69.084% 75.834% 75.137% 73.998% 72.705% 73.933% 74.019% 73.043% 76.577% 78.223% 76.824% 76.823%
9 75.637% 77.193% 75.799% 76.467% 79.158% 81.279% 79.927% 79.424% 89.202% 90.329% 89.693% 89.202%

10 75.595% 76.725% 76.392% 76.798% 84.619% 84.652% 84.619% 84.606% 84.306% 85.625% 84.339% 84.377%
Average 78.476% 80.287% 79.856% 79.629% 81.061% 82.413% 81.450% 81.353% 81.835% 83.684% 82.884% 82.245%

Table 5.10 soton1 Results Comparison among Initial Solution, ILS with Simple Neighbour-
hood, ILS with Intelligent Neighborhood, and ILS with Descent and Randomness

over constructive heuristic. For ILSIN and ILSDR, partial initial solution generated by
default sequencing generally leads to better final solution. For ILSSN, experiment allBoxes
generates better solutions. Running Cargo Manager is proved to be incredibly costly as
over 99% of the overall running time is spent on executing CM. On the other hand, our
evaluation design, neighbourhood evaluation in ILSIN and split batch in ILSDR, is not
time-consuming. As we implemented the strategy of split batch in both ILSIN and ILSDR,
positive impact is observed in ILSIN while randomly split batch performs mediocrely in
ILSDR. For ILSIN and ILSSN, fewer kicks are observed for data sets having more box
types and requiring more containers. Kicks get fewer and fewer especially for data set
soton2 with more box types and container requirement as over 10,000 boxes together with
higher number of box types require Cargo Manager to spend significant more time on each
run as shown in section 4.5.1.

5.6.3 Beam Search Results under Different Parameters

In our beam search design, we have a few parameters including filter width α , beam width
β , and the number(s) of child nodes generated under Strategy 1 to 6. In this section, we
investigate the impact of different parameters upon the performance of our algorithm. We
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Instance
s2c5b5 s2c5b10 s2c5b25

Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR
1 93.478% 94.017% 93.237% 93.580% 92.616% 93.296% 92.475% 92.434% 90.546% 90.546% 90.692% 90.605%
2 92.120% 92.490% 92.607% 92.607% 94.878% 95.017% 94.720% 94.769% 93.810% 93.810% 94.384% 94.383%
3 89.831% 90.374% 90.450% 90.378% 79.624% 79.624% 80.460% 80.460% 94.107% 94.377% 94.345% 94.345%
4 90.589% 91.502% 90.599% 90.881% 94.088% 94.375% 93.954% 93.954% 96.139% 96.139% 95.766% 95.766%
5 91.390% 91.996% 91.434% 91.493% 90.850% 94.018% 91.450% 91.939% 94.020% 94.233% 94.128% 94.128%
6 93.098% 93.779% 94.028% 94.028% 94.484% 94.944% 94.455% 94.500% 94.438% 94.438% 94.457% 94.438%
7 95.296% 95.417% 95.310% 95.342% 92.724% 93.252% 92.627% 92.636% 93.027% 93.027% 93.125% 92.914%
8 93.061% 93.675% 93.333% 93.391% 94.831% 95.632% 93.727% 93.727% 91.237% 91.342% 90.722% 90.798%
9 88.437% 88.650% 88.586% 88.586% 95.765% 95.783% 95.629% 95.629% 93.745% 94.326% 94.140% 94.140%

10 94.298% 94.444% 93.174% 93.268% 93.138% 94.207% 93.541% 93.541% 92.953% 93.755% 92.467% 92.480%
Average 92.160% 92.634% 92.276% 92.355% 92.300% 93.015% 92.304% 92.359% 93.402% 93.599% 93.423% 93.400%

Instance
s2c10b5 s2c10b10 s2c10b25

Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR Initial ILSSN ILSIN ILSDR
1 95.331% 95.365% 95.506% 95.506% 93.979% 94.124% 94.269% 94.269% 94.357% 94.386% 94.094% 94.094%
2 93.623% 93.828% 93.664% 93.667% 93.940% 94.021% 93.691% 93.691% 93.615% 93.803% 93.537% 93.537%
3 93.908% 94.667% 94.259% 94.318% 95.845% 96.277% 95.972% 95.888% 94.223% 94.223% 93.148% 93.148%
4 95.029% 95.763% 95.087% 94.831% 95.783% 96.279% 94.810% 94.810% 93.421% 93.763% 93.027% 93.015%
5 94.613% 94.653% 91.608% 92.175% 95.535% 95.709% 95.733% 95.732% 92.783% 92.891% 92.628% 92.628%
6 93.415% 93.918% 93.809% 93.878% 94.476% 94.768% 94.810% 94.799% 93.865% 93.865% 94.084% 94.055%
7 90.693% 91.150% 90.586% 90.857% 93.869% 94.272% 94.117% 94.117% 79.024% 79.602% 80.973% 80.394%
8 95.251% 95.718% 95.485% 95.522% 91.346% 92.167% 91.960% 92.023% 91.922% 91.922% 92.350% 92.185%
9 91.372% 91.884% 91.634% 91.578% 94.854% 95.990% 95.157% 94.982% 93.297% 93.751% 94.054% 94.054%

10 93.524% 95.541% 93.618% 94.121% 96.470% 97.031% 96.460% 96.466% 94.011% 94.011% 93.153% 93.153%
Average 93.676% 94.249% 93.526% 93.645% 94.610% 95.064% 94.698% 94.678% 92.052% 92.222% 92.105% 92.026%

Table 5.11 soton2 Results Comparison among Initial Solution, ILS with Simple Neighbour-
hood, ILS with Intelligent Neighborhood, and ILS with Descent and Randomness

experiment using data sets s1c5b5, s1c5b10, and s1c5b25. We consider these three data
sets as one close group and our in-sample for beam search, and carry on experiment using
the same parameters. The rest data sets, namely s1c10, s2c5 and s2c10, are effectively our
out of sample for beam search. The performance of our algorithm is reported in terms of
percentage utilisation same as for Iterated Local Search, so comparison of performance can
be drawn between these two algorithms in the next section. It is worth pointing out that
while we set the same parameters for all three data sets, we aim at 500 seconds running time
for one run of beam search approach. However, since we can only estimate approximately
how long a single run will take under the parameters we set, it is almost certain that a
single run will not be exact 500 seconds. Because the results of Iterated Local Search are
generated under 500 seconds, a fair comparison between these two algorithms is hard to be
drawn. Moreover, we already learned that data sets having more box types need more time
to run from section 4.5.1. Such fact indicates that if one run of s1c5b10 spends exact 500
seconds, one run of s1c5b25 will probably spend more than 500 seconds and one run of
s1c5b5 will spend less than 500 seconds both by a noticeable time margin. Since this is a
matter of fact and we have to run all data sets within a close group with same parameters,
our aim is to run data sets with 10 box types for as close as 500 seconds and to accept that
data sets with 5 box types will have a shorter running time and a longer running time for
data sets with 25 box types.
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Therefore, we design our parameter investigation as follows. Firstly we investigate the
impact of filter width and beam width while keeping the number of child nodes unchanged.
We are aware of the possibility of having all next-level beams branched from one single
beam when filter width is set as a high value and beam width as a low value. Therefore,
we initially set filter width much smaller than beam width to make sure that the next-level
beams will be branched from various beams. Then we adjust beam width and the number
of child nodes while keeping filter width unchanged. Finally, we change filter width and the
number of child nodes while beam width remains the same.

Table 5.12 compares the results and average computation times under different parameters
for data set s1c5b5. Each instance is run 5 times and the average result is taken. The average
of computation times for all 10 instances is also recorded. The best results and computation
time have been highlighted in bold. For the first three columns we set the number of child
nodes generated as 10 for Strategy 1 to 6. As Strategy 0 always generates 2 child nodes, that
means a total of 62 child nodes are generated from a beam node. We firstly set filter width =
5 and beam width = 20 as the experiment named [f5 b20 stra10]. We then set filter width =
10 and beam width = 15 [f10 b15 stra10]. Finally we increase filter width to 30 and reduce
beam width to 10 [f30 b10 stra10].

Among the above three settings, the same number of child nodes guarantees the quality
of available pool of partial solutions where filter nodes can be chosen from. While [f5
b20 stra10] ensures the search chooses the next-level beam nodes from different beams, it
chooses the greediest filter nodes when compared to [f30 b10 stra10]. The results show that
[f30 b10 stra10] generates better results among the three. While it has the highest compu-
tation time of 542 seconds, the time margin compared to the other two is not considered
significant enough to significantly impact the results. Therefore, we carry out two more
experiments based on [f30 b10 stra10].

We firstly increase the number of child nodes to 28 and reduce beam width to 5 [f30 b5
stra28] while keeping filter width unchanged. This move potentially improves the quality
of filtered nodes by increasing the number of child nodes while only those evaluated better
globally are chosen. Our other experiment increases the number of child nodes to 20 and
reduces filter width to 5 while beam width remains the same as 10 [f5 b10 stra20]. This
setting potentially increases the overall quality of child nodes however they will be pruned
more greedily. Results show that [f30 b10 stra10] still has the best results with a tiny time
margin which is insignificant.

Same parameter settings are implemented on data sets s1c5b10 and s1c5b25. Their results
are shown in the Table 5.13 and Table 5.14 respectively. Parameter setting [f30 b10 stra10]
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s1c5b5
Instance f5 b20 stra10 f10 b15 stra10 f30 b10 stra10 f30 b5 stra28 f5 b10 stra20

1 87.817% 87.910% 88.090% 87.727% 87.865%
2 72.021% 72.194% 73.518% 72.280% 71.367%
3 92.123% 92.421% 92.438% 92.511% 92.349%
4 92.112% 92.335% 92.150% 92.205% 91.955%
5 92.832% 92.944% 92.927% 93.130% 92.675%
6 88.817% 89.173% 89.238% 89.213% 89.185%
7 81.839% 81.945% 81.971% 81.950% 81.683%
8 82.773% 82.659% 83.715% 74.594% 82.642%
9 81.161% 81.224% 81.278% 81.290% 81.279%

10 79.296% 79.249% 79.249% 79.173% 79.708%
Ave 85.079% 85.205% 85.457% 84.407% 85.071%

Run Time (s) 527 498 542 535 533

Table 5.12 Beam Search Results under Different Parameters for s1c5b5

generates the best results for data set s1c5b10 with the least computation time used. For
data set s1c5b25, [f30 b10 stra10] does not generate the best results. However, it has the
second least computation time of 934 seconds, which is only 2 seconds more than the least
computation time spent by [f10 b15 stra10]. Parameter setting [f30 b5 stra28] generates
the best results with second most computation time of 1053 seconds, which is 119 seconds
more than that of [f30 b10 stra10]. Overall, results under different parameters for s1c5b10
and s1c5b25 do not have huge difference among themselves. While the high cost of Cargo
Manager (CM)’s computation time significantly limited the scale of our experiment, we
attempt to draw a couple of clearer observations. Firstly, it may not be a good idea to over-
greedily filter child nodes by setting a considerably small filter width. Also, the intention of
avoiding completely pruning one or more beam may not improve the results, at least when
it is done by over-greedily setting small filter width.

5.6.4 Control-Set and Results Comparison

In this session, we compare the results of beam search with initial solutions and those of
iterated local search. Also, we are well aware of that algorithms might not be actually doing
work even when they generate improved results. Therefore, we design a ‘Control-Set’ to
check if both of our algorithms really work. The idea of ‘Control-Set’ is to randomly pack
containers for 500 seconds, and compare it with results of both iterated local search and
beam search. If the results of algorithms do not have advantage over that of ‘Control-Set’,
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s1c5b10
Instance f5 b20 stra10 f10 b15 stra10 f30 b10 stra10 f30 b5 stra28 f5 b10 stra20

1 81.092% 81.334% 81.577% 81.538% 81.449%
2 92.772% 92.829% 92.807% 92.883% 92.748%
3 72.945% 73.393% 73.454% 73.494% 73.286%
4 75.899% 75.988% 75.983% 76.064% 76.022%
5 81.792% 82.073% 82.876% 82.295% 81.796%
6 91.456% 91.619% 91.411% 91.559% 91.498%
7 87.494% 87.784% 88.149% 87.957% 87.753%
8 85.271% 85.402% 86.035% 85.450% 84.948%
9 93.040% 93.196% 93.145% 93.378% 93.235%

10 94.323% 94.204% 94.123% 94.181% 94.389%
Ave 85.608% 85.782% 85.956% 85.880% 85.712%

Run Time (s) 553 526 504 565 578

Table 5.13 Beam Search Results under Different Parameters for s1c5b10

s1c5b25
Instance f5 b20 stra10 f10 b15 stra10 f30 b10 stra10 f30 b5 stra28 f5 b10 stra20

1 81.171% 81.565% 81.709% 81.709% 81.489%
2 83.687% 84.166% 84.360% 84.373% 84.094%
3 88.784% 88.868% 88.963% 89.256% 89.127%
4 86.899% 87.362% 87.413% 87.746% 87.310%
5 83.356% 83.553% 83.328% 83.532% 83.574%
6 85.837% 86.338% 86.335% 86.761% 86.351%
7 84.502% 85.048% 84.569% 84.370% 84.217%
8 87.991% 87.803% 87.718% 88.242% 88.441%
9 92.712% 92.789% 92.647% 92.907% 92.829%

10 87.910% 88.105% 87.986% 88.058% 88.185%
Ave 86.285% 86.560% 86.503% 86.695% 86.562%

Run Time (s) 990 932 934 1053 1087

Table 5.14 Beam Search Results under Different Parameters for s1c5b25
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then the algorithm(s) is not considered as working well. Our ‘Control-Set’ implementation
places all boxes within their original batch, and sort these original box types into a random
sequencing. It then repeatedly runs Cargo Manager (CM) until all boxes are packed. The
average utilisation is calculated the same way as in the Iterated Local Search and Beam
Search algorithms. The same process is repeated for 500 seconds, and the best average
utilisation is selected as the result. Each instance is run 5 times, and the average of these
five results is taken as the final result of ‘Control-Set’.

Table 5.15 compares the results among initial solution, Control-Set, Iterated Local Search
(ILS) and Beam Search (BS) for data sets soton1. Results are presented in terms of solution
quality as utilisation. The best results are highlighted in bold. The computation times of
beam search are reported as well. We pick Iterated Local Search with Simple Neighbour-
hood (ILSSN) to represent iterated local search as it generates the overall best results. For
data sets s1c5b5, s1c5b10 and s1c5b25, the results of parameter setting [f30 b10 stra10] is
presented for beam search. For data sets s1c10b5, s1c10b10 and s1c10b25, we set param-
eters as [f15 b5 stra5]. We set parameters based on the observation in Section 5.6.3, and
ideally one run of beam search will have a computation time of 500 seconds.

For data set s1c5b5, beam search generates the best overall results except for instance 8
where Control-Set beats both algorithms. The overall improvement rates over initial so-
lutions are 2.244%, 2.742% and 3.159% for Control-Set, ILS and BS respectively. The
average computation time for BS is 542 seconds. Similar outcomes are observed for other
five data sets, i.e. s1c5b10, s1c5b25, s1c10b5, s1c10b10 and s1c10b25, with beam search
outperforming others on all averages (and for almost all instances). In general, the results of
ILSSN come second and those of ‘Control-Set’ come third. ‘Control-Set’ only fails to im-
prove with its average result 0.025% worse than initial solution for data set s1c5b25.
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Table 5.16 compares the results among initial solution, Control-Set, Iterated Local Search
(ILS) and Beam Search (BS) for data sets soton2. We set beam search parameters as [f15 b5
stra10] for data sets s2c5b5, s2c5b10 and s2c5b25, and [f10 b5 stra5] for data sets s2c10b5,
s2c10b10 and s2c10b25. For data set s2c5b5, beam search generates the best overall results
except for instance 5, 7 and 10. ILS obtains the best results for instance 5 and 10, while
Control-Set beats both algorithms on instance 7. The overall improvement rates over ini-
tial solutions are 0.513%, 0.515% and 0.780% for Control-Set, ILS and BS respectively.
The average computation time for BS is 302 seconds. Similar outcomes are observed for
the other five data sets. Beam search outperforms others on all averages (and for most in-
stances), while ILS is able to show tiny edge on a few instances. We however want to present
a few exceptions here. For data set s2c5b10, ‘Control-Set’ generates the same best result as
BS on instance 3. For data set s2c5b25, beam search fails to reach the initial solution which
is the best for instance 4. For data set s2c10b10 and s2c10b25, ‘Control-Set’ does better
than ILS on average.
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Some conclusions can be drawn from these comparisons. Firstly, Control-Set tends to do
very well when there are fewer box types. This is because for data set with 5 box types
there are only 120 combinations of possible sequencing. Based on our observation, all these
120 combinations are run through by Control-Set during 500-second running time. That
is to say the results generated by Control-Set for s1c5b5, s1c10b5, s2c5b5 and s2c10b5
are the upper-bound results without splitting box types. Since both ILS and BS have their
results improved over those of Control-Set, we can assume that splitting box types is an
implementation which has a positive impact on the final solution. For data sets with 25 box
types, Control-Set performs badly in a couple of cases. It fails to improve on s1c5b25, and
only manages to improve very slimly on s2c5b25. This is because it simply fails to form
those better sequencings within 500 seconds. It manages to improve 1.176% for s1c10b25
but still falls short compared to ILS’s 2.259% improvement rate. Data set s2c10b25 is
an exception as Control-Set performs better than ILS with one of those lucky lotteries.
Secondly, the results of ILS give mixed information. For some data sets, its results are quite
mediocre. Its results only manage very slim improvement over those of Control-Set on data
sets s1c5b10, s1c10b10 and s2c5b5. It fails to beat Control-Set on s2c10b10 and s2c10b25.
It performs well on data set s1c5b25, s1c10b25 and s2c10b5, and generates decent results
on the rest data sets. Despite extra coding effort, both Control-Set and ILS run for the same
amount of time. Therefore at the consumer end, a better result with same running time is a
still a gain towards them. Finally, beam search overall is the best performer. It manages to
generate best average results for all data sets and best results for most instances. Also, its
computation times are as competitive as those of Control-Set and ILS in most cases. It has
similar computation times for data set s1c5b5, s1c5b10, s1c10b5, s1c10b10, s1c10b25 and
s2c10b10. It uses much shorter computation times for data set s2c5b5 and s2c10b5. It uses
more time for s1c5b25 and s2c5b10, and unavoidably needs much more time for s2c5b25
and s2c10b25 given the same parameter settings we set for data sets s2c5 and s2c10.

5.7 Conclusion

The main contribution of this section is that we design different iterated local search algo-
rithms to improve the initial solution generated by Cargo Manager’s constructive heuristic.
We also design beam search algorithm which by nature works differently from iterated local
search algorithms. The uniqueness of this work is that the constructive heuristic is presented
as a standalone program, and the way on how its constructive heuristics exactly works re-
mains uncontrollable to us. While iterated local search makes improvement based on rear-
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ranging the original packings in the containers, the final improved solutions are kept feasible
for industry use. The difficulty faced to solve this type of problem is obvious, as improve-
ment heuristic is usually designed based on the known characteristics of the constructive
heuristic. After the attempt to intervene how the constructive heuristic works in our iterated
local search algorithms, we implement a completely different approach, beam search which
builds partial solutions into a final one and leave constructive heuristic effectively do what it
is good at without intervention. Results suggest that iterated local search algorithm with the
design of straightforward objective-driven acceptance criteria and extensive neighbourhood
search, in our case ILSSN, may generate better results over other more complicated ILS
approaches, i.e. ILSIN and ILSDR. However, beam search remains the favor compared to
ILS in general. We then compare the results of both approaches with that of Control-Set to
draw a clue on if both approaches really do work. Beam search responds positively while
iterated local search gives mixed signals.



Chapter 6

Heterogeneous Containers Problem

6.1 Problem Description

In this chapter, we would like to extend our beam search and iterated local search with sim-
ple neighborhood algorithms to solve heterogeneous containers problem. Homogeneous
container problem is an input minimisation problem where the solution quality is evaluated
through overall utilisation which is to be maximised. While heterogeneous containers prob-
lem still remains an input minimisation problem, the solution quality is evaluated by the
total container cost used. The smaller the cost, the better the result.

The heterogeneous containers problem is defined as follows. A number of rectangular con-
tainers of M types is given. Containers with the same dimensions are categorised into the
same container type, represented by C1,C2, ...,CM. Each container type is given a unique
cost, represented by c1,c2, ...,cM. For unlimited heterogeneous containers problem, there
are an unlimited number of each container available. For limited heterogeneous containers
problem, there are mt available containers of type t where 1 6 t 6 M. A given number of
rectangular boxes are categorised into N types. All box types have different dimensions,
and boxes of each type are all unique. Each box type is represented by B1,B2, ...,BN . There
are n j available boxes of type j where 1 6 j 6 N. Given a set of containers with different
container types, the objective is to find the best combination of containers to allow all boxes
to be orthogonally packed within the containers. The definition of the best will be that of
minimising the total cost of containers used.

As we are looking for simulating a real industry situation, we will have only a few container
types available. Thus we are solving the problem as Multiple Stock-Size Cutting Stock
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Problem (MSSCSP), that is to pack weakly heterogeneous boxes into weakly heterogeneous
containers. This aspect however does not reflect in our algorithm design, as our algorithms
accommodate problems with both weakly and strongly heterogeneous containers. It rather
represents the experiments we carry out in section 6.5. Same as for homogeneous container
problem in the previous section, all solutions obtained here are approximate. On a separate
note, the data sets we use in the experiments, i.e. soton1 and soton2, are originally designed
for homogeneous container problem with only the 40ft Standard Steel Maersk Container
used during the data generation process.

The rest of the chapter is organised in such a way. Chapter 6.2 describes our revised beam
search algorithm, and section 6.3 explains our revised iterated local search with simple
neighbourhood algorithm. We modified beam search algorithm ahead of iterated local
search because beam search appears to be the better approach to solve our real industry
problem with Cargo Manager embedded as a standalone program, although we are aware
that heterogeneous containers problem is not the same as homogeneous container problem
in the obvious sense of different objective function with extra variables. Among all three
iterated local search algorithms modeled in chapter 5, modification is only applied on iter-
ated local search with simple neighbourhood because it is believed to be the most efficient
among the three. The experiment design for heterogeneous containers problem is described
in section 6.4 for both revised beam search and revised ILSSN algorithm. Complete results
on this problem are then presented in section 6.5 with comparison on the results between
these two algorithm presented in the end. Finally, a conclusion is drawn in section 6.6.

6.2 The Revised Beam Search Algorithm

In this section, we modify our beam search algorithm originally designed for homogeneous
container problem. Modifications are designed for both unlimited and limited heteroge-
neous containers problem. The newly revised models are summarised in separate proce-
dures.

6.2.1 Unlimited Heterogeneous Containers Problem

Compared to homogeneous container problem, three major modifications are made to adjust
beam search algorithm to tackle the problem where unlimited heterogeneous containers are
to be packed. These modifications happen within the stage of generating child nodes, local
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Fig. 6.1 Local Evaluation for Unlimited Heterogeneous Containers Problem

evaluation, and global evaluation.

Deriving from each beam node, child nodes are generated for all the container types. Dif-
ferent available strategies are applied on each container type. Take figure 6.1 as an example.
Two container types are available. As beam width is 2, we have node B and D as beam
nodes. Different strategies are applied to generated child notes a1, a2 and a3 for the first
container type from beam node B. Child notes b1, b2 and b3 are generated using the same
strategies for the second container type from beam node B. Beam node D has c1, c2 and
c3 as child nodes for the first container type and d1, d2 and d3 for the second container
type.

Given filter width α and N as the total number of container types, local evaluation compares
utilisation among child nodes with same container type. The best α

N nodes are selected
from each container type. Through such design, we ensure that all the container types are
involved in the global evaluation stage as it is unfair to comparing nodes across different
container types solely on utilisation. We believe that keeping all the container types in the
global evaluation will result in a more competitive outcome of the next level beams. Take
figure 6.1 as an example. We have filter width α as 4. That is 4 child nodes selected from
beam node B, and 4 from D. Under beam node B, child node a1 and a3 are selected for
the first container type, and b1 and b2 are selected for the second container type. Under
the same reason, c2 and c3 along with d2 and d3 are selected from beam node D. In the
case where filter width α can not be divided equally among N container types, the extra
indivisible node(s) is randomly allocated among all container types and further selected
based on its utilisation.

Given beam width β , the remaining unpacked boxes for each filter node are placed within
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Fig. 6.2 Global Evaluation for Unlimited Heterogeneous Containers Problem
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their original box types which are then sorted by default sequencing R. Each container type
is used at each packing level, and the one with the best ratio of packed box volume and
container cost is selected. This process ends when all boxes are packed. Global evaluation
compares the total costs of the containers used for all filter nodes, and the best β nodes are
selected as beam nodes. Take figure 6.2 as an example. There are three container types
available. The remaining boxes for filter node B are packed using 4 containers, respectively
as container type I, I, III and II. The decision of using each container is made by comparing
the ratios of packed box volume and container cost among all three container types. For
filter node B, The total cost is the costs of all packed containers up till B plus the costs of
container I, I, III, and II.

Another modification worth of mentioning is the generation of the final solution and ter-
mination condition. Because of the existence of different container sizes, the final solution
may be generated before the search reaches the end of the tree graph. When we generate
child nodes using different strategies for each container type, one or more child nodes may
be able to pack all the boxes. We define all the child nodes using the same container type
from the same beam node as a cluster. If any child node within a cluster packs all the boxes,
we compare the total cost of such node(s), or branch(es) just to be more accurate, with the
best in record, and update it as the current best solution if it is better than the one in record.
All the other nodes within the same cluster are pruned. The search terminates when there
is no child node left for local evaluation. Also, a second termination condition is set before
local evaluation to save computational time. For the remaining child nodes, we exclude any
one from further evaluation if its current total cost plus the lowest container cost is larger
or equal to the current best cost. The algorithm terminates when all nodes are excluded for
further evaluation.

Our revised beam search algorithm for unlimited heterogeneous containers problem is sum-
marised by the following procedure.

• N be the total number of container types

• CP be the container type P where P = I, II, III, ...,N

• VP be the cost of container type P

• Vb be the best total cost of all the containers packed

• B be the total set of boxes

• br be the unpacked boxes
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• T be the original box types

• c be the number of packed containers

• Sc be the partial solution containing c packed containers

• Cc be the first c containers packed

• Vc be the cost of the first c containers

• bc be the boxes packed in the first c containers

• Su be the partial solution for the current (c+1)th container

• Cu be the current container being packed that can be any container type CP

• Vu be the cost of container Cu

• bu be the number of boxes packed in the current (c+1)th container

• sn be the proposed strategy n, n = 0,1, ...,6

• α be filter width

• β be beam width

• GLOBAL(Sc + Su,bc + bu,B) be the global evaluation function that returns the total
cost of all the containers used, where the packing order of the first (bc + bu) boxes
in the partial solution (Sc + Su) have been determined by the search tree through the
choice of CP and sn in the first (c+u)th containers, and the remaining (B−bc −bu)

unpacked boxes are placed and packed within their original box types T which are
ordered using the fixed sequencing rule R

• LOCAL(Su,bu) be the local evaluation function that returns the utilisation of container
Cu

Step 0 Set c = 0, S0 = ∅, Vb = +∞ and root node as the single beam node. Initialize
br = B.

Step 1 Node generation. Generate Su (i.e. level c+ 1 nodes) by adopting sn, where n =

0,1, ...,6, for each container type CP.

Step 2 Update the best total cost. For each node that satisfies bu = br, let Vb = Vc +Vu

if Vc +Vu < Vb. Disqualify each of such nodes as future filter node, and prune those
nodes share the same beam and container type CP.
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Step 3 Termination test 1. If all container types from all beams have one or more nodes
that satisfies bu = br, go to Step 8.

Step 4 Termination test 2. Disqualify each node that satisfies Vc+Vu+ the lowest VP ≥Vb

from further evaluation. If no available node remains, go to Step 8.

Step 5 Filtering. For each node compute LOCAL(Su,bu). Compare nodes with same con-
tainer type CP and select the best α

N nodes from each container type. Prune remaining
nodes. If the number of available nodes from the same beam and container type is
less than α

N , all nodes are selected as filtered nodes.

Step 6 Select beam nodes. Compute GLOBAL(Sc +Su,bc +bu,B) for each of the remain-
ing filter nodes. Select the best β nodes as beam nodes. If the number of filtered
nodes is less than β , all filtered nodes are selected as beam nodes.

Step 7 Update sets. For each selected beam node, form Sc+1 by adding the beam node Su

to Sc, and remove bu from br. Let c = c+1, and go back to Step 1.

Step 8 Final solution. Record the solution with Vb as the final solution.

6.2.2 Limited Heterogeneous Containers Problem

Compared to unlimited heterogeneous containers problem, limited heterogeneous contain-
ers problem has the extra condition that all container types have different available container
numbers. Therefore, it is important to pay attention to the situation where not all container
types are available. Take figure 6.3 as an example. When generating child nodes, all three
container types are still available for beam node B but only two container types are available
for beam D. For local evaluation, the filter width α is 6. Child nodes a1, a2, b1, b3, c1 and
c2 are selected as filter nodes using the same method in unlimited heterogeneous containers
problem. Because there are only two available container types available for beam node D,
three filter nodes are to be selected for each container type. Therefore, all six child nodes
are selected in this case. Also, not all containers may be available at each packing level
during global evaluation. In figure 6.4 where the available number of container type I is
only 1, once it is used it will not be available for the next packing. Assuming figure 6.2 and
figure 6.4 has the same filter node B, the packing patterns are clearly different as for limited
heterogeneous containers problem the four packed containers are container type I, III, II and
II.

Another important modification is the feasibility check. After generating a child node, the
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Fig. 6.3 Local Evaluation for Limited Heterogeneous Containers Problem

Fig. 6.4 Global Evaluation for Limited Heterogeneous Containers Problem
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dimensions and volume of the remaining boxes and available containers are checked to en-
sure that there is container(s) larger enough available for the bigger boxes to fit in. At this
stage, we only compare the volume of bigger boxes to that of larger containers without ac-
tual packing. Once container volume is larger and equal to the box volume, we assume the
situation as feasible. This is to save computational time for further evaluation on obvious in-
feasible nodes without spending extra computational time on the checking process. If such a
container does not exist or does not have enough space, the child node is declared as infeasi-
ble and is pruned immediately. The second feasibility check point is at the global evaluation
where we actually pack the remaining boxes to obtain the total cost. The check point is
set right after packing each available container type so the obvious infeasible packing is
excluded in the comparison of different container types. At the end of packing each filter
node, the node is pruned if not all boxes can be packed. It is worth to mention that strategy
0 automatically serves as the re-filter here if all the nodes generated under other strategies
happen to be infeasible. Because strategy 0 places boxes within their original types and
sorts them non-increasingly by box volume and height, bigger boxes will always be given
priority to be packed first. Therefore, there should always be feasible nodes generated under
strategy 0 when a feasible box-container combination is provided.

Compared to the procedure for unlimited heterogeneous containers problem in section 6.2.1,
the procedure for limited heterogeneous containers problem slightly differs in a few places.
A new notation, NP, is defined as the number of containers for container type P. Since lim-
ited container problem introduces the number limit on each container type, there might be
cases where one or more container type is not available. Therefore, during the global evalu-
ation, Step 1, 3, 4 and 5 the availability of each container type should be checked. Moreover,
for each selected beam node in Step 7 the container number of the selected container type
is reduced by 1.

6.3 The Revised Iterated Local Search with Simple Neigh-
bourhood (ILSSN)

In this section, we modify our Iterated Local Search with Simple Neighbourhood (ILSSN)
algorithm originally designed for homogeneous container problem. Modifications are de-
signed for both unlimited and limited heterogeneous containers problem. A newly revised
procedure is summarised for unlimited heterogeneous containers problem. Since no new
notation is needed, same notations in section 5.4.1 are used.
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Fig. 6.5 Unlimited Heterogeneous ILSSN Initial Solution Generation

6.3.1 Unlimited Heterogeneous Containers Problem

We try to maintain the structure of the original Iterated Local Search with Simple Neigh-
bourhood (ILSSN) while making a few modifications for solving unlimited heterogeneous
containers problem. Major changes are made on the generation of initial solution, crite-
rion on picking target container Ct , all the evaluation on the used container length includ-
ing optional Intra Container Moves, the generation of complete solution before kick, and
kick.

We include all container types when generating initial solution. All original batches defined
as in section 4.3.1 are ordered under fixed sequencing rule R which is derived from our
experiment in section 4.5.2 and will be revealed in section 6.4.3. All the boxes are packed
by each container once. The container with the highest ratio of packed box volume and
container cost is chosen. The packed boxes are removed from the next packing, and the
same process continues till all the boxes are packed. Figure 6.5 demonstrates an example of
initial solution generation. Three container types I, II and III are available. The first packed
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container type is II, the second one is I, the third one is I, the fourth one is III, and the fifth
and final one is II. Since each container has a unique cost attached to it, we then sum up the
total cost as the initial objective value.

During Inter Container Optimisation, we choose target container Ct based on a different
criterion than the utilisation we use in solving homogeneous container problem. Since the
ratio of packed box volume and container cost is the criterion to judge how good a container
packing in heterogeneous containers problem, we choose our target container Ct based on
the ratio of packed box volume and container cost. Ratios of all packed containers are
compared, and the one with the lowest ratio is chosen as the target container Ct .

Since the sum of whole used container cost is the objective function, the concept of used
container length or the shortest length used among containers is no more valid here. There-
fore, we remove all the evaluation on used container length. The container length used for
target container does not have any effect on the objective function. As illustrated in algo-
rithm 4 starting from step 15, a higher utilisation from the newly packed untarget container
is the only indicator for an improvement. This is different from the algorithm for homoge-
neous container problem. In algorithm 3 because container length used in target container
contributes to the objective function, even the newly packed untarget container has the same
utilisation as before it is still considered as an improvement if the container length used in
the target container is shortened. Same approach applies to the generation of the final solu-
tion. For homogeneous container problem, we find the container with the least used length
and assumption is made that the unused part can be re-sold. Therefore, to generate the final
solution is to find the least container length used among all packed containers. For the new
unlimited heterogeneous containers problem presented in this section, used container length
is not relevant any more because of the different container sizes. We take each container as
a whole and present them with their costs.

Intra Container Optimisation, as presented in section 5.4.5, repacks each container with the
boxes already packed within it. Improvement is made if the used container length is short-
ened for the same container. Inter Container Optimisation, as described in section 5.4.4,
is then applied to all the improved containers. Although evaluating used container length
is highly involved in Intra Container Optimisation, the mean of it is to seek possibility to
further improve the utilisation of untarget containers. Therefore, Intra Container Optimisa-
tion still has its relevance here. Based on the results shown in section 5.6.2, the application
yields slightly better results in some cases. Given it does not take up significantly extra time
to run, we applied Intra Container Optimisation before both the kick and the generation of
final solution.
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Before each kick when either a local optimal is reached or no improvement could be found
among untarget containers, we repack target container to generate a complete solution which
is then compared with the current best solution. For homogeneous container problem, we
simply pack all the unpacked boxes using the only container type. For unlimited heteroge-
neous containers problem, we try to pack all the unpacked boxes using the container type
with the lowest cost possible. We firstly pack using the original target container type. Once
all boxes are packed, we repack them using the container type with the lower cost. The
process stops when the lowest used container cost is reached.

The design of the two kicks described in section 5.4.6 does not take heterogeneous contain-
ers into account. Therefore, a new kick is implement to suit our new problem. We name the
kick as Pack Different Container (pDC). We unpacked target container and a randomly se-
lected untarget container. We then pack these unpacked boxes using a container type which
is different from target container and the chosen untarget container. Such design guarantees
the kick to explore onto a different neighbourhood other than the current one. If not all the
boxes can be packed, the remaining boxes are packed using all container types and the one
with the best ratio of packed box volume and container cost is chosen. Kick pDC ends when
all the boxes are packed.

6.3.2 Limited Heterogeneous Containers Problem

A few changes are made to adjust the algorithm towards the limited heterogeneous con-
tainers problem. These adjustments happen within the generation of the initial solution, the
generation of complete solution before kick, and kick. Firstly during the generation of the
initial solution, as shown in the figure 6.6 the availability of each container is checked be-
fore each packing. Three container types are available. The number of container type I is 1,
container type II’s is 3, and container type III has 2 containers. The first container packed
is container type II, and the second container packed is type I. Therefore, when packing the
third container container type I is not available anymore. The third packed container is type
III, and the fourth is type II so as the fifth which leaves no box unpacked. Secondly when
we repack target container using the container type with the lowest cost possible during the
generation of a complete solution before each kick, we only use a container type if it is avail-
able. Last modification is within the kick pDC. If no different container type is available
from the target container and the randomly chosen untarget container, we keep randomly se-
lecting another untarget container till a container type other than target container and chosen
untarget container is available. If not all the boxes can be packed by this different container,
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Algorithm 4 The Revised Iterated Local Search with Simple Neighborhood (RILSSN)
1: Generate initial solution Si under fixed sequencing rule R by comparing all containers
2: while time limit is not reached do
3: for all container c ∈C do while C > 1 do
4: Pick target container ct with the lowest ratio of packed box volume and container

cost (and unpack it)
5: for each box type b ∈ B within ct do while B ̸=∅ do
6: Choose n number of target box type bt by its pre-decided priority, the num-

ber n is decided under certain Rule
7: for each remaining c ∈C− ct do
8: Select an untarget container cu (and its all boxes bu) in their pre-decided

order
9: for each priority bt can be (while keeping relative priority among bu) do

10: pack bu + bt and accept the First Improvement
11: if all boxes can be packed (b

′
u = bu +bt) then

12: Update solution and return to Step 6 providing the target con-
tainer hasn’t been emptied

13: else
14: Check utilisation rate in the untarget container cu
15: if U <U

′ then
16: Repack target container ct with remaining boxes bu +bt −b

′
u

17: if bu +bt −b
′
u are all packed in ct then

18: Update solution and return to Step 6 providing the target
container hasn’t been emptied

19: end if
20: end if
21: end if
22: end for
23: end for
24: end for
25: end for
26: Compare Sc with Sb
27: if Sc < Sb then
28: Sb = Sc
29: end if
30: Apply KICK (i.e. pAC) to jump out of current local optimal
31: end while
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Fig. 6.6 Limited Heterogeneous ILSSN Initial Solution Generation

the remaining boxes are packed by the container with the best ratio of packed box volume
and container cost among all available container types

In addition to the above three major changes, feasibility check similar to that of beam search
(section 6.2.2) is implemented for limited heterogeneous containers problem. After finish-
ing packing each container when generating the initial solution, we check the remaining
boxes and available container types. If one or more remaining boxes does not fit into the
available container types, we unpack the last packed container and prioritize those unfit
boxes. Moreover, a box type is selected from target container during Inter Container Opti-
misation phase of the way same as in algorithm 3 and 4. When each untarget container is
selected in turn to pack that target box type, the untarget container is skipped if the target
box type does not fit into the untarget container. Also, after packed some or all target boxes
the untarget container is skipped if any unpacked box type returned from untarget container
does not fit target container. Moving on to the generation of a complete solution before
kick, while we try to repack target container using the container type with the lowest cost
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possible we obviously have to skip any container type which does not accommodate any
remaining unpacked box type. Lastly, we randomly pick the container type same as either
target container or the chosen untarget container if no different container type, which allows
all unpacked box types to be fit in, is available.

6.4 Experimental Design

In this section, experimental design is explained for heterogeneous containers problem it-
self as well as for beam search (BS) and iterated local search with simple neighbourhood
(ILSSN). In section 6.4.1, we will describe our choice of container types and the different
cost settings we assigned to them. The reason behind our decision is also explained. We
then set parameters as fixed values for BS and ILSSN.

6.4.1 Container Types, Costs and Container Numbers

As we try to simulate a real industry situation where only a few container types are com-
monly used, we select a combination of three different container types in our experiment.
Table 6.1 summarises the complete container information of our design. The first con-
tainer type is the 40ft Standard Steel Maersk Container with the size of 12035 * 2350 *
2393(mm). Then we choose the 20ft Std Steel Maersk Container with the size of 5896 *
2350 * 2385(mm). The last container we pick is the 10ft Standard Container, which is used
by many shipping agents, with the size of 2800 * 2330 * 2350(mm). Three sets of costs
are applied in our experiment. The first set of costs is called Reality Cost. These are the
quotes provided by container rental agents. We compared a few quotes and adapt the most
common ones. We set 6 as the value of 10ft container, 7 as the value of 20ft container, and
12 as the value of 40ft container. It is obvious that 40ft container has the advantage over 20ft
and 10ft containers because of the cost attached to it. Under Reality Price 40ft container has
a volume 4.4 times larger compared to 10ft container while its cost is only doubled com-
pared to the later. It is not surprised that 40ft container will be preferred providing there
are enough goods to be packed. One can almost expect that 20ft or 10ft container will only
be considered as the last container when not enough goods are left. As a result of such
prediction, we decide to make additional cost settings to help investigate the performances
when the ‘fairer’ costs are set. We firstly set up a so-called Staged Cost. Under this setting,
the cost of a container type is proportional to its volume. The purpose of this setting to
give no advantage to any of the container type so they can compete with each other at any
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Container Type Reality Cost Compromised Cost Staged Cost

40ft Container (12035 * 2350 * 2393mm) 12 19 26.5
20ft Container (5896 * 2350 * 2385mm) 7 10 13
10ft Container (2800 * 2330 * 2350mm) 6 6 6

Table 6.1 Costs of Container Types under Different Settings

stage of the packing process. Therefore, the cost of 40ft container is set as 26.5. The cost
of 20ft container is 13, and the cost of 10ft container is 6. Another set of costs, namely as
Compromised Cost, sets the cost in the middle way of Reality Cost and Staged Cost. It still
gives 40ft container cost advantage over the other two container types but not as dramatic
as that in Reality Cost. The cost of 40ft container is 19, that of 20ft container is 10, and that
of 10ft container is 6. For unlimited heterogeneous containers problem, the number of each
container type is set to unlimited.

For limited heterogeneous containers problem, we make two different settings on container
numbers. We create the first setting in such a way that all boxes can be technically packed
using any two container types only. Therefore, we have 3 40ft containers, 6 20ft containers
and 12 10ft containers for data set s1c5 and s2c5. For data set s1c10 and s2c10, numbers
of all container types are doubled to 6 40ft containers, 12 20ft containers, and 24 10ft
containers. We then create the other setting with the intention of using all three container
types to pack all boxes. We have 2 40ft containers, 5 20ft containers and 12 10ft containers
for data set s1c5 and s2c5, and 4 40ft containers, 10 20ft containers and 24 10ft containers
for data set s1c10 and s2c10. All experiments are run under Reality Cost as we intend to
simulate a real industry case.

6.4.2 Beam Search

Just like experiment on homogeneous container problem, different parameter settings, namely
filter width, beam width and the number of child nodes generated under Strategy 1 to 6,
are applied on different data sets for both unlimited and limited heterogeneous containers
problem. All three cost settings are experimented on unlimited heterogeneous containers
problem, and only Reality Cost is applied on limited heterogeneous containers problem.
For unlimited heterogeneous containers problem, we set filter width = 15, beam width = 5
and the number of child nodes generated under Strategy 1 to 6 = 5 [f15 b5 stra5] for s1c5.
Parameter setting for data set s1c10 is [f6 b3 stra4], [f9 b4 stra4] for s2c5, and [f6 b3 stra4]
for s2c10. The aim is to let the running times of those data sets with 10 box types be as
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close as 500 seconds under Reality Cost. The data sets with 5 box types are likely to finish
running with in 500 seconds, and those with 25 box types are expected to spend much more
than 500 seconds. Also, those experiments under Staged Cost need more running times as
more 10ft containers are expected to be used to result more levels in the beam search. For
limited heterogeneous containers problem, parameter setting of [f15 b5 stra5] is applied on
data sets s1c5 and s2c5 while [f9 b3 stra4] is set for data sets s1c10 and s2c10. The reason
behind such setting is that it is hard to predict packing behavior of the algorithm when lim-
ited containers are provided. Also, we believe that adequate filter width, beam width and
child nodes should be allowed in the tree structure to ensure the quality of the result. As the
result of such setting, the experiment running time of Iterated Local Search will be based on
the actual running time of beam search instead of the usual 500 seconds.

6.4.3 Iterated Local Search with Simple Neighbourhood

Section 5.6.2 showed that results under experiment allBoxes are generally better than those
generated under other conditions for Iterated Local Search with Simple Neighbourhood
(ILSSN). Hence, for Heterogeneous Containers Problem one of the conditions we run ILSSN
under is all boxes when deciding the number of target boxes. The other condition is when
selecting the target box type, we use non-increasing single box volume. Since we designed
a new kick called pack Different Container (pDC), it remains as the only kick for Heteroge-
neous Containers Problem. As we discussed earlier in the revised ILSSN algorithm, we run
both ICO before each kick and ICO when 500 seconds running time is reached. Therefore,
the run uses the conditions of: non-increasing single box volume, all boxes, pack Different
Container (pDC), and both ICO before each kick and ICO when 500 seconds running time
is reached. Other than run conditions, fixed sequencing rule R is kept same as the sequenc-
ing combination VHN and H2 is kept as the only constructive heuristic during the whole
experiment.

6.5 Computational Results

In this section we report the results generated for heterogeneous containers problem. Firstly,
we generate results using our beam search algorithm for both unlimited and limited hetero-
geneous containers problem. Then, results using our iterated local search with simple neigh-
bourhood (ILSSN) are generated for both unlimited and limited heterogeneous containers
problem. Finally, we compare results from both algorithms with each other and against



146 Heterogeneous Containers Problem

control-set results. All results are generated by using the new benchmark data sets from
section 4.4.2. For each data set, only the first 10 instances are used. Each instance is run
5 times and the average is taken as the result for that instance. We coded our algorithms
in Java 1.8.0_05 and all the instances are run on an Intel(R) 2.60 GHz PC with a 4.00 GB
RAM.

6.5.1 Beam Search Results

This section contains four tables. Table 6.2 and table 6.3 summarise the results for unlim-
ited heterogeneous containers problem. Table 6.2 summarises the results for data set soton1,
and table 6.3 summarises the results for data set soton2. In both tables, results run under
three different costs, namely reality, compromised and staged cost, are presented for each
instance. For each instance run under each cost, results are presented with the number of
containers used, total cost used, the number of container type A (40ft container) used, the
number of container type B (20ft container) used, and the number of container type C (10ft
container). Table 6.4 and table 6.5 summarise the results for limited heterogeneous contain-
ers problem. Table 6.4 summarises the results for data sets which are generated for fitting
into 5 containers, i.e. s1c5 and s2c5. Results run under two different settings on container
numbers, i.e. [2A 5B 12C] and [3A 6B 12C], are presented for each instance. Table 6.5
summarises the results for data sets which are generated for fitting into 10 containers, i.e.
s1c10 and s2c10. For each instance, results run under two different settings on container
numbers, i.e. [4A 10B 24C] and [6A 12B 24C], are presented. All instances are run under
reality cost for limited heterogeneous containers problem.

Table 6.2 summaries the results for unlimited heterogeneous containers problem on data set
soton1. While results under all three costs are presented for each instance, we have no in-
tention of comparing them against each other. Because same container type has completely
different cost, it makes any comparison on total cost used irrelevant. However, we are in-
terested to find out any pattern we may observe and draw insights on it. The major finding
is that almost all packed containers are the largest container type (i.e. A) under reality cost
while significant smaller containers especially container type C are used under staged price.
All instances follow the same pattern, and here we take data set s1c10b10 as an example.
Under reality cost, an average number of 11.46 containers is used. Among them, there are
10.12 container type A, 0.88 container type B and 0.46 container type C. Smaller container
types (i.e. B and C) are hardly used. Under compromised cost, an average number of 12.22
containers is used. 9.6 of them are container type A, 1.6 of them are container type B, and
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1.02 of them are container type C. Container type A is still heavily used, while a slight raise
in number of container type B and C is found. Under staged cost, an average number of
22.72 containers is used. Only 5.14 of them are container type A, 5.1 of them are container
type B, and 12.48 of them are container type C.

As we explained in section 6.4.1, under reality cost container type A is given a huge ad-
vantage because of the cost attached to it. For 1 unit of cost in container type A, you are
allocated 19.47% more space than that in container type B and 120.74% more space than
that in container type C. Therefore, it is not surprising that almost all packed containers are
type A. A much well packed (in terms of utilisation) container type B or C may be regarded
as a worse choice compared to a rather sloppily packed container type A. Container type B
and C only have their competitive edge when packing the last container. They are used if all
the remaining boxes can be packed using one of them. As for staged cost, each 1 unit of cost
yields the same amount of space in all three container types. No cost advantage is given in
this case. The degree of fitness between packed boxes and given container is more crucial in
deciding if such packing stays as a part of final solution. Therefore, similar to homogeneous
container problem utilisation again becomes the major criterion when evaluating the quality
of solution. However, it is worth point out that the number of container type C used in each
instance highly depends on box types within that instance and the actual packing. From
the results, we did not observe that one container type is favoured than others in terms of
total packed container volume. As for compromised cost, 1 unit of cost brings 7.79% more
space in container type A than that in container type B, and 39.4% more space than that
in container type C. Container type A is still a favourable choice under compromised price
while its cost edge is less compared to that under reality cost. The results in table 6.2 justify
the cost setting.

Table 6.3 summaries the results for unlimited heterogeneous containers problem on data set
soton2. The same pattern as in table 6.2 is observed again. Thus, the major finding from
table 6.2 stands here. Furthermore, we found out that container type C is used more under
staged cost when comparing to that in table 6.2. This is because boxes in data set soton2
are generally smaller than those in data set soton1, while the dimensions of container type
C remain unchanged larger ratio between box size and container size likely results in more
packing patterns with higher utilisation.

Table 6.4 summarises the results for data sets which are generated for fitting into 5 contain-
ers, i.e. s1c5 and s2c5, for limited heterogeneous containers problem. Results under two
different settings on container numbers, i.e. [2A 5B 12C] and [3A 6B 12C], are presented
for each instance. As explained in section 6.4.1, setting [2A 5B 12C] is created with the
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Reality Cost Compromised Cost Staged Cost

s1c5b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 5 60 5 0 0 5 95 5 0 0 7 131 4 1 2
2 6 72 6 0 0 6.6 114.6 5.4 1.2 0 12.2 156.5 1.4 7.8 3
3 5.4 60.4 4.6 0.4 0.4 6 92 4 1 1 8.8 123.1 2.2 3.6 3
4 6 61 4 1 1 6 92 4 1 1 7 124.4 3.2 2.4 1.4
5 5.6 60.6 4.4 0.6 0.6 6 92 4 1 1 7.2 124 3.6 1 2.6
6 5.6 62 4.6 0.8 0.2 5.2 95.2 4.8 0.4 0 7.8 130.3 3.8 0.8 3.2
7 6 66 5 0 1 6 101.8 5 0.2 0.8 10.4 139.3 3 2.2 5.2
8 7 78 6 0 1 8.2 120.8 5.2 1 2 11.4 127.4 4.4 0.6 6.4
9 6 67 5 1 0 6 105 5 1 0 17.6 141.4 1.2 1.6 14.8

10 6 68 5.2 0.8 0 6.2 106.2 5 1 0.2 13.8 146.2 2 3.2 8.6
Ave 5.86 65.5 4.98 0.46 0.42 6.12 101.46 4.74 0.78 0.6 10.32 134.36 2.88 2.42 5.02

s1c5b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 6 67 5 1 0 6 105 5 1 0 14.8 138.5 1.4 3 10.4
2 5 60 5 0 0 6 92 4 1 1 7.6 123.7 3.4 1.2 3
3 6 72 6 0 0 6 114 6 0 0 9.6 156.6 3.6 3.6 2.4
4 6 72 6 0 0 7 111 5 1 1 17.4 149.9 1.4 2.4 13.6
5 6 67 5 1 0 6 104.2 5 0.8 0.2 12.8 140.3 1.8 3.8 7.2
6 5.4 60.6 4.6 0.6 0.2 5.8 94.2 4.2 1.2 0.4 10 127.6 2 3.8 4.2
7 5 60 5 0 0 5 95 5 0 0 9.8 130.2 2.8 2 5
8 6 66 5 0 1 6 101 5 0 1 10.8 135.2 2 4.2 4.6
9 5.6 60.6 4.4 0.6 0.6 6 92 4 1 1 8.8 123 2.4 3 3.4

10 6 61 4 1 1 6 92 4 1 1 10 122 2 3 5
Ave 5.7 64.62 5 0.42 0.28 5.98 100.04 4.72 0.7 0.56 11.16 134.7 2.28 3 5.88

s1c5b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 6 67 5 1 0 6.8 104.6 4.6 1 1.2 15.2 138.2 1.2 3.2 10.8
2 6 66 5 0 1 6 101 5 0 1 11.2 134.5 2.6 2 6.6
3 5 60 5 0 0 5 95 5 0 0 12 127.3 1.4 3.8 6.8
4 5.2 60.4 4.8 0.4 0 5 95 5 0 0 11.8 131.5 1.8 3.4 6.6
5 6 66 5 0 1 6 101 5 0 1 10.4 137.9 3 2 5.4
6 5.8 64.8 5 0 0.8 5.6 98.6 5 0 0.6 12.2 133.7 2.2 2.2 7.8
7 6.2 66.4 4.8 0.4 1 6 101 5 0 1 11.4 134.6 2 3.6 5.8
8 5 60 5 0 0 5 95 5 0 0 10.2 130 2.4 2.8 5
9 6 61 4 1 1 6 92 4 1 1 9 122.5 3 1 5

10 5 60 5 0 0 5.2 95.2 4.8 0.4 0 10 128.7 2.6 2.2 5.2
Ave 5.62 63.16 4.86 0.28 0.48 5.66 97.84 4.84 0.24 0.58 11.34 131.89 2.22 2.62 6.5

s1c10b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 11 127 10 1 0 11 200 10 1 0 19 272.5 5 8 6
2 10.4 120.8 9.6 0.8 0 10.8 190.8 9.2 1.6 0 30.2 263.4 3.6 1.2 25.4
3 11.8 136 10.8 0.4 0.6 12 214 10.8 0.4 0.8 15.4 292.4 8.8 2.8 3.8
4 14 156 11.8 1.2 1 16.2 240.8 10 3.4 2.8 24.6 325.7 5 10.8 8.8
5 12 138 11 0 1 13 216 10 2 1 32 291.6 2.4 7.2 22.4
6 12 130.2 9.4 1.8 0.8 13 199 8.2 3.6 1.2 16.2 271.9 6.2 6.8 3.2
7 10.2 120.4 9.8 0.4 0 11.6 193.8 9 1.8 0.8 15.8 266.1 7.4 2.8 5.6
8 12.2 140.2 11 1 0.2 12.4 221.4 11 1 0.4 16.4 303.9 9 3 4.4
9 12 138.2 11 0.2 0.8 12.2 215.2 10.8 0.4 1 25.6 296.3 0.2 19.8 5.6

10 12 139 11 1 0 12.2 215.2 10.8 0.4 1 19.4 298.9 7.4 4.4 7.6
Ave 11.76 134.58 10.54 0.78 0.44 12.44 210.62 9.98 1.56 0.9 21.46 288.27 5.5 6.68 9.28

s1c10b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 11.4 132.4 10.6 0.4 0.4 12 206 10 1 1 24.2 280.1 4.6 5.8 13.8
2 11.4 129.4 10 1 0.4 12.8 205 9 2.8 1 24.8 274.2 4 6.2 14.6
3 13.6 143.2 9.6 4 0 15.6 225 9 3.6 3 23.2 300.6 4.8 9 9.4
4 12 138 11 0 1 12.4 215.4 10.6 0.8 1 27.8 291.9 4.6 4.4 18.8
5 10 120 10 0 0 10.4 190.4 9.6 0.8 0 14.6 264.6 7.2 4.2 3.2
6 11 121 9 1 1 11 187 9 1 1 26.8 251.6 3.2 3.6 20
7 10 120 10 0 0 11.2 188 8.8 1.6 0.8 17.4 255.2 6.4 2.8 8.2
8 13 144.8 11 0.8 1.2 13 225 11 1 1 29.8 305.2 4.8 4 21
9 12 133.6 10 1.6 0.4 13.2 209.8 9 3.4 0.8 22.2 283.3 5 6.8 10.4

10 10.2 121.2 10 0 0.2 10.6 193.6 10 0 0.6 16.4 267.2 6.8 4.2 5.4
Ave 11.46 130.36 10.12 0.88 0.46 12.22 204.52 9.6 1.6 1.02 22.72 277.39 5.14 5.1 12.48

s1c10b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 11.2 126.8 9.8 0.8 0.6 11.4 196.4 9.6 0.8 1 23.2 268.5 4.6 5 13.6
2 11 120.2 8.8 1.4 0.8 10.6 184.6 9 1 0.6 24.4 254.2 2.8 7.2 14.4
3 11 132 11 0 0 12.6 206.6 9.4 2.2 1 21.8 281.3 4.2 9.2 8.4
4 11 126 10 0 1 12.6 198.6 8.6 2.8 1.2 18 268.7 6.2 4.8 7
5 11 132 11 0 0 13.2 208.2 9 3 1.2 25.2 281.9 4.6 5.2 15.4
6 11.4 128.8 10 0.4 1 11.6 200.8 9.6 1.6 0.4 20.4 270.6 6 3.6 10.8
7 11 127 10 1 0 11 200 10 1 0 25 272.4 4.4 4.6 16
8 12 138 11 0 1 12.2 215.2 10.8 0.4 1 24.4 292.7 4.2 8.6 11.6
9 10.8 117.4 8.4 2.2 0.2 11.4 183.4 7.8 3.4 0.2 19.8 251.1 4.2 6.6 9

10 11 126.2 10 0.2 0.8 11.8 196.8 9.2 1.6 1 19.2 265.3 5 6.8 7.4
Ave 11.14 127.44 10 0.6 0.54 11.84 199.06 9.3 1.78 0.76 22.14 270.67 4.62 6.16 11.36

Table 6.2 Beam Search results for Unlimited Heterogeneous Containers Problem on data set
soton1



6.5 Computational Results 149

Reality Cost Compromised Cost Staged Cost

s2c5b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 5.4 60.4 4.6 0.4 0.4 6 92 4 1 1 12.8 119.2 2 0.2 10.6
2 5.6 60.6 4.4 0.6 0.6 6 92 4 1 1 9.6 122.1 2.6 1.6 5.4
3 6 61 4 1 1 6 92 4 1 1 15.4 124.3 0.6 2.8 12
4 6 61 4 1 1 6 92 4 1 1 18 122 0 2 16
5 6 61 4 1 1 6 92 4 1 1 17.2 122.4 0.8 0.4 16
6 5 60 5 0 0 6 92 4 1 1 11.6 120.7 1.4 3.2 7
7 5 55 4 1 0 5 86 4 1 0 8.6 119 2.4 2.6 3.6
8 6 61 4 1 1 6 92 4 1 1 11.4 120.6 2 1.6 7.8
9 5 60 5 0 0 5.8 95.8 4.2 1.6 0 13.2 127.3 1.8 1.6 9.8

10 6 61 4 1 1 6 92 4 1 1 20 120 0 0 20
Ave 5.6 60.1 4.3 0.7 0.6 5.88 91.78 4.02 1.06 0.8 13.78 121.76 1.36 1.6 10.82

s2c5b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 6 61 4 1 1 6 92 4 1 1 16.4 122 0.4 2.2 13.8
2 5 55 4 1 0 5 86 4 1 0 14.4 118.1 1 1.6 11.8
3 6 70 5.6 0.4 0 6 105 5 1 0 9.2 145.5 4.2 0.6 4.4
4 5.4 60.4 4.6 0.4 0.4 6 92 4 1 1 12 120 2 1 9
5 6 61 4 1 1 6 92 4 1 1 10.6 121.3 2.2 1.8 6.6
6 5.8 60.8 4.2 0.8 0.8 5.6 89.6 4 1 0.6 12 120.1 1.8 1.6 8.6
7 6 61 4 1 1 6 92 4 1 1 10.8 121.2 2 2.2 6.6
8 5 60 5 0 0 6 92 4 1 1 13 119.4 1.2 2.4 9.4
9 5 55 4 1 0 5 86 4 1 0 15 117.5 1 1 13

10 5.4 60.4 4.6 0.4 0.4 6 92 4 1 1 12.2 120.1 1.4 2.6 8.2
Ave 5.56 60.46 4.4 0.7 0.46 5.76 91.86 4.1 1 0.66 12.56 122.52 1.72 1.7 9.14

s2c5b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 5.8 60.8 4.2 0.8 0.8 6 92 4 1 1 12.4 124.2 1.2 3.6 7.6
2 5 59 4.8 0.2 0 5.8 90.8 4 1 0.8 12.8 119.4 1.6 1.4 9.8
3 5.2 60.2 4.8 0.2 0.2 6 92 4 1 1 12.4 119.6 2 0.6 9.8
4 5 55 4 1 0 5 86 4 1 0 12.6 118.5 1 3.2 8.4
5 5 60 5 0 0 6 92 4 1 1 12.6 119.7 1.4 2.2 9
6 5 55 4 1 0 5 86 4 1 0 14 118.5 1 2 11
7 6 61 4 1 1 6 92 4 1 1 12 120.4 1.2 3.4 7.4
8 6 61 4 1 1 6.2 92.2 3.8 1.4 1 14 122.5 1.4 1.4 11.2
9 5 60 5 0 0 6 92 4 1 1 12.8 119.6 1.2 2.6 9

10 6 61 4 1 1 6 92 4 1 1 10.2 121.6 2.4 1.6 6.2
Ave 5.4 59.3 4.38 0.62 0.4 5.8 90.7 3.98 1.04 0.78 12.58 120.4 1.44 2.2 8.94

s2c10b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 9 108 9 0 0 10 172 8 2 0 30.8 234.9 0.6 5.4 24.8
2 10 114 9 0 1 10 177 9 0 1 16 240.2 5.6 4.2 6.2
3 9 108 9 0 0 9 171 9 0 0 18 238.6 4.8 4.6 8.6
4 9 108 9 0 0 9 171 9 0 0 20 236.5 5 2 13
5 10 115 9 1 0 10.4 181.4 8.6 1.8 0 27.2 247.4 2.4 5 19.8
6 9.4 110.4 9 0 0.4 9.4 173.4 9 0 0.4 17.6 238.8 5.2 3.8 8.6
7 10 115 9 1 0 10 181 9 1 0 17.6 248.2 6 2.8 8.8
8 9 108 9 0 0 9.6 171.6 8.4 1.2 0 16.4 235.5 5.8 2.6 8
9 10.4 115.8 8.6 1.8 0 10 180.2 9 0.8 0.2 23 244.5 2.6 7.6 12.8

10 9 108 9 0 0 9 171 9 0 0 25.8 237.2 3.2 2.4 20.2
Ave 9.48 111.02 8.96 0.38 0.14 9.64 174.96 8.8 0.68 0.16 21.24 240.18 4.12 4.04 13.08

s2c10b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 9.2 109.2 9 0 0.2 9 171 9 0 0 28.2 237.9 2.6 2.2 23.4
2 10 114 9 0 1 10 177 9 0 1 25.6 238.7 3.4 2.2 20
3 9 108 9 0 0 10 172 8 2 0 15.2 234.2 5.2 5.2 4.8
4 9 108 9 0 0 9.2 171.2 8.8 0.4 0 23.2 236.5 4.2 1.6 17.4
5 9 108 9 0 0 10 172 8 2 0 14.6 235.7 6.2 3 5.4
6 9 108 9 0 0 9 171 9 0 0 19.6 237.2 4.4 4.2 11
7 10 114 9 0 1 10 177 9 0 1 21.2 238.9 3.4 6 11.8
8 10 114 9 0 1 10 177 9 0 1 21.8 243.6 4 4.4 13.4
9 9 108 9 0 0 10.2 172.2 7.8 2.4 0 16.8 235.1 5.8 2.2 8.8

10 10 110 8 2 0 10.6 172.6 7.4 3.2 0 15.8 233.5 5.4 4 6.4
Ave 9.42 110.12 8.9 0.2 0.32 9.8 173.3 8.5 1 0.3 20.2 237.13 4.46 3.5 12.24

s2c10b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 10 114 9 0 1 10 177 9 0 1 17.2 239.3 5 4.8 7.4
2 10 114 9 0 1 10 177 9 0 1 22.8 241.3 3.8 3.8 15.2
3 10 114 9 0 1 10 177 9 0 1 19 240.2 5.2 2.8 11
4 10 114 9 0 1 9.8 175.8 9 0 0.8 18 238.4 5.2 3.4 9.4
5 10 114 9 0 1 10 177 9 0 1 20.8 241.6 4.4 3.8 12.6
6 9.2 108.4 8.8 0.4 0 9 171 9 0 0 19.2 237.6 4.4 4.6 10.2
7 11.8 133 10.2 1 0.6 12 206 10 1 1 28.4 281.5 4.6 2.4 21.4
8 10 113.2 8.8 0.4 0.8 9.8 175.8 9 0 0.8 19.8 240 4 5.6 10.2
9 9.2 109.2 9 0 0.2 9.2 172.2 9 0 0.2 24 238.9 3.4 3.6 17

10 9.8 112.8 9 0 0.8 9.8 175.8 9 0 0.8 17.4 239 5.2 4 8.2
Ave 10 114.66 9.08 0.18 0.74 9.96 178.46 9.1 0.1 0.76 20.66 243.78 4.52 3.88 12.26

Table 6.3 Beam Search results for Unlimited Heterogeneous Containers Problem on data set
soton2
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intention of packing all boxes using all three container types while all boxes can be packed
using any two container types under setting [3A 6B 12C]. All experiments are run under
reality cost. A couple of patterns are observed here. Firstly, total cost used under setting
[3A 6B 12C] is always lower than that under setting [2A 5B 12C]. The reason is that more
options are available when there are more containers available within each container type
and in total. With more options to choose from, total cost used is likely to be driven down.
The second finding further proves our point on the advantage of container type A under re-
ality cost. Under setting [2A 5B 12C] where all three container types are needed to pack all
boxes, all containers from container type A and B are used except for instance 8 from data
set s1c5b5. Container type C is barely used while all containers from type A are packed
under setting [3A 6B 12C] where all boxes can be packed using only container type A and
B.

Table 6.5 summarises the results for data sets which are generated for fitting into 10 contain-
ers, i.e. s1c10 and s2c10, for limited heterogeneous containers problem. Results under two
different settings on container numbers, i.e. [4A 10B 24C] and [6A 12B 24C], are presented
for each instance. As explained in section 6.4.1, setting [4A 10B 24C] is created with the
intention of packing all boxes using all three box types while all boxes can be packed using
any two container types under setting [6A 12B 24C]. All experiments are run under reality
cost. From the results, we again observe the same pattern which happens in table 6.4.

In summary, 40ft container type (A) has a significant cost advantage over 20ft container type
(B) and 10ft container type (C) under reality cost. The utilisation of containers may not have
as much impact as for solving homogeneous container problem on the final solution. On the
other hand, staged cost resembles the homogeneous container problem as the container cost
is proportional to the container volume. Smaller containers such as container type B and C
therefore gain their ground to fairly compete with container type A, and are used more often
compared to when they are under reality cost. We also list the average computational time
of beam search for each data. Table 6.6 presents the running times under three different
costs for unlimited heterogeneous containers problem. Table 6.7 presents the running times
under different container-number settings for limited heterogeneous containers problem. In
the next section, experiments on iterated local search will run the exact same amount of time
as in here so that the final comparison between the two will be the most fair.
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2A 5B 12C 3A 6B 12C

s1c5b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 10 77 2 5 3 8 70 3 4 1
2 14 101 2 5 7 9 78 3 6 0
3 8 65 2 5 1 7 63 3 3 1
4 9 71 2 5 2 7 63 3 3 1
5 9 71 2 5 2 7 63 3 3 1
6 10 77 2 5 3 7 64 3 4 0
7 11 83 2 5 4 8 71 3 5 0
8 16.2 114 2 4.8 9.4 10.8 87.4 3 4.6 3.2
9 11 83 2 5 4 8 71 3 5 0

10 13 95 2 5 6 9 77 3 5 1
Ave 11.12 83.7 2 4.98 4.14 8.08 70.74 3 4.26 0.82

s1c5b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 11 83 2 5 4 8 71 3 5 0
2 8 65 2 5 1 7 63 3 3 1
3 14.6 104.6 2 5 7.6 9.4 80.4 3 6 0.4
4 13 95 2 5 6 9 77.4 3 5.4 0.6
5 11 83 2 5 4 8 71 3 5 0
6 9 71 2 5 2 7 64 3 4 0
7 10 77 2 5 3 7 64 3 4 0
8 10 77 2 5 3 8 70 3 4 1
9 8 65 2 5 1 7 63 3 3 1

10 8 65 2 5 1 7 63 3 3 1
Ave 10.26 78.56 2 5 3.26 7.74 68.68 3 4.24 0.5

s1c5b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 11 83 2 5 4 8 71 3 5 0
2 10.6 80.6 2 5 3.6 8 70 3 4 1
3 9 71 2 5 2 7 64 3 4 0
4 10 77 2 5 3 7 64 3 4 0
5 11 83 2 5 4 8 70.8 3 4.8 0.2
6 10 77 2 5 3 8 70 3 4 1
7 11 83 2 5 4 8 70 3 4 1
8 10 77 2 5 3 7 64 3 4 0
9 8 65 2 5 1 7 63 3 3 1

10 9.6 74.6 2 5 2.6 7 64 3 4 0
Ave 10.02 77.12 2 5 3.02 7.5 67.08 3 4.08 0.42

s2c5b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 8 65 2 5 1 7 63 3 3 1
2 8 65 2 5 1 7 63 3 3 1
3 9 71 2 5 2 7 63.4 3 3.4 0.6
4 8 65 2 5 1 7 63 3 3 1
5 8 65 2 5 1 7 63 3 3 1
6 8 65 2 5 1 7 63 3 3 1
7 8 65 2 5 1 6 57 3 3 0
8 8 65 2 5 1 7 63 3 3 1
9 9 71 2 5 2 7 64 3 4 0

10 8 65 2 5 1 7 63 3 3 1
Ave 8.2 66.2 2 5 1.2 6.9 62.54 3 3.14 0.76

s2c5b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 8 65 2 5 1 7 63 3 3 1
2 8 65 2 5 1 7 63 3 3 1
3 12 89 2 5 5 8.6 74.4 3 4.8 0.8
4 8 65 2 5 1 7 63 3 3 1
5 8 65 2 5 1 7 63 3 3 1
6 8 65 2 5 1 7 63 3 3 1
7 8 65 2 5 1 7 63 3 3 1
8 8 65 2 5 1 7 63 3 3 1
9 7.4 61.4 2 5 0.4 6 57 3 3 0

10 8 65 2 5 1 7 63 3 3 1
Ave 8.34 67.04 2 5 1.34 7.06 63.54 3 3.18 0.88

s2c5b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 8 65 2 5 1 7 63 3 3 1
2 8 65 2 5 1 7 63 3 3 1
3 8 65 2 5 1 7 63 3 3 1
4 7 59 2 5 0 6 57 3 3 0
5 8 65 2 5 1 7 63 3 3 1
6 7.8 63.8 2 5 0.8 6 57 3 3 0
7 8 65 2 5 1 7 63 3 3 1
8 8 65 2 5 1 7 63 3 3 1
9 8 65 2 5 1 7 63 3 3 1

10 8 65 2 5 1 7 63 3 3 1
Ave 7.88 64.28 2 5 0.88 6.8 61.8 3 3 0.8

Table 6.4 Beam Search results for Limited Heterogeneous Containers Problem on data sets
s1c5 and s2c5
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4A 10B 24C 6A 12B 24C

s1c10b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 20.8 158.8 4 10 6.8 15 135 6 9 0
2 19 148 4 10 5 14.4 130.4 6 8 0.4
3 24.6 181.6 4 10 10.6 16.8 146.8 6 10 0.8
4 28.2 203.2 4 10 14.2 18.8 160.8 6 12 0.8
5 24 178 4 10 10 17 148.4 6 10.4 0.6
6 20.8 158.8 4 10 6.8 16.2 140.8 6 7.6 2.6
7 21.4 162.2 4 9.8 7.6 15.2 135 6 7.8 1.4
8 26.4 192.4 4 10 12.4 17.8 153.8 6 11 0.8
9 25 184 4 10 11 17 148.8 6 10.8 0.2

10 25.8 188.8 4 10 11.8 17.2 150 6 10.8 0.4
Ave 23.6 175.58 4 9.98 9.62 16.54 144.98 6 9.74 0.8

s1c10b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 22.2 167.2 4 10 8.2 16 141.8 6 9.8 0.2
2 21.2 161.2 4 10 7.2 16 141 6 9 1
3 27 196 4 10 13 18 154.2 6 10.2 1.8
4 25.2 185.2 4 10 11.2 17 149 6 11 0
5 19.6 151.6 4 10 5.6 14.8 132.8 6 8 0.8
6 17.4 138.4 4 10 3.4 14 127 6 7 1
7 18.4 144.4 4 10 4.4 14 127.8 6 7.8 0.2
8 26.8 194.8 4 10 12.8 18 155.8 6 11.8 0.2
9 22.2 167.2 4 10 8.2 16.2 143 6 9.8 0.4

10 20 154 4 10 6 15 134 6 8 1
Ave 22 166 4 10 8 15.9 140.64 6 9.24 0.66

s1c10b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 20 154 4 10 6 15 134.2 6 8.2 0.8
2 18 142 4 10 4 14 127 6 7 1
3 22 166 4 10 8 16 141.4 6 9.4 0.6
4 20 154 4 10 6 15 134.2 6 8.2 0.8
5 22.4 168.4 4 10 8.4 16.2 142.8 6 9.6 0.6
6 20.4 156.4 4 10 6.4 15.4 137 6 8.6 0.8
7 21.6 163.6 4 10 7.6 15 135 6 9 0
8 24.2 179.2 4 10 10.2 17 148.2 6 10.2 0.8
9 17.4 138.4 4 10 3.4 13.8 125.8 6 7 0.8

10 20.2 155.2 4 10 6.2 15.4 136.2 6 7.8 1.6
Ave 20.62 157.72 4 10 6.62 15.28 136.18 6 8.5 0.78

s2c10b5 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 14 118 4 10 0 12 114 6 6 0
2 15 124 4 10 1 13 120 6 6 1
3 15 124 4 10 1 13 120 6 6 1
4 15 124 4 10 1 12.8 118.8 6 6 0.8
5 16.4 132.4 4 10 2.4 13 121 6 7 0
6 15 124 4 10 1 13 120 6 6 1
7 16.2 131.2 4 10 2.2 13 121 6 7 0
8 14 118 4 10 0 12 114 6 6 0
9 16 130 4 10 2 13 121 6 7 0

10 15 124 4 10 1 12.2 115.2 6 6 0.2
Ave 15.16 124.96 4 10 1.16 12.7 118.5 6 6.3 0.4

s2c10b10 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 15 124 4 10 1 13 120 6 6 1
2 15 124 4 10 1 13 120 6 6 1
3 14 118 4 10 0 12 114 6 6 0
4 15 124 4 10 1 12.4 116.4 6 6 0.4
5 14 118 4 10 0 12 114 6 6 0
6 15 124 4 10 1 13 120 6 6 1
7 15 124 4 10 1 13 120 6 6 1
8 16 130 4 10 2 13 120.6 6 6.6 0.4
9 15 124 4 10 1 12 114 6 6 0

10 14 118 4 10 0 12 114 6 6 0
Ave 14.8 122.8 4 10 0.8 12.54 117.3 6 6.06 0.48

s2c10b25 Cont No. Cost No. of CT A No. of CT B No. of CT C Cont No. Cost No. of CT A No. of CT B No. of CT C
1 15 124 4 10 1 13 120 6 6 1
2 15.6 127.6 4 10 1.6 13 120 6 6 1
3 15 124 4 10 1 13 120 6 6 1
4 15 124 4 10 1 13 120 6 6 1
5 15.6 127.6 4 10 1.6 13 120 6 6 1
6 15 124 4 10 1 13 120 6 6 1
7 22 166 4 10 8 16.2 143 6 9.8 0.4
8 15.4 126.4 4 10 1.4 13 120 6 6 1
9 15 124 4 10 1 13 120 6 6 1

10 15 124 4 10 1 13 120 6 6 1
Ave 15.86 129.16 4 10 1.86 13.32 122.3 6 6.38 0.94

Table 6.5 Beam Search results for Limited Heterogeneous Containers Problem on data sets
s1c10 and s2c10
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Reality Cost Compromised Cost Staged Cost

s1c5b5 552 665 1529
s1c5b10 538 663 1687
s1c5b25 672 715 1913
s1c10b5 583 674 1623
s1c10b10 574 660 1717
s1c10b25 588 685 1617
s2c5b5 328 357 1364

s2c5b10 476 477 1564
s2c5b25 3235 3285 11429
s2c10b5 475 542 1762
s2c10b10 511 552 1780
s2c10b25 1435 1432 4584

Table 6.6 Beam Search Running Time (in seconds) for Unlimited Heterogeneous Containers
Problem

2A 5B 12C 4A 10B 24C 3A 6B 12C 6A 12B 24C

s1c5b5 854 659
s1c5b10 760 618
s1c5b25 955 799
s1c10b5 1277 991

s1c10b10 1188 974
s1c10b25 1107 990
s2c5b5 541 520

s2c5b10 713 682
s2c5b25 3034 3516
s2c10b5 762 658

s2c10b10 756 677
s2c10b25 1592 1459

Table 6.7 Beam Search Running Time (in seconds) for Limited Heterogeneous Containers
Problem
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6.5.2 Iterated Local Search with Simple Neighbourhood Results

Four tables are presented in this section. For both unlimited and limited heterogeneous con-
tainers problem, each data set is run for the exact same amount of time as those in table 6.6
and table 6.7. Table 6.8 and table 6.9 summarise the results for unlimited heterogeneous
containers problem. Table 6.8 summarises the results for data set soton1, and table 6.9
summarises the results for data set soton2. In both tables, three different costs, namely re-
ality, compromised and staged cost, are used to generate results for each instance. For each
instance run under each cost, results are presented with the initial container number, best
container number, initial cost used and best cost used. Table 6.10 and table 6.11 summarise
the results for limited heterogeneous containers problem. Table 6.10 summarises the results
for data sets which are generated for fitting into 5 containers, i.e. s1c5 and s2c5. Two dif-
ferent settings on container numbers, [2A 5B 12C] and [3A 6B 12C], are used to generate
results for each instance. Table 6.11 summarises the results for data sets which are generated
for fitting into 10 containers, i.e. s1c10 and s2c10. Results run under two different settings
on container numbers, [4A 10B 24C] and [6A 12B 24C], are presented for each instance.
All instances are run under reality cost for limited heterogeneous containers problem.

Table 6.8 summaries the results for unlimited heterogeneous containers problem on data set
soton1. Just as beam search results in the previous chapter, here for each instance we do not
compare results under different costs as such comparison would be irrelevant. Two patterns
are observed across the whole table. Firstly, the majority of the instances from all data sets
had improvement on the objective value, total cost, under all three cost settings. Secondly,
with the improvement on total cost the number of containers is reduced under reality cost
while more containers are used under staged cost. This is because 40ft container (type A)
has an advantage on cost and therefore is preferred under reality price. The improvement is
largely achieved through emptying a 10ft container (i.e. type C) into the rest larger contain-
ers, mainly container type A. Hence, container number is reduced under reality cost. On the
other hand, cost on each container type fairly represents the volume of the container type
under staged cost. Smaller container types B and C are as competitive as large container
type A. Therefore, by packing boxes in the large container into a few smaller containers
which have their overall volume below that of a larger container the total cost is reduced
while the number of container used increases.

Table 6.9 summaries the results for unlimited heterogeneous containers problem on data
set soton2. Compare to table 6.8, less improvement is observed for data set soton2. This
is especially the case for results under reality and compromised cost, where not many im-
provements are observed. The reason behind this is because utilisation is not the major
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impact factor when container cost does not represent container volume, improvement on
utilisation may not be reflect on the total cost. The other reason is that boxes in soton2 are
smaller boxes which are usually already tightly packed. Such outcome has been observed
throughout the whole experiment starting on the homogeneous container problem and is
well expected. In short, ILSSN algorithm is able to make improvement on total cost used
for unlimited heterogeneous containers problem.

Table 6.10 summarises the results for data sets which are generated for fitting into 5 con-
tainers, i.e. s1c5 and s2c5, for limited heterogeneous containers problem. For each instance,
two different settings on container numbers, [2A 5B 12C] and [3A 6B 12C], are used to
generate results. Under setting [2A 5B 12C] all three container types are expected to be
used in order to pack all boxes, while it is possible to use only two container types to pack
all boxes under setting [3A 6B 12C]. All experiments are run under reality cost. Two ob-
servations are obtained here. Firstly, total cost under setting [3A 6B 12C] is lower than that
under setting [2A 5B 12C] for every instance. This proves that under the same cost setting,
total cost can be driven down when there are more containers in each container type to be
chosen from. Secondly, decent improvement on total cost is observed on data set s1c5 while
improvement on s2c5 is minor. Similar patterns are observed for data sets s1c10 and s2c10
which have their results summarised in table 6.11. Compared to setting [4A 10B 24C], more
options on container selection under setting [6A 12B 24C] lead to lower total cost for every
instance.

6.5.3 Control-Set and Results Comparison

In this session, we compare the results of beam search (BS) with those of iterated local
search with simple neighbourhood (ILSSN) for each setting. There are overall seven set-
tings, and the results comparison under each setting is presented in a separate table. Three
settings are cost setting for unlimited heterogeneous containers problem, i.e. reality (ta-
ble 6.14), compromised (table 6.13) and staged (table 6.12) cost. For limited heterogeneous
containers problem, settings [2A 5B 12C] (table 6.15) and [3A 6B 12C] (table 6.16) on
container numbers are designed for data sets s1c5 and s2c5 while the last two settings on
container numbers, [4A 10B 24C] (table 6.17) and [6A 12B 24C] (table 6.18), are designed
for data sets s1c10 and s2c10.

Similar to the ‘Control-Set’ we designed for homogeneous container problem, we consider
it worth designing heterogeneous containers problem’s own ‘Control-Set’ to check if both
of our revised algorithms are also suitable for solving the new problem. Under our ‘Control-
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Reality Cost Compromised Cost Staged Cost

s1c5b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 5 5 60 60 6 5.6 96 95.6 8 10.6 137 133.7
2 6 6 72 72 6 6 114 114 14 18 160.5 156.7
3 6 5.8 61 60.8 6 6 92 92 7 7.8 124 123.6
4 7 5.4 67 60.4 7 6 98 92 8 9 130.5 125.7
5 6 5.4 61 60.4 6 6 92 92 6 6.6 125 124.7
6 6 5.4 62 60.8 7 6.8 98 97 8 8 130 130
7 6 6 67 66.6 7 6.6 107 104 9 13.8 143 139.8
8 7 6.4 78 67 7 7.6 120 104.6 9 12 163.5 146.5
9 6 6 67 67 7 6.4 107 105.4 15 14.2 145 140.5

10 7 6 73 67 7 6 111 105 15 14 151.5 145.5
Ave 6.2 5.74 66.8 64.2 6.6 6.3 103.5 100.16 9.9 11.4 141 136.67

s1c5b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 6 6 67 67 7 7 107 106.6 12 13 140.5 139.9
2 5 5 60 60 7 6.4 98 93.4 9 11.2 129.5 125.4
3 6 6 72 72 7 6.6 115 114.6 12 13.6 161 160.3
4 8 6.6 79 72.8 8 8 112 112 15 17 152 150.4
5 6 6 67 66.2 7 7 106 106 12 14.8 148 141.5
6 6 5 66 60 7 7.8 102 98.2 9 10.6 136.5 131.3
7 5 5 60 60 5 5 95 95 11 11.4 134.5 132.8
8 6 6 66 66 6 6 101 101 11 11 141.5 136.3
9 6 5.6 61 60.6 6 6 92 92 10 13 129 126.8

10 6 5.8 61 60.8 6 6 92 92 7 9.2 124 122.8
Ave 6 5.7 65.9 64.54 6.6 6.58 102 101.08 10.8 12.48 139.65 136.75

s1c5b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 6 6 67 66.8 8 7.6 108 105.4 12 14.2 140.5 139.1
2 6 6 66 66 6 6 101 101 12 11.8 140.5 135.4
3 5 5 60 60 6 5.8 96 95.8 8 10 137 130.3
4 6 5 66 60 6 5 101 95 9 13.8 136.5 132.7
5 7 6 72 66 7 6 107 101 9 10.8 143 139.1
6 6 5 66 60 6 5 101 95 11 13.2 142 136.1
7 6 6 67 66 7 6 107 101 13 15 140 137
8 5 5 60 60 5 5 95 95 6 8.6 132 130.1
9 6 6 61 61 6 6 92 92 8 9.2 123.5 122.8

10 5 5 60 60 6 6 96 96 7 9.2 131 129.6
Ave 5.8 5.5 64.5 62.58 6.3 5.84 100.4 97.72 9.5 11.58 136.6 133.22

s1c10b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 11 11 127 127 11 11 200 200 15 18.8 275.5 272.8
2 11 11 122 122 12 12 193 193 19 26.2 264.5 260.3
3 12 12.6 139 136.8 13 12.6 221 214.8 18 23.2 308 290.1
4 13 12.8 146 145.4 14 14 231 228.8 18 18.8 314.5 314
5 12 12 138 138 13 13 216 216 32 31.4 295.5 293.3
6 11 11 126 126 11 11 196 196 12 12 270.5 270.5
7 12 10.6 127 120.6 12 11 193 187 11 11.4 257.5 257.2
8 13 12.8 151 145.6 14 15.6 240 234 17 21.4 334.5 321
9 13 13 144 140.6 13 13.8 221 217.8 22 24 299 297

10 12 12.2 139 138.4 13 14.4 221 215.4 27 27.2 301 295.4
Ave 12 11.9 135.9 134.04 12.6 12.84 213.2 210.28 19.1 21.44 292.05 287.16

s1c10b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 12 11.6 133 132.6 12 12 206 206 23 26.2 283 280.1
2 11 11 127 127 12 11.8 202 201.2 19 23 278 274
3 12 11.8 134 133.6 13 12.6 212 210.2 17 19.2 294 292.6
4 12 12 138 138 12 12 215 215 15 19.8 295.5 294.5
5 11 11 126 126 11 11 196 194 22 23.8 276 272.3
6 11 10 121 115 11 10 187 181 24 23.4 254 247.9
7 11 10 126 120 12 11.8 197 191.8 20 22.8 271 259.6
8 13 13 145 145 13 13 225 225 30 31.8 310.5 308
9 12 12.2 134 133.2 13 12.2 212 205.2 17 22.6 294 281.5

10 11 11 126 126 11 11 196 196 18 18.4 273 272.7
Ave 11.6 11.36 131 129.64 12 11.74 204.8 202.54 20.5 23.1 282.9 278.32

s1c10b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 12 11 133 126.8 12 11 206 200 21 24.4 283.5 274.5
2 11 10.8 121 119 11 10.8 187 184.8 21 22.2 256 252.8
3 11 11 132 132 13 13 207 207 22 24.2 283.5 280.5
4 11 11 127 126.8 11 11.8 200 196.8 18 19 280 272.4
5 12 11.6 134 131.6 14 14 213 210.8 15 16.6 288.5 282.1
6 13 12.4 139 132.2 13 12.8 212 204.8 18 20.8 286.5 275
7 11 11 127 127 11 11 200 200 19 22.8 285.5 273.2
8 12 11 138 132 13 13 216 216 22 21.6 297 290.7
9 11 11 121 121 11 10.6 187 184.6 18 19.2 253.5 252.6

10 11 11.2 126 124 11 11.2 196 195.2 21 21.2 270.5 269
Ave 11.5 11.2 129.8 127.24 12 11.92 202.4 200 19.5 21.2 278.45 272.28

Table 6.8 Iterated Local Search results for Unlimited Heterogeneous Containers Problem on
data set soton1
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Reality Cost Compromised Cost Staged Cost

s2c5b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 6 6 61 61 6 6 92 92 20 14.4 120 120
2 6 5.8 61 60.8 6 6 92 92 18 18 122 122
3 7 5 67 60 7 6 98 92 14 16.4 125 123.6
4 6 5.4 61 60.4 6 6 92 92 17 17.8 122.5 122.1
5 6 5.6 61 60.6 6 6 92 92 21 18.2 126 121.8
6 6 5.8 61 60.8 6 6 92 92 8 12.4 123.5 120.3
7 5 5 55 55 5 5 86 86 7 6 124 118
8 6 5.8 61 60.8 6 6 92 92 14 12.8 125 120.8
9 6 5.2 62 60.4 7 6.4 98 96.8 17 13 129.5 126.6

10 6 5.8 61 60.8 6 6 92 92 20 20 120 120
Ave 6 5.54 61.1 60.06 6.1 5.94 92.6 91.88 15.6 14.9 123.75 121.52

s2c5b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 6 5.8 61 60.8 6 6 92 92 15 13.6 124.5 121.9
2 5 5 55 55 5 5 86 86 12 12.2 120 119.9
3 6 6 67 67 7 6.4 107 105.6 12 12.8 147.5 147.1
4 6 5.6 61 60.6 6 6 92 92 16 16.8 123.5 121.6
5 6 5.8 61 60.8 6 6 92 92 18 17 128.5 122.6
6 6 6 61 61 6 5.8 92 90.8 10 12.4 121.5 120.1
7 6 5.8 61 60.8 6 6 92 92 8 10.4 123.5 121.8
8 6 5.6 61 60.6 6 6 92 92 15 13.2 124.5 119.4
9 5 5 55 55 5 5 86 86 13 14 119 118.3

10 6 5.8 61 60.8 6 6 92 92 11 12.4 121 120.2
Ave 5.8 5.64 60.4 60.24 5.9 5.82 92.3 92.04 13 13.48 125.35 123.29

s2c5b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 6 5.8 61 60.8 6 6 92 92 15 15 124.5 124.5
2 6 5.6 61 60.6 6 6 92 92 12 13.4 120 119.1
3 6 5.8 61 59.8 6 5.6 92 89.6 12 12.4 120.5 120.3
4 5 5 55 55 5 5 86 86 9 10.2 122.5 119.2
5 6 5.8 61 60.8 6 6 92 92 14 13.2 125.5 119.3
6 6 6 61 61 6 6 92 92 12 12.4 120 119.7
7 6 6 61 61 6 6 92 92 11 12 121 120.4
8 6 5.8 61 60.8 6 6 92 92 16 16 123.5 123.5
9 6 5.8 61 60.8 6 6 92 92 10 12.8 122 119.9

10 6 6 61 61 6 6 92 92 8 11 123.5 121.2
Ave 5.9 5.76 60.4 60.16 5.9 5.86 91.4 91.16 11.9 12.84 122.3 120.71

s2c10b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 9 9 108 108 10 10 172 172 29 30 235.5 234.9
2 10 10 114 114 10 10 177 177 12 15 243 241.1
3 10 10 114 114 10 10 177 177 14 18.6 241.5 238.2
4 9 9 108 108 9 9 171 171 18 18.2 238 237.9
5 10 10 115 114.8 11 11 183 183 34 33.2 245 244.7
6 10 10 114 114 10 10 177 176 18 18 245 238.6
7 10 10 115 115 11 10.4 183 181.8 40 36 247 244
8 9 9 108 108 10 10 172 172 18 21.4 238 236
9 10 10 115 114.8 11 11 183 182.6 25 28.6 247.5 244.3

10 10 9.8 114 110.4 10 10.2 177 176.2 28 25.8 243.5 237.6
Ave 9.7 9.68 112.5 112.1 10.2 10.16 177.2 176.86 23.6 24.48 242.4 239.73

s2c10b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 10 10 114 114 10 10 177 177 31 31.2 241 240.9
2 10 10 114 114 10 10 177 177 33 33.2 239 238.9
3 9 9 108 108 10 10 172 172 16 18.4 240 237.1
4 9 9 108 108 9 9 171 171 20 20.4 236.5 236.3
5 9 9 108 108 10 10 172 172 13 13 235.5 235.5
6 9 9 108 108 9 9 171 171 24 26.4 240 238.4
7 10 10 114 114 10 10 177 177 26 25.2 245 238.8
8 10 10 115 114.2 11 10.8 183 182.6 32 32 247 247
9 9 9 108 108 9 9 171 171 15 17.2 240.5 239.2

10 10 9.4 110 108.8 11 10.8 174 173.4 11 15 237 234.4
Ave 9.5 9.44 110.7 110.5 9.9 9.86 174.5 174.4 22.1 23.2 240.15 238.65

s2c10b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 10 10 114 114 10 10 177 177 18 18 245 238.5
2 10 10 114 114 10 10 177 177 21 21 242.5 242.5
3 10 10 114 114 10 10 177 177 18 18 245 242.4
4 10 10 114 114 10 10 177 177 20 19.8 243.5 239.8
5 10 10 114 114 10 10 177 177 26 26.4 245 244.7
6 10 10 114 114 10 10 177 177 14 16.4 241.5 239.9
7 12 11.8 133 132.8 13 13 207 207 30 30.6 282.5 281
8 10 10 114 114 10 10 177 177 21 21 249 243.6
9 10 10 114 114 10 10 177 177 22 22.6 241.5 241.1

10 10 10 114 114 10 10 177 177 29 29 242.5 242.5
Ave 10.2 10.18 115.9 115.88 10.3 10.3 180 180 21.9 22.28 247.8 245.6

Table 6.9 Iterated Local Search results for Unlimited Heterogeneous Containers Problem on
data set soton2
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2A 5B 12C 3A 6B 12C

s1c5b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 10 10 77 77 8 7.2 70 65.2
2 14 14 101 101 9 9 78 78
3 8 8 65 65 7 7 63 63
4 9 8.4 71 67.4 8 7 69 63.2
5 9 9 71 71 8 7 69 63
6 10 10 77 77 7 7 64 64
7 12 11 89 83 8 8 71 71
8 17 13 119 95 12 8 96 70.2
9 12 11 89 83 8 8 71 71

10 13 12 95 89 9 8.6 77 74.6
Ave 11.4 10.64 85.4 80.84 8.4 7.68 72.8 68.32

s1c5b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 12 11 89 83 8 8 71 71
2 9 8.4 71 67.4 7 7 64 63
3 15 14.2 107 102.2 10 9 84 78
4 13 13 95 95 10 9 83 77.4
5 12 11 89 83 8 8 71 70.4
6 11 9.4 83 73.4 8 7.4 70 65.6
7 10 9.8 77 75.8 8 7 70 64
8 10 10 77 77 8 8 70 70
9 8 8 65 65 7 7 63 63

10 8 8 65 65 7 7 63 63
Ave 10.8 10.28 81.8 78.68 8.1 7.74 70.9 68.54

s1c5b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 11 11 83 83 8 8 71 71
2 10 10 77 77 8 8 70 70
3 10 9.2 77 72.2 7 7 64 64
4 10 10 77 77 8 7 70 64
5 12 11 89 83 8 8 71 71
6 11 10 83 77 8 8 70 70
7 11 11 83 82.8 8 8 71 70
8 10 9.2 77 72.2 8 7 70 64
9 9 8 71 65 7 7 63 63

10 10 9 77 71 7 7 64 64
Ave 10.4 9.84 79.4 76.02 7.7 7.5 68.4 67.1

s2c5b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 8 8 65 65 7 7 63 63
2 8 8 65 65 7 7 63 63
3 9 9 71 71 7 7 64 63
4 9 8 71 65 7 7 63 63
5 8 8 65 65 7 7 63 63
6 8 8 65 65 7 7 63 63
7 8 8 65 65 6 6 57 57
8 8 8 65 65 7 7 63 63
9 9 9 71 71 7 7 64 64

10 8 8 65 65 7 7 63 63
Ave 8.3 8.2 66.8 66.2 6.9 6.9 62.6 62.5

s2c5b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 8 8 65 65 7 7 63 63
2 8 8 65 63.6 7 6.8 63 61.8
3 12 12 89 89 9 8 77 71
4 8 8 65 65 7 7 63 63
5 9 8 71 65 7 7 63 63
6 8 8 65 65 7 7 63 63
7 8 8 65 65 7 7 63 63
8 8 8 65 65 7 7 63 63
9 8 7.4 65 61.4 7 6.2 63 58.2

10 8 8 65 65 7 7 63 63
Ave 8.5 8.34 68 66.9 7.2 7 64.4 63.2

s2c5b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 9 8.8 71 69.8 8 7.2 69 63.4
2 8 8 65 65 7 7 63 60.8
3 8 8 58 58 7 7 63 63
4 7 7 59 59 6 6 57 57
5 8 8 65 65 7 7 63 63
6 8 8 65 65 7 7 63 63
7 8 8 65 65 7 7 63 60.6
8 9 8.4 71 67.4 7 7 63 63
9 8 8 65 65 7 7 63 63

10 8 8 65 65 7 7 63 63
Ave 8.1 8.02 64.9 64.42 7 6.92 63 61.98

Table 6.10 Iterated Local Search results for Limited Heterogeneous Containers Problem on
data sets s1c5 and s2c5
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4A 10B 24C 6A 12B 24C

s1c10b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 22 20.2 166 155.2 15 15 135 135
2 19 18.6 148 145.6 14 14 128 128
3 27 23 196 172 17 16 149 141.8
4 29 28 208 202 19 18 162 156
5 24 24 178 178 18 17 154 148.4
6 22 20.6 166 157.6 15 15 135 134
7 20 19 154 148 14 14 128 128
8 31 27.8 220 200.8 21 18 174 155.4
9 26 25.2 190 185.2 18 17 154 148

10 25 24 184 178 17 16.6 148 145.6
Ave 24.5 23.04 181 172.24 16.8 16.06 146.7 142.02

s1c10b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 23 22 172 166 16 16 142 141
2 21 21 160 160 16 15 141 135
3 25 25 184 184 17 17 148 148
4 26 25 190 184 17 17 149 148.2
5 20 20 154 154 15 15 134 134
6 18 17 142 136 15 13.4 133 123.4
7 20 18.4 154 144.4 16 14 140 127.8
8 28 26 202 190 18 18 156 155
9 22 21.4 166 162.4 16 16 142 141

10 22 20.4 166 156.4 15 15 134 134
Ave 22.5 21.62 169 163.72 16.1 15.64 141.9 138.74

s1c10b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 23 22 172 166 16 15 142 134.6
2 18 17.4 142 138.4 14 14 128 127
3 24 22.4 178 168.4 17 16 148 142
4 21 20 160 154 16 15 141 135
5 24 22.8 178 170.8 17 16 148 142
6 23 20.8 172 158.8 16 15.4 142 136.4
7 23 21 172 160 16 15 141 135
8 25 24 184 178 17 17 149 148
9 18 17 142 136 14 14 127 126.2

10 20 19.6 154 151.6 15 15 134 134
Ave 21.9 20.7 165.4 158.2 15.8 15.24 140 136.02

s2c10b5 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 15 14.2 124 119.2 12 12 114 114
2 15 15 124 124 13 13 120 120
3 16 15 130 124 13 13 120 120
4 15 14.6 124 121.6 13 12.4 120 115.6
5 16 16 130 130 13 13 121 121
6 15 15 124 124 13 13 120 120
7 17 16 136 130 13 13 121 121
8 15 14.2 124 119.2 12 12 114 114
9 16 16 130 130 13 13 121 121

10 16 14.8 130 122.8 13 12.8 120 118.8
Ave 15.6 15.08 127.6 124.48 12.8 12.72 119.1 118.54

s2c10b10 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 15 15 124 124 13 13 120 120
2 16 15 130 124 13 13 120 120
3 14 14 118 118 12 12 114 114
4 15 15 124 124 13 12.8 120 118
5 15 14.2 124 119.2 12 12 114 114
6 15 15 124 124 13 13 120 120
7 16 15 130 124 13 13 120 120
8 16 16 130 130 13 13 121 121
9 15 14.2 124 119.2 13 13 120 119.2

10 15 14 124 118 12 12 114 114
Ave 15.2 14.74 125.2 122.44 12.7 12.68 118.3 118.02

s2c10b25 Initial Cont No. Best Cont No. Initial Cost Best Cost Initial Cont No. Best Cont No. Initial Cost Best Cost
1 15 15 124 124 13 13 120 120
2 15 15 124 124 13 13 120 120
3 16 15 130 124 13 13 120 120
4 16 15 130 124 13 13 120 120
5 16 16 130 130 14 13.6 126 123.8
6 15 15 124 124 13 13 120 120
7 22 22 166 166 16 16 142 141.6
8 16 16 130 130 13 13 121 121
9 15 15 124 124 13 13 120 120

10 16 16 130 130 13 13 120 120
Ave 16.2 16 131.2 130 13.4 13.36 122.9 122.64

Table 6.11 Iterated Local Search results for Limited Heterogeneous Containers Problem on
data sets s1c10 and s2c10
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Set’ implementation, all boxes are placed within their original batch, and all the batches (box
types) are sorted into a random order. Cargo Manager (CM) is then repeatedly run until all
boxes are pack, and the total container cost is calculated. Among all available container
types, a container type is randomly selected every time when CM runs. The same process is
repeated till a set time, and the lowest total container cost is selected as the best result. Each
instance is run 5 times, and the average is taken as the final result. It is important to point
out that we only implement ‘Control-Set’ under staged cost for unlimited heterogeneous
containers problem. Because results from BS and ILSSN show that most packed containers
are 40ft container type (A) due to its cost advantage under reality and compromised cost, the
results of ‘Control-Set’ are not likely to hold any value for comparison when all container
types have equal chance to be selected. For each instance, ‘Control-Set’ is given the same
running time shown in table 6.14 as BS and ILSSN. Its results are compared with those of
BS and ILSSN. Only better results (i.e. lower cost) from algorithm(s) serve as the proof of
a working BS and/or ILSSN.

Table 6.12 presents the results comparison of ‘Control-Set’, beam search (BS) and iterated
local search with simple neighbourhood (ILSSN) under staged cost. The best result among
the three is bolded for each instance and average result of each data set. In general, Beam
search yields the best results with the exception of ‘Control-Set’ having the best average
for data set s1c10b5 and ILSSN having the best average results for data sets s2c5b5 and
s2c10b5. ‘Control-Set’ comes second beating ILSSN on data sets s1c5b5, s2c5b10 and
s2c10b25. Based on the comparison, we would consider that both of our algorithms have
merits when dealing with heterogeneous containers problem. The reason that ‘Control-
Set’ seemingly performs better in some occasions is because having cost set as objective
diminishes the relevance of utilisation while both algorithms are heavily built on the concept
of utilisation improvement.

Table 6.13 presents the results comparison of beam search and ILSSN under compromised
cost. Comparison shows that beam search generates better results in general. Of all 12 data
sets, ILSSN only generates better average results on 4 data sets, s1c5b5, s1c5b25, s1c10b5
and s1c10b10. Table 6.14 presents the results comparison of beam search and ILSSN under
reality cost. Comparison shows that ILSSN generates better results in general. Of all 12 data
sets, beam search only generates better average results on 4 data sets, s2c5b25, s2c10b5,
s2c10b10 and s2c10b25. Table 6.15 presents the results comparison of beam search and
ILSSN under setting [2A 5B 12C]. Among 6 data sets, beam search generates better average
results on 2 data sets, s1c5b10 and s2c5b25, while beam search and ILSSN tie on data
set s2c5b5. Table 6.16 presents the results comparison of beam search and ILSSN under
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setting [3A 6B 12C]. Among 6 data sets, beam search generates better average results on 2
data sets, s1c5b25 and s2c5b25. Table 6.17 presents the results comparison of beam search
and ILSSN under setting [4A 10B 24C]. Among 6 data sets, beam search generates better
average results on 2 data sets, s1c10b25 and s2c10b25. Table 6.18 presents the results
comparison of beam search and ILSSN under setting [6A 12B 24C]. Among 6 data sets,
beam search generates better average results on all three soton2 data sets. Apart from results
under compromised cost in which beam search still has an upper hand, all the rest results
comparisons under reality cost show mixed messages with ILSSN generating more better
average results. However, it is still hard to say which algorithm is better. If we investigate
closer we will see that even if for a certain data set an algorithm has better average result,
it might be caused by it doing extremely well on only a few instances with slightly worse
results on all the rest instances.
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s1c5b5 s1c5b10 s1c5b25
Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS

1 132 131 133.7 1 141.8 138.5 139.9 1 142.1 138.2 139.1
2 156 156.5 156.7 2 127.4 123.7 125.4 2 137.3 134.5 135.4
3 124.1 123.1 123.6 3 159.5 156.6 160.3 3 134.2 127.3 130.3
4 125.7 124.4 125.7 4 151.1 149.9 150.4 4 133.1 131.5 132.7
5 124.4 124 124.7 5 139.9 140.3 141.5 5 144.2 137.9 139.1
6 130.3 130.3 130 6 129.8 127.6 131.3 6 136.8 133.7 136.1
7 141.2 139.3 139.8 7 134.6 130.2 132.8 7 138.3 134.6 137
8 137.6 127.4 146.5 8 135.9 135.2 136.3 8 133.2 130 130.1
9 141.5 141.4 140.5 9 124.6 123 126.8 9 126.7 122.5 122.8

10 147.4 146.2 145.5 10 124.1 122 122.8 10 134.6 128.7 129.6
Ave. 136.02 134.36 136.67 Ave. 136.87 134.7 136.75 Ave. 136.05 131.89 133.22

s1c10b5 s1c10b10 s1c10b25
Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS

1 274.1 272.5 272.8 1 283.5 280.1 280.1 1 273.7 268.5 274.5
2 260.7 263.4 260.3 2 276.3 274.2 274 2 257.6 254.2 252.8
3 285.6 292.4 290.1 3 290.9 300.6 292.6 3 290.9 281.3 280.5
4 313.6 325.7 314 4 297.6 291.9 294.5 4 278.5 268.7 272.4
5 295.3 291.6 293.3 5 267.2 264.6 272.3 5 289.3 281.9 282.1
6 270.2 271.9 270.5 6 253.2 251.6 247.9 6 274.8 270.6 275
7 261.4 266.1 257.2 7 261.5 255.2 259.6 7 276.8 272.4 273.2
8 300.7 303.9 321 8 311.5 305.2 308 8 295.9 292.7 290.7
9 297 296.3 297 9 284.3 283.3 281.5 9 258.5 251.1 252.6

10 293.2 298.9 295.4 10 271.2 267.2 272.7 10 271.8 265.3 269
Ave. 285.18 288.27 287.16 Ave. 279.72 277.39 278.32 Ave. 276.78 270.67 272.28

s2c5b5 s2c5b10 s2c5b25
Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS

1 120.2 119.2 120 1 122 122 121.9 1 122.8 124.2 124.5
2 122 122.1 122 2 119 118.1 119.9 2 121.9 119.4 119.1
3 124.6 124.3 123.6 3 143.1 145.5 147.1 3 122 119.6 120.3
4 123.5 122 122.1 4 120.8 120 121.6 4 121.1 118.5 119.2
5 123 122.4 121.8 5 122.4 121.3 122.6 5 120.7 119.7 119.3
6 120.9 120.7 120.3 6 121.1 120.1 120.1 6 120.4 118.5 119.7
7 118.5 119 118 7 122 121.2 121.8 7 122.4 120.4 120.4
8 120.9 120.6 120.8 8 120.1 119.4 119.4 8 122.3 122.5 123.5
9 127.1 127.3 126.6 9 117.9 117.5 118.3 9 120.5 119.6 119.9

10 120.8 120 120 10 121 120.1 120.2 10 122.5 121.6 121.2
Ave. 122.15 121.76 121.52 Ave. 122.94 122.52 123.29 Ave. 121.66 120.4 120.71

s2c10b5 s2c10b10 s2c10b25
Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS Instance Ctrl-Set BS ILS

1 236 234.9 234.9 1 240.3 237.9 240.9 1 240.7 239.3 238.5
2 241.4 240.2 241.1 2 240.7 238.7 238.9 2 241.3 241.3 242.5
3 239.1 238.6 238.2 3 236.9 234.2 237.1 3 241 240.2 242.4
4 239.9 236.5 237.9 4 238.3 236.5 236.3 4 240.3 238.4 239.8
5 246.5 247.4 244.7 5 236.6 235.7 235.5 5 241.5 241.6 244.7
6 240.7 238.8 238.6 6 238.8 237.2 238.4 6 239.7 237.6 239.9
7 247.6 248.2 244 7 239.7 238.9 238.8 7 283.2 281.5 281
8 235.7 235.5 236 8 245.1 243.6 247 8 241.2 240 243.6
9 245.4 244.5 244.3 9 237.6 235.1 239.2 9 239.8 238.9 241.1

10 238.5 237.2 237.6 10 235.6 233.5 234.4 10 240.7 239 242.5
Ave. 241.08 240.18 239.73 Ave. 238.96 237.13 238.65 Ave. 244.94 243.78 245.6

Table 6.12 Results Comparison for Unlimited Heterogeneous Containers Problem under
Staged Cost
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s1c5b5 s1c5b10 s1c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 95 95.6 1 105 106.6 1 104.6 105.4
2 114.6 114 2 92 93.4 2 101 101
3 92 92 3 114 114.6 3 95 95.8
4 92 92 4 111 112 4 95 95
5 92 92 5 104.2 106 5 101 101
6 95.2 97 6 94.2 98.2 6 98.6 95
7 101.8 104 7 95 95 7 101 101
8 120.8 104.6 8 101 101 8 95 95
9 105 105.4 9 92 92 9 92 92

10 106.2 105 10 92 92 10 95.2 96
Ave. 101.46 100.16 Ave. 100.04 101.08 Ave. 97.84 97.72

s1c10b5 s1c10b10 s1c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 200 200 1 206 206 1 196.4 200
2 190.8 193 2 205 201.2 2 184.6 184.8
3 214 214.8 3 225 210.2 3 206.6 207
4 240.8 228.8 4 215.4 215 4 198.6 196.8
5 216 216 5 190.4 194 5 208.2 210.8
6 199 196 6 187 181 6 200.8 204.8
7 193.8 187 7 188 191.8 7 200 200
8 221.4 234 8 225 225 8 215.2 216
9 215.2 217.8 9 209.8 205.2 9 183.4 184.6

10 215.2 215.4 10 193.6 196 10 196.8 195.2
Ave. 210.62 210.28 Ave. 204.52 202.54 Ave. 199.06 200

s2c5b5 s2c5b10 s2c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 92 92 1 92 92 1 92 92
2 92 92 2 86 86 2 90.8 92
3 92 92 3 105 105.6 3 92 89.6
4 92 92 4 92 92 4 86 86
5 92 92 5 92 92 5 92 92
6 92 92 6 89.6 90.8 6 86 92
7 86 86 7 92 92 7 92 92
8 92 92 8 92 92 8 92.2 92
9 95.8 96.8 9 86 86 9 92 92

10 92 92 10 92 92 10 92 92
Ave. 91.78 91.88 Ave. 91.86 92.04 Ave. 90.7 91.16

s2c10b5 s2c10b10 s2c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 172 172 1 171 177 1 177 177
2 177 177 2 177 177 2 177 177
3 171 177 3 172 172 3 177 177
4 171 171 4 171.2 171 4 175.8 177
5 181.4 183 5 172 172 5 177 177
6 173.4 176 6 171 171 6 171 177
7 181 181.8 7 177 177 7 206 207
8 171.6 172 8 177 182.6 8 175.8 177
9 180.2 182.6 9 172.2 171 9 172.2 177

10 171 176.2 10 172.6 173.4 10 175.8 177
Ave. 174.96 176.86 Ave. 173.3 174.4 Ave. 178.46 180

Table 6.13 Results Comparison for Unlimited Heterogeneous Containers Problem under
Compromised Cost
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s1c5b5 s1c5b10 s1c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 60 60 1 67 67 1 67 66.8
2 72 72 2 60 60 2 66 66
3 60.4 60.8 3 72 72 3 60 60
4 61 60.4 4 72 72.8 4 60.4 60
5 60.6 60.4 5 67 66.2 5 66 66
6 62 60.8 6 60.6 60 6 64.8 60
7 66 66.6 7 60 60 7 66.4 66
8 78 67 8 66 66 8 60 60
9 67 67 9 60.6 60.6 9 61 61
10 68 67 10 61 60.8 10 60 60

Ave. 65.5 64.2 Ave. 64.62 64.54 Ave. 63.16 62.58

s1c10b5 s1c10b10 s1c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 127 127 1 132.4 132.6 1 126.8 126.8
2 120.8 122 2 129.4 127 2 120.2 119
3 136 136.8 3 143.2 133.6 3 132 132
4 156 145.4 4 138 138 4 126 126.8
5 138 138 5 120 126 5 132 131.6
6 130.2 126 6 121 115 6 128.8 132.2
7 120.4 120.6 7 120 120 7 127 127
8 140.2 145.6 8 144.8 145 8 138 132
9 138.2 140.6 9 133.6 133.2 9 117.4 121
10 139 138.4 10 121.2 126 10 126.2 124

Ave. 134.58 134.04 Ave. 130.36 129.64 Ave. 127.44 127.24

s2c5b5 s2c5b10 s2c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 60.4 61 1 61 60.8 1 60.8 60.8
2 60.6 60.8 2 55 55 2 59 60.6
3 61 60 3 70 67 3 60.2 59.8
4 61 60.4 4 60.4 60.6 4 55 55
5 61 60.6 5 61 60.8 5 60 60.8
6 60 60.8 6 60.8 61 6 55 61
7 55 55 7 61 60.8 7 61 61
8 61 60.8 8 60 60.6 8 61 60.8
9 60 60.4 9 55 55 9 60 60.8
10 61 60.8 10 60.4 60.8 10 61 61

Ave. 60.1 60.06 Ave. 60.46 60.24 Ave. 59.3 60.16

s2c10b5 s2c10b10 s2c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 108 108 1 109.2 114 1 114 114
2 114 114 2 114 114 2 114 114
3 108 114 3 108 108 3 114 114
4 108 108 4 108 108 4 114 114
5 115 114.8 5 108 108 5 114 114
6 110.4 114 6 108 108 6 108.4 114
7 115 115 7 114 114 7 133 132.8
8 108 108 8 114 114.2 8 113.2 114
9 115.8 114.8 9 108 108 9 109.2 114
10 108 110.4 10 110 108.8 10 112.8 114

Ave. 111.02 112.1 Ave. 110.12 110.5 Ave. 114.66 115.88

Table 6.14 Results Comparison for Unlimited Heterogeneous Containers Problem under
Reality Cost
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s1c5b5 s1c5b10 s1c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 77 77 1 83 83 1 83 83
2 101 101 2 65 67.4 2 80.6 77
3 65 65 3 104.6 102.2 3 71 72.2
4 71 67.4 4 95 95 4 77 77
5 71 71 5 83 83 5 83 83
6 77 77 6 71 73.4 6 77 77
7 83 83 7 77 75.8 7 83 82.8
8 114 95 8 77 77 8 77 72.2
9 83 83 9 65 65 9 65 65

10 95 89 10 65 65 10 74.6 71
Ave. 83.7 80.84 Ave. 78.56 78.68 Ave. 77.12 76.02

s2c5b5 s2c5b10 s2c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 65 65 1 65 65 1 65 69.8
2 65 65 2 65 63.6 2 65 65
3 71 71 3 89 89 3 65 58
4 65 65 4 65 65 4 59 59
5 65 65 5 65 65 5 65 65
6 65 65 6 65 65 6 63.8 65
7 65 65 7 65 65 7 65 65
8 65 65 8 65 65 8 65 67.4
9 71 71 9 61.4 61.4 9 65 65

10 65 65 10 65 65 10 65 65
Ave. 66.2 66.2 Ave. 67.04 66.9 Ave. 64.28 64.42

Table 6.15 Results Comparison for Limited Heterogeneous Containers Problem under Con-
tainer Setting of 2A 5B 12C
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s1c5b5 s1c5b10 s1c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 70 65.2 1 71 71 1 71 71
2 78 78 2 63 63 2 70 70
3 63 63 3 80.4 78 3 64 64
4 63 63.2 4 77.4 77.4 4 64 64
5 63 63 5 71 70.4 5 70.8 71
6 64 64 6 64 65.6 6 70 70
7 71 71 7 64 64 7 70 70
8 87.4 70.2 8 70 70 8 64 64
9 71 71 9 63 63 9 63 63

10 77 74.6 10 63 63 10 64 64
Ave. 70.74 68.32 Ave. 68.68 68.54 Ave. 67.08 67.1

s2c5b5 s2c5b10 s2c5b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 63 63 1 63 63 1 63 63.4
2 63 63 2 63 61.8 2 63 60.8
3 63.4 63 3 74.4 71 3 63 63
4 63 63 4 63 63 4 57 57
5 63 63 5 63 63 5 63 63
6 63 63 6 63 63 6 57 63
7 57 57 7 63 63 7 63 60.6
8 63 63 8 63 63 8 63 63
9 64 64 9 57 58.2 9 63 63

10 63 63 10 63 63 10 63 63
Ave. 62.54 62.5 Ave. 63.54 63.2 Ave. 61.8 61.98

Table 6.16 Results Comparison for Limited Heterogeneous Containers Problem under Con-
tainer Setting of 3A 6B 12C
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s1c10b5 s1c10b10 s1c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 158.8 155.2 1 167.2 166 1 154 166
2 148 145.6 2 161.2 160 2 142 138.4
3 181.6 172 3 196 184 3 166 168.4
4 203.2 202 4 185.2 184 4 154 154
5 178 178 5 151.6 154 5 168.4 170.8
6 158.8 157.6 6 138.4 136 6 156.4 158.8
7 162.2 148 7 144.4 144.4 7 163.6 160
8 192.4 200.8 8 194.8 190 8 179.2 178
9 184 185.2 9 167.2 162.4 9 138.4 136

10 188.8 178 10 154 156.4 10 155.2 151.6
Ave. 175.58 172.24 Ave. 166 163.72 Ave. 157.72 158.2

s2c10b5 s2c10b10 s2c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 118 119.2 1 124 124 1 124 124
2 124 124 2 124 124 2 127.6 124
3 124 124 3 118 118 3 124 124
4 124 121.6 4 124 124 4 124 124
5 132.4 130 5 118 119.2 5 127.6 130
6 124 124 6 124 124 6 124 124
7 131.2 130 7 124 124 7 166 166
8 118 119.2 8 130 130 8 126.4 130
9 130 130 9 124 119.2 9 124 124

10 124 122.8 10 118 118 10 124 130
Ave. 124.96 124.48 Ave. 122.8 122.44 Ave. 129.16 130

Table 6.17 Results Comparison for Limited Heterogeneous Containers Problem under Con-
tainer Setting of 4A 10B 24C
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s1c10b5 s1c10b10 s1c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 135 135 1 141.8 141 1 134.2 134.6
2 130.4 128 2 141 135 2 127 127
3 146.8 141.8 3 154.2 148 3 141.4 142
4 160.8 156 4 149 148.2 4 134.2 135
5 148.4 148.4 5 132.8 134 5 142.8 142
6 140.8 134 6 127 123.4 6 137 136.4
7 135 128 7 127.8 127.8 7 135 135
8 153.8 155.4 8 155.8 155 8 148.2 148
9 148.8 148 9 143 141 9 125.8 126.2

10 150 145.6 10 134 134 10 136.2 134
Ave. 144.98 142.02 Ave. 140.64 138.74 Ave. 136.18 136.02

s2c10b5 s2c10b10 s2c10b25
Instance BS ILS Instance BS ILS Instance BS ILS

1 114 114 1 120 120 1 120 120
2 120 120 2 120 120 2 120 120
3 120 120 3 114 114 3 120 120
4 118.8 115.6 4 116.4 118 4 120 120
5 121 121 5 114 114 5 120 123.8
6 120 120 6 120 120 6 120 120
7 121 121 7 120 120 7 143 141.6
8 114 114 8 120.6 121 8 120 121
9 121 121 9 114 119.2 9 120 120

10 115.2 118.8 10 114 114 10 120 120
Ave. 118.5 118.54 Ave. 117.3 118.02 Ave. 122.3 122.64

Table 6.18 Results Comparison for Limited Heterogeneous Containers Problem under Con-
tainer Setting of 6A 12B 24C

A short conclusion is drawn for the comparison session. Both beam search and iterated local
search with simple neighbourhood are able to outperform ‘Control-Set’ on most instances.
Thus, we consider that both revised algorithms are suitable for solving heterogeneous con-
tainers problem. In general, beam search performs better compared to ILSSN under staged
and compromised cost. This is expected as solving heterogeneous containers problem under
staged cost somewhat assembles solving homogeneous container problem, and beam search
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algorithm outperforms ILSSN on homogeneous container problem. On the other hand, it
is hard to tell which algorithm performs better under reality cost. The fact that reality cost
makes improvement on utilisation less relevant to the final result causes both algorithms to
perform less effectively and less consistently under such cost setting.

6.6 Conclusion

In this chapter, we modify beam search and iterated local search with simple neighbourhood
algorithms, which are originally designed for homogeneous container problem, to adapt to
heterogeneous containers problem. We then simulate a real industry situation by setting up
a combination of available container types along with three cost settings ranging from the
reality cost to the more scientific one. Results suggest that beam search performs better
than ILSSN under staged price which is proportional to container volume, as utilisation
is still a major factor in deciding the best solution. Based on the results, it is hard to tell
whether BS or ILSSN performs better under reality cost. Each method generates about
half of the best results. The cause of it is that under reality cost larger container types are
preferred during packing because of the cost advantage. Therefore, a less well-packed larger
container may be preferred over a well-packed smaller container. This also makes utilisation
less relevant in decision making. Similar to homogeneous container problem in chapter
5, results comparison among the two algorithms and Control-Set is made. Comparison
suggests that beam search works well for almost all the data sets while ILSSN has its limit
on a few data sets especially on those have fewer box types.





Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis solves multiple containers problem which directly tackles an end industrial prob-
lem where the large scale of container shipping happens on a daily basis. This is achieved by
embedding a single container constructive heuristic in our improvement heuristics. While
the majority of the research focus on single container problem, the research focus however
might contradict the need of industry. Utilisation is to be maximised for single container
problem. While utilisation still remains as a large impact on the final solution of multiple
containers problem, a well packed container with high utilisation may be responsible for the
mediocre packing in the rest containers and may be the cause of using extra container(s).
By embedding a single container constructive heuristic which is excellent in packing single
container, we firstly guarantee the solution quality of each single container. Also, the im-
provement heuristics are able to see the big picture by excluding packings which might drag
down performances of other containers. Another striking feature is that the solutions gen-
erated by our improvement heuristics is not only theoretically feasible but also of industry
standard.

Our experimental results indicate that improvement algorithm with simple structure and less
intervention performs better when constructive heuristic is less controllable. We designed
four improvement algorithms for homogeneous container problem: iterated local search
with intelligent neighbourhood (ILSIN), iterated local search with descent and randomness
(ILSDR), iterated local search with simple neighbourhood (ILSSN) and beam search (BS).
In general, results from BS are better than those from ILSSN while ILSSN performs better
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than ILSIN. Beam search allows the constructive heuristic to do what it is good at, packing
single containers, without any intervention. Beam search only makes decision on the selec-
tion of partial solutions, i.e. packed single containers. The framework of BS guides through
each selection step and eventually leads to the final solution. Compared to BS, ILSSN inter-
venes constructive algorithm by trying to correct constructive heuristic’s ‘mistake’. Despite
having a rather simple structure and a goal-oriented design, repacking what constructive
heuristic has already packed does not give ILSSN an edge over BS. Although ILSIN has
a similar structure towards ILSSN, it exploits problem specific knowledge in order to gen-
erate fewer but more promising packing patterns within the same neighbourhood. More
intervention under ILSIN is performed, including partitioning single container into a few
packing spaces and constantly evaluating the fitness among box types with newly updated
box number. However, such complexity and effort do not make ILSIN outperform its cousin
algorithm ILSIN, let along BS. Therefore, we are convinced that a simple, goal-oriented
improvement algorithm with little intervention is best suitable for the situation where the
relationship between permutation and packing remains not straightforward. On the other
note, beam search is implemented on the three-dimensional container loading problem for
the first time.

While heterogeneous containers problem has never been the focus of research as we dis-
cussed in our literature review in chapter 2, the outcome of our experiments may provide us
some insights on this issue. In reality, containers are assigned with costs in a way that larger
container has a clear cost advantage. As we pointed in chapter 6, 40ft container has a cost of
12 while 20ft and 10ft container has a cost of 7 and 6 respectively. Such cost advantage on
40ft container makes the utilisation and actually packing the least impact. Decision can be
made without any mathematical analysis. For unlimited heterogeneous containers problem,
40ft container will always be the first choice except for the last pack container where 20ft
or 10ft container may be used if all remaining boxes can be packed in it. The largest con-
tainer will still be the first choice for limited heterogeneous containers problem, with 20ft
container the second and 10ft container the last choice. Hence, it is not surprising that such
real-industry costs greatly limit the research opportunities.

7.2 Future Work

While we chose iterated local search and beam search to tackle the specific problem we face,
we must not forget that there are other methods out there suitable for solving our problem.
It might be worth exploring those methods including the path of commercial solver. Also,
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the research conducted in this thesis has not involved in any constraint requirements such as
heavy and fragile boxes and multi-drop. Moreover, although not an field rarely touched any
more it will be interesting to combine our multiple containers problem with vehicle routing
problems, especially with constraints such as multi-drop.

The other potential work we can carry out is in heterogeneous containers problem. One as-
pect which distinguishes heterogeneous container problem from other 3D containers prob-
lem is the presence of different box types (with different box numbers for limited hetero-
geneous containers problem). However, our algorithms along with those from the literature
seem to ignore this fact and simply extend algorithms originally designed for solving ho-
mogeneous container problem. It may be interesting to design a model reflecting this char-
acteristic. For example, a heuristic model can be designed on swapping, inserting, adding
and removing packed containers instead of doing it on boxes. However, we will have to set
container cost proportional to container volume for any future investigation on this problem
type to be worth.
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