


































































































































A B
C Dy O

   
   

   
  

0

1

                xO0 1















F(a)=∫a
-∞

f(η) dη

F(b)=∫b
-∞

f(η) dη

F(b)-F(a)

η
a b





Scalar values Integration interval

k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=... k=n-2 k=n-1 k=n



P(ηk+½)-P(ηk-½)

ϕ(ηk)

φ(η)

p(η)

η
ηk-½ ηk ηk+½



Location of scalar values
Integration area

ζ

ζ1

ζk-½

ζk

ζk+½

ζm

η
η
1

η
k-½

η
k

η
k+½

η
n



a b

c d
Location of scalar values
P(a)
P(b)
P(c)
P(d) - P(c) - P(b) + P(a)

ζ

0

1

η
0 1

















O
dd

s 
pa

ra
m

et
er

 θ

10−2

1

102

Correlation
−1 0 1

O
ut

pu
t c

or
re

la
tio

n

−1.0

−0.5

0

0.5

1.0

Input correlation
−1 0 1



C
um

ul
at

iv
e 

de
ns

ity

0

0.2

0.4

0.6

0.8

1.0

Seen mixture fraction
0 0.5 1.0

Velocity fluctuation (m/s)
−20 −10 0 10 20















c

0

0.5

1.0

Z
0 0.5 1.0

Pr
og

re
ss

 v
ar

ia
bl

e

0

0.5

1.0 R
eaction rate (1000/s)0

5

10

15

Time (ms)
0 1

Time (ms)
0 1

Progress variable
0 1





c(0) = 0

c(0) = 1e-4

c(0) = 1e-6

N
or

m
al

is
ed

 p
ro

gr
es

s 
va

ria
bl

e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Normalised time t/tend

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Integration of reaction rate of progress variable over time



c(0) = 0

c(0) = 1e-4

c(0) = 1e-6

b(0) ∈ {0, 1e-6, 1e-4}

a(0) ∈ {0, 1e-6, 1e-4}

c
b
a

N
or

m
al

is
ed

 p
ro

gr
es

s 
va

ria
bl

e

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Normalised time t/tend

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0











Y
 O

H

0

0.002

0.004

0.006

0.008

D
em

arginalized Y
O

H

0

1

YH

0 2 4×10−4

Demarginalized YH

0 1

c

0

1

M
ar

gi
na

l

Z
0 1

Marginal Z-c Copula
0 1

Marginal



θ=-1 θ=-0.95 θ=0 θ=15 θ=∞

0

1

0 1 0 1 0 1 0 1 0 1

 















Y C
O

2 +
Y H

2O
 +

Y C
O

 +
Y H

2 

0

0.05

0.10

0.15

0.20

0.25

0.30

Z
0 0.2 0.4 0.6 0.8 1.0

Y C
O

2 +
Y H

2O
 +

Y C
O

 +
Y H

2 

0

0.05

0.10

0.15

0.20

0.25

0.30

Z
0 0.2 0.4 0.6 0.8 1.0













DNS
Plackett
Independent

Te
m

pe
ra

tu
re

 T

0

500

1000

1500

M
as

s 
fra

ct
io

n 
Y C

H
4

0

0.02

0.04

0.06

0.08

R
ea

ct
io

n 
ra

te
 ω

c [
1/

s]

0

5×10−7

10×10−7

L 2
 N

or
m

 o
f p

df

0

1

2

x/D=30
r1

x/D=30
r3

x/D=30
r5

x/D=45
r1





DNS
Plackett
Independent

Te
m

pe
ra

tu
re

 T

0

500

1000

1500

M
as

s 
fra

ct
io

n 
Y C

H
4

0

0.02

0.04

0.06

0.08

R
ea

ct
io

n 
ra

te
 ω

c [
1/

s]

0

0.05

0.10

0.15

0.20

L 2
 N

or
m

 o
f p

df

0

1

2

x/D=30
r1

x/D=30
r3

x/D=30
r5

x/D=45
r1





y (cm)

x
 (

c
m

)

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

0.95

0.27

0.05

Axial location 7

Axial location 6

Axial location 5

Axial location 4

Axial location 3

Axial location 2

Axial location 1

Radial location
  A     -->     G

(Stoich.)

Z













L 2
 e

rro
r

0

2

4

6

8

ρZc

−1 0 1
ρZc

−1 0 1

Independent                                    Plackett       



E3

E4

F4

G4

B5

F5

G5

F6

G6

F7

G7

Sp
ea

rm
an

's 
ρ

−1.0

−0.5

0

0.5

1.0

Pearson's Z'c'/Z'/c'
−1.0 −0.5 0 0.5 1.0





t = 1.00t1
t = 0.83t1
t = 0.77t1
t = 0.68t1
t = 0.45t1
t = 0.29t1

Zstoich

c|
η

0.2

0.4

0.6

0.8

1.0

η
0 0.2 0.4 0.6 0.8 1.0



c

0

1

Z
0 1





Progress variable cdf P (x)
Mixture fraction cdf P (x)

C
um

ul
at
iv
e
m
ar
gi
na
lp
ro
ba
bi
lit
y

0.2

0.4

0.6

0.8

1.0

x
0 0.5 1.0

e

e
c

Z













Time increasingTe
m

pe
rtu

re
 (K

)

600

800

1000

1200

1400

1600

1800

2000

2200

η
0 0.2 0.4 0.6 0.8 1.0















DNS lift-off height

a
b
c

Beta
Tophat

Li
ft-

of
f h

ei
gh

t x
/D

0

2

4

6

8

Peak Scalar Dissipation A (1/s)
2000 2500 3000 3500



a b c DNS Beta Top-hat



a b c DNS Beta Top-hat



a b c DNS Beta Top-hat





3375/s 3250/s 3175/s 3000/s 2500/s 2000/s DNS



DNS 3D 4D 5D



DNS Plackett Copula Independent















M
ea

n 
ev

ap
or

at
io

n 
co

ns
ta

nt
 λ

st
 (m

2 /
s)

0

2×10−7

4×10−7

6×10−7

8×10−7

10×10−7

Mean seen mixture fraction Z
0 0.2 0.4 0.6

8.8×10−7

9.0×10−7

9.2×10−7

9.4×10−7

9.6×10−7

9.8×10−7

0.1 0.2 0.3

!

M
ea

n 
ev

ap
or

at
io

n 
co

ns
ta

nt
 λ

st
 (m

2 /
s)

0

2×10−7

4×10−7

6×10−7

8×10−7

10×10−7

Mean seen mixture fraction Z
0 0.2 0.4 0.6

! "



M
ea

n 
ev

ap
or

at
io

n 
co

ns
ta

nt
 λ

st
 (m

2 /
s)

0

2×10−7

4×10−7

6×10−7

8×10−7

10×10−7

Mean seen mixture fraction Z
0 0.2 0.4 0.6

5.0×10−7

5.5×10−7

6.0×10−7

0.10 0.12



0.0 - 0.1
0.1 - 0.2
0.2 - 0.3
0.3 - 0.4
0.4 - 0.5
0.5 - 0.6
0.6 - 0.7

C

Ev
ap

or
at

io
n 

ra
te

 λ
st

/λ
st

,m
ax

0

1

Z
0 1

c = 0.2 c = 0.4 c = 0.6 negative neutral positive

Ev
ap

or
at

io
n 

ra
te

 λ
st

 / 
λ s

t,m
ax

0

0.2

0.4

0.6

0.8

1.0

Mean mixture fraction Z
0 0.2 0.4

Mean mixture fraction Z
0 0.2 0.4



Z
0 1

c
0 1

T (K)

500

2000 Yfuel

0 1

Z
0 1

c
0 1

T (K)
500

2000 Yfuel

0 1

Z
0 1

c
0 1

T (K)

500

2000 Yfuel

0 1







M
as

s 
flo

w
 ra

te
 (m

g/
m

s)

0

1

2

3

Time (ms)
0 1 2 3 4 5 6



































!















































http://www.cd-adapco.com/products/star-cd
http://www.cd-adapco.com/products/star-cd
http://dx.doi.org/http://dx.doi.org/10.1016/j.apenergy.2009.09.032
http://www.sciencedirect.com/science/article/pii/S0306261909004243
http://dx.doi.org/http://dx.doi.org/10.1016/0010-2180(77)90076-1
http://www.sciencedirect.com/science/article/pii/0010218077900761


http://uk-air.defra.gov.uk/assets/documents/reports/cat05/1108251149_110718_AQ0724_Final_report.pdf
http://uk-air.defra.gov.uk/assets/documents/reports/cat05/1108251149_110718_AQ0724_Final_report.pdf


http://cait.wri.org
http://cait.wri.org








http://www.bbc.co.uk/news/science-environment-26257703


http://www.sandia.gov/ecn/dieselSprayCombustion.php
http://www.sandia.gov/ecn/dieselSprayCombustion.php


http://dx.doi.org/10.1080/713665229
http://dx.doi.org/http://dx.doi.org/10.1016/j.energy.2006.07.017
http://www.sciencedirect.com/science/article/pii/S0360544206002106
http://dx.doi.org/http://dx.doi.org/10.1016/j.pecs.2005.11.001
http://dx.doi.org/http://dx.doi.org/10.1016/j.pecs.2005.11.001
http://www.sciencedirect.com/science/article/pii/S0360128505000535
http://www.sciencedirect.com/science/article/pii/S0360128505000535


http://dx.doi.org/http://dx.doi.org/10.1016/j.proci.2008.06.147
http://www.sciencedirect.com/science/article/pii/S1540748908002630
http://dx.doi.org/10.1007/BF00849116
http://dx.doi.org/10.1007/BF00849116
http://dx.doi.org/http://dx.doi.org/10.1016/j.proci.2006.08.123
http://dx.doi.org/http://dx.doi.org/10.1016/j.proci.2006.08.123
http://www.sciencedirect.com/science/article/pii/S1540748906003865
http://www.sciencedirect.com/science/article/pii/S1540748906003865



	Declaration of Authorship
	Acknowledgements
	1 Introduction
	1.1 Motivation
	1.2 Combustion processes
	1.3 Simulation in design
	1.4 Outline

	2 Theory and Model Development
	2.1 Governing equations
	2.1.1 Turbulence
	2.1.2 Turbulence Modelling
	2.1.3 Reynolds-Averaged Governing Equations
	2.1.4 Reference variables
	2.1.4.1 Reference variables for partially-premixed flames
	2.1.4.2 Definitions of the mixture fraction
	2.1.4.3 Definitions of the progress variable
	2.1.4.4 Residence time-based reference variables
	2.1.4.5 Mapping reference variables to quantities of interest
	2.1.4.6 Reference variable moment equations


	2.2 Liquid phase
	2.2.1 Droplet evaporation
	2.2.2 Droplet Boiling
	2.2.3 Droplets' seen properties

	2.3 The presumed pdf approach
	2.4 Summary

	3 Modelling joint-probability density functions
	3.1 Background
	3.1.1 Random variables and vectors
	3.1.2 Types of pdf

	3.2 Presumed probability density functions
	3.2.1 Marginal distributions of reference variables
	3.2.1.1 Mixture fraction distribution
	3.2.1.2 Progress variable distribution
	3.2.1.3 Dissipation rate distribution
	3.2.1.4 Residence time distribution

	3.2.2 Joint distributions of reference variables
	3.2.3 Copulas
	3.2.3.1 Mathematical description of copulas
	3.2.3.2 Plackett copula

	3.2.4 Summary


	4 Numerical details of the copula method
	4.1 Introduction
	4.2 Numerical integration of distribution functions
	4.2.1 One dimensional case
	4.2.2 Two-dimensional case

	4.3 Upper and lower bounds of covariance
	4.3.1 Scaled covariance as tabulation parameter

	4.4 Linking odds parameter to covariance
	4.4.1 Copula-invariant approaches
	4.4.2 Numerical evaluation of the copula parameters

	4.5 Sampling from a joint-pdf
	4.5.1 Sampling from joint distributions (application to spray)

	4.6 Time integration of reference variables
	4.7 Summary and Application

	5 Results I: A-priori analysis of one-point pdfs in partially-premixed flames
	5.1 Methodology
	5.1.1 Removal of marginals via the inversion method
	5.1.2 Error measurement
	5.1.3 Odds parameter for DNS samples

	5.2 Stratified flame DNS
	5.2.1 Description of DNS
	5.2.2 Results and Discussion

	5.3 Sandia flame series (experiment)
	5.3.1 Description of experiment
	5.3.2 Results and Discussion
	5.3.2.1 Sandia D
	5.3.2.2 Sandia F


	5.4 Autoignition stabilised lifted flame DNS
	5.4.1 Description of DNS
	5.4.2 Flamelet table and normalisation of progress variable
	5.4.3 Results and Discussion

	5.5 Further details of ethylene, contour lines, FGC
	5.6 Flamelet Generated Copula
	5.7 Conclusions

	6 Results II: Presumed-pdf modelling of an autoigniting ethylene jet flame
	6.1 Introduction
	6.2 Tabulation approaches for auto-igniting flows
	6.3 CFD set-up
	6.4 Validation of the flow field
	6.5 Choice of marginal distribution and reference variable
	6.6 Effect of peak scalar dissipation rate
	6.7 Comparison of 3D, 4D and 5D tables
	6.8 DNS data copula vs independent
	6.9 Conclusions

	7 Results III: Multivariate presumed-pdf modelling for spray-fuelled combustion
	7.1 Effects of seen property fluctuations on evaporation rate statistics
	7.1.1 General Formulation for statistically homogeneous spray
	7.1.2 Velocity/mixture fraction results and discussion
	7.1.3 Mixture fraction-progress variable distribution results
	7.1.4 Summary of seen property effects on evaporation

	7.2 Assessment of presumed joint-pdf modelling in the simulation of an autoigniting n-heptane spray
	7.2.1 Experimental configuration
	7.2.2 Numerical details
	7.2.3 Results and discussion

	7.3 Summary and Discussion

	8 Conclusions
	8.1 Presumed-pdf formulation and numerical implementation
	8.2 a priori analysis of statistical dependence between reference variables
	8.3 a posteriori analysis of presumed-pdf modelling
	8.4 presumed-pdf modelling for gas-phase properties seen by droplets
	8.5 Summary and future work

	A Derivation of upper and lower bounds for specific distributions
	A.1 Known bounds for covariance and variance
	A.2 Upper bound on correlation from quadruple-delta distribution
	A.3 Distributions with one continuous marginal

	B Additional statistics for lifted ethylene DNS case

