UNIVERSITY OF SOUTHAMPTON

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Institute of Sound and Vibration Research

Analytical modelling of the vibration of railway track

by

Dimitrios Kostovasilis

Thesis for the degree of Doctor of Philosophy

June 2017


mailto:dkostovasilis@yahoo.com




UNIVERSITY OF SOUTHAMPTON
ABSTRACT
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Doctor of Philosophy

ANALYTICAL MODELLING OF THE VIBRATION OF RAILWAY TRACK

by Dimitrios Kostovasilis

The high frequency dynamic behaviour of railway track, in both vertical and lateral
directions, strongly affects the generation of rolling noise as well as other phenomena
such as rail corrugation. One aspect that has received little attention is the coupling
between the vertical and lateral directions. This thesis sets out to build an analytical
model of a railway track with three principal targets: to improve the modelling for
lateral vibration compared with existing models, to identify the most important sources
of coupling between the vertical and lateral directions and to quantify the implications

for rolling noise phenomena.

Simple models for the axial, torsional, vertical and lateral vibrations of beams are first
introduced. The results from these models are analysed based on their dispersion curves
and their characteristic behaviour is identified. Furthermore, effects of cross-section
asymmetry, shear deformation, rotational inertia, restrained warping and curvature are
considered, as well as the fact that the loads at the rail head do not always act through
the centroid of the rail section. These beam models are then brought together to for-

mulate a fully coupled beam model.

An elastic foundation is then introduced to the beam model to represent the railpads and
the dispersion characteristics of the whole track are discussed. Subsequently, the effect
of the foundation location is investigated, as well as the inclusion of additional layers of
masses and springs, representing the sleepers and ballast. Two different sleeper models
are introduced. The first is that of a simple mass allowed to translate and rotate,
representing a single block of a bibloc sleeper. The second is that of a flexible finite
length beam accounting for vertical, lateral, axial and torsional vibration, representing
a monobloc sleeper, which is more widely used in railway tracks. The response of the
beam model is compared against measurements performed on sleepers in the laboratory.
An average error of less that 1% is observed for the natural frequency of all modes,
excluding the first mode. This mode is most influenced by the sleeper cross-section

variation which is not directly accounted for in the model.
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Using the new track model, the forced response is analysed in terms of mobility and
track decay rates. These are used to investigate the effect of vertical/lateral coupling,
support eccentricity, cross-section asymmetry and track curvature. The point and cross
mobilities are also compared with a more detailed model obtained using the Waveguide
Finite Element approach, for both singly-symmetric and asymmetric rail sections. Fi-
nally the model is compared with three sets of measurements of mobilities and track
decay rates. The first is for a test track at the University of Southampton while the
other two are from an operational site at Fishbourne. The model shows improved pre-
dictions for the lateral response of the track and a means to more accurately calculate

the cross mobility.

Finally, the developed track model is implemented in an existing model of rolling noise
(TWINS, ‘Track Wheel Interaction Noise Software’), in order to demonstrate the im-
plications of vertical/lateral coupling, particularly through the support eccentricity and
inclusion of torsion, on the noise radiated from the track. Noise measurements from the
site at Fishbourne are utilised, and a comparison between the new track model and the
current empirical procedure for vertical/lateral coupling in TWINS is made. Although
no firm conclusions are drawn as to whether the present beam model gives improved
predictions over the existing Timoshenko beam model used in TWINS; it is preferred
due to the improved modelling capacity. Finally, recommendations are given for the
influence of the wheel/rail contact locations on the noise radiated from a railway track,

and how the empirical factor should be used.
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Nomenclature

feor1
feo2
feo3
Jeoa
Jeoa
feon
Jeoyl
feopt
Jeow

Cross-section area (m?)

Wave amplitude for wave n (m)

Dynamic stiffness matrix

Matrices for linearised eigenvalue problem

Effective area for shearing (m?)

Breadth of beam cross-section (m)

Centre of mass

Phase velocity of compressional waves in a beam (m/s)
Phase velocity of shear waves in a beam (m/s)

Phase velocity of torsional waves in a beam (m/s)
Infinitesimal force (N/m)

Infinitesimal moment (Nm/m)

Length of infinitesimal element (m)

Subtended angle of infinitesimal element (degrees)
Differential matrix operator

Young’s modulus (Pa - N/m?)

Eccentricity for lateral external load (m)

Distance between rail foot and shear centre (m)
Eccentricity for vertical external load (m)

Vertical shear centre to centroid distance (m)

Lateral shear centre to centroid distance (m)

Natural frequency (Hz)

Factor for effective dynamic stiffness of equivalent sleeper
Cut-on frequency for breathing mode (Hz)

Cut-on frequency for lateral shear wave of curved beam (Hz)
Cut-on frequency for torsional mode of a ring (Hz)
Cut-on frequency for vertical shear wave of curved beam (Hz)
Cut-on frequency for axial waves in supported rail (Hz)
Cut-on frequency for wave n, where n = i, iii, I or IT (Hz)
Cut-on frequency for lateral wave of supported rail (Hz)
Cut-on frequency for torsional wave of supported rail (Hz)

Cut-on frequency for vertical wave of supported rail (Hz)

xXx1
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Jsw/t Cut-on frequency of shear waves in vertical or lateral direction (Hz)
fuw Warping displacement measure (rad/m)

F Point force (N)

F Vector of reaction forces

Fy Warping complex amplitude

F; Force in the i-axis (N)

F; Excitation force in the i-axis (N/m)

ch Excitation force in the i-axis acting at the centroid (N/m)
1{%6 Reaction force in the i-axis acting at the centroid (N/m)
F External force vector

FP% Effective railpad reaction force vector for rail centroid

Ffs Effective railpad reaction force vector for rail foot

Fgf’b Effective ballast reaction force vector for sleeper bottom
FL% Effective railpad reaction force vector for sleeper centroid
Fﬁf’c Effective ballast reaction force vector for sleeper centroid

Shear modulus (= E/2(1 +v)) (Pa - N/m?)

Height of beam cross-section (m)

Polar moment of area (m?)

Moment of area accounting for effect of curvature (m*)
Warping constant (m®)

Warping product moment of area around the wwz axis (m7)

g
<

Warping product moment of area around the wwy axis (m7)

Warping product moment of area (m?)

<

Warping product moment of area around the wzz axis (m®)

<
<

Warping product moment of area around the wzy axis (m®)

<
83

N

Warping product moment of area (m®)

Warping product moment of area around the wyy axis (m®)

1S3
I

eSS ST Ty T
N

Second moment of area about y-axis (m?)

Iy, Product moment of area (m?)

I, Second moment of area about z-axis (m?)

J Torsional constant (m?)

J? Secondary torsional constant (m*)

Fyi Ballast stiffness per unit length in the 7 direction (N/m?)

ki Ballast rotational spring stiffness per unit length in the ¢ direction (N)
ki Railpad stiffness per unit length in the i direction (N/m?)

ks Curvature due to bending along the i-axis (1/m)

ki Curvature due to bending along the i-axis for a curved beam (1/m)
ki Railpad rotational spring stiffness per unit length in the i direction (N)
KD Sleeper dynamic stiffness matrix in global co-ordinates

Kgl Sleeper dynamic stiffness matrix for lateral response

Kgl oc Sleeper dynamic stiffness matrix for response in local co-ordinates
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KQU Sleeper dynamic stiffness matrix for vertical response

Ko Matrix of coefficients of (—i¢)? in dynamic stiffness matrix
K, Matrix of coefficients of (—i¢)! in dynamic stiffness matrix
K, Matrix of coefficients of (—i¢)? in dynamic stiffness matrix
K, Matrix of stiffnesses for ballast support layer

K, Matrix of stiffnesses for pad support layer

lp Rail foot/pad width (m)

lss Sleeper spacing distance (m)

L Length of finite beam (m)

L. Effective radiating length (m)

m Mass (kg)

M Mass matrix

M; Moment around the i-axis (Nm)

M; Excitation moment around the i-axis (Nm/m)

M;C Excitation moment around the i-axis acting at the centroid (Nm/m)
MZ{%C Reaction moment around the i-axis acting at the centroid (Nm/m)
M. Matrix of distributed inertial properties for rail

M, Matrix of distributed inertial properties for sleeper layer
M, Bi-moment due to warping (Nm?)

ng Number of terms for truncation of series expansion

Ny /- Gradient

N Number of eigenvalues

d/on Derivative in direction n

P Volume forces vector (external forces)

Qir Static moment of area around i-axis (m?)

R Radius of curvature (m)

s Propagation constant (s = i&)

S Shear centre

t Time (s)

T Co-ordinate transformation matrix

U Displacement in the i-axis (m)

U; Complex amplitude of displacement in the i-axis (m)

u Vector of complex amplitudes for eigenvalue problem

U Receptance vector

U Vector of complex amplitudes

\% Mobility vector

w Width of cross-section (m)

w Total radiated power (dB(A))

We Exponential window function

~

Radiated sound power per unit length for wave n (dB re 1072 Watts)

n

z, y and z Coordinates in principal axis system
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xo Location of application of load from beam end (m)

Yg 2f Location of foundation from rail centroid (m)

Ysbs Zsb Location of sleeper bottom surface from sleeper centroid (m)
Ysty Zst Location of sleeper top surface from sleeper centroid (m)
Qi Receptance due to a force Fj, in direction j (m/N)

Bin Partial receptance of wave n for a force Fj in direction k (m/N)
Veys Yez Shear strain components in the xy and zz planes due to flexure
Vays Voz Shear strain components due to flexure for a curved beam
On Real part of propagation constant for wave n

A Decay rate (dB/m)

Apin Minimum decay rate calculated based on experimental method (dB/m)
€ Generalised strain vector

€0 Axial strain component due to extension

€ra Axial strain

€xy; €xz Shear strain in the xy and zz planes

n Loss factor

0; Rotation about the i-axis (rad)

O, Complex amplitude of rotation about the i-axis (rad)

K Linearised warping factor for rail foot (Nm?)

Ky Vertical shear coefficient

K Lateral shear coefficient

KS Shear coefficient for torsion

A Eigenvalue satisfying Ajv-+AALv=0

v Poisson’s ratio

13 Wavenumber (rad/m)

p Density (kg/m?)

o Normal stress (= Ee)(Pa - N/m?)

o Generalised stress vector (internal forces)

T Shear stress (= G4)(Pa - N/m?)

10) Warping function as a function of y and z (m?)

PP Primary warping function as a function of y and z (m?)

@° Secondary warping function as a function of x,y and z (m)
Vin Wave displaced shape per wave n in direction j

Pk Matrix of left and right eigenvectors

w Circular frequency (rad/s)

Superscripts

e Excitation forces

M Measured

D Primary

P Predicted
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XXV

PP Per pad

ps Pad/sleeper interface

pw Per wave

R Reaction forces

S Secondary

sb Sleeper/ballast interface

T Transpose matrix operation

Subscripts

c Centroid

e Effective

f Foot

F Point of application of force

g Global

n Wave identifier

T Rail

s Sleeper

S Shear centre

SV Saint-Venant theory

w Warping

Abbreviations

BEARS Boundary Element Acoustic Radiation Software
BEM Boundary Element Method

CHIEF Combined Helmholtz Integral Equation Formulation
EMU Electric Multiple Unit

FE Finite Element

SPL Sound Pressure Level

TDR Track Decay Rate

TWINS Track/Wheel Interaction Noise Software
WFE Waveguide Finite Element






Chapter 1

Introduction

Noise and vibration from railway tracks in close proximity to residential areas are a major
concern and source of annoyance for residents near those lines. Railway noise arises from
various parts of the railway system. The main sources include [3, 4]: propulsion noise
associated with electric traction motors or electromagnets, control units, and associated
cooling fans; rolling noise attributed to imperfections of the wheel and rail running
surfaces and is dominant for most railway lines; aerodynamic noise which is typically
dominant for speeds in excess of 350 km/h; and curve squeal created by the lateral
creepage between the wheel and rail, which becomes dominant in tight curves (e.g. tight

tram curves).

Other sources exist, such as noise due to infrastructure (e.g. bridges) or noise due
to local imperfections of the wheel (e.g. wheel flats) or rails (e.g. joints, welds etc.),
which, including curve squeal, are local sources of noise in the railway network. On
the other hand, propulsion, rolling and aerodynamic noise are present throughout the
railway network, although not always at significant levels. Figure 1.1 indicates the
approximate dominance of the propulsion, mechanical (rolling noise and curve squeal)
and aerodynamic noise to the total noise as a function of speed according to Hanson
et al. [3].

Propulsion noise has a low dependence on speed and is dominant only at low speeds
[5], while aerodynamic noise becomes dominant at speeds in excess of 350 km/h [4].
Between these speed regions, rolling noise remains dominant and is considered as the
main source of environmental noise from railway operations. Rolling noise has received,
and still receives, a lot of attention from the scientific community and efforts are made
to understand better its mechanisms of generation, in order to predict and control the
noise levels of current and newly designed tracks and to design mitigation measures to

reduce them.
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Figure 1.1: Dominant sources of railway noise at different speeds (redrawn from

El)

1.1 Literature review

Figure 1.2 shows the structure of a typical railway track, consisting of rails fastened by
rail clips on concrete, wooden, plastic or metal sleepers laid in ballast above a subgrade.
In order to avoid damage to the sleepers, elastic pads are placed between the rails and
the sleepers in order to absorb high impact loads [4]. In addition, the stiffness of the rail
pads has a significant influence on rolling noise. The vertical stiffness of the fastening
mechanism is primarily controlled by the rail pad stiffness. Although the fastening clips
apply a preload, their stiffness is negligible, at least for the vertical direction. The lateral
stiffness of the fastening mechanism is controlled by both the rail pads and the fastening

assembly. In the context of this thesis, the subgrade layer will not be considered.

In this section, an overview of previous studies on rolling noise is presented. Since
the main focus of this thesis is the track (exluding the subgrade), an in-depth review
of various aspects of track dynamic modelling is also presented, including modelling

approaches, solution methods and existing models.

1.1.1 Rolling noise

An overview of the mechanism of rolling noise generation is shown in Fig. 1.3, where a

wheel is shown running over a rail with a rough surface. It was first shown by Remington
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Clips / \ Sleeper

Pads

Ballast
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Figure 1.2: Typical railway track components

[6] that the dynamic forces generated by surface roughness during the passage of a vehicle
on a tangent track are capable of exciting the wheel and rail sufficiently to cause the
measured noise levels during a train pass-by. The roughness on the running surface
of the wheel and rail induces a relative vibration between the two structures. This
excites the wheel and track into vibration, which in turn radiates sound. For a periodic
irregularity, the vibration frequency is given by the speed of the train divided by the
irregularity wavelength. The dynamic characteristics of both systems also affect the
relative vibration of the two bodies. At any given frequency, the radiation efficiency
(relating the sound power radiated by a vibrating structure to the averaged velocity
over the radiating area) and directivity of the individual system are also significant in

dictating the overall contribution of each component to the total sound generated.

Figure 1.3: Source components of rolling noise (redrawn from Thompson [4])

Sound is perceived over a wide range of frequencies, with the audible range for a young
healthy adult being between 20 Hz and 20 kHz [7]. The sensitivity of the human ear
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is different at different frequencies, with the highest sensitivity observed in the range
between 1 kHz and 5 kHz. In order to take into account the sensitivity of the human ear,
weighting curves for the sound pressure level have been created. The most commonly
used weighting is the A-weighting curve [8], shown in Fig. 1.4. A-weighted values are
abbreviated with the letter A (e.g. A-weighted decibels are indicated as dB(A) or dBA).
According to [4], the frequency range of interest for rolling noise currently extends from
around 100 Hz to 5 kHz. Low frequencies are typically dominated by aerodynamic
noise (at least at high speeds) while the A-weighting curve suppresses their overall
contribution. Noise contributions at frequencies above 5 kHz are reduced due to the
contact filter (see below). In the review of Knothe and Grassie [9], the upper frequency

limit of interest for rolling noise is also indicated as 5 kHz.
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Figure 1.4: Relative decibel level based on the A-weighting curve [8]

1.1.2 Modelling of rolling noise

In early studies on rolling noise, contradictory results have been documented regarding
the relative influence of wheels and rails. For example, by comparing noise measurements
to predicted noise levels from a wire, Peters et al. [10] suggested that the rail is not a
dominant source although it can influence the sound radiated. On the other hand,
by modelling the rail as an elastic beam on a continuous support and the wheel as
a rigid mass, Bender and Remington [11] concluded that the rail may dominate at
mid- and high-frequencies (around 500 Hz and 5 kHz) but is less important than other
sources outside those regions. In a subsequent study on rolling noise by Remington [12],
improved models for both the wheel and track were used and it was found that the rail
dominates in a frequency range between 400 Hz and 1.6 kHz while the wheel dominates
below 300 Hz and above 2 kHz. By further extensions to the model, Remington and
Stahr [13] concluded that below 2 kHz the rail dominates the sound radiated while

above that frequency it is the wheel that acts as the main contributor. Both modelling
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capabilities and understanding of rolling noise phenomena have since seen significant
improvement. The current understanding is that the track dominates the low frequency
radiated sound (below about 1-2 kHz) while the wheel dominates the higher frequency

region with the rail still maintaining a significant contribution up to about 5 kHz [4, 14].

The first comprehensive analytical model of rolling noise was presented by Remington
[15, 16]. It began with the wheel and rail roughness, which was filtered in order to exclude
the components of roughness that have a wavelength comparable with the length of the
contact area (contact filter). The wheel/rail interaction forces were derived accounting
for a contact spring between the two bodies, where the rail was represented by an infinite
beam in bending and the wheel as an infinite curved beam vibrating in the plane and
out of the plane of curvature, accounting for the radial and axial response respectively.
Cross terms for the vertical response due to lateral contact forces and vice versa were
also considered. Once the contact forces were estimated, the wheel and rail sound powers
were adjusted to account for ground reflection effects in the transmission path and were
summed in order to produce the total wheel/rail noise level. One of the drawbacks of this
work was the neglect of sound radiation from the sleepers and from the lateral motion
of the rail. In addition, although the whole noise generation process was covered, the
constituent parts were oversimplified. For example, an Euler-Bernoulli beam was used

for the rail, which as will be seen later is insufficient for frequencies above 500 Hz.

Wheel Rail
roughness roughness

Roughness
modification

Roughness
modification

Wheel Contact
receptances receptances

Excitation

spectrum
Wheel/rail Rail
interaction receptances
Contact forces
A4 v
Wheel Rail Sleeper
response response response
v \ 4 v
Wheel Rail Sleeper
radiation radiation radiation
Rail noise
» Add (¢

‘Wheel noise 1 Sleeper noise

Tora
noise

Propagation

Noise at
receiver

Figure 1.5: Rolling noise overall prediction model (after Thompson et al. [17])
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Following a similar approach, Thompson [18, 19, 20, 21, 22| improved the description
of the wheel and rail response. The Finite Element method was used for both struc-
tures (also an improved infinite beam model was considered for the rail), and the sleeper
response, as well as the wheel rotation and additional contact details, were taken into
account. These improvements allowed for additional aspects of rolling noise to be inves-
tigated and understood, and led to improved agreement with measurements. This work
was later developed into a software package, called TWINS (‘Track/Wheel Interaction
Noise Software’) and was validated against experiments [17, 23] for both passenger and
freight vehicles. Overall the model was shown to provide good estimates of rolling noise,
especially when the sound pressure was compared in 1/3 octave bands. Further compar-
isons with measured data have been performed since then with additional refinements
of the software (e.g. [24], [25]).

The workflow of the TWINS model is shown in Fig. 1.5. Apart from the improved
description of the track and wheel responses using the FE method, two more main
differences are identified between TWINS and the model developed by Remington [15,
16]. Firstly, in addition to the wheel and rail receptances (displacement per unit force), in
TWINS also the contact receptance is considered, and all three are combined along with
the excitation spectrum to determine the wheel/rail interaction forces. Secondly, apart
from the wheel and rail responses, in TWINS also the sleeper response is considered,

further improving the predictions, especially at lower frequencies.

Over the past couple of decades, TWINS has been used in a variety of applications
leading to better understanding of the rolling noise generation mechanism and the pa-
rameters that affect it. Some example cases where TWINS was used include a study of
track components that influence rolling noise [26], the development of a tuned device
for reducing track noise [27] and more recently a study of the effect of temperature on

rolling noise [28]. It is also routinely used in assessing wheel designs.

In Fig. 1.6, a typical prediction using TWINS is presented, from [4], showing the contri-
butions of wheel, rail and sleeper components to the total sound pressure level (SPL).
Although this is a study for a specific wheel/track combination with a relatively soft rail
pad stiffness of 200 MN /m, it reflects the typical relative contribution of each compo-
nent. It is seen from this figure that the track (sleeper and rail) contributions dominate
the response up to about 2 kHz (approximately 25 dB higher than the wheel at 800 Hz),
while at higher frequencies the wheel dominates the response (8-10 dB higher than the
rail up to 5 kHz). Thompson [29] also showed that for a particular wheel/track combi-
nation at train speeds below 120 km/h the track will have more significant contribution
to the total noise level, with the wheel having a more dominant behaviour at higher

speeds.

As the modes of the wheel are important at high frequencies, these are calculated in

TWINS using a finite element model of the particular wheel design and input as a list
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Figure 1.6: Relative contributions of wheel, rail and sleeper components to total
noise based on predictions from TWINS with a rail pad stiffness of 200 MN/m
(redrawn from [4, 23])

of modal parameters (natural frequencies, damping ratios and modeshapes). In order to
provide rapid calculations, the track response is usually solved analytically, being repre-
sented as beam on a two-layer elastic foundation for both vertical and lateral dynamics.
For the vertical response due to a lateral load and vice versa, the FE wheel model read-
ily provides the required responses. In contrast, for the rail, empirical relationships are

used based on measurements.

Vincent et al. [26] identified three main components of track radiation in the frequency
range 100 Hz to 5 kHz, namely: the sleeper radiation (vertical vibration of upper side
of the sleeper); the rail radiation due to vertical waves propagating along the rail; and
the rail radiation due to the lateral /torsional waves propagating along the rail. It was
also indicated that the relative contribution of vertical and lateral components depends
mainly on the lateral position of the contact between the wheel and rail and on the

attenuation of the waves along the rail (track decay rate).

The track decay rate is an important parameter in rolling noise generation. A low decay
rate means that waves can propagate further along the track and thus a larger surface
area of the rail vibrates, generating higher sound power. The attenuation of lateral and
torsional waves is often lower than that of vertical waves, and in the case of a significant
offset of the contact, the lateral component of noise may reach and even exceed the
vertical component in terms of radiated power [26]. Thompson [30] indicated that the
lateral rail vibration is less well described by the current beam models, as torsion tends

to make the beam more flexible than the pure bending theory implies.



8 Chapter 1 Introduction

It is clearly seen that the dynamic behaviour of railway tracks at mid to high frequencies
and their noise radiation characteristics are particularly important in the generation of
rolling noise, including the response in both the vertical and lateral directions. Many
analytical models can be found in the literature that focus on the vertical and to a
lesser extent the lateral vibration of the track, but the coupling between the vertical and

lateral directions has been considered in much less detail.

It has been shown in the literature [20] that various coupling effects will occur, especially
for higher frequency excitations. These effects are mainly attributed to the form of the
rail cross-section which is either singly-symmetric (mainline tracks, typical cross-section
of a 60E1 rail is shown in Fig. 1.7) or fully asymmetric (tram tracks). As a result,
the centroid (c) at which the inertial forces act, and the shear centre (S) at which the
shear forces act, are not coincident, introducing a coupling between lateral bending and
torsion [31]. In addition, for a curved track, the vertical bending will couple with the
torsion and the lateral bending with the axial response [32]. Furthermore, the rails
are seldom excited at the centre of the railhead by a purely vertical force. In most
cases, the load will have both a vertical and a lateral component, and the contact point
will be offset from the rail centreline. Finally, reaction forces from the foundation will
also be a source of coupling, especially in the case of the lateral response where the
foundation force is applied with some vertical eccentricity relative to the rail centroid.
Although previously known, the above issues have not been studied in depth for railway
applications. Therefore, the question is raised to what extent these coupling phenomena

will affect the track response and noise radiation.

172 mm

150 mm

Figure 1.7: Typical rail cross-section (60E1)

1.1.3 Beam theories used for track dynamic models

The first known investigation into railway track dynamic behaviour was conducted in

1867 by Winkler. This was based on an infinite beam resting on an elastic foundation
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(BOEF) [33]. Although limited, this model is still used by many researchers and engi-
neers due to its simplicity. Since then, a lot of research has focused on many aspects of
track dynamics such as, for example, the beam theories used to represent the rail, the

nature of the support etc.

The dynamic properties of beams are most often studied using the Euler-Bernoulli beam
theory [34]. This theory was introduced by Jacob Bernoulli in the 18th century and was
later used by Leonard Euler for the investigation of elastic beams. The theory provides
a simple yet reasonable model used for many engineering applications. The main as-
sumption is that plane sections remain plane and perpendicular to the neutral axis. This
means that it can be applied accurately only when the cross-section is much smaller than
the wavelength of the motion. It thus tends to overestimate the natural frequencies of
higher modes (of a finite beam) when this assumption no longer applies. For railway
track applications, the maximum frequency of validity is shown to be approximately
500 Hz for vertical track dynamics [9], above which shear deformations and rotational

inertia become significant and should be accounted for.

In an attempt to improve this model, Lord Rayleigh [35] introduced the effect of ro-
tational inertia, and although this improved the accuracy, the natural frequencies were
still overestimated. The next step was to introduce the effects of shear distortion, which
would improve significantly the calculation of the natural frequencies of a beam. Tim-
oshenko [36, 37] proposed a beam theory in which both the shear deformation and
rotational inertia of the beam were taken into account, leading to a wider range of ap-
plicability. This model is applicable up to about 5 kHz for vertical vibration in typical

railway track applications [29].

For most studies of railway track vibration, and depending on the frequency range of
interest, the Euler-Bernoulli and Timoshenko beam theories are used for vertical track
dynamics. Generally, when the interest is ground vibration, the Euler-Bernoulli beam
theory is sufficient since the frequency range of interest is typically limited to about
250 Hz [4]. For investigation of rolling noise phenomena, the Timoshenko beam theory

is preferred since the frequency range of interest extends up to about 5 kHz [18].

The beam on elastic foundation model can also be used to describe the lateral motion
of the rail. However, in this way the lateral response is not as accurately predicted as
the vertical response due to the omission of torsion [4]. Moreover, higher order lateral
modes of vibration occur, such as web bending, causing greater differences between the

simplified model and measurements [29].
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1.1.4 Continuously and discretely-supported dynamic models

Railway track dynamic models can be separated into two main categories based on the
nature of their support [9]: those with a continuous support and those with discrete sup-
ports. Although models with a continuously supported rail do not show all the features
of a railway track, they demonstrate the most important characteristics of its dynamic
behaviour [4]. Conventional railway tracks are supported discretely by the railpads and
sleepers and thus a discretely supported model is usually more appropriate. Such models
can be further divided into periodically supported models with uniform support stiffness
and more general discretely supported models which may include variations in spacing
and/or stiffness. Because of the complexities of the latter, either continuous or periodic

supports are most often used.

FIzIrrIrIeEEE é é @ @ é
Tessssssseserees
Figure 1.8: Continuous (left) and discretely (right) supported rail on double-
layer elastic foundation

According to Knothe and Grassie [9], the supports are introduced in railway track dy-
namic models as either a single elastic layer accounting for the railpads, or as a double
elastic layer support to account for the railpads and ballast, including the sleepers be-
tween them. Other more comprehensive configurations also exist, accounting for example
for ballast mass, ballast shearing stiffness etc. The sleepers can be modelled as either
simple masses in translation or as transverse flexible finite beams, accounting for their
bending. In a continuously supported track model, the effect of the pads, sleepers and
ballast are evenly distributed over the length of the rail. By introducing bending stiff-
ness to the ‘sleeper’ layer in the longitudinal direction, this form of support can also be

used to represent a slab track.

In the work of Grassie et al. [38], both a continuous and a discretely supported rail on a
two-layer foundation were investigated and compared. It was shown that the periodicity
of the supports leads to additional peaks in the frequency response functions of the rail at
the so-called ‘pinned-pinned’ frequency around 1 kHz for vertical vibration, whereas at
low frequencies, the two models gave similar results. The mode at the ‘pinned-pinned’
frequency is depicted in Fig. 1.9. In this mode an increase in frequency response is
observed at the mid-span and a minimum at locations above a sleeper. Meanwhile,
the response of the continuously supported track lies between those two results. Also
the dynamic contact forces arising from excitation between the wheel and the rail were
investigated by Grassie et al. [38] and found to be significantly increased at the ‘pinned-

pinned’ frequency above a sleeper.
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In an investigation by Wu and Thompson [39], it was shown that, in terms of noise
radiation, the ‘pinned-pinned’ frequency effect (averaged over 12 force positions across
a rail span) is almost negligible, giving a maximum difference of about 1.5 dB in a
single one-third octave band levels for some typical track properties. For ground-borne
vibration, since the range of interest typically lies below 250 Hz, the effects can also be

neglected and a continuously supported model is sufficient.

Figure 1.9: Displaced shape of rail at ‘pinned-pinned’ resonance frequency

When investigating the vehicle/track system, additional parametric excitation can arise
due to the discrete supports. As the train is passing over the track, the wheels experience
a varying stiffness along the rail. Wu and Thompson [40] found that the wheel/rail force
spectra varied from the continuous model (or the moving irregularity model), especially
at low frequencies. Various harmonics exist, with basic components at the sleeper-

passing frequency and the ‘pinned-pinned’ resonance.

1.1.5 Frequency-domain and time-domain methods

For the dynamic problems considered, there are two main methods of solution [41]:
in the frequency domain and in the time domain. In the former, the applied loads
are assumed to vary harmonically with respect to time, and the track components are
assumed to behave linearly. Then the equations of motion are solved either analytically
or numerically, one frequency at a time. Some dynamic properties such as the damping
can be allowed to vary with frequency. A common solution technique is to transform
the problem into the wavenumber domain and obtain a solution by using an inverse
Fourier transform over wavenumber. Frequency-domain models are usually based on a
continuously supported track of infinite extent and only account for the steady-state
response of the track. For example, Grassie et al. [38] solved the rail response to a unit
load in the frequency domain, for both a periodic and continuously supported rail. For
ground vibration Jones et al. [42] used the same approach for a continuously supported
track on a two-layer foundation, further supported on a layered half-space. In their

work, a moving harmonic load was considered.

In comparison, time-domain models are more flexible as they can account for time-
varying loading, non-linear and state-dependent track properties and more detailed track
configurations. Such models may be discretised using the Finite Element technique. The

equations of motion are assembled in terms of the mass, stiffness and damping matrices
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and are solved using a step-by-step time integration scheme. In contrast to frequency-
domain models, these more readily include discrete supports but they must be truncated
to have a finite length. They can take into account both the transient and steady state
response of the system. For example, Nielsen and Abrahamsson [43] studied the vertical
interaction between a train, represented by either a linear or non-linear discrete mass-
spring-damper system, and a track, for which a linear three-dimensional model was
established. The rails were discretely supported through railpads and flexible sleepers
on an elastic foundation. The track structure was solved for its modal parameters and
the system of coupled equations between the train and the track were presented in state-
space form. Andersen et al. [44] used the finite element technique to obtain the response
of a rail on an elastic foundation due to a moving load in convected co-ordinates. An
Euler-Bernoulli beam was used to represent the rail and the convected co-ordinates
(moving frame) method was used. Ang and Dai [45] used the moving element method
to model a curved rail, in both vertical and lateral directions. In a different approach
Wu and Thompson [46] studied non-linear wheel/rail interaction. In this work, the
rail response was obtained using a lumped parameter model, fitted to the frequency
domain receptance of an infinite Timoshenko beam on a two layer elastic foundation.

Vertical/lateral coupling due to the excitation loads was included.

Although time-domain models can represent the track configuration more reliably, they
are computationally more demanding and attention needs to be given to the discreti-
sation of the system and the time integration scheme. Due to their computational
demands, a limited length of track is used which should provide minimal reflections
from the boundaries, otherwise special boundary conditions need to be taken into ac-
count (e.g. [44], [47]). On the other hand, frequency-domain models, can provide very

good approximations to track behaviour with much less computational demand.

1.1.6 Analytical models

Many authors present models of the vertical dynamics of railway tracks, derived from
the Euler-Bernoulli or Timoshenko beam on an elastic support (Winkler foundation) and
variations. Grassie et al. [38] derived the response of a rail on a two-layer support, where
the second layer accounts for the sleeper mass and ballast stiffness. Both continuously
and discretely supported models were presented. Both Euler-Bernoulli and Timoshenko
beam theories were considered as well as the moving nature of the excitation load. The
solution was obtained by the method of Laplace transformation and contour integration.
It was concluded that the velocity of the excitation load has negligible impact on the

vertical receptance for realistic parameter values.

Duffy [48] presented a solution for both the transient and steady-state response of an
Euler-Bernoulli beam on an elastic foundation excited by a moving mass. A Fourier

transform was used with respect to space, while Laplace transformation was used with
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respect to time. More recently Hussein and Hunt [49] used the Fourier transform tech-
nique to obtain the receptance of a floating slab track, where both the rail and the slab
were represented by Euler-Bernoulli beams, interconnected by an elastic layer and fur-
ther supported on an elastic foundation. A closed form response was obtained by means
of contour integration. These are just a few examples of investigations of the vertical

track dynamic behaviour.

By comparing experimental results of the lateral receptance of a track on concrete sleep-
ers with a vertical track dynamic model, Grassie et al. [50] suggested that the dynamic
model for the vertical behaviour can be modified to accommodate the variations in the
lateral response. In their study, for a track with stiffer railpads (on wooden sleepers)
good agreement was achieved between the response of a model of a beam on elastic foun-
dation and the measurements. For softer railpads (modern track with concrete sleepers)
it was found that the rail head undergoes large lateral bending vibration, independent
of that of the foot, with the web acting as an elastic foundation itself. They thus used
a two-layer continuous foundation model accounting for the rail head (as a Timoshenko
beam) connected by a series of springs to the rail foot (continuous mass) and further
connected to the second elastic layer representing the pads. Good agreement was found

between this model and measurements of the track lateral receptance.
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Figure 1.10: Lateral track model after Grassie et al. [50]

Hunt [51] considered the track to behave laterally as a pair of Euler-Bernoulli beams on
an elastic foundation with the main aim to investigate railway crossings. The bending
displacement of the rails was considered identical and thus both rails were modelled as
a single beam. The rail foot was rigidly attached to the second layer representing the
sleepers and the movement of the rail head relative to the rail foot was provided by the
resilience of the web. The second layer (rail foot and sleepers) was also assumed to have

a bending stiffness, similar to a slab track.

At higher excitation frequencies, the cross-sectional deformation of the rail has a signif-
icant impact on its response, both vertically and laterally [4]. In the vertical direction,
this is mainly due to the effect of foot flapping where the foot vibrates independently
of the rail head. For a UIC54 rail, a foot flapping wave cuts on at around 5 kHz, al-

though increased vibration of the rail foot is seen from around 2 kHz and above. This is
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usually neglected for rolling noise, as the highest influence occurs around the maximum
frequency of interest. In contrast, the behaviour of the rail due to lateral excitation is
affected by the rail cross-section deformation at much lower frequencies, with web bend-
ing and double web bending wave modes in a UIC54 rail cutting on at around 1.4 kHz

and 4.6 kHz respectively.

Scholl [52, 53] presented two different approaches to investigate wave propagation along
a rail. In the first, named ‘three-layer’ model, the rail was represented as an infinitely
long strip, divided into three layers representing the rail head, web and foot as shown
in Fig. 1.11(a). Different densities and Young’s moduli were assigned to these parts in
proportion to their widths. Although this model provided satisfactory results for the
vertical and longitudinal response of the rail, it gave no information about the cross-
sectional deformations of the rail. Thus a second model, named ‘cross-section’, was
developed consisting of a combination of one-dimensional bending/axial bars accounting
for the head, the web and the two sides of the foot shown in Fig. 1.11(b). For high

frequencies, the constant foot thickness used was seen as a limitation.
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Figure 1.11: Three-layer and cross-section models from Scholl [52, 53]

In order to capture higher order modes of vertical vibration, Wu and Thompson [54]
introduced a double Timoshenko beam model where the rail head (including the web)
and foot are represented by separate beams along the direction of the rail, connected by
continuously distributed springs, Fig. 1.12(a). Both beams are then further supported
via the pads to the sleeper resting on an elastic foundation. Both a continuously and
discretely supported track were considered. The results were compared against a three-
dimensional FE model of a short length rail (1 m) in terms of the dispersion (wavenumber
against frequency) curves and against measurement data in terms of point receptance

and vibration decay rates, showing good agreement.

A similar concept of a multiple-beam configuration was used by Wu and Thompson
[65] for the lateral vibration of rails, where the cross-sectional deformations become
important at lower frequencies than for vertical vibration, Fig. 1.12(b). Here, the rail
head and foot were treated as separate infinite beams while the web was represented as an
array of beams connecting the rail head and foot, without accounting for the bending and
twisting stiffness along the rail axis. This analytical model showed excellent agreement
with a Finite Element model of a finite length (1 m) free rail, in terms of the dispersion

relationship. The receptances due to a lateral force at the head were also compared
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Figure 1.12: Multiple-beam models from Wu and Thompson [54, 55]

with measurements, showing a good overall agreement apart from the response at the

‘pinned-pinned’ frequencies which can only be obtained by a discretely supported model.

Bhaskar et al. [56] developed a model including the lateral and rotational motion of
the rail. The frequency range of interest in this work was up to about 2 kHz, thus it
was important to account for the cross-sectional deformation occurring above 1.5 kHz.
In order to validate their model, the authors used a FE model developed by Ripke
and Knothe [57] choosing the same elements, in which the rail section was composed
by three separate parts, representing the rail head as a beam in bending and torsion,
and the rail web and foot by three plates (one for the web and one for the foot on
each side of the web), as shown in Fig. 1.13. A variational method was then used for
an infinite rail continuously supported on railpads, sleeper mass and ballast in order to
obtain the relationship between the frequency and wavenumber (dispersion relationship)
and receptance. The rail head was allowed to translate in vertical, axial and lateral
directions, as well as to rotate around the axial direction. The plates were allowed
uniform displacement in plane as well as in the longitudinal direction and deformation
perpendicular to their plane, approximated by a cubic function. The railpad forces were
applied as two springs set a distance apart equal to the width of the foot divided by v/3
to account for the torsional stiffness as well. The responses of the rail were obtained
by means of Fourier integrals. The axial motion was decoupled from the lateral one
by assuming symmetry. Similarly, the vertical motion was decoupled from the torsional
motion. A good agreement was found with the discretely supported FE model developed
by Ripke and Knothe [57], with the main differences occurring due to the continuous

nature of the support.

Yang [58] and Yang et al. [59], presented an improved model based on that of Bhaskar
et al. [56]. The rail foot was described in more detail, by representing it as a tapered plate
including bending and in-plane motions. Also the stretching of the web was accounted
for. The variational principle was applied to obtain the unknown deflections for the 17

degrees of freedom and then the equations of motion were obtained based on Hamilton’s



16 Chapter 1 Introduction

A 2 T
L :

|
? klz $ kzZ
1

Figure 1.13: Combined beam/plate model for rail cross-section from Bhaskar
et al. [56]

principle. The dispersion relationship for a free rail was presented and compared with
both the simplified beam models from Wu and Thompson [54, 55] and a Finite Element
model of a finite length rail (1 m). It was shown that the first vertical wave mode is more
accurately represented at higher frequencies than by the model of Wu and Thompson
[54, 55]. This was due to the better representation of the deformation of the rail foot,
which dominates the response at higher frequencies. The first lateral bending wave was
also improved compared to Wu and Thompson [54, 55] at frequencies above 2 kHz,
where the tapered foot gives a better representation of the stiffness of the foot in lateral

bending.

Heckl [60] studied the free propagation of coupled waves on a periodically supported
Timoshenko beam. This model used the Green’s function matrix approach based on
Hamilton’s principle (for the free beam), the superposition principle (for the inclusion
of the supports) and Bloch’s theorem (to account for the periodicity of the supports).
The cross-section of the beam was considered uniform and the shear correction factor
for bending set to unity (i.e. uniform shear stress distribution in the cross-section).
Flexural, torsional and compressional waves were considered on an infinitely long rail
with an infinite number of supports represented by either a mass or a spring. In this
study, results were only presented in terms of dispersion curves. For the case of a single
wave, passing/stopping bands were identified due to the discrete nature of the support.
Although the discrete supports were shown to have a considerable influence on the
dispersion relationship, their effects were enhanced due to the high stiffness used for the
support, especially in the axial and lateral directions where a stiffness of 1000 MN/m
was used. When several wave types were present, coupling of waves occurred leading
to a different behaviour than the superposition of the individual uncoupled waves. The
coupling effects were pronounced when the support location was offset from the beam

centreline.

Popp and Schiehlen [61], presented a series of frequency-domain and time-domain models
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for vertical and lateral track dynamics for frequencies up to 600 Hz accounting for a
discretely supported track on an elastic half-space. In the frequency-domain dynamic
model, the track was considered as an infinite periodic structure with period length of
one sleeper bay. The rail was represented by a Timoshenko beam in the vertical and
lateral directions and as a torsional rod. No axial translation was allowed for. The
vertical, lateral and torsional responses were completely decoupled from one another
(for both rail and sleeper behaviour). Also no cross-sectional deformation of the rail was

taken into account (distortions of head and foot were omitted).

In TWINS [17], both vertical and lateral track behaviour was considered for estimating
rolling noise using a Timoshenko beam on a two-layer elastic foundation. The ver-
tical/lateral coupling was not taken into account directly within the models, although
various sources of coupling were identified. Instead, an empirical parameter (X or XdB)
was introduced [62]. The cross receptance was based on the geometrical average of the
vertical (Uy) and lateral (U,) receptances (U,, = 10X45/20 /U, U>), where the parameter

XdB was chosen based on estimates from measurements, typically set around -10 dB.

When making predictions for the track component of rolling noise using analytical mod-
els, it is common to adjust the rail loss factor in order to obtain a good fit with measure-
ments of track decay rate [4]. This is due to the vibration of the rail foot having a larger
amplitude at higher frequencies, leading to an increased effect of the railpad damping.
The material loss factor of the rail is closer to that of steel, which is of the order of
2x107% [63]. Fitting of predictions to measurements has shown that a loss factor of

about 0.02 in the model gives more appropriate results [4].

1.1.7 Finite Element-based methods

The models discussed so far (solved either analytically or numerically) are based on
simple beam theories and mechanical models for the vibration of beams and in some cases
plates. The main limitation that applies to both the Fuler-Bernoulli and Timoshenko
beam theories is that they are based on the assumption that the cross-section remains
plane. Thus at high frequencies, where cross-sectional deformations start to occur and
more wave types exist, these beam theories will fail to provide an adequate representation
of the dynamic properties of the rail [64]. In order to overcome this limitation, alternative
modelling techniques can be used that allow the cross-section to be more accurately

represented.

Finite Element Analysis methods have been used by many authors in order to discretise
a finite length of rail. Thompson [20] used a combination of beam and plate elements
to represent a finite length of rail. By taking into account the structural symmetry of
the cross-section, only half of the cross-section was necessary. By considering symmetric

boundary conditions in this plane, the vertical and axial modes were obtained while for
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the lateral and torsional modes antisymmetric boundary conditions were considered. A
similar approach was later used by Knothe et al. [64] and many other authors, employing
different elements, meshes and approximations. More recently, Ryue et al. [65] used
8-noded quadrilateral solid elements, modelling only half the cross-section under the
assumption of symmetry about the vertical axis, see Fig. 1.14. Due to the use of a finite
length, this method is limited to identifying the frequency corresponding to a specific
wavenumber and not vice versa. Also, obtaining the near field waves or receptances
for an infinite rail is not straightforward. Since the cross-sectional deformations are
important in the frequency range of interest, various more detailed models have been

developed that are based on extensions of the FE method.
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Figure 1.14: Finite-Element model of finite length of rail after Ryue et al. [65]

Thompson [20] presented a method of obtaining the dispersion relationship and recep-
tance of an infinite beam based on the periodic structure theory (PST) of Mead [66].
This technique takes advantage of the fact that the cross-section remains constant along
the rail and that its length is infinite. The structure is considered as a periodic structure,
having an arbitrary period. A slice of rail 10 mm long was considered, discretised by
finite elements, and the sleepers were also included in a continuously supported track.
For this method, a commercial finite element software can be used to obtain the matrices

of the slice of track.

The finite strip method was used by Knothe et al. [64], where only the cross-section of
the rail was discretised and the elements were considered as infinite strips. The main
advantages of this method over classical Finite Element Analysis are the reduced number

of degrees of freedom, thus decreasing computational requirements.

Gavri¢ [67] introduced the waveguide finite element (WFE) method for modelling of
rails, which has grown in popularity recently. In this method, as with the PST method,
the infinite extent of the rail and the constant cross-section are taken into account.
The cross-section is meshed using special two-dimensional finite elements, see Fig. 1.15,
similar to the finite strip method. The displacement field across the cross-section is

discretised by finite elements while complex exponentials are used to describe the nature
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of the waves in the longitudinal direction. In the work of Gavri¢ [67] only the modelling
of free waves propagating in a free rail was considered. Using the same method, Ryue
et al. [65] determined the waves propagating in a supported rail up to 80 kHz, while
the forced response due to a vertical and lateral excitation, both above a sleeper and
at midspan, was obtained by Gry [68] for a rail with periodic supports. More recently,
Nilsson et al. [69] used the waveguide finite element method to calculate the vibration
of an infinite, continuously supported rail excited by a point force. A similar study was

also performed by Li et al. [70].

17

Figure 1.15: Waveguide Finite Element model after Ryue et al. [65]

The main disadvantage of the above methods is that they require extensive computa-
tional capacity and large calculation times. Thus an analytical approach could be of

great benefit, depending on the required level of accuracy.

1.1.8 Modelling of sleeper response

For the majority of models discussed so far, the sleeper is either not considered, or is
included as a rigid mass. The sleeper dynamic response is particularly important due
to its influence on the track dynamics and the noise radiated at lower frequencies. The
literature related to the modelling of the dynamic response of railway sleepers is fairly

limited.

An important study of concrete monobloc sleeper vibration was performed by Grassie
[71]. Measured data for the vertical vibration of a number of concrete monobloc sleep-
ers of non-uniform cross-section were compared with a finite Timoshenko beam model.
Grassie [71] obtained an effective flexural rigidity of the non-uniform sleepers, for use
in the uniform model, by taking the geometric average of the flexural rigidity at the
rail seat and that at the sleeper centroid. The analytical sleeper model was found to be
adequate in comparison to the given data, except at the first bending mode, where the
sleeper cross-section variation has the greatest effect. A way of extracting the Young’s

modulus from the measured data was presented, achieved by fitting the peaks of the
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frequency response function at the second and third bending modes. It was also sug-
gested that the same sleeper model can be used for lateral sleeper dynamics, although
no such study has been presented. Using a supported Timoshenko beam, Janssens and

Thompson [72] studied the inclusion of a ballast layer below the sleeper.

< L >
< Yo > l Fel®t
| ! |
4
\\ Ase-iksy A1eikey ,/ \\ A7e»ikey Aseikay ,/
\\ - - - /, \\ - - - /’
M A £~ 2¢< M A £ 22
- Aty Ayt o Agey  Age¥
—

Figure 1.16: Flexible sleeper model from Thompson [4]

The above sleeper models are based on the modal behaviour of the sleeper. Another
approach is based on the forced sleeper response using a wave approach. Such a method
was used by Nordborg [73] when studying vertical track dynamics, where a continuously
supported Euler-Bernoulli beam was used for the sleeper. Thompson [4] used this ap-
proach with a Timoshenko beam (Fig. 1.16), which as discussed by Grassie [71], is more
appropriate as rotational inertia and deflections due to shear have a significant contri-
bution. With the approach based on the forced response, it is easier to implement a
frequency-dependent ballast stiffness, which is more realistic as shown by Frémion et al.
[74].

Nielsen [75] investigated the acoustic optimisation of railway sleepers using a finite el-
ement model of half a sleeper. The sleeper radiation efficiency was determined using a
boundary element model of the sleeper and was combined with the sleeper vibration to
determine the radiated noise. It was shown that a bi-bloc sleeper with specific dimen-
sions can lead to noise reduction of the sleeper component of up to 3 dB(A) compared

with the monobloc sleeper studied.

Oregui et al. [76] used a three dimensional Finite Element model of a 14.4 m length
track (24 sleeper bays) with monobloc sleepers to investigate vertical track dynamics.
In this study, a comparison was made between a full track and a half track with a line
of symmetry at the sleeper centreline. The lateral track vibration was constrained. The
two models were compared with measurements and good agreement was found. Also, for
excitation above a sleeper the half-track model needed slightly higher sleeper mass than
the full track model, while for mid-span excitation agreement was satisfactory. However,

the application of symmetry at the sleeper centreline resulted in the absence of some
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dynamic characteristics. Finally, different configurations for the contact area between

the rail and the sleeper were studied.

1.1.9 Potential sources of coupling
In the context of this thesis, coupling occurs when:

i) a vertical force produces a lateral response as well as a vertical one,
ii) a lateral force produces a torsional response as well as a lateral one,

iii) an axial force in a curved rail produces a lateral response as well as an axial one,

and

iv) a torsional moment in a curved rail produces a vertical response as well as a torsional

one.

Most analytical track models in the literature omit the torsion, the cross-sectional asym-
metry, the effect of track curvature and the eccentric nature of the support and excitation
loads. These are identified as potential sources of coupling of the rail response, mainly

between the lateral and torsional motion.

In the elementary theory of torsion of beams (Saint-Venant torsion), the basic hypothesis
in the formulation of the equations of motion is that no extension or shearing occurs
in the plane of the cross-section and the beam is free to warp. Thus the torsion of a
beam is governed only by its torsional rigidity. Vlasov [77] showed that the torsional
stiffness of an I-beam depends on the bending stiffness of its flanges, resulting in flexural
torsion (torsion-bending or restrained warping). This can be included in the equations
of motion by accounting for the warping behaviour of the beam, and many authors have
addressed this. An extensive review of the various studies on non-uniform torsion of

bars has recently been conducted by Sapountzakis [78].

If the centre of mass (where inertial forces are considered to act) and the shear centre
(where net shearing forces are considered to act) of a beam are not coincident, the
bending and torsional vibration will be coupled. This occurs for typical rail sections
(Vignole, e.g. 60E1) which are asymmetric in the vertical direction (lateral bending will
couple with torsion), or in the case of tram rails (groove, e.g. 60R1), which have no
plane of symmetry (both vertical and lateral bending will couple with torsion). Many
authors have investigated this phenomenon in beams including, for example, Banerjee
[79], Kim et al. [31], Adam [80] and Monsalve-Cano and Dario Aristizdbal-Ochoa [81].

In the case of a curved beam, the torsional response will couple with vertical bending
(out-of-plane with respect to the curvature), while the axial motion will couple with the

lateral response (in-plane with respect to the curvature). Love [82] investigated the effect
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of curvature on the vibration of free beams, neglecting the effects of rotational inertia
and radial shear. In addition, it was assumed that the centroidal axis of the beam was
inextensible. Morley [83] improved previous models by combining Timoshenko’s beam
theory for straight beams with an extensional rod and accounting for curvature. Irie
et al. [84, 85| studied the in-plane and out-of-plane response of a curved Timoshenko
beam, considering a harmonic excitation, for a free-clamped beam, as well as different

types of curvature such as circular or elliptic.

In the above studies of curved beams, the in-plane response (i.e. radial and axial) and
out-of-plane response (transverse and torsional) have been studied independently. The
coupling between the two has received limited attention, mainly aimed at the devel-
opment of improved beam finite elements. Gendy and Saleeb [86] studied the coupled
extensional /flexural /torsional modes of beams based on the Timoshenko-Vlasov thin-
walled beam theory, obtaining the differential equations of motion by employing a vari-
ational formulation. Chang et al. [87], Kim et al. [88], Kim and Kim [89] and Kim et al.
[90] considered the spatial stability and free vibration of shear deformable curved beams,

also accounting for restrained warping and coupling with shear deformations.

Specific studies on the effect of curvature on railway tracks is limited. Nair et al. [91]
investigated the stability of a curved rail under the effect of a moving constant vertical
load with the inclusion of cant and restrained warping. It was found that the critical
velocity, i.e. the velocity of the load at which waves start to propagate, reduces as the
curvature increases. More recently, Li et al. [92] investigated the response of a half-space
due to excitation of a discretely supported curved track. Kostovasilis et al. [93, 94] used
a Finite Element formulation to investigate the effect of using curved beam elements
instead of piecewise straight beam elements for the representation of the track. Only a
vertical moving load was considered and the authors suggested that curvature might have
a higher impact when the beam is traversed by a horizontal force. Finally Dai and Ang
[95], presented an analytical method to obtain the steady-state response of a curved
beam on an elastic foundation, using trigonometric trial functions for approximating
the displacement of the beam. None of the above works have investigated the effects of

coupled vertical and lateral motion.

Apart from the coupling due to the cross-sectional properties of the beam and beam
curvature, as discussed above, there are two further factors that can be considered
for the vertical/lateral behaviour. Firstly, whether on a straight or curved track, the
contact location of the wheel on the rail is usually off-centre in both the vertical and
lateral directions. Depending on the wheel and rail profiles, possible contact locations
are found across the entire rail head. When the contact location is away from the rail-
head centreline, it will cause both the vertical and lateral dynamic forces to excite the
torsional vibration of the rail. This behaviour is occasionally considered in time-domain

vehicle/track interaction software (e.g. [96]).
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Figure 1.17: Curved beam on discrete elastic foundation (from Kostovasilis et al.
[94])

In addition, the support loads (elastic foundation/railpad) act at the bottom of the
rail instead of the centroid. This eccentricity will cause a further coupling between
the lateral and torsional responses. Since the torsional vibration is coupled with the
lateral response (and also vertical response for asymmetric rails), these effects need to

be considered in order to provide a full study of the interaction.

In an attempt to understand and quantify the vertical-lateral coupling of rails, Betgen
et al. [97] analysed the track mobility (velocity per unit force) and decay rates by means
of measurements and a three-dimensional Finite Element model. The rail was excited
at various locations across the top of the railhead for the vertical mobility and at a
specified location at the side of the railhead to obtain the lateral mobility. It was
shown that the simplified Timoshenko beam on elastic foundation fails to capture many
important characteristics of the response and that an offset vertical excitation position
significantly affects the cross mobility. The influence of the sleeper in the cross mobility
in the specific study was found to be minimal while the typical value for the factor
XdB used in TWINS (-10 dB) was found to give reasonable results for an offset of the

excitation point by 20 mm.

1.1.10 Gaps in knowledge

As discussed above, the lateral vibration and vertical/lateral interaction of railway tracks
has received limited investigation, especially in relation to rolling noise. The track
vibration in both vertical and lateral directions contributes to the radiated noise and
it is thus important to account for the rail radiation due to lateral/torsional waves
as well as vertical ones. Various sources of coupling have been identified, affecting

the lateral/torsional behaviour of the track, which can be divided into two categories:
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coupling due to the beam cross-section and coupling due to the applied loads, including

the foundation.

A clear gap is seen in the area of modelling the lateral vibration of the track, the coupling
between the vertical and lateral directions, as well as the inclusion of torsional behaviour
of the track. In addition, although flexible sleeper models have received some attention,
no consideration has been given to the torsional and axial responses of the sleeper, or
the effect of foundation eccentricity. Finally, for the prediction of rolling noise, the
influence of the lateral contact point position, as well as the coupling of the vertical
and lateral track dynamics, is considered only through empirical parameters without

physical quantification.

1.2 Aims and objectives

The main aims of this thesis, formulated to address the gaps in knowledge identified in

the literature review, are to:
1. understand the influence of the individual coupling sources on the rail response,
for frequencies up to 5 kHgz;
2. develop better understanding of the lateral vibration of railway tracks;
3. investigate the effect of lateral/torsional waves on rolling noise; and

4. assess the influence of contact point location on rolling noise.
In order to achieve these aims, the following objectives need to be satisfied:
1. develop a model for rail vibration that takes proper account of vertical/lateral

coupling;

2. combine all coupling sources and incorporate them into a railway track dynamic

model;

3. create a model for the dynamic behaviour of a flexible sleeper in all three principal

axes and validate it with measurements;
4. validate the track response against more comprehensive models and measurements;

5. incorporate the vertical/lateral interaction model in the TWINS model for rolling

noise;

6. compare rolling noise predictions against previous models and measured data.
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1.3 Contributions of the thesis

The original contributions made by the investigation performed in this work are sum-

marised as follows:

1. The effects of torsion, restrained warping and shear centre eccentricity have been
considered in the modelling of the vibration of railway track. Although all three
components have been previously investigated for modelling railway tracks, no
complete study has been found to show their effects, especially in combination
with coupling between the vertical and lateral responses. The inclusion of torsion
is shown to be essential for modelling lateral track dynamics as it adds additional
flexibility in the lateral direction. Restrained warping is linked to torsion, while
shear centre eccentricity introduces coupling between the lateral and torsional
vibration of the track. Frequency ranges above which these effects are influential

are identified.

2. Curvature of railway tracks has been studied based on the developed beam model.
The forced response based on various radii of curvature has been compared with

a straight track, and limits are identified over which curvature can be ignored.

3. The height of the rail and sleeper above the foundation support has been properly
taken into account, both for single and double layer support models. By intro-
ducing the support at its actual location, the rail foot instead of the centroid,
horizontal reaction forces introduce both lateral forces and torsional moments at
the centroid. A methodology is presented by which the influence of the support
location in the vertical/lateral coupling can be studied. The effect of the support
location on estimates of lateral pad stiffness obtained by comparing the response

of the model with measurements has been considered.

4. A new model for the vibration of a flexible sleeper is developed. Previous models
of sleeper vibration are extended to account not only for bending in the vertical or
lateral directions, but also for torsional and extensional vibration. In addition, the
location of the ballast support and rail contact are also considered. The dynamic
response obtained from the model is validated with laboratory measurements for

vertical and lateral bending, as well as torsion and extension.

5. Levels of cross mobility at different locations of the excitation force on the rail
cross-section are obtained. These are compared with estimates using the geo-
metrical average of vertical and lateral mobility in combination with the empirical
factor XdB, where effects such as torsion, shear centre eccentricity and foundation

height are omitted.

6. The developed model has been embedded in TWINS for rolling noise prediction.

The influence of vertical/lateral coupling and the location of the contact force are
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investigated with respect to noise emitted from a railway track, including the noise

due to torsional waves.

1.4 Organisation of the thesis

This thesis is organised in seven chapters. In the current chapter, the background

literature has been presented, along with the key contributions of the study.

In Chapter 2, various sources of vertical/lateral coupling through the rail are identified
and are investigated independently. The effect of the coupling sources is investigated in
terms of the change in the dispersion relationship for an unsupported beam. In addition,

the methodology of dealing with eccentric excitation loads is introduced.

Based on the models from Chapter 2, an improved model for a beam with vertical /lateral
coupled motion is presented in Chapter 3, which correctly accounts for vertical/lateral
interaction compared with current beam models used for railway track applications.
The presented model is validated against both a FE and a WFE model, based on the
dispersion relationship for a straight rail. For a curved rail, the dispersion relationship
from the FE model only is used, as the WFE model cannot account for the effect of
curvature. The analytical model is further extended to account for the effect of an
elastic foundation on the dispersion relationships and is again compared with the WFE
model. Finally, an in-depth study is performed on the effect of varying the location of

the support.

In Chapter 4, additional layers of support are introduced to represent the sleeper and
ballast and their effect is investigated. Furthermore, two sleeper models are introduced:
a rigid sleeper model accounting for displacements and rotations in the three principal
axes, and a flexible sleeper model, accounting for extension and torsion of the sleeper
as well as bending. The latter model is validated against measurements taken on a pre-
stressed concrete monobloc sleeper. An equivalent model is also identified to account for
the effect of rotation of a long sleeper (where the excitation force is applied at a distance

from the sleeper centre) when modelling the response of a rigid sleeper in translation.

Chapter 5 presents a closed form solution for the forced response of the track based on
the model from Chapter 3, also accounting for the additional support layer introduced
in Chapter 4. In order to validate the model, the mobilities and track decay rates are
compared with results for various other track models, including an existing Waveguide

Finite Element model. Comparisons are also made with measurement data.

The developed model for vertical/lateral track dynamics is then used in Chapter 6 to
obtain estimates of rolling noise in conjunction with an existing MATLAB implementa-
tion of TWINS, and results are compared with noise measurements from an operational

track. A modified procedure for incorporating measured track decay rates is presented
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and finally, the effects of vertical/lateral coupled vibration and contact point location

on rolling noise are investigated.

Conclusions are summarised in Chapter 7 as well as recommendations for future work.






Chapter 2
Modelling the vibration of rails

As seen in Chapter 1, when modelling the vibration of rails, most authors consider the
vertical vibration to be completely independent from the lateral and vice versa. Although
beam models that take into account additional degrees of freedom exist in the literature,
these have not been implemented for modelling the vibration of railway tracks. In total,
five different sources of coupling between the vibration in different degrees of freedom

are identified in this thesis, four of which are discussed in this chapter.

The first is related to the generation of longitudinal stresses as a result of shear stresses
due to torsion. This behaviour is considered as a non-uniform torsion (for non-circular
cross-sections) and is characterised by warping (i.e. thin-walled beams as described by
Vlasov [77]).

Second, the cross-section of the rail is not symmetric (see Fig. 2.1). Most rails are
symmetric in only one plane while in some cases they can be fully asymmetric (60R1
groove rail for example). In the case of a Vignole rail, the height of the shear centre and
the centre of mass (centroid) are different, with the shear centre located lower than the
centroid. This introduces a coupling between the lateral bending and torsional motions.
For fully asymmetric cross-sections, the same will also occur between vertical bending

and torsion.

Furthermore, in order to guide the railway vehicle the rails are curved in the horizontal
plane. In this case, even for a doubly symmetric cross-section with no warping consid-
ered, the vertical response couples with the torsional response (these motions are out
of the plane of curvature) while the axial response couples with the lateral response
(motions in the plane of curvature). Curvature in the vertical plane is not considered in

this work, although the same methodology can be applied.

The final source of vertical/lateral vibration coupling considered in this chapter is the
location of the excitation forces. The forces are applied at the rail head and not the

centroid of the rail, and may also be applied with some lateral offset from the centreline

29
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of the web. Thus, apart from generating a purely lateral response a lateral load will
also generate a torsional response. Similarly, a vertical load will also produce a torsional

response if offset from the centreline.

For clarity, the equations of motion will be presented and built up from first principles
in this chapter. The sources of coupling will be first investigated individually. The
equations of motion are assembled in Chapter 3 to form the fully coupled rail model.
Firstly, based on the generalised displacement field and strain equations, the different
beam theories involving extension, torsion and vertical and lateral bending of a beam
will be investigated. The inclusion of rotational inertia and foundation stiffness will also
be considered in these models, although in the presentation of results in this chapter
the foundation stiffness is omitted and will be discussed in Chapter 3. After the beam
theories are presented, the effect of restrained warping will be taken into account in
the torsion of the beam, followed by the effect of shear-centre eccentricity. In addition,
inertial terms due to coupling will be considered. Finally, the effect of track curvature

will be investigated.

In all the analyses shown, a Vignole rail (type 60E1) is used (unless otherwise indicated).
The properties of its cross-section have been determined using COMSOL Multiphysics
[98] and are listed in Table 2.1. In addition, the properties for a groove rail (type 60R1)
which will be used later are also shown. The reference co-ordinate axes x, y and z
are defined as the longitudinal, vertical and lateral directions respectively following the

right-hand rule, as shown in Fig. 2.1.

2.1 Generalised displacement field

Figure 2.1 shows two typical rail cross-sections in the y-z plane with the centre of mass
marked as ¢ and the shear centre as S. The 60E1 section is widely used on mainline

tracks whereas 60R1 is a tram rail.

Figure 2.1: Typical rail cross-section for a) 60E1 and b) 60R1 rail profiles
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Table 2.1: Rail section properties (inertial properties relative to centroid)

Property 60E1 60R1 Units
Young’s modulus, E 210 210 GPa
Shear modulus, G 80.769 80.769 GPa
Density, p 7860 7860 kg/m?
Poisson’s ratio, v 0.3 0.3 -
Cross-section area, A 7.67 x 1073 7.72 x 1073 m?
Second moment of area about y-axis, I, 512.7 x 107%  878.5 x 107® m?
Second moment of area about z-axis, I, 3037 x 1078 3322.5 x 107%  m?
Product moment of area, [, 0 -5.67 x 10721 m?
Polar moment of area, I, 3.550 x 107° 4301 x 1078 m?
Torsional constant, J 2.212 x 1076 1.32 x 1076 m*
Vertical shear coefficient, &, 0.393 0.289 -
Lateral shear coefficient, x, 0.538 0.495 -
Vertical shear centre eccentricity, e, 0.033 0.032 m
Lateral shear centre eccentricity, e, 0 0.003 m
Warping constant, I, 2.161 x 1078  4.0464 x 1078 mS
Warping product moment of area, I,y 1.6971 x 1077 2.8315 x 1077 m®
Warping product moment of area, I, 0 -9.004 x 1078 m®
Warping product moment of area, [y, 0 2.6849 x 1072 mS
Warping product moment of area, Iy, -2.41 x 1078 -4.313 x 1078  mS
Warping product moment of area, Iy 0 4.0839 x 10710 m”
Rail foot/pad width, I, 150 180 mm
Height of centroid, y; 81 94 mm

Based on the notation of Fig. 2.1, the displacement field of any arbitrary point (z,y, 2)

in the cross-section can be expressed as:

Uy Ug,c 0 —0.c Oyc 0
Uy - Uy7c + 92,0 0 _9x7c y + ¢cfw,c 0 (21)
U, Uz e —Oyc O 0 z

where ¢ denotes the centroid, ug,, u,, u, denote the longitudinal, vertical and lateral
translations, 6, 6,, 0, are rotations about the x, y and z axes, ¢ = ¢(y,z) is the
warping function dependent on the cross-section and f,, . is the warping displacement
measure (0, = x f,,). Here, u,, u, and u, are assumed to be functions of the longitudinal
co-ordinate x. The cross-section is assumed not to deform except for warping, thus the
rotation matrix can be reduced to a 3-by-2 matrix where the terms in the first column

are not used.

In Fig. 2.2 an infinitesimal element of length dz is shown along with the forces and
moments acting on it, which will be used for the formulation of force equations. The
external forces (F') and moments (M) per unit length are assumed to act in the positive
direction of the co-ordinate system and consist of excitation forces and reaction forces
due to the foundation, where k;, k, and k. are the translational stiffnesses per unit
length along the respective axis and k., k., and k.. are the corresponding rotational

stiffnesses.
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Figure 2.2: Forces acting on infinitesimal element

2.2 Strains and stresses in Cartesian co-ordinates

According to Love [82], the linear components of strain in Cartesian co-ordinates are:

Ouy
Cor = 5" (2.2)
_ Ouy  Oug
Yoy = e oy (2.3)
ou, Ouy
"o = 5 1 (24)

By combining Eq. (2.1) with Eqgs (2.2)—(2.4) the following relationships are obtained:

Cxx = ulx,c - ye;,c + Zegl;,c + ¢f1,u (25)
VYzy = u;;,c - 92,6 - (¢,y + z)elm,c + Qy(fw + elx,c) (26)
VYaz = U,,z,c + ey,c +(y — ¢,z)9;,c + Qb,z(fw + 9;,6) (2.7)

where the prime (') indicates a derivative with respect to the longitudinal co-ordinate
(0/0x), ¢, indicates a derivative with respect to the vertical co-ordinate (9¢/dy) and

¢, indicates a derivative with respect to the lateral co-ordinate (0¢/0z). Here, the

/

‘dummy terms’ ¢ 60 .

and ¢ 0, . are introduced to allow for collection of terms at a
later stage. The remaining strains, namely €,,, €.. and ,., are assumed to be zero for

the given beam model (i.e. no consideration is given to dilatation or Poisson’s effects).
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The normal and shear stresses can be calculated using the Young’s modulus (£) and

shear modulus (G), based on the generalised Hooke’s law, as:

Opw = Fegy (2.8)
Toy = GVay (2.9)
Trz = G'sz (210)

2.3 Force-deformation equations

Having obtained appropriate equations for the strain-displacement and stress-strain re-
lationships, the stress resultants acting on the cross-section can be calculated by inte-

grating the appropriate stresses over the cross-sectional area.

The force/deformation equations from normal stresses are derived as:

P = / oondA — / FeppdA (2.11)
A A

My:/amsz:/Eemsz (2.12)
A A

M, = —/ OprydA = —/ Fe,.ydA (2.13)

A A

M, = / ConddA = / Fe,odA (2.14)

A A

where M, is the warping moment (or bi-moment). The warping moment is a pair of
moments acting in opposite directions to each other at the rail foot and rail head, as
shown in Fig. 2.3. This is also shown for convenience as a triple-headed arrow in the

direction of the longitudinal axis.

Similarly, the force/deformation equations from shear stresses are derived as:

Fy:/TmydA:/G'yxydA (2.15)

A A

F, = / ToedA = / GrypsdA (2.16)
A A

M, :/ (Twzy — Tay?) dA:/G(’ymy—’yxyz) dA (2.17)
A

Mz = [ (o + 1) dd = [ Gy + 10000 44 (218)

where M7 is the non-uniform torsion moment due to warping.

All the forces and moments are shown in Fig. 2.2 with the exception of the warping and
non-uniform torsion moment. These force/deformation equations will be used in the

subsequent sections along with the appropriate strain relationships.
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Figure 2.3: Bi-moment acting in a positive direction

2.4 Beam theories

In this section, the vibration of the beam in the axial, torsional, vertical and lateral

directions is investigated individually.

2.4.1 Rod in extension

In considering the extension of a rod, only axial displacements are allowed. Under this

assumption, the axial strain-displacement equation from Eq. (2.5) takes the form:
€xe = UL, (2.19)

By taking the sum of the forces in the axial direction acting on the element in Fig. 2.2,

the following relationship is obtained:

Fy . ~
—F, + (Fp + 88 dx) — kyugzdx — pAiiyde = —Fydx (2.20)
4
which reduces to
F; . ~
R (2:21)

where F) is the axial force, F, is the external axial force per unit length, u, is the axial

displacement of the beam and k, is the foundation stiffness in the x direction per unit
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length. dz is the length of the infinitesimal element while p is the density of the beam

and A is the cross-sectional area.

Inserting Eq. (2.19) into Eq. (2.11), the axial force is given by:
F, = /EemdA = FAe;, = AU, (2.22)

and hence from Eq. (2.21) the equation of motion is given by:
—EAU) + kyug + pAii, = F, (2.23)

By assuming that the response is harmonic both in space and time, a relationship can
be derived between the frequency and the wavenumber, known as the dispersion rela-
tionship. The response is assumed to be harmonic with circular frequency w (rad/s) and

wavenumber ¢ (rad/m), expressed as:
Uy = Uyete™ 0 (2.24)

where U, denotes complex amplitude. When taking a derivative of a variable with

respect to time ¢, the following relationship applies:

Ouy
ot

= iwU e %% = jwu, (2.25)

Similarly, taking the derivative with respect to the longitudinal coordinate x, the fol-

lowing is obtained:

ouy

- iwt —i{z:_-
o 1EUze™"e 1€y (2.26)

Thus the equation of motion in the frequency-wavenumber domain becomes:
EAuy, + kyuy — pAw?u, = F, (2.27)
The dispersion relationship (where F, = 0) for a rod in extension is then given by:
EAE 4+ ky — pAw® =0 (2.28)

which gives

B pAwW? — kg
€= ,/7&4 (2.29)

and is plotted in Fig. 2.4 for k,=0 for the 60E1 section properties listed in Table 2.1.
Here it is seen that the wavenumber increases in proportion to w', and in the absence of
support only obtains real values thus indicating propagating waves. The phase velocity
defined as w/¢ is given by ¢p = \/E—/p which is independent of the cross-section. In the
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Figure 2.4: Dispersion relationship for the 60E1 rail in extension with properties
listed in Table 2.1

case of a supported rail, a cut-on frequency exists, below which free waves cannot occur.

This is given from Eq. (2.28) for zero wavenumber as:

1 [k

=—y/— 2.30
fco,a o pA ( )
where the frequency f = w/27 has units Hz. Results including the support stiffness will

be presented in Chapter 3.

2.4.2 Rod in torsion

The torsional vibration of a rod is developed here based on the internal forces occurring
from a statics point of view. Then the inertial forces are considered to account for its
dynamic behaviour. Based on the Saint-Venant theory for pure torsion [99], the cross-
section is free to warp (unrestrained warping). The basic hypothesis for this theory is
that the warping of the cross-section is the same for all cross-sections along the beam.
Thus, there is no shear strain in the plane of the cross-section or longitudinal extension,
with only tangential stresses due to torsion arising in the cross-section. The warping of
the cross-section depends on the rate of change of angle of twist, i.e. f, = 6/ of the
cross-section and the warping function. It also follows in the static case that the warping

is constant along the x axis and thus the torsion will be uniform. The displacements of
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the cross-section during torsion will be (see Eq. (2.1)):

Uz = ¢5(Y, 2) fw (2.31)
Uy = —20, (2.32)
U, = yby (2.33)
and the equivalent strains:
Ouy . .
€pp = B 0 (since fy, is constant) (2.34)
8uy 8uw 8¢5
oy = — =0 | == — 2.
_Ou, | Ouy  ,, (O¢g
s = e+ e =0 (55 +) (2:36)

where the warping function ¢g(y, z) = ¢g with respect to the shear centre needs to be
determined. By taking the stress equilibrium equation in the axial direction it follows
that [99]:

00 1 n OTay n OTys

= 2.
ox Yy 0z 0 (2:37)

Substituting Eqs (2.34)-(2.36) in Eq. (2.37), the warping function must satisfy:

Pps  ¢g _

57 " 52 =0 (2.38)

within the domain of the cross-section. Similarly, it can be shown that to satisfy equi-

librium at the boundaries of the cross-section, it is required that [99]:

9¢s

5, = Ay YN (2.39)

where 0/0n is the derivative normal to the boundary and n, and n, are the normals of
the boundary in the y and z directions respectively. The warping function for the 60K1
rail is shown in Fig. 2.5, derived using the commercial Finite Element package COMSOL
[98].

Assuming the same formulation applies for dynamic analysis (i.e. that the wavelength
is assumed to be long compared with the lateral dimensions of the beam), and by taking
the sum of the moments about the x-axis, including the reaction and inertial forces, it
follows that:

OM,
ox

—M, + <Mm + da:) — kyypdx — pl,de = —M,dx (2.40)
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Figure 2.5: Warping function for 60E1 rail

which reduces to

M,

where Mx is the external torque, k., is the rotational foundation stiffness about the z

direction per unit length and I, is the polar moment of area given by:

I, = / (y* + 2%) dA (2.42)
Then the torsional (Saint-Venant) strain equation follows as:
Yoo = 0, (2.43)

The torsional moment is then given through Eq. (2.17) by:

Mz_/ G2y — GYzyz) dA = G/<y +22 4y QSZS a;;f)dAH’ GJO, (2.44)

N

J

where J denotes the torsional constant. For circular bars, the torsional constant is equal

to the polar moment of area, I, but this is not necessarily the case for non-circular bars.

By combining Eq. (2.41) with Eq. (2.44), the equation of motion of the system can be

obtained as:

—~GJO + kb + pLf, = M, (2.45)
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Assuming harmonic motion in both time and space, the dispersion relationship for a rod

in torsion is obtained as:

GJIE* + kyy — pLyw? =0 (2.46)

Lw? — k.,
¢ =y P e 7 (2.47)

which has a similar form to the corresponding relation for extension, Eq. (2.29).

which reduces to

This is plotted in Fig. 2.6 for the case of k,.,=0 for the 60E1 section properties listed

in Table 2.1. The wavenumber again increases proportional to w!. The phase velocity
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Figure 2.6: Dispersion relationship for the 60E1 rail in torsion with properties
listed in Table 2.1

is cp = \/GJ/pl, which for the 60El rail is approximately cg/4 since J/I, ~ 1/16,
where c¢g = /G/p is the phase velocity of shear waves in the material. In the case of a

supported rail, a cut-on frequency exists, given from Eq. (2.46) for zero wavenumber as:

1 [kpy
fco,t - % ,OIp

(2.48)

2.4.3 Classical beam bending

When studying the transverse vibration of beams, the classical Euler-Bernoulli beam

theory is often used. The main assumptions are that the cross-section does not deform
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and it remains plane and normal to the deformed axis (centroid). If the infinitesimal
element of Fig. 2.2 is considered, by summing the forces for the vertical direction the

following is obtained:

OF, .
—F, + (Fy + 8—ajyd$> — kyuydr — pAiiydx = —Fydx (2.49)
which reduces to
oF, . =
—8—; + kyuy + pAiy, = F (2.50)

where [, is the shear force, Fy is the external force, u, is the vertical displacement of

the beam and k, is the foundation stiffness in the y direction per unit length.

Since the only degrees of freedom considered are the displacement along the y axis and

rotation about the z axis, Eq. (2.5) becomes:
€xe = —Y0., (2.51)
The bending moment acting in the beam can then be found from Eq. (2.13) as:
M, = — /A eveBydA = ELY, (2.52)

with

I, = / y2dA
A

where I, is the second moment of area around the z-axis. The product EI, constitutes
the flexural rigidity of the beam. For small displacements, the following approximation

can be assumed: )
0%y

0x2

~k, =0 (2.53)

where k, is the curvature in bending around the z-axis. Similarly, taking the sum of the

bending moments, it follows that:

oM, 1 1 OF, -
—M, + <Mz + o dm) + §Fydaz + 3 <Fy + a—xydaz> dx — ky,0,dx = —M,dz (2.54)
giving
oM, ~
— —F,+ k.0, =M, 2.
and if no external moment is applied:
oM 0u ou
Fy=———+4k.b,=—F,—2 +k.,—2 2.
v ox + Ox3 * Ox (2.56)
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Hence Eq. (2.50) leads to:

o*u %uy

EIZan t kytuy = kpo gt + pAily = F, (2.57)

In this equation, the first term represents the effect of the flexural rigidity of the beam,
the second and third terms the resistance due to the foundation, the fourth term the
inertial resistance due to the beam mass and the final term the external force. In the

literature, the term due to the rotational foundation stiffness is commonly ignored.

In order to obtain the dispersion relationship, the vertical displacement of the cross-
section due to bending of the beam is also written in a complex form similar to the axial
displacement in Eq. (2.24). By substituting this form of response into the equation of
motion the following is obtained from Eq. (2.57) (for k,,=0):

pAw? — ky

2
==
$ EI,

(2.58)
Figure 2.7 shows the dispersion relationship for a free Euler-Bernoulli beam, i.e. k, =
k. = 0 for the 60E1 section properties listed in Table 2.1. The roots (£) occur in pairs
of £& and +i€.

Euler-Bernoulli
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Figure 2.7: Dispersion relationship for a free Euler-Bernoulli beam with prop-
erties listed in Table 2.1 - vertical motion of rail
1/2

It is seen that the wavenumber is proportional to w'/“. The corresponding wave speed

is therefore frequency-dependent. Moreover, in the case of a supported rail, a cut-on
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frequency exists, given from Eq. (2.58) as:

1 |k
fco,v = % ,0_?;1 (2.59)

which corresponds to the mass of the rail bouncing on the support stiffness.

If the rotational inertia is taken into account, an additional term has to be considered
in Eq. (2.57) as:
0*u o*u 3 .
EIzan - p[zaxQ—;tQ + kyuy + pAiiy = I (2.60)
This is the so called Rayleigh beam [35]. The frequency-wavenumber relationship is

given by the following quadratic equation for £2:
EL& — pLE%W* + ky — pAw® =0 (2.61)

which gives

. <\/IZ(Izp2w4 +4EpAw? — 4Ek,) + Iz,owz)

£ = ST, (2.62)

Figure 2.8 shows the dispersion relationship for a free Euler-Bernoulli beam when the
rotational inertia is included (i.e. Rayleigh beam) for the 60E1 section properties listed

in Table 2.1. At low frequencies, the wavenumbers from the two beam theories match

Euler-Bernoulli

— — Rotational inertia
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Figure 2.8: Dispersion relationship for a free Rayleigh beam including rotational
inertia with properties listed in Table 2.1 - vertical motion of rail

closely. As the frequency increases, the effect of rotational inertia becomes more apparent
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and the dispersion relation for the Rayleigh beam deviates from the Euler-Bernoulli beam

theory.

2.4.4 Timoshenko beam theory

When considering higher frequencies, where the wavelength of the beam becomes shorter,
apart from the rotational inertia shear deformations also become more significant. These
where included by Timoshenko [36, 37] in the theory for the transverse vibration of

beams. In Fig. 2.9 the bending of a beam including shear is shown schematically.

Y

Figure 2.9: Beam bending with shear

Here 6, denotes the angle between the z-axis and the normal to the plane of an in-
finitesimal element (i.e. the normal to the element face), while 7., denotes the angle
between the normal to the plane of the infinitesimal element and the tangent to the
beam centreline (shearing angle). Based on the above notation, and for small rotations,
it follows that:

Ouy
o 0> + Vay (2.63)
or
ou
VYzy = axy - Hz (264)

The above equation gives the shear strain (v,,) for a Timoshenko beam in vertical
bending (denoted as 4y ), S0 Y2y = Yay- The shear force can be obtained from Eq. (2.15)

as:
F, = / GaydA = GAkyAay (2.65)

where £, is a correction factor depending on the cross-section known as the shear coef-

ficient, which accounts for the effective area in shear (Ag = kA) in the y direction.
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Taking the sum of all the moments acting in the positive direction:

OM, 1 1 OF, s -
-M, + <Mz + 5 d:c) + 5 Fydr + 5 (Fy + a—xydx> dr — pl,0,dv—k,,0,dv = — M,
(2.66)
which reduces to
oM, . -
~ 9 Fy+ k.0, + pl.0, =M, (2.67)
The above leads to two coupled equations of motion:
—F) + kyuy + pAiiy, = F), 2.68)
—M. — Fy + k.0, + pL.0, = M, (2.69)
By substituting from Eqgs (2.64), (2.65) and (2.53) this gives:
—G Aky(uy — 0,) + kyuy + pAii, = E, (2.70)
—ELY! — GA/-ay(u; —0.) + k20, + pI.0, = M, (2.71)

which constitute the classical dynamic equilibrium equations for a Timoshenko beam.

The differential relationships of Eqs (2.68)-(2.69), excluding foundation and inertial

terms (i.e. static equations) can be written in matrix form as:

d

—— 0 F, F,
dux d vL =3 (2.72)
—1 - Mz Mz
dzx
which can be written as
D*o =P (2.73)

Here D* denotes the differential matrix operator of the equilibrium conditions, o denotes
the generalised stress vector (internal forces) and P are the volume forces (external

forces). According to Blaauwendraad [100], one can obtain the kinematic relations as:
e =D*Tu (2.74)

where € denotes the generalised strain vector, u the generalised field of displacements and
the superscript T the transpose matrix operation. A special property of the differential

matrix operator is that when it is transposed, the sign of the odd derivatives changes.
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Thus, the strain-displacement relationships become:

d
2 — -1
T b _ | da “y (2.75)
kz 0 i ez
dx

Thus, the shear strain is given by:
Yoy = up, — 0 (2.76)
and the bending strain by:
k. =0, (2.77)

It is seen that the above relations are consistent with Eqs (2.53) and (2.64). This method
will be used later to obtain the strain-displacement relationships for more complicated

Systems.

For the lateral bending, the same relationships can be reproduced, with only sign differ-
ences occurring due to the sign convention. Thus by analogy with Egs (2.68) and (2.69)

the equations of motion for the lateral bending read:

—F + ku, + pAii, = F, (2.78)
— M, + F. + k0, + pI,0, = M, (2.79)

with the strain-displacement equations for shear given by:
Yoz = U, + Oy (2.80)
and the bending strain given by:
key =0, (2.81)

Again, Eq. (2.80) shows the shear strain (v, ) for a Timoshenko beam in lateral bending
(le Yz = ’A}’zz)

In order to obtain the dispersion relationship for the Timoshenko beam, the displacement
and the rotation of the cross-section due to bending of the beam are written in a complex
form similar to the axial displacement in Eq. (2.24). By substituting this form of response

back into the equations of motion and collecting terms for the complex amplitudes, the

Uy _ Fy
ARG

following is obtained:

ky — pAw? + GAk, &> —1GARyE
iG Ak, ko + GAky — pLw? + ELE?
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which can be written as
A(¢,w)U(¢w) =F(§w) (2.83)

where U contains the complex amplitudes, F the forces and the dynamic stiffness matrix
A is a 2-by-2 matrix of the coefficients dependent on £ and w. By collecting terms within

A for £ and w, A can be written as:

A =K+ K, - w™M —i¢K; — 2K, (2.84)
where
0 0 k, 0
Ky = K,=1|"
_0 GA/%y 0 krz
K, — 0 GAky K, — —G Ak 0
—GAry, 0 0 —EI,
M = pA 0
i 0 pl,

In order to obtain the dispersion relation, the free vibration (f‘ = 0) is considered. For
such a case, non-trivial solutions require |A| = 0. This is a dual (non-linear) eigenvalue
problem in ¢ and w. In order to simplify the solution process, the 2 x 2 non-linear
eigenvalue problem is rewritten as an equivalent 4 x 4 linear eigenvalue problem [101].

This is achieved by rewriting Eq. (2.82) in the form:

Aju+iAsu=0 (285)
where
Ko — w’M -K
A= |07 ! (2.86)
07x7 I7x7
0 K
Ayg=| 7 2 (2.87)
—Irx7 O7x7
- \T
and u = (U,z’fU) .
The above system of equations can be solved as an eigenvalue problem for A = —i&, i.e.

Aju = MAjyu, yielding four solutions for £(w) = iA. Due to the forms of the various
matrices, these solutions can be divided into two sets with Im(&;) < 0 (propagating in
the positive direction) and Im(&2) > 0 (propagating in the negative direction), with the
second set given by & = -£;. If damping was included there would be no solutions with

Im(§) = 0. Although this procedure may seem unnecessary for a simple system of two
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simultaneous equations, it is introduced here as it will be used later for more complex

systems.

Figure 2.10 shows the dispersion relationship for a free (k, = k,, = 0) Timoshenko beam
in vertical bending which is compared with the Euler-Bernoulli beam model for the 60E1

section properties listed in Table 2.1.

Euler-Bernoulli A
- i e
10! L Timoshenko P
=
~
= i
<
— 0 |
o 10Y F .
g E
E §
= |
: ]
>
T |
= 1071} g
]
|
I.
10*2 1 1 1 ]

10° 10! 102 103
Frequency, Hz

Figure 2.10: Dispersion relationship for a free Timoshenko beam with properties
listed in Table 2.1 - vertical motion of rail

It is clear that for higher frequencies the results deviate significantly from the Euler-
Bernoulli beam theory. The wavenumbers from the two beam theories match up to
about 500 Hz with a difference of up to 7.5 %. The percentage difference between the
wavenumbers for the two models increases almost linearly. At 1000 Hz the difference is
approximately 15 % while at 2000 Hz it is 30 %. Similar conclusions about the validity
of the Euler-Bernoulli beam have been made previously by Thompson and Vincent [62].
A second wave cuts on at about 5 kHz which corresponds to the shear wave in the
Timoshenko beam theory. Its cut-on frequency can be calculated by setting £=0 in
Eq. (2.84), i.e.

Ko+ K, —w’M| =0 (2.88)

Solving this system of equations for K,=0, the cut-on frequency for the shear wave is

found to be:
1 |GAky
sV — A 2.
Js, 2= \/ ol (2.89)
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Below this frequency this wave is an evanescent wave with an imaginary wavenumber.
At low frequencies it is similar to the evanescent wave in the Euler Bernoulli beam.
Once the shear wave cuts on, it causes the bending wavenumber to tend to a slope of
w! at high frequencies. The corresponding phase velocity tends to the phase velocity
of a shear beam, W = /Kycs. The second wave tends to the wavespeed of the

longitudinal wave in a beam, ¢, = \/E/p.

Similarly, Fig. 2.11 shows the dispersion relationship for a free Timoshenko beam in

lateral bending for the 60E1 section properties listed in Table 2.1. The wavenumbers

Euler-Bernoulli ]

o LlL—— Timoshenko 1

=

~.

=

<

= 0

o 107 F E
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:

g
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= 107!} 1
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Figure 2.11: Dispersion relationship for a free Timoshenko beam with properties
listed in Table 2.1 - lateral motion of rail

for Euler-Bernoulli and Timoshenko beam theories for lateral bending show a good
agreement over a wider range of frequencies. The wavenumbers from the two beam
theories in lateral bending of a 60E1 rail show a difference of up to 2.2% at 500 Hz,
4.4% at 1 kHz while at 2 kHz the difference is 8.5%. At the maximum frequency of
interest, which is 5 kHz, the percentage difference between the wavenumbers is 18.4%.
This occurs due to the fact that the shear waves cut on at a much higher frequency for

the lateral direction than for the vertical direction. Here, the shear wave will cut on at

1 |GAk,
o ply

Isil (2.90)

which is approximately 14 kHz for the given parameters, almost three times as high as

for vertical bending.
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2.5 Effect of restrained warping

In the Saint-Venant theory for uniform torsion, the cross-section is free to warp and the
warping of the cross-section is assumed constant throughout the length of the beam.
This is not the case when the beam has external supports, when the torsional moment
varies along the length of the beam, or as in the case of the 60E1 rail, when the beam
is not prismatic [77, 102]. In this section, the equation of motion for torsion under
the effect of restrained warping as well as the equation of motion for warping will be

developed.

When accounting for restrained warping (thin-wall beam theory), non-uniform torsion
occurs in which the warping of the cross-section is not constant. However, the warping
displacement is still assumed to be f! ¢g. Longitudinal extension can take place as a
result of torsion in thin-walled beams [103]. This axial deformation due to non-uniform

warping creates normal stresses (04,,.) since Eq. (2.34) becomes:
€xz = fi0s = Ohds (since fy, = 0.) (2.91)

By taking the stress equilibrium equation in the axial direction, as in Eq. (2.37), it
follows that:

00z n OTay n OTys

= 2.92
ox Yy 0z 0 (2.92)

Substituting Eqgs (2.35)-(2.36) and Eq. (2.91) in Eq. (2.92), the latter becomes:

0? 02
E0" s + GO, 8525 +Go, ajf =0 (2.93)
and hence
s 0 EQ)
Ps Ps bs (2.94)

a2 02 Go,

From the last relationship, it is seen that ¢g is also a function of x (since 0, = 0,(z)),
contradicting the definition of the warping function as being dependent only on y and
z [78], although it is expected to vary slowly as the torsional rigidity (G.J) of the 60E1
rail profile is 40 times higher than its warping rigidity (EI,). In order to obtain a
consistent system of equations, in [78] the stresses are decomposed into primary stresses
accounting for the shear stresses due to uniform torsion (Saint-Venant) and secondary
stresses accounting for the shear stresses that equate to the normal stresses that arise in
the non-uniform torsion theory. Additionally, the warping function is also decomposed
in a similar fashion, with the primary warping function being the same as in the Saint-

Venant theory and the secondary warping function being additionally a function of x.
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The displacement in the axial direction is then written as:

Uy = ¢g(y72’)fw + Qfg(m’yﬂ)

(2.95)

The shear stresses are then written as:
Tay = Toy T Tay (2.96)
Txz = sz + Téz (297)

where the primary shear stresses are based on the strains from Eqs (2.35)—(2.36) and
the secondary shear stresses are given as:

s 99

993
S =G—== 2.
=G (2.99)

¢% is the secondary warping function and needs to satisfy the Neumann problem within
the domain of the cross-section

oy | oy B

e e U E (2:100)
and the boundary condition

8 S

% =0 (2.101)

Then, the normal stress due to warping is:

Opaw = EOLPL (2.102)

Similarly, the twisting moment can be decomposed as:

M, = MP + M} (2.103)

M? is the Saint-Venant torsional moment, while M} is the non-uniform torsion moment

due to warping, evaluated due to the secondary shear stresses acting on the cross-section
as:

s_ [ s 095 095
Mx—/Txy By + 7, 9% dA

If combined with Eq. (2.100) this takes the form:

(2.104)

M = —EI,0" (2.105)
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where the warping constant (I,,) is calculated by [78]:

I, = / (¢%)?dA (2.106)
Thus the equation of motion for the twisting of the rod, Eq. (2.45), is modified to give:
EL,0)" — GJO! + kywby + pl0, = M, (2.107)

Similarly, the normal stress will cause a new stress resultant, called the warping moment

(or bimoment) as:

M, = / s A (2.108)
— _EIL0" (2.109)

The dispersion relationship for a rod in torsion with warping is written from Eq. (2.107)

as a quadratic relationship in 2 as:
—EL,&* — GIE + kyy + Iypw® = 0 (2.110)

Hence

_ VO AT Lpe® 4B T e — GJ

2
¢ 2F1,

(2.111)

The above equation represents the influence of warping in the torsion for non-circular
rods. At low frequencies, the response will be similar to that of simple uniform torsion,
while at higher frequencies the wavenumber is increasing proportionally to w2, as
shown in Fig. 2.12. Comparing this with Fig. 2.7, it can be seen that warping has a
greater effect on torsion than shear deformations has on bending. Despite this, torsion is
expected to be less influential than bending in terms of rolling noise, and is thus unlikely

to have a greater effect in terms of the overall noise levels.

In order to obtain the equation of motion for the warping degree of freedom, the variation
of the warping moment (bimoment) in the beam needs to be considered. By comparison
of Eq. (2.105) and Eq. (2.109) it follows that:

M, .
=M (2.112)

The above equation describes the equilibrium of the beam in the axial direction obtained
in terms of the angle of twist [104]. If external force and inertia due to warping are

considered, then the equation of motion for the warping component reads:

OM,,
ox

+ M + ply fu = My (2.113)
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Figure 2.12: Dispersion relationship for non-uniform torsion beam with proper-

ties listed in Table 2.1

while M7 = M, — T, and the corresponding strain-displacement equations follow as:

Y = Ysv + Jfu (2.114)

and
kw = f, (2.115)

The foundation resistance to warping can also be accounted for by either a concentrated
force (F') or a moment (M). In the case of a concentrated force, the resistance due to

warping k,, is:
kw = Fop (2.116)

where ¢p is the primary warping function at the point of application of the force.

Similarly, in the case of a reaction moment the resistance due to warping is:
kyw =esM (2.117)

where eg is the distance between the location of the applied moment and the shear centre
(the derivation of the foundation resistance due to warping is presented in Appendix A).

Thus when accounting for foundation resistance to warping, Eq. (2.113) becomes:

OM,,

ox + M; + kwfw + prf;u = Mw (2'118)
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In the following sections, and when developing the fully coupled model in Chapter 3,
Eq. (2.118) will be used along with Eq. (2.107) to describe the torsional and warping

responses of the rail.

2.6 Consideration of shear deformations due to restrained

warping

In the above model for warping, the shear deformation due to the torsional warping
is not taken into account and the secondary torsional moment is only based on the
normal stresses. Similarly to the Timoshenko theory for shear deformation in bending,
shear deformation can also be induced due to warping (see for example Sapountzakis
[78], Pavazza [105]). Thus the rotation of the section can be separated into primary and

secondary twist as:
0, =60+ 063 (2.119)

with the secondary torsional curvature given as:

dos My
= 2.120
de  GJ® ( )
in which the secondary torsional constant J* is [106]:
J* = kg (I, — J) (2.121)

and kg is a correction factor for the effective shear area undergoing torsion, similar to
Eq. (2.65) for vertical bending. Here, kg = 1 is used, similar to Gendy and Saleeb
[86]. As noted by Mokos and Sapountzakis [107], for open cross-sections (e.g. I-beams)
the secondary torsional moment has only a small influence on the torsional behaviour
of the beam; however, its inclusion will lead to more accurate results. Thus the value
of the correction factor x° will not influence the response of the beam significantly.
The dispersion relation including shear forces due to torsional warping is depicted in
Fig. 2.13, and compared with the non-uniform torsion in which shear forces are ignored
(torsion-bending). The inclusion of shear forces has a small effect at high frequencies,
above 3 kHz.

2.7 Influence of shear-centre eccentricity

So far, the centroidal and shear axes of the beam have been assumed to be coincident,
as for symmetric cross-sections. For singly-symmetric or fully asymmetric cross-sections

they are not necessarily coincident and this offset should be accounted for. Here, the
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Figure 2.13: Dispersion relationship for torsion-bending beam including sec-
ondary torsional moment

centroid is used as the reference point, so the effect of all the forces and displacement
fields acting at the shear centre need to be appropriately accounted for at the centroid.
This process will be shown in this section based on the methodology of Kim et al. [31].
Due to the shear centre eccentricity introduced in this section, the bending in the vertical
and lateral directions, as well as the torsional motion (including warping) are coupled

together.

The general displacement field at the centroid is written in terms of that at the shear

centre from Eq. (2.1) as:

Ug,c = Ug,S (2.122)
Uy = Uy s + €0z 5 ( )
Usze = U5 — €ybas (2.124)
Opc = 0Oz,5 (2.125)
Oyc = bys +eyfu ( )
Orc=10.5+¢€.fu ( )

fe= fu (2.128)

where the distances e, and e, are shown in Fig. 2.1.
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The transformation of the equations of motion only affects the following force compo-

nents:

Mye=Mys+eyF,s—e.Fyg (2.129)
M;,c = M;,S + esz,S - esz,S (2130)
My,c=Mys+e,My.+e. M, (2.131)

and the warping function at the centroid is expressed as:

¢ =¢s—ey+eyz (2.132)

Transforming the cross-sectional properties it follows that:

Lpe= /¢2dA = /(¢s — e,y + ey2)?dA

=TI, +el,+ el —2eype.l,. (2.133)

Iy = /¢sz = /(qﬁg — ey +eyz)zdA
=eyl, — e, 1, (2.134)

L, /qbydA / s — ey +eyz)ydA
= —e. I, + eyl (2.135)

with I&wy = Is,wz = 0.

According to [31], the force-deformation equations for the shear forces and restrained

warping are:

Fys= GA57y(u;75 —0..)
Fz,S = GAS,z(UIZ,S + Hy,c)
;,S = GAS,T(H;,S + fw)

Mw,S = EIw,wa

and thus the forces acting at the centroid will take the form (in terms of displacements

and rotations at the centroid):

Fye=Fys= GAS,y(U;J7C -0, ) ezGAsy( ot fw)

Fz,c = Fz,S = GAS,Z(U/270 + ey,c) + eyGAS,z(HLC + fw)

ng,c = GJT(H;,C + fw) — ezGAS,y(u;;,c —0.c) + eyGAS,Z(Ulz,c + 0y,c)
My .= FElycfw+ Efwy(% + El,.0,

2.140
2.141
2.142
2.143

~—~~ ~~ —~
N ~— ~— —

where J, = J* + egAg,y + ef/Ag,z.
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In the presence of warping, M, s — M;S = My .— M; ., ie. the effect of the shear force
eccentricity is readily taken into account by the non-uniform torsion. In the absence of
warping, Eq. (2.129) will have to be explicitly taken into account in the equations of

motion.

Additional inertial terms are required to accommodate asymmetric cross-sections. These
terms arise from the product moment of area between the y and z axis (I,.), as well
as terms related to warping ([, and I,), which were previously evaluated, with the

inertial forces introduced as follows:

—M{/ + F. + p(1, — Iwy)éy + kyr0y — PIyzéz + PIwyfw = My (2.144)
~M. — Fy+ p(I, + L,2)0, + k.0, — pl,.0, — pLy, foo = M, (2.145)
— M}, + M: + plyf + ku fuo — plus0. + pluy,b, = M, (2.146)

Writing the equations of motion according to Eq. (2.84), taking into account the above

equations, the matrices K,, Ko, K1, Ky and M take the form:

K, = diag(ky, k=, kor, kyr, kzr, Kw) (2.147)
000 0 0 0 |
0 0 0 0 0 0
0 00 0 0 0
Ko = (2.148)
0 0 0 GAk, 0 GAk ey
0 0 0 0 GAry GAkye,
_0 0 0 GAk.ey GArye, GJ, |
[0 0 0 0 GAr,  GArye. |
0 0 0 —G Ak, 0 —G Ak ey
K, — 0 0 0 —GAk,ey —GAkye, -GJ, (2.149)
0 GAk, GAEk.ey 0 0
—GAky 0 GAkrye, 0 0
_—GA/iyez GAk ey GJ, 0 0 0 |
[ —GARk, 0 GArye, ]
0 —G Ak, —G Ak ey
GAk,e, —GAk, ~G(J + J, 0 0 0
Ky= | e raey —GU+ ) (2.150)
0 0 0 —-FEI, EI,, —FEl,,
0 0 0 —Elyy FEl,, —Ely |
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corresponding to a vector of complex amplitudes U= {U0,,U.,06,,0,,0., F, )T

Figure 2.14 depicts the effect of the shear-centre eccentricity on the dispersion relation-
ship for the lateral bending and torsion of a Timoshenko beam, excluding the effect of
warping. The dispersion relationship is affected between 400 Hz and 1500 Hz. Although
at low frequencies the two curves correspond to predominantly bending and torsional

waves, at middle frequencies the two diverge from each other leading to an exchange of

wave type.
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Figure 2.14: Dispersion relationship for torsion and bending coupled due to
shear centre eccentricity

This phenomenon occurs in the vicinity of 800 Hz where they would otherwise cross. Due
to the modal coupling between the mode shapes, the wavenumber curves do not cross
each other, however, and a veering behaviour is observed close to the crossing frequency
of the uncoupled wavenumbers [108, 109]. Instead of the dispersion curves crossing each
other, a change in wavenumber is seen, during which the mode of the wave changes. In
the case of Fig. 2.14, the wave which is initially predominantly lateral bending changes

to a predominantly torsional wave and vice versa.

The cause of this behaviour is the asymmetry of the structure. According to Perkins

and Mote [110], for a symmetric structure the wavenumbers associated with symmetric
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modes will tend to veer from one another, and so will those of antisymmetric modes.
In contrast, for an asymmetric structure, the wavenumbers of antisymmetric modes will
cross those of symmetric modes. In the case where small asymmetries are introduced
in the structure, instances of rapid veering will occur between the wavenumbers of sym-

metric and antisymmetric modes [109].

For a singly symmetric cross-section, as is the case for the 60E1 rail, no other degrees

of freedom are affected by this eccentricity.

2.8 Coupling due to curvature

Introducing curvature in the horizontal plane, Fig. 2.15 shows an infinitesimal element

of length Rdf, where R is the radius of curvature. For a horizontally curved beam,

pl,0,Rdf
kowRdO AT R0

J;dm\wﬁ”da

pAii, Rdf
kyuy RdO p Aii,, RO

Figure 2.15: Infinitesimal element of curved beam

the response due to a vertical moment will couple with the torsional response, while
the response due to a lateral force will couple with the extension. This can be seen by
analysing the force and moment resultants in the infinitesimal element of length Rd#,
reproduced in Fig. 2.16 for clarity, where sin(df) ~ df and cos(df) ~ 1 for infinitesimal
de.

For example, taking the sum of all moments about the z-axis at the right-hand end of

the beam element, the following is obtained

> M, = (M, + dM,) — Mycos(df) + M.sin(do) (2.152)
> M, = dM, + M.df (2.153)
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99

Figure 2.16: Force and moment resolution for a curved beam

Thus, the motion in the plane of the curvature is governed by the following equations:

LI OF vy 4 miiy = F
R o9 R UM
10M,’ . .
% 89y + F. + pl,0, + k0, = M,
1 0F, OF, . ~
= - kz T T :Fz
R o0 R + k,u, + mu

where, from Eq. (2.75), the axial strain is given by
u
€ = u; + EZ(Z €o)
the lateral bending strain by:

];’y - 9;(: y)

and the lateral shear strain by:

U R u, _
Yz :Ulz“‘ey_ Ex(: Yoy — Ex :'sz)

Similarly, for the out-of-plane response, the equations of motion are:

1 OF, =
—Ea—;+kyuy+mﬁy:Fy
1 BMZ' Mz ) Y
_— _— F IZQZ krzez == MZ
Roo ~ R vTrRtet
iaMz MZ

+ ply0; + kpil, = M,

"R 90 R

(2.154)
(2.155)

(2.156)

(2.157)

(2.158)

(2.159)

(2.160)
(2.161)

(2.162)
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and the corresponding strain-displacement equations are obtained again from Eq. (2.75),

with the vertical bending strain given by:

k. =0, — =(=k. 2.163
- E(=F) (2.163)
the vertical shear strain by:
Yoy = Uy — 02 (= Tay) (2.164)
and the torsional strain by:
;0
Vsv = 095 + E(: ’st) (2165)

where the over bar notation denotes the relevant strain including the effect of curvature.

In order to obtain the appropriate forces, the linear components of the strains should
be considered, written in cylindrical co-ordinates. In the cylindrical co-ordinates, the z
axis follows the centroid of the beam, curved over an angle 6 with radius of curvature R,
while the z axis is always perpendicular to the tangent of the curve pointing outwards
and the y axis perpendicular to the z — 2z plane, pointing downwards. Based on this

convention, the strains in cylindrical co-ordinates are obtained by Love [82] as:

1 Ou,  u,

1 Ouy  Ouy

Yoy = 00 + By (2.167)
1 Ou, u, Ouy

Yoz = o0 R + 9% (2.168)

It is noted here that § = /R and R* = R + z. Hence one can rewrite the strain-

displacement equations as:

ouy U, R
T — - 2.1
‘ <8ac - R) R+ (2.169)
ouy, R Ouy
oy = = 2.1
Ty or R+z 0Oy (2.170)
ou, Uy R Ouy
= ) L 2.171
7 (8:16 R> R+ z - 0z (2.171)

Assuming that z/R < 1, R/(R + z) can be expanded as a geometric series:

Riz ~ i (_%)" (2.172)

n+=0

For sufficiently large radius (z/R < 1) the above series can be truncated after terms of
degree of n = 1 for axial strain, and n = 0 for shear strains, with the term z/R being

dropped as it is considered a higher order effect (Gendy and Saleeb [86]). By combining
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Eq. (2.1) with Eqgs (2.169)- (2.171) and Eq. (2.172) the following relationships are derived

(warping not considered):

€nn = ((u; + uR) + (92;0 - 0;,c> Y+ eg’ﬂz) (1 - %) (2.173)

= (€0 — kzy + ky2) Rijrz (2.174)
Yoy = (U o= 0.0) — 2 <0;,C + 0;;) (2.175)
= Yy — Vsv2 (2.176)
Yoz = (u’ + 0y — %) +y <0;,c + 9;) (2.177)
= Yoz + Vsol (2.178)

Finally, the forces in the plane of curvature are obtained based on the above strain-

displacement equations as [32]:

F, = EAe F, = GAK Yz M, = Elk, (2.179)
while those out of the plane of curvature are:

Fy = GAkyvzy M, = Gy M, =FILk, (2.180)

In order to show the coupling due to curvature alone, the terms with y and z in
Eqgs (2.173)—(2.178) have been ignored. The influence of these terms will be consid-

ered in the next chapter.

By substituting Eq. (2.179) into Eqgs (2.154)—(2.156) and writing them in a complex
form as in Eq. (2.84) for harmonic motion the following matrices are obtained for the

in-plane response:

GAk, 0 GAk,
R? R
Ky = 0 %f 0 (2.181)
_GAR G Gae
R z
0 A(E —II—%G,%Z) 0
K, = |AE ;Gﬁz) 0 _GAx, (2.182)
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—-EA 0 0
Ko=| 0 —-G4k, 0 (2.183)
0 0 —EI,
m 0 0
M=1|0 m 0 (2.184)
0 0 I,

corresponding to a vector of complex amplitudes U = {U,, U, Gy}T. For an infinitely
large radius, the above matrices reduce to those of a Timoshenko beam in lateral bending

and an extensional rod as seen earlier, with no coupling between them.

Similarly, by substituting Eqs. (2.180) into Eqs. (2.160)—(2.162) the following are ob-

tained for the out-of-plane response:

0 O 0
El,
Ko = |0 2 0 (2.185)
GJ
0 0 GA/iy + ﬁ
0 0 GAky
El+GJ
K, = 0 0 B (2.186)
ElL+GJ
—GA —_— 0
Ky 7
—GAky 0 0
K, = 0 -GJ 0 (2.187)
0 0 —FEI,
m 0 0
M=10 I, 0 (2.188)
0 0 I,
corresponding to a displacement vector of complex amplitudes U = {Uy,@x,Gz}T.

Again, for an infinitely large radius, the above matrices reduce to those of a Timoshenko

beam in vertical bending and a torsional rod as seen earlier.

Figure 2.17 shows the dispersion graph for the in-plane behaviour of the beam for a
radius of R = 1.45 m. Although this radius is not realistic for railway applications,

it is used here to emphasize the effect of curvature. Figure 2.18 shows the dispersion



Chapter 2 Modelling the vibration of rails 63

relationship for a more practical radius of R = 100 m. In both figures, the results for

lateral bending of a straight Timoshenko beam and extension are shown for comparison.
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Figure 2.17: Dispersion relationship for the in-plane response of curved beam
with radius of 1.45 m. Solid lines show the results including curvature, dashed
and chain lines show the uncoupled results for a straight beam.

As seen, the in-plane response is composed of a predominantly bending wave similar
to that of the Timoshenko beam and a predominantly extensional wave, similar to the

axial rod.

By investigating the extensional wave, a non-zero cut-on frequency is seen. This fre-
quency can be obtained from analysis of the in-plane response according to Eq. (2.84).
Solving for w with £ set to zero, the cut-on frequencies for the in-plane response are

obtained as:

1 |E
Jeoq = — (2.189)

feo2 = —\/ G+l /R2) (2.190)

The first of these frequencies is identified as the ring frequency [32]. It is associated with

the first order longitudinal wave, and is also referred to as the breathing or radial mode.
In this mode, the ring expands and contracts in the radial direction uniformly. It can
be seen as a lateral motion of the cross-section, but since this is uniform throughout the
curved beam, the axis of the beam extends/contracts. This is depicted in Fig. 2.19(a).
For R = 1.45 m it occurs at 545 Hz whereas for R = 100 m it occurs at 7.5 Hz.
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Figure 2.18: Dispersion relationship for the in-plane response of curved beam
with radius of 100 m. Solid lines show the results including curvature, dashed
and chain lines show the uncoupled results for a straight beam.
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Plan view

a b

Figure 2.19: Rigid body modes for rings associated with a) fe,; (breathing
mode) and b) fe, 3 (torsional mode)

The second cut-on frequency corresponds to the shear waves of a Timoshenko beam,
modified to account for the curvature effect of the beam. This occurs at approximately

14 kHz as identified previously for the lateral motion of a straight Timoshenko beam.

The predominantly bending wave is the same as the bending wave for a straight beam
at high frequencies, but at low frequencies the wavenumber tends to 1/R, corresponding
to a wavelength of 2rR. Below this wavenumber, the dispersion curve has a wave with

a negative slope (and thus a negative group velocity while maintaining a positive phase
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velocity and vice versa) corresponding to an extensional wave [111]. Such cases have
been previously identified in cylindrical shells, for example by Langley [112] and Walsh
and White [113]. Another wave exists with a smaller wavenumber and a positive slope,
corresponding to a lateral bending wave [111]. These two waves cut off at around 3 Hz
for a radius R of 1.45 m.

The out-of-plane response is shown in Fig. 2.20 and 2.21 for a radius of R = 1.45 m and
100 m respectively. This motion is composed of a predominantly bending wave, similar

to the vertical Timoshenko beam, and a predominantly torsional wave.
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Figure 2.20: Dispersion relationship for the out-of-plane response of curved
beam with radius of 1.45 m. Solid lines show the results including curvature,
dashed and chain lines show the uncoupled results for a straight beam.

As for the in-plane response, a non-zero cut-on frequency occurs at about 500 Hz. In-
vestigating the cut-on frequencies for the out-of-plane response, by setting £=0, the

following frequencies are obtained:

1 |EL
co,3 — 2.191
feo3 =55 o, (2.191)
1 A 2
feon = 5= GAry + GI/R (2.192)

27 ol

The first frequency can be identified as that of the uniform torsion of the beam [32]. This
mode is similar to the rigid body torsional mode for a straight beam. This is related to
the uniform rotation of the ring cross-section about the shear centre, the mode shape of
which is depicted in Fig. 2.19(b). This corresponds to a rigid body mode of the beam

in torsion for straight beams, but for curved beams it will include some bending of the



66 Chapter 2 Modelling the vibration of rails

beam in the vertical direction, as the beam rotates (Basset [114], Love [82]). It is seen
that this mode does not depend on the torsional rigidity as no relative torsion takes
place, this being a rigid body rotation, but rather on the bending stiffness of the beam

and the polar moment of inertia.

The second cut-on frequency corresponds to the higher order wave of the Timoshenko
beam, modified again to account for the curvature effect of the beam. This occurs
at approximately 5 kHz as identified previously for the vertical Timoshenko beam in

vertical bending.

Curve veering, as for the case of coupled bending/torsional response, is observed, where
the predominantly bending wave changes to a predominantly torsional wave and vice
versa between 100 Hz and 1000 Hz. Although f., 3 is a cut-on frequency for the torsional
wave, at higher frequencies this wave follows the behaviour of the flexural wave. As
before, the flexural wave tends to the wavenumber 1/R as frequency tends to zero,
corresponding to a wavelength of 2r R, but at higher frequencies, this wave follows the
behaviour of the pure torsional wave. Below this wavenumber, the dispersion curve
again has two waves, one with a negative slope corresponding to a torsional wave and
one with a smaller wavenumber and a positive slope, corresponding to a vertical bending

wave.

In order to separate the veering effect, results for a larger radius (R = 100 m) are shown
in Fig. 2.21, this leading to a lower cut-on frequency for the torsional mode (fz3). In
this case the cut-on frequency becomes 8 Hz. The curve veering is very localised in this
case, occurring between 300 Hz and 400 Hz. In terms of the other coupling sources, only

the bi-moment is affected, and Eq. (2.18) becomes:

R
= [ G(vm,ywz (as,z— ¢ )) 20 (2.193)

R+ =z

2.9 Accounting for arbitrary excitation forces

So far, sources of mechanical coupling have been discussed but no consideration was
given to the excitation forces. Excitation forces due to wheel/rail contact are often
assumed to be applied at the centroid of the rail. Practically, however, the forces are
applied with some eccentricity, both vertically and laterally from the centroid, as shown
in Fig. 2.22. Thus, a vertical force will also excite the rail torsionally as will a lateral

force.

Considering their components in the vertical and lateral direction with regard to the

rail co-ordinate axes, the following expressions can be derived for the external excitation
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Figure 2.21: Dispersion relationship for the out-of-plane response of curved
beam with radius of 100 m. Solid lines show the results including curvature,
dashed and chain lines show the uncoupled results for a straight beam.

Figure 2.22: Vertical and lateral excitation forces applied with some eccentricity

from the centroid

forces:
Ff.=F, (2.194)
Ff.=F, (2.195)
Ff, =F, (2.196)
M¢ .= —eFy + e, F. + M, (2.197)
M, =eF, + M, (2.198)
M¢, = —e,Fy + M, (2.199)
Mg, . = ¢nFy + My (2.200)
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where F), Fy, F,, M,, My, M, and M, are external applied loads and e, and e; are the
vertical and lateral offsets of the external applied load from the centroid, taken as positive
in the positive direction of the co-ordinate axis. For railway applications, moment loads
are typically not considered. In addition, forces are applied as normal and tangential
with some angle to the rail because of the geometry of the rail and the wheel (not applied
in the model).

The influence of the location of excitation loads will be investigated in Chapter 5, where

the forced response of the beam is considered.

2.10 Conclusions

In this chapter, individual theories accounting for the vibration of rails in various di-
rections including several coupling mechanisms have been presented. It is found that
the effect of restrained warping is significant for the torsional response of the beam,
affecting frequencies above 500 Hz. Accounting for shear forces due to the restrained
warping only has an influence at higher frequencies, above 3000 Hz. Accounting for the
location of the shear centre introduces a coupling between the torsional response and
the lateral bending of the beam, with curve veering occurring at about 800 Hz. The
inclusion of curvature is significant only for small radii. The rigid body modes of the
lateral and torsional waves occur with a non-zero cut-on frequency. These frequencies
are at about 500 Hz for a radius of 1.45 m while for a radius of 100 m they are below
10 Hz. Finally, the excitation forces can excite the torsional response (since they are
applied with an eccentricity from the rail centreline) which is coupled with the lateral

and in some instances vertical responses.

In the next chapter, the various phenomena investigated here will be assembled into a
fully coupled vertical/lateral beam model. The inclusion of an elastic foundation will

also be investigated.



Chapter 3
Coupled vibration of rails

In this chapter, a complete model for the vertical /lateral vibration of rails is presented,
assembled from the models introduced in Chapter 2. The dynamic track model adopted
is based on a static beam model presented by Kim et al. [90] for the stability of beam
columns. This combines all the submodels investigated in Chapter 2, utilising the Tim-
oshenko beam theory for bending in the vertical and lateral directions, an axial rod in
extension and a torsional rod. The model also accounts for shear-centre eccentricity and
non-uniform torsion. Kim et al’s [90] model has been extended here to include inertial
effects and an elastic support at an arbitrary location relative to the centroid. After
introducing the model, the dispersion relationship for a free rail is compared with a
Finite Element (FE) model developed using COMSOL and a Waveguide Finite Element
(WFE) model [69]. For the case of a straight rail this is done for both a singly symmetric
rail (60E1) and an asymmetric rail (60R1). In the case of curvature, comparisons are
made only with the FE model that can account for a curved structure. Finally, the

influence of the support and the support location relative to the centroid is investigated.

3.1 Strain-displacement relations

By using the strains of Eq. (2.114) for warping of the beam, Eqs (2.163)-(2.165) for out-
of-plane bending and Eqs (2.157)—(2.159) for in-plane bending and substituting those in
Eqgs (2.173)-(2.177), the latter take the following form:

€oe = (€0 + kyz — b2y + kuwo) (1 - %) (3.1)

Yoy = Yoy — (2 + dy) Voo + Gy (3.2)
o 6\ é

Yoz = Vaz + <y - ¢,z + E) Ysv + <¢,z - E) Tw (3'3)

69
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for curved beams and

€xe = €0 + l;:yz — l;:zy + /;:w(b (3.4)
Yoy = 'AYzy - (Z + ¢,y) Ysv ¢,y'}’w (3-5)
Yz = ’A}’zz + (y - (b,z) Ysv + Qs,z/}/w (36)

for straight beams, where the terms containing 1/R vanish in Eqgs (3.4)-(3.6) as R — oc.

The above expressions are the same as those obtained by Gendy and Saleeb [86].

It has been shown earlier from the strain-displacement equations for the motions in the
plane and out of the plane of curvature of the beam (Eq. (2.114), Eqs (2.157)—(2.159)
and Eqs (2.163)-(2.165)) how, when the radius tends to infinity (i.e. its reciprocal to
zero), the axial strain decouples from the lateral displacement, the lateral shear strain
from the axial displacement, and the torsional strain (uniform and non-uniform) from
the vertical rotation. This would then lead to the decoupled equations for a straight

beam, as described in Chapter 2.

3.2 Force-deformation equations

Having derived expressions for the normal stress in the elementary beam section, the
stress resultants can now be obtained, according to Eqs (2.11)—(2.14). Taking Eq. (2.11)

for example, the integration can be performed as:

F, = E/A (fo+ yz = kay + Fug) (1 - =) dA (3.7)
fo

- E/A (1,2, —y, ¢) (1 - %) dA l]_zy (3.8)
K

where

z Yy
ZdA=0 /—dA:O /1dA:A /gbdA:O
/AR AR A A

Similarly, by performing the remaining integrations, the following relationships are de-

rived which can be given in a matrix form:

F, A ~I,/R I,./R —I,,/R €
I I B B (3.9)
M, I./JR -1, I Iy k.
Mw - wy/R jwy _jwz jw ]%w
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where

jy =1I,— Iyyy/R jyz = dyz T IyyZ/R jz =1, - IyZZ/R

jwz = Iwz - Iwyz/R jwy = Iwy - Iwyy/R Iw = Iw - Iwwy/R
and

Ly = / p22dA = /(qbg — ey +ey2)22dA
A
= Isuyy + eylyyy — exlyy:
Ly = / oyzdA = /(qbs — ey + ey2)yzdA
A
= IS,wyz + eylyyz - ezlyzz
Ty = / d?zdA = /(gbg — ey + eyz)2sz
A

2 2
= Iswwy + enyyy + e lyze + 26yl wyy — 2€:15 0wy — 2eye: 1y,

L..= / v dA I, = / y2dA 1., = / y?2dA
A A A

The interaction of the forces created due to normal stresses can be observed in Eq. (3.9).
It can be readily seen from the first row of Eq. (3.9) that, in the absence of curvature, the
axial force F, will decouple from the bending moments and warping, being equivalent
to that of an axial rod. In order for the bending moments in the vertical and lateral
directions to be decoupled, both the product moment of area I,. and warping sectional

properties I, I,,. have to be zero, yielding independent flexure in both directions.

Similarly, the stress resultants for the shear stresses can be calculated by the use of
Egs (2.15)—(2.18) along with Eqs (3.2)—(3.3). Performing the above calculations for a

non-symmetric cross-section, the following relationships are obtained in matrix form:

Fy Ay Ayz Qy?“ '7503/
T er Qr Iy Yw
with
A, = Ag, A, = Ag, A, =0
er = _AS@/eZ Qzr = AS,zey Jr = Js + Aszei + As’yeg

where Ag = kA denotes the effective shear area accounting for the correction factor
based on the Timoshenko beam theory. For the case of a mono-symmetric rail (e.g.

60E1) the term e, becomes zero.

In terms of the shear forces, it can be seen that for the case of a doubly-symmetric

cross-section, the shear forces will decouple completely, with only the diagonal elements
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of the above matrix being non-zero. In the case of a mono-symmetric cross-section with
the axis of symmetry being the y-axis (e.g. 60E1), the lateral shear force will remain
coupled with the bi-moment while the vertical shear force will decouple from the other

two.

3.3 Equations of motion

In Fig. 2.15 an infinitesimal element of length Rdf was shown, along with the forces
acting on it. By taking the sum of the forces and moments acting on the centroid in all
three directions, as well as bi-moment in the axial direction and writing the equations

of motion in a complex form as in Eq. (2.84), it follows that:

(K, + Ko — w’M — i¢K; — ¢’K,) U =F (3.11)
where
Kp = dlag(kxv ky, k27 krrv ky?“y kz?“a kw) (312)
[ L/R2 0 0 0 —t1/R  —eyt1/R? —eyt1/R)
0 0 0 0 0 0 0
0 0 FA/R* —FEl,./R 0 0 0
Ko = 0 0 —FEI,./R® EI/R? 0 0 0 (3.13)
—tl/R 0 0 0 tl eytl/R eytl
—eytl/R2 0 0 0 €yt1/R tQ tg/R
L —eytl/R 0 0 0 eytl t3/R t3 ]
) 0 —ty ts/R 0 0 0 |
0 0 0 0 0 te +tee. /R tge.
ty 0 0 0 —FI,/R? — t ts/R —ty
K, = —t5/R 0 0 0 ts —tg —tge. —tio
0 0 FEI,/R*+ 1, —t5 0 0 0
0 —t(,' —t(;eZ/R —t5/R tg +t6€z 0 0 0
L 0 —tgez t7 tl() 0 0 0

(3.14)
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[ —EA 0 0 EI,JR —EI./R El,,/R)|
0 —tﬁ tﬁez 0 0 0
0 0 —t —eyty 0 0 0
K2 = 0 tees —eytl —t3 0 0 0 (315)
EI,/R 0 0O —EI, El.  —FEl,
~EI./R 0 0 El,. —EI El,.
| ELy/R 0 0 —El,  FEl,. ~El,
(A 0 0 0 0 0 0]
0 A 0 O 0 0 0
0 0 A O 0 0 0
M=p|0 0 0 I, 0 0 0 (3.16)
00 0 0 I,—I, ~I. Iy
0 0 0 0 _Iyz Iz + Iu)z _IwZ
00 0 0 Ly  —lw Iy |
with
t1 = GAk, ty = G(A/@yR2 + 2Akye. R+ J, + J)/R?
t3 = G(JT + A/iyezR)/R ty = (EA + tl)/R
t5 = EfyZ/R — eytl t6 = GAKy
t7 = Ely/R? + eyt ts = G(J, +J)
to = (FI, +t3)/R ti0 = GJ, — El,./R
The vector of the complex amplitudes is given by
U = {U,,U,,U.,0,,0,,0,,F,}" (3.17)
and the vector of external forces acting at the centroid
Fo = {Fy ., Fy o FS o Mg o My o, MS ., Mg, 3T (3.18)

In the absence of restrained warping, the seventh row and column of the above matrices

will vanish, as will the terms I, and I,,.. The torsional behaviour of the beam will then

be described as a torsional rod and will not affect the axial response. Uniform torsion

thus will take place, as described by the Saint-Venant pure torsion theory.

The effect of shear centre eccentricity is not readily seen in the equations of motion since

it mainly affects the behaviour of the forces internally (i.e. the strains in Section 2.1),

and the above forces are expressed relative to the centroid.

By neglecting the product of inertia I,., the bending of the beam in the y direction

(about z-axis) will further decouple from the rotation about the y-axis and vice versa.
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Neglecting the curvature of the beam, terms in d/Rdf become d/dx while terms pre-
multiplied by 1/R vanish. In conjunction with the above decoupled behaviour, the
equations of motion can be separated into two uncoupled equations (axial, Eq. (2.21),
and torsional, Eq. (2.41)) and two pairs of coupled equations (Timoshenko beams for
vertical, Eqgs (2.68)-(2.69), and lateral, Eqs (2.78)-(2.79), bending).

The effect of restrained warping and shear centre eccentricity can be considered sep-
arately for each direction of beam bending, thus coupling individually the torsional

behaviour to each bending direction.

3.4 Dispersion relationship for a free rail

In order to validate the fully coupled beam model, two additional methods for obtaining
the dispersion relationship are used. The first is to employ a commercial Finite Element
(FE) package, while the other is based on a Waveguide Finite Element (WFE) model.

3.4.1 Based on the analytical model

So far the force-deformation equations, Eqs (3.9)—(3.10), as well as the equations of
motion of the system, Eq. (3.11), have been developed. By assuming the response to be
harmonic in both space and time, a relationship can be derived between the frequency
and the wavenumber based on Eq. (2.84) and Eq. (3.11) as |A| = 0.

In this case the resulting problem will be a 7-by-7 dual (non-linear) quadratic eigenvalue
problem in ¢ and w which is rewritten as an equivalent 14-by-14 linear problem [101],
similar to Eq. (2.85), yielding 14 solutions for £. Due to the forms of the various matrices,
these solutions can be divided into two sets (£1, &) with Im(&;) < 0 propagating in the
positive direction and Im(&) > 0 propagating in the negative direction, with the second

set given by & = -£;. When damping is included there are no solutions with Im(&) = 0.

3.4.2 Based on the Finite Element Analysis

In order to validate the developed model for both a straight and a curved beam, the
COMSOL Multiphysics [98] Finite Element package has been used. The comparisons
are made in terms of the dispersion relationship of a free rail only. Firstly the geom-
etry of the rail (60E1) was introduced in COMSOL and the geometric properties were
derived to be used in the theoretical model for the comparison (Table 2.1). Then a
3D model with a length of 1.2 m consisting of 199,335 elements for the straight and
215,945 elements for the curved rail was created (see Fig. 3.1 in this case for a curved

rail) and a modal analysis was performed in order to find the eigen-frequencies and
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the mode shapes of the system. This was done for three different boundary conditions
at the ends of the rail section, namely symmetric-symmetric, antisymmetric-symmetric
and antisymmetric-antisymmetric. These boundary conditions are chosen because the

corresponding modeshapes are sinusoidal.

Figure 3.1: Mesh for Finite Element model of a curved rail

After obtaining the eigen-frequencies of the system, and by observing the mode shapes,
the wavenumber can be obtained using the following formulas according to the bound-
ary conditions (see Ryue et al. [65]). For symmetric-symmetric (or antisymmetric-
antisymmetric) conditions, the wavenumber is obtained as nw/L where L is the length
of the rail section (centreline) modelled in COMSOL and n is an integer indicating the
number of half-waves within the length. For antisymmetric-symmetric conditions, the
wavenumber is obtained as (2n + 1)7/2L where n is an integer with 2n + 1 indicating
the number of quarter-waves. The dispersion analysis using COMSOL was performed
for both a straight and a curved rail. This model was used to validate the developed

model for both the straight and curved rail.

One of the limitations of the Finite Element approach to obtain the dispersion relation-
ship, is that a fine resolution, especially at low frequencies in terms of a logarithmic
scale, can only be achieved by using a very long section of rail. This is due to the fact
that the wavenumber is inversely proportional to the length of the model. Thus, the

Waveguide Finite Element method is also employed.

3.4.3 Based on the Waveguide Finite Element model

In addition to the FE model, a waveguide finite element (WFE) model based on that
presented by Nilsson et al. [69] has also been utilised! to obtain the dispersion relations
for a free and supported straight rail (where K, = 0 for a free rail). This model uses the
same form of equations of motion in matrix form as in Eq. (3.11), although with much

larger matrices to account for all the nodal degrees of freedom. The rail is represented by

The Waveguide Finite Element model has been kindly provided by F. Dai from Southwest Jiaotong
University, Chengdu, People’s Republic of China.
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32 eight-noded quadrilateral elements, as shown in Fig. 3.2, and the support by spring
elements under each node at the base of the rail foot (not shown). The model has 423

degrees of freedom. The solution method is similar to that used for the analytical model.

Figure 3.2: Mesh of 60E1 rail in the WFE model

3.4.4 Dispersion relationship for 60E1 rail

Figure 3.3 shows the dispersion relationship for a free 60E1 rail obtained from both the
present beam model (solid lines) and the FE model (markers). Each wave is identified
by a Roman numeral, with lower case letters for vertical /longitudinal waves and upper
case for lateral waves [4, 115]. Due to symmetry of the rail section, it is found that the
sets of lateral and vertical/longitudinal waves are uncoupled from each other as their

dispersion curves cross without veering (e.g. wave i and wave II).

In order to provide a finer wavenumber-frequency resolution, the dispersion relationship
based on the WFE model is depicted in Fig. 3.4 and compared with the present beam
model. Both the FE and WFE methods produce virtually identical results. The corre-
sponding modeshapes (here obtained from the FE model, with a length of 1.2 m) are

shown in Fig 3.5 for lateral motion and Fig. 3.6 for vertical.

The vertical motion includes two main wave-types. The first is the vertical bending
(type i) which is well predicted by the beam model while the second is a higher-order
wave associated with the foot flapping (type ii) which cuts on at about 5 kHz and is
not represented by the present beam model. Longitudinal waves include the first order
axial wave (type iii) and a higher order axial wave (type iv) both of which are well
predicted by the present beam model. The first two lateral wave types correspond to
lateral bending (type I) and torsion (type II) which are well represented at least up
to 1 kHz. Two higher-order waves appear at higher frequencies, corresponding to the
bending (type III) and double bending (type IV) of the web [20]. For the 60E1 rail,
these cut on at about 1.3 and 3.8 kHz in the WFE model but are not predicted by the
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Figure 3.3: Comparison of dispersion curves for a free 60E1 rail with those from
the FE model

beam model. Table 3.1 summarises the different waves existent in the beam, including
three waves (namely the vertical and lateral evanescent waves and the warping wave)

which will be further discussed in the following sections.
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Figure 3.4: Comparison of dispersion curves for a free 60E1 rail with those from
the WFE model

Because the cross-section deformation is not included in the present beam model (i.e. no

separation of head, web and flange) the higher order wave-types are not accounted for.
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Table 3.1: Summary of main wave-types.

Wave-type Description Model
Vertical i Vertical bending All

ii Foot-flapping FE/WFE

iii Axial All

iv Higher order axial All

Ve Vertical evanescent  Analytical
Lateral 1 Lateral bending All

11 Torsional All

I11 Web-bending FE/WFE

v Double web-bending FE/WFE

Le Lateral evanescent Analytical

w Warping Analytical/FE

This also means that, for example, the lateral bending wave above 3 kHz does not match
so well that of the FE/WFE models since in the latter case it is influenced by the cross-
section deformation. The added flexibility of the web in the FE/WFE models causes
waves to travel at higher wavenumbers for a given frequency. Similarly, the torsional
wave (type II) is seen to be influenced by the web bending in the FE/WFE models at

higher frequencies.
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3.4.5 Effect of rail curvature on the dispersion relationship

The dispersion relationship for a curved beam of radius 1.45 m is plotted in Fig. 3.7
from the analytical model and the FE model. The agreement between the results for
the current beam model and the FE model remains very good, as in the case of a
straight rail. It can be seen that the main differences from the case of a straight rail
(Fig. 3.3) occur below about 1.5 kHz. The most obvious difference is that two of the
waves, namely the first longitudinal (type iii) and second lateral wave (type II), cut on
at around 500 Hz (550 and 510 Hz respectively), whereas for a straight rail they cut on
at 0 Hz (as discussed in Section 2.8). No other significant differences are seen. For more
realistic curve radii for railway tracks, these cut-on frequencies fall much lower, to less

than 10 Hz, thus the dispersion relationship is very similar to that for a straight track.
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Figure 3.7: Comparison of dispersion curves for a free curved 60E1 rail with
those obrained using FE model (R = 1.45m)

3.4.6 Dispersion relationship for 60R1 rail

For groove rails, such as the 60R1, the shear centre and centroid are offset laterally as
well as vertically. This in turn causes coupling between torsion and the vertical bending
as well as the lateral bending. In Fig. 3.8, the dispersion relationship obtained using the
current beam model for a free 60R1 rail is presented and is compared with the results

obtained using the WFE model. The parameters for the 60R1 rail are given in Table 2.1.

There are two major differences that can be noted between the results in Fig. 3.4 and

Fig. 3.8. The first is that there is an overall tendency for the wavenumbers of the 60R1
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Figure 3.8: Comparison of dispersion curves for a free 60R1 rail with those from
the WFE model

rail to be higher than that for 60E1 for a given frequency. This occurs because its cross-
section is less stiff than those of the 60E1 rail, leading to cross-sectional deformations,
such as the web bending, having an influence at lower frequencies. Wave types III and
IV cut on at lower frequencies, 590 and 1670 Hz respectively compared with 1.3 and
3.8 kHz for 60E1.

Secondly, a new mode (type v) is observed in Fig. 3.8 which occurs due to the geometry
of the rail head and cuts on at 3.1 kHz. The groove that is present in the rail head,
allows the two sides of the head to move relative to the web. This mode is depicted in

Figure 3.9 and is not found for the analytical model.

Figure 3.9: Head flapping of 60R1 rail (3109 Hz - £ = 0 rad/m)

Good agreement is seen between the analytical model and the WFE model in Fig. 3.8

for frequencies up to 1 kHz, with only the type II lateral wave starting to diverge above



Chapter 3 Coupled vibration of rails 83

800 Hz. Because the 60R1 rail cross-section has a lower stiffness than the 60E1 rail,
deviations due to higher order effects and cross-sectional deformations are evident at

frequencies as low as 800 Hz for lateral motion and 1.5 kHz for vertical motion.

3.5 Dispersion relationship for a rail supported at the cen-
troid

In the previous section, the dispersion relationship was investigated for a free rail, i.e.
for a support stiffness of zero. The foundation support stiffness has been included in
the derivation of the equations of motion in Chapter 2, but was neglected for all results

presented so far. Here, the influence of the foundation is shown through dispersion plots.

The dispersion relationship for a rail supported at the centroid will be presented in this
section. The effect of support eccentricity will be considered later in Section 3.6. The
properties used for the railpads are shown in Table 3.2, representing a relatively soft

track.

Table 3.2: Railpad properties.

Property Value
Railpad axial stiffness, k%7 40 MN/m
Railpad vertical stiffness, k}¥ 120 MN/m
Railpad lateral stiffness, k£¥ 40 MN/m
Sleeper spacing, g5 0.6 m

Here k5P, kP and kEP are the spring stiffnesses in the x, y and 2 directions for a single
pad, indicated by the superscript pp (per pad). For a continuously supported track, the
equivalent stiffness per unit length is derived from the stiffness per pad by dividing by
the sleeper spacing (e.g. ky = ki’ /lss).

For simplicity the rotational stiffnesses are estimated from the translational stiffnesses
per pad, assuming a homogeneous material for the pad [116], as:

2

l
pp _ 1.pp — _P 1.pp 1
WP = kP = LK (3.19)

in which it is assumed that the pad is square with length [,. Excellent agreement was
found by Thompson et al. [116] between values calculated using the above equation and

those measured directly, with an average difference of 1%. Similarly kl} is given by:

2 12
KOP = SR+ O R (3.20)

In the same way as for the translational stiffnesses, these are also converted into stiffness

per unit length (e.g. ky = ki /l5s). The foundation resistance to warping k, is similarly
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defined as (see Appendix A):

l2
KPP = (Kues)? 15k (3.21)
where k., is a factor relating the axial deformation of the rail foot due to warping to its
value at the centroid (assuming a linear profile) and ey is the vertical distance between
the rail foot and the rail shear centre (y; —e,). Again this needs to be converted to a

stiffness per unit length in the same manner.

The dispersion relationship for a continuously supported 60E1 rail is shown Fig. 3.10.
Compared with Fig. 3.4, the influence of the support is mainly seen at frequencies below
400 Hz, where the wavenumbers of the first vertical bending wave (type i), the first-
order longitudinal wave (type iii) and the lateral bending waves (types I & II) now have
non-zero cut-on frequencies. These frequencies are identified for the supported rail as
292.5, 168.1, 168.1 and 188.7 Hz respectively. The shear wave cut-on frequencies for the

vertical and lateral waves are virtually unchanged.

Type i
101 | —— = Type iii
S Typc iv
————— Type I
g —o— Type Il
~
e
S 0
g 0
e
=
=
=1
5}
z
Z 0tk
i'
.'
!
10*2 s s M | I. " MR |
10! 10? 10°

Frequency, Hz

Figure 3.10: Dispersion relationship for a supported 60E1 rail

The cut-on frequencies can be identified analytically by solving Eq. (2.88), where K

and M are as identified earlier and:

Kp = diag(kzaky7kZ7k:crakyr7kzrakw) (322)
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Solving Eq. (2.88) gives the following cut-on frequencies, for the main propagating waves:

fooa = %\/;‘ZA
fuow = %\/f:jjl
feot = %\/;ZZ
Jooi = %\/Z

(3.23)

(3.24)

(3.25)

(3.26)

The same expressions for the cut-on frequencies have also been identified in Chapter 2.

3.6 Coupling due to foundation forces

Practically, the rail is not supported at the rail centroid, as in the above formulation, but

rather at the rail foot. When considering the vertical dynamics of a singly-symmetric

rail, such as the 60E1, this has no consequence for the behaviour of the rail, but when

lateral dynamics are also of interest, the location of the support has to be taken into

account.

3.6.1 Formulation

The generalised displacement field at the rail foot can be written as:

Ug, f Ug,c 0 —0.. Oy 0
Uy p | = | Uye | T Ozc 0 —Orc| | yp | +0rfwc
(T Uz e Oy Opc 0 2f
or in expanded form:
Cuzr | [1 0 0 0 2p —yr of| [ wae |
Uy, f 01 0 —2 0 O 0 Uy, ¢
(I 001 y 0 0 O Uz e
Oy | =10 0 0 1 0 0 0 Oz.c
Oy, ¢ 000 O 1 0 0 Oy.c
0..¢ 000 0 O 1 0 0.
| S, o000 0 O 0 L] [ fuwe
N— —_————
U,z Ty U,

0
0

(3.27)

(3.28)
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where the subscript f stands for rail foot and the subscript ¢ stands for rail centroid with
yy and z; being the offset distances of the centre of the rail foot from the rail centroid
in the y and z axes respectively (see Fig. 2.1). Similarly the forces acting at the foot
(Fff), as for example shown in Fig. 3.11(a) for the vertical and lateral forces, can be

related to those acting at the centroid (ch) by:
FF, = 77 'FE - FE = TTFE, (3.29)

leading to the following expanded form:

Fl 1 0 0 00 0 0] Fuy

Fl 0 1 0 00 0 0| Fyr

FE 0 0 1 000 0f]| Fpr

ME | =10 —z yp 1 0 0 Of | Myy (3.30)
ME, zg 0 0 01 0 0| My

ME, —y; 0 0 0 0 1 0| M,y

| ME. ] Lép 0 0 00 0 1] [ My

Figure 3.11: Railpad reaction forces (a) at rail foot and (b) at centroid
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The following reaction forces are applied by the foundation at the rail foot:

Fgﬁc 0 ky 0 0 0 0 0 u%f
FL, 0 0 k. 0 0 0 0] uy
ME | ==| 0 —zpky yiks ke O 0 0| | Ouy (3.31)
My, ke 0 0 0 ky O 0| 6,
Mz},zc _ysz 0 0 0 0 kZT‘ 0 9z7f
L ME ] Lk 0 0 0 0 0 k] [ fus ]

K,
The above system of equations can also be written to give the effective reaction forces

due to the rail pads at the rail centroid as:
F?% = —T{K,T,U, (3.32)

In most cases, zy can be considered to be zero as the reaction force from the rail pad
is assumed to be applied symmetrically over the rail foot. Thus, the main contribution
to coupling will be the lateral reaction force due to the torsional response in addition
to the coupling between the lateral and torsional responses through the beam theory

described in Section 2.7.

3.6.2 Dispersion relationship

In order to identify the influence of the foundation location on the wave propagation
in the rail, the dispersion relationship for a rail supported at the railfoot is shown in
Fig. 3.12 using the same parameters as previously. Here it is evident that the loca-
tion of foundation has a significant influence on the dispersion relationship of the rail.
Specifically, the wave type I (lateral) cuts on at a lower frequency compared to that in
Section 3.5, while the wave type II (torsional) cuts on at a higher frequency. The vertical

and longitudinal waves remain virtually unaffected, as are the higher order waves.

Figure 3.13 shows the effect of the distance between the rail foot and the centroid on
the cut-on frequencies of the rail. This relationship is obtained by solving the eigenvalue
problem |Ko — w?M| = 0 (from Eq. (2.88)) for w. The vertical (type i) wave cut-on
frequency (solid line) remains unchanged, since the foundation is acting at a location
directly under the centroid (zf = 0). This frequency is described by Eq. (3.24), which
is independent of y;. Although the axial (type iii) wave cut-on frequency (dash line)
is dependent on y; similarly to the lateral motion, it is coupled with vertical bending
through the vertical shear wave, hence leading to minimal variation in cut-on frequency
(with a maximum difference of less than 0.2 Hz i.e. 0.12%), with a value approximately

equal to that given by Eq. (3.23). The vertical shear wave (type Ve - not shown) increases
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Figure 3.12: Dispersion relationship for rail with foundation located at centroid
(grey) and rail foot (black). Wave types as in Fig. 3.10.

by approximately 6 Hz at y; = 0.1 m, that is approximately 0.14%. The values for the

vertical and axial cut-on frequencies are 292.1 Hz and 168.5 Hz respectively.
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Figure 3.13: Influence of distance from rail foot to centroid on the cut-on fre-
quencies of the rail on the elastic foundation

In contrast, the lateral and torsional cut-on frequencies are strongly dependent on the
distance between the rail foot and the centroid. If the two locations coincide, then the

frequencies are given by Eqs (3.25) and (3.26) respectively. As the distance increases,
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the two motions become highly coupled, with the cut-on frequency of one decreasing
(chain line - wave type I), while the other increases (solid-circle line - wave type II),
leading to deviations in cut-on frequency of up to about -45% and +83% respectively
for y; = 0.1 m (-39% and +63% for the actual distance to the centroid respectively).
Due to the high level of coupling, the motion can no longer be separated into purely
lateral and purely torsional motion and their wave types, will be referred to as types I

and II respectively, hereafter.

For a 60E1 rail, and the railpad stiffnesses given in Table 3.2, the cut-on frequencies for
the two lateral waves are 103.0 Hz (type I) and 304.5 Hz (type II) respectively, whereas
the original values for y; = 0 are 168.6 Hz for the lateral (uncoupled type I) and 185.9
Hz for the torsional (uncoupled type II) waves. These values can also be identified in
Fig. 3.12. This is an important finding as typically, when fitting models to measured
data to determine rail pad stiffness values (e.g. Thompson [4], Venghaus et al. [117]),
the cut-on frequency is used for the lateral motion of the rail. Thus, if the eccentricity
of the foundation is not properly accounted for, it can lead to a significantly different
estimation of the lateral pad (or assembly) stiffness. This will be explored further in
Chapter 5

The cut-on frequencies for rotation about the y and z axes, as well as for warping,
are not shown in Fig. 3.13 as they are mainly influenced by the beam properties in
bending (higher order wave cut-on frequencies for Timoshenko beam) and warping.
Their respective frequencies are 14.7 kHz for bending around the y axis, 5.1 kHz for

bending around the z axis and 23.4 kHz for warping.

3.6.3 Equivalent two-degree-of-freedom system

As it has been shown in Section 3.6.2, the primary influence of considering the correct
foundation location for a singly symmetric rail, is to introduce coupling between wave
types I and II. In order to gain insight into the coupling between wave type I and II
modes, an equivalent two-degree-of-freedom system of a mass with rotational inertia on a
lateral-torsional foundation is introduced. The mass is allowed to translate laterally and
to rotate, with the foundation applied at some distance from its centre. This system is
used in order to verify the mode shapes as well as the cut-on frequencies. The properties
of the mass are chosen to be the same as those of the rail, and for visualisation purposes
the rail cross-section is used. The equation of motion for the free vibration of such a

system is:

pAii..+ FI =0 (3.33)
plyfyc+ ME, =0 (3.34)
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where pA is the mass, pl, is the rotational inertia and the reaction forces due to the
lateral (k,) and torsional (k;,) stiffnesses are given as:

rk = k. (Uz,c + yfex,c) (335)

z,c

Mml?c = kx,reac,c + k. (uz,c + yfem,c) Ur (3'36)

For harmonic motion, substituting the complex form of the lateral translation and ro-

tation of the mass system, the following is obtained:

~wW?pAU, o+ kU, o + koypOue = 0 (3.37)
_W2p1p®m,c + kr,TQZ,C + kznyz,c + kzyj%@x,c =0 (338)
or in matrix form:
kz kz A O Uz c O
G ) el (3.39)
k.yr kep+ kzyj% 0 pl, Oz.c 0
K M

The resonance frequencies (which are cut-on frequencies for the full system) are obtained
by solving the eigenvalue problem |K — w?M]| = 0 for w. Here, the coupling between
the torsional and lateral behaviour of the system due to the foundation location can be
clearly seen in the terms involving yy in the stiffness matrix K. For a value of y; =0

this system is completely decoupled.

It can be seen from Eq. (3.39) that the resonance frequencies are a function of the two
stiffnesses (k; and k), the polar moment of area (I,), the density of the beam (p), the
cross-sectional area (A) and the distance between the centroid and the foundation (yy).
For this system, the corresponding ratio between the translation and rotation in each
mode shape is plotted in Figs 3.14(a) and (b) for the frame of reference at the bottom
and centroid of the mass respectively. The vertical grey line represents the location of
the foundation from the centroid for a 60E1 rail. In Fig. 3.14(a), also the mode shape is

depicted in arbitrary units for the case when the foundation is located at the rail foot

(yf =0 m)

From Fig. 3.14(a), it can be seen that for wave type I, the top and bottom of the mass
(visualised here as the rail head and foot) move in phase while for type II they move
out of phase. Both modes include a significant amount of rotation, but with a different
centre of rotation. The centre of rotation for the type I wave is located below the rail
cross-section, giving the mode a greater lateral component. For a foundation eccentricity
value of zero, it is located at infinity, making this a purely translational mode. The centre
of rotation for the wave type II is located at the centroid for a foundation eccentricity
of zero (foundation at centroid), and with increasing eccentricity it moves above the

centroid.
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Figure 3.14: Mode shape ratio for mass system on lateral /torsional springs in
terms of displacement at: a) bottom of mass and b) mass centroid

When expressed in terms of the displacement at the centroid, although the lateral com-
ponent of wave type I is higher than for type II, the former is affected more by the
torsional stiffness and thus the vertical stiffness, see e.g. Eq. (3.19). This in turn means
that the vertical pad stiffness will significantly influence the lateral behaviour of the

track. In the next section, the wave modes for the full system are presented.

3.6.4 Wave modes for a supported rail

In order to identify the predominant behaviour of the individual waves for the full
system, the evolution of the mode shapes between 50 Hz and 300 Hz for a rail supported
on an elastic foundation is shown in Fig. 3.15. The axial and warping waves are not
shown, as they cannot be represented in a two-dimensional graph. As well as the various
propagating waves, evanescent waves exist associated with bending denoted Ve and Le.
These cut on as shear waves at high frequency in a Timoshenko beam. From this graph,
it can be seen that at 300 Hz the type I mode is dominated by lateral movement, while
that of wave type II is dominated by the rotation of the cross-section. This is the
opposite of what is seen at 50 Hz, where both modes have a high lateral component at
the centroid. In this case, type I is primarily a rotation around the rail foot while type
II is a lateral movement of the whole rail. At about 100 Hz, the mode shapes of the
type I and II waves are very similar. Near this frequency, a change of mode shapes is
observed, whereas it can be seen from Fig. 3.16 that the real parts of their wavenumbers
cross with the corresponding imaginary parts of their wavenumbers being significantly
different (type I lateral wave is in a propagating region while type II lateral wave is in

the evanescent region).
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3.6.5 Parametric study for pad stiffness

If the support is located at the centroid, the variation of the cut-on frequency with
changes to the vertical stiffness is depicted in Fig. 3.17. The vertical stiffness only
affects the vertical and lateral type II (torsional) cut-on frequencies. The lateral type
I and axial cut-on frequencies are virtually identical and remain unaffected. Similarly
(not shown), varying the lateral stiffness would only influence the axial and lateral type
I cut-on frequencies (assuming that the lateral and axial stiffnesses are equal). In each

case the frequencies are proportional to the square root of the pad stiffness.

10°
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10! 10? 10°
Vertical pad stiffness, MN/m

Figure 3.17: Cut-on frequencies of rail supported at the centroid for varying

vertical pad stiffness

Accounting for the correct location of the foundation, i.e. at the rail foot, the effect
of varying the pad vertical and lateral stiffness on the cut-on frequencies is shown in
Fig. 3.18.
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Figure 3.18: Cut-on frequencies of rail supported at the rail foot for varying
pad stiffness

Figure 3.18(a) shows the effect of the vertical pad stiffness; the lateral stiffness is main-

tained at 40 MN/m. As expected, the cut-on frequencies of wave types i and II are
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highly influenced by the vertical pad stiffness. Due to the coupling of the type I and II
waves, as seen in Fig. 3.13, also the type I wave cut-on frequency is significantly affected.
For large values of vertical pad stiffness, the type I wave cut-on frequency tends to that
shown in Fig. 3.17; here this has the same value as wave type iii. The axial type iii

cut-on frequency is virtually unchanged over the whole stiffness range.

The result of varying the lateral and axial pad stiffness is presented in Fig. 3.18(b). The
vertical stiffness is kept as 120 MN/m. In this case, the cut-on frequencies of lateral wave
type II and axial wave iii experience the highest variation. The lateral type I wave cut-
on frequency increases slightly with lateral pad stiffness while the vertical wave cut-on
frequency remains unchanged. The lateral pad stiffness has a more significant influence
on wave type II than I, except for when it has very small values. This is the result of

the coupling due to the location of the support.

3.7 Conclusions

In this chapter, a detailed model for rail vibration based on the Timoshenko beam
formulation has been presented, obtained by combining the various models presented in
Chapter 2. This rail model takes into account the effect of vertical/lateral coupling due
to the cross-sectional geometry as well as the effect of curvature and warping. Validation
of the model has been performed against both a Finite Element and Waveguide Finite

Element model for a straight rail and against a Finite Element model for a curved rail.

It has been seen that the agreement between the analytical and numerical models is
very good for both straight and curved beams of singly-symmetric or asymmetric cross-
sections. The main discrepancies arise due to the neglect of cross-sectional deformation,
where modes such as foot-flapping or web bending are not represented with this analyt-

ical model.

In addition to the free rail, the inclusion of an elastic support beneath the rail and its
effect on the dispersion relationship has been considered. The effect of coupling through
the supports has been investigated in detail, with the largest effect seen due to the
coupling of the lateral and torsional responses. For the values of stiffness used, when
changing the location of the foundation from the centroid to the rail foot, the cut-on
frequency of the type II lateral wave for a single layer support is seen to increase by 64%.
Similarly, the cut-on frequency of the type I lateral wave is seen to decrease by 39%. A
brief parametric study has also been conducted for the various support stiffnesses. Based
on the change in the cut-on frequencies for the varying support conditions, it is concluded
that it is important to account for the location of the foundation and the coupling of
the lateral and torsional responses through the supports. Additionally, assuming that
the rotational pad stiffness is related to the vertical stiffness, the latter has a significant

influence on the lateral behaviour of the rail.
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In the next chapter, the inclusion of additional layers of support is investigated, account-

ing for ballast and sleepers, including both rigid and flexible sleeper models.






Chapter 4

Effect of a two-layer support

including sleepers and ballast

The rails are usually supported on sleepers via elastic pads. The sleepers are further
supported in ballast which can be considered as another elastic layer. For a continuous
support model, the sleeper mass can be assumed to be uniformly distributed beneath

the rail but to have no bending or torsional stiffness along the rail axis [4].

In this chapter, the sleeper is modelled either as a rigid block (half a bibloc sleeper) in
which case the bending of the sleeper itself in the transverse direction is ignored, or as
a flexible (monobloc) sleeper accounting for its dynamic behaviour. The cross-section
of a bibloc sleeper attached to the rail is depicted in Fig. 4.1. This will be used as a
general schematic view for the coupling of the second support layer (representing the

sleeper and ballast).

4.1 General formulation

In this section, the equation of motion of a rail supported on a two-layer foundation will
be presented. For convenience, the rail is represented only as a mass and the model is
considered to be two-dimensional, i.e. there is no wave propagation along the rail. This
allows the equations of motion to be derived irrespective of the wavenumber, and thus

gain better insight into the coupling mechanism.

The reaction forces between the rail foot and the top surface of the sleeper due to the

rail pads can be written, similarly to Section 3.6, as:

F", =K, (U, — Uy,) (4.1)

97
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Figure 4.1: Rigid bibloc sleeper attached to the rail

where K, is the diagonal matrix of stiffness between the rail and the sleeper and U, ;
and Uy are responses at the rail foot and sleeper top surface respectively. This can be

expressed in terms of the responses at the rail centroid U, and sleeper centroid U; as:
Ff’sf =K, (T;U, - T,,U,) (4.2)

where T is the same as in as in Eq. (3.28) and T ; is a 7x6 matrix for the transformation
of the co-ordinates from the six degrees of freedom at the sleeper centroid to the seven
degrees of freedom at the sleeper top surface. Ffff contains the reaction forces acting
at the bottom of the rail. The equivalent reaction forces from the railpads expressed at

the rail centroid can be written from Eq. (3.29) as:

FP = T{FYY, (4.3)
=T}K, (T;U, - T,,U,) (4.4)

and the reaction forces from the railpads expressed at the sleeper centroid as:

F?5 = Tgthg (4.5)
=T K, (T;U, - T, ,U,) (4.6)

where the superscript (ps) denotes the pad/sleeper interface, the subscripts (r, f), (r,¢)
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denote the rail foot and rail centroid and the subscripts (s, ), (s,c) and (s,b) the sleeper

top surface, sleeper centroid and sleeper bottom surface respectively.

At this stage, the displacement vector at the sleeper centroid U, needs to be determined
in order to solve for the response of the system. In order to allow for both sleeper models
in a unified way, the forces acting at the centroid of the sleeper are written in a generic

form as:
F = KU, (4.7)

where the sleeper dynamic stiffness matrix K will depend on the sleeper model used.

The forces acting at the rail centroid in the positive direction are thus:
F, = —F2% (4.8)
while those at the sleeper centroid are:
F,=FZ, —F, (4.9)

or written in a matrix form, from Eqs (4.4), (4.6) and (4.7), as:

T T
{F} _[-TTK, Ty TTK, T, ] {U} (410)
F,

T! K, T; -T!K,T,,—K,U,| |U,
Newton’s second law of motion can then be applied at the rail and sleeper centroid, for

Z"*’t), as:

harmonic motion with respect to time (i.e. u,/, = U, e

( o (A | TN S
Osx7 Mg U, F,

or equivalently this can be written in compact form as:

TIK,T; ~T7K, Ty,
—T§ KT TST7thTS7t + K,

(K,/s — w*M,/5) U = {E} (4.12)

The stiffness K and mass M, matrices for the bibloc and monobloc sleeper models will

now be derived.

4.2 Rigid sleepers (bibloc)

In the case of a bibloc sleeper, half the sleeper is considered as a rigid mass that can
translate in three directions and rotate about three axes, and the coupling between the

two blocks is ignored.
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4.2.1 Formulation

The reaction forces between the sleeper bottom and the ballast can be given as:

F, = KUy, (4.13)
= K,T,,U, (4.14)

where T is a 6x6 matrix for the transformation of the coordinates from the bottom
surface of the sleeper to the sleeper centroid, the superscript (sb) denotes the sleep-

er /ballast interface and
Kb = diag(kb,xa kb,y> kb,za kb,rz» kb,rya kb,rz) (415)

is the ballast stiffness matrix.

The reaction forces from the ballast can then be written in terms of the degrees of

freedom at the sleeper centroid as:

F =Tl F (4.16)
=T, K,T,, U, (4.17)

Thus, the ballast stiffness matrix for a bibloc sleeper is:
K, =T KT, (4.18)
while the mass matrix is that of a mass in translation and rotation:
M, = diag(m, m,m, pl, ply, pl.) (4.19)

These can be substituted into Eq. (4.11), leading to:
o w2 Mr 07><6 Ur _ Fr
Osx7 M U, F,

(4.20)
Table 4.1 contains the properties used for the bibloc sleeper, where b, L and h are the

T{K,Tf —T7K, Ty
~T K, Ty T KT+ TZ:beTs,b

breadth, length and height of the sleeper block respectively. These properties are for
a single sleeper block and are converted to those applying for a distributed layer by

dividing by the distance between the sleepers, [s.
Table 4.2 contains the properties used for the ballast layer.

The rotational stiffnesses of the ballast are derived in a similar fashion to those for the

railpads, considering the dimensions of the sleeper. Assuming that the ballast restrains
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Table 4.1: Properties of bibloc sleeper

Property Value  Units
Mass, m 125 kg
Density, p 2500 kg/m3
Height, h 0.25 m
Length, L 0.8 m
Breadth, b 0.25 m
Second moment of area, I,, 0.0029 m”®
Second moment of area, I, 0.0005 m°
Second moment of area, I, 0.0029 m”®

Table 4.2: Properties of ballast layer per sleeper block.

Property Value  Units

Ballast axial stiffness, kj 120 MN/m

Ballast vertical stiffness, ky, 200 MN/m

Ballast lateral stiffness, &, , 120 MN/m
Axial damping loss factor, np . 2 -
Vertical damping loss factor, n, 1 -
Lateral damping loss factor, n, . 2 -

the sleeper only on its bottom surface, it follows that:

L2
= 4.21
kb,rz 12 kb,y ( )
b2
kpr, = —k 4.22
b, 12 b,y ( )
L? b2
= — 42
kb,ry 12 kb,z + 12kb,z ( 3)

4.2.2 Results

The point mobility of the bibloc sleeper when excited at its centroid is shown in Fig. 4.2.
Results are shown for when the sleeper is supported either at its centroid or at the sleeper
bottom surface. In Fig. 4.2(a), the vertical mobility shows no difference between the
two support locations, as expected due to symmetry, with the peak corresponding to
the resonance of the sleeper mass on the vertical ballast stiffness. For the lateral point
mobility in Fig. 4.2(b), a reduction in frequency of the main peak is seen when the
correct support location is taken into account. This is similar to the behaviour seen
in Section 3.6.3 for the single layer support, although the cut-on frequency of the wave
type II is not distinct. The first peak corresponds to the resonance of the sleeper mass
on the ballast lateral stiffness, while the second to the rotation of the sleeper block on
the ballast rotational stiffness. Similar results are also seen for the axial mobility in
Fig. 4.2(c), although here the effects are more pronounced. This is due to the smaller
sleeper cross-section in the axial direction, which results in a lower rotational ballast
stiffness around the z axis, see Eqs (4.21) and (4.22).
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Figure 4.2: Point mobility of bibloc sleeper accounting for support at the sleeper
centroid (solid lines) and sleeper bottom surface (dash lines) for a) vertical, b)
lateral and c) axial excitation at the sleeper centroid

The effect of the second support layer on the track dispersion relation (rail modelled as
a beam), accounting for the bibloc sleeper, is shown in Fig. 4.3 (properties for the rail
and pads as tabulated in Tables 2.1 and 3.2) only for the vertical wave type i. This wave
is seen to cut-on at around 160 Hz, reaching a peak at 230 Hz and then suddenly cutting
off at that frequency. Within this frequency range, free wave propagation occurs, with
the sleeper having a larger amplitude of vibration than that of the rail [4]. From 230 Hz
to about 340 Hz, there is a ‘blocked’ region where no free wave propagation occurs [4].
Above 340 Hz, free wave propagation cuts on again, with the wavenumber tending to
that of the unsupported rail. At this frequency, the relative vibration of the rail is much

higher than that of the sleeper.

Similarly, Fig. 4.4 shows the dispersion relationship of all the waves for a continuously
supported 60E1 rail on a double layer support. Between 60 Hz and 350 Hz, a series of
cut-on frequencies are seen. In particular, each of the waves is seen to cut on, then off,
and then on again as described for the vertical wave type i in Fig. 4.3. The frequencies

where the waves initially cut on correspond to the resonance of the combined mass of the



Chapter 4 Effect of a two-layer support including sleepers and ballast

103

Wavenumber, rad/m

Figure 4.3: Dispersion relationship of vertical type i wave for a supported 60E1

10t |

100 |

—_
o
L
T

1072

10!

rail on a double layer support

102

Frequency, Hz

10°

rail and sleeper on the ballast stiffness in translation and rotation. At higher frequencies,

the rail decouples from the sleepers, with the various waves in the rail cutting on again.

These cut-on frequencies can be identified as the resonance of the rail on the respective

pad stiffness.

Wavenumber, rad/m

Figure 4.4: Dispersion relationship for a supported 60E1 rail on a double layer

support

Type i
10t L | — — — Type iii
.......... Type iv l
————— Type 1 ’/1. )
—o—Typell| /1
/'/ |I
10° i |
i I : s
N H
s KH
Ly i
101k y ]
/| i
I !
[ i
[ !
10-2 [ 1 i .
10! 102 103

Frequency, Hz

Figure 4.5 shows the effect of the distance between rail foot and centroid on the cut-on
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frequencies of the rail on the double layer foundation. This relationship is obtained by
solving the eigenvalue problem of |K, /, — wQMr/8| = 0 (similar to Eq. (2.88)) for w.
For clarity, here they are separated into the cut-on frequencies of the combined rail and
sleeper mass on the ballast, termed first cut-on frequencies, Fig. 4.5(a), and those of the

rail on the pad, termed second cut-on frequencies, Fig. 4.5(b).
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Figure 4.5: Influence of rail foot to centroid distance on the cut-on frequencies
of the rail on the double layer foundation

The changes seen in Fig. 4.5 are not as straightforward as for the case of a single layer
support (see Fig 3.13). Because the ballast is considered to act at the sleeper bottom
surface and the railpads at the sleeper top surface, a vertical offset exists creating further
coupling through the transfer matrices T, ; and T ;. In order to understand the nature
of the cut-on frequencies, the parameters have been varied progressively, with results
shown in Fig. 4.6. Here, initially y, is increased from 0, corresponding to the sleeper
centroid, to h/2 = 0.125 m corresponding to the sleeper bottom surface. Subsequently,
yst is changed from 0, being the sleeper centroid, to h/2 = —0.125 m, being the sleeper
top surface (with the minus sign as it is in the opposite direction). Finally ys (the
distance from the the rail centroid to the location of application of the reaction forces)
is varied from 0, where the centroid and location of application of the reaction forces

coincide, to 0.1 m.

Due to the low inertial properties of the sleeper block in rotation, it is difficult for
the various wave types to be identified uniquely, with wave types changing with both
frequency and offset distance. The corresponding cut-on frequencies (for the actual
geometry of the rail and sleeper) are tabulated in Table 4.3. It can be seen from Fig. 4.6
that, similar to the single layer support (see Fig. 3.13), the first cut-on frequencies of the
type I and II waves corresponding to the combined mass of the rail and the sleeper (chain
and solid-circle lines respectively as identified in Fig. 4.5(a)) change as the distance of
the location of the pads and ballast increases. The cut-on frequency of the type II wave

decreases with increasing 4, and increases with decreasing ys. Due to the coupling of
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Figure 4.6: Influence sleeper/rail eccentricities on the cut-on frequencies of the
rail on the double layer foundation; black for rail on pads and grey for rail and
sleeper on ballast. Key = same as Fig. 4.5

Table 4.3: Cut-on frequencies for double layer support corresponding to Fig. 4.6

Line type Type feo for 60E1 rail

Dash (grey)

Rail and sleeper on ky ; 64 Hz

Chain (grey) Rail and sleeper on & , 84 Hz
Dot (grey) Rail and sleeper on ky ;. 203 Hz
Solid-circle (grey)  Rail and sleeper on kp g 222 Hz
Solid (grey) Rail and sleeper on ky , 159 Hz
Solid-square (grey) Rail and sleeper on ky ., 158 Hz
Chain (black) Rail on k, 144 Hz
Dash (black) Rail on k, 288 Hz
Solid-circle (black) Rail on k., 313 Hz
Solid (black) Rail on £, 336 Hz
Not visible Rail on k., (shear wave) 5 kHz
Not visible Rail on &, (shear wave) 14 kHz
Not visible Rail on £, 23 kHz

the type II wave on the rail and sleeper, for increasing y ¢ veering is seen to occur between
their respective cut-on frequencies. The cut-on frequency of type I wave decreases with

increasing y4,, decreasing yg; and increasing y .

The axial behaviour (type iii wave) of the combined mass is coupled with the rotation of
the combined mass around the z axis. This occurs for the double-layer foundation as the
sleeper has no bending stiffness along the x axis, contrary to the rail in the single layer
foundation. Similarly to the lateral waves (types I and II), a change of mode shapes can

be expected.

It can be confirmed from Fig. 4.6 that some of the cut-on frequencies remain virtually
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unchanged throughout the variation of the contact locations for the ballast and railpads,
specifically the cut-on frequencies corresponding to the vertical mode of the rail on
the pads, the rotation mode of the sleeper around the y axis) and the warping mode
(not shown). More substantial deviations are seen in four of the cut-on frequencies,
corresponding to the lateral type I and II waves of both the rail on the pads and the

combined rail/sleeper mass on the ballast.

The changes in cut-on frequency seen with the eccentric double support layer are very
similar to those found for the eccentric single support studied in Section 3.6. As seen,
the consideration of the vertical eccentricity mainly affects the lateral and torsional

responses, increasing the level of coupling between them.

4.2.3 Effect of varying pad and ballast stiffness

The effects of varying the pad vertical and lateral stiffness on the cut-on frequencies
for a double-layer support are shown in Figs 4.7 and 4.8 respectively. Again, these are

separated into the first and second cut-on frequencies for each wave type.
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Figure 4.7: Cut-on frequencies of supported rail for varying vertical pad stiffness
- double-layer support

In Fig. 4.7 the effect of vertical pad stiffness variation is shown. The greatest variation in
frequency occurs for the vertical (solid line) and lateral type II (solid-circle line) cut-on
frequencies of the rail on the pad in Fig. 4.7(b). Smaller differences are also seen in
Fig. 4.7(a) for the vertical (solid line), lateral type I (chain line) and II (solid-circle line)

cut-on frequencies of the combined mass on the ballast stiffness.

The effect of the variation of the lateral pad stiffness is shown in Fig. 4.8. The most
significant changes are seen in Fig. 4.8(b) with an increase in the lateral type II cut-on
frequency of the rail on the pads as well as the axial (axial pad stiffness changes along
with the lateral). Small changes are seen for the lateral type I cut-on frequency, which

is in this case primarily controlled by the rotational stiffness.
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Figure 4.8: Cut-on frequencies of supported rail for varying lateral pad stiffness
- double-layer support
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Figure 4.9: Cut-on frequencies of supported rail for varying vertical ballast
stiffness - double-layer support

Figure 4.9 shows the effect of variation of the vertical ballast stiffness. Here, the influence
is mainly on the first cut-on frequencies. Specifically, the greatest variations are seen in
the vertical type i and lateral type II cut-on frequencies, as well as the axial wave. Due

to the coupling of the type I and II waves, also the type I cut-on frequency is affected.

Finally, the effect of the lateral ballast stiffness is depicted in Fig. 4.10. It can be seen
that this mainly affects the cut-on frequencies for the combined mass (lateral type I and
II) in Fig. 4.10(a) and to a lesser extent the type I and II cut-on frequencies of the rail
on the pads in Fig. 4.10(b).

4.3 Flexible sleepers (monobloc)

The modelling approach developed for the monobloc sleeper is similar to that described

by Thompson [4], where the dynamic stiffness of the sleeper is obtained based on its
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Figure 4.10: Cut-on frequencies of supported rail for varying lateral ballast
stiffness - double-layer support

forced response. This model assumes a uniform cross-section of the sleeper along its
length, and is extended here to account for the sleeper flexibility not only in vertical
bending, but also in the axial, lateral and torsional directions. This has been achieved
in a similar manner to that for the uncoupled rail modelling, i.e. considering models for
the extension, torsion and bending in vertical and lateral directions but in this case with
no coupling through the beam. The justification behind this assumption stems from
the fact that the sleeper cross-section is almost symmetric. Thus the sleeper model can
be seen as two separate models, one involving the axial sleeper response (lateral to the
rail) and vertical sleeper bending, and the other involving the torsional response and
lateral sleeper bending (axial to the rail). Nevertheless coupling in the sleeper model
originates from the foundation eccentricity, where the ballast is assumed to act at the
bottom of the sleeper. Finally, appropriate consideration of the boundary conditions is
taken into account to accommodate the finite length of the sleeper. For the following
formulation, the local coordinate axes of the sleeper are considered, where z is the axis
along the sleeper length. A transfer matrix will be used to convert the local dynamic

stiffness matrix to the global (rail) co-ordinate system.

When modelling a flexible sleeper, the damping properties of the sleeper are important
for its dynamic behaviour, since the undamped modes of a finite length beam are pro-
nounced [4]. In order to include this, the elastic properties of the sleeper (E and G)
are made complex by introducing a material damping loss factor, . Thus, the Young’s
modulus of the sleeper is replaced by E(1 + in). With the inclusion of damping, the
wavenumbers become imaginary. The dynamic response of the sleeper model is calcu-
lated numerically and an eigenvalue problem in terms of w is not easily determined due
to the frequency-dependent ballast stiffness (discussed in Section 4.6.1). Thus, for the
case of a flexible sleeper, only the forced response will be presented, and compared with
that of the bibloc sleeper.
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4.3.1 Lateral bending and torsion

Figure 4.11 shows a flexible sleeper resting on an elastic foundation, accounting for

lateral bending and torsion.
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Figure 4.11: Lateral/torsional waves on a sleeper resting on an elastic founda-
tion, excited by a point force at z=0.

The equations of motion for a beam in lateral bending and torsion are given by Eq. (2.41)
and Eqgs (2.78)—(2.79), as:

—F! 4 pAii, + FE =0 (4.24)
—M) + F. + pl,0, + M =0 (4.25)

M, ; .
9 + pLf, + ME =0 (4.26)

Ox
with the internal forces:

F, = GAk,(u, + 6y) (4.27)
M, = EI,0, (4.28)
M, = GJ0, (4.29)

and the foundation forces, here representing the ballast, arising from:

~ T

FR 1 0 wu kp. 0 0 1 0 | (u.

MES =10 1 0 0 kpyy O | |01 0|46, (4.30)
ME 00 1 0 0 ke [0 0 1 ;

When an excitation is applied at location xg from the left sleeper end, three waves are
generated for each direction away from the point of excitation (wave types I, IT and Le),

along with three reflected waves at each end due to the finite length of the sleeper (e.g.
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Enys = —&, for n=1,2,3). In total there are six waves. The wavenumbers &, can then

be obtained by solving the eigenvalue problem of Eq. (2.85).

The beam is divided into two parts at the force location z = 0 and the forced response

is determined directly, with the displacement written as:

6
Uy = Z A, e for —xg < x <0.
n=1
6
Uy = Z An+66_’5"x, for 0 <z < L — xy.
n=1

Similarly the rotation around the y and z axis of the sleeper can be written as:

6
0y = Z Bpent, for —zo <2z <0.
n=1
6 .
Oy = Z Bpige ", for 0 <z < L — xo.
n=1
6 .
0, = Z C,e %nT, for —zo <z <0.
n=1
6 .
Ouy =3 Cusae ™, for 0 <o < L — o,
n=1

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

where A,,, B, and C,, are the complex amplitudes of the respective degrees of freedom

for a given wavenumber &,.

Three boundary conditions are required at each end of the beam. The shear force is

zero at each end:

Ou,

ou,
GAKZ <% + 9y>

r=—x0

=0

rx=L—xg

Similarly, the bending moment is zero at each end:

00
EI,—Y =
Y Ox r=—2x0 !
g1, %% =0
Ox rz=L—xg

(4.37)

(4.38)

(4.39)

(4.40)
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and the torsional moment is also zero at each end:
a0
GJ—= =0 (4.41)
o |, 4
a0
GJ—= =0 (4.42)
Ox rz=L—xg

Six more conditions apply at x = 0; continuity of displacement, rotation and torsion:

uz—(0) = u.4(0)
6, (0) = 0, (0)
02—(0) = 024(0)

as well as equilibrium of forces:

Ou,—
GAHZ <W + Gy_>

8uz+
— GA/%Z <W + 0y+>

=0 =0
00, o0 -
EI,~! - B, =
! O =0 ! ox =0 !
0, 0, -
ar2 PeY i B M,
O =0 O =0

(4.43)
(4.44)
(4.45)

(4.46)
(4.47)

(4.48)

This gives 12 boundary conditions. Although there are 36 unknown amplitudes, they

are interrelated. By writing the equation of motion for the free vibration of the sleeper

in the frequency-wavenumber domain, it follows:

A w)U(¢w) =0

(4.49)

U contains the complex amplitudes of the sleeper centroid and A is the dynamic stiffness

matrix of the sleeper, written as:

A =Ko+ K, — ™ — i¢K; — 2K,

where:
[ K- 0 Kb, 2y
Ko=1 0 Fkpyy 0
S VY TS Ty e
0 0 0
Ko= |0 GAk. 0
0 0 o0
0 —GAk, 0
K = |GAx, 0 0
0 0 0

(4.50)

(4.51)

(4.52)

(4.53)
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[—GAk. 0 0

K,y = 0 ~FEI, 0 (4.54)
0 0 —-GJ
[pA 0 0

M=|0 pI, 0 (4.55)
L0 0 pl

The amplitudes B,, and C,, can be written as a function of the amplitude A, for a
given wave n. Since there are six waves at either side of the applied load, 24 more
equations are obtained for the amplitudes B,, and C,,. If combined with the 12 boundary
conditions, they can be written as a 36x36 matrix of equations and solved to find the
wave amplitudes A,, B, and C,,. The equations will have to be solved separately for
a unit force, unit bending moment and unit torsion moment to give the receptance
matrix. The receptance matrix at a general position x is then given by Eqs (4.31)—
(4.36). For each location considered, a dynamic stiffness matrix can be determined
from the receptance matrix by inversion, thus creating a 3x3 dynamic stiffness matrix,
Kgl(w). The point of interest x = 0 is at the rail seat, where the rail is connected to

the sleeper.

4.3.2 Vertical bending and extension

Similarly, Fig. 4.12 shows a flexible sleeper, accounting for vertical bending and exten-

sion, resting on an elastic foundation.

A
h
Y

Zo F

‘Y,

%%%%%%%%%%%%%%%

16 —i&1x 46 1§42 D7€ ST 106 —i€4x
D3€fussx Dﬁe—z&;z Dye—i€s Dme—zzax

Figure 4.12: Vertical/axial waves on a sleeper resting on an elastic foundation,
excited by a point force at z=0.
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The equations of motion for a beam in vertical bending and extension are given by
Eq. (2.21) and Eqgs (2.68)—(2.69), as:

—F) + pAiiy + FJ' =0 (4.56)
~M, — F, 4+ pL.6, + M =0 (4.57)

Fy .
_aaa; + mil, + FF =0 (4.58)

with the internal forces:

Fy = GAky(u, — 0.) (4.59)
M, =ELS®, (4.60)
F, = EAuU, (4.61)

and the foundation forces, here representing the ballast, arising from:

~ R T

ny 1 0 0 kby O o1t o o] (u

MES=10 1 0 0 kpr. O 0 1 0]|186, (4.62)
EE 0 —yp 1 0 0 hkpal [0 — 1] Luw

Again, when an excitation is applied at location xg from the left sleeper end, three waves
are generated for each direction away from the point of excitation (wave types i, iii and
Ve), along with three reflected waves at each end due to the finite length of the sleeper
(e.g. &g = =&, for n=1,2,3). Similar to the lateral direction, there are six waves in
total, the wavenumbers &, of which are obtained by Eq. (2.85), with the wavenumbers

for the vertical vibration of the sleeper being different than the lateral ones.

The beam is again divided into two parts at the force location = 0 and the forced

response is determined directly, with the displacement written as:

6
Uy = ZDne_Zf"m, for —z¢p < x <0. (4.63)
n=1
6 .
Uy = Z Dy ige” “n?, for 0 <z <L — x. (4.64)

n=1
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Similarly the rotation around the z axis and displacement along the x axis of the sleeper

can be written as:

6
0, = ZEne_’f"x, for —zp < x <0. (4.65)
n=1
6 .
0., = Z Ep e %, for 0 <x < L — . (4.66)
n=1
6 .
Uy = ZFne_’énz, for —zg <z <0. (4.67)
n=1
6 .
Upy = Z Fpyge %0, for 0 <z <L — x. (4.68)
n=1

where D,,, E, and F,, are the complex amplitudes of the respective degree of freedom

for a given wavenumber &,,.

Three boundary conditions are required at each end of the beam. The shear force is

zero at each end:

ou
GAky (=2 -0, =0 4.69
w (G -e) (4.69)
ou
GA —4 9, =0 4.70
" < Ox > r=L—xo ( )
Similarly, the bending moment is zero at each end:
00,
El,— =0 4.71
= (4.71)
0.
Elza— =0 (4.72)
Ox rx=L—xg
and so is the axial force:
Ouy
EA =0 4.73
ox o= ( )
padte =0 (4.74)
Ox rz=L—xg

Six more conditions apply at x = 0; continuity of displacement, rotation and extension,

y+(0) (4.75)
=+(0) (4.76)
Uugp—(0) = uy+(0) (4.77)
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as well as equilibrium of forces:
Oy Oyt -
GAky < 3; - 02_> » GAky < a; - 02+> » = F, (4.78)
EI, 09=— EI 0=+ = M, (4.79)
Ox =0 O =0
palla=|  _paQur|  _p (4.80)
O =0 O =0

This gives 12 boundary conditions. Similar to the lateral sleeper vibration, although

there are 36 unknown amplitudes, they are interrelated according to Eq. (4.49), where:

[ Kby 0 0
Ky=| 0 koY +kpre —koats
| 0 —kp2Yp Kbz
0 0 0
Ko= |0 GAkr, 0
0 0 0
0 GAry 0
K = | -GAk, 0 0
0 0 0
[—GAk, 0 0
K, = 0 —EI. 0
0 0 —FA
(pA 0 0
M=1|0 pI, 0O
[0 0 pA

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

The amplitudes F,, and F,, can be then be written as a function of the amplitude D,,

for a given wave n. Since there are six waves at either side of the applied load, 24 more

equations are obtained for the amplitudes F,, and F;,. If combined with the 12 boundary

conditions, they can be written as a 36x36 matrix of equations and solved to find the

wave amplitudes D,,, F, and F,,. Again, the equations will have to be solved separately

for a unit vertical force, unit bending moment and unit axial force. The receptance

matrix at a general position z is then given by Eqs (4.63)—(4.68). For each location

considered, a dynamic stiffness matrix can be determined from the receptance matrix

by inversion, thus creating a 3x3 dynamic stiffness matrix, ng(w). Again, the point

of interest x = 0 is at the rail seat, where the rail is connected to the sleeper.



116 Chapter 4 Effect of a two-layer support including sleepers and ballast

4.3.3 Combining the vertical and lateral flexible sleeper models

By combining the vertical and lateral flexible sleeper models, by assembling the two

dynamic stiffness matrices that have been derived, this model can be coupled directly

D

to the rail. The resulting dynamic stiffness matrix K sloc

(w) is assembled from the two
derived dynamic stiffness matrices, ng(w) and Kgl (w) in the local co-ordinate system

of the sleeper. Since the inertial properties of the sleeper are already incorporated in

D

the dynamic stiffness matrix K¢ .

(w), the sleeper mass matrix for the flexible sleeper

model is not required (i.e. My = 0).

To account for the difference in orientation of the rail and sleeper beams, the dynamic
stiffness matrix must be converted from the local (sleeper) co-ordinate system to the

global (rail) co-ordinate system. This is performed by applying a transfer matrix:

KSD = (TngD,loch)/lss (486)
where
(00 =1 00 0]
01 0 00 0
10 0 00 0
Ty = (4.87)
00 0 00 —1
00 0 01 0
00 0 10 0

The division with [ is also performed in Eq. (4.86) in order to obtain properties per

unit length, for a continuous support layer.

Finally, the dynamic equation of motion for the track will take the following form:

( T% (K, Ty) ~TT(K,T,,) ]__wzlhdr 07ﬂ1> {[b

_th(Kpr) th(Kst,t)"i‘KsD(w) O6x7  Ogx6 Us
4.4 Validation measurements

}:F (4.88)

In order to validate the monobloc sleeper model, a series of mobility measurements using
an impact hammer were conducted on a pre-stressed type G44 concrete sleeper. The
design of the G44 sleeper is depicted in Fig. 4.13.

The aim of these experiments is to measure the dynamic behaviour of the sleeper up to
about the eighth bending mode (expected at approximately 3 kHz for vertical excitation
[4]), corresponding to four and a half wavelengths. The sleeper was supported on a
stack of nine elastic rail pads, at a location below the rail seat at each end. This was

sufficiently soft to ensure that the resonance frequency of the rigid body mode (sleeper
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Figure 4.13: G44 sleeper design

mass on support stiffness) was well below those of the flexible modes. In this case the
rigid body modes were found at 20 Hz in the vertical direction and at 3 Hz in the lateral

direction.

In order to establish the displaced shape of the sleeper, a grid of six points per minimum
wavelength was chosen, corresponding to a spacing of 4.5 x 6/L ~ 11 cm. Because of the
fastening system present on the sleeper, this spacing was not possible near the locations
of the rail clips, but was ensured in all other locations. A symmetric grid relative to the
sleeper centre was thus selected, consisting of 25 force positions, as well as an additional
force position at the sleeper end. The force positions on one half of the sleeper are listed

in Table 4.4 and shown schematically on the full sleeper in Figure 4.14.

Table 4.4: Sleeper measurement locations (from sleeper end).

Point 12 3 4 5 6 7 8 9 10 11 12 13
Distance x (cm) 2 12 22 28 43 49 55 70 81 92 103 114 125
Separation (¢cm) 10 10 6 15 6 6 15 11 11 11 11 11

o o oqffeced[Cp of o o o o o o oo ¢ lece[Cpe o o

Figure 4.14: Excitation force positions along the sleeper

As shown in Fig. 4.15, four accelerometers were attached by wax at one end of the
sleeper (z = 0)!. Two accelerometers were used for the vertical response (on the sleeper
centre line (a) and sleeper edge (b)), one for the lateral response (at the side of the
sleeper, mid-height (c)) and one for the axial response (at the centre of the sleeper cross-
section (d)). The accelerometer at the sleeper edge (b) was used to obtain the vertical

response including a torsional component, when the sleeper was excited at positions

'Note that the origin for z is set at the end of the sleeper for these measurements.
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Figure 4.15: Accelerometer positions at the sleeper end
away from its centreline. The sleeper was then excited using an instrumented hammer?
at the corresponding positions around the sleeper cross-section, at the locations along
the sleeper as tabulated in Table 4.4 and shown in Fig. 4.14. The frequency response

functions were obtained based on an average of 10 excitations in each case.
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Figure 4.16: Point mobility of concrete monobloc sleeper for vertical excitation
at x = 0, at the centreline of the sleeper upper surface.

An example of the mobility of the sleeper when excited vertically at point 1 is shown
in Fig. 4.16, along with the prediction from the current sleeper model. The first peak
at 20 Hz corresponds to the rigid body mode of the sleeper while the peaks at 100 Hz
and above correspond to the vertical bending modes. At frequencies above 3 kHz, an
overall increase in the mobility is seen in the measurements. This is attributed to the
effect of local elasticity of the sleeper when the excitation point is in close proximity to
the response point. This behaviour is only present for the first two excitation positions

and is not seen for measurements at subsequent excitation locations.

2The hammer used for the experiments was a PCB Piezoelectronics instrumented hammer using a
metal tip. The hammer and the accelerometers were attached through leads to a portable four-channel

Data Physics analyser.
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For the predicted mobility, all the geometric parameters are derived from the actual
geometry of the sleeper. In the model, the elastic layer below the sleeper is continuous,
here with a constant stiffness value. This mainly affects the rigid body mode of the
sleeper. The only exception was the torsional constant which, due to the varying cross-
section of the sleeper, was selected to provide a good fit with the measured data for the
torsional response. The sleeper support stiffness was adjusted accordingly to provide a
good fit to the first peak from the measured data. The mass of the sleeper was fixed at
303 kg, as well as the Poisson’s ratio at 0.2. The Young’s modulus was then chosen by
fitting the second and third bending modes of the predicted responses to the measured
ones. The fitting was performed accounting for the lateral, axial, torsional as well as
vertical responses. The first mode was not considered as it is not so well predicted by
the uniform beam model for this non-uniform sleeper [71]. The geometric and material
parameters can be found in Table 4.5. These parameters will be used for the monobloc

sleeper in subsequent chapters.

Table 4.5: Properties of G44 monobloc sleeper used in laboratory

Property Value Units
Young’s modulus, £ 57.0 GPa
Shear modulus, G 23.8 GPa
Mass (full sleeper), m 303 kg
Density, p 2688 kg/m3
Length, L 2.5 m
Poisson’s ratio, v 0.2 -
Damping loss factor, n 0.0083 -
Height at centre, A, 0.172 m
Height at rail seat, hg 0.197 m
Breadth at centre (top), b 0.210 m
Breadth at centre (bottom), b.p 0.282 m
Breadth at rail seat (top), bs: 0.203 m
Breadth at rail seat (bottom), by, 0.283 m
Second moment of area for ver. bending, I, , 1.27 X 107* m?
Second moment of area for lat. bending, I,, 2.24 x 1074 m*
Polar moment of area, I , 351 x 107 m?
Torsional constant, .J 2.70 x 107* m?
Vertical shear coefficient, r, 0.83 -
Lateral shear coefficient, «, 0.83 -
Vertical shear centre eccentricity, e, 0 m

The displaced shape of the sleeper at the first nine peaks is shown in Fig. 4.17 for
both measured and predicted responses. This is normalised by the amplitude of the
mobility at the excitation position. The frequencies listed above each plot correspond to
those obtained experimentally. The predicted results are obtained at the corresponding
resonance frequency. Overall, an excellent agreement is seen between the measured and

predicted displaced shape for all modes presented.
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Figure 4.17: Measured (solid) and predicted (dash) vertical displaced shape at
centreline versus distance along the sleeper at peaks of mobility, normalised at
excitation position for a vertical force

Similar results for the lateral mobility are shown in Fig 4.18 and the lateral displaced
shapes are given in Fig 4.19. Because of the sloped geometry of the sleeper sides, the
actual force and response were measured at an angle to the horizontal plane. This
was compensated by decomposing the measured mobility (u) into vertical (u,) and
lateral (u,) components and removing the influence of the vertical component by using
the vertical response measured with an eccentric excitation force. Thus, the lateral
component was obtained as:

u—uy00829
U, = ———

20 (4.89)
where 6 is the angle between the sleeper bottom surface and sleeper side (77.7° at point 2
from Table 4.4). A better approach would be to use a wedge to create a plane normal to
the horizontal for both excitation force and accelerometer. Despite the post-processing
of the response, the influence of the vertical bending modes is still seen at frequencies
above 1.5 kHz. Again, local elasticity effects are seen at frequencies above 2.5 kHz where

the overall mobility increases.

The vertical response of the sleeper at the edge, when it is excited vertically at the edge
of its top surface, is depicted in Fig. 4.20 along with the results predicted using the
model. The mobility in Fig. 4.20 strongly resembles that for vertical excitation at the

centre of the sleeper cross-section (see Fig. 4.16) although additional modes are present,
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Figure 4.18: Point mobility of concrete monobloc sleeper for lateral excitation
at x = 0, at the mid-height of the sleeper cross-section.
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Figure 4.19: Measured (solid) and predicted (dash) lateral displaced shape for
a lateral force obtained at centreline versus distance along the sleeper at peaks
of mobility, normalised at excitation position

e.g. at 460 Hz. These modes correspond to the torsional modes of the sleeper, and can
be seen from the displaced shape of the sleeper in Fig. 4.21. Here, the sleeper torsional
constant J has been adjusted to provide a good fit for the second and third torsional

modes (sixth and ninth modes in Fig. 4.21).

Finally, the axial response of the sleeper was measured by attaching an accelerometer
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Figure 4.20: Point mobility of concrete monobloc sleeper for vertical excitation
at x = 0, at the edge of the sleeper.
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Figure 4.21: Measured (solid) and predicted (dash) vertical displaced shape
for a vertical eccentric force obtained at sleeper edge versus distance along the
sleeper at peaks of mobility, normalised at excitation position

at one end, at the centre of the sleeper cross-section, position (d) in Figure 4.15, and
exciting the other end, again at the centre of the sleeper cross-section. These results
are compared with the model in Fig. 4.22. Excellent agreement is shown over the entire
frequency range, with only the frequency of the first bending mode being slightly over-

predicted by the uniform beam model.
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Figure 4.22: Transfer mobility of concrete monobloc sleeper for axial excitation,
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at the centre of the sleeper cross-section.

Overall, the model is seen to predict the modes of the sleeper well up to about 3 kHz for

the vertical and lateral response, and up to about 2 kHz for the torsional response. The

average error in the predicted modal frequencies is about 2% for the vertical modes, 1%

for the lateral modes and 5% for the torsional modes. The difference falls to about 1%

for all directions when the first vibration mode is not considered. Tables 4.6 and 4.7 list

the natural frequencies of the rigid body and flexible vibration modes, up to the seventh

mode, obtained from the vertical/axial and lateral/torsional responses respectively. Also

the modal damping loss factor (1ezp) is shown based on the experiments. This has been
derived by the circle fitting method, as described by Ewins [118].

Table 4.6: Measured and predicted natural frequencies for vertical and axial

modes
Mode Vertical Axial

# Expt Pred % Diff | nesp | Expt  Pred | % Diff | neqp

0 18.75 18.83 -0.43 | 0.0990 | 7.81  7.70 1.45 | 0.0471
1 126.6  137.9 -8.99 | 0.0050 | 877.3 919.3 | -4.79 | 0.0068
2 358.6 365.7 -1.97 | 0.0085 | 1864 1843 1.11 | 0.0057
3 691.4 686.2 0.75 | 0.0106 | 2798 2765 1.16 | 0.0057
4 1093 1078 1.40 | 0.0129 | 3662 3679 | -0.48 | 0.0076
5 1526 1522 0.22 | 0.0102 | 4537 4611 | -1.65 | 0.0091
6 2038 2007 1.53 | 0.0082 | 5469 5519 | -0.92 | 0.0083
7 2489 2519  -1.20 - 6280 6455 | -2.79 | 0.0064
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Table 4.7: Measured and predicted natural frequencies for lateral and torsional

modes
Mode Lateral Torsional

# Expt Pred % Diff | 7ezp | Expt  Pred | % Diff | neqp
0 9.38 9.32 0.57 | 0.0630 - - - -

1 182.0 179.4  1.47 | 0.0051 | 457.8 522.1 | -14.05 | 0.0114
2 477.3 468.2  1.91 | 0.0077 | 1030 1042 | -1.20 | 0.0061
3 868.8 858.7  1.16 | 0.0087 - - - -

4 1341 1318 1.70 | 0.0061 - - - -

5 1852 1819 1.75 | 0.0105 - - - -

6 2359 2351 0.36 | 0.0062 - - - -

7 2874 2901  -0.94 | 0.0076 - - - -

4.5 Effect of fatigue on sleeper properties

Apart from the sleeper tested for the validation of the monobloc sleeper model, an ad-
ditional G44 sleeper was tested, which had been extensively used in the laboratory for
long term cyclic ballast loading experiments. In these the sleeper was located in ballast
and a cyclic load from 5 kN to 100 kN was applied over the two rails. Approximatelly 30
to 50 million cycles had been applied altogether. Despite some minor geometric differ-
ences, the sleeper was visually identical to the newer sleeper (used for the measurements
in the previous section). For the old sleeper, only the vertical mobility was measured,

using the same excitation positions as listed in Table 4.4. Figure 4.23 shows the mobility

1072
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Figure 4.23: Comparison of point mobility of new and old concrete monobloc
sleepers for vertical excitation at z = 0

for excitation at the first location for both sleepers. As can be seen, there is an overall
reduction of the bending mode frequencies, which is on average about 5.7% (ignoring the
rigid body mode). Since the modal frequencies depend on the square root of the Young’s

modulus, this reduction corresponds to a reduction of approximately 11% in Young’s



Chapter 4 Effect of a two-layer support including sleepers and ballast 125

modulus. The same conclusion is drawn by fitting the model to the measured data for
the old sleeper, where a Young’s modulus of 51 GPa provides the best fit, instead of
57 GPa for the newer sleeper. This reduction is likely to be either due to small cracks
appearing in the sleeper, or due to de-bonding of the reinforcement from the concrete.
The damping is not significantly affected. In order to determine the effect of fatigue on
the bending behaviour of the sleeper, further investigation would be required in order

to assess the effects of prolonged service of a sleeper on its dynamic behaviour.

4.6 Equivalent bibloc model

To provide a means of comparing the bibloc and monobloc sleeper models, the equiva-
lence between the properties of the two is sought. Thompson [4], by comparing point
mobilities, found that a single block with the mass of half a monobloc sleeper, had a
similar mobility at low frequencies to a flexible monobloc sleeper of length L. = 2.5 m
when excited at xyg = 0.5 m from the sleeper end. Here, a more rigorous approach is

investigated.

A uniform monobloc sleeper of length L, mass m and rotational inertia I is considered,
as in Fig. 4.24, resting on an elastic support (representing the ballast) of stiffness per
unit length k. The flexibility of the sleeper is ignored for this derivation. The sleeper is
excited by a point force F' at a distance x, = L/2 — xy from the centre of mass. This

system can represent the monobloc sleeper in either the vertical or lateral directions.

F F, F
H
AR 2 2 A
M, I [ ) [ 2 L/2 d Me

Figure 4.24: Monobloc and equivalent bibloc sleepers

The point force F' at x. can be equated to a force and a moment acting at the centroid

as:

F.=F (4.90)
M, = —a.F (4.91)
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Now, the equations of motion for this system expressed at the centroid are:

kue + mii. = F. (4.92)
k0. + 10, = M, (4.93)
where
EL?
ky = — 4.94
12 (4.94)
mL?
== 4.
b (4.95)

Assuming a harmonic response in time, the equations of motion take the form:

(k—mw?) U, =F, (4.96)
(kr — Iw?) ©, = M, (4.97)

where U, and O, are the complex amplitudes for translation and rotation respectively.
By utilising Eqs (4.94) and (4.95) this leads to:

(k- mwz) U.=F (4.98)
(k: — mwz) L?

B Oc = —a.F (4.99)

Similarly, the equation of motion can be written in terms of the forces and responses at
location z.. For this, an equivalent system of a single mass (m,) on an elastic foundation

(ke) is considered at that location, and the equation of motion is written as:
(ke = mew?) Uy = F (4.100)

The displacement at z. is a function of the displacement as well as the rotation at the

centroid (i.e. . = 0), in the form:
U, = Us — 2.0, (4.101)
Thus Eq. (4.100) becomes:
(k:e - mewz) (Ue—2.0.)=F (4.102)

Now the displacement and rotation of the centroid can be substituted from Eqs (4.98)
and (4.99) to give:

F —12x . F
mw? o ¢ —F 4.103
(k mw)(l{:—mwz . (k—mwz)L2> ( )
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From the last equation the force F' can be cancelled, and by rearranging, this gives:

9 1

ke — mew” = I (k — mw2) (4.104)
where
1222
fo=1+ T3 (4.105)

Thus, the dynamic stiffness of the equivalent system depends on the dynamic stiffness at
the centroid of the monobloc sleeper, divided by a factor dependent on the length of the
sleeper and the point of application of the load. This indicates that the dynamic stiffness
depends on the offset of the excitation point from the sleeper midpoint. For x. = L/2,
it is 4 times smaller, while for the railseat, where L = 2.5 m and z. = 1 m (=2L/5),
the dynamic stiffness is f, = 2.08 times smaller. These results justify the use of a rigid
sleeper with mass equal to that of half the monobloc sleeper when an equivalent model

of the flexible sleeper excited approximately at the position of the rails is used [4].

The equivalent mass and stiffness should be used for the bibloc sleeper mainly for the
case of vertical and lateral sleeper excitation (where half the mass is used i.e. a factor
of f, = 2). In the case of axial sleeper excitation, the offset of the load is very small in
comparison with the sleeper length, and the whole mass is required (i.e. f, &~ 1). One
limitation of the use of this approach is the neglect of the flexibility of the monobloc

sleeper.

Figure 4.25 shows the mobility obtained from the monobloc and bibloc sleeper models
for the lateral, vertical and axial directions, for when the monobloc sleeper is supported
at the centroid (ys = 0) and when it is supported at the bottom. No foundation
eccentricity is considered for the bibloc sleeper in this comparison. The same properties
as for the G44 sleeper are used here, as tabulated in Table 4.5. For both sleeper models,

the ballast stiffness is kept constant (i.e. no dynamic ballast stiffness is considered).

In the mobility for the bibloc sleeper model, a single peak exists corresponding to the
resonance of the mass on the foundation stiffness. In contrast, for the monobloc sleeper
model a series of peaks are seen. The lowest of the peaks is that of the bounce mode
of the sleeper mass on the foundation stiffness, while subsequent peaks correspond to

vibration modes of the sleeper.

Of the three directions, only the lateral response of the monobloc sleeper model is
influenced by the foundation eccentricity, where the peak in the mobility is reduced
in frequency by 40%, from about 200 Hz in Fig. 4.25(a) to 120 Hz in Fig. 4.25(b).
This is due to the coupling between the lateral and torsion responses, as shown earlier
for the eccentrically supported rail in Section 3.6. Figs 4.25(c)—(f) show no noticeable

differences.
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Figure 4.25: Point mobility of concrete sleeper using monobloc and bibloc
sleeper models; supported at the centroid and sleeper bottom surface

4.6.1 Frequency dependent ballast stiffness

Measurements performed by Frémion et al. [74] have shown that the ballast stiffness

can be frequency dependent. This has been approximated by Thompson [4] as shown in
Fig. 4.26. A nominal value for the ballast stiffness is used up to 100 Hz. Above 100 Hz,

the ballast stiffness increases with frequency. Figure 4.26 shows the frequency-dependent
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ballast stiffness used for the comparison. For the ballast damping, a constant loss factor

is assumed.
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Figure 4.26: Frequency-dependent ballast stiffness assumed per sleeper end [4]

Results for the vertical point mobility at the rail seat for a G44 monobloc sleeper are
shown in Fig. 4.27. At frequencies up to 100 Hz, where the two ballast models pro-
vide the same support stiffness, the point mobility is the same. Above 100 Hz, two
main differences are seen. Firstly, since the support stiffness increases for the frequency

dependent ballast model, the resonance frequencies of the sleeper embedded in the fre-

quency dependent ballast stiffness increase. This is mainly seen to influence the rigid

body mode, where the resonance frequency increases from 200 Hz to 245 Hz, and the

first few bending modes. Additionally, the peaks and troughs are attenuated when using

the frequency dependent ballast stiffness.
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Figure 4.27: Point mobility at the rail seat for a G44 monobloc sleeper embedded

in constant and frequency dependent ballast

In the next chapter, the flexible sleeper will be used with the frequency dependent ballast

stiffness described above.
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4.7 Conclusions

In this chapter, the inclusion of a second layer of elastic support beneath the rail has
been investigated. Models have been presented for rigid and flexible sleepers. For the
rigid sleepers, investigations have been performed on the cut-on frequencies identified
in the dispersion relationship, as well as the effect of varying the ballast stiffness. For
modelling flexible monobloc sleepers, a new model has been introduced that accounts
not only for the vertical bending of the sleeper, but also for lateral, axial and torsional
flexibility. Validation of this sleeper model has been performed against results obtained
from laboratory measurements on a type G44 monobloc sleeper. By choosing suitable
material properties the natural frequencies of the sleeper modes are well predicted, with
an average error of only 1% for all cases considered, excluding the first mode. This mode
is most influenced by the sleeper cross-section variation which is not directly accounted

for in the model.

The effect of fatigue on the sleeper response has been investigated, by testing a heavily
used sleeper. From a comparison of measured vertical mobilities, a reduction of 11% in
Young’s modulus is observed for the old sleeper, indicating that the service usage of a

sleeper can significantly alter its dynamic behaviour.

Finally, an equivalent bibloc sleeper model was compared with the asymmetrically loaded
monobloc sleeper and a stiffness conversion factor has been derived depending on the

length of the sleeper and the location of application of the force.

In the next chapter, results for the rail mobility and track decay rate will be presented,
in order to investigate further the influence of the vertical-lateral coupling on the overall
track response. The validation of the forced response of a rail supported on a single
layer foundation will be performed against the WFE model and comparisons for the

double-layer support will be made with measurements from three different track sites.
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In Chapter 3 the frequency/wavenumber (dispersion) relation for the rail was found by
solving the eigenvalue problem of Eq. (2.84). Additionally the effect of an elastic support
on the dispersion relationship of a rail was investigated, while a two-layer support was
considered in Chapter 4. In this chapter, the roots of the eigenvalue problem are utilised
in determining a closed form solution for the forced response of the track. The forced
response based on the present beam model is validated against the WFE model and also
compared against the classical Timoshenko beam model. Finally, the model is compared
with measurements from three different track sites, in order to test its applicability and

extract the track parameters to be used for rolling noise predictions in Chapter 6.

5.1 Closed-form solution for the forced response

For a given frequency and wavenumber, Eq. (2.83) can be solved for the complex am-

plitudes, to give:

U=A"'F (5.1)

where U is a vector of the complex amplitudes, F is a vector of the externally applied
forces and A is the dynamic stiffness matrix. To find the response in the spatial domain

U(x), the inverse Fourier transform is utilised:
1 —1y, —i€x
U(z) = — [ A" Fe “%d¢ (5.2)
2m

The above integration can be performed either numerically or analytically. Here, the
latter is preferred, using the contour integration method from the theory of complex
variables [119]. The integration of a function (here f(£)e~%?) along the real axis from

&, — —o0 to & — oo, is equivalent to the closed path integration along the real axis

131
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from &, to &, plus the integration along the lower semicircle from &, to &,, provided that
the integration along the semicircle tends zero. This is satisfied for x > 0, while for

x < 0 the upper semicircle needs to be used instead.

Then the residue theorem is utilised. This states that the integral along any closed path
on the complex plane is equal to the sum of the residues evaluated at the poles of the
function contained within the path multiplied by a factor of +27i (+/— depending on
whether the path encircles the poles in the anti-clockwise or clockwise direction). The
poles of the function (§,,) are the same as the solutions for the eigenvalues obtained in

Chapter 3. Thus the solution in the spatial domain is given for 2 > 0 as (see also [69]):
N ~
70 R o
_ n —ténx
U(z) = zn; —qlgA/(gn)\yﬁ‘I’"e (5.3)

where WX and W are the left and right eigenvectors of the eigenvalue problem in
Eq. (2.85), the dash (') indicates the derivative with respect to ¢ and &, are the N
eigenvalues on the lower half-plane with Im(¢,,)<0. From Eq. (2.84) the derivative can

be written as:
A'(&) = —iK1 — 26,Ko (5.4)

Finally, if the force vector is set to unity in one direction and zero in the others, the

mobility can be calculated as:
V =iwU (5.5)

In the model described so far, damping has not been considered apart from the monobloc
sleeper material damping. In practice, damping is present in both the support and
the rail. In order to include this, the rail pad support stiffnesses and the rail moduli
properties (F and G) are made complex by introducing damping loss factors, in the
same way as for the monobloc sleeper. As discussed in Section 1.1, the material loss
factor of the rail is also adjusted to take account of the foundation damping effect due to
larger amplitude vibration of the foot at higher frequencies, in addition to the material
damping. Thus, the elastic modulus of the rail F is replaced by E(1 + in,). Similarly
the support stiffness of the various layers, separately in each direction are made complex
in the form k(144n). Table 5.1 shows the values for the damping loss factors considered
here for the rail, rail pads and ballast. Unless stated otherwise, a single layer support is
considered in this section, with stiffness and damping loss factor values as tabulated in

Tables 3.2 and 5.1 respectively.
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Table 5.1: Damping loss factors for rail, rail pad and ballast.

Loss factor Value
Rail, n, 0.02
Rail pad (axial), 1.4 0.2
Rail pad (vertical), n,,  0.25
Rail pad (lateral), n,, 0.2

Ballast (axial), n.4 1
Ballast (vertical), m,, 2
Ballast (lateral), ny 1

5.2 Mobility and decay rate for Vignole rail - 60E1

In this section, the forced response for a 60E1 rail is presented. Results are firstly shown
for the point mobility per wave in the vertical and lateral directions. The point mobility
in all three principal axes is then investigated, followed by the cross mobility in the
y-z plane as well as the track decay rates (obtained from the transfer mobility in the
longitudinal direction). The locations considered for the forced response of the 60E1 rail

are shown in Fig. 5.1.

134

Figure 5.1: Excitation and response positions for 60E1 rail

5.2.1 Point mobility per wave

In Fig. 5.2, the point mobility using the developed beam model is presented for the
vertical and lateral direction, for a rail supported on a single layer foundation. The
excitation locations correspond to positions 1 and 2 of Fig. 5.1. Along with the overall
point mobility, the point mobilities per wave are also shown. For the vertical direction,
Fig. 5.2(a), two waves control the response, namely vertical wave types i and Ve, with
the axial wave type iii having a marginal response (not shown in figure but seen through

the phase). At the cut-on of the rail mass on the vertical pad stiffness (wave type i)
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around 290 Hz (see Section 3.6.2), the relative contribution of wave type Ve starts to

reduce significantly, and the response is dominated by the now propagating wave type i.
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Figure 5.2: Point mobility per wave for 60E1 rail

In Fig. 5.2(b), where the lateral point mobility is presented, all four lateral waves are
present. At all frequencies, the response is dominated by the lateral wave type I. A main
peak is seen at around 105 Hz, corresponding to the cut on of vertical wave type 1. A
secondary peak is seen at around 300 Hz corresponding to the cut-on of wave type II
(see Section 3.6.2). It is interesting to note here, that the warping wave type w has a
higher contribution above 200 Hz than that of wave types II and Le. Wave types I and
Le have similar response up to about 300 Hz, that is the cut-on of wave type II, after

which the relative contribution of wave type Le is reduced.

5.2.2 Point and cross mobility

Figure 5.3 shows the point mobility of the 60E1 rail on a single layer elastic foundation,
excited at various positions. Three different results are shown here in each case: from
the current beam model presented above, the WFE model used for the dispersion rela-
tionship in Section 3.4.3 and the classical Timoshenko beam model. Figures 5.3(a) and
5.3(b) show the vertical and lateral mobility, excited at positions 1 and 2 respectively
from Fig. 5.1. Two additional locations have also been selected, which are 20 mm from
the web centreline for the vertical excitation (position 4) and at the top of the rail head
for the lateral excitation (position 1 but force applied laterally). These results are shown
in Figs 5.3(c) and 5.3(d) respectively.

For the vertical direction, Fig. 5.3(a), the current beam model shows excellent agreement
with the WFE model for frequencies up to about 4 kHz. Above this frequency, cross-
sectional deformation starts to become important and to influence the response of the
rail. Two peaks occur in Fig. 5.3(a). The first occurs at the cut-on frequency of the
vertical bending wave, f.,, at about 290 Hz (cf. Eq. (3.23)). The second is seen for
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Figure 5.3: Point mobility for 60E1 rail

the WFE model only, at about 5 kHz. This corresponds to the cut-on frequency of the
higher order vertical wave (type ii - foot flapping) see Fig. 3.4, which is not present
for the current beam models. Comparing the developed beam model with the simpler
Timoshenko one, no differences are seen in the vertical mobility at the centre of the
railhead.

For the lateral direction, Fig. 5.3(b), the agreement between the present beam model
and the WFE model is again good at all frequencies. Two peaks can be identified at
low frequency, one at about 100 Hz, corresponding to the cut-on of wave type I and
the other at about 300 Hz corresponding to wave type II (see Section 5.2.1). A third
peak is seen in the results from the WFE model at about 1.4 kHz, corresponding to
the cut-on frequency of the higher order lateral wave (type III - web bending). The
average difference between the beam and WFE models is 14%. Significant differences
are seen between the mobility of the present model and that of the classical Timoshenko
beam model, which is on average a factor of 2 smaller. The cut-on frequency for the
first lateral wave is seen in the Timoshenko beam model at f.,; = 167 Hz, while that of
the second lateral wave is not present, as torsion is neglected. The differences between

the two analytical models are caused by two main effects. The first is related to the
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foundation eccentricity. This causes the cut-on frequency of the lateral wave type I to
reduce, thus shifting the peak in the mobility from 169 Hz to 103 Hz. The second is
related to the inclusion of torsion in the beam model, since the rail is excited with an
offset from the shear centre. Without torsion, the mobility is significantly lower over the
whole frequency range. Even if the cut-on frequency for the Timoshenko beam in lateral
bending is adjusted to 103 Hz (by setting kY = 15.2 MN/m), the average difference in

mobility between the models remains the same.

Figure 5.3(c) shows the results when an eccentric load is considered in the vertical
direction. Apart from the peaks at the two vertical wave cut-on frequencies, three
additional peaks are seen in the results from the WFE model, corresponding to the
cut-on of lateral waves at 100 Hz, 1.4 kHz and 4 kHz (see Fig. 3.4). Of these, only the
first is present in the results from the analytical model. At all frequencies, the mobility
of the current beam model is slightly higher than that of the Timoshenko beam, with

an average difference of 10%.

Figure 5.3(d) shows the lateral mobility at the top of the rail head. Compared with
Fig. 5.3(b) it can be seen that the lateral mobility is higher than at the centre of the
rail head. At high frequencies the higher order lateral waves lead to an increase in the
WFE modelmobility by 60% on average above 1.4 kHz, compared with the centre of the
rail head (see also [20]). At lower frequencies the difference between the mobility of the

current beam model and that of the WFE model remains at about 10%.
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Figure 5.4: Axial mobility for 60E1 rail

Figure 5.4 shows the axial mobility of the rail when excited at position 1 from Fig. 5.1(a).
For comparison, an axial rod model is shown as well as the current beam model and
WFE model. For all three models, a peak is seen at about 170 Hz, corresponding to the

cut-on of the first-order longitudinal wave (type iii), as seen from Fig. 3.4. A further
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distinct peak is seen in the WFE results and those from the current model at about
5 kHz, corresponding to the cut-on of wave type iv. The agreement is good over the

whole frequency range presented (from 10 Hz to 5 kHz).

5.2.3 Cross mobility

Figure 5.5 depicts the cross mobility: the lateral response at position 2 due to a vertical
force for an offset of 10 mm and 20 mm (positions 3 and 4 respectively of Fig. 5.1). The
cross receptance for the Timoshenko beam model is based on the geometrical average of
the vertical (U,) and lateral (U,) receptances [62]:

U,. = 10%48/20 /77, 1, (5.6)

where XdB = 20log1pX is an empirical factor used in TWINS that is typically set
around -10 dB. In order to obtain a suitable factor, calculations have been performed
with the Timoshenko beam model for a range of values and the one providing the best
fit with the beam model was selected. This is -14 dB for an offset of 10 mm (Fig. 5.5(a))
and -8 dB for an offset of 20 mm (Fig. 5.5(b)). Additionally, in the Timoshenko beam
model, the lateral pad stiffness has been reduced to 15.2 MN/m to match the cut-on

frequency of wave type I.
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Figure 5.5: Cross mobility for 60E1 rail

In both cases, the current beam model shows good agreement with the WFE model for
frequencies up to about 1 kHz. Above this frequency, cross-sectional deformation, espe-
cially for an offset of 20 mm, starts to become important and to influence the response
of the rail. The empirical relationship does not capture the drop in the mobility between
100 and 300 Hz but otherwise gives similar results to the present model. However it
relies on the selection of a suitable value for the factor XdB whereas the offset in the

present model is a more intuitive physical quantity.
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5.2.4 Decay rate and transfer mobilities

Here, results are presented for the track decay rate and transfer mobility along the rail,
calculated from the forced response. Results for both vertical and lateral excitations
are presented for a rail on a single layer elastic foundation accounting for the rail pads,
properties of which are listed in Table 3.2 and Table 5.1.

The track decay rate can be obtained by two different methods. The first is by consid-
ering the imaginary part of the damped wavenumbers from the dispersion relationship
[20]. This results in a decay rate for each wave. The second is to calculate the total
response at different positions along the rail (transfer mobility) and to obtain the de-
cay rate following the experimental method [120, 121], thus obtaining the decay rate

accounting for the combined response due to all wave types.

The decay rates (in dB/m) for each wave are obtained using the relationship [20]:
Apy = —8.686 Im(§) (5.7)

These are shown in Figure 5.6 for the vertical, axial and lateral waves. It is seen that
the axial wave, type iii, has the lowest decay rate. For each of the propagating waves,
types I, II, i and iii, the decay rate drops from an initially high value at around the
cut-on frequency of the respective wave [4]. This also occurs for the higher order shear
wave type Ve which becomes type iv at around 5 kHz. Finally, the wave type w consists
of a predominantly warping motion of the cross-section. This wave has a high decay
rate for all frequencies considered and is thus not expected to influence the response
significantly away from the excitation point, although, it has a high contribution in the

point mobility at high frequencies as seen in Section 5.2.1.
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The overall decay rate in each one-third octave band is evaluated from predicted transfer

mobilities according to the experimental method found in the standards [120]:

st 59
> LAY

ez [Azo) 2"

where A(z,,) is the calculated mobility at a distance x,, away from the excitation point,
A(zg) is the mobility at the excitation point and dx, is the length of rail segment
associated with the point x,,. The calculation is carried out in one-third octave frequency
bands, while the locations x,, are those defined by the standard [120]. The minimum

decay rate that can be measured for a specific value of x4, is:

4.343

Tmax

Apin = (5.9)

which is approximately 0.1 dB/m for 66 sleepers with a spacing of 0.65 m. It is suggested
in [120] that if the decay rate in any of the one-third octave bands of the spectrum is
less than twice the minimum decay rate, the estimation should be regarded as unstable

and a longer length of track should be considered.

According to the standard [120], the vertical response of the rail should be obtained
using excitation at the middle of the rail head. Since this excitation would not result in
any differences due to coupling sources in the rail (see Fig. 5.3(a)), a different location is
used here for illustrative purposes. Thus, to calculate the vertical response in the present
beam model, the rail is excited at position 4, 20 mm from the centre of the railhead, and
the response is obtained at the same position at various distances x,, along the rail. The
decay rate for vertical excitation is plotted in Fig. 5.7(a), while the corresponding point
mobility can be seen in Fig. 5.3(c). Equivalent, results for the lateral track decay rate
are shown in Fig. 5.7(b), where the force and response points are located at position 2,

20 mm below the top of the railhead, with the corresponding mobility seen in Fig. 5.3(b).
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Figure 5.7: Track decay rate for (a) vertical and (b) lateral excitation
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At low frequencies, the vertical decay rates are high due to the blocking effect of the
support stiffness, similar to the result for the vertical wave alone, Fig. 5.6(a). They
drop at around the cut-on frequency of the rail vertical bending wave (fe,;). At high
frequencies, the predicted decay rate increases due to damping in the rail [121]. Similar
behaviour is observed for the lateral direction, with the decay rate dropping at a lower
cut-on frequency (feo,7) due to the smaller foundation stiffness associated with this

direction.

Results are also shown in Fig. 5.7 for the Timoshenko beam model. For the vertical
direction, differences between the models occur mainly due to the eccentric applied load
in the current model which excites the type I and II lateral waves as well as the vertical
waves. Above 400 Hz, the decay rate of the current model becomes higher than the
conventional Timoshenko model, due to the influence of the higher decay rate of the
lateral wave type II. If the rail is excited through its centreline both curves would be

identical.

The most significant difference is seen in the lateral track decay rate, where the result
is considerably lower than that of the Timoshenko model for frequencies below 300 Hz.
This is caused by the lowering of the cut-on frequency for the lateral wave type I discussed
in Section 3.6. Consequently, if the track decay rate is used for parameter fitting from
measurements, using the Timoshenko beam model will lead to a significantly different
estimate of the lateral pad stiffness than using the current model. Conversely, above

300 Hz, the decay rate is higher than that obtained using the Timoshenko model.

The contribution of the individual waves to the overall mobility at different distances is
shown in Fig. 5.8 for various example frequencies. For the vertical force and response
point, at 50 Hz all waves have a relatively high decay rate, with the lateral wave I having
the lowest (apart from the axial wave). Oscillations occur in the total response due to
interference between the waves. At a distance away from the excitation, the response
is seen to be influenced most by this lateral wave. As this first lateral wave cuts on at
100 Hz, by 150 Hz the response is strongly influenced by it. Above the cut-on frequency

of the vertical bending wave (290 Hz), the vertical wave dominates the response.

When the rail is excited laterally, the vertical and axial waves are not excited. The
lateral mobility is mainly influenced by the lateral wave I for the frequencies considered,
as this has the lowest decay rate. As the second lateral wave cuts on at about 300 Hz,
its mobility starts to increase in Fig. 5.8(f), but it still has a smaller amplitude than the

first lateral wave at this frequency.
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Figure 5.8: Vertical and lateral transfer mobility per wave

5.3 Mobility and decay rate for groove rail - 60R1

So far, the rail cross-section considered, 60E1, is symmetric about the y axis. In this
section, the forced response for an asymmetric rail, the 60R1 rail profile, is investigated
in terms of the point and cross mobilities. Figure 5.9 shows the excitation and response

positions considered for the 60R1 rail profile.

1

/

Figure 5.9: Excitation and response positions for 60R1 rail
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5.3.1 Point mobility

As shown through the dispersion curves in Section 3.4.6, the 60R1 rail cross-section is
more flexible, with the higher order waves (due to cross-sectional deformation) cutting on
at lower frequencies. This in turn means that cross-sectional deformations will become
apparent at lower frequencies in the mobility, limiting the range of validity of the current

analytical model.

The points of excitation and response for the 60R1 rail differ slightly from those for the
60E1 rail. For the vertical response the first point is located above the centreline of
the web, at position 1 as shown in Fig. 5.9. Equivalently, the first point for the lateral
excitation is located inside the groove, 20 mm below the top of the railhead (position
2). The results for these two positions are shown in Fig. 5.10(a,b). Again, results are
shown for the current model, the WFE model and the Timoshenko beam. The second
point for vertical excitation is located 16.6 mm to the right of the centroid (position 2
- towards the groove) and results are shown in Fig. 5.10(c), while the second point for
lateral excitation is located at the top of the railhead (position 1), with results shown
in Fig. 5.10(d).
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Figure 5.10: Comparison of mobility for 60R1 rail with the WFE model
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When the rail is excited vertically in line with the centre of the web, Fig. 5.10(a), there
is no coupling evident between the vertical and lateral directions, with the main peak
occurring at 290 Hz. In contrast, when an offset is applied, an additional peak is observed
at 100 Hz, corresponding to the cut-on frequency of the lateral waves. When the rail is
excited laterally, Fig. 5.10(b), this is the dominant peak.

When lateral excitation is considered, Fig. 5.10(b), the agreement between the present
beam model and the WFE model is not as good as for the 60E1 rail in Fig. 5.3. A peak
is seen in the mobility at about 95 Hz for the WFE model, while in the current beam
model it is predicted at 105 Hz. This difference is likely to be due to the fact that the
cross-section of the 60R1 rail is less stiff than the 60E1 rail, and if combined with a
higher torsional stiffness of the pad (pad width being 180 mm instead of 150 mm), will
lead to greater cross-sectional deformation. Overall an acceptable agreement between

the analytical and the WFE models can be seen for frequencies up to about 1.3 kHz.

Figure 5.10(c) shows the results when an eccentric load is considered in the vertical
direction. Apart from the peaks at the two vertical wave cut-on frequencies, three
additional peaks are seen in the results from the WFE model, corresponding to the
cut-on of lateral waves at 100 Hz, 1.4 kHz and 4 kHz. Of these, only the first is present
in the results from the analytical model. At all frequencies, the mobility of the beam

model is higher than that of the Timoshenko beam, with an average difference of 3%.

Figure 5.10(d) shows the lateral mobility at the top of the rail head. Compared with
Fig. 5.10(b) it can be seen that the lateral mobility is higher than at the centre of the
rail head. At high frequencies the web bending and double web bending modes lead
to an increase in the mobility predicted by the WFE model by 60% on average above
3 kHz, compared with the centre of the rail head (see also [20]). At lower frequencies
the difference between the mobility of the current beam model and that of the WFE

model remains at about 10%.

Comparing the results between the two beam models, similar conclusions can be drawn
as for the 60E1 rail, although the deviations between the two models are slightly smaller.
Since the torsional support stiffness is higher, the contribution of torsion for this rail is
less than for 60E1.

5.3.2 Cross mobility

Figure 5.11 shows the cross mobility. This shows the lateral response to a vertical force
at position 1 and 2 of Fig. 5.9. For the Timoshenko beam model, the factor XdB was
selected as -14 dB at position 1 and -12 dB at position 2, while again the lateral pad

stiffness has been reduced to 15.2 MN/m to match the cut-on frequency of the wave

type L
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Figure 5.11: Cross-mobility for 60R1 rail

The response for the WFE model and current beam model follow a similar trend in both
cases, while for the Timoshenko beam model the only difference is the increased level
of the response. The agreement between the present beam model and the WFE model
is satisfactory only in the region of 100 Hz to 1 kHz. As discussed previously, the poor
agreement is probably caused by the additional flexibility of the 60R1 cross-section as

well as the higher torsional support stiffness.

5.4 Effect of track curvature

To investigate the effect of track curvature on the mobility and track decay rate, results
are shown from the developed model for the case of a straight rail and curved rails with
radii R of 100, 20 and 4 m. The vertical mobility and track decay rate are shown in

Fig. 5.12 and the lateral mobility and track decay rate are shown in Fig. 5.13.
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Figure 5.12: Vertical excitation for a straight and curved rail
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It can be seen from Fig. 5.12(a) that the effect of curvature becomes noticeable only at
a radius of 4 m. The differences in the point mobility occur at frequencies below 400 Hz
for a radius of 4 m. From Fig. 5.12(b) it is seen that the curvature affects the decay
rate above 200 Hz, for radii of 20 m and below. For a radius of 100 m, the influence of

curvature is negligible.
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Figure 5.13: Lateral excitation for a straight and curved rail

The lateral mobility is more sensitive to the effects of curvature, with noticeable dif-
ferences starting to occur below a radius of 20 m. Again, the differences in the point
mobility occur at frequencies below 400 Hz for a radius of 4 m. The lateral track decay
rates show the influence of curvature at frequencies below 1 kHz for a radius of 4 m and

to a much lesser extent for a radius of 20 m.

For both the vertical and lateral directions, the effect of curvature is seen to be insignif-
icant for a radius of 20 m and above. Since typical mainline and tram tracks will mostly
have curvatures greater than this, it can be concluded that track curvature is not an
important aspect in modelling the response of rails. Instead, a straight rail model is

sufficient and should be preferred to avoid added complexity.

5.5 Effect of torsion, shear centre eccentricity and warping

In order to understand the influence of coupling through the beam model (i.e. excluding
support location), the effect of torsion, shear centre eccentricity and warping is investi-
gated here individually. Results are shown from the developed model for the case of a
straight rail with these coupling sources considered individually. In order to investigate
the influence of torsion, Eq. (2.45) is considered along with Eqs (2.68) and (2.69) for
vertical bending, and Eqs (2.78) and (2.79) for lateral bending. Shear centre eccentric-
ity is included by considering Eqs (2.140)-(2.142) along with the influence of torsion.
Finally, to investigate the effect of warping, Eqs (2.45), (2.68), (2.69), (2.78) and (2.79)
are considered along with Eq. (2.107).
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In Figs 5.14 and 5.15, the mobility and decay rate due to vertical and lateral excitation
are presented respectively. The solid line represents the current beam model accounting
for all sources of coupling, the dash line represents the case without accounting for shear-
centre eccentricity or warping, while the dash-dot and dot lines show the individual effect
of shear centre eccentricity and warping respectively. The excitation force is applied at

position 1 of Fig. 5.1 for the vertical response, while for the lateral responses it is applied

at position 2.
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Figure 5.14: Vertical excitation for a straight rail with torsion, shear centre
eccentricity and warping considered individually

At low frequencies, the behaviour of the rail is mainly controlled by the track support,
and the point mobility and track decay rates are similar for all models. For the vertical
direction, differences start to occur above 400 Hz, while for the lateral direction, the

lateral mobility is seen to increase above 200 Hz.
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Figure 5.15: Lateral excitation for a straight rail with torsion, shear centre
eccentricity and warping considered individually

From Fig.5.15, it is observed that the main contributing factors to the increased lateral

mobility compared to the fully coupled model is the inclusion of torsion and the correct
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account of the support location. The inclusion of torsion affects the response over the
whole frequency spectrum whereas the shear centre eccentricity and warping influence

the higher end of the frequency spectrum.

5.6 Effect of double-layer support

In Chapter 4, a double-layer support was introduced, accounting not only for the trans-
lational degrees of freedom of a bibloc sleeper, but also the rotational ones. In addition,
the lateral bending, torsion and extension of a monobloc sleeper were considered, as
well as the vertical bending. Here, results for the forced response of the rail in the
vertical, lateral and axial directions are presented and compared for the two sleeper
models. These results are shown in Figs 5.16-5.18. The sleeper and ballast parameters
are tabulated in Tables 4.1, 4.2 and 5.1, where the frequency dependent ballast stiffness

as in Section 4.6.1 has been used.
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Figure 5.16: Vertical response of 60E1 rail on double-layer elastic foundation

As seen in the previous chapter, the response of the rail on a double-layer foundation
has additional resonance frequencies compared to the single layer support, as seen for
example in Fig. 5.8. This can also be seen in Fig. 5.16, where a peak in the mobility is
seen at about 100 Hz for the rail on the bibloc sleeper. This corresponds to the cut-on
of the combined mass of the rail and sleeper block on the ballast stiffness. The second
peak at 300 Hz corresponds to the cut-on frequency of the rail mass on the vertical pad
stiffness. For the lateral and axial responses, the contribution of the sleeper and ballast
is less evident, as seen in Figs 5.17 and 5.18, and the response resembles that of the

single support layer (see Fig. 5.8(b)).

The overall trends of the rail response obtained using the two sleeper models are similar.
The main differences are seen in the vertical and axial directions, where the frequency

dependent ballast stiffness is used (see Section 4.6.1), leading to less prominent peaks in
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Figure 5.18: Axial response of 60E1 rail on double-layer elastic foundation

the rail response and some variations in the decay rate. The lateral responses using the
two sleeper models are almost identical, as the longitudinal sleeper dynamic behaviour
does not influence the response significantly. More noticeable differences are seen in the
axial decay rate, in Fig. 5.18(b), but these are at low frequencies and are thus unlikely

to be of any consequence to rolling noise.

5.7 Comparison with measurements

In order to calibrate the stiffness and damping parameters used in the numerical models,
a comparison with measurements is first necessary. Here, track decay rates are preferred
over point mobilities as they are most relevant to rolling noise. Since the track properties
are not fully known, a basic curve fitting procedure is performed based on matching the

predicted and measured track decay rate in order to aid the determination of the pad and
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ballast stiffness and damping, while maintaining the same rail and sleeper properties.

Here, measurements on three different tracks have been chosen.

The first is a 33 m long test track at the University of Southampton. This track has been
chosen due to the ease of access in performing the various experiments, as well as the
fact that previous measurements exist for this track. Here, results for the vertical and
lateral mobilities and track decay rates are obtained from Betgen et al. [97], while new
measurements were carried out on the same track for the axial direction'. In order to
understand the effect of vertical/lateral coupling, the measured data are used to compare
against the predictions. This is based on the point and cross mobilities for the rail when

excited across the rail head at various positions, both vertically and laterally.

The second and third tracks are at an operational site at Fishbourne, Sussex. This set
of measurements? has been conducted by previous researchers from the University of
Southampton (e.g. Squicciarini et al. [28]). This site has been chosen for two reasons.
Firstly, an operational site was desired for which train pass-by noise measurements
are also available. Secondly, two tracks exist at this site, one of which underwent a
major renewal. The unrenewed track has relatively stiff pads whereas the renewed
track has soft pads. Having two tracks with different pad stiffnesses is of particular
importance, especially when vertical /lateral coupling is considered, as has been pointed
out by Vincent et al. [26].

5.7.1 University of Southampton test track

This site consists of two rails laid on approximately 50 sleepers, embedded in ballast.
The rails are attached to the sleepers using Pandrol’s fast-clip fastening system. A
comparison is made between the model developed here and the measurements. Results
are also shown for the Timoshenko beam model. The aim of these comparisons is two-
fold; a) to compare the performance of the two models in extracting track parameters
by visually fitting the responses based on the track decay rates and point mobilities and
b) to validate the performance of the model in terms of vertical/lateral coupling through

the prediction of the cross-mobilities.

In order to represent the track in the presented and Timoshenko beam models more
accurately, the two-layer support has been introduced using the monobloc sleeper model,

accounting for the dynamic stiffness ballast. Table 5.2 shows the derived parameters.

The measurement locations across the rail cross-section are shown in Fig. 5.19. For the
measurement of the vertical and lateral mobilities, in order to calculate the respective
decay rates, the points selected are those defined by [120]. These correspond to positions

1 and 2 in Fig. 5.19. For the cross mobility, the locations are at 10 and 20 mm away from

!These measurements were performed with the assistance of Dr Michat K. K. Kalkowski.
2Measurements for the two track sites at Fishbourne have been provided by Dr Martin G.R. Toward.



150

Chapter 5 Mobility and decay rates

Table 5.2: Derived properties for test track.

Current model Timoshenko
Sleeper model Monobloc Monobloc
Sleeper mass (per rail), m® 150 kg 150 kg
Sleeper spacing, lss 0.63 m 0.63 m
Rail loss factor, 7, 0.01 0.01
Pad axial stiffness, k¥ 100 MN/m 25 MN/m
Pad vertical stiffness, k) 120 MN/m 120 MN/m
Pad lateral stiffness, k2 100 MN/m 25 MN/m
Pad vertical loss factor, 7, , 0.25 0.25
Pad lateral loss factor, 7, 0.2 0.2
Ballast axial stiffness, k, 3 100 MN/m 100 MN/m
Ballast vertical stiffness, &, , 100 MN/m 100 MN/m
Ballast lateral stiffness, k., 100 MN/m 100 MN/m
Ballast axial loss factor, n 4 1.0 1.0
Ballast vertical loss factor, m,, 0.5 0.5
Ballast lateral loss factor, n 1.0 1.0

the rail centreline, corresponding to position 3 and 4 respectively. Finally, to measure

the axial mobility, excitation position 1 was used on the end of the rail.

1314

Figure 5.19: Measurement locations across the rail cross-section on University
of Southampton test track

The point mobilities for vertical and lateral excitation are plotted in Fig. 5.20. The mea-
sured point mobility, when plotted in narrow frequency resolution, exhibits oscillations
at frequencies above 600 Hz, attributed to reflections from the ends of the finite length of
track. To avoid this, the results are presented here in one-third octave frequency bands,

averaging the squared modulus and neglecting the phase.

The model shows a very good agreement with the measurements in terms of both the
mobility and decay rates up to 2 kHz. The agreement for the vertical direction is slightly
better than for the lateral direction for the decay rate, while the opposite applies for
the point mobility. It is seen from Table 5.2 that the estimated lateral pad stiffness
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Figure 5.21: Track decay rate comparison against measurements for test track

required to fit the measured data is significantly higher than when fitting with a simple

Timoshenko beam model.

As seen from Fig. 5.20(b), a significant improvement is obtained in the lateral mobility
using the proposed model, compared with the Timoshenko beam model. The main
reason for this, as discussed in previous sections, is the inclusion of torsion and support
eccentricity in the model. What is important to note from Fig. 5.20(b) is the fact that,
even though the current model does not include cross-sectional deformation, the main

trend in the lateral mobility is adequately represented over the whole frequency range.

The track decay rates are plotted in Fig. 5.21. The overall comparison with the mea-
sured track decay rates is satisfactory for frequencies up to about 2 kHz. Above that
frequency, the measured track decay rate increases significantly, for both the vertical
and lateral directions, due to cross-sectional deformations. For the vertical direction,
the current and Timoshenko beam models match closely. For the lateral direction, at

low frequencies, the present beam model provides a better agreement with the measured
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results. However, between 300 Hz and 2 kHz the Timoshenko beam model gives a better

agreement.

The axial point mobility was measured at the top of the rail on its centreline (position 1
in Fig. 5.19) at one end of the finite length rail. The accelerometer was placed near the
top of the rail while the excitation position was just below the accelerometer position,
with the load applied along the rail. Since the model is based on an infinite rail, the
predicted mobility was multiplied by 2 to compensate for the free end. In order to reduce
the influence of peaks due to reflections in the measured data, the response time history
has been post-processed manually. The signal is truncated after ¢t = 2L/c;, ~ 12.4 ms,
where L is the length of the finite rail and ¢y, is the speed of longitudinal waves (see
Section 2.4.1). The factor of 2 is to account for waves travelling to one end of the rail
and back. In addition, since the response at the end of this time history does not decay
to zero (it is a lightly damped structure), an exponential window has been applied as
[122]:

We(t) =e /7 (5.10)

where 7 is a time constant in seconds. Fladung [122] suggested that one quarter of the
time record should be used for the time constant for lightly damped structures. In this
case, this was found to be too low, overdamping the signal. Instead the actual length of
the time record was used. Figure 5.22 shows the original and windowed time signals for

a single impact excitation.
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Figure 5.22: Axial acceleration due to a single impact excitation

The axial mobility is shown in Fig. 5.23. Three different curves are plotted, correspond-

ing to the predicted response using the present beam model, the predicted response
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using an axial rod and the measured response. Since the reflections have been treated

here, the results are shown as narrow-band spectra.
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Figure 5.23: Axial mobility comparison with measurement for test track

Overall, the mobility obtained using the present beam model is seen to be higher than
that of the axial rod, due to the coupling with vertical bending. Also, similar to Fig. 5.4,
the axial rod model does not predict the peak at 5 kHz corresponding to the wave type

iv, whereas the current model does.

Compared with the measured data in Fig. 5.23, the predicted mobility is slightly lower
at low frequencies. The trend of the mobility is well captured over the whole frequency
spectrum. Overall the model shows a very good agreement with the measurements for

the point mobility and decay rates, up to about 2 kHz.

The cross mobility of the track is shown in Fig. 5.24, when the rail is excited vertically
with an offset of 10 and 20 mm, i.e. at positions 3 and 4 respectively in Fig. 5.19. The
lateral response in both graphs was measured at position 2. The cross mobility for the
Timoshenko beam model is based on the geometrical average of the vertical and lateral
receptances as in Eq. (5.6). By visually fitting the cross mobility to the model, the factor
XdB was set to -14 dB for an offset of 10 mm (Fig. 5.24(a)) and -8 dB for an offset of
20 mm (Fig. 5.24(b)).

Here, agreement between the two models and the measurements is not so good although
the main trends are captured. Although neither model accounts for cross-sectional
deformation, the predictions based on the empirical relationship of Eq. (5.6) also lack

information about the torsional behaviour of the rail, which has been shown to be
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Figure 5.24: Cross mobility comparisons against measurements for test track

essential to describe the lateral mobility. Therefore, it is suggested that the developed

model is preferred for calculating the cross mobility.

5.7.2 Fishbourne

As discussed previously, one of the two tracks at Fishbourne, Sussex underwent a major
renewal with complete replacement of ballast, sleepers, pads and rails. The track form of
both the renewed and unrenewed track remained essentially the same. The main struc-
tural difference was that for the unrenewed track, the fastening mechanism consisted of
Pandrol e-clip fastening system, while in the renewed track Pandrol fast-clip fastening
system was used. The aim of this comparison is to extract the track parameters for the
two tracks. They will also be used in Chapter 6 in predictions of the sound radiated

during a train pass-by.

For both tracks at Fishbourne, the rail section used was 56E1. The material and geo-
metric properties of this section are tabulated in Table 5.3. The sleepers were concrete

monobloc.

Unrenewed track

Firstly, the unrenewed track is considered. Table 5.4 shows the parameters derived
for this track using both models, where the dynamic ballast stiffness is used above
100 Hz. The parameters have been derived by visually fitting the predicted track decay
rate to the measured one, in a similar fashion to the previous section, although here,
better agreement was sought for higher frequencies that are more important for noise
predictions. Although the lateral assembly stiffness extracted based on the developed
beam model is expected to be higher than that using the Timoshneko beam model, this

is not the case in Table 5.4. Due to the high vertical pad stiffness, the torsional stiffness
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Table 5.3: Rail section properties (inertial properties relative to centroid)

Value Units
Section 56E1 -
Young’s modulus, F 210 GPa
Shear modulus, G 80.769 GPa
Density, p 7860 kg/m3
Poisson’s ratio, v 0.3 -
Cross-section area, A 7.12 x 1073 m?
Second moment of area about y-axis, [, 419.8 x 1078 m*
Second moment of area about z-axis, I, 2278 x 1078 m?
Product moment of area, I, 0 m*
Polar moment of area, I, 2.6978 x 107° m*
Torsional constant, J 1.919 x 1075  m?*
Vertical shear coefficient, &, 0.425 -
Lateral shear coefficient, k., 0.542 -
Vertical shear centre eccentricity, e, 0.0284 m
Lateral shear centre eccentricity, e, 0 m
Warping constant, I, 2.161 x 1078 mS
Warping product moment of area, I, 1.6971 x 1077 m°
Warping product moment of area, I, 0 m°
Warping product moment of area, I, 0 m6
Warping product moment of area, [,,,. -2.41 x 1078 m6
Warping product moment of area, Iy 0 m’
Rail foot/pad width, i, 140 mm
Rail foot warping coefficient, k -0.6 -

controls the lateral response of the model, hence making it less sensitive to variations of
the lateral pad stiffness. Here, the lateral pad stiffness using the two models is found to

be identical.

Figure 5.25 shows the track decay rates for the vertical and lateral excitation. In
Fig. 5.25(a), three peaks are seen in the measured data, at about 60 Hz, 250 Hz and
800 Hz, corresponding to the cut-on of the combined mass on the ballast, the cut-on of
the rail on the pads and the ‘pinned-pinned’ resonance. Although the ‘pinned-pinned’
resonance is not seen in the model since a continuous support is assumed, the fit is
performed between 250 Hz and 800 Hz, to provide higher accuracy of the predicted de-
cay rate at higher frequencies, as compared to the the fitting in Section 5.7.1 which was
performed only for the main peaks at frequencies between 100 Hz and 400 Hz. The same
procedure is followed for both the Timoshenko beam model and the present model. For
the lateral track decay rate in Fig. 5.25(b), the Timoshenko model fails to predict the
second peak at 400 Hz, corresponding to the wave type II cut-on frequency. The rail
loss factor (1, =0.015) has been adjusted to provide satisfactory agreement for both the

vertical and lateral directions.

The point mobilities for vertical and lateral excitation are plotted in Fig. 5.26. For the
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Table 5.4: Derived properties for the unrenewed track at Fishbourne site.

Current model Timoshenko
Rail cross-section 56E1 56E1
Sleeper model Monobloc Monobloc
Sleeper spacing, lss 0.775 m 0.775 m
Rail loss factor, n, 0.015 0.015
Pad axial stiffness, k% 30 MN/m 30 MN/m
Pad vertical stiffness, k) 800 MN/m 800 MN/m
Pad lateral stiffness, k2 30 MN/m 30 MN/m
Pad axial loss factor, 7, 4 0.1 0.1
Pad vertical loss factor, 7, 0.25 0.25
Pad lateral loss factor, 7, 0.1 0.1
Ballast axial stiffness, k, 3 70 MN/m 70 MN/m
Ballast vertical stiffness, k, 100 MN/m 100 MN/m
Ballast lateral stiffness, k. 70 MN/m 70 MN/m
Ballast axial loss factor, n 2.0 2.0
Ballast vertical loss factor, n;,, 0.25 0.25
Ballast lateral loss factor, ny; 2.0 2.0
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Figure 5.25: Track decay rate comparison with measurements at Fishbourne -
unrenewed track

vertical mobility, two distinct peaks can be seen in the measured mobility. The first
occurs at about 120 Hz and corresponds to the cut-on of the combined mass of the rail
and sleeper on the vertical ballast stiffness, i.e. the first cut-on of vertical wave type
i. The second peak corresponds to the vertical ‘pinned-pinned’ resonance frequency
occurring at about 700 Hz. The predicted results using the two models do not capture
the ‘pinned-pinned’ resonance. Instead, multiple peaks of smaller magnitude are seen

between 300 Hz and 1 kHz, corresponding to the flexible sleeper modes.

Similarly for the lateral mobility, three distinct peaks can be seen in the measured
mobility. The first occurs at about 100 Hz and corresponds to the cut-on of the combined
mass of the rail and sleeper on the ballast stiffness, i.e. the first cut-on of vertical wave

type I. The second peak corresponds to the lateral ‘pinned-pinned’ resonance frequency



Chapter 5 Mobility and decay rates 157

occurring at about 300 Hz. The third peak, at about 600 Hz corresponds to the cut-on
of lateral wave type II. At low frequencies, in the lateral direction both models have a
lower mobility than the measurement. At higher frequencies, the present beam model
gives a better agreement with the measurement than the Timoshenko beam model, due

to the inclusion of torsion as seen previously.
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Figure 5.26: Mobility comparison with measurements at Fishbourne - unre-
newed track

Renewed track

Table 5.5 presents the derived track parameters for the renewed track. Again, the
dynamic ballast stiffness is used. The track decay rates for the vertical and lateral

excitation are presented in Fig. 5.27 while the respective mobilities are presented in

Fig. 5.28.

The estimated track parameters for the lateral direction are found to be significantly
higher with the current model than when a fitting is performed with a simple Timoshenko
beam model. This is due to the reduction in the lateral cut-on frequency when coupling
is introduced through the foundation (see Section 3.6). Although the actual lateral pad
stiffness is not expected to be as high as 100 MN/m [116], the rail fastening system
is likely to provide a significant increase in the overall assembly stiffness in the lateral
direction. In this case, the stiffness provided by the assembly (fastclip) is higher that
that in the unrenewed track (where e-clips were used), and it is the same as that for

the test track at the University of Southampton, where again Pandrol’s fastclips are in

place.

For both the track decay rates and point mobilities, the two models provide a satisfactory
agreement with the measurements for the extracted parameters, given the limitations

discussed so far.
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Table 5.5: Derived properties for the renewed track at Fishbourne site.

Current model Timoshenko
Rail cross-section 56E1 56E1
Sleeper model Monobloc Monobloc
Sleeper spacing, lss 0.65 m 0.65 m
Rail loss factor, n, 0.015 0.015
Pad axial stiffness, k% 100 MN/m 15 MN/m
Pad vertical stiffness, k) 100 MN/m 100 MN/m
Pad lateral stiffness, k2 100 MN/m 15 MN/m
Pad axial loss factor, 7, 4 0.15 0.15
Pad vertical loss factor, 7, 0.2 0.2
Pad lateral loss factor, 7, 0.15 0.15
Ballast axial stiffness, k, 3 70 MN/m 70 MN/m
Ballast vertical stiffness, k, 60 MN/m 60 MN/m
Ballast lateral stiffness, k. 70 MN/m 70 MN/m
Ballast axial loss factor, n 2.0 2.0
Ballast vertical loss factor, n;,, 0.5 0.5
Ballast lateral loss factor, ny; 2.0 2.0
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Figure 5.27: Track decay rate comparison with measurements at Fishbourne -

renewed track

5.8 Fitting of the cross mobility

So far, the cross mobility of the developed model has been compared against the WFE

model and measurements made at the University of Southampton test track. Measure-

ments of cross mobility for the two tracks at Fishbourne are not available. Here, the

XdB parameter is obtained when fitting the cross mobility of the existing Timoshenko
beam model in TWINS to the present model. For the two tracks at Fishbourne, the fit-

ting is performed at the asymptotic behaviour of the cross mobility of the current beam

model at either end of the frequency spectrum (i.e. below 200 Hz and above 2 kHz).

Table 5.6 shows the values of XdB for the parameters of the University of Southampton

test track and the two tracks at Fishbourne.
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Table 5.6: XdB parameter for cross mobility fitted to current model.

Offset (mm) | Test track | Renewed Unrenewed

5 -19 -17 -18
10 -14 -12 -15
15 -11 -10 -13
20 -8 -8 -12

As the point of contact approaches the rail centre, the required value of XdB decreases
significantly. This is mainly due to the reduction of coupling in the present model, where
if the rail was excited at the rail head centre, almost no coupling would occur. It is also
seen that the X dB parameter for the test track is more similar to the renewed track than
the unrenewed track at Fishbourne, as the properties of the test track and the renewed
track at Fishbourne are more similar. To provide a look-up table for XdB values to be
used, a more detailed study should be performed based on different track and contact

conditions.

5.9 Conclusions

Using the model for the vibration of a railway track, developed in the previous chapters,
results for the point mobility and track decay rate have been presented for a supported

rail for both vertical and lateral excitation.

Of the various effects considered, the response in both the vertical and lateral directions
is most influenced by the inclusion of torsion in the model. The effect of curvature is
found to be negligible for the modelling of rails, and it can be concluded that a straight
rail model is sufficient for all practical situations. To improve the model further at higher
frequencies, consideration needs to be given to the cross-sectional deformation which is

especially significant for the lateral response above 1.3 kHz.
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The forced response obtained from the current model has also been compared with a
WEFE model that includes cross-sectional deformation as well as with measurements
performed at three sites. Overall the model is shown to give excellent agreement with
both the WFE predictions and measurements, within the frequency range of applicability
of the developed model which is up to 3 kHz for the vertical direction and up to about
1 kHz for the lateral direction. The agreement is still good at higher frequencies with
the exception of frequencies in the vicinity of the cut-on of waves relating to the cross-
sectional modes. The cross mobility predicted using the developed model is shown to
have a very good agreement with that predicted using the WFE model up to about
1.3 kHz, above which cross-sectional modes become important. In contrast, when the
predicted cross mobility from the developed model is compared to measurements, the

agreement is not very good, although the main trends are captured.



Chapter 6
Implications for rolling noise

In Chapter 5 it has been shown that the inclusion of torsion and support eccentricity
can significantly affect the lateral vibration of the rail. In order to evaluate their effects
on rolling noise, a Matlab implementation of TWINS (‘Track-Wheel Interaction Noise
Software’) [17, 62, 123] is extended here to incorporate the coupled track model presented
in the previous chapters, including the flexible sleeper model. The model is applied to
the two tracks at the test site at Fishbourne at which measurements of noise, roughness

and track decay rate have been made!.

6.1 The TWINS model for rolling noise

The workflow of the TWINS model was introduced in Chapter 1. A description of the
track representation is also given in Appendix B. In this section, the intermediate results
used in the TWINS model to represent track dynamics and radiation are identified, and it

is shown how these can be obtained using the model developed in the previous chapters.

6.1.1 Inclusion of the coupled track model in TWINS

It has been demonstrated in the literature that the noise radiated by the lateral track
vibration can, in some cases, be higher than that due to the vertical vibration [26],
especially when stiff rail pads are considered. The effective radiating length is inversely
proportional to the wave decay rate, so a low decay rate corresponds to a large radiating
length and vice versa. Thus, as seen from Chapter 5, lateral wave types I and II are likely
to have a larger radiating length than vertical wave type i. If this lower decay rate is

combined with an increased level of excitation for type I and II waves, their contribution

! All measurements at Fishbourne, Sussex used in this chapter are obtained from [28].

161
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to the total radiated sound power can increase. As was shown in Chapter 5 the inclu-
sion of torsion can significantly increase the lateral and cross mobilities and, thus, it is
important to account for the coupling between the lateral and torsional behaviour of the
rail provided by the developed beam model for rolling noise predictions. Although the
axial waves have an even lower decay rate, they are not significantly excited and their
radiated sound power is likely to be negligible. Similarly, the warping waves have a high
decay rate, and combined with a small excitation, it is expected that their contribution
will be negligible in comparison with the total radiated sound power. Despite the fact
that the axial and warping waves are expected to have minimal contribution, they will

still be included in the analysis for completeness.
In order to incorporate a track model in TWINS, the main quantities that need to be
considered, as identified in Appendix B, are:
1. Rail receptance «j in the vertical and lateral directions, including the cross re-
ceptance, and partial receptance By, per wave n due to a force in direction k

2. Rail wave displaced shapes 1, per wave n in direction j

3. Average sleeper receptance in the vertical direction (average sleeper response due

to a force at the rail seat)

4. Average vertical sleeper receptance per wave n and wave displaced shapes v jy,

per wave n on the sleeper
5. Propagation constant s, (or wavenumber &, = —is,)

6. Radiated sound power from the rail per unit length per wave n (W)) normalised

by the peak velocity at the centroid.

In Chapter 2, the eigenvalue problem of Eq. (2.85) was used to derive the wavenumbers
for the given model for each wave n and the corresponding left and right eigenvectors.
This allowed the forced response of the rail to be determined from Eq. (5.2). These
eigenvalues will be used here to calculate the propagation constants for each wave (see
Eq. (B.2)).

The rail wave displaced shape (vj,) corresponds to the right eigenvectors, based on
Eq. (5.3) (compare with Eq. (B.3)), i.e.

'¢'n = \Ilf (6.1)

where 1, is a vector containing the rail displaced shape in wave n for each degree of

freedom j (1), while the rail receptance per wave is given for a force in the vertical
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and lateral direction at the contact point (F}) as:

UIF)

Pin = QL AI(E, ) TR

The rail receptance is obtained as shown in Chapter 5.

To obtain the equivalent sleeper results, the sleeper displaced shapes are derived from the

ratio of sleeper to rail vibration in each wave. Consider the second row from Eq. (4.88):
~-T! K,T,U, + T K, T,,U, + KP (w)U, — w*M,U, = 0 (6.3)
Solving Eq. (6.3) for the sleeper displacement Uy leads to:
U, = (T, K, T, + KP (w) — w’M,) ' T K, T, U, (6.4)
From Eq. (6.4), the ratio of rail to sleeper vibration is given by:
U, =U,U; ! = (TT K, T,, + K (w) — M) ' T? K, T, (6.5)

where U,/ is a 6x7 matrix consisting of the ratios of sleeper to rail displacement,
corresponding to six degrees of freedom and seven waves. From this, the sleeper displaced

shapes can be found for each degree of freedom j by:

ws,jn = Us/r,jnd}jn (66)

Finally, the sound power per unit length, W, for the rail has to be calculated for each
wave n. This is done using an in-house? Boundary Element software BEARS (‘Bound-
ary Element Acoustic Radiation Software’) which solves the two-dimensional direct BEM
Helmholtz integral equation with CHIEF points to account for the non-uniqueness prob-
lem using the method described in [124]. This is a two-dimensional model, so it assumes
an infinite rail vibrating in phase over its length. The rail is assumed to be radiating
in free space. The rail cross-section is defined by 73 elements as shown in Fig. 6.1.
The displacements and rotations at the centroid are transferred to all the nodes and
the normal velocity at each node is found and applied as the boundary conditions in
the BE model for each frequency and each wavetype. Due to the track properties and
frequency dependence of the wave shapes, the sound radiation for the new model must
be calculated for each set of track parameters. For the sleeper radiation, the existing
model from TWINS is used, only accounting for the vertical sleeper response, although

for the present beam model this is obtained as a sum over all seven waves.

The rail sound power W), per wave is plotted in Fig. 6.2, where each wave shape is
normalised to have a 1 m/s peak amplitude at the rail centroid. Results are shown

for the two tracks at Fishbourne described in Section 5.7.2. Note that these are only

2Written by Dr C.J.C. Jones.
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Figure 6.1: 60E1 rail cross-section discretisation for BE calculations

intermediate results as the final sound powers also depend on the wave amplitudes and
decay rates. As expected the sound power radiated due to the warping and axial waves is
significantly smaller than that of all other wave types. For the renewed track properties
in Fig. 6.2(a), the wave type II has similar radiation to that of wave type I at low
frequencies, mainly due to the coupling caused by the foundation eccentricity. Its sound
radiation drops between 400 Hz and 1 kHz. In this frequency range, the rail is rotating
about the centroid in this wave, behaving as an acoustic quadrupole, corresponding to
two identical dipoles with opposite phase [125]. Above this frequency range, the acoustic
wavelength becomes comparable to the height of the rail, and the head, foot and web
are seen to radiate noise independently. For the Timoshenko beam model, the results
for waves i and Ve will be identical, and so will I and Le. For the present beam model,
the waves of type i, Ve, I and Le have small fluctuations due to coupling. For example,
at high frequencies, the wave type Le follows the behaviour of the type i and Ve waves,

but since it is an evanescent wave, it is not expected to influence the overall results

significantly.
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Figure 6.2: Radiated sound power per metre of rail for 1 m/s peak velocity at
the centroid in each wave
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Similar conclusions can be drawn for the unrenewed track from Fig. 6.2(b). Two no-
ticeable differences are the reduced axial radiation compared to the renewed track (it
is no longer visible in Fig. 6.2(b)) and a coupling between the type i, II, Ve and Le
waves at frequencies below 200 Hz. Analysis of wave shapes at low frequencies, similar
to Fig. 3.15, has revealed that the vertical waves have a high lateral contribution and
vice versa. Due to the higher pad stiffness of the unrenewed track, the sleeper vibration
has a greater influence on the rail. In this case, the asymmetry of the applied loads on
the flexible sleeper causes an additional coupling between the vertical and lateral waves
at low frequencies. This influences the sound power in Fig. 6.2(b) at low frequencies,
where below 200 Hz the radiation of vertical wave types i and Ve is more similar to that

of lateral waves type I and Le from Fig. 6.2(a) and vice versa.

6.1.2 Wheel and rail roughness

Wheel and rail roughness data are obtained from measurements made at the test site at
a similar time to the measurements of the track decay rates presented in Section 5.7.2
for both the renewed and unrenewed tracks. The wheel roughness used for both sites
is that of a Class 377 Electric Multiple Unit. The wheel and rail roughness spectra
are combined to provide the total roughness, and are used to calculate the wheel/rail
interaction forces. The combined wheel and rail roughness is shown for both tracks in

Fig. 6.3, along with the separate wheel roughness.
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Figure 6.3: Combined wheel and rail roughness for Fishbourne site and mea-
sured wheel roughness for EMU Class 377

As expected, the rail roughness is higher overall before renewal took place. The rough-
ness used for the wheel is the same for both tracks. For the contact filter, the analytical
formula from [4] is used with a normal load of 50 kN, a rail head radius of curvature of

0.3 m and a wheel diameter of 0.841 m.
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6.2 Rolling noise predictions

Rolling noise predictions are made for two example cases. These are based on the track
parameters derived earlier for the Fishbourne site, at which also noise measurements
have been performed previously [28]. The common parameters used in TWINS for the
ground, microphone position, vehicle geometry and speed are presented in Table 6.1.
It is noted here that for the wheel response, modal parameters (natural frequencies,

damping ratios and modeshapes) from an existing FE wheel model have been used.

Table 6.1: Common parameters used in TWINS

Parameter Value  Units
Ground height below railhead 1.5 m
Ground flow resistivity 3x10% Pa.s/m?
Microphone height above railhead 1.2 m
Vehicle speed 118 km/h
Vehicle length 20 m

The sound pressure level (SPL) spectrum measured at 7.5 m from the track centreline
during the passage of a Class 377 EMU is presented in Fig. 6.4 both for the renewed and
unrenewed tracks. In each figure, as well as the measured results, two predicted results
are shown, corresponding to the spectra predicted using the newly developed model and
those predicted using TWINS with the existing Timoshenko beam model. For both
tracks, the measured wheel and rail roughnesses presented in Section 6.1.2 have been
used. For the current model, the offset of the contact point is set to 5 mm for both cases,
while for the Timoshenko beam model the empirical factor, XdB, is set to -17 dB for
the renewed track and to -18 dB for the unrenewed. These values are chosen according

to the fitted cross mobility as tabulated in Table 5.6.
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Figure 6.4: Measured and predicted A-weighted sound pressure level at 7.5 m
for Fishbourne site
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Overall, for both tracks the main trend of the measured sound pressure level is repro-
duced in the predictions, although, the predictions for the renewed track provide a better
agreement with the measured results especially at frequencies above 2 kHz. At lower
frequencies, the predictions using the two models have slight differences. At higher fre-
quencies, above 3 kHz, where the sound pressure level is mainly controlled by the wheel
contribution, the two predictions are similar to each other. The main differences are
therefore seen between 400 Hz and 3 kHz, where for the renewed track the present beam
model gives overall a higher prediction than the Timoshenko beam model, while the
opposite is true for the unrenewed track. For the unrenewed track, above 2 kHz, the
two models show a high deviation from the measured data which is likely to be due to

acoustic propagation effects (i.e. ground reflection) or the roughness data used.

The overall A-weighted levels are tabulated in Table 6.2, along with the separate contri-
butions of the wheel, rail and sleeper. For the renewed track, the sound pressure level
is more influenced by the rail contribution for both models, whereas for the unrenewed

track, the levels of wheel, rail and sleeper contributions are more similar to each other.

Table 6.2: Overall A-weighted sound pressure level at 7.5 m for Fishbourne site
in dB(A).

Renewed Unrenewed
dB(A) | Current | Timoshenko | Measured | Current | Timoshenko | Measured
Wheel 80.4 80.2 - 81.5 81.3 -
Rail 88.9 87.7 - 83.2 82.3 -
Sleeper 73.4 75.3 - 81.1 82.9 -
Total 89.6 88.6 88.3 86.8 87.0 84.1

Figure 6.5 shows the predicted sound pressure level spectra for the present and Timo-
shenko beam models for the overall level as well as separate levels of the wheel, rail and
sleeper noise predicted for the renewed track. In terms of the overall level in Fig. 6.5(a),
the main difference between the two models is seen between 400 Hz and 3 kHz where
the prediction using the Timoshenko beam model is about 3 dB lower. In the frequency
range between 300 Hz and 1 kHz, the wheel contribution using the Timoshenko beam
model is smaller than that for the present beam model. The reason for this difference
is likely to be due to the cross mobility, where as seen in Section 5.2.3, the two models
provide different results. In order to derive the parameter XdB, in Section 5.8, the
asymptotic behaviour of the cross mobility was considered at either end of the spectrum
(i.e. below 300 Hz and above 2 kHz). Thus, at frequencies below 300 Hz and above
2 kHz, the wheel contribution is expected to be similar since the cross mobilities are
also similar. The rail contributions for the Timoshenko beam model are consistently
lower than for the present beam model, while the opposite is observed for the sleeper

contribution.

Equivalent results are presented in Fig. 6.6 for the unrenewed track. Overall, the same

conclusions can be drawn, with two noticeable differences. Firstly, the differences in
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Figure 6.5: Comparison of present and Timoshenko beam models for total A-
weighted sound pressure levels at 7.5 m and individual contributions of wheel,
rail and sleeper - renewed track

wheel contribution to the sound pressure level at frequencies between 200 Hz and 1 kHz
are more pronounced than for the renewed track. In addition, the sleeper sound pressure
level from the predictions using both models has a more similar level to that of the rail
at mid-frequencies. This is seen to influence the overall levels at frequencies up to about
1 kHz. These observations are also in line with the sound pressure levels presented in
Table 6.2.

In order to identify the relative contribution of the wheel, rail and sleeper components to
the total noise, their SPL spectra are compared in Fig. 6.7 along with the total spectrum
for the current beam model, as an example. Here it is seen that at lower frequencies, the
sleeper dominates the response, and thus the total sound pressure level up to 300 Hz.
Above 300 Hz and up to about 2.5 kHz, the rail is the dominant noise source, and above

2.5 kHz the wheel component is seen to determine the total noise level.

The total sound power radiated by each wave for one wheel is shown in Fig. 6.8, where
no A-weighting has been applied. Firstly, some general remarks can be made for the two
tracks. As expected, the contribution of the axial wave is minimal. Similarly, a negligible
contribution is expected for the warping wave, which is about 35 dB less than the total
sound radiated over the whole frequency spectrum. The vertical evanescent wave has a

similar contribution to the corresponding propagating wave at lower frequencies (where
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Figure 6.6: Comparison of present and Timoshenko beam models for total A-
weighted sound pressure levels at 7.5 m and individual contributions of wheel,
rail and sleeper - unrenewed track

the decay rates are equally high) and drops at higher frequency. The behaviour of wave
type II is opposite to this, with a small contribution at low frequencies, increasing at
higher frequency. At frequencies above 1 kHz, it has a similar contribution as that of

the lateral wave type I.

Comparing Fig. 6.8(a) and (b), the vertical wave is seen to dominate the rail sound power
level for the renewed track. In contrast, for the unrenewed track, the sound power level
of lateral wave type I is higher than that of the vertical wave up to 125 Hz, and has

similar level to the vertical wave type i between 300 Hz and 500 Hz.

Table 6.3 shows the overall sound power rail contributions for the individual waves.
From this table, it is again seen that the contribution of wave type iii (the axial wave)
is negligible for both the renewed and unrenewed tracks. Similarly, the contribution of
wave types Le and w is also small. For the renewed track, a higher contribution than
the unrenewed track is observed for wave type i, a smaller contribution for wave type I,

while similar levels are seen for wave type II.

In the following section, measured track decay rates used in Chapter 5 are introduced

in the model and used to adjust the predicted responses.
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Figure 6.8: Individual wave sound power contributions to the total rail sound
power level

6.3 Predictions using measured track decay rates

So far the measured track decay rates have only been used to fit the predicted track decay
rate from the two models to the measured one, in order estimate the track parameters
required for the models. In TWINS, the measured track decay rates can also be used
as an input, modifying the propagation constant. This process can lead to improved

predictions, although this is not always the case as found by Jones and Thompson [24].

In this section, the process of substituting the decay rates into the propagation constant
is first presented. Then the Timoshenko beam model is used with a modified approach,
based on an iterative process to modify the propagation constant. For the present beam

model, the same approach is used to modify the propagation constant for wave types i
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Table 6.3: A-weighted sound power levels for individual waves in the rail in
dB(A).

Vertical waves Lateral waves Total
Wave type i iii Ve I II Le w
Renewed 106.9 | 18.6 | 83.7 | 88.2 | 82.7 | 63.9 | 62.0 | 107.0
Unrenewed | 100.3 | -0.3 | 84.2 | 91.0 | 82.4 | 68.9 | 64.5 | 100.9

and I, while for wave type II a simple adjustment is suggested. Finally, this relationship
is used in conjunction with the modified process for the present beam model and the
total sound pressure predictions are compared with those from the Timoshenko beam

model.

6.3.1 The use of measured track decay rates in TWINS

When measured track decay rates are available (for either the vertical or lateral di-
rections, or both), these can be used in TWINS to replace the real (decaying part) of
the predicted propagation constant (s) for the corresponding propagating waves of the
Timoshenko beam model, while maintaining the predicted imaginary part. This is done
by assuming that the propagating waves control the overall decay rate, which is reason-
able, as they have the lower decay rate (see Fig. 5.6) amd he evanescent waves have a
higher decay rate. However, the overall track decay rate can then be found by using the
experimental method [120] on the model and this will differ from the values used for the
propagating waves, as shown by Jones et al. [121]. When a more sophisticated model
is used accounting for more than one propagating waves in any direction, an iterative
approach has to be used instead. This is due to the fact that the measured decay rate

includes the combined effect of all the waves in that direction.

The overall predicted decay rate obtained using the original model, the adjusted decay
rate found by using the experimental method on the model (with measured values sub-
stituted in the propagating wave) and measured track decay rate are shown in Fig. 6.9

for the renewed track, shown separately for the vertical and lateral directions.

Since the propagation constant of the wave with the lower decay rate for each direction
is adjusted, the overall decay rate becomes more similar to the measured decay rate but
there are slight differences due to the presence of the evanescent waves. For the vertical
direction, slight differences are seen above 300 Hz. For the lateral direction, substantial
differences can be seen above 160 Hz. Although the measured and predicted track decay
rates are similar for frequencies between 160 Hz and 1 kHz, the adjusted track decay
rate is higher. This indicates that the lateral evanescent wave has a high influence on
the overall track decay rate in that frequency region. Above 1 kHz, the adjusted track

decay rate is similar to the measured data.
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Figure 6.9: Predicted, adjusted and measured track decay rates for Fishbourne
site using the Timoshenko beam model - renewed track

As seen from Fig. 6.9, the adjusted decay rate obtained using the direct approach to
modify the real part of the propagation constant is not the same as the measured one
due to the presence of the evanescent wave. In order for the final decay rate to be the
same as the measured decay rate, an iterative approach is proposed here. In the first
step of the iterative approach, the above process is utilised where the individual wave
decay rates are modified according to the direct approach and the adjusted overall track
decay rate is calculated using the experimental method [120] on the model. In the next
step, the decay rate used as an input to the model in the previous step is weighted at
each frequency, depending on whether the adjusted decay rate is higher or lower than the
measured one (weighting factor lower or higher than unity respectively). The process is
then repeated until the adjusted decay rate matches the measured one within a certain
error tolerance, here set at 1%. Due to the similar levels of decay for the type i and
Ve waves for the vertical direction and type I and Le waves for the lateral direction,
the first two frequency bands have been excluded from this process. For the renewed
track, on average nine iterations are required per frequency for the vertical direction
(iteration steps averaged over the number of bands), while four are required for the

lateral direction.

The decay rates obtained following the iterative procedure described above are shown
for the vertical wave type i in Fig. 6.10(a) and for the lateral wave type I in Fig. 6.10(b).
Since the decay rate of the adjusted lateral wave type I is just above the 0.2 dB/m
limit for the frequency band around 1500 Hz (cf. Section 5.2.4), according to [120], a
longer length of track needs to be considered for the estimation of the decay rate (see
also Eq. 5.9). Thus, in order to avoid limiting the minimum decay rate estimated when
using the iterative approach, for both tracks a track length of 132 sleepers is considered
(double the length suggested in [120]). Overall, the adjusted decay rate tends to be lower

than the measured one. An exception to this is seen at 160 Hz and 200 Hz for the vertical
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direction. In Section 5.7.2, the decay rates were fitted for frequencies between 250 Hz
and 800 Hz, resulting in the resonance frequency of the rail mass on the pad stiffness
being over-predicted. Using the iterative approach, a significantly higher wave decay
is required to increase the overall decay rate (note that the evanescent wave maintains
a high decay rate until the cut-on of wave type i), leading to the overshooting of the

adjusted decay rate for wave type i at the frequency bands of 160 Hz and 200 Hz.
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Figure 6.10: Decay rates based on iterative approach using the Timoshenko
beam model - renewed track

Results for the total sound pressure level are shown in Fig. 6.11(a) for the renewed
track. Four lines are shown, one corresponding to the measured sound pressure level and
three for the sound pressure level estimated using the predicted, measured (i.e. direct
approach) and adjusted (iterative approach) track decay rates. Differences between the
results obtained using the predicted track decay rates and those using the measured
or adjusted track decay rates are seen over the entire frequency range, with all three

estimates having similar deviations from the measured sound pressure level.
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Figure 6.11: Sound pressure level using the Timoshenko beam model in TWINS
using measured track decay rates
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Similarly, the sound pressure level for the unrenewed track is shown in Fig. 6.11(b).
Although, at the frequency band around 200 Hz, the sound pressure level predicted
using the measured track decay rates has a higher deviation from the measured level
than that using the predicted decay rates, an improvement is seen between 250 Hz and
3 kHz.

6.3.2 The use of measured track decay rates when accounting for ad-
ditional waves

The process of replacing the real part of the propagation constant with the measured
track decay rates is straightforward to implement for the case of the Timoshenko beam
model used in TWINS, as only one propagating wave exists in each direction for the
frequency range of interest. For the current model, this is more complicated for the
lateral waves as two coupled waves exist, namely types I and II, whereas the measured
decay rate represents their combined effect. Here, this is accommodated within the
iterative process described in Section 6.3.1 with a small modification. For the lateral
direction, at each frequency, first the predicted decay rate of wave type I (Af ) is replaced
by the total measured decay rate for the lateral direction (A}M), as for the Timoshenko
beam model. Then, for wave type II (Afl), the same measured decay rate is used but
weighted by the ratio between the predicted decay rates of the type I and II waves, i.e.:

A= i—%AZM (6.7)

I

thus maintaining the relative level of the decay rates of wave types I and II. This is
applied to the wave type II only for frequencies after free wave propagation starts to

occur.

Once the individual wave decay rates have been substituted using the above process,
the adjusted overall track decay rate after the first iteration can be calculated. The
process is then repeated for both the vertical and lateral directions until the desired
convergence criterion is reached, where for the type I and II waves, the ratio in Eq. (6.7)

is maintained.

Examples of using the above iterative process accounting for the lateral wave type II
are shown in Fig. 6.12 for the renewed track at Fishbourne, for the vertical and lateral
directions, along with the predicted and measured track decay rates. No significant
differences are seen between Figs 6.9(a) and 6.12(a), for the vertical decay rate. The
main differences are seen in the lateral decay rate, where a higher decay rate is observed
for the present beam model compared with the Timoshenko beam model for both the

predicted and adjusted track decay rates.
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Figure 6.12: Predicted, adjusted (after first iteration) and measured track decay
rates for Fishbourne site using the current beam model - renewed track

Figure 6.13 shows the predicted and adjusted (final) decay rates of wave types i, I and
11, along with the measured decay rates for the vertical and lateral directions. For the
lateral direction, a significant reduction in the wave decay rate is seen for both lateral
wave types I and II, between 200 Hz and 1.6 kHz. Although the individual waves have
a low decay rate, the warping wave (which has a high decay rate) has a significant
contribution in the point mobility (see Section 5.2.1), thus increasing the overall decay
rate. For the vertical decay rate, on average, seven iteration steps are required at each
frequency band to achieve 1% difference to the measured decay rate. Similarly, for the

lateral decay rate, the number of iterations is eight for the same level of accuracy.
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Figure 6.13: Initial and adjusted predicted decay rates for individual waves for
Fishbourne site - renewed track

From Fig. 6.13, it can be concluded that the predicted decay rate for propagating waves
is lower than the measured decay rate due to the presence of other waves. In the following
section, results for the pass by noise are presented for both the present and Timoshenko

beam models using the above mentioned approach.
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Given the level of uncertainty in the fitted track parameters, measured track and wheel
roughness, as well as the measured decay rate fitting, it is not possible to conclude
which beam model performs better. Nevertheless, the present beam model incorporates

features that are not present in the existing model.

6.3.3 Rolling noise predictions using decay rates from the iterative

approach

Although the iterative approach was not shown to necessarily give an improvement in
the comparison of the Timoshenko beam model and the measured data, the measured
track decay rates cannot be used for the present beam model without it. This is due
to the fact that, as discussed in Section 6.3.2, the measured lateral decay rate accounts
for the combined effect of wave types I and II. Therefore, estimates for the total sound
pressure level using the two models with the iterative approach are compared with the

measured levels in Fig. 6.14.
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Figure 6.14: Measured and predicted A-weighted sound pressure level at 7.5 m
for Fishbourne site using the current and Timoshenko beam models with the
iterative approach

Again, the predictions for the renewed track provide a better agreement with the mea-
sured data than those for the unrenewed track especially for frequencies above 2 kHz,
although, for both tracks the main trend of the measured sound pressure level is well

reproduced in the predictions.

The overall A-weighted SPL values are tabulated in Table 6.4, along with the separate
contributions of the wheel, rail and sleeper. The iterative approach is seen to reduce the
rail and sleeper contributions in comparison to the levels presented in Table 6.2. This
reduction is seen to improve the total sound pressure level predicted for the current

beam model for the renewed track when compared to the measured level.
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Table 6.4: Overall A-weighted sound pressure level at 7.5 m for Fishbourne site
in dB(A) using decay rates based on the iterative approach.

Renewed Unrenewed
dB(A) | Current | Measured | Current | Measured
Wheel 80.4 - 81.5 -
Rail 88.1 - 83.0 -
Sleeper 73.1 - 81.5 -
Total 88.9 88.3 86.8 84.1

The total sound power radiated by each wave is shown in Fig. 6.15, where no A-weighting
has been applied. Overall, the behaviour of the different waves is similar to that in
Fig. 6.8. Slight differences are seen for the lateral wave type I, where it has a higher
contribution when using the iterative approach to modify the propagation constant.
Here, for the unrenewed track, the sound power level of lateral wave type I is higher

than that of the vertical wave type i up to about 125 Hz and between 200 Hz and 500 Hz.
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Figure 6.15: Individual wave sound power contribution to the total rail sound
power level

Table 6.5 shows the rail sound power contribution for individual waves. Again, no
significant differences are seen compared with Table 6.3, apart from the fact that the

relative contributions of vertical wave type i and lateral wave type I have become more
similar for both tracks.

Table 6.5: A-weighted sound power levels for individual waves in the rail in
dB(A), using the iterative approach.

Vertical waves Lateral waves Total
Wave type i iii Ve I 11 Le w
Renewed 105.9 | 18.6 | 83.7 | 91.3 | 85.0 | 63.9 | 62.0 | 106.1
Unrenewed | 99.5 | -0.3 | 84.2 | 92.4 | 83.2 | 68.9 | 64.5 | 100.4
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6.4 Effect of contact point location

As described in earlier chapters and also by Vincent et al. [26], one of the most important
factors in considering vertical/lateral coupling is the location of the contact point on the
rail head. The track model developed in this work readily allows the study of the effect
of the contact position on rolling noise. Results for the sound pressure level at 7.5 m
from the track are shown in Fig. 6.16, for both track conditions, for several positions of

the contact in the rail model, from -20 mm to 20 mm from the railhead centre.
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Figure 6.16: Effect of contact point location on track sound pressure level

As can be seen from Fig. 6.16(a), the contact point position has a limited effect for the
renewed track. In contrast, for the unrenewed track in Fig. 6.16(b), the changes in the
contact point position significantly influence the sound pressure level between 200 Hz

and 3 kHz, i.e. in the region where the rail is the most dominant source.

Table 6.6: Effect of contact point location on track A-weighted sound power

level.
Renewed Unrenewed

Position | Vertical | Lateral | Vertical | Lateral

-20 mm 105.7 97.3 99.5 98.1

-10 mm 105.9 91.6 99.6 91.9

-5 mm 106.0 88.0 99.6 87.6

0 mm 106.0 88.4 99.6 88.6

5 mm 106.0 92.2 99.6 93.0

10 mm 105.9 95.4 99.5 96.2

20 mm 105.7 99.5 99.4 100.4

Table 6.6 shows the total A-weighted sound power level for the contact positions con-
sidered in Fig. 6.16, split into vertical and lateral contributions. From this table, it is
seen that the contribution of the vertical waves is not sensitive to the contact position.
In contrast, the contribution of the lateral waves to the total sound power level is very

sensitive to the contact position, with the farthest positions (here -20 mm and 20 mm)
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giving increases of up to 10 dB. Overall, the contribution of the lateral waves to the

total sound power level is smaller than that of vertical waves.

For the renewed track, the difference between the contribution of vertical and lateral
waves is between 17 dB (for contact at 0 mm) and 6 dB (for contact at 20 mm). Thus,
as also seen in Fig. 6.16(a), the influence of the contact position is limited. For the
unrenewed track, the relative contributions of the vertical and lateral waves are more
similar, and as the contact position is moved away from the rail head centre, the differ-
ence becomes smaller. For an offset of 20 mm, the contribution of lateral waves exceeds
that of vertical waves by 1 dB. Although the contribution of the lateral waves to the
sound power level for the unrenewed track is similar to that of the renewed track, their
relative contribution level is higher (see also Table 6.3). Thus, for the unrenewed track,
increasing the distance of the contact point from the rail centreline leads to an increased
total sound power level (see also Fig. 6.16(b)). Vincent et al. [26] reached similar conclu-
sions using the parameter XdB to account for the cross-coupling based on the contact

point location.
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Figure 6.17: Effect of parameter XdB on track sound pressure level

In Fig. 6.17, the effect of the parameter XdB on the track sound pressure level is
investigated for the Timoshenko beam model, by varying XdB from -7 dB to -19 dB.
In contrast with varying the contact position in the current beam model, XdB has an
effect for both the renewed and unrenewed tracks. The effect of varying XdB, similar
to the contact point location, is seen mainly for frequencies between 200 Hz and 2 kHz.
For the case of the renewed track, Fig. 6.17(a), a value of around -10 dB seems to be the
most suitable to give best agreement with the measured levels, while for the unrenewed
track a value of -19 dB appears more appropriate. The problem remains, that these
values cannot be linked with a contact point location, nor is it possible to determine the

contribution of individual waves.
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6.5 Conclusions

In this chapter, the model developed in the previous chapters has been implemented in
TWINS, in order to predict rolling noise taking account of all sources of vertical /lateral
coupling. The track parameters derived for the Fishbourne track site were used, and
the results were compared with sound pressure measurements taken previously at the
same site. Although it is not possible to assess directly whether the new model gives
improved predictions, it allowed for the evaluation of the contribution of the individual
waves, as well as the empirical process currently used within TWINS for estimating the

cross mobility.

Overall, the noise radiated by the track is primarily controlled by the vertical rail re-
sponse with a significant contribution from the lateral response. The axial and warping
responses have a minimal effect on radiated noise from the track. Although allowing
for torsion significantly affects the lateral response, the torsional wave by itself has a
relatively small contribution to the noise at low frequencies. As frequency increases, its
levels become similar to those of the lateral response. This is attributed to the fact that
the rail head and foot radiate independently when the acoustic wavelength is smaller
than the rail height.

An iterative approach has been introduced for modifying the propagation constant.
Comparison with measured noise did not lead to firm conclusions. Nevertheless, this
approach is essential when more than one propagating wave exists in any one direction,

here the lateral.

By considering two different tracks, one with stiff pads and one with soft pads, it can be
concluded that for tracks with soft pads, the contact location is not as critical as it is for
those with stiff pads. For the latter, the vertical rail contribution becomes significantly
smaller than for the track with soft pads, and comparable to the contribution of the
lateral /torsional response. The value of the parameter XdB required in the classical
TWINS model can be estimated by comparison of the cross mobility with the present
model. However it is suggested that the current model is used, as this correctly accounts

for the lateral/torsional coupling of the track.
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Conclusions

In order to fulfil the aims set out for this thesis, an analytical track model has been
developed, based on a beam formulation. This model can more accurately account for
the vertical, lateral and axial vibration of railway tracks, taking into account a variety
of coupling mechanisms. The model has been validated against both a more detailed
WFE model and measurements, showing very good agreement over the desired frequency

range.

In addition, an improved flexible sleeper model has been introduced, taking into ac-
count not only the vertical, but also the axial, lateral and torsional vibration of the
sleeper. The sleeper model has been validated with measurements performed in the
laboratory showing very good agreement, apart from the first bending mode which is

most influenced by the non-uniform geometry of the sleeper.

Finally, the track model has been used in TWINS to predict rolling noise and assess the
effect of lateral and torsional wave contributions to the overall radiated noise. A process
is also presented, by which measured track decay rates are not only combined with the
predicted decay rates of the propagating waves (as previously used in TWINS), but are
modified in an iterative manner until the predicted overall decay rate is the same as the

measured one.

7.1 Summary of conclusions

The following conclusions can be drawn from the investigations presented in this thesis.

The inclusion of torsion in the dynamic models of railway tracks has a large effect on the
dynamic behaviour of the track, especially through the changes in the lateral mobility.
This affects the lateral response over the whole frequency range. Thus it is important
for models that study the lateral vibration of rails and the coupling between the vertical

and lateral directions to consider torsion.
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In addition to the pure torsion theory, restrained warping during torsional behaviour
has been taken into account, including both normal and shear stresses due to warping.
This has been shown to affect the response at frequencies above 500 Hz. In contrast,
the inclusion of shear deformations due to warping does not yield significant effects in
the dispersion relationship of a free rail, only affecting the results at higher frequencies.
The shear deformations due to warping have a minimal effect on the forced response of

a supported rail.

The shear-centre eccentricity introduced by cross-sectional asymmetry for typical rail
cross-sections has not been found to have a significant influence on the forced response
for railway track applications. In the case where the shear centre and the mass centre
of the beam coincide, the sources of coupling for a straight beam are mainly limited to
those due to externally applied loads. When the two centres do not coincide, the lateral,
and in the case of asymmetric rail also the vertical, motion of the beam will couple
with the torsional motion. For the singly symmetric case, the shear-centre eccentricity
is seen to affect the lateral response at higher frequencies. For the asymmetric case,
the shear-centre eccentricity was not found to be more influential than for the singly

symmetric case considered.

When the curvature of the beam is considered, the lateral bending motion of the rail
is coupled with the axial motion. The major difference in this case is the presence of a
non-zero cut-on frequency for the extensional wave. Similarly, for the vertical bending
and torsion, a non-zero cut-on frequency exists for the torsional wave. In the case of
the forced response of curved rails, the effect of curvature is found to be minimal for
realistic curvatures of mainline and tram tracks, and instead it is found that a straight

rail model is sufficient for radii greater than 20 m.

The second most important source of coupling, after the inclusion of torsion, is that of
the foundation location. A two-layer foundation was introduced including a rigid body
translation and rotation of a bibloc sleeper, as well as bending and rotation of a flexible
sleeper in all three directions. The foundation reaction forces have a significant influ-
ence on the overall behaviour of the rail response, especially for the lateral and torsional
response. The foundation eccentricity affects the lateral track stiffness, reducing signif-
icantly the lateral cut-on frequency and increasing the torsional one. The torsional pad
stiffness, itself influenced by the vertical pad stiffness, will significantly affect the lateral
vibration of the rail due to the coupling of the lateral and torsional responses. By fitting
the predicted track decay rate to measured data, the proposed model yields significantly
different estimates of the lateral pad stiffness of the track, compared with the classical
Timoshenko beam model. It is seen from the measured data and the fitted parameters
that the lateral stiffness is affected by the clips. Again, the effects of including rail pad

eccentricity seem to be most influential for the lateral mobility.



Chapter 7 Conclusions 183

In comparison with more advanced numerical models and measured data, the devel-
oped model gives improved predictions for the response of railway tracks relative to the
Timoshenko beam, especially for the lateral direction. Although the predictions of the
forced response show an improvement when compared with measured data, in order to
extend the frequency range of application, cross-sectional deformations would need to
be considered, such as for example, web bending, double web bending and foot flapping
for a typical Vignole rail. The frequency range of validity of the developed model is up
to 3 kHz for the vertical direction and up to about 1 kHz for the lateral direction. For
grooved tram rails, the frequency range of validity is limited to 2 kHz, mainly due to the
lower overall stiffness of the cross-section, making the contribution of the cross-sectional

modes more influential at lower frequency.

By implementing the developed beam model in TWINS and making predictions of rolling
noise, it is found that the noise radiated by the track is primarily controlled by the
vertical rail response. The lateral response has a significant contribution to the overall
response. The total noise contribution of lateral waves becomes more similar to that of
vertical waves for a track with stiffer railpads, and can even exceed it. The axial and
warping responses have a minimal effect on radiated noise from the track. Although
allowing for torsion significantly affects the lateral response, the torsional wave by itself
has a relatively small contribution to the noise at low frequencies. As frequency increases,
its levels become similar to those of the lateral response. This is attributed to the fact
that the rail head and foot radiate independently when the acoustic wavelength is smaller
than the rail height.

An iterative approach has been suggested, based on which the propagation constant
can be modified so that the total track decay rate predicted using the Timoshenko or
present beam models matches the measured track decay rate. Although firm conclusions
could not be made as to whether this approach leads to improved noise predictions, it
is essential when more than one propagating wave exists in any given direction. Further
investigation, as well as a way to measure the decay rate of wave type II, could lead to

an increased reliability of using measured track decay rates in noise predictions.

Finally, the model allows for the contact location at the wheel/rail interface to be ad-
justed explicitly, and can provide a physical way to determine the empirical factor XdB
used in the existing model in TWINS. In addition, the contribution of lateral and tor-
sional waves can be separated and quantified. It is seen that at certain frequencies, the
noise radiated due to lateral waves can exceed that of vertical waves when the track
support stiffness is high. For tracks with lower stiffness, the influence of the contact

location on the overall sound pressure level is found to be minimal.
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7.2 Recommendations for future work

To understand more fully the effects of vertical /lateral coupling on noise generated from

railway operations, the following aspects can be suggested for future investigation:

e Extend the model to account for the discrete nature of the support. The effect of
discrete supports on vertical bending of the rail has been shown not to be significant
for rolling noise predictions [39] but is important for corrugation. Although it is
expected to be less significant for the lateral direction, as the support stiffness
is lower, it should still also be investigated in terms of the lateral and torsional

responses.

e Effect of curving behaviour on the loads applied to the track. Although rail cur-
vature has been shown to have a minimal effect on the vibration of the rail, the
steady state curving behaviour of a vehicle can change the magnitude and location
of the applied loads. Utilising results from vehicle dynamic curving simulations
of a vehicle negotiating a curve, the implications of track curvature on rolling
noise can be investigated, since the contact position can be explicitly used in the

developed model.

e One of the main limitations of most analytical track models, including the present
one, is the neglect of cross-sectional deformations. The step required in order to
improve the frequency limits of applicability of such models, is to incorporate the
cross-sectional deformations, mainly those of web bending and double web bending.
This could be achieved either by considering the cross-sectional flexibility in the
fundamental theory, or potentially by introducing additional degrees of freedom at

the centroid to correct for the cross-sectional behaviour (e.g. similar to warping).

e Investigation into the effects of temperature on rail vibration. The main influence
of temperature on rolling noise is that due to the variation of the rail pad stiffness
with temperature [28]. Temperature effects though, can also be considered in the
rail, by the introduction of tensional /compressional forces. These loads affect both
the bending and torsional dynamic behaviour of the rail, and if the loads reach

significantly high values, they might influence the noise generated.

e Further development of the iterative approach for adjusting the propagation con-
stant to match measured decay rates. When more than one propagating wave
exists in any given direction, it is not possible to use a single set of measured
track decay rates in that direction to separate the decay rates of individual waves.
Measurement of the decay rate of wave type II can be achieved by selecting an
additional location for the measurement of vertical or lateral track decay rates.
Collection of such data, could be used to further develop the iterative approach
and achieve a more robust process for modifying the propagation constant with

measured track decay rates for use in the rolling noise prediction process.
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e Perform a parametric study to identify which track parameters influence the rel-
ative level of vertical and lateral rail components of noise, as well as those of the
sleeper and wheel. By varying the main track parameters, e.g. vertical railpad
stiffness, ideal values can be found which minimise the total noise level generated.
Although such studies have been performed in the past, the improved description
of the lateral rail behaviour developed here could lead to further insight into the

noise generation mechanism.






Appendix A

Derivation of warping factor and

foundation resistance

A.1 Derivation of linear warping factor

The warping of the cross-section of the rail is defined based on the warping function,
o(y,z). It is assumed that the warping function at the rail foot is a linear function of
y and z, i.e. @ = Yzky, f = €52k, f, Where e, is the vertical distance between the rail

foot and the rail shear centre (y; — e,).

Figure A.1: Bi-moment due to warping foundation resistance

To define the warping factor for the rail foot, it is sufficient to fit a linear function in
the actual warping function provided by COMSOL (see Fig. 2.5). Figure A.2 shows the

warping function for the foot, and a linear fitted line.
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Figure A.2: Rail foot warping function and linear fitting

From this figure, it can be seen that the linear fit will tend to overestimate the amount

of warping of the rail foot. This gives a linear factor &, ¢ of -0.6.

A.2 Derivation of warping foundation resistance

The warping resistance due to the foundation can be defined similarly to the resistance
to bending. Firstly, the resistance of an infinitesimal element is considered subjected to

an axial force, and then this is integrated over the width of the railpad.

The bi-moment at the shear centre due to a single axial force (F') at a point is given by:
Bs = Pror (A1)

When the cross-section undergoes warping, each point of the rail foot has an axial

displacement due to warping, given by

U;U,f = ¢f(yf7z)fw (AQ)
The axial force at the rail foot due to the warping resistance of the foundation becomes:

W
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Thus:
By = kP ¢ (yy. 2) fu (A.4)
k.PP
= (esz;@w,f)2lifwdz (A.5)
P

Integrating the above expression over the railpad width it follows that:

Ip/2
B :/ Bgdz (A.6)
—lp/2
lp/2 PP
:/ (esz;@w,f)2lifwdz (A7)
—lp/2 p
) kgp Ip/2 )
— (earug b [ (20 (A8)
P —1p/2
12
= (esﬁw7f)2£k£pfw (A.9)

By dividing by the spacing between the supports, the foundation resistance due to

warping per unit length is derived as:

2
ko = ( )QZlk; (A.10)
w Eshuw, f 12 T .

where k, = ki /l5s is the axial foundation resistance per unit length.






Appendix B

The track response in TWINS

In order to obtain the interaction forces in TWINS, the rail receptance is required for the
vertical (ay,) and lateral (o) directions as well as the cross receptance at the contact
point (ay.). Once the contact forces due to the wheel/rail interaction are obtained by

coupling the rail and wheel receptances, the spatially averaged response for a particular

%:Fkﬁkn 2 <5HLL> (B.1)

where [, is the receptance per wave n for a force Fj, in direction k, 1, are the wave

degree of freedom is given by:

— 9 rLi2 5 5
Z=7 [ P e~ 3wl

shapes (eigenvectors) for each direction j, L is the length of the rail contributing to the
sound radiated, x is the longitudinal direction and J,, is the real part of the propagation

constant s (decaying part) for each wave, where s is related to the wavenumber by:
s =1 (B.2)

The general response can be equivalently reconstructed based on the wave amplitudes

(Ay,) and the waveshape of each wave (1;,,) as, for example:
u](x) = ZAnijne_snx (B.3)
n
where

k

The sleeper response is obtained in the same manner, where the equivalent waveshapes
are given by the ratio of sleeper to rail response. In addition, only the vertical sleeper
response, taken as the square root of the spatial average of the squared response over

the sleeper length, is considered to contribute to the total noise.
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The equivalent sound powers are calculated by combining the predicted vibration spectra
with radiation efficiencies in one-third octave bands. For the rail, an equivalent sources
model is used which models the radiation from an infinitely long structure (i.e., assumed
to be two-dimensional [126]). The radiation efficiency for vertical and lateral waves is
based on predetermined calculations for unit amplitude motion of a rail in free space in
either the vertical or lateral direction, depicted in Fig. B.1, and is then combined with
the actual amplitude of the rail vibration. According to Zhang et al. [127], the proximity
of the ground has a small effect at low frequencies for the lateral response, and to greater
extent for the vertical response. For the sleeper, a model based on a baffled rectangular
plate is used, which gives a radiation efficiency close to 1 for most frequencies within
consideration.

150 . .

Vertical
140 |+ |- — Lateral -~

130 + 7/
120 + s
110 + 4

100 + s

o
(e}
AN

Sound power level, dB re 1le-12 W
\

0]
)

102 103
Frequency, Hz

H
<

Figure B.1: TWINS radiated sound power per metre of 60E1 rail for 1 m/s peak
velocity at the centroid due to vertical and lateral rigid motions

Once the sound radiation (power per unit length, W}) is determined for each wave with
waveshape 1), it is combined with the average squared amplitude in each wave (A_%) in

one-third octave bands to give the total radiated power as:
wo=>) AZw, (B.5)
in which
2
a2 = L (B.6)
" On L

where J,, is the real part of the propagation constant s for wave n.

> FiBin
K

In Eq. (B.5), the assumption is made that the total power is the sum of the power for each

wave. This is not accurate at low frequencies, since the phase of the individual waves
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becomes important [4]. Once the waves propagate, they can be treated as incoherent as

their wavelengths are different.

The above description is based on an arbitrary number of waves. TWINS is used either
with a detailed FE model of the rail cross-section or by the simpler Timoshenko beam
model for the vertical and lateral directions. For simplicity, the latter is considered,

where only four waves exist.

In this model, the rail and sleeper responses are based a Timoshenko beam supported
on a continuous double layer support, representing the pads, sleepers and ballast. The
sleeper can be represented as a mass (bibloc) or as a flexible beam for the vertical
direction only (monobloc). The same track model is used for both the vertical and

lateral directions, with different parameter values.

The cross receptance is based on the geometrical average of the vertical () and lateral

(cvzz) receptances as in Eq. (5.6) [62]. The partial receptances (S, ) satisfy the following:

ayy = By + Byt (B.7)
2z = B33 + Brath (B.8)
s = Bysths + Byatha (B.9)

= Baath1 + Baatba (B.10)

where y and z are the vertical or lateral directions and the partial cross receptances are

also given based on Eq. (5.6).
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