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Abstract: A scheme to enhance the fundamental-mode third harmonic generation efficiency in
microfibers is presented. By introducing an appropriate counter-propagating pulse train, large
propagation constant mismatch is partly overcome and nonlinear phase shifts could be corrected
for, thus quasi-phase matching between the fundamental pump mode and the fundamental
third harmonic mode is achieved, enabling the harmonic power to grow along the direction of
propagation. Depending on the microfiber and pulse parameters, phase matching can enhance
the conversion efficiency by several orders of magnitude with respect to the non-phase matched
case. This scheme offers an alternative approach for harmonic generation and could potentially
be applied to other small core waveguides.
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1. Introduction

Since being observed in an elliptical-core optical fiber in 1983 [1], third-harmonic generation
(THG) in various fibers has attracted much interest for decades [2–9], as an all-fiber system has
the potential to provide a more robust and less costly alternative to the existing technologies
exploiting nonlinear crystals. As with other frequency conversion processes, phase matching
is a key issue for efficient THG in fibers: in elliptical-core fibers, polarization control may
play a significant role [1]; in microstructured fibers, intermodal phase matching can be realized
by tailoring the dispersion flexibly with different methods [3, 4]; quasi-phase matching(QPM)
was demonstrated in conventional step-index fiber using refractive-index gratings [6]; phase
matching was also achieved for a particular combination of germanium doping concentration
and fiber core diameter [7], etc.

Microfibers make possible simple devices capable of performing sensing at the nanoscale
and integrate fiberized sources with nonlinear waveguides [10], and they have initiated a
lot of works in the past years, including THG [11–14] where intermodal phase matching
schemes were also used, such as between the fundamental pump mode HE11(ω) and the
higher-order third harmonic mode HE12(3ω). In such schemes, perfect phase matching could
be achieved theoretically by choosing a suitable microfiber diameter, but in practice intrinsic
surface roughness from the microfiber fabrication process may greatly reduce the conversion
efficiency [15]. In fact, the observed THG conversion efficiency with different kinds of fibers
was well below one percent, which stopped this effect from practical applications.

Moreover, while people keep focusing on high-order mode THG, a fundamental-mode output
is often more desirable for lasers or devices, in that Gaussian distribution makes them easily
compatible with other equipment. This issue has been given more attention as the reverse
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process of triple photon generation (TPG), which shares the same phase matching condition
with THG, is useful for quantum optics applications [9, 16]. However, it is very difficult to
overcome chromatic dispersion to reach phase matching between the fundamental pump and
third harmonic modes in fibers, so very few attempts had been reported. In 2015, it was
theoretically demonstrated that a hollow-core photonic bandgap fiber can guide two Gaussian-
like modes in two well-separated bandgaps suitable for THG [17]; and very recently, a hybrid
photonic crystal fiber was designed and presented experimentally for phase matched THG from
1596 to 532nm in single-lobed (LP01-like) modes [18]. Compared with microstructured fibers
with a complex cross section manufactured ad-hoc for this application, step-index microfibers
benefit from easy connectivity with conventional fibers, but a marginally smaller flexibility in
the dispersion design for the fundamental-mode output, and controlling the pump beam would
be an alternative solution.

Actually, it was suggested in the 1990s that QPM could be achieved by introducing a counter-
propagating pump field to induce periodic modulation of the main pump beam. Such an idea
was then applied to high-order harmonics generation both in free space [19] and in hollow core
waveguides [20]. The low-order case for second harmonic generation was also studied [21].
The theoretical and experimental work indicated that this approach had great flexibility because
no material pre-processing was needed. In this paper, we present a scheme in which QPM is
realized by introducing counter-propagating pump pulses into the microfiber, thereby allowing
the third harmonic to be generated in the fundamental mode with an enhanced conversion
efficiency. We also detail the major principles in practical implementation, which can be applied
to other waveguides.

2. Basic model

For THG in a fiber, the total electric field can be expressed as a sum of the mode fields at each
frequency ω j

E(x , y, z, t) =
∑

j=1,3

E j (x , y, z, t) =
1
2
�x
∑

j=1,3

Aj (z, t)Fj (x , y) exp
[
i(β j z − ω j t)

]
+ c.c., (1)

where �x is the polarization unit vector, j = 1 for the pump and j = 3 for the third harmonic,
"c.c." represents a complex conjugate. Aj is amplitude of the mode normalized to its power, i.e.,
|Aj |2 = Pj ; Fj is electric field distribution of the mode; β j is propagation constant of the mode

in the fiber defined as β j = (ω j/c)ne f f

j
, in which c is speed of light in vacuum and ne f f

j
is the

effective refractive index of the mode.
In lossless step-index glass-air circular fibers, where the third-order susceptibility χ(3) is

assumed to be z-independent and constant within the glass fiber cross-section while zero outside
of the glass, the following coupled-mode equations can model the THG process [11, 22, 23]

1
i2k1

∂2 A1

∂z2
+
∂A1

∂z
+

1
vg1

∂A1

∂t
+

i β21

2
∂2 A1

∂t2
=

in(2)k1

[
(J1 |A1 |2 + 2J2 |A3 |2)A1 + J3 A∗2

1 A3 exp (iδ βz)
]
,

(2a)

1
i6k1

∂2 A3

∂z2
+
∂A3

∂z
+

1
vg3

∂A3

∂t
+

i β23

2
∂2 A3

∂t2
=

in(2)k1

[
(6J2 |A1 |2 + 3J5 |A3 |2)A3 + J∗

3 A3
1 exp (−iδ βz)

]
,

(2b)

where n(2) is the nonlinear refractive index coefficient, k1 is the pump propagation constant in
vacuum, and δ β = β3 − 3β1 is the propagation constant mismatch between the pump and the
third harmonic in fiber. Ji are nonlinear overlap integrals (given in detail in Ref. [11]), of which
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J3 gives the overlap between the pump and the harmonic modes, J1 and J5 govern self-phase
modulation (SPM) of the pump and the harmonic respectively, whilst J2 relates to cross-phase
modulation (XPM).

Here vg1 and vg3 denote the group velocity of the pump pulse and the third harmonic pulse
respectively, while the parameters β21 and β23 represent their group-velocity dispersion (GVD)
effects. The time dependence of Aj can be ignored reasonably for relatively wide pulses, which
is applicable in the study of this paper (detailed explanations will be given later). Thus, we reach
the simplified coupled-mode equations,

1
i2k1

∂2 A1

∂z2
+
∂A1

∂z
= in(2) k1

[
(J1 |A1 |2 + 2J2 |A3 |2)A1 + J3 A∗2

1 A3 exp (iδ βz)
]
, (3a)

1
i6k1

∂2 A3

∂z2
+
∂A3

∂z
= in(2)k1

[
(6J2 |A1 |2 + 3J5 |A3 |2)A3 + J∗

3 A3
1 exp (−iδ βz)

]
. (3b)

As the problem in this study involves rapid spatial oscillations, the second derivative terms
∂2 Aj/∂z2 are included here. Simulations were made both with and without these terms, and we
found that, although the second derivatives introduce very fast oscillation on Aj , they do not
change their overall trends, indicating that they can actually be ignored without causing large
inaccuracies. Therefore, for most of the subsequent results, we neglect the second derivatives
and employ the slowly-varying-amplitude approximation (SVAA).

In this paper, a silica microfiber with n(2) = 2.7 × 10−20m2/W is used. The input ns pump
pulse is of a peak power of P0 = 1kW while the pump and the harmonic wavelengths are
λ1 = 1550nm and λ3 = 517nm, respectively. All the calculations are based on these parameters
unless otherwise stated.

3. Conditions for fundamental-mode third harmonic generation

For the THG process to be efficient, the phase mismatch must be small, i.e. δ β � k1 [11]. When
δ β ≈ 0, |A3 | would grow almost linearly with the propagation distance z in an undepleted pump
case. The pump and the harmonic should share the same effective refractive index to satisfy
this condition. Figure 1(a) shows the effective index curves for the fundamental pump mode
HE11(ω1) and the third harmonic hybrid HEνm and EHνm modes (ν and m denote the modes’
azimuthal and radial order respectively) in a silica microfiber, where intersections indicate that
phase matching can only occur between HE11(ω1) and the third harmonic higher-order modes.
At the diameter of 0.55μm, the microfiber supports only the fundamental mode at both the
pump and the third harmonic wavelengths, and with ne f f1 = 1.013 and ne f f3 = 1.335, the
large propagation constant mismatch δ β = 3.9 × 106m−1 is comparable to k1. As the term
exp (−iδ βz) in Eq. (3b) oscillates very fast, the coherence length within which the harmonic
can grow is only Lc = π/δ β = 0.8μm. Because this length is too short to allow the harmonic
power to accumulate, the conversion efficiency remains as low as ∼ 10−10. Thus, THG between
the fundamental pump and harmonic modes is extremely inefficient when such a large phase
mismatch is not overcome.

Besides the phase matching condition, the nonlinear overlap integral J3 is an important factor
for THG, and it depends on the field distributions of the modes and the microfiber diameter.
According to the single mode condition [24], only when the silica microfiber diameter is reduced
to below 0.37μm, can the 517nm third harmonic operate in the single mode regime. Yet, the
harmonic higher-order modes supported by the microfiber with diameters in the range 0.37 ∼
0.60μm are either TE/TM or HE21, and they have been proven to experience zero J3 with the
fundamental pump mode due to their field symmetry, meaning that they could actually not be
generated [25]. That is the reason these higher-order harmonic modes are not shown in Fig.
1(a). Calculations indicate that a larger diameter results in a greater J3 in that range (if the
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Fig. 1. (a) Dependence of effective index on microfiber diameter for the fundamental pump
mode HE11(ω1) (red) and for the third harmonic hybrid HEνm and EHνm modes with
azimuthal order ν = 1 (solid blue) and ν = 3 (dashed blue). The pump wavelength is
1550nm. (b) Overlap integral J3 between the fundamental pump mode and the fundamental
third harmonic mode for different microfiber diameters.

diameter is too small, the modes are distributed largely in the surrounding air which reduces
J3), see Fig. 1(b). Taking into account the fabrication tolerance, a moderate choice of 0.55μm
is made in our scheme. The corresponding overlap integrals between HE11(ω1) → HE11(3ω1)
are: J1 = 0.12μm−2 , J2 = 0.99μm−2 , J3 = J∗

3 = 0.31μm−2 , J5 = 10.17μm−2.

4. Pulse-induced quasi-phase-matching scheme

4.1. Configuration and principle

If a counter-propagating beam at ω1 is introduced into the fiber (having the same mode and
polarization as the forward pump), see Fig. 2, the total pump field can be written as

E1(x , y, z, t) = E+1 (x , y, z, t) + E−
1 (x , y, z, t)

=
1
2
�xA+1 (z, t)F1(x , y) exp

[
i(β1z − ω1t)

]

+
1
2
�xA−

1 (z, t)F1(x , y) exp
[
i(−β1z − ω1t)

]
+ c.c.,

(4)

where A+1 is the forward field amplitude while A−
1 is the backward field amplitude. Denoting a

ratio r = A−
1 /A

+
1 , Eq. (4) can be rewritten in the form of a modulated forward-traveling field,

E1(x , y, z, t) =
1
2
�xA1(z, t)F1(x , y) exp

[
i(β1z − ω1t)

]
+ c.c., (5)
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Fig. 2. Schematic of third harmonic generation configuration when a counter-propagating
pulse train is introduced.

in which
A1(z, t) = A+1

[
1 + r exp(−i2β1z)

]
. (6)

Without loss of generality, the initial phase of the forward pump is set to be zero on the input
surface of the microfiber where z = 0. By substituting Eq. (6) into Eq. (3) and adopting the
SVAA, the approximated solution of Eq. (3b) in the case |A3 | � |A1 | is obtained,

A3(z1 → z2) ≈ C
∫ z2

z1

[
1 + r exp(−i2β1z)

]3 exp(−iδ βz)dz, (7)

in which C = in(2) k1 J∗
3 P

3
2
0 .

The harmonic generation within the coherence length with only the forward pump is A0
3 =

C
∫ Lc

0
exp(−iδ βz)dz. Assuming the forward pump meets a backward pulse every distance of

pLc with a pulse duration covering a propagation distance of qLc (p is an even number while
q is an odd number), the net harmonic emission over the zone with the Nth pulse can be set as

Apulse

3 = C
∫ N ·pLc

(N ·p−q)Lc

[
1 + r exp(−i2β1z)

]3 exp(−iδ βz)dz = GA0
3 , (8)
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Fig. 3. (a) Magnitude and (b) phase of the backward-to-forward pump amplitude ratio r
required for quasi-phase matching in different zones along the forward pump propagation.
G = 0, p = 2, q = 1, |r | = 1.73, φr1 = −1.6434, Δφr = 0.6166, and Lc = 0.8μm.
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where G is a coefficient denoting how strongly the THG can be enhanced when measured by
A0

3; with greater G, the enhancement will be more significant. The ratio of the backward field
amplitude to the forward field amplitude r that is required for quasi-phase matching in different
situations can be solved based on Eq. (8), and it depends on the enhancement coefficient G, as
well as the parameters p and q.

Now the process of quasi-phase matching will be demonstrated in a specific case with G = 0,
p = 2 and q = 1. As is known, when the pump and the harmonic are in phase, the pump
energy will be converted to the harmonic; when they are out of phase, the reverse process
will occur. The forward ns pump pulse can be regarded as a quasi-continuous wave, and the
counter-propagating field is now set to be such that the forward pump encounters it every
other coherence length: in the zones the forward pump and the third harmonic are in phase,
the backward field is not present; while in the zones the forward pump and the third harmonic
are out of phase, an appropriate backward field is present to achieve a total of zero harmonic
emission, thus the energy transfer from the harmonic to the pump is prevented.

In this case, the first backward pulse will be met over the distance Lc → 2Lc along the
forward wave propagation, the second backward pulse will be met over the distance 3Lc → 4Lc ,
and so on. Assuming the pulses have a rectangular profile, calculations show that they could
have the same magnitude, but the phase of each of them should change by a fixed step in
sequence in order for harmonic growth. We come to a general expression of rN = |r | exp(iφrN )
for the Nth backward pulse, where φrN = φr1 + (N − 1)Δφr is the pulse phase relative to that
of the forward pump field on the surface z = 0, and the step Δφr = 2β1 · pLc is the relative
phase shift between the forward field and the backward field after a propagation distance of
pLc , which is indicated by the factor exp(−i2β1z) in Eq. (8).

As Eq. (8) is a cubic equation of r , there exist three complex solutions that can satisfy the
condition for QPM. With G = 0, p = 2 and q = 1, the solutions are r′

N
= 2.72 × exp[−2.6791i+

i(N − 1)Δφr ], r′′
N
= 1.73 × exp[−1.6434i + i(N − 1)Δφr ], and r′′′

N
= 1.73 × exp[2.5684i +

i(N − 1)Δφr ]. Here Δφr = 2β1 · 2Lc in this specific case, and we remove the integral number
of 2π from it to have Δφr = 0.6166. Figure 3 presents r′′

N
in different zones along the forward

pump propagation.
Figure 4(a) shows the third harmonic power along ten coherence lengths in the case with

only the forward pump. As expected for a phase mismatched scenario, a periodic exchange
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Fig. 4. Third harmonic conversion against the propagation distance: (a) with only the
forward pump; (b), (c) and (d) with both the forward pump and the counter-propagating
pulses. Lc = 0.8μm.
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of energy between the pump and third harmonic occurs, thus the harmonic power oscillates
rapidly along the whole propagation distance and remains at a very low level. When the counter-
propagating pulse train set in Fig. 3 is injected, for every zone where the forward pump and the
third harmonic are out of phase, the harmonic amplitudes are the same at both ends, thus the
total harmonic emission over the zone is now zero instead of a negative quantity, see Fig. 4(b). In
such a way, the harmonic power is built up along the propagation distance and gains significant
enhancement. A quick comparison between the two figures shows that THG is enhanced by a
factor about 30 with five pulses.

The width of the pulses and the frequency at which they are encountered can be adjusted
flexibly. Fig. 4(c) shows the case G = 0, p = 20 and q = 5, where with a longer microfiber the
same THG enhancement as in Fig. 4(b) is achieved. For G = 10, the amplitude of the backward
pulses can be raised to |r | = 4.65, see Fig. 4(d), then more than just being stopped from returning
to the pump, the third harmonic gains a positive generation during every backward pulse, and
its power enhancement is two orders of magnitude larger than that in Fig. 4(c).

The total harmonic enhancement can be manipulated by changing the coefficient G. Over the
period [(N − 1) · pLc , N · pLc ], the total harmonic generation is A0

3 + Apulse

3 = (1 + G)A0
3. If

G > −1, the total harmonic generation in each period will be a positive value, and thus it can
gradually accumulate along the propagation distance. However, with −1 < G < 0, although the
THG enhancement does occur compared with the situation without any backward field, it is not
noteworthy. Therefore, our study will concentrate on the situations with G ≥ 0.

Figure 5 shows the magnitude and phase of the three solutions to the first backward pulse
required for QPM with different G when p = 30000 and q = 1001. The magnitudes of all
the solutions increase with G; the phase of r′1 remains constant when G changes, while r′′1 and
r′′′1 share the same magnitude but with different phase. The phase step Δφr for the subsequent
backward pulses in the train is independent of G, and more discussion about it will be made
later in Section 4.2.2. With other p and q, the regularity is similar. In practice, when both the
amplitude and phase of backward pulses are adjusted to appropriate values, QPM will occur.
Estimation of THG enhancement with different pulse amplitude will be presented in Section
4.4, where the solution with the smallest magnitude among the three will be adopted.

In this proposed scheme, by introducing an appropriate counter-propagating pump field to
induce periodic modulation of the main pump beam, the harmonic power can grow along the
direction of propagation in a mechanism of quasi-phase matching. Seeing the physical picture
from another viewpoint, when the pump consists of long forward pulse and much shorter
backward pulse train, both of them generate third harmonic respectively. Although each THG
process itself is rather inefficient due to large phase mismatch, well-timed superposition of the
backward harmonic pulses on the forward one forms a "ladder" and thus enhances the overall
THG output.

In addition to the analytical solution given by Eq. (7), the coupled-mode equations Eq. (3)
are solved numerically by using the Runge-Kutta method, and the results are compared in Fig.
6. The analytical solution and the simulation adopting SVAA show a general agreement both in
the trend and in the details. The slight difference is attributed to SPM and XPM effects ignored
in the analytical approximation.

As is mentioned in Section 2, the problem in this study actually involves rapid spatial
oscillations because: (1) in the case without QPM, a large phase mismatch will result in rapid
amplitude oscillation in the harmonic as the coherence length is just about 0.8μm; (2) in the case
with QPM, within the regions where the forward and backward propagating fields overlap, there
is an oscillation with a period of λ1/2 in the total pump amplitude. Therefore, strictly speaking,
the condition for SVAA is not satisfied. The non-SVAA simulation is also made and presented
in Fig. 6, and it indicates that although the second derivatives introduce very fast oscillation on
THG, they do not reduce the order of magnitude the output harmonic power can reach.
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Figure 6 shows a relatively short microfiber of 1000Lc, as it is rather difficult to make
simulations through long distance with the non-SVAA model, along which the forward pump
meets a backward pulse every 2Lc over a propagation distance of Lc , i.e., p = 2 and q = 1.
This result can reasonably be generalized to longer microfiber with wider pulses. Thus, for
the simulations afterwards, we use the SVAA to reduce computation time without altering the
underlying physics of the scheme nor introducing unwanted artifacts.

4.2. Consideration of backward pulse parameters

4.2.1. Pulse width

When the forward wave front encounters a backward pulse over a propagation distance of qLc ,
the pulse spatial extension is qLc (vp + vg )/vp ≈ 2qLc , where vp is the phase velocity of
the forward wave and vg is the group velocity of the pulse [21]. This extension is supposed
to remain unchanged in propagation along the microfiber, which means that pulse broadening
induced by GVD should be negligible.

In Eq. (2), the GVD effects are governed by the parameters β2 j ( j = 1 for the pump and j = 3
for the third harmonic). When a pulse of width T propagates along the fiber, the dispersion
length is LDj = T2/| β2 j | [23], and it provides the length scale over which GVD becomes
important. Tong et al. obtained the diameter- and wavelength-dependent waveguide dispersion
parameter D of fundamental modes of air-clad silica microfibers in 2004 [24], which can be
written as D = −2πcβ2 j/λ2

j
. Accordingly, with λ1 = 1550nm and λ3 = 517nm, we come to

an approximated estimation β21 ≈ 2000ps2/km and | β23 | < 200ps2/km when the microfiber
diameter is 0.55μm.

The microfiber length L used for THG is typically less than two hundred millimeters. In
the situation T > 2ps, there will be LD1 > 2m for the pump and LD3 > 20m for the third
harmonic. Dispersion length of such scales can be considered sufficiently long to satisfy the
condition LD1 � L and LD3 � L. Hence, for both the pump and the harmonic, GVD will
be not important for the pulse evolution along the microfiber and can be ignored. In the QPM
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scheme, the backward pulse width is governed by the number q, and with the coherence length
Lc = 0.8μm here, there should be q > 400 for a pulse no less than about two picoseconds.

4.2.2. Pulse phase

It has been shown in Section 4.1 that the complex ratio r has the form of rN = |r | exp(iφrN ),
and the phase of the Nth backward pulse in the train can be expressed as φrN = φr1+(N−1)Δφr .
When the forward pump meets a backward pulse every distance of pLc , the phase step Δφr =
2β1 · pLc . To adjust the pulse phase in fixed steps would be a challenge in practice. A simple
solution is to choose the number p related to the pulse repetition rate such that Δφr ≈ m′ · 2π
(m′ is an integer). In this situation, a pulse train with identical phase φr = φr1 can be used and
expression of the ratio can be written as r = |r | exp(iφr ) in which the subscript "N" is dropped.
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Figure 7 shows the case p = 3016, in which without loss of generality, we remove the integral
number of 2π from the phase step to have Δφr = −0.0145. When the pulses are injected with
this exact phase step, the harmonic increases continuously along the fiber. When all the pulses
are with the phase φr = φr1 = 1.3959, as just about ten pulses are present in a microfiber
40000Lc long, slight deviation from the exact phase condition does not obviously alter the
way in which THG develops. The THG power would display an oscillation behavior if the
phase deviation was accumulated by hundreds of pulses, but this is basically not a real situation
in the scheme using a microfiber that is quite short. Even if the oscillations did arise, THG
would have gained great enhancement before that. It should be noted that such analysis refers
to the analytical solution case which excludes SPM/XPM effects, and the numerically solved
harmonic amplitude is much weaker as explained in the next section.

4.3. Correction for SPM and XPM

The analytical solution given by Eq. (7) has ignored the SPM and XPM terms
in the coupled-mode equations Eq. (3). This analytical approximation and the exact
solution obtained numerically agree well along a short propagation distance (see Fig.
6). Nevertheless, SPM and XPM implicitly cause a detuning given by δ βNL (z) =

3k1n(2) [(2J2 − J1)P1(z) + (J5 − 2J2)P3(z)]. In a long microfiber, these effects would become
significant and lead to oscillation on the harmonic and thus stop it from continuous increasing,
see the red curve in Fig. 7. Actually, the numerical THG output is reduced by about two orders
of magnitude compared to the analytical in this case (it is magnified by 10 times for clarity).

SPM and XPM vary with the pump power and harmonic power, thus are dependent on the
propagation distance. They are another difficulty to overcome in pursuing effective fiber-based
THG. Even in the intermodal phase matching schemes where propagation constant mismatch
is small, they might be one of the main factors that account for the conversion efficiency being
much lower than expected in experiments.

Fortunately, the QPM scheme here offers the flexibility of modifying the input pump beam,
instead of physically structuring the fibers, thus it can provide a way to correct for the phase
shifts caused by these effects in real time. Assuming P3 � P1 and the microfiber is lossless,
the nonlinear detuning between the forward pump and the harmonic is estimated as δ βNL ≈
3k1n(2) (2J2 − J1)P0 [11], and then the modified r can be solved based on the total mismatch
δ β

′
= δ β + δ βNL (the number p should also be adjusted slightly so that a pulse train with

identical phase will work). Over the zones with backward pulses within which the total pump
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amplitude is raised, an additional phase shift ΔφNL = |1 + r |2δ βNL · qLc is introduced, but
its influence could be avoided if r is such that ΔφNL is approximately an integral number of
2π. In Fig. 8, with p = 3108 and |r | = 9.98, the SPM and XPM are well corrected for and
thus the numerical and the analytical solutions match up. The performance of phase correction
depends on the microfiber length and pulse parameters, and the case |r | = 10.03 is presented
for comparison: oscillation appears within a distance of 40000Lc and the maximum conversion
is one order of magnitude lower than the analytical approximation; but it is still higher than
the case without any correction by about ten times. In practice, the optimum result could be
achieved by adjusting finely the backward pulse parameters (amplitude, phase and repetition
rate).

4.4. Estimation of THG enhancement

Provided that the SPM and XPM effects are effectively corrected for, the backward pulse
amplitude and the number of pulses that the forward pump can meet are two keys for THG
to grow, and the latter depends on the microfiber length and the pulse repetition rate. We
estimate the THG enhancement with a microfiber 120mm (∼ 1.5 × 105Lc ) long in Fig. 9.
The enhancement factor is defined as the ratio of the output THG power with and without
QPM. Though the curves start from |r | = 1.77, actually the enhancing occurs once |r | > 0 (i.e.
G > −1) and the pulse phase is adjusted to the appropriate value φr . Raising the amplitude
can produce greater enhancement factors, and the limitations would be material damage and
prevention of other higher-order nonlinear effects. At repetition rates 13GHz (p ≈ 30000)
and 130GHz (p ≈ 3000), the forward pump can meet 5 and 50 pulses along the microfiber
respectively, and an enhancement factor two orders of magnitude greater can be achieved in the
latter situation. Influence of the pulse width is less obvious, but the same enhancement may be
reached at lower peak pulse amplitude with a suitable width, see the comparison between the
5ps (q ≈ 1000) and 6ps (q ≈ 1200) cases.

As a summary, it should be noted that, although THG enhancement would occur with flexible
backward pulse train parameters, they should be optimized based on the following principles in
practice: the pulse width must be wide enough so that pulse broadening induced by GVD can
be negligible; the pulse repetition rate should be adjusted carefully so that a pulse train with
identical phase can be used; in the vicinity of any possible value of r , its amplitude and phase
should be adjusted finely so that SPM and XPM effects can be corrected for.

In calculating the enhancement factors, we have taken the peak value of the THG forward
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conversion efficiency (about 3 × 10−10) to be its output in the case without QPM; however, as
the harmonic power oscillates rapidly with z (the period is less than 2 microns), with the value
changing between zero and the peak, the THG output that could be obtained in practice would be
much lower. Although the peak conversion efficiency is proportional to the square of the pump
power in this case, it is impossible to achieve reliably efficient THG by just raising the pump
power, with the same large phase mismatch and hence the same fast oscillation in harmonic
power. While in the QPM scheme, the backward harmonic pulses (with |r | > 1, they would be
generated at higher peak efficiency) are superposed on the forward one, and the harmonic power
shows overall increase along the microfiber (even if the parameters were not optimal, it would
oscillate with a period much longer), thus the harmonic signal can be output availably.

The pulses at high repetition rate can be provided by a picosecond mode-locked laser [26,27]
or by an electro-optic amplitude modulator operating in microwave band. When the cost of
backward pump energy is taken into account, conversion efficiency of the fundamental-mode
THG could ideally be enhanced by about six orders of magnitude in this quasi-phase-matching
way. If the SPM and XPM effects are not effectively corrected for, the expected enhancement
factor would be reduced by one or two orders; however, even in this situation, the third harmonic
could still be generated in the fundamental mode at an efficiency of ∼ 10−6, which is the
typical level reported in experiments employing intermodal phase matching technique where
only higher-order mode THG is possible [12, 13].

Considering the material damage threshold of fused silica around 1018W/m2 [28] and the
0.55μm fiber diameter, the backward pulse amplitude range shown in Fig. 9 could be usable in
practice. With microfibers made from highly nonlinear optical materials (e.g. chalcogenides),
the same conversion efficiency level could be achieved at lower pump power or with shorter
fiber length, which may help avoid other competing nonlinear processes. When the material
allows smaller propagation constant mismatch between the pump and harmonic modes (e.g.
germanium-doped fiber) to produce a longer coherence length, better results could be expected.

5. Discussion

5.1. Walk-off effect

The results that have been reached are based on Eq. (3), where temporal GVD and walk-off
effects are ignored. This simplified model is reasonable when the pump consists of forward
ns pulses and backward ps pulses. The walk-off effect is due to group-velocity mismatch: the
generated harmonic pulse width is comparable to the pump pulse, but the two move at different
speeds through the fiber and thus separate at a rate of Δβg = v−1

g3 − v−1
g1 [23]. Tong et al.

obtained the diameter- and wavelength-dependent group velocity of the fundamental mode for
the microfiber [24]. At the 1550nm pump wavelength and the 517nm third harmonic wavelength,
the walk-off parameter is Δβg ≈ 1000ps/m in the 0.55μm-diameter air-clad silica fiber.

Take the forward pump pulse width T = 4ns for instance, the walk-off length will be LW =

T/|Δβg | ≈ 4m. For THG pumped by such a long pulse in a short microfiber, say L = 120mm,
the walk-off effect can be ignored since L � LW . If T = 5ps, the walk-off length can be
estimated to be LW ≈ 5mm, and this effect seems to become important since LW is shorter than
the microfiber length now. However, when no special phase matching condition is designed, the
large propagation constant mismatch will result in a very short coherence length Lc (in this
paper, Lc = 0.8μm), thus be the actual restriction for THG to grow. As spatial extension of the
5ps pulse in the microfiber is less than 2mm, still shorter than LW , THG can be expected to
occur during each pulse, with very fast oscillation and low peak amplitude, just as shown in Fig.
4(a).
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5.2. Pulse shape

We have demonstrated in Section 4.2.1 that, for a backward pulse no less than a couple of
picoseconds, the GVD effect is not important for its evolution, thus its width and temporal
profile can remain unchanged in propagation along the microfiber. It should be noted that this
analysis about GVD is based on the assumption that the pulse has a smooth temporal profile.
As a pulse with steeper leading and trailing edges broadens more rapidly with propagation [23],
the backward ps pulse which is supposed to have a rectangular profile in the proposed scheme
might suffer more serious dispersion than the estimation. However, the scheme is flexible and
super-Gaussian pulses that had smoother profile than the rectangular were also used in Ref. [21].
Provided that the backward pulse parameters are optimized for specific pulse temporal profile,
significant enhancement of harmonic generation could always be possible.

6. Conclusion

A scheme to generate fundamental-mode third harmonic in silica microfibers is presented.
By introducing an appropriate counter-propagating pulse train, the large propagation constant
mismatch between the fundamental pump mode and the fundamental third harmonic mode is
partly overcome, thus the harmonic power can grow along the direction of propagation in a
mechanism of quasi-phase matching. By adjusting the pulse train finely, this scheme could also
offer a real-time way to correct for the phase shifts caused by SPM and XPM effects. Depending
on the microfiber and pulse parameters, the output harmonic power could gain an enhancement
of several orders of magnitude. Actually, any specific harmonic mode could be enhanced in a
similar process. Other than physically structuring the fibers, this scheme provides an alternative
method to generate efficient harmonic by offering the flexibility of modifying the input pump
beam spatially or temporally and could potentially be applied to small core waveguides with
other materials and geometries.
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