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Abstract. For any hyperelliptic curve X, we give an explicit basis of the
first de-Rham cohomology of X in terms of Cech cohomology. We use this
to produce a family of curves in characteristic p > 2 for which the Hodge-
de-Rham short exact sequence does not split equivariantly; this generalises
a result of Hortsch. Further, we use our basis to show that the hyperelliptic
involution acts on the first de-Rham cohomology by multiplication by —1,
i.e., acts as the identity when p = 2.
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Introduction

Recall that the de-Rham cohomology Hjy (X/k) of a smooth projective curve
X over an algebraically closed field k is defined as the hypercohomology of
the de-Rham complex

Ox 5 Qy

where d denotes the usual differential map f +— df. In particular, we have a
long exact sequence relating H 3 (X/k) to ordinary cohomology of the struc-
ture sheaf Oy and of the sheaf 2y of differentials on X. The very general
and famous fact that the Hodge-de-Rham spectral sequence degenerates at
E; (e.g., see [Wed08]) means for our curve X that the following main part of
that long sequence is a short exact sequence, see Propositon [2.1}

0— H(X,Qx) = Hip(X/k) = HY(X,Ox) — 0.

We call this sequence the Hodge-de-Rham short exact sequence. In par-
ticular, the vector space HJz(X/k) is the direct sum of the vector spaces
H°(X,Qx) and H'(X, Ox) over k.

We now assume furthermore that a finite group G acts on our curve X.
If p := char(k) does not divide the order of G, Maschke’s Theorem implies



that the Hodge-de-Rham short exact sequence also splits as a sequence of
modules over the group ring k[G].

However, the latter fact fails to be true in general when p > 0 does divide
ord(G). A counterexample has been constructed in the recent paper [Horl2]
by Hortsch. The main goal of this paper is to generalise that counterexam-
ple. More precisely, we will prove the following theorem, see Theorem

and Example [3.4]

Theorem. Let p > 3 and let q(2) € k[z] be a monic polynomial of odd
degree without repeated roots. Let X denote the hyperelliptic curve over k
defined by the equation y*> = q(z — x) and let G denote the subgroup of
Aut(X) generated by the automorphism T given by (x,y) — (z+1,y). Then
the Hodge-de-Rham short exact sequence does not split as a sequence of k[G]-
modules.

We remark that the hyperelliptic curves considered in this theorem are
exactly those hyperelliptic curves y? = f(x) which allow an automorphism
that maps = to = + 1 and for which f(z) is of odd degree, see Example
and Proposition [3.6]

When ¢(z) = z, the theorem above becomes the main theorem of [Hor12].
Beyond [HorI2], our theorem shows (see Remark [3.5)) that, for every algebrai-
cally closed field k of characteristic p > 3, there exist infinitely many g > 2
and hyperelliptic curves X over k of genus g for which the Hodge-de-Rham
short exact sequence does not split equivariantly. It also shows that, for every
g > 2, there exists a prime p > 3 and hyperelliptic curves in characteristic p
of genus g for which the Hodge-de-Rham short exact sequence does not split
equivariantly.

In Example|3.8 and Remark [3.9| we show, using the modular curve X, (22)
for p = 3, that, without assuming the degree of g(z) to be odd, this theorem
may be false.

To prove our main theorem, we follow the same broad strategy as in
[Hor12]: we give an explicit basis of Hlz(X/k) in terms of Cech cohomology
(in fact for an arbitrary hyperelliptic curve X'), see Theorem , and study
the action of 7 on that basis. The actual computations towards the end
however do not generalise those in [Hor12], see Remark and Remark [3.7]

We provide a basis of Hjy(X/k) for any hyperelliptic curve X also when
p = 2 and use this to show that the hyperelliptic involution acts trivially on
Hjp(X/k) when p = 2. In fact, the hyperelliptic involution acts on Hg (X/k)
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by multiplication by —1 for all p, see Theorem [3.1]

If p = 2, Elkin and Pries construct a subtler basis of HJg(X/k) in [EP13]
which is suitable to study the action of Frobenius and Verschiebung and,
finally, to determine the Ekedahl-Oort type.

Acknowledgements. The authors would like to thank the referees for
carefully reading the paper and for their elaborate and helpful comments.

1 Preliminaries

In this section, we introduce assumptions and notations used throughout this
paper and collect and prove some auxiliary results.

We assume that k is an algebraically closed field of characteristic p > 0
and that X is a hyperelliptic curve over k of genus g > 2. We recall that
a curve (always assumed to be smooth, projective and irreducible in this
paper) is hyperelliptic if there exists a finite, separable morphism of degree
two from the curve to P.. We fix such a map

T X — P},

which is unique up to automorphisms of X and of P} (see [Liu02, Re-
mark 7.4.30]). Let K(X)/K(P}) = k(z) denote the extension of function
fields corresponding to m. According to [Liu02, Proposition 7.4.24 and Re-
mark 7.4.25], we may and will furthermore assume the following concrete
description of K(X).

If p # 2, then K(X) = k(x,y) where y satisfies

(1) y* = f(z)

for some monic polynomial f(x) € k[z] which has no repeated roots; moreo-
ver, f(z) is of degree 2g + 1 if co € P}, is a branch point of 7 and of degree
29+ 2 otherwise. The branch points of 7 are then the roots of f(z), together
with oo € P}, if deg(f(x)) = 29 + 1.

If p=2, then K(X) = k(x,y) where y satisfies

(2) y? — h(z)y = f(x)

for some polynomials h(z), f(z) € k[x] such that I/(z)*f(x) + f'(z)* and
h(x) have no common roots in k; moreover, we have d := deg(h(z)) < g+ 1,



with equality if and only if co is not a branch point of 7. The branch points
of 7 are the roots of h(x), together with co € P} if d < g + 1.

The following estimate for the order of y above co is true for both p # 2
and p = 2.

Lemma 1.1. Let P € 7 '(00). Then we have:

—(g+1) if ™ is unramified at P

d >
ordp(y) = { —2(g+1) if ™ is ramified at P.

Proof. This is [KT15, Inequality (5.2)]. O

Lemma 1.2. Ifp # 2, let w := df and, if p = 2, let w := %. Then the
differentials w, zw, ..., 297w form a basis of the k-vector space H°(X,Qx)

of global holomorphic differentials on X.
Proof. This is |[Liu02, Proposition 7.4.26]. O

Remark 1.3. A different basis of H°(X,x) is given in [Ma78, Lemma 5.
The action of the Cartier operator on H°(X,{Qx) is studied in [Sub75] and
[Yui7g].

Lemma 1.4. Let p =2 and let P € 7' (00). Then we have:

-2 of ™ is unramaified at P

(3) ordp(dr) = {2(g —1—d) if ™ is ramified at P.

Proof. By the Riemann-Hurwitz formula [Sti93] Theorem 3.4.6] we have
ordp(dx) = ep - ord(dz) + dp

where ep denotes the ramification index of m at P and dp denotes the order
of the ramification divisor of m at P. It is easy to see that ord.(dx) = —2.
Therefore ordp(dz) = —2 if 7 is unramified at P. On the other hand, if 7
is ramified at P, we have ép = 2(¢9 + 1 — d) by [KT15, Equation (5.3)] and
hence

ordp(de) =2-(=2)+2(g+1—-d)=2(g—1—4d),

as claimed. N



We define U, = X\7!(a) for any a € P} and let U be the affine cover of X
formed by Up and Us. Given any sheaf F on X we have the Cech differential
d: F(Ug)xF(Uso) = F(UoNUs), defined by (fo, foo) = foluenue = fooltontee
In general we will suppress the notation denoting the restriction map. The
first cohomology group %&U‘x’) of the cochain complex

0= Ox(Up) X Ox(Us) % Ox(Uy N U) — 0.

is the first Cech cohomology group H'(U, Ox). By Leray’s theorem [Lin02,
Theorem 5.2.12] and Serre’s affineness criterion [Liu02, Theorem 5.2.23] we
therefore have

Ox(UyNUx)
{fO - foo ’ fO € OX(UO)a foo € OX(UOO>}

When describing elements of H'(X,Ox) using this isomorphisms we will
denote the residue class of f € Ox(Uy N Ux) by [f].

Proposition 1.5. The elements £,..., % € K(X) are reqular on Uy N Ux,
and their residue classes [%} e [g—g} form a basis of H' (X, Ox).

Proof. By [Liu02, Proposition 7.4.24(b)], we may identify Ox (U, ) with the
k-algebra k[z, y] defined by the relation given in (1)) or (2). Then Ox(UyNUw)
is k[z*!,y]. As the relations in (1)) and are quadratic in y, the elements

(4) HY(X,0x) =

Lz a? . cand L, 4L Yy, 2y, 2%y, . .. form a k-basis of k[zF!, y)].
x x x x . .
The elements 1,z,22,... and y, 2y, 2%y, ... obviously form a basis of the

image of Ox(Uy) in Ox(Uy N Uy). By [Liu02, Proposition 7.4.24(b)], the
image of Oy (Up) in Ox (UyNUs) consists of elements of the form g (1, —%)

z) g9+l

where g € k[s, t]. Hence, the elements . . ., I%, %, Land ... b, 2, 2 form
a basis of that image. We conclude that the residue classes [%} R, [cm%} form
a basis of H'(X,Ox), as was to be shown. O
Remark 1.6. Let w; = 222 dz when p # 2 and let w; = %dx when

p = 2. Then, by Lemma the elements w;, 7 = 1,..., g, form a k-basis
of H'(X,Qx). Let ( , ): H'(X,Qx) x H'(X,Ox) — k denote the Serre
duality pairing. Then (w;, [%]) vanishes if j # i and is non-zero if j = i, see
the proof of [Tail4l Theorem 4.2.1]. In other words, up to multiplication by
scalars, the basis [%L i=1,...,g, of HY(X,Oy), given in Proposition ,
is dual to the basis w;, 7 =1,..., g, with respect to Serre duality.

Remark 1.7. Different bases of H'(X, Ox) are described in [Sul75, Lemma 6]

and [MaT78, Lemma 6]. The action of Frobenius on H*(X, Ox) is studied in
[BoO1].



2 Bases of Hiz(X/k)

The object of this section is to give an explicit k-basis for the first de-Rham
cohomology group Hl(X/k) using Cech cohomology. If p # 2, we will
moreover refine our result when another open subset is added to our standard
open cover of X.

The algebraic de-Rham cohomology of X is defined to be the hypercoho-
mology of the de-Rham complex

where d denotes the usual differential map f — df. We use the cover U
and the Cech differentials defined in the previous section to obtain the Cech
bicomplex of :

Oﬁ-OX(U(D X Ox(Uoo)ﬁ-Qx(Ug) X Qx(Uoo)ﬁ-O

0

0 Ox (U N Us) QO (Uy N Us)

0 0

By a generalisation of Leray’s theorem [Gro61, Corollaire 12.4.7] and Serre’s
affineness criterion [Liu02, Theorem 5.2.23], the first de-Rham cohomology
of X is isomorphic to the first cohomology of the total complex of @ Thus,
Hjp(X/k) is isomorphic to the quotient of the space

{(wOawooafﬂoo) € Qx(Up) x Qx(Uss) x Ox(UgNUy) |

dfoce = WoltonUe — Woo|UoﬂUoo}

(7)
by the subspace

(8) {(dfo, dfs, folvonve — foolvonva )| fo € Ox(Uh), foo € Ox(Usxs)} -

Via this representation of Hy(X/k) and the isomorphism (4]) we obtain the
canonical maps

(9) in H'(X, Qx) = Hip(X/K),  w e [(wlog, v, 0)]
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and

(10)  p: Hyp(X/k) = H'(X,0x),  [(wo,wec, foso)] = [fooc]-

The following proposition is equivalent to the more familiar and fancier
sounding statement that the Hodge-de-Rham spectral sequence for X dege-
nerates at F (see [Wed0§]). This is in fact true for every smooth, proper
curve X over k, see example (2) in section (1.5) of [Wed0§].

Proposition 2.1. The following sequence is exact:
(11) 0= HY(X,Qx) 5 HiL(X/k) 2 HY(X,0x) — 0.

We will call the sequence the Hodge-de-Rham short exact sequence.

An elementary proof of Proposition (that works for every smooth pro-
jective curve) can be found in [Tail4l Proposition 4.1.2]; the main ingredient
there is just the fact that the residue of differentials of the form df vanishes
at every point of X and that hence the obvious composition H'(X,Ox) —
HY(X,Qx) = kis the zero map. For a hyperelliptic curve X, the surjectivity
of p will also be verified in the proof of Theorem below.

In order to state a basis of Hlg(X/k), we now define certain polynomials.
To this end, we introduce the notations f=™(z) := ag + ... + a,z™ and
f7m™(x) = app ™+, +a,z™ for any polynomial f(z) := ag+...+a,x" €
klx] and any m > 0. Let 1 <i <g.

When p # 2 we define

si(x) = af'(x) = 2if (z) € k[z]
and put ¢;(x) == s='(x) and ¢;(x) == s7(x) so that s;(z) = ¢i(z) + ¢;(2).
When p = 2 we define
si(x,y) = xf () + (zh'(z) + ih(x))y € klz] & klz]y C k(z,y)

(where k[z] & k[z]y denotes the k[z]-module generated by 1 and y) and put
Vi(z,y) = s (2,y) and ¢;(x,y) == s (x,y) where now the operations < i
and > i are applied to both the coefficients = f'(z) and zh'(x) +ih(x). Again
we have s;(z,y) = ¥i(z,y) + ¢i(z,y).

We now give a basis of Hjz(X/k) in terms of the polynomials just intro-
duced and using the presentation of H}y(X/k) developed above.
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Theorem 2.2. If p # 2, the residue classes

(12) = [( ile) g, —0i@) 3)} L i=1,....9,

Qwitly " 2gitly g

along with the residue classes

(13) A= [(%dm,%dw,O)}, i=0,....9—1,

form a k-basis of Hig(X/k).
On the other hand, if p = 2, the residue classes

(14) i = [(Wx’y) dz, 20 4, 3)} i=1,....9

citih(z) it h(z) 2

together with the residue classes

(15) A = [(%dz,%dxﬂ)}, i=0,...,9—1,

form a k-basis of Hig(X/k).

Remark 2.3.
(a) If p # 2 and f(z) = 2P — x, an easy calculation shows that the basis

elements given above are the same as those given in Theorem 3.1 of [Hor12].
(b) If p = 2, another basis of Hly(X/k) is given in [EP13, Section 4].

Proof. The elements in and are the images under the map 7 of the

differentials %de, 1=20,...,9g—1, and %dm, t=20,...,9— 1, respectively,
which form a basis of H°(X,Qx) by Lemma [1.2} Furthermore, provided
the elements in and are well-defined elements of Hy(X/k), these
elements are mapped to the elements [%], i = 1,..., g, under p, which form
a basis of H'(X,Ox) by Proposition By Proposition it therefore
suffices to check that the elements in and are well-defined elements
of Hig(X/k).

We first check the equality in . When p # 2, this is verified as follows:

<¢z‘(l‘) B —9252'(95)) gy = S

2ty 2xitly o 2ty

_af@) = 2f@) @ (f’@f) _2f @)) da

2$i+1y 2y xr2t r2itl

(1) 2e((2) )




When p = 2, we obtain
B (z)ydx + h(x)dy = f'(x)dx

by differentiating equation and then verify the equality in as follows
(note that we replace all minus signs with plus signs):

(%’(%y) n @(x’(y)))dm:de

it h(z) | 2t h(x 2tz

= (s * i * )

P
L dxzd(%).

Xt szrl

It remains to prove that the first two entries of the triples in and

are regular differentials on Uy and U, respectively.
dx

We first consider the case p # 2. As & s a regular differential on X =

UyUUy by Lemma E, it suffices to observe that each of the functions ﬁiiﬁ),

i=1,...,9,1is regular on Uy (in fact has a zero at oo) and that each of the
functions ‘i@fl), 1=1,...,9, is regular on U.

We now turn to the case p = 2. As above, we know from Lemma
that % is regular on X = Uy U Uy,. Furthermore, for every i € {1,...,9},

the function % is regular on Uy, since y is regular on U, and since, by

definition of ¢;(x,y), the k[x]-coefficients of 1 and y in ¢;(x,y) are divisible

by 2. Hence ;f’;(l e y) d:v is regular on U, as was to be shown. It remains
to show that ﬁfﬁly dx is regular on Uo As wzl +,1y) and dfc are regular on
(z,y)

Uy N Uy, this amounts to showing that ﬂﬂh dx is regular above oc.

We first consider the case when oo is not a branch point of 7. By
Lemmall.4] the differential da has a pole of order 2 at each of the two points
P, P, € X above co. Furthermore, the k[x]-coefficient of 1 in v;(x,y) has
a pole at Py, and P of order at most ¢ and the k[z]-coefficient of y has
a pole at P, and P/, of order at most ¢ — 1 since the coefficient of z* in
xh/(x) +ih(z) is zero (remember char(k) = 2) Moreover, y has a pole at P,
and P! of order at most g+ 1 by Lemma |1.1| Finally, h has a zero at P,



and P! of order d = deg(h(z)) = g + 1. Putting all this together we obtain

or Yilz,y) T
(i)
1 1
= ordp (¢4(x,y)) + ordp ( ) + ordp (h(x)) + ordp(dr)
>min{—i,—(i—1)—(g+D}+0E+1)+(g+1)—2=0

for P € {Px, P, }, which shows that iﬁ(ﬁly) dx is regular at P, and P/_.

We finally assume that oo is a branch point of 7 and prove that ﬁfﬁ” dx

is regular at the unique point Py, € X above co. By Lemma [[.4] the order
of the differential dz at P is 2(¢ — 1 — d) where d = deg(h(z)). For similar
reasons as above, the k[z]-coefficients of 1 and y in ”Lpl(iﬂ y) have a pole at Py,
of order at most 2¢ and 2(i — 1), respectively, and ( has a zero at P of
order 2d. Finally, y has a pole at P, of order at most 2(g+1) by Lemmall.1]
Putting all this together we obtain

Vi(w,
ordp, <#h(yx)) dm)

= ordp,, (Yi(z,y)) + ordp, (%) + ordp,, (%) + ordp, (dz)

> min{—2, —2(i — 1) = 2(g + 1)} +2(i + 1) + 2d +2(g — 1 — d) = 0,

which shows that %—h?dx is regular at P, O

In the proofs in the next section, we will need a refined description of the
basis elements given in ((12)) when another open subset is added to our stan-
dard cover U = {Uy, U, }. To this end, we now fix a € P}\{0, 00} and define
the covers U’ := {U,,Usx} and U” := {Up, U,, Usx} of X. Similarly to ()
and , the first de-Rham cohmology group Hjp(X/k) is then isomorphic
to the k-vector space

(16) {((’UO?waawooaan;fOomfaoo) S
Qx(Uo) X Qx(Ua) X Qx(Uoo) X Ox(UoﬂUa) X OX(UDHUOO) X Ox(UamUoo) |

an - fOoo +faoo - 07 dan = Wo — Wq, dfOoo = Wy — Woo, dfaoo = Wq _woo}
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quotiented by the subspace

(17) {(df()?dfa’dfooafo_fa7f0_f007fa_foo>|
fo € Ox(Uy), fo € Ox(Us), [ € Ox(Uss)} -

We use the notations HéR ) and Hl,(U") for the representations of
Hln(X/k) introduced in (7)), (§ and (t6), (17), respectively. The canonical
isomorphism p: Hig (U") — H r(U), is then induced by the projection

(18) P (w07wa7w007f0a7f0007faoo> — (w07wooafOoo>-

When p # 2, the next proposition explicitly describes the pre-image of
the basis elements v; = [(;ﬁﬁ dx, = 2x1+1 2) do —ﬂ i=1,...,g, of Hiz(X/k)

)t

under p. To this end, we define the polynomials
g(x) == (x —a)?, r(2):=¢="'(2) and ti(z):=g""" (2)
in k[z] for 1 <14 < g so that r;(x) + t;(x) = (x — a)’.

Proposition 2.4. Let p #2. Fori e {1,...,g}, let

Yi(x) —¢i(x)
Woi = 2$i+1ydx, Wooi 1= 2zt dzx,
@)@ — s @ — @) = 2 @)1 et
ar - 2xz+l<w _ a)9+1y
" © ()
ri(x)y _ Y L@y
anz = mv fOooi — (L’i7 faooz = .Ii(fl,’—a)g.
Then we have:
(19) P~ (i) = [(Woir Wais Woois foais fooois faci)]-

Remark 2.5. This description of p~!(~;) does not generalise the description
given in Lemma 3.3 of [Hor12] in case of the hyperelliptic curve y* = 2? — z.
In fact, the proof of that lemma seems to contain various mistakes.

11



Proof. We fixi € {1,...,g}. We obviously only need to show that the sextu-
ple on the right-hand side of is a well-defined element of the space .
From the proof of Theorem we already know that d( fosei) = Woi — Wooi
and that fysi, wo; and ws; are regular on the appropriate open sets.
Since r;(z) + t;(z) = (r — a)9, we have

ri(z)y Y ti(z)y

. . . =0
ri(x —a)d 2 xi(x—a)?

foai — fosoi + facei =

as desired.
The function fy,; is obviously regular above P}\{0,a,c0}. We further-

more observe that ord. <%> > —(i—1)+1i+g =g+ 1 and that, by
Lemma [1.1] the order of y above oo is at least —2(g+ 1) or at least —(g+ 1)
depending on whether oo is a branch point of 7 or not. Thus, fy,; is regular
above oo and hence on Uy N U,.

As above, the function f,.; is regular above P}\{0, a,c0}. Furthermore,
the functions t’;f), y and (x_la - are obviously regular above 0. Therefore,
facoi 18 Tegular above 0 as Welf and hence on U, N Ux.

We next show that dfy,; = wo; — wei. Using the product rule and the chain

rule we obtain

-t (o)
ST (T S 11 N

22 (x — a)%y a a

i (r—a)d oYz —a)9 2(r—a)it!

_ af'(@)riz)(x — a) + 2f(z) (ari(z)(z — a) — iri(z)(x — a) — gari(2))
221 (z — a)9tly '

We now recall that

wf'(x) = 2if(z) = ¢i(x) + ¢i(x).
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We furthermore recall that r;(x) = g='~'(x) where g(x) = (z—a)?. Therefore
ri(x) - (x —a) —g-ri(z)
- [g/(;p)]ﬁij (z—a)—g-¢5Y(a)

= (9@ =) b ) g )
=a- bifl . %iil
where b;_; = (—1)97%(%)a?"" denotes the coefficient of z'~! in ¢'(z).
Thus we obtain
s — () 4 6@)r(0)( = @) +2f (@) abaa?)
Oai 20+ (z — a)9tly |
_ (@) (w = )" — (@) (x — a)) + Gi(@)ri(2)(x — a) + 2f (@) (abir)a’
20 (x — a)9tly .
_ Wil@) o Wi@)ti(e) — ¢i(a)ri(2))(z — a) — 2f(z)(abiy)2’
2qitly 2071 (z — a)9tly

= Woi — Wai,

as claimed.
From the above we moreover obtain that

dfaooi :dfOOOi - dani = (wm - wooz‘) - (WOi - wai) = Wai — Woos -

Finally, w,; is regular on U, because w, = wp; — dfoe; and wy; is hence
regular on Uy N U, and because wy; = Weoi + dfasoi and wy; is hence regular
on U, NU,. O

3 Actions on Hl;(X/k)

In this section we study the action of certain automorphisms on Hly(X/k).
We first prove that the hyperelliptic involution acts by multiplication by —1
on HJi(X/k) when p # 2 and as the identity when p = 2. We then give
a family of hyperelliptic curves for which the Hodge-de-Rham short exact
sequence does not split equivariantly.

Theorem 3.1. The hyperelliptic involution acts on Hig(X/k) by multipli-
cation by —1.
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Proof. Recall that the hyperelliptic involution is the unique non-trivial au-
tomorphism o of X such that m oo = 7.

If p # 2, the involution o acts on K(X) by (z,y) — (z,—y). Hence, o
maps each entry of the triples in and to its negative. Thus, the
p # 2 part of Theorem implies Theorem [3.1]

If p = 2, the involution ¢ acts on K(X) by (z,y) — (z,y + h(z)). In
particular, it fixes the basis elements of Hiz(X/k). According to the
p = 2 part of Theorem [2.2] it remains to show that o also fixes the residue

classes [(woi, Woois foooi)]s @ =1,...,¢g, in (14]). For i € {1,..., g}, this follows
from the description of H}g(X/k) given in (7)) and (8)) and from the equation

U((Wou Wooi s fom)) - (WOi, Wooi f()ooi)

_ (d <h<igx)) d (h>igx)) | hggx) - h>i§x))

which in turn is verified in the following three lines (where we replace all
minus signs with plus signs):

o (Md) L ay) o el (@) ih(w))]ﬂhmdl, —q (hﬁim)

T h(z) rih(z) T o h(x xt

o (o)1) ¢ oo g, ), (1710))

T h(z) rHih(z) T I h(x) xt
EANE G
? (3:1) L e

]

Remark 3.2. If p # 2, Theorem can also be proved as follows. By
Lemma , the involution o acts by multiplication by —1 on HY(X,Qx).
By Serre duality, it then acts by multiplication by —1 also on H'(X, Ox).
Finally, by Maschke’s Theorem (for the cyclic group of order 2) applied to
the Hodge-de-Rham short exact sequence , it acts by multiplication by
—1 also on Hjg(X/k).

Before we state the main result of this paper, we recall that any auto-
morphism 7 of X induces a map 7: P, — P}, since P}, is the quotient of X
by the hyperelliptic involution and since the hyperelliptic involution o be-
longs to the centre of Aut(X) (see [Liu02, Corollary 7.4.31]). The following
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commutative diagram visualises this situation:

X—X

Fob

1 T 1
Pk ]P)k

Theorem 3.3. Let p > 3. We assume that the degree of the polynomial f(x)
defining the hyperelliptic curve X is odd. We furthermore assume that there
exists T € Aut(X) such that the induced map 7: P} — Pi is given by x
x + a for some a # 0. Let G denote the subgroup of Aut(X) generated
by 7. Then the Hodge-de-Rham short exact sequence does not split as a
sequence of k[G]-modules.

The following example explicitly describes hyperelliptic curves that allow
an automorphism 7 as assumed in the previous theorem.

Example 3.4. Let p > 3, let a € k* and let ¢(z) € k[z] be any monic
polynomial without repeated roots. Then f(x) := q(2? — a?~'z) € k[z] obvi-
ously has no repeated roots either and thus y*> = f(x) defines a hyperelliptic
curve X. Moreover, (x,y) — (z+ a,y) defines an automorphism 7 of X and
the induced automorphism 7 is given by z — x + a.

Remark 3.5.

(a) When applied to a = 1 and to the hyperelliptic curve X given by ¢(z) = z
in Example [3.4] Theorem [3.3| becomes the main theorem of [Hor12].

(b) Theorem and Example imply that, for every algebraically closed
field k of characteristic p > 3, there exist infinitely many g > 2 and hy-
perelliptic curves over k of genus ¢ for which the Hodge-de-Rham spectral
sequence does not split equivariantly.

(c) Suppose g > 2 is given. If p is a prime divisor of 2g+ 1 then, according to
Theorem [3.3] and Example [3.4] every monic polynomial ¢(z) € k[z] of degree
(29 + 1)/p without repeated roots defines a hyperelliptic curve X of genus g
for which the Hodge-de-Rham sequence does not split equivariantly.

The following proposition shows that any hyperelliptic curve satisfying
the assumptions of Theorem [3.3]is in fact of the form as given in Example[3.4]

Proposition 3.6. Let p > 3 and let 7 € Aut(X). If the induced isomorphism
7: P, — P} is given by x — z+a for some a # 0, then the action of T* ony is
giwen by 7*(y) =y or 7*(y) = —y and f(x) is of the form f(x) = q(zP—aP™x)
for some polynomial q € k[z] without repeated roots.

15



Proof. We first show that 7*(y) = +y. There exist g1(z) and go(x) # 0 in
k(x) such that

T(y) = 91(7) + ga(2)y € k(2 y).

Hence

(20) flz+a)=7"(y") = (T7(¥)* = 91(2)* + 291 () ga(2)y + go(2)* f ().
This implies that ¢g;(z) = 0 because otherwise

_ frta) — g, — go(2)*f(x)
20:(2)01 (x)

would belong to k(x). By comparing the degrees in we see that go(x) is
a constant, and then by comparing coefficients in the same equation we see
that g»(7)? = 1. Hence 7*(y) = %y, as claimed.

We now show that f(z) is of the form g(zf — a?~'z). The extension
k(x) = k(z,x) of the rational function field k(z) obtained by adjoining an
element z satisfying the equation 2? —a? 'z —z = 0 is a Galois extension with
cyclic Galois group generated by the automorphism x +— x + a. We derived
above that f(z) = f(z + a). Hence f(z) belongs to k(z). Furthermore, x
and hence f(z) is integral over k[z]. Therefore, f(z) € k(z) belongs to k[z],
ie., f(z) = q(z? — aP~'x) for some g € k[z] without repeated roots, as was
to be shown. O

Proof (of Theorem . We suppose that the sequence does split and
that

s: HY(X,Ox) — Hig(X/k)

is a k[G]-linear splitting map. Then we have

(21) s(7"()) = 7"(s(a)) € Hig(X/F)
and
(22) p(s(a)) =a

for all @« € H'(X,Ox). We will show that these equalities give rise to a

contradiction when « is the residue class [£] in H*(X,Ox) (see Proposi-

tion .
We first show that [£] € H'(X, Ox) is fixed by 7*. To this end, we recall
that U = {Up, U}, U' = {U,, U } and U" = {Uy, U,, U} and consider the
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following obviously commutative diagram of isomorphisms where p and p’
are defined as in and the equalities denote the identification :

HY(X,0x)—=——=H"(U,O0x)<L— H'U",Ox)

|- |

HY(X,0x) == H'U,Ox) <"— H'U', Ox).

By (the proof of) Proposition , the triple < ro@y_y _ty(@)y ) defines a

z9(x—a)d9’ z9° x9(x—a)9

well-defined element of H'(U"”, Ox). Hence we have

o ([2]) - [ £ s )]
_ K((w—a)g—wg)y Yy oy )] i U, Ox).

29(x —a)? a9’ (x—a)’

We therefore obtain
") = (e ((([%} )))) |
= x—ag—xgy7%’x;yag
- &((L()})({y)} | +))))
as claimed.

By Theorem , the elements \;, 2 = 0,...,¢g—1, defined in together
with the elements v;, i =1, ..., g, defined in form a basis of HJz(X/k).
Since the canonical projection p : Hiz(X/k) — H'(X,Ox) is k[G]-linear

and maps 7, to the residue class [mi}, it follows that

g

g—1
(23) T (79) =Yg + Z Ci)\i
i=0
for some ¢y, ...,cs—1 € k. On the other hand, we have

(B e T
=0

17



for some dy,...,dy—; € k. Now the action of 7" on A; for 0 < ¢ < g—11is
easily seen to be given by

([ (350

_ K(g” Z Y g, @ Z Y o, o)} - Z (;) ai kA

k=0

Plugging the equations obtained so far into equation (21)) we obtain

= (2 ])—S(T (1)
:T*(s :cg <7g+ZdA)

(£ £

By comparing coefficients of the basis element A\;,_;, we see that c¢,—1 = 0.
On the other hand, we will below derive the equation c¢,_; = a/4 from the
defining equation . Since we assumed that a # 0, this gives us the desired
contradiction.

The left-hand side of equation is 7%(7,). To compute 7*(v,) we
consider the following commutative diagram of isomorphisms where p is

the canonical projection , P is given by (wo,Wa, Weo, foas focos faco) H>
(Wa, Woo, faco) and the equalities denote the identification given by (7)) and (8)):

Hip(X/k) == Hip(U) <" Hip(U")
(25) j Lp/
Hip (X/k) == Hip(U) <—— Hip(U").
Then, by Proposition 2.4 we have:
(1) = 7P (07 (7))

(26) - ([w“g’ 2 igfly) " - “)g)}
_ KT*(%Q), %d‘r’ %ﬂ |
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On the other hand, the right hand side of equation is equal to

Yy(a) ,  —0y(2) | '
(27) [(2$g+lydx 22Ty de, = || + Z Ci gdx, 0]]-
Note that the third entry in both . and . is £. Now, if the third entry

of a triple (dfy, df o, folusnUs — foolvonv.,) in the subspace of the space @
vanishes, then fy and f., glue to a global and hence constant function and the
whole triple vanishes. Hence, the triples in and are equal already
before taking residue classes. By comparing the second entries of and
(27) we therefore obtain the equation

dq(r +a) .
2(x + a)9tly 21’9“

—|—Zcz dm in Qg

Since dz is a basis of Q(x) considered as a K (X)-vector space, the equation
above is equivalent to the equation

-1
¢4z + a) _ ¢q() _ ch-a:i

2(x +a)ott 209t = ’

(in the rational function field k(x)) which in turn is equivalent to the equation

g—1
bg(x + )29t = ¢y(2)(x + a)?™ — 2(x + a)9 ot Z cr' in klz).

1=0

Now, the assumption that the degree of f(z) is odd means that the degree
of f(z) is precisely 29+ 1. By definition, the terms of highest degree in ¢, (z)
are the same as the terms of highest degree in

sg() =zf'(x) = 2gf(z) =2 +0- 2% +....
We therefore have
(z4+a)*™ +0- (z+a)*+...) 29"
=@ 02+ ) (w+a)t =2+ a) e (e 2t L),

3g9+1

Hence, by comparing the coefficients of x , we obtain

294+ 1a=(g+1)a—2¢c4_1.
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and hence

g+t g
g—1 — = 266.

Finally, we have 29+ 1 = deg(f(z)) = 0 mod p by Proposition [3.6) and hence

\V)

a
Cg—1 = Z,
as claimed above. This concludes the proof of Theorem ]

Remark 3.7. While the method of calculating 7* ([%]) and 7*(v,) in the
proof above is the same as in [Hor12], the actual computations do not genera-
lise those in [Horl2], not only due to Remark [2.5 but also because of further
mistakes in [Horl2]. Finally, the argument in the proof above for obtaining
the desired contradiction is different from the one in [Horl2] the very end of

which has unfortunately not been carried out anyway.

We conclude with an example which demonstrates that the requirement
in Theorem of f(z) to be of odd degree is a necessary condition.

Example 3.8. Let p = 3 and X be the hyperelliptic curve of genus 2 defined
by the equation
y? = f(z) =2+ 2" + 22 + 2.
As in Theorem let 7 denote the automorphism of X given by (z,y) —
(x 4+ 1,y) and let G := (7).
By Theorem , a basis of Hl(U) is given by

Ao = {(ld:z:,ldx oﬂ R - dex Lix 0)1
Y Yy Y
1 xt + 222 Y T —|—1 223 Y
= (e = )] = (g e e )]

By Proposition (1.5, the residue classes 7, := [% and o 1= [%] form a basis
of H'(X, Ox). We define a map

s: HY(X,Ox) — Hijg(X/k)
of vector spaces over k by
iy and o = e+ A
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Clearly po s is the identity map on H'(X, Ox), and hence, if s is k[G]-linear,
the sequence in Proposition does split as a sequence of k[G]-modules.

We now show that s is k[G]-linear. By Proposition [2.4] the pre-images
of 1 and 7, under p in H};(U") are the residue classes of

— d d
x2y “ 2(x — 1)3y “ y “ x(x —1)%

( 1 ot + 223 4 222 2t 4 222 y y (:B—}—l)y)
= )
x

and

2?2+1 . a1, 223 (x+1)y y y
vy = dz, dr, —dzx, 5 ,
213y 2(x —1)3y Yy 22 (x —1)2" 22" (x — 1)?

respectively. Using a computation similar to , it is easy to verify that

() = 770" (1))

ot 4202 42042, 2+ a3+ 222 +20 0 (v +2y
= dx, dx,
223y Y x?

=7+ 2% +2\
and that

7 (12) = 77 (0 (1))

_K:c3+x2+1d 2:c3+2d y)]
- 3 L LR}
213y Y T

=72 + 2.

Furthermore, we have seen in that
T*<)\0) = )\0 and T*()\l) = )\1 + )\0.

We finally conclude that

s(7°()) = s(71 + 2%2) =11 + 272 +2A0 =7 (1) = 77(s(T))

and

s(T"(2)) = s(h2) =2+ A =77 (02 + M) = 77(s(72))-
Hence s is k[G]-linear, and the Hodge-de-Rham short exact sequence ([11)
splits.
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Remark 3.9. The curve X defined in the previous example is isomorphic to
the modular curve X(22).

To see this, we first note that, by [KY10, Table 2], the modular curve
X(22) is the hyperelliptic curve of genus 2 defined by

y? = flx) = 2% 4+ 22* + 23 + 222 + 1.

Now, z — = — 1, y — y defines an isomorphism between X(22) and the
curve defined by y? = 2% + 22* + 222 + 2. We finally apply the isomorphism
described in the following general procedure.

If g(z) = asa* + ... 4 ag with ag # 0 # a,, we define g*(z) 1= ay'z°g ().
It is stated after Lemma 2.6 in [KY10] that, if y* = g(z) defines a hyperelliptic
curve and s is even, then the curves defined by y* = g(z) and y* = g*(z) are
isomorphic.
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