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ABSTRACT: Marine operations are in growing demand of robust, autonomous and highly manoeuvrable
unmanned systems in order to foster the degree of automation in the offshore and maritime sectors. One way
to address these needs is to adopt innovative design principles where thrust-augmenting strategies are
coupled with structurally-compliant technologies. With this purpose in mind, we have studied the capability
of aquatic pulsed-jetting bodies to boost thrust generation by altering their external body-shape. Given the
complex hydroelastic response of these kind of vehicles to their actuation, we devise an analytical model to
effectively predict their unsteady dynamics for design and control purposes. This model is validated against
the speed and mass variation from recent experiments and provides an accurate estimate of the contribution
of external added-mass variation to total jetting thrust. These results pave the way to our preliminary
development of a new kind of soft-bodied aquatic vehicle capable of fully exploiting the benefit from addedmass variation effects for the purpose of sustained self-propulsion.
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INTRODUCTION

1.1 Underwater robotics
The maritime sector requires complex tasks to be
performed in always more forbidding environments
and with a constantly increasing degree of
autonomy. These requirements are fostering the
incremental improvement of the manoeuvring
capabilities of state-of-the-art underwater vehicles
(Vaganay et al., 2009; Elvander and Hawkes, 2012;
Vasilescu et al., 2010) either by refining navigation
and positioning systems (see Hover et al., 2012) or
by undertaking completely disruptive design
processes. This is the case of biomimetics, where
water dwelling organisms are taken as the source of
inspiration for the development of innovative
vehicles.
Underwater robotics has extensively employed the
swimming biomechanics of fish and other aquatic
creatures in order to endow new prototypes with the
capability of hovering, short radius turning, fast
start/slowdown and low-speed manoeuvring (Licht
et al., 2004; Yu et al., 2012; Colgate and Lynch,
2004). The propulsion routines of biologicallyinspired robots entails, for the most part, cyclic
oscillations of one or more body parts. These
commonly drive the onset of momentum-rich
vortical flow structures responsible for generating
unsteady hydrodynamical forces which propel the
vehicles. Flapping foil propulsion, for instance,
relies on actuators which mimic the continuous
deformation of fins and tails by means of discrete
sequences of rigid links and joints. However, new
actuators which more closely resemble the

compliant nature of leaving tissues are now being
developed by exploiting soft structures (Marchese et
al., 2014) which offer the advantage of intrinsic
safer physical interaction with the environment as
well as a higher degree of agility (Wang and Iida,
2015; Woodman et al., 2012; Mortl et al., 2012).
1.2 Aquatic volume-changing vehicles
The employment of compliant body parts or entirely
soft-bodied vehicles and actuators not only provides
a higher degree of structural resilience and the need
for less-refined control strategies, but it also lends
itself to mimic those organisms which rely
extensively on large body-volume variations to
propel themselves, such as squids and octopi. These
sea-dwelling creatures sport a repertoire of
extremely aggressive manoeuvres thanks to their
pulsed-jetting propulsion which is driven by the
inflation and deflation of a cavity of their body
(Johnson, et al. 1972). While the study on pulsed-jet
locomotion has mainly revolved around the
contribution to thrust from the vortex generated at
the nozzle exit-plane (Krieg & Mohseni, 2013), it is
becoming apparent that the role of the external shape
variation represents a prominent factor in this mode
of propulsion, (Weymouth & Triantafyllou, 2013;
Giorgio-Serchi & Weymouth, 2016). The analysis
performed on submerged bodies subject to abrupt
shape-changes confirms that the forces associated
with added-mass variation participate in the
generation of thrust to a large extent, (Weymouth et
al., 2015; Giorgio-Serchi & Weymouth, 2016). Thus,
the exploitation of added-mass variation as a

potential source of thrust can have a major impact on
the design (Giorgio-Serchi et al., 2016) and control
(Giorgio-Serchi et al., 2015; Renda et al., 2015) of
new kinds of underwater vehicles. To this end, in
this paper we devise a model for capturing the
coupled fluid-structure-interaction effects of such
kind of vehicles. The purpose of this model is to
offer a fast tool for exploring the design space of
new prototypes and shed light over the potential to
employ added-mass variation effect as a source of
thrust in aquatic vehicles.
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VEHICLE DESIGN

2.1 Propulsion routine
Our purpose is to develop a new soft aquatic
prototype which is capable of performing a
repetitive sequence of pulsed-jets by means of its
own body-shape variation. The mode of actuation of
the vehicle must exploit thrust generated both by the
expulsion of mass and by the variation of added
mass. In order for this to happen, the vehicle must be
capable of undergoing volume variations while at
the same time maintaining a shape as streamlined as
possible throughout each single cycle of pulsation.
2.2 Actuation
Based on these requirements, the generic outline of
the vehicle entails a hollow shell of elastic rubberlike material with two nozzles. At the bow of the
vehicle, a secondary nozzle enables the inflow from
ambient fluid. This process, mediated by a pump,
accounts for the displacement of fluid into the shell,
thus driving its inflation. At the stern, the principal
nozzle regulates the outflow from within the cavity
by means of a controlled valve. This working
principle entails the following routine:
• activate the pump while the principal nozzle
is sealed by the valve,
• inflate the shell, thus increasing its elastic
potential energy,
• deactivate the pump and open the valve of
the principal nozzle thus enabling the
deflation of the shell and hence the
expulsion of a finite slug of fluid.
In order to maximize the thrust output the
contributions from mass expulsion and external
added-mass variation must be carefully studied.
However, since the body deformation of the vehicle
plays such a crucial part in determining the total
jetting force (i.e. the sum of the momentum of the
issuing fluid and the added-mass variation effect), in
studying the dynamics of this vehicle we must

Figure 1: schematic of the shape-changing jet-propelled
vehicle, modified from Weymouth et al. (2015).

account for the highly non-linear coupled fluidstructure effects.
3

VEHICLE MODELLING

3.1 Model overview
The model consists of a coupled system describing
the rigid body dynamics of a hollow ellipsoid of
revolution unsteadily translating in a quiescent ﬂuid
due to the deformations of its body. The deformation
of the body, which regulates the generation of thrust,
depends on the dynamics of the shell, which in turns
is aﬀected by ﬂuid terms internal and external to the
cavity.
The description of the shell accounts for the
deformation of an ellipsoid of revolution by focusing
on the dynamics of its minor-semi-axis. This enables
to treat the body-shape variation of the ellipsoid as a
1d structural model where solid and ﬂuid terms are
lumped together. This model accounts for the inertial
contribution from the ﬂuid internal to the cavity as it
deforms while at the same time uses an ensemble
elastic constant to characterize the stiﬀness of the
body. The contribution from the external ﬂuid on the
dynamics of the shell is embodied by a ”ﬂuid
stiﬀness” term which depends on the external shape
of the ellipsoid and its translational velocity and
aﬀects the deformation of the cavity by enhancing
its structural stiﬀness.
3.2 Rigid body model
The translation dynamics of the body is modelled as:
1
(1)
( M +m ẍ +mf ) ẍ + τ + 2 ρC d A ẋ|ẋ|+ ṁẍ ẋ=0
Here M is the solid mass of the shell, mẍ ( t ) is the
time-varying added-mass of an ellipsoid of
revolution, mf ( t ) is the time-varying mass of ﬂuid
inside the shell, τ is the thrust of the pulsed-jetting
routine, A is the cross section of the ellipsoid. The

3.3 Elastic shell model
The elastic membrane is modelled as an ellipsoid of
revolution whose inﬂation and deﬂation is regulated
exclusively by a spring located at its minor-axis, see
Fig. 1. This enables us to write its dynamics in the
following manner:
,

( I + mb̈ +mb̈) b̈+ c ḃ+ k (b−b )+k ẋ b=0
b

0

Here the terms

Figure 2: comparison between exact added mass formulation
for an ellipsoid of revolution (black) as derived by Sedov
(Korotkin, 2009) and that obtained with the simplified form
of eq. (2), (blue).

thrust term is clearly linked to the deformation of the
cavity. In addition, we account for the added-mass
variation eﬀect associated with the shape change of
the vehicle as it translates in water, which further
contributes to the thrust force.
Having deﬁned a, b, b0 , Δb, ρ, ρs respectively
as the major semi-axis, the minor semi-axis, the
minor semi-axis in its unstrained state, the shell
thickness the ﬂuid density and the density of the
solid, see Fig. 1, these are respectively deﬁned as
follows:
4
M= π a Δb
3
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respectively represent the effective inertia of the
shell walls, the internal added-mass associated with
the acceleration of fluid within the shell and within
the exit tube due to squeezing b, the coefficient of
viscous losses across the nozzle and nozzle inlet, the
effective elastic constant of the shell and a "ﬂuid
stiﬀness" term associated with the diﬀerential
pressure across the shell walls due to the external
ﬂow.
The viscous losses, expressed by coefficient c, are
estimated based on Darcy's friction factors. The
pressure head loss at the nozzle inlet and due to wall
shear stresses along the nozzle can be written:
1
Δ p= f ρ q|q|
2
where q represents the flow speed across the nozzle,
ṁf
q=
ρ π r 20
and f is Darcy's friction factor
64 l
f =(
+0.5)
R e 2 r0
which comprises of the term for head loss along
constant radius cylindrical pipes at Re<2100 and of
an additional coefficient which accounts for viscous
effect at square-edged inlets. This leads to the
definition of the viscous term c,
32 64 l
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The remaining terms of eq. (3) are described in the
following sections.
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ṁ
τ= f 2
ρ π r0
ṁẋ ( t )=4 π ρb 2 ḃ
where mf ( t )
is obtained by subtracting the
'
volume V 0 (see Fig. 1) from the total volume in
order to account for V '0 alone. Here we make use
of a simpliﬁed deﬁnition for the added mass derived
by Sedov (see Korotkin, 2009). The form of
mẍ ( t ) in eq.(2) is comparable to the exact
potential-flow formulation for values of 0<b/a≤0.7
when C ẍ = 0.45, Fig. 2.

3.4 Internal added-mass: mb̈ and m,b̈
In order to model the inertial effect which the shell is
subject to while undergoing deflation, we will model
the internal energy and added mass of the shrinking
ellipsoid as a 1D-ﬂow.
2
1
1 x F ( x)
E= ∫ u 2 du≈ ∫−1e
dx
(4)
2
2
A (x)
where F(x) represents the flux through cross section
A(x) and x e <1 represents the location of the
nozzle inflow plane. Here x e is scaled with the
length of the major semi-axis a. Given the condition
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3.5 Fluid stiffness: k ẋ
Another term which arises due to the body
translation and which affects the dynamics of the
shell pulsation is the fluid stiffness. The ﬂuid ﬂow
over the body of the vehicle is responsible for the
onset of a pressure diﬀerential across the shell walls.
In order to estimate the significance of this term, we
consider the maximum speed over the body:

U max
b
=1+
U∞
(2 a)
Figure 3: comparison between maximum velocity over
the an ellipsoid estimated with exact potential flow
solution (blue) and with the simplified formulation
(black) of eq. (9).

of incompressibility, the variation in cross section
due to the shrinkage of the shell must be equal to the
variation of flux across that section. This implies
that:
dF
ḃ
= Ȧ=2 π R Ṙ=2 π R 2
(5)
dx
b
where R2=b 2 (1−x 2) is the section radius of the
ellipsoid and its derivative is Ṙ=R ḃ /b . By
substituting these into eq.(5) and integrating along x
we obtain:
2
3
F= π b ḃ (2+3 x−x )
3
By substituting for F(x) and A(x) in eq.(4) we obtain,
3

x (2+3 x + x )
4
E= π ḃ2∫−1e
dx
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Since the added-mass associated with the internal
flow is defined as
1
2
E= mb̈ ḃ
2
then, by using eq.(6) and the assumption that
x e≈1 ,
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Similarly, the inertial term associated with the
presence of a cylindrical nozzle of finite length l
(again scaled by the major semi-axis length a) can
be easily derived by assuming the flow speed to be
uniform, thus enabling the assumption that
F( xe )≈F (1) which yields:

(9)

This formulation approximates the exact potential
flow for an axisymmetric ellipsoid, see Fig. 3. The
pressure coefficient is,
C p =1−U 2max and the
compression force on the body center-line is:
Δ C p=−2C p +C p ' where C p ' is the internal
pressure coefficient. The integral force C F over
the body can be estimated as C F =2 π a b Δ C p ,
which enables to derive an equivalent fluid restoring
force under the condition that dC F =k ẍ db . Hence
by differentiating C F about db, we obtain:
3b
k ẍ =−2 π b (2+
)
(10)
4a
The degree by which this term affects the dynamics
of the vehicle depends on its relative magnitude with
respect to the lumped elastic constant of the rubber
material as discussed in section 4.2.
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MODEL TESTING

4.1 Model parameters
The solution of the coupled system deﬁned by eq.(1)
and (3) is validated against the experimental test
case of Weymouth et al. (2015). This can be solved
by prescribing initial conditions x(0) = 0,
ẋ (0)=0 , b(0) = 0.76L (see Fig. 1) and
ḃ( 0)=0 . The geometrical variables are also
prescribed based on Weymouth et al. (2015) as
follows: L = 36cm, a = L/2cm, b0 = a/5cm,
x e = 0.82, l = 0.2 (notice that x e and l are nondimensionally deﬁned based on a and their
x e =15cm and
dimensional size is respectively ~
~
l = 3.6cm) which yield r 0 = 2.2cm; Δ b =
0.05 b0 cm, and ρ = 1000 kg /m3 . The density of
the solid material is chosen equivalent to that of
common rubber-like compounds, i.e. ρs = 1.1ρ

Figure 4: comparison between the experimental (a)
and simulated (b) fluid mass inside the shell cavity
throughout the pulsation routine.

kg /m3 . The drag coeﬃcient of an ellipsoid of
revolution is found to be C d = 0.1 for 1.5<
L/2r 0 < 8. This leaves only the stiﬀness of the
spring to be determined empirically.
4.2 Model results
By selecting a lumped elastic constant for the shell
of k = 2094N/m, a very close match with the
experimental results of Weymouth et al. (2015) is
achieved, see Fig. 4 and 5. The variation of fluid
mass in the cavity is informative on the dynamics of
the shell throughout the pulsation. The differences
between the experimental Fig. 4(a) and simulated
Fig. 4(b) case are motivated by the prototype
comprising of a rigid endo-skeleton (see Fig. 1)
which prevents the membrane from squeezing
beyond the 1.0 kg limit. This not being accounted
for in the model, clearly allows the shell to oscillate
around the equilibrium width b0 , point where the

Figure 5: comparison between the experimental (a) and
simulated (b) vehicle speed throughout the pulsation
routine.

fluid content in the shell is about 1.0 kg. Similarly,
the description of the speed of the vehicles is
captured with remarkable accuracy, Fig. 5.
Having confirmed the validity of the model in
capturing the dynamics of the prototype we can
estimate the importance of the fluid stiffness term.
By comparing the magnitude of k ẍ with respect to
k, we observe that, for the material considered in this
case, the fluid restoring force is always negligible
throughout the whole sequence of pulsation, see Fig.
6.
More importantly, this model enables us to estimate
the role of thrust and added-mass variation effect in
determining the burst of acceleration of the body.
From Fig. 7, it is apparent that the contribution from
added-mass variation is prominent and, in agreement
with what is postulated in Weymouth et al. (2015), it
accounts for as much as 75% of the propulsive force
of the vehicle.

Figure 6: magnitude of the fluid stiffness relative to the
lumped elastic constant of the shell at various degrees of
inflation of the shell.

5

CONCLUSIONS

In order to develop a new kind of soft unmanned
underwater system capable of propelling itself by
exploiting pulsed-jetting and added-mass variation,
we have devised a fast analytical model which
captures the hydroelastic dynamics of highly
deformable self-propelling aquatic bodies. The
model comprises of several terms important in this
mode of actuation. These include, for the internal
fluid, the unsteady inertial effect due to confinement
of the flow which appears to be the leading the term
in regulating the shell collapse. For what concerns
the fluid surrounding the body, the model
incorporates the added-mass variation and a "fluid
stiffness" term. In the case considered in this
manuscript, it is found that added-mass variation
represents 75% of the total thrust generated, while
fluid restoring force participates to only about 1% of
the total shell elasticity. These results lay the
foundation for the preliminary design of innovative
soft unmanned underwater vehicles capable of
exploiting the benefit from added-mass variation for
the purpose of sustained self-propulsion.
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