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Abstract

Efficient and accurate predictions of wave propagation are a vital component of wave-based non-

destructive interrogation techniques. Although a variety of models are available in the literature, most

of them are suited to a particular wave type or a specific frequency regime. In this paper we present a

multi-wave model for wave propagation in axisymmetric fluid-filled waveguides, either buried or sub-

merged in a fluid, based on the semi-analytical finite elements. The cross-section is discretised with

high-order spectral elements to achieve high efficiency, and the singularities resulting from adopting a

Lobatto scheme at the axis of symmetry are handled appropriately. The surrounding medium is mod-

elled with a perfectly matched layer, and a practical rule of choice of its parameters, based only on the

material properties and the geometry of the waveguide, is derived. To represent the fluid and the solid-

fluid coupling, an acoustic SAFE element and appropriate coupling relationships are formulated. The

model is validated against both numerical results from the literature and experiments and the compar-

isons show very good agreement. Finally, an implementation of the method in Python is made available

with this publication.

Keywords: wave propagation, waves in pipes, fluid-filled pipes, waves in embedded pipes,

semi-analytical finite element, perfectly matched layer, spectral elements

1. Introduction

Acoustic waves are perhaps the most common principle upon which modern non-destructive inter-

rogation methods for buried/immersed pipes are developed [1, 2]. Both wavespeed and attenuation

depend on the properties of the pipe, its contents, and the surrounding medium, and can be used to

identify these properties or evaluate their change over time. Moreover, when incident upon a discon-

tinuity, either in the pipe or in the surrounding medium, the waves scatter, allowing for detection of
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defects or a weakened support. Finally, waves radiating from the pipe can be sensed at a ground surface

and provide a basis upon which both the location and the condition of the pipe can be assessed. An es-

sential ingredient for all these techniques is a reliable model for wave propagation in buried/submerged

pipes with fluid. Although there is a considerable number of publications dealing with either waves in

fluid-filled pipes or with waves in embedded cylinders, relatively few works tackle the complete problem

that includes both the pipe, the fluid and the surrounding medium.

For obvious historical reasons, analytical approaches were developed first. Dispersion curves and

energy distributions for fluid-filled thin cylinders have been presented by Fuller and Fahy [3]. Pinning-

ton and Briscoe derived low frequency approximations for both fluid-dominated and axial waves in free

pipes. The effect of the surrounding fluid was investigated by e.g. Greenspon [4] and Sihna et al. [5].

The case of a solid medium restraining the pipe has been studied to some extent by Toki and Hakada

[6] (in an earthquake engineering context) and by Jette and Parker [7].

The pipe, the surrounding medium and the contained fluid altogether were considered probably

for the first time by Muggleton et al. [8–10] where both fluid-dominated and axial waves were studied

based on a simplified interaction between the pipe and the soil/water. Subsequent refinements and

extensions of that model allowing for inclusion of the shear coupling with lubricated contact [11],

compact contact [12] and evaluating torsional waves [13] have also been published.

Despite the negligible computational cost and an immediate insight into the physics gained from

closed-form expressions offered by the aforementioned models, they are often limited to a particular

wave type and the low frequency range. A more versatile approach based on the global matrix method

[14] was developed in the ultrasonic community and was successfully applied to the problem of em-

bedded, fluid-filled cylinders [15, 16], among others. The global matrix method originates from the

description of the motion of the structure as a superposition of bulk waves propagating in each layer

(the number of layers and materials can be arbitrary). The fundamental formulation is analytical, but

requires a numerical solution in the form of root-tracing which often offers a fast and accurate solu-

tion. However, for complex structures, root-tracing may become both inefficient and unreliable (as it

strongly depends on the initial guess). Moreover, developing a universal tracing algorithm applicable

to all configurations is a rather cumbersome task.

The limitations of analytical models can be circumvented with numerical methods which solve

the dispersion equation as an eigenvalue problem, such as the semi-analytical finite element (SAFE)

method. The fundamental concept behind SAFE is that the cross-section is discretised using finite ele-

ments and spatially harmonic motion is assumed in the direction of propagation [17, 18]. The governing

equation is written as an eigenvalue problem which can easily be solved using any numerical package

available. SAFE provides a stable and reliable solution at a cost of the finite element discretisation.

However, the number of degrees of freedom is usually small for closed waveguides.

Modelling open (embedded) waveguides with SAFE raises several new challenges, of which the

greatest is an efficient representation of the surrounding medium. Castaigns and Lowe [19] proposed

the idea of an absorbing layer with material damping smoothly increasing away from the core. Their
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approach could be conveniently implemented in a commercial finite element package, but the size of

the problem grew large for low wavespeed soils. Jia et al. [20] developed infinite elements that can be

coupled to standard, solid SAFE elements and analysed the effect of soil on waves in hollow cylinders.

Mazzotti et al. developed a hybrid approach based on SAFE and 2.5D boundary element method [21–

23]. This idea yielded very promising results and was validated with experiments. However, coupling

of two quite complex methods poses additional challenges for implementation.

An alternative is to use perfectly matched layers (PML) to represent the embedding medium. PMLs

were first used in mid 1990s [24] and have since been successfully applied to a number of applica-

tions, particularly in the electromagnetic community. Including PMLs in numerical models for elastic

waves is a relatively new idea. Treyssède et al. [25] developed a SAFE-PML formulation for plate like

structures with a cubic polynomial chosen as a stretching function. Soon after, Nguyen et al. [26] pre-

sented an analogous formulation applied to three-dimensional embedded waveguides. However, for an

acoustically slow surrounding medium, the size of the problem could grow large owing to short bulk

wavelengths. As a remedy, Treyssède [27] applied spectral elements utilising high-order polynomials

to enhance the efficiency of the solution. Also recently, Duan et al. [28] developed an axisymmetric

SAFE-PML formulation and proposed the use of an exponential stretching function, particularly well

suited to wave problems.

To enable SAFE-PML calculations to be configured rapidly, Zuo et al. [29] implemented this model

in a commercially available software. The advantages of their approach are that one can benefit from

the readily available meshing tools and can conduct simulations without writing any code. The authors

also give guidelines on the choice of PML parameters. Some numerical examples for solid 1D and

2D cross-sections have also been presented. Despite, its user-friendliness, this approach still yields

problems of considerable size.

A scaled boundary finite element method (SBFEM) is a good alternative to SAFE and has recently

been applied to the problem of axisymmetric [30] and embedded waveguides [31–33]. SBFEM is

a well-established numerical framework, particularly in earthquake engineering. Its key concept is to

represent the computational domain using a discretised boundary and a scaling centre. For guided wave

problems, the final form of the equations bears many similarities with those coming from SAFE, since in

both cases the assumption of the harmonic variation of the displacement along the propagation direction

is adopted. However, the key concept and the origin of SBFEM are inherently different from FEM. In

the references mentioned above, the authors simplified the problem by representing the surrounding

medium with a dashpot boundary condition. Although their approach is simple and elegant, it cannot

provide accurate results when the contrast between acoustic impedances is low.

Despite the impressive developments in the field of modelling of elastic waves in recent decades,

to the best of authors’ knowledge, no complete and efficient numerical model for waves in fluid-filled

embedded/submerged pipes has been published 3. This paper proposes a SAFE formulation capable

3We acknowledge, that during the review process of this manuscript, Zuo and Fan [34] published an article on SAFE-PML
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Figure 1: Schematic diagram outlining the problem and chosen coordinate conventions.

of representing the structural-acoustic coupling and benefiting from the circumferential periodicity as-

sumption. Both the pipe and the surrounding medium can be composed of a number of layers of

different, generally anisotropic materials. We use high-order spectral elements (SEs), as they are better

suited to wave propagation problems than standard finite elements and allow for efficient simulations.

The singularities arising from the axisymmetric assumption applied to SEs are accounted for appropri-

ately. The surrounding medium, which can be either solid or fluid, is represented by a perfectly matched

layer and practical guidelines for the choice of the parameters of the PML are derived. Our formulation

is validated against published numerical results and experimental measurements showing very good

agreement. Finally, an implementation of the proposed method in Python is made available with this

publication.

2. Derivation of SAFE elements

We consider an axisymmetric, infinitely long and uniform waveguide, where r and θ are the cross-

sectional coordinates and z is the direction of propagation. The waveguide can be composed of any

number of layers, either solid of fluid. Owing to the axisymmetric assumption the cross-section is

represented with mono-dimensional elements. A practical representation of such class of problems

is an embedded/submerged fluid-filled pipe. The pipe scenario together with chosen labelling and

conventions is shown in Fig. 1. SAFE formulations for all respective elements are presented in the

following subsections.

2.1. Structural element

The structural (elastic) SAFE element is derived in a similar way to [18] but with slightly different

conventions. We start from recalling the virtual work principle for deformable elastic bodies [35]which

modelling of structures immersed in a fluid, which bears some similarities with the approach presented in this paper.
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states that
∫

V
δū>ρ ¨̄udV +

∫

V
δε̄>σ̄ dV =

∫

V
δū>t̄dV (1)

where V is the volume occupied by the waveguide, ū is the displacement vector, ρ is the mass density,

ε̄ is the strain vector, σ̄ is the stress matrix, t̄ is the external traction and (̈·) symbol denotes double

differentiation with respect to time. Our attention is focused on free wave propagation here, hence the

right-hand side, i.e. the external traction, is set to zero.

The displacement and strain vectors are defined as

ū=
�

ūr ūθ ūz

�>

ε̄=
�

ε̄r r ε̄θθ ε̄zz γ̄θz γ̄zr γ̄rθ

�> (2)

where γ are the engineering shear strains. The stress is related to the strain via the Hooke’s Law:

σ̄ = Cε̄ (3)

with C being the elasticity matrix.

For the considered axisymmetric geometry, the displacement is assumed to be circumferentially

periodic, which is expressed using a Fourier series

ū(r,θ , z) =
∞
∑

n=0

ūn(u, z)e−jnθ (4)

where n is an integer to ensure 2π-periodicity. For clarity, this assumption is not applied till the end of

the derivation.

The strain is related to the displacement via differential operators:

ε̄=
�

1
r

L+ Lr
∂

∂ r
+ Lθ

1
r
∂

∂ θ
+ Lz

∂

∂ z

�

ū (5)

where the respective operators are:
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(6)

As in standard finite element procedures, the displacement within the element is approximated
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using shape functions, such that

ū(r,θ , z, t) = N(r)q̄(θ , z, t) (7)

where q̄(θ , z, t) is a vector of nodal displacements. We can now rewrite Eq. (5) as

ε̄=
�

1
r

LN+ LrN,r +
1
r

LθN
∂

∂ θ
+ LzN

∂

∂ z

�

q̄= B1q̄+B2
∂

∂ θ
q̄+B3

∂

∂ z
q̄ (8)

where N,r denotes a derivative with respect to r and the B matrices are clearly defined in the last step.

Substituting Eq. (3) and Eq. (8) into Eq. (1), assuming time harmonic motion (q̄= qejωt) and noting

that in the cylindrical coordinates dV = r dr dθdz, after multiple simplifications and integrations by

parts, one obtains

∫

L

∫

θ

δq>
�−ω2M+K1q−K2q,θ −K3q,z −K4q,zθ −K5q,θθ −K6q,zz

�

dθ dz+
∫

θ

δq>
�

K>f 1q+K>f 3q,θ +K6q,z

�

dθ +

∫

L
δq>

�

K f 1 +K5q,θ +K f 3q,z

�

dz = 0

(9)

where for convenience we used subscript notation to denote differentiation and the matrices have been

integrated over the cross-section (with r0 and r1 being the start and end coordinates of the element) as

follows

K1 = 2π

∫ r1

r0

B>1 CB1r dr K f 1 = 2π

∫ r1

r0

B>1 CB3r dr

K f 2 = 2π

∫ r1

r0

B>1 CB2r dr K f 3 = 2π

∫ r1

r0

B>2 CB3r dr

K2 = K>f 2 −K f 2 K3 = K>f 1 −K f 1

K4 = K>f 3 +K f 3 K5 = 2π

∫ r1

r0

B>2 CB2r dr

K6 = 2π

∫ r1

r0

B>3 CB3r dr M = 2πρ

∫ r1

r0

N>Nr dr

(10)

From Eq. (9) we can deduce the governing equation for wave propagation along z. Imposing the n-

periodicity of the displacement along the circumference as indicated in Eq. (4) and assuming a spatially

harmonic variation of the displacement along z, i.e. qn(z) = q̃ne−jkz , we obtain

�

K1 −ω2M+ jnK2 + jkK3 + knK4 + n2K5 + k2K6

�

q̃n = 0 (11)

and the natural boundary condition for the waveguide (resultant forces over the cross-section)

�

K>f 1 − jnK>f 3 − jkK6

�

q̃n = f̃z (12)
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It is noted that the considerations presented above address a one-dimensional waveguide problem. In

this light, the cross-sectional integral in Eq. (12) is indeed a natural boundary condition.

2.2. Structure of the matrices

Matrices K1, K4, K5, K6 and M are symmetric, whereas matrices K2 and K3 are skew-symmetric

(K2 = −K>2 ). The latter two matrices couple ur with uθ and ur with uz , respectively. The forms of uθ
and uz are prescribed by the circumferential and axial periodicity, hence it is convenient to introduce

a diagonal transformation matrix T as proposed in [36]. The transformation matrix has the same

dimension as the SAFE matrices and each diagonal element corresponding to ur is 1, whereas elements

corresponding to uθ and uz are j. Eq. (11) is premultiplied by T and q̃ is replaced by T∗Tq̃, since T∗T = I,

with T∗ being the conjugate of T. Matrices K1, K4, K5, K6 and M remain unaltered by this operation,

whereas K2 and K3 become
TK2T∗ = −jK̂2

TK3T∗ = −jK̂3

(13)

where K̂2 and K̂3 are now symmetric. Eq. (11) can now be rewritten as

�

K1 + nK̂2 + n2K5 −ω2M+ k
�

K̂3 + nK4

�

+ k2K6

�

Tq̃= 0 (14)

This transformation will not hold in the case of a general anisotropy, but can be applied to or-

thotropic and transversely isotropic materials, if the material axes are aligned with the cylindrical co-

ordinate system adopted. For more general cases, the matrices are to be left in their original forms.

Despite the loss of symmetry and its implications, the solution procedure outlined below is still the

same.

2.3. Acoustic element

SAFE has typically been only used for solid structures. In this section, we derive an acoustic SAFE

element to represent contained/surrounding fluids. We start from recalling the acoustic wave equation

in terms of the velocity potential [37]

∇ ·∇φ − 1
c2

∂ 2φ

∂ t2
= 0 (15)

where the gradient operator in cylindrical coordinates is defined as

∇X =
�

∂ X
∂ r

1
r
∂ X
∂ θ

∂ X
∂ z

�>
(16)

In Eq. (15), φ is the velocity potential in the fluid and c is the speed of sound defined as

c =

√

√

√
β

ρ f
(17)
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with β being the bulk modulus and ρ f – the mass density of the fluid. The velocity and pressure can

be calculated from the potential as

v=∇φ p = −ρ∂φ
∂ t

(18)

The virtual work principle for fluids states that [35]

∫

Vf

δφ
1
c2

∂ 2φ

∂ t2
dV +

∫

Vf

(∇δφ) · (∇φ) dV = 0 (19)

where Vf is the volume occupied by the fluid. The velocity potential in the discretised medium is written

as

φ̄(r,θ , z, t) = Nφ(r)φ(z,θ )ejωt (20)

where Nφ is the shape function matrix and φ is the nodal velocity potential vector. In this paper, the

shape functions for Nu and Nφ are the same. so that

∇φ =∇ �Nφ(r)φ(θ , z)
�

=
�

Nφ,rφ
1
r Nφ

∂
∂ θφ Nφ

∂
∂ zφ

�

(21)

where the time-harmonic factor has been omitted for brevity.

Let us now substitute the finite element approximations into the virtual work equation

−ω2

c2

∫

Vf

δφ>N>φNφφ dV +

∫

Vf

δφ>N>φ,rNφ,rφ dV

∫

Vf

δ
∂

∂ θ
φ>

1
r2

N>φNφ
∂

∂ θ
φ dV+

∫

Vf

δ
∂

∂ z
φ>N>φNφ

∂

∂ z
φ dV = 0

(22)

After integrating the two last integrals by parts and noting that dV = r dr dθdz, we obtain

∫

L

∫

θ

δφ>
�−ω2Mfluidφ +Kfluid

1 φ −Kfluid
5 φ,θθ −Kfluid

6 φ,zz

�

dθ dz+
∫

θ

δφ>Kfluid
6 φ,z dθ +

∫

L
δφ>Kfluid

5 φ,θ dz = 0

(23)

where the respective matrices are defined as follows (to maintain consistency, we kept the same sub-
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script notation as for the structural element)

Mfluid = 2π

∫ r1

r0

1
c2

N>φNφ r dr Kfluid
1 = 2π

∫ r1

r0

N>φ,rNφ,r r dr

Kfluid
5 = 2π

∫ r1

r0

1
r2

N>φNφ r dr Kfluid
6 = 2π

∫ r1

r0

N>φNφ r dr

(24)

From Eq. (23) we can deduce the SAFE governing equation for wave propagation and the natural

boundary condition (resultant pressure over the cross-section). Confining our attention to waves prop-

agating along the z direction, we impose the circumferential periodicity condition from Eq. (4) and

assume harmonic variation of the displacement along z, i.e. φn(z) = φ̃ne−jkz , to obtain

�

Kfluid
1 −ω2Mfluid + n2Kfluid

5 + k2Kfluid
6

�

φ̃n = 0 (25)

and

p̃=
�−jkKfluid

6 − jnKfluid
5

�

φ̃n (26)

For an acoustic problem, all matrices are symmetric and no transformation is required as in the

case of structural elements. While applying the T transformation to the global matrices of the assem-

bled coupled fluid-solid problem, respective entries at the diagonal of T corresponding to fluid velocity

potential degrees of freedom are set to 1.

2.4. Structural-acoustic coupling

Finally, in this section we derive structural-acoustic coupling relationships following the approach

of Nilsson and Finnveden [38] who studied a fluid-filled pipe. We start from the virtual work principle

for both the structural and acoustic part, including the interaction forces. For the former we have

(assuming no external traction)

∫

Vs

δū>ρs ¨̄udV +

∫

Vs

δε̄>σ̄ dV =

∫

S
δn>up dS (27)

where n is a vector normal to the wetted surface – in this case n =
�

1 0 0
�>

and S is the wetted

surface of contact between the structure and the fluid. The right hand side is virtual work done on the

structure by the fluid pressure and it represents the coupling between the two media. In the above, the

energy flow into the shell is defined positive [38]. Substituting the finite element approximations and

noting that p = −ρφ̇ one writes

∫

S
δn>up dS = −jωρ

∫

S
δq̃>N>u nNφφ̃ dS = −jωρδq̃>Hφ̃ (28)

where H=
∫

S N>u nNφ dS is defined in the last step.
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Likewise, the virtual work principle for the acoustic part is written as

∫

Vf

δφ
1
c2
φ̈ dV +

∫

Vf

(∇δφ) · (∇φ) dV = −
∫

S
δpn>udS (29)

Here, the right-hand side is the virtual work done on the fluid by the structure and the minus sign

originates from the chosen convention for the direction of energy flow. Employing finite element ap-

proximations, one obtains

−
∫

S
δpn>udS = jωρ

∫

S
δφ̃>i N>φn>Nuq̃dS = jωρδφ̃>i H>q̃ (30)

Eq. (28) and Eq. (30) are the coupling terms which are the only modifications to the governing

equations for the structural and acoustic parts derived above. It is noted that since H couples φ̃r with

q̃, it will only interact with the K1 matrix. The coupling terms need to be formulated appropriately to

the application, i.e. whether it is supposed to represent fluid contained within a structure (e.g. pipe),

or a fluid surrounding a structure. The equations below refer to the former case.

Let us now write the governing equation for the assembly of structural and acoustic elements in-

cluding the coupling term. Under the axisymmetric assumption, the wetted surface is represented by

one node. The surface integral becomes

∫

S
(·)dS =

∫

θ

(·)rs dS = 2πrs(·) (31)

where rs is the coordinate of the fluid-structure interface. The integral in the coupling term can be

simplified to

H= 2πrsNu(rs)
>nNφ(rs) (32)

The assembly of a fluid and structural elements including the coupling is now written as

�

−ω2

�

Mfluid 0

0 M

�

+

�

Kfluid
1 + n2Kfluid

5 0

0 K1 + nK̂2 + n2K5

�

+ jω

�

0 ρH>

−ρH 0

�

+

k

�

0 0

0 K̂3 + nK4

�

+ k2

�

Kfluid
6 0

0 K6

�

�

¨

φ̃

Tq̃

«

= 0

(33)

where the ‘fluid’ superscript denotes that the matrix corresponds to the acoustic part of the structure.

The symmetry is lost in the above problem, as the matrix with coupling terms is skew-symmetric. How-

ever, we can multiply the top row of the block matrix equation (corresponding to the fluid) by -1 to
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obtain

�

−ω2

�

−Mfluid 0

0 M

�

+

�

−Kfluid
1 − n2Kfluid

5 0

0 K1 + nK̂2 + n2K5

�

+ jω

�

0 −ρH>

−ρH 0

�

+

k

�

0 0

0 K̂3 + nK4

�

+ k2

�

−Kfluid
6 0

0 K6

�

�

¨

φ̃

Tq̃

«

= 0

(34)

where the symmetry is retained. For implementation, it is convenient to apply the ‘minus’ sign to all

matrices related to the fluid domain at the element definition stage.

If the coupling between the pipe and the external surrounding fluid is considered, the rows of the

matrices in Eq. (34) need to be swapped.

2.5. Spectral elements for the discretisation of the cross-section

The choice of shape functions is of primary importance for modelling wave propagation. Using high-

order polynomials over non-uniformly spaced nodes, commonly referred to as spectral elements, offers

several advantages over conventional finite elements with linear or quadratic interpolations [27, 39,

40]. These include fast convergence and reduced size of the model. They are particularly well suited to

wave propagation problems, and hence were recently proposed for SAFE with 2D cross-sections [27].

The details of the implementation of spectral finite elements for the discretisation of the axisymmetric

cross-section are discussed in this section.

2.5.1. Gauss-Lobatto-Legendre nodes and Langrangian interpolants

A detailed discussion on various interpolating polynomials and integration schemes can be found

in relevant literature, e.g. [40]. In this paper, we use Lagrange polynomial shape functions over Gauss-

Lobatto-Legendre (GLL) nodes. Unlike in the conventional FE, the nodes now coincide with the inte-

gration points.

Let us start from defining the nodal locations as roots of the equation [41]

�

1− ξ2
� dPN (ξ)

dξ
= 0 (35)

where PN (ξ) is the Legendre polynomial of order N . These (N +1) roots (ξi) can be identified numer-

ically. For completeness, the weights for the GLL quadrature are defined as:

wi =











2
N(N + 1)

if i = 0 or i = N + 1

2
N(N + 1)PN (ξi)2

otherwise
(36)
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For a given set of GLL nodes, we compute (N + 1) Lagrange interpolants of order N :

hi(ξ) =















N+1
∏

j=1,i 6= j

ξ− ξ j

ξi − ξ j
if i 6= j

1 otherwise

(37)

The derivatives of the interpolants are calculated as:

dhi(ξ)
dξ

=
N+1
∑

j=1,i 6= j

1
ξi − ξ j

N+1
∏

k=1,k 6=(i, j)

ξ− ξk

ξi − ξk
(38)

For one-dimensional elements, the Jacobian matrix describing the mapping form physical into nat-

ural coordinates has just one element:

J =
�

dh1
dξ

dh2
dξ . . . dhN+1

dξ

��

r1 r2 . . . rN+1

�>
(39)

The determinant of the Jacobian matrix is denoted as J(detJ = J)

2.5.2. Gauss-Lobatto-Jacobi (0, 1) nodes and weights for core elements

For axisymmetric domains, adopting GLL nodal locations and integration results in the appearance

of singular or undetermined terms at r = 0 (every element matrix has the form
∫

. . . r dr). Since

GLL points include (−1, 1) coordinates, the element matrices need to be evaluated at r = 0, which

corresponds to ξ= −1 for the element adjacent to the axis of symmetry (core element).

Several approaches have been proposed to overcome this difficulty. In this paper we follow [42–45]

who suggested employing the Gauss-Lobatto-Jacobi (0, 1) (GLJ) scheme for determining node locations

and integrating over the core element. The advantage of the GLJ quadrature is that it incorporates the

radius in the weight allowing for eliminating the aforementioned numerical difficulty. A brief summary

of the calculation of nodes and weights for the GLJ quadrature is given in Appendix A. For detailed

information, the reader is directed to literature related to spectral methods, e.g. [41].

2.5.3. Avoiding undetermined terms

The integrations of the axisymmetric element matrices can be written in a general form

∫

r
f (r)r dr (40)

Let us rewrite this integral in the natural coordinates (with respect to GLJ nodes)

∫ 1

−1

f (ξ)
r

1+ ξ
(1+ ξ)J dξ (41)
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where J is the determinant of the Jacobian matrix. The term (1+ ξ) is absorbed in the weight, since

the GLJ quadrature is defined as

∫ 1

−1

g(ξ)(1+ ξ)dξ=
N+1
∑

i=1

wi g(ξi) (42)

where ξi and wi are GLJ nodes and weights, respectively. For the considered case g(ξ) = f (ξ) r
1+ξ .

On the axis of symmetry, the r
1+ξ becomes undetermined since both r and (1 + ξ) tend to zero as ξ

approaches -1. We evaluate this fraction using the L’Hospital’s rule [42]

r(ξ)
1+ ξ

�

�

�

ξ=−1
=

dr
dξ

�

�

�

ξ=−1
(43)

From the finite element discretisation, r(ξ) = N(ξ)ri , where ri are r-coordinates of the nodes. There-

fore,
dr
dξ

�

�

�

ξ=−1
=

dN(ξ)
dξ

�

�

�

ξ=−1
ri (44)

which is equal to the one-element Jacobian matrix.

For implementation, it is convenient to scale the radius for core elements according to the node at

which the matrices are evaluated [42]

r =







r
1+ ξ

if ξ 6= −1

J if ξ= −1
(45)

Another singularity arises when strains in a solid domain are computed on the axis of symmetry. In

cylindrical coordinates, several components include division by r, for example ur/r, or uθ/r (for n= 0

circumferential order). We note, however that the boundary conditions on the axis of symmetry imply

that both ur and uθ vanish. The L’Hospital’s rule can be applied again [45]

ur

r

�

�

�

ξ=−1
=
�

dr
dξ

�

�

�

ξ=−1

�−1 dur

dξ

�

�

�

ξ=−1
(46)

where the z- and θ - dependence of the displacement has been dropped. Recalling that ur(ξ) = N(ξ)ur i

we can write the derivative of the displacement as

dur

dξ
= JN,rur i (47)

which finally yields
ur

r

�

�

�

ξ=−1
= N,r

�

�

�

ξ=−1
ur i (48)

An analogous derivation applies to the uθ
r component and all derivatives over θ . Recalling Eq. (8),
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where the FE formulation for strain was derived, we redefine strain for ξ = −1 the node in the core

element located at the axis of symmetry as

ε̄
�

�

�

ξ=−1
=
�

LN,r + LrN,r + LθN,r
∂

∂ θ
+ LzN

∂

∂ z

�

q̄ (49)

The aforementioned solutions allow for avoiding singular and undetermined terms in element matrices

making the use of spectral elements in axisymmetric domains feasible.

3. Perfectly matched layer in SAFE

In this section the implementation of a perfectly matched layer (PML) in SAFE is presented. PMLs

are of great use for modelling waves in structures embedded in a restraining medium. PML maps

the original geometry into a new coordinate system which both ‘stretches’ the original geometry and

attenuates the waves (as the new coordinate is complex). The new coordinate r̃(r) is defined as

r̃(r) =

∫ r

0

γ(ξ)dξ (50)

where γ is a stretching function defining the PML profile.

There are a number of variants to choose for the γ function. Two have received attention in the

vibroacoustic community, namely a polynomial [25–27] and an exponential [28] profile. The latter

seems to align better with the physical intuition and according to [28] outperforms the polynomial

counterpart for most cases. The exponential profile is defined as

γ(r) =







1 r ≤ d

ea r−d
h − j

�

eb r−d
h − 1

�

r > d
(51)

where a and b are the parameters of the profile. An average value of of the PML profile along its length

provides a useful measure for evaluating its characteristics and will be exploited for determining the

parameters of the PML.

γ̂=
1
h

∫ d+h

d
γ(r)dr =

ea − 1
a
+ j

b− eb + 1
b

(52)

The transformed stretched coordinate can be found from a closed-form expression:

r̃(ri) =

∫ ri

0

γ(ξ)dξ= d +
h
a

�

ea
ri−d

h − 1
�

− jh
�

1
b

eb
ri−d

h − 1
b
− ri

�

(53)

The SAFE-PML elements are derived in the same way as the ‘standard’ elements described in Sec. 2.1

and Sec. 2.3, the only difference being that the calculations are performed in the new, ‘stretched’ do-

main. Below, we show the modifications to element matrices for PML elements. The change of variables

14



r̃ 7→ r implies that for any function f̃

∂ f̃
∂ r̃
=

1
γ

∂ f
∂ r

, dr̃ = γdr (54)

In fact, this transformation is the only change to the SAFE matrices derived in the preceding sections.

Both the form of the SAFE governing equation and the global matrices assembly process remain the

same as for elements in physical coordinates. Nevertheless, the respective element matrices are written

explicitly below, for completeness.

For structural elements, we obtain

K1 = 2π

∫ r1

r0

B̃>1 CB̃1 r̃γdr K f 1 = 2π

∫ r1

r0

B>1 CB̃3 r̃γdr

K f 2 = 2π

∫ r1

r0

B̃>1 CB̃2 r̃γdr K f 3 = 2π

∫ r1

r0

B̃>2 CB3 r̃γdr

K2 = K>f 2 −K f 2 K3 = K>f 1 −K f 1

K4 = K>f 3 +K f 3 K5 = 2π

∫ r1

r0

B̃>2 CB̃2 r̃γdr

K6 = 2π

∫ r1

r0

B>3 CB3 r̃γdr M = 2πρ

∫ r1

r0

N>N r̃γdr

(55)

with
B̃1 =

1
r̃

LN+
1
γ(r)

LrN,r and B̃2 =
1
r̃

LθN (56)

For acoustic elements, we write

Mfluid =

∫ r1

r0

1
c2

N>φNφγr̃ dr Kfluid
1 =

∫ r1

r0

1
γ2

N>φ,rNφ,rγr̃ dr

Kfluid
5 =

∫ r1

r0

1
r̃2

N>φNφγr̃ dr Kfluid
6 =

∫ r1

r0

N>φNφγr̃ dr

(57)

When calculating the integrals using the Gauss quadrature, both the stretching function γ and the

transformed coordinate r̃ are evaluated at each integration point.

3.1. The choice of the parameters of the PML and meshing

The physical implications of the geometrical parameters of the PML as well as the average value

of the stretching function γ̂(r) are explained in detail in excellent discussions by Treyssède [25] and

Nguyen et al. [26]. Based on their observations, we formulated several criteria that allow for deter-

mining a practical rule for the choice of the parameters of the PML for a given configuration a priori,
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minimising the need for manual tuning. In the following, the PML always starts at the boundary be-

tween the waveguide and the surrounding medium (preventing the growth of the leaky waves [26]).

In general, two limiting cases define the effectiveness of the PML, namely the long wavelength and

the short wavelength limits. In the former, the challenge is to capture leaky waves when the wavelength

in the surrounding medium is long and it is difficult to achieve attenuation with reasonably thin PMLs.

The latter requires a careful consideration of the mesh density as one of the effects of the PML is to

shorten the wavelength.

The short wavelength limit is addressed first. We start from computing the ‘largest’ radial wavenum-

ber, which can be done from bulk wavenumbers in the waveguide (kw) and in the surrounding medium

(kb) and the maximum allowed radial attenuation (expressed with the imaginary part of the radial

wavenumber kim max - to be chosen by the modeller)

kr max =
Æ

Re(kb)2 −Re(kw)2 − jkim max (58)

It is noted that such calculation can be performed a priori, using the material properties and the fre-

quency only. This is based on the fact, that the leaky wave wavenumber will not be smaller than the

shear bulk wavenumber in the waveguide. For solid media, where two bulk waves exist (shear and lon-

gitudinal), a combination that gives the largest radial wavenumber must be chosen. The value taken

for the maximum allowed radial attenuation should be relatively small (e.g. up to 10) to maintain

relevance to practical guided wave problems.

Next, the effect of the PML on the wavelength is assessed. The exponential PML profile from Eq. (51)

is controlled by two parameters: a, which is predominantly responsible for shortening the wavelength,

and b which governs attenuation. The choice of values for these is somewhat arbitrary, but the expe-

rience of the authors shows that it is best if b is slightly larger than a and that a reasonable range for

these parameters is between 2 and 8. The chosen profile performs very well for a = 6 and b = 7 and

these values were kept for all simulations.

Having chosen a and b, one can calculate the ‘shortened’ wavelength in the PML. Recalling the

harmonic variation of displacement along r, e−jkr r , the effective PML wavenumber is obtained by sub-

stituting the maximum wavenumber kr max and the stretched radial coordinate from Eq. (53) to that

expression. The wavelength is the shortest at the end of the PML (r = d + h), hence one writes

e−jkr max r̃(r)
�

�

�

r=(d+h)
= e−j[Re(kr max)+jIm(kr max)][d+ h

a (e
a−1)−j( h

b (eb−1)]+jh] (59)

The above equation can be mapped to the form e−jkPMLr
�

�

�

r=(d+h)
which allows for determining the effec-

tive PML wavenumber (kPML) at the PML termination. Although the full expression is rather lengthy, it

can be well approximated with just one term (see Appendix B for the details of the approximation)

kPML ≈
h

d + h
krmax

ea − 1
a

(60)
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e-jkrγh

RPML
a+

a-

b+

b-
R = 1

d h
average change across the PML:

Figure 2: Schematic diagram for the calculation of the PML reflection coefficient RPML.

This approximation is valid for most leaky waves cases, where the bulk waves in the waveguide are

significantly faster than those in the surrounding medium and the bulk attenuation is relatively small.

Next, it is necessary to specify the number of ‘shortened’ wavelengths inside the PML. The experi-

ence suggests that somewhere between 3 and 10 both provides accurate results and avoids incurring

excessive computational costs. A small number of wavelengths will suffice for most applications with

high contrast of acoustic impedances between the waveguide and the surrounding medium. If the

acoustic impedances are similar, and highly damped leaky waves are of interest, one should choose a

value closer to ten. It is worth noting that choosing a larger number enhances the performance of the

PML at lower frequencies.

Knowing the smallest shortened wavelength in the PML, its physical thickness can be calculated

from a simple quadratic equation

κ
2π

kPML
= h (61)

where κ is the desired number of wavelengths and kPML is taken from Eq. (60).

At high frequencies, the mesh density becomes critical for reflection-free performance of the PML.

A criterion developed by Gravenkamp [30] is adopted here, with slight reformulations. Recalling that

it has been chosen to include κ wavelengths within the PML, the order of the GLL element (N) should

be

N = πκ+ 3 (62)

which gives an element with N + 1 nodes.

The equations presented above allow for determining the thickness of the PML and mesh parameters

only from the geometry of the waveguide and material properties.

A very advantageous characteristic of the presented formulation is that it is capable of capturing

leaky waves at very low frequencies, i.e. where the wavelengths in the surrounding medium are long.

This is uncommon for PML applications. Most other numerical methods for embedded waveguides

discussed in the introduction (see e.g. [19]) do not address the low frequency range. We found that the

most practical is to calculate PML parameters for the short wavelength limit, evaluate the performance

of the PML at the long wavelength limit and make small adjustments if necessary. This can be done

by calculating the reflection coefficient from the PML at low frequencies. A schematic diagram for this

calculation is shown in Fig. 2. We assume that the reflection coefficient at the end of the PML is 1 (one
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wave type at a time, no mode conversion). Wave amplitude returning from the PML into the waveguide

can be calculated as

a− = a+e−2jkr γ̂h (63)

and the reflection coefficient from the PML as

RPML =
a−

a+
= e−2jkr γ̂h (64)

Of interest here is the magnitude of the reflection coefficient, which can be conveniently expressed as

|RPML|= eIm(2kr γ̂h) (65)

Substituting Eq. (52) from γ̂ we obtain

|RPML|= e2hIm(kr )
ea−1

a e2hRe(kr )
b−eb+1

b (66)

We calculated the reflection coefficients for several configurations and concluded that the expo-

nential PMLs optimised for high frequency applications often work at low frequencies if at least three

shortened wavelengths are included. If the dispersion curves become affected by the reflections from

the PML at low frequencies, it is advised to increase κ.

Recent literature offers some promising approaches for formulating PMLs that are optimal in the

sense that all incoming waves are fully absorbed, regardless of the angle of incidence. Bermudez et al.

[46] proposed using unbounded absorbing functions for acoustic problems and developed optimal pro-

file parameters ensuring perfect absorption. Follow-up considerations for a parameter-free formulation

were also presented in [47]. Angle of incidence does not pose an issue for the problem considered in this

paper. However, a comparison between the presented approach and rigorously optimised techniques

from [46, 47] is an interesting topic for future work on SAFE-PML modelling.

4. Governing equations and solution

4.1. Linearisation and solution

The global SAFE matrices are assembled from element matrices defined in Sec. 2 in an FE-like

manner, and coupling terms are grouped in Kcoupling. The resulting governing equation is

�

K1 + nK̂2 + n2K5 −ω2M+ jωKcoupling + k
�

K̂3 + nK4

�

+ k2K6

�

ψ= 0 (67)

where ψ is a T-transformed vector of generalised nodal degrees of freedom (here, both displacements

and velocity potentials).

Eq. (67) can be solved at a given frequency by companion linearisation (recasting to the form

[A− kB] ψ̂ = 0). From a variety of linearisation schemes available, we chose one that allows for the
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symmetry of the system to be retained and renders B matrix invertible, namely

��

K6 0

0 −
�

K1 + nK̂2 + n2K5 −ω2M+ jωKcoupling

�

�

− k

�

0 K6

K6 K̂3 + nK4

��¨

kψ

ψ

«

= 0 (68)

The solutions of Eq. (68) can be efficiently found by transforming the above equation to a standard

eigenvalue problem
�

B−1A− kI
�

ψ̂= 0, with A and B being the two block matrices in Eq. (68). Note that

B−1 needs to be computed only once, as it is independent of frequency. The structure of the matrices

enables the shift-invert mode of sparse eigensolvers to be used. However, the axisymmetric assumption

and the use of spectral elements usually render small problems, for which the full eigensolution is more

efficient. Finally, owing to the symmetry of the system resulting from the T-transformation outlined in

Sec. 2.2, left eigenvectors are the same as the right eigenvectors, which is useful for calculating the real

reciprocity relation [48] or the forced response. For generally anisotropic materials, one needs to find

left eigenvectors separately, since without the T-transformation, the system is not symmetric.

The solution of Eq. (68) yields 2N eigenvalues and 2N eigenvectors (with N being the number

of degrees of freedom) corresponding to N positive- and N negative-going wavenumbers and wave

mode shapes, respectively (if the full solution is used). The eigenvector can be transformed back to the

physical space by premultiplying by T∗ (see Sec. 2.2). Positive-going waves are identified by verifying

whether |e−jk∆| is smaller than one (with ∆ being a small distance as compared to the wavelength)

or, in case it is equal to one, whether the wave has a positive average power flow. In most cases, only

positive-going waves are of interest.

SAFE formulation provides elegant expressions for a number of quantities of interest for guided

wave problems. The time-averaged kinetic energy for wave i can be calculated as

Ek,i =
ω2

4
[T∗ψi]

∗>MT∗ψi (69)

The time-averaged potential energy can be obtained from

Ep,i =
1
4
[T∗ψi]

∗> �K1 + jnK2 + n2K5 + jk∗i KF − jkiK
>
F + kinK>F t + k∗i nKF t + kik

∗
i K6

�

T∗ψi (70)

The component of the Poynting vector along the direction of propagation, corresponding to the power

flow density, is evaluated from

Pi =
−ω
2

Im
�

[T∗ψi]
∗> �KF − jnKF t − jkiK6

�

T∗ψi

�

(71)

And finally, the energy velocity can be calculated using the above mentioned quantities as:

cE,i =
Pi

Ep,i + Ek,i
(72)
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For embedded waveguides, the energies, power and energy velocity are calculated from the subvectors

and submatrices corresponding to the degrees of freedom of the core waveguide only.

4.2. Mode sorting

The numerical eigenvalue routine used to solve the SAFE governing equation returns the solutions

unordered and any physical interpretation must be preceded by some kind of sorting routine. The most

straightforward approach is to use the biorthogonality relation

υ̂>i Bψ̂ j = b jδi j (73)

where υ̂i is the left eigenvector of Eq. (68), which for the considered problem is the same as the right

eigenvector, ψ̂. Calculating Eq. (73) at two adjacent frequencies allows for determining the similar-

ity between particular wave solutions. It is convenient to normalise the eigenvectors with respect to

Eq. (73) after the eigensolution and before mode sorting. Any two eigenvectors at neighbouring fre-

quencies for which ψ̂>i (ωi−1)Bψ̂ j(ωi) is one, or close to one, correspond to the same dispersion curve.

SAFE models typically return a large number of wave solutions, of which only a small number

corresponds to propagating waves. Moreover, for embedded waveguides, one needs to discern between

guided waves and radiation waves (oscillating within the PML), which are of no interest. For the former,

an arbitrary maximum allowable attenuation can be set corresponding to te application of interest. The

latter can be achieved using an energy criterion as proposed in [25], where a ratio between kinetic

energies in the PML and the whole waveguide was used to calculate an energy ratio

η=
|EPML|
|Etotal|

(74)

where the magnitudes have been taken as the energies are complex in the stretched domain. The value

of η is set arbitrarily, most often around 0.9 [26, 28].

5. Numerical verification – high frequency

In this section we validate the formulation developed in this paper with results from published

literature. The purpose of the comparison is to demonstrate the accuracy and efficiency of the proposed

approach. Three high frequency (ultrasonic range) cases have been chosen from the literature: (i) a

circular steel rod in concrete [19, 26, 28], (ii) titanium rod in oil [32] and water-filled copper pipe in

water [49]. All computations are performed on a personal laptop (Intel Core i5-3340M CPU @ 2.70GHz

× 4, 15.6 GB RAM) using an implementation of the presented method in Python/SciPy/NumPy (SciPy

is based on LAPACK routines for linear algebra). It is noted that the inversion of B mentioned in Sec. 4.1

is performed only once for each case. Owing to the circumferential periodicity assumption and the use

of spectral elements, problem sizes are rather small and this inversion takes negligible time as compared

to the eigensolution.
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Table 1: Material properties and geometrical parameters for the steel rod in concrete case study (taken from [19])

material cL , km/s cS , km/s ρ, kg m−3

steel 5960 3260 7932
concrete 4222.1 2637.5 2300

For all cases, the thicknesses and element orders for the PMLs were chosen according to criteria

presented in Sec. 3.1. For structural layers, the order of the spectral elements was chosen based on the

criterion adopted from [30]:

N = π
h
λmin

+ 3 (75)

where N is the element order, h is the thickness of the layer and λmin is the shortest bulk wavelength

in the frequency range of interest.

5.1. Steel rod in concrete

A circular steel rod with 0.01 m radius embedded in concrete is considered first. No fluid is present

in this scenario but it it used to validate the implementation of spectral elements and the choice of

PML parameters. This configuration has been studied by a number of researchers to date, two of which

[26, 28] employed perfectly matched layers with SAFE. The PML was set to start at the interface between

the rod and the concrete (d = 0.01 m) and respective material properties are given in Tab. 1. According

to the criteria presented in Sec. 3.1, the PML thickness was set to 0.0043 m and meshed with an element

of order 22, which allowed for including six shortened PML wavelengths at the highest frequency of

interest with a = 6 and b = 7. The results are presented in Fig. 3 and with regard to the results from

the aforementioned references, they show excellent agreement. Some lines are discontinuous or do not

cover the same range of frequencies owing to different conditions on identifying leaky waves.

One characteristic feature pointed out by the aforementioned authors is the discontinuity of L(0,

1) and F(2, 1) dispersion curves around the apparent crossing with longitudinal bulk wavespeed in

concrete. This phenomenon is attributed to a change in the leakage pattern when the longitudinal

waves cease to be radiated, owing to the Snell’s law. It is worth noting that computing the solution at

a single frequency step (including sorting of the waves) took around 36.8 ms on a personal laptop (as

compared to 1.31 s reported in [28]), and that inversion of B took 2 ms.

The benefits of using spectral elements become more evident if large problems are considered. In

SAFE, significant savings are expected for 2D cross-sections, as recently proposed in [27]. However,

this example shows that even for one-dimensional meshes the computational time is reduced of well

more than an order of magnitude owing to the use of spectral elements.

5.2. Titanium rod in oil

The second example, titanium rod in oil as considered by Granvenkamp et al. [32], allows for

demonstrating the structural-acoustic coupling implemented in the presented formulation. A circular
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Figure 3: Phase velocity and attenuation for a steel rod embedded in concrete (the first three circumferential orders): a
comparison with data from [26] and digitised data from [28]; present model results cover waves with η < 0.9 and |Im(k)|<
200.

Table 2: Material properties and geometrical parameters for the titanium rod in oil case study (taken from [32])

material cL , km/s cS , km/s ρ, kg m−3

titanium 6064.5 3230 4460
oil 1740 - 870

rod of radius 1 mm is embedded in oil (material properties given in Tab. 2). As before, the PML is set

to start at the boundary between the two materials and its thickness is calculated at 0.2 mm (the order

of the PML spectral element is 13). The results are presented in Fig. 4 and, again, are found to be in

very good agreement with data from [32]. The solution time for one frequency step (including wave

sorting) was 9.1 ms.

5.3. Water-filled copper pipe submerged in water

The final numerical example is inspired by [49], who considered waves in a water-filled copper pipe

with inner radius of 6.8 mm and wall thickness 0.7 mm. Material properties are given in Tab. 3. The

PML was set to start at the boundary between the two materials, had thickness of 2.1 mm and was

meshed with a spectral element of order 29. The solution time for one frequency step, including wave

sorting was 17.4 ms. The results shown in Fig. 5 are in very good agreement data digitised from [49].

The fluid-dominated wave has nearly zero attenuation, unlike other identified solutions. One may

notice small oscillations on the attenuation curve for the fluid-dominated wave between 0.06 and 0.1

MHz, where the group velocity drops. Within this frequency range, the displacement decays in the

PML so rapidly that it requires high-order meshing. Increasing the number of desired ‘shortened’ PML

wavelengths (see Sec. 3.1) helps to obtain more effective parameters for the PML (here, c = 8 was

used).
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Figure 4: Phase velocity and attenuation for a titanium rod submerged in motor oil (the first three circumferential orders): a
comparison with data from [32]; present model results cover waves with η < 0.97 and |Im(k)|< 350.

Table 3: Material properties and geometrical parameters for the water-filled copper pipe in water case study (taken from
[49])

material cL , km/s cS , km/s ρ, kg m−3

copper 4759 2325 8933
water 1500 - 1000
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Figure 5: Group velocity and attenuation for a water-filled copper pipe submerged in water (n = 0): a comparison with
digitised data from [49]; present model results cover waves with η < 0.9 and |Im(k)|< 100.
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Table 4: Material properties and geometrical parameters for the water-filled, buried MDPE pipe case study (taken from [9])

material cL , km/s cS , km/s ρ, kg m−3 loss factor

MDPE 2182.2 890.9 900 0.06
sandy soil 200 100 1500 -
water 1500 - 1000 -

6. Experimental validation – low frequency

In this section we validate the developed model against low frequency (audible frequency range)

measurements on a buried and a submerged water-filled plastic pipe. The low frequency regime is

particularly challenging form the viewpoint of PMLs and although not very popular for non-destructive

testing, it has demonstrated a strong potential for successful mapping and assessment of buried water

pipes [50, 51].

6.1. Water-filled buried plastic pipe

We consider an MDPE pipe with the inner radius of 0.079 m and wall thickness 0.011 m. The pipe

is filled with water and buried in a sandy soil at a depth of approximately 1 m. Respective material

properties are given in Tab. 4. Experimental wavenumbers are estimated from a number of hydrophones

installed along the pipe. For the details of the experimental setup and data processing, the reader is

referred to [9]. We note that only the fluid-dominated wave was captured in the experiment. In the

model, the thickness of the PML was set to 0.0224 m and it was discretised with a spectral element of

order 13. The solution time for one frequency step was 24.2 ms.

The results are presented in Fig. 6 and show very good agreement with the experimental data.

Additionally, we plotted dispersion curves obtained from an analytical model developed for low fre-

quency fluid-dominated waves with compact coupling with the soil [12]. The difference between the

developed model and that from [12] becomes evident in the attenuation curve above 500 Hz. This

can be attributed to several factors, the most important of which is that the analytical model does not

consider loss related to shear effects in the pipe wall. It is also noted that it was difficult to extract the

attenuation from the experiment above 500 Hz.

6.2. Water-filled plastic pipe submerged in water

The last case study is for the same fluid-filled MDPE pipe, this time - submerged in water. The

details of the experimental setup and data processing can be found in [10]. Both the dimensions and

the material properties are the same as for the buried case. The thickness of the PML was set to 0.1394 m

and it was meshed with one spectral element of order 13. The solution time for a single frequency step

including mode sorting was 9 ms. The comparison between the presented model and the experimental

data is given in Fig. 7 showing very good agreement for the wavenumber. Unfortunately, the attenuation

curves could not be well resolved from the experiment owing to the wavenumber extraction procedure

being very sensitive to sensor positioning.
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Figure 6: Wavenumber and attenuation for a water-filled MDPE pipe buried in soil (only the fluid-dominated wave); compar-
ison between the present model, experiments [9] and an analytical model from [12].
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Figure 7: Wavenumber and attenuation for a water-filled MDPE pipe submerged in water (only the fluid-dominated wave);
comparison between the present model and experiments[10].
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7. Conclusions

A wave propagation model for axisymmetric fluid-filled embedded/submerged elastic waveguides

was presented in this paper. It is based on the semi-analytical finite element principle, where only the

cross-section is discretised using finite elements and spatial harmonicity of the displacement is assumed

in the propagation direction. We derived an acoustic SAFE element and presented the coupling between

the acoustic and structural elements. To enhance the efficiency of the solution, high-order spectral ele-

ments were used and singularities at the axis of symmetry were circumvented by using Gauss-Lobatto-

Jacobi (0, 1) quadrature for core elements. The surrounding medium, either structural or acoustic,

was modelled using a perfectly matched layer with an exponential stretching function. A procedure for

determining PML parameters and the element order from the geometry and material properties of the

system were derived and presented allowing for accurate predictions in both low and high frequency

regimes, rather uncommon for PMLs. Finally, the validity of the model was demonstrated in three

numerical verification cases against published results and two experimental case studies, all showing

very good agreement. An implementation of the presented model in Python is made available with this

article and relevant access details are given in the Acknowledgements section.
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Appendix A. Gauss-Lobatto-Jacobi (0, 1) quadrature

We first define xα,β
i,N as roots of a Jacobi polynomial Pα,β

N (x). These roots can be identified numer-

ically, using a Newton-Raphson method. A very common algorithm is presented in Appendix B.2 of

[41]. Of interest here is the (0, 1) quadrature, hence α= 0 and β = 1. The node locations are defined

as

ξi =















−1 for i = 1

x1,2
i−1,N−2 for 1< i < N + 1

1 for i = N

(A.1)
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whereas the associated weights as

wi =















2C0,1
1,N−2 for i = 1

C0,1
i,N−2 for 1< i < N

C0,1
N−1,N−2 for i = N

(A.2)

where

C0,1
i,N−2 =

22Γ (N)Γ (N + 1)

(N − 1)(N − 1)!Γ (N + 2)
�

P0,1
N−1(ξi)

�2 (A.3)

with Γ (x) being the generalised factorial.

The Langrangian interpolants through the nodes given above are defined as

hi(ξ) =







































2(−1)N−1(ξ− 1)
�

P0,1
N−1(ξ)

�′

(N − 1)N(N + 1)
for i = 1

(ξ2 − 1)
�

P0,1
N−1(ξ)

�′

(N − 1)(N + 1)P0,1
N−1(ξi)(ξ− ξi)

for 1< i < N

(1+ ξ)
�

P0,1
N−1(ξ)

�′

(N − 1)(N + 1)
for i = N

(A.4)

Appendix B. Effective PML wavenumber

The full expression for the effective wavenumber at the termination of the PML is given in this

section. Recalling that

e−jkr max r̃(r)
�

�

�

r=(d+h)
= e−j[Re(kr max)+jIm(kr max)][d+ h

a (e
a−1)−j( h

b (eb−1)]+jh] (B.1)

we can calculate the effective wavenumber by mapping the above expression onto

e−jkPM L r
�

�

�

r=(d+h)
(B.2)

Expanding the first equation and keeping the real parts only (as these are of primary interest here) we

obtain

Re(kr max)
�

d +
h
a
(ea − 1)

�

+ Im(kr max)
�

h
b

�

eb − 1
�− h

�

= Re(kPML)(d + h) (B.3)

Further simplification yields

Re(kPML) = Re(kr max)









d
d + h
︸ ︷︷ ︸

term 1

+
h

d + h
ea − 1

a
︸ ︷︷ ︸

term 2

+
Im(kr max)
Re(kr max)

h
d + h

�

eb − 1
b
− 1

�

︸ ︷︷ ︸

term 3









(B.4)
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Let us now inspect the terms in square brackets in the light of the application to leaky wave problems.

It is helpful to fix the parameters of the PML profile first. As it has been mentioned in Sec. 3.1, a = 6

and b = 7 give very good results for a variety fo problems considered by the authors and it is expected

that they suit well all typical leaky wave scenarios. Further to this, we can conclude that ‘term 3’ in

Eq. (B.4) is not significant with respect to ‘term 2’ if |Im(kr max)|< 0.2Re(kr max). This holds for lightly

and moderately damped materials and when practical limiting guided wave attenuation is of interest.

‘Term 1’ may be comparable to‘term 2’ for very thin PMLs (h< 0.1d), but our presented method typically

suggests choosing higher thicknesses.

For most practical cases, the following approximation yields satisfactory results

Re(kPML)≈ Re(kr max)
h

d + h
ea − 1

a
(B.5)

The relationship between h and d may be verified after the calculation, and if h is returned very thin

(< 0.1) as compared to d, a more conservative expression can be used

Re(kPML)≈ Re(kr max)
�

d
d + h

+
h

d + h
ea − 1

a

�

(B.6)
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