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We analyze the quantum phase transition-like behavior in the lowest energy state of a two-site coupled atom-
cavity system, where each cavity contains one atom but the total excitation number is not limited to two. Under
the large-detuning condition, we identify an interesting coexisting phase involving characteristics of both pho-
tonic superfluid and atomic insulator, which has not been previously revealed. For small hopping, we find that
the signature of the photonic superfluid state becomes more pronounced with the increase in total excitation
number, and that the boundaries of the various phases shift with respect to the case of two excitations. In the
limit of small atom-field interaction, the polaritonic superfluid region becomes broader as the total excitation
number increases. We use alternative order parameters to characterize the nonclassical property in the lowest-
energy state, and find that the entanglement of photons in the photonic superfluid state has an approximately
quadratic-like dependence on the total excitation number within the large-detuning limits. The second-order
cross-correlation function is demonstrated to become inversely proportional to the total excitation number in the
large detuning limits.

PACS numbers: 42.50.Pq, 05.70.Fh, 03.67.Lx

I. INTRODUCTION

Strongly correlated phenomena in controllable quantum
many-body systems have attracted great attention in optical
lattices [1, 2] and Josephson-junction arrays [3]. One of the
simplest and most important models describing these light-
matter interactions is the Jaynes-Cummings-Hubbard (JCH)
model [4–6], which describes a coupled array of cavities each
containing a two-level system. Similar to the Bose-Hubbard
(BH) model [7, 8] used for cold atoms in an optical lattice, the
JCH model exhibits the photon blockade effect [9, 10] and the
Mott-insulator-to-superfluid quantum phase transition [11].

Coupled cavity-QED arrays can operate at high tempera-
tures and allow for individual site addressing. These features,
together with progress in realizing the strong light-matter cou-
pling regime in both atomic and solid-state systems [12–14],
are attracting more and more attention to the quantum phase
transitions in coupled-cavity arrays captured by the JCH mod-
el. These quantum phase transitions are due to the transfer of
excitations from polaritonic states to photonic states, where
polaritons are superpositions of photons and excitations of the
atoms or atom-like structures, rather than purely bosonic or
purely fermionic excitations. Most previous studies related to
quantum phase transitions in coupled-cavity arrays have fo-
cused on the large site number [15] and large atom number
limits [16–19], which are analogous to the purely bosonic B-
H model and can be analytically solved within the mean-field
approximation.

Recent research shows evidence that novel quantum phase
transition-like behavior may appear in finite systems involv-
ing a very few interacting sites and a small number of two-
level systems [16, 20–56], where the transition behavior be-
comes dependent on the number of sites and two-level system-

∗Electronic address: sbzheng11@163.com

s. Greentree et al. [4] showed that the Mott-insulator to super-
fluid quantum phase transition could appear in a mesoscopic
two-dimensional coupled array. Hartmann et al. [5] used a
four-level atom to simulate the effective on-site potential and
the Mott-insulator to superfluid phase transition. Angelakis et
al. [6] considered the simulation of an XY spin model based
on the Mott regime in a linear array of cavities, each contain-
ing a two-level atom and a photon. Makin et al. [15] studied
the phase diagrams of the system composed of a few photonic
cavities, each containing a two-level atom, but the changes in
the nature of the excitations accompanying the phase transi-
tion remaining untouched upon. Irish et al. [20] demonstrated
phase transitions of polaritonic excitations in a two-site, two-
excitation coupled array. In a very recent ion-trap experiment
[57], Toyoda et al. reported the simulation of the quantum
transition of polaritonic excitations in a JCH model using two
trapped ions and phonons within the two-excitation Hilbert
subspace. Previous works on the two-site coupled array mod-
el were limited to the two-excitation Hilbert subspace without
considering the situation with higher excitation numbers in the
photonic states. It is known that the number of photons plays
an important role in the coefficient of on-site repulsion for s-
mall finite systems [4], but the influence of extra photons on
the quantum phase transition in the lowest-energy state of the
coupled atom-cavity system is still unclear.

In this work, we investigate quantum phase transition-like
behavior in the lowest-energy state (within the N-excitation
Hilbert subspace) of a two-site coupled atom-cavity system,
where each cavity contains one atom but the total excitation
number N is not limited to two. (Note that the description-
s “ insulator ” and “superfluid ” used in this paper represent
the localized and delocalized states in the small finite system
we consider. Such an investigation can also be generalized
to larger arrays, in which the localization-delocalization tran-
sitions studied here approach genuine quantum phase transi-
tions.) More importantly, we find that for the four-excitation
case there exists an interesting phase, in which the atoms ex-
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hibit the insulator characteristic while the photons show the
superfluid behavior. For the two-excitation case, such a phase
does not appear and, as far as we know, has not been dis-
covered. Equilibrium states of a Jaynes-Cummings Hubbard
model have been demonstrated in the recent ion-trap setup
[57], where the photons are replaced by phonons. We alter-
natively use the order parameters of entropy, the Mandel Q-
parameter, and the second-order cross-correlation function to
reveal the nonclassical property of the lowest-energy state in
the multi-excitation coupled array, and establish their possible
correspondence with the phase diagram, and find interesting
effects caused by the total excitation number on their nonclas-
sical properties.

II. RESULTS

A. System and Hamiltonian.

We consider the system consisting of two sites, each sup-
porting a field mode and containing a single atom. Photons
are able to hop between these two field modes. Under the
rotating-wave approximation, our system is governed by the
following Hamiltonian (~ = 1):

H =
∑
j=1,2

[wca†ja j + wa|e j〉〈e j| + λ(a†j |g j〉〈e j|

+a j|e j〉〈g j|)] + h(a†1a2 + a1a†2), (1)

where a†j and a j are the creation and annihilation operators of
the jth field mode with frequency wc. |e j〉 and |g j〉 represent
the excited and ground states of the jth atom with frequency
wa. λ is the atom-field coupling strength and h is the strength
of the hopping between the two cavity fields. Note that the
excitation number of the total system is conserved since the
excitation number operator N̂ =

∑
j=1,2(|e j〉〈e j| + a†ja j) com-

mutes with the Hamiltonian H. As is well known, when the
field is in state for which the dominant frequency is nearly
close to a particular atomic transition and we may neglect in-
teraction terms with very high frequency, the rotating-wave
approximation is valid. This approximation assumes that the
field strength itself is not too large and the state of the field
does not vary rapidly on a time scale of a particular atomic
transition frequency, i.e., fields of very fast strong pulses are
ignored. However, the large detuning and different hopping
conditions in our paper are both compared with the atom-field
coupling strengthes, and the rotating-wave approximation is
still satisfied here under large detuning and different hopping
conditions. Therefore, the analysis of our results are valid for
the Hamiltonian of Eq. (1).

B. Total excitation number N = 4.

1. Small hopping.

When there is no photon hopping between the two sites, the
eigenstates in each site are given by the polaritonic states [20]
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FIG. 1: Energy-level difference between two nearest neighbor sub-
spaces when there is no photon hopping and N = 4.

:

|0 j〉 = |g j〉|0 j〉, (2)

|n−j 〉 = sin(
θn

2
)|e j〉|(n − 1) j〉 − cos(

θn

2
)|g j〉|n j〉, (3)

|n+
j 〉 = cos(

θn

2
)|e j〉|(n − 1) j〉 + sin(

θn

2
)|g j〉|n j〉, (4)

where j = 1, 2. |n j〉 (n = 1, 2, 3, ...) represents the Fock state of
the jth field mode, and tan(θn) = 2λ

√
n/∆, where the detuning

∆ = wa−wc. The corresponding energies for these eigenstates
are:

E0
j = 0, (5)

En−
j = nwc +

∆

2
−

1
2

√
∆2 + 4nλ2, (6)

En+

j = nwc +
∆

2
+

1
2

√
∆2 + 4nλ2. (7)

Unlike the previous study in Refs. [20, 57] where the analysis
is restricted to the Hilbert subspace with only two excitations,
our analysis here focuses on the insulator-superfluid quantum
phase transition in the multi-excitation Hilbert space, i.e., the
total excitation number N can be larger than two. For sim-
plicity, we consider the total excitation number to be an even
number, for which the lowest-energy state is nondegenerate.
In the following, we begin the analysis of quantum phase tran-
sition in the lowest-energy state of our atom-cavity system for
the case N = 4 and later generalize it to N > 4.

When h = 0 and N = 4, the eigenstates of the system are,
arranged in order of increasing energy,

Γ1 = {|2−1 〉 ⊗ |2
−
2 〉}, (8)

Γ2 = {|1−1 〉 ⊗ |3
−
2 〉, |3

−
1 〉 ⊗ |1

−
2 〉}, (9)
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FIG. 2: (Color online) [(a)-(b)] ∆N1 as a function of ∆ and h for the
lowest-energy state of the system when N = 4.

Γ3 = {|01〉 ⊗ |4−2 〉, |4
−
1 〉 ⊗ |02〉}, (10)

Γ4 = {|1+
1 〉 ⊗ |3

−
2 〉, |3

−
1 〉 ⊗ |1

+
2 〉}, (11)

Γ5 = {|2+
1 〉 ⊗ |2

−
2 〉, |2

−
1 〉 ⊗ |2

+
2 〉}, (12)

Γ6 = {|3+
1 〉 ⊗ |1

−
2 〉, |1

−
1 〉 ⊗ |3

+
2 〉}, (13)

Γ7 = {|4+
1 〉 ⊗ |02〉, |01〉 ⊗ |4+

2 〉}, (14)

Γ8 = {|2+
1 〉 ⊗ |2

+
2 〉}. (15)

Figure 1 shows the energy differences between consecutive
energy levels.

Note that the energetic ordering of the subspaces Γ1 → Γ8
is independent of the parameters λ and ∆. Notably, the gap be-
tween the lowest two energy levels is E∆1,2 = 1

2 |
√

∆2 + 12λ2 −

2
√

∆2 + 8λ2 +
√

∆2 + 4λ2|, which approaches zero in the lim-
its of both large positive and large negative detuning. This is
contrary to the situation with total excitation number N = 2,
in which the energy difference between the lowest two energy
levels goes to infinity in the limit of large negative detuning
[20, 57].

In order to distinguish the insulator and superfluid states in
the lowest-energy state of the system, we use the variance of
the total excitation number on the first site N̂1 as a measure
[6]:

∆N1 = 〈N̂2
1 〉 − 〈N̂1〉

2, (16)

where N̂1 = a†1a1 + |e1〉〈e1|. In the insulator state ∆N1 is zero,
while in the superfluid state ∆N1 is nonzero. A plot of ∆N1 as
a function of the detuning ∆ and the photon hopping strength
h is given in Fig. 2.

For ∆ = 0 and h/λ << 1, the atom-field interaction on
one site shifts the frequency of the field, causing a photon
blockade effect [9, 10] that leads to a large energy gap between
the lowest two subspaces (Γ1 and Γ2) and prevents additional
photons from entering the site. For N = 2 the gap between the
lowest two energy levels is given by [20] (2 −

√
2)λ ' 0.59λ.

For N = 4 the corresponding gap is (2
√

2−1−
√

3)λ ' 0.096λ,
indicating that the hopping strength h needed to overcome the
photon blockade is much smaller as compared with the case
with N = 2. For N = 4, the lowest-energy state of the system
is approximated by |2−1 〉⊗|2

−
2 〉, as shown in Fig. 3(a), where NA

is defined as the total excitation number of both atoms. This
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FIG. 3: (Color online) (a) Probability distribution P(Γk) [k =

1, 2, ..., 8, corresponding to Eqs. (8)-(15)] of the lowest-energy state
with respect to the eigenspace of the Hamiltonian without hopping.
(b) Probability distribution of the total atomic excitation number NA.
Parameters for both subfigures are ∆ = 0 and h = λ/200.

lowest-energy state contains two excitations on each site and
the state |2−j 〉 is a maximally entangled state of the atom and
the field on the jth site. Fig. 3(b) shows that in the lowest-
energy state the components with both atoms in the ground
state and both in the excited state are equally populated, which
corresponds to a polaritonic insulator state for exact resonance
and small hopping [20].

When h = 0, the energy gap E∆1,2 goes to zero in the
limit ∆/λ → ±∞, meaning the lowest level of the system
is degenerate. However, a small but nonzero hopping value
(h/λ << 1) breaks this degeneracy, leading to a unique state
with the lowest-energy. This lowest-energy state involves a
superposition of polaritonic states, as seen in Fig. 4(a) and (c).
The eigenstates of each independent site vary with the sign of
the detuning, as seen in Fig. 4(b) and (d). For ∆/λ → ∞, the
lowest-energy state is approximately |g1g2〉 ⊗ [

√
10
5 |2122〉 +

1
2

( |1132〉 + |3112〉 ) −
√

5
10 ( |4102〉 + |0142〉 ) ], which is a delocal-

ized photon state (photonic superfluid state). For ∆/λ→ −∞,
the lowest-energy state approximates |e1e2〉 ⊗ [

√
2

2 |1112〉 +
1
2 (

|0122〉 + |2102〉 ) ], which is a coexisting state with the charac-
teristics of both photonic superfluid and atomic insulator. The
near-unity photon number in Fig. 4(d) is very different from
the system with total excitation number N = 2 investigated in
Ref. [20] in which the lowest energy state is an atomic insula-
tor state for small hopping and large negative detuning. This
result has a simple physical explanation. When ∆ is negative,
the energy of the atomic excitation is lower than that of the
photon. To ensure the energy to be minimum, two excitations
should first be occupied by the atoms. The remaining two ex-
citations are populated in the photonic modes, with the distri-
bution being determined by the competition of the non-linear
Kerr effect induced by the dispersive atom-cavity interaction
and photon hopping.

Therefore, when the hopping is small, the lowest-energy
state of the system undergoes quantum phase transitions from
a polaritonic insulator state near exact resonance to a photonic
superfluid state at large positive detuning.

In order to identify the polaritonic superfluid phase in the
lowest energy state, we take the variance of the excitation
number of the first atom ∆N1A as a measure, where ∆N̂1A =

|e1〉〈e1|; the results are plotted in Fig. 5(a) and (c). ∆N1A is
zero for the atomic insulator state, but is nonzero for a state
with polaritonic characteristics. There are two regions with
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FIG. 4: (Color online) [(a)-(c)] Probability distribution P(Γk) [k =

1, 2, ..., 8, corresponding to Eqs. (8)-(15)] of the lowest-energy state
with respect to the eigenspace of the Hamiltonian without hopping.
[(b)-(d)] Probability distribution of the total atomic excitation num-
ber NA.
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FIG. 5: (Color online) When the system is in the lowest-energy state
and N=4: [(a)-(c)] ∆N1A as a function of ∆ and h. [(b)-(d)] Product
∆N1∆N1A as a function of ∆ and h.

∆N1A = 0 in Fig. 5(a): The region with −∆ >> λ is a coex-
isting state where two excitations are occupied by the atoms
and localized at different sites, while the region with ∆ >> λ
is the photonic superfluid state where no atom is excited.

The product ∆N1∆N1A may be used to characterize the po-
laritonic superfluid state as shown in Fig. 5(b), (c), and (d).
∆N1∆N1A is zero for the polaritonic insulator state, but is
nonzero for the polaritonic superfluid state. It is apparent that
the polaritonic superfluid state appears in the near-resonance
region for small hopping.

2. Small atom-field interaction.

In this section, when λ << h, the atom-field interaction in
H is taken as a perturbation in order to analyze the system in
the large-hopping regime.

When h < −∆, the lowest eigenenergy is 4wc + 2∆ − 2h,
and the corresponding eigenstate is the coexisting state |ϕco〉
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FIG. 6: (Color online) [(a)-(c)] Probability distribution P(Γk) [k =

1, 2, ..., 8, corresponding to Eqs. (8)-(15)] of the lowest-energy state
with respect to the eigenspace of the Hamiltonian without hopping.
[(b)-(d)] Probability distribution of the total atomic excitation num-
ber NA.

= |e1e2〉 ⊗ [
√

2
2 |1112〉 −

1
2 ( |0122〉 + |2102〉 ) ]. This coexisting

state is similar to that in the regime ∆/λ → −∞ for small
hopping investigated in Sec. II.A., but is very different from
the case of N = 2 discussed in Ref. [20] in which the lowest-
energy state is still an atomic insulator state for large negative
detuning. For h > −∆ the lowest eigenenergy is 4wc − 4h, and
the corresponding eigenstate is the photonic superfluid state
|ϕps〉 = |g1g2〉 ⊗ [ 1

4 ( |4102〉+ |0142〉 ) − 1
2 ( |1132〉 + |3112〉 ) +

√
6

4 |2122〉 ].
When h = −∆ and λ = 0, the lowest level of energy 4wc−2h

exhibits four-fold degeneracy with the eigenstates |ϕco〉, |ϕps〉,
|ϕ1〉, and |ϕ2〉, where

|ϕ1〉 =
2
√

2
3
|e1g2〉 ⊗ [(|3102〉 − |0132〉)

−
√

3(|2112〉 − |1122〉)], (17)

|ϕ2〉 =
2
√

2
3
|g1e2〉 ⊗ [(|3102〉 − |0132〉)

−
√

3(|2112〉 − |1122〉)]. (18)

The small atom-field interaction breaks this four-fold degen-
eracy, leading to a unique state with the lowest-energy. As
shown in Fig. 5(d), for large hopping this eigenstate can be
identified as a polaritonic superfluid state when h ' −∆. The
probability distributions of such two eigenstates with respec-
t to the eigenspace Γk and atomic excitation number NA are
plotted in Fig. 6. In this case all the polariton subspaces are
occupied and atoms are partially excited, indicating that the
superfluid state has polaritonic characteristics.

C. Total excitation number N.

In this section, we examine the dependence of the variances
∆N1/N, ∆N1A, and (∆N1/N)∆N1A on the total excitation num-
ber N in the lowest-energy state with fixed hopping strength.
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FIG. 7: (Color online) Excitation number variance as a function
of the detuning ∆ in the lowest-energy state of the N-excitation
(N = 4, 6, 8, ..., 30) coupled atom-cavity system when h = 10−4λ,
where different excitation number variances are: (a) ∆N1/N; (b)
∆N1A; (c) (∆N1/N)∆N1A. The direction of the black arrows repre-
sents the increasing trend for N in these subfigures.

Here, the relative total excitation number variance ∆N1/N is
used to eliminate the effect of simply expanding the total ex-
citation number and characterize the polaritonic superfluid.

1. Small hopping.

In Fig. 7, we plot different excitation number variances
as functions of the detuning in the lowest-energy state of
the N-excitation coupled atom-cavity system under the small-
hopping situation, where N = 4, 6, 8, ..., 30.

Figure 7(a) shows the effect of increasing N on the rel-
ative total excitation number variance ∆N1/N. As before,
∆N1/N > 0 indicates a delocalized or superfluidlike state,
while ∆N1/N ∼ 0 indicates a localized, insulatorlike state.
For large positive detuning, ∆N1/N > 0 corresponds to the
photonic superfluid state, while for large negative detuning,
∆N1/N > 0 corresponds to the coexisting state with charac-
teristics of both photonic superfluid and atomic insulator. In

the limit of very large |∆|, as N increases, the relative total
excitation number variance decreases, and the transition from
the insulator to superfluid becomes slower. Figure 7(a) also
shows that the region over which ∆N1/N ∼ 0, indicating an
insulator state, narrows as N increases. The photon hopping
strength is set to be h = 10−4λ similar to that of Sec. III.A.
For arbitrary even N > 2 the gap between the lowest two s-
tates for h = 0 becomes (2

√
N −

√
N − 1 −

√
N + 1)λ, which

goes to zero as N → ∞. Therefore as N increases the photon
blockade, which leads to the polaritonic insulator state, weak-
ens and hence can be easily overcome by the photon hopping.
When N ≥ 20, the system can not stay in the insulator state
for h = 10−4λ.

Figure 7(b) shows the atomic excitation number variance
∆N1A as a function of ∆/λ for different N. As N increases, the
maximum value of ∆N1A remains unchanged, but the region
with nonzero ∆N1A is broadened. The maximum variance of
the atomic excitation number depends on the number of atoms
in the system, which is independent of the excitation number
N. However, the on-resonance Rabi frequency scales as

√
Nλ.

Therefore the range of detunings over which the atom-field
interaction is large enough to produce polaritonic behavior in-
creases with N.

The combined effect of these features is shown in Fig. 7(c),
where the product of the two variances as a function of ∆/λ is
plotted. Here a nonzero value corresponds directly to a polari-
tonic superfluid state. It is clear that the polaritonic superfluid
region extends over a wider range of ∆ values as N increases.
The dip at ∆ = 0 that indicates the transition to a polaritonic
insulator state fails to go to 0 when N ≥ 20, because, as dis-
cussed above, the value of h used in this plot is large enough to
overcome the energy gap between the lowest two levels pro-
duced by the atom-cavity interaction when N ≥ 20.

2. Small atom-field interaction.

In Fig. 8, we plot various excitation number variances
as functions of the detuning for the lowest-energy state of
the N-excitation coupled atom-cavity system, where N =

4, 6, 8, ..., 30, in the small atom-field interaction regime.
Figure 8(a) shows that, in the region ∆ ≤ −h, the relative

total excitation number variance ∆N1/N becomes larger as N
increases, indicating that the superfluid is enhanced. This is
due to the fact that when ∆ passes the critical point ∆c = −h,
the values of ∆N1/N all converge to the maximum 1/4. Figure
8(b) shows the atomic excitation number variance ∆N1A as a
function of ∆ for different N when h = 50λ. The result is
similar to that of Fig. 7(b), except that the nonzero region
indicating that polaritonic states is now centered around ∆ =

−h. The product of the two variances as a function of ∆/λ,
plotted in Fig. 8(c), demonstrates the existence of a distinct
polaritonic superfluid state in the vicinity of ∆ = −h. As N
increases, the width of the polaritonic superfluid region also
increases. The maximum value of the variance product also
increases with N. These features suggest that, in the large
hopping limit, the polaritonic superfluid state may be easier to
observe as the total excitation number increases.
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FIG. 8: (Color online) Excitation number variance as a function
of the detuning ∆ in the lowest-energy state of the N-excitation
(N = 4, 6, 8, ..., 30) coupled atom-cavity system when h = 50λ,
where different excitation number variances are: (a) ∆N1/N; (b)
∆N1A; (c) (∆N1/N)∆N1A. The direction of the black arrows repre-
sents the increasing trend for N in these subfigures.
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FIG. 10: (Color online) Classification for five bipartitions in the
multi-excitation coupled array.

In Fig. 9, we plot the variance of the total excitation number
in the first site ∆N1 as a function of the total excitation number
for ∆ → −∞ and ∆ → ∞. The results show that ∆N1 has a
linear dependence on N in both limits.

D. Nonclassical properties.

1. Entropy.

Since the lowest-energy state of the two-site system is a
pure state, we can use the von Neumann entropy to mea-
sure the entanglement of its lowest-energy state. For a com-
posite system XY , the entropy S can be calculated through
the density matrix ρXY . For example, the entropy S (ρX) =

−Tr[ρXlog2(ρX)] based on the reduced density matrix ρX =

TrY [ρXY ] measures the entanglement between subsystem X
and subsystem Y of the composite system XY .

In the following, we first focus on the analysis for the en-
tanglement in the lowest-energy state of the two-site system
with N = 4, in which the entropy’s behavior maps the quan-
tum phase transition of polaritonic excitations in Fig. 2 and
Fig. 5, and later generalize it to the case with N > 4.

For two identical sites, we define five bipartitions to resolve
the entanglement in the lowest-energy state, as classified in
Fig. 10, each of which represents one kind of entanglement
measure. S (ρA1M1) represents the single-site entropy. S (ρA1)
and S (ρM1) represent the entanglement of a single atom and
a single cavity within the first site, respectively. S (ρA1A2) and
S (ρA1M2) represent the entanglement of two atoms and cross
site, respectively.

Figure 11 shows the entropies of five bipartitions as a func-
tion of the detuning in the small-hopping limit when N = 4.
At large negative detuning, the entropies of the single atom
and two atoms both drop to zero while the other three en-
tropies asymptotically approach 1.5. In this case, the two
atoms are both in the excited states, corresponding to the co-
existing state involving the characteristics of both atomic in-
sulator and photonic superfluid, which is very different from
Ref. [21] where five entropies of an atomic insulator all ap-
proach zero. At resonance condition (∆ = 0), four of these five
entropies reach a local maximum, except for the entropy of
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FIG. 11: (Color online) Entropy of five bipartitions as a function of
∆ in the small-hopping limit for h = 5 × 10−4λ.
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FIG. 12: (Color online) Entropy of five bipartitions as a function of
∆ in the large-hopping limit for h = 30λ.

the single site being zero, indicating the polaritonic entangle-
ment induced by the resonant Jaynes-Cummings interaction
between the atom and the local field mode. For large positive
detuning, similar to the entropy’s behaviors of large negative
detuning, the entropies of the single atom and two atoms both
drop to zero but the other three entropies asymptotically ap-
proach 2. In this region, the atoms are both in the ground
states, corresponding to the photonic superfluid state. These
entropies are higher than those in Ref. [21] where those corre-
sponding entropies asymptotically approach 1.5, which is due
to more entangled photon-state components in the photonic
superfluid state of the four-excitation coupled array than that
of the two-excitation coupled array.

We remark that although the measure of a genuine multipar-
tite entanglement is still absent, however, if all bipartitions of
the system are all entangled, the system undoubtedly exhibits
the genuine multipartite entanglement.

In Fig. 12, we plot the entropies of five bipartitions as
a function of the detuning in the large-hopping limit when

N = 4. The system at large negative detuning is a coexisting
state involving the characteristics of both atomic insulator and
photonic superfluid, while at large positive detuning is a pho-
tonic superfluid state, which is similar to the result of the case
with small hopping. We find that the entropies of five biparti-
tions all reach a local maximum near the critical point h = −∆,
demonstrating that a genuine 4-body entanglement appears in
the polaritonic superfluid state. In Fig. 11, the entropies of
single cavity and cross site for the small hopping have two
minimum, which is different behavior from those in the large
hopping case in Fig. 12. This is because that for ∆ = 0 and
h/λ << 1 in Fig. 11, the lowest-energy state is a maximally
entangled state of the atom and the field in each site, which
corresponds to one maximum and two minimum in entropies
of single cavity and cross site. However, for h/λ >> 1 in Fig.
12, the lowest-energy state continuously varies from a coex-
isting state at large negative detuning to a photonic superfluid
state at large positive, without becoming maximally entangled
state of the atom and the field in ∆ = 0.

Although only two extreme situations including the small-
and large-hopping limits are analyzed here, the entropy curves
of five bipartitions vary between the two extreme situations
with a predictable behavior when N = 4 which we do not plot
here.

In Fig. 13, we plot the entropies of five bipartitions as a
function of ∆/λ for both the small-hopping limit and large-
hopping limit (N = 8, 12). It is predictable from the results
of Fig. 13 that as N increases the entropies of two atoms and
the single atom keep invariant when ∆ = 0 and ∆ → ±∞,
while the other three entropies reach the same stable value
when ∆ → ±∞. As plotted in Fig. 14, the entropy describ-
ing the entanglement of the photonic superfluid state has a
quadratic-like dependence on the increasing N in the large-
detuning limit, where the atoms are both in the excited states
for ∆ → −∞ and both in the ground states for ∆ → ∞. We
use an optimizing power-fit algorithm to plot the fitting curves
for the numerical solution in Fig. 14, and find approximately
analytical expressions between S (ρ2,3,5) and N as:

S (ρ2,3,5) ∝ N−1/5 (19)

and

S (ρ2,3,5) ∝ N−1/100 (20)

for Fig. 14(a) and 14(b), respectively. This result demon-
strates that the entanglement of photons in the photonic su-
perfluid state has an approximately quadratic-like dependence
on the total excitation number N when the whole system is in
the large-detuning limit.

The behavior of the lowest-energy state’s entropy reveal-
s the entanglement among atoms and photons, and provides
another intuitive approach for discriminating different regions
of the phase diagram. In the polaritonic insulator state, polari-
tonic entanglement between the atom and photons at each site
almost remains the same even when the total excitation num-
ber increases. In the coexisting state and photonic superfluid
state, the bipartite entanglement between two sites becomes
larger as the total excitation number increases. Especially in
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FIG. 14: (Color online) Three of five bipartitions as functions of
the total excitation number N (N ≥ 4) when the system is in the
large-detuning limit, i.e., S ρ2 , S ρ3 , and S ρ5 respectively represent the
entropy of cross site, single site, and single cavity: (a) ∆/λ → −∞;
(b) ∆/λ → ∞. The fitting curves are mathematically plotted based
on an optimizing power-fit algorithm.

the polaritonic superfluid state, the genuine multipartite entan-
glement appears but the entanglements of the single atom and
two atoms almost keep invariant as the total excitation number
increases. It is interesting to see that the genuine multipartite
entanglement in the polaritonic superfluid state for large hop-
ping is more obvious than that in the case with only two exci-
tations, especially the entropies (of single site, cross site, and
single cavity) increase with the increasing N, meaning that the
degree of the multipartite entanglement of the polaritonic su-
perfluid state for this multi-excitation system is much bigger
compared with that in Ref. [21]. The entropies of five biparti-
tions should be taken together to provide a full description for
the entanglement of the lowest-energy state.
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FIG. 15: (Color online) Qk as a function of ∆ and h for the lowest-
energy state of the system when N = 4. [(a)-(b)]: k = a1; [(c)-(d)]:
k = a2.

2. Mandel Q-parameters.

We calculate the Mandel Q-parameters defined for a1 and
a2 as:

Qa1 =
〈a†1a1a†1a1〉 − 〈a

†

1a1〉
2 − 〈a†1a1〉

〈a†1a1〉
, (21)

Qa2 =
〈a†2a2a†2a2〉 − 〈a

†

2a2〉
2 − 〈a†2a2〉

〈a†2a2〉
. (22)

If −1 ≤ Qk < 0 (k = a1, a2), the mode k exhibits sub-Poisson
statistics. As shown in Fig. 15, we plot the parameter Qk as
a function of ∆ and h for the lowest-energy state of the sys-
tem when N = 4. The result shows that both modes a1 and
a2 exhibit similar sub-Poisson statistics in the lowest-energy
state of the system. It is apparent that the value of Qk in insu-
lator state is much smaller than that in superfluid state, which
may be another useful indicator for distinguishing the regions
with the characteristic of insulator and superfluid in the corre-
sponding phase diagram of Fig. 2 and Fig. 5. The value of Qk
in the coexisting state is very close to that in the photonic su-
perfluid state, meaning that the coexisting state and photonic
superfluid state exhibit similar sub-Poisson statistics. Inter-
estingly, the minimum value of Qk appears in the polaritonic
superfluid state, while its maximum appears in the polaritonic
insulator state.

In Fig. 16, we plot the parameter Qa1 as a function of the
detuning in the lowest-energy state of the N-excitation cou-
pled atom-cavity system under the small-hopping situation in
Fig. 16(a) and large-hopping situation in Fig. 16(b), where
N = 4, 6, 8, ..., 30 and the behavior of Qa2 is very similar to
that of Qa1 here. In both situations, Qa1 is independent of
N and approaches to −0.5 for both large negative and positive
detunings. This can be explained from the approximately ana-
lytical lowest-energy state |ψph

g,N〉 = 1
√

N!
[ 1
√

2
(a†1 − a†2)]N |01〉|02〉

derived in the method section, where Qa1 = Qa2 = −0.5 is
obtained for the state |ψph

g,N〉. For ∆ ' 0 in the small-hopping
situation or h ' −∆ in the large-hopping situation, Qa1 be-
comes smaller as N increases, indicating that the sub-Poisson
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FIG. 16: (Color online) Qa1 as a function of the detuning ∆ in the
lowest-energy state of the N-excitation (N = 4, 6, 8, ..., 30) coupled
atom-cavity system for two situations: (a) h = 10−4λ; (b) h = 50λ.
The direction of the black arrows represents the increasing trend for
N in these subfigures.

statistics of two field modes are more obvious as the total ex-
citation number increases.

3. Second-order cross-correlation function.

We also consider the second-order cross-correlation func-
tion Qa1a2 , which is defined as:

Qa1a2 =
〈a†1a1a†2a2〉

〈a†1a1〉〈a
†

2a2〉
− 1. (23)

Qa1a2 is zero for uncorrelated states, positive for correlated s-
tates, and negative for anticorrelated states. As shown in Fig.
17, we plot the parameter Qa1a2 as a function of ∆ and h for
the lowest-energy state of the system when N = 4. Interest-
ingly, we find that the insulator states can also be identified
as uncorrelated states but the superfluid states are always an-
ticorrelated states. The value of Qa1a2 in the coexisting state
is obviously smaller than that in the photonic superfluid state,
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FIG. 17: (Color online) [(a)-(b)] Qa1a2 as a function of ∆ and h for
the lowest-energy state of the system when N = 4.

which can be explained from the fact that in the coexisting
state (∆ → −∞) two excitations are occupied by the atoms
while in the photonic superfluid state (∆→ ∞) no atom is ex-
cited, inducing stronger cross correlations between two field
modes in the coexisting state.

In Fig. 18, we plot the parameter Qa1a2 as a function of the
detuning in the lowest-energy state of the N-excitation cou-
pled atom-cavity system under the small-hopping situation in
Fig. 18(a) and large-hopping situation in Fig. 18(b), where
N = 4, 6, 8, ..., 30. For small-hopping situation, the value of
Qa1a2 keeps zero and is independent of N within the near-
resonance (∆ ' 0) regions. This is because that when ∆ ' 0
and h << λ the lowest-energy state of the system is a polari-
tonic insulator state which has no cross correlation between
two field modes, corresponding to the uncorrelated states in
Fig. 18(a). In both situations, when ∆→ ±∞, Qa1a2 increases
quickly as N increases from 4 to 16, then increases much s-
lowly and approaches to zero as N further increases. This can
be explained by calculating Qa1a2 in both large-detuning lim-
its. Within the large-detuning limits, the lowest-energy state
of the system is approximately given by the state |ψph

g,N〉 and

we calculate Qa1a2 for the state |ψph
g,N〉 as follows:

Qa1a2 = −(N − 2)−1, (N → −∞) (24)

Qa1a2 = −N−1, (N → ∞) (25)

which analytically shows that Qa1a2 is inversely proportion-
al to N in both large-detuning limits and explaining the in-
creasing behavior of Qa1a2 in Fig. 18 for the increasing N.
As N further increases, the difference of Qa1a2 between the
large negative- and positive-detuning situations vanishes, i.e.,
limN→±∞ |(N−2)−1−N−1| ' 0, indicating that the effect caused
by the atomic state on the anticorrelated property between two
field modes largely weakens when N is big enough.

III. METHODS

In the limit of large detuning, the two field modes effec-
tively decouple from the atoms and can be approximately de-
scribed by the interaction Hamiltonian:

Hph = wc(a†1a1 + a†2a2) + h(a†1a2 + a†2a1). (26)
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Hph is easily diagonalized by defining the delocalized mode
operators:

b± =
1
√

2
(a1 ± a2), (27)

where [b+, b−] = 0. In terms of these new operators, Hph
becomes:

Hph = (wc + h)b†+b+ + (wc − h)b†−b−. (28)

Assuming h > 0, the lowest-energy state in its N-excitation
subspace is given by:

|ψ
ph
g,N〉 =

1
√

N!
(b†−)N |01〉|02〉. (29)

Thus, we straightforwardly calculate ∆N1 in the large-
detuning limits:

∆N1 '
(N − 2)

4
, (∆→ −∞) (30)

∆N1 '
N
4
, (∆→ ∞) (31)

which analytically demonstrates the linear relationship be-
tween ∆N1 and N in the large-detuning limit.

For large positive ∆, the atoms are both in the ground states
and so the lowest-energy state of the system is given by |ψph

g,N〉:
all N excitations go into the delocalized mode b−. On the other
hand, for large negative ∆ the atoms are both excited, leaving
only N − 2 excitations in the field modes. In other words,
in this regime the lowest-energy state is the combination of
the atomic insulator state and the photonic superfluid state.
The effect of the atomic insulator state on the total excitation
number variance is weakened as N increases. This behavior
is evident in Fig. 7(a) and Fig. 8(a). The state |ψph

g,N〉 has a
larger number variance for large N but is not in a sense any
more delocalized, since the delocalized mode defined by b−
is maximally delocalized over the two sites. Larger N simply
means there are more photons in the delocalized mode b−,
which explains the behavior shown in Fig. 8(a), where the
curves for different N all converge to the same constant.

IV. DISCUSSION

We have investigated the quantum phase transition behavior
of the lowest-energy state in a multi-excitation coupled atom-
cavity system. The case of total excitation number N = 4 has
been treated both analytically and numerically, and the results
are then generalized to the case with higher excitation num-
bers. We have identified an interesting coexisting phase in-
volving characteristics of both photonic superfluid and atomic
insulator in the large negative detuning conditions, which does
not appear for the two-excitation case and has not been previ-
ously discovered. We find that the region where the system ex-
hibits the polaritonic characteristic becomes broader as the to-
tal excitation number increases. We demonstrate that ∆N1 has
a linear dependence on N in the large-detuning limit. we have
alternatively used the order parameters of entropy, the Mandel
Q-parameter, and the second-order cross-correlation function
to reveal different nonclassical properties of the lowest-energy
state in a multi-excitation coupled array. The correspondence
between the behavior of entropy and phase diagram in the
lowest-energy state is established. We find that the entangle-
ment of photons in the photonic superfluid state has an ap-
proximately quadratic-like dependence on the total excitation
number within the large-detuning limits, and the genuine mul-
tipartite entanglement in the polaritonic superfluid state for the
large-hopping situation here is more obvious than that in the
system with only two excitations. The Mandel Q-parameter
is always negative in the lowest-energy state, which is inde-
pendent of the total excitation number and approaches to −0.5
within the large-detuning limits. It is interesting to find that
the insulator states can also be identified as uncorrelated s-
tates but the superfluid states are always anticorrelated states.
We also analytically demonstrate that the second-order cross-
correlation function is inversely proportional to the total exci-
tation number in both large-detuning limits.
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The results we have presented are not limited to the cavity
QED system, and are general and applicable to all the system-
s, such as ion traps and circuit QED systems. The physical

importance here is to gain more insights in the nature of quan-
tum phase transition for polaritonic excitations.
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transition of light in cavity QED lattices, Phys. Rev. Lett. 109,
053601 (2012).
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