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In 1813, J. Poncelet proved his beautiful theorem in projective geometry, Pon-
celet’s Closure Theorem, which states that: if C' and D are two smooth conics in
general position, and there is an n-gon inscribed in C' and circumscribed around
D, then for any point of C, there exists an n-gon, also inscribed in C' and circum-

scribed around D, which has this point for one of its vertices.

There are some formulae related to Poncelet’s Theorem, in which introduce rela-
tions between two circles’ data (their radii and the distance between their centres),
when there is a bicentric n-gon between them. In Euclidean geometry, for exam-

ple, we have Chapple’s and Fuss’s Formulae.

We introduce a proof that Poncelet’s Theorem holds in hyperbolic geometry. Also,
we present hyperbolic Chapple’s and Fuss’s Formulae, and more general, we prove a
Euclidean general formula, and two version of hyperbolic general formulae, which
connect two circles’ data, when there is an embedded bicentric n-gon between
them. We formulate a conjecture that the Euclidean formulae should appear as a
factor of the lowest order terms of a particular series expansion of the hyperbolic

formulae.

Moreover, we define a three-manifold X, constructed from n = 3 case of Poncelet’s
Theorem, and prove that X can be represented as the union of two disjoint solid

tori, we also prove that X is Seifert fibre space.
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Introduction

”One of the most important and also most beautiful theorems in classical projec-
tive geometry is that of Poncelet, concerning closed polygons, which are inscribed
in one conic and circumscribed about another. ” These words were written in 1977
by Griffiths and Harris, and perfectly describe Poncelet’s Theorem [21]. Poncelet’s
Closure Theorem, or more commonly called Poncelet’s Theorem, is one of the most
interesting and beautiful theorems in mathematics. It has a very simple formula-
tion but it is extremely difficult to prove. There are various proofs of this theorem;

most of them are not elementary (Poncelet, Jacobi, Griffiths and Harris etc.).

The French mathematician Jean-Victor Poncelet proved this theorem, during his
captivity in Saratov, Russia, in 1813, after the Napoleon’s war against the coun-
try. The first proof of Poncelet was analytic. However, in 1822, Poncelet chose
to publish another purely geometric proof in his book ”Treatise on the Projective
Properties of Figures”. Suppose that two ellipses are given in the plane, together
with a closed polygonal line inscribed in one of them and circumscribed around
the other one, then, Poncelet’s Theorem states that infinitely many such closed
polygonal lines exist and every point of the first ellipse is a vertex of such a poly-

gon. Besides, all these polygons have the same number of sides [4].

Later, using the addition theorem for elliptic functions, Jacobi gave another proof
of the theorem in 1828, in his proof, Poncelet’s Theorem is equivalent to the
addition theorems for elliptic curves. Another proof of Poncelet’s Theorem, in
a modern algebro-geometrical manner, was provided by Griffiths and Harris in
1977. This also presented an interesting generalisation of Poncelet’s Theorem in
the three-dimensional case, considering polyhedral surfaces both inscribed and cir-

cumscribed around two quadrics [15]. Also, in [15], a generalisation of Poncelet’s

1



2 INTRODUCTION

Theorem to higher-dimensional spaces was introduced. In 2008, Flatto proved

Poncelet’s Theorem in the hyperbolic plane using dynamical system [19].

Moreover, many mathematicians have proposed various methods of proving Eu-
clidean Poncelet’s Theorem. In 1991, Lion [32] proved results about the maximum
or minimum of the length of an embedded n-gon inscribed in an ellipse or circum-
scribed around it, respectively. Combining these, he obtained a new proof of
Poncelet’s Theorem on homofocal ellipses and embedded n-gons. Also, Valley
[51], in 2012, involved vector bundles techniques to propose a proof of Poncelet’s
Theorem. Later, in 2014, Halbeisen and Hungerbuhler [22] gave an elementary
proof of Poncelet’s Theorem by showing that it is a purely combinatorial conse-

quence of Pascal’s Theorem.

Furthermore, several publications have appeared in recent years discussing Pon-
celet’s Theorem. In 1994, King [31] Discussed a property of some invariant mea-
sures with applications to conic sections, geometric set-inclusion and number the-
ory. More over, Cieslak and Szczygielska [10] in 2008 showed that each oval and a
natural number n > 3 generate an annulus which possesses the Poncelet’s Theo-
rem property. A necessary and sufficient condition of existence of circuminscribed
n-gons in an annulus is given. In 2012, Weir and Wessel [52] proved Poncelet’s
Theorem for triangles, they presented the conditions for a line through two points
on a conic C' to be tangent to a conic D; then, showed the conditions for the
existence of a Poncelet’s triangle. Recently, Schwartz and Tabachnikov [42], 2016,
demonstrated that the locus of the centers of mass of the family of Poncelet’s
polygons, inscribed into a conic C' and circumscribed about a conic D, is a conic
homothetic to C.

The prehistory of Poncelet’s Theorem is connected to special formulae related to
the geometry of n-gons. These include Chapple’s and Fuss’s formulae. Chapple’s
Formula [4], was derived in 1746 by William Chapple and published in the English
periodical Miscellanea curiosa mathematica. According to this formula, there is a
triangle circumscribing a circle D with radius rg and inscribed in a circle C' with
radius R, if and only if d% = R% — 2rgRp, where dg is the distance between the

circles’ centres. Fuss’s Formula [4], obtained by Nicolaus Fuss in 1797, relating
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the quantities of two circles when there is a bicentric quadrilateral between them.
It states that (R%4 — d%)* = 2r%(R% + d%) is satisfied if and only if there is a
bicentric quadrilateral between two circles. The relationship between Poncelet’s
Theorem and Chapple’s and Fuss’s formulae was first introduced by Jacobi, as
Poncelet did not recognize it previously [4]. Moreover, in 1827, Steiner derived
additional formulae for bicentric embedded pentagons, hexagons and octagons [4].
Besides, Chaundy introduced many formulae, in 1923, also did Kerawala, in 1947,
in a simple form. Indeed, there is a general analytical expression, presented by
Richelot in 1830 and Kerawala in 1947, using Jacobi’s elliptic function, connecting

the data of two circles when there is a bicentric n-gon between them [53].

An important event occurred in the early nineteenth century; Bolyai and Lobachevsky
discovered the hyperbolic geometry, which is a kind of non-Euclidean geometry.
The difference between the parallel axiom in Euclidean geometry and hyperbolic
geometry introduces different facts in each geometry, which leads to different
trigonometric identities. Thus, because a smaller area of the hyperbolic plane
can be seen as more Euclidean, we have a conjecture that the Euclidean formulae

will appear as a factor of the lowest order terms of the general hyperbolic formulae.

The first chapter starts by giving an overview of Poncelet’s Theorem in the Eu-
clidean plane. After that, we discuss the differences between the Fuclidean geome-
try and the hyperbolic geometry, and introduce some of their facts, which make it
different when dealing with each one. As well as, we introduce a brief introduction
about some formulae related to Poncelet’s Theorem in the Euclidean plane. Those
formulae are satisfied, when there is an embedded n-gon inscribed in one circle
and circumscribed around another circle. They give nice relations between the
circumscribing circle’s radius Rg, the inscribed circle’s radius rx and the distance
between the circumscribed circle’s center and the inscribed circle’s center dg. We
cover Chapple’s, Fuss’s and Steiner’s formulae. Also, we present a general formula

in the Euclidean plane, that depends on the Jacobi’s elliptic function.

The second chapter describes the models of the hyperbolic geometry, where the

most action of this work takes place. We present Klein disk model and Poincaré
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disk model. Then, we introduce a proof that Poncelet’s Theorem holds in the
hyperbolic plane for ellipses. Our proof uses the fact that, in Klein model, ev-
ery hyperbolic line is a Euclidean line inside the unit disk, also, uses two lemmas
showing that in Klein model, every hyperbolic circle and hyperbolic ellipse are
Euclidean ellipses. We follow that by showing that every Euclidean ellipse in the

unit disk is a hyperbolic ellipse in Klein model.

We start the third chapter, by introducing general formulae for special cases, where
the circles are concentric with embedded and non-embedded n-gon between them,
in Euclidean and hyperbolic geometry. After that, we present the hyperbolic ana-
logues to the Euclidean formulae (Chapple’s, Fuss’s formulae), which are related
to Poncelet’s Theorem in the hyperbolic geometry. Like the Euclidean case, those
formulae relating the circumscribed circle’s radius R, the inscribed circle’s radius r
and the distance d between the centers of the two circles, when there is a triangle,
a quadrilateral, respectively inscribed in one circle and circumscribed around the
other. To prove that, we apply two lemmas, give a relation between the inscribed
circle’s radius and the interior angles of a triangle, a quadrilateral, respectively
circumscribed this circle. Firstly, we prove the analogues to Chapple’s Formula
in the hyperbolic geometry and compare it with the Fuclidean one. Then, the
analogues to Fuss’s Formula in the hyperbolic geometry is presented, following by
discussing the connection between Fuss’s Formula in the Euclidean geometry and
the analogues to it in the hyperbolic geometry. In these two comparison, we see
the Euclidean formula as a factor of the lowest order terms of the hyperbolic one,
after taking the limits as the circumscribed circle’s radius R approaches 0. As
well as, by plotting on Maple, we can see that the relations between r,d in the
hyperbolic formulae are closed to their relations in the Fuclidean formulae when

R is very small.

In the fourth chapter, we first introduce a general method, that helps later to prove
general expressions connecting the circles” data of a bicentric embedded n-gon in
Euclidean and hyperbolic geometries. We next apply this method to present a
general formula relating the quantities of two circles, when there is an embedded
n-gon between them, on the Euclidean plane. Later, we demonstrate two general

formulae in the hyperbolic plane. The first one, by applying a lemma, connect-
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ing the inscribed circle’s radius with the interior angles of an embedded n-gon,
circumscribed this circle. The other general formula in the hyperbolic plane is
proved by manipulating the general method, which introduced at the beginning
of the chapter. In the last section, we present a conjecture from observations
of the hyperbolic general formulae (following the results of Chapple’s and Fuss’s
comparison) showing that, if we consider the hyperbolic general formula for an
embedded n-gon inscribed in one circle and circumscribed the other, then we can

write that formula as f,(R,d,r) = 0, by using the expressions cosh(R) ~ 1 + %2,
k

sinh(R) ~ R, for R small. Then, when we write f,(R,d,r) = > gi(R,d,r), the
=1

i
lowest order non-zero term g¢; has a Euclidean equivalent as a factor. This conjec-

ture may help in proving Euclidean formulae, using hyperbolic facts.

Finally, in the last chapter, we present Poncelet’s Theorem from a different per-
spective, since we define a three-dimensional manifold X constructed according to

the Fuclidean Poncelet’s Theorem,
X ={(w,,2) |z £y #2420} S5 xS x S

in which (x,y,2) € X represents vertices of a triangle inscribed in S and cir-
cumscribing another circle. We prove that X is orientable, non-compact manifold.
Next, we define the configuration space of n distinct points in a topological space,
and show that Poncelet’s three-manifold X is nothing but a configuration space
of three points on a circle. Moreover, we prove that X is disconnected and can be
represented as disjoint union of two solid tori. More over, we define Seifert fibre
space SF'S and prove that Poncelet’s three-manifold is a Seifert fibre space. This
will help in determine what do the fibres that come from Poncelet’s look like, and
also to investigate if the orbits coming from Poncelet’s are geodesics, in the natural
three-manifold metric on X. Lastly, we define a three-dimensional manifold Xp

constructed according to hyperbolic Poncelet’s Theorem,

Xp=A(r,y,2) |e#y#2#2} CCxCxC
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in which (z,vy, z) € Xg represents vertices of a triangle inscribed in C' and circum-
scribed another circle. Comparing X and Xy raises a question about the relation
between the hyperbolic orbits and the Euclidean orbits, when R approaches 0. We
introduce an example, showing that the hyperbolic coordinates of the triangle’s
vertices, converge to the Euclidean coordinates, when the triangle is isosceles and
R approaches 0, which gives a clue that the hyperbolic orbits converge to the
Euclidean orbits when R — 0.



Chapter 1
Poncelet’s Theorem Background

In this chapter, we present a brief history about Poncelet’s Theorem in the Eu-
clidean plane. Then we discuss the differences between the Euclidean geometry
and the hyperbolic geometry, which allows us to deal with Poncelet’s Theorem in
the hyperbolic geometry in a different way. We follow this discussion, by present-
ing a brief introduction to formulae related to Poncelet’s Theorem in the Euclidean
plane. To be more specific, when an embedded n-gon is inscribed in a circle and cir-
cumscribed around other, there is a relationship between the circumscribed circle’s
radius, the inscribed circle’s radius and the distance between the circles’ centres.
Those formulae include Chapple’s Formula for n = 3, Fuss’s Formula for n = 4
and Steiner’s Formulae for n = 5,6, 8. We also take a look at a general formula in

the Euclidean geometry, which is generated using Jacobi elliptic function.

1.1 Poncelet’s Theorem in the Euclidean Geom-

etry

This section presents a brief history of Poncelet’s Theorem in the Euclidean ge-
ometry.

Suppose that C' and D are two concentric circles with D inside C'. If we can draw
a triangle 7" inscribed in C' and circumscribed around D, then it is obvious that
from any point on C, we can draw a triangle inscribed in C' and circumscribed

around D, because the triangle T" can be rotated around their common centre

7



8 CHAPTER 1. PONCELET’S THEOREM BACKGROUND

Figure 1.1: Euclidean Poncelet’s Theorem

within the annular ring bounded by C' and D. The interesting fact is that the
same situation still holds for non-concentric circles, and more generally, for two
ellipses with an n-gon, such that n > 3. Moreover, this was proven true for conics

in the projective geometry. It also has a higher-dimensional generalization [15].

This beautiful theorem, see Figure 1.1, called Poncelet’s Closure Theorem, or
Poncelet’s Theorem, some times it is called the Porism of Poncelet, as it does not
occur in general, but when it does, it occurs for infinitely many cases. The French
mathematician, Jean-Victor Poncelet, proved this theorem during his captivity in
Russia, in Saratov in 1813. The proof was published in 1822 in his book ” Treatise

on the Projective Properties of Figures”. [19]

Poncelet’s own articulation of Closure Theorem stated that: ”If any polygon is at
the same time inscribed in a conic and circumscribed about another conic, then
there are an infinity of such polygons with the same property with respect to the
two curves; or rather, all those polygons which one would try to describe at will,
under these conditions, will close by themselves on these curves. And conversely,
if it happens that, while trying to inscribe arbitrarily in a conic a polygon whose
sides will touch another, this polygon does not close by itself, it would necessarily

be impossible that there are others which do have that property.” [4]

Poncelet’s Theorem is one of the most interesting theorems in mathematics, be-
cause despite its easy formulation, it is difficult to prove. Many mathematicians

have been inspired by Poncelet’s Theorem, which encourages them to undertake
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extra study. There is a substantial collection of literature that discusses different
proofs of the theorem and its generalisation, particularly, from the period just

perior to the beginning of the twentieth century. [4]

The following theorem introduces the real case of Poncelet’s Theorem.

Theorem 1.1.1. (The Real Case of Poncelet’s Theorem) [19]

Let C and D be two disjoint ellipses in the Fuclidean plane, with D inside C.
Suppose there is an n-gon inscribed in C' and circumscribed around D, then for
any other point of C, there exists an n-gon, inscribed in C' and circumscribed
around D, which has this point for one of its vertices. In addition, all these n-

gons have the same number of sides.

An n-gon with vertices vy, ..., v, is inscribed in C' and circumscribed around D
if the points vy, ..., v, lie in C' and the lines determined by the pairs of consecutive

points (v1,ve), (ve, v3), ...(v,, v1) are tangent to D [19].

Also, as we mentioned above, Poncelet’s Theorem works for conics in the complex

projective plane Ps.

Theorem 1.1.2. (P,-Version of Poncelet’s Theorem)[19]

Let C and D be two smooth conics in general position. Suppose there is an n-gon
inscribed in C' and circumscribed around D, then for any point of C, there exists
an n-gon, also inscribed in C and circumscribed around D, which has this point

for one of its vertices. In addition, all these n-gons have the same number of sides.

Recall that the conic in the projective plane P, [19] is a curve with equation
Q(x) = 0, such that Q(z) = > a;;x;x; is a quadratic form in © = (21, 22, 23). A
conic is considered smooth if it has a tangent line at each of its points. In addition,

the conics C' and D are in general position if they intersect in four points [19].

There are several proofs of this theorem, and most of them are complicated. Dur-
ing his captivity in Russia, Poncelet gave an analytic proof for his theorem in
1813. However, in 1822, Poncelet chose to publish another purely geometric proof
in his ”"Treatise on the Projective Properties of Figures”. Poncelet’s proof, which

is complicated, reduces the theorem to two circles [19].
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Indeed, Poncelet’s Theorem is deduced as a corollary of a much more general the-
orem, namely Poncelet’s General Theorem, in which he considered n + 1 conics
of a pencil in the projective plane. If there exists an n-gon with vertices lying
on the first of these conics and each side touching one of the other n conics, then
infinitely many such n-gons exist. Such n-gons are called Poncelet’s polygons.
It is the case of Poncelet’s Theorem when all the other n conics in the General

Theorem coincide [15].

Following that, another proof given by Jacobi in 1828, using the addition theorem
for elliptic functions, in his proof, Poncelet’s Theorem is equivalent to the addition

theorem for elliptic curves [15].

In 1977, Griffiths and Harris introduced another proof of Poncelet’s Theorem
through a modern algebra-geometric way. Here, generalization of Poncelet’s The-
orem to the three-dimensional case was presented, by consider polyhedral surfaces

both inscribed and circumscribed around two quadrics [15].

However, more than one century before the Griffiths and Harris generalization,
Darboux, in 1870, proved a generalization of Poncelet’s Theorem in three-dimensional

space [15].

Moreover, Poncelet’s Theorem was generalized to higher-dimensional spaces in
[15].

1.2 Between the Euclidean and the Hyperbolic
Worlds

Euclidean Geometry is the study of the flat space with curvature 0. It was named
after Euclid, a Greek mathematician who lived in 300 BC, in his Elements (the
famous book by Euclid), five axioms of geometry were given, which form the foun-
dation of the Fuclidean geometry. The fifth axiom, which is also known as the

Parallel Axiom, states that:

If a straight line falls on two straight lines in such a manner that the interior angles

on the same side are together less than two right angles, then the straight lines, if
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produced indefinitely, meet on that side on which are the angles less than the two

right angles [45].

Despite the clarity of the axiom, arguments raged among mathematicians and led
to the establishment of the Non-Euclidean geometry, where the hyperbolic geome-
try is a kind of it. It was first introduced by Janos Bolyai and Nikolai Lobachevsky,
at the beginning of the nineteenth century. The hyperbolic geometry is the study
of a saddle-shaped space with a negative curvature. The Parallel Axiom in the

hyperbolic geometry is given as follows:

Given a straight line and a point not on the line, there exists an infinite number

of straight lines through the point parallel to the original line [40].

In this work, we are dealing with Poncelet’s Theorem for ellipses and circles in the
hyperbolic plane. When dealing with the hyperbolic geometry, the situation will
be different as the difference between the parallel axioms leads to various facts
in each geometry. Two parallel lines are equidistant in the Euclidean geometry,
which cannot be true in the hyperbolic geometry. Moreover, many Euclidean tri-
angle facts are not true in the hyperbolic plane. For example, in the hyperbolic
geometry, the sum of the triangle’s angles is less than 7, and the triangles with the
same angles have the same areas. Also, the similarities of the Euclidean triangles
cannot be applied hyperbolically, as there are no similar triangles in the hyperbolic

geometry, all similar triangles are congruent.

Proceeding from these differences, different trigonometric identities for hyperbolic
triangles were proven. These hyperbolic identities help to prove some hyperbolic
theorems that may not be proved in the Euclidean world. In chapter 4, we can see
that the first general hyperbolic expression which connects the data of two circles
(the circumscribed circle’s radius, the inscribed circle’s radius and the distance
between the circles’ centres) when there is a bicentric n-gon between them, has
been proven in a direct geometrical manner using hyperbolic trigonometric iden-

tities, whereas, we cannot use similar method in the Euclidean plane.

Non-Euclidean geometry has many advantages, it opened up the geometry and

revealed an active field of research, with many applications in science and art. For
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example, as a description of the space-time, Einstein’s general theory of relativity

applies non-Euclidean geometry.

An interesting point in dealing with hyperbolic features is the fact that whenever
we focus on a smaller and smaller areas of the hyperbolic plane, we can see it
as more and more Euclidean. This may help us to prove the Euclidean formulae
using the hyperbolic facts, by taking the limits of the hyperbolic formula when
the circumscribed circle radius approaches 0 and concentrating on the lowest order
terms of the formula. We believe that the Euclidean formula should appear as a

factor of these lowest order terms.

1.3 Formulae Related to Poncelet’s Theorem in
the Euclidean Plane

This section takes a look at the prehistory of Poncelet’s Theorem. The majority
of information here comes from [4]. In the Euclidean geometry, there are special
formulae that are relevant to Poncelet’s Theorem for values of n, where n is the
number of sides of an embedded n-gon. Those formulae relating the quantities of
two circles when there is an embedded n-gon inscribed in one circle and circum-
scribed around the other, where Ry is the circumscribing circle’s radius, rg is the
inscribed circle’s radius and dg is the distance between the circumcentre and the
incentre. We cover Chapple’s Formula for n = 3, Fuss’s Formula for n = 4 and
Steiner’s Formulae for n = 5,6, 8, as well as a general formula in the Euclidean

geometry, which depends on Jacobi’s elliptic function.

Definition 1.3.1. A bicentric n-gon is an n-gon which has both a circumscribed
circle (which touches each vertex) and an inscribed circle (which is tangent to each
side).

1.3.1 Euclidean Chapple’s Formula

We start with Chapple’s Formula which relating the quantities of two circles when

there is a bicentric triangle between them.
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Theorem 1.3.2. (Chapple’s Formula)
Let C' and D be two disjoint circles in the Fuclidean plane, with D inside C'. There

is a bicentric triangle between the circles if and only if

d%} = RJQE — QTERE

This formula was presented in 1746, by William Chapple, in an article in the
English periodical Miscellanea curiosa mathematica [9]. No earlier appearance of
the formula is known. It remained unrecognised by most mathematician as did
the majority of Chapple’s work. The study of Chapple’s paper was first raised by
Mackay in 1887. Later, in his ”Vorlesungen”, Cantor used this fact in 1907. From
that time, the formula was referred to as Chapple’s. In some papers, this formula
is called (Euler Formula) because some nineteenth century authors attributed this

formula to Euler, where he proved it in 1765.

The proof of this formula is clear and can be done in a geometric way using some
Euclidean facts. For example, the similarity of the Euclidean triangles, the fact
that the interior angles of a triangle add up to 27, and also using intersecting
chords theorem, which states that when two chords intersect each other inside a

circle, the products of their segments are equal [44].

1.3.2 Euclidean Fuss’s Formula

In 1797, Fuss’s Formula was presented by Nicolaus Fuss, this formula introduces a
relationship between the quantities of two circles when there is a bicentric quadri-

lateral between them.

Theorem 1.3.3. (Fuss’s Formula)
Let C and D be two disjoint circles in the Euclidean plane, with D inside C, then

there is a bicentric quadrilateral between them if and only if

(Rp — dp)* = 2rp(RE + d)
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Fuss’s Formula is proved in a simple geometric way similar to Chapple’s For-
mula, and also using some Euclidean facts, which include the premises that the
opposite angles of a cyclic quadrilateral are supplementary, the interior angles of
a triangle add up to 27, the holdings of Pythagorean Theorem and also the inter-
secting chords theorem, which states that when two chords intersect each other

inside a circle, the products of their segments are equal [44].

1.3.3 Other Euclidean Formulae

In the second volume of ”Crelle’s Jurnal fiir die reine und angewandte Mathe-
matik” in 1827, Steiner proposed other formulae for bicentric embedded pentagons,
hexagons and octagons, however, no proof is presented for any of them.

For a bicentric embedded pentagon the formula is

’I“E(RE—dE) = (RE+dE)\/(RE —TE + dE)(RE — Ty — dE)+(RE+dE)\/2RE(RE —Tg — dE)

for a bicentric embedded hexagon the formula is

3(R% — d2)* = 4r%(R% + d%)(R% — d%)* 4 16r5,d%5 R%

and the formula of a bicentric embedded octagon is given as follow

8rg(RE—dp)* —rip(Rp+di) [{ (RE+dp) [(Rp—di) ' +4rpd, Ry - 8ripdy Ry (Rp—di)*}
= [(RE — dp)" — 4rpdpRE)”

In 1923, Chaundy presented formulae for n = 3,4,5,6,7,8,9,10,12, 14, 16, 18, 20,

whereas the expression for n = 11 is derived by Richelot in 1830. Moreover, many

formulae were established by Kerawala in 1947 in a simple form [53].

In fact, there is a general analytical expression relating the circumscribed circle’s
radius Rpg, the inscribed circle’s radius rg, and the distance between the circum-

scribed circle’s center and the inscribed circle’s center dg for a bicentric n-gon,
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Define
_— 1
(RE -+ dE)
1
b f—
(Rp — dg)
1
cC = —
TE

Since rg, Rg and dg are positive quantities with dgp < Rg, 0 < a < b,
let

2c¢%(a® — b?)
N\ 77
+ a2(b? — c2)

w = cosh ()

and define the elliptic modulus k via k? =1 — e 2%

Thus, the condition for a Euclidean n-gon to be bicentric is

sc(é%ilk>::(CV%Q—sij;i{@-—a%

where sc(x, k) is a Jacobi elliptic function and K (k) is a complete elliptic integral
of the first kind, this general formula was given by Richelot in 1830 and Kerawala
in 1947 [53].
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PONCELET’S THEOREM BACKGROUND




Chapter 2

Poncelet’s Theorem in the

Hyperbolic Geometry

This chapter explains the hyperbolic geometry, and describes the models of the
hyperbolic geometry where most of the action of this work takes place. These
models are Klein disk model and Poincaré disk model. Then, we introduce two
lemmas to show that in Klein model, every hyperbolic circle and hyperbolic ellipse
are Euclidean ellipses. We follow that by showing that the opposite direction is
also right, this means that every Euclidean ellipse in the unit disk is a hyperbolic
ellipse in Klein model. After that, we introduce the hyperbolic version of Poncelet’s
Theorem, which is the main goal of this chapter, we prove it depending on the
fact that in Klein model, every hyperbolic line is a Euclidean line inside the unit

disk, also, using the two lemmas mentioned above.

2.1 Models of the Hyperbolic Geometry

The hyperbolic geometry [40] is a type of non-Euclidean geometry where for a
hyperbolic line L and a point 2z in a hyperbolic plane, not on L, there are at least
two distinct lines through z, which do not intersect L. Two hyperbolic lines are
said to be parallel if they have no common points. Two models of the hyperbolic

plane, Klein disk model and Poincaré disk model, are used in this work.

17
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Figure 2.1: Lines in Klein Model

2.1.1 Klein Disk Model

In Klein disk model of the hyperbolic plane [24], the hyperbolic plane is the
bounded open disk K = {z € C||z| < 1} in the complex plane C' determined
by the Euclidean unit circle S*. The points of this model are the Euclidean points
within the disk. Furthermore, the hyperbolic lines are defined as the open Eu-

clidean chords in this model, see Figure 2.1.

One point of caution when using this model is that the angles in the hyperbolic
plane are distorted from the Euclidean angles when represented in Klein disk. This

model is therefore called non-conformal or angle distorting.

The hyperbolic distance [26] in this model can be given by the following formula:
If 2z = (x,y),w = (a,b) are the Euclidean coordinates of two points z,w, in the

unit disk, the hyperbolic distance between them in Klein model is:

1 —xza—yb

2.1
Vi-2-pP0 - B 2

d(z,w) = arccosh

The isometries in this geometry are projective transformations of the plane that
preserve the unit disk [49]. Recall that the projective transformation 7" [19] in the
projective plane P, can be defined as a function 7' : P, — P, such that T'(p) =
A(p), where A is a 3 x 3 non-singular matrix and p = (z,y,z). This bijection

maps lines to lines (but does not necessarily preserve parallelism). Although the
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Figure 2.2: Lines in Poincaré Disk Model

projective transformations preserve incidence, they do not preserve sizes or angles.

They take conic section to conic section [46].

2.1.2 Poincaré Disk Model

On the other hand, the hyperbolic plane in Poincaré disk model [1] is also the
bounded open disk D = {z € C||z| < 1} in the complex plane C. The points of
this model are the Euclidean points within the disk. Furthermore, the hyperbolic
lines in this hyperbolic plane consist of all segments of circles contained within
the disk that are orthogonal to the boundary of the disk, plus all the Euclidean
diameters of the disk, see Figure 2.2.

The hyperbolic distance in this model [26] can be given by the following formula:
If z,w are two points in the unit disk, the hyperbolic distance between them in

Poincaré disk model is:

|z — w|?

dp(z,w) = arccosh |1+ 2
(1 =21 = |w[?)

where |.| denotes the usual Euclidean distance

In Poincaré model, the angles between the hyperbolic lines can be measured
directly as the Fuclidean ones, therefore, it is also referred to as a conformal
model. All isometrics within Poincaré model are Mdébius transformations [1],
where Mo6bius transformation in the complex plane C' is defined as a function

m : C'— C of the form m(z):%is where a,b,c,d € C' and ad — be # 0.
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Recall that a hyperbolic circle ) in the hyperbolic plane is defined as a set of
points y € D, such that dp(x,y) = r where z is the hyperbolic centre of @, r > 0
is the hyperbolic radius of @ and dp(x,y) represents the hyperbolic distance in
the hyperbolic Poincaré disk D [1].

Every hyperbolic circle in Poincaré model is a Euclidean circle and conversely, all
the Euclidean circles in the unit disk are a hyperbolic circles in Poincaré model.
However, the centres and radii in general will be different in the hyperbolic version,

compared with the Euclidean version [1].

Theorem 2.1.1. [1] Every Mébius transformation takes circles in C' to circles in

C.

2.1.3 Hyperbolic Trigonometric Identities

Now, we present some hyperbolic trigonometric identities which will be used to

prove some formulae in hyperbolic geometry related to Poncelet’s Theorem.

Theorem 2.1.2. (Hyperbolic Trigonometric Identities)[35], [29]

Let x, y be any real numbers, then

1.

cosh?(z) — sinh?(z) = 1
2.

sech?(z) = 1 — tanh?(x)
3.

cosh(x £ y) = cosh(x) cosh(y) £ sinh(x) sinh(y)
4.
cosh(2z) = sinh?(x) + cosh®(z) = 2sinh?(z) + 1 = 2cosh?(z) — 1

d.

sinh(2x) = 2sinh(z) cosh(x)
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In the following two theorems, we present some identities for hyperbolic trian-

gles, which will be used later.

Theorem 2.1.3. [2] (The Hyperbolic Sine and Cosine Rules)

Let T be any hyperbolic triangle and let a, b, and c be the hyperbolic lengths of its
sides, let o, B and vy be its interior angles, where « is the interior angle opposite
the side of hyperbolic length a, [ is the interior angle opposite the side of hyperbolic
length b, and ~ 1s the interior angle opposite the side of hyperbolic length c¢. The
laws are given as follow

the hyperbolic law of cosines I
cosh(a) = cosh(b) cosh(c) — sinh(c) sinh(b) cos(a) (2.2)

the hyperbolic law of cosines I1

cos(a) cos(f) + cos(y)

cosh(c) = sin(a) sin(3)

(2.3)

the hyperbolic law of sines

sinh(a)  sinh(b)  sinh(c)
sin(a)  sin(B)  sin(y) (24)

Theorem 2.1.4. [2] (Right-angled Triangle)

Let T be a right hyperbolic triangle and let a, b and c¢ be the hyperbolic lengths
of its sides, let o , B and 3 be its interior angles, where o is the interior angle
opposite the side of hyperbolic length a, [ is the interior angle opposite the side
of hyperbolic length b, and % is the interior angle opposite the side of hyperbolic
length c. Then we have the following

1.
cosh(c) = cosh(a) cosh(b)

tanh(b) = sinh(a) tan(3)
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sinh(b) = sinh(c) sin(3)

tanh(a) = tanh(c) cos(83)

cos(a) = cosh(a) sin(p)

2.2 Poncelet’s Theorem in the Hyperbolic Ge-

ometry

In this section, we wish to provide an alternative proof to [19], which show that
Poncelet’s Theorem holds in the hyperbolic plane. We start with two calculations
to show that the hyperbolic circles and the hyperbolic ellipses in Klein model are
Euclidean ellipses in the unit disk, we use these lemmas later to prove Poncelet’s
Theorem in the hyperbolic plane. Also, we prove the opposite direction, that every
Euclidean ellipse in the unit disk is a hyperbolic ellipse in Klein model. At the end
of this chapter, we introduce the hyperbolic version of Poncelet’s Theorem and its

proof.

We begin this section by proving the following lemma which shows that every
hyperbolic circle in Klein model is a Euclidean ellipse. This fact was introduced

previously by Busemann and Kelly in [6].

Lemma 2.2.1. In Klein model of the hyperbolic plane, every hyperbolic circle is

a Fuclidean ellipse.

Proof. To prove this lemma, we start with the definition of the hyperbolic circle.
Then, using the distance formula in Klein model (2.1) in this definition and doing
some calculations with simplifications to get the equation of the hyperbolic circle

in Klein model, which we can see that it is a Euclidean ellipse’s equation.

Let w = a + ib € K be the hyperbolic centre of the hyperbolic circle C' and r > 0
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be its hyperbolic radius. The equation of the hyperbolic circle C' is given as follow
di(z,w) =r

where z = x 4 1y is an arbitrary point on the circle C'. From the definition of the
hyperbolic distance in Klein model, we get that

1—ax—by
arccosh —_

V(=22 —y?)(1 —a? = 1?)

By taking cosh of both sides, squaring and rearranging
(1—azx —by)? = (1 — 2% —y»)(1 — |w|*) cosh?(r)
Then, by solving the equation and setting 1 — |w|? = W, from which we see that

1 — 2ax + a*x* — 2by + 2abry + b*y* = (1 — 2 — y*)W cosh?(r)

Rearranging the equation

[a® +W cosh®(r)]x? + 2abxy + [b* + W cosh?(r)]y? — 2ax — 2by + 1 — W cosh?(r) = 0
(2.5)

We know that the conic section described by the equation of the form
Az? + Bxy + Cy? + Dz + Ey + F = 0 with A, B, C not all zero

represents a Euclidean ellipse if B2 — 4AC < 0 [13].
Thus, (2.5) is an equation of a Euclidean ellipse provided that,

4a*b* — 4[a* + W cosh?(r)][b*> + W cosh?®(r)] < 0 (2.6)
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By simplifying, we see that
4a*b* — 4la* + W cosh?(r)][b* + W cosh?(r)] = —4W cosh?(r)[a® + b* + W cosh?(r)]

is less than 0.
So, the hyperbolic circle’s equation is nothing but the Euclidean ellipse’s equation.
As a result, we can see that every hyperbolic circle in Klein model is a Euclidean

ellipse. O

In the following, we show that every hyperbolic ellipse in Klein model is a
Euclidean ellipse in the unit disk by using similar way as the previous lemma.
Furthermore, we use these lemmas later to prove the hyperbolic version of Pon-

celet’s Theorem

Lemma 2.2.2. In Klein model of the hyperbolic plane, every hyperbolic ellipse is

a Fuclidean ellipse.

Proof. To prove this lemma, we define the hyperbolic ellipse. Then, using the dis-
tance formula in Klein model (2.1) in this definition, and doing some calculations
with simplifications to get the equation of the hyperbolic ellipse in Klein model,
which we can see that it is a Euclidean ellipse’s equation.

Let w = a + ib,v = p + iq be the foci of a hyperbolic ellipse, so the equation of
the hyperbolic ellipse is given by

dK<Z7w) +dK(27U) =cC

where z = z 4 1y is an arbitrary point on the ellipse and ¢ > 0 is a constant.
We need
dr(w,v) < ¢ (2.7)

in order for the ellipse to be non empty.

From the definition of the hyperbolic distance in Klein model, the equation of the
hyperbolic ellipse is given by

1 —xza—yb

V-2 - l-a )

1 —xp—yq

arccosh +arccosh [ =c

V=22 =) (1 -p? — @)
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Set 1 — |2|> = Z,1 — |[w|*> = W and 1 — |v]* = V, then the hyperbolic ellipse

equation is

1—za—yb 1—xp—yq}

VZWw VZv

by taking cosh of both sides and using identity 3, Theorem 2.1.2, we find that

1=2a =4 _ s {w} _ sinh(c) sinh (amcosh {MD
VIW NA% NIA%

However, from identity 1, Theorem 2.1.2, we find that

sinh(y) = y/cosh?(y) — 1

arccosh [ } = ¢ — arccosh [

set y = arccosh(x), then

sinh(arccosh(z)) = v/(cosh(arccoshz))2 — 1 = Va2 — 1 (2.8)

SO,

1—xa—1yb {1—@?—%{} . \/(1—$p—yQ)2
—————~ = cosh(¢) | ——=——==-| — sinh(c —1
NVA © VA% © ZV

which means that

Smh@\/(l —prV— vay | _ cosh(c) {1 —jg_‘; yq] B {1 —\/x;_m—/yb]

Squaring both sides

sinh?(c) {“ — val® 1] = cosh?(c). {(1 — y‘ﬂ

—2cosh() {“ —za—yh)(1 —xp—yq)} . {(1 _m—yw?]

ZVWV ZW
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By multiplying both sides of the equation by ZWV, we find that
sinh?(c)(1 — 2p — yq)*W — sinh®(¢) ZWV = cosh?(c)(1 — 2p — yq)*W

—2cosh(c)(1 — za — yb)(1 —xp — yg) VWV + (1 — za — yb)*V

Rearranging the equation and using identity 1, Theorem 2.1.2

(1—zp—yq)*W+sinh?(c) ZWV =2 cosh(c) (1 —za—yb) (1—zp—yq) VWV +(1—za—yb)?V = 0
From which we see that

W (1—2px —2qy +2pqry +p*x* +q*y?*) + WV sinh®(c) (1 — 2 —y*) — WWV cosh(c)

(1—(a+p)x—(b+q)y+(pb+aq)vy+apz®+bgy?)+V (1—2ax—2by+2abry+a’z*+b%y*) = 0

So, the equation of the hyperbolic ellipse is given by
[p*W —S—2paR+a*V]2*+[¢*W —S—2qb R4+-b*V ]y +[2pgW —2(pb-+qa) R+2abV |zy

+[—2pW +2(a+p)R—2aV]r+[-2¢W +2(b+q)R—2bV]y+[W+S—-2R+V] =0
(2.9)

where S = WV sinh?(c), R = VWYV cosh(c).

As mentioned at the previous proof, the equation 2.9 is a Euclidean ellipse if the

quantity
[2pgW —2(pb + qa) R+ 2abV]? — 4[p*W — S — 2paR + a*V][¢*W — S — 2¢bR + b*V]

less than 0 [13].
By solving the left hand side, we find that it equals

8pqabWV + 4R*(pb + qa)? — 4p*b*WV + 4p*W S — 4a*¢*WV + 4a*V S

—16pagbR* — 8paRS + 4¢°W S + 4b*V S — 8¢bRS — 45>
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Simplifying, the quantity becomes

—8pqabS + 4p*b*S + 4a*¢*S + 4(p* + )W S 4 4(a® + b*)V'S — 8(pa + qb) SR — 452

After dividing by 4.5, we find that the hyperbolic ellipse is a Euclidean ellipse if

(pb — aq)® — 2(pa + gb)R + (p> + )W + (a* + b*)V < S

ile. if

(pb — aq)® — 2(pa + ¢b)R + (p* + )W + (a* + b¥*)V + WV < R?

From the condition of the distance between the foci of the hyperbolic ellipse (2.7)

di(w,v) < ¢

1—ap—bg
VWV

Squaring both sides and rearranging

< cosh(c)

(1 —ap —bq)? < WV cosh®(c) = R?

So, the hyperbolic ellipse is a Euclidean ellipse if:
(pb — aq)* — 2(pa + gb)R + (p* + )W + (a®> + b))V + WV < (1 — ap — bq)*

ieif
—4pbaq — 2paR — 2gbR — 2p*a® — 2b%¢* + 2ap + 2bg < 0

Simplifying
—(ap +bq)* + (ap + bq) < (ap +bg)R
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Dividing the inequality by (pa + bg) and squaring both sides, we need that
(ap +bq)* — 2(ap +bg) + 1 < R?

ie (ap+bg—1)? < R?
which is the inequality (2.7)

So, every hyperbolic ellipse in Klein model is a Euclidean ellipse. O

At this point, one question arises, whether the opposite direction of the previous
lemma true.
The next proposition reveals that for every Euclidean ellipse in the unit disk, we

can deduce the hyperbolic values of it as a hyperbolic ellipse.

Proposition 2.2.1. Every Euclidean ellipse in the unit disk is a hyperbolic ellipse

i Klein model.

Proof. To prove the proposition, we firstly introduce the equation of the ellipse
as a Euclidean ellipse, then as a hyperbolic ellipse. Compare these equations and
write the hyperbolic values of the hyperbolic ellipse in terms of the Euclidean
values of the Euclidean ellipse. After that, by taking the maximum and minimum
values of the Euclidean figures, we see that the hyperbolic values still work as
values of a hyperbolic ellipse.

To simplify calculations, we know that the isometries in Klein model are projective
transformations which preserve the ellipses [19]. So, without loss of generality, set
—a, a the foci of the Euclidean ellipse in the unit disk which is symmetric about

the origin, so the equation of the Euclidean ellipse can be given by
d(z,a) +d(z,—a) =7

where z = x + iy is an arbitrary point on the ellipse, » > 0 is a constant and
d(z,a) is the Euclidean distance between z and a.
From the definition of the Euclidean distance, the equation of the Euclidean ellipse

is given by

Vie—aP+y+V(@t+aP +y>=r
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Squaring both sides and rearranging

(z—a)+ v+ (r+a)? +y> —r? = =2/ ((z — a)? + y2)((z + a)2 + y?)
Again, squaring both sides and rearranging
4zt + da* + 82%a® + 4yt + rt — AyPr? + 82%y? — 42 + 8a?y? — 4a’r?

= 4z — 8a%2? + 82%y? + 4a* + 8a®y? + 4y?

From which we see that
rt = 4(2®r? + a®r? + y*r? — 4a’2?)

Dividing both sides in the equation by 41?2

2 2.2
r 9 9 o 4ax
—=x"4a +y —
4 y 72

So the equation of the Euclidean ellipse in the unit disk which is symmetric about
the origin is given as follow
4a? r? 9

2, 2 _
(1—T—2)x ty = -a (2.10)

On the other hand, we deduce the equation of that ellipse as a hyperbolic ellipse
in Klein model. By reflection, the foci of the hyperbolic ellipse will be on the real
line.

Let p, —p be the foci of this hyperbolic ellipse which is centred at the origin in
Klein model, so the equation of the hyperbolic ellipse can be given by

where z = x 4 1y is an arbitrary point on the ellipse and ¢ > 0 is a constant.
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From the definition of the hyperbolic distance in Klein model, the equation of the
hyperbolic ellipse is given by

1—axp

V(=22 —y?)(1 - p?)

arccosh [

1
+ arccosh [ P ] =1t

V(=22 —y?)(1-p?)

By taking cosh of both sides, using identity 3, Theorem 2.1.2, and using the
relation (2.8) that sinh(arccosh (x)) = v/ 22 — 1, we find that

( 1—ap ) ( 14+ xp )
V=22 =) (1 -p?) ) \ V(1 =22 —y2)(1-p?)

+\/((1 - wgl—_y?)ggi -7 1) ((1 - ffﬁ(?lj?jg])ozi -7 1) = cosh{l)

Rearranging and setting 7" = cosh(t)

T 1—.T2p2 _
(=22 =)= )

V(A —ap) (L +ap))? + (1 —a? —y?)2(1 —p?)? —2(1 — 22 — y?)(1 — p*)(1 + 2?p?)
(1—a?—y?*)(1-p?)

Multiplying both sides by (1 — 22 — »?)(1 — p?), and sequaring
T*(1— 2% = ¢)*(1 = p*)° + (1 — 2?p?)* = 2T (1 — 2° — y*)(1 — p*)(1 — 2°p?)

=(1-2p")P+ (1 -2 =)L —p°)? —2(1 —2° —y*)(1 — p*) (1 + 2°p?)

Simplifying the equation and dividing both sides by (1 — 2% — y*)(1 — p?)

T*(1—a* —y*)(1 = p?) = 2T (1 = 2°p*) = (1 = 2° = y*)(1 = p*) = 2(1 + 2%p?)
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Rearranging and dividing by 1 — p?

2(1 + z%p?) — 2T(1 — 2%p?)

2 2 .2 _
(=)0 -2 =) + — ~0
Dividing by T2 — 1 and rearranging
222p? 2
1_x2_y2+ -p . -0

A=p)T-1) A=p)(T+1)

Thus, the equation of the hyperbolic ellipse in Klein model, which is symmetric

about the origin is given by

2p* 2 2 4 2
(- A=)+ - romey @

Comparing the Euclidean equation of the ellipse (2.10) and the hyperbolic equation
of it (2.11), we see that

4a? B 2p?

=S .
Y2 2 213
1T T ATy (2.13)

Now, we try to find the hyperbolic values p, t in terms of the Euclidean values a, r,

from (2.13)

I—p

r? r? 2
T(1——+d? 1——+4ad*) =
< 4+a>+< 4+a) =2

T = ~1 (2.14)

2
r 9 2
(T—i‘l)(l—z—i‘a): 5

Using (2.14) in (2.12)
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Rearranging
2
4a® p*(1 -5 +a?)

2 1—(1—p2)(1—§+a2)

4a? r? r?
T 1_ 1_2 1__ 2 — 2 1__ 2

4a?  4a? r? 4q? p2 r? r?
= _ = (1= = 2 1— — 2 — 2 1— — 2
2 r2< 4+a)+ 2 < 4—|—a) p( 4—|—a

2 2 2 2 2
9 r 2\ [4a 4a r 9 5 (4a
p (1—z+“)(7—1)zr—2(1—z+a —1>:a <ﬁ—1)

From which we see that

Compensating in (2.14)

2 1+

T = - —1= - = cosh(t) (2.16)
1-= -z

We know that the minimum value of a equals 0, and also the minimum value of
r approaches 0 as r > 0 which from (2.15) and (2.16) implies that p = 0 and ¢
approaches 0, which are the minimum values of p and ¢ as values of hyperbolic
ellipse. In addition to that, the maximum value of a approaches 1 as the ellipse
lies within the unit disk, in this case r approaches 2 which from (2.15) and (2.16)
implies that p approaches 1, t approaches oo which still values of a hyperbolic
ellipse in Klein model. As a result of that, whatever the Euclidean values of the
Euclidean ellipse in the unit disk, we can get the hyperbolic values of it as a
hyperbolic ellipse. Thus, every Euclidean ellipse in the unit disk is a hyperbolic

ellipse in Klein model. O
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Now, we introduce the hyperbolic version of Poncelet’s Theorem. As we men-
tioned in the introduction, Flatto [19] proved hyperbolic Poncelet’s Theorem using
dynamical system in 2008. However, we present a new proof of this theorem de-
pending on the fact of the hyperbolic lines in the Klein model, that they are

Euclidean lines inside the unit disk, and the previous two lemmas.

Theorem 2.2.2. (The Hyperbolic Version of Poncelet’s Theorem)

Let C and D be two disjoint hyperbolic ellipses, with D inside C. Suppose there is
a hyperbolic n-gon inscribed in C' and circumscribed about D, then for any other
point of C', there exists a hyperbolic n-gon, inscribed in C' and circumscribed around
D, which has this point for one of its vertices. In addition, all these n-gons have

the same number of sides.

Proof. Let C' and D be two disjoint hyperbolic ellipses, with D inside C'. Suppose
there is a hyperbolic n-gon P inscribed in C' and circumscribed around D.

We know from the definition of Klein model, that the hyperbolic line is defined
as a Euclidean line inside the unit circle, also in Lemma 2.2.1 and Lemma 2.2.2,
we have proved that the hyperbolic circles and the hyperbolic ellipses in Klein
model are Euclidean ellipses. And as we know that there is an isomorphism
between Poincaré disk model and Klein model [26], where Poincaré disk model
is conformal. Therefore, when a hyperbolic line is tangent to a hyperbolic circle
or ellipse, then the corresponding Euclidean line is tangent to the corresponding
Euclidean ellipse. As a result of that, the n-gon P inscribed in a Euclidean ellipse
and circumscribed a Euclidean ellipse.

Since the Poncelet’s Theorem holds for the Euclidean ellipses, Theorem 1.1.1,
therefore, the Poncelet’s Theorem will hold for the hyperbolic circles and the
hyperbolic ellipses in the hyperbolic plane. O
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Chapter 3

Some Formulae Related to
Poncelet’s Theorem in the

Hyperbolic Geometry

The purpose of this chapter is to prove the hyperbolic analogues to the Euclidean
formulae (Chapple’s and Fuss’s Formulae), which is arising from Poncelet’s The-
orem. Those formulae are satisfied, when there is an embedded n-gon inscribed
in one circle and circumscribed around other circle. We start by proving general
formulae for the special cases, when the circles are concentric, in both Euclidean
and hyperbolic geometry, where the n-gon embedded or non-embedded. After
that, we prove the analogues to Chapple’s Formula in the hyperbolic geometry.
We follow that by discussing the connection between Chapple’s Formula in the
Euclidean geometry and the analogues to it in the hyperbolic geometry. Then, we
prove the analogues to Fuss’s Formula in the hyperbolic geometry too, and discuss
the relation between Fuss’s formulae in both Euclidean and hyperbolic geometries
when R approaches 0. By figuring the relation between the formulae, we aim to
take the advantage of the hyperbolic geometry to get information in the Euclidean

geometry.

Remark 3.0.1. we use a standard way to introduce some proofs in Poincaré disk
model in this chapter and the following chapter. Doing that by assuming that the

circumcircle C' is centred at the origin O with radius R and the inscribed circle

35
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D s centred at the point on the positive real axis, with hyperbolic distance d, and
radius v. Then, set the n-gon so that one of its vertices is at the same line with

the circumscribed circle’s centre and the inscribed circle’s centre.

It suffices to prove the formulae in this convenient case where the calculations
become easier, because we know that Poncelet’s Theorem holds in the hyperbolic
plane, Theorem 2.2.2. Also, all isometrics within this model are Mobius transfor-

mations which take circles to circles, Theorem 2.1.1.

3.1 Special Cases when d=0

We know from Section 1.3, that there are special Euclidean formulae related to
Poncelet’s Theorem, which relating the data of two circles when there is a bicentric
embedded n-gon inscribed in one circle and circumscribed around the other. In this
section, we prove general formulae for the special cases, where circles are concentric
(the circumscribed circle’s centre and the inscribed circle’s centre coincide), with
a bicentric n-gon between them. In this situation, the n-gon is regular, because
the n-gon’s sides touch the inscribed circle in their midpoints, hence, from the
congruency of the triangles, the n-gon is regular. Firstly, we prove a general
formula in the Euclidean plane for embedded n-gons, then turn to prove a general
formula in the hyperbolic plane, also for hyperbolic embedded n-gons. Then, we
give a general formula for any non-embedded bicentric n-gon in the Euclidean

plane, then in the hyperbolic plane.

3.1.1 Embedded n-gon’s Formulae

We introduce formulae relating the radii of two concentric circles when there is
a regular embedded n-gon between them, in the Euclidean and the hyperbolic
planes.

We begin by defining the embedded n-gon.

Definition 3.1.1. (Embedded n-gon) It means a simple n-gon which consists of

straight non-intersecting sides that are joined pair-wise to form closed path.
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Figure 3.1: Euclidean Regular Embedded n-gon

The following theorem gives a formula relating the radii of two concentric circles

when there is a bicentric embedded n-gon between them in the Euclidean plane.

Theorem 3.1.2. Let C' and D be two disjoint concentric circles in the Euclidean
plane, with D inside C'. Let Rg denote the radius of C' and rg denote the radius
of D. Assume that there is a bicentric embedded n-gon between them, then the

relation between Rg and rg satisfies the following

Tp = COS (g) Rg (3.1)

Proof. We prove this formula directly by using trigonometric identities and Pythagorean
Theorem. Assume that C' and D are two disjoint concentric circles with D inside
C in the Euclidean plane. Suppose there is a bicentric embedded n-gon P be-
tween them, then, P is a regular polygon. Let v; denote vertices of P such that,
1 < 7 < n. Let a be the Euclidean length of its side. Assume that w is the point
on the side vvy where the perpendicular from the two circles’ centre O meets the

side, so |Ow| = rg.
Set |vjw| = |vaw| = z, and apply the law of cosine to the triangle v;Ovy

2 2 2
cos (27 = 2R3, — (2x)
n 2R%,
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2
2R3 cos (%) = 2R3 — 4x? (3.2)
Using Pythagorean Theorem on the triangle v;Ow
2* = R, — 1%,
Using that in (3.2)

2
2R3, cos (%) =2R% — 4(R% — %)

2
2R2, cos (_) _ oR 42— o2 — R2)
n

2
2r5, = R, (cos (%) + 1)

But cos(2x) = 2cos?(x) — 1 , we find that

which means that

TR = COS (E> Rg
n

which is the desired formula. O

Now, we turn to the hyperbolic plane and give a formula relating the radii of
two concentric circles when there is a bicentric embedded n-gon between them in

the hyperbolic plane.

Theorem 3.1.3. Let C' and D be two disjoint concentric circles in the hyperbolic
plane, with D inside C'. Let R denote the radius of C, and r denote the radius
of D. Assume that there is a bicentric embedded n-gon between them, then, the

relation between R and r can be given as follow

tanh(r) = cos <%> tanh(R) (3.3)

Proof. We can prove this formula directly by using a hyperbolic right triangle
identity 4, Theorem 2.1.4.

Assume that C' and D are two disjoint concentric circles with D inside C' in
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Figure 3.2: Hyperbolic Regular Embedded n-gon

Poincaré disk. Suppose there is a bicentric hyperbolic embedded n-gon P between
them, so, P is a regular n-gon. Let v; be vertices of P such that 1 < 7 < n, see
Figure 3.2. Assume that w is the point on the n-gon’s side where the perpendicular
from the circles’ centre O meets the side, thus the hyperbolic distance p(Ow) = 7.

Using identity 4, Theorem 2.1.4, in the right triangle wOwy,

tanh(r) = cos <%> tanh(R)

O

For example, when n = 3, the polygon is triangle, then, the relations between
the inscribed circle’s radius r and the circumscribed circle’s radius R are:
R = 2r (in the Euclidean plane) and tanh(R) = 2tanh(r) (in the hyperbolic
plane).

3.1.2 Non-Embedded n-gon’s Formulae

We now prove formulae relating the radii of two concentric circles when there is a
regular non-embedded n-gon of any kind between them, in the Euclidean and the

hyperbolic planes.

The regular non-embedded n-gon is defined as follow

Definition 3.1.4. [16/(Regular non-embedded n-gon)

A regular non-embedded n-gon {n/q}, with n,q positive integers, n > 2, is a figure
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formed by connecting with lines every qth point out of n reqularly spaced points
lying on a circumference, which divides the circumference into n equal parts. It is

sometimes called, a reqular n-gram.

This definition for both Euclidean and hyperbolic non-embedded n-gon. There
are potentially many different ones, when ¢ = 1, we have the regular embedded
polygon. The number ¢ is called the density of the non-embedded n-gon and with-

out loss of generality, we take ¢ < n/2.

Also, to still have n-gon with a closed path, (n, ¢) should be relatively prime which

means that ged(n,q) = 1, where ged denotes the greatest common divisor.

The following theorem gives a formula connecting the radii of two concentric cir-
cles, when there is a bicentric non-embedded n-gon between them, in the Euclidean

plane.

Theorem 3.1.5. Let C' and D be two disjoint concentric circles in the Euclidean
plane, with D inside C'. Let Rg denote the radius of C' and rg denote the radius
of D. Assume their is a bicentric non-embedded n-gon between them, then, the

relation between Rp and rg can be given as follow

TR = COS (%) Rg (3.4)

where q is the density of the non-embedded n-gon.

Proof. Assume that C' and D are two disjoint concentric circles with D inside C
in the Euclidean plane. Suppose that there is a bicentric non-embedded n-gon P
between them, with density ¢, so P is regular. Let v; be vertices of P such that
1 <7 < n, and let a denote the n-gon’s side, see Figure 3.3.

Assume that w is the point on the side a, where the perpendicular from the circles’
centre O meets the side, thus |Ow| = rg.

As the n-gon is regular, w sits at the middle of a, as a result of that

1 .
TE = §RE’1 + 62271-(%)’
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Figure 3.3: Euclidean Regular Non-embedded n-gon

Applying the Euclidean distance definition

1 2 2 2
rp = —RE\/<1 + cos (ﬂ)> + sin? (ﬂ)
2 n n

After applying the trigonometric identities and rearranging, we find that

(o) =%,
CoOS|— ) = —
n RE

which is the desired formula. O]

As well as, we get a formula relating the radii of two concentric circles, when

there is a bicentric non-embedded n-gon between them in the hyperbolic plane.

Theorem 3.1.6. Let C' and D be two disjoint concentric circles in the hyperbolic
plane, with D inside C. Let R denote the radius of C' and r denote the radius of
D. Assume that their is a bicentric non-embedded n-gon between them, then the

relation between R and r can be given as follow

tanh(r) = cos <ﬂ> tanh(R) (3.5)
n
Proof. we can get the formula by using hyperbolic right triangle identities.

Assume that C' and D are two disjoint concentric circles with D inside C' in
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Figure 3.4: Hyperbolic Regular Non-embedded n-gon

Poincaré disk. Suppose that there is a bicentric hyperbolic non-embedded n-gon
P between them with density g. Thus, P is regular. Let v; be vertices of P, such
that, 1 < 7 < n. Let a be the side of the polygon, see Figure 3.4. Assume that
w is the point on the side a where the perpendicular from the circles’ centre O
meets the side, so the hyperbolic distance p(Ow) = r, where r is the radius of the
inscribed circle D. It is obvious that the angle v;Ow equals (%), then by using

identity 4, Theorem 2.1.4, on the right triangle v;Ow, we get the desired formula

o (@> - 522;((;))

n

]

At this point, we can see that for these simple cases when the circles are
concentric, when we look at the relation (3.3) between the hyperbolic radii R
and r of two concentric hyperbolic circles when there is a bicentric non-embedded

n-gon between them
T

tanh(r) = cos (—) tanh(R)

n

and let R — 0, we can see that limp_, % = 1, which means tanh(R) ~ R,

as well tanh(r) ~ r for very small R and r, and the relation will be close to

r = coS <§) R
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which is the same relation (3.1) in the Euclidan plane.
That gives a clue for the conjecture in Section 4.4, that Euclidean formulae should

appear as a factor of hyperbolic formulae when R approaches 0.

3.2 Chapple’s Formula in the Hyperbolic Geom-
etry

In this section, we prove Chapple’s Formula in the hyperbolic plane. This formula
determines a relation between the circumscribed circle’s radius, the inscribed cir-
cle’s radius and the distance between the two circles’ centres, when there is a
hyperbolic bicentric triangle between them. We know that Euclidean Chapple’s
Formula states that when C' and D are two disjoint circles in the Euclidean plane,

with D inside C', there is a bicentric triangle between the circles if and only if

d% = RQE—QT’ERE

As we mentioned in the first chapter, the proof of the Euclidean Chapple’s Formula
was clear, using some Euclidean facts such as the similarity of the triangles, the fact
that the interior angles of a triangle add up to 27 and also using the intersecting

chords theorem. Whereas, in the hyperbolic geometry, these facts can not be used.

To prove the hyperbolic version, we need the following nice theorem which relating

the hyperbolic radius of the inscribed circle with the interior angles of the triangle.

Theorem 3.2.1. [2] The radius r of the inscribed circle of a triangle T is given
by

cos?(a) + cos?(B) + cos? () + 2 cos(a) cos(B) cos(y) — 1
2(1 + cos(a))(1 + cos(B))(1 + cos(7)

tanh®(r) = (3.6)

where o, B and v are the interior angles of the triangle T

Proof. This theorem was proved, by using some hyperbolic trigonometric iden-
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V3

Figure 3.5: Hyperbolic Chapple’s Formula

tities, with hyperbolic law of cosine on the triangle to obtain a relation, next,

rearranging this relation, by using right triangle identities. O]

Now, we prove Chapple’s Formula in the hyperbolic plane, by using the pre-
vious theorem, and doing some calculations using the hyperbolic trigonometric

identities to deduce the formula.

Theorem 3.2.2. (Chapple’s Formula in the Hyperbolic Plane)

Let C' and D be two disjoint circles in the hyperbolic plane, with D inside C,
suppose that T is a hyperbolic triangle between them. Let R denote the radius of
C, r denote the radius of D and d be the distance between the circles’ centres, then

we have the following relation between R,r and d.

tanh(R + d) (cosh?(R) (sinh?(r) — 1) + cosh®(r + d))
cosh?(r + d) — cosh?(R) cosh?(r)

tanh(r) = (3.7)

Proof. To make the proof easier, we use a convenient case where the triangle is
isosceles. Then, using the hyperbolic triangle identities to find the interior angles
of the triangle in terms of R, r and d. After that, we use the previous theorem and
doing some calculations using the hyperbolic trigonometric functions to deduce

the formula.

We shall use the standard method mentioned in Remark 3.0.1, and state a triangle
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T with vertices v, 1 < j < 3. Let a; be the hyperbolic length of its adjacent side,
and let a, 8 and  be its interior angles, respectively. Set the triangle so that one
of its vertices say vs, is at the same line with the circumscribed circle’s centre and
the inscribed circle’s centre, thus, the triangle line of symmetry passes through
the centres of the circles, as a result of that, the triangle is isosceles, then o = 7.
Assume that w; is the point on the side a; where the perpendicular from the
inscribed circle’s centre I meets the side; see Figure 3.5.

By using Theorem 3.2.1 in this situation when the triangle is isosceles, we find

that
_2 cos? () + cos?(B3) + 2 cos?(a) cos(B) — 1

2(1 + cos(a))?(1 + cos(B))

tanh®(r)

Hence

2 cos? () (cos(B) 4+ 1) + (cos(B) + 1)(cos(B) — 1)
2(1 + cos(a))?(1 + cos(B))

tanh?(r) =
After simplification,

) 2 cos®(a) + cos(f) — 1
tanh®(r) = 2(1 + cos(w))?

which means that

2(cos?(a) — 1) 4+ cos(B) + 1
2(1 + cos(a))?

tanh?(r) =

After some simplification,

cos(a) — 1 N cos(f) +1
cos(a) +1 = 2(cos(a) + 1)2

tanh?(r) = (3.8)

Thus, we need to find cos(a), cos(f) in terms to solve (3.8).

Now, doing some calculations to find cos(«),

the triangle vy lws is a right triangle, so from 2, Theorem 2.1.4,

(%

tanh(r) = sinh (%) tan (5) (3.9)
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Using the relation 1, Theorem 2.1.4, on the triangle v;Ows

cosh (%) = % (3.10)

together with the identity, cosh?(z) — sinh?(z) = 1
sinh? <%> — cosh? <%> —1= M —1
2 2 cosh?(d + 1)
we obtain from (3.9) that

(%

tan (5) - J

tanh(r) cosh(d + )
cosh?(R) — cosh®(d + 7)

and we know that

1
cos(r) = ——m——=
1+ tan?(x)
So,
a cosh?(R) — cosh?(d 4 7)
—) = 3.11
o8 <2> \/coshQ(R) - coshz(d +7) sechz(r) ( )

by using double-angle identity, cos(a) = 2cos*($) — 1, we find that

cosh?(R) — cosh?(d + )

-1
cosh?(R) — cosh?(d + r) sech?(r)

cos(a) =

Thus,

20y 2 2 2
cos(a) = cosh”(R) 22COSh (d+ 7“2? + cosh?(d —|2— ) sech®(r) (3.12)
cosh”(R) — cosh®(d + r) sech”(r)

Turning now to find cos(/3),

the triangle vo/w, is a right triangle, so applying the relation 3, Theorem 2.1.4,

sin <§) - % (3.13)
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So

o (B _ sinh’(R+ d) — sinh?(r)
€08 (5) B sinh?(R + d) (3.14)

Now, by using (3.12) and (3.14) in (3.8) with rearranging, we find that the first
part of the right hand side of (3.8) is

cos(a) — 1 _ 2(cosh?(d 4 r) sech®(r) — cosh?(d + 1))
cos(a) + 1 2(cosh?(R) — cosh?(d + 7))

but by using identity 2, Theorem 2.1.2, we find that

cos(a) =1  —cosh?(d 4 r) tanh?(r)

cos(a) +1  cosh?(R) — cosh?(d +r)

(3.15)

Also, after calculation, we find that the second part of the right hand side of (3.8)

equals

cos(f) +1 _ (cosh?(R + d) — cosh?(r))(cosh?(R) cosh®(r) — cosh?(d 4 r))?
2(cos(a) +1)2 4 cosh*(r) sinh?(R + d)(cosh?(R) — cosh?(d + r))?

(3.16)
Then from (3.15) and (3.16) in (3.8) with rearranging

tanh?(r) cosh?(R) _ (cosh?(R + d) — cosh?(r))(cosh?(R) cosh?(r) — cosh?®(d 4 r))?
cosh?(R) — cosh?(d +r) 4 cosh*(r) sinh?(R + d)(cosh®(R) — cosh?(d + r))?

after arranging

(cosh?(R + d) — cosh®(r))(cosh?(R) cosh?(r) — cosh?(d + r))?
4 cosh?(R) cosh®(r) sinh?(R 4 d)(cosh®(R) — cosh®*(d + 1))

tanh®(r) = (3.17)

which presents a relation between the circles’ data, when there is a triangle between
them.

We make it more simpler, by using Theorem 4.1.1 from Chapler 4, we find that the
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following relation satisfies, when there is a bicentric triangle between two circles
2tan(6;) + tan(fy) — tan®(6;) tan(fy) = 0 (3.18)

where 6; denotes the angle v;Iw;, 1 < i < 3, such that, from the hyperbolic right

triangle identities,

\/coshz(R) — cosh?(r 4 d)
sinh(r) cosh(R)

tan(f,) =

tanh®(R + d) — tanh*(r)
tan(f) = \/ tanh(r)

Using these information in (3.18) with squaring and rearranging, we find that,

_ tanh*(R + d) (cosh®(R)(sinh?(r) — 1) 4 cosh?(r + d))2

tanh?(r) 3 (3.19)
(cosh?(R) cosh?(r) — cosh®(r + d))
which means that
tanh(R + d) (cosh?(R)(sinh?(r) — 1 h*(r +d
tanh(r) = anh(R + d) (CQOS (R)(sin (12”) ) —i—2cos (r+d)) (3.20)
cosh”(r + d) — cosh”(R) cosh”(r)
is the desired formula, as tanh(r) > 0. O

3.3 Comparing the Hyperbolic Chapple’s For-

mula with the Euclidean one

In this section, we introduce a relation between Chapple’s Formulae (the hyper-

bolic and the Euclidean) by using numerical calculations.

There is evidence that a very small area of the hyperbolic plane appears more
Euclidean.
Suppose that T" is a hyperbolic triangle circumscribed by a circle of radius R in a

very small area of the hyperbolic plane. Let «, § and v be its interior angles, and
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Figure 3.6: Euclidean Chapple’s Formula when R = .20
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Figure 3.7: Hyperbolic Chapple’s Formula when R = .20
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let A denote the area of that triangle, when letting R — 0, we can see A — 0 as
a consequence, because T lies in a very small area. However, from Gauss-Bonnet

Theorem
A=m—(a+p+7)

as A is getting close to 0, we find that a + 5 + « is getting close to 7.
So, T approaches sort of a Euclidean triangle, then, if we look at a very small

piece of the hyperbolic plane, it starts to look more and more Euclidean.

We therefore, have a hypothesis that if we look at hyperbolic Poncelet’s Theorem
on a very small circle with fixed small R, the relationship between the inscribed
circle’s radius r and the distance between the circles’ centres d, should start looking
like the Euclidean relationship. Our observation depends on numerical calculations
that there is a relationship between hyperbolic Chapple’s Formula and Euclidean
one, as Maple shows that if we take a very small circumscribed circle with radius
R, and look at the relation we get between r and d, we can see that the hyperbolic
version is getting very close to the Fuclidean one, as R is close to 0, see Figures
3.6 and 3.7.

Also, we know from the Taylor series expressions that:

, 3 b
sinh(x) :x+§+§+”'
2 xt
cosh(z) = 1+§+I+...
3 220
tanh(z) = ¢ — = 4 22
anh(z) = x 3 + B +

So, when we take the hyperbolic Chapple’s Formula

tanh(R + d) (cosh?(R)(sinh*(r) — 1) + cosh?(r + d))
cosh?(r + d) — cosh?(R) cosh?(r)

tanh(r) = (3.21)

we can write it as

cosh?(r-+d) sinh(r— R—d)—cosh(r) cosh?(R)(sinh(r) cosh(r+R+d)—sinh(R+d)) = 0
(3.22)
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cosh(R) __
RZ

2

that cosh(R) ~ 1+ %2, sinh(R) ~ R, for very small R, as well, this apply to r and
d,

with some calculations, we can see that hyperbolic Chapple’s Formula closes to

sinh(R)
R

Let R — 0, we can see that limpg_, 1, limp_yo = 1, which means

the relation
r(rP+R—=(r+d?)+(R+d)(r* —R*+ (r+d)*) =0 (3.23)

for R sufficient small.

Doing some calculations on the lowest order terms, we can see that it equals to
—(R* - 2Rr —d*)(d+ R+7) (3.24)

where (R? — 2Rr — d*) = 0 is the Euclidean Chapple’s Formula.

So, the Euclidean Chapple Formula appears as a factor of the lowest order terms
of the analogous hyperbolic, where R approaches 0, this leads to the conjecture in
Section 4.4.

3.4 Fuss’s Formula in the Hyperbolic Geometry

In this section, we introduce Fuss’s Formula for quadrilaterals in the hyperbolic
plane. We know that Euclidean Fuss’s Formula states that if C' and D are two
disjoint circles in the Euclidean plane, with D inside C', such that Rg denotes the
radius of C, rg denotes the radius of D and dg denotes the distance between the

circles’ centres, then there is a bicentric quadrilateral between them if and only if
(R — dpp)* = 2ri(RE; + d)

As we mentioned in the second chapter, the proof of Euclidean Fuss’s Formula
uses some Euclidean facts, such as Pythagorean Theorem, the opposite angles
of a cyclic quadrilateral are supplementary, the fact that the interior angles of a
triangle add up to 27 and also using intersecting chords theorem, however, these

facts can not be used in the hyperbolic geometry.
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Figure 3.8: Hyperbolic Kite

We need the following lemma, which relating the radius of the inscribed circle with
the interior angles of a kite. The proof of this lemma has the same basic structure
as Theorem 3.2.1.

We define the hyperbolic kite, as we use it in the proof to make the calculations

easier, by setting the quadrilateral in such way to be a kite.

Definition 3.4.1. (Hyperbolic Kite)
A hyperbolic kite is a quadrilateral with two pairs of equal length adjacent sides,
see Figure 3.8.

Lemma 3.4.1. The radius v of the inscribed circle of a hyperbolic kite K is given

by

cos®($) + cos®(B) + cos?(%) + 2 cos(§) cos(3) cos(3) — 1
(1 +cos(3))(1 + cos(B) + 2cos(5) cos(3))

tanh?(r) = (3.25)
where o, B and v are the interior angles of the kite K such that o and v are the

angles between the two equal length sides.

Proof. To prove this lemma, we firstly use some hyperbolic trigonometric iden-
tities with hyperbolic law of cosine on the triangle v;vvs to obtain a relation,

then rearranging this relation and using trigonometric identities and right triangle
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identities on it.

Let K be a hyperbolic kite in Poincaré disk D, with vertices v;, 1 < j < 4, see
Figure 3.8. Let a; be the hyperbolic length of its adjacent side and let «, 3, v
and ¢ be its interior angles, respectively. Because it is a kite, a1 = a4 , as = ag
and # = 6. Assume that w; is the point on the side a;, where the perpendicular

from the inscribed circle’s centre I meets the side, thus, the hyperbolic distance

p(lw;) = r.

Set p(viwy) = z and p(vew;) = y, by using identity 3, Theorem 2.1.2, and the

hyperbolic law of cosines II, Theorem 2.1.3, on the triangle vivov3, we get that

cos(§) cos(f8) + cos(3)
sin(§) sin(f)

cosh(z + y) = cosh(z) cosh(y) + sinh(z) sinh(y) =

Rearranging

cos (%) cos(3)+cos (%) —sin (%) sin(f) sinh(x) sinh(y) = sin (%) sin(f) cosh(x) cosh(y)

Squaring both sides and using trigonometric identities

(cos (%) cos(3) + cos (%) — sin (%) sinh(z) sin(/) sinh(y)>2 =

sin? <%> (1 + sinh?(x)) sin?(8)(1 + sinh?(y))

Using the identity cos?(x) + sin?(x) = 1 and rearranging

<cos (%) cos(f3) + cos (%) — sin (%) sinh(x) sin(5) sinh(y)>2 =

((1 — cos? (%)) + sin? (%) sinhQ(az’)) ((1 — cosz(ﬁ)) + (sin*(B) sinh2(y))
(3.26)

By using trigonometric identities, we find that

B

sin(8) = (1 + cos(B)) tan (§> (3.27)

also, by using identity 2, Theorem 2.1.4, on the right triangle volw;, we can see
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that
tanh(r) = sinh(y) tan (g) (3.28)

(3.27) and (3.28) yield that
sin(f) sinh(y) = (1 + cos(8)) tanh(r) (3.29)

On the other hand, using identity (3.28) on the right triangle vilw; with the

identity .
tan(a) = sin(a)
cos(av)
yield that
. ay . «
sin <§> sinh(z) = tanh(r) cos <§> (3.30)

Substitution from (3.29) and (3.30) in (3.26)

<<cos <%) cos(3) + cos (%)) - (tanh(r) cos <%)> ((1 + cos(p)) tanh(r)>2 =

((1 — cos® (%)) + (tanhQ(r) cos? (%))) ((1 = cos*(8)) + (1 + cos(B))” tanh?(r))

Squaring and simplifying

cos? (%) cos®(8) + cos® (%) + 2 cos (%) cos(f3) cos <%>

—2cos (%) (1+cos(pB)) (cos <%) cos(B) + cos (%)) tanh®(r) = <1 — cos® (%)) (1= cos*(B))
+ tanh?(r) cos? (%) (1 —cos*(B8)) + (1 + cos())? tanh?(r) (1 — cos® (%))

After simplification, we find that

_cos?(§) + cos?(B) + cos*(F) + 2cos(§) cos(B) cos(F) — 1

tanh(r) (14 cos(B3))(1 + cos(f) + 2cos(5) cos(3))

which is the desired formula. O]

Now, we try to prove Fuss’s Formula in the hyperbolic plane, by using the
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previous lemma, and doing some calculations using the hyperbolic trigonometric

functions to deduce the formula.

Theorem 3.4.2. (Fuss’s Formula in the Hyperbolic Geometry)

Let C' and D be two disjoint circles in the hyperbolic plane, with D inside C,
suppose that K is a hyperbolic quadrilateral between them. Let R denote the radius
of C, r denote the radius of D and d be the distance between the circles’ centres.
Then, we have the following relation between R,r and d

(1) (2(R = d) = (1)) ((R+ d) = (1))’

c(r) ( (¢*(R) + s*(d)) (s*(R — d) — s*(r)) (s*(R 4 d) — s*(r)) — 84(7“)04(1%)84(60)
(3.31)

where s(x) = sinh(x) and c(x) = cosh(x)

Proof. To make the proof easier, we use a convenient case where the quadrilateral
is a kite, then, using the hyperbolic triangle identities to find the interior angles
of the kite, in terms of R,r and d. After that, we use the previous lemma and
doing some calculations, using the hyperbolic trigonometric functions to deduce

the formula.

We shall use the standard way, Remark 3.0.1, and state a quadrilateral K with
vertices v;, 1 < j < 4. Let a; be the hyperbolic lengths of its adjacent sides, and
let a ,8, v and 0 be its interior angles, respectively. Set the quadrilateral so that
one of its vertices say v; is at the same line with the circumscribed circle’s centre
and the inscribed circle’s centre. Thus, the quadrilateral line of symmetry passes
through the centres of the circles, as a result of that the quadrilateral is a kite,
then a1 = a4, as = a3 and f = 9. Assume that w; is the point on the side a;
where the perpendicular from the inscribed circle’s centre I meets the side, see
Figure 3.8.

We now need to find cos (2), cos(8) and cos (1) to use it in (3.25), which lead us
to the desired formula.

By using identity 3, Theorem 2.1.4, on the right triangle v; [w; , we can see that
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sinh?(r
SO’ COS<%> - B sinh;z}gf)d)

\/SinhQ(R — d) — sinh?(r)

o <%> - sinh(R — d) (3:33)

Also, to find cos (%), we use the same identity on the right triangle vs/w, , then,

we can see that

thus,
sinh®(R + d) — sinh®(r)
o8 <%> - \/ sinh(R + d) (3:35)

Now, turning on to find cos(/3)

cos(3) = cos (%H) = COS (%) cos <%) — sin (%) sin (%)

so, from (3.32), (3.33), (3.34) and (3.35) we find that

\/(sinh2(R + d) — sinh*(r)) (sinh?(R — d) — sinh*(r)) — sinh?(r)
sinh(R + d) sinh(R — d)

cos(8) =
(3.36)
Using the equations (3.32), (3.34) and (3.36) in (3.25), to find Fuss’s Formula in
the hyperbolic plane.
After rearranging and simplification, the relation will be

! () — (2(R = d) = ()" ((R +d) = (1)’

ct(r) < (c'(R) + s(d)) (s*(R — d) — *(r)) (s*(R + d) — s*(r)) — 84(T)C4(R)84(d)>
(3.37)
where s(x) = sinh(x) and ¢(x) = cosh(z). O
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Figure 3.9: Euclidean Fuss’s Formula when R = .20

3.5 The Relation Between the Hyperbolic and

the Euclidean Fuss’s Formulae

Completing on what we have done with Chapple’s Formula, in this section we
compare the hyperbolic Fuss’s Formula and the Euclidean one, using numerical
calculations. As what have been discussed, we have a fact that the very small piece
of the hyperbolic plane looks more Euclidean, therefore, when we take a very small
circumscribed circle’s radius R, and consider the 2D curve which comes out by
plotting the relation between d and r in the hyperbolic Fuss’s Formula with fixed
small R, it can be seen that this curve is very close to the curve that expresses
the relation between r and d in the Euclidean Fuss’s Formula. That gives us a
numerical evidence about the relation between the hyperbolic Fuss’s Formula and

the Euclidean one.
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Figure 3.10: Hyperbolic Fuss’s Formula when R = .20

On the other hand, when we take hyperbolic Fuss’s Formula,

(1) — (*(R = d) = (1)) (*(R+ ) = (1))’

ct(r) ( (cH(R) + s*(d)) (s*(R — d) — s*(r)) (s*(R+ d) — s*(r)) — 84(7“)04(3)84(@)
(3.38)

where s(z) = sinh(z) and ¢(x) = cosh(x), it can be written as

S ((R) + D) (2(R = d) = () (SR + d) = 52()) = 5*(r)c" (R)s*(d)

— (*(R—d) — *(r))* (s*(R+d) — s*(r))* = 0 (3.39)
Let R — 0, we find that limp_, %}(g) =1, limpg_ Sinl;%(R) = 1, so cosh(R) ~
2

1+ R; , sinh(R) ~ R, for R sufficient small.

with some calculations, we can see that Fuss’s Formula closes to the relation

(L4 dY) (R —d)? — %) (R + d)? —r2) —rid?)— (R — d)? —2) (R + d)? — 12))°
(3.40)
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with doing some calculations, on the lowest order terms we can see that it equals
to
((R* = d*)* + 1" = 2r*(R* + &%) ((R* — d*)* — 2r*(R® + d)) (3.41)

where (R? — d?)? — 2r?(R? + d*) = 0 is the Euclidean Fuss’s Formula.
Thus, the hyperbolic Fuss’s Formula include the analogues Euclidean formula as
a factor of its lowest order terms, when R approaches 0, this presents a further

evidence of the conjecture in Section 4.4.

3.6 Future Work

In this chapter, we introduce and prove hyperbolic Chapple Formula which satisfies
when there is a hyperbolic triangle inscribed in one circle and circumscribed around
another circle. We need to know the conditions for the hyperbolic triangle to be
bicentric, also, if hyperbolic Chapple Formula satisfies for two circles, is there a
bicentric triangle between these circles. On the same way, we present hyperbolic
Fuss Formula which satisfies when there is a hyperbolic quadrilateral inscribed
in one circle and circumscribed around another circle. However, we require to
find the conditions for the hyperbolic quadrilateral to be bicentric, besides, if
hyperbolic Fuss Formula satisfies for two circles, is there a bicentric quadrilateral
between them. On the other hand, future work will also involve finding formulae
connecting the data of two circles when there is a bicentric embedded and non-
embedded pentagon between them and investigate if there is any relation between

these formulae.
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Chapter 4

General Formulae for Embedded

N-gons

In the first section of the previous chapter, we have proved general formulae re-
lating the quantities of two circles, when there is a bicentric n-gon inscribed in
one circle and circumscribed around the other in the Euclidean and the hyperbolic

planes for the special cases when circles are concentric.

Now, we work more generally to introduce general formulae, in the Euclidean and
the hyperbolic planes for non-concentric circles, which will give relations between
the circles’ data, when there is a bicentric embedded n-gon inscribed in one cir-
cle and circumscribed around the other. At the beginning, we present a general
method, which helps later to prove general expressions connecting the circles’ data

of a bicentric embedded n-gon in the Euclidean and the hyperbolic geometries.

Then, by using this method, we introduce a general formula relating the quantities
of two circles, when there is an embedded n-gon between them, in the Euclidean
plane. We follow that by demonstrating two general formulae in the hyperbolic
plane, one by applying a lemma, which introduces a relation between the radius
of the inscribed circle and the interior angles of an embedded n-gon circumscribed
it, and the other by manipulating the general method, which was introduced at
the beginning of this chapter.

At the last section, we present and discuss a conjecture, that if we consider the

61
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hyperbolic general formula for an embedded n-gon which is inscribed in one circle
and circumscribed around other circle, we can write this formula as a functon in
R,d,r, by using the expressions cosh(R) ~ 1+ %2, sinh(R) ~ R for R small, then,
by taking the lowest order non zero terms, we should see the Euclidean equivalent

as a factor.

4.1 General Construction

In this section, we prove a general method, which can be used to determine a re-
lation between circles’ data in general, when there is an embedded n-gon between
them. This method get a direction, to prove a general Euclidean formula, and a

general hyperbolic formula.

To prove this method, we use the basic facts that the measure of a full angle equals
27, and tan(m) = 0. Then, we apply the identity of the tangent of a sum [5].
Now, we explain the identity of the tangent of a sum, as we use it in proving the

general construction.

Firstly, we define the elementary symmetric polynomials, which denoted by o1, 09, ...

in the variables X1, Xs, ..., X,
they are defined as follow,

ox (X1, Xo, .oy Xp) = > X;, X,,.. X,
1<j1<ga < <jr<n

where £k =1,2,...,n.
The polynomial oy, is called the elementary symmetric polynomial of degree k [48],

where

01<X17X27 7Xn) = ZXJ
7=1

O'n<X1, XQ, ceey Xn) == XlXQXn

7Jn
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Now, the identity of the tangent of a sum [5], states that:

n %J'
tan(z 91) _ Zj odd(_l) ‘J (41)

1+ Zj even(_l)%aj

01 — 03 + O5....

1-— 09 + 04....
where 04,09, ...,0, are the elementary symmetric polynomials in the variables

tan 01, tan 0, ..., tan 0, so that oy = op(tan 6y, tan by, ..., tané,).

Next, we present the first theorem, in this chapter, which introduces a general con-
struction, using the previous concepts. In this theorem the elementary symmetric

polynomials o1, 09, ..., 0, in the variables
tan(&i)

fort=1,2,3,...,n, where 6; are the angles v;Iw; as described in Figure 4.1.

Theorem 4.1.1. Let P be an embedded n-gon circumscribed a circle D, then:
Y ()0 =010yt o5 £y, =0 (4.2)
j=1lodd
when the n-gon has an odd number of sides n, and

n—1

Z (—1)“;1)0']‘ 201—03+U5...:|:Un,120 (43)
j=1odd

when the n-gon has an even number of sides n.

Proof. Let P be an embedded n-gon circumscribed a circle D, with vertices v;, 1 <
7 < n. Assume that w; is the point on the polygon’s side, where the perpendicular
from the inscribed circle’s centre I meets the side. Denote 6; for the angles v; [w;,

where 1 < i < n , see Figure 4.1.
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Figure 4.1: Euclidean Embedded n-gon

The triangles v;[w;_; and v;Iw; are congruent, thus,
200 + 0+ ...+ 06,) =27

which means,
n

tan(z 0;) =0 (4.4)

i=1

From the identity of the tangent of a sum (4.1), we find the desired results. [

4.2 General Formula for Euclidean Embedded n-

gon

From the Previous studies, there is a general analytical expression, presented by
Richelot in 1830 and Kerawala in 1947, using Jacobi’s elliptic function, connect-
ing the data of two circles when there is a bicentric n-gon between them [53].

Also, Nohara and Arimoto [37] in 2012, showed the necessary and sufficient con-
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dition for bicentric n-gons which are circumscribed and inscribed by two circles
using Jacobian elliptic functions. Moreover, the formulae for a bicentric triangle,
quadrilateral and pentagon were presented and the fact that these formulae are

the necessary and sufficient conditions for bicentrical n-gons were also presented.

In this section, we use Theorem 4.1.1, in the Euclidean plane, to find a formula con-
necting the data of two circles, when their is a bicentric embedded n-gon between
them. For this formula, we use the elementary symmetric polynomials o4, 09, ..., 7,
in the variable py, pa, ..., pn, Where p; denotes the geodesic v;w; of the n-gon, also,
we denotes «; to represent the interior angle of the n-gon, i = 1,2, ..., n, see Figure
4.1.

Theorem 4.2.1. Let C' and D be two disjoint circles in the Fuclidean plane,
with D inside C'. Let Rg denote the radius of C, rg denote the radius of D and
dg denote the distance between the two circles’ centres. Assume that there is a
bicentric embedded n-gon between them, then the relation between Rg, rg and dg

can be given by using the following equations:

G+ p—j
D e e VI s
?”% 1 = J o o (45)

when the n-gon has an odd number of sides n, and

n—1 Ut p—(j+1)
S —1)"=z r O
2 > i=z0da(—1) E j (4.6)

01

when the n-gon has an even number of sides n, such that o; is the elementary
symmetric polynomial in pi, pa, ..., Pn

where

P1 = \/(RE—dE)Q—T,ZE

p2 = 2R cos (%) — D1

p; = 2R cos ((i (—1)jaj> = <%>) — Pi1

j=2
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when 1 is an odd number > 3,

p; = 2RE cos ((i (—1)j+10zj> + (%)) — Pi_1

Jj=2

when @ 1s an even number > 4,

such that,
Q; TE
fan () = 72

Proof. To prove this theorem, we use the previous theorem, with some trigono-

metric identities, to get a relation between Rg,rg and dg.

Let P be a Euclidean embedded n-gon inscribed in C' and circumscribed around
D with vertices v, 1 < j < n. We shall use the standard way mentioned in Re-
mark 3.0.1, and let a; be the Euclidean length of its sides v;v;41, and let o be its
interior angle. Assume that w; is the point on the side a; where the perpendicular
from the inscribed circle’s centre I meets the side. We denote 0; for the angle
vjIw; and set p; for the geodesics v;w; where 1 < j < n, see Figure 4.1.

From Theorem 4.1.1,

Z (—1)@03':0'1—0'34-0'5...:*:0'”:0 (47)
j=1odd

when the n-gon has an odd number of sides n, and

Z (—1)(j;1>0'j20'1—034-0'5...:*20'”,1:0 (48)

when the n-gon has an even number of sides n,

such that the elementary symmetric polynomials oy, 09, ..., 0, are in the variables

tan(6;),
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thus

Ztan(Gj)— Z tan(d;,) tan(6;,) tan(6j,)+...£tan(6;) tan(fs)... tan(d,) = 0
Jj=1 1<j1<j2<jz<n

(4.9)

when the n-gon has an odd number of sides n, and

Ztan(ﬁj)— Z tan(f;,) tan(6;,) tan(6;,)+...£tan(6;) tan(y)... tan(d,—1) =0
Jj=1 1<1<j2<yz<n

(4.10)

when the n-gon has an even number of sides n.

From the triangles v; [w;,

tan(6;) = b
TE

we can see that

e > Pj1PjaPjs — -+ F P1D2---Pn
n—1 __ 1<51<g2<g3<n (4 11)

n
> Dj
j=1

when the n-gon has an odd number of sides n, and

n—3
g > Pj1PjsDjs — - FrE(D1D2..Dn-1)
n—1 1<j1<j2<js<n

ry = — (4.12)
Z pj
j=1

when the n-gon has an even number of sides n.
Assume that o; is the elementary symmetric polynomials in py, po, ..., pp.

This means that GaD) ,
" B e S
7’%_1 _ 23_3 odd( ) E J (413)

01

when the n-gon has an odd number of sides n, and

G+1)

n—1 Ut n—(j+1)
- —1) =2 r o
TE,Q 23_3 odd( ) : E J (414)
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when the n-gon has an even number of sides n.

Turning now to define p; in respect of Rg,rg,dg

Using the Pythagorean Theorem on the triangle vy Jwy,

P1=\/(RE—dE)2—7’%;

Also, as we see, that p, = a; — py

Applying the law of cosine on the triangle v;Ovy to find a4

o <ﬂ> _ —R% + R% + a2
2 2RECL1

(07

a1 = 2RE cos <?1>

So,

!
p2 = 2Rp cos (71) - \/(RE —dp)? =1}
By the same way, p3 = as — pa

Applying the law of cosine on the triangle v,Ovs

ay = 2RE cos <a2 — %)

Thus,

(071 Qg
ps = 2Rpg (COS (O./g — 7) — cos <7>> + \/(RE —dg)? -1,
Also, py = a3 — p3
So,

=2 oo ) -m (o ) () -y

By the same way,
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when ¢ is an odd number > 3, and
i1 N
pi = 2R cos ((Z (—1)j+1aj> + (é)) — Pi—1
=2

when ¢ is an even number > 4.

where, from the triangles v; Iw;

When n = 3, the general formula will be

2 DPip2ps

rt== —
P1 + P2 + Ps3

where

p1L= \/(RE—dE)Q—T%
(RE +dE)\/(RE —dg)? —7“,23
Rp —dg

((RE — d})? + 4ARgrydp)\/(Rp — dg)? — %,
(R?z - d%)z - 4RET]25dE

D2

p3 =

After calculations, the Euclidean general formula when n = 3 is
R%—dQE—QRETE:O

which is the Euclidean Chapple Formula.

Also, when n = 4, it will be the Euclidean Fuss’s Formula. This general formula
presents a relation between circles’ data, when there is an embedded n-gon be-
tween them, in a clear geometrical way, instead of using Richelot’s Formula which

depends on Jacobi’s elliptic functions.
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4.3 General Formulae for Hyperbolic Embedded
n-gon

In this section, we prove two general formulae in the hyperbolic plane. The first one
is introduced by applying a lemma, which determines a relation between the radius
of the inscribed circle and the interior angles of an embedded n-gon circumscribed
it. The other formula is proved by using the general method, which was introduced

at the beginning of this chapter.

In the following lemma, we prove a general formula relating the radius of the
inscribed circle with the interior angles of an embedded n-gon circumscribed it. In
this lemma, the angle ¢ denotes the angle v, /vy, and «; denotes the interior angle

of the n-gon, see Figure 4.2. In the proof, we use the same structure as proof of
Theorem 3.2.1 [2].

Lemma 4.3.1. The radius r of the inscribed circle of a hyperbolic embedded n-gon

P is given by

sin?(0)

tanh’(r) = 1 —
anh™(r) cos?(%) + cos?(%2) + 2 cos(SE) cos(%2) cos(f)

(4.15)

where oy and ay are the first two interior angles of the n-gon P and 6 can be

=m — | arcsin w
b= ( ( cosh(r) ))
= — | arcsin o8 (%) arcsin o8 (%)
0= ( ( cosh(r) ) + ( cosh(r) >)
when n = 4,

I T A DR )
0 = m — | arcsin ( cosh(r) > + 2 Z arcsin ( cosh(r) )

represented as follows

when n = 3,
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Figure 4.2: Hyperbolic n-gon 1

when the n-gon has an odd number of sides n, and

Q@ n42
ag B ay cos( (T)>
0 = m— | arcsin (m) + 2 Z arcsin <M> + arecsin N2 )

cosh(r)

when the n-gon has an even number of sides n.

Proof. To prove this lemma, we use a convenient case where the n-gon is symmet-
ric, then, we use some hyperbolic trigonometric identities with hyperbolic law of
cosine on the triangle v Ivs to obtain a relation between the first two interior angles
of the n-gon and the angle 8, which represents the angle vy /vy. Then, rearranging
this relation and using trigonometric identities, and right triangle identities in it,

after that, we write the angle 6 in terms of the interior angles of the n-gon.

We shall use the standard way mentioned at the beginning of the previous chap-
ter, Remark 3.0.1, and let P be a hyperbolic embedded n-gon inscribed in C' and
circumscribed around D, with vertices v;, 1 < j < n, see Figure 4.2. Let a; be

the hyperbolic length of its side v;v;11, and let a; be its interior angle.

Set the n-gon so that one of its vertices say v; is at the same line with the cir-

cumscribed circle’s centre and the inscribed circle’s centre. Thus, the n-gon line of



72 CHAPTER 4. GENERAL FORMULAE FOR EMBEDDED N-GONS

symmetry passes through the centres of the circles, as a result of that, the n-gon
is symmetric, SO g = iy, A3 = Q1.
Assume that w; is the point on the side a; where the perpendicular from the in-

scribed circle’s centre I meets the side, thus, the hyperbolic distance p(Jw;) = r.

Set p(vywy) = = and p(vew;) = y, by using identity 3, Theorem 2.1.2; and the

hyperbolic law of cosines II, Theorem 2.1.3, on the triangle v, Iv,, we get that

cos(%) cos (%) + cos(6)

sin(%) sin (%)

cosh(z + y) = cosh(z) cosh(y) + sinh(x) sinh(y) =

Rearranging
Cos <%> Cos <%) + cos (0) — sin <%> sin (%) sinh(z) sinh(y)

= sin (%) sin <%> cosh(z) cosh(y)

Squaring both sides and using the trigonometric identities

(cos (%) cos (%) + cos (#) — sin (%) sinh(z) sin <%> sinh(y))2 =
sin? (%) (1 + sinh?(z)) sin? (%) (1 + sinh?(y))

Using the identity cos?(x) + sin?(x) = 1 and rearranging
2
(cos (%) cos (%) + cos (0) — sin (%) sinh(z) sin (%) sinh(y)) =

((1 — cos? (%)) + sin? (%) sinhz(aj)> ((1 — cos? (%)) + sin? (%) sinh2(y)>

(4.16)
By using identity 2, Theorem 2.1.4, on the right triangle v, Iw,, we can see that

tanh(r) = sinh(z) tan <%> (4.17)
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the equation (4.17) with the identity

fan(a) = sin(a)
cos(a)
yield that
. 631 . aq
sin (7) sinh(z) = tanh(r) cos <7> (4.18)
and the same for y, %2,
(02 . o Q2
sin <?> sinh(y) = tanh(r) cos < 5 ) (4.19)

Substitution from (4.18) and (4.19) in (4.16)
((COS (%) cos (%) + cos (0)) — <tanh(7") cos (%)) (tanh(r) cos <%>>>2 =
<(1 cos (O;I)> + (tanh2( ) cos? <O;1>)) ((1 oS (O; )) + tanh?(r) cos? (%))

Squaring and simplifying
cos® (%) cos® (%) +cos? (0)+2 cos <%> cos <%> cos (0)—2 cos? <%> cos’ (%) tanh?(r)

—2cos <O; )cos (O; )cos(ﬁ) tanh®(r) = (1 cos < )) (1 cos ( ))
+ tanh?(r) cos’ (O; ) (1 cos (CJ; )) + tanh?(r) cos® (O;> (1 cos” ( 21))

After simplification, we find that

cos?(%) + cos? (%) + cos?(0) + QCOS(O‘—) (O‘—) Ccos 9) -1

tanh*(r) = cos?() + cos” () + 2 cos() cos (%) co

By simplifying

cos?(0) — 1
cos?(%) + cos?(%2) + 2 cos(5E) cos(%2) cos(f)

tanh?(r) = 1+ (4.20)

which is the desired formula.
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Now, trying to find the angle 6 in terms of the other internal angles of the n-gon.
When n is odd, § =7 — ’UQI'U)(nT-H),
however,

vglw(nTH) = volwy + wolws + ... + w(anl)]w(nTH)
We can see that w;_/w; = 2(v;Iw;) from the congruence of the triangles w;_;Iv;
and v;lw;.
By using identity 5, Theorem 2.1.4, on the triangle v;/w;, we find that

cos (%)
cosh(r)

sin(v;[w;) =

(24
thus, v;lw; = arcsin (C%( = >>, then

os (%)

([ cos (%) . [c :
,UQIU.](LH):&I'CSIH cosh(r) 42 arcsin cosh(r) +...4+2 arcsin Th(r)

2

S0,

0 = m— | arcsin o8 (7)
cosh(r)

cos (%) cos ( (n2T+1)>
+ 2 arcsin 2 + ...+ 2arcsin | —————%
C

osh(r)

when the n-gon has an odd number of sides n.

On the other hand, when n is even, § = 7 — vglv(nTJrz),
but

UQIU(nTH) = volwy + wolws + ... + w(%)lv(%z)
We can see that, w,;_1/w; = 2(v;Iw;) from the congruence of the triangles w;_;Iv;
and vjlw;
By using identity 5, Theorem 2.1.4, on the triangle v;/w;, we find that

cos (%)
cosh(r)

sin(v;[w;) =
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oy
So, v;lw; = arcsin (COS( 2 )), then

cosh(r)
¥(ni2)
> . (cos (%) > B B
+2 arcsin +...4arcsin | ———%
co

[ cos (%)
UQ]U(n+2) = arcsin
2

cosh(r) sh(r) cosh(r)
thus,
cos (%) cos (%) o (457)
0=mn— i 2 i in | ————=
i arcsin cosh(r) + 2 arcsin cosh(r) + ... + arcsin cosh(r)
when the n-gon has an even number of sides n. O]

The previous lemma presents a general formula relating the radius of the in-
scribed circle with the interior angles of an embedded n-gon circumscribed it,
which we use it in the following theorem, and write every interior angle in terms
of R, r and d, to find a general formula in the hyperbolic plane in which relating
the quantities of two circles when there is a bicentric embedded n-gon inscribed

in one circle and circumscribed around the other.

Theorem 4.3.1. Let C and D be two disjoint circles in the hyperbolic plane, with
D inside C'. Let R denote the radius of C', r denote the radius of D and d denote
the distance between the two circles’ centres. Assume that their is a bicentric

embedded n-gon between them, then, the relation between R, r and d can be given

by

< 2 0)
tanh?(r) = 1 — Sin 4.21
anh™(r) cos?(%) + cos?(%2) + 2 cos(F) cos(%2) cos(f) (4:21)
such that,
sinh®(R — d) — sinh?(r)
cos [ 2L ] = \/ . (4.22)
2 sinh(R — d)
ag\ tanh(r)
tan <?> = o

) cosh?(R)+sinh?(R) cos ( ) cosh(R—d)
sinh (arccosh ( () s () oo? (&) — arccosh ( cosh(7) >
(4.23)
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tan () = ) (4.24)

as p; defined as follow
cosh?(R) + sinh?(R) cos? ((g(—l)jaj> - (%))

- — Pi-1
cosh?(R) — sinh?(R) cos? (( (—1)j04j> - (%))

p; = arccosh

when 1 > 3 is an odd number, and

7

cosh?(R) + sinh?(R) cos? ((

;<—1>f—1aj> " <%>>

J

p; = arccosh

L
—~
|
—_
~—
<
L
Q
[
N——
+
—~
NI
~—
N———
|
3
L

cosh?(R) — sinh?(R) cos? <<

J

I
)

when © > 4 is an even number.

Proof. We use a convenient case, where the n-gon is symmetric, next, we use some
hyperbolic trigonometric identities to obtain cos (%), cos (%) and cos (#) in terms
of R, r and d. Then using those relations in the relation (4.15) to find the desired

formula.

We use the standard way, mentioned at the beginning of the previous chapter,
Remark 3.0.1, and let P be a hyperbolic embedded n-gon inscribed in C' and
circumscribed around D, with vertices v;, 1 < j < n, see Figure 4.2. Let a; be
the hyperbolic length of its side v;v;41, and «; be its interior angle. Assume that
w; is the point on the side a; where the perpendicular from the inscribed circle’s
centre I meets the side, set p; for the geodesics v;w;, where 1 < j < n. From
the similarity of the triangles w;_/v; and v;/w;, we can see that, w;_1v; = p;.
Because we set the n-gon so that one of its vertices say v is at the same line with
the circumscribed circle’s centre and the inscribed circle’s centre, the n-gon line of

symmetry passes through the centres of the circles, as a result of that, the n-gon
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is symmetric, S0, (g = Qipy, A3 = Qp_1,-..-

By using the hyperbolic relation 3, Theorem 2.1.4, on the right triangle v, Iw;, we

find that
ain ()= sinh(r)
2 ) sinh(R—d)

ar | /sinh?(R - d) - sinh(r)
cos | — |= _ (4.27)
2 sinh(R — d)

S0,

Turning now to find the angle < in terms of a;, using the hyperbolic law of cosine

on the triangle v;Ovy
. . Qi
cosh(R) = cosh(R) cosh(a;) — sinh(R) sinh(a,) cos <?>
Rearranging and using identity 1, Theorem 2.1.2
. aq 2
cosh(R) (1 — cosh(ay)) = —sinh(R) cos <?> cosh”(a;) — 1
Squaring both sides
cosh®(R) (1 4 cosh®(a;) — 2 cosh(ar)) = sinh®(R) cosh®(ay) cos® (%) —sinh?(R) cos® (%)
Solving the equation for cosh(a;)

cosh(a;) =

))(cosh?(R) + sinh?*(R) cos? (%))

2 cosh?(R) + \/ 4 cosh*(R) — 4(cosh?(R) — sinh?(R) cos? (O‘2

2 (cosh?*(R) — sinh?®(R) cos? (2L))
cosh®(R) + sinh*(R) cos? (%)
cosh®(R) — sinh?(R) cos? (%)

S0,

cosh(a;) =

We have two possibility, when we take the minus, we get that cosh(a;) = 1 which

means a; = 0, but a; > 0, contradiction,
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thus,
) ) 4.28

cosh®(R) + sinh*(R) cos? (%
aj; = arccos 5 — =
cosh®(R) — sinh®(R) cos? (%

but from the right triangle vy [w,
cosh(R — d) = cosh(r) cosh(py)

from that

(4.29)

h(R —

cosh(r)
from 4.28 and 4.29

cosh?(R) + sinh?(R) cos? (a) — arccosh (COSh(R — d)>
cosh?(R) — sinh®(R) cos? (%)

Po = a1 —p1 = arccosh (

cosh(r)
(4.30)
In the right triangle vo/w;, we find that
tanh(r) = sinh(p,) tan <O;2>
So, we can write ap as a function of R,r,d and oy
; (042) tanh(r)
an (— ) =
2 . cosh?(R)+sinh?(R) cos (%) cosh(R—d)
sinh (arccosh <Cosh2 (R)—sin? () cov? () — arccosh ( cosh(7) )
(4.31)

Now, finding the angle a3, in terms of oy and as, by following the same steps as

a, using the hyperbolic law of cosine on the triangle v,Ovs

cosh(R) = cosh(R) cosh(ay) — sinh(R) sinh(as) cos <a2 — %)

as the previous,

(4.32)

cosh®(R) + sinh*(R) cos? (a — %) )

= h
fl2 = ATEeos (coshz(R) — sinh*(R) cos? (ap — %)
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but we know that p3 = as — p2 , so from (4.32) and (4.30)

o (02(R) + s*(R) cos® (ap — %) ) e (cQ(R) + s%(R) cos? (
& 2(R) — s*(R) cos? (

ey

Sff ol2

where c¢(x) = cosh(z), s(x) = sinh(z) and ¢ !(z) = arccosh(z).

In the right triangle v3/ws, we find that

tanh(r) = sinh(ps) tan (%)

Thus, we can write ag as a function of R, 7, d, a; and as

tam (@ tanh(r)

2 ) s (C_l (cz(R)—ksz(R)cosz(az—?)) 1 <c2(R)+52(R)cos2(a21)) - (C(Rfd))

c2(R)—s%(R) cos? (ag—%) c(r)
(4.34)

by the same way of exploring, we can write every angle «; as a function of R,r,d

and a; where 1 <7 < j as the following

tan (%) - :iﬁ?(g)) (4.35)

as p; defined as follow
i-1
cosh?(R) + sinh?(R) cos? ((Z(—l)%@) - (%))

cosh?(R) — sinh?(R) cos? ((Z'_l(—l)jaj) - (%))

p; = cosh™*
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when ¢ > 3 is an odd number, and

i—1

cosh?(R) + sinh®(R) cos? ((Z(—l)j_l%> + (%))

=2

— Di—1
2(—1)j‘1%> + (%))

p; = cosh™*

|
—

)

cosh?(R) — sinh?(R) cos? ((

J

when 7 > 4 is an even number.

Finally, using the equations (4.27), (4.31)and (4.35) in the relation (4.21) gives
a general formula in the hyperbolic plane in which relating the quantities of two
circles R,r,d, when there is a bicentric embedded n-gon inscribed in one circle
and circumscribed around the other, where R is the circumscribed circle’s radius,
r is the inscribed circle’s radius and d is the distance between the centres of the

two circles. O

In the following theorem, we work at the same way as the Euclidean general
formula to present another formula for the hyperbolic bicentric n-gon. To prove
this formula, we use the elementary symmetric polynomials o1, 09, ...,0, in the
variable tanh(p, ), tanh(ps), ..., tanh(p,), where p; denote the geodesic v;w; of the
n-gon, see Figure 4.3, also, we denote a; to represent the interior angle of the

n-gon, 1 =1,2,....n

Theorem 4.3.2. Let C and D be two disjoint circles in the hyperbolic plane, with
D inside C'. Let R denote the radius of C, r denote the radius of D and d denote
the distance between the two circles’ centres. Assume that their is a bicentric
embedded n-gon between them, then the relation between R, r and d, can be given
by using the following equations:

N

01

sinh™ ™ (r)o;

sinh" ! (r) = (4.38)
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when the n-gon has an odd number of sides n, and
n—1 G+1) . n—(17
ijs oaa(—1) 2 sinh UH)(T)UJ
01

sinh" %(r) = (4.39)
when the n-gon has an even number of sides n,
such that o; are the elementary symmetric polynomials in tanh(p, ), tanh(ps), ..., tanh(p,),

where

h(R —

cosh(r)

h?(R h*(R) o h(R —
p2 = arccosh (COS (R) +sin ) cos ( 2 )> arccosh (M>

cosh®(R) — sinh*(R) cos? (%) cosh(r)

%

cosh?(R) + sinh?(R) cos? <

1 m
\_/
—
NI
SN—"
N——

p; = arccosh

1)7
)

)i
O‘J

cosh?(R) — sinh?(R) cos? (

HMl

when 1 > 3 is an odd number, and

cosh?(R) + sinh?(R) cos® ((:2(—1)7"10@-) + (%))

p; = arccosh

. o pl
cosh?(R) — sinh?(R) cos? <<‘:2(—1)j_1aj> + (%))

when © > 4 1s an even number,
such that,

n (3) = S

Proof. We use Theorem 4.1.1, to get a relation between the angles 6,60, ...,0,,
using the identity of the tangent of a sum. Then we apply hyperbolic trigonometric
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Figure 4.3: Hyperbolic Polygon 2

functions to express this relation in terms of tanh(p;) and sinh(r), where 1 < i < n.
We use the standard way, mentioned at the beginning of the previous chapter,
Remark 3.0.1, and let P be a hyperbolic embedded n-gon inscribed in C' and
circumscribed around D, with vertices v;, let ; be its interior angle, 1 < j < n,
see Figure 4.3. Assume that w; is the point on the side a; where the perpendicular
from the inscribed circle’s centre I meets the side, set p; for the geodesics v;w;
and the angle 0; be the angle v;Iw;, where 1 < j < n.

From Theorem 4.1.1,

Z tan(d;)— Z tan(6;,) tan(6;,) tan(6;,)+...£tan(f;) tan(fs)... tan(f,) = 0
J=1 1<51<52<g3<n

(4.42)

when the n-gon has an odd number of sides n, and

Z tan(d;)— Z tan(d;,) tan(6;,) tan(6;,)+...£tan(f;) tan(fy)... tan(6,_1) =0
Jj=1 1< <je<jz<n

(4.43)
when the n-gon has an even number of sides n.
Set s(r) = sinh(r), t(p;) = tanh(p;)
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From the triangles v; [w;,

By using this relation, we can see that

)20 i)t Hps) — - F P2 H(p2)-- H(n)
s (r) = SISASRER (4.44)

n

> t(p;)

=1

when the n-gon has an odd number of sides n, and

") Y )Rt (pss) — - T s(r)t(pa)t(p2)-.t(pa)

Sn_l(T’) _ 1<51<j2<g3<n _
2 t(ps)
]:
(4.45)
when the n-gon has an even number of sides n.
Then, from the elementary symmetric polynomials definition, we find that
GFD . e
" —1)"2  sinh" ™ (r)o;
01
when the n-gon has an odd number of sides n, and
n—1 G+ . 3 n—(j+1)
- —1)72 sinh"" V" (r)o;
01

when the n-gon has an even number of sides n.

Using identity 2, Theorem 2.1.4, on the right triangle v; [w;,
QG .
tan (5> sinh(p;) = tanh(r)

1 < i < n, where p; is proved in Theorem 4.3.1 ]
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4.4 The Conjecture of the Hyperbolic General

Formula

In this section, we present a corollary that the hyperbolic general constructions
can be written as a polynomial which gives a value of 0 when the case of Pon-
celet’s. Then, we formulate a conjecture that the Euclidean formula appears as a
factor of the lowest order terms of a particular series expansion of the hyperbolic

general formula.

From the previous comparison of Chapple’s and Fuss’s Formulae, in the Euclidean
and hyperbolic planes, we see that the hyperbolic Chapple’s Formula can be writ-

ten as

cosh?(r+d) sinh(r—R—d)—cosh(r) cosh?(R)(sinh(r) cosh(r+R+d)—sinh(R+d)) = 0
(4.48)

As well the hyperbolic Fuss’s Formula written as
S ((R) + (D) (2(R = d) = () (SR +d) = 52()) = 5* (1) (R)s*(d)

—(*(R—d) — *(r)* (s*(R+d) — s*(r))* =0 (4.49)

which are polynomials in cosh(R), sinh(R), cosh(r),sinh(r), cosh(d), sinh(d). Also,

when we look at the first hyperbolic general formula, Theorem 4.3.1

sin?(0)

tanh®(r) = 1 —
anh™(r) cos?(G) + cos? () 4 2 cos(%G) cos( ) cos(6)

(4.50)

It can be written as

«

cosh?(r) sin?(#) = cos? (%) + cos® (%) + 2cos <%> cos <72> cos(f) (4.51)
Squaring the equation,

cosh*(r) sin(#)+2sin?(8) (2 cos” (%) cos® (%) — cosh®(r) <C0$2 <%> + cos® (%))
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+ <0082 (%) ~ cos? (%))2 —0 (4.52)

By replacing sin(), cos (%) , cos (%) by their values as in Theorem 4.3.1, we get
also a polynomial in cosh(R),sinh(R), cosh(r), sinh(r), cosh(d), sinh(d).
These lead to the following corollary.

Corollary 4.4.1. Forn > 3, there exists a polynomial f, in
cosh(R), sinh(R), cosh(r), sinh(r), cosh(d), sinh(d)

such that if we have two disjoint circles C' and D in the hyperbolic plane, with D
inside C', with an embedded Poncelet’s n-gon between them, such that, Ry denotes
the radius of C, ry denotes the radius of D and dy denotes the distance between

the two circles’ centres, then
fn(cosh(Ry),sinh(Ry), cosh(ry), sinh(rg), cosh(dy), sinh(dp)) = 0

When R approaches 0, also r and d do, then by taking the approximations

2
cosh(R) ~ 1+ %

sinh(R) ~ R

and expand Chapple’s and Fuss’s Formulae, we find from Section 3.3 that the

lowest order terms of hyperbolic Chapple’s Formula after expansion is
—(R* - 2Rr —d*)(d+ R+7) (4.53)

where (R? — 2Rr — d?) = 0 is the Euclidean Chapple’s Formula.
Also, from Section 3.5 the lowest order terms of hyperbolic Fuss’s Formula after

expansion is
((R2 — d2)2 + 7t —2r3(R? + d2)) ((R2 —d*)* — 2r*(R* + dz)) (4.54)

where (R? — d?)? — 2r%(R? + d?) = 0 is the Euclidean Fuss’s Formula.
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As well as, when we look at the first hyperbolic general formula and take n = 3,

Q2
COS(Q)

sin(9) = cosh(r)

So, (4.52) can be written as

13 et (3) (oot (5 ) eost () s’y = {eos® () o ()
cos <2 +2cos” (5 cos” (- ) cos™ { - ) sec (r) — (cos 5 + cos 5

+ (COS2 (%) — cos? <%>>2 =0 (4.55)

which represents the general formula when n = 3, such that

o \/sinhQ(R — d) — sinh?(r)
cos | — |= . (4.56)
2 sinh(R — d)

- <% _ sinh(r) (sinh®(R — d) + sinh?(R) sinh*(r)) (4.57)

2 (sinh?(R) cosh?(r) — sinh®(d)) \/sinh2(R — d) — sinh?(7)

Compensation of 4.56 and 4.57 in 4.55, and take the limit when R approaches 0,
so cosh(R) ~ 1+ R;, and sinh(R) ~ R,
with some calculations, we can see that the lowest order terms of this general

formula, when n = 3 is closed to
(R? —2rR — d*)(R* + 2rR — d*)(R* — 2rd — d*)(R? + 2rd — d°) (4.58)

where R? — 2rR — d? = 0 is the Euclidean Chapple Formula.

Furthermore, when we take the second general hyperbolic formula, Theorem 4.3.2,

when n = 3,
tanh(p;) tanh(py) tanh(ps)

inh*(r) = 4.59
sinb’(r) tanh(p;) + tanh(py) + tanh(ps) (4:59)
If the triangle is isosceles, the formula will be
h h?
sinh?(r) = tanh(p,) tanh” (p,) (4.60)

~ tanh(p;) + 2 tanh(p,)
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Figure 4.4: Euclidean Chapple’s Formula when R = .20

where,
cosh?(R — d) — cosh?(r
tanh(p;) = \/ c(osh(R— 7 ) (4.61)
sinh?(R) cosh?(r) — sinh?(d))4/cosh?(R — d) — cosh?(r
() = () cos(r) = sinh?(@)cosh? (R — &) — sk (r)

cosh(R — d) sinh?(d) — sinh(R) cosh®(r)(sinh(d) — cosh(R) sinh(R — d))
(4.62)

Usinh 4.61 and 4.62, in 4.60, and take the limit when R going to 0, we find that

the lowest order terms of this general formula, when n = 3, is closed to
—(R* - 2rR — d*)(R — d)*(R* + 2rR — d*) (4.63)

where R? — 2rR — d? = 0 is the Euclidean Chapple Formula.

On the other hand, Maple shows us, that if we take a very small circumscribed
circle with radius R, and look at the relation between r and d, we can see that the
hyperbolic general expressions, when n = 3, Theorem 4.3.1 and Theorem 4.3.2,

are getting very close to the Euclidean Chapple’s as R is closed to 0, see Figures
4.4, 4.5 and 4.6.
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Figure 4.5: First Hyperbolic General Formula when n = 3, R = .20

0.107
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Figure 4.6: Second Hyperbolic General Formula when n = 3, R = .20
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More general, when we look at the second general hyperbolic formula, Theorem
4.3.2, when R approaches 0, we notice that this formula and all the definitions
of its components, are closed to the analogous to them in the Euclidean general

formula, Theorem 4.2.1, for every sufficient small R.

These observations lead us to the next conjecture, which may help in proving

Euclidean formulae, using the hyperbolic geometry.

Conjecture 4.4.2. Let C' and D be two disjoint circles in the hyperbolic plane,
with D inside C. Let R denote the radius of C, r denote the radius of D and
d denote the distance between the two circles’ centres. Assume that their is a
bicentric embedded n-gon between them, then, we can write the hyperbolic general

formula as f,(R,r,d) =0, by using the expressions

for R small, x = R,r,d, R+d,...R+d—+r,
such that

where g;(R,r,d) is homogeneous of order i,

then the lowest order non zero g; has the Fuclidean version as a factor.

4.5 Future Work

This chapter introduces and proves general formulae which satisfy when there is
a hyperbolic embedded n-gon inscribed in one circle and circumscribed around
another circle. Further research will be required to know the conditions for a
hyperbolic n-gon to be bicentric, also, when these general hyperbolic formulae
satisfy for two circles, is there a bicentric n-gon between these circles. Several other
questions remain to be addressed, for instance, investigating if there are formulae

connecting the data of two circles when there is a bicentric non-embedded n-gon
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between them in Euclidean and hyperbolic geometry and how they do relate. Also,
finding the connection between them and the general formulae of embedded n-gon.
Furthermore, we find that the Euclidean formulae appear as a factor of the lowest
order terms of the hyperbolic formulae, we need to understand the other factors
of the lowest order terms and if there is a relation between these factors and the

number of sides of the n-gon.



Chapter 5

Poncelet’s Three-Manifold X

In this chapter, we look at Poncelet’s Theorem from other point of view. We have
an idea based on Poncelet’s Theorem 1.1.1 in the Euclidean plane and we study
the special case when we have two circles and n = 3. If there is a triangle with
vertices (a, b, ¢) inscribed in the unit circle S*, it will circumscribed other circle D
with radius r [50], such that 2r + d> = 1 Theorem 1.3.2, where d is the distance
between the circles’ centres. When we get the triangle orbit, where Poncelet’s
Theorem realized, we get triples of points each represents vertices of a triangle
circumscribing the same circle D. Nevertheless, there is only one circle inscribed
in any triangle and touches each of the three sides of the triangle [50]. Therefore,
we imagine the loop that contains of all vertices of triangles which inscribed in
St and circumscribed the same circle D. And then we define Poncelet’s three-
manifold X which contains of all triples of vertices of triangles that inscribed in
S1. So, we start this chapter by defining Poncelet’s loop, which is constructed
from all vertices of triangles circumscribing the same circle and inscribing in S?
with direction x to y to z to x. Next, we define a three-dimensional manifold X,

which is constructed from Euclidean Poncelet’s Theorem. Define
X ={(z,y,2) |z £y#2#£2} S5 x5 x5

where (z,y,2) € X represents vertices of a triangle inscribed in S' and circum-
scribing other circle. We prove that X is orientable non-compact three-manifold.

Then, we define the configuration space of n distinct points on a topological space,

91
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and show that the Poncelet’s three-manidold X is a configuration space of three
points on a circle. Moreover, we prove that X is disconnected and can be rep-
resented as a disjoint union of two solid tori. After that, we define the Seifert
fibre space SF'S, and prove that Poncelet’s three-manifold X is a Seifert fibre
space where the fibers are the Poncelet’s orbits. Because every Seifert fibre space
admits geometric structure [43], this will help to study if the fibres that come
from Poncelet’s Theorem are geodesics with respect to the natural geometry of X.
Lastly, we define a three-dimensional manifold Xz, which is constructed from the

hyperbolic Poncelet’s Theorem. Define
Xp={(@p.2) |z £y #2#2}CCxCxC

where (x,y, z) € Xg represents vertices of a hyperbolic triangle inscribed in a cir-
cle C' with radius R, and circumscribed other circle. Then we present an example
showing that the coordinates of hyperbolic isosceles triangle converge to the Eu-
clidean coordinates, when R approaches 0, which gives a clue that the hyperbolic

orbits converge to the Euclidean orbits, when R approaches 0.

5.1 Poncelet’s Three-Manifold X

Take a point (a, b, ¢) which represents vertices of a triangle 7', then get the triangle
orbit. From Poncelet’s Theorem, we can get triples of points each represents
vertices of a triangle circumscribed the same circle as T'. However, we know that
there is only one circle C' inscribes in any triangle T, and touches each of the three

sides of the triangle [50], this leads us to the following definition.

Definition 5.1.1. (Poncelet’s Loop)
Let (a,b,c) = (e, e eBO) where 0 < 0,a(0),5(0) < 2m are vertices of a
triangle T'. Define

Ac = {(e”, ™) [0 < 0,a(0), B(6) < 27} (5.1)

to be a loop contains of all vertices of triangles which have the same inscribed circle

C.
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a(e)

Figure 5.1: Poncelet’s Orbit

Now we define Poncelet’s three-manifold X which is deduced from Euclidean

Poncelet’s Theorem.

Definition 5.1.2. (Poncelet’s Three-Manifold)
Poncelet’s Theorem allows us to define a fibre structure on the three-dimensional

manifold

X ={(z,y,2) |v#y#z#2} CS' xS x &

where (x,y,2) € X represents vertices of a triangle inscribed in S*.

Now, we introduce a lemma, which be used in proving that X is a Seifert fibre

space
Lemma 5.1.1. 1. Every point in X lies on some loop like (5.1).
2. Every point of X lies on only one such loop.

Proof. Let (a,b,c) € X, from the definition of Poncelet’s three-manifold; we find

that it represents vertices of a triangle circumscribed by S!'. But we know that
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every triangle has an inscribed circle C' [50]. Thus, from the definition of Poncelet’s

loop, (a,b,c) € Ac, which proves the first part.

To prove 2, suppose (d, b, ¢) € X such that (d, b, ¢) belongs to two loops A¢ and Ag,
so, (a, b, ¢) € Ac and (4, b, ¢) € Ap. From Poncelet’s three- manifold definition,
they are vertices of a triangle circumscribed the circles C' and C, however, there
should be one circle C' inscribed in any triangle [50]. Thus, ¢ = C' and (4, b, ¢)

belongs to just one loop.

As a result of the uniqueness of the inscribed circle for any triangle [50], we can
see that Ac N Aps = 0 for every circle C different from C, then X = U Ac, where
A¢ is an embeded copy of S*, which means that X can be represented as a disjoint

union of fibres. O

The two following theorems prove that the Poncelet three-manifold is orientable

and non-compact.
Theorem 5.1.3. The Poncelet’s three-manifold X is orientable.

Proof. As the Poncelet three-manifold X is an open sub-manifold of the orientable
manifold S! x S x S!, so it is orientable itself. O

Remark 5.1.4. The Poncelet’s three-manifold X is non-compact.

Proof. To prove that, let (z,y,x,) € X, any infinite sequence of points in X such
that z, — =, where z,,,z € S*.

However, (z,y,x) ¢ X, because
X={(z,y,2) |v#y#z#2} TS5 x5 x5

Thus, the infinite sequence of points sampled from the Poncelet three-manifold X

get arbitrarily close to point (x,y,z) ¢ X, that prove that X is non-compact. [J

We present the following lemma, which represents the Cartesian coordinates of
the FEuclidean triangle’s vertices which is inscribed in a circle and circumscribed
about other circle. We use this lemma later to show that hyperbolic coordinates
of the isosceles triangle converge to the Euclidean coordinates of isosceles triangle,

when R approaches 0.
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Lemma 5.1.2. [38/(Circular Path of the Triangle’s Vertices)
Let T be a triangle inscribed in a circle C' with radius R and circumscribed a circle
D, with radius r, then the vertices (a,b,c) of the triangle T' can be given by the

following Cartesian coordinates
a(0) = (rcos(#) + dcos®(9) + W sin(), rsin(f) + d cos(0) sin(6) — W cos(6))

b(0) = (rcos(#) + dcos®() — W sin(), r sin(6) + d cos(9) sin(6) + W cos(6))

o) — R(2dR — (R? + d*) cos())  (d* — R*)Rsin(0)
6) = ( R2+d2 — 2dRcos(0) ' R2+d?—2dR cos(e))

0<0<2rm
such that W = \/R? — (r + d cos(0))?, where d is the distance between the circum-

scribed circle’s centre and the inscribed circle’s centre.

Proof. Because that the isometries of the Euclidean plane take circles to circles,
then without loss of generality, it can be assumed that C' and D are the circum-
scribed circle and the inscribed circle of a triangle T' with vertices (a, b, ¢), such
that, O = [0,0] and I = [d, 0] are the centres of them, respectively.

The equations of the circumscribed circle and the inscribed circle are thus C' :
?+y*=R% D: (z—d)?+y*=r? where 0 < r < Z. Assume the point where
one side of the triangle touches D, then get the gradient of this side as it is vertical
on the inscribed circle radius. after that, calculate the intersection of the circle C
and this line to find @ and b. Finally, the two tangents from a and b to D, which

are different from the line, intersect in the third vertex c on C.

Set L for the line carrying a and b, since L has to be tangent to D, it touches D
at the point (d + rcos(),rsin(f)). Then, the gradient of L is k = — cos(0)

sin()
result, L is given by

as a

L : xcos(0) + ysin(f) = r + dcos(6)

with 6 € [0,27). The points a and b are the intersections of L and C', so by solving
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the two equations, we find that a and b are given by
a(f) = (rcos(f) + dcos®(0) + W sin(6), rsin(f) + d cos(6) sin(f) — W cos(#

)
(5
b(0) = (rcos() + dcos®(9) — W sin(), rsin(d) + d cos(9) sin(9) + W cos(6))
(5

where W = y/R? — (r + d cos(0))?

The two tangents from a and b to D, which are different from the line L, intersect

in third vertex ¢ € C, where

«(6) = (R(QdR— (R? +d*)cos(0)) (d*> — R*)Rsin(h) ) (5.4)

R? 4+ d? — 2dRcos(f) ~ R?+ d? — 2dR cos(f)

]

5.2 Poncelet’s Three-Manifold as a configuration

space
In this section, we define the configuration space, and show that the Poncelet’s
three-manifold X is a configuration space of three points on a circle. In addition

to that, we prove that X is disconnected and can be expressed as disjoint union of

two solid tori, that will help in determine the geometry of the three-manifold X.

Definition 5.2.1. [12] (Configuration Space)
The configuration space of n distinct labeled points on a topological space X, de-
noted F,,(X), is the space F,(X) = {(z1,--- ,x,) € X" 1 x; # x;,V i # j}

Corollary 5.2.2. As the Poncelet’s three-manifold
X={(v,y,2) |z £y#2z#2} S5 x5 x5

can be seen as three points on S*, which are free to move, then it is a configuation

space of three points on a circle, F3(S')
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Figure 5.2: Counter Clockwise Moving

In the following lemma, we prove that Poncelet’s three-manifold X is discon-

nected.

Lemma 5.2.1. The Poncelet’s three-manifold X is disconnected, which means it

can be decomposed to disjoint union of non empty subsets.

Proof. In this proof, we label three points x,v, z on the circle S' as vertices of a
triangle. If we head clockwise from x, we either encounter y or z first. These two

possibilities give rise to the two components of X.

Firstly, take x,y, 2z three points on S', moving counter clockwise, produces the
triple (z,y, z), Figure 5.2. The other different triples corresponding to the same

triangle with moving in same direction are (y, z,z) and (z, z,y).

On the other side, moving clockwise, produces the triple (z,z,y), Figure 5.3.
The other different triples corresponding to the same triangle with moving in
same direction are (z,y,x) and (y,x, z). Those six possibilities (z,y, 2), (y, 2, x),
(z,z,y), (x,2,9) (2,y,2) and (y,z,z) are the all possibilities for triples as we
have three points. That means X can be expressed as a disjoint union of two

components, clockwise orbit component and counter clockwise orbit component.

]
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Figure 5.3: Clockwise Moving

We present the next lemma, as we use it in Theorem 5.2.3, to prove that the

Poncelet’s three-manifold X can be presented as a union of two disjoint solid tori.

Lemma 5.2.2. [11] Suppose G is a topological group and Fi,(G) denotes the con-

figuration space of k points in G. Then, there is a natural homeomorphism
Fi(G) = G x Fia (G \ {e})

where {e} is the set of a single point.

Proof. This lemma was proved in [11] by defining a homeomorphism h such that
h: Fk(G> — G X kal(G\{e})

where

h(gla e 7gk) - (91791_1927. o 7gl_lgk)
]

Theorem 5.2.3. The Poncelet’s three-manifold X, can be expressed as the union

of two disjoint solid tori.

Proof. We prove this theorem, by applying lemma 5.2.2 on Poncelet’s three-
manifold X.
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From that, we see that
F3(S") = 8" x F3(S"\ {e})

But S'\ {e} is homeomorphic to R (and also to the interval (0,1) ),
thus,
F>(S'\{e}) = R x Fi(R\ {e})

Finally, we note that for any space X, F1(X) = X,

hence, putting these all together, this space we care about is
X = F3(SY) = S' x (0,1) x [(0,1) U (1,2)]

which is homeomorphic to two disjoint copies of S* x (0,1)%. As (0,1)? is home-
omorphic to an open disc of radius 1, each copy of S* x (0,1)? is the interior of
St x D% So, we can see X as the union of two disjoint solid tori. This theorem

should help in determine which geometry does the three-manifold X have. O]

5.3 Seifert Fibre Space

This section presents a definition of Seifert fibre space, for that, we firstly define

the fibred solid torus, and the fiber preserving homeomorphesim.

Definition 5.3.1. [43/(fibred solid torus)

A fibred solid torus is a solid torus with a foliation by circles, which is finitely
covered by a trivial fibred solid torus. Where the trivial fibred solid torus is defined
as D? x S with the product foliation by circles. Thus, the fibres are the circles

y x S, fory in D2.

Also, we can define a fibred solid torus in other way [27]. Let (i, v) be a pair of
relatively prime integers, and let D? be the unit disk defined in polar coordinates
as D? = {(r,0) : 0 < r < 1}. A fibred solid torus of type (u,v) is the quotient of
the cylinder D? x [, via the identification ((r,0),1) = ((r,0 +27%),0). The fibres

are the images of the arcs {z} x I.

Thus, the core arises from the identification of {0} x I, can meets the meridianal
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disk D? x 0 once. Every other fibre meets D? x 0 exactly u times. Up to fibre
preserving homeomorphism, we may assume that 4 > 0and 0 <v < £. If p > 1,

we call the core an exceptional fibre, otherwise we call the core a regular fibre.

Definition 5.3.2. [27/(Fibre Preserving Homeomorphism)

If M and N are Seifert fibre spaces, then a fibre preserving homeomorphism from
M to N is a homeomorphism from M to N, that takes each fibre of M onto a
fibre of N.

Definition 5.3.3. [43] (The Seifert Fibre Space (SFS))

The Seifert fibre space is a three-dimensional manifold M, with a decomposition
of M into disjoint circles, called fibres, such that each circle has a neighbourhood
in M which is a union of fibres and is homeomorphic to a fibred solid torus via a

fibre preserving homeomorphism.

In the next section, we prove that Poncelet’s three-manifold X is a Seifert fibre
space, with one exceptional fibre of order 3, that is the case when the triangle is
equilateral. This exceptional fibre is the core of the quotient (D? x I')/ ~ such that
((r,0),1) ~ ((r + 2),0). When we take an equilateral triangle 7' with vertices
(a,b,c) inscribed in S* and circumscribed a circle D; by Chapple’s Formula, the
circles are concentric. Then when we get the triangle orbits, it can be rotated
within the circular ring bounded by S! and D. As a result, when the equilateral

triangle T going the third way around, it get back to the same triangle.

5.4 Poncelet’s Three-Manifold X is SFS

The purpose of this section is to prove that the three-dimensional manifold X is
Seifert fibre space SF'S. As we know, every SFS admits a geometric structure [43].
Thus, proving that X is SFS, should help in determine the fibres, that come out
from Euclidean Poncelet’s construction, and determine if these fibres are geodesic

in respect of the geometry of X.

In the following theorem, we give a proof that the three-dimensional manifold X

is SF'S. To do that, we prove that this manifold decomposes into a disjoint union
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of fibres, such that each fibre has a tubular neighbourhood, that forms a fibred

solid torus.

Theorem 5.4.1. The three-dimensional manifold
X={(z,y,2) |t #y#2z#x} S5 x 8 xS

1s SFS, with one exceptional fibre contains of all triples which are vertices of equi-

lateral triangles.

Proof. To prove that X is SFS, we should prove that it decomposes into a disjoint
union of curves called fibres, such that each fibre has a tubular neighbourhood
that forms a fibred solid torus. We start with the regular fibres, following that by

the special case when the fibre is exceptional.

Firstly, from lemma 5.1.1, we can see that X can be realized as a disjoint union
of circular fibers. These fibres are the loops A such that every loop contains of

all vertices of triangles which have the same inscribed circle.

Now, to prove that each fibre has a tubular neighbourhood, Let Ax be the loop
contains of all vertices of triangles, which are not equilateral, and have the in-
scribed circle C' with radius r, and set (a,b,c¢) € Ac. Make a small variation to
the radius of the inscribed circle r, and take € > 0 small enough. We can see that

(a, 6, c) are vertices of a triangle circumscribed a circle with radius 7, such that
|r—7|<e (5.5)

Assume that ¢ = a, b = b. then the triangle with vertices a, 5, ¢ is the same as
the triangle with vertices a, b,c. However, we know that there is only one circle
inscribes in any triangle and touches each of the three sides of the triangle [50].
As a result of that, r = 7, but that contradict 5.5. Thus, d # a, b # b.

Look at the disks D? around the loop A¢ which centre at the points (a, b, c) € A¢,
where 0 < 0 < 2r. We can sce that for any two points (4,b) and (é, ) in those
disks (with keeping c fixed as it does not depend on the inscribed circle radius

Theorem 5.1.2, ¢ # d and b #* bas ¥ = 7, where 7 , 7 are the radii of the inscribed
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circles of the triangles with vertices (d, b, c) and (éi,g, c), respectively. That is
because, if @ = & and b = b, the triangle with vertices (a, b, ¢) coincident with
the triangle with vertices (&, b, ¢). Which means that # = 7, and that contradict
what we set. This gives us a tubular neighbourhood for the loop Acs, contains
of all loops A such that | 7 — 7 |< €, where 7,7 are the radii of the circles C, C

respectively.

We now showing that the tubular neighbourhood of the regular fiber As is homeo-
morphic to a fibred solid torus. For that, we define a function between this tubular
neighbourhood and a fibred solid torus D? x S* and prove that it is bijection (in-
jective and surjective), continuous and the inverse function is also continuous.

Let us define a function h : T — D? x S, such that h(Ap) = (4,b) x 6 for all
0 < 0 < 27, where T denotes the tubular neighbourhood of the regular loop Ac.

We would like to prove that h is homeomorphism.

To prove that h is bijection, we should prove that it is injective and surjective

function.

Firstly, Let Ay and Ap be two loops in T, such that h(Ap) = h(Ap) so,
(G,b) = (4, b), which means that (d, b, ¢) and (4, b, ) are vertices of same triangle.
As a result, they belong to the same loop. Then, Ay = Ay, which prove that h
is an injective function. Moreover, for each point (d, b) x 0 € D? x S, the triple
(a, Z;, c) represents vertices of a triangle. Furthermore, from the Poncelet’s loop
definition, they belong to a loop Ac € T'. So, for every point (4, b) x 6, there is a
loop A¢, such that h(A¢) = (4, b) x 6 which proves that h is a surjective function.

To prove the continuity at a point, we should prove that for any neighbourhood
of its image, the pre image is again a neighbourhood of that point. Let (4, b) eN
where N is a neighbourhood of the point (a, b) € D?. Then, (4, b, ¢) and (da, b, c) are
vertices of triangles circumscribed circles with radii 7 , 7, respectively, such that
| # — 1 |< €, where € > 0 small enough. Then, (a, b, c) € Ag, in the neighbourhood
of As, such that (a, b, c) € Ap. So, for any neighbourhood of the point (4, b) x 0,
the pre image is a set of loops {Ax} which make a tubular neighbourhood for the
loop Ag, and that satisfied for all the points in D* x S*. As a result of that, the

function h is continuous.
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To prove the continuity of the inverse function h™', let Ax € T is a loop in the
neighbourhood of Ax. Then, Ay contains of all vertices of the triangles circum-
scribed a circle with radius 7, such that | # —7 |< €, where € > 0 small enough, and
7 is the radius of the inscribed circle of the triangles of the loop Ax. As a result of
the previous discussion of the tubular neighbourhood, the point (d, 6, c) € Ay is
located at the neighbourhood of the point (4, 6, c) € Ax. So, any neighbourhood
of the loop A4 has an image contains of the points (a, b) in the neighbourhood of
the point (4, b), where 0 < 6 < 2m. This happen for all loops Ax. So the function
h~! is also continuous.

From the previous, h is a homeomorphism between the tubular neighbourhood T’
and the fibred solid torus D? x S!, which takes every fibre Ac to a torus fibre.
That completes the part of the proof for the regular fibres.

Turning now to prove that the exceptional fibre satisfies the conditions of SFS.
Recall that the exceptional fibre of the Poncelet’s three-manifold X contains of all
triples which are vertices of equilateral triangles. So, in this three-manifold the
exceptional fibre closes up in third way around but the other fibres keep going
around it. However, if we start at a point and take equilateral triangle, when we
spin it the third way around, we get the same triangle but with different point by
interchanging the coordinates. Thus, It should go all the way around to get back

to exactly the same point.

Now, we prove that this exceptional fiber has a tubular neighbourhood that forms
a fibred solid torus.

To prove that it has a tubular neighbourhood, Let Ap be the loop contains of
all vertices of equilateral triangles, and have the inscribed circle D with radius
%, and set (1, e(%), e<%)) € Ap. Make a small variation to the inscribed circle
and take € > 0 small enough, so that 0 < d < € is the distance between the S*

centre and the centre of a new circle C. We can see that (1,b,c) are vertices of
2mi ami

a triangle circumscribed C'. Assume that b = (% ), ¢ = el ), then the triangle
with vertices 1, b, ¢ coincides on the equilateral triangle. However, we know that
there is only one circle inscribes in any triangle and touches each of the three sides
of the triangle [50]. As a result of that, C' = D, which contradict what we set. So,

2mi 4mi

b # e(T), c# e<7).
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Look at the disks D? around the loop Ap, which centre at the points
(eia’ ei(a+%"),ei(a+%)) € Ap

where 0 < a < 27. We can see that, for any two points (b, ¢) and (b, ¢) in those
disks, b # band ¢ #*céasd# d, where d , d are the distances between the S* center
and the centres of the inscribed circles of the triangles with vertices (a, b, ¢) and
(a, Z;, ¢), respectively. That because, if b = band ¢ = ¢, the triangle with vertices
(a,b,¢) coincidences with the triangle with vertices (a,b,¢). Which means that
d = d and that contradict what we set. This gives us a tubular neighbourhood for

the loop Ap, contains of all loops Ac, such that 0 < d < e.

We now showing that the tubular neighbourhood of the exceptional fibre Ap is
homeomorphic to a fibred solid torus. For that we define a function between
this tubular neighbourhood and a fibred solid torus D? x S' and prove that it
is bijection (injective and surjective), continuous and the inverse function is also
continuous.

Let us define a function f : T — D? x S', such that f(Ap) = (0,0) x 6 and
f(Ac) = (b,c) x 0, for all 0 < 6 < 27, where T" denotes the tubular neighbourhood

of the exceptional loop Ap. We would like to prove that f is homeomorphism.

To prove that f is bijection, we should prove that it is injective and surjective
function. Firstly, Let Az and As be two loops in T' such that f(Ac) = f(Ag),
so, (b,¢) = (b, ¢), which means that (a,b,c) and (a,b,¢) are vertices of the same
triangle. As a result, they belong to the same loop. Then, Ac = Az, which prove
that f is an injective function. Moreover, for each point (b,c) x 6§ € D? x S, the
triple (a,b, ¢) represents vertices of a triangle. Furthermore, from the Poncelet’s
loop definition, they belong to a loop A¢c € T'. So, for every point (b, c¢) x 6, there
is a loop A, such that f(Ag) = (b,¢) x 0, which proves that f is a surjective

function.

To prove the continuity at a point, we should prove that for any neighbourhood
of its image the pre image is again a neighbourhood of that point. Let (b, é)eN
where N is a neighbourhood of the point (b,c¢) € D?. Then, (a,b,c) and (a,I;, é)

are vertices of triangles circumscribed circles such that 0 < d,c{ < € where d,ci
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are the distances between the S! centre and the circles centres, respectively and
¢ > 0 small enough. Then, (a, b, ¢) € Ap in the neighbourhood of A¢ such that
(a,b,c) € Ac. So, for any neighbourhood of the point (b,¢) x 6 the pre image
is a set of loops {Ax} which make a tubular neighbourhood for the loop A¢ and
that satisfied for all the points in D? x S'. As a result of that, the function h is a

continuous function.

To prove the continuity of the inverse function f~!, let As € T is a loop in the
neighbourhood of A¢. Then, Ay contains of all vertices of the triangles circum-
scribed a circle with distance d between its centre and the S centre, such that
0<d< €, where € > 0 small enough. As a result of the previous discussion of
the tubular neighbourhood, the point (a, 6, ¢) € Ag is located at the neighbour-
hood of the point (a,b,c¢) € Ac. So, any neighbourhood of the loop A¢ has an
image contains of the points (b, ¢) in the neighbourhood of the point (b, ¢), where

0 < 6 < 2m. This happen for all loops Ac. So the function f~! is also continuous.

Then f is a homeomorphism between the tubular neighbourhood T of the excep-
tional fiber and the fibred solid torus D? x S!, which takes every fibre Aq to a
torus fiber.

From those two parts, the proof is completed, that Poncelet’s three-manifold X is
SFE'S. =

5.5 Hyperbolic Poncelet’s Three-Manifold Xz

This section defines hyperbolic Poncelet’s three-manifold Xz, which is deduced
from the hyperbolic Poncelet’s Theorem, when n = 3, it should have the same
characteristic as Poncelet’s three-manifold X, which is discussed at the previous
sections, as it has the same way of construction, from triples of points on a circle,
that are vertices of a triangle. Also, we present an example shows that when
R approaches 0, the coordinates of a hyperbolic isosceles triangle converge to
the Euclidean coordinates, which presents an evidence that the hyperbolic fibres

converge to the Euclidean fibres when R approachs 0
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Hyperbolic Poncelet’s three-manifold is defined as follow

Definition 5.5.1. (Hyperbolic Poncelet’s Three-Manifold)
Hyperbolic Poncelet’s Theorem allows us to define a fibre structure on the three-

dimensional manifold
Xp={(v,y,2) [z #y#2#2} CCxCxC

where (x,y,z) € Xg represents vertices of a triangle inscribed in a circle C with

radius R.

When we look at the hyperbolic Poncelet’s three-manifold for radius R, we get
a collection of orbits, as well the Euclidean Poncelet’s three-manifold X presents
a collection of orbits. We have a general question that as R approaches 0, do the

hyperbolic orbits converge to the Euclidean ones.

We have an explicit example showing that the hyperbolic coordinates of an isosce-
les triangle converge to the Euclidean coordinates, when R approaches 0, which
we think it is true for all triangles, as when the hyperbolic isosceles triangle moves
slowly around the inscribed circle, where R is very small, the hyperbolic vertices
should be close to the Euclidean vertices as smaller area of hyperbolic plane looks

more Euclidean.

Example 5.5.2. Let T' be a triangle in Poincaré disk model, which inscribed in a
circle C', with radius R, and circumscribed about a circle D, with radius r, assume
that the circumscribed circle is centred at the origin O and the inscribed circle is
centred at the point on the positive real axis, with hyperbolic distance d. Let vj,
1 < 5 < 3, be the vertices of T, and set the triangle, so that one of its vertices,
say vs, is at the same line with the circumscribed circle’s centre and the inscribed
circle’s centre. Thus, the triangle line of symmetry passes through the centres of
the circles, as a result of that, the triangle is an isosceles triangle, v; = Re®,
vy = —R and vs = Re™™; see Figure 5.4.

By using hyperbolic trigonometric functions, we find that

B \/tanhQ(R) — tanh?(r + d)

a . sin(f) = tanh(R)

cos(6) tanh(R)
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Vi

Figure 5.4: Hyperbolic Isosceles Triangle

Letting R — 0, so, limp_, tan]h%(R) =1, which means that tanh(R) ~ R, where R

18 sufficient small.
Applying the limit, we find that

cos(f) ~ r —};d
7 _ 2
sin(f) ~ l ]ér +d)

Then
vy = Re" ~r+d+iy/R2— (r+d)>

where R,r,d are sufficient small, which is the same as the Fuclidean coordinates
in same situation, where from Theorem 5.1.2, when we choose 8 = 0, we can see

that a vertice b of the Euclidean isosceles triangle, can be given as the following:

b= (r+d,+vR*—(r+d)?)

As well, the other vertices of the hyperbolic triangle T will close to the Euclidean

vertices, when R approaches 0.



108 CHAPTER 5. PONCELET’S THREE-MANIFOLD X

This gives a clue, that the hyperbolic fibre is close the Euclidean one, when R

approaches 0.

5.6 Future Work

In this chapter, we define a three-manifold X, which is constructed from the Eu-
clidean Poncelet’s Theorem. We show that X can be represented as a disjoint
union of two solid tori and we prove that this three-manifold is a Seifert fibre
space. So, X admits geometric structure, which we thought that it is a hyperbolic
geometry. Because it is SF'S, we need to understand its fibres and how they ap-
pear, also we need to determine if these fibres, which come from X as a Seifert

fibre space are geodesics in the natural metric of Poncelet’s three-manifold X

On the other hand, we define the hyperbolic three-manifold Xz which is con-
structed from the hyperbolic Poncelet’s Theorem and present an example, that
the vertices of an isosceles hyperbolic triangle, is converging to the Euclidean ver-
tices.

There is an issue raises from comparing the hyperbolic orbits with the Euclidean
orbits, as when we take a triple of points on the circle S!, and look at its Euclidean
orbit, as vertices of a Euclidean triangle circumscribed a circle, and take the same
triple of points on a circle with radius R, for some values of R, and look at its
hyperbolic orbit, as vertices of hyperbolic triangle circumscribed a circle, what is
the relation between these orbits.

Our example shows that the hyperbolic vertices of an isosceles triangle converge
to the Euclidean vertices as R — 0, consequently, we have a thought that the hy-
perbolic orbits converge to the Euclidean orbits when R approaches 0, as a smaller

and smaller area of hyperbolic geometry, appears more and more Euclidean.
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