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Abstract

In this study we investigate the societal development of the Maya in the South-
ern Lowlands over a span of approximately 1400 years and explore whether
societal dynamics linked to the depletion of natural resources can explain the
rise and fall of the Classic Maya. We propose a dynamical systems model that
accounts for the state of the land, population and workers employed in swidden
and intensive agriculture and monument building. Optimisation of model out-
put to fit empirical data fixes biometric parameters to values consistent with
the literature and requires that a shift from swidden to more intensive agricul-
ture took place at around 550 CE. The latter prediction is consistent with the
dating of the beginning of the Late Classical period. Thus, our model offers
an explanation of the collapse of the society of the Maya and suggests that the
role of droughts may have been overestimated. Consistent with previous work,
the collapse can be modelled by a critical transition (supercritical Hopf bifurca-
tion), where the critical parameter is the harvesting rate per capita of intensive
agriculture. Furthermore, an extensive sensitivity analysis indicates that the

model and its predictions are robust.
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1. Introduction

The collapse of the Classic Maya has been the subject of considerable fo-
cus in the published literature, with many different hypotheses having been
proposed regarding the underlying causes and drivers for the collapse (Tainter]
1988; |Aimers, |2007; 'Turner and Sabloff} |2012)). It is important to check to which
degree these narratives are consistent with the historical record, which requires
mathematical or computational modelling (Turchin, |2003b). Beyond this, Oc-
cam’s razor needs to be applied, which means checking if simple hypotheses are
enough to explain collapse. If the simple hypotheses are enough, this then helps
to put more complex explanations into perspective.

The aim of this study is to explore whether a nonlinear dynamical system
focused on socio-environmental feedbacks can account for the observed data
about the Maya civilisation. In the present study, we identify and quantify some
key feedback mechanisms of the socio-environmental system of the Lowland
Classic Maya by building a model that captures the different specialisations of
the majority of the population, and links them to the resource abundance in
the environment and the number of monuments built over time.

We show that, if less intensive (e.g., swidden) agriculture would have re-
mained the dominant method of food production, then the rapid increases in
population levels that occurred around 700 CE and the concomitant extent of
monument construction would not have taken place. We numerically deter-
mine that a match of the model’s outputs to the archaeological record requires
assumptions about a change in farming practices from less to more intensive
agriculture around the year 550 CE. This change eventually leads to a severe
depletion of agricultural resources and largely accounts for a steep drop in pop-
ulation numbers around the year 900 CE.

Hence, we find that, from 550 CE onward, an increased spread of intensive
agricultural practices can account for the observed archaeological record of the
Maya, society as reconstructed in the demographic data of |[Folan et al.| (2000)

and monument building rates reported in |[Erickson| (1973)). In similar fashion to
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the work of |Anderies| (2003), by carrying out extensive sensitivity testing, we
ensure the robustness of our findings. In addition to this, by changing assump-
tions about precipitation levels, we can also analyse the impact of droughts and
find that the dynamical model can reproduce historical data with and without
assuming reductions in precipitation.

To the best of our knowledge, the present work provides the first robust
mathematical model of the Maya society that accurately reproduces the histor-
ical trends regarding population growth, as presented by |Folan et al.| (2000),
and the building rate of monuments, as found in the work by [Erickson| (1973),
and also available in Tainter| (1988, p. 165). The collapse can be understood as
driven by a critical transition in the system (a supercritical Hopf bifurcation),
where the critical parameter is the harvesting rate per capita of intensive agri-
culture. Importantly, this is consistent with previous findings regarding Easter
Island (Roman et al. [2017)) and generalises its conclusion that collapse can be
modelled as a certain type of critical transition. The collapse is thus understood
as an endogenous process in the socio-environmental system and questions the
importance of contingent events, such as catastrophic droughts. Our modelling
thus suggests that a socio-cultural process might have led to the widespread,
permanent adoption of intensive agriculture, which has been a key driver of the
rapid growth and expansion of the Maya civilisation starting in the Late Classic
Period, as well as the cause of their later decline.

It is important to note that, given the vast array of potential aspects that
can be studied regarding the Classic Maya, we do not aim for a model that gives
an accurate representation of each potential factor. Furthermore, the definition
of societal collapse and how it applies to the Maya has been a issue of ongoing
debate (Aimers,[2007). Rather, we address an Occam’s razor-type question, and
investigate if a small set of interlocking factors could potentially account for the
available data about the Maya society, in particular the significant decline in
population and monument construction that occurred after 800 CE.

The paper is organised as follows. In section[2] we highlight some of the main

theories regarding the collapse of the Classic Maya and provide a review of the
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quantitative (mathematical or computational) modelling regarding it. Following
on, in section [3] we present a parsimonious model of the Maya society and their
human-environment interaction. The results of the model, which are analysed
in section[d demonstrate an excellent match to empirical data for the evolution
of the crude growth rates, population levels and building rates. Finally, we
provide a summary of results in section [5} The results are complemented by
two appendices: Appendix [A] includes a simplified mathematical treatment of
the critical transitions undergone by the model we propose, and in Appendix [B]

we present a detailed sensitivity analysis.

2. Literature review

Hypotheses for the the collapse of the Maya can generally be separated

jnto two categories: (i) socio-political, such as class conflict (Hamblin and
[Pitcher}, [1980} |Chase and Chase} [2005)), inter-site warfare (Webster}, [2000;

2008), changes in trade routes (Demarest et al., 2014) or pathological
ideological systems (Dornan, 2004; O’Mansky and Dunning| |2004)); and (ii) en-

vironmentally related, which includes soil erosion (Beach and Dunning} [2006;

|Anselmetti et all [2007)), volcanic activity (Gill and Keating), [2002; [Tankersley|
2011)), deforestation (Oglesby et al.l [2010; McNeil et al., 2010), diseases
(Acuna-Soto et all [2005) and climate change induced drought (Hodell et al.|

2001} [Haug et al, 2003} [Hodell et al.| 2005} [Gill et all [2007; [Webster et al.]
[2007; Medina-Elizalde et al] [2010; Medina-Elizalde and Rohling}, [2012; [Kennett

et all [2012; [Douglas et al., 2015).

Concomitant with present day concerns with climate change, the drought
hypothesis for the Maya collapse has received significant attention in recent
years. A strong case has been made for climate change and drought as the main
contributing factors towards the collapse of the Lowland Classic Maya; however,
single-factor explanations of the collapse can misrepresent the underlying com-

plexities of the Maya socio-environmental system, which shows a wide range of

diverse features over space and time (Aimers, 2007; Dunning et al.,|2012; Turner|
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land Sabloff] [2012)).

Some researchers have been more skeptical with regard to the significance

of drought episodes in the context of the Maya collapse; Robichaux! (2002);

|Aimers and Hodell| (2011)); [Dunning et al.| (2012)) argue for the need of a more

integrated understanding of the socio-cultural processes along with environmen-

tal constraints. This view is supported by |Robichaux! (2002) who highlights that

the initial signs of collapse are also present in water-advantaged areas.

Rosenmeier et al.| (2002) distinguish two possibilities for explaining observed

isotope concentrations in Lake Salpetén, Guatemala: either greater aridity or

decreased water intake by the lake due to forest recovery (which implies previous

deforestation). [Aimers and Hodell (2011) points out that some climate data

has been highly localised, and this prohibits us from generalising across length
scales of several thousand miles. Also, even though some experimental methods
provide annual resolution in the data collection, this does not guarantee annual
accuracy.

Furthermore, the calibration between proxies and actual rainfall is not nec-

essarily exact. [Luzzadder-Beach et al| (2012) show that site abandonment oc-
curred even in wetlands where effects of drought are not as significant.
reassess the conclusions of [Hodell et al.| (2001)) and [Hodell et al.|
and determine that they are methodological artefacts, which casts doubt

on the drought cycle hypothesis. While drought and water scarcity certainly

played a role in the dynamics of the Maya society, socio-cultural processes are

at least equally important and should be quantified (Aimers and Hodell| 2011]).

2.1. Numerical models of the dynamics of the Maya society

Quantitative modelling of the dynamics of the Maya society has had a sparse

history and began with an early model proposed by Hosler et al.| (1977)), devel-
oped within the framework of system dynamics 1961)). The model

attempts to capture in mathematical form the best of historical knowledge and
understanding at the time about the Maya (Coyle, |2000). The model manages

this using 40 variables but, despite it’s complexity, the model’s realism is debat-
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able as it predicts an average life span of 13 years for the Maya, many of whom
were building monuments despite the lack of available food. As noted by
, the timescales and dynamics in the model output are not consistent with
the actual data.

[Hamblin and Pitcher| (1980) incorporate different hypotheses into one-equation

models regarding monument building at Maya sites and find that the class con-

flict hypothesis of collapse fits the data best. Compared to Hosler et al|(1977),

the models of[Hamblin and Pitcher| (1980) are much simpler and “the attempt to

cast explanations of collapse into mathematical form points the way for the next
generation of collapse models” p. 643). Despite a good fit to data,
the models lack a good fit between their conceptual and mathematical elements
because the same mathematical relationship can be used to support completely
different views of the collapse . Furthermore, the models lack any
feedback between their variables and are therefore too simple to capture enough
systemic features of Maya society to provide an accurate description of it or at

least allow for a univocal interpretation.

Several system dynamics models, similar in spirit to [Hosler et al. (1977),

have recently been developed. The focus of these models is the demographical

evolution of the Maya (Forest| 2007, [Bueno|, [2011} [Forest},|2013). While all these

models attempt to capture societal feedbacks and features of the Maya society,

their validity is questionable. The models of [Forest| (2007) and |[Forest| (2013)

conclude that either involvement in warfare or climatic variations are sufficient
to account for the collapse. However, the model of shows that
population is close to maximum before 600 CE and that the population levels
undergo a boom-bust cycle of 800 years, while the results of show
a collapse before 800 CE and population cycle of 600 years. Both outcomes are
jinconsistent with reconstructed time series of the archaeological record

2000, p. 12). In contrast, the model of (2011) shows qualitative

agreement with the archaeological data on the overall trend of population levels.

However, the model proposed by (2011)) is highly sensitive to parameter

changes. A critical parameter is the fraction of population engaged in warfare.
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Above a certain threshold, not enough people would be available to harvest and
produce food, leading to a collapse. Such high sensitivity of behaviour based
on a single parameter is unrealistic, as it suggests that the society could have
averted collapse by slightly reducing its army.

More recently, [Kuil et al.| (2016]) developed a dynamical socio-hydrological
model to examine the impact of water scarcity on the Maya in the Classic Pe-
riod (400-830 CE). A main result of the simulations is that a modest reduction
in precipitation could have led to an 80% reduction in the population. Never-
theless, they point out that the population density and sensitivity of crops to
variations in precipitation may have had an equally important role. The model
has findings consistent with the archaeological record of population growth and
decline. However, Kuil et al.| (2016]) recognises that the model outcomes show
sensitivity to its parameters and inputs to an extent to which reliable predictions
are difficult to make.

In addition to ODE-based models assuming large well-mixed populations,
spatially resolved agent-based models (ABMs) are an alternative approach,
which might be more suitable to account for the diversity in Maya society
(Lucerol, [1999). Heckbert| (2013) makes an ambitious attempt at integrating
and quantifying many features of the environment and Maya society. Settle-
ments are represented as agents that develop in a spatial landscape, which itself
evolves in response to climate and anthropogenic effects. The richness of the
model allows many elements of physical and social reality to be explored, but
there is little empirical evidence to validate all the features of the model (Heck-
bert, 2013)). The calibration, verification and validation of ABMs are trouble-
some, and insights into the real system are not straightforward (Crooks et al.|
2008). Ideally, the complexity of a model should rise in proportion to gains in
explanatory power. It is not clear if ABMs offer the best balance in this regard
when considering the Maya society, and given the sparsity and uncertainty of
empirical data, we prefer a more parsimonious modelling framework.

None of the studies mentioned above perform an explicit comparison to his-

torical data; hence, our discussion is based on our own independent comparison
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between the model output presented in the articles and the data from |Folan
et al.| (2000). The model we propose is specified as a dynamical system. As we
have seen, early models of this type (Hosler et al., [1977) did not match known
demographic developments from the archaeological record. More recent models
(Buenol, |2011} [Kuil et al., [2016) agree to a good extent with data on overall
population trends over time. However, they all show a sensitivity to changes in
parameters that precludes robust prediction making. Furthermore, they do not
address the issue of monument construction, which could prove important in
constraining model dynamics. In contrast to previous approaches, we explicitly
compare our model output with the archaeological record for population growth
(Folan et al.l2000) and monument construction (Erickson,|1973)) and find a very
good fit to data. Furthermore, we show that the collapse can be understood to
be driven by a supercritical Hopf bifurcation and we provide a comprehensive
sensitivity analysis which shows that the modelling outcomes are robust under

changes in parameters.

3. Quantifying Maya society and environment

We provide a concise model of Maya society and their human-environment
interaction. We capture portions of the population engaged in mainly agricul-
tural and monument building activities, undertaken within a representative site
of 1000 km?(~ 32 x 32 km?) of agriculturally productive land.

The model consists of the set of ordinary differential equations . Table
lists all the parameters of the model and their values. We divide the population
into three occupations: workers in swidden agriculture zg, intensive agriculture
z; and monument building x,. The environment is modelled simply as one stock,
namely the food production capacity of the land, labelled y, and the number of
monuments built in the region is 2. At least 70% of the Maya population was
involved in agriculture (Diamond, [2005)). Given the scope of the model, this is
the part of the population of highest interest because the agricultural activity

and related practices likely had the largest impact on the environment (Turner,



1974; Webster, [2002)).
Beyond agriculture/Becker] (1973|) identifies six specialisations of the Classic
Maya at Tikal, four of which are directly related to stone work (or likely so) and
25 the other two are woodworking and pottery. Hence, by considering agricultural
and monument related practices we cover most of the activities the Maya were
involved in.
We do not try to capture the administrative, military or artisan aspects of
the society. Compared with the segments of the population we do include, these
20 occupations made up a much smaller part of the demography. Assuming that
the environmental impact of the people in these professions derived mainly from
food requirements, the model can easily be extended to account for these parts
of the population, though their roles would otherwise remain inert within the
model’s scope. The above considerations can be taken as forming the model’s
»s  boundary, and while they do limit the internal dynamics of the model, the
choice of boundary is informed by the data we have and the time series we aim
to explain/reproduce.

Concretely, the dynamical model we propose is given by
iy =[(1=7)+7ps)Bnz — fn %z, + o[(1 — O(n))xy, — O(n)z,)
T = Tpifnz — fn0x;
i, = —Bn =%y — o[(L — 0(m))ay — O(n)a,] (1)
g =wry(l —y/(wK)) — sdnz
z =bxy, —mz

where x,n, and 6(n) are given by:

rT=xs+x; +xp
Ts + ax;

_ _ oY/ (wicK)
n_wtstrxHrzb(l e ) (2)
1
0(’)7,) = 1+ e—2k(n—ny)

Above, x represents the total size of the population, n is the food avail-

able per capita and 6(n) is a smooth approximation of the step function (k =
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1.5,np = 2), where n;, parameterises the required minimum food availability for
people to change their activity towards monument building and k controls the
steepness of the step function 6(n).

The model can be interpreted as follows: People are born into certain agri-
cultural specialisations, determined by fractions given by ps and p;. They then
harvest resources at a rate specific to their specialisation, i.e. proportional to s
for swidden or as for intensive agriculture. The harvested amount provides food
which, if in surplus, positively affects the population growth rate. If the harvest
is insufficient to meet basic requirements per capita, then the population will
start to decrease. Left alone, the land’s productive capacity regenerates within
a characteristic time of 1/r ~ 22 years, but a given patch can only be harvested
up to 7 consecutive years using intensive practices before crop failure.

Thus, there exists a negative feedback loop between population and envi-
ronment, reflecting a Malthusian mechanism. A higher availability of resources
leads to higher population, which leads to a more rapid depletion of the resource
base that later impacts the growth rate of the population. As we will see, due
to land overuse, an increase in the number of workers in intensive agriculture
leads to a loss of production capacity in the long term, and subsequently to a
demographic decline.

If the food available per capita is high, then a part of the swidden workers
move into monument construction. Monuments are built in proportion to the
number of builders available, but they also decay slowly in time. If the harvest
has poor yield, builders go back to practicing agriculture to compensate. Thus,
a higher agricultural yield leads to a higher population and to a higher rate of
monument building. The building of monuments does not have a direct effect
on the population within the scope of our model.

We next outline the features of the model more precisely. The first three
equations of model dictate the population dynamics. The  parameter sets
the scale for the first two terms, which represent the natality (birth and death)
rates. The first term in each of these equations represents the crude birth rate,

which we assume is proportional to: the total population z, the available food

10



Type Symbol Meaning Values
B Natality scale factor 0.0014
) Death rate exponent 0.08
Population Prevalence (popularity) of
Ds 1or0.27
parameters swidden agriculture
Prevalence (popularity) of
Di (pop ¥) 0or 0.73
intensive agriculture
tr Year of transition 550
T Transition switch Oorl
r Land recovery rate (1/yr) 0.045
K Maximum available land (ha) 100,000
c Threshold fraction of land 0.2
Resource - — -
wy Relative precipitation at time ¢ 1+0.5
parameters -
d Land depletion rate 0.007
Relative productivity of
o 20
intensive agriculture
s Swidden productivity (ha/pers/yr) 0.5
tp Year when precipitation changes 800
b Builder productivity (monum/pers/yr) | 0.00006
m Monument decay rate (1/yr) 0.00015
Monument
o Diffusion coefficient (1/yr) 0.1
parameters
k Step function stepness 1.5
Minimum food availability for 9
np
monument building

Table 1: Parameters for the Maya model 4 The values of § and K set the scales in
the model and are chosen to simplify presentation and analysis; r, «, s are set to match values
from the literature (Turner}|1976), and similarly for w¢, tp (Haug et al.,[2003} [Medina-Elizalde
et al.|[2010; Medina-Elizalde and Rohling} |2012)). Other parameters are subject to constraints:
literature on soil management suggests a lower bound for 1/rd of 7 (USDA Survey, pp. 20-
21), the parameter c signals scarcity of food, so we expect it to be below 40%, the diffusion
coefficient o has at most a value of 1 and monument building would not occur if food per
capita would not be sufficiently high, so we estimate ng > 2. The values of d,c,o and ny
were chosen to satisfy the constraints but also numerically optimised. The parameters 6, b, k

are determined solely by numerical optimisation, see Appendix E} The parameters p;,tr are

optimised but also consistent with values in the literature, see section

11
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per capita n and the parameters ps, p;, which represent the proportion of each
new generation that go into the respective occupations. Birth rates are often
assumed in the literature to be proportional to the present population (Turchin,
2003al) and also to be monotonically increasing functions of the food per capita
(Anderies| [1998; Motesharrei et al., 2014). The parameters p; and p; (which
add up to 1) can be interpreted as the prevalence (or popularity) of swidden
and intensive agricultural activities in the society.

In addition to these more conventional aspects, the birth rates feature the
binary 7 parameter, which is either set to 0 (before the onset of intensive agri-
culture) or to 1 (after the onset) and thus models a rapid change in the ps, p;
parameters; see section [4] for more details.

The next term in the equations for the population dynamics is the death
rate, which is also assumed to be proportional to population size. A natural
candidate for the death rate’s dependence on food availability is n~%; this is
because if there was no food, the population would quickly decline to zero,
which means the death rate would grow very large (or even diverge) as n — 0.
For example, a death rate proportional to n~! has been previously used in the
World2 model by [Forrester| (1971)).

The last term in the population equations is a diffusion term that models
movement of people between two different specialisations: swidden agriculture
and monument building. We assume that monument building will only take
place if surplus production exists to support it. Specifically, if the food avail-
ability is high (n > n; = 2) then enough surplus production exists to support
non-agriculturally related activities and a shift of work from purely subsistence
based agriculture to monument building is modelled via the diffusion terms in
Eq. . Once n > ny, then (n) ~ 1 and people move (diffuse) from practicing
swidden agriculture to building monuments. If n < np, then #(n) ~ 0 then the
opposite effect occurs. The o parameter, which represents the diffusion coef-
ficient, has an upper bound of 1 as we cannot have a population flow of over
100% within a year. We use a value of o of 0.1 as determined by numerical

optimisation (see section [4), implying that 10% of the population in a given

12
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specialisation changes to a different occupation within a year conditioned on
the availability of food (as discussed above).

The movement between specialisations typically takes place much more rapidly
(or on a shorter timescale) then the demographic growth of each specialisation.
This has led us to make two simplifying assumptions in the model. First, the
equation for x;, does not feature a birth rate term, and second, there is no move-
ment (via diffusion) to intensive agriculture. Regarding the first simplification,
it is possible to set the prevalence parameter of monument building activity
to zero and not significantly affect the model dynamics. The birth rate term
for the xp variable (number of builders) would be dominated by the diffusion
dynamics. Because of this, we chose to eliminate one parameter (the prevalence
of monument building) and set it to zero. The second simplification is justified
because the movement to intensive agriculture requires a large initial investment
to be undertaken (allocation of land, building of terraces etc.). Therefore, it is
unlikely that intensive practices can be picked up quickly. Due to sunk-costs
effects (Janssen et all [2003), once such a large investment is made, it is unlikely
that the activity will be immediately abandoned for alternatives. Hence, we de-
cided not to implement a diffusion mechanism towards or away from intensive
agriculture.

The fourth equation of models the resource dynamics. The first term
follows the usual logistic dynamics and describes how resources recover over
time while the second term captures the harvesting activity of the population.
The production capacity y is a renewable resource that regenerates with a char-
acteristic timescale of 1/r = 22 years, which is consistent with the typical time
between harvests in swidden agriculture (Turner) [1976]). Left unexploited, re-
sources will return to their maximum values within a matter of decades. This
is likely what also happened in reality after the collapse, with the Maya envi-
ronment today in good condition (Turner and Sabloff, [2012).

The Maya employed a wide range of agricultural techniques (Turner, [1974])
and we do not attempt to capture the full complexity of their endeavours. The

work of [Turner| (1976]) suggests that agricultural practices are polarised into

13
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two categories, with short (up to two years) and long (1-2 decades) cycles.
Thus, for simplicity, we distinguish two categories: swidden agriculture with
a full harvesting cycle of 20 years and intensive practices with a cycle of 1
year. Intensive practice is not equated to short-fallow swidden agriculture, but
represents an aggregated activity of the diverse types of methods that were
used. The average amount of land per year that a person requires to fulfil
their caloric needs is 0.5 hectares (Turner} [1976). Hence, we can measure the
food production capacity of the land y in hectares and set its initial value to
K = 100,000 hectares, which is the size of the region we are modelling.

In the presence of a human population, the production capacity y decreases
in proportion to the number of agricultural workers and their productivity.
We take the productivity per capita of swidden agriculture to be s = 0.5
ha/yr/pers., which is the minimum value it can have to meet subsistence needs.
For intensive agriculture, the harvest takes place annually, which is reflected in
the model by assigning a productivity that is @ = 20 times higher than that
for swidden practice. The depletion parameter d is chosen such that the av-
erage number of consecutive times a piece of land can be re-harvested until
it is completely depleted by intensive practices is 1/(ad) ~ 7 times. Soils of
high productivity and less prone to erosion than the ones found in the Yucatan
peninsula can be re-harvested for a maximum of 7 consecutive years, while still
giving good yields (USDA Survey, pp. 20-21). Our choice of d thus reflects an
optimistic lower bound on depletion rates of the Maya environment. |Wilk| (1997,
p. 84) highlights the fact that even with good soil quality, such as enjoyed by
the Mopan community of San Antonio, serious problems start to emerge once
fallow cycles are shortened to five years or less. Depletion in our case refers only
to the amount of food that can be produced (e.g., crops that can be harvested)
and does not strictly refer to the state of the soil. Soil depletion varies widely
throughout the Lowlands (Beach and Dunning} [2006) and its variation is too
complex of an issue to capture in such a simple model.

When production capacity y is high, the resource extracted per worker is

roughly constant (but depends on the type of agricultural activity). This as-

14
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sumption has been previously used in models of Easter Island (Basener and
Ross, 2004; Basener et al., |2008) and warfare dynamics (Turchin, 2009). Never-
theless, once the production capacity of the land decreases below the threshold
of ¢ = 20% of the maximum K, productive land becomes increasingly sparse,
which leads to a decrease in food production per capita. This dynamic is imple-
mented through the exponential term in the definition of the food availability
per capita n, see equations . When y — 0, the extraction term of nat-
ural resources becomes, to first order, a predator-prey term as found in the
Lotka-Volterra model (i.e., type I functional response). Because the ¢ parame-
ter signals scarcity of food, we expect it to be below 40% and through numerical
optimisation the value ¢ = 20% was determined.

A particular feature of the resource dynamics is the effect of precipitation.
The absolute levels of rainfall are not relevant to the model; what is important
is only how the relative variation of the amount of water impacts the different
parameters in the model. There are three aspects directly related to rainfall:
(i) the rate of resource regeneration r, (i) the maximum amount of productive
land K and (iii) the extraction term of natural/agricultural resources. Reduc-
tions in the amount of available water will reduce the rate of regeneration of the
environment, only allowing for recovery to a smaller carrying capacity and also
impede efforts to exploit it. The proposed model accounts for all three effects.
For simplicity, we assumed the effects to be linearly proportional to wy, which
is the relative amount of precipitation at time ¢. Thus, normal precipitation
conditions correspond to w; = 1. Deviations from this assumption are explored
in Appendix [B] Fig. [B.I{e). Different areas of the Lowlands were subject to
different exogenous factors, which, besides precipitation, also include volcanic
ash (Tankersley et al., [2011). The effect of an exogenous contribution to en-
vironmental recovery, such as volcanic ash, can be incorporated in the model
a similar way to precipitation. We can thus interpret the precipitation scaling
factor wy as an aggregate of external effects on resource recovery and use.

For clarity, the variable y is interpreted as the agricultural production ca-

pacity of the land, but the logistic equation for the growth of y only represents

15
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the dynamics of a renewable resource, which could equally represent forest re-
sources. Also, the terms of the model dictating resource exploitation are not
univocal in regard to their interpretation. Strictly, we can only say that we
distinguish between low intensity and high intensity resource extraction. For
concreteness, we associated the low intensity activity with swidden agriculture
and the high intensity activity with intensive agriculture. The factor of a = 20
between the intensities of the extraction activities is taken to match the relative
difference between annual harvesting and swidden practice, but this might be
seen as only one instance of a wider variety of low and high impact environmental
activity. Thus, the variable y can more generally be interpreted as an aggregate
of renewable resources, which can include output of agriculture, forestry and
fishing. Then, the extraction activity can be seen as the exploitation of a set
of resources, which has a positive effect on birth rates. As food security stud-
ies on modern agricultural Amazonian societies (Ivanova, [2010; [Piperata et al.|
2011)) explain, the primary source of energy (caloric intake) is from agricultural
products. Dietary diversity increases the nutritional content of an individual’s
intake, but does not contribute greatly to the overall caloric quantity. Because
of this, and the important role energy has in societal development, we emphasise
this agricultural interpretation of the stocks and parameters.

The last equation of describes the dynamics underlying monument build-
ing. Monuments are constructed at a rate proportional to the number of
builders. The productivity b of a builder is chosen such that 1000 people work-
ing for ~ 17 years would build on average one medium-sized monument. The
monuments decay at a rate m = 0.00015, which implies a half-life of approxi-
mately 5000 years. The half-life is estimated based on observed weathering rates
of 0.2 millimeters per century for Maya buildings of the Uxmal site in Yucatan
(Roussel and André, [2013) and the assumption that a cumulated weathering of
~ 1 centimeter would compromise the structural integrity of a monument. In
addition to our proposed equation for monument building, we have also consid-
ered another option that implements a minimum threshold of workers required

to start construction, with increasing returns to scale. But, the output of the
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model does not change significantly, see Appendix [A]

The model omits several features of the Maya society amenable to dynamical
system modelling, e.g., war (Webster], 2000; [Martin and Grubel [1995), water
management (Lucero et al.,[2011]), and finer details of agricultural intensification
(Johnston, [2003). The time period we model covers over 1000 years, so we strive
to capture feedback mechanisms persisting over the longest timescales. Our
assumptions prove sufficient for the model to reproduce historical patterns and
so, the simplified treatment can be justified in the interest of parsimony.

The above specifications outline the model’s main assumptions and dynam-
ics. While they likely leave out some aspects of the real world’s complexity,
it is important to start from the simplest formulation that remains faithful to
reality, namely one that captures the elements at play in long-term feedback

and that also proves sufficient at explaining the data.

4. Methodology and results

We search for a calibration of the model proposed in section 3] that can give a
good match to empirical data. More specifically, we determine the parameters
that minimise the deviation of the model output with respect to the empiri-
cal time series for the population levels, birth rates (Folan et al.l 2000), and
monument building rates (Erickson, |1973). Depending on the model structure,
deviations will not necessarily be small, hence, even with a optimal choice of
parameter values the actual fit to the historical time series might be very poor.
Also, even if the fit to the time series is excellent, there is no certainty that
the numerically optimised parameters are realistic or match archaeologically
determined values. Thus, we can validate the model by comparing the optimal
parameter values with archaeological estimates as well as performing sensitivity
testing. Thus, if the model predictions fit the empirical data well, with results
largely insensitive to changes in parameters, and if parameter choices are con-
sistent with archaeological estimates, then we can conclude that that proposed

model is partially validated and is a viable theory for the historical processes it
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aims to capture.

More specifically, we aim to reproduce the historical evolution of: (i) the
crude growth rates and population levels reconstructed by [Folan et al.| (2000)
from|Santley| (1990), and (ii) the data on monument building rates from |Erickson
(1973). We refer to the time series in the data as reference modes. The scope of
the model is dictated by the reference modes we wish to reproduce. Thus, the
temporal limits are set between 0-1400 CE with regard to population dynamics,
while for the monument building activity we focus on the time span between
400-900 CE (when most monuments are dated).

We can see in the time series of [Folan et al.| (2000) that the demographic
evolution at many sites followed a similar pattern. Thus, instead of focusing
on one specific region, we aimed at developing an abstract model that captures
demographic commonalities of several regions. The dynamical system model
(1) we propose is intended to capture this prototypical dynamics that occurred
in different regions. The reference mode for the population in Fig. b) was
generated using the reference mode for the overall crude growth rate observed
in the south-central Maya lowlands in Fig. [2f(a) (Folan et all 2000, p. 13)
and matches well to population development seen at Tikal and Calakmul (Folan
et al., 2000, p. 12).

When analysing the data for the crude growth rate, see Fig. a) (solid
line), we can distinguish two regimes: an early regime where the birth rate
was decreasing, indicating convergence towards an equilibrium (a sustainable
outcome); and a later boom-bust regime, when the birth rate increased dramat-
ically and subsequently crashed. We take the initial conditions such that the
total population is 10,000, and the Maya had 90% of the population working in
swidden agriculture and 10% in intensive agriculture. We assume that initially,
because food requirements were met and intensive agriculture meant more ef-
fort, no new people would go into intensive practices, which means p; = 0 and
the extent of those activities was gradually declining. This leads to an initial
decrease in the available food per capita and hence also of the birth rates, which

corresponds to the first regime in the reference mode of Figs. 2] (a), (b). If this
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pattern had continued we would see only a modest rise in the population lev-
els of the Classic Maya, see Fig. [2(b) (dotted line). Hence, we assume that
the transition between the two regimes corresponds to a change in the occupa-
tions and agricultural practices of the society. Thus, from a certain time (t7) a
fraction (p;) of each new generation starts practicing intensive agriculture.

We can numerically determine the optimal values of t7 and p; that minimises
the deviation of the model output from the historical data. We measure the
deviation of model output from historical data as follows. Let x = x5 + z; + xp
be the total population, and let z,.s be the total population of the reference
mode of Fig. b). We define the following distance function to determine how
far apart the total population from the model output is from the reference mode

for the population (where T' = 1340 years):

D(xwxref) = fO |517(;) — xref(t”dt (3)

Jo Tres(t)dt
The distance is the L, metric divided by the area under the reference

mode. The numerator of measures the sum of all the areas where the curves
of the model output and the reference mode differ. So, if D(x,z,ef) = 0, we
would see a perfect fit between model predictions and historical data. A distance
function similar to can be defined between the building rate of monuments
and the reference mode in Fig. [3{(a).

If we vary p; by a factor of two above and below the entry in Table [I] and
similarly vary t7 in the range of 350 — 750 CE, and then plot the distances from
the reference modes for the population levels and monument building rates, we
obtain the contour plots visualised in Figs. [I{a), (b). We see that the parameter
values in Table [1} namely ¢t = 550 and p; = 73%, achieve a global minimum
for the distance of the model output from both the population levels at ~ 10%
and monument building rates at ~ 15%. All other neighbouring values show an
increased deviation from either the population or monument data.

Hence, historical data cannot be reproduced, unless a change in agricul-
tural preferences around the year tr = 550 CE is assumed (which we model by

changing the parameter 7 from 0 to 1).
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Thus, to explain the sudden rise in birth rates, assumptions about a dramatic

change of the prevalence (or popularity) of intensive agricultural practices are

required. This

is reflected in the model by a shift of the initial prevalences
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(ps,pi) = (1,0) to (0.27,0.73) from the year 550 CE onwards; by attracting a
larger share of new workers, intensive agriculture gradually became more widely
used to the detriment of swidden practice. This leads to an increase in food
production, which allows for an increase in the population.

With the optimal values for ¢ and p;, the model reproduces the population
levels and (relative) crude growth rates very well, as seen in Figs. 2f(a), (b). The
maximum population density reached is around 100/ km?, which is consistent
with the estimates of (Turner, |1974). In addition to good agreement with the
population reference modes, the model is also in good agreement with the data
on monument building rates from [Erickson| (1973)), especially in the time range
of 600-850 CE, shown in Fig. b). Moreover, the final density of monuments
obtained in the model is consistent with the observed density in areas such as
Tikal, see Fig. [3(b).

Furthermore, the values we obtain for p; and t7 are consistent with the
literature on the Maya. We know that at least 70% of the Maya were involved in
agricultural production (Diamond} 2005]), which is consistent with our estimate
of p; of 73%. The agreement between our result p; = 73% and Diamond| (2005)’s
estimate can be attributed to the fact that intensive agricultural techniques are
more likely to have a lasting environmental impact (Turner} [1974), and hence
any estimate of the farming population is more likely to be more representative
of the fraction involved in intensive practices. The year ¢ = 550 corresponds
to the start of the Late Classic period according to [Lucero| (1999} p. 212) and
Estrada-Belli| (2010, p. 3).

The change in the prevalence of activities (ps, p;) during the transition leads
to changes in the population stocks, as Fig. (a) shows. A much larger fraction
of the population becomes involved in intensive agriculture, reaching 63%, while
the fraction practising swidden falls to 37%, see Fig. b). The final fractions
shown in Fig. b) approach the prevalence parameters pg, p;.
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Figure 2: Model predictions for (a) relative crude growth rates and (b) total population
when precipitation is: normal (dashed line), enhanced by 50% (triangles) and reduced by 50%
(inverted triangles). The standard output in (a) is fitted to the historical reference (continuous
line) for crude growth rates from Fig. 1.3 of (Folan et al., |2000, p. 13), reconstructed from
(Santley, {1990, p. 343). The population reference (continuous line) in (b) is generated from
the crude growth rates in (a). Population levels are similar to those seen at Tikal and Calakmul
from Fig. 1.2 of (Folan et al., [2000, p. 12), reconstructed from (Santley} 1990, p. 342). For

comparison we also show the (simulated) case under the assumption of no shift in agricultural
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In the long term, the fraction of the population in intensive agriculture does

equilibrate to the value of the popularity p;, as the following calculation shows:
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dt (a:+x+acb> O T m htEiEm mtmim D
(4)

The approximate values we obtain in Fig. (b) are due to the transient
nature of the dynamics. Hence, it is reasonable to compare p; with the fraction
of the population involved in intensive practices.

In Appendix [A] we vary the prevalence parameter p; and relativity produc-
tivity of intensive agriculture o to see how the behaviour of the model changes.
When o ~ 1, all the stocks in the model equilibrate to stationary values, which
is in line with what we would expect for a society with low, sustainable har-
vesting rates of swidden agriculture (Nigh and Diemont, |2013). If « exceeds
a certain threshold, the system undergoes a critical transition that leads
to large oscillations in the population levels. Phrased more generally, when the
harvesting rate increases beyond a certain point a (Hopf) bifurcation takes place
that leads to large amplitude oscillations in the system. A similar conclusion
has been reached for another model of a society that has collapsed, namely
Easter Island (Roman et al., [2017)). The findings here lend support to a more
general thesis that societal collapse can be modelled as a certain type of critical
transition (supercritical Hopf bifurcation).

A detailed mathematical treatment of the critical transition for a simplified
version (without specialisations or monument building) of model is also
presented in Appendix [A] and exhibits very similar behaviour to the complete
model when varying the o parameter.

In Appendix [Bl we use the distance function for the population and a
similarly defined function for the monument building rates to perform a thor-
ough sensitivity analysis for the key parameters in the model, namely all the
parameters except # and K (which set the scales in the model). What we find
is that with respect to the deviation from the reference modes for the popu-
lation levels and monument building rates, the model (with the parameters in

Table |1)) lies at a minimum in the subspace of population and resource related
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parameters (0,7, ¢,d, o, w;) and close to a minimum in the subspace of monu-
ment related parameters (o, b, k, np). The sensitivity analysis also indicates that
similar output is obtained for a range of parameters around the standard val-
ues in Table (I} For changes in the parameters d, 7, ¢, d, a and water availability
wy, the deviation from the minimum is gradual and quasi-parabolic, while for
0, b, k, ny, the shallowness of the optima also indicates robustness of the findings
to parameter changes.

Furthermore, the optimal values of several important parameters in the
model show good agreement of the values with the literature, as is the case
with p;, tr, a,d. The fact that the model reproduces empirical time series well
with optimal parameter values that are consistent with the real measurements
indicates that the model structure and the choice of parameter values is viable.
Therefore, model is partially validated.

Model also allows us to study the impact of changes in precipitation.
A reduction (—50%) (Medina-Elizalde et al., [2010) or increase (+50%) in the
available amount of water starting from the year tp = 800 (Haug et al., [2003;
Medina-Elizalde and Rohling), 2012)) does not impact the population levels to
a large extent. As detailed in section [3] we have assumed that precipitation
directly affects the parameters » and K and the food available per capita n. If
a smaller set of possible effects that precipitation can have is considered, then
the model output is largely unchanged compared to Figs. a), (b). Strictly
speaking, a time lag should be included for the impact of precipitation, but
we observe that lags (even up to a few years) have little effect on the system
trajectory, and we have left them out for simplicity’s sake.

It is important to note that in the sensitivity analysis in Appendix [B] Fig.
e)7 we vary the amount of precipitation w; throughout the entire time span
of the model such that we take the year that precipitation changes to be tp =
0. If we consider any other starting time ¢p for the precipitation change, the
deviation in the model output from the reference mode would be comparable
or smaller than that shown in Fig. [B.1je). Hence, irrespective of when the

precipitation level changes (e.g., drought occurs), we expect to see either similar
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results to those discussed above or a larger deviation from the reference mode.
In formulating the model we have not addressed the issue property rights.
p. 87-88 ) states that when population density in low, common
access is favoured while, when the density is high, private property emerges
as the dominant institution. Thus, the population pressure determines the
assignment of property rights. Our model then suggests that prior to 550 CE
common access was likely used and after, once the population grew, that private
land become widespread. As such, property rights emerge from the output of
our model and do not have to be explicitly considered in its formulation, which
is in contrast to previous literature on the topic that considers it a foundational
issue (Anderies, 2000; Reuveny and Decker, 2000; Dalton and Coats|, [2000)).
While we have assumed that, based on data of [Folan et al.| (2000)), many

Maya regions had similar population trajectories, there was, nevertheless, varia-

tion in demographic, geographic and cultural elements occurring both spatially

and temporally throughout the many regions (Aimers, |2007; Iannone, 2013).

This also leads to asynchronous development and decline of the societies in the

different areas (Wahl et al| [2007). For example, the Late Preclassic Maya in

the Mirador Basin built some of the largest Maya structures (Dunning et al.,

[2012; [Hansen et al) 2002). In addition to this, evidence of multiple inten-

sive agricultural systems has been found in several Maya regions (Dunning and]
2010)). Hence, certain sites show deviations from our modelling assump-

tions, and hence, also from the model output. Note that our main goal was to
reproduce aggregate patterns and that a more integrated multi-regional model
would require verification against substantially more fine-grained temporal data

of regional interactions (such as trade, warfare etc.).

5. Discussion and conclusion

In this study, we present a low dimensional model with the aim of describing
the evolution of population sizes, farming activities and monument building of

the Classic Maya society. What insights do we gain? First, we show that a low
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dimensional models can indeed robustly reproduce demographic and monument
building data. To the best of our knowledge, this is the first model of its type
that has been validated by direct comparison with historical data and it is
worth emphasizing that reproduction of the historical data is possible using a
low dimensional model that only captures the most basic feedbacks between
population, resources, and monument building activities. More generally, our
modelling exercise suggests that, instead of building very detailed models that
incorporate complex explanations of collapse, a better methodological practice
is to attempt a simpler explanation or model as we have done here.

Second, the model indicates that a change in the practice of intensive agri-
culture in the Maya society around the year 550 CE is an important contributing
factor to the collapse. It is important to note that our model formulation allows
for a change in agricultural practices. However, the precise location of this shift
in time is a direct result of optimization and shows that (within the scope of
this class of low dimensional models) reproducing demographic and monument
building dynamics is only possible if such a shift occurred at 550 CE. The year
550 CE is around the beginning of the Late Classic (Lucerol [1999; Estrada-Belli,
2010), a period which saw unprecedented expansion of the Maya, not only de-
mographically, but also culturally. The model thus provides a mechanism by
which this Golden Age and its later collapse can be explained.

The shift to intensive agriculture does not mean that the Maya forfeited their
knowledge of environmental management, as most areas continued to adapt to
their local conditions by using different techniques (Dunning and Beachl, |2003]),
but a change large enough to forgo the established equilibrium is likely to have
taken place. Why would this occur? Most individuals would not typically pursue
intensive forms of agriculture (Russell, [1988]), despite being more productive,
due to its taxing and time consuming nature (Boserup),/1965)). Additional drivers
are needed for the activity to become commonplace. We can only speculate on
the likely reasons: (i) governing policy (e.g., in case of war), (ii) higher real
or perceived degree of wealth in neighbouring regions, (iii) trading benefits and

(iv) ideological (religious, political etc.) determinants, of similar nature to those
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described by (1992).

Third, the model brings into question the role drought played in the collapse.
Drought is often named as the cause or a major contributing factor of the

Maya collapse with recent estimates indicating up to a 40 — 50% reduction in

annual precipitation (Medina-Elizalde et al.,|2010; Medina-Elizalde and Rohling]
2012)). Our results indicate that a 50% reduction in rainfall does not significantly

alter the outcome of the simulation with respect to the population levels, see
Fig. b). What the model is showing is that the land’s production capacity
might have already been severely exhausted and a reduction in crops might have
been unavoidable even in the absence of drought. A fall in crop production is
consistent with evidence from skeletal remains that show signs of progressive

nutritional disease (Folan and Hyde, [1985; [Sharer and Traxler} [2006]), while at

the same time, there are no mass graves discovered that might indicate large

scale epidemics or warfare (Folan et al., 2000). Our research cannot be taken

as proof, but it does suggest that drought, though important, played a smaller
role than previously thought (Hodell et all |[2001; Haug et al., 2003} |Gill et al.,
[2007; [Webster et all [2007; [Kennett et all, 2012} Douglas et al.| [2015)).

Lastly, from a mathematical perspective the shift to intensive agriculture
can be seen as a type of critical transition (a supercritical Hopf bifurcation).
Specifically, when the harvesting rate of natural resources exceeds a this thresh-
old, the dynamics of the system changes from a stationary state to a situation
where large amplitude oscillations in the population are experienced, resulting
in a collapse once the amplitude of the oscillations becomes too large and popu-
lation numbers become too low. This echoes a similar finding for Easter Island

(Roman et al. [2017).

The model developed in this study reproduces the general demographic trend

seen in many regions of the Lowlands (Folan et al., 2000)) by making minimum

assumptions regarding changes in agricultural practices. In addition, the model
predicts monument building rates that fit well with the time series of
(1973)). The model is initialised with the assumption that the society was in

a sustainable regime but changes to a much more resource intensive regime to
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explain the rapid demographic rise. The nature of the transition that the society
underwent is consistent with previous finding regarding the dynamics of societal
collapse (Roman et all |2017) and, thus, points to a more general mechanism
by which collapse can be understood, namely, as a type of critical transition
(supercritical Hopf bifurcation).

In addition, the methodology we employed could be adopted elsewhere and
provide similar insights for other historical cases. Our methodology in exploring
the parameter space led to a careful alignment of the model parameters with
empirical data that has not been achieved before and our sensitivity analysis
is more comprehensive than previous literature in this context. The behaviour
of the model under changes in parameters shows that it achieves a local min-
imum in parameter space while staying consistent with estimates provided in
the literature.

Prominent explanations of societal collapse throughout time often fall into
the trap of preferring one cause, where that cause reflects the current dominant
social problem or issue (Tainter} |2006)), e.g., climate change or environmental
degradation (Diamond) [2005). The case made for climatic variations leading to
the collapse of the Classic Maya is in line with modern climate change concerns
and highlights a common bias throughout time to single out current problems,
project them into the past to function as cautionary tales (Tainter, |2008). On
the other hand, if common lessons can be generalised from past cases of collapse,
as we have done in this and previous work (Roman et al.,[2017)), this can provide
a valuable insight into our present condition (Tainter, |1988).

We have not tried to single out any one cause for the collapse of the Classic
Maya but aimed at identifying a set of interlocking mechanisms that could spur
a positive feedback in population growth and monument building. Also, we do
not claim to have settled the long-standing problem of the Classic Maya collapse
but rather hope to re-balance the discussion regarding the role of drought and

socio-cultural factors.
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Figure A.1: Minimum and maximum values of the total population for the Maya model
when we vary (a) the relativity productivity « and (b) the fraction of people p; that work in
intensive agriculture. (c) is analogous to (a) but for the simplified system (A.I). (d) shows
the point where f(a) = 0 and the bifurcation in (¢) occurs. When varying a parameter all

other parameters are fixed at their standard value from Table E

Appendix

A. Analysis of critical transitions

Fig. shows the minimum and maximum population values that the
Maya model predicts in the long term. In Fig. |A.1a) we see that above
a certain productivity the of intensive agriculture the system shows a Hopf
bifurcation. In Fig. [A.1[b) a similar pattern is seen with respect to the fraction
of people p; working in intensive agriculture. In both case only the higher values
for a and p; are compatible with the archaeological record. To gain analytic
insight into system we first simplify it by considering only one specialisation

x for the population who extract resources y at a relativity productivity a:

i=Bn-—n"%z
. : (A1)
y=ry(l —y/(wK)) — sdnx
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where n is the normalised food per capita:
n = wa(l — e v/ (wek))y (A.2)

The equations (A.l) have two fixed points. One fixed point N is given by
(0,wK) and the other fixed point E is:

Te = 1Ye(1 = ye/(wK))/(sd)
1\ (A.3)

Ye = wcK log <1 — )
wo
We denote the Jacobian at the fixed points by Jy and Jg. By applying
the Routh-Hurwitz stability criterion to the characteristic polynomial of Jg we

find that the fixed E changes from a stable spiral to an unstable one when the

relative productivity a exceeds the value given by:

fla) =1+log (17 ﬁ) <1+20+wa+c(wal)log (1 w1a>> =0
(A.4)
In Fig. c) we see the maximum and minimum population determined by
(A.1). In Fig. [A.1|(d) the plot of the function f(«) defined in is shown. In
Fig. c) the bifurcation of the simplified system occurs when r, = 1.15,
which is also when f(a) =0, as Fig. [A.1{(d) shows.
In addition to the main model considered in the paper, we have also analysed
how a different formulation of monument construction. The following equation
implements a minimum threshold of workers required for efficient monument

building and describes the simplest form of increasing returns to scale:
z= bxbébmld(xb) —mz (A5)

where

1
Opui = A6
buitd(2) 1 + exp 2kpuitd(Touita — Tp) (8.6)

and Tpyq 1S the workforce threshold for monument construction to become

efficient. We consider that a realistic range for xp,4 is between 100 and 500
people. We find that as long as kpyq is large enough (above 5), then the value
of xpyizq does not change the output significantly and the the consistency with

the archaeological record is largely maintained, similar to Fig. a).
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B. Parameter sensitivity analysis

We refer to the model with the standard parameter values in Table|[l] as the
standard model and label quantities (parameters, population etc.) in this model
with a 0 subscript. Let zg be the total population in the standard model. In
Figs. (a)-(f) and (a)-(d) we vary all the key parameters in the model
by a factor of 2 below and above the standard values from Table|l| and plot the
two distance functions for the population level and building rate.

In Fig. [B:I|(a)-(f) the population and environmental parameters are varied.
We see that the minimum value for the population distance is D(xq, Tref) =~
10%, while for the building rate the distance is ~ 15%. Both minima are
achieved by the standard parameter values. When varying the parameters re-
lated to monument building in Fig. [B.2{(a)-(d), we see that total population level
is largely left unchanged. For the building rate, the minimum is achieved by the
standard values. The deviation from the minimum is gradual in all cases, and
so there is no sudden change in model behaviour under a change in parameter
values.

Figs. [B.1](a)-(f) and [B.2|(a)-(d) allows to conclude that standard model si-
multaneously minimises the distances from both reference modes with respect to
all the key parameters. The standard values of parameters r, wy, d, a, s, m were
chosen to be aligned as much as possible with the literature. Hence, the model
achieves a local minimum with values consistent with the literature (where avail-
able). This increases our confidence in the model’s validity. Why define the
distance function with respect to the population levels and not the birth
rates? The reference mode for the crude growth rate is discontinuous and likely
less accurate than the total population levels. In case of the monuments, the

building rate is sufficiently smooth and well known to define a distance function.
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Figure B.1: Sensitivity analysis performed by varying the key population and environment
parameters of the model with respect to the standard values (labeled with a 0 subscript) and
measuring the distance by the formula of the total population from the reference mode
(dotted line). Also plotted is the distance of the building rate predicted by the model to the
corresponding reference mode (solid line). The minimum distance from the reference mode
(indicated by the red diamond for the population) is achieved by the standard value of the
parameters from Table The parameter axis is logarithmic in base 2. In analysing changes in
water availability, see subfigure (e), we considered only constant functions w¢ = w throughout

the entire time range.
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Figure B.2: Sensitivity analysis performed by varying the key monument related parameters
of the model with respect to the standard values (labeled with a 0 subscript) and measuring
the distance by the formula of the total population from the reference mode. Also plotted
is the distance of the building rate predicted by the model to the corresponding reference

mode (solid line). The parameter axis is logarithmic in base 2.
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