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Abstract 
When an inertial actuator is used to control large amplitude vibrations of a structure, the proof mass will 
experience large displacements, which can lead to displacement saturation, resulting in large shocks to the 
structure. The collision between the proof mass and the end stops can generate potential damage to the 
structure, as well as the destabilisation of the feedback control system, hence reducing its performance and 
stability. In this paper, a state space formulation is derived for a two degree of freedom structure with two 
stroke limited inertial actuators controlled by localised velocity feedback loop, resulting in a four degree 
of freedom system. The time responses of the system are simulated for a step input and the eigenvalues of 
the closed-loop state matrix are evaluated to assess the stability of the system. It is shown that the 
nonlinear system becomes unstable for control gains lower than those able to destabilise the underlying 
linear system, since the instability in one loop will destabilise the other. 

1 Introduction 

Research and engineering development are requiring lightweight and flexible structures [1]. These 
structures become susceptible to large amplitudes of vibrations. Therefore, there is a rising demand for 
vibration control. A known method in reducing the structure’s vibration level is the velocity feedback 
control, which feeds back the velocity of the structure to a collocated force actuator, hence, increasing the 
damping of the structure [2]. Active control devices, such as electromechanical inertial (or proof mass) 
actuators, suit well for this task, and they have been well documented [3-8]. Figure 1 illustrates the cross 
section with the main parts of such a device, which comprises a magnetic proof mass, an electrical 
winding, a suspension and a casing. The current flowing through the coil generates the control force to the 
structure and is equal but in opposite direction to the reaction force on the proof mass [9, 10]. 

A problem in practical applications is the finite displacement between the end stops of the actuator’s 
casing, known as the stroke length, which limits the amount of force that the actuator is able to provide. If 
the proof mass is driven against one of the two end stops, the proof mass saturates in stroke and shocks are 
transmitted to the structure, consequently damage the structure. 

Early works in this field are [11-14], where the authors were concerned with both linear and nonlinear 
controllers so that the proof mass does not collide with its end stops for the purpose of damage prevention. 
A possible influence of stroke saturation for the system stability has been observed by Chase et al  [15]. 
The purpose of the controller was to stabilise an inherently unstable system. The issue of stroke saturation 
in terms of the stability of the closed-loop control system has been addressed by Baumann et al. [16] 
where a velocity feedback is used to control structural vibration. They described the instability of the 
system due to the in phase saturation’s shocks with the structure’s velocity, which results in a reduction of 
the overall damping of the system. More recently, Wilmshurst et al. [17, 18] examined in detail the 
stability issues due to the displacement saturation of an inertial actuator attached to a single degree-of-
freedom (SDoF) structure when using velocity feedback control, both theoretically and experimentally. 



 
Figure 1: A schematic of an inertial actuator in cross section 

They also proposed a control deactivation scheme [19], which is a simple on-off controller operating in a 
feedback control strategy with the purpose to stabilise the velocity feedback loop when stroke saturation 
has been detected. According to these studies, destabilisation of the velocity feedback controllers due to 
the displacement saturation of the proof mass is an ongoing problem. In particular, it has been observed 
experimentally that this problem affects mainly systems with multiple actuators and local velocity 
controllers. In this case, the instability in one loop leads to instability in all the other loops [16, 20]. This 
work concentrates on the modelling of a multi-input-multi-output (MIMO) inherently stable system 
controlled by two stroke limited inertial actuators using local velocity feedback loops. It is shown that 
even for small control gains, which causes one actuator to saturate, the whole system becomes unstable, as 
the instability of one loop induces the instability of the other one as well. 

In this paper, we examine a nonlinear lumped parameter model of two stroke limited inertial actuators on a 
structure modelled as a two degree-of-freedom system presented in section 2. The nonlinearity is due to 
the finite stroke length, which is considered as a nonlinear stiffness. The electromechanical actuation 
generates a secondary force, which is proportional to the local velocity of the structure. The stability of the 
system is then investigated in section 3, where the time series of the response to a step input force are 
presented and the eigenvalues of the closed loop system matrix are calculated and compared with those of 
a linear model, which does not take into account the stroke saturation. 

2 The nonlinear lumped parameter model 

The nonlinear lumped parameter model is shown in Figure 2. It comprises a two degree-of-freedom 
structure with two actuators. Each actuator is attached to a single mass and the two masses are connected 
each other by a coupling spring. In practice, the two degree-of-freedom system would represent the first 
two modes of a real structure. As displayed in Figure 2, the structural masses  and  are connected 
to a ground reference via the lumped stiffness parameters ,  and damping parameters , . They 
are also coupled together via the stiffness and damping , . The external forces 	and	  act 
between the ground reference and the structural masses. As shown in the same figure, it is assumed that 
the two actuators have the same mechanical properties. The two actuator proof masses,  are connected 
to the structural masses via their suspension stiffness and damping parameters, ,  and  
respectively, where ,  is the nonlinear stiffness that is dependent on the relative displacement of 
each proof mass and the structural mass , . This nonlinear relationship allows the stroke saturation to 
be modelled as the suspension with a large stiffness when an end stop is reached. The control forces, due 
to the electromechanical transduction of the current into force in the actuator, act between the inertial 
masses and the structural masses 	and	 . 
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Figure 2: Two degree of freedom (DoF) system coupled with two nonlinear inertial actuators using a 

local velocity feedback controller 

The absolute displacement of the proof masses are defined as ,	  and those of the structural 
masses as ,	 . Hence, it is possible to define the relative displacement as, 

 ,  (1) 

Where 1,2. Before introducing the nonlinear stiffness, its associated nonlinear restoring force is 
defined. The restoring force  of a stroke saturating inertial actuator is assumed to be a piecewise 
linear function of the relative displacement as, 
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where  is the stiffness parameter associated with the proof mass suspension when the proof mass is in 
its linear range and  the stiffness of the overall model (impact stiffness plus suspension stiffness) for 
displacements that exceed the stroke length. The linear range of operation of the proof mass is defined to 
be between 	and	 . In this way, as the proof mass reaches the stroke limit, it becomes almost 
impossible to move any further, relative to the structure, by the large increase of the force required. The 
restoring force of equation (2) is also shown in Figure 3, where the piecewise linear restoring force is 
compared to a linear restoring force for a model that does not consider the displacement saturation. 

Equation (2) can be rewritten for a subsystem 1,2 as, 
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where equation (1) has been used and for simplicity the time dependence of the displacement have been 
omitted. Introducing the nonlinear stiffness  as, 

 ,
,
					  (4) 

equation (3) becomes: 

  (5) 

where the function ,  is defined as 1 for negative relative displacement, 1 for positive 
relative displacement and zero for none relative displacement. 



 
Figure 3: Restoring force nonlinearity due to the saturation of the stroke length (solid line), and its 

underlying linear model (dashed line) 

The equations of motion for the model represented in Figure 1 can be written as, 

 ,

																			

,

																			

,
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where the terms  and  are the secondary forces on the structural masses due to the direct 
velocity feedback loops, where  and  are the feedback gains. 

Rearranging the system of equations (6), considering equation (5) and introducing the state vector , 
which is defined as, 

  (7) 

the dynamics of the system can be expressed in a state space form, where the 	∀	 1, … ,8 are the state 
variables of the vector . The state space entire formulation is given in Appendix A, and is reported here 
in a compressed form, 

 			, (8) 

where  is the system matrix,  is the input matrix for the external forces ,  is the input matrix for 
the secondary forces , which are produced by the actuators. The output vector of the system  is 
defined to be the velocities of the two structural masses and it is related to the state vector  via the output 
equation, 

 		, (9) 

where  is the output matrix.  

The input vector  of the actuator forces under fixed gain and for local velocity feedback loops is defined 
to be, 
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where  is the diagonal matrix of the control gains, 

 0
0 			. (11) 

The state space form of equation (8) can be written as, 

  (12) 

the new system matrix  is given by, 

 			. (13) 

The block diagram of such a system is illustrated in Figure 4 and it reflects the state space form given in 
equation (8). 
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Figure 4: Block diagram of the state space form of equation (8) 

3 Stability 

For linear systems under a velocity feedback control of fixed gains, the stability is evaluated by plotting 
the generalized Nyquist of the open loop transfer function. Also the real part of the eigenvalues of the 
system matrix can define the stability of the system. Thus, taking the Laplace transform of equation (12) 
and setting initial condition to zero for the state vector, the following equation is obtained, 

 		, (14) 

which can be rewritten as, 

 		. (15) 

This can be seen as a classical eigenvalues eigenvector problem, where the eigenvalues of the matrix , 
defined by equation (13), are the poles of the closed-loop transfer function. The stability is ensured if the 
poles have negative real parts, so that the final state of the vector  is zero. The eigenvalues plot for the 
system described by the parameters given in Table 1 is shown in Figure 5(a) for control gains 

 that vary from 20	to	50. It should be noticed that such a plot is valid for the system acting in its linear 
range. Hence, it has been produced for a system matrix  that does not take into account the nonlinearity 
generated by the stroke saturation.  

  



 

Property Value 

 0.05	kg 
 2500	N/m 
 0.16	Ns/m 

 0.032	kg 
 100	N/m 
 1.3	Ns/m 

Force constant 1	N/A 
 10 	N/m 

 1.25	mm 
	 actuator  8.9	Hz 

, 	 structure  35.6 61.6	Hz 
, 	 connected	system  27.8 48.2	Hz 

 

Table 1: Table of model parameters 

The plot of Figure 5(a) shows that the closed-loop system has complex conjugate pair poles and real poles. 
For small control gains, all of the poles have negative values in their real part. However, the system is only 
conditionally stable, because a finite increase in the control gain will make some of the poles to have 
positive real parts. This is clearly explained in Figure 5(b), where only the real part of the closest poles to 
the origin are plotted against the control gain of the velocity feedback loop. This shows that instability will 
occur for control gain higher than 30. In practice, as the control gain is increased, the damping forces 
on the structural masses are increased, reducing instead the damping forces on the proof masses. 

(a) (b) 

Figure 5: (a) Eigenvalue loci of the closed-loop state matrix   of the linear system for several gain ; 
(b) real part of the eigenvalues of the closed loop state matrix  plotted against the velocity feedback 

control gains  

However, for the nonlinear system, which considers the finite stroke for the proof mass, the stability limits 
given by the linear analysis could be no longer true. In particular, the nonlinear system can reach the 
instability for smaller values of the control gain. This behaviour is observed for the step response of the 
system of Figure 2 for increasing gains. The time responses are simulated using MatLab’s ODE 45 solver 
with variable time steps. The input step is of unit amplitude and it is applied only to the mass one, in order 
to understand if any instability of the first loop caused by the stroke saturation can lead to the 
destabilisation of the second loop. Hence, no external forces are applied to the second mass. 
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The time series data are shown in Figure 6 and Figure 7, respectively, for the subsystem one and the 
subsystem two. 

 

Figure 6: Time series of the displacement responses of the first proof and structure masses without 
control (black solid line), with gain  10 (red dashed line), 15 (green dotted line), 18 (blue 

dash-dotted line) for a unit input step 

Subsystem one includes the first structural mass and the first actuator, while subsystem two includes the 
second structural mass and the second actuator. 

 
Figure 7: Time series of the displacement responses of the second proof and structure masses without 
control (black solid line), with control  10 (red dashed line), 15 (green dotted line), 18 

(blue dash-dotted line) for a unit input step 
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The simulated time is 0.5 seconds long. Figure 6 shows the absolute displacement of the first proof mass, 
the first structural mass and their relative displacement as a time response to the step input, for different 
values of the control gain. Figure 7 instead shows the simulated time series of the same variables for the 
second mass. In these two plots, the black solid line represents the response of the system to the step input 
without control, i.e. 0. Increasing the velocity feedback control gain to 10 (red dashed line), 
leads to a significant reduction of the vibration for both structural masses, at the expenses of increased 
vibration of the proof masses, without causing any stroke saturation. A higher value of the control gain, 

15 (green dotted line) implies the first actuator to hit one of its end stops and it imparts an impulsive 
force to the first structural mass, as can be seen in the time response of . However this behavior 
decays very rapidly. In this case the saturation of the first actuator does not cause any saturation of the 
second one, as can be seen from the green dotted line in the time series of Figure 7. Increasing the velocity 
feedback control gain slightly above the previous one, 18, the responses appear as the blue dashed-
dotted lines of Figure 6 and Figure 7. The larger value of the velocity feedback loop causes the first 
actuator to saturate several times and to impart several shocks to the first structural mass. This leads to a 
larger excitation also on the second feedback loop, causing stroke saturation in the second actuator as well. 
However, after few cycles the vibrations are damped, and all the displacement variables reach afinite 
value. 

 

Figure 8: Time series of the displacement responses of the first proof and structure masses without 
control (black solid line), with control 18 (blue dash-dotted line) and 20 (cyan solid line) 

for a unit input step 

An increase of the feedback control gain, 20, the system becomes unstable. This can be clearly seen 
in Figure 8 for the first subsystem and the same plot is obtained for the second one. The solid cyan line of 
Figure 8 represents the time series of the unstable system. Moreover, it shows that the stroke saturation 
phenomenon has a high frequency content in the relative displacement of the two masses, due to the large 
shocks. As it has been pointed out by Baumann et al. [16] for the SDoF structure, when the system goes to 
instability, the structural masses and proof masses oscillate at the same frequency, which also increases 
over time. The instability in the first loop will cause instability in the second velocity feedback loop, even 
if the control gain of the last one is significantly reduced. Indeed, as shown in Figure 9, for control gains 

20 and 1, the second proof mass is experiencing stroke saturation after a few cycles, causing 
the instability in the second velocity feedback loop again.  
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Figure 9: Time series of the displacement responses of the second proof and structure masses without 

control (black solid line), with control 18 (blue dash-dotted line) and 1 (cyan solid line) for 
a unit input step 

An indication about the stability of the closed-loop nonlinear system can be approximated for different 
values of the relative displacement in both two feedback loops, which affect the eigenvalues of the closed-
loop state matrix. Hence, in this case the closed-loop state matrix is dependent on the relative 
displacements ,  and so on the state vector. The state space form can be rewritten as, 

  (16) 

where  is the input matrix of the primary forces, which is the same as  (equation (A4)) without the 
last column.  is the input vector of the primary forces that is the same as  (equation (A5)) without the 
last row.  in equation (16) represents the open loop vector of the states. Equation (16) can be 
rewritten as, 

  (17) 

where the vector of the closed loop state equations  is defined as 

 , 		. (18) 

,  is the already defined closed-loop state matrix. Assuming identical control gains for the two 
velocity feedback control loops, , the real part of the eigenvalues of the state matrix 

,  can be calculated for different values of relative displacement ,  and ,  and for 
different control gains. The resulting plot is shown in Figure 10(a) for a control gain 30. For low 
values of the relative displacements, the system is still within its linear range, hence the plot of Figure 
10(a) shows a flat surface, which lies in the z-axis just below zero, consistently with the earlier 
considerations about the stability of the linear system and with the plot of Figure 5(b).  
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(a) (b) 

Figure 10: (a) Real part of the eigenvalue loci of the closed loop state matrix ,  of the nonlinear 
system for a fixed control gain  30 and for different values of the relative displacements between the 

structure and proof masses; (b) Real part of the eigenvalue loci of the closed loop state matrix ,  
of the nonlinear system for several control gains   and for similar values of the of the two relative 

displacements between the structure and proof masses 

There are two other interesting regions in Figure 10(a). One is where both the values of the relative 
displacements are above the stroke limit  and the other one is where one of the relative displacement is 
higher than the stroke limit and the other one is smaller. In the first region the real part of the eigenvalues 
of the state matrix become positive, indicating that if the stroke saturation occurs the system is subject to 
instability. The second case refers to a system that is characterized by a single actuator that experiences 
saturation and the other one operating in its linear range. As it has been seen before, if one actuators 
saturate in stroke, the other one also saturate, hence this part of the plot does not represent a possible 
situation. An interesting result is obtained considering similar values for the two relative displacements         

, ≅ , , which are shown in Figure 10(b) for different values of the control gain in terms of the real 
part of the eigenvalues of the state matrix. The plot shows how the same control gain can generate a 
sudden increase in the real part of the eigenvalues of the closed-loop state matrix when the proof masses 
reach the stroke limits. This is an indicator that stroke saturation is highly detrimental to the stability 
margin of the closed-loop control system. 

4 Conclusions 

This paper presents a model of an inherently stable multi-input multi-output system controlled by stroke 
limited inertial actuators in local velocity feedback loops. The state space formulation is derived and the 
stability of the underlying linear system is assessed by plotting the real part of the eigenvalues of the 
closed-loop state matrix. The step responses of the nonlinear system under increasing velocity feedback 
gains are then provided. A sufficient large control gain is able to saturate the displacement of one of the 
actuators, therefore the corresponding feedback control loop becomes unstable. The instability is then 
induced to the other loop, causing the displacement saturation of the other actuator. The eigenvalues of the 
nonlinear closed-loop state matrix has also been calculated for different combination of the relative 
displacements of the proof and structure masses. The results show that the control gains that cause 
instability for the nonlinear system are substantially smaller than gains that destabilise the underlying 
linear system. The system presented in this paper have the characteristic of well coupled structural masses; 
as a part of future work, different structural models could be considered, in order to understand the 
importance of the internal coupling in the destabilisation of the feedback loop. However, the problem of 
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the instability of the system shown by the simulation, which has also been observed experimentally using 
inertial actuators in velocity feedback, and its control is an ongoing research and can form the basis of the 
future work. 
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Appendix A 

The state space formulation of the system shown in Figure 2 and described by the set of equation of 
motion (6) is developed in this section. Rearranging the system of equations (6) and considering equation 
(5), the following set of equation is obtained: 

 

													
1

													
1

 (A1) 

Introducing the state vector , defined in equation (7), the dynamics of the system of Figure 2 can be 
expressed in the state space form as follow, 

 

1

1

 (A2) 

where the 	∀	 1, … ,8 are the state variables of the vector . The state space form (A2) can also be 
written in a compressed form as given in equation (8), where  is the system matrix defined as, 



 

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

0 0

0 0

0 0 0 0

0 0 0 0

		, (A3) 

 is the input matrix for the external forces and it is defined as, 

 

0 0 0
0 0 0
0 0 0
0 0 0
1

0

0
1

0 0

0 0

		, (A4) 

and the input vector  of the external forces can be written as, 

 		. (A5) 

The output vector of the system  is defined to be the velocities of the two structural masses and it is 
related to the state vector  via the output equation (9), where  is the output matrix defined as, 

 0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

			. (A6) 

Moreover, the input matrix for the secondary forces , which are produced by the actuators, can be 
written as, 

 

0 0
0 0
0 0
0 0
1

0

0
1

1
0

0
1

			, (A7) 

and the input vector  of the actuator forces is given in equation (10) considering a fixed gain velocity 
feedback controller. Using the matrices defined above, a compressed form of the state space can be 
written, which is given by equation (8). Moreover, considering the velocity feedback loops in the 
formulation, a reduced form of the state space is obtained, which can be found in equation (12). 

 


