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UNIVERSITYOF SOUTHAMPTON
ABSTRACT

FACULTYOF ENGINEERINGANDTHE ENVIRONMENT
COMPUTATIONAL ENGINEERING ANDDESIGNGROUP

Doctor of Philosophy
COMPUTATIONAL SIMULATIONS OF COMPLEX CHIRAL MAGNETIC STRUCTURES

by David Ignacio Cortes

Since the last century there has been significant progress in the research of novel
magnetic materials, which has been stimulated by the development of magnetic
based technologies such as information recording. In recent years, advances in
imaging and microscopy techniques have allowed the experimental observation
of chiral magnetic orderings in a range of materials where Dzyaloshinskii-Moriya
interactions (DMI) are present. In particular, awhirling structure knownas amag-
netic skyrmion has become popular since it can be as small as a few nanometres
in size, and its non-trivial topology provides this configuration with an extra sta-
bility and particle-like features. It has been demonstrated that these properties
make a skyrmion an important candidate for a variety of potential applications,
especially for storing information bits. In general, the thermal stability of mag-
netic structures is an engineering problem that is crucial for any real life appli-
cation of a magnetic technology. Hence, recently the stability of skyrmions has
started to be addressed. In this thesis we investigate, through computer simula-
tions, chiral magnetic structures, with special emphasis on skyrmions, in different
materials with DMIs. In addition, we implement a numerical algorithm called the
Nudged Elastic Band Method (NEBM) to calculate transition paths and energy
barriers between equilibrium states of ferromagnetic systems. The barriers can
be used to estimate the average lifetime, and hence stability, of these states. We
apply the NEBM to analyse the destruction mechanisms of a skyrmion in a thin
film andwe find that the lowest energy barrier is associated to the skyrmion anni-
hilation through the boundary of the sample. Furthermore, we study hexagonally
shaped ferromagnetic islands to find parameter regions, such as applied field or
sample size, where different chiral configurations canbe stabilised, combining en-
ergy and NEBM calculations. Our results are obtained using computer software
developed at our research group in a collaborative manner and we discuss the
importance of good coding and data sharing practices for computational based
scientific research.
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Nomenclature

Atomistic variables
µ magnetic moment
Di j Dzyaloshinskii vector
s magneticmomentorientation (opposite to the total angularmomentum, seeSec-

tion 1)
Ku uniaxial anisotropy constant
H Hamiltonian
a atomistic lattice constant in plane
az atomistic lattice constant along thickness
D Dzyaloshinskii-Moriya constant
J exchange interaction constant
P number of spins
S total spin number
Constants
µB Bohr constant
~ reduced Planck constant
g g-factor
Micromagnetic Variables
m normalisedmagnetisation field
A exchange constant
Dc Dzyaloshinskii-Moriya constant
E free energy
Ku uniaxial anisotropy constant
Ms saturation magnetisation
NEBMvariables
Y energy band
Yi ith image of an energy band
N number of images in an energy band
Vectors
B external magnetic field in Tesla units
r position vector





Introduction

At the beginning of the twentieth century the development of quantum theory allowed
the description of magnetism in materials and its origin at the atomic level1. The un-
derstanding of magnetic phenomena in different materials fostered the technological
development of magnetic recordingmedia, which started in the fifties with the creation
of the first magnetic hard disk drives. Thereafter, the need for storingmassive amounts
of data in the smallest possible device hasmotivated the search for newmechanisms to
store information. The current paradigm inmagnetic recording is a technique known as
perpendicularmagnetic recording. This technology is basedona layer of amagneticma-
terial made of assemblies of columnar magnetic grains that can be individually magne-
tised perpendicularly to the layer plane (up or down). Therefore, these grains are used
to write bits of information using a magnetic recording head [3,4]. Nowadays, the main
constraint to thismethod is the further reduction in size of themagnetic grains: a limit is
being reached where a grain’s magnetisation randomly fluctuates, phenomenon known
as superparamagnetism, which makes them unstable and thus information recording is
no longer viable. Trying to address this problem, the scientific community has proposed
a variety of alternative magnetic recording technologies [5,6] but real life application is
still challenging for their application due to engineering limitations.
In recent years, research inmagnetism has focused on a particular range of materials

that have a broken symmetry in the crystal or from effects at the interface when put
together with another system. This asymmetry generates an extra interaction between
spins, which is known as Dzyaloshinskii-Moriya interaction (DMI), that helps to the sta-
bilisation of chiral structures in the magnetisation field of the material. Although these
1It is known from ancient times that magnetic materials orient to a specific direction, which is caused by
their interaction with an external field, e.g. the Earth’s magnetic field. Or they can interact with other
particular materials [2]. A magnet can be modelled as having a north and a south pole, a dipole, as can
be intuitively observed in magnet bars, where opposite poles attract and similar poles repel each other.
These interactions can be explained from themagnetic field thatmagnets generate around themand from
their tendency to align with an external magnetic field. Magnetic phenomena originates at the atomic
level due to themovement of electrons and especially by a fundamental property of the electron (such as
mass) called spin. The spin is a non-trivial concept to define, but it can be thought as a tiny magnet, i.e. a
magnetic dipole with a specific orientation. Thus, in magnetic materials, which are made of thousands of
atoms, spins interact with each other and tend to align under an external magnetic field. Spins can align in
different directions according to the intrinsic nature of a material and as a whole, they constitute what is
know as magnetisation or spin field. If the sum of the orientations generated by all the spins is non zero,
for instance if all of them are aligned in the same direction, we say that the material ismagnetised.
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materials were theoretically predicted in the sixties, only recently advances in imaging
andmicroscopy techniques have allowed the experimental observation of chiral config-
urations in them and to better understand the underlying physics of the DMI. In these
antisymmetric materials it has been shown that the DMI has effects on the properties
ofmagnetic structures, such as velocity or stability, that provebeneficial for future tech-
nologies [7–9]. In particular, a high interest has fallen upon a swirling magnetic struc-
ture known as skyrmion, which resembles a hedgehog or a whirlpool depending on the
origin of the DMI. The peculiar topology of a skyrmion makes it a stable configuration
against the transition towards othermore trivial magnetic structures, thus they can be-
have as particles. This feature, together with the fact that they can be as small as only
a few nanometres in size, create an enormous potential for their application in a vari-
ety of magnetic technologies, especially for high density information recording where
skyrmions can be used as information bits [7–9].
One of the main restrictions for any data processing and storage technology is the

stability of the data, i.e. the robustness of information carriers against random ther-
mal fluctuations at operating temperature. A well established method to analyse the
stability of a system is computing what is known as energy barrier between two equilib-
rium states. This barrier is the energy that thermal fluctuations, or any other excitation,
needs to provide to the system to drive one equilibrium state to the other. In perpendic-
ularmagnetic recording, for example, both a grain pointing up and down are equilibrium
states and anenergy barrier is the energy necessary to jump fromone state towards the
other. This energymagnitude can be used to estimate the average time that the system
can remain in each state or the average frequency where the system will jump to an-
other state, which is know as transition rate. Therefore, an energy barrier provides the
time scale over which information can be stored in the device without corruption. The
computation of an energy barrier presumes that the systemwill follow a transition that
requires the least energy cost, known as a minimum energy path.
In 1963, Brown [10] developed a full theoretical model to describe transition rates of

single magnetic grains or macrospins. For more complex structures, such as skyrmions,
an analytical formulation of their thermal stability is a non-trivial task, thus it is nec-
essary to rely on numerical methods for the calculation of energy barriers. Numeri-
cal techniques for the estimation of the thermal stability of large and complex systems
have become popular since the increasing availability of computational power of mod-
ern times. In this context, a known algorithm for computing energy barriers in mag-
netic systems, which was originally devised in the context of theoretical chemistry, is
the Nudged Elastic BandMethod2 (NEBM) [11–13].
The understanding of theminimumenergy paths for the skyrmion transitions, specif-

ically the destruction or creation of a skyrmion, and the energy barrier associated to
2The NEBM is a discrete numerical algorithm that works either with a continuum or an atomistic model
of a magnetic material. For the former, the continuous magnetisation field is discretised into a mesh of
magnetic moments.

xx



these processes, are crucial for their application in future magnetic technologies. This
topic has gainednoticeable popularity sincemultiple experimental studies havedetected
skyrmions in a wide range of materials and the possibility of manipulating them by dif-
ferentmethods [7–9], however their thermal stability is not completely comprehended.
Some of the challenges for characterising their stability is to know other possible equi-
librium states in a particular material and to parameterise the different interactions for
the skyrmion stabilisation.
In this thesis we analyse three main topics. Firstly, we study, using computational

simulations, the properties of chiral magnetic textures, especially skyrmion-like con-
figurations, in materials where the non-symmetric DMI is present. In this context, at
the introductory chapter of this work, where wemathematically explain themagnetism
of ferromagnetic materials, we define skyrmions and we numerically solve an analyti-
cal model to describe them. Consequently, in Chapter 3 we study skyrmions in cobalt
based samples and analyse the effect of the demagnetising field on the skyrmion size.
We compare this effect using two different theoretical frameworks to describe a mag-
neticmaterial: usingdiscrete spins at the atomistic level anda continuumapproximation
of the material. In Chapter 4 we describe the properties of different magnetic configu-
rations in PdFe islands on top of an iridium surface. This material is known for hosting
skyrmions of only a few nanometres in size. Through a collaboration with the group of
RolandWiesendanger from the University of Hamburg, we compare computer simula-
tions of these islands with their experimental findings. In particular, we are interested
on the feasibility of observing amagnetic configuration known as target state, whichwe
analyse by hysteresis-likemethods or a stability study bymeans of an externalmagnetic
field.
Secondly, we focus on the calculation of energy barriers of skyrmion-like magnetic

orderings. In Chapter 2 we introduce the NEBM and show three simple systems to
test this algorithm. Additionally, we explain how a continuum model is not optimal to
simulate the transition of a skyrmion, thus making a discrete spin model a preferable
option. In Chapter 3 we apply the NEBM to skyrmions hosted in Co stripes to analyse
their thermal stability and topological protection. These results are published inRef. [1].
In Chapter 4 we perform a short study about the stability of a target state in a PdFe
island.
Finally, we dedicate Chapter 5 to the discussion of reproducible research and open

science in the context of computational simulations. In modern research, these topics
have become relevant because of the increasing popularity of computational simula-
tions for the study of physics phenomena. In particular, this thesis is based on computer
simulations for the study of magnetic properties of different materials, thus we believe
that good practices for coding and sharing data are significantly important for high qual-
ity research.

xxi
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Magnetism theory

Magnetic phenomena ofmaterials can be understood by referring to the concept of the
magnetic moment of atoms. This quantity, which has an associated direction, is a mea-
sure of the torque against the influence of an external magnetic field1 and is directly
related to the to the atomic angular momentum. The magnetic moment mainly origi-
nates from two sources: the orbital angular momentum and an intrinsic quantum prop-
erty known as spin. According to how the orbital levels are filled in different materials,
a variety of magnetic phenomena can arise, such as ferromagnetism, paramagnetism,
diamagnetism, ferrimagnetism or antiferromagnetism. This can also be determined ac-
cording to the system’s response against anexternalmagnetic field. The spinplays a cru-
cial role in the magnetism of solids since, theoretically, the orbital angular momentum
itself (i.e. using a classical description) cannot explain experimentally observedmagnetic
interactions (see Bohr-van Leeuwen theorem [14]).
Theorbital angularmomentum is causedby themotionof electrons around theatomic

nucleus and it can be explained using classical theory. It is known from electromagnetic
theory that the torque exerted by amagnetic fieldB on amagnetic dipoleµ is

τ = µ× B (1.1)
If we use a classical picture of an electron orbiting around a nucleus, Bohr’s model of
the atom, we can relate the magnetic moment to the angular momentum L and define
the corresponding quantummechanical operator as (See Appendix A for details)

µ̂L =
(−e)

2me L̂ = −
µB
~
L̂ (1.2)

where e > 0 is the charge of the electron,me its mass and µB the Bohr magneton

µB =
e~
2me ≈ 9.274× 10

−24 J T−1 (1.3)
For the case of the spin, there is no valid classical picture. Some models, such as the

electron devised as a spherewith charge distributed over its surface, lead towrong con-
clusions. However, themathematical formalism to describe the spin is equivalent to the
1From the classical theory, it is possible to define themagnetic moment as the dipole term from a tiny loop
of current.



1. Magnetism theory

one used to describe the angular momentum, thus we can see analogies in their defini-
tion. From experiments and quantum mechanical theory, the magnetic moment due to
the spin operator Ŝ can be defined as

µ̂S =
gS(−e)

2me Ŝ = −
gµB
~
Ŝ, (1.4)

where gS is the g-factor and µB > 0 is the Bohr magneton. We notice that this ex-
pression is similar to the orbital momentum contribution, except for the g-factor, which
is approximately 2.002 for the electron. Since we have two main contributions to the
angular momentum of the atomwe consider the total angular momentum

µ̂ = µ̂S + µ̂L

= −
µB
~
(
gLL̂+ gSŜ

)
≈ −

µB
~
(
L̂+ 2Ŝ)

= −
µB
~
(
Ĵ+ Ŝ

)
,

where gL = 1 for the g-factor of the orbital angular momentum and where we have
assumed gS ≈ 2. When computing the time average of the total magnetic moment, it
is possible to demonstrate that only the component along Ĵ is non zero, hence we can
simplify the expression to [15,16]

µ̂ = −
gµB
~
Ĵ, (1.5)

with g as the Landé factor.
Although we have defined these relations for a single spin, the commutator relations

for the operators still apply for the total orbital angular momentum and spin of a multi-
electron system, which are defined as

L̂T =
∑
i

L̂i and ŜT =
∑
i

Ŝi . (1.6)

Hence, the total angular momentum is

ĴT =
∑
i

(
L̂i + Ŝi

)
=
∑
i

Ĵi . (1.7)

In reality, most of the elements aremultielectron systems thus, for simplicity, wewill call
the total operators (and corresponding vectors) L̂, Ŝ and Ĵ. Using a quantum mechan-
ical formalism to solve these systems is not straightforward [17]. In this thesis, we are
mostly interested in computing spatially dependent magnetic orderings at zero tem-
perature and a standard method to do this is approximating the total angular momen-
tum operators as classical vectors. Accordingly, based on the Heisenberg Hamiltonian,
in the next subsections we explain in detail the assumptions we made to the quantum
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1.1. Semi-Classical approximation

magnetism theory. Furthermore, we specify the origin of the dynamics of magnetic mo-
ments under the effect of an external field, which we use in the semi classical approxi-
mation of the operators to describe different magnetic phenomena at one scale above
the atomic level and within a continuum approximation.

1.1. Semi-Classical approximation
If we analyse the dynamics of the atomic angularmomentumwhen applying an external
field to the system (see Appendix A), it is possible to demonstrate that the expectation
value of the corresponding operator2 precesses around the field, just as we would ex-
pect from a classical magnetic moment. We can therefore define themagnetic moment
as

µ = −
gJµB
~

〈
Ĵ
〉
. (1.8)

Within a semi-classical approximation, we can treat these expectation values as clas-
sical pseudo-vectors and, to simplify our notation, wewill define them in theopposite di-
rection of the angular momentum. In ferromagnets, which are the materials of interest
in our study, themain contribution to the angular momentum comes from the spin [14],
thuswewill refer to the spinS rather than J in our calculations (thoughwe can still refer
to the total angular momentum by using the gJ Landé factor instead of gS). Therefore,
setting S as a classical vector antiparallel to the angular momentum expectation value3
as

−
1
~
〈
Ŝ
〉
−→ S, (1.9)

we define themagnetic moment of an atom as

µ = gµBSs, (1.10)
where s is the magnetic moment direction unit vector and S = |S|must be considered
as an effective total spin (angular momentum) magnitude4. Using Hund’s rule to com-
pute the atomic ground state of a multielectron system and estimate the expectation
value of the angular momentum operator, wemight think thatµ should be given in inte-
gers ofµB. However, for a realmaterial, effects from the crystal lattice perturbµ to give
a non-integer number of Bohr magnetons per atom [2, 14]. In principle, a more accu-
rate approximation of the magnetic moment magnitude can be computed from theory
that considers delocalised electrons but, for our purposes, wewill use an effective value
2Wemust have present that in a quantum mechanical theory, we can only measure the component of the
operator along a quantisation axis, which is usually taken as the z axis [2].
3We set the ~ factor on the basis that for a wavefunction |L, Lz , S, Sz 〉, the expectation value of L̂2 is
~2L(L+ 1).
4Remember that, quantummechanically, a systemwith spinS has (2S+1) possible discrete values for the
Ŝz operator.

3



1. Magnetism theory

taken from published results based on experiments or ab initio calculations. This works
well when we assume localised magnetic moments, as we explain in more detail in Sub-
section 1.2, hence it is more common in the literature to define the magnetic moment
direction as

s =
µ

|µ| , (1.11)
and the magnitude of the magnetic moment is taken in Bohr magneton units as we ex-
plained before.

1.2. Localisedmagnetic moments
To describe a magnetic material we will model the atoms as having localised magnetic
moments at fixed atomic sites, which are arranged in a lattice according to the crystallo-
graphic structure of the material. This picture can be formulated mathematically as the
Heisenberg Hamiltonian which models the direct exchange interaction between neigh-
bouring spins (see Section 1.4). This model can be extended to include the interaction
of spins with an external magnetic field or interactions arising from thematerial.
The concept of localised magnetic moments works well for magnetic insulators [17]

or 4f metals. For the case of ferromagnetic transition metals, such as Fe, Co and Ni,
they are better represented by a free electron gas model where itinerant electrons are
completely delocalised, for example the Hubbard model. On the other hand, assum-
ing localised moments is useful to describe the variation of the magnetic moments in
space [14] to find the ground state of a magnetic system and it can explain different
thermodynamic properties. In addition, a perturbation expansion applied to the Hub-
bard model and using classical spins vectors, leads to the Heisenberg Hamiltonian as
a second order perturbation [18]. Although choosing any of these two models will in-
evitablymakeassumptions andnot account for everypossible physical effect, we choose
localised magnetic moments since it has been successful in accurately depicting mag-
netic orderings in comparison with experimental data [19–21]. Moreover, this model
allows us to easily compute magnetic interactions between spins, which are the main
cause of the variety of observedmagnetic structures.

1.3. Continuum approximation
When the sizes of magnetic samples are large enough, a quantum or atomistic descrip-
tionof these systems is not effectivebecause a systemwith a significant numberof spins
increases the complexity of the theory to obtain an analytical solution or makes it more
difficult to achieve a numerical solution. In this case we will rely on an approximation of
the magnetic interactions known as micromagnetics. This theory has been successful
to describe a vast number of magnetic phenomena, such as the formation of domains,
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1.4. Magnetic interactions

in systems with dimensions ranging from a few nanometres up to the scale of microme-
tres.
Micromagnetics is the limit to the continuum of a material where, instead of treating

single spins in a lattice, Si , we use a magnetisation fieldM(r), r = (x, y , z) being a spa-
tial vector pointing into the (x, y , z) coordinate. The micromagnetic approximation is
based on the hypothesis of a slowly varying spatial variation of themagnetisation at the
scale of the atomic sites such that the spin field in the medium can be approximated as
a continuum. This approximation is often shown as the limit s → M/Ms, withMs as the
saturationmagnetisation, which is obtained bymeasuring the system averagemagneti-
sation under a strong magnetic field, in order to uniformly magnetise the sample. The
magnetisationM is defined as the magnetic momentµ per unit volume and assuming a
homogeneous sample, we can write

M = Msm =
|µ|
∆V
m =

gµBS
∆V

m (1.12)
where ∆V is the volume of the unit cell, g the Landé factor, µB the Bohr magneton,Ms
the saturationmagnetisation andm theunitmagnetisationfield vector,which is a spatial
dependent spin direction.
It is worth mentioning that we will apply the micromagnetic theory at zero tempera-

ture, whereMs is constant.

1.4. Magnetic interactions
Among the different magnetic phenomena found in nature, ferromagnetism is charac-
terised by materials where neighbouring magnetic moments tend to align parallel be-
tween each other, producing a non zero average magnetisation in absence of an exter-
nal magnetic field and below a critical temperature known as Curie temperature. The
main mechanism responsible for this phenomenon is of quantum origin: it is caused by
the symmetry5 of the material wave functions (particles) and the Coulomb interaction
between electrons (see Ref. [14] and page 180 of [2]), which favours the parallel align-
ment of neighbouring spins. The result is a short range interaction known as Exchange
interaction. Apart from the exchange, magnetic moments also interact by other quan-
tum effects such as spin orbit coupling, which generates anisotropy, or by response to
external or internal fields. As a result, these interactions generate an effective internal
field that can be used to compute the evolution of the spins according to the Landau
Lifshitz equation, or to minimise the energy of the system. Mathematically, the effec-
tive field at the ith lattice site H(i)

eff for a given interaction, can be computed from the
corresponding HamiltonianH as
5Electrons are fermions thus their wavefunction must be antisymmetric. This conveys the famous Pauli
exclusion principle.
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1. Magnetism theory

H
(i)
eff = −

1
µ

∂H

∂si
. (1.13)

In taking the continuum limit, the Hamiltonian becomes a functional and therefore,
the partial derivative turns into a functional derivative [22]. To distinguish the free en-
ergy in this limit, from the discrete Hamiltonian, we use the notation E = E(r). The
effective field is then

Heff(r) = −
1

µ0Ms
δE(r)

δm
. (1.14)

The next Subsections are dedicated to explain and formally describe these interac-
tions in the context of ferromagnets, both from a discrete spin and a micromagnetic
theoretical framework.

1.4.1. Exchange Interaction
Theoretically, direct ferromagnetic exchange interactionsbetween spins canbedescribed
in a simplified manner using the Heisenberg Hamiltonian. Within a discrete spins for-
malism in the semi-classical approximation, it has the expression

Hex = −
N∑
〈i ,j〉
i 6=j

Si · Ji j · Sj , (1.15)

where Ji j is a symmetric exchange tensor6, si and sj are the spin directions at lattice
sites i and j respectively, N is the number of spins in the sample and the summation
refers to counting pairs of neighbouring spins only once. For our study, the tensor will
be diagonal and if we assume homogeneousmaterials, we can just write it as a constant,
i.e. Ji j ≈ J . The corresponding field at the ith lattice site in this approximation is

Hex =

NN∑
j 6=i
Ji j · Sj ≈

NN∑
j 6=i

J Sj . (1.16)

Starting from this model it is possible to approximate the discrete mathematical ex-
pression into the continuum limit, considering the crystal lattice geometry [14,23] and a
slow spatial variation of the magnetisation (see Section 1.3). Accordingly, the exchange
energy can be expressed as

Eex = A

∫
V

dV (∇m)2 = A

∫
V

dV

( ∑
α=x,y ,z

(∇mα)2
)
, (1.17)

with V as the volume of the magnetic material, A as an exchange constant (in Joules
per metre units), which depends on the crystallographic nature of the sample, andM =

6Using a quantum mechanical approach, direct exchange interactions can be described by an exchange in-
tegral. The exchange tensor approximates this integral for the Heisenberg Hamiltonian [2,14].
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1.4. Magnetic interactions

Msm the continuous magnetisation field. The exchange constant can be estimated ex-
perimentally for complex materials, but it can also be derived for simple lattice struc-
tures. Referring to [14], we can relate the constant to the discrete model using

A =
JS2c
2az . (1.18)

In equation 1.18, J is the Heisenberg exchange integral approximation for a homoge-
neous material, S is the effective total spin, az is a lattice constant along the thickness,
which we choose as the z direction, and c a crystal constant. It is often the case that
J is taken as S2 J . The crystal constant has the values c = 1, 2, 4 for SC, BCC and
FCC structures, respectively. In this context, Aharoni [14] states that c = 2√2 for a
hexagonal close-packed crystal, however, if we consider a hexagonal structure in two
dimensions we obtain c =

√3, which we derive in Appendix C.

1.4.2. Zeeman Interaction
The interaction of the spins with an external magnetic field can be described within the
atomistic model as

HZeeman = −
N∑
i

µiB · si (1.19)

In the continuum limit this expression reads

EZeeman = −µ0
∫
V

dVH ·M (1.20)
In these equations,B = µ0H is the applied external field, withµ0 as the vacuumperme-
ability. The fieldB is given tesla units andH is given in ampere per meter units.

1.4.3. Anisotropy
Anisotropy refers to preferred directions where spins tend to align, which depends on
the magnetic crystal nature. When this direction is determined by a unique axis, we
have an uniaxial anisotropy. In the discrete spins framework the Hamiltonian is written
as

Ha = −
N∑
i

Ki (si · û)2 (1.21)

Themicromagnetic version of this expression is straightforward to derive and reads

Ea = −
∫
V

dV K(r) (m · û)2 (1.22)
In both equations, K and K are the anisotropy constant, given in Joules for the dis-

crete model and in Joules per cubic metre in the continuum, and û is the unit vector
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1. Magnetism theory

describing the anisotropy axis. When K and K > 0, spins tend to align to û since this
decreases the overall energy of the system, and the plane perpendicular to this axis is
knownas hardplane. Otherwise, wewould have ahard axis and an easy plane. In expres-
sions 1.21 and 1.22, the anisotropy constants can vary spatially, but for the majority of
the studies these parameters are taken as constants along the sample, assuming an ho-
mogeneous material.
Other kinds of anisotropy depend on the symmetries of themagnetic sample. For ex-

ample, a shape anisotropy is induced by the dipolar interaction in uniformlymagnetised
samples, a magneto elastic anisotropy is the product of the stress applied to the system
and surface anisotropies originate from the crystal structure at the surface of the sys-
tem [14,24]. Most of these have amathematical expression for the energy similar to an
uniaxial anisotropy. A derivation of the expressions to describe different anisotropies
can be found in a theoretical study from Lindner and Farle [25].

1.4.4. Dzyaloshinskii-Moriya Interactions
These interactions arise due to broken symmetries in a magnetic material and the un-
derlying mechanism generating them differ according to the geometry and crystal na-
ture of the sample. They were phenomenologically predicted by Dzyaloshinskii [26] in
the context of antiferromagnetism, and later analytically studied by Moriya [27]. They
are also called anisotropic exchange interactions (AEIs) since they can be described
through the non-diagonal components of the exchange tensor Ji j . In the following we
will explain the most commonly discussed kind of DMIs found in ferromagnetic materi-
als.
In some specific bulk ferromagnetic systems, such as the so called B20-type com-

pounds FeGe and MnSi, which belong to the P213 space group, AEIs are present due
to a broken group symmetry in the crystal or molecule structure, hence they are also
known as bulk DMIs. Mathematical expressions to describe them can be derived ex-
panding the free energy with respect to the symmetries of the material where, in the
continuum limit, gives rise to energy terms that are linear with respect to the first spa-
tial derivative of the magnetisation. These terms are known as Lifshitz invariants and
theywere applied byBogdanov andYablonskii [28,29] to describe the formation of vor-
tices inmagnetic crystals of specific crystallographic groups or classes. Later, theywere
named DMIs [30, 31]. Formally, Lifshitz invariants7, normalised by the quadratic mag-
7These are linear terms with respect to the first spatial derivative of an order parameter, in our case the
magnetisation, that are invariants with respect to the symmetry operations of the space group of the
material. In a ferromagnetic material the DMI energy density is expressed in terms of these quantities.
Lifshitz invariant-like terms were originally studied by Landau and Lifshitz in the context of second or-
der phase transitions, where the thermodynamic potential of a crystal lattice is expanded in terms of
an order parameter that depends on the symmetry group of the crystal [32]. The same formalism was
applied by Dzyaloshinskii in his phenomenological studies about antiferromagnets and weak ferromag-
netism [26, 33]. In Ref. [34] Bak and Jensen expand the free energy of the P213 space groups materials
FeGe and MnSi, obtaining a term that can be expressed as a Lifshitz invariant. This is possibly the first
known example of Dzyaloshinskii’s theory applied to a ferromagnetic material.
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1.4. Magnetic interactions

netisation normM2s , are defined as

L(k)
i j = mi

∂mj
∂xk
−mj

∂mi
∂xk

, (1.23)
where i , j, k ∈ {x, y , z}. Recent experimental works have reported the observation of
chiral magnetic structures stabilised byDMIs in a variety of these non symmetricmate-
rials: the T class (or B20) metallic compounds FeGe [35,36], MnSi [37], MnGe [38] and
Fe1−xCoxSi [39–41], the T class insulator Cu2OSeO3 [42, 43], the O class metallic al-
loys CoxZnyMnz [44] and (Fe,Co,Rh)2Mo3N [45], theD2d class Mn-Pt(Pd)-Sn Heusler
compounds [46] and theC3v semiconductor and insulator GaV4S8 [47].
Other materials where AEIs arise are those with broken symmetries on surfaces or

interfaces. In this context Moriya [27] explained through a relativistic treatment AEIs
for the surfaces of materials using Dzyaloshinskii’s theory of antisymmetric spin cou-
pling. A summary of his work can be found in the paper of Crépieux and Lacroix [48].
In addition, in Ref. [48] it is explained an AEIs 3-sites mechanism, originally proposed
by Fert and Levy [9, 49], which has been experimentally relevant in the last years. In
very thin samples this 3-sites mechanism originates from the spin-orbit coupling (SOC)
effect between atoms in two different ways [9,49]:

1. at the interfaceof amagnetic layer andaheavymetal, whereeverypair of atoms in
the magnet interact with a third atom in the metallic material, which has a strong
SOC,

2. in a magnetic layer from the interaction of two magnetic spins with a third non-
magnetic atom that has a large SOC.

The interactions caused by the breaking of inversion symmetry at the interface (1.)
are known as interfacial DMIs and they have been experimentally proven in different
Cobalt [50–55] and Iron [56–59] based systems [8,9] andManganese on Tungsten [60,
61] samples.
Recent experimental works have tried to explain the dependence of the interfacial

DMI on the thickness of the sample [62]. It has been observed that the DMI is mainly
present in the magnetic monolayer next to the interface with the non magnetic sam-
ple [63].
Mathematically, the discrete Hamiltonian for any kind of DMI has the structure8

8This expression was theoretically derived by Moriya using Anderson’s theory of superexchange [27]. As
an anisotropic exchange, it can be written as equation 1.15 using the off diagonal terms of the exchange
matrix. Specifically, we candecompose the exchange tensor [64] into a sumof an isotropic, a symmetric (S)
and an antisymmetric (A) term as Ji j = Ji j I+ J

A
i j + JSi j , with I as the identity matrix. The first term leads toan isotropic exchange Ji j = (1/3)TrJi j , the second is a traceless symmetric tensor JSi j = (1/2)(Ji j+J

T
ij )−

Ji j I, which leads to a symmetric anisotropic exchange [65], and the final term is an antisymmetric tensor
JAi j = (1/2)(Ji j − JTij ). This last term can be used to express the antisymmetric DMI expression 1.24 byconverting Si ·Di j · Sj , withDi j = JAi j , to a cross product.
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HDM =
∑
〈i ,j〉

Di j · Si × Sj , (1.24)

whereDi j is the Dzyaloshinskii tensor, which depends on thematerial. For example,

Di j = Dr̂i j , (1.25)
with r̂i j the unit direction vector from the ith site to the jth site in the lattice, can be
found when discretising the micromagnetic DMI expression of specific materials with
bulk DMI9 (further below we explain the continuum expression of the DMI energy). It
can also be found in specific systems with the Fert-Levy AEI [48]. Another well known
case is

Di j = Dr̂i j × ẑ , (1.26)
which is typical of ferromagnetic layers with interfacial DMI [9, 63, 66], where the film
plane lies in the xy plane.
The structure of the Hamiltonian in equation 1.24 favours the canting of neighbour-

ing spins in a plane perpendicular to the Dzyaloshinskii vector, thus, when in competi-
tion with symmetric exchange, it helps to stabilise twisted magnetic structures such as
helicoids or skyrmions. Furthermore, the sign of the DMI constantD (or the vector di-
rection), determines the chirality of the system, i.e. the sense of rotation of the spiral
structures favoured by the DMI.
In the continuum limit, it is possible to derive expressions for the two aforementioned

cases, where we will also show them employing the Lifshitz invariants notation. For the
particular case of parallel DMI of equation 1.25 and setting Dc as the DMI constant in
the micromagnetic limit, we have

EDM = Dc
∫

dV m · (∇×m)

= Dc
∫

dV
(
L(z)
yx + L(y)

xz + L(x)
zy

)
.

(1.27)

The energy expression 1.27 is valid for cubic helimagnets (T and O crystal classes)
and uniaxial ferromagnets with Dn symmetry [28, 67–69]. For other bulk geometries
with a broken crystal symmetry, Bogdanov summarised a list with invariants for differ-
ent point groups [28] that are directly obtained in the continuummodel using crystallo-
graphic symmetries.
In the case of two dimensional samples with interfacial DMI, i.e. equation 1.26, and

systems withCnv symmetry class [28,29,67–69], the energy can be described as
9Notice that, usually, bulk antisymmetric materials have a very complex crystal structure, thus an expres-
sion for the discreteDi j vector is not straightforward to derive. It could probably be accomplished com-
puting the DMI vectors from first principles.
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EDM = Dc
∫

dV m · [(∇ ·m) ẑ−∇mz ]

= Dc
∫

dV
(
L(x)
xz + L(y)

yz

)
,

(1.28)

where ẑ is a unit vector perpendicular to the sample plane.
In general, if the lattice structure is simple enough it is possible to derive a micro-

magnetic expression for the energy starting from the discrete Hamiltonian, in a similar
fashion as the exchange interaction calculation. For instance, the form of equation 1.28
is the same for a square or hexagonal two dimensional lattice, and the lattice infor-
mation is only present in the DMI constant. In Appendix B we show that approximat-
ing Di j as a constant and using az as the thickness of the sample and a as the lattice
constant, we obtain, after some algebra, that Dc = Di jS

2(aaz)−1 for the square and
Dc = Di j

√3S2(aaz)−1 for the hexagonal geometry (usually, the S2 factor is implicit in
theDi j term). Interestingly, the Lifshitz invariants form of equation 1.28 has the same
expression than the one for a system of symmetry class Cnv . For other materials or
geometries, an expression could be obtained if the Dzyaloshinskii vectors are known,
which, in principle, can be calculated byMoriya’s symmetry rules [48].
The sign of theDMI constantsD orDc, which sets the direction of theDzyaloshinskii

vector, specifies the chirality or preferred sense of rotation of spins. For example, in the
case ofCo layers onPt, whichwe study inChapter 3, theDMI constant of equation 1.26
or 1.28 is negative.

1.4.5. Dipolar interactions
Amagnetic dipole, ormagneticmoment, can be considered amagnetic field source. The
interaction of the magnetic moments with the field of the other dipoles are known as
dipolar interactions, and the total field generated by the magnetic moments (which can
be seen as the magnetic field generated by the material itself) is known as demagnetis-
ing field. In a discrete spin model, the dipolar energy has the structure

Hd = −
µ0
4π

N∑
i

∑
i 6=j

3 (µi · r̂i j) (µj · r̂i j)− µi · µj
r3i j

(1.29)

r̂i j is the normalised direction vector from the ith lattice site to the jth point, i.e. ri j =

rj − ri and ri j =
∣∣rj − ri ∣∣. Correspondingly, the field at the ith lattice point, has the form

Hd =
µ0
4π
∑
i 6=j

3r̂i j (µj · r̂i j)− µj
r3i j

(1.30)

Compared to the other energy terms, this is one of the most computationally expen-
sive calculations, even in the continuum limit, thus different numerical methods have
been developed to estimate them [70–73].
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The dipolar energy in the continuum is described as

Ed = −
µ0
2
∫

dV M ·Hd (1.31)
withHd as thedipolar field (also knowasdemagnetisingor strayfield). Looking atMaxwell’s
equation in a ferromagnetic body,

∇×Hd = 0 (1.32)
in the absence of free currents, thus the dipolar field can be calculated using a potential
functionΦ such that

Hd = −∇Φ. (1.33)
If we now useMaxwell’s equation for the zero total magnetic flux through a surface

∇ · B = 0, (1.34)
withB = µ0(H +M), which considers the magnetisation in the material, the potential
Φ can be obtained directly by replacing 1.33 into 1.34 and solving the resulting Poisson
equation

∇2Φ =∇ ·M (1.35)
with the boundary conditions (from the condition of continuity of the fields) [14]

Φin = Φout (∇Φout −∇Φin) · n̂ =M · n̂ (1.36)
where the potential is taken inside or outside the magnetic volume V with surface Ω,
using n̂ as the vector pointing normal to the volume surface. Notice that if there is no
material outside the ferromagnetic bodyΦout = 0 and we have a Laplace equation for
Φout. Alternatively, we can use the general solution of the differential equation after
employing a Green’s function formalism

Φ = −
{∫

V

∇′ ·M(r′)

|r − r′| dV ′ −
∫

Ω

n̂ ·M(r′)

|r − r′| dΩ′
}

(1.37)
Analytical expressions for the demagnetising field of magnetic systems with complex

magnetisation configurations, are not straightforward to derive. Therefore, when not
employing numerical methods it is possible to use approximations in specific geome-
tries. For instance, in thin samples dipolar interactions are usually approximated as a
surface anisotropy with a hard axis perpendicular to the sample plane. This is based
on the fact that, for systems with ellipsoidal shapes and uniform magnetisation, the
demagnetising energy can be described as an effective anisotropy (also called shape
anisotropy).
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1.5. Dynamics

1.5. Dynamics
The dynamics of the magnetic moments in a magnetic solid can be derived from the
precessional motion of a spin under an effectivemagnetic fieldHeff (see equations 1.13
and 1.14). Starting from the quantummechanical evolution of the spin operator within
the Heisenberg picture and then taking a semi classical approximation [22, 74, 75], it
is possible to obtain the evolution in time t of the spins (see Appendix A). However, this
equation does not consider dissipation of energy, which occurs in reality bymechanisms
such as spin wave emission or lattice vibrations [22]. To address this phenomenon, Lan-
dauandLifshitz addedaphenomenological damping term. Later,Gilbert introduced this
dissipation term to the classical spin dynamical equation in the continuum, using a La-
grangian formalism and a Rayleigh dissipation functional [22]. Both the Landau-Lifshitz
and Gilbert forms for the dynamical equation agree (they are related by a transforma-
tion of the damping constant) and they accurately describe the dynamics of the spins
both in thediscrete spins andmicromagnetic frameworks. Wewill use the versionof the
dynamical equation known as Landau-Lifshitz-Gilbert equation [75,76], which reads

∂µ

∂t
= −γ µ×Heff +

αGγ
µ

µ× µ×Heff . (1.38)
In equation 1.38, γ = gµB~−1 > 0 is the gyromagnetic ratio and 0 ≤ αG ≤ 1 is an
effective Gilbert damping constant. In the continuum limit, this equation is written as

∂M

∂t
= −γM×Heff +

αGγ
Ms
M×M×Heff . (1.39)

The damping termmakes the magnetisation to decay towards the magnetic field and
comes from Gilbert’s variational Lagrangian formalism (see page 40 in [75]) applied to
the spins evolution equation.
The Landau-Lifshitz-Gilbert equation is used by spin dynamics solvers, such as Fin-

mag [77] and Fidimag [78], to find equilibrium configurations by evolving the system
until relaxation, which means |∂ts| → 0 or |∂tm| → 0.
Inmicromagnetics, an alternativemethod tofindequilibriumstates is to applyBrown’s

equation:

M×Heff = 0 (1.40)
with appropriate boundary conditions [14].

1.6. Topological numbers
To characterise chiral or non trivial magnetic structures such as skyrmions, which we
analyse along this thesis, we are going to employ two mathematical definitions known
as topological charge and skyrmion number. In the context of magnetism, these quantities

13



1. Magnetism theory

measure the number of times that the spin or magnetisation field, restricted to a two
dimensional plane, wraps or cover a three dimensional sphere.

1.6.1. Topological charge
The topological charge is defined for discrete spin lattices and it is based on computing
the spherical angle spanned by triplets of neighbouring spins per every lattice site. This
concept was proposed by Berg and Lüscher [79] and, recently, applied by Yin et al. [80]
to square arrangements. In this work we have extended the definition to hexagonally
arranged lattices (see SupplementaryMaterial of Ref. [1]).
Mathematically, the total topological charge is defined as

Q =

P∑
ν

qν =

P∑
ν

1
4π (Ων,1,2 + Ων,3,4) , (1.41)

where the summation is over P lattice positions of the sample and theΩ terms are the
areas of the spherical triangles, or solid angles, whose vertexes are given by the sets
of three neighbouring spins (sν , s1, s2) and (sν , s3, s4), at every lattice position ν . In a
square and hexagonal lattice arrangement, the sets of spins specified per lattice site are
depicted in Fig. 1.1a and b respectively (it would be equivalent to use the opposite tri-
angular sets that also cover a unit cell, e.g. we could useΩν,2,3 andΩν,4,1 for the square
lattice) and Fig. 1.1c shows how the spherical triangle area is defined by the spin triplet
(sν , s1, s2). The solid angle at theΩν,1,2, which is definedwith respect to the neighbour-
ing spins s1 and s2, is computed as10

exp

(1
2 iΩν,1,2

)
=
1
ρ

[1+ sν · s1 + s1 · s2 + s2 · sν + isν · (s1 × s2)] (1.42)

with

ρ = [2 (1+ sν · s1) (1+ s1 · s2) (1+ s2 · sν)]1/2 . (1.43)
Similarly forΩν,3,4. It is worth noticing that Berg and Lüscher [79] originally introduced
a sign for the exponential in equation 1.42 but we assume the convention that triangles
of spins are taken in the counter-clock wise direction, as Yin et al. mention in Ref. [80].
Moreover, this angle is not completely defined for the special configurations where sν ·
(s1 × s2) = 0 and 1+ sν · s1 + s1 · s2 + s2 · sν < 0. For these cases, the exponential falls
in a branch cut in the complex plane [79, 80], which implies a change in the topological
charge that can be related to the condition where a skyrmion is created or collapses.
The definition of the density charge only considers two triangles around a lattice site,

missing the contribution from the other neighbours. However, this is necessary to avoid
10This derivation can be obtained from the definition of areaΩ of a spherical triangle in a unit sphereΩ =

A+B+C−π, whereA,B andC are the internal angles of the triangle [79].Ω is also known as spherical
excess.
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1.7. Skyrmions

Arrangement of neighbouring spins around a lattice site. In (a) and (b), the coloured triangles
indicate the positions of triplets of spins per lattice site ν that are used to define a topological
charge in discrete hexagonal (a) and square (b) lattices. Numbering and labels are according to
equation 1.41. In (c) we show the spherical triangle areaΩν,1,2 made by the triplet (sν , s1, s2).

Figure
1.1

double counting when summing up all the contributions from the triangular areas. For
a more complete picture of the topological charge per lattice site, we could take into
account all the possible triplets of neighbouring spins per lattice site, for example, four
triplets in the square lattice.

1.6.2. Skyrmion number
In the continuum limit, we use the concept of skyrmion number QSK11 to specify the
topology of a magnetic configuration. Formally, it is described as

QSK =
1
4π
∫

Ω

dΩm ·
∂m

∂x
×
∂m

∂y
(1.44)

with m as the normalised magnetisation and Ω as a two-dimensional area in the xy
plane, where the continuum magnetisation field is defined. For a full skyrmionic tex-
ture, where the magnetisation has a full twisting from mz = 1 to mz = −1 (or vicev-
ersa), QSK is equal to 1 or -1, depending on the chirality of the structure. This number
also indicates that it is possible to map and completely cover the vector field inΩ into a
three dimensional sphere. When the skyrmion is incomplete or has extra twistings,QSK
is normally less than one.

1.7. Skyrmions
In magnetism, skyrmions (SKs) are twisted particle-like structures12 that are stabilised
by different physical mechanisms [7]. The name Skyrmion has its origin in the works of
theBritish physicist Tony Skyrme in quantumfield theory [81], whichwas late applied to
condensedmatter systems suchasnematic liquid crystals andmagnetic solids [82]. One
11Also known as topological charge, winding number or quantum number [7].
12In the sense that they are localised in space, have quantised topological charges and undergo phase-
transitions [8,9,19].
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1. Magnetism theory

Stereographic projection of skyrmions.Mapping of themagnetisation or spin field of two kind
of skyrmions into a sphere. Depending on the chirality given by themagnetic interactions in the
material, we have skyrmions where the spin rotations resemble a Bloch or a Néel domain wall.
In the stereographic projection of the skyrmion field, spins inside a circle where mz or sz ≈ 0
are mapped into the south hemisphere and spins outside this region are mapped into the north
hemisphere. Both skyrmions have a skyrmion number or topological charge of |Q| = 1 since
they wrap the whole sphere exactly once.

Fig
ure

1.2

of themain stabilisingmechanismsofmagnetic skyrmionic textures are theDzyaloshiskii-
Moriya interactions, which are present in magnetic materials with a broken symmetry
(see Section 1.4.4).
A magnetic skyrmion is distinguished by a spin field configuration where a localised

core points perpendicular to the plane where it lies, and themagnetic moments around
it are symmetrically arranged forming a chiral structure similar to a vortex. This ar-
rangementdependson thenatureof theDMIor thephenomenon stabilising the skyrmion.
For systems where bulk DMI or an equivalent DMI expression is present, the spin ro-
tations of a skyrmion resemble a Bloch type domain wall, as shown in Fig. 1.2. Similarly,
in interfacial DMI or symmetry class Cnv systems the spin twistings look like a Néel do-
main wall, which we also show in Fig. 1.2.
Skyrmionic structures are regardedas topologically protectedparticles,whichmeans,

in the words of Nagaosa and Tokura, that they “are characterised by a topological inte-
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1.7. Skyrmions

ger that cannot be changed by a continuous deformation of the field configuration” [7].
This property is valid for an infinite system but in confined samples the topological pro-
tection is non existent because a skyrmion can always be annihilated moving it across
the boundary of the system. Nevertheless, it is still possible to define a topological
charge (see Section 1.6) that constitutes a physical observable [83]. Moreover, in real
systems the concept of topological protection is debatable since atoms are discrete by
nature and the process of transforming a skyrmion will have associated a finite energy
cost.
The skyrmion topology can be theoretically described using ameasure of its whirling

configuration, which is the skyrmion Number QSK or topological charge Q defined in
Section 1.6. A skyrmion has associated |QSK| or |Q| = 1 and this refers to how many
times the spin field can be fully wrapped around a sphere when doing a mapping of
the skyrmion field from the plane (see Fig. 1.2). Conversely, skyrmions that are incom-
plete or have more than one folding, have associated a smaller skyrmion number, i.e.
|QSK| < 1. In a skyrmion lattice or when multiple skyrmions coexist,QSK orQ indicate
the number of skyrmions present in the system (|QSK| > 1).
Ifwe compute the topological numbers of the two skyrmions depicted in Fig. 1.2, both

magnetic orderings haveQSK orQ = −1 because their core points in the−z direction.
Both of them are topologically equivalent because we can continuously transform the
field of any of them by a π/2 rotation of the spins to get the other structure, which is
consistent by having the same topological number. Furthermore, they are still topolog-
ically similar for opposite chiralities, e.g. spins of the Bloch skyrmion rotating counter
clockwise or spins of the Néel skyrmion pointing inwards towards the centre. These
magnetic orderings are topologically different from skyrmions of their same kind when
spins at the skyrmion core point in the opposite direction, which means a positive unit
topological number, and certainly frommagnetic textures with differentQSK orQmag-
nitudes, such as a ferromagnetic ordering which has zero topological number.
The topological number of a skyrmion is important when defining topological effects

related to their structure. The twisted spin arrangement generates an emergent elec-
tromagnetic field whose mathematical description involves the topological number [7].
This emergent field affects electrons crossing through the skyrmion. For instance, a
flow of electrons is deflected when crossing the skyrmion texture and this generates
the known topological Hall effect, which has beenmeasured experimentally [7]. In addi-
tion, when a skyrmion moves due to an electric current, it generates an emergent elec-
tric field, which produces aMagnus force, that drives the skyrmion in a direction trans-
verse to the current direction. This is known as Skyrmion Hall effect [7, 84, 85]. Other
spin-torque effects are known in skyrmionic textures, for example, a skyrmion can be
manipulated using low current densities, though at lower speeds [7,49,86,87] than do-
mainwalls. Ongoing research is trying to understand and tackle a variety of phenomena
related to the current-inducedmotion of skyrmions [9].

17



1. Magnetism theory

Experimentally, skyrmions have been detected in several bulk [35–47] and interfa-
cial [19, 50–59] materials by different methods (see Chapter 4). In particular, the in-
ternal structure of skyrmions has been resolved by Spin Polarised Scanning Tunnelling
Microscopy [8, 19, 56] and the same technique has been used to create, delete or ma-
nipulate them [8,56]. These topics are currently under extensive research.
Regarding skyrmion stability, it has been mentioned in analytical studies of infinite

systems that helicoidal or conical states are usually the ones that have lower energy.
The reason is that skyrmions have a gain in energy near the core region due to the
exchange interaction, which can be modified by means of external magnetic fields or
stronganisotropies [30,88]. Accordingly, largebias fields are required to stabilise hexag-
onally arranged skyrmion lattices and isolated skyrmions [88]. Through phase tran-
sition studies the skyrmion stability has been characterised by comparing the role of
the intrinsic properties of the chiral structures, for instance, the double twisting of a
skyrmion in two dimensions, with the energy of the system [30, 88, 89]. Additionally,
near critical temperatures (where the system becomes paramagnetic), it has been ob-
served that the skyrmion lattice formation is favoured. Here, thermal fluctuations con-
tribute to the stabilisation of skyrmions in a small region of a temperature-field T − H
phase diagram, which has been corroborated experimentally [7, 35, 39, 42]. Nonethe-
less, for the materials studied in those experiments, such as MnSi, the T − H diagrams
indicate that the presence of an externalmagnetic field is always required for the stabil-
isation of a skyrmion, which is not optimal for technological applications. Recent works
have reported the experimental observation of zero-field skyrmions in FeGe [90] and
even at room temperature for thin interfacial systems [51,55], which can lead to future
works with detailed phase diagrams of skyrmions in these materials.
Further studies on skyrmion stability have proposed the study of skyrmionic order-

ings in confined structures [8,51,66,86,87,91] such as nanodots or nanotracks. Inter-
estingly, the border conditions in these systems help to the stabilisation of skyrmions in
the absence of external magnetic fields or anisotropies, which is important for energy
efficient applications.
Magnetic skyrmions are considered candidates for multiple spin based technological

applications, i.e. spintronics. In Ref. [9] and [8], Fert et al. andWiesendanger extensively
review advances in skyrmion related research, different potential skyrmion based tech-
nologies and the current challenges in device engineering for their application.

1.7.1. An analytical study
Theoreticalworks about infinitemagnetic samples that includedDMIs, predicted axially
symmetric solutions, specifically, meta stable magnetic vortex-like states with particu-
lar properties that could be potentially found in different classes of materials with bro-
ken symmetry [30]. These states resemble magnetic bubbles (a large core separated
by a small domain wall from a uniformly magnetised background) under certain con-
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Comparison of numerical solutions for an isolated skyrmion. Comparison of different nu-
merical methods against a finite elements simulation of a skyrmion in a two dimensional 50 nm
wide FeGe nanodisk. The magnetic parameters of this system are: A = 8.78pJm−1 for the
exchange constant,Dc = 1.58mJm−2 for theDMI andMs = 0.348MAm−1 for the saturation
magnetisation. Both numerical methods solve the differential equation 1.52 only considering
DMI and exchange interactions.

Figure
1.3

ditions, however, bubble domains are unstable and they originate from dipolar inter-
actions. Instead, in the micromagnetic limit the vortex-like states present topological
stability and they have a defined chirality due to the DMI [9], thus they are now recog-
nised as skyrmions [67]. In the following, we will present general analytical expressions
in the continuum limit, to describe skyrmions in thin magnetic samples, including ex-
change, DMIs, Zeeman and anisotropic interactions. Accordingly, we need to compute
the energy contributions from these interactions and minimise the total energy to ob-
tain equilibrium solutions. As a particular solution, wewill show that the only necessary
mechanisms to stabilise a skyrmionic state in a finite system are the exchange interac-
tion, the DMI and the boundary effects, which has been confirmed in Refs. [66,91].
Using the continuumapproximationmentioned in Section1.4, the standard approach

to describe a chiral system is to writeM in spherical coordinates,

M = Ms (sin θ cosψ, sin θ sinψ, cos θ) , (1.45)
and the spatial variables as a function of cylindrical coordinates, i.e. θ = θ(ρ, ϕ, z)

and ψ = ψ(ρ, ϕ, z). This formulation is suitable to describe axially symmetric solu-
tions and the boundary conditions of a confined nanodisk. Because we are consider-
ing a thin sample, we will neglect the z dependence in the spatial variables θ and ψ,
which means a uniformity of the magnetisation along the z direction. Starting with
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the exchange interaction, we can compute the energy per unit volume wex from equa-
tion 1.17 (Eex =

∫
dV wex) by converting the gradients to cylindrical coordinates and

usingm = M−1s M from 1.45, to obtain

wex = A
∑
j

[(
∂ρmj

)2
+ ρ−2

(
∂ϕmj

)2
+
(
∂zmj

)2]
= A

[
(∂ρθ)2 + (∂ρψ)2 sin2 θ + ρ−2

{
(∂ϕθ)2 + (∂ϕψ)2 sin2 θ

}]
,

(1.46)

where A is the exchange constant and ∂ρ = ∂
∂ρ (similar for the other coordinates) and

j ∈ {x, y , z}. Analogously, the DMI energy can be calculated both for a T class material
DMI and for the interfacial DMI cases. For the former, we use the closed form of the
bulk DMI expression, equation 1.27, with the rotor in cylindrical coordinates, hence

w (bulk)DM = Dcm ·∇×m
= Dc

[
sin(ψ − ϕ)∂ρθ + sin θ cos θ cos(ψ − ϕ)∂ρψ

− ρ−1 cos(ψ − ϕ)∂ϕθ + ρ−1 sin θ cos θ sin(ψ − ϕ)∂ϕψ
]
,

(1.47)

whereDc is the DMI constant. For the interfacial case, equation 1.28, wemust convert
the partial derivatives fromCartesian to cylindrical coordinates to obtain

w (int)DM = Dc
(
L(x)
zx + L(y)

zy

)
=Dc

[
cos(ψ − ϕ)∂ρθ − sin θ cos θ sin(ψ − ϕ)∂ρψ

+ ρ−1 sin(ψ − ϕ)∂ϕθ + ρ−1 sin θ cos θ cos(ψ − ϕ)∂ϕψ
] (1.48)

Including Zeeman interactions and anisotropies is straightforward. If we consider an
out of planemagnetic field andout of planeuniaxial anisotropywith anisotropy constant
K > 0, and apply equations 1.20 and 1.22, we have the following expression for their
energy densities

wZeeman = −µ0MsHzmz = −MsBz cos θ

wA = −Km2z = −K cos2 θ
(1.49)

In a twodimensional system, the total energy is givenby the sumof the interactions in
the plane of the sample (for a three dimensional system, symmetric along the thickness
t , we just multiply the expression by t)

E =

∫
d2r (wex + wDM + wZeeman + wA) (1.50)

We canminimise the energy in different ways but under the same underlying principle:
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Visualisation of a numerical solution for an isolated skyrmion. Magnetisation field of a
skyrmion in a 80 nm wide FeGe nanodisk, which has associated a bulk DMI. The field was ob-
tained by solving equation 1.52 with the shooting method. The rotations of the spins for a
skyrmion in this material resemble a Bloch domain wall. The border effects cause an extra curl-
ing of the magnetisation at the edges of the disk.

Figure
1.4

1. Using Brown’s equation 1.40 [14], to get themagnetostatic configuration and the
corresponding boundary conditions. In this case

Heff = −
1

µ0Ms

(
ψ̂
1

sin θ

δ

δψ
+ θ̂

δ

δθ

)
w

∂M

∂n
= 0

in which n̂ is normal in the boundaries (in this case n̂ = ρ̂) andm× θ̂ = ψ̂.
2. Performing a direct variation of the energy, that gives boundary conditions natu-
rally:

δE

δψ(ϕ′)
= 0 δE

δθ(ρ′)
= 0

3. Similar to (ii), but using Euler’s equation directly to variate the energy
∂w

∂u
−∇ ·

∂w

∂(∇u)
= 0 n̂ ·

∂w

∂(∇u)
= 0

where u = θ, ψ

Furthermore, it is usually stated that, when minimising the energy through varia-
tional procedures, the system accepts axial symmetric solutions [28, 30, 67, 69, 88],
i.e. ψ = ψ(ϕ) and θ = θ(ρ), which significantly simplifies the calculations. Indeed, if
we perform the variation with respect to ψ, we agree that the symmetry accept those
solutions, which lead to the description of skyrmions and helicoids. Nevertheless, it is
also possible that the differential equations accept answers more complex than linear
functions of ψ(ϕ) if we assume appropriate initial conditions. This would allow us to
obtain other chiral equilibrium states but making the equations significantly difficult to
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solve, as can be seen in a study by Borisov and Rybakov [92], who performed an analyt-
ical study of spiral structures using numerical solutions of the variational equations for
general θ(ρ, ϕ) andψ(ρ, ϕ).
For the particular crystal geometry of a bulk DMI solid, the axial function has solu-

tions in the form ψ = ϕ ± π/2, and an interfacial system accepts ψ = ±ϕ. The choice
of either sign defines the chirality of the system and for other materials the angle will
have a different expression. Correspondingly, the structure of ψ sets the ordering of
the spins around the skyrmion core [28,69,88].
Using anyof the aforementionedmethods tominimise the functional of equation1.50

and reducing units using

ξ =
A

Dc
ρ̃ = ξ−1ρ b =

AMsBz
2D2c κ =

KA

2D2c (1.51)
we obtain the differential equation

∂ρ̃ρ̃θ + ρ̃−1∂ρ̃θ ∓ 2ρ̃−2 sin(2θ) + ρ̃−1 sin2 θ − b sin θ − κ sin(2θ) = 0 (1.52)
where the upper sign refers to a T or O crystallographic class DMI and the lower sign
to an interfacial orCnv class DMI system.
For a finite cylindrical system, border conditions lead to the following restrictions

θ(ρ̃ = 0) = 0 ∂ρ̃θ(ρ̃ = ξ−1R) = −
1
2 (1.53)

On the other hand, if we assume an isolated skyrmion in an infinite sample, the vortex
structure can be stabilised considering uniaxial anistropy and/or an external magnetic
field, imposing the direction ofm in the centre and at infinity as

θ(ρ̃ = 0) = kπ θ(ρ̃ =∞) = 0 (1.54)
where k > 0 is an integer that parametrizes the number of twistings or variations of the
skyrmion. These solutions were named as kπ-vortices by Bogdanov andHubert [30].
Equation 1.53 can be solved using standard numerical methods. In this work we ap-

plied the Shooting Method and Finite Differences to compare numerical solutions ver-
sus a twodimensional simulation of a 50nmwideFeGenanodiskwith bulkDMIs. These
results are shown in Figure 1.3, where it can be seen a perfect agreement between
the analytical theory and the simulation. Analogously, the magnetisation field of a full
skyrmion was obtained using a 80 nm wide FeGe nanodisk, which is depicted in Fig-
ure 1.4.
We have not included dipolar interactions in this analytical model due to the non lin-

earity of the equations, which makes the energy minimisation process unwieldy. In this
regard, in a recent work Kiselev et al. [67] included the demagnetising field to the ana-
lytical model for an infinite film, using of an old theory about bubble domains [93]. They
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Comparison of simulation and analytical model for an Néel skyrmion. Out of plane compo-
nent of the magnetisation field of a skyrmion in a Pd/Fe/Ir sample modelled as an infinite film.
The skyrmion is described using an analytical model (mz ) and a finite elements simulation (FE
Sim). The simulation was performed using periodic boundary conditions and a mesh discresti-
sation of 0.1 nm. The analytical model is a superimposition of two Néel domain wall functions,
which are shown as θc functions (see equation 1.55 for details), using the fit parameters from
Fig. 2 of Ref. [58]. The skyrmion is stabilised using an out of plane bias field of Bz = −1.5T (in
the−ẑ direction) of magnitude.

Figure
1.5

found isolated skyrmion solutions that are of interest in investigations about skyrmion
dynamics in stripes under the influence of electrical currents [49,86]. In addition, Gus-
lienko [94] directly computed an expression for these interactions in a finite disk, finding
vortex and skyrmionic states but without using DMIs, arguing that in a finite nanodot it
is possible to stabilise those structures avoiding external fields or anisotropic exchange
interactions. However, the nonlinear equations he obtained for the energy minimisa-
tion restricts him to compute the ground states using numerical methods or to assume
amodel for the magnetisation angle θ.
Analytical solutions for the magnetisation field profile of a skyrmion, even in absence

of dipolar interactions, are difficult to obtain due to the complexity of the governing dif-
ferential equations that describe them. In this context, different mathematical func-
tions for the skyrmion profile have been proposed to satisfy the energy minimisation
equations [31, 58, 94]. In particular, Romming et al. used a superimposition of two π
domain wall profiles, since the skyrmion twistings resemble a Néel domain wall for a
system with interfacial DMI. Regarding w and c as a π domain wall width and position,
the magnetisation angle θ proposed by Romming et al. [58], can be written as
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θc,w (ρ) = arcsin

(
tanh

(
−ρ+ c

w/2
))

+ arcsin

(
tanh

(
−ρ− c
w/2

))
(1.55)

A comparison of this model with a skyrmion in an infinite PdFe over Ir sample is shown
in Figure 1.5. Further details are described in Chapter 4.

1.8. Bloch Points inmicromagnetism
According to the derivation of the continuummagnetism theory from the atomistic the-
ory, it is assumed, at zero temperature, that the magnetisation is homogeneous and the
field varies slowly. However, these assumptions become ambiguous if we accept the ex-
istence of singularities in the model, which was initially studied by Feldtkeller in 1965.
These defects are known as Bloch points (or Feldtkeller singularities) and are charac-
terised by the topological property that the magnetisation field vectors in a closed sur-
face, e.g. a sphere around the singular point, will cover the surface of directions exactly
once [95, 96]. Around a Bloch point, the magnetisation varies drastically, thus in the
singularity the magnetisation is undefined and its length becomes zero, violating the
micromagnetic hypothesis [95] (see Section 1.3). The description of a Bloch point us-
ing the continuum theory is not trivial, because it is necessary to consider appropriate
boundary conditions around the surface that surrounds it and the condition that the
magnetisation vanishes in the singularity. In this context, Feldtkeller firstly obtained an
approximation of its energy, demonstrating that the Exchange energy was the leading
interaction and, later, Döring corrected the result including the demagnetising field.
Multiple studies [96–99] have theoretically shown that Bloch points are present in

the destruction and annihilation dynamics of vortex structures, and they have also been
observed experimentally [96]. Moreover, modern computational techniques have al-
lowed the simulation of vortex structures in thickmagnetic samples, where the reversal
mechanism of the vortex core is driven by a Bloch point moving across the thickness of
the system. This has made possible to resolve themagnetisation field around these sin-
gularities. In their study, Thiaville et al. [96] provide three theoretically possible struc-
tures for a Bloch point, and a recent study by Elías and Verga [100] shows vortex and
hedgehog Bloch point structures with different stability using a magnetic sphere. It is
worth mentioning that these characterisations cannot fully describe a Bloch point de-
fect since the continuum theory is undefined and in reality, materials are discretised by
atomic spacings. The rapid variation of themagnetisation in the singularity suggest that
it would be necessary to consider quantum effects to resolve themicroscopic nature of
the Bloch point dynamics [96,100,101].
According to the standard definition of aBloch point, we notice that the description is

intrinsically three dimensional. In our study, we will observe singularities in two dimen-
sional samples, but we can still think about them as a Bloch points because, in theory,
superimposing a vortex and anti vortex pair, each of themwith the same charge, is topo-
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1.8. Bloch Points in micromagnetism

logically equivalent to one of these three dimensional defects. Furthermore, we also
observed a similar phenomenon when using a discrete spins lattice, but the definition
of a Feldtkeller singularity in this case, is not completely understood because, firstly,
the definition should still be valid since we keep assuming a constant length semi clas-
sical spin vector S in a discrete solid. However, the defect was defined as a continuum
field singularity that would be better resolved with improvedmesh resolutions, but it is
not clear the validity below the atomistic constant, which is fixed for the discrete spin
model. Besides these issues, the presence of a Bloch point is not catastrophic for these
systems [102] since the energy is still finite.
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Nudged Elastic BandMethod

The Nudged Elastic Band Method (NEBM) is an algorithm that searches for minimum
energy paths, i.e. transitionswithminimumenergy cost, between twoequilibriumstates
of a system [11, 12, 103]. This technique was originally developed in the context of
theoretical chemistry for the calculation of transition rates between two stable config-
urations of atoms from a system that can be described by a potential energy surface.
The transition between these equilibrium states can be given, for example, by a chemi-
cal reaction or a diffusion process, where atoms change their configuration in the pro-
cess [11,12]. TheNEBM is relevant for computing these transition rates because amin-
imum energy path is the preferred pathway of a system in its energy landscape. Along
this path, the largest energy point is identified as a saddle point1 in the potential energy
surface, which sets the magnitude of an activation energy between the stable configu-
rations. Accordingly, this energy can be used within harmonic transition state theory to
estimate reaction rates [11,12].
Because a magnetic system can be described by the free energy from the different

magnetic interactions, it is natural to think that the NEBM can be adapted to describe
paths ofminimumenergy cost between equilibrium states inmagneticmaterials. In this
context, the activation energywould be seen as an energy barrier separating stable con-
figurations that can be used to estimate their stability. First results of the NEBM ap-
plied to magnetic systems within the micromagnetic model were published by Dittrich
et al. [104], computing minimum energy paths in a variety of simple magnetic systems,
which corroborated with analytic theory. For example, they showed minimum energy
transitions of small particles and elongated particles, where paths are characterised by
coherent rotations and domain wall propagations, respectively. As availability of com-
putational power increased, the method was later applied to larger systems [96, 105–
107]. Due to the recent attention on skyrmions for spintronics applications and the
open debate on the stability of these configurations, Bessarab et al. [13] published a re-
viewof themethodwith test examples based on chiral systems and using a discrete spin
formalism. Furthermore, the review showed an optimised version of the NEBM, which
includes geodesic distances in phase space and vector projections to improve the be-
1In complex energy surfaces it can exist more than one saddle point along a minimum energy path and the
algorithm is also capable of finding other equilibrium states during the minimisation process. In this case,
the highest energy saddle point is the one relevant for the estimation of the transition rate.
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haviour of the algorithm. They claim that early versions of the method [96, 104, 105,
108] lead to uncontrolled behaviour of the algorithm. This publication has motivated
new studies on the NEBM applied to skyrmionic textures [109–113].
In this chapter we give a general description of the algorithm.Consequently, we test

the NEBM through different examples with varied degree of complexity. One of these
test systems is a test model proposed by Bessarab et al. [13], which we analyse using a
discrete spin model andmicromagnetics.
Throughout this thesis we will refer to the algorithm simply as NEBM, instead of

Geodesic NEBMas is usually done in the literature, sincewewill be using the optimised
version of the method for every computation where it is involved.

2.1. The numerical method
To describe a magnetic material we use a discrete spin model, where we define a lat-
tice of P nodes which each have an associated three dimensional spin vector si , with
i ∈ {0,1, . . . , P − 1}. Equivalently, if we describe a material micromagnetically, it is
necessary to discretise the sample into a mesh of P nodes, where every node i repre-
sents the magnetisation fieldmi evaluated at the node’s coordinates ri , thus instead of
discrete spins we use a discretised fieldmi = m(ri), i ∈ {0,1, . . . , P − 1}. Henceforth,
we will use discrete spins to describe the NEBM.
The whole system of spins (s0, s1, . . . , sP−1) will be called an image, and we will de-

note it as Y (see for example the images defined in Section 2.4.1). The geometric or-
dering of the lattice that represents the arrangement of molecules or atoms, is given by
crystallographic nature of thematerial. Depending on themagnetic configuration of the
magnetic moments, an image will have a specific energy. Thus, the energyE = E(Y) of
the magnetic sample is parametrised by themagnetic ordering ofY.
In theNEBM, we define a so called band ofN imagesYi , i ∈ {0,1, . . . , N − 1}, which

are identical systems in (ideally) different magnetic configurations. For each of the im-
ages at either end of the band,Y0 andYN−1, we fix themagnetic configuration to be the
twoequilibriumstates forwhichwewant to find theminimumenergy transition. For the
otherN − 2 images, (Y1,Y2, . . . ,YN−2), we need to set up an initial sequence of mag-
netic configurations. A graphical representation of this set up is shown in Fig. 2.1where
the in-plane coordinates represent the two-dimensional phase space, every sphere i
represents a particular magnetic configuration Yi in that phase space, and the surface
represents the energy landscape E(Y). In this figure, the equilibrium states lie in two
global minima and the initial band (grey spheres) crosses an energy maximum (this en-
ergy landscape corresponds to the example defined in Section 2.4.1).
Keeping the images Y0 and YN−1 fixed, we apply the NEBM algorithm, which itera-

tively evolves the band to find the lowest energy path between these two (see the min-
imum energy path in Fig. 2.1 that passes through a local minimum). This minimisation
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2.1. The numerical method

Overview of the NEB method. A summary of the Nudged Elastic Band method in a system
parametrised by two variables. The surface height indicates the energy plotted for all points
in this two-dimensional phase space. A set of specific magnetic configuration is shown through
spheres, each being one image of the method. For a particular image Yi of the initial energy
band, we show the effective (total) forceG, the gradient component perpendicular to the band
∇µE|⊥ (µ = µs as themagnetic moment), the tangent to the band t and the spring forceF. The
height of the surface Ei = E(Yi) shows the energy of image i . At the extrema of the band, the
magnetic configurations are fixed and localised at energy minima.

Figure
2.1

is achieved by defining an effective forceG for every image, which depends on vectors
t that are tangents to the energy band. Additionally, since the energy of the band is
minimised, the definition ofG includes a spring force F between the images in order to
keep them equally spaced in the phase space and avoid that the images cluster around
the fixed states. Accordingly, to distinguish them, we use aGeodesic distance [13] which
measures the difference of the spins direction between consecutive images (see Sec-
tion 2.2.7). A minimum energy path is foundwhen the component of the effective force
G perpendicular to the band, i.e. perpendicular to t, goes to zero (or the images only
move along the band).
When the NEBM reaches convergence (see Section 2.3), the band will ideally pass

through a maximum in energy along a single direction in phase space, which is known
as a first order saddle point and it determines the energy barrier between the two fixed
configurations. This transition path might not be unique and if it is the one with the
smallest energy barrier, we call it the minimum energy path. For the final energy band
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2. Nudged Elastic BandMethod

shown in Fig. 2.1, there are two maxima since the band crosses a metastable state that
could be used as an equilibrium configuration, but we can clearly distinguish a single
saddle point between every pair of energy minima. In that case the most relevant first
order saddle point would be the one with largest energy, which is the barrier that the
system needs to climb to get to the other equilibrium state. In general, there is no guar-
antee that any of the images in the band will sit exactly at the saddle point (commonly,
there will be images to either side of the saddle point along the band), and thus the en-
ergy at the saddle point (and hence the energy barrier) is generally underestimated. To
address this problem and improve the accuracy of the estimate, we can push one of
the images into that maximum energy position along the path using a variation of the
method called the Climbing Image NEBM [13, 114]. This is based on taking the largest
energy point from a relaxed band (with the NEBM), redefine the forces applied to this
image and then remove the spring force on it (seeMethods for details). As a result, this
image will try to climb up in energy along the band (while being allowed to decrease its
energy in a direction perpendicular to the band).

2.2. Mathematical details
Basically, the algorithm of the NEBM can be summarised as the following steps:

1. Define a magnetic system and find two equilibrium states for which we want to
find aminimum energy transition.

2. Set up a band of images and an initial sequence between the extrema. We can use,
for example, linear interpolations on the spherical angles that define the spin di-
rections, or Rodrigues’ rotation formula on the spin orientations [13], to generate
images between the extrema.

3. Evolve the system using a dynamical equation or a minimisation method for the
NEBM, which depends on the chosen coordinate system. This equation involves:
a) Compute themagnetic effective fieldH for every image of the band (images
are in differentmagnetic configurations) and the total energy of every image

b) Compute the tangent vectors t for every image, according to their energies
and project them into the spin ormagnetisation tangent space of the images

c) Compute the total force G for every image in the band using the tangents
and distances between neighbouring images. This requires the gradients
(which use the previously calculated effective fields) and the spring forces
on the images

d) Project the total force into the spin or magnetisation tangent space of the
images
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2.2. Mathematical details

e) Evolve the system using a dynamical equation or aminimisationmethod, ac-
cording to the coordinate system, to zero the total forceG or its component
perpendicular to the tangent vectors t

f) Check convergence according to a specified criteria or go back to step 1.
Early versions of the NEBM did not involve to project the vectors into the tangent

space in steps b and d. A proper mathematical definition and discussion about the tan-
gent space is given by Bessarab et al. [13]. Their motivation for defining the tangent
space is to unconstrain the NEBM, where the constraint is caused by condition of fix-
ing the magnitude of the magnetic moments. A more detailed definition of this projec-
tion is provided in Section 2.2.8. Not projecting the vectors leads to an uncontrolled
behaviour of the band evolution since the vectors that are supposed to be perpendicu-
lar to the band still have a component along the band which interferes with the images
movement in phase space [13].
In the following we define the forces and the dynamical equation we use in the algo-

rithm according to our chosen coordinate system.

2.2.1. Vectors
Aswe previously specified, an energy bandY consists ofN copies of a systemwhich we
call images, i.e.

Y = (Y0,Y1, . . . ,YN−1), (2.1)
and every image Yi is, ideally, a different magnetic configuration of the system. Each
one of these images consists of P spins

Yi =
(
s

(i)
0 , s

(i)
1 , . . . , s

(i)
P−1

)
(2.2)

The spin vectors can be described in any suitable coordinate system. For our purposes,
wewill usually denote the spins in Cartesian coordinates, thus we can express the com-
ponents of the ith image as

Yi =
(
s

(i)
x,0, s

(i)
y,0, s

(i)
z,0, s

(i)
x,1, . . . , s

(i)
x,P−1

)
(2.3)

Wecan see that in this coordinate system, the total numberof degreesof freedom is3P .
Furthermore, in themethodwe define vectors related to these images, for instance, we
define an effective force Gi or tangent vectors ti for every image Yi . This means the
effective force vector is expressed as

G = (G0, . . . ,GN−1) . (2.4)
The vectors Gi will have the same number of components P than the images Yi in the
chosen coordinate system, thus they will have the same structure than the images as
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2. Nudged Elastic BandMethod

in equation 2.2. Correspondingly, for a general vector A = (A0, . . . ,AN−1) related
to the energy band Y, each component Ai is associated to the ith image of the band.
Therefore, using Cartesian coordinates, we can write every vector component Aj of A
as

Aj =
(
A

(j)
0 , . . .A

(j)
P−1

)
=
(
A

(j)
x,0, A

(j)
y,0, A

(j)
z,0, A

(j)
x,1, A

(j)
y,1, . . . , A

(j)
y,P−1, A

(j)
z,P−1

)
, (2.5)

2.2.2. Tangents
In our implementationof theNEBM,we follow the rules ofHenkelmanandJónsson [103]
to compute the tangent vectors associated to every image of an energy band and, for
the sake of completeness, we specify them here. These rules are related to the be-
haviour of the images near saddle points where, according to the energyE of the neigh-
bouring points, different possibilities can arise. Following the notation of Henkelman
and Jónsson [103], we can define

t+i = Yi+1 − Yi
t−i = Yi − Yi−1

∆Emax
i = max (|Ei+1 − Ei |, |Ei − Ei−1|)

∆Emin
i = min (|Ei+1 − Ei |, |Ei − Ei−1|)

According to this, the tangent of the ith image, ti is:

t+i if Ei+1 > Ei > Ei−1
t−i if Ei+1 < Ei < Ei−1

(2.6)

Additionally, ifEi+1 < Ei > Ei−1 orEi+1 > Ei < Ei−1, the tangent is defined as:

t+i ∆Emax
i + t−i ∆Emin

i if Ei+1 > Ei−1
t+i ∆Emin

i + t−i ∆Emax
i if Ei+1 > Ei−1

(2.7)

Finally, we normalise these vectors, i.e. we set ti → ti/|ti |.

2.2.3. Effective force
The effective force G for the NEBM relaxation is defined for every image, i.e. G(Yi) =

Gi , and is a sumof a gradient forceperpendicular2 to thebandplus a spring forceparallel
2For a vectorA, the parallel and perpendicular component are definedwith respect to the tangent vectors
as: A|⊥ = A− A|‖ = A− (A · t)t
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2.2. Mathematical details

to the band (seeRef. [103,104]). In the atomisticmodelweuse the spinmomentµ = µs

to define the gradient force. In this case the effective force is expressed as

Gi = −
{
∇µE(Yi)−

[
∇µE(Yi) · ti

]
ti
}

+ F(Yi)

= −
{
∇µE(Yi)−∇µE(Yi)|‖

}
+ F(Yi)

= −∇µE(Yi)|⊥ + F(Yi)

(2.8)

and in the continuum limit, this expression turns into

Gi = −∇ME(Yi)|⊥ + F(Yi) (2.9)
As specified in Ref. [13] and Section 2.2.8, to avoid misbehaviour of the band when the
forces overlap, we must first project the tangents t in equation 2.8 or 2.9 into the tan-
gent space and consequently project the effective forcesG.
Within the atomistic model, we can evaluate the gradient taking advantage of the ef-

fective field definition, which is related to the gradient of the energy with respect to the
magnetic momentµ:

∇µE(Yi) =
1
µ

∂E

∂s
= −Heff . (2.10)

Similarly, in micromagnetics the gradient uses themagnetisation

∇ME ≈
1
Ms

δE

δm
= −Heff (2.11)

The parallel component in the effective force means following the direction of a tan-
gent vector ti of an imageYi which depends on the energy of its neighbours [103,104].

2.2.4. Climbing ImageNEBM
In theClimbing Image technique, we redefine theG vector for a single image (the climb-
ing image) of the energy band, which is usually close to a saddle point, as [114]

GCIi = −∇µE(Yi)|⊥ +∇µE(Yi)|‖ , (2.12)
remembering to project the corresponding vectors as in Section 2.2.3.

2.2.5. Spring force
Since the energy of the band isminimised, it is necessary to set a spring forceFbetween
the images in order to keep them equally spaced in the phase space and avoid the clus-
tering of images around the fixed states. Accordingly, the spring force is defined using
the distance between neighbouring images

F(Yi) = k (|Yi+1 − Yi | − |Yi − Yi−1|) ti . (2.13)
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2. Nudged Elastic BandMethod

For anoptimal behaviourof the algorithm, the imagesdistances aredefinedbyaGeodesic
length using Vincenty’s formulae [13].
Dittrich et al. [104] stated that their results did not require its applicationwhen using

a variable order and time stepmethod. In our study, the spring force has an influence in
the results, affecting the number of iterations necessary for the algorithm converge and
to achieve a better equispaced band. An estimation of the spring constant k in equation
2.13 is difficult to compute, because it depends on many factors of the NEBM, such as
the size of the system, number of spins, interactions involved and the coordinates sys-
tem. We performed a series of tests to check optimal values for k , and it is usually in a
range around 102 to 105. For larger order ofmagnitudes, the algorithm requires signifi-
cant computation time, especially when using a small criteria for stopping the algorithm
(see Section 2.3).

2.2.6. Initial condition
We describe the magnetisation using Cartesian coordinates, although any suitable co-
ordinate system could also be used [13]. Our approach to determine the minimum en-
ergy band is to set an initial energy band using a linear interpolation of the spin angles
between the fixed equilibrium images Y0 and YN−1 in spherical coordinates, and then
to evolve the band in the chosen Cartesian coordinates to find the minimum energy
transition path between the fixed images. The advantages of using a Cartesian descrip-
tion of the spins is that the energy band is better defined when the spins directions are
close to the poles but it is still necessary to constrain their length, which is fixed at zero
temperature. While we discuss the initial energy band, we note that is also possible to
manually specify an initial guess for the transition, usually by taking one ormore images
from a known path, for example the intermediate states when applying a spin polarised
current between two equilibrium states.

2.2.6.1. Linear interpolations

Using the standard definition for the magnetisation in spherical angles,

s = (sin θ cosψ, sin θ sinψ, cos θ) , (2.14)
the linearly interpolated initial state of themagnetisation is obtained through the angles
of corresponding spins, between two different images, say Yi and Yk with i < k (we
usually use the extreme images, hence i = 0 and k = N). Thus, for every spin j ∈
{0, . . . , P − 1} of the system, if we perform n interpolations, the interpolated angles
(θ

(l)
j , ψ

(l)
j ) of the imageYl , l ∈ {i , . . . , k}, are
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θ
(l)
j =θ

(i)
j +

l

n + 1
[
θ

(k)
j − θ

(i)
j

]
ψ

(l)
j =ψ

(i)
j +

l

n + 1
[
ψ

(k)
j − ψ

(i)
j

] (2.15)

2.2.7. Distances
There are different ways of defining the distance in phase space between two images,
dj,k = |Yj − Yk |. In the following sections we show three different cases. The most
relevant are the Geodesic distances because according to the optimised version of the
NEBM[13], the projection of vectors into the spin ormagnetisation tangent spaces (see
Section 2.2.8) implies that paths in energy landscape are now defined in curved spaces,
where Geodesic distances are the optimal choice.
Regarding the figures with NEBM results, most of them have the abscissa defined as

as the distance from the first image of the bandY0. This simply means summing up the
distances from neighbouring images, i.e. the ith image in the band will be at a distance

d =

i−1∑
j=0

dj+1,j =

i−1∑
j=0

∣∣Yj+1 − Yj ∣∣ (2.16)

from the first extreme of the band, which wemeasure in arbitrary units.

2.2.7.1. Geodesic
Theoptimisedversionof theNEBMproposedbyBessarabet al. [13] considers aGeodesic
distance based on Vicenty’s formulae:

dj,k =

√(
δ

(j,k)
0

)2
+
(
δ

(j,k)
1

)2
+ . . .

(
δ

(j,k)
P−1

)2 (2.17)
where

δ
(j,k)
i = arctan2

(∣∣∣s(j)i × s(k)
i

∣∣∣ , s(j)i · s(k)
i

)
(2.18)

This definition works better with the optimised NEBM [13] since spin directions are
defined in a unit sphere where vectors are projected in order to be tangent to the spin
spheres. This makes trajectories in energy landscape to be defined in curved spaces.

2.2.7.2. Cartesian
The first versions of the method simply used an Euclidean distance based on the differ-
ence between corresponding spins. In Cartesian coordinates it reads

dj,k =
1
3P


P−1∑
j=0

∑
α∈{x,y ,z}

[(
s

(j)
α − s(k)

α

)2]
1/2

(2.19)
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where we have scaled the distance by the number of degrees of freedom of the system
(or an image).

2.2.7.3. Spherical
In spherical coordinates, if we denote the spin components as

s = (sin θ cosψ, sin θ sinψ, cos θ),

the definition is similar to the Euclidean norm:

|Yi+1 − Yi | =
1
2P
{
P−1∑
j=0

[(
ψ

(i+1)
j − ψ(i)

j

)2
+
(
θ

(i+1)
j − θ(i)

j

)2]}1/2
, (2.20)

where
(
ψ

(i)
j , θ

(i)
j

)
is the pair of components of the j-th magnetic moment, sj , in the i -th

imageYi . In this reference frame, there is one less degree of freedom, and it is implicit
that the magnetisation length is constant. When using spherical coordinates, we avoid
ambiguities in the ψ angles differences ∆ψ = ψ

(i)
k − ψ

(j)
k , by rescaling it to 2π − ∆ψ

when the difference is larger than π (analogously if ∆ψ < −π, in that case it is used
∆ψ + 2π).

2.2.8. Projections
In Ref. [13] it is argued that since spin vectors can be characterised by two spherical
angles (the length constraint becomes implicit), it is possible to define a two dimen-
sional Riemannian sphere for every spin vector. Therefore, projecting a vector A =

(A1, . . . ,AP−1) into the spin ormagnetisation tangent space of an imageYi , means that
for every componentAj of the vector, we compute its component perpendicular to the
corresponding jth spin vector sj of this image. Mathematically, this is expressed as

PsjAj = Aj −
(
Aj · sj

)
sj , (2.21)

for j ∈ {0, . . . , P − 1}. As a result, the projected vector PsjAj is tangent to the 2D-
Riemannian sphere associated to sj [13].
Hence, the total projectionP into the spin or magnetisation tangent space is defined

as

PA =
(
Ps0A0,Ps1A1, . . .Ps1AP−1,

)
, (2.22)

which in Cartesian coordinates can be expressed as

PA = (Ax,0 − (A0 · s0)sx,0, . . . , Az,P−1 − (AP−1 · sP−1)sz,P−1) . (2.23)
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2.3. Implementation of the algorithm

One of the steps of the steps of the NEBM, for example, involves calculating the vec-
tors tangent to the band t for every image, thus t = (t0, . . . , tN−1) (remember that the
energy band was defined with N images). Notice that every tangent vector ti is speci-
fied by tangents for every spin, i.e. ti = (t

(i)
0 , . . . , t

(i)
P−1). Therefore, projecting t into the

tangent space of the energy band Y, means projecting every vector ti into the corre-
sponding imageYi . This implies computing equation 2.22 with ti instead ofA.

2.2.9. Relaxation of the bands
A minimum energy path for an energy band is found when the components of the ef-
fective force G perpendicular to the band are zeroed. This implies that images in the
band only move along the band and the downhill energy minimisation, given by the gra-
dient term in G, is finished. An optimal path occurs when all the components of G are
completely zero, which means that images are equally spaced along the band.
In our implementationof themethod, the relaxationsof theenergybands are achieved

using a first order differential equation where every image is evolved with a fictional
time τ . In Cartesian coordinates we use a minimisation based on the Landau-Lifshitz-
Gilbert equation, which has been used previously by Suess et al. [105]:

∂Yi
∂τ

= −γ Yi × Yi × Gi + c

√(
∂Yi
∂τ

)2 (
1− Y2i

)
Yi (2.24)

In equation 2.24 the last term exists to constrain the length of the spins using a suitable
factor c and γ is a factor in units of Hz T−1, which determines the time scale. This fac-
tor is irrelevant since we are using a artificial time parameter, thus we set γ = 1. The
evolution of equation 2.24 will make the images to move in the direction of the effec-
tive forcesG and thus follow a steepest descent path in the energy landscape, as occurs
with the Landau-Lifshitz-Gilbert equation when removing the precessional term.

2.3. Implementation of the algorithm
We implemented this algorithm in our finite differences micromagnetics and atomistic
simulations software Fidimag [78]. The interface of this code is written in Python and
themain calculations arewrtitten inCcode, connectingboth languages throughCython.
The integrationof theNEBMdynamical equation ismadewith a library for stiff andnon-
stiff ordinary differential called CVODE which is part of a suite called Sundials [115].
Documentation about the code structure canbe found in theNudgedElasticBandMethod
section of Fidimag’s documentation [116].

2.3.1. Convergence
Wedefine the convergence of theNEBMas follows. We first calculate the norms of the
difference (in corresponding degrees of freedom) between the energy bands of the last
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computed NEBM step and the previously computed step. Consequently we scale them
by the number of degrees of freedom (spins) per image. In Cartesian coordinates one
of these norms is

∆Yi =
1
3P
√(
Y

(LAST)
i − Y(PREV)

i

)2
, (2.25)

where i ∈ {0, . . . N − 1}. We finally compute the maximum of these norms and divide
by the last time discretisation ∆t given by the integrator [115]. Thus, we say the band
converged if this value, max(∆Yi)/∆t , is smaller than a specified criteria. We usually
use values ranging from 10−1 down to 10−6.

2.4. Test systems
Wehave implemented theNEBMalgorithm in our atomistic and finite differences soft-
ware Fidimag [78]. Based on the examples proposed by Dittrich et al. [104] and the re-
sults of Bessarab et al. [13], we have analysed different test examples where the energy
paths are known.

2.4.1. Two interacting particles
A simple model for testing the NEBM is a system where two particles of volume V and
separated by a distanceR, have an uniaxial anisotropy easy axis oriented perpendicular
(or parallel) to a line connecting their centre and which are only coupled via dipolar in-
teractions. We describe the spins assuming that the spins rotate in a single plane, thus
we can characterise the system by two angles (θ1, θ2), as show by the inset to the right
of Fig. 2.26. Accordingly, we can formulate an analytical description of the system’s en-
ergy assumingmacrospins as in the Stoner-Wohlfart model obtaining

E(θ1, θ2)

KuV
= sin2 θ1 + sin2 θ2 +

(
µ0
4π

V M2s
2KuR3

)
(sin θ1 sin θ2 − 2 cos θ1 cos θ2) , (2.26)

where Ku is the anisotropy constant andMs the saturation magnetisation. In this sys-
tem the globalminima are the two configurationswhere both particles point in the same
direction along the anisotropy axis, and metastable states appear when they point in
opposite directions along the anisotropy axis. A full picture of the energy landscape for
this two particle model can be seen from Fig. 2.1.
We simulate this system using our micromagnetics code by setting two cubic cells of

3 nm side, separated by a distance ofR = 6nm. We use standard material parameters
ofKu = 1.5MJm−3 andMs = 3.8× 105 Am−1.
For the NEBM, the initial state is specified as a coherent rotation of the spins from

one equilibrium state towards the other. After evolving the system with the NEBM
the algorithm found the minimum energy path where one spin rotates first and then
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R

Reversal of two anisotropic macrospins. Minimum energy path of two particles separated by
a distance R where an uniaxial anisotropy easy axis oriented perpendicular to a line crossing
their centres. A model of this system is shown in the right image, where it is assumed that the
particles rotate in the same plane, thus the minima occur when both (θ1, θ2) are 0 or π. The
particles interact only via dipolar interactions. The energy path is an asynchronous rotation of
the spins. The x-axis refers to the image numbers. The energy is shifted with respect to the
energy of the first image and rescaled by a factor. The theory curve is given by equation 2.26.

Figure
2.2

the other spin rotates until the system reaches the other global minimum. In this asyn-
chronous rotation, there is a local minimum where spins point in opposite directions,
i.e. (θ1, θ2) = (π, π/2), generating two energetically degenerate saddle points in the
energy path. This can be seen from Fig. 2.2, where we compare the energies of the im-
ages in the bandwith the analytical equation 2.26, taking the angles from the simulation
and shifting the energy scale with respect to the first image energy. Herewe clearly ob-
serve the two saddle points before and after a metastable state, which set the energy
barrier magnitude for the particles reversal transition, and where it is evident a good
agreement with the analytical model. Small insets in the plot indicate themagnetic con-
figurations of the corresponding images.

2.4.2. Elongated particle
A more complex test system, with a larger number of degrees of freedom, is an elon-
gated particle with an uniaxial anisotropy along its main axis, thus two global minima
are identifiedwhen all the spins point along the twopossible orientations along the easy
axis.
As in the two particles example, we use micromagnetics to describe this system. We

set up a cuboid of 12 nm × 12nm × 70nm, discretised by cubic cells of 2 nm side. The
initial state for the NEBM is specified again by a coherent rotation of the spins from
one anisotropic direction towards the opposite one. The minimum energy path in this
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2. Nudged Elastic BandMethod

Magnetisation reversal of an elongated particle.Minimum energy path of an elongated parti-
cle with uniaxial anisotropy oriented along the particle’s long axis. The minimum energy transi-
tion is given by the nucleation, propagation and destruction of a transverse domainwall, moving
across the system’s main axis. Small insets depict snapshots of specific images of the energy
band. The energy is shifted with respect to the equilibrium states energy.Fig

ure
2.3

case is a domain wall propagation triggered at one of the extremes of the particle. This
domain wall travels along the particle’s long axis and reverses the spins behind it until
completing the particle magnetisation reversal, which is the other global minimum. We
chose a cuboid geometry for simplicity but a cylindrical shape can be used to compare
the results with a full analytical model [117,118].
We show in Fig. 2.3 the result of the NEBM applied to this system, where the min-

imum energy transition is given by the magnetisation reversal mediated by a domain
wall. The figure also shows snapshots of the corresponding images in the energy band,
wherewe notice that between the 5th and the 13th image, the energy does not change.
This means that any state given by the domain wall positioned inside the long particle
is degenerate in energy, and the total energy only changes when the domain wall is nu-
cleated or destroyed at any of the extremes. For this case, the energy barrier is around
7 eV.

2.4.3. Skyrmion basedNEBM test model
Bessarab et al. [13] proposed a toy model to simulate a skyrmion on a discrete spin lat-
tice in order to test the NEBM. This test model considers a system of 21 by 21 spins
with periodic boundary conditions. Themodel Hamiltonian reads

H = −J
N∑
〈i ,j〉

si · sj −D
N∑
〈i ,j〉

(
ri j × ẑ

)
·
[
si × sj

]
− µ

N∑
i

B · si (2.27)

which has the convention 〈i , j〉 in the sums, indicating a summation over every spin pair
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Skyrmioncollapse.Minimumenergypathof a skyrmion in a21by21spins systemarranged in a
twodimensional square latticewith periodic boundary conditions. (a) Images of the energyband
depicted in (b), colourised according to the out of plane component of the spin orientations. The
numbering is according to the labels of (b). (b) Energy band curve for the skyrmion annihilation.
The energy is shifted with respect to the skyrmion energy.

Figure
2.4

without repetition. Themagnetic parameters are: an exchange constant of J = 10meV,
an interfacial DMI constant ofD = 66meV, a magnetic moment of µ = 2µB and an out
of plane magnetic field of 25 T. The ground state of the system is a ferromagnetic or-
dering along the magnetic field. A skyrmion with a hedgehog-like profile and its core
pointing in the opposite direction of the field is stabilised as ametastable configuration.
The uniform ordering and the skyrmion are shown as the 0th and 17th images, respec-
tively, in Fig. 2.4 and 2.5.
Fixing the two equilibrium states at the extremaof a band, we initialise the band using

linear interpolations between them and evolve the system with the NEBM. The result
is shown in Fig. 2.4, where a barrier of 39.03meV, with respect to the skyrmion energy,
was found after a reasonable number of NEBM iterations. This magnitude is in agree-
ment with the approximate value of 40 meV obtained in Ref. [13]. The resulting transi-
tion is the skyrmion annihilation by collapse and a sequence showing the spin field for
this process is provided in Fig. 2.5, where the three images correspond to the skyrmion,
the saddle point and the uniform ordering of the energy path shown in Fig. 2.4.
This test model can be reproduced using the code from the repository in Ref. [119].
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2. Nudged Elastic BandMethod

Skyrmion collapse. This sequence shows the annihilation of a skyrmion via a collapse which is
obtained from the test systemof theNEBMspecified in Section2.4.3. Each snapshot is an image
of the energy band of Fig. 2.4 hence the numbering goes according to the labels on the curve of
Fig. 2.4b. In the sequence we recognise the two equilibrium states, a skyrmion and the uniform
ordering as the 0th and 17th image, respectively, and the saddle point of the energy path, given
by the 11th image.

Fig
ure

2.5

2.4.4. NEBM test model in the continuum
Initial studies of the stability of magnetic systems based on the NEBM analysed mate-
rials in the micromagnetic limit. The NEBMworks for continuum systems because nu-
merically it is necessary to discretise thematerial, and thus the fields from themagnetic
interactions, into a mesh, making it possible to directly apply the algorithm. In princi-
ple, improving the numerical discretisation of the material, which is done by reducing
the mesh spacings, should give a better approximation of the system. However, when
topological singularities are present the energy depends on the discretisation. For ex-
ample, in Ref. [96] Thiaville et al. apply the NEBM to analyse the reversal of magnetic
vortexes by the propagation of Bloch points and they find that the mesh discretisation
has an influence of the energy barrier magnitudes. The structure of a skyrmion is sim-
ilar to a magnetic vortex configuration thus we are interested in observing if a similar
phenomenon occurs for the minimum energy paths relevant to a skyrmion.
We apply the NEBM to the test system of Section 2.4.3 in the continuum limit and

using a 20 nm by 20 nm two dimensional mesh. For the simulations we use finite dif-
ferences and we assume a cubic lattice with a lattice constant of a = 5Å. Accordingly,
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2.6

themagnitude of themagnetic parameters under thismodel are (see AppendixD): a ex-
change constant ofA = 3.204pJm−1, aDMI (interfacial) constant ofD = 3.84mJm−2,
a saturation magnetisation ofMs = 148367Am−1 and the magnetic field of 25 T to
stabilise the skyrmionic configuration. We specify different mesh discretisations, i.e.
different spacings between mesh nodes, from 0.25nm (80 × 80 magnetic moments)
up to 1.0nm (20× 20magnetic moments) in steps of 0.25nm. Setting the NEBM sim-
ulation between a skyrmion and the ferromagnetic state as in Section 2.4.3, we relaxed
every case with the algorithm (improving the position of the point near the saddle point
with the climbing image NEBM) and plot the resulting energy bands in Fig. 2.6, where
the bands describe the collapse of a skyrmion. Energy values are shown with respect
to the skyrmion energy and rescaled using the corresponding lattice thickness az = a

in every curve. We notice that using a mesh spacing equal to the atomic spacing of
0.50nm, given by the curve with upward triangles in Fig. 2.6, we recover the result of
Section 2.4.3, where the energy barrier is around 39meV. The tendency for the other
curves is evident, reducing the mesh discretisation the energy barrier is larger and us-
ing coarser meshes the energy barriers are smaller. The saddle points of every band,
given by the images with largest energy in Fig. 2.6, refer to the point in the skyrmion
collapse process where only a few spins of the skyrmion core remain before reversal
(see the 11th image of Fig. 2.5 as a reference). At this stage it is clear that the skyrmion
core behaves like a singularity since reverting these spins has a large energy cost and vi-
olates the assumption inmicromagnetics of a smooth change in themagnetisation field.
This situation must be derived from the non-trivial topology of the skyrmion, in partic-
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2. Nudged Elastic BandMethod

ular within the micromagnetic limit where a topological protection of this structure is
meaningful. The increasing energymagnitudes with smaller mesh spacings can be justi-
fiedmathematically by observing thatwhen discretising the derivatives of the exchange
andDMI energy in the continuum, these terms are proportional to the inverse of the fi-
nite difference size (mesh discretisation). These issues tell us that a continuum model
for this kind of transition is not optimal. A better description that avoids the discretisa-
tion dependencywould be using the discrete spinmodel but large systems in thismodel
would require long computation times.
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Skyrmions in Cobalt systems

In 2013, Sampaio et al. [86] published a theoretical study about generating skyrmions in
Cobalt diskswith interfacial DMI using localised spin polarised currents in themiddle of
the magnetic sample. Furthermore, it was shown that small density currents in narrow
stripes can move skyrmions, allowing a new method to write and erase data in an en-
ergy efficient nano sizedmemory device. Following experimental works studying cobalt
based samples, in particular stacked multilayered systems, have successfully identified
the presence of skyrmions in these materials and, lately, have been focused on stabilis-
ing sub 100 nm skyrmions, enhancing the DMI magnitude in the material and generat-
ing skyrmions using electric currents, among other effects [9,50–52,54,55,120].
The concept of skyrmions as data units in an information recording device is analo-

gous to the racetrack memory technology which is based on domain walls [121], but
in a skyrmion-based racetrack memory design the information bit 0 or 1 would be en-
coded by a skyrmion’s presence or absence. Correspondingly, an important parame-
ter that needs to be understood is their thermal stability. Specifically, it is necessary
to know the average lifetime that a skyrmion will remain stable close to room temper-
atures, since this information provides the time scale over which data can be stored in
the device without corruption.
To analyse the stability of skyrmions, and hence verify if these chiral structures are

suitable for information recording, we calculate the energy barriers associated with
their mechanisms of destruction and creation in thin ferromagnetic nanotracks with in-
terfacial DMIs. Although we select a cobalt system because of its relevance as a mate-
rial that can host skyrmions when combined with a heavy metal (see Section 1.4.4 for
the DMI origin at the interface of a ferromagnet and a heavy metal), our results are ap-
plicable to a variety of interfacialDMIbasedmaterials sinceweanalyse these systems in
a range of DMI strengths and thus skyrmion sizes. The energy barrier calculations are
achieved through the Nudged Elastic Band Method (NEBM) which gives us the mini-
mum energy transitions between the equilibrium states in these skyrmionic systems.
Furthermore, the methods shown in this chapter can be extended to magnetic solids
with different DMImechanisms and different geometries.
In Section 3.1 we start describing the magnetic properties of Cobalt systems with

interfacial DMI using the discrete spin and micromagnetic theories. Consequently, we
discuss the role of the demagnetising field when considering a thin geometry, its influ-



3. Skyrmions in Cobalt systems

Constant Unit Hexagonal (c) Hexagonal Square
a Å 2.5 2.5 2.5
az Å 2.5 4 4
Ji j meV 27.026 43.24 74.90
µs µB 0.846 1.35 1.56
Di j meV 0.676 1.08 1.87
Ku meV 0.0676 0.108 0.125
A pJ 15.0
Ms MA m−1 0.58
D mJ m−2 3
Ku MJ m−3 2.5

thickness nm 0.4

Magnetic parameters of a Cobalt based magnetic system. The micromagnetic values, at the
bottomof the table, are taken from the theoreticalwork of Sampaio et al. [86]. The crystal lattice
of Cobalt has an hexagonal geometry and atomistic parameters are provided at the second and
third column. The second column refers to the parameters when correcting the atomic spacing
to 2.5Å instead of the 4Å assumed for themonolayer in [86]. The last column are the atomistic
values if we assume a simple square crystal for the lattice arrangement, which is unrealistic but
useful for testing simulations.

Tab
le

3.1

ence on a skyrmion configuration and a discrepancy in skyrmion dimensions between
the continuum and discrete models. These results will show us that it is necessary to
make some corrections to the atomistic parameters to keep an agreement in skyrmion
sizes in both theoretical frameworks. Finally, in the next sections we perform a thor-
ough study of the NEBM applied to skyrmion to ferromagnetic (or vice versa) transi-
tions to compute energy barriers of isolated skyrmions in cobalt stripes. These results
are obtained using the discrete spin model, and have been published in Ref. [1].

3.1. Material characterisation
In reference [86] Sampaio et al. proposed two mono-layered Cobalt systems: a nano
sized disk and 40 nmwide nanotracks. Based on them, wewill use the following geome-
tries in our analysis:

• An 80 nmwide and 0.4 nm thick disk
• An 80 nm long, 40 nmwide and 0.4 nm or 0.25 nm thick stripe

Both systems have an interfacial DMI whose magnitude we vary and a strong uniaxial
out of plane anisotropy. The DMI in a Co based system can be obtained by stacking the
cobalt above a heavy metal with a strong spin orbit coupling. Experimental techniques
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have been proposed to tune the DMI magnitude by sandwiching the magnetic sample
between two different metallic layers that induce interfacial DMIs of opposite symme-
try, generatingDzyaloshinskii vectors in the same direction and thus a largeDMI [9,50,
53]. At the timeof publicationofRef. [86], therewasnoexperimental evidenceof theCo
samples under study, thus themagnetic parameters are based on standardComaterial.
Themagnitudes of the parameters in the continuum formalism are specified in Ref. [86],
where the sample thickness is assumed as az = 4Å and the discretisation of the mesh
is set to 1 nm for finite differences. However, we will show in the corresponding sec-
tion that the skyrmion destruction mechanisms cannot be optimally described within
micromagnetics thus we use the discrete spin formalism for the NEBM calculations.
The atomic arrangement of an FCC cobalt layer has an hexagonal structure [63, 86,

109]. We assume a lattice constant of a = 2.5Å and, because we are considering a
Co monolayer, the atomic layer spacing should be assumed as az = 4Å. However, the
demagnetising field causes skyrmions in the micromagnetic model to differ in size than
when they are simulated using the atomistic model (see Section 3.3), thus to make the
atomistic results comparable to the micromagnetic ones [86], we will assume atomistic
lattice distances with equal magnitudes along the plane and layer thickness, i.e. a =

az = 2.5Å (rather than az = 4Å), obtaining good agreement in skyrmion dimensions
between the discrete and continuummodels.
The micromagnetic and atomistic parameters are summarised in Table 3.1 for a spe-

cific DMI constant value (we will vary this parameter). The Co lattice is hexagonal by
nature but for testing purposes we will also assume a square lattice. We show mate-
rial values for both geometries in Table 3.1. Additionally, we specify the parameters
for the hexagonal lattice when using the original inter layer spacing of az = 4Å, which
is depicted in the Hexagonal column, and when using the corrected atomic spacing of
az = 2.5Å, shown in the Hexagonal(c) column.

3.1.1. Interfacial DMI
In the continuum, the interfacial DMI can be theoretically described by the energy den-
sity in terms of two Lifshitz invariants. Following the formalism of Rohart and Thiav-
ille [66] the invariants are defined with an opposite chirality [86]:

wDM = −Dc
(
L(x)
xz + L(y)

yz

)
, (3.1)

where Dc > 0 is the DMI constant. This changes the skyrmion twisting orientation,
compared with the one found in systems such as PdFe over Ir. In the atomistic model,
theDMI vector equivalent to this Lifshitz invariant is written as [63]Di j = Dẑ× r̂i j . The
relation between the DMI constants in both models is given in Appendix D.
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Energy as a function of DMI magnitude for two stable states in a nanodisk. The sample is
specified as a 80 nmwide and 0.4 nm thick Co disk with interfacial DMI. The disk is relaxedwith
either a skyrmion or a uniform state, which are known stable configurations in this system. The
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3.1.2. Equilibrium states

Including the strong anisotropy and the confined geometry, the interfacial DMI in a Co
layer favours the stabilisation of chiral structures. In general, we observe four well de-
fined equilibrium states, within the range ofDMImagnitudeswe study. Two of themare
Néel skyrmionswith the core pointing up or downwith respect to the out of plane (z ) di-
rection (see top of Fig. 3.2b) and that are degenerate in energy. Similarly, the two other
are degenerate ferromagnetic orderings pointing perpendicular to the nanotrack plane
(see bottom of Fig. 3.2b), with a small canting at the boundary of the system. We ob-
tained these states by relaxing similar configurations using the Landau-Lifshitz-Gilbert
equation. However, we cannot guarantee that these are the only equilibrium config-
urations since, depending on the Dc or D value, other chiral orderings can arise but
they cannot be easily identified. Generally, knowing the true global minima of a specific
system is not straightforward, but we will focus on the four aforementioned magnetic
states.
In Fig. 3.1 we compare the energies of the skyrmion and ferromagnetic states in Co

disks, using our finite element code. In the simulations we take into account the ex-
change, DMI, uniaxial anisotropy and demagnetising fields, thus the total field is

48



3.1. Material characterisation

a b

Energy as a function of DMI magnitude for two stable states in a nanotrack. The system
is defined using a discrete spin model and consists of a Co monolayer made up of 320 × 185
atoms, making a stripe of 80 nm length and 40 nm width. The lattice constants are specified as
a = az = 2.5Å. The energy scale is shifted with respect to the energy of the uniform state with
a DMI constant of 0.405meV. As in the case of nanodisks, a skyrmion and a uniform ordering
are stable states in this stripe system. (a) Energy curves with respect to DMI strength for the
two equilibrium states. (b) Snapshots of these configurations in a smaller monolayer.

Figure
3.2

E =

∫
Vdisk

dV

{
A

∑
α,β∈{x,y ,z}

(
∂αmβ

)2
+Dc

[
L(x)
zx + L(y)

zy

]
−Ku(m · ẑ)2− µ02 M ·Hd

}
(3.2)

where Vdisk is the volume of the disk andHd the demagnetising field (see Section 1.4.5).
After numericallyminimising the energywe see our results agreewith Figure 1a in [86],
where theyuse afinitedifferenceapproach. Furthermore, over a valueofDc = 4mJm−2
the skyrmion changes from being a metastable state (local minimum of E) to a regime
where its energy is lower than the ferromagnetic state thus is more preferred as a sta-
ble state for the system and is likely to be the global minimum, although this DMI value
is large compared to experimentally determined values in Co.
A different geometry is the nanotrack which we analyse in detail in Section 3.4. We

simulate this system using a discrete spin model with the Hamiltonian

H =− J
P∑
〈i ,j〉

si · sj +D

P∑
〈i ,j〉

(
ẑ× ri j

)
·
[
si × sj

]
−

P∑
i

Ku (si · ẑ)2

+
µ0µ2
4π

P∑
〈i ,j〉

[
si · sj
r3i j
−
3 (si · r̂i j) (sj · r̂i j)

r5i j

] (3.3)

in a hexagonal lattice ofP = 320×185 spins. In Fig. 3.2awe summarise the energies of
the skyrmion and uniform state as a function of the DMI strength. Snapshots of these
configurations are provided in Fig. 3.2b. Tomatch the skyrmion dimensions frommicro-

49



3. Skyrmions in Cobalt systems

0 20 40 60 80
x ( nm )

1.0

0.5

0.0

0.5

1.0

m
z(

x,
y 0

,z
0)

Demag No Demag

Demagnetising field effect on a skyrmion in a nanodisk. The image shows the out of plane (z )
componentof themagnetisationprofile across thediameter of a80nmwideand0.4nmthickCo
disk. The system was specified with a DMI constantD of 4mJm−2. Different curves show the
magnetisation when considering or not considering the stray field. This magnetic configuration
was obtained using finite differences (OOMMF).Fig
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magnetic simulations the atomic spacing along the thickness is set to az = 2.5Å, hence
the range of DMI magnitudes depicted in Fig. 3.2, where the data is given in steps of
0.045meV, is equivalent to the continuumDMI constants from1.8 up to 3.6mJm−2 in
steps of 0.2mJm−2. We see that the ferromagnetic ordering is the global minimum on
this whole range, which agrees with the nanodisk energies of Fig. 3.1, and the skyrmion
remains as a metastable state, i.e. as a local minimum in the energy landscape given by
the energy 3.3.

3.2. Demagnetising field effects
In Section 3.1 of this Chapter we defined how skyrmions are stabilised in Co disks con-
sidering all possiblemagnetic interactions in themodel. In this regard, Sampaio et al. [86]
argue that thedemagnetising field has anegligible influenceon their systems, in particu-
lar for a nanodisk. However, we have observed that dipolar interactions help to stabilise
skyrmionic textures in similar systems [91], and from the large size of the structures we
are considering in this study, which are around 80 nm in length, we believe that dipo-
lar interactions must have a noticeable effect. We must have present that the systems
(nanodisk or nanotrack) we are analysing are only a few monolayers thick thus we are
in the limit of an ultrathin film. It has been claimed in the literature that in this limit the
energy from dipolar interactions is significantly small compared to other energy terms,
especially for skyrmions [69, 110, 112]. Moreover, in this limit the demagnetising field
can be approximated as an uniaxial anisotropy term [112], especially for cylindrically
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3.2. Demagnetising field effects

Effect of the demagnetising field on the skyrmion size. Snapshots of nanodisks hosting a
skyrmion. The system specifications are the same than those of Fig. 3.3. Images are different
according to the presence or absence of the demagnetising field, and the numerical method.
Cases (a) and (b) refer to finite elements (Finmag) with andwithout dipolar interactions, respec-
tively. Cases (c) and (d) are similar, but using finite differences (Fidimag). Images are coloured
according to the out of plane component of the magnetisation.

Figure
3.4

symmetric structures such as Néel skyrmions [30, 69]. Accordingly, it would be nec-
essary to know the magnitude of the effective anisotropy to compensate the effect of
the demagnetising field, which is not always found in the literature for different materi-
als and an analytical approach is too complex to estimate it, in particular when treating
with non-colinear magnetic configurations. In our case, numerical simulations allow us
to compute the contribution of the dipolar interactions thus we consider its full expres-
sion in our calculations. In the following we will attempt to elucidate the effects of the
stray field on skyrmions.
To substantiate our claims about the effects of the demagnetising field we repro-

duced the micromagnetic simulations performed by Sampaio et al. [86] using the same
numerical method (finite differences) and material parameters, both with and without
inclusion of the demagnetising field. Interestingly, we found that the skyrmion has a
smaller size when dipolar interactions are not considered. This has an important influ-
ence in the NEBM since a small skyrmion is more confined inside the disk, i.e.further
away from the boundaries. Therefore, it presents a similar behaviour to a systemwith a
smaller DMImagnitudewhere the skyrmion can avoidmore effectively the annihilation
mechanism through a boundary. Conversely, when the demagnetising field is present,
the skyrmion is wider.
In Fig. 3.3 we plot the z component of the magnetisation profile along the diameter

of a 80 nm wide disk (see caption for parameters details), i.e. fixing the y and z coor-
dinates at the centre of the sample. Simulations were performed using Fidimag [78]
both with and without dipolar effects. According to this figure, we can clearly see that,
with respect to the case without dipolar effects, the skyrmion core, where mz = −1,
significantly expands under the influence of the demagnetising field, decreasing the re-
gion where mz = 1 close to the boundary (this is also evident from Fig. 3.4a and d).
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Case Energy ( 10-19 J ) Energy ( eV )
Finmag (2 layers) - Demag 2.82 1.766
Finmag (2 layers) - NoDemag -0.496 -0.310
Finmag (1 layer) - NoDemag -0.512 -0.400
Fidimag (1 layer) - Demag 2.93 1.832
Fidimag (1 layer) - NoDemag -0.424 -0.265
Fidimag (2 layers) - Demag 2.93 1.832
OOMMF (1 layer) - Demag 2.93 1.832
OOMMF (1 layer) - NoDemag -0.424 -0.265

Effect of the demagnetising field on the energy of a skyrmion in a nanodisk. Total mag-
netic energy of a skyrmion in 80 nm wide and 0.4 nm thick Co disks with DMI constant
Dc = 4mJm−2, both when considering (Demag) and not considering (No Demag) dipolar in-
teractions. Simulations were performed using finite elements (Finmag) and finite differences
(Fidimag and OOMMF). The mesh discretisation was specified using one or two layers along
the thickness.
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We can understand this effect by depicting the dipolar field as a shape anisotropy (our
system is thin enough), whichmakes a hard axis perpendicular to the disk plane, favour-
ing the alignment of the spins with the disk plane. At first glance, it seems that it oc-
curs the contrary effect since there is a larger section of spins perpendicular to the
plane around the skyrmion core. Nonetheless, the region of spins with in plane com-
ponents has moved up to approximately 30 nm away from the centre, as shown by the
continuous curve in Fig. 3.3 (see Fig. 3.4a and d), covering a larger area of the system
and therefore, effectively increasing the number of spins with components parallel to
the disk plane. Although the magnetisation profile with non-zero in-plane components
does not change drastically, we must bear in mind that there are other effects present
because the demagnetising energy is competing against the Dzyaloshinskii-Moriya, ex-
change and anisotropic interactions, and the boundary effects.
To further clarify the magnetisation field change under the influence of dipolar inter-

actions, we show inFig. 3.4 the nanodiskswith a colourmap according to themz compo-
nent of the spins and using both Finmag [77] andFidimag [78]. Besides the difference in
thenumerical techniquesof the simulation softwares,we confirm in this plot the equiva-
lence between bothmethods (finite elements and finite differences), although the ener-
gies are slightly different. Accordingly, in Table 3.2we summarise the results of the sim-
ulations for the nanodisk used in Fig. 3.3 and 3.4, where units are provided in electron
volts (eV). Referring to Fig. 3.4, we see that Finmag has a much better approximation to
the curved boundary, therefore the energy differences (because of the demagnetising
field) of corresponding simulations in Table 3.2 are more accurate than the magnitudes
obtained with the finite difference solvers. On the other hand, Finmag does not have
the capability to compute the demagnetising field when using a single layer (it is in fact
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3.3. Disagreement between atomistic and continuum simulations

a two dimensional simulation that we scale to the real system multiplying the obtained
energy by the sample thickness) but we can see that there is not a considerable con-
trast with the other results if we focus on the values in Joule units. To compare the
effect of the number of layers used for the mesh discretisation, on the global energy of
the system, we also show in Table 3.2 the energies when using 1 or 2 layers. In the finite
differences code the layers are symmetrically arranged on top of each other whereas
using finite elements the entities are not symmetrically stacked but are also ordered in
two levels.

3.3. Disagreement between atomistic and continuum
simulations

For materials with interfacial DMI it is possible to approximately convert the magnetic
parameters from the continuum to the atomistic model, or vice versa, due to the sim-
plicity of the crystal lattice geometry. It is expected that both theoretical frameworks
describe equivalent magnetic structures, although this might depend on the assump-
tions made when deriving the parameters. The most realistic comparison between the
models could be achieved by obtaining an analytical solution for an equilibrium config-
uration of the system of interest, through a quantum mechanical formalism. However,
this is a non trivial problem for systems with hundreds of spins and, even in the semi
classical approximation we use, to calculate a closed form function for a stable configu-
ration is impossible. Numerical simulations, on the contrary,facilitate the computation
of stable solutions for different systems, which allow us to analyse the properties of
magnetic configurations obtained with both theoretical models.
In our comparison,we analyse skyrmion sizes in thinConanotrackswhen considering

or removing dipolar interactions from the sample, using different computational tech-
niques. TheseCo stripes are the systemswe analyse in detail in Section 3.4. The system
is made of a single layer of Co whose magnetic parameters are specified in Table 3.1.
We choose aDMI constant of 3mJm−2 thus a skyrmion appears as ameta-stable state
after relaxation. For the atomistic case we implemented hexagonal (the real lattice ge-
ometry) and square lattice (for testing purposes) simulations in Fidimag [78], using an
atomic spacing along the thickness of az = 4Å. We used finite elements [77] and finite
differences [78] to get the micromagnetic solutions. The outcomes of the simulations
are summarised in Fig. 3.5.
When considering the stray field in the sample, the two atomistic simulations agree

in skyrmion size, as expected, and the same occurs between the micromagnetic results.
However, referring to Fig. 3.5a, there is a discrepancy between the discrete and con-
tinuum skyrmion profiles. Contrarily, when turning off dipolar interactions, as shown in
Fig. 3.5b, all the models relaxed a skyrmion of similar size (we only show the atomistic
simulation with hexagonal lattice and the micromagnetic simulation with finite differ-
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Comparison of skyrmion sizes for atomistic and micromagnetic simulations. The curves
show the out of plane magnetic components of a skyrmion in a Co nanodisk with a DMI con-
stant of Dc = 3mJm−2, obtained using different simulation techniques. The micromagnetic
simulations were specified using finite elements (FE) and finite differences (FD). The atomistic
simulations are based on hexagonal (Hex) and square lattices with parameters converted from
the continuum using lattice constants of a = 2.5Å and az = 4Å (see Table 3.1). The convention
to estimate the skyrmion size is to calculate the distance between points were mz = 0 along
a line passing through the skyrmion centre, which is located at (x0, y0, z0). (a) Simulations with
demagnetising field. (b) Simulations without considering demagnetising field.
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ences), indicating that the problem lies in the demagnetising field.
In the case of the discrete spinmodel, a larger skyrmion size could indicate that dipo-

lar interactions are stronger in this model, since they act as an easy plane anisotropy in
a thin film. Furthermore, a careful look into the derivation of the stray field in the con-
tinuum model, starting from the discrete model rather than using Maxwell’s equations
directly, could shed a light into this phenomenon. Specifically, if we refer to Brown [122]
or Aharoni [14], an approximation of the dipolar field is achieved taking Lorentz’s argu-
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3.3. Disagreement between atomistic and continuum simulations

ment about considering a physically small sphere around every lattice site. This means
that the sphere must be small enough so inside it the magnetisationM is constant or at
most changes linearly from one site of the grid to a neighbouring one. The spatial scale
whereM changes can be measured through the exchange length, since it gives an idea
of the domain wall widths in the material. Additionally, the sphere must be larger than
the lattice constant of the material. Therefore, the slowly varying magnetisation inside
the sphere allows us to compute the dipolar field considering the magnetisation as a
continuumfield outside the sphere, i.e. we can useMaxwell’s equations for the field, say
Hout, outside this region, simplifying the computation of the dipolar field contribution
of discrete spins to be only inside the sphere, hin. Summing up, the field of a lattice site i
would be

Hi = Hout + hin. (3.4)
To calculate Hout, we consider the total continuum dipolar field Htotal and subtract

the continuum contribution inside the sphere, Hin, where M is assumed constant or
linear in space. For a sphere in a bulk sample the field inside it is given by

Hin = −
4π
3 M, (3.5)

and is the one used by Brown [122] and Aharoni [14]. However, if we decrease one of
the sample dimensions down to a few monolayers, which is the case of interest in our
study, the sphere argument is no longer valid since there would be no material in a re-
gion of this geometrical construction. For this case, we could probably use a cylinder
and ifM is constant or linear, this field term could still be proportional to the magneti-
sation. This would allow us to keep using Aharoni’s arguments, which we discuss in the
following.
The discrete contributions to the demagnetising field inside the physically small re-

gionmeans that, for every field component and every lattice site i , wemust perform the
sum of the fields of the other dipoles j inside the region

h
(ν)
in,i =

∑
i 6=j

j ∈ region

[
−
µ

(ν)
j

r3i j
+
3 (µj · ri j) r (ν)

i j

r5i j

]
(3.6)

where superscripts ν ∈ {x, y , z}denoteCartesian components, ri is the position vector
of the ith spin, r (ν)

i j = (rj − ri)ν is the ν-component of the distance between the it and
jth lattice sites and ri j =

∣∣ri − rj ∣∣ the norm of the distance. According to Brown [122]
and Aharoni [14], for a lattice with cubic symmetry these sums are zero and for non-
cubic samples, it is usually possible to write the sum as proportional to the magnetic
moments µi . Hence, remembering that µi = gµBSi = µsi and that when we perform
the continuum limit Si → SM−1s M, we arrive to the inner field expression
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3. Skyrmions in Cobalt systems

hin = Λ ·M (3.7)
with Λ as a matrix. Therefore, the stray field energy in the continuum can be written as

Ed = −
µ0
2
∫
dV

(
M ·Hd + f (M2) +M · Λ ·M

)
, (3.8)

whereHd is the micromagnetic demagnetising field (see Section 1.4.5) and f is a func-
tion of the magnetisation which, at zero temperature, is a constant, thus it is disre-
garded. However this term came out of the small sphere assumption, hence in a general
case it should be corrected. The last term in the integral is anisotropic and according to
Brown [122] and Aharoni [14], it should be considered in that energy term. Therefore,
one possibility is that this last expression is not being considered in the micromagnetic
simulations because we only assume that the dipolar field is given byHd, which can be
computed fromMaxwell’s equations.
Our approximations have worked on the basis of Lorentz’s argument of taking de-

fined volumes that simplify the stray field expressions in the continuum. In this regard,
Adam andCorciovei [123] already questioned these assumptions, arguing that they are
not sufficiently rigorous. Accordingly, they provide a more general derivation to cor-
rect the demagnetising field, which still gives an anisotropic term that involves second
order derivatives and not assuming any particular geometry for a physically small vol-
ume around every lattice site [123]. Interestingly, for highly symmetric crystals, these
corrections cancel out and Hd is still the main energy contribution to the dipolar field.
Unfortunately, these arguments are only valid in the bulk of a magnetic sample, since
Adam and Corciovei [123] focus on samples where surface effects are not important
but clearly stating that they are probably noticeable in low dimensional systems, which
are the cases of interest in our study.
According to the previous arguments, the following are possible solutions to keep

analysing themismatch between discrete and continuum simulations:
• Correct the anisotropy constant or add a surface anisotropy. The latest could be
achieved figuring out how to compute the Λmatrix using equation 3.6 in the con-
tinuum limit. This should probably give a kind of shape anisotropy with an out of
plane hard axis since, for example, assuming a monolayer at z = 0, the z compo-
nent of the magnetisation would be

h
(z)
in,i =

∑
ri j∈ region

[
−
µ

(z)
j

r3i j

]
(3.9)

but it is necessary to define the small region around a lattice site. Intuitively, we
could use a very small sphere covering a single lattice volume, where r3i j could be
approximated by this volume ∆V and the term would lead to something propor-
tional to Msmz , i.e. an uniaxial out of plane anisotropy. Nevertheless, this is in
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3.4. NEBM applied to Nanotracks

contradiction with the argument of a sphere larger than the lattice spacing, un-
less we are around the limiting case. In addition, a rigorous argument is required
to make zero the other field terms.

• Wecould try to compute the corrections fromAdamandCorciovei [123] but hav-
ing in mind that surface effects are still neglected. In a modern study based on
computational calculations and amixture of micromagnetic and atomistic simula-
tions, performed by Jourdan et al. [124], they argue that theΛmatrix is necessary
to correct the result near a vortex structure (whose nonlinearmagnetic structure
is similar to skyrmions), but not specifying how to compute it. In his thesis, Jour-
dan [125] refers to Adam and Corciovei [123], hence the technique to calculate
the matrix might be similar.

3.4. NEBMapplied to Nanotracks
We begin our analysis by performing a systematic study of long tracks with different
DMI constants. We define the DMI in a range from 2.6 up to 3.6mJm−2 in steps of
0.2mJm−2. To apply these values to a discrete spinmodel, we converted them frommi-
cromagnetic values considering thehexagonal natureof the sample, assuminganatomic
spacing of az = 2.5Å along the thickness. Therefore, magnetic parameters are taken
from the Hexagonal(c) column of Table 3.1, making the equivalent atomistic DMI con-
stants in the discrete model to range fromD = 0.586meV up to 0.811meV in steps of
0.045meV. The Hamiltonian to describe this system is given by the expression 3.3.
In the range ofDMImagnitudeswe choose, the skyrmion energy is always larger than

the uniform configuration energy but it starts to get closer to that of the ferromagnetic
state as theD value increases, which we show in Fig. 3.2. Additionally, the systems dif-
fer in skyrmion size, where a skyrmion gets larger as the DMI constant increases (see
Fig. 3.11 for detailed values of the skyrmion sizes). The length of the track is not rele-
vant as long as the skyrmion size is not affected by the long edge boundaries, since the
isolated skyrmion does not interact with them. On the other hand, the stripe width is
defined according to Ref. [86], which is reasonable for a novel technological application,
and the skyrmion will slightly interact with the short edge boundaries when the DMI
is strong enough. Larger DMI magnitudes than the values we specify are not analysed
since skyrmions acquire an elongated shape [86, 126] and the skyrmion loses its sym-
metrical character. A different method to modify the skyrmion dimensions, rather than
varying theDMI, is tuning the uniaxial anisotropy, where a stronger anisotropy reduces
the skyrmion size. However its mechanism is different to the antisymmetric exchange,
thus the energy landscape is likely to change and analysing this effect goes beyond the
scope of this study.
For every case, we use two different initial bands for the NEBM: (i) a linear interpo-

lation using spherical coordinates, which means interpolating the spherical angles that
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3. Skyrmions in Cobalt systems

describe the magnetic moments and (ii) a skyrmion displacement towards one edge of
the disk, making it disappear at the boundary.
After relaxation with the NEBM, we obtained three different transitions. One of

thesepaths is a symmetric skyrmion collapse (shrinking) until the last spin at the skyrmion
centre flips to give rise to the ferromagnetic ordering, which originates from the lin-
ear interpolation initial state. The second transition is given by the annihilation of the
skyrmion core through a singularity that resembles a Bloch point (see Section 1.8). This
structure has a topological charge opposite to that of the skyrmion and the transition
where it is involved is observed forDMImagnitudes of 0.676meV and above. The third
transition we observe is given by the displacement of the skyrmion towards the bound-
ary, where the skyrmion configuration is deformed until annihilation. Detailed images
of these three different transitions and the initial states are provided in Fig. 3.12 and
3.13.

3.4.1. Boundary annihilation
We observe the skyrmion annihilation at a boundary for every DMI value. In particular,
for the case ofD = 0.676meV,we show inFig. 3.6b the energy band for this path and in
Fig. 3.6a, the corresponding images where the skyrmion is annihilated at the boundary
(see Supplementary Video S4 in Ref. [1]). Additionally, in Fig. 3.6d, we illustrate the total
topological charge of the images where a smooth transition towards the uniform state
occurs.
We analyse the dependence of the energy bands with respect to the DMI strength

in Fig. 3.7 for the first few images of every band, and in Fig. 3.8 we plot the energy bar-
riers with respect to the skyrmion energy using the continuous curve approximation,
which is a cubic polynomial that uses information from the tangents of the images in
the band (a comparison of the energy barriers values using the approximation with re-
spect to the actual data points is shown in Section 3.4.3). The tendency in Fig. 3.8 is
that the barriers decrease almost quadratically with larger DMI magnitudes, where a
maximum is observed aroundD = 0.676meV (see Table 3.3). In general, these barriers
are significantly smaller than the energy difference between the skyrmion and the fer-
romagnetic state. To check the robustness of the results we also modified the NEBM
spring constant values and we found out that there are small variations of the barriers
when changing this parameter, which ismostly due to the image positioning in the band,
and if the spring constant is too large the method struggles to converge. In the results
of Fig. 3.7, we can notice that when increasing the DMI strength, the resolution of the
images before the saddle point gets poorer, however these variations are not large and
applying the climbing image method to the largest energy states gives energy barrier
magnitudes similar to those obtained when performing a polynomial approximation of
the band.
In the range of DMImagnitudes we analysed the skyrmion destruction at the bound-
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3.4. NEBM applied to Nanotracks

Minimum energy paths of a skyrmion in a cobalt nanotrack. The DMI constant of the sys-
tem is D = 0.676meV of magnitude. There are two different paths: a skyrmion annihilation
at a boundary and a symmetrical skyrmion collapse. (a) Images of the band for the boundary
annihilation, annotated according to the numbers in the corresponding curve in (b). The colour
scale refers to the out of plane (z ) component of the magnetisation field. (b) Energy bands for
both minimum energy paths as a function of the distance from the first image (left extreme of
the bands). The top scale refers to the skyrmion collapse case. (c) Images of the band for the
skyrmion collapse. (d) Topological charge (skyrmion number)Q as a function of the images dis-
tances for the cases depicted in (b). The top scale refers to the skyrmion collapse case.

Figure
3.6
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image is the skyrmion configuration and, for every case, the energy is redefined with respect to
the skyrmion energy. The continuous line is a cubic polynomial interpolation.Fig

ure
3.7

ary is the transition that has the lowest activation energy. Specifically, the energy bar-
riers are an order of magnitude smaller than the skyrmion collapse transitions. This
demonstrates the lack of topological protection for the skyrmions, which is due to the
finiteness of the system.

3.4.2. Skyrmion destruction
When relaxing energy paths that directly involve the destruction of the skyrmion core
in a region inside the track, the spins at the center of the skyrmion reverse to form a
ferromagnetic state. This is a non trivial process since the band suffers drastic changes
in energy when the NEBM tries to converge to a minimum energy transition and the
systemmust undergo a topological change. This path is (according to our observations)
the most likely for a skyrmion situated in a large or infinite sample, where it is meant to
be topologically protected, thus we expect a larger energy barrier than in the transition
mediated by a boundary.
We firstly found that for DMI magnitudes of D = 0.676meV and below, the algo-

rithm converged to the skyrmion collapse process, which is similar to the one depicted
in Fig. 3.6c. In Fig. 3.9a we show the first images of the bands, where the skyrmion state
is given by the left extrema, and we observe pronounced peaks at the saddle points.
These points are the images that have a tiny skyrmion with only a few spins defining
its core before reversing. It is worth noting that these saddle points have a finite en-
ergy since we have a discrete number of magnetic moments, whereas in a continuum
model it is likely that the peak depends on the discretisation of the continuum mesh
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Figure
3.8

that defines the material. In our results, the saddle point energies (and thus the energy
barriers) increase with the DMI constant, where values range between 0.1 and 0.25 eV
larger than the skyrmion energy. Around the saddle points, the energy landscape must
have a rough shape since the neighbouring images usually have a drastic change in en-
ergy. Specifically, we observed that when the images move along the band before the
algorithm reaches convergence, the images that cross this region suffer large energy
alterations (see Supplementary Video S1 in Ref. [1] as an example). In order to resolve
more accurately the energy value of the saddle points, we applied the climbing image
technique on them, slightly reducing their energy and improving the resolution around
them. We show these results in Fig. 3.9b (see also Supplementary Video S5 in Ref. [1]).
The value of the energy barriers are summarised in Fig. 3.8 and Table 3.3, where the
magnitudes increase almost linearly with the DMI magnitudes. Furthermore, as we did
for the boundary annihilation, using the case ofD = 0.676meV, we plot in Fig. 3.6b the
energy band of the skyrmion collapse path and the corresponding images in Fig. 3.6c.
We notice that the saddle point lies between the 20th and the 21st image, where the
last few spins at the tiny skyrmion core reverse, and there is a drastic change in energy
in the next images. A different perspective of this phenomenon is observed when look-
ing at the topological charge values of the images in Fig. 3.6d. Up to the 20th image,
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Energy barrier (eV)

D (meV) Boundary Collapse Singularity
0.586 0.0170 0.0559
0.631 0.0187 0.0776
0.676 0.0194 0.1096
0.721 0.0188 0.1379 0.3445
0.766 0.0169 0.1761 0.3728
0.811 0.0142 0.2193 0.4016

Energy barriers for the skyrmion destruction energy paths.. Energy values are computed
with respect to the skyrmion energy for different DMI constants. The singularity driven
skyrmion destruction is only observed for strong enoughDMI constant magnitudes.

Tab
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the images preserve the skyrmion structure, thus having equivalent skyrmion number.
However, after this point the skyrmion core is reversed and the skyrmion ordering is
lost, which is indicated by a drastic change in the topological charge magnitude.
For DMI magnitudes ofD = 0.766meV and above, the NEBM converged to a path

where the skyrmion core is destroyed by the emergence of a singularity close to the
skyrmion boundary. These paths have associated energy barriers of above 0.3 eV (see
Table 3.3) and we show the first images of the bands in Fig. 3.9a (see Supplementary
Video S2 and Supplementary Video S6 in Ref. [1], for the evolution of the band and for
the transition, respectively). The singularity that drives the skyrmion towards the fer-
romagnetic state resembles a Bloch point, and Fig. 3.10 shows the sequence of images
of the bandwhere this structure destroys the skyrmion, for the systemwith aDMI con-
stant of D = 0.721meV. This series of snapshots are zoomed around the skyrmion
core and the numbers at the top left of every row indicate the image numbers in the
band, which correspond to the annotated points of the curvewith stars in Fig. 3.9a. The
left column in Fig. 3.10 is the topological charge per lattice site qi , the middle column is
theDMI energy density and the right column shows the spin vector field where the col-
ors indicate the component of the magnetisation perpendicular to the track plane,mz .
At the 14th image of the sequence (second row), we observe that the skyrmion core
concentrates to the left side of the original skyrmion core with a drop in negative DMI
energy. Moreover, the topological number is reduced since the spins in a tiny region
cover most of the directions in a unit sphere, like a small skyrmion (at the 13th snap-
shot the topological charges are smaller since the different spin directions are more
spread out). Consequently, at the 15th image a singularity emerges, which has a chiral-
ity opposite to the skyrmion, indicated by the positive gain inDMI energy and a positive
charge. At this point, the skyrmion core has already been annihilated. The singularity
has a hedgehog structure occupying a radius of around 3 lattice sites, and it will expand
to give rise to the ferromagnetic state at the end of the energy band, decreasing the
DMI energy. Characterising this singularity as a Bloch point is not trivial due to its two
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Energy bands for two skyrmion destruction mechanisms. The bands are shown for differ-
ent DMI constant D and only for the first few images of the bands. The first or extreme left
image is the skyrmion configuration and for every case, the energy is redefined with respect to
the skyrmion energy. The continuous line is a cubic polynomial interpolation. (a) The energy
bands obtained with the NEBM. The curves for DMI values ofD = 0.676meV and below, are
the skyrmion collapse. For values of D = 0.721meV and above, the bands are the skyrmion
destroyed by a Bloch point like singularity. (b) Refined energy bands obtainedwith the Climbing
ImageNEBMapplied to the largest energy points of the curves in Figure (a). We expect the data
in (b) to be a better approximation of the energy barrier. For this case, all the bands converged
towards the skyrmion collapse path.

Figure
3.9

dimensional nature and the lacking of an appropriate resolution to mathematically de-
fine it. In fact, the critical process lies between the 14th and 15th image and if we refer
at Fig. 3.9a, the 15th image is close to the saddle point of the band. Interestingly, di-
verse studies [80, 86, 127] have reported the mechanism of destroying or nucleating a
skyrmion by means of a non trivial topological structure, when applying spin polarised
currents. In particular, Elías and Verga [127] characterise this singularity by its internal
magnetic field, which relates to the topological charge, andSampaio et al. [86] showhow
a singularity concentrates DMI energy at the border of the skyrmion before it is nucle-
ated (see Fig. S3 of their Supplementary Information). This transition is not a minimum
energy path but it is an alternative path to disrupt the skyrmion stability that seems to
be preferred by the systemwhen following certain dynamical processes.
Although the bands where a singularity destroys the skyrmion converged without

exhibiting the energy fluctuations observed in the cases with smaller DMI constants
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Skyrmion destruction mediated by a topological singularity. The sequence shows the snap-
shots of the energy band images for an nanotrack system of DMI constantD = 0.721meV, de-
scribed by a hexagonally arranged discrete spin lattice. This band corresponds to the annotated
curve of Fig. 3.9a. The left column shows the topological charge density, the middle sequence
the DMI energy density per lattice site and the right column the corresponding magnetisation
fields. The hexagonal mesh can be distinguished from the honeycomb shaped data points. The
numbers at the top left of every row indicate the image number from the energy band.

Fig
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(see Fig. 3.14), they are not very stable and are likely to pass through a higher order
saddle point. This is because after applying the climbing technique on the images at the
saddle points, the bands converged towards the skyrmion collapse transitions. These
paths have smaller energy barriers, as shown in Fig. 3.9b, and the energy barrier has an
approximately linear dependence on the DMImagnitude, as mentioned previously.
Regarding the simulations with a climbing image, it is usually the case that this vari-

ation of the algorithm helps the saddle point to climb up in energy along the band and
thus improve the value of the energy barriers [13, 114]. However, for the skyrmion
simulations, the largest energy points decreased their energy, as seen in Fig. 3.9. Fur-
thermore, we analysed the evolution in energy of these saddle points with respect to
the number of iterations of the algorithm, and we saw that they oscillate for a while be-
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ous line that connects the discrete data points sz from every lattice site across the nanotrack
long side (in the x direction and passing through the nanotrack centre located at (x0, y0, z0)).
Small circles indicate points where sz = 0 and using the distance between them we obtain the
skyrmion size.

Figure
3.11

fore reaching amore stable state (see Fig. 3.14 and Supplementary Video S3 in Ref. [1]),
which is given by the symmetrical destruction of the skyrmion, and these oscillations
are prolonged for systemswith larger DMImagnitudes. A plausible explanation for this
phenomenon is as follows. As we mentioned before, the energy landscape has a rough
shape or small peaks in energy around a critical point. In particular, this must be caused
because a singularity that destroys a skyrmion could appear in any place around the
skyrmion boundary, giving multiple possibilities for a saddle point. Additionally, besides
a component of the effective force thatmakes a climbing image to go up in energy along
the band, there is also a component that still allows it to follow a direction of minimum
energy. Therefore, as the image tries to climb, it may also be pushed to a small minimum
energy region if it is over a very narrow peak in the landscape, decreasing its energy.
Through these dynamics, the climbing image can, overall, move to a region of lower en-
ergy and possibly to a smoother energy region, where it finally settles. Thus, according
to our results, the climbing image is a mechanism that helps us to findmore equilibrium
solutions for the minimum energy transitions.

3.4.3. Simulation details

The following topics under this section show more detailed specifications of the simu-
lations and the systems used to estimate the stability of the skyrmions. This material is
based on the Supplementary Information of Ref. [1].
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3. Skyrmions in Cobalt systems

3.4.3.1. Skyrmion size
In the main study we specified a range of DMI values to analyse the minimum energy
transitions of the skyrmions. Specifically, we analysed skyrmions for DMI values from
D = 0.586meV to 0.811meV in steps of 0.045meV. We obtained these skyrmions
after relaxing them using the Landau-Lifshitz-Gilbert equation. In Fig. 3.11 we show
the skyrmion profile for every case, by plotting the out of plane magnetisation compo-
nentmz at the middle and across the long edge of the tracks. Using the convention of
defining the skyrmion size as the width within the points where sz = 0, we can see that
the skyrmion size increases with larger DMI magnitudes. In addition, there is a small
tilting at the boundaries which makes a skyrmion on the system to have a magnitude
for the total topological charge, slightly smaller than one (or not perfectly zero for the
ferromagnetic state).

3.4.3.2. Initial states
Given an initial energy band, the Nudged Elastic Band Method (NEBM) will determine
the lowest energy transition path between two equilibrium configurations that is acces-
sible from the initial band. In general, it is difficult to predict an optimal initial guess for
the bands, in particular for a system with such a high degree of complexity. In the con-
text of the skyrmion transition, linear interpolations seem a robust starting point and
are easily reproducible and applicable to different magnetic systems. A similar tech-
nique for initialising the system, where spin directions are interpolated, is using Ro-
drigues formula [13].
After exploring the system numerically, we also noticed the major role of the bound-

aries in the skyrmion annihilation and it was necessary to create an initial path close to
this transition, which yields lower energy transition paths. Another way of guessing an
initial pathwould be, for example, to use the dynamics that the system followswhen ap-
plying spin polarised currents (as Sampaio et al. do inRef. [86]) ormagnetic fields (that is
not the best choice since the Zeeman energy changes the energy landscape configura-
tion). For the systems of this study, these paths converge to the same results obtained
with linear interpolations.

3.4.3.3. Energy band images
In our study we found three main energy paths for the skyrmion annihilation. For clar-
ity, we provide here more detailed versions of the bands for every transition. Firstly,
in Fig. 3.12 we show the skyrmion annihilation through the boundary of the nanotrack,
when using a DMI magnitude of D = 0.721meV and a band made of 21 images. In
the first column of the figure, i.e.Fig. 3.12a, we plot the initial state for the NEBM al-
gorithm, which we manually generate, thus we can see that the skyrmion boundaries
are not perfectly defined, specially when approaching the stripe edge. The numbers at
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3.4. NEBM applied to Nanotracks

Initial and final bands for the boundary annihilation energy path. We use a band of 21 im-
ages based on a system with a DMI magnitude ofD = 0.721meV. Numbers on the top left of
every row indicate the image number in the band. (a) Initial state for the NEBM algorithm. (b)
Skyrmion annihilation through a boundary obtained after relaxing the band of column (a) with
the NEBM.

Figure
3.12

the top left of Fig. 3.12 indicate the image number. Consequently, we apply the NEBM
to this band and obtain the sequence shown in Fig. 3.12b, where helicoidal structures
when the skyrmion is destroyed at the boundary are well defined, and the band has
overall reduced its energy. Interestingly, the helicoidal structures are similar to those
shown in inRef. [86], when skyrmions are not successfully generatedwith spin polarised
currents.
Similarly, in Fig. 3.13 we show the skyrmion destruction transition in three different

stages, when using a DMI magnitude of D = 0.721meV and a band made of 27 im-
ages. In Fig. 3.13a we depict the initial band when using linear interpolations on the
spherical angles for the magnetisation field. The numbers on the top left indicate the
image number in the band. Consequently, Fig. 3.13b illustrates the sequence after re-
laxing the initial state with the NEBM, where the final state is the skyrmion destruction
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3. Skyrmions in Cobalt systems

Skyrmion destruction energy paths in three steps. We use a band of 27 images based on a
systemwith aDMImagnitude ofD = 0.721meV. Numbers on the top left of every row indicate
the image number in the band. (a) Initial state obtained using linear interpolations. (b) Skyrmion
destruction mediated by a singularity, after relaxing the band of column (a) with the NEBM. (c)
Skyrmion collapse path, after relaxing the band of column (b) with the climbing image NEBM.Fig

ure
3.1
3

by a singularity that resembles a Bloch point, as discussed in the main text. Finally, the
last column, shown in Fig. 3.13c, is the band of Fig. 3.13b relaxed with the climbing im-
age NEBM, which we applied to the largest energy point of the band. For this case we
clearly see the skyrmion collapse path.

3.4.3.4. Skyrmion destruction evolution
According to our implementation of the NEBM, we checked how the maximum energy
of the band evolves according to the iterations of the algorithm. We compute this mag-
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Evolutionof themaximumenergyof thebands for the skyrmiondestructionprocesses. The
evolution is computedwith respect to thenumberof iterations of theNEBMrelaxation equation
(seeMethods in themain text) andwe show this process for differentDMI values. The evolution
is calculated using the images with largest energy in the bands. These images can change since
they are allowed to move during the iterations. (a) Evolution using the NEBM and starting with
linear interpolations for the initial bands. (b) Evolution using the climbing image NEBM, applied
to the bands of (a) after relaxation (last NEBM step).

Figure
3.14

nitude using the image with the largest energy in the band, which can change since im-
ages move as the NEBM evolves. In Fig. 3.14 we show this evolution for the case of
the skyrmion destruction discussed in the main text. In particular, Fig. 3.14a refers to
the skyrmion destruction where the bands forD = 0.721meV and above relax to the
singularity mediated skyrmion destruction, and for magnitudes ofD = 0.676meV and
below, the bands relax to the skyrmion collapse. We can observe that for the smaller
DMI values, themaximumenergy value oscillates before reaching convergence and this
is due to the movement of images around the saddle point (where the last spins defin-
ing the skyrmion center flip) whose energy fluctuate dramatically when crossing this
region.
Moreover, Fig. 3.14b depicts the evolution of the climbing image NEBM technique

applied to the relaxedbandsofFig. 3.14aandall thebands relaxed towards the skyrmion
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3. Skyrmions in Cobalt systems

Calculation of the energy barriers for an extended range of DMI magnitudes. The NEBM
curves show theenergybarriers using the imagewith largest energy in theenergybands and the
Interpolation curve are barriers computed when using a cubic polynomial interpolation on the
bands. The energy barriers are calculated with respect to the skyrmion energy. The skyrmion
cannot be stabilisedbelow0.405meV. ForD = 0.541meV thepolynomial interpolation overes-
timates the value of the energy barrier. The inset shows the skyrmion collapse energy barriers
for the three smallest DMImagnitudes.

Fig
ure

3.1
5

collapse. BandswithD = 0.721meVand above take a long time to relax, speciallywhen
the DMI gets stronger. As we specified in the main text, we believe this is due to the
rough shape of the energy landscape around the saddle point.

3.4.3.5. Energy barriers for weakDMI
We analysed the energy barriers for DMImagnitudes in the range 0.586 to 0.811meV.
From Fig. 3.8, the tendency is that the skyrmion collapse curve decreases almost lin-
early in this range and extrapolating the curve it seems that at some smallD value it will
cross the boundary annihilation curve. We then computed the values of the energy bar-
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3.4. NEBM applied to Nanotracks

riers for DMI magnitudes weaker than 0.586 meV. Decreasing in steps of 0.045 meV,
we could not stabilise a skyrmion for D smaller than 0.405 meV, probably due to the
strong exchange and anisotropy which are kept fixed. For this small DMI magnitude a
skyrmion is only 3.09 nmwide.
We show in Fig. 3.15 the energy barriers computed for the whole range of DMI val-

ues in the main study and down to 0.405 meV. In this plot, we show both the energy
barriers obtained using the imagewith the largest image in a band, whichwe call NEBM
curve, and the energy barriers obtained after performing a polynomial interpolation on
the bands, named Interpolation curve. In general, the interpolation gives optimal re-
sults for the boundary annihilation, which can be seen from Fig. 3.7. For the skyrmion
collapse the polynomial approximation appears to agree well with the largest point of
the band in most cases, but sometimes it can slightly overestimate the energy barrier
when there is no good resolution around the saddle point, which is given by the reversal
of the spins at the skyrmion nucleus. In particular, this happens for D = 0.541 meV,
which is shown in Fig. 3.15b. Nevertheless, the quadratic tendency is clear when using
the points from the NEBM curve. Interestingly, when comparing the inset of Fig. 3.15b
with Fig. 3.15a atD = 0.450meV, where the skyrmion is only 4.16 nmwide, the energy
barrier of the skyrmion collapse is slightly smaller. Decreasing theDMI even furtherwe
could not obtain a clear value for the boundary annihilation, however in this range the
skyrmion collapse barrier is smaller than 0.002meV.

3.4.4. Discussion
Studying the paths throughphase space alongwhich a skyrmion canbe annihilated from
a track or created in the track, we find that for the geometry studied the lowest energy
barrier is generally found by using the boundary of the track (see transition snapshots
in Fig. 3.6a). This transition path circumvents the topological protection, as has been
pointed out by Streubel et al. [83] explaining that the skyrmion topological protection is
non-existent due to the system finiteness. Therefore, the low stability of these configu-
rations found by theNEBM simulations seems reasonable. We quantify this stability by
analysing the results using the Arrhenius-Néel law for the relaxation time

τ = τ0 exp

(
∆E

kBT

)
(3.10)

where τ0 is related to the attempt frequency f0 = τ−10 , T is the temperature and kB is
the Boltzmann constant. The attempt frequency magnitude is not easy to obtain since
the theory normally refers to simple or macrospin systems, but its value is usually in
the range [14, 128] 109 to 1012 Hz. Using our computed values for the skyrmion en-
ergy barriers and f0 = 109Hz, we obtain, at room temperature: (i) for the boundary
annihilation in nanotracks with D = 0.676meV (barrier of approximately 0.0194 eV)
an average lifetime of τ = 2.117ns, whereas (ii) for the skyrmion collapse, the barrier
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3. Skyrmions in Cobalt systems

is 0.110 eV, thus this gives us τ = 70.347ns. We must notice that the exponential is
very sensitive to the energy barrier values, which can make a difference if the system
follows the skyrmion collapse path, and f0 could be smaller, which would make the life-
times someorders ofmagnitudes larger. Although these times seemvery small, they are
computed at room temperature, hence an experiment [56] at 4.2 K, for example, would
make a relaxation time of τ = 1.864× 1014 s. To confirm the phenomenon of low bar-
riers, it would be ideal to compare experimental data showing skyrmion switching times
that could be used to estimate an attempt frequency and exponential law for its average
lifetime.
Moreover, we can compare our calculated energy barriers with respect to recent

magnetic recording technology. In the context of heat assistedmagnetic recording tech-
nology, using thedata fromWeller et al. [129] andapproximating amagnetic grainwith a
spherical shape, the energy barrier for that system is approximately 95.54 kBT at room
temperature (T = 300K). In addition, from typical parameters of magnetic grains in
perpendicular recording media, provided by Richter [4], we can estimate energy barri-
ers of about97.06 kBT . On theotherhand, for the skyrmionic systemofD = 0.676meV,
the boundary annihilation gives us a barrier of only 0.75 kBT and the skyrmion col-
lapse a barrier of 4.24 kBT , which substantiates our findings of low thermal stability
of skyrmions in confined systems.
This phenomenon of low stability must also be present in other finite geometries, like

cylindrical structures that have been proposed recently [66, 86, 91], complicating any
technological application of these systems, at least at room temperature, since at lower
temperatures the energy barrier can be significant. For skyrmion based technology to
operate at room temperatures, we need to find systems with larger energy barriers for
skyrmion destruction; other DMI hosting materials such as those with a bulk interac-
tion, or those of increased thicknessmay have larger barriers. This claim is only specula-
tive since modifying the parameters involved in the system, such as adding thickness to
the sample or applying external magnetic fields, changes the energy landscape and dif-
ferent paths would be encountered with the NEBM relaxation, which would require a
proper analysis in a different study. On the other hand, a recent theoretical study [130]
hasproposed taking advantageof edge instabilities for the creationof skyrmions through
the boundaries of a track, avoiding other larger topological energy barriers from differ-
ent energy paths.
The processes of destroying the skyrmion by a collapse or by a singularity, are en-

ergetically feasible due to the discrete nature of the crystal lattice. In the case of an
infinite system (i.e. no geometry boundaries), we have observed so far that these paths
are the only possible ways to destroy a skyrmion. Thus having a skyrmion far away from
boundaries is an option to get more stability but requires larger structures. Regarding
the Bloch point like transition, we mentioned that it is not observed for the cases with
weaker DMIs. We believe this is because it might be difficult to resolve this structure,
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3.4. NEBM applied to Nanotracks

which spans a circle of about 3 lattice points of diameter, when the skyrmion is suffi-
ciently small. Our preliminary results on samples of Fe on Ir, where skyrmions are only
a few nanometres wide, have confirmed this.
We must emphasize that we are using an atomistic spin model, where each spin rep-

resents one atomic magnetic moment and which requires more computational effort
than a micromagnetic model. However, a continuum description of the magnetisation
field is inaccurate since the skyrmion collapse or Bloch point occurring in the higher
energy paths we find, break the assumption of micromagnetics that the magnetisation
changes slowly as a function of position. Because of this violation, it is not possible to
predict quantitatively the energy associated to the saddle points of these paths, giving
the energy barriers dependence on the sample discretisation.
Furthermore, for the skyrmion collapse path the energy barriers are larger for in-

creasingDMI values. This is because the energy of helicoidal configurations approaches
that of the ferromagnetic state, reaching a point where helicoids become the ground
state of the system. Additionally, larger DMI magnitudes favour multiple twistings of
the magnetisation. Therefore, paths that directly involve helicoidal structures are sig-
nificantly preferred. This is also the reason why the boundary annihilation has very low
barriers for strong DMI cases.
For DMI magnitudes below the range we have studied, the energy barriers become

smaller and we noticed that at D = 0.450meV the skyrmion collapse has a slightly
smaller energy barrier than the boundary annihilation, which is expected from the ten-
dency of the curves of Fig. 3.8. However, this DMI value is close to a critical value of
D = 0.405meV, below which a skyrmion cannot be stabilised anymore. These results
are shown in Appendix 3.4.3.
A recent publication [109] reports a study on cobalt monolayers by means of the

NEBM and two different observed transition paths. Their so called Path 1 is similar
to the skyrmion collapse we have reported in this work and, recently, by Lobanov et
al. [110]. Their Path 2 adds a rotation of the spins before the core collapses, which re-
sembles a horizontal cut of a three dimensional Bloch point. Although we observe this
topological structure, in our case it usually appears at the skyrmion core boundary for
large enough skyrmion sizes, which depends on the DMI magnitude. We have only no-
ticed a skyrmion collapse with rotating spins as the initial state when we set up the ini-
tial band using linear interpolations, but which disappears as the elastic band reduces
its energy. This has been also confirmed by Lobanov et al. [110]. In this context, a key
difference between this skyrmion stability study and Ref. [109,110] is that we take the
role of the boundary into account. We find that skyrmion annihilation and creation via
the boundary has an order of magnitude lower energy barrier for this track geometry
and will thus be the preferred path for the system.
In summary, it is important to consider that due to the finite nature of magnetic sam-

ples in real life, skyrmionswill have aweaker stability since they canbedestroyed through
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the boundaries and there is no topological protection. It may be possible to overcome
this through geometry, material and device design.
All data from this study, used to create the figures, can be reproduced from a reposi-

tory in Ref. [131].
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Chiral structures in Pd(Pd)/Fe/Ir islands

The theoretical prediction of skyrmions in ferromagnetic materials has been confirmed
in numerous experimental studies where non collinear structures are observed when
imaging the magnetisation field profile. The first observations [132] of skyrmionic tex-
tures were obtained by Mühlbauer et al. using neutron scattering [37] and by Yu et
al. using Lorentz transmission electron microscopy (LTEM) imaging [39]. Following
investigations with LTEM [55, 133] and other techniques such as magnetic force mi-
croscopy [41], electron holography [134], X-ray magnetic circular dichroism with scan-
ning transmission X-ray microscopy [50–52], differential phase contrast imaging with
scanning transmissionelectronmicroscopy [36] and scanning tunnelingmicroscopywith
a spin-polarised tip [19, 58] (SP-STM), have also been effective for sampling the pres-
ence of skyrmions in chiral magnets.
In particular, Romming et al. [56, 58] have applied the SP-STM technique to charac-

terise skyrmions in bilayers of palladium and iron above iridium surfaces. The stabilisa-
tionof skyrmionic textures in thesePdFe samples requires the application of an external
magnetic field and the skyrmion dimensions are significantly smaller than those found
in cobalt based systems that have so far been shown in the literature. Palladium-iron
systems can be controlled in order to delete and write individual skyrmions using spin-
polarised currents [56], and the single spin resolution of the SP-STMhas allowed to pa-
rameterise the skyrmion size as a function of the appliedmagnetic field by directly com-
paring experimental data and analytical theory [58]. Other non-collinear structures,
such as spin spiral, are also observed as equilibrium states, in particular at zero field
where they arise as the ground state of these systems [56]. These results have shown
that PdFe on Ir samples are physically interesting systems for the study of chiral struc-
tures and for improving our understanding of the stability of skyrmions in crystals with
broken symmetry.
In this chapter we analyse, through numerical simulations, PdFe islands on top of a

(111)Ir surface, where the spatial confinement allows the stabilisation of a variety of
non collinear configurations. We compare these results with experimentally observed
magnetic orderings obtained from a study on this material (see Section 4.6) with dif-
ferent geometric shapes. Furthermore, in these experimental studies the islands have
been manipulated by adding an extra Pd layer, affecting the island’s magnetic environ-
ment and thus, the stabilisation of themagnetic structures. Bywidening our knowledge
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Constant Unit
Romming et al.

Pd
on Fe

on Ir(111)

Dupé et al.
Pd(hcp)
on Fe

on Ir(111)

Dupé et al.
Pd(fcc)
on Fe

on Ir(111)

Dupé et al.
Pd BL(fcc)
on Fe

on Ir(111)

Simon et al.
Pd(fcc)
on Fe

on Ir(111)
az Å 4.08 4.08∗ 4.08∗ 6.31∗ 4.08∗
Ji j meV 5.88 13.2 14.7 9 16.87
µ µB 3.0 3.0∗ 3.0∗ 3.3∗ 3.0∗
Di j meV 1.56 1.2 1.0 1.35 0.82
K meV 0.41 0.8 0.7 0.8 0.5
A pJ 2.0± 0.4 4.49 5.00 1.98 5.74
Ms MA m−1 1.1 0.96 0.96 0.76 1.07
D mJ m−2 3.9± 0.2 3.01 2.51 2.19 2.05
K MJ m−3 2.5± 0.2 4.92 4.31 3.18 3.07

Summary of magnetic parameters for PdFe or PdPdFe on an Ir surface. The top panel refers
to the atomistic values and the bottom panel to the micromagnetic ones. The third column of
numerical data refers to a bilayer (BL) of Pd on top of Fe and Ir(111). Romming et al. [58] use
experimental values and an analytical model to get the continuum magnitudes. Both Dupé et
al. [135] and Simon et al. [64] use ab-initio calculations to compute the atomisticmagnitudes and
we show the values for the nearest neighbour interactions, although effective parameters that
consider the effect of the next neighbours would be more adequate to our model [112]. The
corresponding micromagnetic values are obtained using the formulas from Section 1.4. The
atomic spacing of iron is aFe = 2.715Å. We use values for an fcc stacking of both Fe [135].
Dupé et al. claim that Fe induces a magnetic moment of 0.3 µB on the Pd overlayer [135], thus
we use this magnitude to estimate µ for PdPdFe, and for PdFe given by Simon et al. [64]. In
addition, the sample thicknesses are computed according to the sum of corresponding inter-
atomic spacings (see Supplementary Information for [135]): aPd-Pd = 2.24Å, aPd-Fe = 2.02Å
and aFe-Ir = 2.06Å. This simplification goes according to our assumption of a single entity for
the 2 or 3 layers, although Ref. [64, 135] only refer to the Fe monolayer to perform atomistic
simulations. Hence wemarked themagnitudes from our approximation with a ∗.

Tab
le

4.1

about the equilibrium states present in these systems, it will be easier to estimate the
stability of skyrmionic textures sincewewill have a better idea of the possible transition
paths that these configurations might follow in the energy landscape.
In order to validate our simulations with the results of Ref. [58] we start by analysing

the magnetic properties of skyrmions in the micromagnetic framework. In this context,
considering that we are dealing with a monolayer system (ultrathin film limit), we treat
the effect of dipolar interactions as an uniaxial anisotropy since an effective value for
the anisotropy constant is extracted directly from a fit to experimental data using mi-
cromagnetics [58]. We discuss this in the first section of this chapter. Consequently,
we convert thematerial parameters from the continuum to the discrete spinmodel and
continue our analysis of PdFe or PdPdFe systems under this theoretical framework.
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Effect of the mesh discretisation on the energy of an isolated skyrmion. Result of finite ele-
ments basedmicromagnetic calculations of the energy of a skyrmion in a Pd/Fe/Ir(111) sample,
as a function of the discretisation of the mesh. The simulation is made in a two dimensional
sample, where the discretisation refers to the average spacing between finite elements. The
system’s geometry is a 16 nm by 16 nm square. The energy is scaled by a monolayer thickness
of 4.08 Å. The skyrmion is stabilised applying a magnetic field ofBz = −1.5T. Material param-
eters are specified in Table 4.1.

Figure
4.1

4.1. Material characterisation
Originally, experiments performed in Pd/Fe/Ir(111) systems observed skyrmions and
spin spirals in large samples. In this study we aim to study small confined islands and
the effect of the geometry on the stabilisation of different chiral magnetic orderings.
This material has an out of plane uniaxial anisotropy and the spin orbit coupling ef-
fect from the Pd overlayer and the Ir surface on the Fe material, induces an interfacial
DMI, which is crucial for stabilising chiral states. However, skyrmions remain stable
only when an external magnetic field is applied to the system. Regarding the influence
of dipolar interactions, in these thin and small samples we will approximate them as an
uniaxial anisotropy, as we explain in the next section.

4.1.1. Micromagnetics
In the study performed by Romming et al. [58], they fit the magnetisation field of Néel
type skyrmions from their experimental data with a function based on the superposi-
tion of two domain walls, which we specified in equation 1.55. Although this function
is defined in the continuum limit, there is a good agreement between the data and the
analytical theory. This allows to describe the system within micromagnetics by directly
extracting the magnetic parameters from a comparison of the function fit with an ana-
lytical energy functional that describes the system. Using this information it is possible
to perform computational simulations to support the experimental results [58] and pre-
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dict new phenomena.
In the energy functional described in Ref. [58] the demagnetising field is not consid-

ered explicitly. According to our discussion in Section 3.2, in the ultrathin film limit the
energy contribution from dipolar interactions become significantly small [69, 110]. In
addition, it is possible to approximate them as an uniaxial anisotropy [112], in particular
for axisymmetric solutions (which can be proved analytically [30]), hence in the mag-
netic parameters from Ref. [58] the demagnetising field effect lies in the anisotropy
constant (notice that if the stray field is taken explicitly as in Ref. [67] the anisotropy
constant is likely to have a smaller magnitude). Thus far the most general proof about
this approximation for thin films can be found in Ref. [136]. An important advantage of
estimating the non-local dipolar interactions as an anisotropy is that numerical compu-
tations run and converge noticeably faster.
The energy functional for amagnetic structureM = Msm in a PdFe bilayer is written

as

E = t

∫
Ω

dΩ

{
A

∑
α,β∈{x,y ,z}

(
∂αmβ

)2
+Dc

[
L(x)
xz + L(y)

yz

]
−K(m · ẑ)− BzMz

}
(4.1)

The integration of the system is based on the assumption of a large sample of area Ω

with thickness t . The PdFe bilayer is assumed as a single entity, thus we have a two
dimensional system with m = m(x, y), and the thickness of the sample is taken as
the interatomic distance between Pd and Fe plus the distance between Pd and Ir, i.e.
t = aPd-Fe+aFe-Ir = 4.08Å. This distance is used to compute the saturationmagnetisa-
tionMs from the µ value obtained by ab-initio calculations [135]. For this material, the
DMI expression favours spin spirals whose rotation resemble Néel domain walls1. The
effective anisotropyK takes into account an uniaxial anisotropy and the approximation
of the demagnetising field. The final term is theZeemanenergy for the appliedmagnetic
field in the z direction.
Todescribe a skyrmion in this systemweuse spherical coordinates for themagnetisa-

tionm = (sin θ cosψ, sin θ sinψ, cos θ), in terms of cylindrical coordinates as was done
in Section 1.7.1. According to the symmetry of the skyrmion θ = θ(ρ), ψ = ψ(ϕ) and
this DMI form accepts solutions withψ = ϕ, hence the energy functional turns into

E = 2πt
∫ ∞
0

{
A
[

(∂ρθ)2 + ρ−2 sin2 θ
]

+Dc
(
∂ρθ + ρ−1 sin θ cos θ

)
−K cos2 θ − BzMs cos θ

}
dρ

(4.2)

Usingourfinite elementsmicromagnetic code [77]we reproducedan isolated skyrmion
employing a two dimensional PdFe bilayer with PBCs. The micromagnetic parameters
1Notice that the chirality is opposite to the one in Cobalt samples.
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4.1. Material characterisation

Simulation of a skyrmion using a discrete spin model in a Pd/Fe/Ir(111) sample. The PdFe
bilayer is characterised by an hexagonal lattice. Data points correspond to the out of plane com-
ponent of spins positioned along a line in the x direction across the skyrmion centre located at
(x0, y0, z0), as indicated by a rectangle in the skyrmion plot below the curve. The skyrmion spin
field at the bottom is coloured according to the spins out of plane component sz . The skyrmion
was obtained using an atomistic simulation (Hex Sim)with amagnetic field ofBz = −1.5Tmag-
nitude. The curve corresponds to the analytical model specified in equation 1.55, with values
c = 1.4 andw = 1.39 obtained from Figure 2 of Ref. [58].

Figure
4.2

for the interactions, based onRef. [58], are specified in Table 4.1. Oneparticular result is
shown in Fig. 1.5, for a skyrmion under an applied out of planemagnetic field of -1.5 T of
magnitude, without considering dipolar interactions and using a finite element discreti-
sation of 1 Å. Alongside the comparison with the analytical model, we performed an
extra test of the micromagnetic simulation by defining samples of 16 nm by 16 nm and
analysing how the energy of the system converges when decreasing the mesh spacing,
i.e. in the continuum limit. These results are summarised in Fig. 4.1, where the energy
curve tends to a value slightly above -1.28 eV and hence proving that a full skyrmion
ordering is well described within the continuummodel.

To describe other magnetic configurations present in this system we have to gener-
alise the dependence of the spherical functions that define the magnetisation as θ =

θ(ρ, ϕ), ψ = ψ(ρ, ϕ), however no closed form solution is known for spin spirals using
this formalism. The standard procedure to describe more complex states is taking the
corresponding interactions withm in Cartesian coordinates, and integrate the system
numerically using the Landau-Lifshitz-Gilbert equation.
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4. Chiral structures in Pd(Pd)/Fe/Ir islands

4.1.2. Atomistic
While the continuum theory can accurately describe skyrmion profiles, it is not optimal
for analysing the stability of skyrmions since themesh discretisation has an influence on
the energy of someof the transitions required todestroy or nucleate them. Accordingly,
we prefer an atomistic description of the system, which also provides a more accurate
representation of the hexagonal crystal lattice of PdFe islands, and in Table 4.1we show
themicromagnetic parameters that fit the experimental data and the corresponding cal-
culated atomistic parameters.
Within the discrete spin model we write the Hamiltonian for this system as

H = −J
P∑
〈i ,j〉

si · sj +D

P∑
〈i ,j〉

(
ri j × ẑ

)
·
[
si × sj

]
−K

P∑
i

(si · ẑ)2 −
P∑
i

Bzµ
(z)
i (4.3)

where P is the number of spins, which depends on the lattice constant and the size of
the island,K is an effective anisotropy taking into account an uniaxial anisotropy and an
approximation of the dipolar interactions (see discussion in Section 4.1.1),D is theDMI
constant that describes the interfacial DMI for this material and the last term is the
Zeeman interaction for the field applied perpendicular to the sample plane. Aswe did in
themicromagnetic description, we treat the PdFe bilayer as a singlematerial, therefore
we only simulate a monolayer of spins to obtain our results.
Insteadof calculating the continuumparameters obtained fromafit using experimen-

tal data, a different approach to obtain material parameters for the discrete model is
through ab-initio calculations of the samples as has been done by Dupé et al. [135] and
Simon et al. [64]. Correspondingly, we compare themagnitudes of themagnetic param-
eters obtained with different theoretical methods and summarise published results in
Table 4.1. We notice that the best agreement with Romming et al. [58] results are from
the Pd bilayer on Fe/Ir(111), nonetheless the first principle calculations overestimate
the value of the uniaxial anisotropy. It is important to mention that the exchange and
DMI parameters from first principle calculations in Table 4.1 were extracted only for
the nearest neighbours from Refs. [64, 135]. However, it is known, for instance, that
the exchange interaction is smaller in magnitude and antiferromagnetic with the next
nearest neighbours and keep decreasing and varying in sign beyond them, whichmakes
a frustrated exchange interaction [112]. Hence, it is customary take into account these
long range effects by using effective parameters, nevertheless they are not commonly
found in the literature. Only recently, Malottki et al. [112] have published a compar-
ison of the effects of using an effective exchange or a long range frustrated exchange
on the skyrmion stability in a Pd/Fe/Ir(111) system and magnitudes of the parameters
involved in their study.
Using the converted parameters for the discrete spinmodel we simulated an isolated

skyrmion in a PdFe bilayer by applying a magnetic field ofBz = −1.5T to directly com-
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4.2. Magnetic textures in Pd/Fe/Ir(111) islands

pare its size with that of the skyrmion obtained experimentally in [58]. This result is
shown in Fig. 4.2wherewe plot the out of plane component of the spins at the centre of
the skyrmion. The data points in the curve correspond to the spin directions from the
spin field below the curve, which has a hedgehog-like profile characteristic of skyrmions
with interfacial DMI. We compare the atomistic spin field profile with the continuum
θ function that describes the magnetisation (see the final discussion in Section 1.7.1),
where the parameters for the function were obtained from a fit to an experimental
skyrmion image [58]. Remarkably, there is a perfect agreement between the discrete
model and the continuum solution.

4.2. Magnetic textures in Pd/Fe/Ir(111) islands
In a recent experimental study, Romming et al. (see Section 4.6) have fabricated hexag-
onally shaped islands of biatomic PdFe on top of an Ir(111) surface and performed an
SP-STM analysis on them, obtaining a series of images of a variety of magnetic order-
ings at different applied magnetic fields. Among these configurations, Néel skyrmions
arise at specificmagnetic fieldmagnitudes, whose size agree with the ones described in
Ref. [58] at large enough fields, since at weak fields the boundary of the island restricts
the skyrmion shape, which tends to expand beyond the island edges. Furthermore, dif-
ferent helicoidal structures also emerge as equilibrium states and in some cases are ob-
served along with skyrmions. Compared to the symmetrical skyrmions, helices are in
general more difficult to describe due to the multiple orientations and branches they
can adopt.
Our interest is on characterising this diversity of experimentally observed magnetic

states by means of atomistic simulations. We seek to establish more precise ranges
of parameters where the magnetic configurations can be stabilised and elucidate the
physics involved on this process. Moreover, there are several other possible configura-
tions that can be easily obtained through numerical calculations, hence our results can
clarify if they could be realisable in laboratory for observation. We must keep in mind
that experiments are performed at low temperatures and the microscope provides a
small bias current when probing a sample thus the parameters in experimentally ob-
served states cannot be compared exactly with our numerical outcomes, since the dis-
crete spinmodel does not consider thermal fluctuations or any external excitation aside
from the applied magnetic field.

4.3. Hexagonal islands
Wehave replicated thehexagonal islands obtained in experiments bydefining a discrete
spin lattice according to a bitmap image of a Pd/Fe/Ir(111) islandwith its corresponding
spatial scale. We show both an experimental image of an island (see Section 4.6) and a
computer simulated lattice for this island in Fig. 4.3a and b, respectively. The lattice is
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4. Chiral structures in Pd(Pd)/Fe/Ir islands

a b

Simulation of a hexagonal island from experiment. (a) Image of a Pd/Fe/Ir(111) island, ob-
tained experimentally by the group of RolandWiesendanger at the University of Hamburg (see
Section 4.6) using SP-STM. (b) Translation of the PdFe bilayer from experiment into an atom-
istic simulation, using a hexagonal lattice of spins. We use the lattice constant from Fe, aFe =

2.715Å. The original image was rotated, simplified into a black and white colourmap and then
converted to a discrete spin lattice using Fidimag [78]. The lattice is made of 4498 spins.

Fig
ure

4.3

definedwith anhexagonal arrangement of spins. Wehave assumed that atomsalignuni-
formly along the edges thus although there are defects in some areas at the boundaries,
the geometry is mostly well defined with the hexagonal arrangement of the atoms.
Webegin our study by identifying a diverse range of skyrmionic textures obtained ex-

perimentally (see Fig. 4.7c-d) and predicted by our atomistic simulations, thus in Fig. 4.4
we show the energies and topological charge of five different configurations: (•) a uni-
formordering, where spins are slightly tilted at the boundaries, (N) a single skyrmion, as
theone shown inFig. 4.2, (�) three skyrmions, which aredeformedbecauseof the inter-
skyrmion force, the boundary repulsion andbecause at this fieldmagnitude they tend to
occupy a larger area, ( N) a target state, which has been originally referred by Bogdanov
andHubert [31] as 2π-vortex, and (×) a 3π-vortex, which is a target state with an extra
rotation. Our approach in Fig. 4.4 is to startwith initial states that look similar to the five
configurations and relax them using the Landau-Lifshitz-Gilbert equation for different
magnetic fields. At the bottom of Fig. 4.4 we show relaxed states of the five configura-
tions at applied fields of Bz = −0.7T and−1.0T. They do not look the same for both
fields because lower energy states can be foundduring relaxation or someof the config-
urations can become unstable. We will explain this in the following discussions, where
we analyse the results of Fig. 4.4 in more detail.
For the five magnetic orderings used as initial state, ideally we would obtain similar

configurations after relaxation. If this is the case, some of them can be distinguished
by their topological charge, which we show in Fig. 4.4b. These values are not integer
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Characterisation of skyrmionic textures in hexagonal islands. Summary of the magnetic en-
ergies and topological charge of five different magnetic configurations: ferromagnetic ordering
in the−z direction (FMdown), a single skyrmionwith its core in the+z direction (1SkUp), three
skyrmions (3 Sk Up), a target state or 2π-vortex, and a 3π-vortex. Snapshots of these states un-
der a field of Bz = −0.7T and Bz = −1.0T, are shown at the two bottom rows of the figure,
where the colour scale refers to the out of plane spin component sz . Every plot is shown as a
function of the applied magnetic field, which points in the−z direction of the sample. Energies
are computed with respect to the ferromagnetic state for corresponding magnetic field magni-
tudes. (a) Total energy. (b) Topological charge. (c) Dzyaloshinskii-Moriya interaction energy. (d)
Exchange interaction energy. (e) Anisotropy energy. (f) Zeeman interaction energy.

Figure
4.4
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Vortex states in hexagonal islands. Spin field profile of vortex states in hexagonal islands, ob-
tained by plotting the out of plane component of spins sz along a line passing through the centre
of the sample located at (x0, y0, z0). These magnetic configurations shown in the figure are sta-
bilised under a field ofBz = −0.5T. At the bottom of every curve we show the spin (Néel like)
orientations, which lie in the xz plane. (a) 2π-vortex. (b) 3π-vortex.Fig
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due to the small tilting of the spins at the boundaries. For a single skyrmionQ ≈ 1 and
three skyrmions have Q ≈ 3. This magnitude is positive for a rotation pointing out-
wards from the skyrmion centre. However, thesemagnitudes are similar whenwe have
domains. For instance, observing the bottom row of Fig. 4.4 at a field Bz = −0.5T,
a single skyrmion looks as an elongated domain because the system found this was a
lower energy state. We notice that although this elongated domain has the same topo-
logical charge of Q ≈ 1, it is different from a skyrmion because of the jumps in the
energy graphs below a field of Bz = −0.5T. This is less evident when there are three
skyrmions because only one of them is deformed and it has a more restricted area to
expand within the island. In addition, the energy curves for the three skyrmion configu-
ration is smoother though it is still possible to see a small jump. For the vortex configu-
rations, it is not possible to useQ to identify them. The reason is that a target state has
two rotationswith opposite orientation (see Fig. 4.5a) thusQ ≈ 0, which is the same for
different helicoidal states. In addition, a 3π vortex has an extra rotation facing inwards
from its centre (see Fig. 4.5b), makingQ ≈ −1which is also valid for a skyrmionwith its
core pointing in the−z direction.
We analyse the total energy of the five configurations for different field magnitudes

in Fig. 4.4a, where the field is applied in the −z direction. The energy values are com-
puted relative to the energy of the uniform state for corresponding field values. Atweak
fields, |Bz | < 0.5T, the system prefers multiple rotations of the spins, hence the ferro-
magnetic ordering is a metastable state with the largest energy.
Regarding the single skyrmion (N) and triple skyrmion (�) states, we can see that

they are the most robust non collinear states against the applied magnetic field since
although they deform at small fields they preserve their total topological charge Q at
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4.3. Hexagonal islands

any field value. As the magnetic field strength increase, the size of the skyrmions is re-
duced, which is in agreement with the tendency in Ref. [58], and their shape becomes
more symmetrical. This is especially the case for three skyrmions since they interact
less with the surrounding boundary and other skyrmions.
For a single skyrmionwenote fromtheenergyof the interactions, depicted inFig. 4.4c-

f, that it turns from an elongated domain into a skyrmion atBz = −0.5T. We found this
by relaxing the systemwith a very small tolerance (see simulation details in Section 4.5)
since for weak tolerances we observed that the skyrmion relaxed to a circular bubble-
like domain whose energy keeps the tendency shown by the curves fromBz = −2.0T
up to−0.7T, with no sudden jumps. Close to a field of Bz = −0.8T a single skyrmion
(which is observed below Bz = −0.5T) has lower energy than three skyrmions in the
sample, partially due to the Zeeman energy which is smaller for a larger ferromagnetic
environment in the direction of the applied field. This is evident from Fig. 4.4f where
the Zeeman energy keeps increasing from Bz = −0.5T down to Bz = −1.0T for
three skyrmions and only decreases for a single skyrmion in the island. The role of the
Zeeman interaction for the triple skyrmion state is supported by the tendency of the
DMIenergy,whichbecomes less importantwhen skyrmions get smallerwith larger field
magnitudes.
Twoother physically interesting states are the2π ( N) and3π (×) vortices, which have

been theoretically predicted [31] but up to nowhave not been experimentally observed
in bulk or interfacial systems. In particular, the presence of target states in confined sys-
temshas been recently identified for cylindrical geometries [66,91,137]. For the hexag-
onal islands we have obtained these multiple-rotation orderings defining the direction
of their inner core in the−z direction, which follows the applied field orientation. The
spin fields for the two vortex states are depicted in Fig. 4.5, where spin orientations lie
in the xz plane and it is evident the typical Néel profile for the spin rotations.
According to Fig. 4.4a, the 2π and 3π-vortex states are only stable in a small range of

fieldmagnitudes. Specifically, starting from zero applied field, the 2π-vortex is observed
down to a field of Bz = −1.1T and then the system relaxes to a skyrmion for lower
fields, which is evident from the topological charge in Fig. 4.4b. For the case of the 3π-
vortex, it is visible even in a smaller range, only down to afield ofBz = −0.5T, and after-
wards it relaxes to the target and skyrmion states. It is noteworthy that themultiple spin
rotations of the 2π-vortex with a large enough ferromagnetic background make this
configuration the lowest energy state between the five orderings we are analysing. The
uniform surrounding of spins is important because it decreases the overall exchange
energy. For fields above −0.5T, where both vortex states are defined, we can explain
this effect if we refer to the exchange and DMI energies depicted in Fig. 4.4d and 4.4c,
respectively, which are the main energy contributions. Even if the DMI energy of the
3π-vortex is significantly smaller than the 2π-vortex, which is caused by the extra twist-
ing of the spin field, the effect of the exchange interaction is large enough to make the
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total energy of the 3π-vortex larger. This phenomenon is enhanced by the anisotropic
energy (see Fig. 4.4e), which behaves similarly to the exchange energy at smaller mag-
nitudes, and the Zeeman interaction (see Fig. 4.4f), which exhibits large energy magni-
tudes due to the spin rotations that make spins opposite to the field in a large area of
the island. For fields below −0.5T the 3π-vortex no longer exists and, in general, the
target state energy is similar to the configuration with 3 skyrmions, probably due to a
similar number of rotating spins in the sample.

4.3.1. Stability of target states in hexagonal islands
In Section 4.3 we observed that target states in Pd/Fe/Ir(111) islands could not be sta-
bilised below a field ofBz = −1.1T, where the system relaxes to an isolated skyrmion.
One possible reason for this instability is that the energy barrier separating these two
configurations is reduced as the magnetic field becomes stronger, thus a target state
would decay below a critical field. Under this hypothesis we perform a stability calcula-
tion between a target state and a skyrmion by means of the NEBM. We set the target
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4.3. Hexagonal islands

state and the skyrmion as the initial and final state in an energy band, respectively, and
initialised the energy band with a linear interpolation. The resulting energy band after
relaxation is depicted in Fig. 4.6 for two different magnetic fields, Bz = −1.1T and
Bz = −1.0T. We confirm from this figure that the energy barrier decreases as we in-
crease the magnetic field magnitude. At the top of Fig. 4.6 we show snapshots for the
images of the band with Bz = −1.0T whose curve is numbered. The sequence shows
a collapse of the target state into a skyrmion, where the saddle point is given when the
inner core of the target state reverts to give rise to the skyrmion core which points in
the +z direction. Since we could not relax a target state at Bz = −1.2T (it might be
possible using a weak tolerance for the relaxation of the target state), the critical field
must lie between Bz = −1.1T and -1.2 T. For a field of Bz = −0.9T, which we do
not show here, we saw that the energy barrier is significantly larger, around 0.05 eV,
although the transition is mediated by a singularity rather than by a collapse. As we ob-
served in Chapter 3, we expect that the energy path given by a singularity is not a true
first order saddle point, thus the algorithmmight find the target state collapse after ap-
plying the climbing image method to the result forBz = −0.9T. This analysis requires
further investigation in the future.

4.3.2. Field sweep in hexagonal islands
From the relaxation of the skyrmionic textures of Section 4.3 we obtained a general
view of the range of magnetic fields where those configurations can be stabilised. A dif-
ferent technique is to perform a field sweep similar to a hysteresis process. In a collab-
oration with the group of RolandWiesendanger from theUniversity of Hamburg, Rom-
ming et al. have performed a field sweep on Pd/Fe/Ir(111) hexagonal islands (shown in
Fig. 4.3a) and measured the magnetic configurations by SP-STM imaging. Their exper-
imental results are shown in Fig. 4.7 where the contrast refers to the non-collinearity
of the configurations. The process start with a spin spiral and the island saturates at
4.0T. We can distinguish skyrmions from frames b-f and g. When decreasing the field,
in frame g there is an extra skyrmion which was probably excited because of tempera-
ture effects or the bias voltage from the SP-STM tip. helicoidal structures withmultiple
branches from the h frame and onwards, after passing the zero-field step.
To reproduce the experimentally observed configurations with our code, the diffi-

culty lies on choosing an adequate initial configuration since, normally, it is not possi-
ble to know every possible equilibrium state. In particular, helicoids are hard to anal-
yse because they can manifest as branches, i.e. long domains oriented in the+z or−z
direction, that can be oriented in any direction in the island. Correspondingly, we se-
lected five magnetic orderings based on different number of skyrmions and the config-
uration from Fig. 4.7b-c where a skyrmion and a helicoid coexist next to each other. To
set our starting point in the hysteretic-like analysis, we relax these configurations at a
magnetic field of Bz = −2.5T, which are the states in the first row of Fig. 4.8. As we
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Experimental observation of magnetic textures in hexagonal islands. Images obtained us-
ing SP-STM during an external field sweep on Pd/Fe/Ir(111) islands. Measurements were per-
formed by the group of Roland Wiesendanger at the University of Hamburg (see Section 4.6).
Colour contrast indicates the non-collinearity of the spin field.Fig

ure
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mentioned in Section 4.3, these orderings can be directly characterised by their topo-
logical charge and, effectively, we see in the first row of Fig. 4.8 that Q indicates the
number of skyrmions in the sample and for a helicoid Q ≈ 0 because it only has spins
rotating in a single direction. We then increase themagnetic field in 100mTmagnitude
for every initial state and relax each systemagain. We repeat this process up to a field of
Bz = 2.5T and register the resulting configurations under equilibrium for every step
where the field is increased. As a result, we obtain the evolution of every initial state
given by the columns of Fig. 4.8 and 4.9, where we only show snapshots of the relaxed
states in steps of 500mT. We observe that as we reach the zero field step skyrmions
try to expand and occupy a large area in the sample and in particular, when there is a
large number of skyrmions, as the case of columnA in Fig. 4.8 at zero field, these config-
urations appearmore symmetrical since they occupy the available spacemore optimally
through a hexagonal arrangement which is typical of skyrmion lattices. Consequently,
as we pass the zero field stepwe start observing interesting chiral configurations which
critically depend on the initial state. Whenwe start with different number of skyrmions
we notice that domains oriented in the +z direction appear surrounded by elongated
domains pointing in the−z direction in the form of branches whose ends tend to finish
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Figure
4.8
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perpendicular to the hexagon sides rather than the corners. These enclosed domains
carry a topological charge of +1 since their surrounding domain wall are equivalent
to the skyrmion boundary. While some of the skyrmionic structures are partially de-
stroyed at the boundary of the island, the total number of domains in the+z direction
is the same as the number of initial skyrmions, which is evident from columns A-C of
Fig. 4.9 at fields of 0.5 and 1.0T. As expected, these incomplete skyrmionic domains
do not have an (approximately) integer topological charge and it is possible to roughly
estimate this magnitude depending on the domain shape.
Referring to column A of Fig. 4.9, atBz = 0.5T we have a skyrmionic domain which

contributesQ = 1 and four incomplete domains that can be identified withQ ≈ 1/3,
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approximately summing up the total chargeQ. We estimated a 1/3 charge because the
incomplete domains sit at a corner of the hexagonal island which forms a 2π/3 angle,
thus making a third of a full skyrmionic texture. On the other hand, if we now refer to
the state of column C at the same field, the same argument cannot be applied to the
more elongated boundary domains at the upper sides of the sample, where the more
straight profiles of their surrounding domain walls are likely to give a smallQ, hence we
obtain a total charge of Q ≈ 2.33 only considering the domain at the bottom right of
the island, being the actual total chargeQ = 2.64. However, we still have to consider
the spin tilting at the boundaries, which can contribute up toQ ≈ 0.13, as seen in col-
umn D at 1.5T for a uniform ordering in the+z direction. For the state of column A at
0.5T ourQ estimate is in agreement with the value from the simulation thus it is likely
that the contributions from the boundary spins with a positive z component cancel out
with the spins with−z component because they are almost in the same proportion. Re-
garding column C, the lacking 0.31 charge must be explained by the number of edge
+z and −z spins, which seems to have a small positive contribution to Q, and by the
smallQ from the two larger boundary domains at the top corners of the island, whose
separating domain walls are not completely straight. These issues indicate that it is not
straightforward to estimate the total topological charge but general arguments can be
applied to themore symmetrical cases.
Whenwekeep increasing themagnetic field further than1.0T the spin spiral branches

start to dissapear or skyrmionic domains trappedwithin them reverse their orientation
giving rise to more simple spiral structures. In general, these states at positive fields
are the ones that most resemble the experimentally observed magnetic orderings of
Fig. 4.7. For example, Fig. 4.7h is similar to column B of Fig. 4.9 at 1.0T, where spirals
end perpendicular to the hexagon sides. Similarly, we see the triple junction of Fig. 4.7j
in columnCof Fig. 4.9 at 2.0T. Theother single spirals have also beenobserved starting
from other initial configurations. Although we do not show it here, we tried to replicate
the exact loop of Fig. 4.7 starting from a spin spiral but we could only obtain a single
spiral when increasing the field. Interestingly, at strong magnetic fields above 3.0T the
spiral became a single skyrmion before saturation.
Besides the ramified spin spirals from columnsA-Cof Fig. 4.9, there are other curious

magnetic orderings such as the perfectly symmetric confined domain of column D at
Bz = 1.0T, which is close to a 2π-vortex except for the tail ending up at the boundary
of the island. This structure has been observed in experiment but for samples with an
extra Pd layer on top.

4.4. Target states in Fe based hexagons
In our search for a range of parameters where target states can be stabilised, we anal-
yse Pd/Fe/Ir(111) hexagons of different sizes. This can help as a reference for future
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experimental measurements.
Following the methodology of Fig. 4.4, we initialise hexagon systems of different size

with a target state (2π-vortex) and relax them for different field magnitudes. We char-
acterise the size of the hexagons by their circumradius R and the relaxation is done
using the Landau-Lifshitz-Gilbert equation. Using four different circumradius, R =

8, 12, 16 and 20 nm,we summarise the computed energies in Fig. 4.10a, where energy
values are relative to the ferromagnetic state in the−z direction. In addition, for a ra-
dius ofR = 20nm, we show snapshots of the relaxed states at the bottom of Fig. 4.10a,
for fields ranging from Bz = −1.4T up to zero field in steps of 200 mT. We observe
that at weak fields, increasing the size of the hexagon decreases its energy relative to
the uniform ordering. If we observe the snapshot of the system at zero-field, we see a
distorted domain where spins are oriented in the −z direction and which favours the
DMI energy. This warped domain is only observed forR larger than 14 nm (simulations
were performed for sizes in steps of 2 nm) and the shape of the domain varies according
to the hexagon size. As we decrease the field below−0.2T, we start noticing the target
state which becomes more symmetric and smaller in size with stronger fields. This oc-
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curs down to a field ofBz = −1.2T approximately, where the target state is no longer
stable and the system relaxes to a skyrmion. Only forR = 8 nm the target state is sta-
bilised down to −1.1T. Furthermore, at a field of Bz = −0.8T and for R larger than
12 nm, the energy of the target states is larger than the uniform configuration and the
energy curves follow the same tendency for lower fields. For smaller sizes of hexagons
the ferromagnetic ordering is preferred at smaller field magnitudes.
The systems we have described so far were simulated with free boundaries, which

causes a slight spin tilting at the sample edges. For the hexagons we modified this con-
dition and fixed the spins in the−z direction to analyse if the boundary conditions have
some effect on the stability of target states. Our main motivation is the fabrication of
islands with an extra Pd layer, i.e. Pd/Pd/Fe/Ir(111), obtained by the group of Roland
Wiesendanger at the University of Hamburg (see Section 4.6). In this system, the over-
layer of Pd is surrounded by Pd/Fe/Ir(111) which leads to a different boundary condi-
tion thanFe/Ir(111). For instance, at strong fields the surroundingmaterial is ferromag-
netic, leading to a coupling with the double Pd island. This new condition is thought to
be one of the reasons for the observation of target state-like configurations in these
systems. To simulate this effect computationally, we started by pinning spins at the
boundary of our Pd/Fe/Ir(111) islands, creating a ferromagnetic rim. In Fig. 4.10b we
performed the same analysis as in Fig. 4.10a, using different hexagon sizes and mag-
netic fields. Our results show that there are not significant changes compared to using
free boundaries. We can see though that larger islands have even lower energies at
weak fields and small sized hexagons decrease their energy for larger fields. In addition
we observe that theBz = −0.8T energy curve follows the tendency of larger systems
and becomes unstable atBz = −1.2T as well.

4.5. Simulation details
The atomistic simulations were performed using Fidimag [78]. To speed up the relax-
ation of the different magnetic systems studied in this chapter, we use the Landau-
Lifshitz-Gilbert equationwithout theprecessional termand set adamping value around0.9.
In addition, we set for the gyromagnetic ratio γ = 1 which only changes the time scale
(we are not interested in dynamical effects, only in energyminimisation). Fidimag uses a
time variable stepmethod fromSundials [115] CVODE library, to integrate the Landau-
Lifshitz-Gilbert equation. On every time step, we compute the largest difference be-
tween spinsof the last stepwith respect to spinsof theprevious step,∆s = max(|sLAST−
sPREV|), and we divide this magnitude for the current time step∆t given by the integra-
tor. We stop the relaxation when this value∆s/∆t is smaller than a specified tolerance.
A weak tolerance for the relaxation is about 10−4 and a strong tolerance is set for a
magnitude around 10−6.
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Interactive widget for atomistic simulations. View of an interactive interface for real time vi-
sualisation of atomistic simulations. The interface is based onMatplotlib’s widgets library [138].
The system shown in the figure is a Pd/Fe/Ir(111) island which can be initialised with different
magnetic configurations. Magnetic parameters such as the external magnetic field and the DMI
strength can be updated by specifying values in the text boxes. Different colourmaps can be
used for visualising the spin field components and the picture shows a HSL colour scale.Fig
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4.5.1. Simulationwidget
At the beginning of our study we required a general idea for the stabilisation of a vari-
ety ofmagnetic configurations in the Pd/Fe/Ir(111) island shown in Fig. 4.3. To facilitate
this process we developed an interactive interface for our atomistic simulations, which
are implemented in Fidimag [78]. The interfacewas programmed using a library for cre-
ating widgets from the plotting tool Matplotlib [138]. This library allows to create but-
tons and text boxes to update variables in real time, which can be linked to Matplotlib’s
plotting tools. For recent versions of Matplotlib the widgets can take advantage of an
interactive Matplotlib backend that works on Jupyter notebooks [139]. Therefore, us-
ing the modular and class based structure of Fidimag (see Chapter 5) it was possible to
easily apply widgets to create real time visualisations of the simulations. In Fig. 4.11 we
show an image of the simulation widget in a Jupyter notebook, where it is possible to
set different initial magnetic configurations and update the magnetic field to relax the
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system for an specified time. Furthermore, there are different colourmaps to visualise
the components of the spins. In Fig. 4.11 a target state is visualised using anHSL colour
model which indicates the spin orientation in plane and the out of plane component in
a black and white scale, allowing the observation of a full view of the three dimensional
spin field into a two dimensional map. This code can be extended to update any mag-
netic interaction, such as the DMI which is shown in Fig. 4.11, or to simulate any mag-
netic systemwith Fidimag. The simulationwidget has been useful to explore the system
and start defining amethodology to characterisemagnetic textures on these ferromag-
netic islands. Currently the code is hosted in a private repository and will be eventually
released as open source when results from this chapter are published.

4.6. Experimental data
Experiments discussed in this chapter are based on SP-STM imaging of Pd/Fe/Ir(111)
and Pd/Pd/Fe/Ir(111) islands, performed by N. Romming, K.v. Bergmann and A. Kubet-
zka, who are part of the group of Roland Wiesendanger from the Institute of Applied
Physics and Interdisciplinary Nanoscience Center Hamburg, University of Hamburg.
Experimental data shown and referenced in this chapter was taken from permission of
R. Wiesendanger group. Ideas from the analysis of simulations with experimental re-
sults are product of this collaborative project.

4.7. Discussion
Using atomistic simulations we have been able to characterise magnetic configurations
in Pd/Fe/Ir(111) systems by varying their size, the applied magnetic field and boundary
conditions. Performing a field sweeponhexagonal islands, as has been done experimen-
tally, we can reproduce some of the magnetic states observed in laboratory, although
not at similar magnetic fields since our simulations are based on a theory at zero tem-
perature. In addition, our analysis has been mostly focused on specifying a range of
parameters to observe target states and our results show that they can be stabilised at
weak magnetic fields. By applying the NEBM on hexagonal islands simulated from ex-
periments, we could justify that target states cannot be stabilised below a critical field
since the energy barrier decreases for strong field magnitudes. Using perfectly hexag-
onal lattices, we noticed that target states, at weak fields, decrease in energy when in-
creasing the size of the hexagons and the effect is more intensewhen setting ferromag-
netic boundaries. It is worth mentioning that for larger sizes, dipolar effects, which are
not considered in ourmodel (only as an effective anisotropy), are likely to have a notice-
able influence on the domains and maybe the stabilisation of target states, thus future
analysis on larger islands should consider this.
When we implemented fixed boundary conditions on hexagons, our motivation was

to replicate the different edge condition when an extra palladium layer is added to the
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Pd/Fe/Ir(111) islands. For further exploration on the double Pd systems we could use
more accurate magnetic parameters for the islands. For example, ab-initio calculations
for these systems would be useful to obtain parameters that can be compared to ex-
periments on finite sized islands with a ferromagnetic boundary. In Table 4.1 we show
values computed by Dupé et al. [135] for a double layer of Pd on Fe/Ir(111) which can
be used as a starting point to compare with the available experimental data.
The results obtained in this chapter are still an ongoing collaboration with the ex-

perimental group. Besides the hexagonal islands we studied, Romming et al. (see Sec-
tion 4.6) have also fabricated truncated triangles using double Pd layers and observed
target state-like configurations on them. Applying the techniques we described in this
chapter we can continue the study on these truncated triangles and consider new ef-
fects. For instance, it is possible to tune their geometry to analyse if the shape has an
influence on the stability of different magnetic textures.
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Reproducible computational science

The act of observation is inherent to the scientific method in natural sciences. In tradi-
tional research the observation of natural phenomena is made directly through exper-
iments and appropriate instrumentation, however, since the middle of the last century
the creation and fast development of computers have allowed newmethods for obser-
vation and prediction through numerical calculations. Initially, numerical computations
were used to obtain solutions for complex theoretical problems whose equations can-
not be tackled analytically, or to analyse experimental data [140]. Modern research, on
the other hand, has allowed the development of computer based experiments for prob-
lems that cannot be reasoned analytically or are inaccessible to experiment. [141,142],
where numerical results are compared to traditional observation and hardware and
software to the instrumentation andmethods for observation [142].
With the popularity of research based computational simulations, the issue of repro-

ducibility has come tobequestioned. This term refers to thepossibility that experiments
and results from research could be repeated under different conditions. Reproducibil-
ity has been in general a topic that has been criticized in multiple scientific fields [143]
and is essential for the verification and credibility of published works. Moreover, sci-
ence is a social endeavour where knowledge is built from findings of different groups,
thus reproducible science is critical to improve and promote novel and high quality re-
search. In order to improve reproducibility, it is natural to make research transparent
and accessible to others, hence open science has also been a strongly debated topic,
especially within scientific journals. Accordingly, accessibility to data or computational
code used in a paper has started to be a requirement for publishing [142,144–146].
In the context of computational based research, thediscussionof reproducibility started

in the nineties andwas identified as ”away of organizing computational research that al-
lowsboth theauthor and the readerof apublication to verify the reported results“ [141].
Recently, in an extensive analysis on reproducibility and best practices for numerical
experiments, Fehr et al. [142] argue about three main ideas to help establishing scien-
tific software within open science practices: (i) replicability, (ii) reproducibility and (iii)
reusability. Proper documentation of the code and themethodology applied in the com-
putational experiment benefit all three ideas of Fehr et al. Furthermore, open sourcing
the software is recommended since it is crucial for (i) and (ii), especially because the
codewould be available for reviewing and verification by others [144,145]. Besides the
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evident benefits of open source, it does not imply quality in a scientific software since a
well developed code requires documentation, debugging, testing, installation methods,
etc. which, in the current research model, are tasks that are not as valuable as writing
and publishing papers [141, 147, 148]. Nevertheless, with the increasing dependence
of contemporary science on software, efforts have been made to set up standards for
making scientific software citable [148] and different institutions have started to sup-
port research software practices [141], giving computational science more credit.
In the following sections we explain two open codes we have developed to obtain

the results discussed in this thesis and which are compatible with the computational
practices suggested by Fehr et al. [142] for open science. The first is a major software
project called Fidimag thatwe use to perform atomistic andmicromagnetic simulations.
The other is a series of scripts that we used to obtain the results of Ref. [1], making its
results completely reproducible.

5.1. Fidimag
Fidimag is a program to simulate magnetic systems using micromagnetics, where com-
putations are based on the finite differences numerical method, or atomistically, where
simulations use a Heisenberg like discrete spin model. It was originally developed by
Wang [73] in 2015 and later the code was refactored, improved with new features and
registered under a DOI address in Ref. [78] for citation [148]. The code is written in
the C languagewith an interface using Python. It is hosted in Github and is open source
under a 3-clause BSD license, thus making reproducibility [142] feasible for results ob-
tained through this software.
According to good coding practices, documentation is provided for installation, gen-

eral functionalities of the software and underlying theory for the calculations in [116].
Moreover, documentation through extensive comments for the functions andmethods
are directlywritten in the source code. The code has been structured in amodular fash-
ion: magnetic interactions, magnetic dynamics and system specifications, either if it is
micromagnetic or atomistic, are separated in their own libraries and methods, facilitat-
ing reusability [142] and extension of the software. These features are supported by
multiple unit and integration tests [142] which check that methods work as expected,
results are compatible with theory and that any modification to the software keeps it
consistent.

5.2. Reproducible publication
At the conclusions ofChapter 3we stated that all the results from the study could be re-
produced from Ref. [131]. This repository contains a series of files that automatise the
process of running the simulations used in Ref. [1] and generating the corresponding
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data. The automatisation is achieved throughmultiple Makefile scripts but, in particu-
lar, by a Docker script that installs Fidimag.
Docker [149] is an user friendly open source tool to create a virtual environment

based on the Linux operating system kernel, which has many interesting features for
scientific reproducibility [150]. One of the advantages of creating these environments
or containers is solving software dependency issues1 that are commonly found when
running a code in a different environment from where it was originally programmed,
for example in different computers or operating systems. In a Docker container, which
is defined by a file called image2, the software is already installed and configured, and a
Docker image caneven storedatafiles fromresearch to facilitatedatadistribution [150].
This approach gives a significant benefit to small software projects where code main-
tainability is expensive [141], and works perfectly for reproducibility because a con-
tainer can be easily distributed to any machine where Docker runs, giving other people
the possibility to easily obtain the numerical outcomes from computer based research.
For the case of Ref. [131], the Docker container is created by a small piece of code

calledDockerfile. In this file, it is specified that anUbuntu 16.04operating systemen-
vironment is created in order to install all the necessary dependencies for Fidimag [78].
Along this file there is a Makefile that provides the relaxation, nebm and plot_nebm
commands to relax a skyrmion or a uniform configuration in a nanotrack system using
the Landau-Lifshitz-Gilbert equation, evolve a skyrmion-ferromagnetic transition with
the NEBM and plot the NEBM data, respectively, for a specific DMI magnitude given
by the environment variable DMI (which is specified as the micromagnetic equivalent
in 10−4J m−2, for example, setting DMI=32 it means that we run the simulation with
D = 0.721meV). On top of these scripts, there is another Makefile that automati-
cally executes all the simulations specified in Ref. [1], allowing a user to to simply type
in a terminal make run_all, provided that Docker is installed on the system. All these
scripts and a detailed documentation of their functionality and the simulation results,
are hosted in the Github repository linked to [131].

1This means dependency on external programs and libraries that, when they are updated, can break the
functionality of the main code.
2A Docker image is an immutable set of instructions, programs and files structured in layers. When a
Docker container is created, it uses an image and adds an extra layer for writing and deleting data. For
more information see Docker [149] documentation.
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Chapter

6
Conclusions

In this thesiswehave applied computational simulations to study the properties of com-
plex chiralmagnetic configurations indifferent nano-scaled ferromagnetic systemswhere
Dzyaloshinskii-Moriya interactions (DMI) are present. In addition, we have focused
on the study of the thermal stability of magnetic structures using numerical methods.
Thermal stability of amagnetic configurationmeans ameasure of its robustness against
random thermal fluctuations, which are present in systems at finite temperatures. In
this case, it is relevant to quantify the stability at room temperature for any potential
application of a magnetic structure in a technology or device.
For the studyof thermal stability ofmagnetic systemswehave implemented anumer-

ical method called theNudged Elastic BandMethod (NEBM) in an open source package
for atomistic and micromagnetic simulations Fidimag [78], which we have developed
collaboratively in our group. This algorithm can be used to compute transition paths
and energy barriers between two equilibrium states of potentially anymagnetic system
described by a discrete Heisenberg-like atomistic model or by the continuum theory of
micromagnetics. The energy barrier between two stable configurations is the energy
necessary to apply to the system (e.g. by means of temperature) to drive one of these
states into the other. The barriers can be used to estimate the lifetime of the magnetic
states, which is crucial for technological applications, for example, if these states are
used as information units.
We have applied theNEBM to analyse the thermal stability of skyrmions in thin race-

tracks or mono-layered systems where no magnetic field is required for their stabili-
sation. Skyrmions are magnetic structures with non-trivial topology that arise as equi-
librium states in magnetic systems with DMI. Skyrmions are of interest for magnetic
recording technology because their topology grants them an extra stability. As a result,
they are manipulable structures that can be applied, for instance, as information carri-
ers in racetrack-likememories [121]. Nevertheless, the thermal stability of skyrmions in
finite sized systems at zero applied field, which is important for an energy efficient tech-
nological application, has only recently started to be understood and quantified using
theoretical methods. In our study we estimated the thermal stability of skyrmions by
computing energy barriers associated to their destruction or nucleation mechanisms.
Accordingly, we found three different transitions for the skyrmion destruction (nucle-
ation): annihilation through the boundary, skyrmion collapse and destruction via a sin-
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gularity. The transition with least energy cost is the one mediated by the sample edges
and the energy cost associated to this process is significantly smaller than the energy
involved in transitions of current technologies such as perpendicular magnetic record-
ing. This result strongly suggests that, for the skyrmion application on nanotrack based
devices, it is necessary to devise novel engineering methods to avoid the skyrmion es-
cape through the sample boundaries or to further explore materials and systems host-
ing skyrmions that enhance their stability. Furthermore, we argued that the so called
topological protection of skyrmions is a weak concept in a discrete model since there
is always a finite energy barrier separating the skyrmion structure from other equilib-
rium states and, in addition, in a finite sized sample this protection is circumvented by
the destruction mechanisms via the boundary of the system. These results have been
published in Ref. [1].
In our analysis of skyrmions in thin films we showed the effects of the demagnetising

field on the size of skyrmions. In very thin samples it is possible to approximate the ef-
fects of dipolar interactions by an uniaxial anisotropy, however this requires knowledge
of effective anisotropy constants that account for the stray field influence and these pa-
rameters are not usually given in the literature. Otherwise, it is possible to performa full
calculation of the demagnetising field which, numerically, is computationally expensive.
Moreover, for thin samples we found a discrepancy in skyrmion sizes when converting
their magnetic parameters from the micromagnetic to the atomistic model and we re-
alised this effect is caused by the dipolar interactions. We think the problem stems from
the assumptionsmadewhenderiving the demagnetising field in the continuum from the
discrete spin model. In this context, the small dimensionality along the thickness might
have an important role since the continuumapproximation is not valid for systemsmade
of a few monolayers. Our results on this topic are not conclusive, hence we suggested
ideas that can lead to a future study to find a correction factor or explanation for the
agreement ofmagnetic structureswhenusing atomistic andmicromagnetic simulations
with dipolar interactions.
We started a collaboration with an experimental group from the University of Ham-

burg to apply our computational simulations software to analyse non-colinear config-
urations in Pd/Fe/Ir(111) nano-sized islands. The magnetic structures in these islands
have been probed by the experimentalists using spin polarised scanning tunneling mi-
croscopy (SP-STM).Wedescribed their observationsbyapplying thediscrete spinmodel
and replicating a magnetic field sweep as done in the experiments. As a result, we ob-
tainedmultiple experimentally observedhelicoidal structures, althoughat differentmag-
netic fields because our simulations are performed at zero temperature and experi-
ments at finite temperature. Furthermore, simulations allowed us to stabilise other
magnetic configurationswith cylindrical symmetry, such as 3π and2π−vortexes, which
are skyrmion-like textureswith extra spin rotations. It isworthmentioning that, atweak
magnetic fields, the confined geometry of the islands is important for the stabilisation
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of the skyrmionic textures since they tend to occupy a large area of the sample. For the
case of the vortex states we found that they can be stabilised in a small range of mag-
netic field magnitudes and are energetically favoured close to zero field. This result can
guide future experiments for the observation of these vortex states which, until now,
has not been achieved. Additionally, we analysed the stability of the 2π-vortex state to
explain why they are not stabilised above a specific applied field magnitude. The reason
is that the energy barrier separating this state with an isolated skyrmion decreases as
the field magnitude increases. To analyse other effects on the stability of vortexes we
modified the sample geometry and changed the boundary conditions, nonetheless we
did not find any significant outcomes. This study is an ongoing project thus our results
are still under discussion. We believe our findings are important to understand the sta-
bilisation of other chiral orderings besides skyrmions in thin confined systems and that
future experiments can prove our theoretical observations.
Finally, we dedicated a chapter on the discussion of good practices for scientific cod-

ing and data sharing. In modern research, computational based studies have become a
standard technique for the verification andprediction of physics phenomena in complex
systems. Following these practices, we showed two examples of computer software
that we developed for the studies of this thesis.
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Magnetic moment

A.1. Orbital angular momentum
If we define a tiny loop of current I , under the influence of an external fieldB, the force
F exerted on an infinitesimal section of this loop dl is

dF = I dl× B , (A.1)
and therefore, assuming a constant field, the torque is1

τ = I
∮
r × (dl× B)

=

(
I
∫
S

dS
)
× B

= IA× B

where r is the position vector to the infinitesimal section,A =
(∫
S dS

)
n̂ is the surface

area enclosed by the current loop and n̂ is the normal to this surface. Furthermore, from
classical electromagnetism, it is known that the torque on amagnetic dipole momentm
is τ = m× B, thus we define themagnetic moment as

m = IA

If we now take the classical picture of an electron orbiting around a nucleus, which is
Bohr’s model of the atom, the current can be defined as

I = ∆q ve =
qe
2πRve =

(−e)(−v)

2πR
where R is the radius of the orbit and e, v > 0 are the charge and velocity of the elec-
tron.
Choosing the origin at the nucleus for the position vector R (so R is the radius) the

angular momentum is normal to the area enclosed by the orbit, hence

L = me |R× ve |n̂ = meR(−v)n̂

1Expanding the triple cross product and using a variation of Stoke’s theorem
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We can now relate the angular momentum to themagnetic moment

m =
1
me

(
(−e)(−v)

2πR
)

(πR2)me n̂ = −
e

2me L
An alternative and more formal derivation is given by Jackson [151] where, for any

current distribution J(r), the magnetic moment is defined as

m =
1
2
∫
r′ × J(r′) d3r ′

A.2. Spin dynamics
Since spin is a quantum mechanical object, it is possible to use Eherenfest’s theorem
within the Heisenberg picture, for the time evolution of the expectation value of the
spin operator Ŝ as

i~
∂
〈
Ŝ
〉

(t)

∂t
=
〈[
Ŝ,H (t)

]〉 (A.2)
whereH is the time dependent Hamiltonian. For a time dependent external fieldB(t),
we have2

H (t) =
gµB
~
Ŝ · B (A.3)

The spin operator follows the angular momentum algebra
[
Ŝi , Ŝj

]
= i~εi jk Ŝk (A.4)

Therefore, we can prove that

i~
∂
〈
Ŝi
〉

(t)

∂t
=
gµB
~

(i~)εi jkBj
〈
Ŝk
〉 (A.5)

which is basically
∂
〈
Ŝ
〉

∂t
= −

gµB
~
〈
Ŝ
〉
× B (A.6)

By defining µ = −(gµB~−1)
〈
Ŝ
〉

= −γ
〈
Ŝ
〉, with γ > 0, we obtain the usual preces-

sional term of the LLG equation
∂µ

∂t
= −γµ× B (A.7)

In this equation, the fieldB can now be identified as the sum of the effective field from
themagnetic interactions in the material.
2Remember that we have defined the Bohr magneton as a positive unit in terms of the electron charge
e > 0.
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A.2.1. Alternative derivation of the spin dynamical equation
Amore formal derivation of the spin dynamical equation can be obtained by finding the
classical analogon of the spin commutator relations. In this context Bauer [152], based
on the fact that spin operators followaLie algebra, refers toBulgac andKusnezov [153],
who demonstrate that for an arbitrary Lie algebra it is possible to define a Lie-Poisson
bracket that naturally connects a quantum commutation relation to a classical counter-
part. Accordingly, Bauer [152] shows that for arbitrary functions of spin operators it
is possible to use these Lie-Poisson brackets to find the time evolution of a spin in the
classical limit, Ŝ→ S, thus for the ith spin in a lattice it can be proved that

~
∂Si
∂t

= −Si ×
∂H

∂Si
(A.8)

whereH = H ({S}) is a function of the spin vectors in the lattice, {S} = (S1,S2, . . .),
which we relate as the Hamiltonian. In the dynamical equation this term appears as the
derivative with respect to the spin vector which we identify as an effective field acting
on the spin [152]. Using the standard definition of µ = −gµBS (in this case, S can be
regarded as our previous definition of the spin expectation value), we can redefine this
equation as

∂µi
∂t

= −γµi ×H(i)
eff (A.9)

with

H
(i)
eff = −

∂H

∂µi
(A.10)

We can now redefine S as the magnetic moment orientation µ = gµBS = µs, instead
of using it as the spin angular momentumwhich points antiparallel to the magnetic mo-
ment vector.

107





Appendix

BB.1. Hexagonal lattice . . . . . . . . . . . . . . . . . . . . . . . . . 109
B.2. Simple Cubic lattice . . . . . . . . . . . . . . . . . . . . . . . . 113

Micromagnetic limit of interfacial DMI

In this chapterwewill derivemicromagnetic expressions for the interfacialDMI inhexag-
onal and square lattices, which have been shown by Rohart and Thiaville in Ref. [66].
One of the difficulties for the calculations is knowing the correct orientations of the
Dzyaloshinskii vectors in the sample. According toRef. [49], when a ferromagnetic layer
is adjacent to a non-magneticmaterial with a strong spin-orbit coupling (SOC), an inter-
facial DMI is induced at the interface and the Dzyaloshinskii vectors are perpendicu-
lar to a triangle made of two neighbouring magnetic atoms and an atom from the large
SOC system (this is a 3-sites mechanism, see [9,48] for a thorough explanation). For an
FCC(111) surface, the Dzyaloshinskii vectors lie in a plane perpendicular to the vector
connecting a site i to a site j in themagnetic layer, however their out of plane orientation
is not completely determined using symmetry assumptions fromDzyaloshinkii’s theory.
This has been mentioned by Crépieux and Lacroix [48] and Vedmedenko et al. [154],
for the case that the DMI originates from the 3-sites mechanism analysed by Levy and
Fert [48, 49]. Nevertheless, it is argued [19] that the Dzyaloshinskii vectors mostly lie
in plane for a low dimensional system, thus we will choose the vectors according to the
convention used by Rohart and Thiaville [66], on the grounds of Moriya’s [27] symme-
try rules (see Supplementarymaterial of Ref. [63]). Thismeanswe approximate theDMI
vector as

Di j = ri j × ẑ , (B.1)
with ri j the distance vector from the ith to the jth site of the lattice, and z as the out of
plane direction. Even ifDi j has a z component, the derivatives cancel out in the contin-
uum limit (since we assume invariance ofm along the thickness). These orientations of
theDzyaloshinskii vectors are also seen inRef. [64] for a central Fe atomwith its nearest
neighbours, where Simon et al. compute the vectors using first principle calculations.

B.1. Hexagonal lattice
Wewill write the derivation of the continuum expression for the interfacial DMI start-
ing from the atomistic formalism and for a hexagonal lattice of lattice constant a. The
discrete lattice has the structure shown in Fig. B.1.



B. Micromagnetic limit of interfacial DMI

Nearest Neighbours of a spin in a hexagonal lattice site i .. Dzyaloshinskii-Moriya vectors
are defined according to Rohart and Thiaville [66] convention and the in-plane components de-
picted in [48,64].

Fig
ure

B.1

Every lattice site i has 6 nearest neighbours (NN) in symmetrical positions separated
by angles of π/3. According to this, we will compute the interactions with 3 NNs and,
because of the symmetry, the other 3 NNs will contribute to the same amount (see de-
tails below). The position vectors ri j from the lattice site i to the position of the jth
neighbour of the first three NNs, are:

ri2 = (xi + a, yi , zi)

ri3 =

(
xi +

a

2 , yi − a
√3
2 , zi

)
.

(B.2)

The Hamiltonian for the Dzyaloshinkii-Moriya Interaction (DMI) is defined as

HDM =
∑
〈i ,j〉

Di j · Si × Sj =
∑
〈i ,j〉

w
(i j)
DM . (B.3)

In expression B.3, the 〈i , j〉 label means counting the interactions between every pair
of spins once. For simplicity we will perform the summation running through every sin-
gle spin site i in the lattice and computing the energy contribution from every NN, thus
interactions will be counted twice for every pair of spins. Additionally, wewill only com-
pute the interactionswithhalf of the total nearest neighboursbecause it is easy toprove
that the three otherswill contribute the sameamount. The summation canbe redefined
as
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B.1. Hexagonal lattice

EDM =
∑
〈i ,j〉

w
(i j)
DM

=
1
2
∑
i

∑
j∈NN

w
(i j)
DM

=
1
2
∑
i

{
w

(i→1,2,3)
DM + w

(i→4,5,6)
DM

}
=
∑
i

w
(i→1,2,3)
DM .

(B.4)

According to our reference system, and considering only the in-plane components of
theDzyaloshinskii vectors (wewill assume theyhave the samemagnitude) for aFCC(111)
surface, they can be described as:

Di1 =

(
a

2 x̂ + a

√3
2 ŷ

)
× ẑ = Dx x̂ −Dy ŷ

Di2 = (ax̂)× ẑ = −Dŷ

Di3 =

(
a

2 x̂ − a
√3
2 ŷ

)
× ẑ = −Dx x̂ −Dy ŷ ,

(B.5)

with

Dx =

√3
2 D

Dy =
1
2D

|Di1| = |Di2| = |Di3| = D

(B.6)

Interestingly, when the DMI is originated by Moriya’s mechanism (2-sites mecha-
nism) between a (111) surface spin interacting with neighbouring spins in themagnetic
layer below it (bulk atoms), the Dzyaloshisnkii vectors can be determined and have a
similar structure than the in-plane vectors we consider above (see Table 1 in Ref. [48]).
If we start computing the DMI energy density using the first neighbour, we have

w
(i1)
DM = Di1 ·

{(
S

(i)
y S

(1)
z − S(i)

z S
(1)
y

)
x̂ +

(
S

(i)
z S

(1)
x − S(i)

x S
(1)
z

)
ŷ
}
, (B.7)

where, for j ∈ {1,2,3} (neighbours), we obtain S(j)
α = Sα(ri j) = Sα(xi j , yi j , zi j), α ∈

{x, y , z}.
Furthermore, noticing that S(1)

α = Sα(ri1), and using the definition of position vec-
tors (equation B.2), we can expand with respect to the nearest neighbours up to order
O(a) (assuming |a| � 1), as follows
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B. Micromagnetic limit of interfacial DMI

w
(i1)
DM =Dx

{
S

(i)
y

(
S

(i)
z +

a

2
∂S

(i)
z

∂x
+
a
√3
2

∂S
(i)
z

∂y

)

−S(i)
z

(
S

(i)
y +

a

2
∂S

(i)
y

∂x
+
a
√3
2

∂S
(i)
y

∂y

)}

−Dy

{
S

(i)
z

(
S

(i)
x +

a

2
∂S

(i)
x

∂x
+
a
√3
2

∂S
(i)
x

∂y

)

−S(i)
x

(
S

(i)
z +

a

2
∂S

(i)
z

∂x
+
a
√3
2

∂S
(i)
z

∂y

)}
,

(B.8)

hence

w
(i1)
DM =Dx

a

2
{
S

(i)
y
∂S

(i)
z

∂x
+
√3S(i)

y
∂S

(i)
z

∂y
− S(i)

z
∂S

(i)
y

∂x
−
√3S(i)

z
∂S

(i)
y

∂y

}

−Dy
a

2
{
S

(i)
z
∂S

(i)
x

∂x
+
√3S(i)

z
∂S

(i)
x

∂y
− S(i)

x
∂S

(i)
z

∂x
−
√3S(i)

x
∂S

(i)
z

∂y

}
.

(B.9)

Analogously

w
(i2)
DM = −D

(
S

(i)
z S

(2)
x − S(i)

x S
(2)
z

)
(B.10)

and

w
(i3)
DM =−Dx

a

2
{
S

(i)
y
∂S

(i)
z

∂x
−
√3S(i)

y
∂S

(i)
z

∂y
− S(i)

z
∂S

(i)
y

∂x
+
√3S(i)

z
∂S

(i)
y

∂y

}

−Dy
a

2
{
S

(i)
z
∂S

(i)
x

∂x
−
√3S(i)

z
∂S

(i)
x

∂y
− S(i)

x
∂S

(i)
z

∂x
+
√3S(i)

x
∂S

(i)
z

∂y

}
.

(B.11)

Summing these 3 contributions to the DMI energy density, we get
w

(i→1,2,3)
DM =w

(i1)
DM + w

(i2)
DM + w

(i3)
DM

=Dx
a

22
√3
{
S

(i)
y
∂S

(i)
z

∂y
− S(i)

z
∂S

(i)
y

∂y

}

−Dy
a

22
{
S

(i)
z
∂S

(i)
x

∂x
− S(i)

x
∂S

(i)
z

∂x

}

−Da

{
S

(i)
z
∂S

(i)
x

∂x
− S(i)

x
∂S

(i)
z

∂x

}
.

(B.12)

The limit to the continuum is straightforward if we correctly define infinitesimal units
from the lattice cells. Firstly, taking into account that we are using a two dimensional
hexagonal lattice, we can compute a single lattice cell volume using the cross product of
the lattice vectors to get the area and, consequently, multiply this area by the thickness
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B.2. Simple Cubic lattice

of the sample (which we assume that it has the same structure along ẑ ; we can also
consider that we are only describing a monolayer and the thickness is only to get the
cells volume). Therefore, using the lattice vectors

a =
a

2 x̂ +

√3
2 aŷ b = ax̂ , (B.13)

the volume of a lattice cell is

∆V = az |a× b| =

√3
2 a2az . (B.14)

Considering the continuum limit for the spins as an averagemagnetisation in a lattice
volume cell at position i as

Si −→
S

Ms
Mi , (B.15)

with saturation magnetisationMs, and using the definitions ofDx andDy , we obtain

w
(i→1,2,3)
DM =D

S2
M2
s

√3
2 a
√3
{
M

(i)
y
∂M

(i)
z

∂y
−M(i)

z
∂M

(i)
y

∂y
+M

(i)
z
∂M

(i)
x

∂x
−M(i)

x
∂M

(i)
z

∂x

}
.

(B.16)
Consequently, we can easily get a cell volume dividing the previous expression by aaz

and then treat it as an infinitesimally small volume to turn the summation into an inte-
gral. In this limit, the magnetisation will be treated as a field, i.e. Mi −→ M(r), and
using the Lifshitz invariant definitionwith normalisedmagnetisation,L(ρ)

µν = mµ∂ρmν −
mν∂ρmµ, µ, ν, η ∈ {x, y , z}, we arrive to the expressions

EDM =
DS2
M2
s

√3 1
aaz

∑
i

∆V

{
M

(i)
y
∂M

(i)
z

∂y
−M(i)

z
∂M

(i)
y

∂y
+M

(i)
z
∂M

(i)
x

∂x
−M(i)

x
∂M

(i)
z

∂x

}
∆V→0

= DS2
√3 1

aaz

∫
V

dV
{
L(y)
yz − L(x)

zx

}
.

(B.17)
Therefore, the micromagnetic DMI energy in a hexagonal lattice of thickness az and

lattice constant a in the plane, has the structure

EDM = Dc
∫
V

dV
{
L(y)
yz + L(x)

xz

}
, (B.18)

withDc = DS2
√3(aaz)−1.

B.2. Simple Cubic lattice
In a square lattice the derivation of the DMI in the continuum limit follows the same
logic than the derivations performed in Section B.1, if we refer to the Dzyaloshinskii
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B. Micromagnetic limit of interfacial DMI

vector orientationsprovidedbyCrépieux andLacroix in [48]. Startingwith theDzyaloshinskii-
Moriya Hamiltonian, the continuum expression can be written as

E = Dc
∫
V

dV
(
Lxz(x) + Lyz

(y)
)
)
, (B.19)

where, using the notation of the previous Section,

Dc =
DS2
aaz

. (B.20)
It is common to findDc defined byD with the S factor included, i.e. DS2 → D.
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Appendix

C
Micromagnetic limit of the exchange

The limit to the continuum of the exchange interaction, starting from the discrete spin
model, is defined in different textbooks [14,23] but a complete derivation of the expres-
sions is not usually provided. We are interested in hexagonal lattices thus we compute
the exchange interaction for this geometry. As shown in Section 1.4.1, the Hamiltonian
for the exchange reads

Hex = −
∑
〈i ,j〉
i 6=j

Si · Ji j · Sj = −
1
2
∑
i

∑
j ∈NN
i 6=j

Si · Ji j · Sj . (C.1)

Assuming that the spin field changes smoothly such that the angle between neighbour-
ing spins is small, we can approximate

si · sj = cosφi j ≈ 1− 12φ
2
i j + . . . , (C.2)

and by the cosine lawwe have

φ2i j = |si − sj |2 . (C.3)
Assuming a homogeneous material (Ji j = J), the Hamiltonian now reads

Hex ≈
1
4JS

2∑
i

∑
j ∈NN
i 6=j

|si − sj |2 , (C.4)

where we have discarded a term that is constant. For the hexagonal lattice, the nearest
neighbours are shown in Fig. B.1 and their positions relative to the ith lattice site are
given by equationsB.2. For each neighbourwe can expand the spin vectorswith respect
to the i site assuming that lattice spacings are small, obtaining

Sj = S(ri j)

= S(ri + rj)

= S(ri) +
(
rj ·∇

)
S(ri) + . . .

≈ Si +
(
rj ·∇

)
Si

(C.5)

Now it is possible to compute the summation terms φ2i j of equation C.4 for every neigh-



C. Micromagnetic limit of the exchange

bour:

φ2i1 =

([
a

2 x̂ +

√3a
2 ŷ

]
·∇si

)2
=
a2
4
[

(∂xsi)
2 + 3(∂y si)

2 +
√3(∂xsi) · (∂y si)

]
.

(C.6)

Similarly

φ2i2 = a2(∂xs)
2 (C.7)

and

φ2i3 =

([
a

2 x̂ +

√3a
2 ŷ

]
·∇si

)2
=
a2
4
[

(∂xsi)
2 + 3(∂y si)

2 −
√3(∂xsi) · (∂y si)

]
.

(C.8)

Summing up these 3 contributions we get

φ2i1 + φ2i2 + φ2i3 =
3
2a
2[(∂xsi)2 + (∂y si)

2] (C.9)
It is easy to see that the other 3 neighbours contribute the same amount to the sum-

mation. Defining a cell volume as in Section B.1 with a sample thickness az , we have

Hex =
1
4JS

2∑
i

2
{3
2a
2[(∂xsi)2 + (∂y si)

2]}

=
3
4JS

2 2√3az
∑
i

(√3
2 aza

2
)[

(∂xsi)
2 + (∂y si)

2] (C.10)

Using the cell volume as an infinitesimal unit, we now set the limit to the continuum

Hex ∆V→0
=

√3JS2
2az

∫
Ω

∆z dΩ
[

(∂xm)2 + (∂ym)2
]

(C.11)
with the integral defined over an area Ω andm as the continuous magnetisation field.
We can recognise the relation between the micromagnetic exchange constant with the
discrete exchange tensor from the factor in the integral which contains information
from the lattice:

A =

√3JS2
2az . (C.12)
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Appendix

D
Comparison ofmagnetic parameters

• For a square lattice:

A =
JS2
2az Dc =

S2D
aaz

Ms =
gµBS
a2az

Ku =
Ku
a2az

(D.1)

• For a hexagonal lattice:

A =

√3JS2
2az Dc =

√3DS2
aaz

Ms =
gµBS√32 a2az

Ku =
Ku√32 a2az

(D.2)

Micromagnetic parameters: exchange constant A, DMI constant Dc, saturation mag-
netisationMs and uniaxial anisotropy constantKu.

Atomistic parameters: exchange tensor J , DMI constant D, magnetic moment µ =

gµBS, total spinS, uniaxial anisotropy constantKu, lattice constant in plane a and lattice
constant along thickness az .
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