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Iterative learning control has been developed for processes or systems that complete the
same finite duration task over and over again. The mode of operation is that after each
execution is complete the system resets to the starting location, the next execution is
completed and so on. Each execution is known as a trial and its duration is termed the
trial length. Once each trial is complete the information generated is available for use

in computing the control input for next trial.

This thesis uses the repetitive process setting to develop new results on the design of
higher-order ILC control laws. The basic idea of higher-order ILC is to use information
from a finite number of previous trials, as opposed to just the previous trial, to update
the control input to be applied on next trial, with the basic objective of improving
the error convergence performance. The first set of new results in this thesis develops
theory that shows how this improvement can be achieved together with a measure of

the improvement available over a non-higher order law.

The repetitive process setting for analysis is known to require attenuation of the fre-
quency content of the previous trial error from trial-to-trial over the complete spectrum.
However, in many cases performance specifications will only be required over finite fre-
quency ranges. Hence the possibility that the performance specifications could be too
stringent. The second set of new results in this thesis develop design algorithms that

allow different frequency specifications over finite frequency ranges.

As in other areas, model uncertainties arise in applications. This motivates the devel-
opment of a robust control theory and associated design algorithms. These constitute
the third set of new results. Unlike alternatives, the repetitive process setting avoids the
appearance of product terms between matrices of the nominal system dynamics state-
space model and those used to describe the uncertainty set. Finally, detailed simulation
results support the new designs, based on one axis of a gantry robot executing a pick

and place operation to which iterative learning control is especially suited.
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Chapter 1

Introduction

Iterative learning control (ILC) is concerned with reference tracking control problems. In
applications, many industrial robots do tasks in a repetitive mode over a finite duration
and the basic control objective in such cases is to design control laws that force the output
to track the reference trajectory. A typical example is the ‘pick and place’ operation,
i.e., moving an object from one location to another, where time duration required can
only be finite. In the literature, each execution is known as a trial, or a pass, and the

finite of each trial is termed the trial length.

Once each trial is complete in the pick and place operation, the robot returns to the
starting location and the next trial can begin, either immediately after the resetting is
complete or after a further period of time has elapsed. Moreover, once a trial is complete
then all information generated over the trial length is available, at the cost of storage.
In ILC, the novel feature is the use of this information in the construction of the next
trial input. If a reference trajectory is given, then the error on any trial is the difference
between this trajectory and the output on this same trial and hence a formulation of a

control design problem in terms of the error sequence.

Let yr(p), 0 < p < a—1, k > 0 denote the scalar or vector-valued variable on trial
k and sample instant p, where a denotes the number of samples along the trial length
for discrete dynamics, i.e., a times the sampling period gives the trial length. Also let
ya(p), 0 < p < a — 1 denote the reference vector or trajectory, respectively, which is
assumed to be the same for all trials. Then the error on trial k is ex(p) = ya(p)—yx(p),0 <
p < a — 1. Hence the ILC design problem can be formulated as ensuring that the error
sequence {er} converges to zero with increasing trials. Moreover, it is also required to

ensure that the dynamics produced along the trial are also ‘acceptable’.

Given the repeated trials, an obvious form of ILC law is to construct the input for the
next trial as the sum of that used on the previous trial plus a correction term. Also,

since all previous trial data is available, the basic question is: how best to use this data?
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a core part of the answer is this question is the use of information that would be non-
causal in the standard systems sense. In particular, at sample instant p + A can be used

provided it is generated on the previous trial. This is a feature unique to ILC.

The first research on Iterative Learning Control (ILC) developed a derivative, or D-type,
law for speed control of a voltage-controlled dc-servomotor. Since this first work ILC
has been an established area of research and one starting point for the literature is the
survey papers [1, 12]. A large volume of the currently available literature assumes a
discrete model of the dynamics is available, by sampling if required and hence direct

digital design.

Given the finite trial length, one approach to ILC design for discrete systems is to rep-
resent the dynamics by an equivalent standard systems model, where, e.g., the trial
output is represented by a column vector formed from the values at the sample instants
along the trial. This is often termed lifted ILC design and given the reference trajectory,
the trial-to-trial error dynamics can be written as a discrete difference equation in the
trial number. The basic task then is to design the ILC law such that trial-to-trial error
convergence occurs. In this design setting it is assumed that the system is stable but
if not a preliminary feedback control must be applied to ensure stability and accept-
able transient dynamics along the trials and ILC designed for the resulting controlled

dynamics.

Lifted ILC design is a two-stage procedure and an alternative is to exploit 2D systems
theory where in this setting one indeterminate is the trial number and the other the
along the trial variable. Repetitive processes are a distinct class of 2D systems where
information propagation in one direction only occurs over a finite duration this is an
inherent property of the dynamics and not an assumption introduced for analysis pur-
poses. A detailed treatment of repetitive processes, including industrial examples can
be found in [74].

As the trial length is finite, repetitive processes are a closer match to ILC and designs
using this setting have seen experimental verification on a gantry robot that replicates
the pick and place operation, see, e.g. [38, 67]. In the repetitive process setting, it is
possible to do control law design for error convergence and transient dynamics along the
trials in one step. Moreover, unlike the lifted approach, this setting extends naturally
to differential dynamics, i.e., to cases where design by emulation is the preferred or only

setting for design.

The 2D systems structure of repetitive processes arises from the fact that they make a
series of sweeps through a set of dynamics defined over a finite duration. Once a sweep is
complete, the process resets to the starting location and the next sweep can begin. Also
the output produced on the previous sweep acts as a forcing function on the dynamics
produced on the next sweep. The result can be oscillations that increase in amplitude

from sweep-to-sweep that cannot be removed by standard control actions.
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A rigorous stability theory for these processes has been developed and imposes a bounded
input bounded output property on the dynamics, either over the finite and fixed finite
trial length or uniformly, where this last property can be analysed by considering o« — oo.
The latter property is stronger but, for linear time invariant dynamics, imposes frequency
attenuation over the complete frequency spectrum. This can be a very strict requirement

with consequent implications of designing a control law.

The possibility to specify different performance specifications over finite frequency ranges
has considerable practical significance since common performance issues occur over dif-
ferent frequency ranges. For example, the low frequency range influence the error con-
vergence performance. Moreover, in many cases of ILC, the reference trajectory often

has dominant frequency content only over a finite frequency ranges.

In this thesis, a major contribution is to develop repetitive process based ILC law design
algorithms, with a particular emphasis on higher-order laws [10] that are still an under-
developed area. It will be shown that such a law can improve the speed of trial-to-trial
error convergence coupled with acceptable along the trial dynamics. Moveover, a bound

on the convergence speed is established, where no such bound is known in the literature.

A second major contribution relates to avoiding the need to design over the complete
frequency spectrum. In particular, the Kalman-Yakubovich-Popov (KYP) lemma [68]
and its generalized version, denoted GKYP, are used develop results that allow the
design of higher-order ILC laws with different frequency domain specifications imposed
over finite frequency ranges. These results add to those currently available using this

approach [67].

Robustness, as in other areas, is an important issue in ILC design. In standard linear
systems theory one commonly used setting for robustness and control law design is to
assume that the uncertainty present lies in a specified model class. Two commonly
used classes are termed norm-bounded and polytopic, respectively and in the thesis the
former is considered in the ILC setting and the previous results are extended to the
robust case [23, 35].

This thesis consists of six further chapters, where Chapter 2 gives a literature review of
ILC is given and also the necessary background on repetitive processes and their stability
properties. Chapters 3 and 4 develop design algorithms for higher-order ILC. The results
include Linear Matrix Inequality (LMI) based design for discrete and continuous-time
systems, including the robust case. The major difference between the two chapters is
that in Chapter 3 design is based KYP lemma and is over the complete frequency range.
In Chapter 4 the analysis is based on the GKYP lemma over finite frequency ranges. In
these two chapters, the control law includes state feedback and hence the assumption
that all entries in the state vector can be measured or estimated. Chapter 5 develops
output-feedback control laws for the cases considered. Chapter 6 gives the results of

an in-depth evaluation of the new results of this thesis based on a model of one axis
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of a gantry robot identified from measured frequency response data. Finally, chapter 7
summarises the main new results in this thesis and discusses areas for possible future

research.



Chapter 2

Literature Review

2.1 Overview of Iterative Learning Control

The development of iterative learning control (ILC) emerged from industrial applica-
tions where the system involved executes the same operation many times over a fixed
finite time interval. When each operation is complete, resetting to the starting loca-
tion takes place and the next operation can commence immediately, or after a stoppage
time. A common example is a gantry robot undertaking a pick and place operation in
synchronization with a moving conveyor or assembly line. The sequence of operations
is: (a) the robot collects a payload from a fixed location, (b) transfers it over a finite
duration, (c) places it on the moving conveyor, (d) returns to the original location for
the next payload and then (e) repeats the previous four steps for as many payloads as

is required or can be transferred before it is required to stop.

To operate in pick and place mode it is necessary to supply the robot with a trajec-
tory to follow and the task for a control law is to ensure that the robot follows the
prescribed trajectory exactly or, more realistically, to within a specified tolerance. In
addition to controlling its own movement and that of the payload, the control law must
prevent other effects, such as disturbances and signal noise, from degrading tracking and
thereby forcing it outside of the tolerance bound. If the robot begins to operate outside
permissible limits, the control task is to bring it back within specification as quickly as
required or is physically possible. This task must be achieved without causing damage

to, e.g., the sensing and actuating technologies used.

The widely recognized starting point for ILC is [6], which considered a simple first
order linear servomechanism system for a voltage-controlled dc-servomotor. As in other
areas, there is debate on the origins of ILC, for which the survey papers [1, 12] and, in
particular, [1] give coverage and relevant references. In the opening paragraphs of [6]

the analogy between ILC and human learning is drawn in the text: ‘It is human to
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make mistakes, but it also human to learn from such experience. Is it possible to think
of a way to implement such a learning ability in the automatic operation of dynamic

systems?’.

The analysis in [6] developed, using the servomotor example as a particular example,
a control law applicable to systems required to track a desired reference trajectory or
vector of a fixed trial length « and specified a priori. On completion of each trial, the
system states reset and during time taken to complete this task the measured output is
used in the construction the next control output. The system dynamics were assumed to
be trial-invariant and invertible. These distinguishing features led to the establishment
of ILC as a major and ongoing area of control systems research and applications. Several
of these assumptions, e.g., trial-invariant dynamics, have been relaxed in recent years
but the concept of learning from experience gained over repeated trials of a task has

been retained.

Since it was first introduced ILC has broadened in breadth and depth, including links
with established fields such as robust, adaptive and optimal control. Application areas
have also expanded beyond industrial robotics and process control. In the latter area,
one starting point for the literature is the survey paper [85], which also considers the

connections with repetitive control and run-to-run control.

The notation for a scalar or vector-valued variable when ILC is applied to discrete
dynamics used in this thesis is yx(p), p =0, 1,...,a — 1, where the nonnegative integer
k is the trial number and o € N denotes the number of samples on each trial, with
a constant sampling period. Suppose also that the dynamics of the system or process
considered can be adequately modeled as linear and time-invariant. Then the state-space

model of such a system in the ILC setting is

re(p+1) = Axg(p) + Bug(p)
yr(p) = Cuwx(p), z1(0) =0 (2.1)

where on trial k, xi(p) € R™ is the state vector, yi(p) € R™ is the output vector and
ux(p) € R is the control input vector.

In this model it is assumed that the initial state vector does not change from trial-
to-trial. The case when this assumption is not valid has also been considered in the
literature. The dynamics are assumed to be disturbance-free but again this assumption
can be relaxed. It also possible to write the dynamics in input-output form involving the
convolution operator or take the one-sided z transform and hence analysis and design

in the frequency domain is possible.

To apply the z transform it is necessary to assume o = oo but in most cases the con-

sequences of this requirement have no detrimental effects. For a more detailed analysis
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of cases where there are unwanted effects arising from this assumption, see the relevant

references in [1, 12] and more recent work in [83].

Let y4(p) € R™ denote the supplied reference vector. Then the error on trial k is
er(p) = ya(p) —yr(p) and the core requirement in ILC is to construct a sequence of input
functions ug11(p), k > 0, such that the performance achieved is gradually improved with
each successive trial and after a ‘sufficient’ number of these the current trial error is zero
or within an acceptable tolerance. Mathematically this can be stated as a convergence

condition on the input and error of the form

llex|l =0, [lur = ucol| = 0 (2.2)

lim lim
k—o0 k—oo
where uq, is termed the learned control and || - || denotes an appropriate norm on the

underlying function space.

As one possibility, let || - ||2 denote the Euclidean norm of its argument then one choice
is |le]] = maxy,epo,a—1) |[e(p)|]2. The reason for including the requirement on the control
vector is to ensure that strong emphasis on reducing the trial-to-trial error does not
come at the expense of unacceptable control signal demands. In application, only a
finite number of trials will ever be completed but mathematically letting k& — oo is

required in analysis of, e.g., trial-to-trial error convergence.

Remark 2.1. When a specific norm is used in this thesis, this will be indicated by adding

a subscript.

2.2 Some Basic ILC Algorithms

As in other areas, initial research considered simple structure ILC laws. Arimoto et
al.[6] proposed the derivative type (D — type) ILC law for continuous-time system. This
ILC law can also be used for discrete-time system. Consider the discrete time-invariant
state-space model in ILC setting (2.1) over a fixed finite time interval p € [0, — 1].
Define the reference trajectory as y4(p), then the error on trial k is ex(p) = ya(p) — yx(p)

and initial state in each trial is zero. The D-type ILC law has the form

ug+1(p) = uk(p) + Llex(p + 1) — ex(p)) (2.3)

where L is an m x m matrix function to be designed and ex(p+1) —ex(p) is the difference

of the error. It is shown in [6] that trial-to-trial convergence occurs if
|I —CBL| <1 (2.4)

holds.
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Arimoto et al.[7] also proposed the proportional-type (P — type) ILC law. Consider

again (2.1) this control law is of the form

up+1(p) = ur(p) + Leg(p) (2.5)

The convergence condition for the P-type ILC law is again (2.4).

Many control laws are based on a PID structure, e.g. in addition to D-type and P-
type ILC, Pl-type ILC and PD-type ILC, and Kim et al.[46] gave the general form of
PID-type ILC. Consider again (2.1), then this control law has the form

up1(p) = ur(p) + Kper(p + 1 +K126k + Kplex(p +1) — ex(p)] (2.6)

where Kp, K1 and Kp are the proportional, integral and derivative gains, respectively.
If K; and Kp are zero, this law becomes D-type ILC. The convergence condition of
PID-type ILC is

Il —CB(Kp+ K;+ Kp)|| <1 (2.7)

Heinzinger et al.[37] proposed an ILC law with forgetting factor to improve the stability
of ILC with uncertain initial conditions. The general form of D-type ILC with forgetting
factor for the system model (2.1) is

up41(p) = (1 = y)ur(p) + yuo(p) + Lier(p + 1) — ex(p)) (2.8)

where v is the forgetting factor and 0 < v < 1, if v = 0 this law becomes the D-type

ILC algorithm. The convergence condition is
(1 =~)] — LCB||s < 1 (2.9)

In [37] this algorithm was given for systems with state disturbance, output noise and

errors in initial conditions.

Wang et al.[82, 83, 84, 90] proposed the phase-lead ILC law and analyzed it in the

frequency domain. The control law for the system model (2.1) is

ug+1(p) = uk(p) + Lek(p + A) (2.10)

where A > 0 is the lead phase. In order to analyze the convergence in the frequency
domain and derive the condition for error convergence, the learnable bandwidth was
introduced. Bandwidth was introduced where learning only takes place over a finite
frequency range. The presence of A > 0, in the last control law represents the use of

data that would be noncausal in the standard case. This is the unique feature of ILC.
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2.3 Inverse Model-based ILC

Harte et al.[36] analyzed the monotonic convergence condition and robustness for uncer-
tain systems. Suppose that the linear system under consideration has a model G that

is invertible. Then an inverse ILC law has the form
Ups1 = up + BG lex (2.11)

where [ is the learning gain, which can be used to enhance performance. The conver-
gence condition by [36] is
|7 - BG.G | < 1 (2.12)

As the above condition shows, the convergence of inverse model-based ILC depends on
multiplicative uncertainty representation G, = UG, where U is an uncertainty square
matrix. Suppose U + U7 is positive-definite matrix. Then [36] also gave the robust
monotonic convergence condition and tested is in the frequency domain. The condition

of the monotonic convergence depends on the relationship between learning gain 8 and

U.

A gradient-based ILC law has the form
Uky1 = up + BGT ey, (2.13)

with convergence condition

IT - BGGT || < 1 (2.14)

2.4 Norm-optimal ILC (NOILC)

This form of ILC constructs the current trial input as the solution of an optimisation

problem. The basics of this method are now given following in the main [4, 5].

Let the real Hilbert space Y be the space of output signals and the real Hilbert space
U be the space of input signals. Define G as the system input/output operator from U
to Y. Then if the dynamics of the systems considered are the linear and represented in
operator form

y=Gu+ 2, (2.15)

can be used where ©v € U and y € Y, and 2z, represents the effects of system initial
conditions (always be assumed as z,=0). Let the reference trajectory: y; € Y then
ex = Yq — Yx- Then the objective of NOILC is to find a corresponding input signal that

minimize index Jj, where

Jer1(Uns1) = llews1ll3 + llunsr — welld (2.16)
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The first term in (2.16) reflects the error being small during every trial, and the sec-
ond term make input ugy1 be not ‘too’ different from the previous input wuy [55, 57].
Therefore, the updating input on the (k 4 1)th trial is defined as

Upy1 = argming, 1{Jg+1(up +1) 0 €pr1 =7 — Ykt1, Yot1 = Guiyr} (2.17)

Minimization of the performance index gives the control law
g1 = ug + Gepy (2.18)

where G* is the adjoint operator to the system G, and the final form of the control

update is

urs1(p) = we(p) + [{B"K(p)B + R} ' BTK (p) x A{wy11(p) — 2(p)}] + R~ B &1 (p)
(2.19)

where K (p) is the solution of the matrix Riccati equation on the interval p € [0, o — 1]
K(p) = ATK(p+1)A+CTQC - AT K (p+1)B(BT K (p+1)B+R) ' BT K (p+1) A; (2.20)
with terminal boundary condition K(a — 1) = 0 and &x41(p) is the predict term

&e1(p) = (I + K(p)BR'BT) (A &1 (p + 1) + CT Qex(p)) (2.21)

with terminal boundary condition
&pr1(a—1)=0 (2.22)

also Q, R and F are weights in the inner space Y and U, respectively. In this control

law, &x11(p) is the feedforward term and xgy1(p) — xk(p) is the feedback term.

Amann et al.[5] showed that the convergence rate for this control law satisfies

1
1402

lersall < lexl (2.23)

where o is the smallest singular value of G, and ﬁ is the rate of convergence.

The advantages of this algorithm is the automatic choice of the step size in the con-
trol law, it also enforces the monotonic convergence. However, the computational
cost of NOILC is larger than other basic algorithms and it is more complex. Despite
this, NOILC has seen experimental verification and implementations. Examples in-
clude gantry robot [69], rehabilitation robotics [75], chain conveyor systems [2], roll to

roll/micro-manufacturing system [79], and adaptive weights of the form [50].

Parameter-optimal ILC [54] uses only feedforward information and the system model G

must be positive (all the eigenvalues of G are positive) and invertible. Again the error
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converges to zero as k — oo, and the control law in this case is

uk+1(t) = uk(t) + ,Bk+1€k(t) (2.24)

where Si11 denotes the learning gain that varies from trial-to-trial and is chosen based

on minimising the cost function

J(Brs1) = llenall® + By (2.25)

for ¢, the adaptive weights is used, which is defined as € = €1 + ea|ex||?>. The condition
0J(Br+1)/0Bk+1 = 0 gives the optimal Sgy.

(ex, Geg)
Br1 = 2.26
e el + [Gerl? (220
where (-) denotes the inner product. Also the convergence of this law is
lex+11% < Allex|? (2.27)

2
where A = 1 — 82, (2e2 + ””GBZ’T”Q‘ ). The aim of the term ef7 ; in performance index

(2.25) is to enforce zero error. The convergence rate is dependent on fSiy;. However,

when ey, reduces the gain f;q will also be reduced.

2.5 Newton-type ILC

For nonlinear dynamics one method is Newton-type ILC, which uses the Newton-Raphson
method to obtain the automatic learning gain. Avrachenkov [8] proposed quasi-Newton

based ILC for robotic manipulators.

Lin et al.[49, 50] developed Newton-type ILC for discrete nonlinear systems. Many ILC
laws can give high performance for linear dynamics but not if the system dynamics are
nonlinear. Newton-type ILC linearizes the nonlinear system to result in a time-varying

linear system. Consider the nonlinear discrete-time system in ILC setting

{ zi(p + 12 = flwi(p), ur(p)] (2.28)

yk(p) = hzk(p)], 2k(0) = zk0, p € [0, — 1]

where the relationship between input and output can be written as yi(p) = g(ur(p))-

The control law is

o1 = up + ¢ (up) " ex (2.29)

Using this control law, it is difficult to calculate the inversion and derivative of the
nonlinear system g(ug). The core of Newton ILC is to avoid the construction of this

term. Assume zp41 = g’(uk)_lek, the control law becomes ug1 = ur + 2k4+1. The aim
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is to calculate zpy1, from the definition, using

er = ¢ (ur) 241 (2.30)

where, the kth trial error e can be regarded as the designed signal and 2y is the input,
and ¢ is the linearization of the nonlinear system. Therefore the objective is to find the

input for the system ¢ [uj] which can track the error ej. The linearization of the system

d [ug] is

{ Zk(p +1) = A(p)Z(p) + B(p)u(p) (2:31)
Uk(p) = C(p)Z(p)
where A(p), B(p) and C(p) are time-varying matrices and defined as

AW = (e BO)= (s C0) = () (232)

Any ILC design can be applied to this tracking operation and then the optimal input
zr+1 is obtained. A major advantage of this ILC design is a fast convergence rate.
The Newton-Kantrovich theorem shows that Newton-type ILC has semi-local quadratic
convergence performance. Therefore, Newton-type ILC has a form of quadratic conver-

gence.

Of course, there will be applications where Newton-type ILC cannot be applied, e.g.,
when the required partial derivatives do not exist. In such cases other fully nonlinear

designs must be used such as feedback linearization. For background on this see, e.g.[89].

2.6 2D System Theory/Repetitive Process Based ILC De-

sign

Iterative learning control can be viewed as a 2D system, i.e. information propagation
in two independent directions where one of these is from trial to trial and the other is
along the trial. Therefore, ILC analysis using 2D systems theory is possible. Repetitive
processes [74, 76, 77] are a particular class of 2D systems with spatio-temporal dynamics
where the temporal dynamics are defined over a finite duration. Moreover, this is an

inherent property of the dynamics and not an assumption.

These process have their origins in the modeling and control of coal mining operations
and they are a more natural fit to ILC. The repetitive process approach forms a major
part of the analysis in this thesis and therefore the review of current results in this

section is mainly related to ILC analysis and design in this setting.
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Consider first 2D systems where Roesser [71] proposed a new model for linear image

processing of the form

a"(i+1,5) = A1a"(i, j) + A2z (i, ) + Bru(i, 5)
2¥(i,j + 1) = Asz (i, ) + Asz"(i, j) + Bau(i, j) (2.33)
y(i,§) = C1a"(i, j) + C2x" (4, ) + Duf(i, j)

for i > 0, 7 > 0, where z" and z¥ are the horizontal and vertical sub-vectors axis and
vertical respectively. An alternative model is due to Fornasini and Marchesini [25] and

has the form

{ c(i+1,5+1) = Agz(i,j) + A1(i + 1,7) + As(i,5 + 1) + Bu(i, j) (234)

where in contrast to the Roesser model the state vector z is not partitioned into two
sub-vectors [47]. More detail can also be found in [9, 29, 44, 51].

Consider the following ILC law for application to the system described by (2.1)
u(p,k +1) = u(p, k) + Koe(p, k) + Kre(p + 1,k) (2.35)

where Ky and Kj are the control law matrices and e(p + 1,k) is a phase-lead term.
Defining &(p, k) = e(p,k+ 1) — [I — BKi]e(p, k) the resulting controlled dynamics can

be written as the Roesser state-space model

f(p +1, k) = Af(pa k) + [_BKO - ABKl]e(pv k)
e(p,k+1)=1+[I — BKile(p, k) (2.36)

Using this model [48] showed that error convergence requires (I — BK;) < 1, where
r(-) denotes the spectral radius, i.e., if an h x h matrix H has eigenvalues \; then
r(H) = maxj<;<p |\i| (see also [24, 32, 33, 80] for more detail of 2D system theory based
ILC design).

From the above analysis, trial-to-trial error convergence occurs independent of the along
the trial dynamics (in p) due to the fact that over a finite trial length even an unstable
linear system can only produce a bounded output in response to a bounded input. If the
dynamics along the trial are not stable the approach is to design a stabilizing feedback
control law and then do ILC design for the resulting controlled dynamics. This is a
two-step design that can be avoided by using the repetitive process setting, for which

the following is the required background.

Repetitive processes are a distinct class of 2D linear systems [30, 31, 39, 73, 78, 81]. Such
processes make a series of sweeps, termed passes, through a set of dynamics defined over

a finite duration known as the pass length. The output on each pass is known as the
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pass profile and once each profile is produced the process resets to the starting location
ready for the start of the next pass. During each pass the previous pass profile acts as a
forcing function and hence contributes to the current pass profile dynamics. The result
can be oscillations that increase in amplitude from pass to pass. Such behavior cannot

be controlled by standard control action.

Repetitive processes have their origins in modeling and control of long-wall coal cutting
dynamics but the repetitive process structure also arises in other applications. These
include physical applications, such as metal rolling, and others where the repetitive
process setting has advantages for analysis, such as optimal control problems for gas

pipelines. The details can again be found in [58, 72, 74].

Of particular interest in this thesis are so-called discrete unit memory linear repetitive
processes, where the term unit memory refers to the fact that only the previous pass
profile contributes explicitly to the dynamics of the next one. The state-space model is

of the form

Tp1(p+ 1) = Azgy1(p) + Bugy1(p) + Boyk(p)
Yk+1(p) = Cxpy1(p) + Dugy1(p) + Doy (p) (2.37)

where z;(p) € R" is the state vector, yx(p) € R™ is the pass profile vector, uy(p) € R/
is the control input vector, k > 0 is the trial number, and 0 < p < a — 1 where a < 0
denotes the number of samples along the pass (« times the sampling period gives the
pass length). To complete the process description it is necessary to specify the boundary
conditions, i.e., the state initial vector for each pass and the initial pass profile (i.e., for
k = 0). The simplest possible form for these is xx1(0) = dg11, k > 0 where dj41 has
known constant entries and yo(p) = f(p) where the entries in f(p) are known functions

of p over the pass length o < oo.

The stability properties and their characterisation for linear repetitive processes is mo-
tivated by the unique control problem, i.e., oscillations in the pass profile sequence
that increase in amplitude as k increases, This stability theory is of the bounded input
bounded output form. In particular a bounded initial pass profile is required to pro-
duce a bounded sequence of pass profiles. Moreover, two cases are possible, either this

property over the finite and fixed pass length a or independent of the pass length.

The stability theory for linear repetitive processes is defined in terms of an abstract
model in a Banach space setting, where this abstract model, given next, includes all

examples as special cases.

Definition 2.2. [74] A linear repetitive process of constant pass length o > 0 consists
of a Banach space E,, a linear subspace W, of E,, and a bounded linear operator

L, mapping E, into itself (also written L, € B(Eq, E,)). The system dynamics are
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described by linear recursion relations of the form
Yk+1 = LaYk + bry1, k>0 (2.38)

where y, € E, is the pass profile on pass k and b1 € W,. Here the term L,y repre-
sents the contribution from pass k to pass k£ + 1 and by represents initial conditions,

disturbances and control input effects.

The natural definition of asymptotic stability for these processes is to demand that,
given any initial profile yp and any disturbance sequence {by}r>1 that ‘settles down’
to a steady disturbance by, as k — 0, the sequence {yj}r—1 generated by the abstract
model (2.38) ‘settles down’ to a steady, or so-called limit, profile as & — oo. This means
that abstract model is asymptotic stable if giving any initial pass profile yy and strong
convergent disturbance by the sequence y; can converges to a limit profile y... In the
absence of disturbances the pass profile sequence {yi }x>1 converges strongly to zero for
all initial profiles if ||Lo| < 1. In the absence

Theorem 2.3. [7/] The linear repetitive process (2.38) of constant pass length o > 0 is
asymptotically stable if and only if

r(La) <1 (2.39)

In the special cases of discrete unit memory processes this property holds if and only if
T’(Do) < 1.

A more general form of repetitive processes have non-unit memory, i.e., a finite number
of pass profiles greater than one explicitly contribute to the current pass profile. In
particular, suppose that M > 1 pass profiles explicitly contribute to the current one.
Then a discrete non-unit memory linear repetitive process is described by the state-space

model

M
Tri1(p + 1) = Aziq1(p) + Buryr (p) + > Bj-1yer1-5(p)

j=1
M
Yei1(p) = Caxi1(p) + Duryr(p) + Y Dj-1yki1—;(p) (2.40)
j=1
with the boundary conditions
Tk+1(0) = dgy1, k>0

where dp41 is an n x 1 vector with known constant entries and the entries in the m x 1

vectors §1—;(p) are known functions of p.



16 Chapter 2 Literature Review

The abstract model based stability theory also includes these processes and the following

result characterizes asymptotic stability.

Theorem 2.4. [7/] A discrete non-unit memory linear repetitive process described by
(2.40) and (2.41) is asymptotically stable if and only if

r(D) <1 (2.42)
where ~ _
0 0 0
0 0
D=| 0 0 0 (2.43)
: : : T
| Dyv-1 Dyv—2 Dy-3 -+ Do

Asymptotic stability places no restrictions on the along the pass dynamics and this can
lead to unacceptable behavior. Guarantee that the sequence of pass profiles y;, converges
in norm to the limit profile denoted by yn, which, see [74] for the details, is described
by a standard linear systems state-space model with for examples described by (2.40)
state matrix A + Bo(I — Do) 'C. Now consider the case when A = —0.5, C' = 1 and
By = 0.5+ 8 where 3 is a real scalar. In this case A + Bo(I — Dy)~'C = 3 and hence
the limit profile is unstable for |5] > 1.

To avoid such cases arising, stability along the pass can be imposed and treated math-

ematically by letting oo — oo.

Theorem 2.5. [7}] Suppose that the pair { A, By} is controllable and the pair {C, A} is
observable. Then a discrete unit memory linear repetitive process described by (2.37) is

stable along the pass if and only if

(a) r(Dpy) <1
(b) r(A) <1

(c) all eigenvalues of the transfer-function matriz G(z) = C(2I — A)~' By + Dy have

modulus strictly less than unity V |z| = 1.

The condition (a) is asymptotic stability and enforces pass-to-pass convergence, condi-
tion (b) stabilizes the state dynamics along each pass and condition (c), in the SISO case
for simplicity, requires that the frequency response generated by the transfer-function
G(2) lies inside the unit circle in the complex plane. Equivalently the frequency content
of the initial pass profile is attenuated from pass to pass over the complete frequency

spectrum.

The corresponding stability conditions for non-unit memory discrete linear repetitive

process (2.40) are
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Theorem 2.6. [7/] Suppose that the pair {A, Bo} is controllable and the pair {C, A}
18 observable. Then the discrete non-unit memory linear repetitive process described by
(2.40) and (2.41) is stable along the pass if and only if,

(a) r(D)<1

(b) r(A) <1

(¢) all eigenvalues of the transfer-function matriz G(z) have modulus strictly less than

unity V|z| = 1.

where D is defined in (2.43) and

0 0
I c. 0
Giz)=| O 0 0 o0 (2.44)
: : : |
|Gu(z) Gu-1(2) Gu-2(2) - Gi(2)]
where
Gj(2)=C(zI —A)'Bj_1+Dj_1, 1<j<M (2.45)

In design, the route via the so-called 2D Lyapunov equation leads to Linear Matrix
Inequality (LMI) computations but at the expense of sufficient but not necessary con-

ditions for stability along the pass.

Theorem 2.7. [7}] A discrete unit memory linear repetitive process of the form defined
by (2.37) is stable along the pass if, there exists an (n +m) X (n +m) matriz P > 0
such that

anP 0

—ATPA>0 (2.46)
0 &P

Q=

forany 6; >0, i=1,2,6,+0,=1, and A = [A1 As].

where the notation > 0 (respectively < 0 denotes a symmetric positive definite (respec-
tively) negative-definite matrix. The equation (2.46) is one form of the 2D Lyapunov
inequality for these processes and the associated condition is necessary and sufficient in

the case of single-input single-output examples.

Theorem 2.8. [7/] A discrete unit memory linear repetitive process described by (2.37)
is stable along the pass if, there exists matrices Y > 0 and Z > 0 satisfying the following
LMI
Z-Y 0 YAT
0 -z YAT| <0 (2.47)
AY AY -Y
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where A1 and As are defined by

Ay

. [0 0] (2.48)

Define the augmented plant matrix ® as

A By
C Dy

(2.49)

Then an alternative theorem for stability along the pass is the following

Theorem 2.9. [74] A discrete unit memory linear repetitive process described by (2.57)
is stable along the pass if, there exists matrices W1 > 0 and Wa > 0 such that the 2D
Lyapunov inequality

TWe -W <0 (2.50)

where W is the direct sum of W1 and Wa, i.e. W = W1 ® Ws, or

we N @51
0 W

Also applying the Schur’s complement formula to (2.50) the LMI based stability condi-

tion becomes

-w weT
[ < 0. (2.52)

oW —-Ww

Consider the state-space model of a differential non-unit memory linear repetitive pro-

cesses is

M
Epi1(t) = Azpyr (8) + Buga (8) + Y Bjo1yes1—;(t)
=1
M

Yk r1(t) = Copyr (8) + Dugia () + D Dj1yryr—4(1) (2.53)
j=1

where z(t) denotes state, ug(t) denotes control input, and yx(t) denotes pass profile,
k > 0 is the trial number, and 0 < t < « over the finite pass length a. To complete the
process description, it is necessary to specify the boundary conditions, and the simplest

possible form is

Tk41(0) = dgy1, k>0
yl,j(t) = :l)lfj(t), 0<t< «, 1 S] <M (2.54)
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where di+1 is an n x 1 vector with known constant entries and the entries in the n x 1
vectors 71— (t) are known functions of ¢. It is stable along the pass when next conditions
are hold.

Theorem 2.10. [7/] Suppose that the pair {A, By} is controllable and the pair {C, A}
is observable. Then the differential non-unit memory linear repetitive process described
by (2.53) and (2.54) is stable along the pass if and only if,

(a) all eigenvalues of the block companion matriz D of (2.43) have modulus strictly

less than unity, i.e. r(D) <1
(b) det(sl,, —A) #0,Re(s) >0, and

(c) all eigenvalues of the block companion transfer-function matriz

0

0
0

G(s):=| © 0 0 - 0 (2.55)
. . . ;

GM(S) GM_l(S) GM_Q(S) Gl(s)

have modulus strictly less than unity for s = iw, Yw > 0, where

Gj(S) = C(SIm — A)_lBj,1 + Djfl, 1< <M (256)

The model in (2.53) becomes the differential unit memory linear repetitive processes
when M = 1. Similarly, the 2D Lyapunov inequality can be used to analyze the stability
of the differential linear repetitive processes and for design. Based on the unit memory

linear model.

Theorem 2.11. [74] The unit memory version of (2.53) is stable along the pass if there
exist matrices W = W1 @ Wo > 0 which solve the 2D Lyapunov inequality,

TWLO 4 w0 4+ eTWolep — WOl <« (2.57)

where ® is defined by (2.49) and Wy, Wa are matrices of dimensions m X m, n X n
respectively, WO = W, @ 05, and WOl = 0,5 & Wa.

Hladowski et al. [38] have used the repetitive process setting to design an ILC law of

the form
ug+1(p) = uk(p) + K1(@g+1(p) — zk(p)) + Kaex(p + 1) (2.58)

where K1 and Ky are control matrices in the control law. The first step is to write the

dynamics as a discrete linear repetitive process. Introduce ng11(p+1) = zp11(p) — 21 (p)
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and combine with (2.1) and (2.58) to obtain the discrete linear repetitive process state

space model

Mha1(p+ 1) = Angy1(p) + Ber(p)
er+1(p) = Ciis1(p) + Dey(p) (2.59)

where

A=A+ BK;, B = BK>,

C=-C(A+BK,), D=1I-CBK, (2.60)

Hence the controlled ILC dynamics are a repetitive process with current pass state vector

n and pass profile e.
Using the 2D Lyapunov inequality gives the following result.

Theorem 2.12. [38] The discrete linear repetitive process (2.59) is stable along the pass
if and only if there exist matrices X1 > 0, Xo > 0, Ry and Rs such that the following
LMI is feasible:

-Xi 0 X1 AT + RTBT —Xx3ATCT — RTBTCT
0 — X3 RTBT X, — RTBTCT ~0
AX1 + BRy BRy -X 0
—CAX, —CBR; X;—CBRy 0 —X5
(2.61)
If (2.61) holds, the control law matrices K1 and Ky can be computed using
K; =R X;!, Ky = Ry X, ! (2.62)

The control law in the above result requires that the complete state vector is available
for measurement. If this is not the case an alternative to the use of an observer is to use

a law of the following form which only uses the output vector

upt1(p) = ur(p) + K1Gep1(p + 1) + Koy (p) + Kzer(p+ 1) (2.63)

where
Cr1(p) = yr1(p — 1) —yr(p — 1) = Clap2(p — 1) —z(p — 1)) (2.64)

where K7, Ky and K3 are the control law matrices. The next step is to design the

control matrices. Hence again set ng41(p + 1) = zx11(p) — 2x(p) and let

Me1(p+ 1)

M1 () (2.65)

Mhr1(p+1) = [
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The controlled ILC dynamics can be written as

i1 (p + 1) = Afjg11(p) + Bex(p)

ex1(p) = Ciik41(p) + Dex(p) (2.66)
where
i A+ BK,C BK,
i I 0
A [BEK;

¢ =|-ca-cBK,.C —CBKQC}
D= I— CBK; (2.67)

The following result enables control law design.

Theorem 2.13. [40] An ILC scheme described by (2.66) is stable along the pass, if
there exist matrices Y > 0, Z > 0, N1, Na, and N3 such that the following LMI with

linear constraints holds

zZ-y 0 of

0 -z Qb <o
o O -Y
CY, = PC, CY, =QC (2.68)

where Y = diag(Y1, Ya, Y3) and

[AY; + BN;C BN>,C BNj
0 = Y1 0 0
i 0 0 0
[ 0 0 0
0 = 0 0 0 (2.69)
| —~CAY; — CBN1C —CBN,C Y3— CBN;

and the matrices P and @ are additional decision variables. If the LMI with equality

constraints of (2.68) is feasible, the control law matrices calculated using
K1 = NP Ky=NoQ7', K3 =N3Yg! (2.70)
Both of these LMI designs result in a structure that is amenable to implementation.

Likewise they have been extended to for example robust control and again this is intro-

duced where relevant in this thesis.
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The final points to note that in contrast to designs based on the 2D Roesser model
ILC laws have been experimentally verified on a laboratory scale gantry robot that
replicates the pick and place operation to which ILC is particularly suited. The details
are in [30, 40]. Also the repetitive process setting permits one step design, i.e., regulation
of the dynamics along the passes and trial-to-trial error convergence. Also this design

method extend directly to differential dynamics, in contrast to lifting based designs.

As discussed above, stability along the trial requires frequency attenuation over the
complete frequency spectrum and this could be a very stringent condition. Moreover, in
terms of control law design practical experience confirms that often it is only required to
impose design conditions over finite frequency ranges. This has led to the development
of strong practical stability and design based on the Kalman-Yakubovich-Popov (KYP)
lemma. Let yoo(p), Too(p) and us(p) denote the strong limits, if they exist, of yi(p),
xr(p) and ug(p). Then strong practical stability [17, 18, 19, 20, 21] requires that these
vectors are bounded. In effect, strong practical stability relaxes the bounded input
bounded output stability requirement over P := {(p,k) : k>0, p > 0} by removing

the uniform boundedness requirement as both £ — oo and a — .

Let yg(00), xx(00) and ug(oo) denote the strong limits as v — oo of yi(p), xx(p) and
ug+1(p), respectively. Then the following hold with D = 0 in (2.37)

Too(p+1) = (A+ Bo(I— Do) 'C)aoe(p) + Buoso(p)
yoo(p) = (I_ DO)_lcxoo(p) (2'71)

and

Yr+1(00) = (C(I— A)~' By + Do)yi(co)
2p41(00) = (I— A) "' Boyg(oo) (2.72)

Hence, if a discrete linear repetitive process described by (2.37) is strong practical sta-

bility it must satisfy

[a] r(Dy) < 1
[b] r(4) <1
[C] r(A+ Bo(I— D())_IC) <1

[d] T(C([— A)ilBO + Do) <1

Consider the control law

up11(p) = ux(p) + Kex(p + 1) (2.73)
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Using control law (2.73) for (2.1) and the controlled system becomes (2.59) with

A=A, B = BK,

C=-CA, D=I-CBK (2.74)

If the matrix CBK is nonsingular, the condition [c] of strong practical stability always
holds.

Theorem 2.14. [21] The ILC scheme described by (2.59) with r(A) and C BK nonsin-
gular is strong practical stable if there exist QQ > 0, nonsingular matriz S = diag{S1, S2}
and a regular matriz N = [0 N|, said the following LMI that hold

— STAT 4 NTTIT
@ AR P (2.75)
AS+IIN Q- ES — (ES)T
where
- 0 0| =~ B A I-A4 0
A= 1= B = (2.76)
0 I —-CB cA 1

If (2.75) holds, control matriz K is given by K = NSy .

In practical, some performance over the finite frequency range is the most important in
design. Then generalized KYP lemma [41, 42, 43], which is the basis for many of the

new results in the thesis is as follows for the discrete and differential cases respectively.

Lemma 2.15. [/3] For a discrete linear time-invariant system with transfer-function
matriz G(e7%) and frequency response matriz G(e??) = C(e/%1— A)~' B+ D, the following

inequalities are equivalent:

(i) the frequency domain inequality

*

G(el?)
I

G (e
] 2o veco, (2.77)

where 11 is a given real symmetric matriz and © denotes the following frequency

ranges

Low frequency range | Middle frequency range | High frequency range
G} 0] <0, 01 <0 <06 0] > 0,

(ii) the LMI

T

—
—

T
A B

I 0

A B
I 0

C D
0 I

C D

<0 2.78
01 (2.78)
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where Q) > 0, P is a symmetric matriz and the matriz = is partitioned as

ol (2.79)
=12 522
and specified as follows:
for the low frequency range: 0| < 6,
—-P
== @ (2.80)
Q P —2cos(6,)Q
for the middle frequency range: 8; < 6 < 0y
~ p ci(0:1+02)2()
E= | _iorr6a2 (2.81)
eI\ t02)/20 P — (2cos((02 — 61)/2)Q
for the high frequency range: |0| > 6y,
_p _
== @ (2.82)
—Q P+ 2cos(6n)Q

and for continuous-time system is

Lemma 2.16. [}3] For a continuous linear time-invariant system with transfer-function

matriz G(jw) and frequency response matrix
G(jw) = C(jwl — A)"'B+ D
the following inequalities are equivalent:

1. the frequency domain inequality

GUw)|  [ci
Ul g |G (2.83)
1 I
where I1 is a given real symmetric matrix.
2. the LMI . .
A B A B C D C D
= II <0 (2.84)
I 0 I 0 0 I 0 I

where (Q > 0, and P is a positive symmetric matriz and the matriz = is defined as

e for the low frequency range |w| < w;

B B
=1, | =
—12 =22

(1]

(2.85)
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o for the middle frequency range w1 < w < wo

=_ |Bu B _ |-Q P+jlw+w)/2Q (2.86)
2y Eo22 * —wiwe Q)
e for the high frequency range |w| # wp,
- |11 Z2 Q P
E=|_, - | = ) (2.87)
S12 =22 P —w,@

In [63], the generalized KYP lemma is used to design the control law matrices (more
detail can also be found in [64, 65, 66]).

Theorem 2.17. [63] An ILC scheme described by (2.59) is stable along the trial over
the finite frequency ranges in Lemma 2.15 if there exist matrices X1, Xo, W, S > 0,
Q > 0, P > 0 together with real scalars p1 and py such that the following LMIs are
feasible:

S+ poaW + paWT —pg AW — pa BX1 — gy W7

<0 (2.88)
* —S + sym{p1 AW + p1 BX1}
En S —WT 0 0
*  Zog +sym{AW + BX;} BX, -WTATCT - XIBTCT
<0 (2.89)
% * I I-x¥IBTcT
* * * I

where the compatibly dimensioned matrices =11, Z12, Z92 form E of (2.79) and p1 and

pa satisfy
=03 <0 (2.90)

If the LMI (2.88) and (2.89) are feasible, stabilizing control law matrices K1 and Ks in
(2.58) are given by
K =X W Ky =X, (2.91)

Here the subscript {«} denotes block entries in symmetric matrices. Also sym{X} is
used to denote the symmetric matrix X +X7. One feature of ILC is that all information
in the previous trials is known, and it can use them in the control law to update the next
trial input. Cichy et al.[16] developed an ILC that uses a weighted sum of phase-lag term
and phase-lead term of information in the previous trial (also [15] for stabilize the linear
repetitive processes). In the previous control law, the phase-lead term ex(p + A), A > 0
is applied, here the phase-lag term eg(p — A), A > 0 is also used. The control law for
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system state-space model (2.1) is defined as

Qp

k1 (p) = ur(p) + Ko(wria(p) —wx(p)) + Y Kiex(p+i+1) (2.92)
i=—

where €2; and €y, are positive integers and the time interval range from p — ; to p+ Qp
denotes the “wave window”. Substituting this control law into (2.1), the controlled

system is

Qp
M1 (p+ 1) = Anpaa (p) + Y Biew(p + 1)
Pa—t

Qp
exr1(p) = Crnsa(p) + Y Dier(p+1) (2.93)
=

where

A=A+ BK,, By=BK, B;=BK,,
C =—-C(A+ BK,), Dy=I-CBK,,
D; = —CBK;, i=—Q,...Q,i#0 (2.94)

The additional boundary condition is
ex(p) =0, pe{—Q,...—1}U{ay....,a0 +Qp — 1} (2.95)

Since this control law applying the weighted sum of phase-lead term and phase-lag term
of error information in the control law, the global Lyapunov function is used to obtain

the design algorithm, which is shown next

Theorem 2.18. [16] The ILC scheme described by (2.93) is stable along the trial if there
exist matrices P > 0, N, Q; > 0 and N; with i = —, ..., Qp, such that the following
LMI is feasible:

P (AP+ BN

o <0 (2.96)
AP+ BN —P
where
A 0O --- 01 0
_ —-CA 0 0 I 0
A= ] ] (2.97)
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B B
_ -CB --- —-CB
B = (2.98)
-CB --- —-CB
and
P = dzag{P, Q*Qla ceey Q07 ceey QQh}
N = diag{N,N_q,, ..., No, ..., No, } (2.99)

If the LMI of (2.96) holds, stabilizing matrices in the control law (2.94) are given by

K,=Np!
K; = N;Q7Y, i=—-Q.,..Q (2.100)

7

Robustness is an important issue for ILC design. As in other areas, the approach used
is to assume that the uncertainty present is described by a particular model structure.
Under the case of norm bounded uncertainty, the state-space model describing the dy-

namics in the discrete case is

Tpy1(p+1) = (A+ AA)z1(p) + (B + AB)ug1(p) + (Bo + ABo)yk(p),
Yk+1(p) = (C + AC)zg41(p) + (D + AD)ug11(p) + (Do + ADo)yk(p) (2.101)

Here AA, AB, AC, AD, ABy, and ADgy are norm-bounded additive perturbations to
the state-space model matrices A, B, C, D, By and Dy. The next result is extensively

used in the robustness analysis in this thesis.

Theorem 2.19. [/5] For any FYF <1, and a scalar € > 0 the following holds

Y FS + 0EFyT < ety vt 4 ety (2.102)

The augmented plant matrix is subject to additive perturbations defined as follows

A By
C Dy

AA AB

o+ AP =
AC ADy

(2.103)

If FT F < I'holds and the uncertainties A® follows the norm bounded structure:

H H
ao— | N FE B =| | FE (2.104)
2 Hy
Let
AA AB 0 0
AA; = o1, AAy = (2.105)
0 AC ADy
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hence
A® = AA; + AAy = Hh FE + HoFE (2.106)
where
R Hi| - 0
o=\, 0= (2.107)
0 H,

The next theorem provides conditions for stability along the pass under norm bounded

uncertainty in the discrete case.

Theorem 2.20. [7/] Consider a discrete unit memory linear repetitive process of the
form defined by (2.37) in the presence of an uncertainty structure satisfying (2.106) and
(2.107). Then this process is stable along the pass if there exist matrices P > 0 and
Q > 0 such that

(Ag+ HFE)'P(Ag+ HFE) +Q <0 (2.108)
where
- T. 21 A _|@Q-P 0
Ag = |:A1 AQ] , Q= 0 0 (2.109)
and
H= [ﬁl FIQ}, F=LoF, E=LRE (2.110)

and ® denotes the matriz Kronecker product. By using Theorem 2.19, (2.108) can be
written as: for any choice of Q, there exists P > 0 such that (2.108) holds if, and only

if, there exists a scalar € > 0 such that

—P '+ eHHT Ag

R A 2.111
A¥ e ETE+Q ( )

In [38], two robust ILC design algorithms were developed. The theory is based on the

following model with time-varying uncertainty

zi(p+1) = Azy(p) + LE(p) Hxk(p) + Buk(p)
yr(p) = Cxr(p), p=0,1,...,a—1 (2.112)

In the time-varying term i FE(p)Hx(p), i is a constant positive scalar, the normalizing
matrix H € R has constant entries and it is E(p) € R™*" that brings in the time-

varying dynamics. The last matrix is assumed to satisfy

E®TE@p) <1, ¥p=0,1,..,a—1 (2.113)
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Using the same notation as above, the controlled dynamics with uncertainty can be

written as

Ma1(p+1) = [A+ 2% (p)]mkes1(p) + Bey(p)
ext1(p) = [C — AL (p)]nk+1(p) + Dey(p) (2.114)

where A, B, C and D are defined in (2.59) and

U(p):= E(p—1)H
I(p):=CE(p—-1)H (2.115)

Theorem 2.21. [38] The ILC scheme described by (2.11/4) is stable along the trial for
all time-varying uncertainties satisfying (2.113) if there exist Ry, Ry, X3 > 0, X9 > 0,
and scalars A > 0 and v > 0 such that the following LMI is feasible:

-X1 0 X1AT+RTBT —Xx;ATCT-RTBTCT X1HT
0 -Xo RI BT Xo—RYBTCT 0
AX1+BR; BR» — X141 0 0 <0 (2.116)
—CAX{—CBR; X2—CBR> 0 —Xo+~CCT 0
HX1 0 0 0 —0.5v1

Also an upper bound for the parameter [i in the time-varying uncertainty description of

(2.112) is given by
N i
=,/= 2.11
=3 (2.117)

If the condition holds, the control law matrices K1 and Ko are given by K1 = Rle_l
and Ky = Ro Xt

This design algorithm provides a compromise between the uncertainty bounds and con-
vergence speed. However, it does not provide K7 and Ko for the maximum possible
uncertainty bound on . To remove this difficulty, a second robust design algorithm
based on the Generalized Eigenvalue Problem (GEVP) was developed.

Theorem 2.22. [38] The ILC scheme described by (2.114) is stable along the trial for
all time-varying uncertainties satisfying (2.113) if there exist Ry, Ra, X7 > 0, X2 > 0,
and a scalar A > 0 such that the following GEVP is feasible

minimize n > 0

subject to :

00 0 0 O]

000 0 0

0071 0 0<nQ (2.118)
000 cct o

000 0 O
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where
—X1 0 —X1AT-RTBT X, ATCT+RTBTCT —X,:HT
0 Xa —RIBT —Xo+RIBTCT 0
Q= | _ax,-BR: —BRy X, 0 0 (2.119)
CAX1+CBR1 —X2+CBR> 0 Xo 0
—HX; 0 0 0 0.5v1

and Q > 0. Also an upper bound for the parameter [ in (2.112) is given by

1

fimaz =\ (2.120)

If this condition holds, the control law matrices K1 and Ky are given by K1 = R1X1_1
and K9 = R2X2_1.

In [63], the case of norm-bounded uncertainty was considered, starting from the state-

space model

zrp(p+1) = (A+ AA)xr(p) + (B + AB)ur(p)
Yk(p) = (C + AC)z(p) (2.121)

where the perturbations are assumed to be of the norm-bounded form, that is
AA = Hl}-(p)El, AB = Hl./_"(p)EQ, AC = HQ}—(p)El (2122)

where Hy, Ho, F1, and E5 are known real constant matrices of compatible dimensions
and F(p) is an uncertain perturbation satisfying F(p)F' (p) < I. Applying the control
law (2.66), controlled system is in the form of (2.59) with

~

A=(A+AA)+ (B+AB)K,, B=(B+AB)K,,

C=—(C+AC)((A+AA)+ (B+AB)K,), D=1I-(C+AC)(B+AB)K>
(2.123)

Apply 2D Lyapunov equation, Schur’s complement and Theorem 2.19 to design the

control matrices, design robust is as follows.

Theorem 2.23. [63] An ILC scheme described by (2.59) with uncertainty structure
modeled by (2.122) and F(p)FT (p) < 1 is stable along the trial over finite frequency
range in Lemma 2.15 if there exist matrices S > 0, Q > 0, P > 0, X1, Xo, W, Wo,
Wi, War, Ws1, Wy1 together with real scalars p1, p2, €1 > 0 and

S+sym{p2W}+elp%H1Hf 7p2AVAV7pQBX17p1WT751p1p2H1H1T 0
x —S+sym{pr AW +p1 BX1 e p? HiHT XTEF+WTET | <0 (2.124)
* * —61[
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€2 > 0 such that the following LMIs are feasible:

=11 Elz—WT 0 —-wpncT Wi WnE%ﬂ 0
Qoo BXo —WoCT Qo5 Wor ET —WTET+XTET
* * I I-Ws 0T XIBT-Wsy Wa1EY XTET
* * * 944 7W4170W2T W41E%1 0 < 0 (2125)
* * * * Q55 WQE? 0
* * * * * —eal 0
S * * * * —x —eal ]

where

QQQ = 522 + sym{AW + BXl} + 62H1H1T, 925 = WTAT + XlTBT — W21 + 62H1H?
Qqq = —1— Sym{W410T} + GQHQHQT, Qg5 = —Wo — WQT + EQHle (2126)

and p1 and py satisfy (2.90). Consequently, if the LMIs (2.124) and (2.125) are feasible,
stabilizing control law matrices K1 and Ko are given by K1 = X1W*1 and K9 = Xs.

Moreover, more detail of some robust design for disturbance can be found in [59, 60, 61,
62, 86, 87, 88].

2.7 Higher-order ILC

The novel future of ILC is that all information from the previous trials including error
and input are known once they are complete. Therefore an ILC law can use more
than one trials information in the control law and such laws are known as higher order.
Higher-order ILC was proposed by Gu et al. [34], with application to a PUMA 560
robot. Bien et al. [10] then gave the general form of such a law. Consider system model
(2.1), then the higher-order ILC law is of the form

upt1(p) = Prug(p) + ... + Pnugp—n41(p) + Qrex(p) + ... + Qnex—n41(p) (2.127)

where P; and Q);, i € [1, N] are control law matrices, and the condition for trial-to-trial

convergence is
N N

Y p=1 > |[B-QCB|<1 (2.128)
i=1 =1

2.8 Summary

This chapter has given a summary of ILC laws and their design with a particular focus
on the use of repetitive process stability theory. Also the basics of higher-order ILC has
been introduced, where the major aim of this thesis is to extend the use of such control
laws. In the next chapter the KYP lemma is used to design a higher-order ILC law using

the repetitive process setting.






Chapter 3

New Algorithms for
State-Feedback Higher-order

Control Law Design Using the
KYP Lemma

3.1 Introduction

Higher-order iterative learning control uses error information of several previous trials
in control law. In this chapter, a state feedback higher-order ILC control law is used,

and an LMI approach is given to design the control law matrices.

When using higher-order control law for a system, the controlled dynamics can be de-
scribed as a non-unit memory linear repetitive process. Therefore the stability conditions
of such process can be used to analyze the ILC performance and design the control law
matrices. This chapter gives an LMI design algorithm for the optimal control law matri-
ces. It is difficult to design the control law matrices from stability conditions of non-unit
memory linear repetitive process due to the weight summation term of previous trials
information. However, by applying the super-vector it can be converted to a unit mem-
ory linear repetitive process. Then LMI design algorithm is obtained by using KYP

lemma of unit memory linear repetitive process.

In many applications, the systems are modelled with the uncertainties. The classical
design methods are much less powerful in such areas. Therefore, a robust control theory
is required. In this chapter, the norm-bounded additive uncertainty is considered and

the robust design algorithms are developed.

33
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3.2 Higher-order ILC Design for Discrete-time Systems

3.2.1 Problem Setup

Consider the discrete time-invariant linear state-space system model in the ILC setting

zp(p+ 1) = Az (p) + Bug(p),
yr(p) = Cxp(p), p=0,1,..,a—1 (3.1)

where z3(p) € R™ is the state vector, yx(p) € R™ is the output vector, uy(p) € Rl is
the input vector, k is the trial number, and the finite trial length o < co. Let yg € R™
be reference trajectory then error on trial k is ex(p) = y4(p) — yr(p). Recognizing the
availability of all information generated on the previous trials, a common form of ILC
law computes the current trial control input as the sum of that used on the previous

trial plus a correction term,i.e., of the form

ug+1(p) = uk(p) + Augi1(p) (3.2)

where Aug1(p) is a function of the error on trial k& but could also be a function of the
previous trial control input. A natural extension is to allow Augy1(p) to be a function
of the error and/or control vectors on a finite number of previous trials. In order to use

repetitive process theory for ILC design, introduce, for analysis purposes only,

Ne+1(p + 1) = p41(p) — 2k (p) (3.3)
and in (3.2) set
M
Aupir(p) = Knpa(p+1) + Y Kjaerp(p+1) (3.4)
j=1

The resulting controlled dynamics state-space model is

M1 (P +1) = Anga(p) + Y Bjtepr1—;(p)

M=

Il
—

J

Dj_1ery1-5(p) (3.5)

NE

er+1(p) = Cira (p) +

.
Il
—

where

N

A=A+ BK, By=BKy, Bj;=BK;,
C =—-C(A+ BK), Dy=I—-CBK,,
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Dj1=-CBK;_1, j=2,..M (3.6)

which is a non-unit memory linear repetitive process, and is stable along the trial if and
only if all conditions in Theorem 2.6 are satisfied. Therefore the design algorithm for
control law matrices is based on Theorem 2.6. Many researchers have proposed the LMI
based design algorithms for such a control law for the unit memory case (Theorem 2.12,
Theorem 2.13). However, it is difficult to develop an LMI based design algorithm for
higher-order control law since the controlled system is non-unit memory and the sum-
mation term of error information on the previous trials cannot be used in the design
algorithm directly. This section gives a design algorithm for the higher-order control

law matrices which is based on the stability conditions for linear repetitive process.

In some applications, uncertainties will be present in the model structure. For such
system models, the general design algorithm cannot guarantee the system stable if it
is only based on the normal plant model. Therefore, robust design algorithm is given
to solve this problem. In this chapter, the norm-bounded additive uncertainty of the
system is considered. A system with norm-bounded uncertainty has the state-space

model

rp(p+1) = (A+ AA)zr(p) + (B + AB)ug(p),
ye(p) = (C + AC)xk(p), p=0,1,...,aa—1 (3.7)

and the norm-bounded additive perturbations AA, AB and AC to the state-space model

matrices A, B and C are in the form
AA=H|FE|, AB=HFFEy;, AC = HyFE, (3.8)

where Hy, Hy, Ei, Eo, and F € R™*" is an unknown matrix that satisfies F = FT
and FFT < I. If apply the higher-order control law (3.2) for this model the controlled
system is in the form (3.5) with

A=(A+AA) +(B+AB)K, By=(B+AB)Ky, Bj1=(B+AB)K; 1,
C=—(C+AC)((A+AA)+ (B+AB)K), Dy=1I—-(C+AC)(B+ AB)Ky,
bj—l = —(C+AC)(B+AB)K]_1, 1=2,.... M (39)

The higher-order ILC control law robust design algorithms are based on the feedback
system (3.5) with (3.6) and (3.9), respectively.

3.2.2 LMI Based ILC Design

In the repetitive process setting the state-space model (3.5) is termed non-unit memory,

with M denoting the memory length. If M = 1 the model of the previous section,
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termed a unit memory repetitive process, is recovered. The analysis in this part requires

(3.5) to be written as a unit memory process, where the result is

M1 (p + 1) = Angyr (p) + Béx(p),

er+1(p) = Cni41(p) + Deg(p), (3.10)
where
&) = [l @ - 0 o) .
B=|By-1 --B1 By,
(0] i I 0 0]
0 0 0
C=|:|,D= 01, (3.11)
0 : : : - T
_é_ _DM—l ZA)M—2 lA)M—3 lA)O_

Applying the z-transform, i.e., zzx(p) = zk(p+ 1), (see [74] for the details of how to
avoid problems arising from the finite trial length) to (3.10) gives

Eri1(2) = G(2)en(2) (3.12)

where G(z) = C(zI — A)"'B + D. The term in transfer-function matrix G(z) which

relates the convergence performance is only the bottom row, i.e.,

er+1(2) = [Gp-1(2),...,G1(2), Go(2)]er(2) (3.13)

The design objective is to select the gains K, K;_1,j = 1,..., M such that the norm of
the above transfer function is sufficiently small and thus convergence can be achieved.

First give the following theorem.

Theorem 3.1. For a given v > 0 the discrete linear repetitive process representing the
ILC dynamics described by (3.10) is stable along the trial and satisfies

[[Gr-1(2), -, G1(2), Go(2)]lloo < (3.14)

if there exist symmetric matriz P, > 0, and Ny, No with y = v? such that following
LMIs are feasible

—P
Oy (3.15)
_A1P + BN —P_
s .
<0 (3.16)
_A2P + BoN —P_
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where
A 00 - 0 B B
Al - P Bl = )
_—C’A 0 o0 - I -CB —-CB
[ 4 o0 0 - ] [ B B |
0 0o I - 0 0 0
A2 = . I BQ = . : ’
0 o0 --- I 0 0
_—CA 0O 0 --- I_ _—C’B —C’B_
and

P =diag{P\,I}, Q= diag{0,(1—p)I}, N = diag{Ni,Ns}.

The stabilizing control law matrices are given by

K=NP !, [Ky_1,..., K1, Kol = No (3.17)

Proof. The LMI (3.16) can be written as

o'Pd - P <0 (3.18)
where
A B
d=|_ _ (3.19)
C D

which is 2D Lyapunov inequality for stability of discrete linear repetitive process [74],

and the feedback system is stable along the trial. The condition (3.14) can be written

T
I 0
0 —pul
Also by the bounded real lemma [22, 91], this last condition holds if and only if the
following LMI holds

as

T JU
C D
0 I

C D

<0 (3.20)
1 0 I

(21 —A)"'B
I

[(zl — 4B

. . . _ . ~qT A
ATPA-P ATPB ¢ Dl |I 0 ||C D
Sem A A <0 (3.21)
BTP A BTPB 0 I 0 —ul| |0 T
Where D = [ﬁM_l, - 150], by using the Schur’s complement formula, the LMI (3.15)
can be obtained from (3.21), and proof is complete. O

The next theorem shows that when + is small, the tracking error is guaranteed to

converge to zero.
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Theorem 3.2. If for v € (0,1/v/ M) the design in Theorem 3.1 is feasible, the tracking
error converges to zero as k — oo. Moreover, the convergence is monotonic in the sense
that

max{|lexrill; s ller—arroll} <ymax{llexl], ..., ex—rrall}

Proof. When the design algorithm in Theorem 3.1 is feasible,

M-1
lextalls <7* > llew—ill3 (3.22)
=0

Define ¢ = y?M. As vy < 1/v/M, q < 1. Hence

lews1ll3 < 7* % {llew—arall3 + .. + llexl3}

< g x max {Jlex_nrs13 - lexll3) (3.23)

Furthermore,

lew+2l13 < @ > {llex—arrall3 + ... + llens1ll3}

< ¢ x max{lex—nrs1l3 o lexll3} (3.24)
Following a similar argument
2 2
max{|lex12, s lex—nr+2ll2}
< g x max {[le—rr41]3 .., llexl3}
< ¢ x max {[lear1[3. . leo 13} (3.25)

Since ¢ < 1, the value of ¢ — 0 as k — oo, and hence |leso||2 = 0, which completes the
proof. O

From the above theorem it can be seen that ~ characterizes how quickly the trial-to-
trial error converges to zero under the higher order ILC design. In practice, a faster
convergence is usually desirable. This can be achieved by finding the minimum ~ value

by solving the following minimization problem.

min 3.26
P1>0,’Y<1,N1,N2/JJ ( )

where p is defined in the Theorem 3.1.
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3.2.3 Robust Design Algorithm

In this section, a robust design algorithm can solve this problem for the norm-bounded
uncertainty in the system. The uncertainty based feedback system model can be con-
verted to the unit-memory repetitive processes (3.10), (3.11) with (3.9), and the robust

design result can now be established.

Theorem 3.3. For a given v > 0 the discrete linear repetitive process representing the
ILC dynamics of (3.5) with additive uncertainties AA, AB, and AC in (5.9) is stable
along the trial and satisfies (3.14) if there exist matrices Py > 0, N1, No, Wi,, Wa,,
Wi for j =0,... M — 1, Wag, W3, Wag, Wse, Wy, Ws; for j =0,...,M — 1, Ws with
appropriate dimensions and real scalar e; > 0, €2 > 0 and p = 2 such that the following
LMI is feasible

-P+Q * * * *
AoP + BoN Aoy % * *
Ay Asp Ag o+ x| <0 (3.27)
Ay Agp Ay Ay x
Asy Asy Asz Asy Ass)

—-P * * * *

AsP 4+ BsN Agy % * *
A7y Ary A7z x x | <0 (3.28)
Agy Agy Agz Agg

| Ag Aga Agz Agy Ags]

where P, QQ, and N are defined in the Theorem 3.1 and

As=[A 0 0 .- 0}, BQ:[B B}, IQ:[O 0 I},
(A 00 -+ 0 B B
0 I 0
001 -~ 0 0 0
A3: 7B3: 711: )
! : Lo
00 I
0 00 --- I 0 0

and

A9y = —Py + e  HiHY

Az = [-CWE —CWh, |, ....—CWL, I —CW),
Azy = —CW4,,

Azz = —I — CWL — WooCT + ey HoHY
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Agy = AoP + BoN + [-WiL Wi, |, ..., =W,
Ay = —W,,
Az = Wi — w307,

Ayy =Wy — Wi +eHHE,
E1=[E100,..., 0], By = [Ey By,

A51

A52

Asy =

Ag2
A
Az
Arz
Agy
Asy
Asg3

Agy

Ago

Ags

Ags

E\P + E;N
-E\WE —-EyWL, | - —EyWL|,
E\P + E3N
0 0
—E\WL |, Ass= |-E.W]|,
0 0
0 —al 0 0
~EyWE, Ass=1] 0 —al 0
0 0 0 —el

= dZCLg{—Pl + 62£[1f[,1117 _I}’

=[-cwl, —cwi, ,,..,.—CWi],

=1 — CWL — WsoCT + egHoHY

= AoP + BoN + [-Wil, - Wk, 1, ... - Wk,
= [-Wa, =Wy 1y, =W,

=Wk —wsCT,

= —Ws— W& +eH HE,

E\P + E;N
~E\WWL —-E\WL, | - —E\W]h|,
E\P + E;N
0 0 0
-E\WL —-EpWL, , - —E;WL|,
0 0 0
0 0
—E\WE |, A= |-EBEWT |,
0 0
—eol 0 0
0 —62[ 0 3
| 0 0 —eol

)

[~OCWL, —CWiy 1,...,~CWLL, T — CW[],

If the LMI (3.27) and (3.28) are feasible, stabilizing control law matrices are given by

K=NP', [Ky-1, .., K1, Kol =Ny

(3.29)
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with use of the linear objective minimization procedure (3.26).

Proof. Direct substitution of (3.9) into (3.15) and (3.16) introduces nonlinear terms.
To avoid these and obtain LMIs, apply Theorem 2.19 to these two LMIs, and then the

Schur’s complement formula gives (3.27) and proof is complete. O

Theorem 3.4. If for v € (0,1/v/ M) the design in Theorem 3.3 is feasible, the tracking
error converges to zero as k — oo even with the presence of model uncertainty AA, AB

and AC. Moreover, the convergence is monotonic in the sense that
max{|leprl], ., [ler—rr2l} <ymax{llexl, ..., lex—nrall}

Proof. This follows identical steps to that of Theorem 3.2 and here the details are omit-
ted. O

3.3 Higher-order ILC Design for Continuous-time Systems

3.3.1 Problem Setup

Consider the continuous time-invariant linear state-space system model in the ILC set-

ting

l‘k(t) = A:ck(t) + Buk(t),
yp(t) = Cai(t),0 < t < « (3.30)

where i, yi, and uy are state, output and input vector, respectively, and k is the trial
number, and the finite trial length a@ < oo. If y; denote the reference trajectory then
the error on trial k is eg(t) = yq(t) — yx(t). The ILC law is

uk+]_(t) = uk(t) + AukJr]_ (t) (3.31)

where Aug1(t) is a function of the error on trial k£ but could also be a function of the
previous trial control input. A natural extension is to allow Awugy1(t) to be a function
of the error and/or control vectors on a finite number of previous passes. In order to

use repetitive process theory for ILC design, introduce, for analysis purposes only,

man() = [ (ot - an(o)i (3.32)
and in (3.31) set
M
Augyr(t) = Knea(t) + Y Kj1ée1-5(1) (3.33)

J=1
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The resulting controlled dynamics state-space model is

~

a1 (t) = A (6) + Y Bj1epr1—(t),

=

7=1

Dj rerp1-(t), (3.34)

M=

ert1(t) = C’nk+1(t) +
1

J
where

N

A=A+ BK, By=BK,, Bj ,=BK;,
C =—-C(A+ BK), Dy=I—-CBK,,

~

Dj 1 =-CBK; ,, j=2,..,M (3.35)

This non-unit memory linear repetitive process. It is stable along the pass if and only
if all conditions in Theorem 2.10 are satisfied. In a similar manner to the discrete case,

the model with uncertainty present is

p(t) = (A4+ AA)xg(t) + (B + AB)ug(t),
yp(t) = (C+ AC)zi(t), 0<t<a« (3.36)

and the norm-bounded additive perturbations AA, AB and AC to the state-space model

matrices A, B and C are of the form
AA=HFFE\, AB=HFFE,, AC =HyFFE, (3.37)

where Hy, Hy, Eq, F5, and F € R™" is an unknown matrix that satisfies F = FT and
FFT < I. If apply the control law (3.31) for this model the controlled system is in the
form (3.34) with

A=(A+AA) +(B+AB)K, By=(B+AB)Ky, Bj1=(B+AB)K; i,
C=—(C+AC)((A+AA)+ (B+AB)K), Dy=1I—-(C+ AC)(B+ AB)Ky,
bj—l = —(C + AC)(B + AB)Kj_l, 1=2,.... M (338)

3.3.2 LMI Based ILC Design

Since the state-space model (3.34) is non-unit memory , with M denoting the memory

length, the analysis in this section requires (3.34) to be written as a unit memory process,
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where the result is

ek+1(t) = Cipya (t) + Deg(t), (3.39)
where

enlt) = [l yn(®) - ) )]
B=|By1 ---Bi By,

[0 ] I I 0 0]

0 0 0

C=|:],D=] 0 01, (3.40)

0 : : : T

€] |Dv-1 Dy—a Daes -+ Do

Using Laplace transform, i.e., L[z (t)] = sL[xg(t)] — xx(0), (see [74] for the details of
how to avoid problems arising from the finite trial length) to (3.39) gives

€r+1(s) = G(s)ex(s) (3.41)

where G(s) = C(sI — A)"'B+ D. The term in transfer-function matrix G(s) which

relates the convergence performance is only the bottom row, i.e.,

ek+1(s) = [Gp=1(9), ..., G1(s), Go(s)]ex(s) (3.42)

and the objective is to select the gains K, K;_1,j = 1, ..., M such that the norm of the

above transfer function is small and thus convergence can be achieved.

Theorem 3.5. For a given v > 0 the differential linear repetitive process representing
the ILC dynamics described by (3.39) is stable along the trial and satisfies

IGar-1(5), -, G1(s), Go(s)][leo < (3.43)

if there exist symmetric matriz P, > 0, and Ny, No with i = v? such that following
LMIs are feasible

sym{AP, + BNy} BN, —-pPATCT — NI'BTCT
NI BT —pl ' - NIBTCT <0 (3.44)
—~CAP, — CBN; Iy — CBN, I
sym{AP, + BNy} BN, -pATCT — NI BTCT
NIBT —1 I - NIBTCT <0 (3.45)

—C1AP, — C1BN; I, —C1BN, -1
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where
0] [ 0 0]
I
Ci=|:|,n= : do=10o 0 0 .- I], (3.46)
0 0 I
L - . 0 I_

The stabilizing control law matrices are given by

K=NP ' Kyt K1, Kol = No (3.47)

Proof. The LMI (3.45) can be written as

pool [P oo 00 00
T |'! K d— <0 (3.48)
0 0 0 0 01 0 I
where
A B
=2 2 (3.49)
¢ D

which is 2D Lyapunov inequality for stability of differential linear repetitive process [74],
and the feedback system is stable along the trial. The condition (3.44) can be written

as

C D
0 I

C D

_ AT
[(QWI - A)'B <0 (3.50)
0 I

T
I 0
1 0 —pul

(jwl —A)~'B
I

Also by the bounded real lemma [91], this last condition holds if and only if the following
LMI holds

ATPI + PlA Plg

h 3.51
BTp 0 (3:51)

cre C'D
JE <0
DTC DTD —puI

Where D = [Dys_1,..., Dg], by using Schur’s complement formula, the LMI (3.44) is
obtained from (3.51), and proof is complete. O

The next theorem shows that when v is small, the tracking error is guaranteed to

convergence to zero.

Theorem 3.6. If for v € (0,1/v/ M) the design in Theorem 3.5 is feasible, the tracking
error converges to zero as k — oo. Moreover, the convergence is monotonic in the sense
that

max{llegiall, s [ler—arpall} <ymax{llexl], ... [ler—arall}
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Proof. When the design algorithm in Theorem 3.5 is feasible,

M—1
lewtalls <7* > llew—ill3 (3.52)
=0

Define ¢ = y2M. As vy < 1/v/M, q < 1. Hence

ler+113 < 9* > {llex—ar1ll3 + ... + lexl3}

< g x max {[leg_ars1l3 s lexlZ} (3.53)
Furthermore,
2 2 2
lerrallz < @ x {llex—nrrallz + - + llersll2}
< g x max{flexrra 3 - llex ]2} (3.54)
Similarly
2 2
max{|lex1|3; - lex—nr+2ll2}
< g x max {|lex_nrs13, -, lexll5}
< ¢ x max{llear_1[3 - lleol3} (3.55)

Since ¢ < 1, the value of ¢* — 0 as k — oo, and hence ||ex||2 = 0, which completes the

proof. O

From the above theorem it can be seen that v characterizes how quickly the tracking error
converges to zero under the higher order ILC design. In practice, a faster convergence is

usually desirable. This can be achieved by solving the following minimization problem.

(3.56)

min
P;>0,v<1,N1,N2

where p = +2, which is defined in the Theorem 3.5.

3.3.3 Robust Design Algorithm

Following the same argument on the discrete case in section 3.2.3, gives the theorem,

Theorem 3.7. For a given v > 0 the differential linear repetitive process representing
the ILC dynamics of (3.39) with additive uncertainties AA, AB, and AC in (3.37) is
stable along the trial and satisfies (3.43) if there exist matrices Py > 0, Ny, No, Wi,
Waog, Wij for j =0,... M — 1, Wy, Wa,, Wy, W3j, Wy for j =0,....M — 1, Ws with

appropriate dimensions and real scalar €; > 0, €3 > 0 and u = v? such that the following
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LMI is feasible
i Ay * * * * * .
NIBT —pl * * * * *
—-CW{, Ip— OW{ A3z * * * *
APy + BNy — W BNy —WI —WL —WoCT Ay * * * <0
E1P, + EoNy EsNo 0 0 vl * *
—Ey Wi, By W —Ey W, -EyWE 0 —al
E1P+ E3oNy Eo Ny 0 0 0 0 ard
(3.57)
i Asq * * * * * .
NQTBT —I * * * * *
fC&Wg; I — 01W3T Ag3 * * * *
AP, + BN, - W, BN, —W! —-wWlL —-w, 0T Ay * * x| <0
FE1 P+ E3N, E5No 0 0 —eol * *
—Ey W —Ey W —E WL —-E\W! 0 —el %
E1P+ BNy Eo Ny 0 0 0 0 —eal |
(3.58)

where Iy, 11, and Cy are defined in (3.46) and

Ay = sym{AP, + BNy} + elHlHlT,
Asg = —1 — CWL — Wy, OT + ¢y HyHY
Ay =Wy — Wi + e H H],

Asy = sym{AP, + BN} + e;H HY
Az = —1 — CWL — Wy,,CT + eoH3HY
Agy=—Wy — Wi +eH HY,

and W1 = [WlM—I,m,Wll]; W3 = [WgM_l,...,ng], H3 = [0,...,0,H2]T.

If the LMIs (3.57) and (3.58) are satisfied, the stabilizing control law matrices are given
by

K=NP [Ky_1,..., K1, Kol = No (3.59)

with use of the linear objective minimization procedure (3.56).

Proof. Direct substitution of (3.9) into (3.44) and (3.45) introduces nonlinear terms.
To avoid these and obtain LMIs, apply Theorem 2.19 to these two LMIs, and then the
Schur’s complement formula gives the LMI (3.57) and (3.58) and proof is complete. [
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and the next theorem gives the condition for error convergence to zero as trial increase

to infinity.

Theorem 3.8. If for v € (0,1/v/ M) the design in Theorem 3.7 is feasible, the tracking
error converges to zero as k — oo even with the presence of model uncertainty AA, AB

and AC. Moreover, the convergence is monotonic in the sense that
max{|lexs1ll; ., llex—rrpall} <ymax{llexl, ..., [lexr—rrs1ll}

Proof. This follows identical steps to that of Theorem 3.6 and here the details are omit-
ted. O

3.4 Numerical Examples

In this section, numerical examples are used to test the design algorithms developed
earlier in this chapter. In this simulation, the value of memory length M is from 1 to 5,
and the number of trials is 40, the trial length is 2 sec. In the simulation, the reference
trajectory is the same for the discrete-time systems and continuous-time system example,

and is shown in figure 3.1.

Reference Trajectory
\ \

1 \

04 | | | | | | | |

time,s

Figure 3.1: The tracking reference trajectory.
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This part shows the numerical simulation for discrete-time system model, the example
is a simple 2th-order system, after the sampling by sample frequency 100Hz. The state-

space model matrices are

(0.9970 0
0.0035 0.9978|°

- T
B = _0.0015 0} )

C= :0.15 O] )

and on completion of each trial the 2-norm of the error signal is computed as

The first simulation study investigated the effect of the memory length M on the trial-
to-trial error convergence performance. Using Theorem 3.1, and the relation between
values of M and ~ is given in table 3.1. These confirm that as M increases, i.e., more
information from the past is used, the value of v decreases and the tracking error con-
verges faster, see also figure 3.2. For example, the control law matrices when M = 2 are
K = [-628.3001 0.5001] and K; = 1.1825, Ky = 1428.08. As the figure shows, the

error convergence is faster with larger M.

~
0.7081
0.6953
0.5164
0.4564
0.4140

Uk W N~ z

Table 3.1: Relation between value of M and ~ for LMI design result by using
algorithm in Theorem 3.1.

To examine the effectiveness of the robust design developed in Theorem 3.3, consider

the case when the matrices defining the uncertainty model are
T
Hy = [0.1 0] Hy=0.01, B, =001,
By =01 -01].
The results for different M are shown in figure 3.3, and confirm that: 1) the tracking
error decreases monotonically and 2) increasing M improves the convergence speed.

Table 3.2 shows the relationship between M and value of «, and error convergence

based different value of M is in figure 3.3. Moreover, « satisfies v € [0, 1) and since the
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Error convergence performance

102 T

10t

108

107"
0

20 25 30 35 40
trial k

Figure 3.2: Error convergence performance along the trial by using algorithm

in Theorem 3.1.

~

0.7018
0.7012
0.5370
0.4871
0.4312

Uk W N~ Z

Table 3.2: Relation between value of M and ~ for robust design result by using

algorithm in Theorem 3.3.

design is applied to an uncertain system, the value of v with model uncertainty is larger

than that without, which is the price paid for robust design.

This part shows the numerical simulation for continuous-time system model, the example

is a simple 2th-order system model with state-space model matrices

A=

03 0
0.35 —0.22|"

:0.15 O}T,

0.15 0} ;

and the completion of each trial the 2-norm of the error signal is

N
lewlla =/ [ cttoya
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5 Error convergence performance
10 T T T

10t E

10 4

108 E

107"
0

trial k

Figure 3.3: Error convergence performance along the trial by using algorithm
in Theorem 3.3.

~
0.7101
0.6978
0.5211
0.4672
0.4214

Uk W N~ Z

Table 3.3: Relation between value of M and ~ for LMI design result by using
algorithm in Theorem 3.5.

The first simulation study investigated the effect of the memory length M on the trial-
to-trial error convergence performance. Using the design method of Theorem 3.5, and
the relation between value of M and + is given in table 3.3. These confirm that as M
increases, i.e., more information from the past is used, the value of v decreases and the
tracking error converges faster, see also figure 3.4. For example, the control law matrices
when M =2 are K = [-24.7632 1.8631] and K; = 0.1243, K, = 46.3028. As the

figure shows, the error convergence is faster with larger M.

To examine the effectiveness of the robust design developed in Theorem 3.7, consider
the case when the matrices defining the same uncertainty model as for the discrete-time
example. The results for different M are shown in figure 3.5, and confirm that: 1) the
tracking error decreases monotonically and 2) increasing M improves the convergence
speed. Table 3.4 shows the relationship between M and value of 7, and the result of
error convergence based different value of M is in figure 3.5. In table 3.4, v satisfies
v € [0,1) and since the design is applied to an uncertain system, the value of v with

model uncertainty is larger than that without, which is the price paid for robust design.
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5 Error convergence performance
10 T T T

100 3

10710
0

trialk

Figure 3.4: Error convergence performance along the trial by using algorithm
in Theorem 3.5.

~
0.7115
0.7016
0.5391
0.4921
0.4334

Uk W N~ z

Table 3.4: Relation between value of M and ~ for robust design result by using
algorithm in Theorem 3.7.

5 Error convergence performance
10 T T T

102 F

10t

trialk

Figure 3.5: Error convergence performance along the trial by using algorithm
in Theorem 3.7.
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3.5 Summary

In this chapter, a new design algorithm has been developed for higher-order ILC control
law matrices. The higher-order control law uses state-feedback, and design is based on
the KYP lemma. This new design requires attenuation of the frequency content of the
previous trial error over the complete trial length. In some applications, however, only
a finite frequency range need to be considered. In other applications, it may be required
to impose different frequency specifications over various frequency ranges. The next
chapter uses the generalized KYP lemma to develop algorithms for control law design

in such case.



Chapter 4

New Algorithms for
State-Feedback Control Law

Design Using the (GGeneralized
KYP Lemma

4.1 Introduction

This chapter develops new design algorithms for state feedback higher-order control law
design which described in the previous Chapter. The design algorithms are based on
the generalized Kalman-Yakubovich-Popov (GKYP) lemma.

4.2 Higher-order ILC Design for Discrete-time Systems

4.2.1 Problem Setup

Consider the discrete time-invariant linear state-space system model in the ILC setting

z(p + 1) = Azy(p) + Bug(p),
yr(p) = Cxp(p), p=0,1,..,a—1 (4.1)

where zj(p) € R™ is the state vector, yx(p) € R™ is the output vector, ug(p) € Rl is the
input vector, k is the trial number, and the finite trial length o < co. Let y4 € R™ be
reference trajectory then error on trial k is ex(p) = yi(p) — yx(p). The ILC control law

53
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uk+1(p) = ur(p) + Augya (p) (4.2)

where Auy1(p) is a function of the error on trial k& but could also be a function of the

previous trial control input. Introduce, for analysis purposes only,

Ne+1(p + 1) = zp41(p) — z(p) (4.3)
and in (4.2) set
M
Auk+1(p) = Knk+1(p + 1) + Z Kj_16k+1_j(p + 1) (4.4)
j=1

as the higher-order ILC control law. The resulting controlled dynamics state-space

model is
~ M A
Mes1(p+ 1) = Anpaa (p) + D Bj1eri1—(p)
j=1
A M A
eri1(p) = Ciksa(p) + > Dj1eri1-4(p) (4.5)
j=1
where

N

A=A+ BK, By=BKy, B;=BK;,
C=-CA—-CBK, Dy=I1-CBK,,

Dj 1 =-CBK; ,, j=2,..,M (4.6)

which again is a non-unit memory linear repetitive process, and is stable along the trial
if and only if all conditions in Theorem 2.6 are satisfied. Therefore the design algorithm
for control law matrices is based on Theorem 2.6. However, it is difficult to develop the
LMI based design algorithm for higher-order control law since the controlled system is
non-unit memory and the summation term of error information on the previous trials
cannot be used in the design algorithm directly. This section develops a design algorithm
for the higher-order control law matrices which is based on the stability conditions for

linear repetitive process.

In some applications, the systems are in the presence of uncertainties will be present
in the model structure. For such system models, the general design algorithm cannot
guarantee the system stable if it is only based on the normal plant model. Therefore,
robust design algorithm is given to solve this problem. The norm-bounded additive

uncertainty of the system is in considered. A system with norm-bounded uncertainty
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has the state-space model

rp(p+1) = (A+ AA)zr(p) + (B + AB)ug(p),
ye(p) = (C + AC)zk(p), p=0,1,....,aa—1 (4.7)

and the norm-bounded additive perturbations AA, AB and AC to the state-space model

matrices A, B and C are in the form
AA=H|FFE|, AB=HFFEy, AC = HyFE; (4.8)

where Hy, Hy, Ei, Eo, and F € R™*" is an unknown matrix that satisfies F = FT
and FFT < I. If apply the higher-order control law (4.2) for this model the controlled
system is in the form (4.5) with

A=(A+AA) +(B+AB)K, By=(B+AB)Ky, Bj1=(B+AB)K; i,
C=—(C+AC)((A+AA)+ (B+AB)K), Dy=1I—-(C+AC)(B+ AB)Ky,

D= —(C+AC)(B+AB)Kj_1, ji=2,... M (4.9)
The higher-order ILC control law robust design algorithm are based on the feedback

system (4.5) with (4.6) and (4.9), respectively.

4.2.2 LMI Based ILC Design

In the repetitive process setting the state-space model (4.5) is termed non-unit memory,
with M denoting the memory length. The analysis in this section requires (4.5) to be

written as a unit memory process, where the result is

M1 (p + 1) = Angia (p) + Béx(p),
ert1(p) = Cey1(p) + Déx(p), (4.10)

where
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0] [0 I 0 0]
0
C=\|:|,D= 01, (4.11)
0 : : : I
¢ [Dyi—1 Dy Dues Dy

Applying the z-transform, i.e., zxg(p) = zx(p+ 1) to (4.10) gives

er+1(2) = G(2)ex(2) (4.12)

where G(z) = C(zI — A)"'B+ D. The term in transfer-function matrix G(z) which

relates the convergence performance is only the bottom row, i.e.,

€k+l(2) = [GM_l(Z), v, G (Z), Go(z)]ék(z) (4.13)

In [63], one design algorithm which uses the generalized KYP lemma for design the
control law matrices of the ILC controlled system, and a standard state-feedback control
law is used then the ILC controlled system is unit memory linear repetitive processes.
In this section, it is extended for higher-order ILC control law. The generalized KYP

lemma which is described in Lemma 2.15, and the design algorithm is

Theorem 4.1. For a given v > 0 the discrete linear repetitive process representing the
ILC dynamics of (4.10) is stable along the trial and satisfies

max o ([Gar—1(e7?), ..., G1(e79), Go(e??)]) < ~ (4.14)

over the finite frequency range @ € © defined in Lemma 2.15, and z = 7%, and there
exist matrices S >0, P >0, Q1 >0, P, >0, Q2 >0, X1, X2, and W1, and real scalar
p1, p2 and =% such that the following LMIs are feasible:

En S — WY 0 0
*  Zog+sym{AW;1 + BX1} BXy -W{LATCT — XITBTCT
T T T AT <0 (4.15)
* * —ul Iy - X, B'C
* * * -7
ER Sy —WT 0 0 ]
*  Zoo+sym{AWi + BX1} BX, -WlATCT - xIBTCT
<0  (4.16)
* % ~I I - xIBTct
* * * -1
S+ poW- WL —po AW, — paBX1 — ;Wi
p2Wi1 + pa Wy P2 1— P2 1— p1Wq <0 (4.17)

* —S+sym{p1AW1 —|—plBX1}
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where the compatibly dimensioned matrices 211, 212, Zo2, and 211, 212, 2o form E and

—_

2 in Lemma 2.15 and p1, p2 satisfy

pi—p5 <0 (4.18)
and
IO - [07 ) 0 I]
0 I 0 0
0 : :
I = , Cp = , (4.19)
0 0 I 0
0 0 I C

If the (4.15), (4.16) and (4.17) are satisfied, stabilizing control law matrices are given

by
K=XW' [Ky_1,..., K1, Kol = X3 (4.20)

Proof. The generalized KYP lemma given in this thesis as Lemma 2.15, then applied
with fl, B, C, and D, the resulting LMI is

T

A B
I 0

C D
0 I

C D
0 I

A B
I 0

[1]

<0 (4.21)

Then after some processes include Schur’s complement, LMI (4.16) can be obtained from
(4.21). However, the controlled system is stable along the trial if it satisfies the next
Lyapunov inequality:

ATSA-5<0 (4.22)

Then after routine manipulations (4.17) can be obtained, and proof is complete. O

The next result shows that when + is small, the tracking error is guaranteed to converges

to zeros.

Theorem 4.2. If for v € [0,1/V M) the design in Theorem 4.1 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range 8 € © defined in

Lemma 2.15. Moreover, the convergence is monotonic in the sense that
max{|lex1ll; ., [ler—rryall} <ymax{lexl, ..., [lexr—rrs1ll}

Proof. When the design algorithm in Theorem 4.1 is feasible,

M—-1

lexralls <7 ller—ill3 (4.23)
=0
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Define ¢ = y?M. As vy < 1/v/M, q < 1. Hence

lews1ll3 < x {llex—m41ll3 + - + llexll3}

< ¢ x max {[leg—nr11[13, -, [lexl|3} (4.24)

Furthermore,

lex+all3 < @ x {Ilex—nriall3 + - + llexs1ll3}

< g x max{llex_ars1l3, - lexll3} (4.25)
Following a similar argument
2 2
max{|lex12, -, lex—nr42ll2}
< ¢ x max {[leg_nr1113, s [lexl|3}
< ¢" x max {flen—1]3, - [leol3} (4.26)

Since ¢ < 1, the value of ¢* — 0 as k — oo, and hence |leso||2 = 0, which completes the
proof. O

From the above theorem it can be seen that v characterizes how quickly the tracking error
converges to zero under the higher order ILC design. In practice, a faster convergence
is usually desirable. This can be achieved by finding the minimum ~ value by solving

the following minimization problem.

min L (4.27)
$>0,P1>0,Q1>0,P>0,Q2>0,7<1,,W1,X1,X>

4.2.3 Robust Design Algorithm

In this section, a robust design algorithm can solve this problem for the norm-bounded
uncertainty in the system. The uncertainty based feedback system model can be con-
verted to the unit-memory repetitive processes (4.10), (4.11) with (4.9), with linear

objective minimization procedure (4.27) the robust design result can now be established.

Theorem 4.3. For a given v > 0 the discrete linear repetitive process representing
the ILC dynamics of (4.10) with additive uncertainties AA, AB, and AC in (4.9) is
stable along the trial and satisfies (4.14) over the finite frequency range 0 € © defined
i Lemma 2.15, and there exist matrices S > 0, P, > 0, Q1 > 0, P, > 0, Q2 > 0, X1,
Xo, and Wy, Wiy, Wia, Wis, Wig, Wa and Wsy, Waa, Wss, Wsy, Wy, and real scalar
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p1, p2, €1 > 0, €2 > 0 and e3 > 0 such that the following LMIs are feasible

(211 E0-W 0 —-wp 0T —W 0 -WunEf o0
* Ny BXy —WiCT Asgs Nog —WiET  Agg
* * —pul 1T -Wr3CT XTBT-Wy3 XTET —Wi3EY XTET
* * Ayq —-CWF-Wis 0 —-WuET 0 <0 (4.28)
* * * * Ass 0 -—-WLET o0
* * * * * —e1l 0 0
* * * * * * —er 1 0
| x * * * * * * —e1l |
(211 Ea-W 0 Wzl ~Wsy 0 -WsEf 0 ]
«  Aga  BXy —WaCT Aes Ags  —Wa2ET  Ags
* * —1 If-Ws3CT XIBT-Ws3 XTET —WssET XTET
* * * A7y —CWI-Wsqs 0 —WnuET 0 <0 (4.29)
* * * * Ags 0 —W4E; 0
* * * * * —eal 0 0
* * * * * * —eol 0
| * * * * * * * —eal |
Aog1 Ago 0 0
x —Stsym{pt AW+p1 BXi}es HiH —W[ Bl —XTET WIET+XTET | (4.30)
* * —esl 0 )
* * * —esl

where

Aoy = Egg + sym{AW + BX1} + e H1 H{
Ags = Wi AT + XT BT — W,

Ags = Apg = WI'E] + X{ E3,

Ay = —I — sym{CWL} + e HoHY

Ay = —Wo — Wy + e H HY,

Agy = Zg9 4+ sym{AW + BX1} + eoH HT
Ags = W AT + XTI BT — Wy,

Ags = Aeg = Wi E] + X{ EJ |

Ary = —T — sym{CWL} + exHy HY

Ags = Wy — Wi + eH HY,

Agr = S + sym{psW1} + esps H H

Agy = —p2 AW — paBX1 — ;i WY,

[1]

and Iy, I, C1 are defined in (4.19), and p1, p2 satisfy (4.18), Zao, and Z11, 12, oo
form E and Z in Lemma 2.15. If the LMIs (4.27), (4.28) and (4.29) are satisfied,

stabilizing control law matrices are given by
K=XW' [Ky_1,..., K1, Ko = X3 (4.31)

with use of the linear objective minimization procedure (4.27).

Proof. Direct substitution of (4.9) into (4.15), (4.16) and (4.17) introduces nonlinear
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terms, applying Theorem 2.19 to these two LMIs and the Schur’s complement formula
gives (4.28), (4.29) and (4.30) and proof is complete. O

Theorem 4.4. If for v € (0,1/v/ M) the design in Theorem 4.3 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range 0 € © defined in
Lemma 2.15 even with the presence of model uncertainties AA, AB and AC. Moreover,

the convergence is monotonic in the sense that
max{|lexr1ll, ., [ler—rr2ll} <ymax{llexl, ..., lex—nrall}

Proof. This follows identical steps to that of Theorem 4.2 and here the details are omit-
ted. O

4.3 Higher-order ILC Design for Continuous-time Systems

4.3.1 Problem Setup

Consider the continuous time-invariant linear state-space system model in the ILC set-

ting

k() = Awp(t) + Bu(t),
yr(t) = Cai(t),0 < t < « (4.32)

where i, yi, and uyg are state, output and input vector, respectively, and k is the trial
number, and the finite trial length a < oco. If y; denotes the reference trajectory then
error on trial k is ex(t) = yq(t) — yr(t). The ILC law is

U1 (t) = up(t) + Augy(£) (4.33)

where Aug1(t) is a function of the error on trial k£ but could also be a function of the
previous trial control input. A natural extension is to allow Augy1(t) to be a function
of the error and/or control vectors on a finite number of previous passes. In order to

use repetitive process theory for ILC design, introduce, for analysis purposes only,

M (£) = / (h (1) — 2x(1)) dt (4.34)

and in (4.33) set

M
Aupgr(t) = Ky () + D Kj1épi1—4(t) (4.35)
j=1
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The resulting controlled dynamics state-space model is

~

M1 (t) = Angia () + Y Bj_repr1—j(t)

-

7j=1

S

ert1(t) = Cma () + ) Dj—repa—j(t) (4.36)
j

Il
—

where

N

A=A+ BK, By=BK,, Bj ,=BK;,
C =—C(A+ BK), Dy=I—-CBK,,

~

Dj 1 =-CBK; ,, j=2,..,M (4.37)

This is a non-unit memory linear repetitive process. It is stable along the pass if and
only if all conditions in Theorem 2.10 are satisfied. In a similar manner to the discrete

case in section 4.2.1, the model with uncertainty present is

ip(t) = (A + AA)zg(t) + (B + AB)ug(t),
yr(t) = (C+ AC)zx(t), 0<t<a (4.38)

and the norm-bounded additive perturbations AA, AB and AC to the state-space model

matrices A, B and C are of the form
AA=HFFE\, AB=HFE,, AC =HyFFE, (4.39)

where Hy, Hy, Eq, F5, and F € R™" is an unknown matrix that satisfies F = FT and
FFT < I. If apply the control law (4.33) for this model the controlled system is in the
form (4.36) with

A=(A+AA) +(B+AB)K, By=(B+AB)Ky, Bj1=(B+AB)K; i,
C=—(C+A0)((A+AA)+ (B+AB)K), Dy=1I—-(C+ AC)(B+ AB)Ky,
Dj-1=—(C+AC)B+AB)K;-1, j=2,..M (4.40)

4.3.2 LMI Based ILC Design

Since the state-space model (4.36) is termed non-unit memory, with M denoting the

memory length, the analysis in this section requires (4.36) to be written as a unit memory
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process, where the result is

M1 (t) = Angy (t) + Bég(t),

ert1(t) = Cnpra(t) + Deg(t), (4.41)
where
enlt) = [l pn(®) - ) )]
B=|By-1 B Byl
(0] i I 0 0]
0 0 0
C=|:|,D= 01, (4.42)
0 : : : i
_é_ _DMfl DMfZ f)MfS to DO_

Using Laplace transform, i.e., L[ (t)] = sLzk(t)] — zx(0), (see [74] for the details of
how to avoid problems arising from the finite trial length) to (4.41) gives

ert1(s) = G(s)er(s) (4.43)

where G(s) = C(sI — A)"'B + D. The term in transfer-function matrix G(s) which

relates the convergence performance is only the bottom row. It is

ert1(s) = [Grar—1(8), ..., G1(s), Go(s)]ex(s) (4.44)

and the design objective is to select the gains K, K;_1,7 =1, ..., M such that the norm

of the above transfer function is small and thus convergence can be achieved.

Theorem 4.5. For a given v > 0 the differential linear repetitive process representing
the ILC dynamics of (4.41) is stable along the trial and satisfies

max o ([Gar_1(j0), ..., G1(j8), Go(50)]) < v (4.45)

over the finite frequency range defined in Lemma 2.16, and there exist matrices S > 0,
P >0,Q >0, Po>0,Qs>0, X1, Xo, and W1, and p = ~? such that the following
LMIs are feasible:

511 E12 - WlT 0 0
*  Eog+ sym{AW, + BX,1} BXy -W{LATCT — XIBTCT
T T T <0  (4.46)
* * —ul Iy — X5 B C

* * * -1
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En o — Wi 0 0
x  Zog +sym{AW1 + BX1} BX, -WLATCT - XTBTCT
<0 (4.47)
* * —I I — xIBTct
* * * -1

—Wl—WlT S+AW1+BX1—W£F

<0 (4.48)
* sym{AW; + BX,}

where the compatibly dimensioned matrices =11, Z12, Zo2, and Z11, E12, Soo form = and
= in Lemma 2.16 and Iy, I, and Cy are defined in (4.19). If the (4.46), (4.47) and

(4.48) are satisfied, stabilizing control law matrices are given by

K=XW' [Ky_1,..., K1, Ko] = X5 (4.49)

Proof. The generalized KYP lemma of Lemma 2.16, when applied with A, B, C,and D
in it, the equal LMI is

T T

C D
0 I

C D
0 I

A B
I 0

A B
I 0

[1]

<0 (4.50)

Then after some processes include Schur’s complement formula, the LMI (4.47) is ob-
tained from (4.50). However, the controlled system is stable along the trial if it satisfies
next Lyapunov inequality:

ATS +5A <0 (4.51)

Then after routine manipulations LMI (4.48) can be obtained. O

The next theorem shows that when v is small, the tracking error is guaranteed to

converges to zeros.

Theorem 4.6. If for v € (0,1/v/ M) the design in Theorem 4.5 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range defined in Lemma 2.16.

Moreover, the convergence is monotonic in the sense that
max{|leprll, ., [ler—rrs2l} <ymax{llexl, ..., lex—nrall}

Proof. When the design algorithm in Theorem 4.5 is feasible,

M-1
lexs1l3 <72 D lew—ill3 (4.52)

=0
Define ¢ = v2M. As v < 1/v/M, q < 1. Hence

lex+1l3 < 7* x {llek—nrs1ll3 + - + llexll3}

< g x max {[le_rrs1[3 o lexll3) (4.53)
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Furthermore,

lewrall3 < @ x {|lex—nrrall3 + - + llexs1ll3}

< ¢ x max{|leg—nrr13, -, lexl3} (4.54)
Similarly,
2 2
max{|lex+1ll3 - ler—nrr2(l2}
<gXx maX{Hek—M-i-lH%: S ||€k||%}
< ¢* x max {lerr_1[3, - [leo3} (4.55)

Since ¢ < 1, the value of ¢* — 0 as k — oo, and hence ||ex||2 = 0, which completes the

proof. O

From the above theorem it can be seen that v characterizes how quickly the tracking error
converges to zero under the higher order ILC design. In practice, a faster convergence
is usually desirable. This can be achieved by finding the minimum ~ value by solving

the following linear minimization objective procedure.

min L (4.56)
S5>0,P1>0,Q1>0,P>>0,Q2>0,v<1,,W1,X1,X2

4.3.3 Robust Design Algorithm

Following the same argument on the discrete case in section 4.2.3, gives the theorem,

Theorem 4.7. For a given v > 0 the differential linear repetitive process representing
the ILC dynamics of (4.41) with additive uncertainties AA, AB, and AC in (4.9)
is stable along the trial and satisfies (4.45) over the finite frequency range defined in
Lemma 2.16, and there exist matrices S > 0, PL >0, Q1 >0, P, >0, Q2 > 0, X7, Xo,
and Wy, Wi1, Wia, Wis, Wig, Wo and W31, Ws3o, Wss, Way, Wy, €1 > 0, € > 0 and
€3 > 0 such that the following LMIs are feasible

211 :127W1T 0 —WicT —-Wi1 0 *WllElT 0
* Ny BXy; —WiCT Aos Ngs  —Wi2E[  Ass
* * —pd IT-W3CT XTI BT -Wi3 XTET —WizE] XIET
. 4 Aus —CWI-Wi, 0 -—WuELT o0 <0 (4.57)
* * * s Ass 0 -—WLET o0
* * * * * —e1l 0 0
* * * * * * —e 1 0
| x * * * * * * —e1l |
_Ell §127W1T 0 *W3lc,1T —Wi31 0 7W31E1T 0 i
x  Agy  BXy —WsCT Aes Ags  —Wa2El  Aes
* * —1 If-Ws3CT XIBT-Ws3 XTET —Ws3ET XTET
% * * Ay —CWI-Wsy 0 —WaET 0 <0 (4.58)
* * * * Ags 0 —-wW4ET 0
* * * * * —eal 0 0
* * * * * * —eal 0
| * * * * * * * —eal |
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-Wy-w{ Aga 0 0
* sym{AW1+BX1}+esHi H] —WI'ET-XTET WIET+XTET | ~ (4.59)
* * —esl 0
* * * —e3l
where

A9y = Zgo + sym{AW + BX1} + e, H HT,
Ags = Wi AT + XT BT — Wy,

Ags = Ags = WI'E + X{ E3,

Ay = —I — sym{CWL} + e, HHY

Ass = —Wo — W3 + e HiHY,

Agy = Zgo + sym{AW + BX,} + e;H HT
Ags = Wi AT + XT BT — Wiy,

A = Ags = W ET + XTE7,
Aqyg=—1— sym{CW?ﬁ} + EQHQHQT,

Ags = Wy — Wl + eH HT,

Agy = S+ AW, + BX, — Wi,

—_
=

and Iy, I, C1 are defined in (4.19), and Zi2, and E11, 212, S99 form E and = in
Lemma 2.16. If the LMIs (4.57), (4.58) and (4.59) are satisfied, stabilizing control law

matrices are given by
K=XW' [Ky_1,..., K1, Kol = X3 (4.60)

with use of the linear objective minimization procedure (4.56).

Proof. Direct substitution of (4.39) into (4.46), (4.47) and (4.48) would introduce non-
linear terms, applying Theorem 2.19 to these two LMIs, plus the Schur’s complement
formula gives the LMIs (4.57), (4.58) and (4.59) and proof is complete. O

Theorem 4.8. If for v € (0,1/v/ M) the design in Theorem 4.7 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range defined in Lemma 2.16
even with the presence of model uncertainties AA, AB and AC. Moreover, the conver-

gence is monotonic in the sense that
max{|lepr1ll, ., [ler—nr2ll} <ymax{lexl, ..., lex—nrall}

Proof. This follows identical steps to that for Theorem 4.6 and that the detail are omit-
ted. O
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4.4 Numerical Examples

In this section, numerical examples are used to test the new design algorithms developed
earlier in this chapter. In this simulation, the value of memory length M is from 1 to
5, and the number of trials is 40, the trial length is 2 sec. The special frequency range
is focused, by using fourier transform for the reference trajectory, and as the figure
4.1 shown, the useful frequency range for the reference trajectory is within 2Hz, in the

simulation, the cut-off frequency range chosen for design algorithm is 2Hz.

FFT of reference trajectory
I I I

~
T
1

IR

0 ¢ $ Py Py Py Iy Iy
0 1 2 3 4 5 6 7 8 9 10
frequency, Hz

Figure 4.1: The FFT of the tracking reference trajectory.

This part shows the numerical simulation for discrete-time system model, the example is
a simple 2th-order system model which after the sampling by sample frequency 100Hz,

the state-space model matrices are

(0.9970 0
A ] |

10.0035 0.9978

r T
B =10.0015 0} )

C= :0.15 o]
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gl

0.6631
0.6154
0.5022
0.4313
0.4038

Uk W N~ z

Table 4.1: Relation between value of M and ~ for LMI design result by using
algorithm in Theorem 4.1.

, and on completion of each trial the 2-norm of the error signal is computed as

The first simulation study investigated the effect of the memory length M on the trial-
to-trial error convergence performance. Using Theorem 4.1, and the relation between
values of M and ~y is given in table 4.1. These confirm that as M increases, i.e., more
information from the past is used, the value of v decreases and the tracking error con-
verges faster, see also figure 4.2. For example, the control law matrices when M = 2
are K = [-617.4002 0.5021] and K; = 1.0826, Ky = 1828.08. As the figure shown,
when choose the bigger value of M, the speed of error convergence becomes faster, and

the result of error convergence based different value of M is in figure 4.2.

Error convergence performance
T

102 I \

108 ¢ E

108 i

10'10 L -

| | | | | | |
5 10 15 20 25 30 35 40
trial k

10712
0

Figure 4.2: Error convergence performance along the trial by using algorithm
in Theorem 4.1.
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gl

0.6742
0.6240
0.5252
0.4414
0.4133

Uk W N~ z

Table 4.2: Relation between value of M and ~ for robust design result by using
algorithm in Theorem 4.3.

To examine the effectiveness of the robust design developed in Theorem 4.3, consider

the case when the matrices defining the uncertainty model are
T
Hy = 0.1 0] Hz =0.01, B, =001,
Bi =01 -01].
The results for different M are shown in figure 4.3, which confirm that: 1) the tracking
error decreases monotonically and 2) increasing M improves the convergence speed.

table 4.2 shows the relationship between M and value of v, and the result of error

convergence based different value of M is in figure 4.3. Moreover, v satisfies v € [0,1)

) Error convergence performance
10 T T T

10'10
0

trial.k

Figure 4.3: Error convergence performance along the trial by using algorithm
in Theorem 4.3.

and since the design is applied to an uncertain system, the value of 7 with model

uncertainty is larger than that without, which is the price paid for robust design.
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gl

0.6602
0.6011
0.5139
0.4456
0.4014

Uk W N~ z

Table 4.3: Relation between value of M and ~ for LMI design result by using
algorithm in Theorem 4.5.

gl

0.6694
0.6214
0.5317
0.4631
0.4322

U W N~ z

Table 4.4: Relation between value of M and ~ for robust design result by using
algorithm in Theorem 4.7.

This part shows the numerical simulation for discrete-time system model, the example

is a simple 2th-order system with state-space model matrices

a_[0s o]
035 —0.22
r T

B=0.15 0} :

c = [o15 o}

, and the completion of each trial the 2-norm of the error signal is

N
lealla = [ extoya

=1
The first simulation study investigated the effect of the memory length M on the trial-
to-trial error convergence performance. Using the design method of Theorem 4.5, and
the relation between value of M and + is given in table 4.3. These confirm that as M
increases, i.e., more information from the past is used, the value of v decreases and the
tracking error converges faster, see also figure 4.4. For example, the control law matrices
when M =2 are K = [—28.8912 6.6053] and K; = 0.5111, Ky = 62.8082, and the

result of error convergence based different value of M is in figure 4.4.

To examine the effectiveness of the robust design developed in Theorem 4.7, consider
the case when the matrices defining the same uncertainty model as for the discrete-time
example. The results for different M are shown in figure 4.5, which confirm that: 1) the
tracking error decreases monotonically and 2) increasing M improves the convergence

speed. Table 4.4 shows the relationship between M and value of 7, and the result of
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Error convergence performance

10°

10

10

10710

Figure 4.4: FError convergence performance
in Theorem 4.5.

trial k

25

30

35

40

along the trial by using algorithm

error convergence based different value of M is in table 4.4, ~ satisfies v € [0,1) and

10°

107

10°

10°

10710
0

Error convergence performance

20
trial k

25

30

35

40

Figure 4.5: Error convergence performance along the trial by using algorithm

in Theorem 4.7.

since the design is applied to an uncertain system, the value of v with model uncertainty

is larger than that without, which is the price paid for robust design.
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4.5 Summary

In this chapter, the generalized KYP lemma has used to develop new the higher-order
ILC control law matrices design algorithms. Compared with the ILC design of the
previous chapter, the design algorithm by using generalized KYP lemma can pay more
attention on the stability performance within the finite frequency range, such as ‘low’
frequency. In chapter 3 and chapter 4, the state-feedback control scheme is applied. By
using state-feedback control scheme, the feedback system can obtain ‘good’ transient
performance along each trial. However, in practice, the state of system is not always
observed, and at this time only output-feedback control scheme is useful for system

control. The next chapter gives design algorithm by using output-feedback scheme.






Chapter 5

New Design Algorithms for
Output-Feedback Control Laws

5.1 Introduction

In this chapter, the output feedback higher order ILC control law is used. As in the
last two, this chapter gives the design algorithms which are based on KYP lemma and
its generalized version. Finally, simulation results are also given to show the similar

relation between the speed of error convergence and value of memory length.

5.2 Higher-order ILC Design for Discrete-time System

5.2.1 Problem Setup

Consider the discrete time-invariant linear state-space system model in the ILC setting

zp(p+ 1) = Az (p) + Bug(p),
yr(p) = Cxp(p), p=0,1,..,a—1 (5.1)

where zj(p) € R™ is the state vector, yx(p) € R™ is the output vector, uy(p) € R is the
input vector, k is the trial number, and the finite trial length a@ < co. Let yg € R™ be

reference trajectory then error on trial k is e = yq — yx. The ILC control law is

ug+1(p) = uk(p) + Aug11(p) (5.2)

where Aug1(p) is a function of the error on trial k£ but could also be a function of the

previous trial control input. In order to use repetitive process theory for ILC design,

73
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consider

M
Augi1(p) =Y Kj1epia—j(p+1) (5.3)
j=1

as the higher-order ILC control law, and introduce

Mkr1(p + 1) = 2p11(p) — 21(p) (5.4)

The resulting controlled dynamics state-space model is

M
Mes1(p+ 1) = Anraa (p) + D Bj1eri1-5(p)
j=1

Dj_1ep+1-5(p) (5.5)

NE

ex+1(p) = énk+1<p) +

<.
Il
-

where

N

By = BEKy, Bj1=BKj i,
C=—-CA, Dy=I-CBK,,

A

Dj.1=-CBK;_1, j=2,..,M (5.6)

which is a discrete non-unit memory linear repetitive process. It is stable along the trial
if and only if stability conditions in Theorem 2.6 are satisfied. Therefore the design
algorithm for control law matrices is based on Theorem 2.6. In this chapter, the KYP

lemma and its generalized version are used.

In some applications, the systems are in the presence of uncertainties in the model
structure. For such system models, the general design algorithm cannot make the system
stable if it is only based on the certainty part of the model. Therefore, robust design
algorithm is given to solve this problem. The norm-bounded additive uncertainty of the
system is in consideration. The norm-bounded additive perturbations AA, AB and AC

to the state-space model matrices A, B and C' are in the form
AA=HFFE,, AB=HFFE,, AC = HyFFE; (5.7)

where Hy, Ho, E1, E5, and F are defined in section 3.2.1. Applying the control law
(5.2) and (5.3), the model the controlled system is in the form (5.5) and (5.6) with

A=(A+AA), By=(B+AB)K,, Bj 1= (B+ABK;,
C=—(C+AC)(A+AA), Dy=I—-(C+AC)(B+ AB)K,,
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~

Dj,1 = —(C + AC)(B + AB)Kjfl, 1=2,.. M (58)

5.2.2 KYP Lemma Based Design Algorithms

The controlled system (5.5) is not in the standard term of the linear repetitive processes.
In order to design the control law matrices, it is necessary to convert it to the unit

memory linear repetitive process, i.e.,

Ne+1(p + 1) = Angi1(p) + Beg(p)

er+1(p) = Cniy1(p) + De(p) (5.9)
where
T
&) = [l ) o ) f )]

0 0 I 0 0
0 0
C=|:|,D= 01, (5.10)
0 : : : T
C] | Drvi-1 Day—a Dy -+ Do
Using the z-transform, i.e., zzk(p) = zx(p + 1), gives
ert+1(2) = G(2)ek(2) (5.11)

where G(z) = C(zI — A)™'B + D. The term in transfer-function matrix G(z) which

relates to the convergence performance is only the bottom row, i.e.,

ex+1(2) = [Grr-1(2), ..., G1(2), Go(2)]ex(2) (5.12)

The design objective is to select the gains K;_1,j = 1,..., M such that the norm of the

above transfer function is sufficiently small and thus convergence can be achieved.

Theorem 5.1. For a given v > 0 and assume the A is stable. Then the discrete linear
repetitive process representing the ILC dynamics described by (5.9) is stable along the

pass and satisfies
1[Grr-1(2), ., G1(2), Go(2)]lloe < v (5.13)

if there exist symmetric matriz P, > 0, and No with pn = v? such that following LMIs
are feasible
—-P+Q *

<0 (5.14)
AP+ BN —-P
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-P
<0 (5.15)
AsP + ByN —P
where
A 00 -~ 0 0 B
Al: 3 B1: ;
_—CA 0 0 - I 0 —-CB
[ A4 00 - 0] 0 B |
0 o I - 0 0
AQ: : : 7B2: 3
0 00 I 0 0
_—CA 00 I_ _0 —CB_
and

P = diag{P\. T}, Q= diag{0,(1—p)I}, N = diag{0, No}.

If the LMIs (5.14), and (5.15) are satisfied, stabilizing control law matrices are given by

[KM—lv"‘a K17 KO] :N2 (516)

Proof. The LMI (5.15) can be written as

»T'P® - P <0 (5.17)
where
A B
= (5.18)
C D

which is 2D Lyapunov inequality for stability of discrete linear repetitive process, and

the feedback system is stable along the trial. The condition (5.13) can be written as

1T 1 ~ ~1T ~ ~ _
I-A~'B| |C D| |I 0 C D I-A)~"'B
(21— 4) (21 = A) <0 (5.19)
I 0 I| |0 —uI|l|0 I I
Also by the bounded real lemma, this last condition holds if and only if the following
LMI holds
_ N ~1T N ~
ATPA—P ATP B C D| |[I o C D
_ _ _ <0 (5.20)
BTP A BTPB 0 I 0 —ul| |0 T

Where D = [f)M—l, ey ﬁo], by using the Schur’s complement formula, the LMI (5.12)

can be obtained from (5.20), and proof is complete. O



Chapter 5 New Design Algorithms for Output-Feedback Control Laws 77

The next theorem shows that when  is small, the tracking error is guaranteed to

convergence to zero.

Theorem 5.2. If for v € [0,1/v/ M) the design in Theorem 5.1 is feasible, the tracking
error converges to zero as k — co. Moreover, the convergence is monotonic in the sense
that

max{|lexrill; s ller—arroll} <ymax{llexl], ..., lex—rriall}

Proof. When the design algorithm in Theorem 5.1 is feasible,
M—1
lewsalls <2 > llen—ill3 (5.21)
i=
Define ¢ = y?M. As vy < 1/v/M, q < 1. Hence
ler+1ll3 < 7* < {llex—nr+1ll3 + ... + llexll3}

< g x max {|lex_rrs1]3, - lexl} (5.22)

Furthermore,

lewt2ll3 < g x {||€1<:—M+2||% + ot ||€k+1||%}

< ¢ x max{llegrrsa 3 - lexl3) (5.23)
Following a similar argument,
2 2
max{|lex12, -, lex—nr+2ll2}
< g x max {[le—nr41]3 -, llexl3}
< ¢ x max {llenr_1[3, - lleo13} (5.24)

Since ¢ < 1, the value of ¢* — 0 as k — oo, and hence |les||2 = 0, which completes the
proof. O

From the above theorem it can be seen that v characterizes how quickly the tracking error
converges to zero under the higher order ILC design. In practice, a faster convergence is

usually desirable. This can be achieved by solving the following minimization problem.

(5.25)

min
P1>0,v<1,No

If (5.7) is substituted into the general LMI design algorithm, there exists the nonlinear
term. In that problem, a solution that avoid this problem is developed. Firstly, using
the same output feedback higher-order ILC control law (5.2) for this system (5.1), the

controlled ILC system is given by (5.5) and (5.8). This non-unit memory linear repetitive
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processes can be written as the unit memory linear repetitive processes (5.9). The robust

design algorithm is given by the following result.

Theorem 5.3. For a given v > 0 and assume the A is stable. Then the discrete linear
repetitive process representing the ILC dynamics of (5.9) with additive uncertainties AA,
AB, and AC in (5.7) is stable along the pass and satisfies (5.13) if there exist matrices
Py > 0, Ny, Wiy, Wap, Wij for j =0,...,M — 1, Wag, W3, Wiy, Wse, Wy, Ws; for
7 =0,....M — 1, Wg with appropriate dimensions and real scalars e; > 0, €5 > 0 and
=2 such that the following LMIs are feasible

-P+Q * * * *
A9P + BoN Aoy % * *
Ag Ap Ag o+ o | <0 (5.26)
Ay Ay Ayz Ay %
Asy Asy Asz Asy Ass)

—-P * * * *
AsP 4+ BsN Ago * * *
A7y A7 Az * * <0 (527)

Agy Agy Agz Agy
Agy Aga Agz Ags Ags |

where P, QQ, and N are defined in the Theorem 5.1 and

A,=[a 00 - o], B=|0 B,
A0 0 - 0 0 B
00 - 0 0 0

3= , B3 = ;
) : :
000 - I 0 0
01 - 0

L=\ : mz,bzh 04
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=P +eH H],

= [-OWL,, —CWy 4, ..., ~CWE, T — CWE],
= Wi,

= 1 — CWL — WooCT + ey HoHY

= AP + ByN + [-Wi,, =Wy 1, ., =W,
-,

= Wi — WsCT,

=Wy — Wi + e HHT,

El = [El 0 07 seey 0]7 E2 = [E2 EQ]’

Asy

Aso

Asy

Agy

Aga

Ag3

Ags

E\P + E;N
= |-e,WL, -EyWhL, , -+ —E\WL|,
i E\P + E;N
) 0
= |-BE\WL |, Ass= |-E.W)|,
0 0
[0 —eI 0 0
= _E1W3T , Ass = 0 avl 0 ,
0 0 0 —el

= diag{—P, + eoH H} , — T},

= [-CWL, —CWh; 1, ... —CWL, I - CW[],

[-CWL, —cwi, |, ....—CWZ],

=T — CWE — WioCT + exHoHY

= AyP + BoN + [-WiL, Wik, 1, ...,—Wik],

= [~ Wsar =Wahr_1, -, W31,

= WL — WeCT,

= —We— W& + eH HE,

[ FE1P + E)N

= |-E\WWL -E\WhL, , -+ —EWL]|,
E\P + EoN

0 0 e 0

= |-E\WL -BEWhL, , - —EW4]|,

0 0 e 0

0 0

= |-E\WL|, Aa=|-EW]|,

0 0

—eol 0 0
= 0 *62] 0 5
0 0 —el
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If the LMIs (5.26) and (5.27) are satisfied, stabilizing control law matrices are given by
[KM—la B K17 KO] :N2 (528)

with use of the linear objective minimization procedure (5.25).

Proof. Direct substitution of (5.8) into (5.14) and (5.15) introduces nonlinear terms. To
avoid these and obtain LMIs, applying Theorem 2.19 to these two LMIs, and then the

Schur’s complement formula gives (5.26) and (5.27) and proof is complete. O

The next theorem gives the condition for monotonic error convergence to zeros as k — oo.

Theorem 5.4. If for v € (0,1/V M) the design in Theorem 5.3 is feasible, the tracking
error converges to zero as k — oo in the presence of model uncertainties AA, AB and

AC'. Moreover, the convergence is monotonic in the sense that
max{|lex1]], ..., lex—rrr2ll} < ymax{llexll, .., [ex—nr+1ll}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

5.2.3 Generalized KYP Lemma Based Design Algorithms

This section develops a new design algorithm for output feedback higher-order control
law in the section 5.2.1. The design algorithm is based on the generalized Kalman-

Yakubovich-Popov (GKYP) lemma, and is given in the next result.

Theorem 5.5. For a given v > 0 and assume the A is stable. Then the discrete linear
repetitive process representing the ILC dynamics described by (5.9) is stable along the

pass and satisfies
max o ([Gar—1(e79), ..., G1(e79), Go(e7?)]) < ~ (5.29)

over the finite frequency range 6 € © defined in Lemma 2.15, if there exist matrices
P >0,Q1>0,P,>0, Qy >0, Xo, and Wy, and pn = v? such that the following LMIs

are feasible:

E11 B — WY 0 0
= AW;} BX —WwTATCcT
Bt sym{dWi} BX; L <o (5.30)
* * —ul Iy — X3 B'C

ES % * i_[
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=1 S — W 0 0
= AW,} BX —wTATCT
o Bt sym{AWi} BX; sl <o (5.31)
* * -1 1 - XxIB"C!
* * * _—

where the compatibly dimensioned matrices 211, E12, S92, and 211, 212, S99 form = and

—_

= in Lemma 2.15 and

Ip=1[0, .., 0 I
0 I 0 0
0 : :
I = , Oy = : (5.32)
00 I 0
00 I C

If the (5.80), (5.81) are satisfied, stabilizing control law matrices are given by

[Kar-1, ..., K1, Kol = Xo (5.33)

Proof. The generalized KYP lemma given in this thesis as Lemma 2.15, then applied
with A, B, C, and D, the resulting LMI is

T T

C D
0 I

C D
0 I

A B
I 0

A B
I 0

[1]

<0 (5.34)

Then after some processes include Schur’s complement formula, LMI (5.31) is obtained

from (5.34), and proof is complete. O

Theorem 5.6. If for v € [0,1/v M) the design in Theorem 5.5 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range 6 € © defined in

Lemma 2.15. Moreover, the convergence is monotonic in the sense that
max{|lex1l], .., ler—nrr2ll} < ymax{llexll, ... [ex—nr+1ll}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

In the practice, in order to improve the speed of the error convergence, the next mini-

mization problem is solved to minimize the value of ~,

min 1 (5.35)
P1>0,Q1>0,P>>0,Q2>0,7<1,W1,X>

Applying the same uncertainties in section 5.2.1, and gives the robust design,
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Theorem 5.7. For a given v > 0 and assume the A is stable. Then the discrete linear
repetitive process representing the ILC dynamics of (5.9) is stable along the pass and
satisfies (5.29) over the finite frequency range 0 € © defined in Lemma 2.15, and there
exist matrices P > 0, Q1 > 0, P, > 0, Q2 > 0, Xo, and Wy, Wi1, Wia, Wis, Wiy,
Wo and Ws1, Wso, Wss, Wsyg, Wy, and real scalars p1, p2, €1 > 0, €2 > 0 such that the
following LMIs are feasible

-Ell E12—VVlT 0 —WuCT —Wi1 0 —WnEF 0
* A2z BXs —Wp2CT Aos Ao —Wi2ET  Agg
* * —uI IT-Wr3CT XTBT-Wis XTET — Wil XTET
* * * Ayq —CWQT—WM 0 —W14E? 0 <0 (536)
* * * * Ass 0 7W2E¥‘ 0
* * * * * —er 1 0 0
* * * % * * —e1 1 0
| * * * * * * * —e1l |
-Ell é12—I/VlT 0 —W3101T —Ws31 0 —W31E1T 0 T
* Ng2  BXz —WsCT Ags Agg —W32ET  Ags
* * —1 IT-Ws3CT XITBT-Wss XTET —WasET XTET
* * * A7y 7CW2TfW34 0 7W34E1T 0 <0 (537)
* * * s Ags 0 -—-W4ET o0
* * * * * —eal 0 0
* * * * * * —eol 0
| % * * * * * * —eal |

where

Aoy = Eop + sym{AW} + e H HY
Ags = Wi AT + XT BT — Wy,

Agg = Agg = W ET,

Ayy = —I — sym{CW{,} + et H2Hj ,
Ass = —Wy — Wi + e H HT

Agy = Zog + sym{AW} + eo H HY
Ags = Wi AT — Wy,

Ags = Ags = W] ET

Aqy = —1 — sym{CWL} + exH, HY |
Ags = Wy — Wi + eH HY,

and Iy, I, C1 are defined in (5.52), and Za2, Z11, Z12, Z22 form = and Z in Lemma 2.15.
If the LMIs (5.56), (5.37) are satisfied, stabilizing control law matrices are given by

[KM—17"'7 K17 KO] :X2 (538)

with use of the linear objective minimization procedure (5.35).

Proof. Direct substitution of (5.8) into (5.30), (5.31) introduces nonlinear terms, ap-
plying Theorem 2.19 to these two LMIs and the Schur’s complement formula gives the
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LMIs (5.36), (5.37), and proof is complete. O

Theorem 5.8. If for v € (0,1/V M) the design in Theorem 5.7 is feasible, the tracking
error converges to zero as k — oo over the finite frequency range 8 € © defined in
Lemma 2.15 even with the presence of model uncertainties AA, AB and AC. Moreover,

the convergence is monotonic in the sense that
max{|lexs1ll; .., [ler—rrpall} <ymax{llexl, ..., [lexr—rrs1ll}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

5.3 Design Algorithms For Continuous-time Systems

5.3.1 Problem Setup

Consider the discrete time-invariant linear state-space system model in the ILC setting

Tr(t) = Axp(t) + Bug(t),

yp(t) = Cai(t), 0 <t <« (5.39)
and the ILC control law is

uk+1(t) = uk(t) + Auk+1(t) (5.40)

where Aug1(t) is a function of the error on trial k£ but could also be a function of the

previous trial control input and is given by
M
Auppa(t) =D Kjoaéppa—(t) (5.41)

Introduce

mast) = [ @) = (o) (5.42)

gives resulting controlled dynamics state-space model as
Bj_1epy1-5(1)

M1(t) = Ay (t)

ek +1(t) = é%-&-l Dj_1€p41-5(t) (5.43)

H Mg uMg
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where

By = BKy, Bj_1 = BK;_y,
C=—-CA, Dy=I-CBK,,

D; 1 =-CBK;_,, j=2..M (5.44)

Applying the same uncertainties in section 5.2.1, the state-space model is

zr(t) = (A+ AA)zi(t) + (B + AB)ug(t),
ye(t) = (C + AC)xi(t), p=0,1,...,aa—1 (5.45)

and the norm-bounded additive perturbations AA, AB and AC to the state-space model

matrices A, B and C are in the form
AA=H|FFE|, AB=HFFEy;, AC = HyFE; (5.46)

where Hi, Hy, E1, Fo, and F are defined in section 3.2.1. If apply the higher-order
control law (5.40) for this model the controlled system is in the form (3.5) with

~

A=(A+AA), By=(B+AB)Ky,, Bj1=(B+AB)K; i,
C=—(C+AC)(A+AA), Dy=1I-(C+AC)(B+ AB)K,,
.Dj,1 = *(C + AC)(B + AB)Kjfl, i1=2,.. M (547)

5.3.2 KYP Lemma Based Design Algorithms

As similar, the differential linear repetitive process (5.43) is not unit memory, in order
to obtain the design algorithm based KYP lemma, convert it to the unit memory linear

repetitive process

Mkt (t) = Anpg1(t) + Bég(t)

er1(t) = Ongya (t) + Deg(t) (5.48)

where
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(5.49)

Qi
Il
]l
Il
~ o O o

O@>

¢ [Dyv1 Dua Dars
applying Laplace transform, i.e., L[zy(t)] = sL[zy(t)] — z1(0) to (5.49) and gives

ert1(s) = G(s)ex(s) (5.50)

where G(s) = C(sI — A)"'B + D. The term in transfer-function matrix G(s) which

relates the convergence performance is only the bottom row. i.e.,

6k+1(8) = [GM_l(S), ceny Gl (8), Go(s)}ék(s) (5.51)

and the objective is to select the gains K; 1,7 = 1,..., M such that the norm of the

above transfer function is sufficiently small and thus convergence can be achieved.

Theorem 5.9. For a given v > 0 and assume the A is stable. Then the differential
linear repetitive process representing the ILC dynamics described by (5.49) is stable along
the pass and satisfies

I[Grr-1(s), -, G1(s), Go(s)]lloo < v (5.52)

if there exist symmetric matriz Py > 0, and No, p = v? such that following LMIs are
feasible

sym{APl} BNQ —PlATCT
NIBT —ul I - NIBTCT| <0 (5.53)
—~CAP, Iy —CBN, I
sym{ AP} BN; —-PATCT
NIBT —1 I - NIBTCt| <o (5.54)
~C1AP; I — C1BN, —I

where Iy, I, and Cy are defined in (5.32). The stabilizing control law matrices are given

by

[KMflv"‘u K17 KO] :N2 (555)

Proof. The LMI (5.54) can be written as

P 0
0 0

P10<I>
0 0

(I)T

+ o7 [g ?] P — [8 ?] <0 (5.56)
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where

A B
C D

(5.57)

which satisfies the 2D Lyapunov inequality for differential linear repetitive process, The

condition (5.52) can be written as

T
I 0
0 —pl
Also by the bounded real lemma, this last condition holds if and only if the following
LMI holds

T U
¢ D
0 I

C D

<0 (5.58)
I 0 I

(jwIl — A)~'B
1

[(jw[ — A)1B

ATP1 + PA Plg

- 5.59
BTp 0 (5:59)

cre C'D
JE <0
DTC DTD —puI

Where D = [Dys_1,..., Dol, by using Schur’s complement formula, the LMI (5.53) can
be obtained from (5.59), and proof is complete. O

and the next theorem shows that when « is small, the tracking error is guaranteed to

converge to zeros.

Theorem 5.10. If for v € [0,1/v/ M) the design in Theorem 5.9 is feasible, the tracking
error converges to zero as k — oo. Moreover, the convergence is monotonic in the sense

that

max{llegiall, s [ler—arpall} <ymax{llexl], ... [ler—arall}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

From the above theorem it can be seen that « characterizes how quickly the tracking error
converges to zero under the higher order ILC design. In practice, a faster convergence is

usually desirable. This can be achieved by solving the following minimization problem.

min (5.60)
P;>0,7<1,N2

Consider the uncertainties in the state-space model, the robust design is

Theorem 5.11. For a given v > 0 and assume the A is stable. Then the differential
linear repetitive process representing the ILC dynamics of (5.48) with additive uncer-
tainty part AA, AB, and AC in (5.7) is stable along the pass and satisfies (5.52) if
there exist matrices Py > 0, No, Wiz, Woy, Wyj for j = 0,...,M — 1, Wa, Wa,, Wy,
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Wsj, Wy for j =0,...,M — 1, Ws with appropriate dimensions and real scalars e; > 0,
€2 > 0 and p = +? such that the following LMI is feasible

A * * * * * *
N2TBT —ul * * * * *
~COW¢E, Iy — CW{ Aszs * * * *
AP, — WL BNy — WL Wl —WoCT Ay * * x | <0
P FEoNo 0 0 —el % *
—-EyWE —-EyWw —-Ey\WE -EyWl 0 —al
P FEoNo 0 0 0 0 —e11 ]
(5.61)
[ As * * * * * % ]
N2TBT -1 * * * * *
—Clwg; I — Cﬂ/V3T JAVE) * * * *
AP, - WL BNy -WwWI —-wl -w,clf Ay * * x | <0
P FEoNo 0 0 —eol % *
-eywl  —-EWlI —-Ey\ W[, -E\WE 0 —el %
P FEoNo 0 0 0 0 —eal |
(5.62)

where Iy, I, and C1 are defined in (5.32) and

Ay = sym{AP\} + e H1 H
Ass = —I — CWE — Wy, T + e, HyHY
Ay = —Wo — WT + e H HT,
Asi = sym{AP} + eoH1 HY ,
Agy = —T — CWE — Wi, CT + e;H3HY
Agy =Wy — WI + e;HyHT

and W1 = [WlM_l,...,WH], W3 = [WgM_l,...,ng], and H3 = [O,...,O,HQ]T. [f (5.51)

and (5.62) are satisfied, the stabilizing control law matrices are given by
[KMflv ot K17 KO] = N2 (563)

with use of the linear objective minimization procedure (5.60).
Proof. This follows identical steps to that of Theorem 5.3 and here the details are omit-
ted. O

Theorem 5.12. If for~ € (0,1// M) the design in Theorem 5.11 is feasible, the tracking

error converges to zero as k — oo even with the presence of model uncertainties AA,
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AB and AC. Moreover, the convergence is monotonic in the sense that
max{|lexi1ll, ..., lex—rrroll} < ymax{llexll, .., [ex—nr+1ll}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

5.3.3 Generalized KYP Lemma Based Design Algorithms

Applying the generalized KYP lemma to design the control law matrices in (5.41), the

theorem is

Theorem 5.13. For a given v > 0 and assume the A is stable. Then the differential
linear repetitive process representing the ILC dynamics of (5.48) is stable along the pass
and satisfies

max o ([Gpr—1(40), ..., G1(j60), Go(§6)]) < v (5.64)

over the finite frequency range defined in Lemma 2.16, and there exist matrices Py > 0,
Q1 >0, P, >0,Q >0, Xo, and Wy, and p = 72 such that the following LMIs are
feasible:

En S — W 0 0
x = AW,} BX —WTATCT
2+ sym{AWi} BX L <o (5.65)
* * —ul Iy — X3 B'C
* * * —T
=R Sy — W 0 0 |
= AW;} BX —wTATCcT
o St sym{AWi} BX; LMo (5.66)
* * -1 I - X3BTch
* * * _—

where the compatibly dimensioned matrices =11, Z12, Zo2, and E11, E12, Soo form = and
= in Lemma 2.16 and Iy, I, Cy are defined in (5.32). If the (5.65), (5.66) are satisfied,

stabilizing control law matrices are given by

[Kpr—1, ..., K1, Ko] = Xo (5.67)

Proof. The generalized KYP lemma of Lemma 2.16, when applied with A, B, C, and D
in it, the equal LMI is

T T

C D
0 I

C D
0 I

A B
I 0

A B
I 0

[1h

<0 (5.68)

Then after some processes include Schur’s complement, finally, LMI (5.66) can be ob-
tained from (5.68). O
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When ~ in the design algorithm is small, the tracking error is guaranteed to converges

to zeros.

Theorem 5.14. If forv € [0,1/v M) the design in Theorem 5.13 is feasible, the tracking
error converges to zero as k — oo for some finite frequency range defined in Lemma 2.16.

Moreover, the convergence is monotonic in the sense that
max{|lexs1ll; .., lex—rrpall} <ymax{llexl, ..., [lexr—rrs1ll}

Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-
ted. O

In practice, a faster convergence can be achieved by solving next linear objective mini-
mization procedure,

min

i p (5.69)
P1>0,Q01>0,P2>0,Q2>0,7<1,W1,X2

and the robust design for uncertainties in the system is

Theorem 5.15. For a given v > 0 and assume the A is stable. Then the differential
linear repetitive process representing the ILC dynamics of (5.48)is stable along the pass
and satisfies (5.64) over the finite frequency range defined in Lemma 2.16, and there
exist matrices P >0, Q1 >0, P, >0, Qs > 0, Xs, and Wy, Wi1, Wi, Wiz, Wig, Wo
and Ws1, Wsa, Wss, Wsq, Wy, €1 > 0, €2 > 0 such that the following LMIs are feasible

-511 Elz—WlT 0 —WicT Wi 0 —W11E1T 0 ]
* Az BXy; —WiCT Asgs Agg —WiET  Ags
* * —pul IT-W13CT XTBT-Wi3 XTET —WisEY XTET
* * Ayq 7CW2TfW14 0 7W14E1T 0 <0 (570)
* * * s Ass 0 -—-WLET o0
* * * * * —e1l 0 0
* * * * * * —e1l 0
| % * * * * * * —e1l |
[E11 Z12-W{ 0 ~WsCT —W31 0 -WsEf 0 ]
* Ag2  BXs —WsCT Ags Ags —Ws2ET  Ags
* * —1 If-Ws3CT XIBT-Ws3 XTET —Ws3ET XTET
* * * Ary —CWE-Wss 0 -—-WxnET 0 <0 (5.71)
* * * * Ags 0 —W4E? 0
* * * * * —eal 0 0
* * * * * * —eol 0
| x * * * * * * —eal |
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where

A9y = By + sym{AW} + e, H HY
Ags = Wi AT — Wiy,

Ags = Nog = W]'EY,

Ay = —1 — sym{CWL} + e, H HY |
Ay = —Wo — Wi + e HiHY

ANg2 = Zag + sym{AW} + eoH1 HY
Ags = Wi AT — Wag,

Ags = Nes = W] EY,

Aqy = —1 — sym{CWL} + eaH, HY |
Ags = =Wy — Wi + eH HY

and Iy, Iy, Cy are defined in (5.32), and Za2, E11, 212, Z22 form = and Z in Lemma 2.16.
If the LMIs (5.70), (5.71) are satisfied, stabilizing control law matrices are given by

[KM—lv"'7 K, KO] =Xy (572)

with use of the linear objective minimization procedure (5.69).

Proof. This follows identical steps to that of Theorem 5.7 and here the details are omit-
ted. O

and

Theorem 5.16. If for~y € (0,1/v/ M) the design in Theorem 5.15 is feasible, the tracking
error converges to zero as k — 0o over the finite frequency range defined in Lemma 2.16
even with the presence of model uncertainties AA, AB and AC. Moreover, the conver-

gence is monotonic in the sense that
max{|leprll, ., [ler—rr2l} <ymax{llexl, ..., lex—nrall}
Proof. This follows identical steps to that of Theorem 5.2 and here the details are omit-

ted. O

5.4 Numerical Examples

In this section, examples are to test the new design algorithms developed earlier in this
chapter. In this simulation, the value of memory length M is from 1 to 5, and the

number of trial is 40, the trial length is 2 sec. The reference trajectory and system
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model that are used in this section is as the same as that in the previous chapters. Also
use same definition of the 2-norm of the error signal. The example is a simple 2th-order

systems model with state-space model matrices

A [0s o]
035 —0.22
r T

B =015 0} ,

c =015 0},

for continuous-time model, and after sampling by using 100Hz sample frequency, obtain

the discrete-time system with state-space model matrices

4 [0:9970 0 ]

10.0035 0.9978

r T
B = [0.0015 0} :

¢ =015 o,

There are two parts, first part shows the simulation results for design algorithm by
using KYP lemma, and the latter part is for design algorithm by using generalized KYP

lemma.

The first simulation study investigated the effect of the memory length M on the trial-
to-trial error convergence performance. Using Theorem 5.1 for discrete-time systems
and Theorem 5.9 for continuous-time systems, and the relation between value of M
and v is given in table 5.1. These confirm that as M increases, i.e., more informa-
tion from the past is used, the value of v decreases and the tracking error converges
faster, see also figure 5.1. For example, the control law matrices when M = 2 are
K; = 1.0013, Ko = 1512.0081 for discrete-time systems and K7 = 1.2113, Ky = 59.1081
for continuous-time systems. As the figure shows, the error convergence is faster with

larger M, and error convergence based different value of M is in figure 5.1.

M | v (discrete-time version) | v (continuous-time version)
1 0.6774 0.6781
2 0.6312 0.6314
3 0.5211 0.5423
4 0.4672 0.4601
5) 0.4214 0.4217

Table 5.1: Relation between value of M and ~ for design by using algorithm in
Theorem 5.1 and Theorem 5.9.

To examine the effectiveness of the robust design developed in Theorem 5.3 for discrete-

time systems and Theorem 5.11 for continuous-time systems, consider the case when the



92 Chapter 5 New Design Algorithms for Output-Feedback Control Laws

Error convergence performance
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Figure 5.1: Error convergence performance along the trial by using algorithm
in Theorem 5.1 and Theorem 5.9.

matrices defining the same uncertainty model as in previous chapters. The results for
different M are shown in figure 5.2, and also confirm that: 1) the tracking error decreases
monotonically and 2) increasing M improves the convergence speed. Table 5.2 shows

the relationship between M and value of v, and error convergence based different value

M | v (discrete-time version) | v (continuous-time version)
1 0.6811 0.6869
2 0.6324 0.6402
3 0.5391 0.5531
4 0.4721 0.4832
5 0.4301 0.4334

Table 5.2: Relation between value of M and ~ for robust design result by using
algorithm in Theorem 5.3 and Theorem 5.11.

of M is in figure 5.2. In table 5.2, 7 satisfies v € [0, 1) and since the design is applied to
an uncertain system, the value of v with model uncertainty is larger than that without,

which is the price paid for robust design.

Then simulation study investigated the effect of the memory length M on the trial-to-
trial error convergence performance for generalized KYP lemma based design algorithms
in Theorem 5.5 and Theorem 5.13, and the relation between value of M and = is given in
Table 5.3. These also confirm that as M increases, i.e., more information from the past is
used, the value of v decreases and the tracking error converges faster, see also figure 5.3.
For example, the control law matrices when M = 2 are K; = 1.2023, Ky = 1541.2284
for discrete-time systems and K7 = 1.4111, Ky = 51.2082 for continuous-time systems.

As the figure shows, the error convergence is faster with larger M, and error convergence
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Error convergence performance
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Figure 5.2: Error convergence performance along the trial by using algorithm
in Theorem 5.3 and Theorem 5.11.

M | ~ (discrete-time version) | v (continuous-time version)
1 0.6741 0.6764
2 0.6142 0.6172
3 0.5132 0.5311
4 0.4511 0.4571
5 0.4131 0.4201

Table 5.3: Relation between value of M and ~ for design by using algorithm in
Theorem 5.5 and Theorem 5.13.

based different value of M is in figure 5.3.

To examine the effectiveness of the robust design in Theorem 5.7 and Theorem 5.15,
consider the case when the matrices defining the same uncertainty model. The results
for different M are shown in figure 5.4, and confirm that: 1) the tracking error decreases
monotonically and 2) increasing M improves the convergence speed. Table 5.4 shows

the relationship between M and value of v, and error convergence based different value

M | v (discrete-time version) | v (continuous-time version)
1 0.6802 0.6810
2 0.6299 0.6311
3 0.5312 0.5510
4 0.4611 0.4634
5 0.4217 0.4270

Table 5.4: Relation between value of M and ~ for robust design result by using
algorithm in Theorem 5.7 and Theorem 5.15.

of M is in figure 5.4. In table 5.4, 7 satisfies v € [0, 1) and since the design is applied to

an uncertain system, the value of v with model uncertainty is larger than that without.
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Error convergence performance
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Figure 5.3: Error convergence performance along the trial by using algorithm
in Theorem 5.5 and Theorem 5.13.
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Figure 5.4: Error convergence performance along the trial by using algorithm
in Theorem 5.7 and Theorem 5.15.

5.5 Summary

In this chapter, a new design algorithm has been developed for higher-order ILC control
law matrices. The higher-order control law uses output-feedback, and design is based
on the KYP lemma and its generalized version. This new design requires attenuation
of the frequency content of the previous trial error over the complete trial length. In
some applications, however, only a finite frequency range need to be considered. In
other applications, it may be required to impose different frequency specifications over

various frequency ranges. For such applications, the generalized KYP lemma based
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design algorithm can be used. In the next chapter, the gantry robot model is used to

test different design algorithms based state-feedback and output-feedback control, also

the comparison and discussion is given.






Chapter 6

Simulation Based Case Studies

6.1 Introduction

In the previous chapters, algorithms for ILC design based on repetitive process stability
conditions are developed. In this chapter, a gantry robot is used to test the performance
of these ILC design algorithms. The gantry robot replicates a pick and place task
which consists of: i) collect the payload from a fixed location, ii) transferring it over
a finite duration, iii) place it at a fixed location or under synchronization on a moving
conveyor, iv) return to the starting location and v) repeat i)-iv) as many times as
required or until a halt for maintenance or for other reasons is required. The design
and commissioning of this system is described in [70] and the relevant cited references,
including the construction of transfer-function approximate models of the dynamics of

each axis from frequency response tests.

This experimental facility has been used to compare many ILC designs, including those
designed in the repetitive process setting. The gantry robot is shown in figure 6.1, which
consists of three separate axes which are mounted perpendicular to each other. In this
chapter, only 7th order X-axis of model is used, it is the highest order axis in the gantry
robot, and its frequency response is shown in figure 6.2, and the reference trajectory of

X-axis with trial length as 2 sec is in figure 6.3. The continuous-time state-space model

97
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T

Figure 6.1: The gantry robot with the three axes marked.
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Figure 6.2: Frequency response testing results for the X-axis of the gantry robot.

matrices are

[—30.7846 1625501  16.0032  5.9864 5.4855 6.2566  5.8107 ]
—63.3620 —30.7846  35.5443  —39.2850  33.3716  —40.3732 —2.8846

0 0 —113.9526  187.1883  —19.1232 —131.0272 —53.4097

A= 0 0 —232.3381 —113.9526 —143.3183 391.9655  95.1775
0 0 0 0 —233.1077 662.0887  223.8695

0 0 0 0 —21.7165 —233.1077 —64.1019

0 0 0 0 0 0 0 |

r T
B = |-0.2643 0.4654 4.0497 —8.1245 —16.5316 3.7272 9.1000] )

C= _0.0391 0 0.0146 0 0.0071 0 0.0057] .
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X-axis reference trajctory
T

0.04

0.035 n

0.03 - B

0.025 - i

0.02 - n

0.015 B

0.01 B

0.005

0 1 1 1
0] 0.5 1 1.5 2

time, s

Figure 6.3: The reference trajectory for the X-axis.

Sampling at Ts = 0.01s sec given the discrete-time state-space model matrices

[ 0.3879 1.0000 0.2138 0 0.1041 0 0.0832 |
—0.3898 0.3879  0.1744 0 0.0849 0 0.0678
0 0 —0.1575  0.2500 —0.2006 0 —0.1603
A= 0 0 —0.3103 —0.1575 —0.0555 0 —0.0444 | ,
0 0 0 0 0.0353  0.5000 0.2809
0 0 0 0 —0.0164 0.0353 —0.2757
0 0 0 0 0 0 1.0000 |
r T
B:0000000.0910],
Cc= 00391 0 00146 0 0.0071 0 0.0057].

6.2 Results for the KYP lemma based design

In this section, gantry robot is used to test the design algorithms based on KYP lemma.

6.2.1 Simulation results for the state-feedback control design

In this section, the simulation results are for designers of state-feedback scheme. The

value of memory length M is from 1 to 5.
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As one example of the application of Theorem 3.1, the results for M = 2 are

K

and

K

0.3825, K

181.9765

[ —17.8484 —42.8556 —9.4786 — 1.4860 — 4.2474 — 1.8368 — 19.5956]

Table 6.1 gives the values of « for different M, and the error convergence performance

M | ~y(discrete-time version) | -y(continuous-time version)
1 0.9996 0.9998

2 0.7008 0.7041

3 0.5021 0.5209

4 0.4572 0.4591

5 0.3913 0.4158

Table 6.1:

Relation between value of M and v for the state feedback
design(State-feedback, KYP lemma based design algorithm).

Error convergence performance
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Figure 6.4: Error convergence performance from trial to trial (State-feedback,
KYP lemma based design algorithm).

is shown in figure 6.4. The results confirm that as M increases the speed of error

convergence also increases.

As a robust design example, consider additive uncertainty in the case when

T
Hi=[01 000 0 0 0] H=001E =00,

&:h14101410%—w5m.
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M | ~(discrete-time version) | -y(continuous-time version)
1 0.9996 0.9999

2 0.7015 0.7062

3 0.5988 0.6010

4 0.4591 0.4980

5 0.3985 0.4456

Table 6.2: Relation between value of M and ~ for robust design (State-feedback,
KYP lemma based design algorithm).

Again M from 1 to 5 is considered over 50 trials. The results are in the next table and

figure, and the figure of error convergence with different M is shown in figure 6.5. The

0 Error convergence performance
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Figure 6.5: Error convergence performance along the trial for the robust design
(State-feedback, KYP lemma based design algorithm).

results also show the same relation that when M increases, the speed of error convergence

also increases.

6.2.2 Simulation results for the output-feedback control design

Applying the design algorithms in Theorem 5.1 and Theorem 5.7, choose different values
of M, table 6.3 shows relation between M and -, and figure 6.6 shows error convergence
performance. In the result, the total number of trials is 50, and it shows that when
M increases, the speed of error convergence also increases. Consider the same additive

uncertainty part, relation between M and « is shown in table 6.4, and next figure gives



102 Chapter 6 Simulation Based Case Studies
M | ~(discrete-time version) | -y(continuous-time version)
1 0.9997 0.9998
2 0.7033 0.7051
3 0.5321 0.5321
4 0.4647 0.4651
5 0.4211 0.4215

Table 6.3: Relation between value of M and v for output-feedback design
result(Output-feedback, KYP lemma based design algorithm).

Error convergence performance
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Figure 6.6: Error convergence performance along the trial(Output-feedback,
KYP lemma based design algorithm).

M | ~(discrete-time version) | -y(continuous-time version)
1 0.9997 0.9999

2 0.7041 0.7064

3 0.5993 0.6021

4 0.4871 0.4991

5 0.4372 0.4463

Table 6.4: Relation between value of M and  for robust design result(Output-
feedback, KYP lemma based design algorithm).

the performance results.

6.3 Simulation results by using Generalized KYP design

Applying the Fourier transform to the reference trajectory gives the result shown in

figure 6.8 and confirms that it has significant frequency content within 0 and 5Hz. Hence

the generalized KYP lemma based design algorithms are used. The cut-off frequency is
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0 Error convergence performance
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Figure 6.7: Error convergence performance along the trial for the robust
design(Output-feedback, KYP lemma based design algorithm).

taken as 5Hz and the designs force the controlled ILC system track the reference signal

within this frequency range. The results are divided into two parts.

FFT of x-axis reference trajectory
0.35 ‘ ‘
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Figure 6.8: The reference trajectory for the x-axis.
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6.3.1 Simulation results for the state-feedback control design

In this part, the simulation results include design algorithms for state-feedback scheme
using generalized KYP lemma and their robust design algorithms, the design algorithms
are shown in Chapter 4. In the simulation, the value of memory length M is from 1 to
5. The state matrix A has one eigenvalue on the unit circle. To highlight the use of
Theorem 4.1, consider the case when M = 2 with py = 1 and po = — 2, which can

satisfies p? < p3. Completing the design gives
K = [-29.2402 — 75.3808 — 11.6832 — 7.0368 — 2.6840 — 6.8440 — 16.5937]

and
K; = 0.9080, Ky = 182.7897

Here v = 0.6811. The plot of the frequency gain for controlled system transfer-function
over the range 0 to 5Hz is shown in figure 6.9 and the gain decreases with increasing
frequency. Table 6.5 shows the results for M and « in both cases. The figure 6.10 gives

€rror convergence performance.

Singular Value of Transfer Function
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Figure 6.9: Feedback ILC system transfer function(State-feedback, GKYP
lemma based design algorithm).

In this figure, the absolute value of the transfer function |G(e/)| is decrease when
frequency increases, and the biggest value is in 0H z, which is 0.6810. Both consider the

continuous-time version, the relation between M and ~ is shown in table 6.6.

Also when M increases the speed of the error convergence also increases.
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M | ~(discrete-time version) | -y(continuous-time version)
1 0.9818 0.9987
2 0.6811 0.6911
3 0.5001 0.5202
4 0.4221 0.4585
5 0.3877 0.4157

Table 6.5: Relation between value of M and v for LMI design (State-feedback,
GKYP lemma based design algorithm).

0 Error convergence performance
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Figure 6.10: Error convergence performance along the trial for LMI
design(State-feedback, GKYP lemma based design algorithm).

Next, the robust design algorithm of Chapter 4 is considered. The next table and figure

confirm that the same conclusion holds in this case, and the figure of trial-to-trial error

M | ~(discrete-time version) | -y(continuous-time version)
1 0.9877 0.9997

2 0.6866 0.6962

3 0.5554 0.5667

4 0.4426 0.4965

5 0.3974 0.4427

Table 6.6: Relation between value of M and ~ for robust design (State-feedback,
GKYP lemma based design algorithm).

convergence is in figure 6.11. In the result, it also shows the same relation that when
M increase, the speed of error convergence also increase and error convergence becomes

faster.
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Figure 6.11: Error convergence performance along the trial for robust design

(State-feedback, GKYP lemma based design algorithm).

6.3.2 Simulation results for the output-feedback control design

Using the algorithm in Theorem 5.5 and Theorem 5.9 to design the control law matrices.

When choose M = 2, the value of p; and py are 1 and —2 which can satisfy the condition

p3 — p3 < 0. The value of v is computed as v = /v and its value is 0.6911. The plot of

the absolute value for controlled system transfer function ||G(e/?)| over the frequency

range from O0Hz to 5Hz is shown in figure 6.12. In this figure, the biggest value is in

0H z, which is 0.6910, and the value decreases as the frequency increases. Therefore, the

curve is below the v = 0.6365. Also consider the continuous-time version, the relation

between M and 7 is shown in next table, and the figure 6.13 shows trial-to-trial error

M | ~y(discrete-time version) | -y(continuous-time version)
1 0.9731 0.9799
2 0.6911 0.7021
3 0.5121 0.5146
4 0.4367 0.4423
5 0.3234 0.4021

Table 6.7: Relation between value of M and ~y for LMI design (Output-feedback,

GKYP lemma based design algorithm).

convergence performance. The figure shows that when M increase, the speed of error

convergence also increase and error convergence becomes faster. Test the robust design

algorithms for the same uncertainty part, the relation between M and < is in table 6.8.
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Figure 6.12: Feedback ILC system transfer function(Output-feedback, GKYP
lemma based design algorithm).
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Error convergence performance along the trial for LMI

design(Output-feedback, GKYP lemma based design algorithm).

The figure of error convergence is in figure 6.14. In this section, the relations between

different M and ~ is shown in the Tables based different design algorithms. The next

section will gives the comparison between different control schemes and KYP/GKYP

lemma based design algorithms.
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~(discrete-time version)

~(continuous-time version)

SISJUN O

0.9822
0.7018
0.5351
0.4601
0.3857

0.9982
0.7043
0.5455
0.4841
0.4220

Table 6.8: Relation between value of M and ~ for robust design (Output-

feedback, GKYP lemma based design algorithm).
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Figure 6.14: Error convergence performance along the trial for the robust
design(Output-feedback, GKYP lemma based design algorithm).

6.4 Comparisons

In this section, the comparison between different design algorithms are given. In the

previous chapters, the repetitive processing based ILC design algorithm which use KYP

lemma and its generalized version are proposed for state feedback and output feedback

scheme. In this section, there are four subsections, the first subsection gives comparison

between different design algorithm for state feedback scheme, and the second subsec-

tion gives comparison between different design algorithm for output feedback scheme.

Moreover, the third subsection gives the comparison between different feedback scheme

by using repetitive processing based ILC design algorithm which use KYP lemma and

the last subsection gives the comparison between different feedback scheme by using

repetitive processing based ILC design algorithm which use generalized KYP lemma.
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6.4.1 Comparison Between KYP/GKYP Lemma Based Design Algo-
rithm For State Feedback Control Scheme

In this subsection, the simulation results are for state-feedback based ILC laws. Consider
the discrete/continuous-time system. The KYP lemma based design algorithm is pro-
posed in chapter 3 and the generalized KYP lemma based design algorithm is proposed
in chapter 4, both design algorithms are applied for state feedback control law. In this

subsection, the key performance of error convergence speed is focus on. It is clear that

Comparison between KYP version and GKYP version
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Figure 6.15: Comparison between KYP/GKYP lemma based design algorithms
for state feedback control scheme (discrete-time system version).

in all situations, the curve of the trial-to-trial error convergence performance that by
using the generalized KYP lemma based design algorithm is lower than the curve of the
result by using KYP lemma based design algorithm. This means that the generalized
KYP lemma based design algorithms can support better trial-to-trial error convergence

performance, and it can get higher speed of error convergence.

6.4.2 Comparison Between KYP/GKYP Lemma Based Design Algo-
rithm For Output Feedback Control Law

In this section, the comparison between different design algorithms is given. Consider the
discrete/continuous-time system. The KYP lemma based design algorithm is proposed

in section 5.2 and the generalized KYP lemma based design algorithm is proposed in
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Figure 6.16: Comparison between KYP/GKYP lemma based design algorithms
for state feedback control scheme (continuous-time system version).

section 5.3, both design algorithms are applied for state feedback control law. In this
subsection, the key performance of error convergence speed is focus on. The figures are
given in figure 6.17 and figure 6.18. As the figures shown, even the control scheme here
is changed to be output-feedback scheme, the relation is as the same as that by using
state-feedback scheme. It is that the generalized KYP lemma based design algorithm
can obtain the better performance,

6.4.3 Comparison Between KYP Based Design Algorithms For State/Out-
put Feedback Control Law

In this section, the comparison between different design algorithms is given. Consider
the discrete/continuous-time system. The KYP lemma based design algorithm for state
feedback control scheme is proposed in Chapter 3 and the KYP lemma based design
algorithm for output feedback control scheme is proposed in chapter 5. In this subsection,
the key performance of error convergence speed is focus on. The figures are given in
figure 6.19 and figure 6.20. As the figures shown, when use the same type of design
algorithm(here is KYP lemma based design algorithm), the state-feedback control law
can achieve the higher speed of trial-to-trial error convergence. In this simulations, the
state-feedback control scheme can focus on the transient performance along the trial,

thus it can obtain better performance.
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Comparison between KYP version and GKYP version
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Figure 6.17: Comparison between KYP/GKYP lemma based design algorithms

for output feedback control scheme (discrete-time system).
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Figure 6.18: Comparison between KYP/GKYP lemma based design algorithms

for output feedback control scheme (continuous-time system).
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Comparison between state-feedback and output-feedback scheme
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Figure 6.19: Comparison between KYP based design algorithms for different
feedback control scheme (discrete-time system).
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Figure 6.20: Comparison between KYP lemma based design algorithms for
different feedback control scheme (continuous-time system).
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6.4.4 Comparison Between GKYP Based Design Algorithms For State
/Output Feedback Control Law

In this subsection, the comparison between different design algorithms is given. Consider
the discrete/continuous-time system. The KYP lemma based design algorithm for state
feedback control scheme is proposed in Chapter 4 and the KYP lemma based design
algorithm for output feedback control scheme is proposed in chapter 5. In this subsection,
the key performance of error convergence speed is focus on. The figures are given in

figure 6.21 and figure 6.22. The result is as similar as that using the KYP lemma based

Comparison between state-feedback and output-feedback scheme
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Figure 6.21: Comparison between GKYP based design algorithms for different
feedback control scheme (discrete-time system).
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Figure 6.22: Comparison between GKYP lemma based design algorithms for
different feedback control scheme (continuous-time system).
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design algorithm.

6.5 Summary

In this chapter, the model of gantry robot is used to test the design algorithms in previous
chapters. In this chapter, the repetitive process based ILC design algorithms by using
KYP lemma and its generalized version are used for state feedback and output feedback
higher-order control laws. from the simulation results, the design algorithms are applied
well for the gantry robot. Moreover, this chapter also gives the comparison between
different kind of design algorithms for different feedback control schemes. Among them,
the design algorithm by using generalized KYP lemma and the state feedback control
law is proofed to obtain the best performance, which support the highest speed of error

convergence.



Chapter 7

Conclusions and Further Work

7.1 Conclusion

This thesis has developed significant new results on the design of ILC laws in the repet-
itive process setting. The vast majority of the analysis and design of ILC laws only
explicitly use information from the previous trials. On any trial, however, all infor-
mation generated on any previous trial can be used, at the cost having to store the
information required. Higher-order ILC is a design where a finite number, greater than
unity, of previous trials are explicitly used in the construction of the next trial input.
Higher-order ILC has been considered in the literature but missing are results/designs

that quantify the benefits possible.

Repetitive process stability theory allows design to simultaneously enforce trial-to-trial
error convergence and acceptable transients along the trials. Moreover, this setting
extends to differential dynamics unlike alternatives. This allows design by emulation.
Also the extension robust control, where the uncertainty is assumed to belong to a
particular model class. The first new set of results in this thesis to develop an LMI
based design for a higher-order ILC law for both differential and discrete linear time-

invariant dynamics. Also the convergence properties of these designs is established.

The repetitive process setting for ILC design imposes frequency attenuation over the
complete spectrum of the previous trial error dynamics. This could be very constrain-
ing in at least some applications. Moreover, some applications may require different
frequency domain specifications over different frequency ranges. The second set of new
results in this thesis uses the generalized KYP lemma to allow design with these features.

Again the convergence properties of the designs is established.

In the last set of new results in this thesis, the analysis is extended to output feedback
higher-order ILC laws. Again the convergence properties of the designs are established.

As a necessary step towards to experimental verification, all designs are compared in
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simulation on the model of one axis of a gantry robot. This robot has been used to
test many ILC laws and the model used in this thesis has been determined by frequency

response tests.

7.2 Further Work

In this thesis, design algorithms based KYP lemma and generalized KYP lemma have
been developed for higher-order ILC control laws matrices. Moreover, a model of gantry
robot has been used to test the performance of these algorithms. Areas for further

research include the following.

e The design algorithms have been evaluated on a model of the gantry robot. An

obvious next step is to test these designs experimentally.

e As the simulations in this thesis demonstrate, as the value of M increases, the
speed of error convergence also increases. However, an exact relationship between

M and speed of error convergence has yet to be established.

e This thesis has developed some results on robust control and these require further
development and experimental verification. There is also a need to deal with

disturbances.

e The design algorithms developed in this thesis place no constraints on process
variables, e.g., input and/or output constraints. This are should be the subject of

research effort.
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