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ABSTRACT
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Thesis for the degree of Doctor of Philosophy

ASPECTS OF FLAVOUR AND ENTANGLEMENT IN GAUGE/GRAVITY DUALITY

by Peter Anthony Ralph Jones

This thesis investigates a number of topics relating to flavour physics and entanglement

within gauge/gravity duality, or ‘holography’, which is a framework for studying equiv-

alences between certain gravitational and non-gravitational theories. The field arose

from generalisations of the original AdS/CFT correspondence, which postulated the

equivalence between theN = 4 super Yang-Mills gauge theory and type IIB superstring

theory onAdS5×S5. The duality is such that the gauge theory is strongly-coupledwhen

the string theory reduces to a classical supergravity theory, and consequently provides a

newmethod of computation for strongly coupled physics such as QCD and many con-

densed matter systems. In this thesis we study applications of gauge/gravity duality to

flavour physics, and both applications and fundamental issues of entanglement within

the holographic framework. We study a holographic model of graphene in a cavity and

find a new controlled example of mass gap generation, and a new phase in which a

graphene sheet condenses with its mirror image. We then study a bottom-up model

known as Dynamic AdS/QCD, and reproduce soft wall behaviour needed to obtain the

known Regge behaviour for meson masses, discussing some inherent limitations in the

approach. The discussion then moves onto the entanglement of flavour in AdS/CFT,

and we compute the entanglement entropy in detail for the massive D3/D7 system, and

present a newmethod for computing the entanglement entropy of any top-down brane

probe system using Kaluza-Klein holography. Finally, we study the issue of entangle-

ment entropy in generic top-down models, and provide strong evidence that it can be

computed via a generalisation of the Ryu-Takayanagi formula, using codimension two

minimal surfaces which asymptotically wrap the compact part of the geometry.
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CHAPTER 1

Prelude

Gauge/gravity duality or holography is a theoretical framework that studies equiva-

lences between physical theories that initially appear very different - the structure of

these equivalences is such that they always relate a d+1-dimensional gravitational theory

to a d-dimensional non-gravitational theory. Over the past two decades a vast literature

of research has arisen on the subject by virtue of the fact that its consequences are very

far reaching - although its origins are rooted in string theory, it has provided insight into

areas as varied as quantum gravity, particle physics, condensed matter, quantum infor-

mation, hydrodynamics and more.

This thesis investigates two topicswithin the frameworkof gauge/gravity duality -flavour

and entanglement. By ‘flavour’ we mean, formally, degrees of freedom that transform

under the fundamental representation of a gauge group, butmore intuitively thismeans

degrees of freedom corresponding to matter, such as quarks. These can be introduced

into gauge/gravity duality via the machinery of probe branes and related constructs

which we introduce in detail and utilize in the following, and are frequently used in

applications of gauge/gravity to the study of QCD and condensed matter theory.

Entanglement is oneof thedefining characteristics of quantummechanics, andhasbeen

at the centre of discussions ranging from philosophical to computational in nature for

nearly a century. Its relevance to gauge/gravity duality has arisen largely through consid-

eration of a particular quantity, the entanglement entropy, which admits a particularly

simple holographic description that we introduce and use many times in this thesis (its

representation is in fact similar to the probe brane construction for introducing flavour,

both involving extremal surfaces anchored to the boundary of anti-de Sitter space). Its

1



2 Chapter 1. Prelude

applications have again been diverse, including shedding light on the emergence of bulk

spacetime in holography, providing an order parameter for phase transitions, and con-

tributing to the study of renormalization group flows. In this thesis we will also study in

detail the entanglement contribution of flavour degrees of freedom in the holographic

framework, bringing these two topics together.

The structure of this thesis is as follows. Part I covers general background material on

string theory, gauge theory, and gauge/gravity duality, that is relevant to both Parts II

and III. Part II focuses on studies of flavour in gauge/gravity duality, with background on

probebranes andQCD introduced inChapter 4, andChapters 5 and6 comprising orginal

research on applications of holography to graphene and QCD respectively. Part III then

turns to the topic of entanglement, with Chapter 7 introducing further backgroundma-

terial, and Chapters 8 and 9 comprising original research on the entanglement of flavour

and other top-down holographic solutions. Parts II and III are largely independent of

each other, though Chapter 8 does utilize the background of Chapter 4. We conclude

with a brief outlook in Chapter 10.



Part I

Gauge/Gravity Duality
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CHAPTER 2

String Theory and Gauge Theory

In this chapter we briefly introduce the main aspects of string theory and gauge theory

needed in this thesis. String theory, as well as being a theory of 1-dimensional strings,

is also a theory of higher-dimensional extended objects known as branes, which play a

fundamental role in the following. The low-energy effective field theories living on the

worldvolume of the branes are gauge theories, such as the maximally supersymmetric

N = 4 super Yang-Mills theory, and also play a crucial role inAdS/CFT.We follow closely

here the treatments in [5] and [6].

2.1 Type IIB Supergravity and D-Branes

The gravitational framework within which the original AdS/CFT correspondence takes

place, and within which we work for the majority of this thesis, is type IIB string theory.

This is an N = 2 supersymmetric theory of oriented closed strings in 10-dimensions.

The low-energy effective action is of particular importance in AdS/CFT - it can be found

by coupling strings to a background of the massless modes and requiring that the re-

sulting theory is Weyl invariant. The resulting effective theory is type IIB supergravity,

with the following (bosonic) action in string frame

SIIB = SNS + SR + SCS (2.1.1)

5



6 Chapter 2. String Theory and Gauge Theory

where

SNS =
1

2κ̃210

∫
d10x

√
−ge−2Φ

(
R+ 4∂µΦ∂

µΦ− 1

2
|H3|2

)
SR = − 1

4κ̃210

∫
d10x

√
−g
(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)
SCS = − 1

4κ̃210

∫
C4 ∧H3 ∧ F3

(2.1.2)

and the action must be supplemented with the self-duality condition F̃5 = ⋆F̃5. Here

we have defined the field-strength tensors

Fp = dCp−1, H3 = dB2, F̃3 = F3 − C0H3

F̃5 = F5 −
1

2
C2 ∧H3 +

1

2
B2 ∧ F3

(2.1.3)

where B2 is the NS-NS 2-form and Cp (p = 0, 2, 4) are the R-R p-forms present in the

massless spectrum of type IIB string theory. Φ is a scalar field known as the dilaton and

its vacuumexpectation value (VEV) is related to the string coupling constant as gs = e⟨Φ⟩.

There areMajorana-Weyl fermions required for supersymmetry thatwedonot list here.

The coupling constant is the 10-dimensional gravitational constant:

2κ̃210 = (2π)7α′4 (2.1.4)

whereα′ is related to the string length (α′ = l2s ). This canbe related to the 10-dimensional

Newton constant by

2κ210 ≡ 2κ̃210g
2
s = 16πG10 (2.1.5)

where gs is the closed string coupling constant.1 Note that via aWeyl rescaling the action

(2.1.2) may be transformed such that the Einstein-Hilbert and dilaton kinetic terms are

brought into canonical form - the resulting action with coupling 2κ210 is then said to be

in Einstein frame, which will be of importance in Part III.

2.1.1 D-Branes

Of central importance to the AdS/CFT correspondence, and this thesis in particular, are

certain non-perturbative objects in string theory known as D-branes [7]. These can be

viewed as hyperplanes which the endpoints of open strings are confined to - an open

string with Dirichlet boundary conditions in p spatial directions will require a Dp-brane,

which has p+1 spacetime dimensions. Crucially, D-branes are notmerelymathematical

constructs, but physical objects with their own dynamics, as can be shown using T-

duality [8] - in essence, they are required to be dynamical in order to restoremomentum

1From string perturbation theory it is known that the closed string coupling constant gs is related to the
open string coupling constant as gs = g2open.
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conservation.

In a superstring theory, stable D-branes can exist by virtue of couplings to the R-R p-

forms in the massless spectrum of the theory. In the same way that the worldline Σ1 of

a charged particle can couple to a gauge field 1-form,

S0 = e

∫
Σ1

P [A1] = e

∫
Σ1

dτ Aµ
dxµ

dτ
, (2.1.6)

the worldvolume Σp+1 of a Dp-brane can couple to a (p + 1)-form gauge field via the

diffeomorphism invariant action,

Sp = µp

∫
Σp+1

P [Ap+1] = µp

∫
Σp+1

dp+1ξ Aµ1...µp+1

∂xµ1

∂ξ0
. . .

∂xµp+1

∂ξp
, (2.1.7)

where P denotes the pullback from the bulk to the brane (ξα are the brane worldvol-

ume coordinates), and µp denotes the brane charge. The brane can be understood to be

electrically charged by virtue of Gauss’s law µp =
∫
⋆Fp+2 where Fp+2 ≡ dAp+1, and the

integral is over a sphere SD−p−2 as is required to surround a p-brane inD-dimensions.

By analogy the charge of themagnetic dual branewill be given by
∫
Fp+2, where now the

integral is over a surroundingSp+2 - inD-dimensions anSp+2 can surround a (D−p−4)-

brane, and thus this is the magnetic dual of a p-brane.2

Given this, we now turn to the question of what stable D-branes exist in type IIB string

theory. The type IIB spectrum includes the R-R formsCp for p = 0, 2, 4, andwehave seen

from above that in 10-dimensions a p-form can couple electrically to a (p−1)-brane and

magnetically to a (7−p)-brane. The conclusion is thus that one can introduce stable Dp-

branes into type IIB theory for odd values of p - we shall be particularly interested in D3,

D5, and D7-branes in this thesis.3

Note that adding D-branes to the type IIB vacuum gives a theory that includes both

closed strings in the bulk and open strings ending on the branes. A consequence of

this is that, in addition to breaking 10-dimensional Poincaré invariance as we will dis-

cuss below, introducing D-branes into type IIB breaks some of the supersymmetry of

the Minkoswki vacuum.4

2.1.2 Brane Action (DBI)

We now wish to describe an action for the dynamics of D-branes, beginning with a

singleD-brane inMinkowski spacetime. These actionswill be very important laterwhen

2One can alternatively use the democratic formalism of [9].
3The D(-1)-brane and D1-brane are known as the D-instanton and D-string respectively, and the D9-

brane is a spacetime-filling brane.
4Open string vector supermultiplets can only exist with at most 16 conserved supercharges, whereas

the N = 2 Minkowski vacuum has 32 conserved supercharges. At least half of the supersymmetries must
thus be broken, and the stable D-branes discussed above are precisely those that preserve exactly half of
the supersymmetry - they are known as half-BPS D-branes.



8 Chapter 2. String Theory and Gauge Theory

we consider probe branes in AdS/CFT. One might expect the action to incorporate a

direct generalisation of the point particle and Nambu-Goto string actions as simply the

worldvolume of the brane i.e.

Sp = −Tp
∫
dp+1ξ

√
−detGαβ , (2.1.8)

where Gαβ ≡ ηµν∂αX
µ∂βX

ν is the induced metric on the brane, and Tp the brane ten-

sion. This is essentially correct, and the brane action will be used at times in this thesis

in this simple form, but the full story is more involved as it includes additional fields

living on the brane. Fermionic degrees of freedom must also be included as required

by supersymmetry, but we will usually truncate to the bosonic sector throughout the

following.

The main idea here is that, since the endpoints of open strings live on D-branes, the

modes of the open string spectrumcan be described by fields living on the braneworld-

volume. If we wish to construct a low energy effective action (relative to the sting scale),

then only themasslessmodes of the open string spectrumneed to be taken into account

- the latter form a vector supermultiplet, and thus the expectation is that the worldvol-

ume theories of D-branes will be gauge theories. The relevant gauge field action takes

the form of the Born-Infeld non-linear generalisation of the Maxwell action, and (2.1.8)

becomes

SDBI = −Tp
∫
dp+1ξ

√
−det (Gαβ + 2πα′Fαβ), (2.1.9)

where Fαβ is the 1-form gauge field on the brane. This is known as the DBI action. The

full action (see [5]) includes fermionic degrees of freedom through supersymmetric gen-

eralisations ofGαβ and Fαβ and a Chern-Simons term, but we focus here on the bosonic

sector.

An important generalisation is to consider theD-brane in a non-trivial background con-

sisting of the various (massless closed string) modes of type IIB supergravity. Again we

truncate to the bosonic sector. The coupling to the NS-NS fields gµν , Bµν and Φ leads to

the following generalisation of (2.1.9),

SDBI = −Tp
∫
dp+1ξe−Φ

√
−det (Gαβ +Bαβ + 2πα′Fαβ), (2.1.10)

where nowGαβ ≡ gµν∂αX
µ∂βX

ν , and analogouslyBαβ ≡ Bµν∂αX
µ∂βX

ν is the pullback

P [B]. Of course, couplings to background R-R fieldsCp must also be considered - these

do not contribute to the DBI action, but instead lead to a Chern-Simons term via cou-

plings of the form (2.1.7). The full Chern-Simons term in a general background is in fact

slightly more complicated, and given by

SCS = µp

∫ [∑
q

P [Cq+1] ∧ eP [B]+2πα′F

]
p+1

(2.1.11)
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where the subscript indicates that one should extract the (p + 1)-form piece from the

product in the integrand, as is appropriate for integrationover a p-brane. The full bosonic

action for a Dp-brane in the presence of background fields is then given by the combi-

nation of (2.1.10) and (2.1.11).

It remains to discuss the formof the brane tensionTp appearing in theDBI actions above.

This can be found from expanding the DBI action in a weak-field expansion and iden-

tifying the Maxwell term and the relation gs ∼ g2YM
5 - note that this is consistent with

gYM ∼ gopen which is understood since the gauge field arises frommassless open string

modes. The result is

Tp = (2π)−pα′−(p+1)/2 1

gs
. (2.1.13)

where note in particular the factor of 1/gs which shows that D-branes are in fact non-

perturbative objects - in the weak coupling limit gs → 0 the D-branes become very

heavy and can be treated as rigid objects with open strings as small perturbations.6

Note that D-brane actions are often simplified by fixing the diffeomorphism invariance

using static gauge inwhich the first p+1 components of the brane embeddingXµ are set

equal to the worldvolume coordinates ξα. The remaining 9 − p embedding functions,

Xi, are then left to remain as dynamical fields, and are scalars from the point of view

of the worldvolume - they can be interpreted as Goldstone bosons associated with the

broken translational symmetry due to the D-brane. The DBI action (2.1.10) then reduces

to

SDBI = −Tp
∫
dp+1ξe−Φ

√
−det (gαβ + ∂αXi∂βXi +Bαβ + 2πα′Fαβ) (2.1.14)

where gαβ corresponds to the components of the metric gµν in the worldvolume direc-

tions. We will use static gauge numerous times throughout this thesis.

2.1.3 Multiple D-branes - Non-Abelian Gauge Theory

In the previous section we saw that the worldvolume theory on a single Dp-brane is a

gauge theory, which in a weak-field expansion is equivalent to a U(1) gauge theory (i.e.

supersymmetric Maxwell theory), and we described the action for such a system. Of

particular importance to AdS/CFT however is the scenario in which there are multiple

branes. It is possible, with some subtlety, to construct generalisations of the DBI and

Chern-Simons brane actions in such cases, but we shall suffice here with a weak-field

description of the relevantworldvolume theory, which is sufficient for AdS/CFT and our

purposes.

5For later use we state this here fully as

g2YM = (2π)p−2 α′ p−3
2 gs. (2.1.12)

6Note also that, since gs already appears in Tp, the dilaton as appearing in (2.1.10) is technically shifted so
that it has zero VEV.
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In the case of multiple coincident D-branes, the endpoints of open strings have addi-

tional non-dynamical degrees of freedom known as Chan-Paton factors - these label

which of the N coincident branes the endpoint lies on. For oriented string theories,

such as type IIB, the endpoints of the string are distinguished and thus one identifies

the fundamental (N) and antifundamental (N) represensation with the two endpoints

respectively - it is thus natural to associate such strings with adjoint degrees of freedom

of a non-abelian symmetry group. Wewill use similar reasoning again in Chapter 4 (see,

for example, Figure 4.1.1) when discussing probe branes as a means to introduce flavour

degrees of freedom into AdS/CFT, and indeed similar global symmetry considerations

were the originalmovitation for introducing such factors. Crucially however, when both

string endpoints are on the stack of D-branes, it turns out that the worldvolume theory

is a U(N) gauge theory i.e. the symmetry is local. For a stack of N D3-branes, as will be

relevant for AdS/CFT and this thesis, the worldvolume theory is the maximally super-

symmetric gauge theory in 4-dimensions known as N = 4 super Yang-Mills, which we

discuss in Section 2.2.

Note that separatingM of the branes from the stack causes the connecting strings (i.e.

gauge bosons) to becomemassive, and thus corresponds to breaking the gauge symme-

try via a Higgs mechanism. Separating a stack ofM from the originalN breaks U(N) →
U(N −M)×U(M) for example. This is referred to as the Coulomb Branch of the gauge

theory and is discussed further in Section 2.2 and Chapters 8 and 9.

2.1.4 D-brane Solutions of Type IIB Supergravity

Wenow take a different viewpoint inwhich the branes are viewed as sources of the type

IIB fields, and discuss solutions of the low-energy supergravity theory that represent

the D-branes we have just considered - these play an important role in AdS/CFT. The

primary ingredients used here are symmetry considerations - a Dp-brane breaks 10-

dimensional Poincaré invarianceR1,9×SO(1, 9) → R1,p×SO(1, p)×SO(9−p), and also

breaks half of the supersymmetries as mentioned previously. An appropriate solution

to the type IIB supergravity equations is given by

ds2 = H(r)−1/2ηµνdx
µdxν +H(r)1/2dyidyi

eΦ = gsH(r)(3−p)/4

Cp+1 =
(
H(r)−1 − 1

)
dx0 ∧ · · · ∧ dxp

(2.1.15)

whereH(r) is a harmonic function,�yH(r) = 0, and all other fields are set to zero. Here,

xµ represent the brane coordinates (µ = 0, . . . , p), yi represent the transverse coordi-

nates (i = p+ 1, . . . , 9), and r2 ≡ yiyi.

Of particular relevance to us in the following will be the solitonic case p = 3, for which
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the dilaton is constant, and the harmonic functionH(r) can be written

H(r) = 1 +

(
L

r

)4

(2.1.16)

where we have demanded that the solution becomes flat as r → ∞. The constant L can

be determined by integrating the 5-form flux F5 ≡ dC4 through an S5 at infinity and

using Gauss’s law as in Section 2.1.1.7 The result is

L4 = 4πgsNα
′2 (2.1.17)

whichwill be relevant for AdS/CFT later. Note that for the supergravity approximation to

be valid the spacetime curvature must be weak (relative to the string scale) and thus the

dimensionless ratio L/
√
α′ ≫ 1, which from above corresponds to gsN ≫ 1. We will

see from Section 2.2 and Chapter 3 that this corresponds to the strong coupling limit

λ≫ 1 of the gauge theory.

Also note crucially that in the limit r ≪ L, referred to as the near-horizon region, this

solution becomes

ds2 =

(
L2

r2
dr2 +

r2

L2
ηµνdx

µdxν
)
+ L2ds2S5 (2.1.18)

which is the metric for AdS5 × S5 with radius L in both components (frequently set

to unity in the following). This near-horizon region of a stack of D3-branes is how the

product spaceAdS5×S5 arises in the context of the AdS/CFT correspondence discussed

in Section 3.1. Note that the boundary of the AdS5 is at r → ∞ (see Section 3.2).

2.2 N = 4 Super Yang-Mills

A pure gauge theory in 4-dimensions has maximal supersymmetry when N = 4, since

above this gravity is necessarily included in the supermultiplet. The relevant massless

vector supermultiplet contains a gauge field Aµ, four Weyl fermions λaα, and six real

scalarsXi, all of which are in the adjoint representation of the gauge groupSU(N) (since

supersymmetry and the gauge symmetry commute). There is also anR-symmetry group

SU(4) ≃ SO(6)underwhich the fieldsA, λ andX transform in the singlet (1), fundamen-

tal (4) and antisymmetric (6) representations respectively.8

The action for the corresponding d = 4 field theory, known as N = 4 super Yang-Mills

(SYM), can be constructed either using superspace formalism or via dimensional reduc-

7It is clear that the flux will encode the number of D3-branes enclosed N since the total charge Q will
be given byQ = Nµ3.

8Note that the same notation Xi used for the scalars here and those in the DBI action (2.1.14) is not an
accident - the 6 scalars in the gauge theory (now adjoint fields) are precisely the 6 transverse embedding
functions in the D3-brane picture.
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tion of the 10-dimensionalN = 1 SYM theory, and results in [10]

LSYM = Tr

(
− 1

2g2YM
FµνF

µν +
θ

16π2
FµνF̃

µν − i
∑
a

λ̄aσ̄µDµλa (2.2.1)

−
∑
i

DµX
iDµXi + gYM

∑
a,b,i

(
Cab
i λa[X

i, λb] + C̄iabλ̄
a[Xi, λ̄b]

)
+
g2YM
2

∑
i,j

[Xi, Xj ]2
)

where gYM is the gauge coupling, Ci are 4 × 4 matrices given in terms of Pauli matrices,

and F̃µν here is the hodge dual of Fµν . The most remarkable property of this theory is

that, as well as being classically conformal, the theory is believed to be UV finite with a

vanishing β function - the quantised theory is thus fully conformal. In fact, it possesses

a larger superconformal SU(2, 2|4) symmetry as a result of combining supersymmetry

and conformal symmetry.

Of particular relevance is the scalar potential term in (2.2.1) which goes as
∑

i,j [X
i, Xj ]2.

Thismust vanish in a supersymmetric vacuumstate, and since all terms arenon-negative,

each term must independently vanish. In the case where all of the scalar VEVs vanish

the ground state maintains superconformal invariance; if one or more of the scalars has

a non-zero VEV however, ⟨Xi⟩ ̸= 0, then the theory is said to be on the Coulombbranch.

In this case, the scale ⟨Xi⟩ breaks conformal invariance, and the gauge symmetry is also

broken in the manner discussed in Section 2.1.3 in the context of multiple branes. We

will study the entanglement entropy of such solutions in Part III.

The spectrumof the theory is organised into representationsof theunderlyingSU(2, 2|4)
symmetry group, analogous to the case of theories with simple Poincaré or conformal

invariance - one first finds the primary operators, and the representations are then con-

structed by acting with generators of the algebra to construct the tower of descendants.

The primary operators in N = 4 SYM are local gauge-invariant composite operators of

the elementary fields. Of central importance to the AdS/CFT correspondence are cer-

tain single-trace operators,

Ok ≡ N (1−k)/2Tr
(
X(i1Xi2 . . . Xik)

)
− . . . , (2.2.2)

where the . . . denote the subtraction of all contractions of the SO(6) indices - these op-

erators are thus symmetric and traceless. They are in fact chiral primary operators i.e.

BPS operators that generate short irreducible representations with protected dimen-

sions∆. These particular operators are 1/2-BPS operators, and are in the representation

[k, 0, 0] with k = ∆ 9 - a representation is thus labelled by the dimension of its primary.

Importantly, they are the leading operators in the large N limit discussed in the follow-

ing section - they were consequently very important in early studies of the AdS/CFT

correspondence when the mapping between N = 4 operators and bulk modes was

performed in the largeN limit, as we will discuss in Chapter 3.

9Equivalently this is the [0, k, 0] representation of SU(4).
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2.2.1 Large N Expansion of Gauge Theories

To conclude this chapter we briefly mention an important concept in AdS/CFT, namely

the large N or 1/N expansion of non-abelian gauge theories. It was first noted by ‘t

Hooft [11] that the perturbative expansion of gauge theories greatly simplifies in the large

N limit, and the diagrammatic expansion organises itself into the formof a string pertur-

bation serieswith coupling 1/N - thiswas one of the earliest hints at the duality between

string theory and non-abelian gauge theory, at least at large N .

There exists a non-trivial large N limit for gauge theories such as N = 4 SYM if one

keeps λ ≡ g2YMN fixed as the limit N → ∞ is taken, which is known as the ‘t Hooft limit.

The ‘t Hooft parameter λ then becomes the effective coupling for the gauge theory, and

the strong coupling limit corresponds to λ → ∞. This is also referred to as the planar

limit as planar diagrams, i.e. those with Euler number χ = 2, dominate the perturbation

series in this regime - diagrams with more complex topologies are then included in a

series in 1/N2. This is a very important limit in the AdS/CFT correspondence and will

be used throughout this thesis, as we will discuss in Section 3.1.
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CHAPTER 3

The AdS/CFT Correspondence and Holography

In this chapter we introduce the AdS/CFT correspondence and the main features of the

holographic dictionary required throughout this thesis. The AdS/CFT correspondence

is a set of dualities relating gravitational theories on asymptotically (locally) anti-de Sit-

ter spaces (AAdS) to conformal field theories. The gravitational theory is usually a string

theory (or M-theory), which in the most well-studied example is the type IIB string the-

ory introduced in Chapter 2. The correspondence has been generalised in a number of

ways as we will discuss, including relaxing the condition of conformality in the gauge

theory - the more general term gauge/gravity duality has thus been adopted to refer to

dualities between gravitational theories and gauge theories.

The AdS/CFT correspondence is a concrete realisation of the holographic principle [12–

14], which states that in a theory of quantumgravity the information stored in a volumeof

spacetimeVd+1 is encoded indegrees of freedom living on theboundary of the regionAd

- this was originally motivated by the Bekenstein-Hawking black hole entropy formula

[15, 16]

SBH =
A

4GN
(3.0.1)

relating the entropy of a black hole to the surface area of its event horizon in units of

Planck area. In AdS/CFT dualities the gauge theory can be considered to live on the d-

dimensional conformal boundary of the d+1-dimensional AAdS space, and in this man-

ner the holographic principle is realised - the gravitational theory is referred to as the

bulk theory and the gauge theory is referred to as the boundary theory.

15



16 Chapter 3. The AdS/CFT Correspondence and Holography

3.1 The AdS5/CFT4 Conjecture

The original and best understood example of the AdS/CFT correspondence [17] relates

the type IIB string theory and N = 4 SYM theory dicussed in Chapter 2. It can be

motivated by studying a stack of N D3-branes from both open (gsN ≪ 1) and closed

(gsN ≫ 1) string perspectives discussed previously and taking the near-horizon orMal-

dacena limit α′ → 0with r/α′ fixed. We do not repeat here the details of this decoupling

argument but simply state the celebrated AdS5/CFT4 conjecture that results:

N = 4 SYMwith gauge group SU(N) is equivalent to type IIB string theory onAdS5×S5

with radius L andN units of F5 flux.

Furthermore the two free parameters on either side map as

g2YM = 2πgs 2g2YMN =
L4

α′2 (3.1.1)

The first of these can be understood from the discussion in Section 2.1.2, and the second

can thenbeunderstood fromequation (2.1.17). Note in particular that the secondof these

relates the dimensionless parameter L/
√
α′ to the t’Hooft coupling λ.

The above equivalence is believed to hold for all values of the free parameters. How-

ever, progress in understanding the duality can be made by taking certain limits which

simplify one of the theories. For example, it is common to take the limit gs → 0 whilst

keeping λ fixed, which requires N → ∞ - the duality then relates a classical string the-

ory to a gauge theory in the t’Hooft limit discussed in 2.2.1. Futher progress can bemade

by then taking the limit λ → ∞ which corresponds to L/
√
α′ → ∞ - the duality then

relates a classical supergravity theory to a strongly coupled gauge theory. This latter

form is extremely useful and highlights the strong/weak duality nature of the AdS/CFT

correspondence - one can study strongly coupled quantum field theories (for which

traditional perturbative methods fail) by studying classical gravity theories. We will use

this form of the duality throughout the remainder of this thesis.

The first immediate check of the duality that one can perform is to check that the global

symmetries agree on both sides of the correspondence. Indeed, one finds that the

full superconformal group SU(2, 2|4) is found on both sides - the bosonic subgroup

SO(4, 2) × SO(6), for example, corresponds to the conformal group and R-symmetry

group in the boundary theory, and the isometries of the AdS5 and S5 factors respec-

tively in the bulk theory. These field theory symmetries can thus be partially broken

by perturbing the corresponding bulk geometry. More detailed mappings between the

theories are given in the form of the holographic dictionary discussed in Section 3.2.

Many other cases of the AdS/CFT correspondence exist, and can be obtained in simi-

lar ways but with different types of branes in different backgrounds, within either 10-
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dimensional string theory or 11-dimensional M-theory. For example, many other du-

alities of the form AdSd+1/CFTd can be obtained in this manner, with different gauge

theories (such as ABJM [18] or the N = (2, 0) theory [19, 20]) on the field theory side

and different compact space factors appearing on the gravity side. The duality can also

be extended to non-conformal field theories in many ways, for example explicitly as

in [21–23] where the near-horizon limit of the relevant stack of branes no longer con-

tains anAdS factor (and correspondingly the gauge coupling in the dual field theory runs

with energy scale), but also spontaneously as we will see at times in the following. We

will for the majority of this thesis focus on the AdS5/CFT4 case and extensions thereof,

though many aspects of the discussions do generalise to other settings.

3.1.1 Top-Down and Bottom-Up Holography

Stated in its current form, the holographic nature of the AdS/CFT duality is obscure,

since the duality relates a gravitational theory in 10-dimensions to a gauge theory in

4-dimensions. It becomes manifest however after Kaluza-Klein (KK) compactification

on the S5 - the resulting 5-dimensional supergravity theory on AdS5 is then equivalent

to the 4-dimensional gauge theory living on the conformal boundary of AdS5, in ac-

cordance with the holographic principle. Such constructions, where one begins with

a full solution of string theory/supergravity and compactifies on the internal space to

make the holographic identification, are referred to as top-down. Probe brane models,

which we will study at numerous times throughout this thesis, are concrete examples

of top-down constructions. The full procedure of obtaining 4-dimensional QFT data

from a 10-dimensional supergravity solution uses the involved machinery of Kaluza-

Klein holography [24,25], which we will discuss in detail in Part III. The structure for the

AdS5/CFT4 correspondence is illustrated schematically in Figure 3.1.1.

For certain purposes however, one in practice often uses a bottom-up approach - rather

than working within the full framework of string theory or supergravity, one works

with an effective 5-dimensional gravitational theory with a small field content, the de-

tails of which depend on the particular problem being studied. The actions of such

5-dimensional models are essentially ad-hoc or phenomenological, but are argued to

capture the essential physics of the systemunder study and to exhibit someuniveral fea-

tures. The exact dual field theory is not known in such cases, but the payoff is that the

resulting holographic analysis is significantly easier, and insight into a range of physical

problems can be gained. Common applications of this approach range from studying

strongly-coupled condensedmatter systems and hydrodynamics, to QCD aswewill see

in Part II.

More rigorous simplifications can also exist in some cases however - for example,N = 8

gauged supergravity in 5-dimensions [26, 27] with gauge group SO(6) is believed to be

a consistent truncation of type IIB supergravity onAdS5×S5, with a recent proof based

on generalised geometry given in [28]. Here, the tower of KK modes is truncated and
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×

AdS5 × S5 AdS5 QFT

(Kaluza-Klein) (Holography)

Figure 3.1.1: A schematic illustration of the AdS5/CFT4 correspondence and the nature
of the holographic identification.

one is left with just the massless 5-dimensional gravity multiplet, but this truncation is

consistent with the equations ofmotion i.e. the KK compactification produces no terms

in the action that are linear in massive KKmodes, and so these modes can be set to zero

without contradiction. We will discuss consistent truncations more in Chapter 9 in the

context of entanglement entropy.

To ensure that all quantities are consistent, one should use top-down constructions

where possible. Whichever way the lower-dimensional gravitational theory is obtained

however, it is within this AAdS setting (i.e. without the internal space) that the holo-

graphic dictionary is constructed, as described in the following section. It is also within

this setting that the holographic entanglement entropy is described as wewill discuss in

Chapter 7 - indeed, the subject matter of Chapter 9 is whether the holographic entan-

glement entropy can equally well be computed directly from the top-down picture.

3.2 Holographic Dictionary

The statement that the two theories are equivalent is expanded upon via the precise

holographic dictionary [29,30] that relates quantities in the bulk and boundary theories.

We review the necessary ingredients for the case of Euclidean signature here, mostly

following the treatment of [31].1

3.2.1 Asymptotically Anti-de Sitter Space

A fundamental part of the correspondence is the identification of the AdS radial coor-

dinate with the renormalization group (RG) scale of the dual field theory.2 The scale

invariance of the field theory implies that the transformation xµ → axµ and E → E/a is

a symmetry, where E is the energy scale. From the AdS5 metric in (2.1.18),

ds2 =
L2

r2
dr2 +

r2

L2
ηµνdx

µdxν , (3.2.1)

1The real-time case was developed in [32–34].
2In theWilsonian sense this means that modes with energy above this scale have been integrated out.
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we see that the radial coordinate r plays an analogous role here, with the transformation

xµ → axµ and r → r/a a symmetry of the metric. Whilst the bulk coordinates xµ are

simply identified with the field theory directions xµ, it is thus natural to identify the RG

scale E ∼ r.

Anti-de Sitter space also has a conformal boundary due to the second order pole in

the metric at r = ∞ - a metric can be defined on the boundary via a defining function,

but this procedure really only defines a conformal structure since the defining factor is

ambiguous up to a scale factor. The boundary r → ∞ thus corresponds to the ultravoilet

(UV) of the dual field theory, and expectedUVdivergences in theQFT translate into near-

boundary infrared (IR) divergences on the gravity side as wewill discuss in Section 3.2.3.

The fundamental gauge theory with E → ∞ (i.e. with no degrees of freedom integrated

out) can thusbe considered to live at the conformal boundary r → ∞, andhighmomenta

modes are integrated out as one moves into the bulk radially.

It is often common to write the AdSmetric using the inverse radial coordinate z = L2/r

which takes the form

ds2 =
L2

z2
(
dz2 + ηµνdx

µdxν
)

(3.2.2)

and is said to be in Poincaré coordinates.3 More generally, anAAdS spacemaybewritten

in Fefferman-Graham gauge [35] using the coordinate ρ = z2,

ds2 = L2

(
dρ2

4ρ2
+

1

ρ
gµνdx

µdxν
)
, (3.2.3)

which is convenient for the field/operator map and holographic renormalisation as we

will discuss in the following section. In these coordinates the conformal boundary cor-

responds to ρ = 0.

3.2.2 Field/Operator Map and Correlation Functions

Thematchingof the symmetries on the two sides of theAdS/CFTcorrespondencemeans

that the spectrum of type IIB string theory on AdS5 × S5 can be mapped to gauge-

invariant operators of N = 4 SYM in the same representation. Indeed, the analysis

in the supergravity limit was performed in the early days of AdS/CFT [17, 36–39] - one

finds the important result that there is a one-to-one mapping between the bulk modes

obtained from KK reduction on the S5, and the primary and descendant operators of

the short representations discussed in Section 2.2. For example, the lowest multiplet

is the short representation of O2 and contains the various symmetry currents of the

QFT (energy-momentum tensor, R-symmetry currents and supercurrents) as descen-

dants, and thesemap to the various gauge fields in theAdS5 theory (metric, vector gauge

fields and gravitinos), with the number of on-shell components exactly matching - this

is the supergravity multiplet. Each of the fields in this multiplet form the base of a tower

3These coordinates only strictly cover half of the full AdS space.
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of KK supergravity modes. The chiral primary operators Ok themselves map to AdS5
scalars that are a mixture of the S5 parts of the trace of the graviton and the 5-form field

strength.4

Note that the bulk solution is really dual to a particular state in the boundary QFT - the

pure AdS5 × S5 bulk solution is dual to the vacuum of N = 4 SYM for example. Finite

temperature in the field theory is associated with a black hole solution in the bulk [40],

and finite charge density can also be considered by introducing a bulk gauge field with

particular asymptotics. We discuss these features further in Section 8.5.

The relevant KK analysis also leads to a relation between the masses of bulk modes and

dimensions of boundary operators, which for the scalar case is

m2L2 = ∆(∆− d) (3.2.4)

and is easily generalised to higher spins.5 This is obtained by identifying field theory op-

eratorswith KKmodes associatedwith spherical harmonics in the same representations

of SO(6) - for example, the chiral primary operators and their associated bulk scalars

mentioned above. It can also more simply be motivated by studying the asymptotics of

a massive scalar in AdSd+1 (see Appendix 3.A).

In a general holographic setting, the core idea of this field/operator map [29, 30] is that

every fundamental fieldΦ in thebulk theoryhas a corresponding gauge invariant bound-

ary operatorOΦ. As alluded to in Appendix 3.A, the correspondence is in fact more pre-

cise - for every bulk field one can perform an asymptotic expansion near the conformal

boundary in Fefferman-Graham form,

Φ = ρm(ϕ(0) + ρϕ(2) + · · ·+ ρn(ϕ(2n) + ϕ̃(2n) log ρ) + · · · ). (3.2.6)

The leading term ϕ(0) can then be interpreted as the source for the dual operator OΦ,

and ϕ(2n), although undetermined by the near-boundary analysis, is related to the VEV

or 1-point function ⟨OΦ⟩ as we will discuss in Section 3.2.3. The VEV can often be read

off, with some subtlety, as the subleading term in the asymptotic expansion for a given

solution to the equations of motion

Φ ∼ ρmϕ(0) + ρm+n⟨OΦ⟩. (3.2.7)

This identification allows for a more precise statement of dynamical equivalence of the

4Note that non-BPS operators do not map to supergravity modes, and are instead believed to be dual to
string modes.

5Note that, unlike in flat space, the squared masses m2 of fields in AdS do not need to be positive to
ensure stability. In fact,m2 can become negative so as long as it safisfies the Breitenlohner-Freedman (BF)
bound [41, 42],

m2L2 ≥ −d2/4. (3.2.5)

This will be relevant for us in Part II when discussing chiral symmetry breaking in the context of AdS/CFT.
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two theories which comes from equating the generating functionals. In particular, one

equates the bulk partition function (for bulk fields with boundary asymptotics ϕ(0)) to

the QFT partition function in the presence of sources,

Z[ϕ(0)] ≡
∫
Φ∼ϕ(0)

DΦ e−S[Φ] =
⟨
e−

∫
ϕ(0)OΦ

⟩
QFT

, (3.2.8)

where the expectation value on the right hand side is taken over the QFT path integral

and S[Φ] is the string action. In the supergravity limit the left hand side simplifies upon

taking the leading saddle-point approximation, and the path integral localises on the

classical solution. The above relation then leads to

Son-shell[ϕ(0)] = −WQFT [ϕ(0)] (3.2.9)

wherenowSon-shell[ϕ(0)] is the supergravity action evaluatedon-shell (i.e. with the equa-

tions of motion and appropriate asymptotics satisfied) andWQFT [ϕ(0)] is the generating

function of QFT connected graphs defined by ZQFT[J ] = eWQFT[J ]. In the AdS5/CFT4 cor-

respondence discussed in Section 3.1 for example, Son-shell[ϕ(0)]would be the KK reduc-

tion of the type IIB supergravity action on S5, evaluated on a solution with boundary

asymptotics ϕ(0).

Connected correlation functions cannowbe readily computed in theusualwayby func-

tionally differentiating the generating functional with respect to the sources and then

setting the sources to zero,

⟨OΦ(x)⟩ =
δSon-shell

δϕ(0)(x)

∣∣∣∣
ϕ(0)=0

(3.2.10)

⟨OΦ(x1)OΦ(x2)⟩ = − δ2Son-shell

δϕ(0)(x1)δϕ(0)(x2)

∣∣∣∣
ϕ(0)=0

(3.2.11)

⟨OΦ(x1) · · · OΦ(xn)⟩ = (−1)n+1 δnSon-shell

δϕ(0)(x1) · · · δϕ(0)(xn)

∣∣∣∣
ϕ(0)=0

. (3.2.12)

3.2.3 Holographic Renormalization

An outstanding problem with the discussion in Section 3.2.2 is that the expressions on

both sides of the relation (3.2.9) diverge, due to UV divergences in the QFT and IR di-

vergences in AdS. In a QFT the usual procedure of renormalization deals with the UV

divergences in a manner independent of the IR physics, and thus holographically one

expects the divergences should be dealt with solely via a near-boundary analysis. This

is the procedure of holographic renormalization [31,43], a systematic method for renor-

malizing the bulk on-shell action via covariant counterterms. As a result, renormalized

1-point functions can be obtained (and higher-point functions given an exact solution).
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The method proceeds as follows:

1. One solves the field equations with prescribed boundary conditions iteratively in

a near-boundary expansion to obtain a solution of the form (3.2.6) - the two inde-

pendent solutions correspond to the ρm and ρm+n terms.6 This procedure deter-

mines all terms in the expansion (3.2.6) in terms of the source ϕ(0), except for ϕ(2n)
which is left undetermined.

2. The asymptotic solution is then substituted into the action, which is regularized

by restricting the radial coordinate to ρ ≥ ϵ for ϵ ≪ 1. The action reduces to a

contribution on the ρ = ϵ slice and the finite number of divergent terms can be

isolated, which depend only on the source ϕ(0),

Sreg[ϕ(0); ϵ] =

∫
ρ=ϵ

d4x
√
g(0)

[
ϵ−νa(0) + ϵ−ν+1a(2) + . . . (3.2.13)

− logϵ a(2ν) +O(ϵ0)
]
,

with g(0) the boundary metric, and ν > 0.

3. A covariant counterterm action Sct[Φ(x; ϵ); ϵ] can then be constructed by rewriting

the divergent terms in (3.2.13) in terms of the bulk fieldΦ(x, ϵ) on the cutoff surface,

by inverting the series (3.2.6) order by order.

4. The combination

Ssub[Φ(x; ϵ); ϵ] = Sreg[ϕ(0); ϵ] + Sct[Φ(x; ϵ); ϵ] (3.2.14)

is then finite by construction in the limit ϵ→ 0. This quantity is required in taking

the variations to obtain correlation functions. The renormalized on-shell action

as a function of the sources can then be obtained as

Sren[ϕ(0)] = lim
ϵ→0

Ssub[Φ(x; ϵ); ϵ]. (3.2.15)

5. One can then obtain the renormalized 1-point function of the operatorOΦ dual to

Φ as

⟨OΦ⟩s ≡
1

g(0)

δSren

δϕ(0)
= lim

ϵ→0

(
1

ϵd/2−m

1
√
γ

δSsub

δF (x, ϵ)

)
(3.2.16)

where γµν is the inducedmetric on the cutoff surface, and the subscript s denotes

that this is the 1-point function in the presence of sources. Evaluating this explicitly

and setting the sources to zero one finds

⟨OΦ⟩ ∼ ϕ(2n) (3.2.17)

6In early treatments these were referred to as the non-normalizable and normalizable modes respec-
tively.
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and thus the VEV of the operator OΦ is proportional to the term ϕ(2n) not deter-

mined by the near-boundary analysis, as claimed beneath equation (3.2.6).

Note that to obtain higher-point correlation functions, one needs an exact solution to

the field equations to determine the term ϕ(2n) - the n-point functions can then be cal-

culated from (3.2.10).

3.3 Holographic RG Flows

Note that for amassive scalar inAAdSdual to an operator of dimension∆, the procedure

of Section 3.2.3 leads to an asymptotic expansion of the form [31]

Φ = ρ(d−∆)/2ϕ(0) + · · ·+ ρ∆/2ϕ(2∆−d) + . . . (3.3.1)

with ϕ(0) the source and ϕ(2∆−d) proportional to the 1-point function. Recall that the

isometries of AdSd+1 correspond to the conformal goup in d-dimensions - asymptoti-

cally AdS spaces more generally are conjectured to be dual to field theories with a UV

fixed point i.e. they are conformal in the UV. Note that the situation in (3.3.1), with a

non-trivial scalar field in AAdS space, therefore corresponds to a deformation of the

dual boundary CFT, either via an operator deformation or a VEV deformation (where the

conformal symmetry is spontaneously broken) for the boundary asymptotics ρ(d−∆)/2φ

and ρ∆/2φ respectively.

More generally, a crucial step towards studying realistic strongly-coupled field theories

is to construct holographic RG flows - supergravity backgrounds conjectured to be dual

to a standard QFT renormalisation group flow. A simple example of the latter is N = 4

SYM in theUVwith the addition ofmarginal or relevant operators that generate the flow,

such as that considered in [44] and its gravity dual constructed in [45]. This is an example

of an interpolating domain wall flow, which are Einstein-scalar systems that interpolate

between a CFT in the UV and IR - the metric accordingly asymptotes to AdS in both

limits, with different radii that are determined by the value of the scalar field (which

is constant in both the UV and IR). Such flows can be used, for example, to provide

holographic proofs of the C-theorem [46].

Note that holographic RG flows are not limited to the 5-dimensional picture, and indeed

there exist many examples within the framework of 10-dimensional supergravity e.g.

[47–51]. Wewill see in Chapter 8 for example that probe branes in AdS/CFT can often be

treated as deformations of the underlying CFT. In particular, there also exist examples

withinboth frameworks that exhibit theproperty of confinement, whichwill be a central

concept in Part II.
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3.A Scalar Mass-Dimension Relation

Consider a massive scalar in AdSd+1 with action

S ∼
∫
dzddx

√
−g
(
gmn∂mΦ∂nΦ+m2Φ2

)
. (3.A.1)

Using the coordinates of (3.2.2) the Klein-Gordon equation is

(
�g −m2

)
Φ =

(
1

L2

(
z2∂2z − (d− 1)z∂z + z2ηµν∂

µ∂ν
)
−m2

)
Φ = 0. (3.A.2)

Let us assume in particular that the solution is asymptotically an eigenstate of dilatations

in the z-direction i.e. it takes the form Φ ∼ zk for some k. The wave equation becomes

z2k(k − 1)zk−2 − (d− 1)zkzd−1 −m2L2zk = 0 (3.A.3)

which implies the quadratic equation

k2 − dk −m2L2 = 0 (3.A.4)

with two independent solutions

k =
d

2
±
√
d2

4
+m2L2. (3.A.5)

A general solution to the wave equation thus goes asymptotically as

Φ(x, z) ∼ ϕ(0)(x)z
d−k + ⟨OΦ⟩(x)zk + . . . (3.A.6)

where k satisfiesm2L2 = k(k− d). By dimensional analysis ϕ(0) and ⟨OΦ⟩ can be associ-

ated with the source and VEV respectively of a boundary operator of conformal dimen-

sion k. Thus, identifying k with the conformal dimension∆ of the field theory operator

OΦ dual to Φ, we obtain the mass-dimension relation (3.2.4).
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Flavour and QCD
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CHAPTER 4

Probe Branes and Low-Energy QCD

An important generalisation of the AdS/CFT correspondence for many purposes is the

incorporation of flavour degrees of freedom in the QFT i.e. degrees of freedom that

transform under the fundamental representation of the gauge group. N = 4 SYM, being

a supersymmetric pure gauge theory, necessarily only contains fields that transformun-

der the adjoint representation since supersymmetry and gauge symmetry commute. To

attempt a holographic description of QCD ormany strongly-coupled condensedmatter

systems for example, it is necessary to include matter degrees of freedom resembling

quarks or electrons. Flavour degrees of freedom can be added to AdS/CFT by consid-

ering additional branes in the supergravity construction known as probe branes which

will be relevant throughout the remainder of this thesis - we thus introduce them in

detail in this chapter, mostly following the treatment in the review [52].

We also introduce some central concepts of low-energy QCD that will be relevant nu-

merous times throughout the rest of Part II - namely, confinement and chiral symmetry

breaking. These are responsible formany phenomenological aspects of QCD, andmuch

progress has been made in realising them within the context of gauge/gravity duality,

from both top-down models and a bottom-up approach known as AdS/QCD. We in-

troduce both in the present chapter, again largely following [52], leaving amore detailed

discussion of AdS/QCD to Chapter 6. As briefly mentioned in Section 3.3, such systems

necessarily break conformality; supersymmetry is also necessarily broken upon chiral

symmetry breaking. Such features thus move us away from the ideal and highly sym-

metric N = 4 SYM theory towards more realistic physical systems. We will discuss

many of these same features again in Chapter 5 within a slightly different context when

we study holographic graphene.

27
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N D3-branes

Nf Dp-branes

A

B

C

Figure 4.1.1: Schematic illustration of the flavour brane construction: strings A cor-
respond to adjoint DoF (gauge bosons), strings B correspond to fundamental DoF
(“quarks”), and strings C correspond to quark/anti-quark bilinears (“mesons”). When the
Dp-branes are separated from the D3-branes, the flavour DoF corresponding to strings
B become massive.

4.1 Adding Flavour to AdS/CFT

To introduce flavour degrees of freedom into AdS/CFT one follows a similar line of rea-

soning to that used in Section 2.1.3 where the worldvolume theory on a stack of D3-

branes was discussed. The basic idea, beginning in [53], consists in including a stack of

Nf Dp-branes (“flavour” branes) in addition to the original stack ofN D3-branes (“colour”

branes) - see Figure 4.1.1. The 3− p and p− 3 strings generate excitations that transform

under the (anti-)fundamental representation of the SU(N) colour gauge group since

they have only one endpoint on the D3-branes.1 The 3 − 3 strings will generate the

gauge theoryN = 4 SYM as before, and one builds the construction such that the p− p

strings dynamically decouple, leaving simplyN = 4 SYMplus additional flavour degrees

of freedom. The latter property arises by virtue of the expression for the gauge coupling

in equation (2.1.12) - the ratio of the ‘t Hooft couplings for the theories on the D3-branes

and Dp-branes thus goes as
λp
λ3

=
Nf

N
(2π)p−3 α′ p−3

2 (4.1.1)

which vanishes in the Maldacena limit α′ → 0 for the cases of p = 5, 7 which we will be

mainly interested in throughout the following.2 The p − p strings thus decouple from

the other strings, and the SU(Nf ) that they generate plays the role of a global flavour

symmetry group from the perspective of the D3-branes worldvolume.

1Note that they also transform under the (anti-)fundamental of the flavour group SU(Nf ) since they
have one endpoint on the Dp-branes, as is the case for quarks in QCD.

2D(-1)-branes do not contribute flavour degrees of freedom, D1-branes do not decouple, and D9-branes
cannot be separated from the stack of D3-branes, which is required if one wants to consider massive
flavour. Flavour D3-branes are also permitted but we will not consider them in the following
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The p − p strings are in the adjoint of the SU(Nf ) flavour group, and it is thus natu-

ral to associate them with mesons i.e. gauge-invariant bilinear operators formed from

a quark and anti-quark. Since these strings can be considered small perturbations of

the Dp-branes, one conjectures that mesons in the gauge theory are dual to fluctua-

tions of the flavour branes in the background geometry - the precise mapping between

fluctuations and operators for particular intersections can be given [54, 55], as for the

mapping between supergravity modes and N = 4 SYM operators discussed in Section

3.2.2. Furthermore, this new conjecture provides a very useful method for computing

meson spectra from gauge/gravity duality, by solving for the eigenmodes of linearized

fluctuations of the branes about their vacuum embedding. We will consider examples

of this at length in Chapter 6, though from a less string-theoretic perspective.

In general, the addition of flavour branes will create source terms in the type IIB super-

gravity equations that result from (2.1.1), and theAdS5×S5 backgroundwill no longer be a

solution to the full system that results. A large simplification occurs however when one

takes the probe limit Nf/N → 0.3 The flavour branes can then be treated as probes,

so-called probe branes [56], since their backreaction on the near-horizon geometry

generated by the stack of D3-branes can be neglected. On the field theory side this

corresponds to dropping quark loops from the gauge background, and is known as the

quenched approximationwhich is commonly used in lattice QCD computations [57,58].

We will work in the probe limit numerous times throughout the following.

4.1.1 D3/D7 System

The D3/D7 system [53] provides the only example of a supersymmetric D3/Dp-brane

intersection that allows flavour degrees of freedom to be introduced in the full 3+1-

dimensions of the gauge theory. D3/D5 systems for example, which we will consider

in Chapter 5, lead to a defect field theory with the flavour restricted to a submanifold.

Wewill use the D3/D7 system at length in Chapter 8, and it is also themotivation behind

the Dynamic AdS/QCDmodel used in Chapter 6.

The brane embedding can be represented diagrammatically as

0 1 2 3 4 5 6 7 8 9

D3 - - - - • • • • • •
D7 - - - - - - - - • •

where - denotes a direction the brane extends in, and • denotes a transverse direc-

tion. This embedding has amanifest SO(4)×SO(2) isometry - the SO(2) can be broken

however by separating the D7-branes from the D3-branes in the 89-directions.4 This

3Since we work in the ‘t Hooft limit where N → ∞, the probe limit is satisfied so as long as Nf is kept
finite.

4Wewill later relate this to a holographic model of chiral symmetry breaking - see Section 4.2.1.
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corresponds to giving a mass to the flavour degrees of freedom,

m =
l

2πα′ , (4.1.2)

where l is the separation, since the 3-7 and 7-3 strings will have aminimum length l and

consequently a minimum energy given by (4.1.2).

The dual field theory to the D3/D7 system can be constructed explicitly and is given

by N = 4 SYM coupled to N = 2 hypermultiplets. The matter introduced thus re-

ally consists of fermions together with scalar superpartners - the latter become mas-

sive in the presence of any further supersymmetry breaking. The symmetries can easily

be matched between the two sides of the correspondence - for example, the SO(4) ×
SO(2) ⊂ SO(6) isometry of the D7-brane embedding corresponds to the preserved

subgroup of the N = 4 SYM R-symmetry group5, with the SO(2) ∼= U(1) factor being

broken explicitly by the presence of a mass term in the field theory, as in the corre-

sponding brane picture.

In the probe limit, the D3/D7 system can instead be viewed as a small number of D7

probes in anAdS5×S5 background. The newdegrees of freedom can then be described

by studying theD7-brane actions fromSection 2.1.2 in this background, which recall also

includes a profile for the formC4 and a constant dilaton (see (2.1.15)). The bosonic actions

(2.1.10) and (2.1.11) in this case thus reduce to

S7 = −T7
∫
d8ξe−Φ

√
−det (Gαβ + 2πα′Fαβ) +

(2πα′)2

2
µ7

∫
P [C4] ∧ F ∧ F (4.1.3)

where the appropriate 8-form term in the Chern-Simons action has been extracted. For

now let us set F2 = 0, which can be done consistently - later, in Chapters 5 and 8, we

will also consider non-zero F2. The action thus reduces to (2.1.8),

S7 ∼
∫
d8ξ
√

−detGαβ , (4.1.4)

as just the worldvolume of the brane.

For many purposes when embedding probe branes, it is convenient to write theAdS5×
S5 metric in a form that illuminates the directions that the probe extends in and their

symmetry, by splitting the space transverse to the D3-branes in a particular way. For the

case of a D7 probe considered here one writes6

ds2 =
r2

L2
ηµνdx

µdxν +
L2

r2
(
dρ2 + ρ2dΩ2

3 + dw2 + w2dϕ2
)

(4.1.5)

5Technically, theSO(4)decomposes toSU(2)R×SU(2)Φ withSU(2)R the aforementionedR-symmetry
factor, and SU(2)Φ rotating the scalars in the adjoint hypermultiplet.

6Note that the ρ used here is a different coordinate to that of the same letter in Section 3.2.
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with r2 = ρ2 + w2 the radius in the transverse space (i.e. the AdS radius) as before.7

One then embeds the probe such that it extends in the directions (xµ, ρ,Ω3), with (w, ϕ)

the transverse coordinates - the coordinate ρ then effectively plays the role of the holo-

graphic RG scale r, though the distinction is of physical importance as we will see. We

may consistently set ϕ = constant due to the symmetry in the directions transverse to

the D7 probe. The induced metric on the D7 probe is then easily calculated as

ds2D7 =
ρ2 + w2

L2
ηµνdx

µdxν +
L2

ρ2 + w2
dρ2 +

L2ρ2

ρ2 + w2
dΩ2

3 (4.1.6)

which asymptotically (ρ→ ∞) is AdS5 × S3.

To find the exact ground state embedding, wework in static gauge (see Section 2.1.2) and

search for a solution w(ρ) of the equation of motion that results from the action (4.1.4)

on the background (4.1.5), where this is a function of ρ only due to the SO(4) symmetry

of the S3 and in order to preserve Poincaré invariance. The action then becomes

S7 ∼
∫
dρρ3

√
1 + (∂ρw)

2 (4.1.7)

with corresponding equation of motion

d

dρ

ρ3 ∂ρw√
1 + (∂ρw)

2

 = 0. (4.1.8)

This has a supersymmetric flat embedding solutionw(ρ) = l i.e. theD7 is separated from

the D3 stack by a distance l. Physically, w(ρ) can be interpreted as the running of the

flavourmass under RG flow, and thus for these solutions themass is non-renormalised,

as expected for a supersymmetric gauge theory. For l = 0 conformal invariance is pre-

served, but otherwise it is broken by the scale l. Note that for non-zero l, the radius

of the S3 in (4.1.6) vanishes at ρ = 0 - this corresponds to the radial coordinate value

r =
√
ρ2 + w2 = l and the brane embedding thus caps off smoothly in the space here.

Physically, this corresponds to the intuition that the flavour degrees of freedom only ex-

ist at RG scales above their mass. In particular, in top-down models like this the meson

spectra, which can be calculated by considering linear fluctuations about the vacuum

embedding found above, is blind to scales below the constituent quark mass l. We will

discuss this issue further in Chapter 6 in the context of Dynamic AdS/QCD.

It remains to discuss this additional duality a little more precisely, in light of the holo-

graphic dictionary discussed in Section 3.2. Asymptotically, the equation of motion

7Note also that for other purposes, such as holographic renormalisation and Kaluza-Klein holography,
it is better to use a coordinate system that does not mix the AdS radial and S5 coordinates in this way - in
Chapter 8 we will thus use a different set of coordinates.
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(4.1.8) has the leading contribution

d

dρ

(
ρ3∂ρw

)
= 0 (4.1.9)

with general solution

w = l +
c

ρ2
+ . . . (4.1.10)

Wewish to use the dictionary to identify the dimension of the dual operator, but a prob-

lemarises in that the kinetic term in the scalar action (4.1.7) is not canonically normalised.

Making the field redefinition w(ρ) = ρΦ(ρ) the asymptotic form of the action becomes,

after an integration by parts,

S7 ∼
∫
dρρ3 (∂ρw)

2 ∼
∫
dρρ3

(
ρ2 (∂ρΦ)

2 − 3Φ2
)
, (4.1.11)

which is easily identified as the action for a free massive scalar inAdS5, with massm2 =

−3.8 The corresponding asymptotic expansion of the field Φ is thus

Φ =
l

ρ
+

c

ρ3
+ . . . (4.1.12)

and since this scalar is canonically normalised, the result in equation (3.3.1) may be used

(making the transformation ρ→ 1/ρ2 to account for the different definition of the holo-

graphic radial coordinate used). One thus finds that Φ and consequently w describe a

dimension-1 source (i.e. mass) and a dimension-3 operator, consistent with the mass-

dimension relation (3.2.4) for a bulk scalar of massm2 = −3.

The dimension-3 operator in question is a supersymmetric generalisation of the usual

fermion mass term Lm = mψ̄ψ, and consequently its VEV is a generalisation of the chi-

ral condensate ⟨ψ̄ψ⟩ which we will discuss in the next section. This VEV must vanish

if supersymmetry is present, and in the supersymmetric flat embedding w6 = l found

previously, there is no subleading term and so the VEV indeed is zero. Some confu-

sion arises however from the fact that in other coordinate systems the subleading terms

may be zero. For example, in the coordinate system in which holographic renormali-

sation is most readily carried out, and which we use in Chapter 8, the subleading term

is non-zero. Holographic renormalization provides the solution here however, as fi-

nite counterterms can be fixed by supersymmetry to ensure that the on-shell action is

zero, and consequently one finds that the VEV automatically vanishes in this case [59].

For the remainder of Part II we will continue to work in coordinates analogous to those

used here.
8Indeed, in [59] it was shown that asymptotically the general action (4.1.4) for a D7 probe is the same as

that of a massive free scalar in AdS5, which allowed the holographic renormalisation to be performed by
simply borrowing the corresponding counterterms.
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q q̄

Figure 4.2.1: Mesons viewed as a quark and anti-quark joined via a string-like gluon flux
tube: the tube causes a linear potential between the quarks that grows as their separa-
toin, V (r) ∝ r, leading to the phenomenon of confinement.

4.2 QCD - Confinement and Chiral Symmetry Breaking

Quantum Chromodynamics (QCD), the theory of the strong interaction, describes the

dynamics and interactions of quarks and gluons, and mathematically is given by a non-

abelian gauge theory with gauge group SU(3) coupled toNf Dirac fermions,

LQCD = −1

4
F a
µνF

µν
a + ψ̄j

(
iγµDµδ

jk −M jk
)
ψk. (4.2.1)

If one assumes that all the quark masses are equal then there is a U(Nf ) global flavour

symmetry, and the beta function of the theory (for the case of general colourN ) can be

calculated as [60]

β(g) ≡ dg

dlnµ
= − g3

48π2
(11N − 2Nf ) (4.2.2)

where µ is the RG scale. This is manifestly negative for 11N > 2Nf , which is satisfied

for the observed case of N = 3, Nf = 6. The coupling thus vanishes in the UV (µ → ∞),

a property known as asymptotic freedom [61, 62], whereas the IR (µ → 0) is strongly

coupled - in fact, the coupling diverges at a finite value ofµ = ΛQCD known as the Landau

pole (though of course the perturbative analysis must be treated with suspicion in this

regime).

The strongly-coupled nature of the IR in QCD leads to a number of important phe-

nomenological implications (see e.g. [63]) that are observed experimentally, though cur-

rently without analytic proof since the large coupling defies analysis via traditional per-

turbativemethods. Perhaps themost crucial of these is confinement, which is the prop-

erty that no colour-charged particles can be isolated, but must instead exist in colour-

singlet bound states. For example, quarks are observed to form hadron bound states

either as mesons (q̄q) or baryons (qqq), and gluons similarly are believed to form glue-

balls (see e.g. [64,65]). Important signatures of confinement in a theory are the existence

of a discrete spectrum of bound states, together with a mass gap i.e. strictly positive

value for the lowest mass in the theory - in QCD for example, although the gluons are

massless, glueballs must have a lower mass bound.9

Confinement can be understood by thinking of quarks in bound states as being held

9An analytic proof of confinement is still missing even in pure Yang-Mills theory, but it can be demon-
strated in lattice QCD [66].



34 Chapter 4. Probe Branes and Low-Energy QCD

together by gluon flux tubes or ‘strings’ - see Figure 4.2.1. The energy between quarks

grows as one tries to separate them, with a linear potential V (r) ∝ r for separation r.10

Such a feature is known to lead to an ‘area law’ for the expectation value of the Wilson

loop ⟨WC⟩, which can then be taken as an indication of confinement in a theory (confine-

ment can then be tested for in a given theory holographically, since ⟨WC⟩ has a simple

dual description [67]). Furthermore, the linear potential implies theRegge trajectory be-

tween mass and spinM2 ∝ J - this was in fact the original motivation for string theory

as a theory of the strong interaction in the 1960s, since it correctly described the patterns

of hadrons being observed in particle accelerators. We will discuss Regge trajectories

further in Chapter 6 in the context of AdS/QCD.

Another key aspect of low-energy QCD dynamics is chiral symmetry breaking [68]. Due

to a large separation of scales in the quarkmasses, at low energies only the three lightest

quarks need be considered i.e. the up, down and strange quarks. As mentioned previ-

ously, for equal mass quarks the QCD Lagrangian has aU(Nf ) flavour symmetry - taking

the three lightest quarks to be approximately equal mass, there is thus a U(3) flavour

symmetry. In the limit that these masses are approximately zero, the so-called chiral

limit, this symmetry is in fact enhanced to SU(3)L × SU(3)R which rotates the left and

right-handed chiral projections of the Dirac fermions independently. In other words,

the massless QCD Lagrangian

LQCD|m=0
= −1

4
F a
µνF

µν
a + iψ̄Lγ

µDµψL + iψ̄Rγ
µDµψR (4.2.3)

is invariant under

ψL → e−iθL·λψL ψR → e−iθR·λψR (4.2.4)

where λa are the SU(3)Gell-Mannmatrices. These transformations can equivalently be

written as vector and axial-vector transformations of the full Dirac fermion

ψ → e−iθV ·λψ ψ → e−iθA·λγ5ψ (4.2.5)

with symmetry SU(3)V × SU(3)A.11

Of course realQCD is not chiral, and indeed chiral symmetry is explicitly brokenbymass

terms for the fermions

Lm = −mψ̄ψ = −mψ̄LψR −mψ̄RψL (4.2.6)

which are not invariant under (4.2.4), but only the subgroup SU(3)V . However, the sit-

uation is slightly more complicated since there is evidence that the chiral symmetry in

10Note that separating the quarks far enough can cause the string or flux tube to break, with the resulting
fragments then independently forming new bound states.

11Of the remaining U(1)V × U(1)A that one would expect to be present, U(1)A is anomalous [69, 70]
(except at large N ) whereas U(1)V corresponds to baryon number conservation and is indeed preserved
in the full quantum theory.
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QCD is in fact spontaneously broken. Spontaneous symmetry breaking can occur if,

although there are no mass terms for quarks, the dynamics generates a vacuum expec-

taction value for the mass operator i.e.

⟨ψ̄ψ⟩ = ⟨ψ̄LψR⟩+ ⟨ψ̄RψL⟩ ̸= 0 (4.2.7)

This is known as the chiral condensate as mentioned in Section 4.1.1, and is manifestly

not invariant under chiral symmetry transformations (4.2.4).12 Following Goldstone’s

theorem [71, 72], one would expect 8 massless bosons present in the spectrum when

breaking SU(3)L×SU(3)R → SU(3)V . In reality thesewill be pseudo-Goldstone bosons

with non-zero mass due to the only approximate chiral symmetry present in nature. In

QCD, these pseudo-Goldstone bosons are the pions, kaons, and eta mesons, and their

light masses compared to the rest of the spectrum (which cannot be explained via small

explicit mass terms for the light quarks - see [73]) can be understood to be generated via

this chiral symmetry breaking mechanism.13

4.2.1 Top-Down Holographic Models

Although a full gravity dual of QCD is not within reach at present, considerable work has

been done in trying to realise these features of low-energyQCDwithin the gauge/gravity

framework. For example, confinement canbe realisedby considering supergravity back-

grounds that have a divergence in the interior of the bulk at a finite value r = r0 of the

holographic radial coordinate. This obstruction or “wall” in the IR leads to a linear rela-

tionship between separation and energy for a string that dips deep into the AdS space

and thus can be viewed as leading to confinement following [67]. Examples of such

constructions exist within both the bottom-up and top-down pictures, such as the 5-

dimensional GPPZ flow [74, 75] or the 10-dimensional Constable-Myers flow [76] - the

latter is generated by a running of the dilaton and is a completely non-supersymmetric

background.

For the following we are mostly interested in top-down models of chiral symmetry

breaking from probe branes. We will study a new example of this in Chapter 5, and

Chapter 6 is largely concernedwith similar issues within the Dynamic AdS/QCD frame-

workwhich, although a bottom-up construction, is directly inspired by top-downprobe

brane models of chiral symmetry breaking.

The simplest example of realising chiral symmetry breakingwithin gauge/gravity duality

is to consider D7 probe branes within a confining, non-supersymmetric background

12Note that, as mentioned in Section 4.1.1, chiral condensates can only exist in the absence of supersym-
metry.

13Another heuristic argument for spontaneous chiral symmetry breaking can be given on the basis that
QCD is confining. Since the energy between quarks grows as one tries to separate them, it might be ener-
getically favourable for the ground state to contain many quark and anti-quark pairs bound together. By
Poincaré invariance the only possibility is a condensate of the form (4.2.7) [60].
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such as the Constable-Myers flow (chiral symmetry breaking can also be triggered via

a background magnetic field [77], as we discuss more in Chapter 5). The symmetry in

question that is broken is theU(1) of the 89-directions transverse to theD7 probe, which

corresponds to part of the R-symmetry in the field theory as discussed in Section 4.1.1.

This symmetry is broken by a non-trivial brane embedding, and in the field theory is

correspondingly broken by either an explicit mass term or a condensate ⟨ψ̄ψ⟩. The case

of spontaneous symmetry breaking is given by solutions of the brane embedding of

the form (4.1.12) with l = 0,m ̸= 0 i.e. zero mass but non-zero condensate. Note that

the anomalous U(1)A symmetry of QCD becomes restored at largeN (with finiteNf ) as

discussed in Section 4.2, and is similarly broken by the formation of a condensate - we

thus take the spontaneous breaking of the U(1) symmetry in the D7 system as a model

for the breaking of this U(1)A in QCD at large N.

It is also possible to construct holographicmodels of chiral symmetry breaking for non-

abelian symmetries, whichmore faithfully represent the full pattern of symmetry break-

ing present in QCD. For example, the Sakai-Sugimoto model [78, 79] is a D4-D8 system

within the framework of type IIA string theory, and breaks the full SU(Nf ) × SU(Nf )

of QCD. In Chapter 5 we will see an example of D5 probe branes breaking an SO(3)

symmetry.

4.2.2 AdS/QCD

A complementary approach to studying QCD within gauge/gravity duality (though one

that does not strictly use the holographic dictionary) is to use bottom-up models that

have come tobeknowncollectively asAdS/QCD [80,81]. These are simple 5-dimensional

gravitymodels that are not derived from any top-down string theorymodel, and conse-

quently the details of the dual field theory are not known. By choosing the ingredients

of the 5-dimensional theory carefully however, it can be conjectured to be dual to a

confining gauge theory similar to QCD, and useful calculations about the latter can be

performed with relative ease.

A full gravity dual of QCD should of course contain an infinite number of bulk fields

dual to the infinite number of operators in QCD, in accordance with the field-operator

map discussed in Section 3.2.2. However, if one is interested in studying the dynamics

of chiral symmetry breaking then only a small number of operators contribute - the

chiral order paramater, and the left and right symmetry currents ψ̄Lγ
µψL and ψ̄Rγ

µψR

associated with the SU(Nf )× SU(Nf ) chiral symmetry.

Within this approach for example, there exist models that can be viewed as the grav-

itational counterpart to chiral perturbation theory [68] - this is a low-energy effective

field theory of QCD that dispenses with notions of quarks and gluons and instead takes

as its degrees of freedom the lightmesons that are the pseudo-Goldstonemodes of chi-

ral symmetry breaking, as discussed in Section 4.2. One collects these modes πa into a
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single field

U = eiπ
a(x)Ta/fπ (4.2.8)

with fπ the pion decay constant and Ta theSU(3) generators, and then constructs a phe-

nomenological Lagrangian as a derivative expansion. Correspondingly, one can con-

sider a bulk scalar field of the form

X(z, x) = X0(z)e
2iπa(x)Ta (4.2.9)

where πa encodes the light mesons andX0(z) encodes the quark mass and condensate

via its asymptotics

X0(z) ∼
1

2
Mz +

1

2
Σz3 (4.2.10)

withM and Σ the mass and condensate matrices respectively - the asymptotics are ap-

propriate to describe a scalar operator of dimension 3. Here z is the radial coordinate in

a simple 5-dimensional AdS space, but with a cutoff or hard wall at z = z0. This breaks

conformal symmetry, and the scale z0 introduces a mass gap and ensures confinement.

Similarly themodel contains two gauge fields that are dual to the left and right symmetry

currents. Altogether one has the action

S = −
∫ z0

0
d5x

√
−g Tr

[
|DX|2 + 3|X|2 + 1

4g25
(F 2

L + F 2
R)

]
(4.2.11)

with g5 the gauge coupling, and the scalarmassm2 = −3 chosen to describe a dimension

3 operator in the field theory according to (3.2.4) - the gauge fields dual to the symme-

try currents are massless according to the relation m2 = (∆ − 1)(∆ − 3), which is the

analogue of (3.2.4) for vector fields in d = 4.

Given this model, one can then compute meson spectra and decay constants by con-

sidering fluctuations about the ground state solution - the method gives results that are

within 10% agreement with experimental measurements [80]. One problem with the

hard wall feature present in this model is that it leads to a scaling behaviourM2 ∼ n2, s2

for the meson masses with excitation number and spin, whereas QCD is known to fol-

low Regge behaviour M2 ∼ n, s as dicussed in Section 4.2. For this reason one often

considers soft wall models within AdS/QCD that circumvent this difficulty, though at

the expense of potentially creating new problems. This issue forms the subject matter

of Chapter 6.

An extension of this simple model, known as Dynamic AdS/QCD [82, 83], makes some

improvements, and is inspired by the D3/probe D7 model discussed in Section 4.1.1. In

particular, the generation of the quark condensate and soft wall in the IR occur dynami-

cally, rather than needing to be put in by hand, though one does put in the gauge theory

dynamics as input through the running of the anomalous dimension of the quark/anti-

quark bilinear. A useful application of this model is to study the Nf-dependence of the
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gauge theory, since one can simply vary the form of the anomalous dimension that is

used as input - such an approach has been used to study a variety of physical problems,

such as the conformal window [84] and walking gauge theories [83,85]. We discuss the

Dynamic AdS/QCDmodel in detail in Chapter 6.



CHAPTER 5

Holographic Graphene in a Cavity

The material in the present chapter is based largely on [1].

5.1 Introduction

The low-energy description of graphene [86] is given by a theory of 2+1-dimensional

massless fermions interacting through classically conformal 3+1-dimensional electro-

magnetism. Holographic descriptions of N = 4 super Yang-Mills theory with defect

D5-probe branes [87–91] (and other related systems [92–97]) provide a calculable sys-

temwith similar overall properties - fermions living on the defect interacting via higher-

dimension conformal gauge fields. The holographic description is of course only valid

in a regime where the gauge fields are strongly coupled (formally, the large N limit). It

has been argued however that the graphene system may be close to strong coupling

since the effective speed of light of the fermionic theory is much less than the vacuum

value [98]. Nevertheless, graphenemay be in a different universality class from the holo-

graphic systems, lying closer to perturbative expectations. One way to drive graphene’s

interactions to stronger coupling is to place the theory in a cavity, by placing a sheet

between two mirrors for example. The separation of the mirrors ∆z enters the effec-

tive 2+1-dimensional electromagnetic coupling as g22 ∼ g23/∆z (see also discussion of

the Purcell effect in the condensed matter literature [99]) and can be used to control

the coupling strength. It is therefore possible that graphene could be forced into the

strongly coupled regime experimentally. Holographic models may then provide useful

guidance as to the expectedphenomena in realworld systems (although the holographic

theories typically contain remnants of super-partners of the fields involved, and so no

predictions are likely to be quantitatively correct).

39
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Motivated by this idea, in this chapter we study the holographic D3/D5 system in a com-

pact space and in a cavity. The simplest example is to study the N = 4 theory in a

space with one compact dimension, introducing a scale∆z - the gravity dual is given by

the AdS-soliton configuration [100] (the circumference of the space is computed in Ap-

pendix 5.A). In Section 5.2.1 we place a single D5-probe in the geometry and show that

a mass gap is generated by the probe brane bending in the holographic description (the

system is a simple lower-dimensional extrapolation of the well explored D4/D6 sys-

tem [101]). This is a clean example of dynamical mass gap generation using AdS/CFT,

similar to themass gap generated by an external magnetic field [102]. Previously, a mass

gap has also been shown to develop in a system of two D5-probes in AdS5 × S5 repre-

senting spatially separated defects [59, 97, 103, 104] - here the condensation occurs due

to the D5 and anti-D5-branes joining in the interior of AdS and represents “exciton”

condensation between the fermions on one defect with those on the other. In [105] the

phase transition between that phase and the phase in a magnetic field, where conden-

sation occurs on each brane alone, was investigated. In the present case, the conformal

symmetry breaking of the IR length scale is not sufficient to generate a transition, but a

similar transition does occur againwhen amagnetic field of sufficient strength is applied

as discussed in Section 5.2.3.

Using theN = 4 system tomodel electromagnetic interactions betweenmirrors ismore

difficult since it is unclear whether any true model would include such a configuration

that describes both the N = 4 vacuum and the mirrors. The AdS-soliton configura-

tion again appears to be the appropriate way to initially introduce the IR length scale.

In [106] a proposal was made for AdS-duals for N = 4 SYM with boundaries. Amongst

these proposals is one for a strip of the gauge theory between two boundaries of con-

stant tension. The dual geometry is the AdS-soliton but with a cut-off in the AdS space

corresponding to the position of the boundaries (the tension of the boundary ismatched

to that of the plasma within). We study probe D5-branes in this system but fail to find a

regular description of a single defect since the D5-brane solutions hit the interior cut-

off. Most likely this shows that the systemwith a tensionful wall at the edges of the strip

is not a physical system that could be generated in a complete theory. However, the

discussion shows that the behaviour of the gauge fields in a cavity would likely be very

similar to that in the spacewith a compact dimension. We therefore use the AdS-soliton

to describe the vacuum state of the gauge fields and simply place probe D5-branes and

their mirror image partners into the space by hand. A new phase is identified in which

the probe has a mass gap as a result of exciton condensation with its mirror image if

the sheet comes within a quarter of the separation of the mirrors to either mirror. The

complicated phase diagram for bilayer configurations is also computed in this case in

Section 5.3.2.
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5.2 N = 4 Super Yang-Mills on a Compact Space

Motivated by the previous discussion, we will here loosely represent QED interactions

by the large N dynamics of N = 4 super Yang-Mills theory on the surface of a stack of

D3-branes. The theory in flat 3+1-dimensional space is described at zero temperature

by AdS5 × S5,

ds2 =
(ρ2 + L2)

R2
(dx22+1 + dz2) +

R2

(ρ2 + L2)
(dρ2 + ρ2dΩ2

2 + dL2 + L2dΩ̃2
2) , (5.2.1)

wherewehavewritten the geometry todisplay thedirections theD3-branes lie in (x2+1, z).

A 2+1-dimensional defectwith anN = 2 chiralmultiplet on its surface canbe introduced

by embedding a probeD5-brane on (x2+1, ρ,Ω2)with the transverse directions (L, Ω̃2, z)

where z is the spatial 3-direction. Here we denote the AdS radius as R.

N = 4 SYM on a space that is compact in the z-direction is instead described holo-

graphically by the AdS-soliton [100]

ds2 =
R2

r2
h−1(r)dr2 +

r2

R2

(
dx22+1 + h(r)dz2

)
+R2dΩ2

5 (5.2.2)

with

h(r) = 1−
(r0
r

)4
. (5.2.3)

The circumference of the space can be found by looking in the r − z plane near the

horizon at r0 and demanding regularity after coordinate transformations, in a similar

fashion tohowonedetermines the temperature of a black hole. Onefinds (seeAppendix

5.A) that the circumference of the z-direction is R2π/r0.

To embed a probe D5-brane into the space it’s convenient to make a change of coordi-

nates such that the 6-plane transverse to the D3-branes can be split as in Section 4.1.1.

We thus require that
h−1

r2
dr2 =

dω2

ω2
(5.2.4)

which is satisfied by

ω =

(
r2 +

√
r4 − r40

)1/2

. (5.2.5)

It is simple to check that the required inverse is

r2 =
ω4 + r40
2ω2

(5.2.6)

and the metric thus becomes

ds2 =
w2

R2

(
gxdx

2
2+1 + gzdz

2
)
+
R2

w2
(dw2 + w2dΩ2

5) (5.2.7)
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where

gx =

(
w4 + r40
2w4

)
(5.2.8)

gz =
(w4 − r40)

2

2w4(w4 + r40)
. (5.2.9)

We can now split the transverse 6-plane as before,

ds2 =
(ρ2 + L2)

R2
(gxdx

2
2+1 + gzdz

2) +
R2

(ρ2 + L2)
(dρ2 + ρ2dΩ2

2 + dL2 + L2dΩ̃2
2) . (5.2.10)

5.2.1 A Single Graphene Sheet

We now introduce quenchedmatter via a probe D5-brane - the analysis proceeds sim-

ilarly to that of the D3/D7 system in Section 4.1.1. The matter content is a single Dirac

fermion and scalar superpartners (that will become massive in the presence of any su-

persymmetry breaking) restricted to the x2+1 directions. The underlying brane config-

uration is as follows:

0 1 2 3 4 5 6 7 8 9

D3 - - - ∥ • • • • • •
D5 - - - • - - - • • •

where ∥ corresponds to the compact direction. Note that there is an SO(3) symmetry

associated with the directions (L, Ω̃2) transverse to the D5-brane. We expect the vac-

uum configuration for a single D5-probe to be described by a profile L(ρ) at fixed z. We

work at zero temperature and density (with all other fields switched off) and the action

for the D5-probe is thus just its world volume,

S ∼ −
∫
d6ξeΦ

√
−det[G]

∼ −
∫
dρ

(
1 +

1

(ρ2 + L2)2

)3/2

ρ2
√

1 + L′2 ,

(5.2.11)

where Φ is the dilaton (which is constant here as in pure AdS) and we have dropped

angular factors on the 2-sphere which are a constant multiplicative factor for all the

solutions we compute. We have also rescaled each of L and ρ by a factor of r0.

One can solve for the numerical embedding L(ρ) by shooting from ρ = 0 subject to

the boundary condition L′(0) = 0 for regularity. The asymptotic solutions fall off as

L(ρ) = m + c/ρ + ... where m is proportional to the quark mass and c to the quark

condensate1 (strictly it is only the quark condensate in the massless limit [92]). To find

the massless embedding one shoots to find the solution with L(∞) = 0. The minimum

1Note that the dimensions are consistent here, since the fermions are confined to live on a 2+1-
dimensional defect i.e. the fermion mass term is now

∫
d3xmΨ̄Ψ, which means that Ψ̄Ψ and thus c is

of dimension 2.
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Ρ
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Figure 5.2.1: The embedding of a single D5 brane for amassless quark in the AdS-soliton
background is shown for r0 = 1. The dual of the compact space therefore closes off
on the smaller circle shown - note the D5 brane embedding is regular avoiding this line.
We also show the solution of (5.3.3) with the tension chosen so that the interval between
the walls has radius R2π/r0 - the D5 embedding hits this cut off on the space.

energy solution is shown in Figure 5.2.1 (the position in the ρ−L plane of the singularity

at ω = 1 is also shown, so one sees that the embedding never enters the singular region).

Numerical computation of −S evaluated on a solution gives the vacuum energy since

the configuration is static. This energy suffers from an IR divergence which goes as Λ3

for large cutoff Λ, as can be seen from equation (5.2.11) since L′(ρ) → 0 as ρ → ∞ on

our solution. Of course this is expected within holography, and can be dealt with via the

usual procedure of holographic renormalisation [59]. Here it is sufficient to include a

counterterm of the form L1 = −1
3

√
γ to cancel the single divergence above, where γ is

in the induced metric on the cutoff slice ρ = Λ.2

The curved solution in Figure 5.2.1 is already an interesting result. It breaks the SO(3)

symmetry of the L = 0 (supersymmetric massless) embedding to SO(2) and the non-

zero value of L(0) can be interpreted as a dynamically generated IR quark mass. This

response is familiar from other cases in the literature describing the dynamical gener-

ation of a mass gap [101, 102, 107]. This graphene-like configuration on a compact space

thus provides an example of a completely controlledAdS/CFT computation of a dynam-

ically generatedmass gap (the case with amagnetic field [90,91] is the only other known

case for a single probe D5-brane).

5.2.2 Bilayer Configurations

Another example of a holographically computable dynamical mass gap is provided by a

bilayer configuration of probe D5-branes in AdS. A joined D5/anti-D5-brane U-shaped

configuration, analogous to the Wilson loop configuration of an interacting quark and

anti-quark [67], describes “exciton” condensation between the fermions on the two de-

fects. The separation of the defects provides the conformal symmetry breaking scale. It

2Note that no finite counterterms are possible for D5-branes.
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Figure 5.2.2: U-shaped bilayer configurations in the AdS-soliton background. The space
has circumference π in the z-direction - we repeat the space to show configurations
wrapping both ways around the circle. Note that configurations which reach down to
r0 = 1 describe defects separated by π/2 in z. We also plot the solution of (5.3.3) with
the tension chosen so that the interval between the walls has radius R2π/r0 - the probe
configurations hit this boundary. If the figure is viewed as that for an interval between
twomirrors then configurations corresponding to exciton condensationwith themirror
partner exist if the probe lies within π/4 of the mirror.

is therefore interesting to also explore this configuration in the compact space.

Wewill allow for an embedding of the probe D5-brane in the z-direction. Allowing z to

depend on ρ only, the action for the case L = 0 now becomes

S ∼ −
∫
dρ

(
1 +

1

ρ4

)3/2

ρ2

√
1 +

(ρ4 − 1)2

2(ρ4 + 1)
z′2 . (5.2.12)

We have again scaled ρ by r0, and now also scaled z by a factor of R2r0 (the circumfer-

ence of the compact z-direction is now π in these coordinates). In general theremay be

solutions with non-zero z and L simultaneously but we shall not consider such config-

urations - they were explored in [105] for the B-field case but shown to only represent

local maxima of the effective potential. The action for the brane configurations here is

very similar to that in [105] with an IR wall introduced by an effective dilaton factor - the

main difference is just the power in the dilatonic factor and so we expect the vacuum

structure to be similar.

Since the action is independent of z, there is a constant of motion Πz given by

Πz =
z′
√

1 + 1/ρ4(ρ4 − 1)2

ρ2
√

2 + z′2(ρ4 + 4/(1 + ρ4)− 3)
. (5.2.13)
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Figure 5.2.3: The regularized energy of two D5s in the configuration of Fig 5.2.1 (which is
independent of separation) and that of the U-shaped joined embedding against separa-
tion in z (which cannot exceed π/2). The U-shaped configurations are always preferred.

Asmentioned, these solutions represent two branes joining, and extend a finite distance

into the bulk of the space at which point they turn around. There thus exists some ρ0 at

which z′ → ∞. From equation (5.2.13) one then finds that

Πz =

√
1 + 1/ρ40(ρ

4
0 − 1)2

ρ20
√
ρ40 + 4/(1 + ρ40)− 3

. (5.2.14)

From equation (5.2.13) one also finds

z′ = ±
√
2Πzρ

2√
(1 + 1/ρ4)(ρ4 − 1)4 −Π2

zρ
4(ρ4 + 4/(1 + ρ4)− 3)

(5.2.15)

giving a first order ODE for z(ρ) which one can directly integrate up numerically. One

can also find the separation∆z of the branes in a given solution by integrating equation

(5.2.15) over ρ ∈ [ρ0,∞]. The solutions for various values of ρ0 are shown in Figure 5.2.2.

An interesting feature is that there are no linked configurations with separation greater

than π/2 (half the circumference of the compact direction). The maximum π/2 sepa-

ration is realized precisely when the linked configurations fall into the scale r0. For a

compact space the dual has thus provided us with precisely the minimum number of

configurations to describe all possible D5-probe separations - two D5-probes cannot

be separated by more than half the circumference of the z-direction. The solutions do

not however provide us with configurations that wind further around the compact di-

rection.

For the purposes of computing the energies of these solutions, the expression given in

equation (5.2.15) can be substituted directly into the action in (5.2.12). The asymptotic

behaviour can then easily be read off and again reveals a single divergence which goes
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as Λ3, and can be cancelled by the same counterterm L1 = −1
3

√
γ. The results for the

two embeddings are given in Fig 5.2.3. The linked embedding always has lower energy

than the separated embeddings - exciton condensation between the sheets is preferred

over separated sheets with condensation on the single sheets at all separations on the z

circle.

5.2.3 Applying a Magnetic Field

For the compact space, U-shaped probe configurations were always energetically pre-

ferred over the configuration in Figure 5.2.1 for bilayers. It is known however that the

configuration of Figure 5.2.1 is heavily preferredwhen a large background constantmag-

netic field is applied [90–92]. Here we do not mean a component of the N = 4 SYM

fields, but instead a B-field associated with the U(1) baryon number symmetry which

has a dual description in terms of a gauge field in the DBI action of the brane. The DBI

action with the worldvolume gauge field is now given by

S ∼ −
∫
d6ξeΦ

√
−det[G+ 2πα′F ]. (5.2.16)

For the 2+1-dimensional defect field theory in question, the only possibility for intro-

ducing an external magnetic field is via Fyx = −Fxy = Bz ≡ B. Following through the

analysis as before, one finds that the actions retain the forms (5.2.11) and (5.2.12) but with

an additional factor that can be identified as an effective dilaton profile,

eΦ =

√
1 +

(2πα′)2B2

g2x(ρ
2 + L2)2

. (5.2.17)

Equations (5.2.14) and (5.2.15) for the bilayer configurations now become

Πz =

√
1 + 1/ρ40(ρ

4
0 − 1)2

√
1 + 4B2ρ40/(1 + ρ40)

2

ρ20
√
ρ40 + 4/(1 + ρ40)− 3

(5.2.18)

and

z′ =

√
2Πzρ

2

√
A− B

(5.2.19)

A = (1 + 1/ρ4)(ρ4 − 1)4
(
1 + 4B2ρ4

(1+ρ4)2

)
B = Π2

zρ
4(ρ4 + 4/(1 + ρ4)− 3)

(5.2.20)

where we are writing B in units of 1/2πα′. One finds that for any value of B, the max-

imum possible separation of the branes (corresponding to ρ0 = 1) is again given by

∆z = π/2. Of course, the equation of motion for L also changes accordingly, and for

a given value of B one again shoots numerically to find the solution with L(∞) = 0,

corresponding to the massless embedding.
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Figure 5.2.4: Phase diagramof bilayer D5-probes in AdSwith one compact direction and
an applied B field. Phase A is U-shaped configurations. In phase B the probes separate
and take up configurations similar to Figure 5.2.1.

For both types of embedding the same regularisation as before holds, as the new factor

introduces no new divergences. The energies of the solutions are increased as one in-

creases the strength of themagnetic field but this does not happen at the same rate, and

so a phase transition exists above a certain value of B. The phase diagram of the theory

is shown in Figure 5.2.4 - at low B the U-shaped configurations are preferred (phase A

in the figure) whilst at large B the separated brane configurations have lowest energy

(phase B in the figure). The closer the probe branes, the larger the B-field needed to

trigger the transition.

5.3 N = 4 Super Yang-Mills in a Cavity

We would now like to describe the background N = 4 SYM fields enclosed in a cavity,

for example between twomirrors placed∆z apart. If the vacuum of the theory is locally

determined then onewould expect the description of the vacuum state tomatch that of

the theory on a compact space since one can consider the space to simply repeat every

∆z period - the soliton geometry of (5.2.2) thus seems the good candidate. Whether this

is true or not depends on the boundary, where there can potentially be boundary terms

associated with the “mirror”.

5.3.1 AdS/BCFT

In [106] a proposal was given for constructing the holographic duals of boundary con-

formal field theories - the so-called AdS/BCFT duality. The idea is to extend the CFT

d-dimensional boundary manifold M (itself with d-1-dimensional boundary ∂M ) to a

d+1-dimensional AAdS space N such that ∂N = M ∪ Q, where Q is a d-dimensional

submanifold ofN such that ∂Q = ∂M i.e. Q forms a new boundary in the interior of the

bulk space3. One can add matter degrees of freedom localised to this boundary - the

3Note that Neumann boundary conditions (rather than Dirichlet) are imposed at the new boundary Q,
since it should be dynamical from the holographic viewpoint and not fixed by CFT data.
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simple case of a constant matter Lagrangian can be interpreted as a surface of constant

tension T , and the bulk plus boundary action becomes

I = 1
16πGN

∫
bulk

√
−g(R− 2Λ)

+ 1
8πGN

∫
bound

√
−h(K − T )

(5.3.1)

whereKab is the extrinsic curvature. The boundary condition

Kab = (K − T )hab (5.3.2)

results.

For the case of a strip of N = 4 SYM between two such boundaries, one starts with

the AdS-soliton geometry, and the above boundary condition then gives the differential

equation

z′(r) = ± RT
r2h(r)

√
4h(r)−R2T 2

(5.3.3)

where the sign depends on which side of the strip the boundary sits. The solutions of

this equation represent the radial evolution of the position where the tension of the

boundarymatches the pressure of the interior gauge fields. The solutions are U-shaped

dipping down to a distance r∗ in the bulk - at themid-point 4h(r∗) = R2T 2. One can then

integrate (5.3.3) from r = r∗ to ∞ and require that ∆z matches that from the regularity

condition of the geometry (5.2.2) found previously - this fixes the tension T . We plot the

solutions of (5.3.3) in Figure 5.2.1 and Figure 5.2.2 previously. They represent a cut-off

on the space in this construction.

5.3.2 Adding Probe Branes and Mirror Images

We are now interested in including probe D5-branes in the space. The Euler-Lagrange

equations describing the embeddings in the new space are identical to those in the com-

pact space and we would hope the probes close off before hitting the new boundaries

- in Figure 5.2.1 and Figure 5.2.2 we see that this is not the case however. It is possible

that one needs to invoke new boundary conditions when the probes meet the cut-off

to reflect the physics of the interaction between the fields on the probes and the barrier

physics. Equally likely though is that the construction does not make complete sense

- one is attempting to construct a theory with mirrors and a region of space with the

vacuum ofN = 4 SYM, but such a theory may well not exist because the matter needed

to construct the mirror would need to be part of the vacuum in the strip.

We do not resolve these complex issues here - instead we will take the most naive pre-

scription of simply using the soliton geometry as our description of the vacuum of the

theory between two mirrors and place probe branes with their mirror images in that

space, à la the method of images. The embedding solutions are then simply those we
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Figure 5.3.1: The phase diagram of the bilayer theory in an interval between two mir-
rors of separation π. d1 and d2 measure the distance from one mirror to the first and
second defect respectively. We have marked the lines d1/2 = π/4, 3π/4 because these
are the separations within which condensation with the mirror image are possible. In
phase A both D5-branes are well separated and condense with their mirror images. In
phase B the twoD5-branes formaU-shaped configuration. In phaseC the probenearest
the mirror displays exciton condensation with its mirror partner whilst the other probe
takes up the lone configuration of Figure 5.2.1.

have already displayed for the compact space. We hope that this will reveal the qualita-

tive new physics correctly.

Let us first take this approach for a single probe D5-brane between the mirrors. The

immediate assumption is that the configuration is that shown in Figure 5.2.1 - there will

be condensation of the fermions on the brane triggered by the conformal symmetry

breaking scale ∆z. However, there is an additional interesting possibility which is that

there can be exciton style condensation with themirror images of the probe. When the

probe is at the mid-point between the mirrors it is a distance ∆z from its reflections.

There are no U-shaped configurations for probes separated by more than ∆z/2 and so

the single configuration of Figure 5.2.1 is correct. If the probe is moved within ∆z/4 of

the mirror however, then joined configurations exist with lower energy than the single

configuration and exciton condensation with the mirror image will occur. In a sense

this is a new form of mass gap formation for this system.

For two probe branes several configurations are possible depending on the separation

of the branes fromeachother and from theirmirror partners. Bothbranes can condense

with theirmirrors, one can condensewith themirror andonehave condensation of only

its own fields, or the two branes can display exciton condensation with each other. One

works through all possibilities and computes the energetically preferred configuration

- the phase diagram is shown in Figure 5.3.1.
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5.4 Conclusions

In this chapter we have studied D5-probe embeddings in an AdS-soliton configuration.

The geometry is dual to N = 4 SYM with one spatial direction of the 3+1-dimensional

space compact. We have also argued that it is dual to the vacuum of the theory of N =

4 SYM confined to a compact region between two mirrors (although as we discussed

this is ambiguous and essentially assumes the mirrors do not contribute to the form

of the vacuum configuration of the N = 4 fields except through the introduction of

a length scale). The conformal symmetry breaking scale introduced through the finite

distance in z in both cases generates fermion condensation and mass gap formation.

For a compact space a single defect exhibits a fermion condensate on its surface. For a

bilayer configuration the energetically preferred condensation is exciton condensation

between the fermions on the two sheets. If one includes mirror images of the probes

in the case of the interval then an extra phase appears in which a single fermion, when

close enough to the mirror, displays exciton condensation with its mirror image. The

bilayer phase structure, displayed in Figure 5.3.1, is then considerably complicated.

The hope is that graphene sheets could be engineered into a strongly-coupled phase by

placing them in a cavity. The qualitative expectations from our results are that a mass

gap will form in this regime. Further predictions would then be that there would be a

first order phase transition to condensation with the mirror partner if the single sheet

were brought close to the mirror. For bilayer configurations we also showed that an

applied magnetic field can cause a first order transition from an exciton condensation

phase to a phase with separate condensation on each sheet. Potentially these sorts of

features could be looked for experimentally.

5.A Circumference of AdS-Soliton

We review here how the circumference of the AdS-soliton is determined for any num-

ber of spatial dimensions d. The metric is given by

ds2 =
R2

r2

(
1−

(r0
r

)d)−1

dr2 +
r2

R2

(
1−

(r0
r

)d)
dz2 + r2dx20..d−2. (5.A.1)

We will from now on exclude the part of the metric corresponding to the x0..d−2 coor-

dinates. We have

ds2r−z =
1

r2

[(
1−

(r0
r

)d)−1

dr2 + r4
(
1−

(r0
r

)d)
dz2

]
. (5.A.2)
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We look at the metric near the horizon by writing r = r0 + r̄ for small r̄. The horizon

factor h(r) can then be written

1−
(r0
r

)d
=

(r0 + r̄)d − rd0
(r0 + r̄)d

=
r̄d

r0
+O(r̄2). (5.A.3)

The trick involves performing a coordinate transformation that brings the r − z met-

ric into the canonical form for a two-plane i.e we would like to identify the metric in

the form (dσ2 + σ2dα2)/r2 where r = r(σ) is some function of σ which will not affect

regularity and so is not important in the following. We write(
1−

(r0
r

)d)−1

dr2 =
r0
r̄d
dr2 ≡ σ2 (5.A.4)

and noting trivially that dr = dr̄ (since r = r0 + r̄) we thus have

dσ

dr
=
dσ

dr̄
=
(r0
d

)1/2 1

r̄1/2
→ σ =

(r0
d

)1/2
2r̄1/2. (5.A.5)

The desired coordinate transformation is then

r̄ =
σ2d

4r0
. (5.A.6)

The near-horizon metric becomes (where we are now ignoring the overall factor of

1/r(σ)2)

ds2 = dσ2 + (r0 + r̄)4
r̄d

r0
dz2 ≃ dσ2 + r40

r̄d

r0
dz2 (5.A.7)

and using the coordinate transformation we thus find

ds2 = dσ2 + σ2
d2r20
4
dz2. (5.A.8)

This indeed takes the form dσ2 + σ2dα2 where α ≡ zr0d/2. By regularity α must have

period 2π and thus z must have period 4π/r0d.
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CHAPTER 6

Soft Walls in Dynamic AdS/QCD and the Techni-Dilaton

The material in the present chapter is based largely on [3].

6.1 Introduction

The AdS/CFT correspondence combined with the introduction of flavour branes pro-

vides a quantitative method for computation of the physics of quarks in (at least some)

strongly-coupled gauge theories, as introduced in Chapter 4. For example, the light me-

son spectrum of theN = 2 theory with a small number of quark multiplets in the back-

ground of N = 4 super Yang-Mills is known [54]. It has been natural to attempt to

move these techniques towards more QCD-like theories, but a more phenomenolog-

ical bottom-upmethodology has been the only way to directly proceed to QCD thus far.

AdS/QCD (see Section 4.2.2) is the broadest brush-stroke example, being the maximally

simplifiedmodel in the spirit of a D7-probe action embedded inAdS5×S5. It was recog-

nised early on however that themodel suffers from radially excited stateswhosemasses

grow as n (the excitation number) [108,109] and, if minimally extended to include higher

spin states, masses that grow as s (the spin). In QCD, meson Regge trajectories typically

show
√
n and

√
s behaviour and indeed this was the originalmotivation for string theory

in the 1960s. In AdS/CFT the strong coupling limit leaves a classical supergravity theory

for the lightest states without strings in the AdS space, to match the expectation that

quarks are joined by extended gluonic flux tubes in QCD.

In [110] it was pointed out that modifications of the IR AdS geometry or the IR behaviour

of the dilaton in AdS could be used to achieve the expected Regge form for the masses.

This clever trick undoes the argument that a gravity dual cannot describe this aspect of

53
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the QCD spectrum. However, the trick is not completely convincing since the mesonic

spectrum is determined by modifications of the theory in the deep IR well below the

constituent quarkmass and confinement scale, which appears to be a peculiar violation

of decoupling. Nevertheless, such IRmodifications have been incorporated intomodels

such as [111–116] that provide a remarkably gooddescription ofQCD (see also for example

the recent work [117]).

In this chapter we will present an analysis in which we introduce soft-wall behaviour in

the Dynamic AdS/QCD model [82–85]. The model is a slightly more sophisticated ver-

sion of AdS/QCD, retaining a fewmore features of probe brane embeddings in rigorous

string theory settings. In particular, it allows one to smoothlymove (in a phenomenolog-

ical rather than a rigorous manner) from theN = 2 theory to more QCD-like behaviour.

It also provides an interpretation of the chiral symmetry breaking condensation as the

dynamical generation of a IR quark mass. We will see in Section 6.3 that to introduce a

soft wall and obtain a Regge meson spectrum requires a rather peculiar profile for the

dynamical mass (one certainly not seen in top-down models) in order to allow physics

in the deep IR to enter the meson physics - in particular, the dynamical quark mass

must vanish in the deep IR. This analysis provides some support for those who claim

that there is an inherent tension in the use of non-stringy descriptions of QCD states.

Recent work [82–85, 113–116, 118] has considered extending AdS/QCD models beyond

just QCD to theories with arbitrary Nf and Nc, including theories speculated to run to

IR fixed points and to behave as walking theories [119]. These models hopefully provide

guidance to lattice practitioners who are attempting to simulate such theories [120–130]

and one hopes that broad trends in the behaviours of meson masses as one enters

this regime will be correctly displayed. The key extra ingredient beyond the simplest

AdS/QCD models is to allow the mass squared of the scalar which describes the quark

condensate (and encodes its dimension viaM2 = ∆(∆ − 4)) to run with RG scale. Chi-

ral symmetry breaking occurs at the scale where the BF bound (c.f. (3.2.5)) is violated -

M2 = −4 in AdS5 corresponding to∆ = 2, or an anomalous dimension for q̄q of γ = 1.

An interesting debate about walking theories is whether the pseudo-conformal regime

generates a bound state in the spectrum that is anomalously light since it is a Goldstone

mode for conformal symmetry breaking. Interestingly, in Dynamic AdS/QCD the spin

zero σ or f0 meson was observed to become light [82–85] (the models of [131, 132] also

describe a light dilaton holographically). On the other hand, in the model of [113–116] its

mass did not fall relative to other states in this regime. Here we wish to suggest that the

key difference between these models is that the latter incorporates a soft wall IR (the

IR behaviour of their tachyon field is also crucial to this dynamics) whilst the former do

not. To test this we show in Section 6.4 that if soft wall behaviour is introduced into the

Dynamic AdS/QCDmodel (however artificially) then the shift to the IR behaviour of the

quark mass introduces rather strong conformal symmetry breaking and the resulting σ
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becomes heavy. This at least makes it clear that the behaviour of this state is sensitive

to how the mesonic physics decouples at strong coupling at scales beneath the scale of

the dynamically generated quark mass.

6.2 Hard & Soft Wall AdS/QCD

We begin by reviewing briefly the hard [80, 81] and soft wall [110] AdS/QCD models as

the construction within Dynamic AdS/QCD later will be analogous. We assume the s =

1 rho meson is created by the operator q̄γµq. Higher Regge states of greater spin are

associated with operators containing terms like q̄γ{µ∂ν . . . ∂λ}q with s − 1 derivatives

inserted - these operators have dimension 2+s. Holographically each of these operators

will be associated with a symmetric s-index field Aµ... in the dual geometry.

6.2.1 Hard Wall

In the hard wall model the dilaton Φ is a constant and one uses the AdS5 metric

ds2 = r2dx24 +
1

r2
dr2. (6.2.1)

r has the usual interpretation as an energy scale and is subject to a sharp cut-off at some

r0. The quadratic action is then schematically

S ∼
∫
d4xdr

√
−ge−Φr(4s−4)(∂µAνλ...)2. (6.2.2)

Note that, as discussed in [110], it can be argued that no further terms (such as those one

would expect from covariant derivatives) contribute to the action due to the residual

gauge freedom that remains in axial gauge,Ar... = 0, for the case of higher spins in AdS1.

The factors of r present are for the same reason, and as a result the fields Aµ... have

dimension 2− s.

Tofind thebound statemassesweconsider linearized solutionsof the formV (r)ϵµ...e−ik.x,

with the polarisation tensor taking indices in the QFT directions only, and arrive at the

equation of motion

∂r
[
r1+2s∂rV

]
+ r2s−3M2

nV = 0 (6.2.3)

where k2 = −M2
n . The large r solutions take the form

V = c+
c′

r2s
. (6.2.4)

Since V has dimension 2 − s, the constant c′ has dimension 2 + s which is appropriate

to describe the operators under discussion, and c has dimension 2− s as is appropriate

1It should be noted that writing down an action for higher spin fields is inherently very complicated and
runs into many issues, such as the need for auxiliary fields - here we have simply written the most naive
possibility.



56 Chapter 6. Soft Walls in Dynamic AdS/QCD and the Techni-Dilaton

for the source.

To provide intuition into the solutions we wish to remove the first derivative terms and

move to a Schrödinger equation form by setting z = 1/r and V = zs−1/2ψ giving

− ψ
′′
+ U(z)ψ =M2

nψ, U(z) =
(s2 − 1/4)

z2
. (6.2.5)

At small z → 0 (i.e. the UV) the potential grows rapidly, and in the IR the hard wall

presents another barrier - this is thus asymptotically a square well and the eigenstates

behaviour is known,M2
n ∼ n2. Furthermore, since thewell is proportional inmagnitude

to s2, it also follows thatM2
s ∼ s2. Hard wall AdS/QCD is thus at odds with expectations

from QCD and experiment.

6.2.2 Soft Wall

In soft wall models the IR metric and/or dilaton are allowed to take different forms to

replace the hard wall cut-off. If we consider an IR metric

ds2 = e2A(z)(dx24 + dz2) (6.2.6)

then eA now carries energy dimension (as the coordinate r did before) and the actions

for our fields are

S ∼
∫
d4xdr

√
−ge−Φe(4s−4)A(∂µAνλ...)2 (6.2.7)

analogously to before. The equation of motion becomes

∂z

[
e(2s−1)A−Φ∂zV

]
+ e(2s−1)A−ΦM2

nV = 0. (6.2.8)

The choices Φ = constant, A = −z2 and the redefinition of fields V = e(s−1/2)z2ψ gives

the Schrödinger form

− ψ
′′
+ U(z)ψ =M2

nψ, U(z) = (4s2 + 1)z2 (6.2.9)

Here the potential is that of a simple harmonic oscillator and the solutions are known

to scale asM2
n ∼ n, as required for Regge behaviour. However, the s dependence in the

potential means that the behaviour with s is not the desiredM2
s ∼ s.

Alternatively, one can return to (6.2.7) leaving the metric untouched and generate the

soft wall through a dilaton profile Φ ∼ 1/r2 ∼ z2. The equation of motion is then that in

(6.2.8) with A = − log z i.e. the metric is just AdS. On setting V = e(Φ−(2s−1)A)/2ψ we find

− ψ
′′
+ U(z)ψ =M2

nψ, U(z) = z2 + 2(s− 1) +
s2 − 1/4

z2
(6.2.10)
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which has eigenvalues

M2
n,s = 4(n+ s). (6.2.11)

This is the preferred scenario in [110].

Our initial goal is to realize these soft wall scenarios in the Dynamic AdS/QCDmodel.

6.3 Dynamic AdS/QCD

Dynamic AdS/QCD was introduced in detail in [82, 83] and is a variant of AdS/QCD (c.f.

Section 4.2.2) with some additional features taken from top-downD7-probemodels (c.f.

Section 4.1.1). In particular, the soft wall in the model is dynamically determined and

corresponds to the presence of a quark condensate.

The five dimensional action of our effective holographic theory is

S =

∫
d4x dρ e−ΦTr ρ3

[
1

ρ2 + |X|2
|DX|2 +

∆m2

ρ2
|X|2 + 1

2
F 2
V

]
. (6.3.1)

The fieldX describes the quark condensate degree of freedom, with fluctuations in |X|
around its vacuumconfiguration describing the scalarmeson. The π fields are the phase

ofX ,

X = L(ρ) e2iπ
aTa

. (6.3.2)

FV are vector fields that will describe the vector mesons.

We work with the five dimensional metric

ds2 =
dρ2

(ρ2 + |X|2)
+ (ρ2 + |X|2)dx2, (6.3.3)

which will be used for contractions of the space-time indices. ρ is the holographic co-

ordinate (with ρ = 0 the IR, and ρ → ∞ the UV) and |X| = L enters into the effective

radial coordinate in the space, i.e. there is an effective r2 = ρ2 + |X|2. This is how the

quark condensate generates a soft IR wall for the linearized fluctuations that describe

the mesonic states - when |X| is nonzero the theory will exclude the deep IR at r = 0.

The vacuum structure of the theory can be determined by setting all fields except |X| =
L to zero. We assume that Lwill have no dependence on the x coordinates. The action

for L is then given by

S =

∫
d4x dρ ρ3

[
(∂ρL)

2 +∆m2L
2

ρ2

]
. (6.3.4)

If∆m2 = 0 then the scalar L describes a dimension 3 operator and dimension 1 source

as is required for it to represent q̄q and the quark massm - that is, in the UV the solution

for the L equation of motion is L = m+ q̄q/ρ2. This case is in fact theN = 2 SYM theory
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of [54] and Dynamic AdS/QCD generates the known spectrum for the rho meson. A

non-zero ∆m2 allows us to introduce an anomalous dimension for the quark bilinear

operator. If themass squared of the scalar violates the BF boundofM2 = −4 (∆m2 = −1,

γ = 1) then the scalar field L becomes unstable and the theory enters a chiral symmetry

breaking phase. A controlled example is that of introducing a magnetic field into the

N = 2 SYM theory [102] by an effective dilaton factor,

e−Φ =

√
1 +

B2

(ρ2 + L2)2
. (6.3.5)

One could alternatively expand this to quadratic order in L and treat the quadratic term

as a ρ-dependent ∆m2 term. The induced L(ρ) function is schematically of the form

L ∼ 1/(1 + ρ2) for B ∼ 1. This function can be thought of as the RG flow of the quark

mass from a current quark mass of zero in the UV to a non-zero constituent quark IR

value.

Our immediate goal here is not to fix ∆m2 and derive L(ρ), but instead to investigate

the form of L(ρ) and Φ(ρ)which will give soft wall behaviour for the rho meson and its

Regge tower of bound states.

6.3.1 The ρ Regge Trajectory

We again assume that the s = 1 rho meson is created by the operator q̄γµq, with the

higher Regge states of greater spin associated with operators which contain terms like

q̄γ{µ∂ν . . . ∂λ}q with s− 1 derivatives inserted.

Holographically each of these operators will be associated with a symmetric s-index

field in the geometry with quadratic action

S ∼
∫
d4x dρ

ρ1+2se−Φ

(ρ2 + L2)1−s
(∂µAνλ...)2 (6.3.6)

in analogy to before. Note that there is some ambiguity here about what factors of ρ

or factors of
√
ρ2 + L2 occur (they are fixed by top-down models [54] only for the rho

meson) but for the generic conclusions we reach below this will not be important. Here

they can be understood as being determined by requiring the corresponding operators

to have the appropriate dimensions.

We seek linearized solutions of the form V (r)ϵνλ...e−ik.x with k2 = −M2
n and arrive at

the equation of motion

∂ρ
[
ρ1+2se−Φ∂ρV

]
+

ρ1+2se−Φ

(ρ2 + L2)2
M2

nV = 0. (6.3.7)

The large ρ solutions (assuming e−Φ becomes constant) again take the formV = c+c′/ρ2s.
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We now seek to place the equation into Schrödinger form so that we can easily under-

stand the potential that generates the masses of the tower of radially excited states. We

first change coordinates so the ∂2V term and theM2
nV terms have the same coefficient,

∂ρ =
1

ρ2 + L2
∂z, (6.3.8)

giving

ρ1+2s

(ρ2 + L2)2
∂2zV +

(
∂ρ

[
ρ1+2s

ρ2 + L2

]
− ρ1+2s

ρ2 + L2
∂ρΦ

)
∂zV +

ρ1+2s

(ρ2 + L2)2
M2

nV = 0 (6.3.9)

where ρ = ρ(z) is implicit. To remove the first derivative terms in (6.3.9), we rescale

ψ = aV . The coefficient of the ψ′ term (where ′ denotes ∂z) is

ρ1+2s

(ρ2 + L2)2
2a′ +

(
∂ρ

[
ρ1+2s

ρ2 + L2

]
− ρ1+2s

ρ2 + L2
∂ρΦ

)
a. (6.3.10)

Setting this to zero we thus require

1

a
∂ρa = −1 + 2s

2ρ
+

1

2
∂ρΦ+

ρ

ρ2 + L2
+

∂ρL
2

2(ρ2 + L2)
(6.3.11)

where recall that a′ = (ρ2 + L2)∂ρa. From this one easily derives

1
a∂

2
ρa = 1+2s

2ρ2
+ 1

2∂
2
ρΦ+ 1

ρ2+L2 +
∂2
ρL

2

2(ρ2+L2)

− (∂ρL2)(2ρ+∂ρL2)
2(ρ2+L2)2

− ρ(2ρ+∂ρL2)
(ρ2+L2)2

+
(
1
a∂ρa

)2 (6.3.12)

which is needed in the potential below.

The equation of motion is now of Schrödinger form,

− ψ
′′
+ Uψ =M2

nψ, (6.3.13)

with the potential

U = − (ρ2+L2)2

aρ1+2se−Φ∂ρ
[
ρ1+2se−Φ∂ρa

]
= −(ρ2 + L2)2

[
(1+2s)

ρ

(
1
a∂ρa

)
− ∂ρΦ

(
1
a∂ρa

)
+ 1

a∂
2
ρa
]
.

(6.3.14)

This expression is still in the ρ coordinates, and needs to be rewritten in z using the

result of the coordinate transformation in (6.3.8) for the given function L(ρ) in each of

the examples in the following.
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Figure 6.3.1: The Schrödinger wells for the N =2 model for s = 1, 2, 3, 4 which give a
spectrumM2 = 4(n+ s)(n+ s+ 1), and a plot of the mass trajectories vs spin, s, for the
excitation numbers n = 1, 2, 3, 4, 5.

6.3.2 Examples

In this section we will look at the spectrum of the rho meson and its Regge partners

which emerge from a variety of choices of the function L(ρ) in Dynamic AdS/QCD. We

begin with the controlled case of the N = 2 SYM theory and move away phenomeno-

logically towards more QCD-like spectra.

N = 2 SQCD

Themodel includes theD3/probeD7modelwhichdescribes anN = 2 gauge theory [54].

In this case L is a constant (which, up to a constant, is the quark mass and the only scale

of the theory), and Φ is also constant. The change of variables in (6.3.8) gives form = 1

∂ρ =
1

ρ2 + 1
∂z, z = arctan[ρ]. (6.3.15)

The key point here is that 0 < ρ <∞maps to 0 < z < π/2. Since z is of restricted range,

a square well-like potential asymptotically is unavoidable. This is directly related to the

fact that in a D7-probemodel the rhomeson physics lives on the D7 world-volume and

does not access scales below the quark mass (here r < 1). In the field theory the con-

stituent quarkmass provides a cut-off in RG scale and themesonmasses are determined

only in the theory above that cut-off.

In Figure 6.3.1 we show the Schrödinger wells generated for different s. The meson

spectra in these potentials can be found from solving (6.3.13) - we shoot from z = 0

and require the field and its derivative to vanish at the endpoints of the well. The known

analytic spectrum M2
n,s = 4(n + s)(n + s + 1) results - some sample masses are also

plotted in Figure 6.3.1 showingM2
n,s grows as n2, s2.
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Figure 6.3.2: The Schrödinger wells for the Dynamically Generated Mass model for s =
1, 2, 3, 4 and a plot of the mass trajectories vs spin, s, for the excitation numbers n =
1, 2, 3, 4, 5.

A Model of a Dynamically Generated Mass

In models with a dynamically generated mass (e.g. [102, 107]) a typical profile for the

embedding L is

L =
1

1 + ρ2
(6.3.16)

which falls off as 1/ρ2 at large ρ but deviates from passing through r2 = ρ2 + L2 = 0 yet

has ∂ρL(0) = 0. Such models are very similar to theN = 2 case though in that at large ρ

theLdependence in (6.3.8) is negligible, whilst at small ρwehaveL ≃ constant. Againwe

take Φ to be a constant. Solving (6.3.8) numerically one again finds that the z coordinate

is bounded in extent and the Schrödinger well must be square asymptotically. In Figure

6.3.2 we plot the Schrödinger well andmasses for this case -M2
n,s again grows as n2 and

s2.

Of course this is only a toy example since the running of dilaton-like factors that might

induce this shape inL are not included. However, it is important to stress that the change

of variables to z is independent of the dilaton - it is this change of variables that leads

to a truncated range in z and hence a square well and n2-like spectrum. No choice of

dilaton in the bulk or on the brane could change that result.

Engineering with L

We can now try to engineer a behaviour for the meson masses that goes as
√
n or

√
s.

Let’s first ask what choice of L(ρ), which sets the form of the soft wall, would achieve

this. We need in the IR (ρ → 0) for L to dominate in the factor (ρ2 + L2) in (6.3.8) - if

L ∼ ρp then we need 0 < p < 1. Note that in this case the IR corresponds to z → ∞ (in

the previous two cases it corresponded to z → 0). For p < 1/2 the z coordinate resulting

from (6.3.8) is bounded by amaximumvalue and the asymptoticsmust look like a square

well. For p > 1/2 the IR potential well falls to zero and the spectrum is not discrete. More

interesting behaviours can be found in the region fine tuned close to p = 1/2
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Figure 6.3.3: The Schrödinger wells for the soft wall model with L given by (6.3.22) for
s = 1, 2, 3, 4 and a plot of the mass trajectories vs spin, s, for the excitation numbers
n = 1, 2, 3, 4, 5.

We can, for example, engineer the soft wall potential of [110] for the rhomesons. We set

Φ to a constant and look at s = 1. The equation of motion (6.3.7) becomes

∂ρ
[
ρ3∂ρV

]
+

ρ3

(ρ2 + L2)2
M2

nV = 0. (6.3.17)

We enforce the change of variables

e−z2∂z = −ρ3∂ρ (6.3.18)

which in the IR (i.e. small ρ, large z) implies

ρ2 = ze−z2 . (6.3.19)

In the IR limit (where L dominates in ρ2 + L2) the equation of motion (6.3.17) thus be-

comes

∂z(e
−z2∂zV ) +

ρ6ez
2

L4
M2

nV = 0. (6.3.20)

Thus if we pick
ρ6ez

2

L4
= e−z2 , i.e. L2 = zρ (6.3.21)

in the IR, we achieve the soft wall model of (6.2.8) at s = 1. Note that, up to a log factor,

we indeed sit on the p = 1/2 boundary.

As an example complete model of this type we can choose

L =
z1/2ρ1/2√
1 + zρ5

. (6.3.22)

This falls off asymptotically in the UV as 1/ρ2 but matches the IR behaviour needed. We

display the Schrödinger well and Regge trajectories in Figure 6.3.3. The potential has
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Figure 6.3.4: The function L(ρ) which reproduces the soft wall behaviour of [110] with
a constant dilaton. Also shown are examples of the profiles for the N = 2 theory (L =
constant) and for the dynamically generated mass example (L = 1/(1 + ρ2)). The line
L = ρ is also plotted to show where the on mass-shell condition is satisfied.

a harmonic oscillator form at large z which leads to the linear Regge behaviour in n.

However, it is not yet clear that this is a success. To investigate, we first plot the function

L(ρ) - see Figure 6.3.4. Physically, L(ρ) in the top-down models is a plot of the quark

mass against RG scale. Here this function is very peculiar, at least in the context of top-

downmodels - the quark mass grows until the on mass-shell scale but then below that

scale falls to zero in the deep IR. In particular, in this construct the rho meson physics

is determined by radial distances (RG scales) all the way down to zero. This is in sharp

contrast to top-down models where the rho physics is immune to scales below the IR

quark mass. The construct of a soft wall thus requires non-decoupling of quarks in the

IR of a strongly coupled gauge theory - of course this generic point is true in any soft wall

model. Many authors have expressed the view that soft walls are not theway to produce

linear Regge behaviour (and that one should instead use true stringy behaviour), and the

interpretation in Dynamical AdS/QCDmost likely supports this view.

Functionally there is a second problem with this model. By manipulating L we have

effectively realized linear trajectories in an equivalent way to the use of “eA” in [110]. As

there, the trajectories for higher s states do not have the same slope as s = 1 - see Figure

6.3.4. In the next examplewewill provide amodel thatmixes a dilatonflowandLprofile,

and achieves the best case of [110].

Engineered Dilaton and L

Aswe saw in the second example above, one cannot use a bulk dilaton to engineer an IR

soft wall model with any finite value for L(0), because the quark physics will not see the

deep IR behaviour of that dilaton. An example solution to this problem is to take L ∼ ρ

in the IR, so that the induced metric on the embedding is just AdS, and take a dilaton

Φ = z2. We set as an example

L =
ρ

1 + ρ3
, Φ = z2. (6.3.23)
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Figure 6.3.5: The Schrödinger wells for the soft wall model with L given by (6.3.23) for
s = 1, 2, 3, 4 and a plot of the mass trajectories vs spin, s, for the excitation numbers
n = 1, 2, 3, 4, 5.

We plot the Schrödinger wells and mass trajectories in Figure 6.3.5 where the linearity

in n and s is clear.

The complaint that the rho physics is determined by RG scales below the IR quark mass

still remains in this model however. Note that we have not attempted to find profiles for

∆m2 which would dynamically generate these profiles for L - they would clearly need

to be quite peculiar relative to the standard expectation from the perturbation theory

running.

6.4 Techni-Dilaton

In this final section we turn our attention to the impact of soft wall dynamics on the so

called techni-dilaton state in walking gauge theories. There is considerable interest in

the behaviour of QCD-like SU(Nc) gauge theories with varying number of flavours Nf

[133–144]. ForNf < 11Nc/2 the theories becomeasymptotically free. There is believed to

be a region ofNf below this valuewhere the theory runs to an IR fixed point atwhich the

coupling grows in strength as Nf decreases. At some critical value, roughly estimated

as Nf ≃ 4Nc, the coupling at the fixed point becomes strong enough to trigger chiral

symmetry breaking, and IR conformality is lost. The transition is triggered when the

anomalous dimension of q̄q becomes γ ≃ 1 [113, 118, 145] and is of a BKT or Miransky

scaling type [146, 147]. Just below the critical value of Nf for chiral symmetry breaking,

the theories are supposed to display walking behaviour. The coupling runs to an IR

theory with γ ≃ 1 from below. For theories close to the critical coupling the running

in the IR theory is very slow and the scale where chiral symmetry breaking occurs is

in a theory that is very close to conformal [119]. A number of authors have predicted

that a light dilaton-like state (relative to the rest of the spectrum) will emerge in these

theories [148–153].

Several groups have recently developed holographic models of walking theories and

the conformal window [82–85, 113–116, 118]. These theories do not predict the dynam-
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ics of the running of the couplings or anomalous dimensions but include them either

directly or through chosen potentials for supergravity fields. They do however predict

the meson spectrum as a function of Nf and Nc after those assumptions have been in-

cluded. Interestingly, Dynamic AdS/QCD was used to show the presence of a light q̄q

scalar state [83], but the model of [113] does not see such a state. Here we wish to argue

that it is the incorporation of soft wall dynamics in [113] that explains this difference. In

particular, as we have seen in the sections above, to achieveM2
n ∼ n Regge trajectories

in AdS/QCDmodels it is necessary to allow the meson physics to be determined by the

deep IR regime below the chiral symmetry breaking scale. In [113] this is achieved by the

tachyon field that describes the q̄q condensate diverging in the IR only at the scale r = 0.

In Dynamic AdS/QCD the probe-brane-like action terminates at the onmass-shell con-

dition for the quarks. The running in the gauge theory is near conformal down to that on

mass-shell condition scale, but below where the quarks decouple from the running of

the gauge coupling the Yang-Mills like running of the glue theory is very non-conformal.

We believe that whether a light mesonic state is seen or not depends on whether its

dynamics is sensitive to the conformal symmetry breaking deep IR or not. To demon-

strate this logic we simply study the mass of the scalar q̄q state in Dynamic AdS/QCD

with and without soft wall behaviour. When we decouple the mesonic action at the

quarkmass scale the state is light, but if we allow it to see the non-conformal IR running

then the state becomes heavy with mass of order the chiral symmetry breaking scale.

This at least highlights the role of quark decoupling in these holographic descriptions.

Top-down probe brane models appear to us to support the idea that mesonic physics

should be blind to the deep IR below the quark mass, but this would invalidate the soft

wall mechanism.

6.4.1 Walking Dynamics in Dynamic AdS/QCD

The gauge dynamics is input into Dynamic AdS/QCD through the running of γ, the

anomalous dimension of q̄q. In the holographic description γ enters through the term

∆m2 in (6.3.1).

We will fix the form of ∆m2 using the two loop running of the gauge coupling in QCD

with Nf flavours transforming under a representation R. This of course is a naive ex-

trapolation of perturbative results beyond their regime of validity, but is widely used to

motivate the presence of a conformal window and walking. The running takes the form

µ
dα

dµ
= −b0α2 − b1α

3, (6.4.1)

where

b0 =
1

6π
(11Nc − 2Nf ), (6.4.2)
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and

b1 =
1

24π2

(
34N2

c − 10NcNf − 3
N2

c − 1

Nc
Nf

)
. (6.4.3)

Asymptotic freedom is present provided Nf < 11Nc/2. There is an IR fixed point with

value

α∗ = −b0/b1 , (6.4.4)

which rises to infinity atNf ∼ 2.6Nc.

The one loop result for the anomalous dimension of the quark mass is

γ1 =
3C2

2π
α, C2 =

(N2
c − 1)

2Nc
. (6.4.5)

Thus, using the fixed point value α∗, the condition γ = 1 occurs at N c
f ∼ 4Nc (precisely

N c
f = Nc(100N

2
c − 66)/(25N2

c − 15)).

Wewill identify theRG scaleµwith theAdS radial parameter r =
√
ρ2 + L2 in ourmodel.

Note it is important that L enters here - if it did not (and the scalar mass was only a

function of ρ) then, were the mass to violate the BF bound at some ρ, it would leave the

theory unstable no matter how large L grew. Including L means that the creation of a

non-zero but finite L can remove the BF bound violation, leading to a stable solution.

Working perturbatively from the AdS resultm2 = ∆(∆− 4)we have

∆m2 = −2γ1 = −3(N2
c − 1)

2Ncπ
α . (6.4.6)

This will then fix the r dependence of the scalar mass through ∆m2 as a function of Nc

andNf .

The vacuumstructure for a given choice of representation,Nf andNc, must be identified

first. The Euler-Lagrange equation for the vacuum embedding Lv is given at fixed ∆m2

by the solution of
∂

∂ρ

(
ρ3∂ρLv

)
− ρ∆m2Lv = 0. (6.4.7)

Note that if∆m2 depends onLv at the level of the Lagrangian then therewould be an ad-

ditional term−ρL2∂∆m2/∂Lv . We neglect this term and instead impose the running of

∆m2 at the level of the equation of motion. The reason is that the extra term introduces

an effective contribution to the running of γ that depends on the gradient of the running

coupling. Such a term is not present in perturbation theory in our QCD-like theories -

we wish to keep the running of γ in the holographic theory as close to the perturbative

guidance from the gauge theory as possible.

In order to find Lv(ρ)we solve the equation of motion numerically with shooting tech-

niques with an input IR initial condition. A sensible first guess for the IR boundary con-
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Figure 6.4.1: A plot of the σ meson mass in units of the ρmeson mass against Nf in Dy-
namic AdS/QCD. The points that fall to zero at the chiral transition atNf = 12 are those
computed where the action is cut-off at the on-shell mass of the quark so the theory is
blind to the deep IR conformal symmetry breaking, whilst the points that asymptote to
a non-zero value atNf = 12 are for the soft wall variant.

dition is

Lv(ρ = L0) = L0, L′
v(ρ = L0) = 0. (6.4.8)

This IR condition is similar to that from top-downmodels [78, 101, 102, 107] but imposed

at the RG scale where the flow becomes “on mass-shell”. Here we are treating L(ρ) as a

constituent quarkmass at each scale ρ. To continue the flowbelow this quarkmass scale

we would need to address the issue of the decoupling of the quarks from the running

function γ - previously we have not addressed this challenge but we will show some of

the subtly below when we include a soft wall.

The isoscalar q̄q (σ) mesons are described by linearized fluctuations of L about its vac-

uum configuration, Lv . We look for space-time dependent excitations, i.e. |X| = Lv +

δ(ρ)eiq.x with q2 = −M2
σ . The linearized equation of motion for δ is

∂ρ(ρ
3δ′)−∆m2ρδ − ρLvδ

∂∆m2

∂L

∣∣∣
LV

+M2
σR

4 ρ3

(L2
v+ρ2)2

δ = 0.

(6.4.9)

We seek solutions with asymptotics of δ = 1/ρ2 in the UV and with ∂ρδ|L0 = 0 in the

IR, giving a discrete meson spectrum. This calculation has already been presented in

[82–85] and the σmesonmass, in units of the rhomesonmass, falls to zero asNf → 4Nc

where the Miransky phase transition occurs. We summarize this result for the Nc = 3

theory in Figure 6.4.1.

We will now include an IR soft wall behaviour into the model in the spirit of the fourth

example given in Section 6.3.2, with an IR profile for L(ρ) and the dilaton . To demon-

strate this idea, rather than cooking ∆m2 below the quark on mass-shell scale, we will

include the soft wall by hand in the Lv profile and just compute the bound state masses.
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We take for the IR wall

L(ρ) = L0 sin(πρ/2L0), ρ < L0 (6.4.10)

which is linear at small ρ and matches to the solutions already found above ρ = L0. We

then include a dilaton of the form

Φ(ρ) = 1 + e−1/ρ2 − e−1/L2
0 (6.4.11)

which grows from unity at the matching scale to take the form exp(−z2) in the IR. We

again compute the rho and σ spectrum as a function ofNf for theNc = 3 theory, except

now imposing the boundary conditions V ′(0) = 0 and δ′(0) = 0. We display the results

in Figure 6.4.1 as well - the σmeson now does not become light because it is sensitive to

the IR conformal symmetry breaking that picks out the scale L0.

6.5 Conclusions

Dynamic AdS/QCD is an AdS/QCDmodel derived from the quadratically expanded D3/

probe D7 system, with the running of the anomalous dimension of q̄q replaced by hand

tomatch a particular theory. The field |X| = L holographically dual to the quark bilinear

can be thought of as the running quark mass, and generates a soft wall in the action for

themesonic fluctuations. In this chapterwehave studiedmanipulatingL tomimic a soft

wall model in the spirit of [110]. The idea is to use the deep IR behaviour of the metric

or the dilaton to transform the mesonic spectra from that associated with a square well

potential (Mn ∼ n) to that associated with a simple harmonic oscillator (Mn ∼
√
n).

Although this can be done, it requires L → 0 in the IR which is not the behaviour seen

in top-down models, nor what would be naively expected for the IR behaviour of the

quark mass - the mesonic physics becomes determined by RG scales well below the

on-shell quark mass. Nevertheless, we have shown examples of this behaviour in the

model.

We have also highlighted the consequences of soft wall dynamics in models of the light

σmeson that emerges in walking theories near the chiral transition from the conformal

window. If the mesonic physics is determined by scales above the on-shell mass of the

quark then the near-conformal dynamics of these theories can lead to a light σ meson

relative to the rest of the spectrum. However, if soft wall dynamics is included then the

meson physics is determined at scales both above and below the on-shell mass. Since

here the mass function falls to zero in the IR, the dynamics is very non-conformal and

the σ meson mass is determined by the on-shell mass scale. This highlights the cause

of the difference in spectrum between the results in [113–116] and [145]. Of course, in the

holographicmodels the decoupling behaviour of the quarks ormesonic physics is input

by hand, so one must decide which scheme is most plausible.

Our intuition has been led by top-down models such as the D3/probe D7 system with
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a magnetic field [102], where the mesonic physics lives on the probe and does not see

the geometry below the IR mass scale. Another example is given by the Sakai Sugimoto

model [78] in which, firstly, meson physics is restricted to the probe brane energy scales

which are sharply cut off at the IR mass, and, secondly, the deep IR of the background

geometry is capped off by confinement. We feel that the decoupling in [145] is more

realistic, though one might expect some interaction with scales just below the quark

mass that may tend to raise the techni-dilaton mass. It seems likely that the lattice will

be the only way to find a definitive conclusion on the issue.
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CHAPTER 7

Holographic Entanglement Entropy

Of the many diverse areas of application that gauge/gravity duality has been utilised for

over the past twodecades, the subject of quantum entanglement is one that has received

particular attention. Entanglement has been a contentious philosophical topic since the

Einstein-Podolsky-Roson (EPR) [154] gedankenexperiments of the 1930s, which seemed

to wreak havoc on accepted notions of locality central to our basic understanding of

physics. The phenomenon was partially enlightened by the work of Bell [155, 156] on

quantum correlations in the 1960s, and entanglement came to be understood as a cen-

tral aspect of quantum physics, crucially distinguishing it from its classical counterpart.

It has since been exploited in numerous ingenious ways in the field of quantum in-

formation, which is both deepening our understanding of the foundations of quantum

mechanics and leading to exciting new technologies that might revolutionarize many

aspects of modern life.

Another area where discussions of entanglement have borne fruit is the field of con-

densed matter theory, where the entanglement structure of many-body system wave-

functions encodes important information about the underlying quantum state. For ex-

ample, certain measures of entanglement can be used as order paramaters for phase

transitions in topological systems (see e.g. [157, 158]), in situations where no local quan-

tity signifies any transition. One such quantity, which we shall be primarily interested

in, is the entanglement entropy - as its name suggests it is formally defined in a similar

manner to the usual quantum thermodynamic entropy, but can be actually viewed as

encoding information about the entanglement between subsystems. Much interest into

entanglement entropy has been generated due to the fact that, whilst being laborious to

compute in a general quantum field theory, it admits a simple geometrical description
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in those that have holographic duals. We will define both the field theory and holo-

graphic quantities in the present chapter, andmuch of Part III will consist in computing

this quantity in gravity duals.

Another significant impact that holography has had on discussions of entanglement en-

tropy, and one potentially even more important, is the birth of deep connections be-

tween quantum entanglement and gravity. As wewill discuss in the following, the holo-

graphic prescription for calculating entanglement entropy relates a simple geometri-

cal quantity in the bulk to entanglement, an intrinsically quantum phenomenon, in the

boundary QFT. That such a relation should exist is surprising, and has motivated many

authors to investigate the emergence of spacetime geometry in holography out of QFT

entanglement data [159–161]. The protypical example of this is the thermofield double

state [162], where one observes that macroscopic entanglement in the QFT leads to spa-

cial connectivity in the holographic dual - such studies have led to the summarising

slogan “ER=EPR” [163], with ‘ER’ here referring to Einstein-Rosen bridges or wormholes,

directly highlighting the connection between a geometric notion and quantum entan-

glement. Wewill touch upon such issues again in Chapter 8 whenwe discuss a quantity

known as the differential entropy, which was motivated from related considerations.

7.1 Definition of Entanglement Entropy

Consider a generic quantum system in a state with density matrix ρ, which we take

to be in a pure state so that ρ = |Ψ⟩ ⟨Ψ| for some state vector |Ψ⟩. One considers the

situation where the Hilbert space of the system H can be partitioned into two factors,

H = HA ⊗HAc . For example, one could consider a simple system of two qubits where

the partitioning is manifest. In general, one can define the reduced density matrix for

subsystem A by tracing over the degrees of freedom inHAc ,

ρA ≡ TrAc [ρ]. (7.1.1)

For an observer making measurements in systemAwith no knowledge ofAc, this is the

effective density matrix required to compute expectation values i.e. ⟨OA⟩ = Tr[ρAOA] .

The entanglement entropy (EE) (see e.g. [164]) is then the usual von Neumann entropy of

this reduced density matrix,

SA ≡ −TrA[ρAlogρA]. (7.1.2)

The intuition here is that, in taking the trace in (7.1.1), subsystem A has complete igno-

rance about the state of Ac. If the original state vector |Ψ⟩ was separable (i.e. factorises

into a state for A and a state for Ac), then one will end up with a pure state in HA and

consequently the entanglement entropy (7.1.2) will be zero. If the the original state is

entangled however, then one will end up with a mixed state in HA and consequently

there will be non-zero entropy (7.1.2) that can be taken as a measure of this entangle-
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t = constantA
B

∂A

Figure 7.1.1: The entanglement entropy for a QFT is defined by partitioning the Hilbert
space geometrically for a spatial (constant time) slice.

ment. Heuristically, the entanglement entropy can be viewed as counting the number

of EPR pairs between the two systems.

This discussion applies for any quantum system with such a partitioning of the Hilbert

space. In particular, onemay take a discrete lattice with degrees of freedom confined to

the lattice sites, and imagine a spatial partitioning of the system to give the correspond-

ing partitioning of the Hilbert space. Taking the limit where the lattice spacing goes to

zero, one can then extend this discussion to quantum field theories. We assume the

QFT spacetime is globally hyperbolic and thus can consider a spatial (Cauchy) slice1, and

partition the Hilbert space by geometrically partitioning this slice - see Figure 7.1.1. An

outstanding issue exists for gauge theories however, in that no decomposition of the

Hilbert space can be done in a gauge-invariant manner - the gauge-invariant opera-

tors are link variables between sites, not at the sites themselves. Many authors [165–169]

have proposed prescriptions in which a choice is made about which region,A orAc, the

variables belong to when cutting through the links with an entangling surface.

There are in addition computational difficulties with extending the discussion to quan-

tum field theories, since taking the logarithm of a continuum operator as in (7.1.2) is

not without technical problems. The standard approach is to use the replica trick [170]

whereby one computes the Renyi entropies [171]

S
(n)
A ≡ 1

1− n
logTrA(ρ

n
A) (7.1.3)

using the path integral formalism, and then extracts the EE from the limit

SA = lim
n→1

S
(n)
A . (7.1.4)

In particular, one can write this as

SA = − ∂

∂n
trAρ

n
A|n=1 (7.1.5)

1Wewill assume the state is time-independent throughout this thesis.
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and the task then becomes to compute trAρnA, which can be written as

trAρ
n
A =

Zn

(Z1)n
. (7.1.6)

Here, Z1 is the usual partition function, and Zn is the partition function on an n-sheeted

Riemann surface formed by gluing together n copies of the original spacetime along ∂A.

The argument of [172] for the holographic entanglement entropy proposal essentially

makes use of a gravitational counterpart to this replica trick.2 Although one in princi-

ple has the above prescription for calculating the EE in any QFT, there are nevertheless

very few such analytical calculations in interacting theories and in spacetime dimen-

sions greater than two, due to the technical complexity of the procedure. As we will see

in Section 7.2, holography provides a considerably simpler method for computing the

EE in field theories that admit a gravity dual.

7.1.1 Properties

An important property of the entanglement entropy is that it is divergent, which follows

from the usual UV short-range correlations in a local QFT. Intuitively, one can under-

stand the divergence as arising from short-range correlations between EPR pairs across

the entangling surface, and consequently the leading divergence (in the ground state) is

proportional to the area of this surface [173, 174],

SA = γ
Area(∂A)
ϵd−2

+ . . . , (7.1.7)

where ϵ is a UV regulator, and γ is a theory-dependent coefficient that scales with the

number of degrees of freedom.3 Of the subleading divergences, although most are

scheme-dependent, there is a universal term which (for even d) goes as

SA = · · ·+ (−1)
d−2
2 sA log

(
L

ϵ

)
+O(ϵ0) (7.1.8)

where L is a measure of the size of region A. We shall discuss this universal termmore

in Section 8.6.

Note that for a pure quantum state (as in the zero temperature case) one finds that (see

e.g. [164])

SA = SAc (7.1.9)

which explicitly shows that the EE, unlike the thermal entropy, is not an extensive quan-

tity. This identity no longer holds at finite temperature however, since the entanglement

entropy then contains thermal contributions.

The EE also satisfies a number of inequalities [175–177] that follow from its definition

2We discuss this argument further in Section 9.7.
3The area law would not be expected to hold in a non-local theory however.
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(7.1.2) - one of particular importance, andwhich is used inmotivations of the differential

entropy discussed in Section 8.7, is the property of strong subbadditivity, which for a

tripartite systemH = HA ⊗HB ⊗HC can be stated as

SA∪B + SB∪C ≥ SA∪B∪C + SB, (7.1.10)

SA∪B + SB∪C ≥ SA + SC . (7.1.11)

This property can in turn be derived from themonotonicity of the relative entropy [178]

S(ρ||σ) = Tr[ρlogρ]− Tr[ρlogσ] (7.1.12)

which is ameasure of distinguishability between two quantum states. For small changes

of the state, the monotocity of the relative entropy can be written in a form suggestive

of thermodynamics, and leads to an equality known as the first law of entanglement

[179]. This identity has gained interest within holography since it has been argued to be

equivalent to the linearized gravitational equations in the bulk [180, 181], again alluding

to the strong connection between boundary entanglement and bulk gravity.4

All of these properties can be readily observed in the holographic description, whichwe

introduce in the following section.

7.2 Holographic Entanglement Entropy

We now state the holographic prescription for computing the EE in a QFT. We focus on

the time-independent case as this is our main interest throughout the rest of this thesis.

The Ryu-Takayangi (RT) [183] proposal for computing the EE for a region A states that

one should form the codimension two bulk surface Σ with boundary ∂Σ = ∂A that is

homologous toA and hasminimal area. The EE is then given by the familiar Bekenstein-

Hawking expression

SA = min
∂Σ=∂A

Area(Σ)
4GN

. (7.2.1)

Computationally one minimises the area functional

SA =
1

4GN

∫
Σ
dd−1σ

√
γ (7.2.2)

where γ is the induced metric on Σ - we compute many such examples throughout

Chapters 8 and 9. The setup is illustrated in Figure 7.2.1. Intuitively one may motivate

this by viewing the surfaceΣ as the bulk counterpart of smearing out regionB by hiding

a corresponding part of the bulk spacetime from A, with the minimal area condition

coming from the entropy bound [184, 185].

4It has also been argued [182] that the full non-linear gravitational equations should follow from the first
law of entanglement.
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t = constant

z = 0

A
B

∂A = ∂Σ

z

Σ

Figure 7.2.1: Ryu-Takayanagi prescription for holographic entanglement entropy: one
constructs the codimension twominimal bulk surface homologous to the boundary en-
tangling region.

Note that Σ is a surface in a spatial slice of the bulk AdS space, in the same way that the

entangling surface in the QFT is defined on a spatial slice of the boundary. If there are

multiple solutions causing the area functional to vanish, then one picks the solutionwith

minimum area.5 This prescription can be extended to general time-dependent situa-

tions using the covariant holographic EE proposal of [186], which proposes an extremal

surface prescription similar in structure to (7.2.1).

There have been numerous checks of equation (7.2.1), which was proven for spherical

entangling regions in CFTs in [187] by conformally mapping the EE to the thermal en-

tropy of a black hole. In the last few years a general argument [172] for its validity has

been given based on generalised gravitational entropy and the replica trick, as we dis-

cuss in Section 9.7. It is simple to demonstrate that this holographic quantity satisfies

the properties discussed in Section 7.1.1: the property of complementarity in equation

(7.1.9) is manifest by definition; the leading divergence in (7.1.7) is readily observed from

expected volume divergences of submanifolds in AdS [188–191], with the power of ϵ fol-

lowing from the form of the metric and the area law property simply following from

the fact that ∂Σ = ∂A; the property of strong subadditivity in (7.1.10)-(7.1.11) is also easily

demonstrated using simple geometrical arguments [192].

Note that this construction implicitly works within the lower-dimensional gravity pic-

ture i.e. in AAdS without the compact space present. The question of how to compute

the EE holographically in a top-down setting is the subject matter of Chapter 9. It was

originally proposed that one could just directly extend (7.2.1) by taking a codimension

two surface in the full higher-dimensional spacetime and similarly minimising the area

functional - many studies followed this prescription for computing the EE in top-down

settings (see e.g. [183, 193–206]). As we will see, there is strong evidence that this is in-

deed the case, but the identification with the quantity that one gets from computation

5That any non-trivial minimal surfaces exist is due to the fact that the setup is in AAdS space rather than
flat space.
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in the lower-dimensional picture is very non-trivial.

Considering entanglement in a top-down setting also leads naturally to discussions of

generalised entanglement entropy as studied in [207,208]. A distinct field theory quan-

tity, known as the global symmetry entanglement entropy, can be considered holo-

graphically by taking a codimension two bulk minimal surface that asymptotically fills

the spatial background but partitions the compact space. Further quantities still in the

field theory, so-called field-space entanglement, can also be considered by partitioning

the Hilbert space in field-space rather than geometrically - the latter is more difficult

to realise holographically, but can be done in certain cases when the bulk spacetime

has decoupled inner throat regions as discussed in [208]. An important property about

these alternativemeasures of entanglement is that their leading terms scalewith volume

rather than area, since when one integrates out degrees of freedom, the entanglement

between these and those remaining occurs everywhere in the space.

One final issue concerns the UV divergences of the entanglement entropy. We discuss

these further for example in Section 8.6 in relation to the universal terms in the flavour

contribution to the EE. For many purposes however one is often interested in the finite

terms - these can be used as order parameters for phase transitions (see e.g. [194, 209],

but also Section 8.3.4), and are also relevant in studies of the F-theorem [210]. A com-

mon approach to extracting the finite terms involves differentiating the EE with respect

to geometric parameters that characterise the entangling region, or with respect to the

mass. This is a simple procedure both in the field theory and holographically and will

be the approachwe use in Chapter 8, but there are certain problemswith suchmethods

since they only hold for specific entangling geometries, and it is difficult to relate them

to usual procedures of renormalisation for other quantities in the QFT. Holographically

these divergences arise fromnear-boundary behaviour, and onewould expect that they

can be dealt with systematically using the holographic renormalisation procedure of

Section 3.2.3. This is indeed the case, as was recently carried out in [211] - one finds that

(7.2.2) needs to be supplemented with a counterterm action to obtain the renormalised

functional

Sren =
1

4GN

∫
Σ
dd−1σ

√
γ − 1

4GN

∫
∂Σ
dd−2x

√
γ̃

(
1

d− 2
+ . . .

)
(7.2.3)

where γ̃ is the induced metric on ∂Σ. As mentioned however, we shall not need to

make use of this formalism in the following - in Chapter 8 we use renormalisation by

differentiation where required since we study only particular entangling geometries,

and in Chapter 9 we mostly work at the level of the bare entanglement area functional.
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CHAPTER 8

Entanglement Entropy and Differential Entropy for Massive Flavours

The material in the present chapter is based largely on [2].

8.1 Introduction

The focus of this chapter is on the computation of holographic entanglement entropy in

top-down brane probe systems, which are widely used in phenomenological applica-

tions of holography as discussed in Part II. Entanglement entropy is a new computable

for such systems and, following the pioneering works of [194, 209], can act as an order

parameter for confinement and other phase transitions.

A top-down brane probe system is expressed in terms of a ten-dimensional super-

gravity background and a brane embedding into this background. The Ryu-Takayanagi

prescription is however based on extremal surfaces in the reduced Einstein (d + 1)-

dimensional metric, where d is the dimension of the dual field theory. One of the main

results of this chapter is a systematic method to compute the holographic entangle-

ment entropy for any top-down brane probe system, using the method of Kaluza-Klein

holography [24] to extract the lower-dimensional Einstein metric. This method repro-

duces earlier results of [212–215] but allows entanglement entropy to be computed for

anybrane systemwith arbitraryworldvolumefluxes (earlier results formassless flavours

at finite density can be found in [216]). We illustrate ourmethodology using the example

of the D3/D7 system at finite mass and density. We compute the holographic entangle-

ment entropy for massive flavours, with arbitrary mass and various entangling region

geometries, and use our newmethodology to address the case of finite density.

Brane systems provide a new testing ground for the dependence of entanglement en-
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tropy on the field theory and on the shape of entangling region, topics of considerable

current interest, see for example [217–222]. In particular, one can explore the structure

of universal logarithmic terms; these are well-understood for conformal field theories

(see e.g. [223,224]) and recent papers have explored the behaviour of entanglement en-

tropy under relevant perturbations using conformal perturbation theory [225–230]. It

was shown in [227] that for a CFT deformed by a relevant operator

I → I + λ

∫
ddxO (8.1.1)

there is a new logarithmic divergence in the entanglement entropy of the half space

δS = Nλ2
(d− 2)

4(d− 1)

π
d+2
2

Γ(d+2
2 )

A log
(
ϵUV

ϵIR

)
(8.1.2)

when ∆ = (d + 2)/2 with A the area of the dividing surface and N the normalisation

of the two point function of the operatorO. Here ϵUV and ϵIR correspond to UV and IR

cutoffs respectively.

In Section 8.6 we prove (8.1.2) by analysing the volume divergences of the holographic

entanglement entropy and show that (as postulated in [227]) such a divergence occurs

for an entangling surface with arbitrary geometry. We also show explicitly that (8.1.2)

agrees with the logarithmic terms in the entanglement entropy for the D3/D7 system at

finite mass, using the probe brane holographic renormalisation results of [59] to deter-

mine the holographic two point function normalisation. As well as matching the uni-

versal terms in the entanglement entropy, we explain the origin of finite terms in the

entanglement entropy for massive flavour systems, in terms of the effective IR descrip-

tion of the system in terms of a CFT deformed by irrelevant operators.

As discussed in Chapter 7, there is a growing literature connecting quantum entangle-

ment with the global structure of the bulk spacetime, see in particular [163, 182]. In [231]

a relation between the area of generic (non-minimal) surfaces and entanglement was

proposed and this idea was sharpened with the introduction of differential entropy

[232–237]. We verify that the differential entropy in the D3/D7 system indeed computes

the area of a hole in the reduced Einstein metric; the agreement is somewhat subtle

since the depth of the hole is itself corrected by the presence of the probe branes.

In Section 8.8wediscuss the implications of the fact that the entanglement anddifferen-

tial entropy are related to the reduced Einstein metric, rather than the ten-dimensional

metric: even if entanglement allows us to reconstruct the reduced Einsteinmetric com-

pletely, this information does not suffice to reconstruct the ten-dimensional geometry.

Moreover, the causal structure in ten dimensions only agrees with that of the reduced

Einstein metric in special cases (e.g. product metrics); the global structure is qualita-

tively different between five and ten dimensions even for well-understood examples
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such as the Coulomb branch ofN = 4 SYM. Reconstruction of the full ten-dimensional

geometry would therefore seem to require a generalized notion of entanglement in the

dual field theory, such as those discussed in Chapter 7.

The plan of this chapter is as follows. In Section 8.2 we briefly review the features of

the D3/D7 system relevant to the present discussion. In Sections 8.3 and 8.4 we com-

pute the entanglement entropy for slab, half space and spherical entangling regions for

the massive D3/D7 system. In Section 8.5 we present a general method to compute the

entanglement entropy in any brane probe system using Kaluza-Klein holography and

illustrate our method with the D3/D7 system at finite mass and density. We discuss the

field theory interpretation of our results in Section 8.6 and give a holographic proof of

(8.1.2) for generic entangling regions. In Section 8.7we show that the differential entropy

computes the area of a hole in the Einstein metric and we discuss the meaning of en-

tanglement and differential entropy for top-down solutions in Section 8.8, illustrating

our discussions with Coulomb branch geometries.

8.2 Massive Flavours

In this chapter we will explore entanglement entropy for massive brane systems, fo-

cussing for the most part on the specific example of the D3/D7 brane system discussed

in Chapter 4 - we briefly review the results here in a form appropriate to the present

work. Consider Nc D3-branes and Nf ≪ Nc parallel coincident D7-branes. As dis-

cussed previously the decoupling limit gives rise toN = 4 SYM coupled toNf massless

flavours; the resulting field theory is an N = 2 SCFT. Taking the background AdS5 × S5

metric to be of unit radius

ds2 =
1

z2
(
dz2 + dxµdxµ

)
+ dθ2 + sin2 θdΩ2

3 + cos2 θdϕ2, (8.2.1)

the flat embedding solution of a probe D7-brane corresponding to a massless flavour

is described in these coordinates by ϕ constant and θ = π/2, i.e. the probe D7-brane

wraps AdS5 × S3.

Suppose one separates the D7-branes from the stack of D3-branes; the resulting open

strings are massive and the field theory in the decoupling limit corresponds to N = 4

SYM coupled to Nf massive flavours [53] (we discuss the massive deformation of the

N = 2 SCFT further in Section 8.6). The corresponding D7-brane embedding in AdS5 ×
S5 is described by ϕ being constant and the angle θ depending on the radial coordinate

z as

sin2 θ = (1−m2z2), (8.2.2)

wherem corresponds to the flavour mass, or equivalently the separation of the D7 and

D3 branes. Note that the probe branewraps the equator of the S5 as z → 0 and smoothly

caps off at a finite value of z = 1/m, controlled by the flavour mass.
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∆x
L2 L2

Figure 8.3.1: Illustration of a slab boundary region: ∆x = l is the width of the region, and
L2 is the regularized area of its boundary faces.

The D3/D7 brane system can be used to model mesons holographically. Considerable

work has been done on generalizations of the probe brane embeddings to finite tem-

perature and finite density, see the review [52], and on the backreaction of the flavour

branes onto the geometry [238–240]. In particular, note that interesting meson melt-

ing phase transitions are observed at finite temperature and density, see for example

[241, 242]. Backreacting massive flavours is non-trivial even at zero temperature and

density, since the flavours break the global symmetry to SO(4) and the resulting ten-

dimensional metric is therefore of cohomogeneity three. Smearing the branes over the

compact space reduces the cohomogeneity of the metric but this is obscure from the

field theory perspective as it corresponds to an averaging over different field theories.

In this chapter we will calculate the entanglement entropy and the differential entropy

for the massive flavour system at zero temperature and zero density, and match our

results with field theory results based on conformal perturbation theory. We will also

present a method to compute the entanglement entropy for any probe brane system

(with or without worldvolume gauge fields) and illustrate this method with the case of

massive flavours at finite density. Themethod is equally applicable at finite temperature,

although at finite temperature the entanglement entropy will include both thermal and

quantum contributions; matchingwith field theory results is considerably harder as few

results for finite temperature exist. It would however be interesting to explore the finite

temperature results in the context of melting phase transitions.

8.3 Entanglement Entropy for Slabs

In this section we compute the entanglement entropy for a slab on the boundary (see

Figure 8.3.1), working to leading order in the ratio of the number of flavours to colors,

Nf/Nc.



8.3. Entanglement Entropy for Slabs 85

Let us begin by reviewing the computation of entanglement entropy for a slab in AdS5.

We define a slab region on the boundary of width ∆x = l by x ∈ [0, l], and take as an

embedding ansatz z = z(x) on a t = 0 hypersurface. Defining the regularised lengths of

the other spatial directions as L, it is then easy to show that the Ryu-Takayanagi entan-

glement entropy functional [183] for the embedding surface is

S =
L2

4GN

∫ l

0
dx

√
1 + z′2

z3
, (8.3.1)

where GN is the Newton constant. Since we chose the AdS5 to have unit radius, the

Newton constant is dimensionless and can be related to the number of colorsNc as

1

8πGN
=
N2

c

4π2
. (8.3.2)

The Lagrangian is independent of x explicitly and hence the associated Hamiltonian is

a constant of motion. Rearranging the expression for this constant of motion one easily

finds

z′ =

√
z̃6 − z6

z3
(8.3.3)

where z̃ is clearly the turning point of the solution since z′(z̃) = 0. The entanglement en-

tropy is then obtained by substituting this solution into the entropy functional, resulting

in

S =
L2z̃3

2GN

∫ z̃

ϵ

dz

z3
√
z̃6 − z6

. (8.3.4)

Here we have included a factor of two, from the two halves of the entangling surface,

i.e. 0 < x < l/2 and l/2 < x < l. It is useful to define the dimensionless parameter

s ≡ z/z̃ so that z ∈ [ϵ, z̃] → s ∈ [a, 1]where a ≡ ϵ/z̃ is also dimensionless. We obtain, for

example
dx

dz
=

s3√
1− s6

. (8.3.5)

Note that the entanglement entropy is thereby manifestly dimensionless

S =
L2

2z̃2GN

∫ 1

a

ds

s3
√
1− s6

(8.3.6)

=
L2

2z̃2GN

(√
πΓ(−1

3)

6Γ(16)
+

1

2a2
2F1

(
−1/3, 1/2, 2/3, a6

))
;

=
L2

2GN

(
1

2ϵ2
+

√
πΓ(−1

3)

6Γ(16)z̃
2

)
,

where in the latter equation we retain only terms which are finite or divergent as the

cutoff ϵ→ 0.

It is simple to find the inducedmetric of the entangling surface and its associated stress
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z = 0

z̃

∆x

Figure 8.3.2: The minimal surface for a slab boundary region - the boundary is at z = 0
and z = z̃ is the turning point of the surface.

tensor. The induced metric is given by γmin
ab = ∂aX

µ∂bX
νgµν where a, b = (s, y, w) run

over the surface indices and µ, ν run over all AdS5 indices. The inducedmetric is there-

fore

γmin
ab =

(
1

s2(1− s6)
,

1

s2z̃2
,

1

s2z̃2

)
. (8.3.7)

We note for further use that √
γmin =

1

z̃2s3
√
1− s6

. (8.3.8)

Differentiating the action functional, the stress tensor for the surface is given by

Tµν
min ≡ 2√

γmin
δ
√
γmin

δgµν
(8.3.9)

which evaluates to:

Tµν
min = γmin ab∂aX

µ∂bX
ν (8.3.10)

after using the chain rule. It is then a simple matter to calculate these components,

resulting in

Tµν
min =

(
s2(1− s6)z̃2, 0, s8z̃2, s2z̃2, s2z̃2

)
(8.3.11)

which we will make use of below. Note also that the relation between the width of the

slab, l, and the turning point of the minimal surface is

l = 2

∫ z̃

0

z3dz

(z̃6 − z6)
1
2

= 2z̃

∫ 1

0

s3ds

(1− s6)
1
2

=
2
√
πΓ(23)

Γ(16)
z̃. (8.3.12)

8.3.1 Flavour Contribution

Now let us compute the change in the entanglement entropy caused by the presence of

Nf flavour branes, with Nf ≪ Nc. A priori, to compute this change one would expect
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that one needs to compute the backreaction of the branes to linear order inNf/Nc and

then extract from the backreacted geometry the change in the five-dimensional Ein-

stein metric and hence the change in the area of the minimal surface. As mentioned

earlier, it is hard to compute the backreacted ten-dimensional geometry because of the

high cohomogeneity of the problem; smeared solutions are known and entanglement

entropy was computed for these smeared solutions in [201].

It is important to note however that entanglement entropy is defined in terms of the

five-dimensional Einsteinmetric, not the ten-dimensional (Einstein-frame)metric. One

would not in general expect to obtain the correct answer for the entanglement entropy

by computing the area of a minimal surface in the ten-dimensional metric, see Section

8.5. Note that [201] used the ten-dimensional metric rather than the five-dimensional

Einstein metric.

Computing the full ten-dimensional backreaction without smearing and extracting the

effective five-dimensional Einstein metric is intractable for general probe brane sys-

tems. Several methods have therefore been developed to extract the entanglement en-

tropy from the probe brane embedding, see [212–215]. The methods of [212,214, 215] are

particularly applicable to spherical entangling regions, forwhich theCHMmap [187]may

be exploited. In this section our discussion will follow that of [213], which is applicable

to all entangling region geometries.

On general grounds the change in the entanglement entropy for any perturbation in the

five-dimensional Einstein metric is

δS =
1

4GN

∫
d3x
√
γmin 1

2
Tµν

minh
E
µν (8.3.13)

where hEµν is the perturbation in the five-dimensional Einstein metric, Tµν
min is the en-

ergy momentum tensor of the minimal (entangling) surface in the background and the

integral is over the original entangling surface. Therefore one can compute the entan-

glement entropy provided one can extract the change in the five-dimensional Einstein

metric. For general brane embeddings the computation of the perturbation in the five-

dimensional Einstein metric is subtle; in Section 8.5 we present a method to compute

the Einstein metric for all types of brane embeddings.

It was observed in [213] that the perturbation in the five-dimensional Einstein metric

is straightforward to compute whenever the brane embedding has an induced world-

volume metric which is diagonal (a product of a non-compact part and a compact part

which is embedded in the sphere part of the background geometry) and furthermore the

non-compact part of the metric has no dependence on the sphere coordinates. In such

a case the linearised backreaction on themetric for probe branes can be computed [214]

as

hEµν =
1

z2
diag (f(z),−h(z), h(z), h(z), h(z)) (8.3.14)
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where themetric perturbation is sourced by the effective brane energymomentum ten-

sor T eff
µν i.e.

Gµν(h
E) = 8πGNT

eff
µν . (8.3.15)

This effective stress energy tensor is obtained by reducing the brane action over the

three-sphere

I = −T7
∫
AdS5

d5σ

∫
S3

d3σ
√
−γ = −T7

∫
AdS5

d5σ(2π2)(1−m2z2)
3
2
√

−γ(s), (8.3.16)

where γαβ is the worldvolume metric for the brane.1 The worldvolume metric is di-

agonal for the given embedding and therefore the determinant factorises, allowing the

integral over the three-sphere to be evaluated. The resulting effective action then de-

pends only on the non-compact part of the worldvolume metric, γ(s)µν , but note that

the effective tension of this brane is z-dependent. Varying this effective action with re-

spect to the non-compact part of the background metric results in the effective energy

momentum tensor

(T eff)µν = 2π2T7(1−m2z2)γµνs . (8.3.17)

Note that this method for computing the effective source term for the five-dimensional

Einstein metric relies on the fact that the worldvolume brane metric is a direct prod-

uct of non-compact and compact parts. The method is also not applicable for brane

embeddings in which worldvolume gauge fields are non-zero or worldvolume fields

source other supergravity fields as well as the metric. In Section 8.5 we will discuss a

more generally applicable method for computing the entanglement entropy contribu-

tions from probe branes which does not rely on a diagonal worldvolume metric.

Substituting (8.3.17) into (8.3.15) gives the following equation

f(z) + zh′(z) ≡ f̃(z) =
t0
12

(1−m2z2)2. (8.3.18)

Here t0 is the backreaction parameter, proportional to the number of flavoursNf

t0 = 16πGNTo; To = 2π2T7 (8.3.19)

where T7 is the tension of a D7-brane. Only the gauge invariant combination f̃(z) is

determined by the Einstein equations. However, continuity of the metric and of the

extrinsic curvature at z = 1/m requires that h(z) satisfies h(1/m) = h′(1/m) = 0.

Substituting the metric perturbation and the minimal surface stress energy tensor into

1Note that we denote the worldvolume metric for the brane as γ and the induced metric on the entan-
gling surface as γmin.
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1
m

∆x

z̃

D7-brane
(
z < 1

m

)

AdS Region
(
z > 1

m

)

z = 0

Figure 8.3.3: The relationship between the original minimal surface and the D7-probe
embedding - when z̃ < 1/m the entire minimal surface lies within the probe brane
embedding.

(8.3.13) thus gives

δS =
1

4GN

∫
dsdwdy

1

2z̃2s3
√
1− s6

(
f(z̃s)(1− s6) + h(z̃s)(s6 + 2)

)
(8.3.20)

where this integral is over theoriginal entangling surfacewith coordinates (s, w, y). Defin-

ingα ≡ L2/(4GN z̃
2) for convenience (wherewe have computed the trivial y, w-integrals

to give the factor L2 and taken into account the factor of two arising from the two halves

of the entangling surface), and unpacking f(z̃s)we find

δS = α

∫
ds

(√
1− s6

s3
f̃(z̃s)−

√
1− s6

s2
z̃h′(z̃s) +

(s6 + 2)

s3
√
1− s6

h(z̃s)

)
. (8.3.21)

Integrating the second term by parts, the bulk contribution cancels the third term and

one is left with a boundary contribution

δS = α

∫ b

a
ds

√
1− s6

s3
f̃(z̃s)−

[
h(z̃s)

√
1− s6

s2

]s=b

s=a

 (8.3.22)

where a = ϵ/z̃ and b = 1, 1/µ for µ < 1, µ > 1 respectively. Here µ ≡ mz̃ is the dimen-

sionsless mass parameter. This latter distinction occurs because, although the integral

runs over the original entangling surface which has z ∈ [ϵ, z̃], the integral in fact only

receives a non-zero contribution when hEµν ̸= 0, i.e. for z < 1/m. When z̃ < 1/m (i.e.

µ < 1), the entire entangling surface lies within the brane embedding, and the upper

limit is thus z = z̃ or s = 1. When z̃ > 1/m (i.e. µ > 1) however, the upper limit will

depend on the mass and be given by z = 1/m i.e. s = 1/µ (see Figure 8.3.3).

For both cases, the boundary term at s = b actually vanishes. The expression within

square brackets trivially vanishes at s = 1 for the case µ < 1, and it vanishes for µ ≥ 1
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using the continuity condition h(1/m) = 0. The expression for both cases is thus given

by

δS = α

(∫ b

a
ds

√
1− s6

s3
f̃(z̃s) + h(ϵ)

√
1− a6

a2

)
(8.3.23)

with b depending on the case as mentioned above. Expanding for f̃ this becomes

δS =
t0α

12

(∫ b

a
ds

√
1− s6

s3
(1− µ2s2)2 + h(ϵ)

√
1− a6

a2

)
(8.3.24)

Note that the entanglement entropy depends explicitly on the gauge fixing for the met-

ric perturbation. One choice of scheme would be to set f(z) = 0, corresponding to

Fefferman-Graham coordinates while a second natural choice of scheme is to fix h(z)

such that the cutoff is unchanged to linear order and one then obtains the relation

h(ϵ) =
t0
12

(
1− 2

3
m2ϵ2 +

1

5
m4ϵ4

)
+O(t20). (8.3.25)

For this gauge choice one obtains

δS =
t0L

2

48GN

(
1

z̃2

∫ b

a
ds

√
1− s6

s3
(1− µ2s2)2 +

(
1

ϵ2
− 2m2

3
+O(ϵ2)

))
(8.3.26)

=
t0L

2

48GN

(
1

z̃2

∫ b

a
ds

√
1− s6

s3
(1− µ2s2)2

)
+ δSgauge(m, ϵ),

where we note that the gauge dependent contribution δSgauge is independent of the

turning point z̃, since h(0) is finite. We will discuss this point further below. In what

follows we will retain the gauge dependence explicitly, rather than fixing a gauge, and

show that this gauge dependence drops out of universal terms.

In computing the integral we first specialise to the case of small mass so b = 1. Perform-

ing the integral directly over the range s ∈ [a, 1] and expanding the answer in a gives the

following up to O(a)∫ 1

a
ds

√
1− s6

s3
(1− µ2s2)2 =

1

2a2
+

2

3
µ2 +

√
π

12

Γ(−1/3)

Γ(7/6)
(8.3.27)

+ µ4
√
π

12

Γ(1/3)

Γ(11/6)
− 2

3
µ2log2 + 2µ2loga.

The result thus becomes

δS =
t0L

2

48GN

(
1

2ϵ2
+

2

3
m2 +

√
π

12z̃2
Γ(−1/3)

Γ(7/6)
+m4z̃2

√
π

12

Γ(1/3)

Γ(11/6)
(8.3.28)

+
2

3
m2log(ϵ3/2z̃3)

)
+ δSgauge(m, ϵ).
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We next consider the case of large mass so b = 1/µ. The result is given in terms of

generalised hypergeometric functions∫ 1/µ

a
ds

√
1− s6

s3
(1− µ2s2)2 =

1

2a2
+

1

6µ4
3F2

(
{1/2, 1, 1}, {2, 2}, 1/µ6

)
(8.3.29)

−µ
2

2
2F1

(
−1/2,−1/3, 2/3, 1/µ6

)
+
µ2

2
2F1

(
−1/2, 1/3, 4/3, 1/µ6

)
+ 2µ2log(µa) +O(a2).

Expanding for large mass one then obtains

δS =
t0L

2

48GN

(
1

2ϵ2
+ 2m2log(mϵ)− 1

48m4z̃6
O
(
ϵ2

z̃2

)
(8.3.30)

+ O
(

1

m10z̃12

))
+ δSgauge(m, ϵ).

Note that the power and log-divergent terms agree for µ ≤ 1 and µ ≥ 1.

We can immediately obtain the change in the entanglement entropy for the half space

from the z̃ → ∞ limit of the above expression. In this case the entangling surface extends

throughout the bulk and has no turning point. The contribution to the entanglement

entropy from the brane is then

δS =
t0L

2

48GN

(
1

4ϵ2
+m2log(mϵ)

)
. (8.3.31)

Note that the divergent terms differ from (8.3.30) by an overall factor of two, since the

entangling surface in the field theory no longer has two disconnected parts. We will

discuss the field theory computation of (8.3.31) in Section 8.6.

8.3.2 Changes in Turning Point and Entanglement Surface

The perturbed entangling surface has a turning point for which the relation between the

turningpoint and thewidthof the slab∆x = l is changed relative to (8.3.12). The equation

for the perturbed entangling surface is obtained analogously to (8.3.3) and given by

(z′)2 =

(
z̃6

z6
− 1

)
+ h(z)

(
4z̃6

z6
− 1

)
− f(z)

(
z̃6

z6
− 1

)
. (8.3.32)

for some constant z̃, and where f(z) and h(z) are the metric perturbations discussed

previously. The width of the slab is then given by

l

2
=

∫ z̃

0

z3dz

(z̃6 − z6)
1
2

+
1

2

∫ 1
m

0
z3dz

(f + zh′)

(z̃6 − z6)
1
2

− 1

2

[
z4h

(z̃6 − z6)
1
2

] 1
m

0

, (8.3.33)
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l

×
z̃

×
zt

Figure 8.3.4: Illustration of the change in the turning point of the minimal surface - z̃
is the turning point of the original minimal surface (i.e. the one that is actually used to
compute the flavour contribution to the entanglement entropy (8.3.13)), whereas zt is the
turning point of the minimal surface in the backreacted geometry.

where the upper limits of integration are explained as follows: for µ ≥ 1, the surface

ends in the region in which the perturbations f(z) and h(z) vanish; from (8.3.32) the

turning point therefore remains at z = z̃, and we continue to use the definition µ ≡ mz̃.

The boundary term in (8.3.33) vanishes since h(1/m) = 0 and h(0) is finite and there-

fore the relation between the turning point and the slab width depends only on the

gauge invariant combination ofmetric perturbations. Substituting this combination us-

ing (8.3.18) one hence obtains

l

2
= z̃

(√
πΓ(23)

Γ(16)
+
t0
24

∫ µ−1

0
dss3

(1− µ2s2)2

(1− s6)
1
2

)
, (8.3.34)

where note that µ = mz̃ depends on z̃ implicitly. The integral can be computed resulting

in ∫ µ−1

0
dss3

(1− µ2s2)2

(1− s6)
1
2

=
1

24µ4

(
16µ3(−µ3 +

√
µ6 − 1) (8.3.35)

+ 6 2F1

(
1

2
,
2

3
,
5

3
,
1

µ6

)
+ 3 2F1

(
1

2
,
4

3
,
7

3
,
1

µ6

))
and expanding for µ≫ 1 one finds

l

2
= z̃

(√
πΓ(23)

Γ(16)
+

t0
576m4z̃4

)
. (8.3.36)

For the small mass case the situation is more complicated, since from equation (8.3.32)

we find that the turning point of the surface is itself changed (see Figure 8.3.4). Let the

perturbed turning point be

zt = z̃ + t0δz̃. (8.3.37)



8.3. Entanglement Entropy for Slabs 93

The latter is computed by setting z′ = 0 in (8.3.32), resulting in

t0δz̃ =
1

2
z̃h(z̃). (8.3.38)

Note that the shift in the turning point depends on the metric perturbation h(z) explic-

itly, rather than the gauge independent combination.

The relation between l and zt is now calculated using the relation (8.3.32) which can be

rewritten as

z3z′ =
(
(1 + h(z̃))(z6t − z6)− f(z)(z6t − z6) +H(z)(4z̃6 − z6)

) 1
2 , (8.3.39)

where we define

h(z) = H(z) + h(z̃), (8.3.40)

withH(z̃)by constructionbeing zero. In relation (8.3.39)we implicitlywork tofirst order

in t0, which in particular implies that z̃ can be replaced by zt in terms multiplying f(z)

andH(z), which are already of order t0. Therefore

l

2
=

1

(1 + h(z̃))
1
2

∫ zt

0

z3dz

(z6t − z6)
1
2

+
1

2

∫ zt

0
z3dz

(f + zH ′)

(z6t − z6)
1
2

− 1

2

[
z4H

(z̃6 − z6)
1
2

]zt
0

. (8.3.41)

The boundary term vanishes at z = 0 and the contribution at z = zt is zero sinceH(zt) =

0 to order t0. Since h′(z) = H ′(z) the combination appearing in the second integral is

the gauge invariant combination as before and therefore

l

2
= zt(1−

1

2
h(z̃))

∫ 1

0

s3ds

(1− s6)
1
2

+
zt
24
t0

∫ 1

0
ds
s3(1− µ2s2)2

(1− s6)
1
2

. (8.3.42)

where now µ ≡ mzt. Computing the integrals we obtain

l = zt(1−
1

2
h(z̃))

2
√
πΓ(23)

Γ(16)
(8.3.43)

+
t0zt
12

(√
πΓ(23)

Γ(16)
− 2µ2

3
+
µ4

√
πΓ(43)

6Γ(116 )

)
.

Note that h(z̃) = h(zt) at this order.

Even though we only needed the original entangling surface to compute the entangle-

ment entropy above, these changes to the turning point are important to keep track of

when comparing the differential entropy to the gravitational entropy of the correspond-

ing hole in the bulk, as we will discuss in Section 8.7.
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8.3.3 Finite Contributions

To understand the infra-red behaviour of the entanglement entropy it is often useful to

isolate the finite contributions.

A dimensionless, cut-off independent quantity was defined in [243,244] by differentiat-

ing with respect to the mass as

Sm = m4 ∂2S

∂(m2)2
. (8.3.44)

Note that this expression is valid for four-dimensional quantum field theories, with dif-

ferent expressions being proposed in lower dimensions. Implicitly, ϵ and z̃ (or equiva-

lently l) are held fixed. A priori, since the gauge dependent terms depend on the mass it

is not obvious that this quantity will be independent of the gauge. However, on general

grounds the gauge dependent terms must make the form

δSgauge = a−2
L2

ϵ2
+ a0m

2L2 +O(ϵ2) (8.3.45)

with a−2 and a0 dimensionless coefficients. This form follows from the fact that the

entanglement entropy is extensive, i.e. it is proportional to the area of each slab L2,

and the underlying theory is conformal. This implies that the only finite terms in the

scheme dependent part of the entanglement entropy must be proportional to m2L2,

since m is the only other cutoff independent scale in the problem. Since neither a−2

nor a0 contribute to (8.3.44), the quantity computed by (8.3.44) is indeed independent of

the gauge.

Computing this quantity one finds that for µ ≤ 1

δSm =
t0L

2

48GN

(√
πΓ(13)

6Γ(116 )
m4z̃2

)
(8.3.46)

while for µ ≥ 1

δSm =
t0L

2

32GN

µ2

3z̃2
2F1[−1/2, 1/3, 4/3, 1/µ6] (8.3.47)

which can be expanded for µ≫ 1

δSm =
t0L

2

48GN

(
m2 − 1

8m4z̃6
+O

(
1

m10z̃12

))
(8.3.48)

For slab geometries an alternative method of defining a cut-off independent quantity is

(see for example [245–248]2)

Sl = l
∂S

∂l
. (8.3.49)

2Sl is always positive and decreasing in two dimensions and plays the role of a c-function.
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This quantity is manifestly independent of the coordinate choice h(z), since δSgauge is

a local quantity, which is hence independent of the (non-local) slab width l, as we saw

explicitly below (8.3.26). For µ ≤ 1 this quantity evaluates to

δSl =
t0L

2

48GN

(
−

√
π

6z̃2
Γ(−1

3)

Γ(76)
+

√
πΓ(13)

6Γ(116 )
m4z̃2

)
(8.3.50)

while for µ≫ 1 one obtains

δSl =
t0L

2

48GN

(
1

8m4z̃6
+O

(
1

m10z̃12

))
. (8.3.51)

The limit µ ≫ 1 probes the IR of the theory: for fixed m this corresponds to taking an

entangling surface which extends deep into the bulk. Therefore a finite quantity should

in this limit decouple from UV physics. Comparing (8.3.48) and (8.3.51), the first quantity

does not fulfil this criterion (as the term of orderm2 derives from the logarithmic diver-

gence) whereas the latter quantity does. We will hence use (8.3.51) in Section 8.6 when

discussing the IR physics.

8.3.4 Phase Transitions

The flavour contributions to the entanglement entropy (8.3.28) and (8.3.29) match at

mz̃ = 1, i.e. when the turning point of the entangling surface is at the location where the

metric perturbation vanishes. This matching was guaranteed by the continuity of the

metric perturbation and its derivative at z = 1/m. There are however discontinuities in

the derivatives of the flavour contribution at mz̃ = 1, induced by the discontinuities of

higher derivatives of the metric perturbation at z = 1/m. In particular, there is a dis-

continuity in the fourth derivative of the entanglement entropy with respect to the slab

width (at fixed mass) (
∂4S

∂l4

)
mz̃=1

(8.3.52)

From the field theory perspective it is more natural to fix the mass (i.e. the theory) and

vary the slab width (i.e. the entangling region). However, if one instead looks at the

variation of the entanglement entropy with respect to the mass at fixed slab width, the

fourth derivative is also discontinuous(
∂4S

∂m4

)
mz̃=1

(8.3.53)

Correspondingly the finite quantities δSm and δSl have discontinuities in their second

and third derivatives, respectively.

The discontinuity arises from the discontinuity in second derivatives of the metric at
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z = 1/m. The fourth derivative of the entanglement entropy contains the terms(
∂4S

∂l4

)
z̃=1/m

∼ 1

8GN

(
∂z̃

∂l

)4

z̃=1/m

∂3

∂z̃3
(√
γTµν

minh
E
µν(z̃)

)
z̃=1/m

(8.3.54)

Note that the discontinuity does not arise at lower order in derivatives since the volume

element of the entangling surface vanishes at the turning point.

At first sight one might try to assign a physical interpretation to the discontinuity of the

entanglement entropy, i.e. a phase transition. However, the discontinuity is inherited

from the discontinuity in the metric derivatives and correspondingly in the curvature.

This discontinuity is likely to be an artefact of the probe approximation: in a fully back-

reacted solution for the D3 and D7 branes there should be no source terms in the en-

ergy momentum tensor and hence no discontinuities in the curvature of the metric.

In other words, one would expect from gauge/gravity duality that the backreacted so-

lution should solve the type IIB equations with no sources. The metric and curvature

should hence be continuous and the metric for the back-reacted solution should be

smoothened around z = 1/m, over a radial coordinate range∆z ≪ 1/m.

It is interesting to note that at any finite density the brane probe extends throughout the

bulk and therefore there is no longer any discontinuity at finite z: as we show in Section

8.5 the backreacted solution is indeed smoothened around z = 1/m, over a small but

finite radial coordinate range.

8.4 Entanglement Entropy for Spherical Regions

In this section we compute the entanglement entropy for the case of a spherical entan-

gling surface, extending the small mass results of [214] to generic mass. The methods

of [212,214,215] are in principle applicable to spherical entangling regions but in practice

the CHM map [187] becomes intractable for finite mass, as the probe brane embedding

in the hyperbolic black hole is extremely complicated. Therefore again our discussion

will follow closely the method of [213].

Writing the boundary metric in spherical coordinates we have

ds2 =
1

z2
(−dt2 + dr2 + r2dΩ2

2 + dz2) (8.4.1)

for the AdS5 metric. We define a ball on the boundary by r ≤ R and take as an embed-

ding ansatz z = z(r) at t = 0. The functional for the entangling surface is then

S =
π

GN

∫ R

0
dr

√
1 + z′2

z3
r2, (8.4.2)

where we have done the trivial integral over the two-sphere. It is easy to show that
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the resulting equations of motion are solved by the hemisphere r2 + z2 = R2, and the

desired extremal surface is thus a hemisphere in r and z of radius R that wraps the 2-

sphere S2 - this surface will be parametrised by {s,Ω2} where s is defined by z = Rs

and r = R
√
1− s2 and Ω2 = (θ, ϕ).

We can now compute the inducedmetric on this extremal surface using the expression

γmin
ab = ∂aX

µ∂bX
νgµν where now a, b = (s, θ, ϕ). One finds

γmin
ab =

(
1

s2(1− s2)
,
(1− s2)

s2
gS2

)
(8.4.3)

where we note for further use that

√
γmin =

√
1− s2

s3
√
gS2 . (8.4.4)

We can then compute the stress tensor of the surface and one finds (computing only the

diagonal components since this quantity will be contracted with hEµν which is diagonal)

Tµν
min =

(
s2R2(1− s2), 0, R2s4,

s2

1− s2
,

s2

1− s2
cosec2(θ)

)
. (8.4.5)

We are now in a position to compute the entanglement entropy, but wemust first write

the metric backreaction in the coordinate system (z, t, r, θ, ϕ)

hEµν =
1

z2
diag (f(z), h(z), h(z), h(z)gS2) . (8.4.6)

The resulting entanglement entropy becomes

δS =
π

2GN

∫ b

a
ds

√
1− s2

s3
(
(s2 + 2)h(Rs)− (s2 − 1)f(Rs)

)
(8.4.7)

where a ≡ ϵ/R and b = 1, 1/µ for µ < 1, µ > 1 respectively as for the slab, where now

µ ≡ mR. Expanding out f(Rs) and again using partial integration on the h′(Rs) term as

in the slab case one obtains

δS =
π

2GN

∫ b

a
ds

(1− s2)3/2

s3
f̃(Rs)− π

2GN

[
h(Rs)

(1− s2)3/2

s2

]b
a

(8.4.8)

again reducing the contribution of h(z) to a boundary term. The term at s = b vanishes

for both possible values of b for the same reasons as before, leading to

δS =
t0π

24GN

∫ b

a
ds

(1− s2)3/2

s3
(
1− (µs)2

)2
+

π

2GN
h(ϵ)

1

a2
(
1− a2

)3/2
. (8.4.9)

Since h(ϵ) depends upon the gauge choice, we can rewrite this expression as in the pre-
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vious section as

δS =
t0π

24GN

∫ b

a
ds

(1− s2)3/2

s3
(
1− (µs)2

)2
+ δSgauge(ϵ, R,m). (8.4.10)

The gauge dependent contribution depends in this case on all three parameters: the

cutoff ϵ, the mass m and the radius of the spherical region R (note that in the previous

expression the mass dependence is contained implicitly in the metric function h(z)).

Note the difference relative to the case of the slab: since the dual theory is local, the

gauge dependent terms for the slab cannot depend on the slab width. The radius of

the sphere however relates to the intrinsic curvature of the entangling region, which is

a local quantity and therefore can appear in the gauge dependent terms. In particular,

since h(0) is finite, the non-vanishing terms in δSgauge will be either quadratic in R or

independent of R in any scheme.

Let us now consider the small and large mass cases separately. For µ ≤ 1 the contribu-

tion from the s = b limit to the integral vanishes where b = 1. One therefore obtains

δS =
t0π

8GN

(
R2

6ϵ2
+

4µ2 + 3

6
log

ϵ

2R
+

1

4
+

8µ2

9
+
µ4

15

)
+ δSgauge(ϵ, R,m). (8.4.11)

Using the same regularisation scheme as before to fix h(ϵ) one obtains as in [214]

δS =
t0π

8GN

(
R2

2ϵ2
+

4µ2 + 3

6
log

ϵ

2R
− 1

4
+

2µ2

3
+
µ4

15

)
, (8.4.12)

where

δSgauge(ϵ, R,m) =
πt0

24GN

(
R2

ϵ2
− 2

3
µ2 − 3

2
+ · · ·

)
. (8.4.13)

For µ ≥ 1 the extra contribution from the s = b limit of integration is given by

t0π

24GN

(
−
√

1− 1

µ2

(
8

15
+

83µ2

30
+
µ4

5

)
+

1

2
(3 + 4µ2)log

(
µ+ µ

√
1− 1

µ2

))
. (8.4.14)

This vanishes at µ = 1 as we would expect by continuity. Thus the total contribution to

the entanglement entropy for µ ≥ 1 is given by

δS =
t0π

8GN

(
R2

6ϵ2
+

4µ2 + 3

6
log

ϵ

2R
+

1

4
+

8µ2

9
+
µ4

15
(8.4.15)

−1

3

√
1− 1

µ2

(
8

15
+

83µ2

30
+
µ4

5

)
+

1

6
(3 + 4µ2)log

(
µ+ µ

√
1− 1

µ2

))
+δSgauge(ϵ, R,m).
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For µ≫ 1 this expression asymptotes to

δS =
t0π

8GN

(
R2

6ϵ2
+

(
2µ2

3
+

1

2

)
log(mϵ) +

3

8
− 1

48µ2
+O

(
1

µ4

))
(8.4.16)

+δSgauge(ϵ, R,m).

As for the slab, the expressions for the entanglement entropy match at µ = 1, i.e. when

the turning point of the entangling surface reaches z = 1/m. Derivatives of the entan-

glement entropy with respect to R at fixed m or with respect to m at fixed R become

discontinuous at µ = 1 because of the metric discontinuity. For spherical entangling

surfaces the discontinuity arises at fifth order i.e.(
∂5S

∂R5

)
m=1/R

(8.4.17)

is discontinuous. Thediscontinuity again arises from thediscontinuity in secondderiva-

tives of themetric at z = 1/m, and is hence expected to be absent in a fully back-reacted

solution without sources. The fifth derivative of the entanglement entropy contains the

terms (
∂4S

∂l4

)
z̃=1/m

∼ 1

8GN

∂4

∂z̃4
(√
γTµν

minh
E
µν(z̃)

)
z̃=1/m

. (8.4.18)

Note that the discontinuity does not arise at lower order in derivatives since the terms

contractedwith themetric perturbation are zerowhen the turning point lies at z̃ = 1/m,

and their first derivative is also zero; see the form of the integrand in (8.4.8).

8.4.1 Finite Contributions

For a spherical region one can define a finite quantity by differentiating with respect to

the mass, (8.3.44). For µ ≤ 1 this gives

δSm =
πt0

60GN
µ4. (8.4.19)

For µ≫ 1 one obtains

δSm = − πt0
8GN

(
µ2

3
− 1

4
− 1

24µ2
+O

(
1

µ4

))
. (8.4.20)

The quantity (8.3.49) is not finite for a spherical region and it is proposed to use instead

[249,250]

SLM = R
∂

∂R

(
R
∂

∂R
− 2

)
S. (8.4.21)

Note that this quantity vanishes for all terms which are independent of R or quadratic

in R, which in particular guarantees that the gauge dependent terms drop out of SLM .
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For µ ≤ 1 one obtains

δSLM =
πt0
8GN

(
1− 4

3
µ2 +

8

15
µ4
)
. (8.4.22)

For µ≫ 1 one obtains

δSLM =
πt0

48GNµ2
+ · · · , (8.4.23)

with all terms with higher order powers in µ cancelling.

As for the slab the limit µ≫ 1 probes the IR of the theory: for fixedm this corresponds

to taking an entangling surface which extends deep into the bulk. Therefore a finite

quantity should in this limit decouple from UV physics. Comparing (8.4.20) and (8.4.23),

the first quantity again does not fulfil this criterion (as the term of orderm2 derives from

the logarithmic divergence) whereas the latter quantity does. We will hence use (8.4.23)

in Section 8.6 when discussing the IR physics.

8.5 Entanglement Entropy from Kaluza-Klein Holography

In this section we describe a new method for computing the entanglement entropy of

probe brane systems using Kaluza-Klein holography [24]. This method is applicable to

any probe brane system, i.e. for any shape entangling region with any worldvolume

gauge fields, and can also be used for other systems such as Coulomb branch geome-

tries.

The holographic entanglement entropy for any static asymptotically anti-de Sitter ge-

ometry is given by the Ryu-Takayanagi functional in terms of the area of a minimal

surface in the Einstein frame metric. Probe brane systems are however described by

top-down constructions. In other words, we first specify a ten-dimensional supergrav-

ity solution for which a holographic interpretation is known, the usual examples being

geometries which are asymptotic to the products of anti-de Sitter and Sasaki-Einstein

manifolds. The probe system is then specified by the brane embedding into the ten-

dimensional background and the worldvolume fields on the brane. The backreaction

onto the ten-dimensional supergravity solution is computed by viewing the D-brane

action as sourcing the supergravity fields, with the sources being localised on the brane

embedding. Computation of the backreaction therefore involves solving all of the ten-

dimensional supergravity equations.

Even after computing the backreacted ten-dimensional supergravity solution, one can-

not immediately compute the entanglement entropy, because the latter requires the

five-dimensional Einsteinmetric. For any supergravity solution which can be viewed as

a perturbation of anti-de Sitter cross a Sasaki-Einstein manifold the method of Kaluza-

Klein holography can however be used to extract the five-dimensional Einstein met-

ric [24]. This method implies that, if one only wishes to compute the entanglement en-

tropy, it is not actually necessary to compute all of the backreaction of the brane onto



8.5. Entanglement Entropy from Kaluza-Klein Holography 101

the ten-dimersional supergravity fields: one only needs to know the backreaction for

those field components which contribute to the five-dimensional Einstein metric.

In the rest of the section wewill describe the computation of the entanglement entropy

using the Kaluza-Klein holography approach for massive D7-branes in an AdS5 × S5

background. At the end of the section we will discuss further applications and general-

isations of this method.

8.5.1 Kaluza-Klein Holography

The backreaction of the D7-branes ontoAdS5×S5 results in a supergravity background

which canbe expressed as aperturbationofAdS5×S5. Thus themetric canbe expressed

as

ds2 = (goMN + hMN )dxMdxN ; (8.5.1)

=
1

z2
(dz2 + dxµdxµ) + (dθ2 + sin2 θdΩ2

3 + cos2 θdϕ2) + hMN (xm, θa)dx
MdxN ,

where we denote ten-dimensional indices as xM ; θa collectively denote the five sphere

coordinates and xm denote the five-dimensional coordinates, i.e. (z, xµ). Thus goMN is

the backgroundAdS5×S5 metric and hMN is themetric perturbation. The other type IIB

supergravity fields are the dilaton ϕ, the NS-NS three form field strengthHMNP and the

RR field strengths FM , FMNP and FMNPQR. Only the self-dual five-form field strength

has a background profile

FMNPQR = F o
MNPQR + fMNPQR; (8.5.2)

F o =
1

z5
dz ∧ dt ∧ dw ∧ dx ∧ dy + sin3 θ cos θdθ ∧ dΩ3 ∧ dϕ,

with fMNPQR being the perturbation of the five form field strength. Our normalisation

conventions are that the Einstein equations for type IIB supergravity are given by

RMN =
1

6
FMPQRSF

PQRS
N + · · · (8.5.3)

The Einstein equations are quadratic in the dilaton gradients and form field strengths.

Therefore, working to linearized order in the perturbations, the Einstein equation de-

couples from the perturbations of ϕ,HMNP , FM and FMNP since the latter do not have

profiles in the AdS5 × S5 background. Similarly the only contributions to the five-form

equation of motion at linearised order are from the metric perturbations and the five-

form field strength perturbations.
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The fluctuations can be expanded in S5 harmonics [36]

hmn(x, y) =
∑

hI1mn(x)Y
I1(y) (8.5.4)

hma(x, y) =
∑

(BI5
(v)m(x)Y I5

a (y) +BI1
(s)m(x)DaY

I1(y))

h(ab)(x, y) =
∑

(ϕI14(t) (x)Y
I14
(ab)(y) + ϕI5(v)(x)D(aY

I5
b) (y) + ϕI1(s)(x)D(aDb)Y

I1(y))

haa(x, y) =
∑

πI1(x)Y I1(y)

and

fmnrst(x, y) =
∑

5D[mb
I1
nrst](x)Y

I1(y) (8.5.5)

famnrs(x, y) =
∑

(bI1mnrs(x)DaY
I1(y) + 4D[mb

I5
nrs](x)Y

I5
a (y))

fabmnr(x, y) =
∑

(3D[mb
I10
nr](x)Y

I10
[ab] (y)− 2bI5mnr(x)D[aY

I5
b] (y))

fabcmn(x, y) =
∑

(2D[mb
I5
n](x)ϵabc

deDdY
I5
e (y) + 3bI10mn(x)D[aY

I10
bc] (y))

fabcdm(x, y) =
∑

(Dmb
I1
(s)(x)ϵabcd

eDeY
I1(y) + (ΛI5 − 4)bI5m(x)ϵabcd

eY I5
e (y))

fabcde(x, y) =
∑

bI1(s)(x)Λ
I1ϵabcdeY

I1(y)

Numerical constants in these expressions are inserted so as to match with the con-

ventions of [36]. Parentheses denote a symmetric traceless combination (i.e. A(ab) =

1/2(Aab+Aba)− 1/5gabA
a
a). Y

I1 , Y I5
a , Y I14

(ab) and Y
I10
[ab] denote scalar, vector and tensor har-

monics whilst ΛI1 and ΛI5 are the eigenvalues of the scalar and vector harmonics under

(minus) the d’Alembertian. The subscripts t, v and s denote whether the field is associ-

ated with tensor, vector or scalar harmonics respectively, whilst the superscript of the

harmonic label In derives from the number of components n of the harmonic.

Not all fluctuations are independent - some are diffeomorphic to each other or to the

background. This issue can be dealt with by imposing a gauge; for example, the de

Donder-Lorentz gauge fixing condition is

Dah(ab) = Daham = 0 (8.5.6)

which sets to zero the coefficients BI1
(s)m, ϕ

I5
(v), ϕ

I1
(s). A more elegant way of dealing with

this issue is to construct gauge invariant combinations of the fluctuations. Such gauge

invariant combinations of the fluctuations were constructed in [24], with the combina-

tions reducing to the de Donder-Lorentz gauge fluctuations on imposing this gauge.

In [24] the equationsofmotion satisfiedby thefluctuationswere constructed toquadratic

order in the fluctuations, and the relation between five-dimensional fields and ten-

dimensional fields was also constructed up to quadratic order in the fluctuations. In

the current context we are only interested in the five-dimensional Einstein metric and

we work only to linear order in the fluctuations. We can therefore read off from [24,36]
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the relationship between the five-dimensional Einsteinmetric perturbation hEmn and the

ten-dimensional fields as

hEmn = h0mn +
1

3
π0gomn, (8.5.7)

where the superscripts indicate that these are zeromodes, i.e. associatedwith the trivial

constant scalar harmonic.

The type IIB supergravity equations lead to the linearized equation for the Einsteinmet-

ric

(LE + 4)hEmn = 0, (8.5.8)

where LE is the Einstein operator, defined as usual by

LEh
E
mn =

1

2

(
−�hEmn +DpDmh

Ep
n +DpDnh

Ep
m −DmDnh

Ep
p

)
. (8.5.9)

The five-dimensional equation of motion in turn can be seen to follow from reducing

the ten-dimensional action

IIIB =
1

2κ210

∫
d10x

√
−det(gMN )

(
R(gMN )− 4

5!
FMNPQRF

MNQR + · · ·
)

(8.5.10)

over the five-sphere3. This results in

I =
N2

c

2π2

∫
d5x
√

−det(gmn)

(
1

4
R(gmn) + · · ·

)
, (8.5.11)

where we use the relation

1

2κ210
VS5 =

π3

2κ210
=

1

2κ25
=
N2

c

8π2
, (8.5.12)

which is applicable when the AdS radius L is set to one. Thus the effective Newton

constant is given by
1

16πGN
=
N2

c

8π2
. (8.5.13)

For the probe brane system, the type IIB supergravity equations are solved with source

terms, from the D-brane action, which in turn implies that the linearized Einstein equa-

tions in five dimensions are sourced. The complete ten-dimensional action is

I = IIIB + ID7 (8.5.14)

where

ID7 = −T7
∫
d10x

∫
d8σδ(xM −XM (σα))e−ϕ

√
−det(gMN∂αXM∂βXN ) + · · ·. (8.5.15)

3Note that the 10d action must be supplemented with a self-duality constraint for the five form field
strength.
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Here σα denote the world-volume coordinates and the ellipses denote terms involving

the world-volume gauge fields and Wess-Zumino couplings. The latter do not con-

tribute in the case of the D7-brane embeddings under consideration here.

The source term results in a stress energy tensor [251]

TMN = −T7
∫
d8σ

√
−γe−ϕ(γαβ∂αX

M∂βX
N )
δ(xM −XM (σα))√

−det(gMN )
, (8.5.16)

where we denote the worldvolume induced metric as γαβ = gMN∂αX
M∂βX

N . The

sourced IIB equation is thus

(RMN − 1

6
FMPQRSF

PQRS
N + · · · ) = κ210(TMN − 1

8
TgMN ) ≡ κ210T̄MN , (8.5.17)

with T = gMNTMN . The trace adjusted stress energy tensor can be expanded in S5

harmonics, using the same harmonic basis as for the metric:

T̄mn(x, y) =
∑

T̄ I1
mn(x)Y

I1(y) (8.5.18)

T̄ma(x, y) =
∑

(T̃ I5
(v)m(x)Y I5

a (y) + T̃ I1
(s)m(x)DaY

I1(y))

T̄(ab)(x, y) =
∑

T̄ I14
(t) (x)Y

I14
(ab)(y) + T̄ I5

(v)(x)D(aY
I5
b) (y) + T̄ I1

(s)(x)D(aDb)Y
I1(y))

T̄ a
a (x, y) =

∑
T̃ I1(x)Y I1(y)

The correction to the five-dimensional Einstein equation only depends on the following

zero modes (see Appendix 8.A):

(LE + 4)hEmn = κ210(T̄
0
mn +

1

3
T̃ 0gomn) ≡ t̄mn, (8.5.19)

where we have used the fact that the D7-brane embedding of interest does not source

the RR five-form field strength.

Given the D7-brane embedding, i.e. θ(z) = cos−1(mz), the ten-dimensional energy mo-

mentum tensor source can be computed as

TMN = −T7TMNδ(θ − θ(z))δ(ϕ), (8.5.20)

with

Tzz =
1

z2
(1−m2z2)2; Tµν =

1

z2
(1−m2z2)ηµν ; (8.5.21)

TΩ3 = (1−m2z2)2gΩ3 ; Tϕϕ = 0;

Tθθ = m2z2(1−m2z2).

where note that T ≡ gMNTMN = 8(1 − m2z2). Here we denote the metric on the

unit three-sphere by gΩ3 . The energy momentum tensor source can be projected onto
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spherical harmonics using Fourier decompositions of the delta functions:

δ(θ − θ(z)) =
2

π
+

∞∑
m=1

4

π
cos(mθ(z)) cos(mθ); (8.5.22)

δ(ϕ) =
1

2π
+

∞∑
m=1

1

π
cos(mϕ).

Byprojectingonto the zeromode, one then immediately shows that the ten-dimensional

energy momentum tensor source is such that

T̄ 0
zz = −T7

m2

π2
(1−m2z2); T̄ 0

µν = 0, (8.5.23)

with

T̄ 0 =
T7
π2

(1−m2z2)(m2z2 − 2), (8.5.24)

and hence using (8.5.19) we find that

t̄zz = − t0
3z2

(1−m4z4); t̄µν =
t0
6z2

(1−m2z2)(m2z2 − 2)ηµν , (8.5.25)

where as before

t0 = 16πGN (2π2T7). (8.5.26)

Given the five-dimensional stress tensor tmn = t̄mn − 1
2 t̄g

o
mn, it is straightforward to see

that the perturbation of the Einstein metric induced by this source is in agreement with

that given in (8.3.14) and (8.3.18).

8.5.2 Generalizations to Other Probe Brane Systems

For a general probe brane system, the complete ten-dimensional action is

I = IIIB + IDp (8.5.27)

where

IDp = −Tp
∫
d10x

∫
dp+1σδ(xM −XM (σα))e−ϕ

√
−det(γαβ + Fαβ) (8.5.28)

+Tp

∫
d10x

∫
δ(xM −XM (σα))

[
eF ∧

∑
q

Cq

]
,

with

γαβ = gMN∂αX
M∂βX

N ; (8.5.29)

Fαβ = BMN∂αX
M∂βX

N + Fαβ;

Cα1···αq = CM1···M1∂α1X
M1 · · · ∂αqX

Mq .
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Weconsider embedding a brane into a type IIB backgroundwhich is eitherAdS5×S5 or

AdS5 Schwarzschild × S5, so that the only background field profiles are for the metric

and the five-form. Following the arguments in the previous section, we therefore only

need to consider the equations for the metric and five-form perturbations, as the other

perturbation equations decouple.

The energy momentum tensor source is [92,251]

TMN = −Tp
∫
dp+1σ

√
−Me−ϕ(Mαβ∂αX

M∂βX
N )
δ(xM −XM (σα))√

−det(gMN )
, (8.5.30)

where we define Mαβ = γαβ + Fαβ with Mαβ being its inverse. The source in the five

form equation of motion is

∂M
(√

−gFMNPQR
)

= 2κ210Tp

∫
dp+1σδ(xM −XM (σα))ϵα1···αp+1Fα1α2 (8.5.31)

· · · ∂αp−2X
N∂αp−1X

P∂αpX
Q∂αp+1X

R

Note that for a D7-brane this term only contributes if F ∧ F ̸= 0. Therefore, provided

that F ∧ F = 0, the correction to the five-dimensional Einstein equation due to source

D7-branes still depends only on the stress energy tensor zero modes,

(LE + 4)hEmn = κ210(T̄
0
mn +

1

3
T̄ 0gomn) ≡ t̄mn. (8.5.32)

One can thus compute the perturbation to the five-dimensional Einsteinmetric by pro-

jecting thebraneenergymomentumsourceonto the appropriate combinationof (spher-

ical) zero modes. It would be straightforward to relax the condition F ∧ F = 0 and ob-

tain the correction to the five-dimensional Einstein equation, taking into account the

sources in the RR field equations, but we will not analyse this case in detail here.

The analysis above immediately allows us to treat D7-branes at finite mass, density (and

temperature). The finite temperature background can be written as

ds2 = ρ2
[
−f

2

f̃
dt2 + f̃dx2

]
+
dρ2

ρ2
+ dΩ2

5; (8.5.33)

f(ρ) = 1− u40
ρ4

; f̃(ρ) = 1 +
u40
ρ4
.

with the temperature being T =
√
2u0/π. The D7-brane embeddings can be expressed

in terms of two scalar functions χ(ρ) and a(ρ):

θ(ρ) = cos−1(χ(ρ)); Fρt = ∂ρa(ρ) ≡ E(ρ), (8.5.34)

where the potential is At = a(ρ). These embeddings can be found numerically, see
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[241, 242]. The main feature is that at any finite density, i.e. whenever the asymptotic

form of the potential is

At = µ− d̃

ρ2
+ · · · (8.5.35)

with non-zero charge density d̃, the embeddings do not close off at finite radius. At

finite temperature the embeddings have a spike which extends into the horizon, while

at zero temperature this spike passes through the Poincaré horizon. In other words,

asymptotically as ρ → ∞, the brane wraps the equator θ = π/2 of the five sphere but

there is a spike, θ → 0 as ρ → u0. In the zero temperature limit, the spike solution

becomes analytic for ρ→ 0,

E(ρ) ≈ E ; θ(ρ) ≈ θ1ρ, (8.5.36)

with E and θ1 constant.

Focussing on the zero temperature limit for simplicity, the effective source stress energy

tensor of (8.5.32) is given in terms of θ(ρ) and E(ρ) by

t̄ρρ = −t0
sin3 θ

2ρ2(1 + ρ2θ̇2 − E2)
1
2

(
−2

3
− 4ρ2θ̇2

3
+ E2

)
; (8.5.37)

t̄tt = t0
ρ2 sin3 θ

2(1 + ρ2θ̇2 −E2)
1
2

(
−2

3
− ρ2θ̇2

3
+ E2

)
;

t̄ij = −t0
ρ2 sin3 θ

2(1 + ρ2θ̇2 − E2)
1
2

(
−2

3
− ρ2θ̇2

3

)
δij .

Here θ̇ denotes ∂ρθ(ρ). To compare with the previous sections we change coordinates

to z = 1/ρ, and use the five-dimensional stress tensor tmn = t̄mn − 1
2 t̄g

o
mn,

tzz = −t0
sin3 θ

2z2(1 + z2θ2z − E2)
1
2

; (8.5.38)

ttt = t0
z2 sin3 θ

2(1 + z2θ2z − E2)
1
2

(
1 + z2θ2z

)
;

tij = −t0
z2 sin3 θ

2(1 + z2θ2z − E2)
1
2

(
1 + z2θ2z − E2

)
δij ,

where θz = ∂zθ.

The metric perturbation induced by such sources can then be expressed as

δ(ds2) =
f(z)

z2
dz2 − g(z)

z2
dt2 +

h(z)

z2
dxidxi. (8.5.39)
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As previously the gauge invariant combination is

f̃(z) = f(z) + zh′(z) (8.5.40)

and there are now two independent Einstein equations:

−f̃ − 1

4
z(g′ − h′) =

1

6
z2tzz; (8.5.41)

3

2
z(h′ − g′) +

1

2
z2(g′′ − h′′) = z2(ttt + ti),

where we define tij = tiδij . These equations can be integrated to give

f̃(z) = −1

6
z2tzz −

1

2
z4
∫
dz

z3
(ttt + ti) ; (8.5.42)

(g(z)− h(z)) = 2

∫ z

dz̃z̃3
∫ z̃ dw

w3
(ttt(w) + ti(w)) .

These equations can be solved analytically as z → 0 and z → ∞. The near boundary

expansions of the fields χ and E are

χ = mz + cz3 + · · · (8.5.43)

E = 2d̃z3 + · · · ,

wherem is the quarkmass, c determines the quark condensate and d̃ is the density. The

corresponding asymptotic expansions of the gauge invariant metric perturbations are

f̃(z) =
t0
12

(
1− 2m2z2 +O

(
m4z4,mcz4

)
+ · · ·

)
; (8.5.44)

(g(z)− h(z)) =
t0
3
d̃z6 + · · ·

Note that in fixing a Fefferman-Graham gauge as z → 0 one needs to take into account

the shift in the AdS radius. The Fefferman-Graham gauge is obtained by choosing

f(z) =
t0
12
, (8.5.45)

which then implies that

zh′(z) =
t0
6

(
−m2z2 +O

(
m4z4,mcz4

)
+ · · ·

)
, (8.5.46)

and hence

h(z) =
t0
12

(
1−m2z2 +O

(
m4z4,mcz4

)
+ · · ·

)
, (8.5.47)

where the integration constant is fixed by the AdS radius.
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In the opposite limit of z → ∞we can use the spike solution (8.5.36) to show that

f̃(z) =
t0θ

3
1

4z3(1− E2)
1
2

(
1

3
+

E2

7

)
; (8.5.48)

(g(z)− h(z)) = − t0θ
3
1E2

42z3(1− E2)
1
2

,

and hence the metric perturbations are bounded in the deep interior.

The effect of the metric perturbation (8.5.39) on the entanglement entropy is expressed

in exactly the same way as in previous sections, since g(z) does not enter the entangle-

ment entropy. Thus for a slab, following (8.3.22), the brane contribution to the entan-

glement entropy is

δS =
L2

4GN z̃2

∫ b

a
ds

√
1− s6

s3
f̃(z̃s)−

[
h(z̃s)

√
1− s6

s2

]s=b

s=a

 (8.5.49)

where z̃ is the turning point of the original minimal surface and a = ϵ/z̃. At zero den-

sity f̃(z) is zero for z ≥ 1/m and continuity of the metric and its derivatives requires

h(1/m) = h′(1/m) = 0. At any finite density f̃(z) is non-zero at finite z and there is no

need to impose that the function h(z) vanishes at a finite value of z. In the finite density

case the integration is therefore over the entire entangling surface, i.e. the upper limit

b = 1 and

δS =
L2

4GN z̃2

(∫ 1

a
ds

√
1− s6

s3
f̃(z̃s) +

[
h(ϵ)

√
1− a6

a2

])
, (8.5.50)

since the other boundary term vanishes at s = 1.

Note that δS has no discontinuities in its derivatives with respect tomass or to the width

of the slab at finite density since f̃(z) has no discontinuities in its derivatives at finite

density. This provides another reason for viewing as unphysical the discontinuities dis-

cussed earlier.

It is useful to define the difference between the entanglement entropy at finite density

and that at zero density, for the same mass,

δS − δSd̃=0 =
L2

4GN z̃2

(∫ 1

a
ds

√
1− s6

s3
δf̃(z̃s) +

[
δh(ϵ)

√
1− a6

a2

])
, (8.5.51)

where

δf̃(z) = f̃(z)− t0
12

(1−m2z2)2; (8.5.52)

δh(z) = h(z)− h(z)d̃=0,

where we have used the analytic expression for f̃(z) at zero density. From the asymp-
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totic expansions (8.5.44), we can infer that the asymptotic expansion of δf̃ is

δf̃(z) = t0O(mcz4) + · · · (8.5.53)

We can also always choose a gauge such that

δh(z) = t0O(z4) + · · · ; (8.5.54)

this simply corresponds to matching the gauge asymptotically at zero and finite den-

sity. Substituting into (8.5.51) the difference between the entanglement entropy at finite

density and that at zero density is UV finite4 and only the integrated term contributes,

δS − δSd̃=0 =
L2

4GN z̃2

∫ 1

a
ds

√
1− s6

s3
δf̃(z̃s). (8.5.55)

Note however that this quantity does have discontinuities in its derivatives at z̃ = 1/m,

since the zero density quantity has such discontinuities.

8.5.3 Numerical Calculation of the Entanglement Entropy at Finite Density

Wenowconsider in detail the embeddings in (8.5.34) with the aim to explicitily carry out

the computation of the flavour entanglement entropy in the case of finite density. We

follow the analysis in [241,242], thoughunlike the latterwe focus on the zero temperature

case. The background, instead of (8.5.33), is therefore AdS5 × S5

ds2 = ρ2[−dt2 + dx23] +
dρ2

ρ2
+ dθ2 + sin2θdΩ2

3 + cos2θdϕ2 (8.5.56)

and the probe D7-brane extends in {t, x3, ρ,Ω3}. We consider an embedding θ(ρ), and

in additionwe introduce aU(1) gauge fieldAt(ρ) on theworldvolume of theD7-brane in

order to study the gauge theory at finite density and chemical potential. The DBI action

for this probe brane then evaluates to

ID7 = −T7
∫
d8σ

ρ3

4
(1− χ2)

√
1− χ2 + ρ2(∂ρχ)2 − 2(1− χ2)F 2

ρt (8.5.57)

whereχ(ρ) ≡ cos [θ(ρ)] andFρt(ρ) = ∂ρAt(ρ) is the electric field. The equation ofmotion

for the gauge field has solutions with asymptotics given by (8.5.35), and since ID7 does

not depend explicitly on At, there is a constant of motion d ≡ δID7/δFρt.

For solving the resulting equations of motion it is useful to eliminate the gauge field At

from the action by performing a Legendre transform with respect to d. The equation of

4Earlier discussions of the UV finiteness of terms in the entanglement entropy induced by a chemical
potential may be found in [252–254].
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motion for χ can then be obtained from the Legendre transformed action ĨD7 as

∂ρ

 ρ5(1− χ2)χ̇√
1− χ2 + ρ2χ̇2

√
1 +

8d̃2

ρ6(1− χ2)3

 = (8.5.58)

− ρ3χ√
1− χ2 + ρ2χ̇2

√
1 +

8d̃2

ρ6(1− χ2)3

[
3(1− χ2) + 2ρ2χ̇2 − 24d̃2

1− χ2 + ρ2χ̇2

ρ6(1− χ2)3 + 8d̃2

]

where χ̇ ≡ ∂ρχ and d̃ ≡ d/TD7. It is straightforward to show that asymptotically solutions

to this equation take the form given in (8.5.43).

We solve (8.5.58) numerically for a given d̃ with regular boundary conditions imposed

in the deep interior. Recalling that χ = cos θ the spike solution is such that χ(0) →
1. However, since χ̇(ρ) = − sin θθ̇, χ̇(0) = 0 and is independent of the value of θ̇(0).

Therefore we instead set boundary conditions at ρ = ρ0 ≪ 1,

χ(ρ0) = 1− 1

2
δ2; χ̇(ρ0) = −α, (8.5.59)

with α > 0 and δ2 ≪ 1. These boundary conditions correspond to

θ(ρ0) = δ; θ̇(ρ0) =
α

δ
. (8.5.60)

Such conditions are consistent with the spike solution θ = θ1ρ+ · · · in (8.5.36) provided

thatα ∼ δ2/ρ0; if the latter condition is satisfied the solutions can be smoothly continued

to ρ = 0. These boundary conditions differ from those used in [241, 242] due to the fact

that we work at zero temperature. Note that the quark mass can be extracted from the

embedding using limρ→∞(ρχ) due to (8.5.43).

The equations of motion for the gauge field are then given by Hamilton’s equations with

ĨD7 asHamiltonian, which reproduce the fact that d̃ is a constant, togetherwith the equa-

tion

∂ρAt = 2d̃

√
1− χ2 + ρ2χ̇2√

(1− χ2)[ρ6(1− χ2)3 + 8d̃2]
. (8.5.61)

This equation can be integrated to give

At(ρ) = 2d̃

∫ ρ

0
dρ′

√
1− χ2 + ρ′2χ̇2√

(1− χ2)[ρ′6(1− χ2)3 + 8d̃2]
(8.5.62)

where we have set At(ρ) → 0 as ρ→ 0. The chemical potential µ is then given by At(∞)

in the previous expression. Once the embedding χ(ρ) has been found above, one can

computeFρt ≡ ∂ρAt andµ from (8.5.61) and (8.5.62) respectively. Note that the parameter
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Figure 8.5.1: Plots of δf̃(z) for various values of d̃ andm. In all cases δf̃(z) asymptotes to
zero as z → ∞.

d̃ indeed characterises the density since

lim
ρ→∞

(ρ3∂ρAt) = 2d̃, (8.5.63)

in agreement with (8.5.35).

To compute the entanglement entropy one must change coordinates as in the previ-

ous section. At zero temperature the coordinate transformation is trivial and simply

amounts to setting z = 1/ρ whilst leaving the other coordinates unchanged. One can

then compute the five-dimensional stress tensor components in (8.5.38), and thus the

gauge-invariant metric perturbation f̃(z) as defined by (8.5.42). We plot δf̃(z), as de-

fined in (8.5.52), in Figure 8.5.1 for various values of d̃ andm, the latter being fixed by the

choice of both d̃ and χ′(0). The same general features are observed for all values of the

parameters; δf̃(z) peaks around z = 1/m and has a long spike slowly asymptoting to

zero as z → ∞. Although one might expect intuitively that the thickness of this spike is

determined by the ratio d̃/m (with a larger ratio leading to a thicker spike), the results in-

dicate that it is in fact the magnitude of χ′(0) that determine this thickness, with a larger

value of χ′(0) corresponding to a thicker spike (and a larger magnitude of δf̃(z) overall).

It is a simplematter to compute the background subtracted entanglement entropy using

(8.5.55): the result for d̃ = 200, m = 200 is shown in Figure 8.5.2. The graph shows the

entanglement entropy as a function of the depth of the entangling surface z̃, which is

proportional to the slabwidth l. It follows from (8.5.53) that the subtracted entanglement

entropy increases quadratically with z̃ for z̃ ≪ 1; if δf = λz4 then

δS − δSd̃=0 =
L2λ

48GN

√
πΓ(1/3)

Γ(11/6)
z̃2. (8.5.64)

The metric perturbation δf reaches a maximum around z ∼ 1/m and is very small for
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Figure 8.5.2: Plot of the background subtracted entanglement entropy for d̃ = 200,
m = 200 as the width of the slab is increased. The entanglement entropy increases
quadratically until the depth of the entangling surface is 1/m and then slowly saturates
to a constant value as the width of the slab is increased further.

z > 1/m, and therefore the entanglement entropy of surfaces which extend to turning

points z̃ ≫ 1/m saturates.

The D3/D7 system has a rich structure of phase transitions as the chemical potential,

temperature and magnetic field are varied, see [255,256]. It would be interesting to use

entanglement entropy to explore these phase transitions, extending the above results.

Note that the entanglement entropy formassless flavours at finite density was discussed

in [216]; our method would give the same results for massless flavours, and it would be

interesting to explore how the entanglement entropy changes as one increases the ratio

of density to mass.

8.6 Field Theory Interpretation

The D3/D7 system is dual to N = 4 SYM coupled to N = 2 massive hypermultiplets.

The key features of this field theory are as follows. The field content of N = 4 consists

of the gauge fields Aµ, scalars XA transforming in the fundamental of the R symmetry

group SO(6) and spinors λi transforming in the spinor representation of SO(6). The

hypermultiplets consist of scalars χ and fermions η transforming in the bifundamental

of the SU(Nc) and SU(Nf ) gauge groups. In the massless case the addition of these

hypermultiplets preserves an SO(4)×SO(2) subgroup of the R symmetry group ofN =

4 SYM. The hypermultiplets are coupled to the N = 4 SYM fields by potential terms of

the form

I =

∫
d4xTrSU(Nc)TrSU(Nf )

(
XAχ†χXA

)
. (8.6.1)

Separating the branes by a distancem (in string units) corresponds to introducing amass

termm for the hypermultiplets, which breaks the conformal invariance and breaks the

R symmetry group further to SO(4).

There are two distinct regimes of interest: the mass parameter m being small relative

to energy scales of interest, and the mass parameter being large compared to scales of
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interest. In the former case the theory is clearly described in terms of a small mass

perturbation of a conformal field theory, and we can use the underlying conformal in-

variance to understand the entanglement entropy. Entanglement entropy for relevant

perturbations has been studied recently [227] and we will discuss the relation to our

results below.

In the opposite regime, of high mass, at energy scales much lower than m we can in-

tegrate out the hypermultiplets, effectively setting χ ∼ 1
m . The potential term above

controls the leading deformation to theN = 4 SYM theory: at low energies the effective

description must be

I = ISYM +
1

m2

∫
d4xO6, (8.6.2)

whereO6 is an operator of dimension six in theN = 4 SYM theory, i.e. it is an irrelevant

deformation of the SYM conformal field theory. The dimension six operator explicitly

breaks the R symmetry from SO(6) to SO(4) and is therefore charged with respect to

the SO(6) R symmetry of N = 4 SYM. The backreaction of this deformation on the

stress energy tensor, which is an R symmetry singlet, is necessarily quadratic in this

deformation, i.e. the stress energy tensor is only affected at order 1/m4. The behaviour

of entanglement entropy under irrelevant deformations has been less studied and we

will explore this case in more detail below.

8.6.1 Zero Mass: Marginal Deformation of CFT

In the limit of zeromass, the brane contribution to the entanglement entropy of the slab

is

δS =
t0L

2

48GN

(
3

2ϵ2
+

√
π

2z̃2
Γ(−1/3)

Γ(1/6)

)
, (8.6.3)

where implicitly we have fixed a gauge choice such that

h(z) =
t0
12
. (8.6.4)

Note that this expression is proportional to the entanglement entropy of a slab in AdS5

S =
L2

2GN

(
1

2ϵ2
+

√
π

6z̃2
Γ(−1/3)

Γ(1/6)

)
. (8.6.5)

The entanglement entropy of a spherical surface in AdS5 is

S =
π

GN

(
R2

2ϵ2
+

1

2
log(ϵ/ϵIR)−

1

4

)
. (8.6.6)

The brane contribution to the entanglement entropy for a spherical surface at zeromass

is

δS =
t0π

8GN

(
R2

2ϵ2
+

1

2
log(ϵ/ϵIR)−

1

4

)
, (8.6.7)
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which is again proportional to the AdS result.

This is to be expected, see also [213,215]: suppose that the AdS radius is scaled as

LAdS → LAdS (1 + δAdS) (8.6.8)

with δAdS ≪ 1. Since the bulk entangling surface is of dimension three, this implies that

S → S (1 + δAdS)
3
2 ≈ S

(
1 +

3

2
δAdS

)
. (8.6.9)

In the case at hand, the effect of the brane is to shift the AdS radius as

δAdS =
t0
12

(8.6.10)

The brane contribution to the entanglement entropy at zero mass is therefore precisely

δS =
3

2
δAdSS, (8.6.11)

explaining the results above.

8.6.2 Small Mass: Relevant Deformation of CFT

In the small mass regime, themassm is smaller than the energy scales of interest, so the

system can be viewed as a mass perturbation of an underlying CFT.

Half space: Let us consider first the case in which the size of the slab l → ∞, i.e. the

space is divided into two regions by a plane; the brane contribution to the entanglement

entropy is given in (8.3.31). In particular the logarithmic divergence is

δS =
t0L

2

48GN
m2log(mϵ) =

π

3
T0(m

2L2) log(mϵ), (8.6.12)

where in the latter expression we use (8.3.19) i.e. T0 is the effective tension of the D7-

brane, reduced over the three sphere.

Themass deformation in the field theory is associated with the following slippingmode

of the D7-brane on the three sphere: letting the five sphere metric be

dΩ2
5 = dθ2 + sin2 θdΩ2

3 + cos2 θdϕ2 (8.6.13)

then the slipping mode is associated with the angle θ, i.e. we retain only the following

terms in the D7-brane action

I = T0

∫
d5x

√
g sin3 θ

√
1 + gµν∂µθ∂νθ, (8.6.14)

where we have integrated over the three-sphere, because the mode of interest is an
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SO(4) singlet and hence there is no dependence on the three sphere coordinates. The

metric gµν denotes theAdS5 metric andwework here in Euclidean signature aswe need

to compute correlation functions. The resulting equation of motion for θ is

0 = �θ − 3 cot θ − 1

2

gµν∂µθ(g
ρσ∂ρθ∂σθ)

1 + gµν∂µθ∂νθ
(8.6.15)

where� is the Laplacian in the EuclideanAdS5 metric. Linearising this equation around

θ = π/2 gives

0 = �θ + 3θ, (8.6.16)

i.e. the scalar is dual to an operator of dimension three.

As we will discuss shortly, we are interested in computing the normalization of the two

point function of this operator, and it thus suffices to consider the solution to the lin-

earized equation of motion (8.6.16). From [59], we can read off the operator one point

function in terms of the asymptotic expansion of the scalar field

⟨O3⟩ = T0

(
−2θ(2) +

1

3
θ3(0) +

R0

12
θ(0) +�(0)θ(0)

)
(8.6.17)

where

θ = z(θ(0) + θ(1)z + θ(2)z
2 + θ̃(2)z

2 log(z) + · · · ) (8.6.18)

Here�(0) refers to the Laplacian in the boundarymetric g(0) andR(0) is the scalar curva-

ture of this metric, which is zero in our case. Working in momentum space, the regular

solution to the linearized field equation (8.6.16) is

θ = θ(0)(k)(z
2K1(kz)), (8.6.19)

with k themomentum and θ(0)(k) corresponding to the Fourier transform of the source.

One thenexpands (8.6.19) about z = 0 to identify the various terms in (8.6.18), for example

θ(2)(k) = θ(0)(k)

(
1

4
(−1 + 2γ)k2 +

1

2
k2log

(
k

2

))
(8.6.20)

where γ is the Euler constant. Functionally differentiating the one point function (8.6.17)

with respect to the source θ(0), and setting the source to zero, therefore gives

⟨O3(k)O3(−k)⟩ = T0k
2 log

(
k

2

)
+ · · · , (8.6.21)

where contact terms have been dropped. Fourier transforming back to position space

gives

⟨O3(x)O3(0)⟩ =
4T0
π2

R
(

1

x6

)
, (8.6.22)

whereR denotes differential renormalization, see [31].
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In [227] it was shown that for a CFT deformed by a relevant operator

I → I + λ

∫
ddxO, (8.6.23)

the change in the entanglement entropy of the half space is

δS = Nλ2
(d− 2)

4(d− 1)

π
d+2
2

Γ(d+2
2 )

A log
(
ϵUV

ϵIR

)
, (8.6.24)

where ϵUV and ϵIR correspond to UV and IR cutoffs, respectively, A is the area of the

dividing surface whileN is the normalisation of the two point function ofO, i.e. at sep-

arated points

⟨O(x)O(0)⟩ = N
x2∆

, (8.6.25)

with ∆ = (d + 2)/2 the (relevant) operator dimension. Note that the entanglement en-

tropy is unchanged to first order in the perturbation λ.

In our case the normalisation is given in (8.6.22), λ = m and A = L2. Hence

δS =
πT0
3
m2L2 log

(
ϵUV

ϵIR

)
. (8.6.26)

which exactly agrees with (8.6.12), taking the IR cutoff to be ϵIR = 1/m.

Sphere: For the spherical entangling region the logarithmically divergent terms are

δS =
t0π

8GN

(
2µ2

3
+

1

2

)
log(mϵ) = T0

(
4

3
(πmR)2 + π2

)
log(mϵ). (8.6.27)

The second of these terms was explained above. The first is proportional to the mass

deformation and can be expressed in the same form as (8.6.24), with

A = 4πR2; N =
4T0
π2

, (8.6.28)

setting the IR cutoff to be ϵIR = 1/m.

Slab: For a slab of finite width, the logarithmically divergent terms are precisely twice

those for the half space,

δS =
2πT0
3

m2L2 log
(
ϵUV

ϵIR

)
. (8.6.29)

Taking into account that the area of the entangling surface is in this case 2L2, we again

find exact agreement with (8.6.24).

At first sight it may seem surprising that the expression (8.6.24), which was derived for

the half space using the known modular Hamiltonian, is applicable to other entangling

geometries, with the entangling area replaced by the appropriate value. However, from
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the field theory perspective, one could derive the result for the spherical region by con-

formal transformations (themodular Hamiltonian is also known) and the divergent con-

tributions for a slab, being local, must necessarily give exactly twice the result for an in-

finite slab. It was argued in [227] that the result should hold for any geometry, since any

entangling surface is locally flat; of course for a curved surface there are additional con-

tributions to the entanglement entropy beyond this universal contribution. The dilaton

effective action approach was also used in [257, 258] to derive the logarithmic diver-

gences for any shape entangling region, up to a universal coefficient computable from

the dilaton effective action.

There is also a very simple holographicway to understandwhy the formula (8.6.24) is ap-

plicable to the logarithmic divergences of any shape entangling surface, generalising the

work of [230,259]. Deforming the conformal field theory by an relevant scalar operator

corresponds in the bulk to coupling gravity to a massive scalar Φ i.e. we consider

I =
1

16πGN

∫
dd+1x

(
R+ d(d+ 1)− 1

2
(∂Φ)2 − 1

2
M2Φ2 + · · ·

)
, (8.6.30)

whereM2 = ∆(∆− d), with ∆ < d the dimension of the dual operator. Here implicitly

we are working perturbatively in the scalar field so we include only quadratic terms in

Φwith the ellipses denoting higher order terms. The normalisation of the operator two

point function is [31, 260]

⟨O(x)O(0)⟩ = (2∆− d)Γ(∆)

16πGNπ
d
2Γ(d− ∆

2 )

1

x2∆
, (8.6.31)

for∆ = d/2 + k with k an integer. In particular we can write

N =
Γ(d/2 + 1)

8πd/2+1GN
(8.6.32)

for∆ = d/2 + 1.

Working perturbatively around an AdSd+1 background, a scalar field profile

Φ = λzd−∆ (8.6.33)

corresponds to deforming the field theory by the dimension ∆ operator, with λ char-

acterising the deformation. At quadratic order in the source there is a backreaction on

the metric. Letting the metric perturbation be as before

δ(ds2) =
1

z2
(
f(z)dz2 + h(z)dxµdxµ

)
(8.6.34)

then the Einstein equation implies that the gauge invariant combination of these per-
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turbations is given by

f(z) + zh′(z) =
(∆− d)

2(d− 1)
λ2z2(4−∆). (8.6.35)

Working in Fefferman-Graham gauge we may set f(z) = 0 in which case

h(z) = − 1

4(d− 1)
λ2z2(d−∆) = −h0λ2z2(d−∆). (8.6.36)

Now consider an entangling surface in the deformedmetric. Let the inducedmetric for

the minimal surface be γab = ∂aXµ∂bXµgµν and fix a static gauge such that

Z = z; Xa = σa; Xi = Xi(z, σa) (8.6.37)

where asymptotically as z → 0

Xi(z, σa) = Xi(σa) + · · · (8.6.38)

The entanglement entropy contains divergent terms from

S =
1

4GN

∫
dd−1x

√
γ ≈ 1

4GN

∫
dzdσa

√
γo

1

zd−1
(1 + · · ·+ (d− 2)

2
h(z) + · · · ) (8.6.39)

where

γoab = ∂aX
i(σc)∂bX

j(σc)δij (8.6.40)

is the induced metric for the entangling surface on the boundary. Integrating over the

radial coordinate one finds the usual power law volume divergence

1

4GN (d− 2)ϵd−2

∫
dσa

√
γ0 =

A
4GN (d− 2)ϵd−2

, (8.6.41)

with z = ϵ being the UV cutoff and A being the volume of the entangling surface in the

boundary. From the relevant perturbation one obtains a logarithmic divergence when-

ever

∆ =
1

2
(d+ 2) (8.6.42)

where

δS =
A

8GN
(d− 2)λ2h0 log(ϵ/ϵIR). (8.6.43)

Using the identity (8.6.32) we thence obtain

δS = NAλ2 (d− 2)πd/2+1

4(d− 1)Γ(d/2 + 1)
log(ϵ/ϵIR), (8.6.44)

which is exactly (8.6.24) but does not assume any geometry for the entangling surface. It

would be interesting to prove this result from the field theory; themodular Hamiltonian

for generic entangling surfaces is not knownbut the holographic result suggests that one
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should be able to compute the logarithmic divergences without complete knowledge of

the modular Hamiltonian.

Note that this result has a straightforward generalisation to irrelevant deformations. De-

forming the conformal field theory by an irrelevant scalar operator corresponds in the

bulk to coupling gravity to a massive scalar Φ withM2 = ∆(∆ − d), with ∆ > d the di-

mension of the dual operator. Following the same steps we see that the entanglement

entropy contains divergent terms from

S =
1

4GN

∫
dd−1x

√
γ ≈ 1

4GN

∫
dzdσa

√
γo

1

zd−1
(1 +

(d− 2)

2
h(z) + · · · ) (8.6.45)

but since ∆ > d the metric perturbation h(z) always gives rise to additional UV diver-

gences:

δS = − λ2(d− 2)

32GN (d− 1)(2∆− d− 2)

A
ϵ2∆−d−2

. (8.6.46)

Using the identity (8.6.32) we thence obtain

δS = −Nλ2
(d− 2)πd/2+1

4(d− 1)(2∆− d− 2)Γ(d/2 + 1)

A
ϵ2∆−d−2

, (8.6.47)

where N is the operator normalisation. As for the usual power law divergences, such

terms are not universal but nonetheless will be given an interpretation in the following

section.

8.6.3 Large Mass: Irrelevant Deformation of CFT

By largemass, wemean that themass scalem is higher than the energy scales of interest.

This implies in particular thatm ≫ 1/l, where l characterises the size of the entangling

region, i.e. the width of the slab or the radius of the sphere. Thus we are always working

in the regime µ≫ 1. The UV divergent contributions to the entanglement entropy have

already been explained above and herewe are interested in explaining the leading finite

contributions for µ ≫ 1. To decouple such contributions from the divergent terms, it

is useful to look at the differentiated quantities (8.3.51) and (8.4.23) (which we argued

previously do not receive contributions from UV divergent terms).

As stated above, for large mass, the effective IR description is in terms of an irrelevant

deformation of SYM. It is easy to understand the effects of such a deformation on the

entanglement entropy from the dual perspective. For a deformation by an operator of

dimension six with λ ∼ 1/m2 the change in the metric behaves as 1/(mz)4. The metric

perturbation can only be viewed as small relative to the background AdS5 metric when

(mz)4 ≫ 1.

Slab: Now it is straightforward to infer the effect of the irrelevant deformation on the

entanglement entropy of a slab. Since the latter scales extensively with the volume of
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the slab, L2, and the metric is corrected at order 1/m4, the change in the entanglement

entropy goes as L2/m4. The underlying theory is conformal so the only scale in the

problem is the width of the slab l. Since the entanglement entropy is dimensionless the

effect of the massive modes is to change the entanglement entropy as

δS ∼ L2

m4l6
, (8.6.48)

which indeed agrees with the term found in (8.3.51).

We can infer this answer using (8.6.47), which in the case of∆ = 6 and d = 4 gives

δS ∼ λ2
A
ϵ6
. (8.6.49)

In the case at hand λ ∼ 1/m2. The description in terms of an irrelevant deformation of

SYM is only valid provided that we consider entangling surfaces for which l ≫ 1/m. The

effective cutoff should therefore be ϵ ∼ l ≫ 1/m and hence we reproduce the formula

above.

Sphere: For a spherical entangling surface the leading contribution to the differentiated

entanglement entropy at large µ behaves as (8.4.23)

δS ∼ 1

m2R2
+O

(
1

m4R4

)
. (8.6.50)

Thus although there is a 1/m4 term (as above) this is not the leading contribution. A

simple way to understand the origin of this term is by exploiting the CHM map [187].

The entanglement entropy for the spherical region is then computed by computing the

entropy in the mass deformed theory on a hyperbolic space. Since the fields are con-

formally coupled the action contains the terms

I =
1

2

∫
d4x

√
−g
(
(∂χ)2 +m2χ2 +

1

6
Rχ2

)
, (8.6.51)

where χ is a hypermultiplet scalar and R ∼ 1/R2 is the Ricci scalar. Now when we

integrate out the hypermultiplets we obtain additional terms in (8.6.2): setting χ ∼ 1/m

we obtain a contribution from the curvature coupling of order 1/(m2R2), which is in

agreement with the expression above.

8.6.4 Conformal Perturbation Theory at Higher Orders

The brane contributions to the entanglement entropy for the half space (8.3.31) consist

of only the divergent term arising from the shift in the AdS radius and the logarithmic

divergence discussed above. Since the logarithmic divergence is expressed entirely in

terms of the coefficient of the twopoint function for the dimension three (fermionmass)

operator, this contribution to the entanglement entropy is trivially not renormalized rel-
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ative to the weak coupling result: since the operator dimension is protected, there is

such a contribution regardless of the coupling. The result (8.3.31) only includes powers

ofm up tom2, which follows on dimensional grounds: the dimensionless entanglement

entropy scales extensively with the slab area L2 and therefore the only way that contri-

butions at order m3 or higher could arise in the entanglement entropy would be if the

latter was IR divergent, i.e. the contributions would have to scale as

δS ∼ L2mkΛk−2
IR (8.6.52)

where the IR cutoff ΛIR ≫ 1 (relevant perturbations cannot introduce UV power law

divergences so an IR cutoff is the only possibility). However, the entanglement entropy

is an IR safe quantity and therefore no such dependence on an IR cutoff should arise.

From the perspective of conformal perturbation theory, it is not obvious that there are

not contributions to the entanglement entropy from higher order terms, i.e. terms of

order m3 or higher. The change in the entanglement entropy is in general expressed

as [225–227]

δS = −m⟨OK⟩+ 1

2
m2 (⟨OKK⟩ − ⟨OO⟩) +O(m3) (8.6.53)

where O is the deforming operator and K is the modular Hamiltonian. The first term

vanishes by conformal invariance and the second termgives the logarithmic divergence.

By the argument above, higher order terms (dependent on higher order correlation

functions) must vanish and it would be interesting to show this explicitly.

8.7 Differential Entropy

Given the expression for the entanglement entropy of a slab, we now proceed to com-

pute the differential entropy. Following [232–237], the differential entropy should cor-

respond to the area of a surface in the backreacted geometry - see Figure 8.7.1.

The differential entropy is defined as

E =
∞∑
k=1

[S(Ik)− S(Ik ∩ Ik+1)] (8.7.1)

where {Ik} is a set of intervals that partitions the boundary. Wewill cover the boundary

with n intersecting slabs - we take Ik to be a slab of width∆x, and the intersection Ik ∩
Ik+1 is thus a strip of width ∆x − Lx/n where Lx is the regularised length of the x-

direction. At the end we will take the limit n→ ∞.

For a slab in AdS5 there is a relation between the strip width ∆x, and the maximum

bulk depth of the associated extremal surface z̃, see (8.3.12). When the slab lies in the

perturbed geometry this relation is modified (see for example (8.3.36)), and therefore it
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z > 1
m

z̃

z < 1
m

z = 0

Figure 8.7.1: An illustration of the equivalence between the differential entropy of a
boundary partition and the area of a corresponding hole in the bulk. As the number
of strips partitioning the boundary tends to infinity, the turning points of the associ-
atedminimal surfaces (blue) form a smooth hole in the bulk (red) whose area equals the
differential entropy.

is useful to leave the relation implicit as

∆x = cz̃ = (c0 + c1t0 +O(t20))z̃. (8.7.2)

with

c0 =
2
√
πΓ(23)

Γ(16)
; (8.7.3)

and c1 depends on whether µ is greater than or less than one. The differential entropy

takes the following form

E = lim
n→∞

n[S(∆x)− S(∆x− Lx/n)] (8.7.4)

where the overall factor of n arises from the fact that all slabs are of equal width. For

AdS5 this gives

E =
L2√πΓ(−1

3)

12Γ(16)GN
lim
n→∞

n

[
c2

(∆x)2
− c2

(∆x− Lx/n)2

]
(8.7.5)

and hence

E = −
V
√
πΓ(−1

3)

6Γ(16)GN

c2

(∆x)3
, (8.7.6)

where V = L2Lx is the regularised three-volume. Using (8.7.3) this expression can be

rewritten as

E =
V

4GN

c30
(∆x)3

, (8.7.7)



124 Chapter 8. Entanglement Entropy and Differential Entropy for Massive Flavours

and the latter ismanifestly equal to the volume of the turning point surface (i.e. the hole)

divided by 4GN .

8.7.1 Large Mass µ ≫ 1

Proceeding to calculate the flavour contributions, we begin with the very large mass

case. The relevant expression for the entanglement entropy is (8.3.30). The two leading

terms aremanifestly independent of z̃ and thus of∆xwhich implies that the differential

entropy vanishes in this limit,

δE = lim
n→∞

n[δS(∆x)− δS(∆x− Lx/n)] → 0. (8.7.8)

The limit µ ≫ 1 means z̃ ≫ 1/m and thus the hole formed in the bulk is far away from

the probe brane (which ends at z = 1/m). In the large µ limit the leading contribution to

the differential entropy arises from the third term in (8.3.30) and hence

δE = − t0L
2

2304m4GN
lim
n→∞

n

[
c6

∆x6
− c6

(∆x− Lx/n)6

]
(8.7.9)

=
t0V c

6
0

384m4(∆x)7GN
,

where c0 is defined by (8.7.3). Note that since the gauge dependent terms are indepen-

dent of∆x they also automatically cancel in the differential entropy.

Now let us compare the differential entropy with the volume of a hole of radius z̃. Since

the backreaction on theAdS5 metric in this region is zero onemight naively expect that

the change in the differential entropy is zero. However, this does not take into account

the fact that the relation between the turning point radius z̃ and thewidth of the bound-

ary slabs ∆x is modified (8.3.36). In other words, the gravitational entropy of the hole

remains

Egrav =
V

4GN

1

z̃3
, (8.7.10)

since the metric is AdS5, but to express this quantity in terms of∆xwe need to use the

relation in (8.7.2) to first order in the perturbation, resulting in

Egrav =
V

4GN

(
c30

(∆x)3
+

3c20c1t0
(∆x)3

)
=

V c30
4GN (∆x)3

+
t0V c

6
0

384m4(∆x)7GN
, (8.7.11)

where we use

c1 =
1

288m4z̃4
=

c40
288m4(∆x)4

. (8.7.12)

where the latter equality is to order t0. The second term in (8.7.11) is in exact agreement

with the calculation of the perturbation in the differential entropy (8.7.9); we will see in

Section 8.7.3 that this agreement holds for all µ > 1.
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8.7.2 Small Mass µ < 1

We proceed with the small mass case. Extracting from (8.3.28) the terms which depend

on z̃ one obtains

δS =
t0L

2

48GN

(√
π

12

Γ(−1/3)

Γ(7/6)

1

z̃2
+

√
π

12

Γ(1/3)

Γ(11/6)
m4z̃2 − 2m2logz̃ + · · ·

)
(8.7.13)

From these terms in the entanglement entropy we can now proceed to compute the

differential entropy using (8.7.4). Again it is clear that all divergent and gauge dependent

terms cancel from the differential entropy, since they are independent of ∆x. Noting

that

(∆x)2 − (∆x− Lx/n)
2 = 2∆x

Lx

n
+O(1/n2) (8.7.14)

1

(∆x)2
− 1

(∆x− Lx/n)2
= − 2

∆x3
Lx

n
+O(1/n2) (8.7.15)

log
∆x− Lx/n

∆x
= − 1

∆x

Lx

n
+O(1/n2) (8.7.16)

we obtain the perturbation in the differential entropy

δE = − t0V

48GN

(
− 3c30

2∆x3
−m4

√
π

6

Γ(1/3)

Γ(11/6)

∆x

c20
+

2m2

∆x

)
, (8.7.17)

where c0 is as given in (8.7.3).

Now let us compare this expression with the gravitational entropy of a hole of radius zt,

Egrav =
V

4GN

1

z3t

(
1 +

3

2
h(zt)

)
, (8.7.18)

where we take into account the metric perturbation relative to AdS5. In this case the

relation between zt and∆ is given by

∆x = c0zt(1−
1

2
h(zt)) + c′1t0zt, (8.7.19)

where c0 is defined in (8.7.3) and

c′1 = − 1

24

(
−c0 +

4µ2

3
−
µ4

√
πΓ(13)

9Γ(116 )

)
(8.7.20)

Thus we note that the gauge dependent quantity h(zt) cancels from the entropy of the

hole, with

Egrav =
V

4GN

1

(∆x)3
(
c30 + 3c20c

′
1t0
)
, (8.7.21)

and moreover the change in gravitational entropy of the hole agrees exactly with the

change in the differential entropy (8.7.17).



126 Chapter 8. Entanglement Entropy and Differential Entropy for Massive Flavours

8.7.3 µ > 1

We now proceed with the case µ > 1, without requiring µ ≫ 1. The entanglement

entropy for µ > 1 is given by equations (8.3.29) and (8.3.30)

δS =
t0L

2

48Gz̃2

(
1

2a2
+

1

6µ4
3F2

(
{1/2, 1, 1}, {2, 2}, 1/µ6

)
(8.7.22)

−µ
2

2
2F1

(
−1/2,−1/3, 2/3, 1/µ6

)
+
µ2

2
2F1

(
−1/2, 1/3, 4/3, 1/µ6

)
+2µ2log(µa)

)
+ δSscheme(m, ϵ)

Recalling that µ = mz̃ and a = ϵ/z̃, the divergent and log parts are independent of z̃

(and thus ∆x) and so do not contribute to the differential entropy, nor do the gauge

dependent terms. Also recall that z̃ = ∆x/c, where throughout the following we can

replace c→ c0 to order t0 since δS already contains an overall factor of t0. We thus have

δS =
t0L

2

48G

(
c6

6m4∆x6
3F2

(
{1/2, 1, 1}, {2, 2}, c6

m6∆x6

)
(8.7.23)

−m
2

2
2F1

(
−1/2,−1/3, 2/3,

c6

m6∆x6

)
+
m2

2
2F1

(
−1/2, 1/3, 4/3,

c6

m6∆x6

))
+ ...

where the ellipses denote z̃-independent terms. We want to compute the differential

entropy

δE = lim
n→∞

n[δS(∆x)− δS(∆x− Lx/n)] (8.7.24)

which requires the relations

2F1

(
−1/2, 1/3, 4/3,

a

x6

)
− 2F1

(
−1/2, 1/3, 4/3,

a

(x− Lx/n)6

)
=

3aLx

4x7
2F1

(
1/2, 4/3, 7/3,

a

x6

) 1

n
+O(1/n2)

(8.7.25)

2F1

(
−1/2,−1/3, 2/3,

a

x6

)
− 2F1

(
−1/2,−1/3, 2/3,

a

(x− Lx/n)6

)
=

−3aLx

2x7
2F1

(
1/2, 2/3, 5/3,

a

x6

) 1

n
+O(1/n2)

(8.7.26)

1

x6
3F2

(
{1/2, 1, 1}, {2, 2}, a

x6

)
− (8.7.27)

1

(x− Lx/n)6
3F2

(
{1/2, 1, 1}, {2, 2}, a

(x− Lx/n)6

)
=

12Lx

ax

(
−1 +

√
1− a

x6

)
1

n
+O(1/n2)
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where here a/x6 < 1 sincewe are considering µ > 1. For the former two results we have

used the standard identity

d

dz
2F1(a, b, c, x) =

ab

c
2F1(a+ 1, b+ 1, c+ 1, x) (8.7.28)

and for the latter result we have used the following relation,

3F2 ({1/2, 1, 1}, {2, 2}, x) =
4

x

(
log

(
1 +

√
1− x

2

)
−

√
1− x+ 1

)
(8.7.29)

where, again, here x < 1 since we are considering µ > 1. The differential entropy is then

calculated to be

δE =
t0V

384G

c20
(∆x)3µ4

(
16µ6

(
−1 +

√
1− 1

µ6

)
(8.7.30)
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,
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µ6

))
where recall V ≡ L2Lx, and we leave some∆x-dependence implicit in µ for notational

clarity.

We now want to compute the corresponding change in the gravitational entropy of the

hole. As shown in Section 8.7.1, the change in gravitational entropy of the hole is given

by

δEgrav =
V

4GN

3c20c1t0
∆x3

(8.7.31)

where c1 is defined by equation (8.7.2) and is given by equations (8.3.34)-(8.3.35)

c1 =
1

288µ4

(
16µ6
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√
1− 1

µ6

)
(8.7.32)

+62F1

(
1

2
,
2

3
,
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,
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)
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1
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,
4

3
,
7

3
,
1

µ6

))
.

The equality of the differential entropy and the gravitational entropy of the hole is then

manifest.

8.8 Entanglement and Differential Entropy for Top-Down Solu-

tions

The main focus of this chapter has been to develop a systematic method for computing

the entanglement entropy for top-down brane probe systems. Our method however

immediately generalises to any top-down solution which can be viewed as a perturba-

tion ofAdS5×S5 (or indeed a perturbation of the finite temperatureAdS5 Schwarzschild

× S5): using the Kaluza-Klein holography dictionary we can extract the effective five-

dimensional Einstein metric and thence compute the entanglement entropy.
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It is worth noting that given a general asymptotically AdS5 × S5 supergravity solution

one cannot extract the five-dimensional Einstein metric, except asymptotically around

the conformal boundary. Brane probe systems in which the perturbations relative to

AdS5 × S5 are small everywhere, and thus the Kaluza-Klein dictionary can be used to

compute the five-dimensional Einstein metric at all scales, are special cases. In general

the Kaluza-Klein dictionary becomes intractablewhen themetric perturbations relative

to the AdS5 × S5 background are of order one, i.e. at some finite distance from the

conformal boundary.

Another subset of ten-dimensional supergravity solutions can be expressed in terms

of the uplifts of five-dimensional gauged supergravity solutions, for which the Einstein

metric is known from the lower-dimensional theory. For example, specific cases of

Coulomb branch solutions are realised as solutions of N = 8 gauged supergravity in

five dimensions; generic Coulomb branch solutions are however not realised as lower-

dimensional solutions. The Coulomb branch examples also illustrate the fact that the

causal structure of the five-dimensional Einstein metric is generically not the same as

that of the uplifted ten-dimensional metric: the former can have naked timelike sin-

gularities which correspond to harmless null horizons in the uplifted solutions. One

could thus envisage a scenario where the lower-dimensional metric had no entangle-

ment shadows of the type discussed in [235] but the uplifted solution had shadow re-

gions which could not be probed by five-dimensional fields at all.

The entanglement entropy is computed from the five-dimensional Einstein metric and

the differential entropy (built from entanglement entropy) therefore reconstructs areas

of holes in the five-dimensional Einsteinmetric. The ten-dimensional metric cannot be

reconstructed just from the five-dimensional Einsteinmetric: the upliftmap requires all

thematter fields in the lower-dimensional theory. Therefore the standard entanglement

entropy and differential entropy cannot in principle reconstruct the ten-dimensional

geometry without additional information.

8.8.1 Coulomb Branch Examples

To illustrate the above discussions we consider a particular Coulomb branch solution

discussed in [45, 261]. The Coulomb branch of N = 4 SYM corresponds to the sponta-

neous breaking of the gauge symmetry by giving VEVs to the scalars - on the gravity side,

these solutions are represented by multi-centre D3-brane solutions. These flows break

superconformal invariance but preserve sixteen supercharges.

[261] studies particular Coulomb branch solutions which admit consistent truncations.

These flows are described in five-dimensional gauged supergravity by a single scalar

field χ(r)where r is a radial coordinate for the 5-dimensional metric

ds2 = e2A(r)dxνdx
ν + dr2 (8.8.1)
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where r → ∞ corresponds to the conformal boundary. The BPS conditions can be

written as
dχ

dr
=
g

2

∂W

∂χ

dA

dr
= −g

3
W (8.8.2)

whereW (χ) is the superpotential and g is the gauged supergravity coupling constant. In

particular, wewill be interested in the solutionwhich, from the ten-dimensional point of

view, corresponds to the D3-branes being uniformly distributed on a disc of radius σ in

the transverse space, preserving SO(4)×SO(2) of the SO(6) symmetry in the conformal

AdS5 × S5 solution. In this case one has

W (χ) = −e
2√
6
χ − 1

2
e
− 4√

6
χ (8.8.3)

A(χ) =
1

2
log

∣∣∣∣∣ e
2√
6
χ

1− e
√
6χ

∣∣∣∣∣+ log (σ) (8.8.4)

where we have as usual set the radius of curvature of AdS5 to be one.

Redefining the radial coordinate one can write the metric as

ds2 = λ2ρ2
(
dxνdx

ν +
dρ2

ρ4λ6

)
λ6 =

(
1 +

σ2

ρ2

)
, (8.8.5)

where ρ→ ∞ at the conformal boundary and the metric is AdS5 for σ = 0. The uplifted

ten-dimensional metric is then expressed as

ds210 = ∆−2/3ds2 + ds2K , (8.8.6)

where the warp factor ∆ depends on the sphere coordinates and ds2K is a metric on a

warped sphere. Explicitly

∆−2/3 =
ζ

λ2
ζ = (1 +

σ2

ρ2
cos2 θ); (8.8.7)

ds2K =
1

ζ

(
ζ2dθ2 + cos2 θdΩ2

3 + λ6 sin2 θdϕ2
)
.

The five-dimensional metric has a naked timelike singularity at ρ = 0 but the uplifted

geometry has a null horizon at ρ = 0.

The five-dimensional metric satisfies an a-theorem: the warp factor A(r) in (8.8.1) de-

creases monotonically as r decreases. Correspondingly the entanglement entropy and

the differential entropy monotonically decrease as the scale of the entangling region is

increased. Working for convenience in the coordinate system (8.8.5) the entanglement

entropy of a slab is

S =
L2

4GN

∫ Λ

ρ0

dρ
ρ3(ρ2 + σ2)1/2√

ρ4(ρ2 + σ2)− ρ40(ρ
2
0 + σ2)

, (8.8.8)
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Figure 8.8.1: Plots of ρ0 and ∆S as functions of l for σ = 0.1. Both functions asymptote
to zero as l → ∞.

where Λ is the UV cutoff and ρ0 is the turning point. The quantity

∆S = S − Λ2L2

2GN
(8.8.9)

is UV finite by construction. The relation between thewidth of the slab l and the turning

point is

l = 2ρ20(ρ
2
0 + σ)1/2

∫ ∞

ρ0

dρ√
ρ2(ρ2 + σ2)(ρ4(ρ2 + σ2)− ρ40(ρ

2
0 + σ2))

. (8.8.10)

The quantity ∆S(l) monotonically decreases as l is increased. We can express the dif-

ferential entropy associated with strips of width l as

E(l) = Lx
∂(∆S)

∂l
, (8.8.11)

and this quantity also decreases monotonically with l. This had to be true since (by

construction)E(l) can be expressed in terms of thewarp factor in (8.8.1), which is known

to satisfy the a-theorem, see [45]. It is interesting to note that the differential entropy is

proportional to the finite entropy (8.3.49), which in turn is known to play the role of a

c-function in two spacetime dimensions. In any holographic background dual to a RG

flow, the differential entropy is by construction expressed in terms of the warp factor

in (8.8.1), which satisfies the a-theorem provided that appropriate energy conditions are

imposed on the bulk stress energy tensor [45], and therefore the differential entropy has

the correct property to correspond to an a-function (in any dimension).

Entanglement for Coulomb branch geometries has been discussed in earlier papers

[203, 207] from a ten-dimensional perspective, i.e. minimal surfaces in the ten dimen-

sional geometry were explored. As emphasised throughout this chapter, the standard

entanglement entropy should be computed from the five-dimensional Einstein metric,

which can only be extracted near the boundary in the case of separated brane stacks
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discussed in [203,207], since no consistent truncation to five-dimensional supergravity

exists (Kaluza-Klein holography allows us to extract the Einsteinmetric near the confor-

mal boundary, where themetric is close toAdS5 but deep in the interior themetric is not

close toAdS5 and therefore themethod cannot be used there, see [24,25]). It is however

an interesting and non-trivial question whether the entanglement entropy can equally

well be computed via codimension twominimal surfaces in the uplifted geometry. One

must refine the boundary conditions in this case to distinguish whether one is comput-

ing the usual entanglement entropy or the generalised entanglement entropy discussed

in Section 7.2. We return to this issue, as well as the discussion of entanglement entropy

for Coulomb branch solutions, in Chapter 9.

8.9 Conclusions

One of the main results of this chapter is a systematic method to compute the effective

lower-dimensional Einsteinmetric for top-downbrane probe systems, usingwhich one

can extract the entanglement entropy. We have illustrated this method with the case of

quarks at finitemass and density, at zero temperature. It would be interesting to explore

the finite temperature behaviour of the entanglement entropy and how it captures the

phase transitions found in [241, 242]. Our method is applicable to any brane probe sys-

tem and could for example be used to evaluate the entanglement entropy in models of

quantumHall physics [262,263] and in top-downmodels of the Kondo effect [264]. One

could also explore entanglement entropy in the presence of flavours for ABJM theory,

see earlier results in [202,204].

We were able to match the structure of all terms in the entanglement entropy for finite

mass quarks at zero density with field theory expectations, and the logarithmic diver-

gences werematched exactly. Few field theory results exist for entanglement entropy at

finite temperature and density; see the recent papers [265, 266] for discussions of spe-

cific universal thermal corrections in conformal field theories. It would be interesting to

explore whether conformal perturbation techniques analogous to those of [227] can be

used to extract universal terms at finite mass and density; just like the mass, the chem-

ical potential breaks conformal invariance even at zero temperature but can be treated

in conformal perturbation theory. Results on entanglement entropy using conformal

perturbation theory in the context of higher spin theory can be found in [267–269].

The entanglement entropy calculated using the ten-dimensionalmetric is in general ex-

pected to be qualitatively different to that computed using the lower-dimensional Ein-

steinmetric5. It is interesting to note however that the entanglement entropy computed

using the top-down metric for smeared solutions such as [202] seems to give answers

5As demonstrated in [24] and subsequent works on Kaluza-Klein holography, quantities computed us-
ing the upstairs ten-dimensional metric qualitatively differ from those computing using the systematic
Kaluza-Klein holography approach of extracting the lower-dimensional Einstein metric, and other lower-
dimensional fields, directly dual to field theory operators.
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which agree with F-theorem expectations. In such examples the ten-dimensional met-

ric has a very special form, in which all warp factors depend only on the radial coordi-

nate, and thus the lower-dimensional Einstein metric is simply related to the top-down

metric. It would be interesting to understand the relationship between the metrics in

more detail, and to compare the entanglement entropy computed in [202] with what is

obtained using themethod developed here. This general issue forms the subject matter

of Chapter 9.

Note that the entanglement entropy is not the only interesting quantity which is com-

putable from the effective lower-dimensional Einsteinmetric: correlation functions in-

volving only the transverse traceless components of the field theory stress energy tensor

can also be computed from perturbations of the Einstein metric. Kaluza-Klein hologra-

phy allows such energymomentum tensor correlation functions to be accessedwithout

computing the entire backreaction in ten dimensions.

8.A Source Terms in Linear Equations

In this appendix we discuss the derivation of (8.5.19) from (8.5.17) using the results for

the linearised field equations around an AdS5 × S5 background given in [36]. The com-

ponents of the Einstein equations in the non-compact directions are

1

2
(�x +�y + 2)Hmn + 3gomnH

p
p − 1

2
∇m∇pHnp −

1

2
∇n∇pHmp (8.A.1)
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Here∇m and∇a denote covariant derivativeswhile�x and�y denote thed’Alambertians;
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1
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o
mn.

Projecting this equation onto the zeroth spherical harmonic results in

1

2
(�x + 2)hEmn + 3gomn(h

E)pp −
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0
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mn,

where hEmn was defined in (8.5.7).

To obtain an equation for the Einstein metric perturbation hEmn we need to eliminate π0

and b0pqrs. The trace of the Einstein equation over the five sphere gives

1

2
(�x −
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15
�y − 32)haa +

1

2
�yH

p
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2
∇a∇phap (8.A.3)
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ϵabcdefabcde = κ210T̄

a
a .
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Projecting this equation onto the zeroth spherical harmonic results in

1

2
(�x − 32)π0 = κ210T̃

0. (8.A.4)

The five-form self duality equation along the non-compact directions gives

5∂[mcnpqr] =
1

4!
ϵ abcde
mnpqr ∂acbcde +

1

2
(Hp

p − 8

3
haa)ϵmnpqr (8.A.5)

which projected onto the zeroth spherical harmonics gives

5∂[mb
0
npqr] =

1

2
((hE)pp −

8

3
π0)ϵmnpqr. (8.A.6)

Inserting (8.A.4) and (8.A.6) into (8.A.2) then gives

(LE + 4)hEmn = κ210(T̄
0
mn +

1

3
T̃ 0gomn). (8.A.7)
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CHAPTER 9

Entanglement Entropy in Top-Down Models

The material in the present chapter is based largely on [4].

9.1 Introduction

The focus of this chapter is on the computation of holographic entanglement entropy in

top-down systems. By “top-down” we mean solutions of ten and eleven dimensional

supergravity which are asymptotic to AdS cross a compact space. In the context of

phenomenological applications of holography, it is considered important to use top-

downmodels wherever possible, to ensure that the quantities calculated are consistent.

Entanglement entropy is a novel computable for top-down models and, following the

pioneering works of [194,209], it can be used as an order parameter to characterise con-

finement and other phase transitions.

The original Ryu-Takayanagi proposal [183] is applicable to (asymptotically locally) anti-

de Sitter spacetimes which are static. Given an entangling region on a spatial hypersur-

face of constant time in the boundary field theory, the entanglement entropy is com-

puted holographically from the area A of a bulk minimal surface of codimension two

which is homologous to the boundary entangling region,

SRT =
A

4GN
(9.1.1)

whereGN is theNewton constant. Note that the area of theminimal surface is computed

in the Einstein frame metric.

In this chapter we will focus on entanglement entropy in top-down models, assuming

135
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that the solutions are globally static (the latter is a reasonable assumption in many phe-

nomenological models, in which holographic duals of Poincaré invariant field theories

are being constructed, but the static assumption does exclude finite temperature and

density models).

Consider a bulk solutionwhich is asymptotic toAdSd+1×X whereX is a compact space.

Given an entangling region on a spatial hypersurface of the non-compact part of the

boundary, then it has been suggested by [183, 193] that the holographic entanglement

entropy can be computed from the area of a codimension two minimal surface which

asymptotically wraps the compact spaceX and is homologous to the entangling region.

Hence

Stop−down =
A

4GN
(9.1.2)

where A is the area of the minimal surface (in the Einstein frame metric) and GN is the

higher dimensional Newton constant. This prescription for the top-down entanglement

entropy was used in [194] to explore phase transitions in top-down models. Other ap-

plications of the top-down prescription can be found in [195–206].

The purpose of this chapter is to explore the relationship between (9.1.1) and (9.1.2). In

particular, we will give strong evidence that the two formulae agree whenever we can

uplift an asymptotically anti-de Sitter spacetime to a top-down solution. We will also

give a proof that (9.1.2) indeed correctly calculates the holographic entanglement en-

tropy in situationswhere consistent truncations of the top-downmodel do not exist, i.e.

one does not knowhow to calculate the lower-dimensional Einsteinmetric. Our explicit

examples focus primarily on asymptotically AdS5 × S5 geometries, although the argu-

ments and methodology could be straightforwardly generalized to other holographic

dualities.

As we review in Section 9.2, the agreement between (9.1.1) and (9.1.2) is manifest for

top-down solutions which are globally direct products between an asymptotically lo-

cally AdS geometry and a compact space X . The agreement between (9.1.1) and (9.1.2)

is far less obvious even in the context of consistent truncations of top-down models to

gauged supergravity. The map between the top-down Einstein metric and the lower-

dimensional Einstein metric is quite complicated for consistent truncations, with warp

factors depending non-trivially on both the lower-dimensional coordinates and on the

position in the compact space, see for example (9.3.6).

In Sections 9.3 and 9.4 we show that the top-down entanglement entropy computed via

(9.1.2) indeed agrees with that computed using (9.1.1) in consistent truncations to gauged

supergravities and in consistent truncations involving massive vectors. The agreement

involves non-trivial cancellations of warp factors depending on compact space coordi-

nates.

A generic asymptoticallyAdS5×S5 solution of ten-dimensional supergravity cannot be
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expressed as a solution of a five-dimensional theory which is a consistent truncation.

For example, only special Coulomb branch solutions can be reduced to give gauged su-

pergravity solutions (see examples in [45,261]) andonly a subgroupof LLMsolutions [270]

can be reduced to gauged supergravity solutions. However, in a finite region near the

conformal boundary, one can always systematically reduce the ten-dimensional solu-

tions over the sphere to obtain the five-dimensional Einstein metric as a Fefferman-

Graham expansion; the reduction uses the methods of Kaluza-Klein holography devel-

oped in [24,25].

In Section 9.5 we use Kaluza-Klein holography to compare the top-down entanglement

entropy (9.1.2) with that obtained from the five-dimensional Einstein metric using (9.1.1),

working up to quadratic order in the near boundary expansion. Even though the re-

lationship between the five-dimensional and ten-dimensional Einstein metrics is ex-

tremely complicated (involving derivative field redefinitions), the expressions (9.1.1) and

(9.1.2) indeed agree.

Entanglement entropy has also been computed for flavour brane solutions (used to

describe flavours in the dual field theory), using both probe branes and backreacted

(smeared) solutions. For probe branes, one can calculate the backreaction of the probe

branes onto the lower-dimensional Einstein metric using Kaluza-Klein holography, as

in Chapter 8, and show that this gives an equivalent answer to that obtained using (9.1.2).

Entanglement entropy for backreacted smeared solutions has previously been com-

puted using (9.1.2). In Section 9.6 we show that the same answer is obtained by extract-

ing the lower-dimensional Einstein metric using Kaluza-Klein holography and applying

(9.1.1), again confirming the matching between (9.1.1) and (9.1.2).

Having established the agreement between (9.1.1) and (9.1.2) in a number of examples,

we give general arguments for why the formulae agree in Section 9.7, building on the

approach of [172]. In particular, assuming that the replica trick may be used, we can

express entanglement in terms of partition functions for replica spaces. The latter can

be computed holographically to leading order using the onshell action and therefore the

equality of (9.1.1) and (9.1.2) is essentially inherited from the equality of ten-dimensional

and five-dimensional onshell actions.

In Section 9.7we also give an alternative argument for the origin of (9.1.1) and (9.1.2), using

the replica trick approach of [172] in combinationwith old results of Gibbons andHawk-

ing on gravitational instanton symmetries [271]. The latter suggests that for generic en-

tangling regions theremay be additional contributions to the holographic entanglement

entropy (even at leading order) if the circle direction used in the replica trick is non-

trivially fibered over the boundary of the entangling region. In practice one does not

usually consider entangling regions such that the circle direction is non-trivially fibered

but it would nonetheless be interesting to explore this situation further.

We conclude in Section 9.8 by discussing the implications of our results for top-down
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holography and spacetime reconstruction. Extracting field theory data froma top-down

solution is in general very subtle and computationally involved: one has to expand the

ten-dimensional equations of motion perturbatively, and then use non-linear field re-

definitions to obtain the effective five-dimensional equations of motion. Given the ef-

fective five-dimensional equations ofmotion and the asymptotic expansions of the five-

dimensional fields, one can then read off field theory data using holographic renormal-

ization [24, 25]. We should note that these steps are required even when one calculates

quantities in the conformal vacuum: indeed, non-linear field redefinitions between ten-

dimensional and five-dimensional fields were first introduced in [37] for the computa-

tion of three point functions inN = 4 SYM.

The lower-dimensional metric is a particularly important quantity for holography, as it

relates to the dual energymomentum tensor. Onemust identify the lower-dimensional

metric to compute one point functions and higher correlation functions of the stress

energy tensor in the dual theory. The latter are in turn used in many contexts, including

discussions of a theorems and also of energy correlations, following [272]. Yet, as we

review in Section 9.5, the relation between the lower-dimensional metric and the ten-

dimensionalmetric is very complicated. Thematching of (9.1.1) and (9.1.2) implies simple

constraints relating the two metrics which can be used to check Kaluza-Klein hologra-

phy calculations and perhaps even to deduce the lower-dimensionalmetric (see Section

9.6 for an example).

There has been a great deal of interest in relating entanglement to the reconstruction

of the holographic spacetime. Since (9.1.2) relates the entanglement entropy to minimal

surfaces in the top-down geometry, entanglement implicitly knows about the compact

part of the geometry. It would be interesting to explore further how entanglement can

be used to understand the global structure of the ten-dimensional geometry.

9.2 Entanglement Entropy for AdS5 × S5

We begin by reviewing the computation of entanglement entropy for a strip on the

boundary of AdS5 × S5 from both ten-dimensional and five-dimensional perspectives.

Consider a strip A defined by x ∈ [0, l] on the boundary of AdS5,

ds25 =
1

ρ2
(
dxµdx

µ + dρ2
)

(9.2.1)

where xµ = (t, x, y, z), the conformal boundary is at ρ→ 0, and we set the AdS radius to

one throughout for convenience.

To compute the entanglement entropy one calculates the area of a bulk codimension
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two minimal surface Σwith boundary ∂Σ = ∂A,

S5 =
1

4G5

∫
{Σ|∂Σ=∂A}

d3ξ
√

detγ3 (9.2.2)

where γ3 is the inducedmetric on the minimal surface and ξi (i = 1, 2, 3) are the world-

volume coordinates. Since the metric is static we work on a fixed-time slice t = t0, and

the surface is thus given by Σ = (t0, x(ξi), y(ξi), z(ξi), ρ(ξi)). By symmetry of the metric

and boundary conditions it is clear that the surface cannot have non-trivial dependence

on the y, z-directions, and (choosing static gauge to identify the ξi with a subset of the

spacetime coordinates) we can thus describe the minimal surface by an embedding of

the form x = x(ρ) or ρ = ρ(x), where it is implicit that the surface extends in the y, z-

directions. Taking x = x(ρ) for concreteness the induced metric on Σ is

ds2ind =
1

ρ2
[
dy2 + dz2 +

(
x′2 + 1

)
dρ2
]

(9.2.3)

and one can thus easily compute the entanglement entropy as

S5 =
V2
2G5

∫ ρ0

δ

dρ

ρ3

√
x′2 + 1 (9.2.4)

where V2 is the regularised area of ∂A, ρ0 is the turning point of the surface, and δ is the

UV cutoff.

Now consider the calculation of the entanglement entropy from the ten-dimensional

perspective, using the ten-dimensional (Einstein) metric for AdS5 × S5,

ds210 =
1

ρ2
(
dxνdx

ν + dρ2
)
+ dθ2 + cos2θdΩ2

3 + sin2θdϕ2 (9.2.5)

The proposed generalisation of the Ryu-Takayanagi prescription in this case is to calcu-

late the area of a codimension two minimal surface Σ, now in the full ten-dimensional

spacetime,

S10 =
1

4G10

∫
{Σ|∂Σ=∂A}

d8ξ
√

detγ8 (9.2.6)

where γ8 is the inducedmetric on theminimal surface and ξi (i = 1, ..., 8) are theworld-

volume coordinates.

Consider again the case of a strip on the boundary of theAdS5 factor. In a similar fashion

to before we can describe the corresponding minimal surface by an embedding of the

form x = x(ρ, θ,Ω3, ϕ), or ρ = ρ(x, θ,Ω3, ϕ), or θ = θ(x, ρ,Ω3, ϕ) etc., where we again

have chosen static gauge, have assumed no dependence on the y, z-directions, and are

working on a fixed-time slice t = t0. However, due to the S5 factor one must refine

the boundary conditions to include the internal space. As before we take the boundary

condition that the surfaceΣ is anchoredon ∂A, and consider further the condition thatΣ
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ρ

ρ = 0

x(ρ)

∆x

Figure 9.2.1: The entangling surface for a slab boundary region - the conformal boundary
is at ρ→ 0 and the minimal surface is described by x(ρ). The minimal surface is a direct
product of a codimension two surface in anti-de Sitter with the five sphere (the latter
being indicated in red).

wraps the S5 asymptotically. Alternative boundary conditions would describe different

quantities in thedual field theory - seediscussionsongeneralised entanglement entropy

[207,208].

The boundary conditions respect the symmetries of the S5, and together with the fact

that AdS5 × S5 is a product space it is clear by symmetry as before that the minimal

surface cannot dependnon-trivially on theS5 coordinates. Thus the embedding is of the

form x = x(ρ) or ρ = ρ(x) as in the five-dimensional case, where it is now implicit that

it both extends in the y, z-directions and wraps the S5, see Figure 9.2.1. Taking x = x(ρ)

for concreteness as before the induced metric on Σ is just:

ds2ind =
1

ρ2
[
dy2 + dz2 +

(
x′2 + 1

)
dρ2
]
+ dθ2 + cos2θdΩ2

3 + sin2θdϕ2 (9.2.7)

The entanglement entropy is thus easily calculated to be

S10 =
V2VS5

2G10

∫ ρ0

δ

dρ

ρ3

√
x′2 + 1 (9.2.8)

which is identical to the 5-dimensional result since the Newton constants are related as

G5 = G10/VS5 .

In the above example one hence obtains the same result for the entanglement entropy

when computed from both the ten and five dimensional perspectives. This example

had a particularly high level of symmetry, however, and it is not clear that the above

equivalence should carry over to less trivial cases.

The general problem one would like to study is the relationship between the entangle-

ment entropy as calculated in a given downstairs metric and the entanglement entropy

calculated in the uplifted solution, in cases where this uplift map is known or can be

computed. Certain Coulomb branch geometries, which we study first in the following
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section, provide a good example of such a scenario, admitting a known ten-dimensional

uplift which is not a simple product space, instead containing warp factors that depend

on both the holographic radial coordinate and a sphere coordinate.

9.3 Consistent Truncations of the Coulomb Branch

In this sectionwe continue the discussion of Section 8.8.1 and study particular Coulomb

Branch solutions discussed in [45, 261] that admit consistent truncations to solutions of

five-dimensional gauged supergravity, comparing the entanglement entropy computed

from five and ten dimensions.

9.3.1 Solutions with SO(4)× SO(2) Symmetry

Let us discuss first Coulomb branch solutions which, from the ten-dimensional point

of view, correspond to D3-branes being uniformly distributed on a disc of radius σ in

the transverse space. These supergravity solutions hence preserve SO(4) × SO(2) of

the SO(6) symmetry in the AdS5 × S5 solution. These Coulomb branch geometries ad-

mit consistent truncations to (a particular sector of) 5-dimensional gauged supergravity,

with action given by

I =
1

16πG5

∫
d5x

(
−1

4
R+

1

2
(∂α)2 −

(
g2

8

(
∂W

∂α

)2

− g2

3
W 2

))
(9.3.1)

whereα is a scalar field,W is the superpotential and g is the coupling constant. The five-

dimensional Einstein framemetric for the solutions was considered in Section 8.8.1 and

can be written as

ds2 = λ2w2

(
dxνdx

ν +
dw2

w4λ6

)
λ6 =

(
1 +

σ2

w2

)
, (9.3.2)

which clearly reduces to an AdS5 metric for σ = 0. (In the latter case the conformal

boundary is at w → ∞.)

Consider again a strip on the boundary defined by x ∈ [0, l]. As above we can describe

the minimal surface by an embedding of the form x = x(w) or w = w(x). Taking x =

x(w) the induced metric on the surface is easily calculated to be

ds2ind = λ2w2

[
dy2 + dz2 +

(
x′2 +

1

w4λ6

)
dw2

]
(9.3.3)

where x′ ≡ dx/dw, and thus one finds

√
detγ = λ3ρ3

√
x′2 +

1

w4λ6
(9.3.4)
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The entanglement entropy for the slab is thus

S =
V2
2G5

∫ Λ

w0

dwλ3w3

√
x′2 +

1

w4λ6
(9.3.5)

where w0 is the turning point of the minimal surface and Λ is the UV cutoff.

The five-dimensional metric in (9.3.2) can be uplifted to the following ten-dimensional

Einstein frame metric [45,261],

ds210 = ∆−2/3ds2 + ds2K , (9.3.6)

where thewarp factor∆ depends both on the holographic radial coordinate and on one

of the sphere coordinates, while ds2K is ametric on awarped sphere. Explicit expressions

for these quantities are

∆−2/3 =
ζ

λ2
ζ = (1 +

σ2

w2
cos2 θ) (9.3.7)

ds2K =
1

ζ

(
ζ2dθ2 + cos2 θdΩ2

3 + λ6 sin2 θdϕ2
)
. (9.3.8)

Note that ζ, λ → 1 as w → ∞ and thus the solution is indeed asymptotically AdS5 × S5.

To compute the entanglement entropy for the strip we now proceed as before, with the

additional boundary condition that the minimal surface wraps the S5 asymptotically.

However, in the present case there are non-trivial warp factors thatmix the holographic

radial coordinate w and the sphere coordinate θ. Thus, although we can continue to as-

sume theminimal surface has trivial dependence onΩ3 and ϕ, we can no longer a priori

assume that the minimal surface has trivial dependence on θ. We thus may assume an

embedding of the form x = x(w, θ), or w = w(x, θ) or θ = θ(x,w). Choosing x = x(w, θ)

(as the boundary conditions will be clearest in this choice) one calculates the induced

metric to be

ds2ind = ζw2

[
dy2 + dz2 +

(
x′2 +

1

w4λ6

)
dρ2
]
+ 2ζw2x′ẋdρdθ (9.3.9)

+ζ(1 + ẋ2w2)dθ2 +
cos2θ
ζ

dΩ3 +
λ6

ζ
sin6θdϕ

where ẋ ≡ dx/dθ. One thus finds that the ten-dimensional entanglement functional is

S =
1

4G10

∫
d8x
√

detγ (9.3.10)

where

√
detγ =

√
detgΩ3cos

3θsinθλ3w2

[(
ρ2x′2 +

1

w2λ6

)
(1 + ẋ2w2)− ẋ2x′2w4

]1/2
(9.3.11)
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Notice that all factors of ζ , which depend on the sphere coordinate θ, cancel out and the

spherical prefactors combine to become
√

detgΩ5 . The only additional dependence on

the spherical coordinates thus comes through the fact that x(w, θ) depends on θ

√
detγ =

√
detgΩ3cos

3θsinθλ3w2

√
w2x′2 +

ẋ2

λ6
+

1

w2λ6
(9.3.12)

One can immediately make an interesting observation. The equations of motion admit

the solution ẋ = 0, since the action is quadratic in ẋ and θ does not appear explicitly in

the non-trivial square root part of the action functional. For solutions in which ẋ = 0,

the entanglement entropy is thus

S =
V2VS5

4G10

∫ Λ

w0

dwλ3w3

√
x′2 +

1

w4λ6
(9.3.13)

i.e. identical to (9.3.5) since G5 = G10/VS5 .

Although one can thus consistently set ẋ = 0 to obtain a solution to the ten-dimensional

equation ofmotion, it remains to show that this is indeed theminimal solution. This can

be done using the radial Hamiltonian formalism as follows. One first assumes a given

θ-independent solution of the equations of motion and then considers θ-dependent

perturbations to this background. By computing the Hamiltonian one then shows that

these perturbations lead to a larger Hamiltonian and thus the minimal solution (at least

perturbatively) is indeed the one that is independent of θ. The independence of the

minimal surface on the compact coordinates is a point wewill return to in Section 9.5.2.

9.3.2 Other Coulomb Branch Solutions

Similar conclusions can be reached for other consistent truncations of Coulombbranch

solutionswithdifferent symmetries. In [45,261] they also consider solutionswithSO(3)×
SO(3) and SO(5) symmetry in addition to the SO(4)×SO(2) solution considered above,

corresponding to various symmetric distributions ofD3-branes. TheSO(3)×SO(3) case

has the following 10d metric

ds210 = ζw2λ

(
dx2µ +

dw2

w4λ6

)
+

1

λζ

(
ζ2dθ2 + cos2θdΩ2

2 + λ4sin2θdΩ̃2
2

)
(9.3.14)

∆−2/3 =
ζ

λ
(9.3.15)

while the SO(5) case has the following 10d metric

ds210 =
ζw2

λ3

(
dx2µ +

dw2

w4λ6

)
+
λ3

ζ

(
ζ2dθ2 + cos2θdΩ2

4

)
(9.3.16)

∆−2/3 =
ζ

λ
(9.3.17)
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In both cases the definitions of λ and ζ are as before, and the expression for ∆ shows

the relationship between the ten-dimensional and five-dimensional metrics c.f. (9.3.6).

Given what has been deduced from the SO(4)× SO(2) case previously, it is immediate

that the same equivalence will occur in these cases, since the factors of ζ cancel in the

determinant and indeedone can explicitly check that the powers ofλ comeout the same

in the two cases.

We will continue the discussion of entanglement entropy for more general Coulomb

branch solutions in Section 9.5.

9.4 Consistent Truncations with Massive Vector Fields

In this section we consider the entanglement entropy for particular backgrounds which

admit consistent truncations with massive vector fields, as discussed in [273]. Consider

again type IIB supergravity but now with the metric, the dilaton Φ, the 5-form F5, and

the 3-formH = dB switched on. Our conventions for the action in Einstein frame are

I =
1

16πG10

∫
d10x

√
−g10

[
R− 1

2
∂AΦ∂

AΦ− 1

2 · 3!
e−ΦHABCH

ABC − 1

2 · 5!
F 2
(5)

]
(9.4.1)

where as usual we need to impose in addition the self-duality constraint on F5.

Now consider the following ansatz for the ten-dimensional fields

ds210 = e−
2
3
(4U+V )ds2M + e2Uds2BKE

+ e2V η2 (9.4.2)

B = A ∧ η + θω (9.4.3)

F5 = 4e−4U−V (1 + ⋆)volM (9.4.4)

whereM is the 5-dimensional spacetime with metric ds2M and volume form volM . Fur-

thermore, ds2BKE
+ η2 is a Sasaki-Einstein metric c.f. the representation of S5 as a U(1)

fibration overCP2. The scalars U , V andΦ are taken to be functions onM , as is the one-

formA. Expressions for the quantities θ and ω will not be important in what follows but

may be found in [273].

Reducing the field equations over the internal space, one obtains equations of motion

which may in turn be derived from the following 5-dimensional action for the fields

(g5, U, V,Φ, A)

I =
1

16πG5

∫
d5x

√
−g5

[
R+ 24e−u−4v − 4e−6u−4v − 8e−10v − 5(∂u)2 (9.4.5)

− 15

2
(∂v)2 − 1

2
(∂Φ)2 − 1

4
e−Φ+4u+vFmnF

mn − 4e−Φ−2u−3vAmA
m
]

where F = dA, u = 2
5(U − V ) and v = 4

15(4U + V ). It was shown in [273] that this

reduction is consistent i.e. any solution of the resulting five-dimensional equations of
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motion can be uplifted to a solution of type IIB supergravity using themap (9.4.2)-(9.4.4).

Note that from the reduced action (9.4.5) one finds that the mass of the vector field A

around the AdS5 background ism2 = 8, showing these solutions are indeed associated

with massive vector fields. As is clear from (9.4.2)-(9.4.3) however, this vector field does

not appear in the ten-dimensional metric but instead appears in the ten-dimensional

two-form field and thus it does not directly contribute to the ten-dimensional entan-

glement entropy.

We can immediately compute the ten-dimensional entanglement entropy, which as be-

fore is given by

S10 =
1

4G10

∫
{Σ|∂Σ=∂A}

d8ξ
√

detγ8 (9.4.6)

where implicitly we work with the metric in Einstein frame. One can now immediately

obtain the ten-dimensional entanglement entropy for an arbitrary entangling region,

only assuming that we again work on a fixed time slice and that the entangling surface

wraps the internal space asymptotically. Since the warp factors in themetric do not de-

pend at all on the internal directions the entangling surface will therefore also wrap the

internal space deep in the bulk. Since the entangling surface is consequently codimen-

sion two with respect to the five-dimensional spacetimeM one trivially obtains

√
γ8 = (e−

2
3
(4U+V ))

3
2 (e2U )

4
2 (e2V )

1
2
√
γ5 volSE =

√
γ5 volSE (9.4.7)

where volSE is the volume form on the internal space, and thus it is immediate that the

entanglement entropy as computed from ten dimensions will be equivalent to the five-

dimensional entanglement entropy.

A particular example of interest in this solution class is given by backgrounds with non-

relativistic scaling symmetries, in particular the Schrödinger backgrounds discussed

in [273]. These are deformations of AdS that have a metric that can be written in the

following form

ds2Mz
= −b2r2z(dx+)2 + dr2

r2
+ r2

(
−dx−dx+ + dx2 + dy2

)
(9.4.8)

where x± are lightcone coordinates, z is the dynamical exponent and b is a parameter

that characterizes the deformation fromAdS5. This metric is a solution to the equations

of motion one obtains from the following action

S =
1

16πGD+3

∫
dD+2xdr

√
−g
(
R− 2Λ− 1

4
FmnF

mn − m2

2
AmA

m

)
(9.4.9)

where the vector field solution is A+ ∝ rz , provided that Λ = −(D + 1)(D + 2)/2 and

m2 = z(z +D).

One can check that the metric (9.4.8) for z = 2 (and D = 2) together with U = V =



146 Chapter 9. Entanglement Entropy in Top-Down Models

Φ = 0 and A+ = br2 is a solution to the equations of motion one derives from (9.4.5)

- indeed, (9.4.5) reduces to (9.4.9) under these conditions, where in the present case

m2 = 8 as expected. Checking explicitly the equivalence of the ten-dimensional and

five-dimensional entanglement entropies is trivial in this case since all the warp factors

in (9.4.2) evaluate to one and thus the metric is a simple product space. Note that an

identical analysis can be performed for consistent truncations that have vector fields

with mass m2 = 24 found in [273], and the equivalence between the ten-dimensional

and five-dimensional entanglement entropy carries over in the sameway in such cases.

9.5 Kaluza-Klein Holography

A generic ten dimensional supergravity solution which is asymptotic to AdS5 × S5 can-

not be expressed as the uplift of a five dimensional supergravity solution. However, in

the vicinity of the conformal boundary the ten-dimensional solution can always be ex-

pressed as a perturbation ofAdS5×S5. Dual field theory data can be expressed in terms

of these perturbations using themethodof Kaluza-Klein holography [24,25] as discussed

in Section 8.5.1. We briefly review here the main features relevant to the present work.

Let us express the AdS5 × S5 metric as

ds2 = goABdx
AdxB ≡ 1

ρ2
(
dρ2 + dxµdxµ

)
+ dΩ2

5 (9.5.1)

with the five form flux being

F = F o ≡ ηAdS5 + ηS5 (9.5.2)

where η denotes the volume form. The Einstein metric of a solution of the type IIB

equations which is a deformation of AdS5 × S5 can therefore be expressed as

gAB = goAB + hAB. (9.5.3)

The metric fluctuation can always be decomposed in terms of spherical harmonics on

the sphere. The metric fluctuations are decomposed as

hmn =
∑

hImnY
I ; (9.5.4)

hma =
∑(

BIv
mY

Iv
a + bImDaY

I
)
;

h(ab) =
∑(

ϕItY It
(ab) + ψIvD(aY

Iv
b) + χID(aDb)Y

I
)
;

haa =
∑

πIY I

where Y I are scalar harmonics, Y Iv
a are vector harmonics and Y It

(ab) are symmetric trace-

less tensor harmonics; Da denotes the covariant derivative. We will not need explicit

forms for the spherical harmonics in what follows but note that the defining equations
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are

�Y I = ΛIY I ΛI = −k(k + 4) k = 0, 1, 2, · · · (9.5.5)

�Y Iv
a = ΛI5Y Iv

a ΛIv = −(k2 + 4k − 1) k = 1, 2, · · ·

�Y It
(ab) = ΛItY It

(ab) ΛIt = −(k2 + 4k − 2) k = 2, 3, · · ·

where � is the D’Alambertian andDaY Iv
a = DaY It

(ab) = 0. The spherical harmonic labels

denote both the degree of the harmonic and additional quantum numbers, i.e. charges

under the Cartan of SO(6).

The fluctuations are not all independent, as some of the modes are diffeomorphic to

each other or to the background. To derive the spectrum around AdS it is usual to im-

pose a gauge fixing condition such as the de Donder-Lorentz gauge

Dah(ab) = Daham = 0 (9.5.6)

which sets to zero bIm, ψIv and χI . The remainingmodes hImn,B
Iv
m , ϕIt and πI are then re-

lated to tensor, vector and scalar fields in five dimensions. Although this gauge choice is

very convenient for deriving the spectrum, it can be less usefulwhen analysing a generic

solution, as typically such solutionswill not naturally be expressed in this gauge. Instead

of gauge fixing the symmetry, one can instead derive gauge invariant combinations of

the fluctuations; the latter are the five-dimensional fields [24,25].

Working to linear order in the perturbations the five-dimensional Einsteinmetric g5mn =

gomn +Hmn is related to the ten-dimensional metric perturbations given above as

Hmn = h0mn +
1

3
π0gomn, (9.5.7)

i.e. it depends only on the zeromode of the tensor perturbation and the breathingmode

on the sphere. The origin of the second term is the Weyl rescaling needed to bring the

five dimensionalmetric into Einstein frame. Thiswas themain Kaluza-Klein holography

result used in Section 8.5 to calculate the entanglement entropy contribution of probe

branes. In the present chapter we also wish to go to higher order however.

Working toquadratic order in theperturbations, the expression for thefive-dimensional

metric in terms of the ten-dimensionalmetric perturbations is considerablymore com-

plicated and indeed it has not been worked out in generality. At quadratic order the

schematic form of the appropriately gauge-invariant metric perturbation is

hmn = h0mn +
1

3
π0gomn + h(2)mn (9.5.8)

where h(2)mn is quadratic in perturbations.

For example, for modes associated with the scalar spherical harmonics the quadratic
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contributions are [24]

h(2)mn = −
∑
I

z(k)

(
1

2
ΛI(χI ĥImn +

1

2
Dmχ

IDnχ
I) (9.5.9)

+ Dmb̂
pI ĥInp +Dnb̂

pI ĥImp + b̂pIDpĥ
I
mn +Dmb̂

pIDnb̂
I
p + b̂pI b̂Ipg

o
mn − b̂Imb̂

I
n

)
where

b̂Im = bIm − 1

2
Dmχ

I (9.5.10)

ĥImn = hImn −Dmb
I
n −Dnb

I
m

are gauge invariant combinations at linear order in the fluctuations. Note that if wework

in de Donder-Lorentz gauge h(2)mn = 0.

It is important however to note that hmn, while appropriately gauge invariant with re-

spect to the ten-dimensional symmetries and transforming as a five-dimensional met-

ric, is still not the five-dimensional Einstein metric fluctuation. The combination hmn

satisfies an Einstein equation

(LE + 4)hmn = T(2)mn (9.5.11)

whereLE is the usual linearized Einstein operator and the effective stress energy tensor

is T(2)mn. This effective stress energy tensor is quadratic in the fluctuations but involves

derivative interactions. For example, terms quadratic in the fields πI have the general

structure

T(2)mn =
∑
I

(
aIDmDpDrπ

IDnD
pDrπI + bIDmDpπ

IDnD
pπI + · · ·

)
(9.5.12)

with certain coefficients (aI , bI , · · · ). The effective five-dimensional action does not

contain derivative interactions, and therefore the five-dimensional fields must be re-

lated to ten-dimensional fields by non-linear field redefinitions, as first noted in [37]. In

particular the five-dimensional Einsteinmetric perturbationHmn is related to themetric

fluctuation hmn as

Hmm = hmn +
∑
I

(
AIDmDpπ

IDnD
pπI +BIDmπ

IDnπ
I + · · ·

)
(9.5.13)

where again the coefficients (AI , BI , · · · ) are computable. Thus the explicit form of the

five-dimensional Einstein metric is extremely complicated at quadratic order since it

involves infinite sumswith coefficients (AI , BI , · · · )which are very arduous to compute;

see [24] for explicit expressions.
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9.5.1 General Coulomb Branch solutions

As an example of solutionswhich can be understood using Kaluza-Klein holography, we

consider general Coulomb branch solutions i.e. solutions that do not necessarily admit

a consistent truncation. The metric for such solutions takes the following form,

ds2 = H(y)−1/2dxµdx
µ +H(y)1/2dyidy

i (9.5.14)

where xµ are the brane directions and yi are transverse directions, and H(y) is a har-

monic function on R6. Near the conformal boundary the harmonic function takes the

form

H =
L4

r4

1 +
∑
k≥2

aIkY
I
k

rk

 (9.5.15)

where we have written

dyidy
i = dr2 + r2dΩ2

5 (9.5.16)

while Y I
k are scalar harmonics of degree k on S5 and aIk are coefficients defining the

brane distribution. Implicitly we have taken the decoupling limit of the brane solution,

i.e. dropped the constant term in the harmonic function.

We can now express the Coulomb branch metric asymptotically as a perturbation of

AdS5 × S5. The background asymptotes to

ds2 = goABdx
AdxB =

r2

L2
dxµdx

µ +
L2

r2
dr2 + L2dΩ2

5 (9.5.17)

Tomatch with earlier conventions we set L2 = 1 (the curvature radius can be reinstated

in final formulae if required). Near the conformal boundary

gAB = goAB + hAB (9.5.18)

where working to linear order in the coefficients aIn we can read off

hµν = −
∑
k≥2

aIkY
I
k

2rk−2
ηµν ; (9.5.19)

hrr =
∑
k≥2

aIkY
I
k

2rk+2
;

hab =
∑
k≥2

aIkY
I
k

2rk
goab.

Hence the non-zero perturbations are

πI =
5aIk
2rk

(9.5.20)
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and

hIµν = −
aIk

2rk−2
hIrr =

aIk
2rk+2

, (9.5.21)

for harmonics of degree k ≥ 2.

These perturbations are consistent with the diagonalised equations of motion at linear

order found in [36]. Let

πI = 10kϵsI (9.5.22)

where ϵ is a small parameter and k is the degree of the associated spherical harmonic

with k ≥ 2. The equation of motion for sI is

�sI = k(k − 4)sI (9.5.23)

where � is the d’Alambertian in AdS5.

The supergravity field equations at linear order then imply that such perturbations are

necessarily accompanied by

hImn = ϵhI(1)mn = ϵ

(
4

(k + 1)
D(mDn)s

I − 6k

5
sIgomn

)
(9.5.24)

= ϵ

(
4

(k + 1)
DmDns

I − 2k

k + 1
(k − 1)sIgomn

)
If one switches on only these modes at linear order, as in the Coulomb branch solu-

tions, other metric perturbations are induced at order ϵ2 or higher. In other words,

other ten-dimensional perturbations can be induced by expanding the field equations

to quadratic order in ϵ but these perturbations are not present at linear order. Compar-

ing with (9.5.20) we find that

ϵsI =
aIk

4krk
(9.5.25)

which indeed satisfies (9.5.23).

For later use, let us note that if sI depends only on the radial coordinate, ρ, then

DρDρs
I = (∂2ρs

I +
1

ρ
∂ρs

I) DµDνs
I = −1

ρ
ηµν∂ρs

I (9.5.26)

are the only non-vanishing components ofDmDns
I . Moreover, one can show that

ρ2(DρDρs
I + ηµνDµDνs

I) = ρ2∂2ρs
I − 3ρ∂ρs

I = k(k − 4)sI (9.5.27)

for onshell sI depending only on the radial coordinate.

The general map between five-dimensional fields (and equations of motion) and ten-

dimensional fluctuations was worked out to quadratic order in ϵ in [24]. In particular,

working in de Donder-Lorentz gauge, the map between the five-dimensional Einstein
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metric perturbationHmn and ten-dimensional fields to quadratic order is

Hmn = h0mn +
1

3
π0gomn + ϵ2σ(2)mn (9.5.28)

where h0mn is the ten-dimensional metric perturbation associated with the trivial har-

monic (to order ϵ2), π0 is the trace of the metric perturbation on the S5 associated with

the trivial harmonic (to order ϵ2)1 and

σ(2)mn =
∑
I

z(k)
(
AIDpDms

IDpDns
I +BIs

IDmDns
I (9.5.29)

+DI(Dps
I)(DpsI)gomn + EI(s

I)2gomn

)
where the coefficients (AI , BI , DI , EI) depend on the degree of the harmonic. Explicit

values for the coefficients in the case of k = 2were given in [24],

A2 = −4

9
; B2 =

20

3
; D2 = −20

9
; E2 =

64

9
. (9.5.30)

Restricting to the fields depending only on the radial coordinate and working onshell

we find that

σ(2)ρρ =
∑
I

z(k)

[
(16AI +DI)(∂ρs

I)2 + (8k(k − 4)AI + 4BI)
sI

ρ
∂ρs

I

+(EI + k(k − 4)(k(k − 4)AI +BI))
(sI)2

ρ2

]
(9.5.31)

σ(2)µν = δµν
∑
I

z(k)

[
(AI +DI)(∂ρs

I)2 −BI
sI

ρ
∂ρs

I + EI
(sI)2

ρ2

]

We should note however that the field redefinition (9.5.29) gives the reducedmetric in a

specific gauge: we can always make a diffeomorphism ξn which is quadratic in sI such

that

δHmn = Dmξn +Dnξm. (9.5.32)

In the case of interest, such a diffeomorphismmust respect the Poincaré invariance and

hence

ξm = Dm

(∑
I

z(k)FI(s
I)2

)
(9.5.33)

with FI being arbitrary. The effect of such a diffeomorphism is to shift the coefficients

arising in (9.5.31), but the form of the expression remains unchanged. (A natural way

to fix the gauge would be to impose a Fefferman-Graham gauge on the resulting five-

dimensional metric but this condition was not imposed in [24]).

We also know from [24] that we can express the terms to quadratic order in π0, which

1Note that π0 vanishes at linear order in the Coulomb branch solutions.
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we denote as π0(2) as

π0(2) = ϵ2
∑
I

z(k)
(
JI(s

I)2 + LI(Dms
I)(DmsI)

)
(9.5.34)

where the coefficients (JI , LI) can be determined explicitly from the ten-dimensional

field equations at quadratic order. For k = 2 these coefficients are

J2 = −72 L2 = 8. (9.5.35)

Note that the coefficients (AI , BI , DI , EI , JI , LI) were not calculated for general values

of k in [24].

9.5.2 Entanglement Entropy

Consider a solution which can be expressed as a perturbation of AdS5 × S5 and which

preserves full Poincaré invariance of the dual field theory. Then the metric can be writ-

ten as

ds2 = (gomn + hmn)dx
mdxm + (goab + hab)dy

adyb (9.5.36)

where themetric perturbationsdependonly on the radial coordinate ρ andon the sphere

coordinates ya. Now consider the entanglement entropy for a slab region in the dual

field theory, with the slab being defined as the region −l < x < l; the slab is assumed to

be longitudinal to the the y and z directions.

We can compute the entanglement entropy from the ten-dimensional metric by find-

ing an eight-dimensional minimal surface on a fixed time slice for which the boundary

conditions are x→ ±l as ρ→ 0, with the surface wrapping the whole five sphere. From

symmetry the minimal surface is specified by the function

x(ρ, ya). (9.5.37)

We can equivalently express the minimal surface as ρ(x, ya). Moreover, working with

the leading order metric (which depends only on ρ) this function is clearly independent

of the spherical coordinates. Thus the entangling surface in the perturbed background

can be expressed as

x(ρ, ya) = x0(ρ) + x1(ρ, y
a) + · · · (9.5.38)

where implicitly x1(ρ, ya) is linear in the metric perturbations and the ellipses denote

higher order corrections.

The induced metric on the entangling surface is

γαβ = gAB∂αx
A∂βx

B (9.5.39)
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With the static gauge fixing used above the induced metric is therefore

γij = gij + gxx∂ix∂jx (9.5.40)

γia = gxx∂ix∂ax

γab = gab + ∂ax∂bx

where xi = (ρ, y, z) are the non-compact coordinates of the entangling surface. Impos-

ing the further condition that x is independent of y and z we find that

γyy = gyy γxx = gxx γρρ = gρρ + gxx(∂ρx)
2 γρa = gxx∂ρx∂ax (9.5.41)

and therefore the determinant of the induced metric is given by

√
γ =

√
gyygzzgρρ

√
det
(
gab(1 +

gxx
gρρ

(∂ρx)2) + gxx∂ax∂bx

)
. (9.5.42)

The entanglement entropy functional is then

S =
1

4G10

∫
d3xd5y

√
γ. (9.5.43)

9.5.2.1 Linear Order

For an entangling surface lying near the conformal boundary, so that the metric can be

expressed as a perturbation of AdS5 × S5, the leading contribution to the entanglement

entropy is that of a surface in AdS5 × S5. Now consider the contribution to the entan-

glement entropy to linear order in the metric perturbations. Since x is independent of

the spherical coordinates ya to leading order, the term ∂ax∂bx appearing in (9.5.42) is

at least quadratic in the metric perturbation and can be neglected at this order, so the

entanglement entropy is simply

S =
1

4G10

∫
d3xd5y

√
gyygzz(gρρ + gxx(∂ρx)2)

√
det(gab), (9.5.44)

where implicitly we work only to linear order in the metric perturbations. However,

since we integrate over the five sphere only zero mode spherical harmonics can con-

tribute at linear order and therefore we can substitute

gmn = gomn + h0mn; gab = goab(1 +
1

5
π0). (9.5.45)

Moreover, we can also express the embedding function in terms of scalar spherical har-

monics

x(ρ, ya) = x0(ρ) +
∑
I

xI1(ρ)Y
I(ya) + · · · (9.5.46)
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and again only the zero mode can contribute at this order. Let us denote

x̄(ρ) = x0(ρ) + x01(ρ), (9.5.47)

i.e. the embedding function is to this order only dependent on the radial coordinate ρ.

The entanglement entropy integral then factorises as

S =
1

4G10

∫
d5y
√

detgoab
∫
d3x
√
gyygzz(gρρ + gxx(∂ρx̄)2)(1 +

1

2
π0) (9.5.48)

=
1

4G5

∫
d3x
√
gyygzz(gρρ + gxx(∂ρx̄)2)(1 +

1

2
π0),

where we use
1

G10
=
VS5

G5
(9.5.49)

and VS5 is the volume of the five sphere.

Now let us compare to the entanglement entropy computed directly from the five-

dimensional Einstein metric g5mn. This is very similar to the expression above:

S =
1

4G5

∫
d3x
√
g5yyg

5
zz(g

5
ρρ + g5xx(∂ρx̄)

2). (9.5.50)

If we now recall that (up to linear order)

g5mn = gomn + h0mn +
π0

3
gomn (9.5.51)

we find that the ten-dimensional and five-dimensional expressions precisely agree.

An alternative derivation of this result can be given using the fact that the change in the

entanglement entropy is (c.f. Chapter 8)

δS =
1

8G10

∫
d3xd5y

√
γoTABhAB (9.5.52)

where TAB is the energy momentum tensor of the original minimal surface (with in-

duced metric γo) and hAB is the change in the background metric. Using the explicit

form of the energy momentum tensor we then find that

δS =
1

8G10

∫
d3xd5y

√
γo
(
goabhab + goyyhyy + gozzhzz (9.5.53)

+ γoρρ(hρρ + hxx(∂ρx̄)
2)
)
.

As above the integration over the five sphere picks out the zero modes in the harmonic
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expansions of the metric perturbations, resulting in

δS =
1

8G5

∫
d3x

√
γo
(
π0 + goyyh0yy + gozzh0zz + γoρρ(h0ρρ + h0xx(∂ρx̄)

2)
)

(9.5.54)

=
1

8G5

∫
d3x

√
γo
(
goyyHyy + gozzHzz + γoρρ(Hρρ +Hxx(∂ρx̄)

2)
)

where Hmn is the five-dimensional Einstein metric perturbation to linear order, see

(9.5.7). The latter expression is exactly equivalent to

δS =
1

8G5

∫
d3x

√
γoTmnHmn (9.5.55)

where Tmn is the energy momentum tensor of the minimal surface in five-dimensional

anti-de Sitter, thus demonstrating the equivalence between the five-dimensional and

ten-dimensional computations.

9.5.2.2 Quadratic Order

Now let us consider the entanglement entropy to quadratic order in the metric pertur-

bations. Since the embedding function is independent of the sphere coordinates to at

least quadratic order (c.f. (9.5.47)), the expression (9.5.44) is still valid. Moreover, if we

expand the embedding as

x(ρ, ya) = x0(ρ) + ϵx01(ρ) + ϵ2
∑
I

xI2(ρ)Y
I(y) + · · · (9.5.56)

we can see that again only the zero mode of the second order term can contribute after

integration over the five sphere. Thus x is also independent of the sphere coordinates

to this order, and using recursion we see that x depends only on the radial coordinates

to all orders in the expansion.

Thus the entanglement entropy computed from ten dimensions is

S =
1

4G10

∫
d3xd5y

√
gyygzz(gρρ + gxx(∂ρx)2)

√
det(gab), (9.5.57)

≡ 1

4G10

∫
d3xd5y

√
detγij

√
det(gab),

where γij is the non-compact part of the induced metric and implicitly x is now taken

to depend only on ρ.

To show the equivalence between (9.5.57) and (9.5.50) we need to know the explicit map

between the five-dimensional Einstein metric and the ten-dimensional metric fluctua-

tions to quadratic order. Since this map is not known in full generality, we will focus on

the case of general Coulomb branch solutions, using the expressions for perturbations

given in Section 9.5.1.
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We can use the standard identities for expanding determinants to write

√
det(gab) =

√
det(goab)

(
1 +

1

2
haa +

1

8
(haa)

2 − 1

4
habhab + · · ·

)
(9.5.58)

where

hab = goacgobdhbd. (9.5.59)

Now using the expressions given in Section 9.5.1

haa = ϵ
∑
I

(10ksI)Y I + ϵ2
∑
I

πI(2)Y
I + · · · , (9.5.60)

where we will need only the constant harmonic term at quadratic order, π0(2), which is

given in (9.5.34). Similarly

habhab = 20ϵ2
∑
I,J

(kIs
IY I)(kJs

JY J) +O(ϵ3) (9.5.61)

and thus to order ϵ2

√
det(gab) =

√
det(goab)

(
1 + 5ϵ

∑
I

ksIY I +
1

2
ϵ2π0(2) (9.5.62)

+
15

2
ϵ2
∑
I,J

kIs
IkJs

JY IY J + · · ·

 .

Here the ellipses denote terms of ϵ3 and higher, as well as terms at order ϵ2 which are

linear in spherical harmonics (and hence integrate to zero over the five sphere).

The non-compact components of the metric can be expressed as

gmn = gomn + ϵ
∑
I

hI(1)mnY
I + ϵ2

∑
I

hI(2)mnY
I + · · · (9.5.63)

where hI(2)mn is quadratic in s. The explicit form of this can be determined by the ten-

dimensional supergravity equations at quadratic order in ϵ, see [24], but will not be

needed here. The non-compact part of the induced metric inherits an analogous ex-

pansion in powers of ϵ

γij = γoij + ϵγ(1)ij + ϵ2γ(2)ij + · · · (9.5.64)
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where

γoij = goij + goxx∂ix
o∂jx

o; (9.5.65)

γ(1)ij =

(∑
I

(hI(1)ij + hI(1)xx(∂ix
o)(∂jx

o))Y I

)
+ goxx(∂ix

o∂jx(1) + ∂ix(1)∂jx
o);

≡
∑
I

γI(1)ijY
I ;

γ(2)ij =

(∑
I

(hI(2)ij + hI(2)xx(∂ix
o)(∂jx

o))Y I

)
+ goxx(∂ix

o∂jx(2) + ∂ix(2)∂jx
o)

+goxx∂ix(1)∂jx(1);

≡
∑
I

γI(2)ijY
I .

(In the case of interest we have already shown that the embedding function depends

only on the ρ coordinate but we write the above expressions more generally.)

Expanding out the induced metric determinant then gives√
det(γij) =

√
det(γoij)

(
1 +

1

2
(ϵγi(1)i + ϵ2γi(2)i) (9.5.66)

+
ϵ2

8
(γi(1)i)

2 − ϵ2

4
γij(1)γ(1)ij + · · ·

)
where

γij(1) = γoikγojlγ(1)kl γij(2) = γoikγojlγ(2)kl. (9.5.67)

Substituting (9.5.62) and (9.5.66) into (9.5.57) and integrating over the five-spherewe then

obtain to linear order in ϵ

S =
1

4G5

∫
d3x
√

det(γoij)
(
1 + ϵγoij∂ix

o∂jx(1)
)
, (9.5.68)

i.e. all terms linear in metric perturbations vanish since they are associated with degree

k ≥ 2 spherical harmonics which integrate to zero over the sphere. Since the five-

dimensional Einstein metric is unchanged to this order, the entangling surface is also

unchanged i.e. x(1) = 0.

Dropping terms involving x(1), the contributions to the entanglement entropy functional

at order ϵ2 are

δS =
ϵ2

4G5

∫
d3x
√

det(γo)
(
5

2

∑
I

kz(k)sI(γIi(1)i + 3ksI) (9.5.69)

+
1

8

∑
I

z(k)(γIi(1)i)
2 −1

4

∑
I

z(k)γIij(1)γ
I
(1)ij +

1

2
γ0i(2)i +

1

2
π0(2)

)
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where we define z(k) as the spherical harmonic normalisation∫
d5y
√

detgoabY
IY J = z(k)δIJVS5 . (9.5.70)

The corresponding expression for the contribution to the five-dimensional entangle-

ment entropy at quadratic order is

δS =
ϵ2

4G5

∫
d3x
√

det(γo)
(
1

2
H i

(2)i +
1

2
H(2)xx(∂

ixo)(∂ix
o) + ∂ixo∂ix(2)

)
(9.5.71)

where H(2)mn is the quadratic correction to the five-dimensional Einstein metric and

implicitly indices are raised with γoij . Let us splitH(2)mn as

H(2)mn = h0(2)mn +
1

3
π0(2)g

o
mn + σ(2)mn (9.5.72)

whereσ(2)mn defines thefield redefinition and is quadratic in s, whileπ0(2) is alsoquadratic

in s.

To match (9.5.69) and (9.5.71) one requires that

σi(2)i + σ(2)xx(∂
ixo)(∂ix

o) = (9.5.73)

5
∑
I

kz(k)sI(γIi(1)i + 3ksI) +
1

4

∑
I

z(k)(γIi(1)i)
2 − 1

2

∑
I

z(k)γIij(1)γ
I
(1)ij

To interpret this relationship, it is useful to consider first the case of an infinite strip. For

an infinite strip, the entangling surface in AdS is described by constant xo and extends

throughout the bulk. In this case the entangling surface extends beyond the asymp-

totic region in which the geometry can be expressed as a perturbation ofAdS5×S5, but

nonetheless one canmatch the integrands for thefive-dimensional and ten-dimensional

entanglement entropy in the asymptotic region by setting xo to be constant in (9.5.73).

In the case of an infinite strip xo is constant and dropping these terms gives

σi(2)i =
∑
I

z(k)

(
5ksI(hIi(1)i + 3ksI) +

1

4
(hIi(1)i)

2 − 1

2
hIij(1)h

I
(1)ij

)
, (9.5.74)

where now indices are raised by γoij ≡ goij , i.e. the hyperbolic metric. This expression

reduces to

σi(2)i =
∑
I

16z(k)

(k + 1)2
(
−8ρ2(∂ρs

I)2 + k(15− k)ρsI∂ρs
I + k2(k − 7)(sI)2

)
(9.5.75)

However, using (9.5.31) in Section 9.5.1, one can show that for perturbations sI which
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depend only on the radial coordinate

σi(2)i =
∑
I

z(k)
[
(18AI + 3DI)ρ

2(∂ρs
I)2 + (8k(k − 4)AI + 2BI)ρs

I∂ρs
I (9.5.76)

+(3EI + k(k − 4)(k(k − 4)AI +BI))(s
I)2
]
,

where the coefficients (AI , BI , DI , EI) for k = 2 are given in (9.5.30). Taking into account

an appropriate choice of diffeomorphism FI , defined in (9.5.33), this indeed matches

(9.5.75).

For general k the coefficients (AI , BI , DI , EI) were not computed in [24]. Nonetheless,

it is apparent that (9.5.76) has the same structure as (9.5.75) and we can argue as follows

that these expressions agree, mode bymode, evenwithout knowing the explicit expres-

sions for the coefficients. We have already shown that the ten-dimensional and five-

dimensional entanglement entropies agree for Coulomb branch solutions which admit

consistent truncations. For such solutions (9.5.75) agrees with the result that one gets

from direction reduction (9.5.76). Moreover, the matching between (9.5.75) and (9.5.76)

arises mode by mode, as the fields sI associated with spherical harmonics of different

rank k have different functional dependence on the radial coordinate, see (9.5.25), and

cannot cancel each other.

Since the agreement between (9.5.75) and (9.5.76) holds for all consistent truncations

with different symmetry groups and different profiles for the scalar fields, this implies

that the coefficients of the terms (∂ρsI)2, sI∂ρsI and (sI)
2 must match between the left

and right hand sides of (9.5.75). However, since these coefficients match for all solutions

with consistent truncations, they also match for solutions which do not admit consis-

tent truncations and therefore the matching of five-dimensional and ten-dimensional

entanglement entropy holds for entangling surfaces in all Coulomb branch solutions,

up to quadratic order in the expansion parameter. The same argument can be used for

strip entangling regions, i.e. (9.5.73), and indeed for generic shape entangling regions.

9.5.3 Summary and Interpretation

Let us summarisewhat has been proven in this section. We considered solutions of ten-

dimensional type IIB supergravitywhich respect the Poincaré invariance of the dual field

theory; the Einstein frame metric in ten dimensions is therefore of the form

ds2 = gρρ(ρ, y
a)dρ2 + gµν(ρ, y

a)dxµdxν + gab(ρ, y
a)dyadyb, (9.5.77)

where we choose a gauge in which gρa = 0. We also assumed that the geometry is

asymptotic to AdS5 × S5 so that as ρ→ 0

gρρ → 1

ρ2
gµν → 1

ρ2
ηµν gab → goab (9.5.78)
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l

x(ρ)

ρ

x

Near boundary region

Interior region

ρ = 0

Figure 9.5.1: We consider entangling surfaces which are contained within the near
boundary regionwhere the Fefferman-Grahamexpansion of themetricmaybe used. At
each point on the three-dimensional Ryu-Takayanagi minimal surface (shown in blue),
there is a five-dimensional compact space (shown in red) which is topologically a five
sphere.

where goab is the metric on the unit S5.

We then computed the entanglement entropy for a strip region in the dual field the-

ory by finding a codimension two minimal surface on a surface of constant time which

asymptotically wraps the five sphere. Working in the region near the conformal bound-

ary in which all metric coefficients can be expanded perturbatively in a Fefferman-

Graham expansion in the basis of spherical harmonics, we showed that such an en-

tangling surface depends only on the radial coordinate ρ to all perturbative orders, i.e.

it is described by x(ρ) with the width of the strip being l on the conformal boundary

ρ→ 0.

As an immediate consequence of the minimal surface being described by x(ρ), the in-

duced metric γαβ on the minimal surface factorises

γρρ = gρρ + gxx(x
′)2 γyy = gyy γzz = gzz γab = gab. (9.5.79)

The eight-dimensional minimal surface is therefore topologically a product of a three-

dimensional surface and a five-sphere, see Figure 9.5.1. It is nonetheless non-trivial to

show that the area of this minimal surface gives the entanglement entropy computed

from the five-dimensional perspective.

The induced metric depends explicitly on both the radial coordinate and the spherical

coordinates, so one cannot trivially integrate over the spherical coordinates. In addition,

the relationship between thefive-dimensional Einsteinmetric g5mn occurring in theRyu-

Takayanagi formula and the ten-dimensional Einstein metric is extremely complicated,
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involving derivative field redefinitions.

The induced metric on the co-dimensional two Ryu-Takayanagi surface is

γ5ρρ = g5ρρ + g5xx(x
′)2 γ5yy = g5yy γ5zz = g5zz. (9.5.80)

Working up to quadratic order in the perturbation relative to AdS × S5, i.e. to order

(hAB)
2 in gAB = goAB+hAB , we showed that the ten-dimensional entanglement entropy

S =
1

4G10

∫
d3xd5y

√
γ (9.5.81)

indeed agrees with the five-dimensional Ryu-Takayanagi computation

S =
1

4G5

∫
d3x
√
γ5 (9.5.82)

whenwe take into account the reductionmap. More precisely, the Ryu-Takayanagi inte-

grandmatches the top-down integrandonce the latter is integratedover thefive-sphere:

the volume form of the Ryu-Takayanagi minimal surface matches the volume form of

the top-down minimal surface, once the latter is integrated over the spherical coordi-

nates.

Before leaving this section, we shouldmention another related test of the top-down en-

tanglement entropy formula using Kaluza-Klein holography. Entanglement entropy for

asymptoticallyAdS3×S3 geometries corresponding to 1/4 and 1/8 BPS geometries asso-

ciated with black hole microstates was computed in [206]. The entanglement entropy

was computed using both the top-down prescription, i.e. codimension two minimal

surfaces in six dimensions, and by applying the Ryu-Takayanagi formula to the three-

dimensional Einstein metric extracted using Kaluza-Klein holography. The results were

in agreement, working up to quadratic order in perturbations around AdS3 × S3, as in

the asymptotically AdS5 × S5 case analysed above.

9.6 Unquenched Flavour Solutions

Another example for studying top-downentanglement entropy is providedbyunquench-

ed flavour solutions, i.e. systems of flavour branes in which the backreaction of the

branesonto themetric hasbeencomputed,workingperturbatively in the ratio of flavours

to colors.

The computation of the backreaction is most tractable when the branes are smeared

over transversedirections. Inparticular, [238,274] discuss the caseof themasslessD3/D7

system inwhich probe D7 branes are smeared over the transverse S2 space. The system

is type IIB supergravity coupled to D7-brane sources, and [238, 274] takes the following
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ansatz for the Einstein frame metric in the supersymmetric (zero temperature) case

ds210 = h−
1
2dxµdx

µ + h
1
2
[
F 2dϱ2 + S2ds2KE + F 2(dτ +AKE)

2
]

(9.6.1)

where the functions h(ϱ), S(ϱ), F (ρ) only depend on the radial coordinate ϱ, and the

five-dimensional Sasaki-Einstein manifold X5 is written as a U(1) fibration over a 4d

Kähler-Einstein base. ForX = S5 the KE base is CP 2.

To compute the entanglement entropy for a strip in the x-direction from 10d we follow

the usual procedure. By symmetry the embedding is given by x = x(ϱ) and the induced

metric on the embedding surface is

ds28 = h−
1
2
[
dy2 + dz2 + x′2dϱ2

]
+ h

1
2
[
F 2dϱ2 + S2ds2KE + F 2(dτ +AKE)

2
]
, (9.6.2)

where x′ ≡ dx/dϱ. Note that the minimal surface wraps the entire internal space.

One thus finds that the entanglement entropy functional is

S =
1

4G10

∫
d3xd5y

√
detγ8 (9.6.3)

where √
detγ8 = h

1
2FS4

√
x′2 + hF 2

√
detgX5 . (9.6.4)

Since this determinant factorises we can immediately integrate over the internal space

to obtain

S =
VX5

4G10

∫
d3xh

1
2FS4

√
x′2 + hF 2 (9.6.5)

where the integration is over (ϱ, y, z) and we define

VX5 =

∫
d5y
√

detgX5 . (9.6.6)

Explicit expressions for the metric functions were calculated in [238, 274] working per-

turbatively in the number of flavours,

S = α′ 1
2 eϱ (1 + ϵ∗ (1/6 + ϱ∗ − ϱ))

1
6 ; (9.6.7)

F = α′ 1
2 eϱ (1 + ϵ∗(ϱ∗ − ϱ))

1
2 (1 + ϵ∗ (1/6 + ϱ∗ − ϱ))−

1
3 ;

dh

dϱ
= −Qcα

′−2e−4ϱ (1 + ϵ∗ (1/6 + ϱ∗ − ϱ))−
2
3 .

Here ϱ∗ is a scale that is introduced for convenience; Qc is proportional to the number

of colors and ϵ∗ ≡ Qfe
Φ∗ is the small expansion parameter: Qf is proportional to the

number of flavours and Φ∗ is the value of the dilaton at ϱ∗.

The equation for dh/dϱ can be integrated up to express h(ϱ) in terms of incomplete

gamma functions, with integration constant being determined by the requirement that
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the metric is asymptotically anti-de Sitter. Using the explicit expressions above and ex-

panding in ϵ∗ one finds

h
5
4S4F =

Q
5
4
c

4
√
2
+

Q
5
4
c

32
√
2
ϵ∗ +

Q
5
4
c (19 + 48ϱ− 48ϱ∗)

1536
√
2

ϵ2∗ +O(ϵ3∗) (9.6.8)

Note that to order ϵ∗ this expression is independent of the radial coordinate.

Now let us turn to the calculationof the entanglement entropy from thefive-dimensional

perspective. Let us first note that it is clear that the five-dimensional Einstein metric

cannot be identified as just the non-compact part of the above metric, i.e.

ds25 = h−
1
2dxµdx

µ + h
1
2F 2dϱ2. (9.6.9)

Using the latter metric the computation of the entanglement entropy from five dimen-

sions would be

S =
1

4G5

∫
d3x
√

detγ3 (9.6.10)

where √
detγ3 = h−

3
4

√
x′2 + hF 2. (9.6.11)

This does not agree with the ten-dimensional result; the latter contains also an addi-

tional factor h
5
4S4F which as we showed above depends on the radial coordinate ϱ.

9.6.1 Linear Order

To extract the correct five-dimensional Einstein metric we can again use Kaluza-Klein

holography. Working to zeroth order in ϵ∗ the metric is

ds210 =
2α′
√
Qc
e2ϱdxµdx

µ +

√
Qc

2
dϱ2 +

√
Qc

2

[
ds2KE + (dτ +AKE)

2
]
. (9.6.12)

By rescaling the coordinates one can pull out an overall factor as

ds210 =

√
Qc

2

[
e2ϱdx̃µdx̃

µ + dϱ2 + ds2KE + (dτ +AKE)
2
]

(9.6.13)

where

x̃µ =
2
√
α′

√
Qc

xµ (9.6.14)

For computational convenience, and to match the conventions of earlier sections, we

will set
√
Qc/2 =

√
α′ = 1; these factors can be reinstated if required. The leading order

metric is therefore the produce of AdS5 (in domain wall coordinates) with the Sasaki-

Einstein space.
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Now let

S = So(1 + δS); F = F o(1 + δF ); h = ho(1 + δh), (9.6.15)

where the superscript refers to the value in the AdS5 × S5 background and the pertur-

bations are expressed as power series in the parameter ϵ∗. The explicit forms for the

perturbations are

δS = ϵ∗

(
1

36
+

1

6
(ϱ∗ − ϱ)

)
+ · · · (9.6.16)

δF = ϵ∗

(
− 1

18
+

1

6
(ϱ∗ − ϱ)

)
+ · · ·

δh = ϵ∗

(
1

18
− 2

3
(ϱ∗ − ϱ)

)
+ · · ·

The metric can as before be written as

gAB = goAB + hAB (9.6.17)

where

hµν = e2ϱ
(
−1

2
δh+

3

8
(δh)2 + · · ·

)
ηµν (9.6.18)

= e2ϱϵ∗

(
− 1

36
+

1

3
(ϱ∗ − ϱ)

)
ηµν + · · ·

hϱϱ = = 2δF +
1

2
δh+ δF 2 − 1

8
δh2 + δhδF (9.6.19)

= − 1

12
ϵ∗ + · · ·

while along the compact space

habdy
adyb = hKEds

2
KE + hττ (dτ +AKE)

2 (9.6.20)

with

hKE = 2δS +
1

2
δh+ δS2 − 1

8
δh2 + δhδS =

1

12
ϵ∗ + · · · (9.6.21)

and hττ = hϱϱ. Here the ellipses denote terms of order ϵ2∗ and higher.

As in previous sections, themetric perturbations can be expressed in the complete basis

of harmonics. For the metric perturbations in the non-compact directions, this expan-

sion involves only the constant harmonic, i.e.

hmn ≡ h0mn. (9.6.22)

since (9.6.18)-(9.6.19) are independent of the compact space coordinates. Now consider
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the perturbations along the compact space. The trace of the metric perturbation

haa = goabhab = 4hKE + hττ (9.6.23)

is independent of the compact space coordinates, and therefore the expansion of the

trace in harmonics involves only the constant harmonic

haa ≡ π0 =
1

4
ϵ∗ + · · · (9.6.24)

We will discuss the decomposition of the traceless part into harmonics below.

To linear order in the metric perturbations the correction to the five-dimensional Ein-

stein metric is

Hmn = h0mn +
1

3
π0gomn (9.6.25)

and therefore to linear order in ϵ∗

Hµν = ϵ∗

(
1

18
+

1

3
(ϱ∗ − ϱ)

)
e2ϱηµν + · · · Hϱϱ = O(ϵ2∗) (9.6.26)

This defines the five-dimensional Einstein metric to linear order.

We already showed that the entanglement entropy for a strip computed in the ten-

dimensional metric gAB = goAB + hAB is always equivalent, to linear order in the per-

turbations, to the entanglement entropy computed using the five-dimensional Einstein

metric g5mn = gomn +Hmn. This general result implies that (9.6.5) is indeed equivalent to

S =
1

4G5

∫
d3x
√
g5yyg

5
zz

√
g5ρρ + g5xx(x

′)2 (9.6.27)

at linear order in the perturbations. One can show the equivalence directly using the

identifications

g5µν = h
1
3F

2
3S

8
3 ηµν g5ρρ = h

4
3F

8
3S

8
3 , (9.6.28)

to linear order in ϵ∗.

9.6.2 Non-Linear Order

The traceless part of the metric perturbation on the compact space is

h(ab)dy
adyb =

(
hKE

5
− hττ

5

)
ds2KE +

(
4hττ
5

− 4hKE

5

)
(dτ +AKE)

2 (9.6.29)

Working to linear order in the perturbations

h(ab)dy
adyb =

(
1

30
ϵ∗ + · · ·

)
ds2KE +

(
− 2

15
ϵ∗ + · · ·

)
(dτ +AKE)

2 (9.6.30)
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We can now project this onto harmonics,

h(ab) =
∑(

ϕItY It
(ab) + ψIvD(aY

Iv
b) + χID(aDb)Y

I
)
. (9.6.31)

For example ∫
Dah(ab)D

bY IdΩ = 4ΛI

(
ΛI

5
− 1

)
z(k)χI , (9.6.32)

where

�Y I = ΛIY I (9.6.33)

and dΩ is the volume element on the Sasaki-Einstein, with z(k) the harmonic normal-

isation. While h(ab) does not depend on the Sasaki-Einstein coordinates, all individual

harmonics dependon the coordinates and h(ab) is therefore decomposed into an infinite

series of harmonics, as one would have anticipated, given the smearing.

As in Section 9.5, the perturbations associated with non-trivial harmonics do not con-

tribute to the entanglement entropy at linear order, but they do contribute at non-linear

order. Unfortunately the non-linear relation between the five-dimensional Einstein

metric and the ten-dimensional metric is not known for general perturbations in which

ϕIt , ψIv and χI are non-zero and therefore we cannot check the equivalence of five-

dimensional and ten-dimensional entanglement entropy to non-linear order.

It is interesting to note, however, that the ten-dimensional entanglement entropy (9.6.5)

can be expressed in five-dimensional form (9.6.27) provided that one makes the identi-

fications (9.6.28). This suggests that the five-dimensional Einstein metric at non-linear

order is simply

ds2 = h
1
3F

2
3S

8
3
(
hF 2dϱ2 + ηµνdx

µdxν
)
. (9.6.34)

One could explorewhether this is indeed the correct expression for thefive-dimensional

Einsteinmetric by checking whether it gives the expected forms for e.g. one point func-

tion and higher correlation functions of the holographic stress energy tensor.

Finally, we should note that very similar analysis should be applicable to smeared solu-

tions in other dimensions including [202]; onewould need to set upKaluza-Klein holog-

raphy for ABJM to explore this case.

9.7 General Case

In this sectionwe consider ten-dimensional asymptoticallyAdS5×S5 type IIB solutions

which respect the Poincaré invariance of the dual field theory. The ten-dimensional

Einstein metric therefore takes the form

ds2 = gρρdρ
2 + gµνdx

µdxν + 2gρadρdy
a + gabdy

adyb (9.7.1)
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where gµν ∝ ηµν and all metric components depend on (ρ, ya). For simplicity let us

focus on the case in which the SO(6) symmetry is broken to SO(5), so that the metric

depends only on ρ and a single angular coordinate θ (examples of such supergravity

solutions would be D3-brane Coulomb branch solutions in which all branes lie along a

line).

Suppose we make a coordinate redefinition (ρ, θ) → (r, ϑ) to bring the metric into the

following form

ds2 = e2B(r,ϑ)(dr2 + e2A(r)dxµdxµ) + 2A(r, ϑ)drdϑ+ gϑϑ(r, ϑ)dϑ
2 + gS4(r, ϑ)dΩS4 , (9.7.2)

with r being the radial coordinate of the five-dimensional metric in Einstein frame

ds25 = dr2 + e2A(r)dxµdxµ. (9.7.3)

For consistent truncations, we know the explicit form of themap between five and ten-

dimensional solutions, i.e. the explicit form of B(r, ϑ) etc. In the vicinity of the confor-

mal boundary one can use Kaluza-Klein holography to work out the map as a power

series in the radial coordinate.

Deep in the interior of a general such spacetime we do not know the explicit form of

the map, but such a map must exist. Note however that the causal structures of the

five-dimensional Einstein metric and the ten-dimensional Einstein metric do not nec-

essarily agree: even in consistent truncations, the former can be singular while the lat-

ter is smooth. The choice of a specific ten-dimensional radial coordinate adapted to

the five-dimensional Einsteinmetric corresponds to identifying the RG scale of the dual

field theory. The five-dimensional Einsteinmetric would in general be supported by the

stress energy tensor associated with the entire tower of Kaluza-Klein modes.

Next consider the simplest possible entangling surface in this geometry, correspond-

ing to the half plane entangling region x > 0 in the dual field theory. On symmetry

grounds, the bulk entangling surfaces are codimension two surfaces x = 0 at constant

time. Agreement between the ten-dimensional andfive-dimensional entanglement en-

tropies requires
1

4G10

∫
d3xd5y

√
γ =

1

4G5

∫
d3x

√
γ5 (9.7.4)

which in turn requires that∫
drdϑe2B+2A

(
e2Bgϑϑ −A2

) 1
2
√

detgS4 = π3
∫
dre2A. (9.7.5)

In this chapter we have effectively checked that this relation holds in all cases in which

we can independently calculate the five-dimensional Einstein metric. In cases where

the five-dimensional Einstein metric is not known, one may be able to deduce the five-

dimensional Einstein metric by insisting that this expression hold.
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x0

x

y

τ

Figure 9.7.1: The half space entangling region x ≥ 0, with boundary the y-axis. The co-
ordinate τ is the polar coordinate in the plane of x and the Euclidean time x0.

9.7.1 Relation to Lewkowycz-Maldacena Derivation

In this sectionwewill explain the origin of the top-downentanglement entropy formula,

using a similar approach to Lewkowycz-Maldacena in [172].

The entropy associated with a given density matrix ρ can be computed using the replica

trick as

S = −n∂n [logZ(n)− n logZ(1)]n=1 (9.7.6)

where

Z(n) = Tr(ρn). (9.7.7)

Here Z(1) can be computed by considering (Euclidean) evolution on a circle, i.e.

ρ = P exp
(
−
∫ τ0+2π

τ0

dτH(τ)

)
(9.7.8)

where H is the Hamiltonian and the periodicity of the τ direction is 2π. Z(n) is then

computed by considering the evolution over a circle of n times the length of the original

circle.

In the context of thermal density matrices the circle direction is Euclidean time. For

entanglement entropy, the appropriate circle direction is that enclosing the boundary of

the entangling region, see the example shown in Figure 9.7.1. Thewell-knownCHMmap

relates certain thermal entropies to entanglement entropies in conformal field theories

[187].

To compute the entanglement entropy holographically (to leading order in 1/N ), one

considers a dual spacetime whose Euclidean onshell action gives minus logZ(1). The
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replica holographic dual is constructed by considering a boundary theory in which the

circle has period n times the length of the original circle. Then logZ(n) is minus the

action IE(n) for a smooth solution of the bulk field equations in which the circle has a

periodicity of n times the original periodicity. Hence we can use holography to rewrite

(9.7.6) as

S = n∂n [IE(n)− nIE(1)]n=1 (9.7.9)

The second term in (9.7.9) is associated with the solution at n = 1 but with the circle

having periodicity of n times the original length; this solution has a conical singularity

but the contribution of the conical singularity to the onshell action is not included.

In [172] the main focus was implicitly asymptotically anti-de Sitter geometries, i.e. solu-

tions of lower-dimensional gauged supergravity theories, in which the bulk actions are

Einstein gravity coupled to matter fields. However, the general arguments given in [172]

apply equally to any holographic dual and therefore, in particular, apply to solutions of

type IIB supergravity in ten dimensions which asymptote to AdS5 × S5.

In cases where a consistent truncation exists, one obtains the same result for working

out the onshell (Einstein frame) action from ten dimensions using the Euclidean con-

tinuation of (9.4.1)

IE = − 1

16πG10

∫
d10x

√
g

[
R− 1

2 · 5!
F 2
(5) + · · ·

]
(9.7.10)

as one does using the five-dimensional Euclidean action

IE = − 1

16πG5

∫
d5x

√
g5 [R(g5) + · · · ] (9.7.11)

where the ellipses denote the matter contributions to the consistent truncation. In

cases for which no consistent truncation exists, it remains true that the onshell ac-

tion computed from ten dimensions, by construction, gives the same result as the five-

dimensional onshell action. However, when no consistent truncation exist, the ellipses

in (9.7.11) include the complete tower of Kaluza-Klein modes.

We now need to argue that (9.7.9) localises on a minimal surface and is given by

S =
A

4G10
=

A

4G5
(9.7.12)

where A is the area of the Ryu-Takayanagi surface andA is the area of the codimension

two minimal surface in ten dimensions.

Let us first give an argument following the approach of [172]. LetMn be the regular bulk

geometry corresponding to τ being periodic with period 2πn and letM1 be the geome-

try with a conical singularity. Note that the conical singularity extends to the conformal
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boundary, in contrast to the black hole setup discussed in [172] in which it was localised

in the interior of the bulk geometry.

Now the argument given in [172] goes as follows. Consider a smooth offshell configura-

tion with geometry M̃n which regularises the conical singularity ofM1. Away from the

fixed point surface the geometry of M̃n agrees with that ofM1 and M̃n is chosen such

that the offshell configuration differs by order (n−1) from a solution of the equations of

motion. Let ĨE(n) be the onshell action of the configuration with geometry M̃n. Since

the offshell configuration can always be viewed as a first order variation of an onshell

configuration (working perturbatively in the expansion parameter (n − 1)), its action is

equivalent to IE(n) up to quadratic order in (n− 1) and therefore we can replace IE(n)

by ĨE(n) in (9.7.9),

S = n∂n

[
ĨE(n)− nIE(1)

]
n=1

. (9.7.13)

Since the geometries only differ at the fixed point set, it is then apparent that this ex-

pression localises on the fixed point set. Moreover, the contribution is extensive in the

area of the codimension two fixed point set and is proportional to the integral over the

cone directions ∫
d2x

√
gR ∼ 4π(1− n). (9.7.14)

Thus we can write

S =
A

16πGN

(
−n∂n

∫
d2x

√
gR
)

n=1

=
A

4GN
, (9.7.15)

where GN is the Newton constant.

This general argument clearly does not depend on the spacetime asymptotics, and is

thus equally applicable to asymptotically AdS and asymptotically AdS × S geometries.

Theoverall constant of proportionality obtained in (9.7.15) can always befixedby exploit-

ing the CHM map, relating spherical region entanglement entropy to hyperbolic black

hole entropy. The latter is given by the standard expression, the area of the horizon (in

the Einstein frame metric) divided by 4GN .

Starting with (9.7.13) we can give a different argument that this expression localises on

fixed point sets of the vector ∂τ using the work of Gibbons and Hawking [271]. We con-

sider the case inwhich ∂τ is a Killing vector both on the boundary and in the bulk2. Since

τ is a circle symmetry we can always write the metric locally as

ds2 = V (dτ + ω)2 + V −1ds2B (9.7.16)

where the scalar V and the one form ω take values on the base space B, which is the

space of non-trivial orbits of the circle symmetry. The fibering is trivial if the one form
2Throughout this chapter we have assumed Poincaré invariance of the dual field theory. In the case of

the half space entangling region shown in Figure 9.7.1 this guarantees that ∂τ is indeed a Killing vector.
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ω is globally exact; we have implicitly assumed this above. By construction the onshell

Euclidean action can be expressed as an integral over B,

IE =

∫
dτdD−1x

√
gL = βτ

∫
B
dD−1xV −1√gBL (9.7.17)

where βτ is the periodicity of τ ,
√
gB is the base metric determinant and L is the onshell

Lagrangian.

The circle symmetry k = ∂τ has fixed points wherever V = 0. The action of the sym-

metry is generated by the antisymmetric matrixD[MKN ]; suchmatrices have even rank,

i.e. rank (2, 4...) (the zero rank case would imply that the Killing vector is zero and acts

trivially). WhenD[MKN ] has rank 2k the action of the symmetry leaves fixed a (D−2k)-

dimensional submanifold. Note that when ω is globally exact the only possible fixed

point sets are of dimension (D − 2).

Gibbons andHawking showed in [271] that for four-dimensional Einstein gravity the on-

shell action (9.7.17) canbe expressed as the divergence of aNoether current Js associated

with a dilation symmetry,

IE = βτ

∫
B
dD−1x

√
gBDsJ

s = βτ

∫
∂B
dD−2σsJ

s (9.7.18)

and hence the action localises on the (D − 2)-dimensional boundary ∂B of the base

space.

The boundary ∂B consists of (D − 2)-dimensional boundaries surrounding each fixed

point together with the spatial boundary at infinity (if B is non-compact). When τ is

the imaginary time, contributions from infinity are associated with conserved charges

(massM etc) while contributions from the fixed point sets give the entropy S ,

IE = βτM+ · · · − S (9.7.19)

where the ellipses denote contributions from additional conserved charges.

The entropy S includes not only the usual area terms but additional contributions asso-

ciated with a scalar potential ψ dual to the one-form ω, see [271]

dψ = V 2 ∗3 dω (9.7.20)

where the dual is computed on the base spaceB. In four dimensions the fixed point sets

are either two-dimensional bolts, characterised by their self-intersection Y , or zero-

dimensional nuts, characterised by relatively prime integers (p, q). The entropy contri-
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butions are then given by

S =
A
4G4

+
β2τ

16πG4

∑
bolts

ψY +
β2τ

16πG4

∑
nuts

ψ

pq
(9.7.21)

where the scalar potential ψ is invariant over a bolt.

The scalar potential contributions are zero if ω is globally exact, and then the entropy

reduces to the usual form

S =
A
4G4

(9.7.22)

with A the sum of the areas of (D − 2)-dimensional fixed point sets. The expressions

(9.7.18) and (9.7.19) are believed to apply to Einstein gravity coupled to matter in all di-

mensions although explicit expressions for the terms in the entropy depending on the

one-form ω are not known in general dimensions.

In the case at hand, the circle direction is not the imaginary timebut the approachof [271]

can still be applied, provided that the circle direction is a symmetry. Thus the onshell

action can be expressed as

IE = βτ
∑
a

ΦaQa − S (9.7.23)

where Φa and Qa are conjugate potential and conserved charge pairs, respectively, and

S is again associated with fixed point sets of the circle symmetry. By construction we

choose M̃n to be such that the charge terms cancel between the two terms in (9.7.13)

leaving

S = [n∂n(n− 1)]n=1S = S, (9.7.24)

i.e. the entanglement entropy is equal to the geometric entropy, which is given by (9.7.22)

when the fibration in (9.7.16) is trivial.

Note that the derivation using (9.7.18) relies on ∂τ being a Killing vector. While τ is pe-

riodic, it is not necessarily a symmetry direction even for generic entangling regions on

flat spatial hypersurfaces of constant time. For example, consider the spherical entan-

gling region w = R in a four-dimensional quantum field theory in the flat background

ds2 = (dx0)2 + dw2 + w2(dθ2 + sin2 θdϕ2) (9.7.25)

where x0 is the imaginary time. By changing coordinates as

w = R+ w̃ cos τ x0 = w̃ sin τ (9.7.26)

to

ds2 = dw̃2 + w̃2dτ2 + (R+ w̃ cos τ)2(dθ2 + sin2 θdϕ2) (9.7.27)

we note that the boundary of the entangling region is at w̃ = 0, with ∂τ having a dimen-
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sion two fixed point set at w̃ = 0. Here τ is the circle direction used in the replica trick,

but it is not a symmetry. Inmost previous discussions of holographic entanglement, the

circle direction τ was trivially fibered but not necessarily a symmetry.

On the other hand, the approach of (9.7.18) raises the interesting possibility that there

may in general be additional leading order contributions to the holographic entangle-

ment entropy, beyond the area of the extremal surface. Suppose that the following

metric describes the geometry near the boundary of an entangling region (in a three-

dimensional field theory)

ds2 = dw̃2 + w̃2(dτ + a(w̃)dϕ)2 + b(w̃)dϕ2, (9.7.28)

with b(0) ̸= 0. Here ∂τ is a Killing vectorwith a two-sphere fixed point set at w̃ = 0, which

is interpreted as the boundary of the entangling region. Note that for suitable choices of

(a(w̃), b(w̃)) one can obtain (9.7.28) as a limit of the Euclidean Kerr-de Sitter metric.

Given the boundarymetric (9.7.28) in the vicinity of the entangling region boundary, one

can then reconstruct the asymptotic expansion of the 4-dimensional bulk metric

ds2 =
dρ2

ρ2
+

1

ρ2
gstdx

sdxt (9.7.29)

with

gstdx
sdxt = dw̃2 + w̃2(dτ + a(w̃)dϕ)2 + b(w̃)dϕ2 +O(ρ2) (9.7.30)

where terms at order ρ2 can be computed from the curvature of the boundary metric,

see [43]. Thus, the fixed point set of ∂τ is extended to a two-dimensional surface in the

bulk. Following the logic above, the associated entanglement entropy should depend

not just not on the area of this surface but also on the non-trivial fibration of this cir-

cle direction over the surface. From (9.7.29) one can deduce that the potential (9.7.20)

satisifes

dψ =
w̃3

ρ2
a′√
b
dρ+ · · · (9.7.31)

and hence the potential ψ is indeed constant on the surface defined by w̃(ρ)with w̃ → 0

as ρ→ 0. Integration of this equation to find the potential and hence apply the formula

(9.7.21)wouldhowever require the full bulk reconstruction andwepostpone this analysis

for future work.

9.8 Conclusions

In this chapter we have presented evidence that the entanglement entropy computed

from top-down (9.1.2) is equivalent to that computed using the Ryu-Takanagi formula

(9.1.1); we showed that the formulae agree in a wide range of examples and used gen-

eral arguments based on the replica trick. Both formulae, (9.1.1) and (9.1.2), are applica-
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ble to time independent situations. It would be interesting to generalise the analysis of

this chapter to the covariant holographic entanglement entropy [186] and, in particular,

to understand whether contributions associated with non-trivial fibration of the circle

coordinate over the entangling region boundary can indeed arise.

We have emphasised that the relationship between the ten-dimensional solution and

the lower-dimensional asymptotically AdS solution is in general very complicated. To

calculate quantities related to the dual stress energy tensor, one needs to extract the

asymptotic form of the lower-dimensional metric, which is related to the upstairs met-

ric by derivative field redefinitions. It is computationally complex to extract the required

field redefinitions. The agreement between (9.1.1) and (9.1.2) imposes constraints on the

field redefinitions which can be used both to check Kaluza-Klein holography calcula-

tions and, in symmetric situations, to infer the lower-dimensional fields, without going

through the entire Kaluza-Klein holography procedure.

In this chapter we have focussed primarily on backgrounds which are asymptotic to

AdSd+1×X but the general arguments of Section 9.8 are equally applicable to any gauge/

gravity duality for which the conformal boundary is timelike and the bulk theory is de-

scribedbyEinstein gravity. Thus in particular the top-downentanglement entropy (9.1.2)

is applicable to top-down realisations of Lifshitz and Schrödinger (with one example

of the latter being given in Section 9.4). The formula (9.1.2) is also applicable to non-

conformal brane dualities [21], in the regimes where supergravity is a valid description.

Our results have implications for the long standing question of how the compact part of

the bulk spacetime is reconstructed from field theory data: entanglement entropy tells

us about minimal surfaces in the top-down geometry. One could use these surfaces to

explore how global features of the top-down geometry are reconstructed.
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CHAPTER 10

Concluding Remarks

Gauge/gravity duality is an extremely active research area due to its capacity for provid-

ing new insight into a number of fundamental questions in physics, as well as its broad

range of application. A large part of the appeal is that the framework provides novel and

simpler methods for studying strongly coupled field theories (which are inaccessible

via traditional perturbative methods) by translating the problem into its corresponding

gravitational dual. We have seen many examples of this in the preceding pages, learn-

ing about graphene, QCD, and field theory entanglement by performing comparatively

simple computations in higher-dimensional classical gravity theories. Of course, one

can also utilise the correspondence in the reverse direction, and there has been con-

siderable work along these lines to further our understanding of black holes, quantum

gravity and string theory by studying the dual field theory (see for example the recent

review [275] and references therein). Consequently, the development of the field has

led to an increasingly cross-disciplinary approach within theoretical physics due to the

discovery of these surprising connections; for example, that the theory of black holes

can be used to study superconductors, creating discourse between relativists and con-

densed matter physicists.

Duality is not a new concept of course, and in a sense the history of theoretical physics

can largely be interpreted as a series of unifications, bringing together seemingly dis-

parate concepts under the light of a new perspective. Dualities in string theory and

N = 4 SYM, such as S-duality and T-duality (see e.g. [5]), were also known to exist before

the advent of the AdS/CFT correspondence, and relate the theories to themselves under

a particular transformation of parameters. The unique attribute of gauge/gravity duality

is that, as well as relating significantly different physical theories to each other (theo-
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ries with and without gravity, and with different numbers of spacetime dimensions), it

is in fact a general idea rather than being tied to any specific equivalence - this has al-

lowed a formal framework to be constructed that thus really applies to a whole class of

equivalences, as we discussed in Chapter 3. The scope of that framework is still growing

today, and similar dictionaries either have been or are being developed to incorporate

other cases of holographic dualities, such as the dS/CFT correspondence [276], holo-

graphic cosmology [277], Lifshitz holography [278] (and the recent review [279]), and the

fluid/gravity correspondence [280].

There is still much work to be done on the subject matters studied in this thesis. In Part

II we focussed on holographic studies of flavour physics, where we stated that by this

we mean systems that include matter degrees of freedom, such as quarks, in addition

to gauge fields. This is thus a very broad area of research. The study of holographic

graphene in Chapter 5 is itself part of a wider programme on using top-down probe

branemodels to study condensedmatter systems - other problems that have been stud-

ied include the quantumHall effect (e.g. [263,281]) and the Kondo effect (e.g. [282]). There

has also been further research on using D5-probe brane models to study graphene (see

e.g. [283,284]), but there are still many aspects and scenarios to consider, though the ex-

pectation is that such models are unlikely to ever give quantitatively correct answers as

discussed in Chapter 5 - nevertheless, such models can make useful qualitative predic-

tions about systems that can hopefully be engineered experimentally.

The Dynamic AdS/QCD model used in Chapter 6 has also found application to a range

of problems within QCD as discussed previously. The model has produced predictions

that are within 10% agreement to lattice or experiment, but there still remains a lot to

be explored. For example, a potential avenue of research that we have begun exploring

is to extend the model to describe theories that possess asymptotic safety rather than

asymptotic freedom, with the coupling running to a non-trivial fixed point in the UV.

One can use the flows in asymptotically safe theories such as those described in [285] to

generate the anomalous dimensions that are used as input in the Dynamic AdS/QCD

model. For example, one could explore the effect this has on the meson spectra as

one increases the value of the coupling at the fixed point. Our discussion in Chapter

6 showed that furthermore there might sometimes be inherent limitations to the scope

of the model; we showed for example that Regge slopes could be incorporated via soft

walls, but that this comes at the cost of a peculiar running of the quark mass in the IR,

and that perhaps stringy descriptions must ultimately be used to satisfyingly capture

this aspect of QCD. One could envisage the same being true for other problems within

QCD, and that perhaps future top-down or more sophisticated bottom-up models will

be required in the attempt to construct a more complete gravity dual.

Part III then investigated the subject of holographic entanglement entropy, first study-

ing the entanglement contributionof probebranes inChapter 8, before naturally leading
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onto a discussion of entanglement entropy in top-down models in general in Chapter

9. We presented a new method for computing the flavour contribution to the entan-

glement entropy for any top-down probe brane system using Kaluza-Klein holography.

We demonstrated the method explicitly for the D3/D7 system at finite mass and den-

sity, but it could in principle be applied to any number of interesting systems with rele-

vance to condensedmatter physics and wider afield; top-downmodels of the quantum

Hall effect or the Kondo effect, probe brane systems at finite temperature, ABJM theory

with flavours etc. The scope for further research along these particular lines is large.

The result that entanglement entropy can be computed from minimal surfaces in the

top-down geometry naturally leads to the idea that entanglement might be key in un-

derstanding how the compact part of the bulk is reconstructed from field theory data;

this is a future avenue of open research, as the question is not understood at present

but has important implications for holography, and thus transitively for all applications

of holography. This is another element in the growing chain of connections between

entanglement and geometry discussed throughout Part III, which is a relatively new re-

search programme that still requires considerable work to fully unravel the way these

two concepts are related (see for example the recent review [286]). The potential conse-

quences of this unexpected relationship are extremely far reaching however, and these

questions excite physicists of all persuasions, from practical to philosophical in motiva-

tion; it thus appears highly likely that research into them will continue for some time.
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