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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING
Physics and Astronomy

Thesis for the degree of Doctor of Philosophy

ASPECTS OF FLAVOUR AND ENTANGLEMENT IN GAUGE/GRAVITY DUALITY
by Peter Anthony Ralph Jones

This thesis investigates a number of topics relating to flavour physics and entanglement
within gauge/gravity duality, or ‘holography’, which is a framework for studying equiv-
alences between certain gravitational and non-gravitational theories. The field arose
from generalisations of the original AdS/CFT correspondence, which postulated the
equivalence between the A = 4 super Yang-Mills gauge theory and type IIB superstring
theory on AdSs x S°. The duality is such that the gauge theory is strongly-coupled when
the string theory reduces to a classical supergravity theory, and consequently provides a
new method of computation for strongly coupled physics such as QCD and many con-
densed matter systems. In this thesis we study applications of gauge/gravity duality to
flavour physics, and both applications and fundamental issues of entanglement within
the holographic framework. We study a holographic model of graphene in a cavity and
find a new controlled example of mass gap generation, and a new phase in which a
graphene sheet condenses with its mirror image. We then study a bottom-up model
known as Dynamic AdS/QCD, and reproduce soft wall behaviour needed to obtain the
known Regge behaviour for meson masses, discussing some inherent limitations in the
approach. The discussion then moves onto the entanglement of flavour in AdS/CFT,
and we compute the entanglement entropy in detail for the massive D3/D7 system, and
present a new method for computing the entanglement entropy of any top-down brane
probe system using Kaluza-Klein holography. Finally, we study the issue of entangle-
ment entropy in generic top-down models, and provide strong evidence that it can be
computed via a generalisation of the Ryu-Takayanagi formula, using codimension two

minimal surfaces which asymptotically wrap the compact part of the geometry.
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CHAPTER |

Prelude

Gauge/gravity duality or holography is a theoretical framework that studies equiva-
lences between physical theories that initially appear very different - the structure of
these equivalences is such that they always relate a d+1-dimensional gravitational theory
to a d-dimensional non-gravitational theory. Over the past two decades a vast literature
of research has arisen on the subject by virtue of the fact that its consequences are very
far reaching - although its origins are rooted in string theory, it has provided insight into
areas as varied as quantum gravity, particle physics, condensed matter, quantum infor-

mation, hydrodynamics and more.

This thesis investigates two topics within the framework of gauge/gravity duality - flavour
and entanglement. By ‘flavour’ we mean, formally, degrees of freedom that transform

under the fundamental representation of a gauge group, but more intuitively this means

degrees of freedom corresponding to matter, such as quarks. These can be introduced

into gauge/gravity duality via the machinery of probe branes and related constructs

which we introduce in detail and utilize in the following, and are frequently used in

applications of gauge/gravity to the study of QCD and condensed matter theory.

Entanglement is one of the defining characteristics of quantum mechanics, and has been
at the centre of discussions ranging from philosophical to computational in nature for
nearly a century. Its relevance to gauge/gravity duality has arisen largely through consid-
eration of a particular quantity, the entanglement entropy, which admits a particularly
simple holographic description that we introduce and use many times in this thesis (its
representation is in fact similar to the probe brane construction for introducing flavour,

both involving extremal surfaces anchored to the boundary of anti-de Sitter space). Its
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applications have again been diverse, including shedding light on the emergence of bulk
spacetime in holography, providing an order parameter for phase transitions, and con-
tributing to the study of renormalization group flows. In this thesis we will also study in
detail the entanglement contribution of flavour degrees of freedom in the holographic

framework, bringing these two topics together.

The structure of this thesis is as follows. Part I covers general background material on
string theory, gauge theory, and gauge/gravity duality, that is relevant to both Parts II
and III. Part II focuses on studies of flavour in gauge/gravity duality, with background on
probe branes and QCD introduced in Chapter 4, and Chapters 5 and 6 comprising orginal
research on applications of holography to graphene and QCD respectively. Part III then
turns to the topic of entanglement, with Chapter 7 introducing further background ma-
terial, and Chapters 8 and 9 comprising original research on the entanglement of flavour
and other top-down holographic solutions. Parts IT and III are largely independent of
each other, though Chapter 8 does utilize the background of Chapter 4. We conclude
with a brief outlook in Chapter 10.



Part I

Gauge/Gravity Duality






CHAPTER 2

String Theory and Gauge Theory

In this chapter we briefly introduce the main aspects of string theory and gauge theory
needed in this thesis. String theory, as well as being a theory of 1-dimensional strings,
is also a theory of higher-dimensional extended objects known as branes, which play a
fundamental role in the following. The low-energy effective field theories living on the
worldvolume of the branes are gauge theories, such as the maximally supersymmetric
N = 4 super Yang-Mills theory, and also play a crucial role in AdS/CFT. We follow closely

here the treatments in [5] and [6].

2.1 Type IIB Supergravity and D-Branes

The gravitational framework within which the original AdS/CFT correspondence takes
place, and within which we work for the majority of this thesis, is type IIB string theory.
This is an /' = 2 supersymmetric theory of oriented closed strings in 10-dimensions.
The low-energy effective action is of particular importance in AdS/CFT - it can be found
by coupling strings to a background of the massless modes and requiring that the re-
sulting theory is Weyl invariant. The resulting effective theory is type IIB supergravity,

with the following (bosonic) action in string frame

SiiB = Sns + Sr + Scs (2.1
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where
1 1
SNs = 5 /dmxv —ge™*? (R + 40,20 — |H3|2>
K10 2
1 ~ 1 =
S = [ %073 (IRP + | + ) 2.12)
k1o 2

1
Scs == =" /04 A H3 A F3
R0

and the action must be supplemented with the self-duality condition F5 = xF5. Here
we have defined the field-strength tensors

F,=dCy_, Hj = dDBs, F3 = Fy — CoH;
N 1 1 (21.3)
Fy :F5_§CQ/\H3+§BQ/\F3

where Bj is the NS-NS 2-form and C), (p = 0,2,4) are the R-R p-forms present in the
massless spectrum of type IIB string theory. ® is a scalar field known as the dilaton and
its vacuum expectation value (VEV) is related to the string coupling constant as g, = e(®).
There are Majorana-Weyl fermions required for supersymmetry that we do not list here.

The coupling constant is the 10-dimensional gravitational constant:
2r%, = (2m) " (2.1.4)

where o’ is related to the string length (o’ = [2). This can be related to the 10-dimensional
Newton constant by
2630 = 2R%09% = 167Gy (2.1.5)

where g; is the closed string coupling constant.! Note that via a Weyl rescaling the action
(2.1.2) may be transformed such that the Einstein-Hilbert and dilaton kinetic terms are
brought into canonical form - the resulting action with coupling 2x% is then said to be

in Einstein frame, which will be of importance in Part IIL.

2.11 D-Branes

Of central importance to the AdS/CFT correspondence, and this thesis in particular, are
certain non-perturbative objects in string theory known as D-branes [7]. These can be
viewed as hyperplanes which the endpoints of open strings are confined to - an open
string with Dirichlet boundary conditions in p spatial directions will require a Dp-brane,
which has p+1 spacetime dimensions. Crucially, D-branes are not merely mathematical
constructs, but physical objects with their own dynamics, as can be shown using T-

duality [8] - in essence, they are required to be dynamical in order to restore momentum

"From string perturbation theory it is known that the closed string coupling constant gs is related to the
open string coupling constant as gs = g?,pen.
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conservation.

In a superstring theory, stable D-branes can exist by virtue of couplings to the R-R p-
forms in the massless spectrum of the theory. In the same way that the worldline ¥; of
a charged particle can couple to a gauge field 1-form,

dzt
So = e/ PlA]] —e/ dr 4,5 (2.16)
bl N dT

the worldvolume ¥, of a Dp-brane can couple to a (p + 1)-form gauge field via the

diffeomorphism invariant action,

oxHt Oxtr+l
S, = / P[A, 1] = / P A, , (2.17)
P Mp 2P+1 [ p+1] Mp Eerl g M1 Hp4+1 8{0 8517

where P denotes the pullback from the bulk to the brane (£¢* are the brane worldvol-
ume coordinates), and /1, denotes the brane charge. The brane can be understood to be
electrically charged by virtue of Gauss's law p, = [ xF}, 12 where F, o = dAp;1, and the
integral is over a sphere S”~P~2 as is required to surround a p-brane in D-dimensions.
By analogy the charge of the magnetic dual brane will be given by [ F}, 15, where now the
integral is over a surrounding S?*2 - in D-dimensions an S?*2 can surround a (D—p—4)-

brane, and thus this is the magnetic dual of a p-brane.?

Given this, we now turn to the question of what stable D-branes exist in type IIB string
theory. The type IIB spectrum includes the R-R forms C), for p = 0, 2,4, and we have seen
from above that in 10-dimensions a p-form can couple electrically toa (p—1)-brane and
magnetically to a (7—p)-brane. The conclusion is thus that one can introduce stable Dp-
branes into type IIB theory for odd values of p - we shall be particularly interested in D3,
D5, and D7-branes in this thesis.?

Note that adding D-branes to the type IIB vacuum gives a theory that includes both
closed strings in the bulk and open strings ending on the branes. A consequence of
this is that, in addition to breaking 10-dimensional Poincaré invariance as we will dis-
cuss below, introducing D-branes into type IIB breaks some of the supersymmetry of

the Minkoswki vacuum.?

2.1.2 Brane Action (DBI)

We now wish to describe an action for the dynamics of D-branes, beginning with a

single D-brane in Minkowski spacetime. These actions will be very important later when

“One can alternatively use the democratic formalism of [9].

*The D(-1)-brane and Di-brane are known as the D-instanton and D-string respectively, and the D9-
brane is a spacetime-filling brane.

*Open string vector supermultiplets can only exist with at most 16 conserved supercharges, whereas
the A/ = 2 Minkowski vacuum has 32 conserved supercharges. At least half of the supersymmetries must
thus be broken, and the stable D-branes discussed above are precisely those that preserve exactly half of
the supersymmetry - they are known as half-BPS D-branes.
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we consider probe branes in AdS/CFT. One might expect the action to incorporate a
direct generalisation of the point particle and Nambu-Goto string actions as simply the

worldvolume of the brane i.e.

S, = -T, / e\ [—detGog, (2.18)

where Gog = 1,0, X*03X" is the induced metric on the brane, and 7, the brane ten-
sion. This is essentially correct, and the brane action will be used at times in this thesis
in this simple form, but the full story is more involved as it includes additional fields
living on the brane. Fermionic degrees of freedom must also be included as required
by supersymmetry, but we will usually truncate to the bosonic sector throughout the

following.

The main idea here is that, since the endpoints of open strings live on D-branes, the
modes of the open string spectrum can be described by fields living on the brane world-
volume. If we wish to construct a low energy effective action (relative to the sting scale),
then only the massless modes of the open string spectrum need to be taken into account
- the latter form a vector supermultiplet, and thus the expectation is that the worldvol-
ume theories of D-branes will be gauge theories. The relevant gauge field action takes
the form of the Born-Infeld non-linear generalisation of the Maxwell action, and (2.1.8)

becomes

SDRI = —Tp / dp+1§\/—det (Gaﬁ + 2wl aﬁ)a (2.1.9)

where F,z is the 1-form gauge field on the brane. This is known as the DBI action. The
full action (see [5]) includes fermionic degrees of freedom through supersymmetric gen-
eralisations of G5 and F, g and a Chern-Simons term, but we focus here on the bosonic

sector.

An important generalisation is to consider the D-brane in a non-trivial background con-
sisting of the various (massless closed string) modes of type IIB supergravity. Again we
truncate to the bosonic sector. The coupling to the NS-NS fields g,,,,, B, and @ leads to
the following generalisation of (2.1.9),

Sper = —T,, / dp+1§e—‘1’¢ —det (Gag + Bag + 270/ Fop), (2.1.10)

where now Gog = 9,0, X"03X", and analogously B,g = B, 0, X0 X" is the pullback
P[B]. Of course, couplings to background R-R fields €}, must also be considered - these
do not contribute to the DBI action, but instead lead to a Chern-Simons term via cou-
plings of the form (2.1.7). The full Chern-Simons term in a general background is in fact

slightly more complicated, and given by

Scs = Mp/

> P[Cypa] A ePIBIF2mE (2.1.11)
a p+1
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where the subscript indicates that one should extract the (p + 1)-form piece from the
productin the integrand, as is appropriate for integration over a p-brane. The full bosonic
action for a Dp-brane in the presence of background fields is then given by the combi-
nation of (2.1.10) and (2.1.11).

It remains to discuss the form of the brane tension 7, appearing in the DBI actions above.
This can be found from expanding the DBI action in a weak-field expansion and iden-
tifying the Maxwell term and the relation g5 ~ g2, ° - note that this is consistent with
gYM ~ Jopen Which is understood since the gauge field arises from massless open string

modes. The result is

T, = (zw)*Pa'*(p“)/Qi. (2.1.13)
9s

where note in particular the factor of 1/gs; which shows that D-branes are in fact non-
perturbative objects - in the weak coupling limit g — 0 the D-branes become very

heavy and can be treated as rigid objects with open strings as small perturbations.®

Note that D-brane actions are often simplified by fixing the diffeomorphism invariance
using static gauge in which the first p+1 components of the brane embedding X* are set
equal to the worldvolume coordinates £“. The remaining 9 — p embedding functions,
X' are then left to remain as dynamical fields, and are scalars from the point of view
of the worldvolume - they can be interpreted as Goldstone bosons associated with the
broken translational symmetry due to the D-brane. The DBI action (2.1.10) then reduces

to

St = ~T, / P1ee [—det (gas + 0uX 105X + Bo + 27l Fu) (2.1.14)

where g, corresponds to the components of the metric g, in the worldvolume direc-
tions. We will use static gauge numerous times throughout this thesis.

2.1.3 Multiple D-branes - Non-Abelian Gauge Theory

In the previous section we saw that the worldvolume theory on a single Dp-brane is a
gauge theory, which in a weak-field expansion is equivalent to a U(1) gauge theory (i.e.
supersymmetric Maxwell theory), and we described the action for such a system. Of
particular importance to AdS/CFT however is the scenario in which there are multiple
branes. It is possible, with some subtlety, to construct generalisations of the DBI and
Chern-Simons brane actions in such cases, but we shall suffice here with a weak-field
description of the relevant worldvolume theory, which is sufficient for AdS/CFT and our

purposes.

®For later use we state this here fully as

g = (20" 2" g, (2.1.12)

®Note also that, since g, already appears in T}, the dilaton as appearing in (2.1.10) is technically shifted so
that it has zero VEV.
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In the case of multiple coincident D-branes, the endpoints of open strings have addi-
tional non-dynamical degrees of freedom known as Chan-Paton factors - these label
which of the N coincident branes the endpoint lies on. For oriented string theories,
such as type IIB, the endpoints of the string are distinguished and thus one identifies
the fundamental (N) and antifundamental (N) represensation with the two endpoints
respectively - it is thus natural to associate such strings with adjoint degrees of freedom
of a non-abelian symmetry group. We will use similar reasoning again in Chapter 4 (see,
for example, Figure 4.1.1) when discussing probe branes as a means to introduce flavour
degrees of freedom into AdS/CFT, and indeed similar global symmetry considerations
were the original movitation for introducing such factors. Crucially however, when both
string endpoints are on the stack of D-branes, it turns out that the worldvolume theory
isa U(N) gauge theory i.e. the symmetry is local. For a stack of N D3-branes, as will be
relevant for AAS/CFT and this thesis, the worldvolume theory is the maximally super-
symmetric gauge theory in 4-dimensions known as N = 4 super Yang-Mills, which we
discuss in Section 2.2.

Note that separating M of the branes from the stack causes the connecting strings (i.e.
gauge bosons) to become massive, and thus corresponds to breaking the gauge symme-
try via a Higgs mechanism. Separating a stack of M from the original N breaks U(N) —
U(N — M) x U(M) for example. This is referred to as the Coulomb Branch of the gauge
theory and is discussed further in Section 2.2 and Chapters 8 and 9.

2.1.4 D-brane Solutions of Type IIB Supergravity

We now take a different viewpoint in which the branes are viewed as sources of the type
IIB fields, and discuss solutions of the low-energy supergravity theory that represent
the D-branes we have just considered - these play an important role in AdS/CFT. The
primary ingredients used here are symmetry considerations - a Dp-brane breaks 10-
dimensional Poincaré invariance R x SO(1,9) — R'"? x SO(1, p) x SO(9 —p), and also
breaks half of the supersymmetries as mentioned previously. An appropriate solution

to the type IIB supergravity equations is given by

ds* = H(r)"Y?n,,detdz” + H(r)Y2dy'dy'
¢ = g H(r)B-P/4 (2.1.15)
Cpy1 = (H(r)_1 - 1) dz® A - A daP
where H (r) is a harmonic function, 0, H (r) = 0, and all other fields are set to zero. Here,

z# represent the brane coordinates (1 = 0,...,p), ¥’ represent the transverse coordi-

nates (i =p+1,...,9), and r? = y'y".

Of particular relevance to us in the following will be the solitonic case p = 3, for which
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the dilaton is constant, and the harmonic function H (r) can be written

I\4
H(r)=1+ <) (2.1.16)
r
where we have demanded that the solution becomes flat as » — oco. The constant L can
be determined by integrating the 5-form flux F5 = dCj through an S° at infinity and

using Gauss’s law as in Section 2.1.1.7 The result is
L* = dng,Na' (2.117)

which will be relevant for AdS/CFT later. Note that for the supergravity approximation to
be valid the spacetime curvature must be weak (relative to the string scale) and thus the
dimensionless ratio L/v/o/ >> 1, which from above corresponds to gsN > 1. We will
see from Section 2.2 and Chapter 3 that this corresponds to the strong coupling limit
A > 1 of the gauge theory.

Also note crucially that in the limit » < L, referred to as the near-horizon region, this

solution becomes )

L2
ds? = (T’QdT2 + ;nuydx“d:c”) + L%ds%s (2.1.18)

which is the metric for AdS; x S® with radius L in both components (frequently set
to unity in the following). This near-horizon region of a stack of D3-branes is how the
product space AdS; x S® arises in the context of the AdS/CFT correspondence discussed
in Section 3.1. Note that the boundary of the AdSs is at r — oo (see Section 3.2).

2.2 N = 4 Super Yang-Mills

A pure gauge theory in 4-dimensions has maximal supersymmetry when A/ = 4, since
above this gravity is necessarily included in the supermultiplet. The relevant massless
vector supermultiplet contains a gauge field A,, four Weyl fermions A%, and six real
scalars X?, all of which are in the adjoint representation of the gauge group SU () (since
supersymmetry and the gauge symmetry commute). There is also an R-symmetry group
SU(4) ~ SO(6) under which the fields A, A and X transform in the singlet (1), fundamen-
tal (4) and antisymmetric (6) representations respectively.?

The action for the corresponding d = 4 field theory, known as N = 4 super Yang-Mills
(SYM), can be constructed either using superspace formalism or via dimensional reduc-

"It is clear that the flux will encode the number of D3-branes enclosed N since the total charge Q will
be given by Q = Npus.

8Note that the same notation X* used for the scalars here and those in the DBI action (2.1.14) is not an
accident - the 6 scalars in the gauge theory (now adjoint fields) are precisely the 6 transverse embedding
functions in the D3-brane picture.
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tion of the 10-dimensional N' = 1 SYM theory, and results in [10]

1 8
Fyu ™ 1672

Lsym = Tr< - Fu F* — iy " A"6" D) (2.2.1)
a

20%m
. . . — —_ . — 2 . .
~Y DXDX 4 g Y (Cgbxa[xa ] + Cip N[ X1 )\b]> + QYTM S, XJ]2>
i ij

a,b,i

where gywm is the gauge coupling, C; are 4 x 4 matrices given in terms of Pauli matrices,
and F},, here is the hodge dual of F},,. The most remarkable property of this theory is
that, as well as being classically conformal, the theory is believed to be UV finite with a
vanishing j function - the quantised theory is thus fully conformal. In fact, it possesses
a larger superconformal SU(2,2|4) symmetry as a result of combining supersymmetry

and conformal symmetry.

Of particular relevance is the scalar potential term in (2.2.1) which goes as 3=, ;[ X", X7]*.
This must vanish in a supersymmetric vacuum state, and since all terms are non-negative,
each term must independently vanish. In the case where all of the scalar VEVs vanish
the ground state maintains superconformal invariance; if one or more of the scalars has
anon-zero VEV however, (X?) # 0, then the theory is said to be on the Coulomb branch.
In this case, the scale (X*) breaks conformal invariance, and the gauge symmetry is also
broken in the manner discussed in Section 2.1.3 in the context of multiple branes. We

will study the entanglement entropy of such solutions in Part III.

The spectrum of the theory is organised into representations of the underlying SU (2, 2|4)
symmetry group, analogous to the case of theories with simple Poincaré or conformal
invariance - one first finds the primary operators, and the representations are then con-
structed by acting with generators of the algebra to construct the tower of descendants.
The primary operators in N' = 4 SYM are local gauge-invariant composite operators of
the elementary fields. Of central importance to the AdS/CFT correspondence are cer-

tain single-trace operators,
0, = NO=R/21y (X@lxi2 . Xik’)) . (2.2.2)

where the ... denote the subtraction of all contractions of the SO(6) indices - these op-
erators are thus symmetric and traceless. They are in fact chiral primary operators i.e.
BPS operators that generate short irreducible representations with protected dimen-
sions A. These particular operators are 1/2-BPS operators, and are in the representation
[k,0,0] with k = A ® - a representation is thus labelled by the dimension of its primary.
Importantly, they are the leading operators in the large NV limit discussed in the follow-
ing section - they were consequently very important in early studies of the AdS/CFT
correspondence when the mapping between N/ = 4 operators and bulk modes was
performed in the large N limit, as we will discuss in Chapter 3.

Equivalently this is the [0, &, 0] representation of SU(4).
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2.21 Large N Expansion of Gauge Theories

To conclude this chapter we briefly mention an important concept in AdS/CFT, namely
the large N or 1/N expansion of non-abelian gauge theories. It was first noted by 't
Hooft [11] that the perturbative expansion of gauge theories greatly simplifies in the large
N limit, and the diagrammatic expansion organises itself into the form of a string pertur-
bation series with coupling 1/N - this was one of the earliest hints at the duality between

string theory and non-abelian gauge theory, at least at large N.

There exists a non-trivial large N limit for gauge theories such as ' = 4 SYM if one
keeps A = g2, N fixed as the limit N — oo is taken, which is known as the t Hooft limit.
The 't Hooft parameter A then becomes the effective coupling for the gauge theory, and
the strong coupling limit corresponds to A — oo. This is also referred to as the planar
limit as planar diagrams, i.e. those with Euler number x = 2, dominate the perturbation
series in this regime - diagrams with more complex topologies are then included in a
series in 1/N2. This is a very important limit in the AdS/CFT correspondence and will

be used throughout this thesis, as we will discuss in Section 3.1.
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CHAPTER 3

The AdS/CFT Correspondence and Holography

In this chapter we introduce the AdS/CFT correspondence and the main features of the
holographic dictionary required throughout this thesis. The AdS/CFT correspondence
is a set of dualities relating gravitational theories on asymptotically (locally) anti-de Sit-
ter spaces (AAdS) to conformal field theories. The gravitational theory is usually a string
theory (or M-theory), which in the most well-studied example is the type IIB string the-
ory introduced in Chapter 2. The correspondence has been generalised in a number of
ways as we will discuss, including relaxing the condition of conformality in the gauge
theory - the more general term gauge/gravity duality has thus been adopted to refer to
dualities between gravitational theories and gauge theories.

The AdS/CFT correspondence is a concrete realisation of the holographic principle [12-
14], which states that in a theory of quantum gravity the information stored in a volume of
spacetime V1 is encoded in degrees of freedom living on the boundary of the region A,
- this was originally motivated by the Bekenstein-Hawking black hole entropy formula
[15,16]

A

— _ .01
SeH 1Gn (3.0.1)

relating the entropy of a black hole to the surface area of its event horizon in units of
Planck area. In AdS/CFT dualities the gauge theory can be considered to live on the d-
dimensional conformal boundary of the d+1-dimensional AAdS space, and in this man-
ner the holographic principle is realised - the gravitational theory is referred to as the
bulk theory and the gauge theory is referred to as the boundary theory.

15
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3.1 The AdS;/CFT, Conjecture

The original and best understood example of the AdS/CFT correspondence [17] relates
the type IIB string theory and NV = 4 SYM theory dicussed in Chapter 2. It can be
motivated by studying a stack of N D3-branes from both open (¢9sN < 1) and closed
(gsN > 1) string perspectives discussed previously and taking the near-horizon or Mal-
dacena limit &/ — 0 with r /o’ fixed. We do not repeat here the details of this decoupling
argument but simply state the celebrated AdS5/CFT4 conjecture that results:

N = 4 SYM with gauge group SU(N)) is equivalent to type IIB string theory on AdSs x S°
with radius L and N units of Fy flux.

Furthermore the two free parameters on either side map as

L4
gXQ(M = 2mgs 2932(MN = ﬁ (3.1.1)

The first of these can be understood from the discussion in Section 2.1.2, and the second
can then be understood from equation (2.1.17). Note in particular that the second of these
relates the dimensionless parameter L/+v/a to the t' Hooft coupling \.

The above equivalence is believed to hold for all values of the free parameters. How-
ever, progress in understanding the duality can be made by taking certain limits which
simplify one of the theories. For example, it is common to take the limit g, — 0 whilst
keeping ) fixed, which requires N — oo - the duality then relates a classical string the-
ory to a gauge theory in the t' Hooft limit discussed in 2.2.1. Futher progress can be made
by then taking the limit A — oo which corresponds to L/va’ — oo - the duality then
relates a classical supergravity theory to a strongly coupled gauge theory. This latter
form is extremely useful and highlights the strong/weak duality nature of the AdS/CFT
correspondence - one can study strongly coupled quantum field theories (for which
traditional perturbative methods fail) by studying classical gravity theories. We will use
this form of the duality throughout the remainder of this thesis.

The first immediate check of the duality that one can perform is to check that the global
symmetries agree on both sides of the correspondence. Indeed, one finds that the
full superconformal group SU(2,2[4) is found on both sides - the bosonic subgroup
S50(4,2) x SO(6), for example, corresponds to the conformal group and R-symmetry
group in the boundary theory, and the isometries of the AdS; and S® factors respec-
tively in the bulk theory. These field theory symmetries can thus be partially broken
by perturbing the corresponding bulk geometry. More detailed mappings between the

theories are given in the form of the holographic dictionary discussed in Section 3.2.

Many other cases of the AdS/CFT correspondence exist, and can be obtained in simi-
lar ways but with different types of branes in different backgrounds, within either 10-
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dimensional string theory or 11-dimensional M-theory. For example, many other du-
alities of the form AdS;;1/CFT4 can be obtained in this manner, with different gauge
theories (such as ABJM [18] or the ' = (2,0) theory [19, 20]) on the field theory side
and different compact space factors appearing on the gravity side. The duality can also
be extended to non-conformal field theories in many ways, for example explicitly as
in [21-23] where the near-horizon limit of the relevant stack of branes no longer con-
tains an AdS factor (and correspondingly the gauge coupling in the dual field theory runs
with energy scale), but also spontaneously as we will see at times in the following. We
will for the majority of this thesis focus on the AdS5/CFT4 case and extensions thereof,

though many aspects of the discussions do generalise to other settings.

3.1.1 Top-Down and Bottom-Up Holography

Stated in its current form, the holographic nature of the AdS/CFT duality is obscure,
since the duality relates a gravitational theory in 10-dimensions to a gauge theory in
4-dimensions. It becomes manifest however after Kaluza-Klein (KK) compactification
on the S° - the resulting 5-dimensional supergravity theory on AdSj is then equivalent
to the 4-dimensional gauge theory living on the conformal boundary of AdSs, in ac-
cordance with the holographic principle. Such constructions, where one begins with
a full solution of string theory/supergravity and compactifies on the internal space to
make the holographic identification, are referred to as top-down. Probe brane models,
which we will study at numerous times throughout this thesis, are concrete examples
of top-down constructions. The full procedure of obtaining 4-dimensional QFT data
from a 10-dimensional supergravity solution uses the involved machinery of Kaluza-
Klein holography [24,25], which we will discuss in detail in Part III. The structure for the

AdS5/CFT,4 correspondence is illustrated schematically in Figure 3.1.1.

For certain purposes however, one in practice often uses a bottom-up approach - rather
than working within the full framework of string theory or supergravity, one works
with an effective 5-dimensional gravitational theory with a small field content, the de-
tails of which depend on the particular problem being studied. The actions of such
5-dimensional models are essentially ad-hoc or phenomenological, but are argued to
capture the essential physics of the system under study and to exhibit some univeral fea-
tures. The exact dual field theory is not known in such cases, but the payoff is that the
resulting holographic analysis is significantly easier, and insight into a range of physical
problems can be gained. Common applications of this approach range from studying
strongly-coupled condensed matter systems and hydrodynamics, to QCD as we will see
in Part II.

More rigorous simplifications can also exist in some cases however - for example, N' = 8
gauged supergravity in 5-dimensions [26, 27] with gauge group SO(6) is believed to be
a consistent truncation of type 1B supergravity on AdSs x S°, with a recent proof based

on generalised geometry given in [28]. Here, the tower of KK modes is truncated and
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AdSs x S° AdSs QFT

(Kaluza-Klein) (Holography)
_ _—
>< ‘

Figure 3.1.1: A schematic illustration of the AdS5/CFT4 correspondence and the nature
of the holographic identification.

one is left with just the massless 5-dimensional gravity multiplet, but this truncation is
consistent with the equations of motion i.e. the KK compactification produces no terms
in the action that are linear in massive KK modes, and so these modes can be set to zero
without contradiction. We will discuss consistent truncations more in Chapter 9 in the

context of entanglement entropy.

To ensure that all quantities are consistent, one should use top-down constructions
where possible. Whichever way the lower-dimensional gravitational theory is obtained
however, it is within this AAdS setting (i.e. without the internal space) that the holo-
graphic dictionary is constructed, as described in the following section. It is also within
this setting that the holographic entanglement entropy is described as we will discuss in
Chapter 7 - indeed, the subject matter of Chapter 9 is whether the holographic entan-
glement entropy can equally well be computed directly from the top-down picture.

3.2 Holographic Dictionary

The statement that the two theories are equivalent is expanded upon via the precise
holographic dictionary [29,30] that relates quantities in the bulk and boundary theories.
We review the necessary ingredients for the case of Euclidean signature here, mostly

following the treatment of [31].!

3.2.1 Asymptotically Anti-de Sitter Space

A fundamental part of the correspondence is the identification of the AdS radial coor-
dinate with the renormalization group (RG) scale of the dual field theory? The scale
invariance of the field theory implies that the transformation z* — ax* and E — E/a is
a symmetry, where E is the energy scale. From the AdS5 metric in (2.1.18),

dsQ—L—2dr2+ﬁ daPdz” (3.2.1)
=2 LGlwx T, 2.

'The real-time case was developed in [32-34].
’In the Wilsonian sense this means that modes with energy above this scale have been integrated out.
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we see that the radial coordinate r plays an analogous role here, with the transformation
z# — az’ and r — r/a a symmetry of the metric. Whilst the bulk coordinates z* are
simply identified with the field theory directions z#, it is thus natural to identify the RG
scale £ ~ r.

Anti-de Sitter space also has a conformal boundary due to the second order pole in
the metric at » = 0o - a metric can be defined on the boundary via a defining function,
but this procedure really only defines a conformal structure since the defining factor is
ambiguous up to a scale factor. The boundary » — oo thus corresponds to the ultravoilet
(UV) of the dual field theory, and expected UV divergences in the QFT translate into near-
boundary infrared (IR) divergences on the gravity side as we will discuss in Section 3.2.3.
The fundamental gauge theory with £ — oo (i.e. with no degrees of freedom integrated
out) can thus be considered to live at the conformal boundary » — oo, and high momenta
modes are integrated out as one moves into the bulk radially.

It is often common to write the AdS metric using the inverse radial coordinate z = L?/r

which takes the form )

L
ds* = = (d2? + mdatdz”) (3.2.2)

and is said to be in Poincaré coordinates.® More generally, an AAdS space may be written

in Fefferman-Graham gauge [35] using the coordinate p = 22,

dp* 1
ds®> = L*? (/)2 + gw,dx“da:”> , (3.2.3)

4p*  p
which is convenient for the field/operator map and holographic renormalisation as we
will discuss in the following section. In these coordinates the conformal boundary cor-

responds to p = 0.

3.2.2 Field/Operator Map and Correlation Functions

The matching of the symmetries on the two sides of the AdS/CFT correspondence means
that the spectrum of type IIB string theory on AdSs x S® can be mapped to gauge-
invariant operators of N' = 4 SYM in the same representation. Indeed, the analysis
in the supergravity limit was performed in the early days of AdS/CFT [17,36-39] - one
finds the important result that there is a one-to-one mapping between the bulk modes
obtained from KK reduction on the S°, and the primary and descendant operators of
the short representations discussed in Section 2.2. For example, the lowest multiplet
is the short representation of Oy and contains the various symmetry currents of the
QFT (energy-momentum tensor, R-symmetry currents and supercurrents) as descen-
dants, and these map to the various gauge fields in the AdS5 theory (metric, vector gauge
fields and gravitinos), with the number of on-shell components exactly matching - this
is the supergravity multiplet. Each of the fields in this multiplet form the base of a tower

*These coordinates only strictly cover half of the full AdS space.
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of KK supergravity modes. The chiral primary operators O themselves map to AdSs
scalars that are a mixture of the S° parts of the trace of the graviton and the 5-form field

strength.*

Note that the bulk solution is really dual to a particular state in the boundary QFT - the
pure AdSs x S® bulk solution is dual to the vacuum of ' = 4 SYM for example. Finite
temperature in the field theory is associated with a black hole solution in the bulk [40],
and finite charge density can also be considered by introducing a bulk gauge field with
particular asymptotics. We discuss these features further in Section 8.5.

The relevant KK analysis also leads to a relation between the masses of bulk modes and

dimensions of boundary operators, which for the scalar case is
m?L* = A(A - d) (3.2.4)

and is easily generalised to higher spins.® This is obtained by identifying field theory op-
erators with KK modes associated with spherical harmonics in the same representations
of SO(6) - for example, the chiral primary operators and their associated bulk scalars
mentioned above. It can also more simply be motivated by studying the asymptotics of

a massive scalar in AdS;,1 (see Appendix 3.A).

In a general holographic setting, the core idea of this field/operator map [29,30] is that
every fundamental field @ in the bulk theory has a corresponding gauge invariant bound-
ary operator Og. As alluded to in Appendix 3.A, the correspondence is in fact more pre-
cise - for every bulk field one can perform an asymptotic expansion near the conformal

boundary in Fefferman-Graham form,

® = p"(P(0) + pP2) + -+ P (P(2n) + P2n) logp) + ). (3.2.6)

The leading term ¢, can then be interpreted as the source for the dual operator Og,
and ¢(2y,), although undetermined by the near-boundary analysis, is related to the VEV
or 1-point function (Og) as we will discuss in Section 3.2.3. The VEV can often be read
off, with some subtlety, as the subleading term in the asymptotic expansion for a given

solution to the equations of motion

d ~ pm(;s(o) + pm+n<0¢>' 3.2.7)

This identification allows for a more precise statement of dynamical equivalence of the

*Note that non-BPS operators do not map to supergravity modes, and are instead believed to be dual to
string modes.
®Note that, unlike in flat space, the squared masses m? of fields in AdS do not need to be positive to
ensure stability. In fact, m? can become negative so as long as it safisfies the Breitenlohner-Freedman (BF)
bound [41,42],
m?L? > —d? /4. (3.2.5)

This will be relevant for us in Part I when discussing chiral symmetry breaking in the context of AdS/CFT.
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two theories which comes from equating the generating functionals. In particular, one
equates the bulk partition function (for bulk fields with boundary asymptotics ¢)) to
the QFT partition function in the presence of sources,

A = Do e S = (=) 2000 , (3.2.8)
[9) LN%) < >QFT

where the expectation value on the right hand side is taken over the QFT path integral
and S[®] is the string action. In the supergravity limit the left hand side simplifies upon
taking the leading saddle-point approximation, and the path integral localises on the

classical solution. The above relation then leads to

Son-shell[®(0)] = —Warr([¢(0)] (3.2.9)

where now Son_shell[¢(0)] is the supergravity action evaluated on-shell (i.e. with the equa-
tions of motion and appropriate asymptotics satisfied) and Wqrr[¢(g)] is the generating
function of QFT connected graphs defined by Zarr[J] = ¢Vorrl/] In the AdS;/CFT, cor-
respondence discussed in Section 3.1 for example, Sq,_shen[¢(0)] would be the KK reduc-
tion of the type IIB supergravity action on S°, evaluated on a solution with boundary
asymptotics ¢q).

Connected correlation functions can now be readily computed in the usual way by func-
tionally differentiating the generating functional with respect to the sources and then

setting the sources to zero,

dSon-shell

o _ 9Son-shell 3.2.10
(Oa(2)) 590 () 6 (0y=0 ( )

<O <$ )(’) (x )> _ 5250n—shell (3.2.11)

2712 06 (0)(21)00(0) (x2) |, g E
0"Sqn.

. O = (1) on-shell 3.2.12
(Op(1) -~ Op(zn)) = (=1) 3P0y (1) - - 36(0) (2n) e

b(0)=0

3.2.3 Holographic Renormalization

An outstanding problem with the discussion in Section 3.2.2 is that the expressions on
both sides of the relation (3.2.9) diverge, due to UV divergences in the QFT and IR di-
vergences in AdS. In a QFT the usual procedure of renormalization deals with the UV
divergences in a manner independent of the IR physics, and thus holographically one
expects the divergences should be dealt with solely via a near-boundary analysis. This
is the procedure of holographic renormalization [31,43], a systematic method for renor-
malizing the bulk on-shell action via covariant counterterms. As a result, renormalized

1-point functions can be obtained (and higher-point functions given an exact solution).
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The method proceeds as follows:

1.

One solves the field equations with prescribed boundary conditions iteratively in
a near-boundary expansion to obtain a solution of the form (3.2.6) - the two inde-
pendent solutions correspond to the p™ and p™*™ terms.® This procedure deter-
mines all terms in the expansion (3.2.6) in terms of the source ¢, except for ¢ oy
which is left undetermined.

. The asymptotic solution is then substituted into the action, which is regularized

by restricting the radial coordinate to p > ¢ for ¢ < 1. The action reduces to a
contribution on the p = € slice and the finite number of divergent terms can be

isolated, which depend only on the source ¢,

Sreg[¢(0)§ el = / d4x1 /9(0) [Eiua(o) + 67V+1a(2) + ... (3.2.13)
p=¢

— loge agy,) + (’)(60)} ,

with g(g) the boundary metric, and v > 0.

A covariant counterterm action Sct[®(z; €); €] can then be constructed by rewriting
the divergent terms in (3.2.13) in terms of the bulk field ®(z, €) on the cutoff surface,
by inverting the series (3.2.6) order by order.

The combination
Ssub[®(x; €); €] = Sreg[P(0); €] + Sct[@(; €); €] (3.2.14)

is then finite by construction in the limit ¢ — 0. This quantity is required in taking
the variations to obtain correlation functions. The renormalized on-shell action

as a function of the sources can then be obtained as

Sren[®(0)] = lim Squp[® (25 €); €]. (3.2.15)
e—0

One can then obtain the renormalized 1-point function of the operator Og dual to

b as 1 68, 1 1 68
Op)y = — 2ren _ | ( = TPsub ) 3.2.16
(Oa) 9(0) 96(0) 50 \ ed/2-m /5 5F (x, ¢) ( :

where v, is the induced metric on the cutoff surface, and the subscript s denotes
that this is the 1-point function in the presence of sources. Evaluating this explicitly
and setting the sources to zero one finds

(Op) ~ d(2n) (3.2.17)

®In early treatments these were referred to as the non-normalizable and normalizable modes respec-

tively.
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and thus the VEV of the operator Og is proportional to the term ¢,y not deter-

mined by the near-boundary analysis, as claimed beneath equation (3.2.6).

Note that to obtain higher-point correlation functions, one needs an exact solution to
the field equations to determine the term ¢(5,,) - the n-point functions can then be cal-
culated from (3.2.10).

3.3 Holographic RG Flows

Note that for a massive scalar in AAdS dual to an operator of dimension A, the procedure

of Section 3.2.3 leads to an asymptotic expansion of the form [31]
O = plT g 4 4 pA P PoA g+ . (3.3.)

with ¢ the source and ¢(3a_g) proportional to the 1-point function. Recall that the
isometries of AdS;;1 correspond to the conformal goup in d-dimensions - asymptoti-
cally AdS spaces more generally are conjectured to be dual to field theories with a UV
fixed point i.e. they are conformal in the UV. Note that the situation in (3.3.1), with a
non-trivial scalar field in AAdS space, therefore corresponds to a deformation of the
dual boundary CFT, either via an operator deformation or a VEV deformation (where the
conformal symmetry is spontaneously broken) for the boundary asymptotics p(4=2)/2¢

AJ2

and p~/“¢ respectively.

More generally, a crucial step towards studying realistic strongly-coupled field theories
is to construct holographic RG flows - supergravity backgrounds conjectured to be dual
to a standard QFT renormalisation group flow. A simple example of the latter is V' = 4
SYM in the UV with the addition of marginal or relevant operators that generate the flow,
such as that considered in [44] and its gravity dual constructed in [45]. This is an example
of an interpolating domain wall flow, which are Einstein-scalar systems that interpolate
between a CFT in the UV and IR - the metric accordingly asymptotes to AdS in both
limits, with different radii that are determined by the value of the scalar field (which
is constant in both the UV and IR). Such flows can be used, for example, to provide
holographic proofs of the C-theorem [46].

Note that holographic RG flows are not limited to the 5-dimensional picture, and indeed
there exist many examples within the framework of 10-dimensional supergravity e.g.
[47-51]. We will see in Chapter 8 for example that probe branes in AdS/CFT can often be
treated as deformations of the underlying CFT. In particular, there also exist examples
within both frameworks that exhibit the property of confinement, which will be a central
concept in Part II.
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3.A Scalar Mass-Dimension Relation

Consider a massive scalar in AdS;., with action
S~ / dzd?z\/=g (9" 0, 20, @ + m*®?) . (3.A1)
Using the coordinates of (3.2.2) the Klein-Gordon equation is

(Og —m?) @ = <£2 (2202 — (d — 1)20, + 271, 0"0") — m2> ¢ =0. (3.A.2)

Let us assume in particular that the solution is asymptotically an eigenstate of dilatations
in the z-direction i.e. it takes the form ® ~ z* for some k. The wave equation becomes

22k(k —1)2F72 — (d — 1)2k2%1 —m?L22F =0 (3.A.3)

which implies the quadratic equation

k* —dk —m’L* =0 (3.A4)
with two independent solutions
d d?
k=g Ey  +m’L? (3.A5)

A general solution to the wave equation thus goes asymptotically as
O(,2) ~ ¢ ) (2)27F + (Op) (x)2F + ... (3.A.6)

where k satisfies m?L? = k(k — d). By dimensional analysis ¢g) and (Og) can be associ-
ated with the source and VEV respectively of a boundary operator of conformal dimen-
sion k. Thus, identifying k£ with the conformal dimension A of the field theory operator

O dual to ®, we obtain the mass-dimension relation (3.2.4).
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CHAPTER 4

Probe Branes and Low-Energy QCD

An important generalisation of the AdS/CFT correspondence for many purposes is the
incorporation of flavour degrees of freedom in the QFT i.e. degrees of freedom that
transform under the fundamental representation of the gauge group. ' = 4 SYM, being
a supersymmetric pure gauge theory, necessarily only contains fields that transform un-
der the adjoint representation since supersymmetry and gauge symmetry commute. To
attempt a holographic description of QCD or many strongly-coupled condensed matter
systems for example, it is necessary to include matter degrees of freedom resembling
quarks or electrons. Flavour degrees of freedom can be added to AdS/CFT by consid-
ering additional branes in the supergravity construction known as probe branes which
will be relevant throughout the remainder of this thesis - we thus introduce them in
detail in this chapter, mostly following the treatment in the review [52].

We also introduce some central concepts of low-energy QCD that will be relevant nu-
merous times throughout the rest of Part I - namely, confinement and chiral symmetry
breaking. These are responsible for many phenomenological aspects of QCD, and much
progress has been made in realising them within the context of gauge/gravity duality,
from both top-down models and a bottom-up approach known as AdS/QCD. We in-
troduce both in the present chapter, again largely following [52], leaving a more detailed
discussion of AdS/QCD to Chapter 6. As briefly mentioned in Section 3.3, such systems
necessarily break conformality; supersymmetry is also necessarily broken upon chiral
symmetry breaking. Such features thus move us away from the ideal and highly sym-
metric ' = 4 SYM theory towards more realistic physical systems. We will discuss
many of these same features again in Chapter 5 within a slightly different context when
we study holographic graphene.

27
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Ny Dp-branes

N D3-branes

Figure 4.1.1: Schematic illustration of the flavour brane construction: strings A cor-
respond to adjoint DoF (gauge bosons), strings B correspond to fundamental DoF
(“quarks”), and strings C correspond to quark/anti-quark bilinears (‘mesons”). When the
Dp-branes are separated from the D3-branes, the flavour DoF corresponding to strings
B become massive.

4.1 Adding Flavour to AdS/CFT

To introduce flavour degrees of freedom into AdS/CFT one follows a similar line of rea-
soning to that used in Section 2.1.3 where the worldvolume theory on a stack of D3-
branes was discussed. The basic idea, beginning in [53], consists in including a stack of
N Dp-branes (“flavour” branes) in addition to the original stack of NV D3-branes (“colour”
branes) - see Figure 4.1.1. The 3 — p and p — 3 strings generate excitations that transform
under the (anti-)fundamental representation of the SU(N) colour gauge group since

they have only one endpoint on the D3-branes.!

The 3 — 3 strings will generate the
gauge theory N' = 4 SYM as before, and one builds the construction such that the p — p
strings dynamically decouple, leaving simply /' = 4 SYM plus additional flavour degrees
of freedom. The latter property arises by virtue of the expression for the gauge coupling
in equation (2.1.12) - the ratio of the 't Hooft couplings for the theories on the D3-branes

and Dp-branes thus goes as
Ap _ Ny
A3 N

which vanishes in the Maldacena limit o/ — 0 for the cases of p = 5, 7 which we will be

p—3

)P o/ T (4.1.1)

mainly interested in throughout the following.? The p — p strings thus decouple from
the other strings, and the SU(Ny) that they generate plays the role of a global flavour
symmetry group from the perspective of the D3-branes worldvolume.

'Note that they also transform under the (anti-)fundamental of the flavour group SU(Ny) since they
have one endpoint on the Dp-branes, as is the case for quarks in QCD.

2D(-1)-branes do not contribute flavour degrees of freedom, D1-branes do not decouple, and D9-branes
cannot be separated from the stack of D3-branes, which is required if one wants to consider massive
flavour. Flavour D3-branes are also permitted but we will not consider them in the following
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The p — p strings are in the adjoint of the SU (V) flavour group, and it is thus natu-
ral to associate them with mesons i.e. gauge-invariant bilinear operators formed from
a quark and anti-quark. Since these strings can be considered small perturbations of
the Dp-branes, one conjectures that mesons in the gauge theory are dual to fluctua-
tions of the flavour branes in the background geometry - the precise mapping between
fluctuations and operators for particular intersections can be given [54, 55], as for the
mapping between supergravity modes and ' = 4 SYM operators discussed in Section
3.2.2. Furthermore, this new conjecture provides a very useful method for computing
meson spectra from gauge/gravity duality, by solving for the eigenmodes of linearized
fluctuations of the branes about their vacuum embedding. We will consider examples
of this at length in Chapter 6, though from a less string-theoretic perspective.

In general, the addition of flavour branes will create source terms in the type IIB super-
gravity equations that result from (2.1.1), and the AdS5 x S® background will no longer be a
solution to the full system that results. A large simplification occurs however when one
takes the probe limit Ny/N — 0.2 The flavour branes can then be treated as probes,
so-called probe branes [56], since their backreaction on the near-horizon geometry
generated by the stack of D3-branes can be neglected. On the field theory side this
corresponds to dropping quark loops from the gauge background, and is known as the
quenched approximation which is commonly used in lattice QCD computations [57,58].

We will work in the probe limit numerous times throughout the following.

4.11 D3/D7 System

The D3/D7 system [53] provides the only example of a supersymmetric D3/Dp-brane
intersection that allows flavour degrees of freedom to be introduced in the full 3+1-
dimensions of the gauge theory. D3/D5 systems for example, which we will consider
in Chapter 5, lead to a defect field theory with the flavour restricted to a submanifold.
We will use the D3/D7 system at length in Chapter 8, and it is also the motivation behind
the Dynamic AdS/QCD model used in Chapter 6.

The brane embedding can be represented diagrammatically as

012 3 45 6 7 8 9

D3 - - - - e e e e e o

D7 - - - - - - - - e o

where - denotes a direction the brane extends in, and e denotes a transverse direc-
tion. This embedding has a manifest SO(4) x SO(2) isometry - the SO(2) can be broken
however by separating the D7-branes from the D3-branes in the 89-directions.? This

3Since we work in the 't Hooft limit where N — oo, the probe limit is satisfied so as long as Ny is kept
finite.
*We will later relate this to a holographic model of chiral symmetry breaking - see Section 4.2.1.
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corresponds to giving a mass to the flavour degrees of freedom,

(4.1.2)

17?

where [ is the separation, since the 3-7 and 7-3 strings will have a minimum length / and

consequently a minimum energy given by (4.1.2).

The dual field theory to the D3/D7 system can be constructed explicitly and is given
by N = 4 SYM coupled to N' = 2 hypermultiplets. The matter introduced thus re-
ally consists of fermions together with scalar superpartners - the latter become mas-
sive in the presence of any further supersymmetry breaking. The symmetries can easily
be matched between the two sides of the correspondence - for example, the SO(4) x
SO(2) C SO(6) isometry of the D7-brane embedding corresponds to the preserved
subgroup of the A/ = 4 SYM R-symmetry group®, with the SO(2) = U(1) factor being
broken explicitly by the presence of a mass term in the field theory, as in the corre-

sponding brane picture.

In the probe limit, the D3/D7 system can instead be viewed as a small number of D7
probesinan AdSs x S° background. The new degrees of freedom can then be described
by studying the D7-brane actions from Section 2.1.2 in this background, which recall also
includes a profile for the form Cy and a constant dilaton (see (2.1.15)). The bosonic actions
(2.1.10) and (2.1.11) in this case thus reduce to

(27a/)?
2

S7 = —T7/d8£€_q>\/—det (Gaﬁ + 2o’ 04,3) + ,LL7/P[C4] ANFANF (4.1.3)
where the appropriate 8-form term in the Chern-Simons action has been extracted. For
now let us set F5 = 0, which can be done consistently - later, in Chapters 5 and 8, we

will also consider non-zero F». The action thus reduces to (2.1.8),
5~ / 8¢\ /—detGg, (4.14)

as just the worldvolume of the brane.

For many purposes when embedding probe branes, it is convenient to write the AdSs x
S® metric in a form that illuminates the directions that the probe extends in and their
symmetry, by splitting the space transverse to the D3-branes in a particular way. For the
case of a D7 probe considered here one writes®

2 L2
ds? = %nwdx“dx” +5 (dp? + P20 + dw? + w?d?) (4.1.5)

*Technically, the SO(4) decomposes to SU(2)r x SU(2)s with SU(2) r the aforementioned R-symmetry
factor, and SU (2)s rotating the scalars in the adjoint hypermultiplet.
®Note that the p used here is a different coordinate to that of the same letter in Section 3.2.
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with 72 = p? + w? the radius in the transverse space (i.e. the AdS radius) as before.”
One then embeds the probe such that it extends in the directions (z*, p, 23), with (w, ¢)
the transverse coordinates - the coordinate p then effectively plays the role of the holo-
graphic RG scale r, though the distinction is of physical importance as we will see. We
may consistently set ¢ = constant due to the symmetry in the directions transverse to
the D7 probe. The induced metric on the D7 probe is then easily calculated as

0%+ w? 12 122

2 _ 2
dSD7 = T?”]uydffudl'y + de + p2 T w2

d0? 416
pa 3 (4.1.6)

which asymptotically (p — o0) is AdS5 x S3.

To find the exact ground state embedding, we work in static gauge (see Section 2.1.2) and
search for a solution w(p) of the equation of motion that results from the action (4.1.4)
on the background (4.1.5), where this is a function of p only due to the SO(4) symmetry
of the S and in order to preserve Poincaré invariance. The action then becomes

S ~ / dpo\J1 + (9,0)° 417)

with corresponding equation of motion

d [ 3 Opw

- = 0. (4.1.8)
P 1+ (9,w)?

This has a supersymmetric flat embedding solution w(p) = li.e. the D7 is separated from
the D3 stack by a distance I. Physically, w(p) can be interpreted as the running of the
flavour mass under RG flow, and thus for these solutions the mass is non-renormalised,
as expected for a supersymmetric gauge theory. For [ = 0 conformal invariance is pre-
served, but otherwise it is broken by the scale I. Note that for non-zero [, the radius
of the S in (4.1.6) vanishes at p = 0 - this corresponds to the radial coordinate value
r = \/p? 4+ w? = [ and the brane embedding thus caps off smoothly in the space here.
Physically, this corresponds to the intuition that the flavour degrees of freedom only ex-
ist at RG scales above their mass. In particular, in top-down models like this the meson
spectra, which can be calculated by considering linear fluctuations about the vacuum
embedding found above, is blind to scales below the constituent quark mass . We will
discuss this issue further in Chapter 6 in the context of Dynamic AdS/QCD.

It remains to discuss this additional duality a little more precisely, in light of the holo-

graphic dictionary discussed in Section 3.2. Asymptotically, the equation of motion

"Note also that for other purposes, such as holographic renormalisation and Kaluza-Klein holography,
it is better to use a coordinate system that does not mix the AdS radial and S® coordinates in this way - in
Chapter 8 we will thus use a different set of coordinates.
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(4.1.8) has the leading contribution

d
o (P*9,w) =0 (4.1.9)
with general solution
w:l—i—%—i—... (4.1.10)
P

We wish to use the dictionary to identify the dimension of the dual operator, but a prob-
lem arises in that the kinetic term in the scalar action (4.1.7) is not canonically normalised.
Making the field redefinition w(p) = p®(p) the asymptotic form of the action becomes,

after an integration by parts,

Sy ~ /dpp3 (8/)11))2 ~ /dpp3 <p2 (8,,@)2 — 3@2) , (4.1.11)
which is easily identified as the action for a free massive scalar in AdS;, with mass m? =

—3.8 The corresponding asymptotic expansion of the field ® is thus

=Ly oy (4112)

p P
and since this scalar is canonically normalised, the result in equation (3.3.1) may be used
(making the transformation p — 1/p? to account for the different definition of the holo-
graphic radial coordinate used). One thus finds that ® and consequently w describe a
dimension-1 source (i.e. mass) and a dimension-3 operator, consistent with the mass-

dimension relation (3.2.4) for a bulk scalar of mass m2? = —3.

The dimension-3 operator in question is a supersymmetric generalisation of the usual
fermion mass term £,,, = my1, and consequently its VEV is a generalisation of the chi-
ral condensate (11)) which we will discuss in the next section. This VEV must vanish
if supersymmetry is present, and in the supersymmetric flat embedding wg = [ found
previously, there is no subleading term and so the VEV indeed is zero. Some confu-
sion arises however from the fact that in other coordinate systems the subleading terms
may be zero. For example, in the coordinate system in which holographic renormali-
sation is most readily carried out, and which we use in Chapter 8, the subleading term
is non-zero. Holographic renormalization provides the solution here however, as fi-
nite counterterms can be fixed by supersymmetry to ensure that the on-shell action is
zero, and consequently one finds that the VEV automatically vanishes in this case [59].
For the remainder of Part II we will continue to work in coordinates analogous to those

used here.

®Indeed, in [59] it was shown that asymptotically the general action (4.1.4) for a D7 probe is the same as
that of a massive free scalar in AdSs, which allowed the holographic renormalisation to be performed by
simply borrowing the corresponding counterterms.
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q q

Figure 4.2.1: Mesons viewed as a quark and anti-quark joined via a string-like gluon flux
tube: the tube causes a linear potential between the quarks that grows as their separa-
toin, V(r) o r, leading to the phenomenon of confinement.

4.2 QCD - Confinement and Chiral Symmetry Breaking

Quantum Chromodynamics (QCD), the theory of the strong interaction, describes the
dynamics and interactions of quarks and gluons, and mathematically is given by a non-
abelian gauge theory with gauge group SU(3) coupled to Ny Dirac fermions,
CLocp = —~Fo B 4 (inD, 7% — Mo (4.2.0)
QCD__E urta +1/]] (7’7 o - )1/% <L
If one assumes that all the quark masses are equal then there is a U(Ny) global flavour

symmetry, and the beta function of the theory (for the case of general colour N) can be

calculated as [60] ,
_d9 _ g
Blg) = ding 4872

(11N — 2Ny) (4.2.2)

where p is the RG scale. This is manifestly negative for 11N > 2Ny, which is satisfied
for the observed case of N = 3, Ny = 6. The coupling thus vanishes in the UV (1 — o0),
a property known as asymptotic freedom [61, 62], whereas the IR (x — 0) is strongly
coupled - in fact, the coupling diverges at a finite value of 4 = Aqcp known as the Landau
pole (though of course the perturbative analysis must be treated with suspicion in this

regime).

The strongly-coupled nature of the IR in QCD leads to a number of important phe-
nomenological implications (see e.g. [63]) that are observed experimentally, though cur-
rently without analytic proof since the large coupling defies analysis via traditional per-
turbative methods. Perhaps the most crucial of these is confinement, which is the prop-
erty that no colour-charged particles can be isolated, but must instead exist in colour-
singlet bound states. For example, quarks are observed to form hadron bound states
either as mesons (gq) or baryons (qqq), and gluons similarly are believed to form glue-
balls (see e.g. [64,65]). Important signatures of confinement in a theory are the existence
of a discrete spectrum of bound states, together with a mass gap i.e. strictly positive
value for the lowest mass in the theory - in QCD for example, although the gluons are

massless, glueballs must have a lower mass bound.®

Confinement can be understood by thinking of quarks in bound states as being held

° An analytic proof of confinement is still missing even in pure Yang-Mills theory, but it can be demon-
strated in lattice QCD [66].
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together by gluon flux tubes or ‘strings’ - see Figure 4.2.1. The energy between quarks
grows as one tries to separate them, with a linear potential V(1)  r for separation r.1°
Such a feature is known to lead to an ‘area law’ for the expectation value of the Wilson
loop (W¢), which can then be taken as an indication of confinement in a theory (confine-
ment can then be tested for in a given theory holographically, since (WW¢) has a simple
dual description [67]). Furthermore, the linear potential implies the Regge trajectory be-
tween mass and spin M? o J - this was in fact the original motivation for string theory
as a theory of the strong interaction in the 1960s, since it correctly described the patterns
of hadrons being observed in particle accelerators. We will discuss Regge trajectories

further in Chapter 6 in the context of AdS/QCD.

Another key aspect of low-energy QCD dynamics is chiral symmetry breaking [68]. Due
to a large separation of scales in the quark masses, at low energies only the three lightest
quarks need be considered i.e. the up, down and strange quarks. As mentioned previ-
ously, for equal mass quarks the QCD Lagrangian has a U(Ny) flavour symmetry - taking
the three lightest quarks to be approximately equal mass, there is thus a U(3) flavour
symmetry. In the limit that these masses are approximately zero, the so-called chiral
limit, this symmetry is in fact enhanced to SU(3), x SU(3)r which rotates the left and
right-handed chiral projections of the Dirac fermions independently. In other words,
the massless QCD Lagrangian

1 . -
Lacp|po = ~ g FluFe" + W1y Dyt + ippy* Dy (4.2.3)

is invariant under
P, — e_iaL'AUJL YR — e_ieR'A@ZJR (4.2.4)

where \® are the SU(3) Gell-Mann matrices. These transformations can equivalently be
written as vector and axial-vector transformations of the full Dirac fermion

P — e 0y W — e 0aMy, (4.2.5)

with symmetry SU(3)y x SU(3) 4.1

Of course real QCD is not chiral, and indeed chiral symmetry is explicitly broken by mass
terms for the fermions

L =—mp = —miprr — MYy, (4.2.6)

which are not invariant under (4.2.4), but only the subgroup SU(3)y. However, the sit-
uation is slightly more complicated since there is evidence that the chiral symmetry in

'9Note that separating the quarks far enough can cause the string or flux tube to break, with the resulting
fragments then independently forming new bound states.

"Of the remaining U(1)y x U(1)4 that one would expect to be present, U(1)4 is anomalous [69, 70]
(except at large N) whereas U(1)y corresponds to baryon number conservation and is indeed preserved
in the full quantum theory.
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QCD is in fact spontaneously broken. Spontaneous symmetry breaking can occur if,
although there are no mass terms for quarks, the dynamics generates a vacuum expec-
taction value for the mass operator i.e.

(pp) = (YrpR) + (Yripr) # 0 4.2.7)

This is known as the chiral condensate as mentioned in Section 4.1.1, and is manifestly
not invariant under chiral symmetry transformations (4.2.4).2 Following Goldstone’s
theorem [71, 72], one would expect 8 massless bosons present in the spectrum when
breaking SU(3)1, x SU(3)r — SU(3)y. Inreality these will be pseudo-Goldstone bosons
with non-zero mass due to the only approximate chiral symmetry present in nature. In
QCD, these pseudo-Goldstone bosons are the pions, kaons, and eta mesons, and their
light masses compared to the rest of the spectrum (which cannot be explained via small
explicit mass terms for the light quarks - see [73]) can be understood to be generated via

this chiral symmetry breaking mechanism.!®

4.2.1 Top-Down Holographic Models

Although a full gravity dual of QCD is not within reach at present, considerable work has
been done in trying to realise these features of low-energy QCD within the gauge/gravity
framework. For example, confinement can be realised by considering supergravity back-
grounds that have a divergence in the interior of the bulk at a finite value r = ry of the
holographic radial coordinate. This obstruction or “wall” in the IR leads to a linear rela-
tionship between separation and energy for a string that dips deep into the AdS space
and thus can be viewed as leading to confinement following [67]. Examples of such
constructions exist within both the bottom-up and top-down pictures, such as the 5-
dimensional GPPZ flow [74,75] or the 10-dimensional Constable-Myers flow [76] - the
latter is generated by a running of the dilaton and is a completely non-supersymmetric
background.

For the following we are mostly interested in top-down models of chiral symmetry
breaking from probe branes. We will study a new example of this in Chapter 5, and
Chapter 6 is largely concerned with similar issues within the Dynamic AdS/QCD frame-
work which, although a bottom-up construction, is directly inspired by top-down probe

brane models of chiral symmetry breaking.

The simplest example of realising chiral symmetry breaking within gauge/gravity duality
is to consider D7 probe branes within a confining, non-supersymmetric background

ZNote that, as mentioned in Section 4.1.1, chiral condensates can only exist in the absence of supersym-
metry.

B Another heuristic argument for spontaneous chiral symmetry breaking can be given on the basis that
QCD is confining. Since the energy between quarks grows as one tries to separate them, it might be ener-
getically favourable for the ground state to contain many quark and anti-quark pairs bound together. By
Poincaré invariance the only possibility is a condensate of the form (4.2.7) [60].
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such as the Constable-Myers flow (chiral symmetry breaking can also be triggered via
a background magnetic field [77], as we discuss more in Chapter 5). The symmetry in
question thatis broken is the U(1) of the 89-directions transverse to the D7 probe, which
corresponds to part of the R-symmetry in the field theory as discussed in Section 4.1.1.
This symmetry is broken by a non-trivial brane embedding, and in the field theory is
correspondingly broken by either an explicit mass term or a condensate (7). The case
of spontaneous symmetry breaking is given by solutions of the brane embedding of
the form (4.1.12) with [ = 0,m # 0 i.e. zero mass but non-zero condensate. Note that
the anomalous U(1) 4 symmetry of QCD becomes restored at large N (with finite Ny) as
discussed in Section 4.2, and is similarly broken by the formation of a condensate - we
thus take the spontaneous breaking of the U(1) symmetry in the D7 system as a model
for the breaking of this U (1) 4 in QCD at large N.

It is also possible to construct holographic models of chiral symmetry breaking for non-
abelian symmetries, which more faithfully represent the full pattern of symmetry break-
ing present in QCD. For example, the Sakai-Sugimoto model [78,79] is a D4-D8 system
within the framework of type IIA string theory, and breaks the full SU(N;) x SU(Ny)
of QCD. In Chapter 5 we will see an example of D5 probe branes breaking an SO(3)

symmetry.

4.2.2 AdS/QCD

A complementary approach to studying QCD within gauge/gravity duality (though one
that does not strictly use the holographic dictionary) is to use bottom-up models that
have come to be known collectively as AdS/QCD[80,81]. These are simple 5-dimensional
gravity models that are not derived from any top-down string theory model, and conse-
quently the details of the dual field theory are not known. By choosing the ingredients
of the 5-dimensional theory carefully however, it can be conjectured to be dual to a
confining gauge theory similar to QCD, and useful calculations about the latter can be

performed with relative ease.

A full gravity dual of QCD should of course contain an infinite number of bulk fields
dual to the infinite number of operators in QCD, in accordance with the field-operator
map discussed in Section 3.2.2. However, if one is interested in studying the dynamics
of chiral symmetry breaking then only a small number of operators contribute - the
chiral order paramater, and the left and right symmetry currents v{ry*1;, and ¥ ry"1r
associated with the SU(Ny) x SU(Ny) chiral symmetry.

Within this approach for example, there exist models that can be viewed as the grav-
itational counterpart to chiral perturbation theory [68] - this is a low-energy effective
field theory of QCD that dispenses with notions of quarks and gluons and instead takes
as its degrees of freedom the light mesons that are the pseudo-Goldstone modes of chi-

ral symmetry breaking, as discussed in Section 4.2. One collects these modes 7 into a
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single field
U = ™ @7/ fx (4.2.8)

with f the pion decay constant and 7, the SU(3) generators, and then constructs a phe-
nomenological Lagrangian as a derivative expansion. Correspondingly, one can con-

sider a bulk scalar field of the form
X(z,2) = Xo(z)e2™ @Ta (4.2.9)

where 7% encodes the light mesons and X (z) encodes the quark mass and condensate
via its asymptotics
1 1
Xo(2) ~ 5 Mz + §2z3 (4.2.10)

with M and ¥ the mass and condensate matrices respectively - the asymptotics are ap-
propriate to describe a scalar operator of dimension 3. Here z is the radial coordinate in
a simple 5-dimensional AdS space, but with a cutoff or hard wall at z = zy. This breaks
conformal symmetry, and the scale zj introduces a mass gap and ensures confinement.
Similarly the model contains two gauge fields that are dual to the left and right symmetry

currents. Altogether one has the action

20 1
S = _/ d®z/—g Tr [|DX|2 + 3| X2 + ﬁ(pg + F%) (4.2.11)
0 95

2 — _3 chosen to describe a dimension

with g5 the gauge coupling, and the scalar mass m
3 operator in the field theory according to (3.2.4) - the gauge fields dual to the symme-
try currents are massless according to the relation m? = (A — 1)(A — 3), which is the

analogue of (3.2.4) for vector fields in d = 4.

Given this model, one can then compute meson spectra and decay constants by con-
sidering fluctuations about the ground state solution - the method gives results that are
within 10% agreement with experimental measurements [80]. One problem with the
hard wall feature present in this model is that it leads to a scaling behaviour M? ~ n?, s
for the meson masses with excitation number and spin, whereas QCD is known to fol-
low Regge behaviour M? ~ n, s as dicussed in Section 4.2. For this reason one often
considers soft wall models within AAS/QCD that circumvent this difficulty, though at
the expense of potentially creating new problems. This issue forms the subject matter

of Chapter 6.

An extension of this simple model, known as Dynamic AdS/QCD [82, 83], makes some
improvements, and is inspired by the D3/probe D7 model discussed in Section 4.1.1. In
particular, the generation of the quark condensate and soft wall in the IR occur dynami-
cally, rather than needing to be put in by hand, though one does put in the gauge theory
dynamics as input through the running of the anomalous dimension of the quark/anti-
quark bilinear. A useful application of this model is to study the N;-dependence of the
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gauge theory, since one can simply vary the form of the anomalous dimension that is
used as input - such an approach has been used to study a variety of physical problems,
such as the conformal window [84] and walking gauge theories [83,85]. We discuss the
Dynamic AdS/QCD model in detail in Chapter 6.



CHAPTER B

Holographic Graphene in a Cavity

The material in the present chapter is based largely on [1].

5.1 Introduction

The low-energy description of graphene [86] is given by a theory of 2+1-dimensional
massless fermions interacting through classically conformal 3+1-dimensional electro-
magnetism. Holographic descriptions of N/ = 4 super Yang-Mills theory with defect
D5-probe branes [87-91] (and other related systems [92-97]) provide a calculable sys-
tem with similar overall properties - fermions living on the defect interacting via higher-
dimension conformal gauge fields. The holographic description is of course only valid
in a regime where the gauge fields are strongly coupled (formally, the large NV limit). It
has been argued however that the graphene system may be close to strong coupling
since the effective speed of light of the fermionic theory is much less than the vacuum
value [98]. Nevertheless, graphene may be in a different universality class from the holo-
graphic systems, lying closer to perturbative expectations. One way to drive graphene’s
interactions to stronger coupling is to place the theory in a cavity, by placing a sheet
between two mirrors for example. The separation of the mirrors Az enters the effec-
tive 2+1-dimensional electromagnetic coupling as g5 ~ ¢3/Az (see also discussion of
the Purcell effect in the condensed matter literature [99]) and can be used to control
the coupling strength. It is therefore possible that graphene could be forced into the
strongly coupled regime experimentally. Holographic models may then provide useful
guidance as to the expected phenomena in real world systems (although the holographic
theories typically contain remnants of super-partners of the fields involved, and so no
predictions are likely to be quantitatively correct).

39
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Motivated by this idea, in this chapter we study the holographic D3/D5 system in a com-
pact space and in a cavity. The simplest example is to study the N' = 4 theory in a
space with one compact dimension, introducing a scale Az - the gravity dual is given by
the AdS-soliton configuration [100] (the circumference of the space is computed in Ap-
pendix 5.A). In Section 5.2.1 we place a single D5-probe in the geometry and show that
a mass gap is generated by the probe brane bending in the holographic description (the
system is a simple lower-dimensional extrapolation of the well explored D4/D6 sys-
tem [101]). This is a clean example of dynamical mass gap generation using AdS/CFT,
similar to the mass gap generated by an external magnetic field [102]. Previously, a mass
gap has also been shown to develop in a system of two D5-probes in AdSs x S° repre-
senting spatially separated defects [59,97,103,104] - here the condensation occurs due
to the D5 and anti-D5-branes joining in the interior of AdS and represents “exciton”
condensation between the fermions on one defect with those on the other. In [105] the
phase transition between that phase and the phase in a magnetic field, where conden-
sation occurs on each brane alone, was investigated. In the present case, the conformal
symmetry breaking of the IR length scale is not sufficient to generate a transition, but a
similar transition does occur again when a magnetic field of sufficient strength is applied
as discussed in Section 5.2.3.

Using the A/ = 4 system to model electromagnetic interactions between mirrors is more
difficult since it is unclear whether any true model would include such a configuration
that describes both the N/ = 4 vacuum and the mirrors. The AdS-soliton configura-
tion again appears to be the appropriate way to initially introduce the IR length scale.
In [106] a proposal was made for AdS-duals for N' = 4 SYM with boundaries. Amongst
these proposals is one for a strip of the gauge theory between two boundaries of con-
stant tension. The dual geometry is the AdS-soliton but with a cut-off in the AdS space
corresponding to the position of the boundaries (the tension of the boundary is matched
to that of the plasma within). We study probe D5-branes in this system but fail to find a
regular description of a single defect since the D5-brane solutions hit the interior cut-
off. Most likely this shows that the system with a tensionful wall at the edges of the strip
is not a physical system that could be generated in a complete theory. However, the
discussion shows that the behaviour of the gauge fields in a cavity would likely be very
similar to that in the space with a compact dimension. We therefore use the AdS-soliton
to describe the vacuum state of the gauge fields and simply place probe D5-branes and
their mirror image partners into the space by hand. A new phase is identified in which
the probe has a mass gap as a result of exciton condensation with its mirror image if
the sheet comes within a quarter of the separation of the mirrors to either mirror. The
complicated phase diagram for bilayer configurations is also computed in this case in
Section 5.3.2.
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5.2 N = 4 Super Yang-Mills on a Compact Space

Motivated by the previous discussion, we will here loosely represent QED interactions
by the large N dynamics of /' = 4 super Yang-Mills theory on the surface of a stack of
D3-branes. The theory in flat 3+1-dimensional space is described at zero temperature
by AdS5 x S°,

(PP +L%, 2 R?
T(dxz_i_l +dZ ) + m

where we have written the geometry to display the directions the D3-braneslie in (z241, 2).

ds? = (dp* + p*dQ3 + dL* + L2dQ3), (5.2.1)

A 2+1-dimensional defect with an A/ = 2 chiral multiplet on its surface can be introduced
by embedding a probe D5-brane on (21, p, Q2) with the transverse directions (L, s, 2)

where z is the spatial 3-direction. Here we denote the AdS radius as R.

N = 4 SYM on a space that is compact in the z-direction is instead described holo-
graphically by the AdS-soliton [100]

R2 3 7"2
ds? = —h Lrydr? + = (dz3q + h(r)dz?) + R*dQ3 (5.2.2)
with A
h(r)=1— (%0) . (5.2.3)

The circumference of the space can be found by looking in the » — z plane near the
horizon at rp and demanding regularity after coordinate transformations, in a similar
fashion to how one determines the temperature of a black hole. One finds (see Appendix

5.A) that the circumference of the z-direction is R?7/rq.

To embed a probe D5-brane into the space it's convenient to make a change of coordi-
nates such that the 6-plane transverse to the D3-branes can be split as in Section 4.1.1.

We thus require that
——dr® = —- (5.2.4)

1/2
w= (r2 + \/7’4 — Té) . (5.2.5)

It is simple to check that the required inverse is

which is satisfied by

o w'trg
T =
Qw2

(5.2.6)

and the metric thus becomes

2

R2
ds? = % (900231 + 9:d2") + =5 (duw® + w?d23) (52.7)
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where A A
w*—+T
9o = < e 0) (5.2.8)
4 4\2
g, = M (5.2_9)

- 2wh(wt + )
We can now split the transverse 6-plane as before,

(0 + L) R

ds® = =3 (gzdx} y + g.d2?) + m(dp? + p?d03 4+ dL* + L2d03).  (5.2.10)

5.2.1 A Single Graphene Sheet

We now introduce quenched matter via a probe D5-brane - the analysis proceeds sim-
ilarly to that of the D3/D7 system in Section 4.1.1. The matter content is a single Dirac
fermion and scalar superpartners (that will become massive in the presence of any su-
persymmetry breaking) restricted to the x9; directions. The underlying brane config-

uration is as follows:

O 1 2 3 4 5 6 7 8 9
D3 - - - || © o e o o o

D5 - - - e - - - e e e

where || corresponds to the compact direction. Note that there is an SO(3) symmetry
associated with the directions (L, ();) transverse to the D5-brane. We expect the vac-
uum configuration for a single D5-probe to be described by a profile L(p) at fixed z. We
work at zero temperature and density (with all other fields switched off) and the action

for the D5-probe is thus just its world volume,
S ~ —/d%eq’\/—det[G]
1 32
~ — 1+ - 14+ /2
Joo (4 Gorimp) Vi,

(5.2.11)
where @ is the dilaton (which is constant here as in pure AdS) and we have dropped
angular factors on the 2-sphere which are a constant multiplicative factor for all the

solutions we compute. We have also rescaled each of L and p by a factor of r.

One can solve for the numerical embedding L(p) by shooting from p = 0 subject to
the boundary condition L'(0) = 0 for regularity. The asymptotic solutions fall off as
L(p) = m + ¢/p + ... where m is proportional to the quark mass and ¢ to the quark
condensate! (strictly it is only the quark condensate in the massless limit [92]). To find
the massless embedding one shoots to find the solution with L(co) = 0. The minimum

'Note that the dimensions are consistent here, since the fermions are confined to live on a 2+1-
dimensional defect i.e. the fermion mass term is now [ d®zmIV, which means that U¥ and thus c¢ is
of dimension 2.
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Figure 5.2.1: The embedding of a single D5 brane for a massless quark in the AdS-soliton
background is shown for rp = 1. The dual of the compact space therefore closes off
on the smaller circle shown - note the D5 brane embedding is regular avoiding this line.

We also show the solution of (5.3.3) with the tension chosen so that the interval between
the walls has radius R?r /ry - the D5 embedding hits this cut off on the space.

energy solution is shown in Figure 5.2.1 (the position in the p — L plane of the singularity
atw = 1is also shown, so one sees that the embedding never enters the singular region).
Numerical computation of —S evaluated on a solution gives the vacuum energy since
the configuration is static. This energy suffers from an IR divergence which goes as A3
for large cutoff A, as can be seen from equation (5.2.11) since L'(p) — 0 as p — oo on
our solution. Of course this is expected within holography, and can be dealt with via the
usual procedure of holographic renormalisation [59]. Here it is sufficient to include a
counterterm of the form L; = —%,/7 to cancel the single divergence above, where 7 is

in the induced metric on the cutoff slice p = A2

The curved solution in Figure 5.2.1 is already an interesting result. It breaks the SO(3)
symmetry of the L = 0 (supersymmetric massless) embedding to SO(2) and the non-
zero value of L(0) can be interpreted as a dynamically generated IR quark mass. This
response is familiar from other cases in the literature describing the dynamical gener-
ation of a mass gap [101,102,107]. This graphene-like configuration on a compact space
thus provides an example of a completely controlled AdS/CFT computation of a dynam-
ically generated mass gap (the case with a magnetic field [90,91] is the only other known

case for a single probe D5-brane).

5.2.2 Bilayer Configurations

Another example of a holographically computable dynamical mass gap is provided by a
bilayer configuration of probe D5-branes in AdS. A joined D5/anti-D5-brane U-shaped
configuration, analogous to the Wilson loop configuration of an interacting quark and
anti-quark [67], describes “exciton” condensation between the fermions on the two de-
fects. The separation of the defects provides the conformal symmetry breaking scale. It

“Note that no finite counterterms are possible for D5-branes.
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Figure 5.2.2: U-shaped bilayer configurations in the AdS-soliton background. The space
has circumference 7 in the z-direction - we repeat the space to show configurations
wrapping both ways around the circle. Note that configurations which reach down to
ro = 1 describe defects separated by 7/2 in z. We also plot the solution of (5.3.3) with
the tension chosen so that the interval between the walls has radius R?r/rg - the probe
configurations hit this boundary. If the figure is viewed as that for an interval between
two mirrors then configurations corresponding to exciton condensation with the mirror
partner exist if the probe lies within 7/4 of the mirror.

is therefore interesting to also explore this configuration in the compact space.

We will allow for an embedding of the probe D5-brane in the z-direction. Allowing z to
depend on p only, the action for the case L = 0 now becomes

1\*? 2 (p* —1)?
~ = W= )"
S /d,o <1+ p4> Py 1+ 200t + l)z : (5.2.12)

We have again scaled p by ry, and now also scaled z by a factor of R?r( (the circumfer-

ence of the compact z-direction is now 7 in these coordinates). In general there may be
solutions with non-zero z and L simultaneously but we shall not consider such config-
urations - they were explored in [105] for the B-field case but shown to only represent
local maxima of the effective potential. The action for the brane configurations here is
very similar to that in [105] with an IR wall introduced by an effective dilaton factor - the
main difference is just the power in the dilatonic factor and so we expect the vacuum

structure to be similar.
Since the action is independent of z, there is a constant of motion II, given by

21+ 1/p%(p* — 1) (5.2.13)

T VR A - 8)
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Figure 5.2.3: The regularized energy of two D5s in the configuration of Fig 5.2.1 (which is
independent of separation) and that of the U-shaped joined embedding against separa-
tion in z (which cannot exceed 7/2). The U-shaped configurations are always preferred.

As mentioned, these solutions represent two branes joining, and extend a finite distance
into the bulk of the space at which point they turn around. There thus exists some p at
which 2z — co. From equation (5.2.13) one then finds that

Hz _ V 1+ 1/0%([)% — 1)2 (5214)

P3P+ 4/ +pf) =3

From equation (5.2.13) one also finds

211, p?
g V2llp (5.2.15)

VT 0= 0~ IEpi(pT + /(L5 ph) )

giving a first order ODE for z(p) which one can directly integrate up numerically. One
can also find the separation Az of the branes in a given solution by integrating equation

(5.2.15) over p € [po, >0]. The solutions for various values of py are shown in Figure 5.2.2.

An interesting feature is that there are no linked configurations with separation greater
than 7/2 (half the circumference of the compact direction). The maximum 7/2 sepa-
ration is realized precisely when the linked configurations fall into the scale ry. For a
compact space the dual has thus provided us with precisely the minimum number of
configurations to describe all possible D5-probe separations - two D5-probes cannot
be separated by more than half the circumference of the z-direction. The solutions do
not however provide us with configurations that wind further around the compact di-

rection.

For the purposes of computing the energies of these solutions, the expression given in
equation (5.2.15) can be substituted directly into the action in (5.2.12). The asymptotic
behaviour can then easily be read off and again reveals a single divergence which goes
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as A3, and can be cancelled by the same counterterm L; = —3,/7. The results for the
two embeddings are given in Fig 5.2.3. The linked embedding always has lower energy
than the separated embeddings - exciton condensation between the sheets is preferred
over separated sheets with condensation on the single sheets at all separations on the z

circle.

5.2.3 Applying a Magnetic Field

For the compact space, U-shaped probe configurations were always energetically pre-
ferred over the configuration in Figure 5.2.1 for bilayers. It is known however that the
configuration of Figure 5.2.1is heavily preferred when a large background constant mag-
netic field is applied [90-92]. Here we do not mean a component of the N' = 4 SYM
fields, but instead a B-field associated with the U(1) baryon number symmetry which
has a dual description in terms of a gauge field in the DBI action of the brane. The DBI
action with the worldvolume gauge field is now given by

S~ — / dS¢e®\/—det[G + 2ma/ F]. (5.2.16)

For the 2+1-dimensional defect field theory in question, the only possibility for intro-
ducing an external magnetic field is via F, = —F,, = B, = B. Following through the
analysis as before, one finds that the actions retain the forms (5.2.11) and (5.2.12) but with
an additional factor that can be identified as an effective dilaton profile,

o (27/)2 B2

Equations (5.2.14) and (5.2.15) for the bilayer configurations now become

o - Y1+ 1pies — 1)°V/1+4B%p5/ (1 + pf)? (5.2.18)
PV Py +4/(1+p) =3

and )
o V2ILp? (5.2.19)
A—-B
2 4
A = 1/t = )t (14 125
(5.2.20)

B = I2p*(p* +4/(1 4 p*) - 3)

where we are writing B in units of 1/27a’. One finds that for any value of B, the max-
imum possible separation of the branes (corresponding to pg = 1) is again given by
Az = m/2. Of course, the equation of motion for L also changes accordingly, and for
a given value of B one again shoots numerically to find the solution with L(cc) = 0,
corresponding to the massless embedding.



5.3. N' = 4 Super Yang-Mills in a Cavity 47

R N N
>

Separation

0.5 1.0 1.5

Figure 5.2.4: Phase diagram of bilayer D5-probes in AdS with one compact direction and
an applied B field. Phase A is U-shaped configurations. In phase B the probes separate
and take up configurations similar to Figure 5.2.1.

For both types of embedding the same regularisation as before holds, as the new factor
introduces no new divergences. The energies of the solutions are increased as one in-
creases the strength of the magnetic field but this does not happen at the same rate, and
so a phase transition exists above a certain value of B. The phase diagram of the theory
is shown in Figure 5.2.4 - at low B the U-shaped configurations are preferred (phase A
in the figure) whilst at large B the separated brane configurations have lowest energy
(phase B in the figure). The closer the probe branes, the larger the B-field needed to

trigger the transition.

5.3 N = 4 Super Yang-Mills in a Cavity

We would now like to describe the background /' = 4 SYM fields enclosed in a cavity,
for example between two mirrors placed Az apart. If the vacuum of the theory is locally
determined then one would expect the description of the vacuum state to match that of
the theory on a compact space since one can consider the space to simply repeat every
Az period - the soliton geometry of (5.2.2) thus seems the good candidate. Whether this
is true or not depends on the boundary, where there can potentially be boundary terms
associated with the “mirror”.

5.3.1 AdS/BCFT

In [106] a proposal was given for constructing the holographic duals of boundary con-
formal field theories - the so-called AdS/BCFT duality. The idea is to extend the CFT
d-dimensional boundary manifold M (itself with d-1-dimensional boundary 0M) to a
d+1-dimensional AAdS space N such that ON = M U @, where @ is a d-dimensional
submanifold of NV such that 90Q) = M i.e. @ forms a new boundary in the interior of the
bulk space®. One can add matter degrees of freedom localised to this boundary - the

*Note that Neumann boundary conditions (rather than Dirichlet) are imposed at the new boundary Q,
since it should be dynamical from the holographic viewpoint and not fixed by CFT data.
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simple case of a constant matter Lagrangian can be interpreted as a surface of constant

tension 7, and the bulk plus boundary action becomes

I = 167r1GN fbulk V—9(R —24A)

(5.3.1)
+87ré'N fbound v _h‘(K - T)
where K is the extrinsic curvature. The boundary condition
Koy = (K = T)ha (5.3.2)

results.

For the case of a strip of ' = 4 SYM between two such boundaries, one starts with
the AdS-soliton geometry, and the above boundary condition then gives the differential

equation
2(r) =4 BT (5.3.3)
r2h(r)\/4h(r) — R2T?

where the sign depends on which side of the strip the boundary sits. The solutions of
this equation represent the radial evolution of the position where the tension of the
boundary matches the pressure of the interior gauge fields. The solutions are U-shaped
dipping down to a distance r, in the bulk - at the mid-point 4h(r,) = R?*T?2. One can then
integrate (5.3.3) from r = r, to oo and require that Az matches that from the regularity
condition of the geometry (5.2.2) found previously - this fixes the tension 7. We plot the
solutions of (5.3.3) in Figure 5.2.1 and Figure 5.2.2 previously. They represent a cut-off

on the space in this construction.

5.3.2 Adding Probe Branes and Mirror Images

We are now interested in including probe D5-branes in the space. The Euler-Lagrange
equations describing the embeddings in the new space are identical to those in the com-
pact space and we would hope the probes close off before hitting the new boundaries
- in Figure 5.2.1 and Figure 5.2.2 we see that this is not the case however. It is possible
that one needs to invoke new boundary conditions when the probes meet the cut-off
to reflect the physics of the interaction between the fields on the probes and the barrier
physics. Equally likely though is that the construction does not make complete sense
- one is attempting to construct a theory with mirrors and a region of space with the
vacuum of N' = 4 SYM, but such a theory may well not exist because the matter needed

to construct the mirror would need to be part of the vacuum in the strip.

We do not resolve these complex issues here - instead we will take the most naive pre-
scription of simply using the soliton geometry as our description of the vacuum of the
theory between two mirrors and place probe branes with their mirror images in that
space, a la the method of images. The embedding solutions are then simply those we
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Figure 5.3.1: The phase diagram of the bilayer theory in an interval between two mir-
rors of separation 7. d; and d2 measure the distance from one mirror to the first and
second defect respectively. We have marked the lines d, /, = 7/4,37/4 because these
are the separations within which condensation with the mirror image are possible. In
phase A both D5-branes are well separated and condense with their mirror images. In
phase B the two D5-branes form a U-shaped configuration. In phase C the probe nearest
the mirror displays exciton condensation with its mirror partner whilst the other probe
takes up the lone configuration of Figure 5.2.1.

have already displayed for the compact space. We hope that this will reveal the qualita-

tive new physics correctly.

Let us first take this approach for a single probe D5-brane between the mirrors. The
immediate assumption is that the configuration is that shown in Figure 5.2.1 - there will
be condensation of the fermions on the brane triggered by the conformal symmetry
breaking scale Az. However, there is an additional interesting possibility which is that
there can be exciton style condensation with the mirror images of the probe. When the
probe is at the mid-point between the mirrors it is a distance Az from its reflections.
There are no U-shaped configurations for probes separated by more than Az/2 and so
the single configuration of Figure 5.2.1 is correct. If the probe is moved within Az/4 of
the mirror however, then joined configurations exist with lower energy than the single
configuration and exciton condensation with the mirror image will occur. In a sense

this is a new form of mass gap formation for this system.

For two probe branes several configurations are possible depending on the separation
of the branes from each other and from their mirror partners. Both branes can condense
with their mirrors, one can condense with the mirror and one have condensation of only
its own fields, or the two branes can display exciton condensation with each other. One
works through all possibilities and computes the energetically preferred configuration

- the phase diagram is shown in Figure 5.3.1.
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5.4 Conclusions

In this chapter we have studied D5-probe embeddings in an AdS-soliton configuration.
The geometry is dual to N/ = 4 SYM with one spatial direction of the 3+1-dimensional
space compact. We have also argued that it is dual to the vacuum of the theory of N =
4 SYM confined to a compact region between two mirrors (although as we discussed
this is ambiguous and essentially assumes the mirrors do not contribute to the form
of the vacuum configuration of the N' = 4 fields except through the introduction of
a length scale). The conformal symmetry breaking scale introduced through the finite
distance in z in both cases generates fermion condensation and mass gap formation.
For a compact space a single defect exhibits a fermion condensate on its surface. For a
bilayer configuration the energetically preferred condensation is exciton condensation
between the fermions on the two sheets. If one includes mirror images of the probes
in the case of the interval then an extra phase appears in which a single fermion, when
close enough to the mirror, displays exciton condensation with its mirror image. The

bilayer phase structure, displayed in Figure 5.3.1, is then considerably complicated.

The hope is that graphene sheets could be engineered into a strongly-coupled phase by
placing them in a cavity. The qualitative expectations from our results are that a mass
gap will form in this regime. Further predictions would then be that there would be a
first order phase transition to condensation with the mirror partner if the single sheet
were brought close to the mirror. For bilayer configurations we also showed that an
applied magnetic field can cause a first order transition from an exciton condensation
phase to a phase with separate condensation on each sheet. Potentially these sorts of

features could be looked for experimentally.

5.A Circumference of AdS-Soliton

We review here how the circumference of the AdS-soliton is determined for any num-
ber of spatial dimensions d. The metric is given by

2 a\ ! 2 d
ds? = % < (%0) ) dr? + % (1 - (%“) > d2? + r2da? 4. (5.A)

We will from now on exclude the part of the metric corresponding to the zg_4_2 coor-

dinates. We have

ds?_, = Ti? [(1 . (C?)d>_1 dr? 4 4 <1 - (T)d) dz2] . (5.A.2)
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We look at the metric near the horizon by writing » = ro + 7 for small 7. The horizon

factor h(r) can then be written

d

ro\¢ (ro+7)?—r) 7d 72
b (7) = T oxnd g 7O (5.A.3)

The trick involves performing a coordinate transformation that brings the » — z met-
ric into the canonical form for a two-plane i.e we would like to identify the metric in
the form (do? + 02da?)/r? where r = r(o) is some function of ¢ which will not affect

regularity and so is not important in the following. We write

a\ —1
<1 — (T;O) > dr? = %dr2 = o2 (5.A.4)

T T

and noting trivially that dr = d7 (since r = r¢ + 7) we thus have

do do  (ro\1/2 1 _(To\ /2 1/2
%_%_(3) 5 - a_<g) 271/2. (5.A.5)

The desired coordinate transformation is then

o2d

—_— 5.A.6
4rq ( )

77:

The near-horizon metric becomes (where we are now ignoring the overall factor of
1/r(0)?)

rd rd
ds* = do? + (ro + F)477:—dz2 ~ do? + réi—sz (5.A.7)
0 0

and using the coordinate transformation we thus find

2 2 2d27"8 2
ds® =do*+o sz . (5.A.8)

This indeed takes the form do? + 0?da? where a = 279d/2. By regularity a must have

period 27 and thus z must have period 47 /rod.
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CHAPTER O

Soft Walls in Dynamic AdS/QCD and the Techni-Dilaton

The material in the present chapter is based largely on [3].

6.1 Introduction

The AdS/CFT correspondence combined with the introduction of flavour branes pro-
vides a quantitative method for computation of the physics of quarks in (at least some)
strongly-coupled gauge theories, as introduced in Chapter 4. For example, the light me-
son spectrum of the A = 2 theory with a small number of quark multiplets in the back-
ground of ' = 4 super Yang-Mills is known [54]. It has been natural to attempt to
move these techniques towards more QCD-like theories, but a more phenomenolog-
ical bottom-up methodology has been the only way to directly proceed to QCD thus far.
AdS/QCD (see Section 4.2.2) is the broadest brush-stroke example, being the maximally
simplified model in the spirit of a D7-probe action embedded in AdS; x S°. It was recog-
nised early on however that the model suffers from radially excited states whose masses
grow as n (the excitation number) [108,109] and, if minimally extended to include higher
spin states, masses that grow as s (the spin). In QCD, meson Regge trajectories typically
show y/n and /s behaviour and indeed this was the original motivation for string theory
in the 1960s. In AdS/CFT the strong coupling limit leaves a classical supergravity theory
for the lightest states without strings in the AdS space, to match the expectation that
quarks are joined by extended gluonic flux tubes in QCD.

In [110] it was pointed out that modifications of the IR AdS geometry or the IR behaviour
of the dilaton in AdS could be used to achieve the expected Regge form for the masses.

This clever trick undoes the argument that a gravity dual cannot describe this aspect of
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the QCD spectrum. However, the trick is not completely convincing since the mesonic
spectrum is determined by modifications of the theory in the deep IR well below the
constituent quark mass and confinement scale, which appears to be a peculiar violation
of decoupling. Nevertheless, such IR modifications have been incorporated into models
such as [111-116] that provide a remarkably good description of QCD (see also for example
the recent work [117]).

In this chapter we will present an analysis in which we introduce soft-wall behaviour in
the Dynamic AdS/QCD model [82-85]. The model is a slightly more sophisticated ver-
sion of AdS/QCD, retaining a few more features of probe brane embeddings in rigorous
string theory settings. In particular, it allows one to smoothly move (in a phenomenolog-
ical rather than a rigorous manner) from the N' = 2 theory to more QCD-like behaviour.
It also provides an interpretation of the chiral symmetry breaking condensation as the
dynamical generation of a IR quark mass. We will see in Section 6.3 that to introduce a
soft wall and obtain a Regge meson spectrum requires a rather peculiar profile for the
dynamical mass (one certainly not seen in top-down models) in order to allow physics
in the deep IR to enter the meson physics - in particular, the dynamical quark mass
must vanish in the deep IR. This analysis provides some support for those who claim

that there is an inherent tension in the use of non-stringy descriptions of QCD states.

Recent work [82-85, 113-116, 118] has considered extending AdS/QCD models beyond
just QCD to theories with arbitrary Ny and N, including theories speculated to run to
IR fixed points and to behave as walking theories [119]. These models hopefully provide
guidance to lattice practitioners who are attempting to simulate such theories [120-130]
and one hopes that broad trends in the behaviours of meson masses as one enters
this regime will be correctly displayed. The key extra ingredient beyond the simplest
AdS/QCD models is to allow the mass squared of the scalar which describes the quark
condensate (and encodes its dimension via M2 = A(A — 4)) to run with RG scale. Chi-
ral symmetry breaking occurs at the scale where the BF bound (c.f. (3.2.5)) is violated -

M? = —4in AdSj; corresponding to A = 2, or an anomalous dimension for gg of v = 1.

An interesting debate about walking theories is whether the pseudo-conformal regime
generates a bound state in the spectrum that is anomalously light since it is a Goldstone
mode for conformal symmetry breaking. Interestingly, in Dynamic AdS/QCD the spin
zero o or fy meson was observed to become light [82-85] (the models of [131,132] also
describe a light dilaton holographically). On the other hand, in the model of [113-116] its
mass did not fall relative to other states in this regime. Here we wish to suggest that the
key difference between these models is that the latter incorporates a soft wall IR (the
IR behaviour of their tachyon field is also crucial to this dynamics) whilst the former do
not. To test this we show in Section 6.4 that if soft wall behaviour is introduced into the
Dynamic AdS/QCD model (however artificially) then the shift to the IR behaviour of the
quark mass introduces rather strong conformal symmetry breaking and the resulting o
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becomes heavy. This at least makes it clear that the behaviour of this state is sensitive
to how the mesonic physics decouples at strong coupling at scales beneath the scale of
the dynamically generated quark mass.

6.2 Hard & Soft Wall AdS/QCD

We begin by reviewing briefly the hard [80, 81] and soft wall [110] AdS/QCD models as
the construction within Dynamic AdS/QCD later will be analogous. We assume the s =
1 rho meson is created by the operator gy*q. Higher Regge states of greater spin are
associated with operators containing terms like gy{#9” ... 9" ¢ with s — 1 derivatives
inserted - these operators have dimension 2+ s. Holographically each of these operators
will be associated with a symmetric s-index field A# in the dual geometry.

6.2.1 Hard Wall

In the hard wall model the dilaton ® is a constant and one uses the AdSs metric
2 2,92 1 9
ds® = ridzy + —dr”. (6.2.1)
T

r has the usual interpretation as an energy scale and is subject to a sharp cut-off at some
ro. The quadratic action is then schematically

S~ /d4xdr V—ge Trds= (gr grA-)2 (6.2.2)

Note that, as discussed in [110], it can be argued that no further terms (such as those one
would expect from covariant derivatives) contribute to the action due to the residual
gauge freedom that remains in axial gauge, A, = 0, for the case of higher spins in AdS'.
The factors of r present are for the same reason, and as a result the fields A# have
dimension 2 — s.

To find the bound state masses we consider linearized solutions of the form V (r)e# e,
with the polarisation tensor taking indices in the QFT directions only, and arrive at the

equation of motion

Oy [P0, V] +r¥ 3 M2V =0 (6.2.3)
where k%2 = —M?2. The large r solutions take the form
C/
V=c+ . (6.2.4)
r S

Since V has dimension 2 — s, the constant ¢’ has dimension 2 + s which is appropriate

to describe the operators under discussion, and ¢ has dimension 2 — s as is appropriate

"It should be noted that writing down an action for higher spin fields is inherently very complicated and
runs into many issues, such as the need for auxiliary fields - here we have simply written the most naive
possibility.
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for the source.

To provide intuition into the solutions we wish to remove the first derivative terms and
move to a Schrodinger equation form by setting z = 1/ and V = 25~ /24 giving

s —1/4)

— ¢+ U(2)) = M2y, U(z) = ( 5 ) (6.2.5)

z

At small z — 0 (i.e. the UV) the potential grows rapidly, and in the IR the hard wall
presents another barrier - this is thus asymptotically a square well and the eigenstates
behaviour is known, M? ~ n?. Furthermore, since the well is proportional in magnitude
to s, it also follows that M2 ~ s%. Hard wall AdS/QCD is thus at odds with expectations
from QCD and experiment.

6.2.2 Soft Wall

In soft wall models the IR metric and/or dilaton are allowed to take different forms to

replace the hard wall cut-off. If we consider an IR metric
ds? = e*4%) (da? + d2?) (6.2.6)

then e now carries energy dimension (as the coordinate r did before) and the actions
for our fields are

S ~ /d4xdr \/—ge_q>e(45_4)A(8“A”)‘"‘)2 (6.2.7)

analogously to before. The equation of motion becomes
0, [6(23*1“*‘1’821/} +e@smDA=e 2y (6.2.8)

The choices ® = constant, A = —z2 and the redefinition of fields V = e(s=1/2=*y gives

the Schrodinger form
— " + U(2) = M2y, U(z) = (4% +1)22 (6.2.9)

Here the potential is that of a simple harmonic oscillator and the solutions are known
to scale as M2 ~ n, as required for Regge behaviour. However, the s dependence in the

potential means that the behaviour with s is not the desired M2 ~ s.

Alternatively, one can return to (6.2.7) leaving the metric untouched and generate the
soft wall through a dilaton profile ® ~ 1/r? ~ 22. The equation of motion is then that in
(6.2.8) with A = —log z i.e. the metric is just AdS. On setting V' = ¢(®~(25=1)4)/2y, we find

s2—1/4

. (6.2.10)

— ¢+ U =My, U(z) =2"+2(s = 1) + —
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which has eigenvalues
M2 =4(n+s). (6.2.11)

This is the preferred scenario in [110].

Our initial goal is to realize these soft wall scenarios in the Dynamic AdS/QCD model.

6.3 Dynamic AdS/QCD

Dynamic AdS/QCD was introduced in detail in [82,83] and is a variant of AdS/QCD (c.f.
Section 4.2.2) with some additional features taken from top-down D7-probe models (c.f.
Section 4.1.1). In particular, the soft wall in the model is dynamically determined and

corresponds to the presence of a quark condensate.

The five dimensional action of our effective holographic theory is

Am?
2

1
1 X|? + §Fa : (6.3.1)

S = /d4mdpe_®Trp3 X)? +

1
———5|D
#HIXE
The field X describes the quark condensate degree of freedom, with fluctuations in | X|
around its vacuum configuration describing the scalar meson. The 7 fields are the phase
of X,

X = L(p) ¥ 1", (6.3.2)

Fy are vector fields that will describe the vector mesons.
We work with the five dimensional metric

dp?

ds® = ————
(P +X)

+ (p* + | X|?)dz?, (6.3.3)
which will be used for contractions of the space-time indices. p is the holographic co-
ordinate (with p = 0 the IR, and p — oo the UV) and |X| = L enters into the effective
radial coordinate in the space, i.e. there is an effective r* = p? + | X|?. This is how the
quark condensate generates a soft IR wall for the linearized fluctuations that describe

the mesonic states - when | X | is nonzero the theory will exclude the deep IR at » = 0.

The vacuum structure of the theory can be determined by setting all fields except | X| =
L to zero. We assume that L will have no dependence on the = coordinates. The action
for L is then given by
4 3 2 2 L?
S = /d xdpp [(8pL) + Am ? . (6.3.4)
If Am? = 0 then the scalar L describes a dimension 3 operator and dimension 1 source
as is required for it to represent gg and the quark mass m - that is, in the UV the solution

for the L equation of motion is L = m + gq/p?. This case is in fact the N' = 2 SYM theory
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of [54] and Dynamic AdS/QCD generates the known spectrum for the rho meson. A
non-zero Am? allows us to introduce an anomalous dimension for the quark bilinear
operator. If the mass squared of the scalar violates the BF bound of M? = —4(Am? = —1,
« = 1) then the scalar field L becomes unstable and the theory enters a chiral symmetry
breaking phase. A controlled example is that of introducing a magnetic field into the
N = 2 SYM theory [102] by an effective dilaton factor,

o B?

One could alternatively expand this to quadratic order in L and treat the quadratic term
as a p-dependent Am? term. The induced L(p) function is schematically of the form
L ~ 1/(1 + p?) for B ~ 1. This function can be thought of as the RG flow of the quark
mass from a current quark mass of zero in the UV to a non-zero constituent quark IR

value.

Our immediate goal here is not to fix Am? and derive L(p), but instead to investigate
the form of L(p) and ®(p) which will give soft wall behaviour for the rho meson and its

Regge tower of bound states.

6.3.1 The p Regge Trajectory

We again assume that the s = 1 rho meson is created by the operator gy*¢, with the
higher Regge states of greater spin associated with operators which contain terms like
gy{rav ... 9Mq with s — 1 derivatives inserted.

Holographically each of these operators will be associated with a symmetric s-index
field in the geometry with quadratic action
A p1+28 effb N
~ | &z dp ———F—(0"A" 3.

5 / 0 g s @A) 638
in analogy to before. Note that there is some ambiguity here about what factors of p
or factors of y/p? + L? occur (they are fixed by top-down models [54] only for the rho
meson) but for the generic conclusions we reach below this will not be important. Here
they can be understood as being determined by requiring the corresponding operators

to have the appropriate dimensions.

We seek linearized solutions of the form V (r)e**+e~%#* with k2 = —M?2 and arrive at

the equation of motion

14+2s ,—P

s —® P €
ap |:p1+2 (& 8ij| —+ mMgv = 0 (637)

The large p solutions (assuming e ~® becomes constant) again take the form V' = c+c/p?*.
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We now seek to place the equation into Schrédinger form so that we can easily under-
stand the potential that generates the masses of the tower of radially excited states. We
first change coordinates so the 92V term and the M2V terms have the same coefficient,

1

0p = mﬁz, (6.3.8)
giving
14+2s 14+2s 1+2s 14+2s
P 2 P P P 21, _
—5550:V + | 0p | 3 5| — = 50p® ) 0.V + 55— MV =0 (639
(p* + L?) p*+ L p*+ L (p* + L?)

where p = p(z) is implicit. To remove the first derivative terms in (6.3.9), we rescale
1 = aV. The coefficient of the )’ term (where ' denotes 9,) is

p1+2s p1+28 p1+23
/
m2a + <3p |:p2 T L2:| — p2 T L2 a/)@) a. (6310)
Setting this to zero we thus require
1 1+2s 1 p 0,L?
—fpa=— + 20,0+ + = (6.3.11)
a’ 2p 27 P2+ L% 2(p?+ L?)
where recall that o’ = (p? + L?)8,a. From this one easily derives
192, _ 1425 | 192 1 o5L°
aapa = 2p28 + Qap@ + P2+12 + 2(p5+L2)
(6.3.12)
(0,L%)(2p+0,L%)  p(2p+0,L?) 1 2
— sty — Sy + (390a)
which is needed in the potential below.
The equation of motion is now of Schrodinger form,
— "+ Uy = M2y, (6.3.13)
with the potential
211,2)2 _
U = _ﬁisej@ap [P+ 25¢28),]
(6.3.14)

= —(2+ 177 [12) (Lg,0) — 0,® (10,0) + 163l

This expression is still in the p coordinates, and needs to be rewritten in z using the
result of the coordinate transformation in (6.3.8) for the given function L(p) in each of

the examples in the following.
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Figure 6.3.1: The Schrédinger wells for the N'=2 model for s = 1,2,3,4 which give a
spectrum M2 = 4(n + s)(n + s + 1), and a plot of the mass trajectories vs spin, s, for the
excitation numbersn = 1,2, 3,4, 5.

6.3.2 Examples

In this section we will look at the spectrum of the rho meson and its Regge partners
which emerge from a variety of choices of the function L(p) in Dynamic AdS/QCD. We
begin with the controlled case of the A' = 2 SYM theory and move away phenomeno-

logically towards more QCD-like spectra.
N =2SQCD

The model includes the D3/probe D7 model which describesan NV = 2 gauge theory [54].
In this case L is a constant (which, up to a constant, is the quark mass and the only scale

of the theory), and @ is also constant. The change of variables in (6.3.8) gives for m =1

1

)= ——
P41

0., z = arctan|p]. (6.3.15)
The key point here is that 0 < p < co maps to 0 < z < 7/2. Since z is of restricted range,
a square well-like potential asymptotically is unavoidable. This is directly related to the
fact that in a D7-probe model the rho meson physics lives on the D7 world-volume and
does not access scales below the quark mass (here r < 1). In the field theory the con-
stituent quark mass provides a cut-off in RG scale and the meson masses are determined
only in the theory above that cut-off.

In Figure 6.3.1 we show the Schrodinger wells generated for different s. The meson
spectra in these potentials can be found from solving (6.3.13) - we shoot from z = 0
and require the field and its derivative to vanish at the endpoints of the well. The known
analytic spectrum M2 = 4(n + s)(n 4 s + 1) results - some sample masses are also

plotted in Figure 6.3.1 showing M. _ grows as n?, s°.



6.3. Dynamic AdS/QCD 61

M2

100¢ 00l

80r

601

401

201

z . . . g
0.5 1.0 15 2.0 2 4 6 8 10

Figure 6.3.2: The Schrodinger wells for the Dynamically Generated Mass model for s =
1,2,3,4 and a plot of the mass trajectories vs spin, s, for the excitation numbers n =
1,2,3,4,5.

A Model of a Dynamically Generated Mass

In models with a dynamically generated mass (e.g. [102,107]) a typical profile for the

embedding L is
1

L=—— 6.3.16
L+ p? ( :

which falls off as 1/p? at large p but deviates from passing through 72 = p? + L? = 0 yet
has 9,L(0) = 0. Such models are very similar to the N’ = 2 case though in that at large p
the L dependence in (6.3.8) is negligible, whilst at small p we have L ~ constant. Again we
take ® to be a constant. Solving (6.3.8) numerically one again finds that the z coordinate
is bounded in extent and the Schrodinger well must be square asymptotically. In Figure
6.3.2 we plot the Schrédinger well and masses for this case - M2 | again grows as n? and

2.

Of course this is only a toy example since the running of dilaton-like factors that might
induce this shape in L are not included. However, it is important to stress that the change
of variables to z is independent of the dilaton - it is this change of variables that leads
to a truncated range in z and hence a square well and n?-like spectrum. No choice of

dilaton in the bulk or on the brane could change that result.
Engineering with L

We can now try to engineer a behaviour for the meson masses that goes as \/n or /s.
Let's first ask what choice of L(p), which sets the form of the soft wall, would achieve
this. We need in the IR (p — 0) for L to dominate in the factor (p? + L?) in (6.3.8) - if
L ~ pP then we need 0 < p < 1. Note that in this case the IR corresponds to z — oo (in
the previous two cases it corresponded to z — 0). For p < 1/2 the z coordinate resulting
from (6.3.8) is bounded by a maximum value and the asymptotics must look like a square
well. For p > 1/2the IR potential well falls to zero and the spectrum is not discrete. More

interesting behaviours can be found in the region fine tuned close to p = 1/2
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Figure 6.3.3: The Schrédinger wells for the soft wall model with L given by (6.3.22) for
s = 1,2,3,4 and a plot of the mass trajectories vs spin, s, for the excitation numbers
n=1,234,5.

We can, for example, engineer the soft wall potential of [110] for the rho mesons. We set

® to a constant and look at s = 1. The equation of motion (6.3.7) becomes

3

9, [°0,V] + WiiLZ)QM,%V =0. (6.317)
We enforce the change of variables
e 70, = —p°0, (6.3.18)
which in the IR (i.e. small p, large z) implies
pP=ze " (6.3.19)

In the IR limit (where L dominates in p? + L?) the equation of motion (6.3.17) thus be-

comes
6 22
—22 pe 2
0.(e7* 0, V) + 7a MV =0. (6.3.20)
Thus if we pick
6 22
'0;4 = 6722, ie. L?= 2p (6.3.21)

in the IR, we achieve the soft wall model of (6.2.8) at s = 1. Note that, up to a log factor,
we indeed sit on the p = 1/2 boundary.

As an example complete model of this type we can choose

1/2 ,1/2
L=-_t_, (6.3.22)
V14 zp°
This falls off asymptotically in the UV as 1/p? but matches the IR behaviour needed. We
display the Schrodinger well and Regge trajectories in Figure 6.3.3. The potential has
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Figure 6.3.4: The function L(p) which reproduces the soft wall behaviour of [110] with
a constant dilaton. Also shown are examples of the profiles for the N' = 2 theory (L =
constant) and for the dynamically generated mass example (L = 1/(1 + p?)). The line
L = pis also plotted to show where the on mass-shell condition is satisfied.

a harmonic oscillator form at large z which leads to the linear Regge behaviour in n.
However, it is not yet clear that this is a success. To investigate, we first plot the function
L(p) - see Figure 6.3.4. Physically, L(p) in the top-down models is a plot of the quark
mass against RG scale. Here this function is very peculiar, at least in the context of top-
down models - the quark mass grows until the on mass-shell scale but then below that
scale falls to zero in the deep IR. In particular, in this construct the rho meson physics
is determined by radial distances (RG scales) all the way down to zero. This is in sharp
contrast to top-down models where the rho physics is immune to scales below the IR
quark mass. The construct of a soft wall thus requires non-decoupling of quarks in the
IR of a strongly coupled gauge theory - of course this generic point is true in any soft wall
model. Many authors have expressed the view that soft walls are not the way to produce
linear Regge behaviour (and that one should instead use true stringy behaviour), and the
interpretation in Dynamical AdS/QCD most likely supports this view.

Functionally there is a second problem with this model. By manipulating L we have
effectively realized linear trajectories in an equivalent way to the use of “e4” in [110]. As
there, the trajectories for higher s states do not have the same slope as s = 1 - see Figure
6.3.4. In the next example we will provide a model that mixes a dilaton flow and L profile,

and achieves the best case of [110].

Engineered Dilaton and L

As we saw in the second example above, one cannot use a bulk dilaton to engineer an IR
soft wall model with any finite value for L(0), because the quark physics will not see the
deep IR behaviour of that dilaton. An example solution to this problem is to take L ~ p
in the IR, so that the induced metric on the embedding is just AdS, and take a dilaton
® = 22. We set as an example

p

=_r o = 22 6.3.23
L+ p3 : ( :

L
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Figure 6.3.5: The Schrodinger wells for the soft wall model with L given by (6.3.23) for
s = 1,2,3,4 and a plot of the mass trajectories vs spin, s, for the excitation numbers
n=1,234,5.

We plot the Schrodinger wells and mass trajectories in Figure 6.3.5 where the linearity

inn and s is clear.

The complaint that the rho physics is determined by RG scales below the IR quark mass
still remains in this model however. Note that we have not attempted to find profiles for
Am? which would dynamically generate these profiles for L - they would clearly need
to be quite peculiar relative to the standard expectation from the perturbation theory

running.

6.4 Techni-Dilaton

In this final section we turn our attention to the impact of soft wall dynamics on the so
called techni-dilaton state in walking gauge theories. There is considerable interest in
the behaviour of QCD-like SU(N,.) gauge theories with varying number of flavours Ny
[133-144]. For Ny < 11N, /2 the theories become asymptotically free. There is believed to
be aregion of N below this value where the theory runs to an IR fixed point at which the
coupling grows in strength as Ny decreases. At some critical value, roughly estimated
as Ny ~ 4N,, the coupling at the fixed point becomes strong enough to trigger chiral
symmetry breaking, and IR conformality is lost. The transition is triggered when the
anomalous dimension of gg becomes vy ~ 1 [113,118,145] and is of a BKT or Miransky
scaling type [146,147]. Just below the critical value of Ny for chiral symmetry breaking,
the theories are supposed to display walking behaviour. The coupling runs to an IR
theory with v ~ 1 from below. For theories close to the critical coupling the running
in the IR theory is very slow and the scale where chiral symmetry breaking occurs is
in a theory that is very close to conformal [119]. A number of authors have predicted
that a light dilaton-like state (relative to the rest of the spectrum) will emerge in these
theories [148-153].

Several groups have recently developed holographic models of walking theories and
the conformal window [82-85, 113-116, 118]. These theories do not predict the dynam-
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ics of the running of the couplings or anomalous dimensions but include them either
directly or through chosen potentials for supergravity fields. They do however predict
the meson spectrum as a function of Ny and N, after those assumptions have been in-
cluded. Interestingly, Dynamic AdS/QCD was used to show the presence of a light gq
scalar state [83], but the model of [113] does not see such a state. Here we wish to argue
that it is the incorporation of soft wall dynamics in [113] that explains this difference. In
particular, as we have seen in the sections above, to achieve M? ~ n Regge trajectories
in AdS/QCD models it is necessary to allow the meson physics to be determined by the
deep IR regime below the chiral symmetry breaking scale. In [113] this is achieved by the
tachyon field that describes the gg condensate diverging in the IR only at the scale r = 0.
In Dynamic AdS/QCD the probe-brane-like action terminates at the on mass-shell con-
dition for the quarks. The running in the gauge theory is near conformal down to that on
mass-shell condition scale, but below where the quarks decouple from the running of
the gauge coupling the Yang-Mills like running of the glue theory is very non-conformal.
We believe that whether a light mesonic state is seen or not depends on whether its
dynamics is sensitive to the conformal symmetry breaking deep IR or not. To demon-
strate this logic we simply study the mass of the scalar gg state in Dynamic AdS/QCD
with and without soft wall behaviour. When we decouple the mesonic action at the
quark mass scale the state is light, but if we allow it to see the non-conformal IR running
then the state becomes heavy with mass of order the chiral symmetry breaking scale.
This at least highlights the role of quark decoupling in these holographic descriptions.
Top-down probe brane models appear to us to support the idea that mesonic physics
should be blind to the deep IR below the quark mass, but this would invalidate the soft
wall mechanism.

6.4.1 Walking Dynamics in Dynamic AdS/QCD

The gauge dynamics is input into Dynamic AdS/QCD through the running of ~, the
anomalous dimension of gg. In the holographic description 7 enters through the term
Am?in (6.3.1).

We will fix the form of Am? using the two loop running of the gauge coupling in QCD
with Ny flavours transforming under a representation R. This of course is a naive ex-
trapolation of perturbative results beyond their regime of validity, but is widely used to
motivate the presence of a conformal window and walking. The running takes the form

d
,uﬁ = —bpa? — b1a?, (6.4.1)
where

1
bo = — (11N, — 2N}), 6.4.2
0= ¢ f) (6.4.2)
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and
1

b= 2472

5 N2 -1
34N? — 10N.N; — 3 N; ). (6.4.3)
C f N f
C

Asymptotic freedom is present provided Ny < 11N./2. There is an IR fixed point with
value
Ay = —b()/bl s (6.4.4)

which rises to infinity at Ny ~ 2.6 N...

The one loop result for the anomalous dimension of the quark mass is

30
oo

2 _
0. Cy= WD (6.4.5)

g 9N,

Thus, using the fixed point value a., the condition v = 1 occurs at N§ ~ 4N, (precisely
N§ = N (100NZ — 66)/(25N7 — 15)).

We will identify the RG scale p with the AdS radial parameter r = y/p? + L? in our model.
Note it is important that L enters here - if it did not (and the scalar mass was only a
function of p) then, were the mass to violate the BF bound at some p, it would leave the
theory unstable no matter how large L grew. Including L means that the creation of a
non-zero but finite L can remove the BF bound violation, leading to a stable solution.

Working perturbatively from the AdS result m? = A(A — 4) we have

3(NVE - 1)

6.4.6
2N .m ( )

Am? = -2y = —
This will then fix the » dependence of the scalar mass through Am? as a function of N..
and Ny.

The vacuum structure for a given choice of representation, Ny and V., must be identified
first. The Euler-Lagrange equation for the vacuum embedding L, is given at fixed Am?

by the solution of
aa,o (p*0,Ly) — pAm*L, = 0. (6.4.7)

Note that if Am? depends on L, at the level of the Lagrangian then there would be an ad-
ditional term —pL?0Am? /0 L,. We neglect this term and instead impose the running of
Am? at the level of the equation of motion. The reason is that the extra term introduces
an effective contribution to the running of v that depends on the gradient of the running
coupling. Such a term is not present in perturbation theory in our QCD-like theories -
we wish to keep the running of «y in the holographic theory as close to the perturbative

guidance from the gauge theory as possible.

In order to find L, (p) we solve the equation of motion numerically with shooting tech-

niques with an input IR initial condition. A sensible first guess for the IR boundary con-
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Figure 6.4.1: A plot of the 0 meson mass in units of the p meson mass against Ny in Dy-
namic AdS/QCD. The points that fall to zero at the chiral transition at Ny = 12 are those
computed where the action is cut-off at the on-shell mass of the quark so the theory is
blind to the deep IR conformal symmetry breaking, whilst the points that asymptote to
a non-zero value at Ny = 12 are for the soft wall variant.

dition is

L,(p = Lo) = Lo, Ll (p=Ly) =0. (6.4.8)
This IR condition is similar to that from top-down models [78,101,102,107] but imposed
at the RG scale where the flow becomes “on mass-shell” Here we are treating L(p) as a
constituent quark mass at each scale p. To continue the flow below this quark mass scale
we would need to address the issue of the decoupling of the quarks from the running

function « - previously we have not addressed this challenge but we will show some of
the subtly below when we include a soft wall.

The isoscalar gq (o) mesons are described by linearized fluctuations of L about its vac-
uum configuration, L,. We look for space-time dependent excitations, i.e. | X| = L, +
§(p)e'®® with ¢> = —M?2. The linearized equation of motion for § is

8,(p*8') — Am2ps — pL,6 25m o
(6.4.9)

2p4__p _
We seek solutions with asymptotics of § = 1/p? in the UV and with 8,5|, = 0 in the
IR, giving a discrete meson spectrum. This calculation has already been presented in
[82-85] and the & meson mass, in units of the rho meson mass, falls to zero as Ny — 4N,
where the Miransky phase transition occurs. We summarize this result for the N, = 3

theory in Figure 6.4.1.

We will now include an IR soft wall behaviour into the model in the spirit of the fourth
example given in Section 6.3.2, with an IR profile for L(p) and the dilaton . To demon-
strate this idea, rather than cooking Am? below the quark on mass-shell scale, we will
include the soft wall by hand in the L, profile and just compute the bound state masses.
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We take for the IR wall
L(p) = Losin(mp/2Lg), p < Lo (6.4.10)

which is linear at small p and matches to the solutions already found above p = Ly. We
then include a dilaton of the form

B(p) =1+ e M — VLG (6.4.11)

which grows from unity at the matching scale to take the form exp(—z2) in the IR. We
again compute the rho and ¢ spectrum as a function of N, for the N, = 3 theory, except
now imposing the boundary conditions V’'(0) = 0 and ¢’(0) = 0. We display the results
in Figure 6.4.1 as well - the c meson now does not become light because it is sensitive to
the IR conformal symmetry breaking that picks out the scale L.

6.5 Conclusions

Dynamic AdS/QCD is an AdS/QCD model derived from the quadratically expanded D3/
probe D7 system, with the running of the anomalous dimension of gq replaced by hand
to match a particular theory. The field | X | = L holographically dual to the quark bilinear
can be thought of as the running quark mass, and generates a soft wall in the action for
the mesonic fluctuations. In this chapter we have studied manipulating L to mimic a soft
wall model in the spirit of [110]. The idea is to use the deep IR behaviour of the metric
or the dilaton to transform the mesonic spectra from that associated with a square well
potential (M,, ~ n) to that associated with a simple harmonic oscillator (M,, ~ /n).
Although this can be done, it requires L — 0 in the IR which is not the behaviour seen
in top-down models, nor what would be naively expected for the IR behaviour of the
quark mass - the mesonic physics becomes determined by RG scales well below the
on-shell quark mass. Nevertheless, we have shown examples of this behaviour in the

model.

We have also highlighted the consequences of soft wall dynamics in models of the light
o meson that emerges in walking theories near the chiral transition from the conformal
window:. If the mesonic physics is determined by scales above the on-shell mass of the
quark then the near-conformal dynamics of these theories can lead to a light 0 meson
relative to the rest of the spectrum. However, if soft wall dynamics is included then the
meson physics is determined at scales both above and below the on-shell mass. Since
here the mass function falls to zero in the IR, the dynamics is very non-conformal and
the 0 meson mass is determined by the on-shell mass scale. This highlights the cause
of the difference in spectrum between the results in [113-116] and [145]. Of course, in the
holographic models the decoupling behaviour of the quarks or mesonic physics is input
by hand, so one must decide which scheme is most plausible.

Our intuition has been led by top-down models such as the D3/probe D7 system with
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a magnetic field [102], where the mesonic physics lives on the probe and does not see
the geometry below the IR mass scale. Another example is given by the Sakai Sugimoto
model [78] in which, firstly, meson physics is restricted to the probe brane energy scales
which are sharply cut off at the IR mass, and, secondly, the deep IR of the background
geometry is capped off by confinement. We feel that the decoupling in [145] is more
realistic, though one might expect some interaction with scales just below the quark
mass that may tend to raise the techni-dilaton mass. It seems likely that the lattice will

be the only way to find a definitive conclusion on the issue.
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CHAPTER

Holographic Entanglement Entropy

Of the many diverse areas of application that gauge/gravity duality has been utilised for
over the past two decades, the subject of quantum entanglement is one that has received
particular attention. Entanglement has been a contentious philosophical topic since the
Einstein-Podolsky-Roson (EPR) [154] gedankenexperiments of the 1930s, which seemed
to wreak havoc on accepted notions of locality central to our basic understanding of
physics. The phenomenon was partially enlightened by the work of Bell [155, 156] on
quantum correlations in the 1960s, and entanglement came to be understood as a cen-
tral aspect of quantum physics, crucially distinguishing it from its classical counterpart.
It has since been exploited in numerous ingenious ways in the field of quantum in-
formation, which is both deepening our understanding of the foundations of quantum
mechanics and leading to exciting new technologies that might revolutionarize many

aspects of modern life.

Another area where discussions of entanglement have borne fruit is the field of con-
densed matter theory, where the entanglement structure of many-body system wave-
functions encodes important information about the underlying quantum state. For ex-
ample, certain measures of entanglement can be used as order paramaters for phase
transitions in topological systems (see e.g. [157,158)), in situations where no local quan-
tity signifies any transition. One such quantity, which we shall be primarily interested
in, is the entanglement entropy - as its name suggests it is formally defined in a similar
manner to the usual quantum thermodynamic entropy, but can be actually viewed as
encoding information about the entanglement between subsystems. Much interest into
entanglement entropy has been generated due to the fact that, whilst being laborious to
compute in a general quantum field theory, it admits a simple geometrical description
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in those that have holographic duals. We will define both the field theory and holo-
graphic quantities in the present chapter, and much of Part III will consist in computing

this quantity in gravity duals.

Another significant impact that holography has had on discussions of entanglement en-
tropy, and one potentially even more important, is the birth of deep connections be-
tween quantum entanglement and gravity. As we will discuss in the following, the holo-
graphic prescription for calculating entanglement entropy relates a simple geometri-
cal quantity in the bulk to entanglement, an intrinsically quantum phenomenon, in the
boundary QFT. That such a relation should exist is surprising, and has motivated many
authors to investigate the emergence of spacetime geometry in holography out of QFT
entanglement data [159-161]. The protypical example of this is the thermofield double
state [162], where one observes that macroscopic entanglement in the QFT leads to spa-
cial connectivity in the holographic dual - such studies have led to the summarising
slogan “ER=EPR" [163], with ‘ER here referring to Einstein-Rosen bridges or wormholes,
directly highlighting the connection between a geometric notion and quantum entan-
glement. We will touch upon such issues again in Chapter 8 when we discuss a quantity

known as the differential entropy, which was motivated from related considerations.

7.1 Definition of Entanglement Entropy

Consider a generic quantum system in a state with density matrix p, which we take
to be in a pure state so that p = |¥) (U] for some state vector |¥). One considers the
situation where the Hilbert space of the system  can be partitioned into two factors,
H = Ha ® Hae. For example, one could consider a simple system of two qubits where
the partitioning is manifest. In general, one can define the reduced density matrix for
subsystem A by tracing over the degrees of freedom in H 4,

pa = Traclp]. (711

For an observer making measurements in system A with no knowledge of A¢, this is the
effective density matrix required to compute expectation values ie. (O4) = Tr[paO4] .
The entanglement entropy (EE) (see e.g. [164]) is then the usual von Neumann entropy of

this reduced density matrix,
Sa = —Tralpalogpal. (7.1.2)

The intuition here is that, in taking the trace in (7.1.1), subsystem A has complete igno-
rance about the state of A°. If the original state vector |¥) was separable (i.e. factorises
into a state for A and a state for A°), then one will end up with a pure state in 4 and
consequently the entanglement entropy (7.1.2) will be zero. If the the original state is
entangled however, then one will end up with a mixed state in #4 and consequently

there will be non-zero entropy (7.1.2) that can be taken as a measure of this entangle-
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~. - t = constant

Figure 7.1.1: The entanglement entropy for a QFT is defined by partitioning the Hilbert
space geometrically for a spatial (constant time) slice.

ment. Heuristically, the entanglement entropy can be viewed as counting the number

of EPR pairs between the two systems.

This discussion applies for any quantum system with such a partitioning of the Hilbert
space. In particular, one may take a discrete lattice with degrees of freedom confined to
the lattice sites, and imagine a spatial partitioning of the system to give the correspond-
ing partitioning of the Hilbert space. Taking the limit where the lattice spacing goes to
zero, one can then extend this discussion to quantum field theories. We assume the
QFT spacetime is globally hyperbolic and thus can consider a spatial (Cauchy) slice!, and
partition the Hilbert space by geometrically partitioning this slice - see Figure 7.1.1. An
outstanding issue exists for gauge theories however, in that no decomposition of the
Hilbert space can be done in a gauge-invariant manner - the gauge-invariant opera-
tors are link variables between sites, not at the sites themselves. Many authors [165-169]
have proposed prescriptions in which a choice is made about which region, A or A€, the
variables belong to when cutting through the links with an entangling surface.

There are in addition computational difficulties with extending the discussion to quan-
tum field theories, since taking the logarithm of a continuum operator as in (7.1.2) is
not without technical problems. The standard approach is to use the replica trick [170]

whereby one computes the Renyi entropies [171]

. 1
S(A) =1 nlogTrA(pZ) (7.1.3)

using the path integral formalism, and then extracts the EE from the limit

— |1 (TL) . 7 |4
an Aln= L.

"We will assume the state is time-independent throughout this thesis.
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and the task then becomes to compute tr4p’;, which can be written as

frapl = (ZZ;)n (71.6)
Here, Z; is the usual partition function, and Z, is the partition function on an n-sheeted
Riemann surface formed by gluing together n copies of the original spacetime along J A.
The argument of [172] for the holographic entanglement entropy proposal essentially
makes use of a gravitational counterpart to this replica trick.? Although one in princi-
ple has the above prescription for calculating the EE in any QFT, there are nevertheless
very few such analytical calculations in interacting theories and in spacetime dimen-
sions greater than two, due to the technical complexity of the procedure. As we will see
in Section 7.2, holography provides a considerably simpler method for computing the
EE in field theories that admit a gravity dual.

711 Properties

An important property of the entanglement entropy is that it is divergent, which follows
from the usual UV short-range correlations in a local QFT. Intuitively, one can under-
stand the divergence as arising from short-range correlations between EPR pairs across
the entangling surface, and consequently the leading divergence (in the ground state) is
proportional to the area of this surface [173,174],

Area(0A
S = ryr':jg) +o (717)

where ¢ is a UV regulator, and + is a theory-dependent coefficient that scales with the

3

number of degrees of freedom.” Of the subleading divergences, although most are

scheme-dependent, there is a universal term which (for even d) goes as

d—

Sa=+ (1) Fsalog () +0() 718)

where L is a measure of the size of region A. We shall discuss this universal term more
In Section 8.6.

Note that for a pure quantum state (as in the zero temperature case) one finds that (see
e.g. [164])
Su =S4 (7.1.9)

which explicitly shows that the EE, unlike the thermal entropy, is not an extensive quan-
tity. This identity no longer holds at finite temperature however, since the entanglement

entropy then contains thermal contributions.

The EE also satisfies a number of inequalities [175-177] that follow from its definition

ZWe discuss this argument further in Section 9.7.
*The area law would not be expected to hold in a non-local theory however.
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(7.1.2) - one of particular importance, and which is used in motivations of the differential
entropy discussed in Section 8.7, is the property of strong subbadditivity, which for a
tripartite system H = Ha ® Hp ® Hc can be stated as

Saus + Spuc = SauBuc + SB, (71.10)

Saus + Spuc > Sa + Sc. (71.11)

This property can in turn be derived from the monotonicity of the relative entropy [178]
S(pllo) = Tr[plogp] — Tr[plogo] (71.12)

which is a measure of distinguishability between two quantum states. For small changes
of the state, the monotocity of the relative entropy can be written in a form suggestive
of thermodynamics, and leads to an equality known as the first law of entanglement
[179]. This identity has gained interest within holography since it has been argued to be
equivalent to the linearized gravitational equations in the bulk [180, 181], again alluding
to the strong connection between boundary entanglement and bulk gravity.*

All of these properties can be readily observed in the holographic description, which we

introduce in the following section.

7.2 Holographic Entanglement Entropy

We now state the holographic prescription for computing the EE in a QFT. We focus on
the time-independent case as this is our main interest throughout the rest of this thesis.
The Ryu-Takayangi (RT) [183] proposal for computing the EE for a region A states that
one should form the codimension two bulk surface ¥ with boundary 0% = 0A that is
homologous to A and has minimal area. The EE is then given by the familiar Bekenstein-

Hawking expression

. Area(Y)
Sy = —_—. 721
A7 vioa 4Gy 7.2
Computationally one minimises the area functional
Sy = 1/ oy (7.2.2)
e 2.

where 7 is the induced metric on ¥ - we compute many such examples throughout
Chapters 8 and 9. The setup is illustrated in Figure 7.2.1. Intuitively one may motivate
this by viewing the surface ¥ as the bulk counterpart of smearing out region B by hiding
a corresponding part of the bulk spacetime from A, with the minimal area condition
coming from the entropy bound [184,185].

*It has also been argued [182] that the full non-linear gravitational equations should follow from the first
law of entanglement.
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i~ o - t = constant

Figure 7.2.1: Ryu-Takayanagi prescription for holographic entanglement entropy: one
constructs the codimension two minimal bulk surface homologous to the boundary en-
tangling region.

Note that X is a surface in a spatial slice of the bulk AdS space, in the same way that the
entangling surface in the QFT is defined on a spatial slice of the boundary. If there are
multiple solutions causing the area functional to vanish, then one picks the solution with
minimum area.® This prescription can be extended to general time-dependent situa-
tions using the covariant holographic EE proposal of [186], which proposes an extremal

surface prescription similar in structure to (7.2.1).

There have been numerous checks of equation (7.2.1), which was proven for spherical
entangling regions in CFTs in [187] by conformally mapping the EE to the thermal en-
tropy of a black hole. In the last few years a general argument [172] for its validity has
been given based on generalised gravitational entropy and the replica trick, as we dis-
cuss in Section 9.7. It is simple to demonstrate that this holographic quantity satisfies
the properties discussed in Section 7.1.1: the property of complementarity in equation
(7.1.9) is manifest by definition; the leading divergence in (7.1.7) is readily observed from
expected volume divergences of submanifolds in AdS [188-191], with the power of € fol-
lowing from the form of the metric and the area law property simply following from
the fact that 9% = 0A4; the property of strong subadditivity in (7.1.10)-(7.1.11) is also easily
demonstrated using simple geometrical arguments [192].

Note that this construction implicitly works within the lower-dimensional gravity pic-
ture i.e. in AAdS without the compact space present. The question of how to compute
the EE holographically in a top-down setting is the subject matter of Chapter 9. It was
originally proposed that one could just directly extend (7.2.1) by taking a codimension
two surface in the full higher-dimensional spacetime and similarly minimising the area
functional - many studies followed this prescription for computing the EE in top-down
settings (see e.g. [183,193-206]). As we will see, there is strong evidence that this is in-
deed the case, but the identification with the quantity that one gets from computation

*That any non-trivial minimal surfaces exist is due to the fact that the setup is in AAdS space rather than
flat space.
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in the lower-dimensional picture is very non-trivial.

Considering entanglement in a top-down setting also leads naturally to discussions of
generalised entanglement entropy as studied in [207,208]. A distinct field theory quan-
tity, known as the global symmetry entanglement entropy, can be considered holo-
graphically by taking a codimension two bulk minimal surface that asymptotically fills
the spatial background but partitions the compact space. Further quantities still in the
field theory, so-called field-space entanglement, can also be considered by partitioning
the Hilbert space in field-space rather than geometrically - the latter is more difficult
to realise holographically, but can be done in certain cases when the bulk spacetime
has decoupled inner throat regions as discussed in [208]. An important property about
these alternative measures of entanglement is that their leading terms scale with volume
rather than area, since when one integrates out degrees of freedom, the entanglement
between these and those remaining occurs everywhere in the space.

One final issue concerns the UV divergences of the entanglement entropy. We discuss
these further for example in Section 8.6 in relation to the universal terms in the flavour
contribution to the EE. For many purposes however one is often interested in the finite
terms - these can be used as order parameters for phase transitions (see e.g. [194,209],
but also Section 8.3.4), and are also relevant in studies of the F-theorem [210]. A com-
mon approach to extracting the finite terms involves differentiating the EE with respect
to geometric parameters that characterise the entangling region, or with respect to the
mass. This is a simple procedure both in the field theory and holographically and will
be the approach we use in Chapter 8, but there are certain problems with such methods
since they only hold for specific entangling geometries, and it is difficult to relate them
to usual procedures of renormalisation for other quantities in the QFT. Holographically
these divergences arise from near-boundary behaviour, and one would expect that they
can be dealt with systematically using the holographic renormalisation procedure of
Section 3.2.3. This is indeed the case, as was recently carried out in [211] - one finds that
(7.2.2) needs to be supplemented with a counterterm action to obtain the renormalised
functional

_ 1 d—1 1 a2 = ( 1
Sren_4GN/2d o\ 4GN/aEd /7 — (7.2.3)

where 7 is the induced metric on 9¥. As mentioned however, we shall not need to
make use of this formalism in the following - in Chapter 8 we use renormalisation by
differentiation where required since we study only particular entangling geometries,
and in Chapter 9 we mostly work at the level of the bare entanglement area functional.
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CHAPTER 8

Entanglement Entropy and Differential Entropy for Massive Flavours

The material in the present chapter is based largely on [2].

8.1 Introduction

The focus of this chapter is on the computation of holographic entanglement entropy in
top-down brane probe systems, which are widely used in phenomenological applica-
tions of holography as discussed in Part II. Entanglement entropy is a new computable
for such systems and, following the pioneering works of [194,209], can act as an order

parameter for confinement and other phase transitions.

A top-down brane probe system is expressed in terms of a ten-dimensional super-
gravity background and a brane embedding into this background. The Ryu-Takayanagi
prescription is however based on extremal surfaces in the reduced Einstein (d + 1)-
dimensional metric, where d is the dimension of the dual field theory. One of the main
results of this chapter is a systematic method to compute the holographic entangle-
ment entropy for any top-down brane probe system, using the method of Kaluza-Klein
holography [24] to extract the lower-dimensional Einstein metric. This method repro-
duces earlier results of [212-215] but allows entanglement entropy to be computed for
any brane system with arbitrary worldvolume fluxes (earlier results for massless flavours
at finite density can be found in [216]). We illustrate our methodology using the example
of the D3/D7 system at finite mass and density. We compute the holographic entangle-
ment entropy for massive flavours, with arbitrary mass and various entangling region
geometries, and use our new methodology to address the case of finite density.

Brane systems provide a new testing ground for the dependence of entanglement en-
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tropy on the field theory and on the shape of entangling region, topics of considerable
current interest, see for example [217-222]. In particular, one can explore the structure
of universal logarithmic terms; these are well-understood for conformal field theories
(see e.g. [223,224]) and recent papers have explored the behaviour of entanglement en-
tropy under relevant perturbations using conformal perturbation theory [225-230]. It

was shown in [227] that for a CFT deformed by a relevant operator
I =T+ / d*z0 (8.1.1)

there is a new logarithmic divergence in the entanglement entropy of the half space

d+2

N 2 (d—2) T2 (GUV>
68 =N 4(d—1)F(%)AIOg p— (8.1.2)

when A = (d + 2)/2 with A the area of the dividing surface and A the normalisation
of the two point function of the operator O. Here ey and e correspond to UV and IR

cutoffs respectively.

In Section 8.6 we prove (8.1.2) by analysing the volume divergences of the holographic
entanglement entropy and show that (as postulated in [227]) such a divergence occurs
for an entangling surface with arbitrary geometry. We also show explicitly that (8.1.2)
agrees with the logarithmic terms in the entanglement entropy for the D3/D7 system at
finite mass, using the probe brane holographic renormalisation results of [59] to deter-
mine the holographic two point function normalisation. As well as matching the uni-
versal terms in the entanglement entropy, we explain the origin of finite terms in the
entanglement entropy for massive flavour systems, in terms of the effective IR descrip-

tion of the system in terms of a CFT deformed by irrelevant operators.

As discussed in Chapter 7, there is a growing literature connecting quantum entangle-
ment with the global structure of the bulk spacetime, see in particular [163,182]. In [231]
a relation between the area of generic (non-minimal) surfaces and entanglement was
proposed and this idea was sharpened with the introduction of differential entropy
[232-237]. We verify that the differential entropy in the D3/D7 system indeed computes
the area of a hole in the reduced Einstein metric; the agreement is somewhat subtle
since the depth of the hole is itself corrected by the presence of the probe branes.

In Section 8.8 we discuss the implications of the fact that the entanglement and differen-
tial entropy are related to the reduced Einstein metric, rather than the ten-dimensional
metric: even if entanglement allows us to reconstruct the reduced Einstein metric com-
pletely, this information does not suffice to reconstruct the ten-dimensional geometry.
Moreover, the causal structure in ten dimensions only agrees with that of the reduced
Einstein metric in special cases (e.g. product metrics); the global structure is qualita-
tively different between five and ten dimensions even for well-understood examples
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such as the Coulomb branch of N' = 4 SYM. Reconstruction of the full ten-dimensional
geometry would therefore seem to require a generalized notion of entanglement in the
dual field theory, such as those discussed in Chapter 7.

The plan of this chapter is as follows. In Section 8.2 we briefly review the features of
the D3/D7 system relevant to the present discussion. In Sections 8.3 and 8.4 we com-
pute the entanglement entropy for slab, half space and spherical entangling regions for
the massive D3/D7 system. In Section 8.5 we present a general method to compute the
entanglement entropy in any brane probe system using Kaluza-Klein holography and
illustrate our method with the D3/D7 system at finite mass and density. We discuss the
field theory interpretation of our results in Section 8.6 and give a holographic proof of
(8.1.2) for generic entangling regions. In Section 8.7 we show that the differential entropy
computes the area of a hole in the Einstein metric and we discuss the meaning of en-
tanglement and differential entropy for top-down solutions in Section 8.8, illustrating

our discussions with Coulomb branch geometries.

8.2 Massive Flavours

In this chapter we will explore entanglement entropy for massive brane systems, fo-
cussing for the most part on the specific example of the D3/D7 brane system discussed
in Chapter 4 - we briefly review the results here in a form appropriate to the present
work. Consider N, D3-branes and Ny < N, parallel coincident D7-branes. As dis-
cussed previously the decoupling limit gives rise to N = 4 SYM coupled to Ny massless
flavours; the resulting field theory is an ' = 2 SCFT. Taking the background AdSs x S°

metric to be of unit radius

1
ds® = = (d2* + datdat) + db” + sin® 6dQ3 + cos” d¢”, (8.2.1)
zZ

the flat embedding solution of a probe D7-brane corresponding to a massless flavour
is described in these coordinates by ¢ constant and § = 7/2, i.e. the probe D7-brane
wraps AdSs x S3.

Suppose one separates the D7-branes from the stack of D3-branes; the resulting open
strings are massive and the field theory in the decoupling limit corresponds to N = 4
SYM coupled to Ny massive flavours [53] (we discuss the massive deformation of the
N = 2 SCFT further in Section 8.6). The corresponding D7-brane embedding in AdS5 x
S° is described by ¢ being constant and the angle § depending on the radial coordinate
z as

sin?@ = (1 — m?2?%), (8.2.2)

where m corresponds to the flavour mass, or equivalently the separation of the D7 and
D3 branes. Note that the probe brane wraps the equator of the S° as = — 0 and smoothly

caps off at a finite value of z = 1/m, controlled by the flavour mass.
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Figure 8.3.1: Illustration of a slab boundary region: Az = [ is the width of the region, and
L? is the regularized area of its boundary faces.

The D3/D7 brane system can be used to model mesons holographically. Considerable
work has been done on generalizations of the probe brane embeddings to finite tem-
perature and finite density, see the review [52], and on the backreaction of the flavour
branes onto the geometry [238-240]. In particular, note that interesting meson melt-
ing phase transitions are observed at finite temperature and density, see for example
[241, 242]. Backreacting massive flavours is non-trivial even at zero temperature and
density, since the flavours break the global symmetry to SO(4) and the resulting ten-
dimensional metric is therefore of cohomogeneity three. Smearing the branes over the
compact space reduces the cohomogeneity of the metric but this is obscure from the

field theory perspective as it corresponds to an averaging over different field theories.

In this chapter we will calculate the entanglement entropy and the differential entropy
for the massive flavour system at zero temperature and zero density, and match our
results with field theory results based on conformal perturbation theory. We will also
present a method to compute the entanglement entropy for any probe brane system
(with or without worldvolume gauge fields) and illustrate this method with the case of
massive flavours at finite density. The method is equally applicable at finite temperature,
although at finite temperature the entanglement entropy will include both thermal and
quantum contributions; matching with field theory results is considerably harder as few
results for finite temperature exist. It would however be interesting to explore the finite

temperature results in the context of melting phase transitions.

8.3 Entanglement Entropy for Slabs

In this section we compute the entanglement entropy for a slab on the boundary (see
Figure 8.3.1), working to leading order in the ratio of the number of flavours to colors,
N¢/N..
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Let us begin by reviewing the computation of entanglement entropy for a slab in AdSs.
We define a slab region on the boundary of width Az = [ by z € [0,!], and take as an
embedding ansatz z = z(x) on at = 0 hypersurface. Defining the regularised lengths of
the other spatial directions as L, it is then easy to show that the Ryu-Takayanagi entan-

glement entropy functional [183] for the embedding surface is

S , (8.3.1)

L? /l V14 272
= dr——7—
4GN 0 23

where Gy is the Newton constant. Since we chose the AdSs to have unit radius, the

Newton constant is dimensionless and can be related to the number of colors N, as

1 N?
8GN  4Am?’

(8.3.2)

The Lagrangian is independent of x explicitly and hence the associated Hamiltonian is
a constant of motion. Rearranging the expression for this constant of motion one easily
finds

7= (8.3.3)

where Z is clearly the turning point of the solution since z/(%) = 0. The entanglement en-

tropy is then obtained by substituting this solution into the entropy functional, resulting

in 2:3 2
L°z # dz
S = . 8.34
2G N /5 2376 — 26 ( )

Here we have included a factor of two, from the two halves of the entangling surface,
ie. 0 <z <l/2and /2 < x < [. Ttis useful to define the dimensionless parameter

s=z/Zsothatz € [¢, 2] = s € [a,1] where a = ¢/Z is also dimensionless. We obtain, for

example
dz 53
— = . 8.3.5
P T (8.3.5)
Note that the entanglement entropy is thereby manifestly dimensionless
L? L ds
S = 8.3.6
222G /a s3y/1 — b ( )

6I(%) 2a?
L2 (1 ﬁr(-é))

26y \ 22 F 61 (%)22

_1
2;;]\] (ﬁf( 5) +L2F1 (—1/3, 1/2,2/3,@6)> ;

where in the latter equation we retain only terms which are finite or divergent as the
cutoff e — 0.

It is simple to find the induced metric of the entangling surface and its associated stress
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z

Figure 8.3.2: The minimal surface for a slab boundary region - the boundary is at z = 0
and z = Z is the turning point of the surface.

tensor. The induced metric is given by y%" = 9, X9, X" g,,, where a,b = (s,y,w) run
over the surface indices and p, v run over all AdS; indices. The induced metric is there-

. 1 1 1
min __
Jab = <52(1 — 56)7 52227 8222> ' 837)

We note for further use that

fore

. 1
mn = (8.3.8)
7 2253y/1 — s
Differentiating the action functional, the stress tensor for the surface is given by
2 ) min
o o= = _OVT (8.3.9)
/,ymln 59!“/
which evaluates to:
THY = yminaby, XH9, XY (8.3.10)

after using the chain rule. It is then a simple matter to calculate these components,
resulting in

Th = (s*(1—s9)72,0,5%7%, s%2°, s%2?) (8.3.11)
which we will make use of below. Note also that the relation between the width of the
slab, [, and the turning point of the minimal surface is

z 3 1 3 2/ (2
:2/ Zdzlzzg/ sds - \/771(3);7.' (8.3.12)
0 (26 —26)2 0 (1—s9)2 I'(5)

8.3.1 Flavour Contribution

Now let us compute the change in the entanglement entropy caused by the presence of
Ny flavour branes, with Ny < N.. A priori, to compute this change one would expect
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that one needs to compute the backreaction of the branes to linear order in N;/N. and
then extract from the backreacted geometry the change in the five-dimensional Ein-
stein metric and hence the change in the area of the minimal surface. As mentioned
earlier, it is hard to compute the backreacted ten-dimensional geometry because of the
high cohomogeneity of the problem; smeared solutions are known and entanglement

entropy was computed for these smeared solutions in [201].

It is important to note however that entanglement entropy is defined in terms of the
five-dimensional Einstein metric, not the ten-dimensional (Einstein-frame) metric. One
would not in general expect to obtain the correct answer for the entanglement entropy
by computing the area of a minimal surface in the ten-dimensional metric, see Section
8.5. Note that [201] used the ten-dimensional metric rather than the five-dimensional

Einstein metric.

Computing the full ten-dimensional backreaction without smearing and extracting the
effective five-dimensional Einstein metric is intractable for general probe brane sys-
tems. Several methods have therefore been developed to extract the entanglement en-
tropy from the probe brane embedding, see [212-215]. The methods of [212, 214, 215] are
particularly applicable to spherical entangling regions, for which the CHM map [187] may
be exploited. In this section our discussion will follow that of [213], which is applicable
to all entangling region geometries.

On general grounds the change in the entanglement entropy for any perturbation in the

five-dimensional Einstein metric is
1 —1
5= 1Gn / dba/ymn T b, (8.3.13)

where hl;, is the perturbation in the five-dimensional Einstein metric, T4 is the en-
ergy momentum tensor of the minimal (entangling) surface in the background and the
integral is over the original entangling surface. Therefore one can compute the entan-
glement entropy provided one can extract the change in the five-dimensional Einstein
metric. For general brane embeddings the computation of the perturbation in the five-
dimensional Einstein metric is subtle; in Section 8.5 we present a method to compute

the Einstein metric for all types of brane embeddings.

It was observed in [213] that the perturbation in the five-dimensional Einstein metric
is straightforward to compute whenever the brane embedding has an induced world-
volume metric which is diagonal (a product of a non-compact part and a compact part
which is embedded in the sphere part of the background geometry) and furthermore the
non-compact part of the metric has no dependence on the sphere coordinates. In such
a case the linearised backreaction on the metric for probe branes can be computed [214]
as

hE, = ;—Qdiag( F(2), —h(2), h(2), h(2), h(2)) (8.3.14)
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where the metric perturbation is sourced by the effective brane energy momentum ten-
sor Tﬁif Le.
G (h?) = 8nGNTSY. (8.3.15)

This effective stress energy tensor is obtained by reducing the brane action over the
three-sphere

I= —T7/ d5a/ Boy/—v = —T7/ d°o(21%)(1 — m22?)
AdSs S3 AdSs

1

3
2

vV " Vs) (8.3.16)

where 7,4 is the worldvolume metric for the brane." The worldvolume metric is di-
agonal for the given embedding and therefore the determinant factorises, allowing the
integral over the three-sphere to be evaluated. The resulting effective action then de-
pends only on the non-compact part of the worldvolume metric, ()., but note that
the effective tension of this brane is z-dependent. Varying this effective action with re-
spect to the non-compact part of the background metric results in the effective energy
momentum tensor

(Teff)p,u — 27r2T7(1 _ m2z2),yé"y. (8317)

Note that this method for computing the effective source term for the five-dimensional
Einstein metric relies on the fact that the worldvolume brane metric is a direct prod-
uct of non-compact and compact parts. The method is also not applicable for brane
embeddings in which worldvolume gauge fields are non-zero or worldvolume fields
source other supergravity fields as well as the metric. In Section 8.5 we will discuss a
more generally applicable method for computing the entanglement entropy contribu-
tions from probe branes which does not rely on a diagonal worldvolume metric.

Substituting (8.3.17) into (8.3.15) gives the following equation

f(z) = tfo(l —m?2%)%. (8.3.18)

F(2) + 21 (2) -2

Here ¢ is the backreaction parameter, proportional to the number of flavours N
to = 167G NTy: T, = 21Ty (8.3.19)

where T is the tension of a D7-brane. Only the gauge invariant combination f(z) is
determined by the Einstein equations. However, continuity of the metric and of the
extrinsic curvature at z = 1/m requires that h(z) satisfies h(1/m) = h'(1/m) = 0.

Substituting the metric perturbation and the minimal surface stress energy tensor into

"Note that we denote the worldvolume metric for the brane as  and the induced metric on the entan-
gling surface as v™".
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3=
2

D7-brane (z < n%)

AdS Region (z > %)

Figure 8.3.3: The relationship between the original minimal surface and the D7-probe
embedding - when Z < 1/m the entire minimal surface lies within the probe brane
embedding.

(8.3.13) thus gives

1 1 - -

where this integral is over the original entangling surface with coordinates (s, w, y). Defin-
ing o = L? /(4G n 7?) for convenience (where we have computed the trivial y, w-integrals
to give the factor L? and taken into account the factor of two arising from the two halves

of the entangling surface), and unpacking f(zs) we find

V=56 - N 6
6S = a/ds < 133 f(Zs) — 152 i Zh'(Zs) + Hh(és)) . (8.3.21)

Integrating the second term by parts, the bulk contribution cancels the third term and
one is left with a boundary contribution

s=b
5S = a / sV g [h(zs) vi- 36] (8.322)

§3 52

S=a

wherea = ¢/Zand b =1,1/pfor p < 1, > 1 respectively. Here pn = mZ is the dimen-
sionsless mass parameter. This latter distinction occurs because, although the integral
runs over the original entangling surface which has z € [, Z], the integral in fact only
receives a non-zero contribution when hfy # 0, ie. forz < 1/m. When z < 1/m (ie.
p < 1), the entire entangling surface lies within the brane embedding, and the upper
limit is thus z = Zor s = 1. When Z > 1/m (i.e. ¢ > 1) however, the upper limit will

depend on the mass and be given by 2 = 1/m i.e. s = 1/u (see Figure 8.3.3).

For both cases, the boundary term at s = b actually vanishes. The expression within
square brackets trivially vanishes at s = 1 for the case ;1 < 1, and it vanishes for y > 1
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using the continuity condition h(1/m) = 0. The expression for both cases is thus given
by

(8.3.23)

5S:a(/ ds 15;8 f(Zs) + h(e) 1a;a6>

with b depending on the case as mentioned above. Expanding for f this becomes

0S8 = (8.3.24)

tOOK b \/1_56 2 92\2 \/1—(16
12(/@ ds 3 (1 — ps®)” + h(e) 3
Note that the entanglement entropy depends explicitly on the gauge fixing for the met-
ric perturbation. One choice of scheme would be to set f(z) = 0, corresponding to
Fefferman-Graham coordinates while a second natural choice of scheme is to fix h(z)
such that the cutoff is unchanged to linear order and one then obtains the relation

to

h(e) = —

T <1 _ 22 g Lt ) +O(t3). (8.3.25)

3 )

For this gauge choice one obtains

tol? (1 (b V1—s8 5 912 1 2m?
= - 1— — - 3.2
58 G <22/(1d8 (1= + (5 - -+ 0 %)) ] (83.26)

BGy <§2/a ds =3 (1 —p"s%)" | + 6Sgauge(m, €),

where we note that the gauge dependent contribution 6Sgauge is independent of the

turning point Z, since h(0) is finite. We will discuss this point further below. In what
follows we will retain the gauge dependence explicitly, rather than fixing a gauge, and

show that this gauge dependence drops out of universal terms.

In computing the integral we first specialise to the case of small mass so b = 1. Perform-
ing the integral directly over the range s € [a, 1] and expanding the answer in a gives the

following up to O(a)
(Vi L 2 VT I'(=1/3)
1— = — — —_— ..
( ps%)? 5z T3 T T T /6) (8.3.27)
£ r/3 2, 2
12 T(11/6) il p-log2 + 2pu~loga.
The result thus becomes
_ tL® (12, I(=1/3) | 4.2v7 I(1/3)
5 = I8y <262 T3t ETaEe T nraye 80

+ §m2log(e3/223)> + 6Sgauge(m, €).
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We next consider the case of large mass so b = 1/u. The result is given in terms of

generalised hypergeometric functions

/1/# s V1 — 56 1 1

(1= p?s")? = o5+ Gt ({1/2,1,1},{2,2},1/u°) (8.3.29)

g3

2
~EaF (<1/2,-1/3,2/3,1/4°)
2
+%2F1 (=1/2,1/3,4/3,1/4%) + 2ulog(ua) + O(a?).

Expanding for large mass one then obtains

55 = o L om2log(me) — ——0 < (8.3.30)
T I8Gy \ 22 OB g s \ 2 >

1
+ O <m10§12> ) + 5Sgauge(ma 6)'

Note that the power and log-divergent terms agree for y < 1 and p > 1.

We can immediately obtain the change in the entanglement entropy for the half space
fromthe Z — oo limit of the above expression. In this case the entangling surface extends
throughout the bulk and has no turning point. The contribution to the entanglement
entropy from the brane is then

55— foL” 1 2log(me) (8.3.31)
=BGy | 12 m~-log(me) |. 3.

Note that the divergent terms differ from (8.3.30) by an overall factor of two, since the
entangling surface in the field theory no longer has two disconnected parts. We will
discuss the field theory computation of (8.3.31) in Section 8.6.

8.3.2 Changes in Turning Point and Entanglement Surface

The perturbed entangling surface has a turning point for which the relation between the
turning point and the width of the slab Az = [ is changed relative to (8.3.12). The equation

for the perturbed entangling surface is obtained analogously to (8.3.3) and given by

()2 = (jz - 1) +h(z) (4;66 - 1) —f(2) (jZ - 1) : (8.3.32)

for some constant Z, and where f(z) and h(z) are the metric perturbations discussed
previously. The width of the slab is then given by

1
I 7 284 1 [ By 1 ap
:/ Zzl+/ SN € a0 R DR (8.3.33)
2 0 (26— 26)2 2 Jo (36 — 26)2 2 (36 — 26)2
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Figure 8.3.4: Illustration of the change in the turning point of the minimal surface - 2
is the turning point of the original minimal surface (i.e. the one that is actually used to
compute the flavour contribution to the entanglement entropy (8.3.13)), whereas z; is the
turning point of the minimal surface in the backreacted geometry.

where the upper limits of integration are explained as follows: for 1 > 1, the surface
ends in the region in which the perturbations f(z) and h(z) vanish; from (8.3.32) the
turning point therefore remains at z = Z, and we continue to use the definition y = mz.

The boundary term in (8.3.33) vanishes since h(1/m) = 0 and h(0) is finite and there-
fore the relation between the turning point and the slab width depends only on the
gauge invariant combination of metric perturbations. Substituting this combination us-

ing (8.3.18) one hence obtains

(2 pt 1 — 252)2
L Ll(?)) + to/ dss?’% ; (8.3.34)
2 I'(s) 24 Jo (1—s5)2
where note that 4 = mZz depends on Z implicitly. The integral can be computed resulting
in
ut 1 — 4252)2 1
/ dss? BT — (16u3(—u3 +/i8 = 1) (8.3.35)
0 (1— )2 244

w| ot
N |

1 2 1

62F1|=,2,2,— 3oF

+ 21<2,3, ’M6)+ 21<

and expanding for 1 > 1 one finds

L <ﬁr(§) o ) (8.3.36)
) . 3.

For the small mass case the situation is more complicated, since from equation (8.3.32)
we find that the turning point of the surface is itself changed (see Figure 8.3.4). Let the
perturbed turning point be

2t = Z + tgdz. (8.3.37)
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The latter is computed by setting 2’ = 0 in (8.3.32), resulting in
U S
tp0Z = izh(z) (8.3.38)
Note that the shift in the turning point depends on the metric perturbation h(z) explic-
itly, rather than the gauge independent combination.
The relation between [ and z; is now calculated using the relation (8.3.32) which can be
rewritten as
1
22 = ((L+h(2) (2 — 2°%) — f(2)(2f — 2°) + H(2)(42° — 29)) %, (8.3.39)
where we define
h(z) = H(z) + h(2), (8.3.40)

with H(Z) by construction being zero. Inrelation (8.3.39) we implicitly work to first order
in tg, which in particular implies that Z can be replaced by z; in terms multiplying f(z)

and H (z), which are already of order ¢y. Therefore

Zt

l 1 Zt 3d 1 2t H/ 1 4H
i 1 / 23dz 4 / B (f+=2 3 _ z - . (8.3.41)
20 @an@)ih G- 2l (ot 20—t

The boundary term vanishes at z = 0 and the contribution at z = z; is zero since H(z;) =
0 to order ty. Since h/(z) = H'(z) the combination appearing in the second integral is

the gauge invariant combination as before and therefore

1 3 1 371 ,,2.2\2
L a- 1h(2))/ & + tg/ PR Gl Uy (8.3.42)
2 2 0 (1—s6)z 24 (1— s6)3

where now p = mz;. Computing the integrals we obtain

(8.3.43)

6
ozt \fF(% n
r'(%) 3 6I(4)

oyl u4ﬁF(§))
12 ‘

Note that h(Z) = h(z;) at this order.

Even though we only needed the original entangling surface to compute the entangle-
ment entropy above, these changes to the turning point are important to keep track of
when comparing the differential entropy to the gravitational entropy of the correspond-

ing hole in the bulk, as we will discuss in Section 8.7.
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8.3.3 Finite Contributions

To understand the infra-red behaviour of the entanglement entropy it is often useful to

isolate the finite contributions.

A dimensionless, cut-off independent quantity was defined in [243,244] by differentiat-

ing with respect to the mass as

(8.3.44)

Note that this expression is valid for four-dimensional quantum field theories, with dif-
ferent expressions being proposed in lower dimensions. Implicitly, € and Z (or equiva-
lently [) are held fixed. A priori, since the gauge dependent terms depend on the mass it
is not obvious that this quantity will be independent of the gauge. However, on general
grounds the gauge dependent terms must make the form

L2
0Sgauge = a—2—5 + agm’L* + O(€) (8.3.45)
€

with a_s and ag dimensionless coefficients. This form follows from the fact that the
entanglement entropy is extensive, i.e. it is proportional to the area of each slab L?,
and the underlying theory is conformal. This implies that the only finite terms in the
scheme dependent part of the entanglement entropy must be proportional to m?L?,
since m is the only other cutoff independent scale in the problem. Since neither a_»
nor ag contribute to (8.3.44), the quantity computed by (8.3.44) is indeed independent of
the gauge.

Computing this quantity one finds that for 4 <1

tol? (VAL(3) 4.
m = 34
65, 48GN<6F(16})mz (8.3.46)
while for u > 1
55, = LT 1 g (~1/2,1/3,4/3,1/1°] (8.3.47)
m — 32GN3222 1 ) ) 5 H -

which can be expanded for u > 1

Ll o, 1 1
05m = 48G N (m ]m4 36 +0 ml0312 (8.3.48)

For slab geometries an alternative method of defining a cut-off independent quantity is
(see for example [245-248]%)

0S
=[—. 34
S l@l (8.3.49)

28, is always positive and decreasing in two dimensions and plays the role of a c-function.
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This quantity is manifestly independent of the coordinate choice h(z), since §Sgauge is
a local quantity, which is hence independent of the (non-local) slab width [, as we saw
explicitly below (8.3.26). For 1 < 1 this quantity evaluates to

_ tl? VIT(=3) | VaT(3) 4.,
051 = 1 e ( - z (8.3.50)

while for ;1 > 1 one obtains

t0L2 1 1
T 48G N~ \ 8mizb —o=13 | | - 351
o5 48G N <8m4§6 +0 <m10§12)> (8.3.51)

The limit z > 1 probes the IR of the theory: for fixed m this corresponds to taking an
entangling surface which extends deep into the bulk. Therefore a finite quantity should
in this limit decouple from UV physics. Comparing (8.3.48) and (8.3.51), the first quantity
does not fulfil this criterion (as the term of order m? derives from the logarithmic diver-
gence) whereas the latter quantity does. We will hence use (8.3.51) in Section 8.6 when
discussing the IR physics.

8.3.4 Phase Transitions

The flavour contributions to the entanglement entropy (8.3.28) and (8.3.29) match at
mZz = 1, i.e. when the turning point of the entangling surface is at the location where the
metric perturbation vanishes. This matching was guaranteed by the continuity of the
metric perturbation and its derivative at z = 1/m. There are however discontinuities in
the derivatives of the flavour contribution at mz = 1, induced by the discontinuities of
higher derivatives of the metric perturbation at z = 1/m. In particular, there is a dis-

continuity in the fourth derivative of the entanglement entropy with respect to the slab

width (at fixed mass) |
0*S
<8l4> . (8.3.52)

From the field theory perspective it is more natural to fix the mass (i.e. the theory) and
vary the slab width (i.e. the entangling region). However, if one instead looks at the
variation of the entanglement entropy with respect to the mass at fixed slab width, the
fourth derivative is also discontinuous

84S>
(8.3.53)
<6m4 mi=1

Correspondingly the finite quantities 45, and §.5; have discontinuities in their second

and third derivatives, respectively.

The discontinuity arises from the discontinuity in second derivatives of the metric at



96 Chapter 8. Entanglement Entropy and Differential Entropy for Massive Flavours

z = 1/m. The fourth derivative of the entanglement entropy contains the terms

9's 1 (ox\* &
—r ~— | —— (VATE L (2)). 8.3.54

( o >g:1/m e ( i >g:1/m 57 (VT Taiahin () =2 (6.354)
Note that the discontinuity does not arise at lower order in derivatives since the volume

element of the entangling surface vanishes at the turning point.

At first sight one might try to assign a physical interpretation to the discontinuity of the
entanglement entropy, i.e. a phase transition. However, the discontinuity is inherited
from the discontinuity in the metric derivatives and correspondingly in the curvature.
This discontinuity is likely to be an artefact of the probe approximation: in a fully back-
reacted solution for the D3 and D7 branes there should be no source terms in the en-
ergy momentum tensor and hence no discontinuities in the curvature of the metric.
In other words, one would expect from gauge/gravity duality that the backreacted so-
lution should solve the type IIB equations with no sources. The metric and curvature
should hence be continuous and the metric for the back-reacted solution should be

smoothened around z = 1/m, over a radial coordinate range Az < 1/m.

It is interesting to note that at any finite density the brane probe extends throughout the
bulk and therefore there is no longer any discontinuity at finite z: as we show in Section
8.5 the backreacted solution is indeed smoothened around z = 1/m, over a small but

finite radial coordinate range.

8.4 Entanglement Entropy for Spherical Regions

In this section we compute the entanglement entropy for the case of a spherical entan-
gling surface, extending the small mass results of [214] to generic mass. The methods
of [212,214,215] are in principle applicable to spherical entangling regions but in practice
the CHM map [187] becomes intractable for finite mass, as the probe brane embedding
in the hyperbolic black hole is extremely complicated. Therefore again our discussion
will follow closely the method of [213].

Writing the boundary metric in spherical coordinates we have
1
ds® = — (—=dt* + dr® + r?dQ; + d2°) (8.4.1)
z

for the AdSs metric. We define a ball on the boundary by » < R and take as an embed-

ding ansatz z = z(r) at t = 0. The functional for the entangling surface is then

™, (8.4.2)

where we have done the trivial integral over the two-sphere. It is easy to show that
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the resulting equations of motion are solved by the hemisphere 7? + 22 = R?, and the
desired extremal surface is thus a hemisphere in r and z of radius R that wraps the 2-
sphere S? - this surface will be parametrised by {s, 3} where s is defined by z = Rs
and 7 = RV1 — s2and Qy = (4, ?).

We can now compute the induced metric on this extremal surface using the expression
AN = 9y X 9, X" g, where now a,b = (s, 6, ¢). One finds

: 1 (1—s?)
,-y;%’”l = <82(1 — 82) ) 52 gSQ> (843)
where we note for further use that

— V1-s
i — ¥ Jie. (8.4.4)

g3

We can then compute the stress tensor of the surface and one finds (computing only the

diagonal components since this quantity will be contracted with hf,, which is diagonal)

2 32

1—52"1—52

T = (52R2(1 —5%),0, R%s4,

min

cosec2(9)> . (8.4.5)

We are now in a position to compute the entanglement entropy, but we must first write

the metric backreaction in the coordinate system (z,¢,r,0, ¢)
1 ..
hia, = —diag (f(2), h(2), h(2), h(2)gs2) (8.4.6)

The resulting entanglement entropy becomes

T b1 — g2
/ds

58 = T 3 ((s*> +2)h(Rs) — (s* — 1) f(Rs)) (8.4.7)

where e = e¢/Rand b = 1,1/u for p < 1, > 1 respectively as for the slab, where now
pu = mR. Expanding out f(Rs) and again using partial integration on the 4/'(Rs) term as
in the slab case one obtains

. b (1 _ 32)3/2 N T
55_2GN/ads f(Rs) = 55—

h(Rs) (8.4.8)

52

(1- 82)3/2] b

a

again reducing the contribution of i(z) to a boundary term. The term at s = b vanishes

for both possible values of b for the same reasons as before, leading to

— toﬂ' b (1—52)3/2 2\ 2 ™ 1 o 3/2
08 = i [ s )+ o 0= e

Since h(e) depends upon the gauge choice, we can rewrite this expression as in the pre-
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vious section as

2
2i‘gN / ds*=— okl (1= (119)?)% + 6 Sgauge(e, R, m). (8.4.10)
The gauge dependent contribution depends in this case on all three parameters: the
cutoff ¢, the mass m and the radius of the spherical region R (note that in the previous
expression the mass dependence is contained implicitly in the metric function h(z)).
Note the difference relative to the case of the slab: since the dual theory is local, the
gauge dependent terms for the slab cannot depend on the slab width. The radius of
the sphere however relates to the intrinsic curvature of the entangling region, which is
a local quantity and therefore can appear in the gauge dependent terms. In particular,
since h(0) is finite, the non-vanishing terms in §Sgauge Will be either quadratic in R or

independent of R in any scheme.

Let us now consider the small and large mass cases separately. For 1 < 1 the contribu-

tion from the s = b limit to the integral vanishes where b = 1. One therefore obtains

08 =

tom R72 4p2 + 3 € 8u? ot
6e? 6 2R 9 15

fom. lo g—+ + 2B ) 4 5Spauge(e, Rym). (8.4.11)
8GN

Using the same regularisation scheme as before to fix h(e) one obtains as in [214]

tor [ R*  4p®+3 € 12
55 = 0T [ logt — = 4 2B K 8.4.12
8Cy <2e2 T % 1t 3 Ti5) (6.4.12)
where 9
nte (R® 2, 3
5S gauge (€, R, M) = T fr 0, 8.4.13
gauge(€; ym) = 57 m <e2 g3t ) (84.13)

For p > 1 the extra contribution from the s = b limit of integration is given by

tom 1 /8 83u> upt 1 1
L8 Y 4 L4 a2) Ji-= ). ®a4
24GN< \/7<15+ 0 T ) TaBtallog(ptm1- g (6419

This vanishes at ;1 = 1 as we would expect by continuity. Thus the total contribution to

the entanglement entropy for p > 1 is given by

— - 4+ = 4.
Fe 5 g2R+ + 9 +15 (8.4.15)

1 1 /8 83u?> ut 1 5 1
- (2 B £ 23+ 442 J1- =
3 u2<15 30 T ) B alog ntu 2

+6Sgauge (€, R,m).

2 2 4
55 — tom (R +4u —i—31 € 1 8u?
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For ;1 > 1 this expression asymptotes to

tomr [ R? 2u? 1 3 1 1
58 = o (o (o) S 40 8.4.16
% = Soy <662 - < g3 T g)l8me g~ e 7O (6416

+6Sgauge (€, R, m).

As for the slab, the expressions for the entanglement entropy match at p = 1, i.e. when
the turning point of the entangling surface reaches z = 1/m. Derivatives of the entan-
glement entropy with respect to R at fixed m or with respect to m at fixed R become
discontinuous at ¢ = 1 because of the metric discontinuity. For spherical entangling
surfaces the discontinuity arises at fifth order i.e.

85S>
g (8.4.17)
( ORP m=1/R

is discontinuous. The discontinuity again arises from the discontinuity in second deriva-
tives of the metric at z = 1/m, and is hence expected to be absent in a fully back-reacted
solution without sources. The fifth derivative of the entanglement entropy contains the
terms

<3l4> 5=1/ ~ @824 (ﬁTrﬁLﬁnh{fV(z))gzl/m' (8.4.18)

Note that the discontinuity does not arise at lower order in derivatives since the terms
contracted with the metric perturbation are zero when the turning point liesat Z = 1/m,

and their first derivative is also zero; see the form of the integrand in (8.4.8).

8.4.1 Finite Contributions

For a spherical region one can define a finite quantity by differentiating with respect to
the mass, (8.3.44). For u < 1 this gives

T oot

5S,, (8.4.19)

For i1 > 1 one obtains

mty (1 1 1
8Sm = — - — ). 8.4.20
o 8GN ( 31 22O <u4>> ( )

The quantity (8.3.49) is not finite for a spherical region and it is proposed to use instead
[249,250]

0 0

Note that this quantity vanishes for all terms which are independent of R or quadratic

in R, which in particular guarantees that the gauge dependent terms drop out of S ;.
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For 1 < 1 one obtains

0Sty=—1(1—= — . 8.4.22

LM = 5ay ( 3# T 15t (6422
For i1 > 1 one obtains .
mto

S =—s 4 8.4.23

M= R a2 T ( )

with all terms with higher order powers in p cancelling.

As for the slab the limit ¢ > 1 probes the IR of the theory: for fixed m this corresponds
to taking an entangling surface which extends deep into the bulk. Therefore a finite
quantity should in this limit decouple from UV physics. Comparing (8.4.20) and (8.4.23),
the first quantity again does not fulfil this criterion (as the term of order m? derives from
the logarithmic divergence) whereas the latter quantity does. We will hence use (8.4.23)

in Section 8.6 when discussing the IR physics.

8.5 Entanglement Entropy from Kaluza-Klein Holography

In this section we describe a new method for computing the entanglement entropy of
probe brane systems using Kaluza-Klein holography [24]. This method is applicable to
any probe brane system, i.e. for any shape entangling region with any worldvolume
gauge fields, and can also be used for other systems such as Coulomb branch geome-

tries.

The holographic entanglement entropy for any static asymptotically anti-de Sitter ge-
ometry is given by the Ryu-Takayanagi functional in terms of the area of a minimal
surface in the Einstein frame metric. Probe brane systems are however described by
top-down constructions. In other words, we first specify a ten-dimensional supergrav-
ity solution for which a holographic interpretation is known, the usual examples being
geometries which are asymptotic to the products of anti-de Sitter and Sasaki-Einstein
manifolds. The probe system is then specified by the brane embedding into the ten-
dimensional background and the worldvolume fields on the brane. The backreaction
onto the ten-dimensional supergravity solution is computed by viewing the D-brane
action as sourcing the supergravity fields, with the sources being localised on the brane
embedding. Computation of the backreaction therefore involves solving all of the ten-

dimensional supergravity equations.

Even after computing the backreacted ten-dimensional supergravity solution, one can-
not immediately compute the entanglement entropy, because the latter requires the
five-dimensional Einstein metric. For any supergravity solution which can be viewed as
a perturbation of anti-de Sitter cross a Sasaki-Einstein manifold the method of Kaluza-
Klein holography can however be used to extract the five-dimensional Einstein met-
ric [24]. This method implies that, if one only wishes to compute the entanglement en-
tropy, it is not actually necessary to compute all of the backreaction of the brane onto
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the ten-dimersional supergravity fields: one only needs to know the backreaction for

those field components which contribute to the five-dimensional Einstein metric.

In the rest of the section we will describe the computation of the entanglement entropy
using the Kaluza-Klein holography approach for massive D7-branes in an AdS5 x S°
background. At the end of the section we will discuss further applications and general-
isations of this method.

8.5.1 Kaluza-Klein Holography

The backreaction of the D7-branes onto AdSs x S° results in a supergravity background
which can be expressed as a perturbation of AdSs x.S®. Thus the metric can be expressed

as

ds?> = (g%;n + han)dae™dz?; (8.51)
1
= ;(sz + datdz,) + (d6* 4 sin? 0dQ3 + cos? 0dp?) + han (2™, 0,)dz™ dz™

where we denote ten-dimensional indices as 2/; #¢ collectively denote the five sphere
coordinates and 2" denote the five-dimensional coordinates, i.e. (z,2*). Thus g%, is
the background AdSs x S® metric and hy v is the metric perturbation. The other type 1B
supergravity fields are the dilaton ¢, the NS-NS three form field strength Hy;xp and the
RR field strengths Fy, Farnp and Farnpgr. Only the self-dual five-form field strength

has a background profile
Funrqr = Finpor + fMNPQR; (8.5.2)
1
F? = —dzNdt NdwAdv N dy + sin® 0 cos 0dO A dQ3 A dop,
z

with farnvpor being the perturbation of the five form field strength. Our normalisation
conventions are that the Einstein equations for type IIB supergravity are given by
1

6FMPQRSF;QRS 4o (8.5.3)

Ryn =

The Einstein equations are quadratic in the dilaton gradients and form field strengths.
Therefore, working to linearized order in the perturbations, the Einstein equation de-
couples from the perturbations of ¢, Hy np, Far and Fiynp since the latter do not have
profiles in the AdS;5 x S background. Similarly the only contributions to the five-form
equation of motion at linearised order are from the metric perturbations and the five-

form field strength perturbations.
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The fluctuations can be expanded in $° harmonics [36]

han(2,y) = Y bl (@)Y (y) (8.5.4)
hna(w,y) = Y (B, (@)Y (y) + B, (@) DY (y))

han(®,y) = Y (@ (@ mﬁb‘%y)m |(@) DY, (y) + 6L (@) D Dy Y (1)
ha(wy) = > w @)Y (y

and

(@,9) = > 5Dpbyl (@)Y (y) (8.5.5)
(@) = Y (Opurs(2)DaY 1 (y) +4Dpb2 4 (2)Y,5 (1))
(@) = > BDpmb()Y () — 2b55,,(2) Da Y (9))

Fabemn (@:9) =Y (2Dmb (@)eanc™ DaY{" (y) + 30135, () D Yoo (y))
(@,y) = D (Db} (@)eavea® DeY " (y) + (A — 4)b15 (2)eapea” Y (y))
(@) = > bk (@) A eapeacY " (y)

Numerical constants in these expressions are inserted so as to match with the con-
ventions of [36]. Parentheses denote a symmetric traceless combination (i.e. A =
1/2(Aap+ Apa) — 1/5gapAY). YL Y15 Y({llb‘*) and Y[I})‘]) denote scalar, vector and tensor har-
monics whilst At and A5 are the eigenvalues of the scalar and vector harmonics under
(minus) the d’Alembertian. The subscripts ¢, v and s denote whether the field is associ-
ated with tensor, vector or scalar harmonics respectively, whilst the superscript of the

harmonic label I,, derives from the number of components n of the harmonic.

Not all fluctuations are independent - some are diffeomorphic to each other or to the
background. This issue can be dealt with by imposing a gauge; for example, the de

Donder-Lorentz gauge fixing condition is
D% (ap) = D%ham = 0 (8.5.6)

which sets to zero the coefficients B(Isl)m, qﬁfg), ¢é). A more elegant way of dealing with
this issue is to construct gauge invariant combinations of the fluctuations. Such gauge
invariant combinations of the fluctuations were constructed in [24], with the combina-

tions reducing to the de Donder-Lorentz gauge fluctuations on imposing this gauge.

In [24] the equations of motion satisfied by the fluctuations were constructed to quadratic
order in the fluctuations, and the relation between five-dimensional fields and ten-
dimensional fields was also constructed up to quadratic order in the fluctuations. In
the current context we are only interested in the five-dimensional Einstein metric and

we work only to linear order in the fluctuations. We can therefore read off from [24, 36]
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the relationship between the five-dimensional Einstein metric perturbation hZ, and the
ten-dimensional fields as

1
hE . =hi, + 5 G (8.5.7)

where the superscripts indicate that these are zero modes, i.e. associated with the trivial
constant scalar harmonic.

The type IIB supergravity equations lead to the linearized equation for the Einstein met-
ric
(Lp+4)hE =0, (8.5.8)

where L is the Einstein operator, defined as usual by

Lghby, = = (-0Ohk, + DpyDyhl? + DpDyhl? — Dy Dyh?) . (8.5.9)

| =

The five-dimensional equation of motion in turn can be seen to follow from reducing

the ten-dimensional action

4
Irip = —5 le T/ —det gMN ( QMN 5|FMNPQRFMNQR+"'> (8.5.10)

over the five-sphere?. This results in

d°z+/—det(gmn) < (Grmn) ) (8.5.11)

where we use the relation

1 73 1 N?
Ves = === 8512
5 263, 2K% 82 ( )

2
2K

which is applicable when the AdS radius L is set to one. Thus the effective Newton

constant is given by

1 _ N (8.5.13)
167Gy 872’ -~

For the probe brane system, the type IIB supergravity equations are solved with source
terms, from the D-brane action, which in turn implies that the linearized Einstein equa-
tions in five dimensions are sourced. The complete ten-dimensional action is

I =1+ Ip7 (8.5.14)

where

Ipr = —T7/d10x/d805(an —XM(aa))e*¢’\/—det(gMNaaXMaﬁxN) +---. (8.515)

*Note that the 10d action must be supplemented with a self-duality constraint for the five form field
strength.
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Here o0 denote the world-volume coordinates and the ellipses denote terms involving
the world-volume gauge fields and Wess-Zumino couplings. The latter do not con-
tribute in the case of the D7-brane embeddings under consideration here.

The source term results in a stress energy tensor [251]

S(aM — XM(g%))

: (8.5.16)
—det(gmn)

TMN — —T7/dsm/—’ye_d’(’yaﬂﬁaXMagXN)

where we denote the worldvolume induced metric as o5 = gunOaXM03X"N. The

sourced IIB equation is thus

1 _
PRRS .y = k20(Tun — =Tgun) = k30Tun, (8.5.17)

(RvunN — = MPQRSF 5

6
with T = ¢M¥Tyn. The trace adjusted stress energy tensor can be expanded in S°
harmonics, using the same harmonic basis as for the metric:
= > Th(@)Y"(y (8.5.18)
= Z(T(I;}))m(x)yals (Z/) + T(Isl)m(x)DaYh(y))
= > T (@)Y <y) + 103 (@) DY,y (y) + T (2) D Dy Y ()
= > Thz)Y'(y

The correction to the five-dimensional Einstein equation only depends on the following

zero modes (see Appendix 8.A):

(Lp+4)hE = k2,10, + 3T0gmn) = tn, (8.5.19)

where we have used the fact that the D7-brane embedding of interest does not source
the RR five-form field strength.

Given the D7-brane embedding, i.e. §(z) = cos™!(mz), the ten-dimensional energy mo-
mentum tensor source can be computed as

Tarn = —Ts Tand (0 — 6(2))5(6), (8.55.20)
with
T 11 2 2\2. 7._11 2.2 . (8.5.21)
2z T zg( —m"z%)%; w/—?( —mZ)npw 9.
To, = (1-m’2*)g0,;  Tpp =0
Toe = m222(1 —m?2%).
where note that 7 = ¢gM¥Tyn = 8(1 — m22%). Here we denote the metric on the

unit three-sphere by gqo,. The energy momentum tensor source can be projected onto
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spherical harmonics using Fourier decompositions of the delta functions:

50 —0(z) = + i % )) cos(mb); (8.5.22)

SRR

5(6) = 5o+ 2 oostm

=1

:1

By projecting onto the zero mode, one then immediately shows that the ten-dimensional

energy momentum tensor source is such that

2

_ m _

T =-Tr—(1-m?%; T, =0, (8.5.23)
with T
— 7

T = ﬁ(l — m2z2)(m222 —2), (8.5.24)

and hence using (8.5.19) we find that

_ t _ t
t,, = ——02(1 —mzt); b = —02(1 —m?2%)(m?2% — 2)nu, (8.5.25)
3z 62
where as before
to = 167Gy (272 T5). (8.5.26)

Given the five-dimensional stress tensor t,,;, = tmn — %fgf,m, it is straightforward to see
that the perturbation of the Einstein metric induced by this source is in agreement with
that given in (8.3.14) and (8.3.18).

8.5.2 Generalizations to Other Probe Brane Systems

For a general probe brane system, the complete ten-dimensional action is

I =I5+ Ip, (8.5.27)
where
Ip, = —Tp/dloaj/dp+105(xM —XM(JO‘))e_d’\/—det(vaﬁ—|—]:a5) (8.5.28)
+T/d10 /5 M_XxM(o [e /\ZC
with

Yopg = gunOaXMIsXY; (8.5.29)
Fop = BunoaXMogXN 4 Fop;
Corrag = Oyt Oy XM 9y XM,
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We consider embedding a brane into a type IIB background which is either AdS; x S® or
AdSs Schwarzschild x S5, so that the only background field profiles are for the metric
and the five-form. Following the arguments in the previous section, we therefore only
need to consider the equations for the metric and five-form perturbations, as the other

perturbation equations decouple.
The energy momentum tensor source is [92, 251]

S(aM — XM(5%))
—det(gMN)

TMN — _T, / AP o/ —Me (M9, XMz X ™) : (8.5.30)

where we define M3 = vo3 + Fap wWith M o8 being its inverse. The source in the five

form equation of motion is

o (\/TgFMNPQR) = Qm%OTp/deU&(J:M — XM(g))errw 1 Fy 0 (8.5.31)

Oy o XN 0oy, X006, X0, X"
Note that for a D7-brane this term only contributes if ¥ A F # 0. Therefore, provided
that F A F = 0, the correction to the five-dimensional Einstein equation due to source

D7-branes still depends only on the stress energy tensor zero modes,

_ 1- _
(Lp +4)hE = K2,(T°, + §Tog;;m) = tun. (8.5.32)

One can thus compute the perturbation to the five-dimensional Einstein metric by pro-
jecting the brane energy momentum source onto the appropriate combination of (spher-
ical) zero modes. It would be straightforward to relax the condition 7 A F = 0 and ob-
tain the correction to the five-dimensional Einstein equation, taking into account the

sources in the RR field equations, but we will not analyse this case in detail here.

The analysis above immediately allows us to treat D7-branes at finite mass, density (and

temperature). The finite temperature background can be written as

2 _ d 2

ds®> = p? [—J}dtQ + fd:cQ] + p—p? + dQZ; (8.5.33)
’lL4 ~ U4
flp) = 1-=2  flp=1+-.
(p) p (p) p

with the temperature being T = /2ug /7. The D7-brane embeddings can be expressed
in terms of two scalar functions x(p) and a(p):

6(p) = cos " (x(p);  Fu = pa(p) = E(p), (8.534)

where the potential is A; = a(p). These embeddings can be found numerically, see
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[241, 242]. The main feature is that at any finite density, i.e. whenever the asymptotic

form of the potential is

d
At:,u—?—f—"' (8.5.35)

with non-zero charge density d, the embeddings do not close off at finite radius. At
finite temperature the embeddings have a spike which extends into the horizon, while
at zero temperature this spike passes through the Poincaré horizon. In other words,
asymptotically as p — oo, the brane wraps the equator § = 7/2 of the five sphere but
there is a spike, # — 0 as p — wug. In the zero temperature limit, the spike solution

becomes analytic for p — 0,
E(p) =~ &; 0(p) =~ b1p, (8.5.36)

with £ and 6 constant.

Focussing on the zero temperature limit for simplicity, the effective source stress energy
tensor of (8.5.32) is given in terms of 6(p) and E(p) by

_ in® 0 2 4p%0?
by = —lto——— o ——— AT (8.5.37)
2p%(1 + p20% — E2)2

- 24in3 f 9 242
te = o Pon T| T35~ P+ B ;
2(1 + p262 — E2)3 3

_ p?sin® 0 2 p20?
tij = —to . | —5— % | %
2(1 + p262 — E2)2 3 3

Here 6 denotes d,0(p). To compare with the previous sections we change coordinates
to z = 1/p, and use the five-dimensional stress tensor t,,,,, = tmn — %fg?,m,

. 3 9
t. = —to i - (8.5.38)
222(1 + 2202 — E?)2
22gin3 0
ty = 1o T (1 +2293)?
2(1+ 2202 — E?)2

22sin® 6

tij = —ip (1 + 2293 — EQ) 51']',

2(1 + 2202 — E2)2
where 6, = 0.6.

The metric perturbation induced by such sources can then be expressed as

§(ds®) = JE) g2 96 4 + hz(j)

= . da'd;. (8.5.39)
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As previously the gauge invariant combination is
f(2) = f(2) + 21'(2) (8.5.40)

and there are now two independent Einstein equations:

;1 1
4 6
3 1
S = o)+ 522G W) = Pt ),

where we define t;; = ¢;0;;. These equations can be integrated to give
; 1 dz
f(Z) = _*Z2tzz - *Z / (ttt +t; ) (8.5.42)

(9) - h) = 2 [ azz? / (ta(w0) + ti(w)).

These equations can be solved analytically as = — 0 and z — oo. The near boundary

expansions of the fields y and E are

X = mz+ed 4 (8.5.43)
E = 2d%+---,

where m is the quark mass, ¢ determines the quark condensate and d is the density. The

corresponding asymptotic expansions of the gauge invariant metric perturbations are

f(z) = % (1 —om?2+ 0 (m4z4,mcz4) + - ) ; (8.5.44)

(9(2) — h(z)) = %Oczzu...

Note that in fixing a Fefferman-Graham gauge as z — 0 one needs to take into account
the shift in the AdS radius. The Fefferman-Graham gauge is obtained by choosing

to

1) = 35 (8.5.45)
which then implies that
zh!(2) = %0 (-m?22 + O (m*2*, me2) +--+), (8.5.46)
and hence .
0
h(z) = 5 (1 240 (m z mcz4) 4. ) , (8.5.47)

where the integration constant is fixed by the AdS radius.
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In the opposite limit of z — oo we can use the spike solution (8.5.36) to show that

s tot? (1 52) 8.5.48
f(Z) - 423(1—€2>% + 9 ( I )

B toh;E>
4223(1 — £2)2

and hence the metric perturbations are bounded in the deep interior.

The effect of the metric perturbation (8.5.39) on the entanglement entropy is expressed
in exactly the same way as in previous sections, since g(z) does not enter the entangle-
ment entropy. Thus for a slab, following (8.3.22), the brane contribution to the entan-

glement entropy is

08 (8.5.49)

L? /b V16 .
ds zs

T AGN 2

where Z is the turning point of the original minimal surface and a = ¢/Z. At zero den-
sity f(z) is zero for z > 1/m and continuity of the metric and its derivatives requires
h(1/m) = h'(1/m) = 0. At any finite density f(z) is non-zero at finite z and there is no
need to impose that the function h(z) vanishes at a finite value of z. In the finite density

case the integration is therefore over the entire entangling surface, i.e. the upper limit

b=1and
L? LoVI—s8 N
05 =GN ( /a ds—3 = F(zs) + [h(E)aD : (8.5.50)

a2
since the other boundary term vanishes at s = 1.

Note that §.5 has no discontinuities in its derivatives with respect to mass or to the width
of the slab at finite density since f(z) has no discontinuities in its derivatives at finite

density. This provides another reason for viewing as unphysical the discontinuities dis-
cussed earlier.

It is useful to define the difference between the entanglement entropy at finite density

and that at zero density, for the same mass,

2 1 _ 6 — b
55— 585, = 4ch2«2 ( / ds 153 S5 () + 5h(e)1az“]> , (8551
where
6f(z) = f(z)— %(1 —m?22%)?; (8.5.52)

0h(z) = h(z) —h(z),-

where we have used the analytic expression for f(z) at zero density. From the asymp-
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totic expansions (8.5.44), we can infer that the asymptotic expansion of §f is

5f(2) = toO(mez*) + - - (8.5.53)
We can also always choose a gauge such that

Sh(z) = toO(z4) + - ; (8.5.54)

this simply corresponds to matching the gauge asymptotically at zero and finite den-

sity. Substituting into (8.5.51) the difference between the entanglement entropy at finite

density and that at zero density is UV finite? and only the integrated term contributes,
vV 1 — 6

0S5 —68;

d=0 ~ 4G AG N2 ds

5f(zs). (8.5.55)

Note however that this quantity does have discontinuities in its derivatives at Z = 1/m,

since the zero density quantity has such discontinuities.

8.5.3 Numerical Calculation of the Entanglement Entropy at Finite Density

We now consider in detail the embeddings in (8.5.34) with the aim to explicitily carry out
the computation of the flavour entanglement entropy in the case of finite density. We
follow the analysis in [241,242], though unlike the latter we focus on the zero temperature
case. The background, instead of (8.5.33), is therefore AdSs x S°

d 2
ds® = p?[—dt* + da3) + o + d0? + sin®0dQ3 + cos*0de’ (8.5.56)
p

and the probe D7-brane extends in {t, z3, p, 23}. We consider an embedding 6(p), and
in addition we introduce a U (1) gauge field A;(p) on the worldvolume of the D7-brane in
order to study the gauge theory at finite density and chemical potential. The DBI action

for this probe brane then evaluates to

ID7=—T7/d8 21— 1= X2+ P20 — 21 — ) (8.5.57)

where x(p) = cos [#(p)] and F:(p) = 0,A+(p) is the electric field. The equation of motion
for the gauge field has solutions with asymptotics given by (8.5.35), and since Ip7 does

not depend explicitly on A, there is a constant of motion d = §1p7/0Fy.

For solving the resulting equations of motion it is useful to eliminate the gauge field A,

from the action by performing a Legendre transform with respect to d. The equation of

*Earlier discussions of the UV finiteness of terms in the entanglement entropy induced by a chemical
potential may be found in [252-254].
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motion for y can then be obtained from the Legendre transformed action I as

P(1 = x?)x 842
P LA Gt ) Sy UL (8.5.58)
V1I=x2+ X POl —=x?)
3 8d? 1—x%+ p*x?

p°X 2 2.2 72
— 1+ 3(1—x°)+2 — 24d -
V1I=x2+ 22 PO —x*)? [ )2 pO(1 = x2)3 + 8d2
where x = 9,xand d = d/Tpy. Itis straightforward to show that asymptotically solutions

to this equation take the form given in (8.5.43).

We solve (8.5.58) numerically for a given d with regular boundary conditions imposed
in the deep interior. Recalling that x = cos# the spike solution is such that x(0) —
1. However, since x(p) = —sinf, x(0) = 0 and is independent of the value of 6(0).
Therefore we instead set boundary conditions at p = py < 1,

1 .
xX(po) =1-— 552; X(po) = —a, (8.5.59)

with @ > 0 and §? < 1. These boundary conditions correspond to

. «

0(po) = 6; 8(po) = 5 (8.5.60)

Such conditions are consistent with the spike solution § = 61p + - - - in (8.5.36) provided
that a ~ 62/ py; if the latter condition is satisfied the solutions can be smoothly continued
to p = 0. These boundary conditions differ from those used in [241, 242] due to the fact
that we work at zero temperature. Note that the quark mass can be extracted from the
embedding using lim,_,~(px) due to (8.5.43).

The equations of motion for the gauge field are then given by Hamilton's equations with

Ip7as Hamiltonian, which reproduce the fact that d is a constant, together with the equa-
- /T — 2 & 272
9,A; = 2d Sl SR (8.5.61)
V=) = x2)? + 3]

This equation can be integrated to give

tion

1— 2 12,2
VI XX (8.5.62)

[P
Ap)=2d | dpf
o] V=X)L = X2 + 5

where we have set A;(p) — 0 as p — 0. The chemical potential x is then given by A;(c0)
in the previous expression. Once the embedding x(p) has been found above, one can
compute Fj; = 0,A; and p from (8.5.61) and (8.5.62) respectively. Note that the parameter
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Figure 8.5.1: Plots of § f(z) for various values of d and m. In all cases § f(z) asymptotes to
Zero as z — 00.

d indeed characterises the density since
. 3 _ 7
plggo(p 0,At) = 2d, (8.5.63)

in agreement with (8.5.35).

To compute the entanglement entropy one must change coordinates as in the previ-
ous section. At zero temperature the coordinate transformation is trivial and simply
amounts to setting z = 1/p whilst leaving the other coordinates unchanged. One can
then compute the five-dimensional stress tensor components in (8.5.38), and thus the
gauge-invariant metric perturbation f(z) as defined by (8.5.42). We plot df(z), as de-
fined in (8.5.52), in Figure 8.5.1 for various values of d and m, the latter being fixed by the
choice of both d and x’(0). The same general features are observed for all values of the
parameters; §f(z) peaks around z = 1/m and has a long spike slowly asymptoting to
zero as z — oo. Although one might expect intuitively that the thickness of this spike is
determined by the ratio d/m (with a larger ratio leading to a thicker spike), the results in-
dicate that it is in fact the magnitude of x/(0) that determine this thickness, with a larger

value of x/(0) corresponding to a thicker spike (and a larger magnitude of 4 f(z) overall).

It is a simple matter to compute the background subtracted entanglement entropy using
(8.5.55): the result for d = 200, m = 200 is shown in Figure 8.5.2. The graph shows the
entanglement entropy as a function of the depth of the entangling surface z, which is
proportional to the slab width I. It follows from (8.5.53) that the subtracted entanglement

entropy increases quadratically with Z for Z < 1;if §f = A\z* then

LA /Ar(1/3)
55—5Sd20_48GN T(11/6) (8.5.64)

The metric perturbation § f reaches a maximum around z ~ 1/m and is very small for
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Figure 8.5.2: Plot of the background subtracted entanglement entropy for d = 200,
m = 200 as the width of the slab is increased. The entanglement entropy increases
quadratically until the depth of the entangling surface is 1/m and then slowly saturates
to a constant value as the width of the slab is increased further.

z > 1/m, and therefore the entanglement entropy of surfaces which extend to turning
points Z > 1/m saturates.

The D3/D7 system has a rich structure of phase transitions as the chemical potential,
temperature and magnetic field are varied, see [255,256]. It would be interesting to use
entanglement entropy to explore these phase transitions, extending the above results.
Note that the entanglement entropy for massless flavours at finite density was discussed
in [216]; our method would give the same results for massless flavours, and it would be
interesting to explore how the entanglement entropy changes as one increases the ratio

of density to mass.

8.6 Field Theory Interpretation

The D3/D7 system is dual to N' = 4 SYM coupled to N/ = 2 massive hypermultiplets.
The key features of this field theory are as follows. The field content of A/ = 4 consists
of the gauge fields A,, scalars X4 transforming in the fundamental of the R symmetry
group SO(6) and spinors A’ transforming in the spinor representation of SO(6). The
hypermultiplets consist of scalars x and fermions 7 transforming in the bifundamental
of the SU(N,) and SU(Ny) gauge groups. In the massless case the addition of these
hypermultiplets preserves an SO(4) x SO(2) subgroup of the R symmetry group of N =
4 SYM. The hypermultiplets are coupled to the N' = 4 SYM fields by potential terms of
the form

I= / d* Ty Trsu v (XAXXA). (8.6.1)

Separating the branes by a distance m (in string units) corresponds to introducing a mass
term m for the hypermultiplets, which breaks the conformal invariance and breaks the
R symmetry group further to SO(4).

There are two distinct regimes of interest: the mass parameter m being small relative
to energy scales of interest, and the mass parameter being large compared to scales of
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interest. In the former case the theory is clearly described in terms of a small mass
perturbation of a conformal field theory, and we can use the underlying conformal in-
variance to understand the entanglement entropy. Entanglement entropy for relevant
perturbations has been studied recently [227] and we will discuss the relation to our
results below.

In the opposite regime, of high mass, at energy scales much lower than m we can in-

L. The potential term above

tegrate out the hypermultiplets, effectively setting x ~
controls the leading deformation to the N’ = 4 SYM theory: at low energies the effective

description must be

1
I=Isyy+— / d*z O, (8.6.2)
m

where Og is an operator of dimension six in the N’ = 4 SYM theory, i.e. it is an irrelevant
deformation of the SYM conformal field theory. The dimension six operator explicitly
breaks the R symmetry from SO(6) to SO(4) and is therefore charged with respect to
the SO(6) R symmetry of ' = 4 SYM. The backreaction of this deformation on the
stress energy tensor, which is an R symmetry singlet, is necessarily quadratic in this
deformation, i.e. the stress energy tensor is only affected at order 1/m*. The behaviour
of entanglement entropy under irrelevant deformations has been less studied and we
will explore this case in more detail below.

8.6.1 Zero Mass: Marginal Deformation of CFT

In the limit of zero mass, the brane contribution to the entanglement entropy of the slab

_ wL? (3 VAD(=1/3)
o5 = 148Gy <2e2 o F(1/(;)> ’ (8.6.3)

is

where implicitly we have fixed a gauge choice such that

h(z) = % (8.6.4)

Note that this expression is proportional to the entanglement entropy of a slab in AdS5

L2 (1 /mT(-1/3)
- (262 . 622“1/6)) , (8.6.5)

The entanglement entropy of a spherical surface in AdSj5 is

™ (R? 1 1

The brane contribution to the entanglement entropy for a spherical surface at zero mass

is

2
55 = OF <R

1 1
= SO 9¢2 + 5 lOg(E/GIR) — > , (8.6.7)

4
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which is again proportional to the AdS result.

This is to be expected, see also [213,215]: suppose that the AdS radius is scaled as
Laas — Laas (14 d44s) (8.6.8)

with d445 < 1. Since the bulk entangling surface is of dimension three, this implies that
3 3
S — S(1+0445)2 =S <1 + 25Ads> . (8.6.9)

In the case at hand, the effect of the brane is to shift the AdS radius as

to

= 6.1
D (8.6.10)

0Ads =

The brane contribution to the entanglement entropy at zero mass is therefore precisely

55 = gaAdss, (8.6.11)

explaining the results above.

8.6.2 Small Mass: Relevant Deformation of CFT

In the small mass regime, the mass m is smaller than the energy scales of interest, so the

system can be viewed as a mass perturbation of an underlying CFT.

Half space: Let us consider first the case in which the size of the slab ! — oo, i.e. the
space is divided into two regions by a plane; the brane contribution to the entanglement

entropy is given in (8.3.31). In particular the logarithmic divergence is

toL?
5S =
48G n

m2log(me) = gTo(mQLz) log(me), (8.6.12)

where in the latter expression we use (8.3.19) i.e. Tj is the effective tension of the D7-

brane, reduced over the three sphere.

The mass deformation in the field theory is associated with the following slipping mode
of the D7-brane on the three sphere: letting the five sphere metric be

dQ2 = df? + sin? 0dQ3 + cos? 0d¢? (8.6.13)

then the slipping mode is associated with the angle 6, i.e. we retain only the following

terms in the D7-brane action

I="T, / d°x\/gsin® 04/1 + g#9,00,0, (8.6.14)

where we have integrated over the three-sphere, because the mode of interest is an
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SO(4) singlet and hence there is no dependence on the three sphere coordinates. The
metric g,,, denotes the AdSs metric and we work here in Euclidean signature as we need
to compute correlation functions. The resulting equation of motion for 6 is

199,0(99,60,0)

:D— —
0 6 —3cot 2 1+ gm8,00,0

(8.6.15)

where O is the Laplacian in the Euclidean AdSs metric. Linearising this equation around
0 = /2 gives
0 =06+ 30, (8.6.16)

i.e. the scalar is dual to an operator of dimension three.

As we will discuss shortly, we are interested in computing the normalization of the two
point function of this operator, and it thus suffices to consider the solution to the lin-
earized equation of motion (8.6.16). From [59], we can read off the operator one point

function in terms of the asymptotic expansion of the scalar field

1 R
(03) =To <_29(2) + 59?0) + T;]@(o) + D(0)9(0)> (8.6.17)
where
0= 2(9(0) + 0(1)2 + 9(2)22 + 5(2)22 log(z) + - ) (8.6.18)

Here [ ) refers to the Laplacian in the boundary metric g(g) and Rq) is the scalar curva-
ture of this metric, which is zero in our case. Working in momentum space, the regular

solution to the linearized field equation (8.6.16) is
0 = 00y (k)(2°K1(kz)), (8.6.19)

with k the momentum and 6 (k) corresponding to the Fourier transform of the source.
One then expands (8.6.19) about z = 0 to identify the various terms in (8.6.18), for example

10y () = b0y () (1(—1 + o k? + %kQIog (5)) (8.6.20)

where 7 is the Euler constant. Functionally differentiating the one point function (8.6.17)

with respect to the source (), and setting the source to zero, therefore gives

(03(k)O3(—k)) = Tyk?log <§> RE (8.6.21)

where contact terms have been dropped. Fourier transforming back to position space
gives
4T 1
(Ou()0u(0) = TR (5 ) 8622

6

where R denotes differential renormalization, see [31].
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In [227] it was shown that for a CFT deformed by a relevant operator
I =T+ / d4z0, (8.6.23)

the change in the entanglement entropy of the half space is

d

d—2) =%
+

A(d - 1) T (42

88 = N2

)Alog <EUV> : (8.6.24)

€IR

where ey and eg correspond to UV and IR cutoffs, respectively, A is the area of the
dividing surface while A is the normalisation of the two point function of O, i.e. at sep-
arated points

(©@)00) = . 8625

with A = (d + 2)/2 the (relevant) operator dimension. Note that the entanglement en-

tropy is unchanged to first order in the perturbation .

In our case the normalisation is given in (8.6.22), A\ = m and A = L2 Hence

T
55 = 0212 10g (eUV> . (8.6.26)
3 €IR

which exactly agrees with (8.6.12), taking the IR cutoff to be e;r = 1/m.

Sphere: For the spherical entangling region the logarithmically divergent terms are

t 2p 1 4

5SS = ngv (’; + 2> log(me) = Tp <3(7TmR)2 + 7r2> log(me). (8.6.27)
The second of these terms was explained above. The first is proportional to the mass
deformation and can be expressed in the same form as (8.6.24), with
To

2

A=47R* N = 47 (8.6.28)

setting the IR cutoff to be ;g = 1/m.

Slab: For a slab of finite width, the logarithmically divergent terms are precisely twice
those for the half space,

27T,
58 = 2120212 0g (EUV> : (8.6.29)
3 €IR

Taking into account that the area of the entangling surface is in this case 22, we again

find exact agreement with (8.6.24).

At first sight it may seem surprising that the expression (8.6.24), which was derived for
the half space using the known modular Hamiltonian, is applicable to other entangling
geometries, with the entangling area replaced by the appropriate value. However, from
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the field theory perspective, one could derive the result for the spherical region by con-
formal transformations (the modular Hamiltonian is also known) and the divergent con-
tributions for a slab, being local, must necessarily give exactly twice the result for an in-
finite slab. It was argued in [227] that the result should hold for any geometry, since any
entangling surface is locally flat; of course for a curved surface there are additional con-
tributions to the entanglement entropy beyond this universal contribution. The dilaton
effective action approach was also used in [257, 258] to derive the logarithmic diver-
gences for any shape entangling region, up to a universal coefficient computable from
the dilaton effective action.

There is also a very simple holographic way to understand why the formula (8.6.24) is ap-
plicable to the logarithmic divergences of any shape entangling surface, generalising the
work of [230,259]. Deforming the conformal field theory by an relevant scalar operator

corresponds in the bulk to coupling gravity to a massive scalar ® i.e. we consider

1

1
I= /dd+1w R+d(d+1) — Z(0®)? — M?d* + ... |, (8.6.30)
167Gy 2

1
2
where M? = A(A — d), with A < d the dimension of the dual operator. Here implicitly
we are working perturbatively in the scalar field so we include only quadratic terms in
¢ with the ellipses denoting higher order terms. The normalisation of the operator two

point function is [31, 260]

2A —d)T(A) 1

(O(z)0(0)) = LorGn i &) 5 (8.6.31)
for A = d/2 + k with k an integer. In particular we can write
N = m (8.6.32)
forA=d/2+ 1.
Working perturbatively around an AdS;; background, a scalar field profile
P =A15 (8.6.33)

corresponds to deforming the field theory by the dimension A operator, with A char-
acterising the deformation. At quadratic order in the source there is a backreaction on
the metric. Letting the metric perturbation be as before

5(ds*) = 1 (f(2)d2? + h(z)da"dzx,,) (8.6.34)

22

then the Einstein equation implies that the gauge invariant combination of these per-
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turbations is given by

f(2)+2h(2) = é?d— Ci)) AZZ2(4-8) (8.6.35)

Working in Fefferman-Graham gauge we may set f(z) = 0 in which case

_ 1 2,2(d-A) _ 2,2(d-A)
he) =~ = hoA2z (8.6.36)

Now consider an entangling surface in the deformed metric. Let the induced metric for
the minimal surface be v,, = 92 X*9°X*g,,, and fix a static gauge such that

7 =z X% =o% X' = X%(2,0% (8.6.37)
where asymptotically as z — 0
X(z,0% = X"(0%) +--- (8.6.38)

The entanglement entropy contains divergent terms from

1 dl ~ a
S = Cn Ty R /dzdaf T(1+

where
Vo = 0a X' (00, X7 (0°) 0y (8.6.40)

is the induced metric for the entangling surface on the boundary. Integrating over the

radial coordinate one finds the usual power law volume divergence

1 A
a 0 —
4G N (d — 2)ed=2 /da VA0 1Gn(d—2)ed 2 (8.6.41)

with z = € being the UV cutoff and A being the volume of the entangling surface in the

boundary. From the relevant perturbation one obtains a logarithmic divergence when-
ever )
A=(d+2) (8.6.42)

where

55 = 2 —Z(d —2)N\*hg log(e/err). (8.6.43)
8GN

Using the identity (8.6.32) we thence obtain

(d _ 2)7Td/2+1

_ 2
05 = NAX 4(d—-1)T(d/2+1

) log(e/qR), (8‘6.44)

which is exactly (8.6.24) but does not assume any geometry for the entangling surface. It
would be interesting to prove this result from the field theory; the modular Hamiltonian

for generic entangling surfaces is not known but the holographic result suggests that one
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should be able to compute the logarithmic divergences without complete knowledge of

the modular Hamiltonian.

Note that this result has a straightforward generalisation to irrelevant deformations. De-
forming the conformal field theory by an irrelevant scalar operator corresponds in the
bulk to coupling gravity to a massive scalar ® with M? = A(A — d), with A > d the di-
mension of the dual operator. Following the same steps we see that the entanglement
entropy contains divergent terms from

- L d_1 ~ L “ o 1 PR
5= 4GN/d YR 4GN/dZdU Wzd_l(“r 5 h(z)+-) (8.6.45)

but since A > d the metric perturbation h(z) always gives rise to additional UV diver-

gences:
N2 (d —2) A
05 = _32GN(d —1)(2A —d — 2) 2A-d-2° (8.6.46)
Using the identity (8.6.32) we thence obtain
2 (d — 2)m/2+1 A
35S = -N) 4(d — 1)(2A —d— 2)F(d/2 + 1) 2A—d—2> (8.6.47)

where N is the operator normalisation. As for the usual power law divergences, such
terms are not universal but nonetheless will be given an interpretation in the following

section.

8.6.3 Large Mass: Irrelevant Deformation of CFT

By large mass, we mean that the mass scale m is higher than the energy scales of interest.
This implies in particular that m > 1/I, where [ characterises the size of the entangling
region, i.e. the width of the slab or the radius of the sphere. Thus we are always working
in the regime 1 > 1. The UV divergent contributions to the entanglement entropy have
already been explained above and here we are interested in explaining the leading finite
contributions for ;1 > 1. To decouple such contributions from the divergent terms, it
is useful to look at the differentiated quantities (8.3.51) and (8.4.23) (which we argued

previously do not receive contributions from UV divergent terms).

As stated above, for large mass, the effective IR description is in terms of an irrelevant
deformation of SYM. It is easy to understand the effects of such a deformation on the
entanglement entropy from the dual perspective. For a deformation by an operator of
dimension six with A ~ 1/m? the change in the metric behaves as 1/(mz)*. The metric
perturbation can only be viewed as small relative to the background AdSs metric when
(mz)* > 1.

Slab: Now it is straightforward to infer the effect of the irrelevant deformation on the
entanglement entropy of a slab. Since the latter scales extensively with the volume of
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the slab, L2, and the metric is corrected at order 1/m?, the change in the entanglement
entropy goes as L?/m*. The underlying theory is conformal so the only scale in the
problem is the width of the slab I. Since the entanglement entropy is dimensionless the

effect of the massive modes is to change the entanglement entropy as

L2
mA6’

08 ~ (8.6.48)

which indeed agrees with the term found in (8.3.51).

We can infer this answer using (8.6.47), which in the case of A = 6 and d = 4 gives
55 ~ vé;. (8.6.49)
€

In the case at hand A ~ 1/m?. The description in terms of an irrelevant deformation of
SYM is only valid provided that we consider entangling surfaces for which ! > 1/m. The
effective cutoff should therefore be € ~ I > 1/m and hence we reproduce the formula
above.

Sphere: For a spherical entangling surface the leading contribution to the differentiated
entanglement entropy at large 1 behaves as (8.4.23)

1 1

Thus although there is a 1/m* term (as above) this is not the leading contribution. A
simple way to understand the origin of this term is by exploiting the CHM map [187].
The entanglement entropy for the spherical region is then computed by computing the
entropy in the mass deformed theory on a hyperbolic space. Since the fields are con-

formally coupled the action contains the terms
1 1
I= /d4x\/—g ((aX)Q +m?x? + 672X2) , (8.6.51)

where Y is a hypermultiplet scalar and R ~ 1/R? is the Ricci scalar. Now when we
integrate out the hypermultiplets we obtain additional terms in (8.6.2): setting x ~ 1/m
we obtain a contribution from the curvature coupling of order 1/(m?R?), which is in

agreement with the expression above.

8.6.4 Conformal Perturbation Theory at Higher Orders

The brane contributions to the entanglement entropy for the half space (8.3.31) consist
of only the divergent term arising from the shift in the AdS radius and the logarithmic
divergence discussed above. Since the logarithmic divergence is expressed entirely in
terms of the coefficient of the two point function for the dimension three (fermion mass)
operator, this contribution to the entanglement entropy is trivially not renormalized rel-
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ative to the weak coupling result: since the operator dimension is protected, there is
such a contribution regardless of the coupling. The result (8.3.31) only includes powers
of m up to m?, which follows on dimensional grounds: the dimensionless entanglement
entropy scales extensively with the slab area L? and therefore the only way that contri-
butions at order m? or higher could arise in the entanglement entropy would be if the

latter was IR divergent, i.e. the contributions would have to scale as
88 ~ L2mFAk-? (8.6.52)

where the IR cutoff A;p > 1 (relevant perturbations cannot introduce UV power law
divergences so an IR cutoff is the only possibility). However, the entanglement entropy
is an IR safe quantity and therefore no such dependence on an IR cutoff should arise.

From the perspective of conformal perturbation theory, it is not obvious that there are
not contributions to the entanglement entropy from higher order terms, i.e. terms of
order m? or higher. The change in the entanglement entropy is in general expressed
as [225-227]

55 = —m(OK) + %m2 ((OKK) — (00)) + O(m?) (8.6.53)

where O is the deforming operator and K is the modular Hamiltonian. The first term
vanishes by conformal invariance and the second term gives the logarithmic divergence.
By the argument above, higher order terms (dependent on higher order correlation

functions) must vanish and it would be interesting to show this explicitly.

8.7 Differential Entropy

Given the expression for the entanglement entropy of a slab, we now proceed to com-
pute the differential entropy. Following [232-237], the differential entropy should cor-
respond to the area of a surface in the backreacted geometry - see Figure 8.7.1.

The differential entropy is defined as

E i[S(Ik) - S(Ik N Ik+1)] 8.71)

k=1

where {I};} is a set of intervals that partitions the boundary. We will cover the boundary
with n intersecting slabs - we take I} to be a slab of width Az, and the intersection Ij; N
Ij14 is thus a strip of width Az — L,/n where L, is the regularised length of the z-
direction. At the end we will take the limit n — oc.

For a slab in AdSs there is a relation between the strip width Az, and the maximum
bulk depth of the associated extremal surface z, see (8.3.12). When the slab lies in the
perturbed geometry this relation is modified (see for example (8.3.36)), and therefore it
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Figure 8.7.1: An illustration of the equivalence between the differential entropy of a
boundary partition and the area of a corresponding hole in the bulk. As the number
of strips partitioning the boundary tends to infinity, the turning points of the associ-
ated minimal surfaces (blue) form a smooth hole in the bulk (red) whose area equals the
differential entropy.

is useful to leave the relation implicit as

Az = cZ = (co + cito + O(t3)) 2. (8.7.2)
with )
co = 2\/;;?53); (8.7.3)
6

and ¢; depends on whether p is greater than or less than one. The differential entropy

takes the following form

E = lim n[S(Az) — S(Az — L;/n)] (8.7.4)

n—o0

where the overall factor of n arises from the fact that all slabs are of equal width. For
AdSj5 this gives

E=——F""="1limn — (8.7.5)

and hence
_ vyal(—3) ¢

6C(DGx (AP (8.7.6)

where V = L%L, is the regularised three-volume. Using (8.7.3) this expression can be

rewritten as
Vv cg
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and the latter is manifestly equal to the volume of the turning point surface (i.e. the hole)
divided by 4G .

8.71 Large Mass 1 > 1

Proceeding to calculate the flavour contributions, we begin with the very large mass
case. The relevant expression for the entanglement entropy is (8.3.30). The two leading
terms are manifestly independent of Z and thus of Az which implies that the differential

entropy vanishes in this limit,

E = lim n[0S(Az) — 0S(Az — L;/n)] — 0. (8.7.8)

n—o0

The limit 4 > 1 means Z > 1/m and thus the hole formed in the bulk is far away from
the probe brane (which ends at z = 1/m). In the large x limit the leading contribution to

the differential entropy arises from the third term in (8.3.30) and hence

—7t0L2 lim n < — ¢
2304mAGy n—soo A8 (Az — L, /n)b
t(]VCg
384m*(Ax)"Gn’

oF =

(8.7.9)

where ¢ is defined by (8.7.3). Note that since the gauge dependent terms are indepen-

dent of Ax they also automatically cancel in the differential entropy.

Now let us compare the differential entropy with the volume of a hole of radius Z. Since
the backreaction on the AdSs metric in this region is zero one might naively expect that
the change in the differential entropy is zero. However, this does not take into account
the fact that the relation between the turning point radius Z and the width of the bound-
ary slabs Az is modified (8.3.36). In other words, the gravitational entropy of the hole

remains
vV 1

Egrav = M?v

since the metric is AdSs, but to express this quantity in terms of Az we need to use the

(8.7.10)

relation in (8.7.2) to first order in the perturbation, resulting in

|4 3 3c2cito Vel toV el
E rav — 0 0 = 0 5 0 8.711
L Te ((Aa:)?’ T A > 1Gn(A2)? T 3RAmA(Ar) TGy ©71)
where we use
1 c%
1 = (8.7.12)

T 288mizt T 288mi(Ax)t
where the latter equality is to order ¢y. The second term in (8.7.11) is in exact agreement

with the calculation of the perturbation in the differential entropy (8.7.9); we will see in
Section 8.7.3 that this agreement holds for all yz > 1.
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8.72 Small Mass i < 1

We proceed with the small mass case. Extracting from (8.3.28) the terms which depend

on 2 one obtains

55 — toL? (ﬁr(—l/?))l Vv I'(1/3)
448Gy \ 12 TI'(7/6) 22 12 I'(11/6)

m*3? — 2m®logz + - - > (8.7.13)

From these terms in the entanglement entropy we can now proceed to compute the
differential entropy using (8.7.4). Again it is clear that all divergent and gauge dependent
terms cancel from the differential entropy, since they are independent of Az. Noting

that
L

(Ax)? = (Az = Ly /n)? = 282 + O(1/n?) (8.7.14)
1 1 2 L
- =5 +0(/n’ 71
(Az)?2  (Az — L, /n)? Ax3 n +0(1/n) (8.715)
Az — Ly /n 1 L, 9
Y Ve ey i 1 7.
log AL Az +O(1/n%) (8.7.16)
we obtain the perturbation in the differential entropy
WV [ 3¢ 4V/mAT(/3) Az 2m®
OB = 48GN< oAz " 6 T(11/6) & Az )’ 68717)

where ¢y is as given in (8.7.3).

Now let us compare this expression with the gravitational entropy of a hole of radius z,

V1 3
Epay = —— (142 , 71

where we take into account the metric perturbation relative to AdSs. In this case the

relation between z; and A is given by
1 /
Az = coz(1 — §h(zt)) + i tozt, (8.7.19)

where ¢ is defined in (8.7.3) and
(8.7.20)

Thus we note that the gauge dependent quantity h(z;) cancels from the entropy of the

hole, with
\% 1

Egmv = mw (

and moreover the change in gravitational entropy of the hole agrees exactly with the

¢y +3ccito) (8.7.21)

change in the differential entropy (8.7.17).
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873 pu>1

We now proceed with the case p > 1, without requiring ¢ > 1. The entanglement
entropy for u > 1 is given by equations (8.3.29) and (8.3.30)

toL? 1 1 .
= (S B ({1/2,1,1),{2,2),1 7
% = Rk <2a2+6u43 > ({1/2,1,11,{2,2},1/1°) (8.7.22)

2 2
—%m (—1/2,-1/3,2/3,1/p°) + %QFl (—1/2,1/3,4/3,1/1°)
+2%log(na)) + 0 Sscheme(m, €)

Recalling that 4 = mZz and a = ¢/Z, the divergent and log parts are independent of 2
(and thus Ax) and so do not contribute to the differential entropy, nor do the gauge
dependent terms. Also recall that Z = Ax/c, where throughout the following we can
replace ¢ — ¢ to order ¢y since 4.5 already contains an overall factor of ¢y. We thus have

t0L2 P 5

08

b

_T’;2F1<_1/2 ~1/3,2/3, >+”;2F1< 1/2,1/3,4/3, Z >>+

where the ellipses denote zZ-independent terms. We want to compute the differential

entropy
OF = li_>rn n[6S(Ax) — §S(Ax — Ly /n)] (8.7.24)

which requires the relations

o (—1/2, 1/3,4/3, i) o (—1/2, 1/3,4/3,

3al,
A 7

(@ — Lo/ ”)6> B (8.7.25)
Y (1/2 4/3,7/3, >%+C’)(1/n2)

o F (—1/2,—1/3, 2/3, i) — ol (—1/2,—1/3, 2/3, (_Laz/n)ﬁ) =

L (8.7.26)
32“ 39 (1/2 2/3,5/3, ) %Jr O(1/n?)
%31«5 ({1/2, 1,1}, {2,2}, %) _ (8.7.27)
1 a
Tl ({1/2, L1} 2.2 o f s Lx/n)ﬁ) _

12L, [ a1 )
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where here a/2% < 1 since we are considering ;1 > 1. For the former two results we have

used the standard identity

d b
—oFi(a,b,0x) = %QFl(a F1,b+1ct1,1) (8.7.28)

and for the latter result we have used the following relation,

3Fy ({1/2,1,1},{2,2},2) = % (log <1+\gm> —V1—z+ 1) (8.7.29)

where, again, here 2 < 1 since we are considering x > 1. The differential entropy is then

0F = ———7—1(16 -1 1-— 8.7.30
384G (Ax)3pd \ R VA (8.730)
125 1 147 1
60 | =, =, =, — k==, =, —
+062 1<273’37,U,6>+ 2 1<273737M6>>

where recall V = L%L,, and we leave some Az-dependence implicit in y for notational

calculated to be

clarity.

We now want to compute the corresponding change in the gravitational entropy of the
hole. As shown in Section 8.7.1, the change in gravitational entropy of the hole is given

by

|4 36301750
5Egrav - @ A$3 (8731)
where ¢, is defined by equation (8.7.2) and is given by equations (8.3.34)-(8.3.35)
! <166< 1+4/1 1> (8.7.32)
c1 = w| = - — .
2884 ub

125 1 147 1
62F) (=2, 2 — | +3:F (===, — ] .
+02 1(27373au6>+ 2 1<273737M6>>
The equality of the differential entropy and the gravitational entropy of the hole is then
manifest.

8.8 Entanglement and Differential Entropy for Top-Down Solu-

tions

The main focus of this chapter has been to develop a systematic method for computing
the entanglement entropy for top-down brane probe systems. Our method however
immediately generalises to any top-down solution which can be viewed as a perturba-
tion of AdS5 x S® (or indeed a perturbation of the finite temperature AdS5 Schwarzschild
x S°): using the Kaluza-Klein holography dictionary we can extract the effective five-

dimensional Einstein metric and thence compute the entanglement entropy:.
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It is worth noting that given a general asymptotically AdS; x S° supergravity solution
one cannot extract the five-dimensional Einstein metric, except asymptotically around
the conformal boundary. Brane probe systems in which the perturbations relative to
AdSs x S5 are small everywhere, and thus the Kaluza-Klein dictionary can be used to
compute the five-dimensional Einstein metric at all scales, are special cases. In general
the Kaluza-Klein dictionary becomes intractable when the metric perturbations relative
to the AdSs x S° background are of order one, i.e. at some finite distance from the

conformal boundary.

Another subset of ten-dimensional supergravity solutions can be expressed in terms
of the uplifts of five-dimensional gauged supergravity solutions, for which the Einstein
metric is known from the lower-dimensional theory. For example, specific cases of
Coulomb branch solutions are realised as solutions of N/ = 8 gauged supergravity in
five dimensions; generic Coulomb branch solutions are however not realised as lower-
dimensional solutions. The Coulomb branch examples also illustrate the fact that the
causal structure of the five-dimensional Einstein metric is generically not the same as
that of the uplifted ten-dimensional metric: the former can have naked timelike sin-
gularities which correspond to harmless null horizons in the uplifted solutions. One
could thus envisage a scenario where the lower-dimensional metric had no entangle-
ment shadows of the type discussed in [235] but the uplifted solution had shadow re-
gions which could not be probed by five-dimensional fields at all.

The entanglement entropy is computed from the five-dimensional Einstein metric and
the differential entropy (built from entanglement entropy) therefore reconstructs areas
of holes in the five-dimensional Einstein metric. The ten-dimensional metric cannot be
reconstructed just from the five-dimensional Einstein metric: the uplift map requires all
the matter fields in the lower-dimensional theory. Therefore the standard entanglement
entropy and differential entropy cannot in principle reconstruct the ten-dimensional

geometry without additional information.

8.8.1 Coulomb Branch Examples

To illustrate the above discussions we consider a particular Coulomb branch solution
discussed in [45, 261]. The Coulomb branch of N/ = 4 SYM corresponds to the sponta-
neous breaking of the gauge symmetry by giving VEVs to the scalars - on the gravity side,
these solutions are represented by multi-centre D3-brane solutions. These flows break
superconformal invariance but preserve sixteen supercharges.

[261] studies particular Coulomb branch solutions which admit consistent truncations.
These flows are described in five-dimensional gauged supergravity by a single scalar

field x(r) where r is a radial coordinate for the 5-dimensional metric

ds? = 24 dg da” + dr? (8.8.1)
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where r — oo corresponds to the conformal boundary. The BPS conditions can be
written as i gow A g

o= 5@ o= _§W (8.8.2)
where W () is the superpotential and g is the gauged supergravity coupling constant. In
particular, we will be interested in the solution which, from the ten-dimensional point of
view, corresponds to the D3-branes being uniformly distributed on a disc of radius o in
the transverse space, preserving SO(4) x SO(2) of the SO(6) symmetry in the conformal

AdSs x S° solution. In this case one has

Wi(x) = _evEX %e_%x (8.8.3)
2
400 = Llog |- | 41 (8.8.4)
(X)—§Ogm+08(0) -G.

where we have as usual set the radius of curvature of AdSs to be one.

Redefining the radial coordinate one can write the metric as

dp? o?
ds? = \?p? <dac,,dx” + ) P (1 + ) , (8.8.5)
pANG P2

where p — oo at the conformal boundary and the metric is AdS5 for o = 0. The uplifted
ten-dimensional metric is then expressed as

ds?y = A™23ds? + ds?, (8.8.6)

where the warp factor A depends on the sphere coordinates and ds% is a metric on a
warped sphere. Explicitly

A = S g—(1+12c0529)- (8.8.7)
o A2 - ,02 ) .0.
sk = 2 (¢2d6? + cos® 0dQ3 + \° sin” 0d¢?) .

The five-dimensional metric has a naked timelike singularity at p = 0 but the uplifted

geometry has a null horizon at p = 0.

The five-dimensional metric satisfies an a-theorem: the warp factor A(r) in (8.8.1) de-
creases monotonically as r decreases. Correspondingly the entanglement entropy and
the differential entropy monotonically decrease as the scale of the entangling region is
increased. Working for convenience in the coordinate system (8.8.5) the entanglement
entropy of a slab is

(8.8.8)

2 A 30,2 2\1/2
S:L/ d p-(p~+07) 7
AGN Joo N PMP? + 02) = p5(p5 + 0?)
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Figure 8.8.1: Plots of py and AS as functions of [ for ¢ = 0.1. Both functions asymptote
to zero as [ — oo.

where A is the UV cutoff and py is the turning point. The quantity

A%L2
2G N

AS=5— (8.8.9)

is UV finite by construction. The relation between the width of the slab [ and the turning

point is

oo dp
1 =20%(p% + o 1/2/ . (8.8.10)
o+ o) oo P20+ ) (p (p? + 0%) — pi(0f + 02))

The quantity AS(l) monotonically decreases as [ is increased. We can express the dif-
ferential entropy associated with strips of width [ as

A(AS)
ol

E(l)=L, (8.8.11)
and this quantity also decreases monotonically with I. This had to be true since (by
construction) E(l) can be expressed in terms of the warp factor in (8.8.1), which is known
to satisfy the a-theorem, see [45]. It is interesting to note that the differential entropy is
proportional to the finite entropy (8.3.49), which in turn is known to play the role of a
c-function in two spacetime dimensions. In any holographic background dual to a RG
flow, the differential entropy is by construction expressed in terms of the warp factor
in (8.8.1), which satisfies the a-theorem provided that appropriate energy conditions are
imposed on the bulk stress energy tensor [45], and therefore the differential entropy has

the correct property to correspond to an a-function (in any dimension).

Entanglement for Coulomb branch geometries has been discussed in earlier papers
[203,207] from a ten-dimensional perspective, i.e. minimal surfaces in the ten dimen-
sional geometry were explored. As emphasised throughout this chapter, the standard
entanglement entropy should be computed from the five-dimensional Einstein metric,

which can only be extracted near the boundary in the case of separated brane stacks
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discussed in [203,207], since no consistent truncation to five-dimensional supergravity
exists (Kaluza-Klein holography allows us to extract the Einstein metric near the confor-
mal boundary, where the metric is close to AdSs but deep in the interior the metric is not
close to AdS5 and therefore the method cannot be used there, see [24,25]). It is however
an interesting and non-trivial question whether the entanglement entropy can equally
well be computed via codimension two minimal surfaces in the uplifted geometry. One
must refine the boundary conditions in this case to distinguish whether one is comput-
ing the usual entanglement entropy or the generalised entanglement entropy discussed
in Section 7.2. We return to this issue, as well as the discussion of entanglement entropy

for Coulomb branch solutions, in Chapter 9.

8.9 Conclusions

One of the main results of this chapter is a systematic method to compute the effective
lower-dimensional Einstein metric for top-down brane probe systems, using which one
can extract the entanglement entropy. We have illustrated this method with the case of
quarks at finite mass and density, at zero temperature. It would be interesting to explore
the finite temperature behaviour of the entanglement entropy and how it captures the
phase transitions found in [241,242]. Our method is applicable to any brane probe sys-
tem and could for example be used to evaluate the entanglement entropy in models of
quantum Hall physics [262,263] and in top-down models of the Kondo effect [264]. One
could also explore entanglement entropy in the presence of flavours for ABJM theory,

see earlier results in [202, 204].

We were able to match the structure of all terms in the entanglement entropy for finite
mass quarks at zero density with field theory expectations, and the logarithmic diver-
gences were matched exactly. Few field theory results exist for entanglement entropy at
finite temperature and density; see the recent papers [265, 266] for discussions of spe-
cific universal thermal corrections in conformal field theories. It would be interesting to
explore whether conformal perturbation techniques analogous to those of [227] can be
used to extract universal terms at finite mass and density; just like the mass, the chem-
ical potential breaks conformal invariance even at zero temperature but can be treated
in conformal perturbation theory. Results on entanglement entropy using conformal
perturbation theory in the context of higher spin theory can be found in [267-269].

The entanglement entropy calculated using the ten-dimensional metric is in general ex-
pected to be qualitatively different to that computed using the lower-dimensional Ein-
stein metric®. It is interesting to note however that the entanglement entropy computed

using the top-down metric for smeared solutions such as [202] seems to give answers

®As demonstrated in [24] and subsequent works on Kaluza-Klein holography, quantities computed us-
ing the upstairs ten-dimensional metric qualitatively differ from those computing using the systematic
Kaluza-Klein holography approach of extracting the lower-dimensional Einstein metric, and other lower-
dimensional fields, directly dual to field theory operators.
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which agree with F-theorem expectations. In such examples the ten-dimensional met-
ric has a very special form, in which all warp factors depend only on the radial coordi-
nate, and thus the lower-dimensional Einstein metric is simply related to the top-down
metric. It would be interesting to understand the relationship between the metrics in
more detail, and to compare the entanglement entropy computed in [202] with what is
obtained using the method developed here. This general issue forms the subject matter
of Chapter 9.

Note that the entanglement entropy is not the only interesting quantity which is com-
putable from the effective lower-dimensional Einstein metric: correlation functions in-
volving only the transverse traceless components of the field theory stress energy tensor
can also be computed from perturbations of the Einstein metric. Kaluza-Klein hologra-
phy allows such energy momentum tensor correlation functions to be accessed without
computing the entire backreaction in ten dimensions.

8.A Source Terms in Linear Equations

In this appendix we discuss the derivation of (8.5.19) from (8.5.17) using the results for
the linearised field equations around an AdSs x S® background given in [36]. The com-

ponents of the Einstein equations in the non-compact directions are

1 1 1
5o+ 0y + 2) Hyn + 397, HY — Vi VP Hyp = 5 Vu VP Hyy (8.A1)
1 1 1 1
5 Vi Vol = S ViV e = 5V Ve = g (o + Oyl
16 1 _
_ggfrmhg =+ ggfnnepqmtqumt = H%OTmn'

Here V,, and V, denote covariant derivatives while [0, and (J, denote the d’Alambertians;
Hyp = hnp + %hggg’m'

Projecting this equation onto the zeroth spherical harmonic results in

1 1 1
5 (Ox + 2R, + 390, (hF)P — 5vmvphfp - §vnvph,’;ip (8.A.2)
1 1 16 1 _
+§van(hE)§ - éggrmljl"ﬂ-o - ?g’?nnﬂ-o + ggfnnepqmt@pbgqrst = K’%OTr?zn?

where hZ, was defined in (8.5.7).

To obtain an equation for the Einstein metric perturbation hZ  we need to eliminate 7°

and bY,,... The trace of the Einstein equation over the five sphere gives

1 1
(O, — —
( 15

2
a 5 abcde a
—V V) + 3¢ bede f 1 ede = Koy T2

a 1 1 a
Oy =32 + 50y HE — 5V VPhe, (8.A3)
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Projecting this equation onto the zeroth spherical harmonic results in
1 0 0_ 270
5( e — 32)m = kKiyT".

The five-form self duality equation along the non-compact directions gives

1 8
S (HY — *hg)emnpqr

1
5a[mcnqu] — abcdeaacbcde + 2( P 3

aemnpqr
which projected onto the zeroth spherical harmonics gives

1 8
50[mb2pqr] = 5((hE)g — gwo)emnpqr.

Inserting (8.A.4) and (8.A.6) into (8.A.2) then gives

_ 1~
(‘CE + 4)h’7Erm = K%O(Tgm + gTogTOrm)'

(8.A.4)

(8.A.5)

(8.A.6)

(8.A7)
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CHAPTER 9

Entanglement Entropy in Top-Down Models

The material in the present chapter is based largely on [4].

9.1 Introduction

The focus of this chapter is on the computation of holographic entanglement entropy in
top-down systems. By “top-down” we mean solutions of ten and eleven dimensional
supergravity which are asymptotic to AdS cross a compact space. In the context of
phenomenological applications of holography, it is considered important to use top-
down models wherever possible, to ensure that the quantities calculated are consistent.
Entanglement entropy is a novel computable for top-down models and, following the
pioneering works of [194,209], it can be used as an order parameter to characterise con-
finement and other phase transitions.

The original Ryu-Takayanagi proposal [183] is applicable to (asymptotically locally) anti-
de Sitter spacetimes which are static. Given an entangling region on a spatial hypersur-
face of constant time in the boundary field theory, the entanglement entropy is com-
puted holographically from the area A of a bulk minimal surface of codimension two
which is homologous to the boundary entangling region,

A

=— 11
1Gn (9.11)

SRT

where Gy is the Newton constant. Note that the area of the minimal surface is computed

in the Einstein frame metric.

In this chapter we will focus on entanglement entropy in top-down models, assuming

135
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that the solutions are globally static (the latter is a reasonable assumption in many phe-
nomenological models, in which holographic duals of Poincaré invariant field theories
are being constructed, but the static assumption does exclude finite temperature and

density models).

Consider a bulk solution which is asymptotic to AdS;11 x X where X isa compact space.
Given an entangling region on a spatial hypersurface of the non-compact part of the
boundary, then it has been suggested by [183, 193] that the holographic entanglement
entropy can be computed from the area of a codimension two minimal surface which
asymptotically wraps the compact space X and is homologous to the entangling region.
Hence

A

Stop—down == m (912)

where A is the area of the minimal surface (in the Einstein frame metric) and Gy is the
higher dimensional Newton constant. This prescription for the top-down entanglement
entropy was used in [194] to explore phase transitions in top-down models. Other ap-

plications of the top-down prescription can be found in [195-206].

The purpose of this chapter is to explore the relationship between (9.1.1) and (9.1.2). In
particular, we will give strong evidence that the two formulae agree whenever we can
uplift an asymptotically anti-de Sitter spacetime to a top-down solution. We will also
give a proof that (9.1.2) indeed correctly calculates the holographic entanglement en-
tropy in situations where consistent truncations of the top-down model do not exist, i.e.
one does not know how to calculate the lower-dimensional Einstein metric. Our explicit
examples focus primarily on asymptotically AdSs x S° geometries, although the argu-
ments and methodology could be straightforwardly generalized to other holographic
dualities.

As we review in Section 9.2, the agreement between (9.1.1) and (9.1.2) is manifest for
top-down solutions which are globally direct products between an asymptotically lo-
cally AdS geometry and a compact space X. The agreement between (9.1.1) and (9.1.2)
is far less obvious even in the context of consistent truncations of top-down models to
gauged supergravity. The map between the top-down Einstein metric and the lower-
dimensional Einstein metric is quite complicated for consistent truncations, with warp
factors depending non-trivially on both the lower-dimensional coordinates and on the

position in the compact space, see for example (9.3.6).

In Sections 9.3 and 9.4 we show that the top-down entanglement entropy computed via
(9.1.2) indeed agrees with that computed using (9.1.1) in consistent truncations to gauged
supergravities and in consistent truncations involving massive vectors. The agreement
involves non-trivial cancellations of warp factors depending on compact space coordi-
nates.

A generic asymptotically AdSs x S° solution of ten-dimensional supergravity cannot be
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expressed as a solution of a five-dimensional theory which is a consistent truncation.
For example, only special Coulomb branch solutions can be reduced to give gauged su-
pergravity solutions (see examples in [45,261]) and only a subgroup of LLM solutions [270]
can be reduced to gauged supergravity solutions. However, in a finite region near the
conformal boundary, one can always systematically reduce the ten-dimensional solu-
tions over the sphere to obtain the five-dimensional Einstein metric as a Fefferman-
Graham expansion; the reduction uses the methods of Kaluza-Klein holography devel-
oped in [24, 25].

In Section 9.5 we use Kaluza-Klein holography to compare the top-down entanglement
entropy (9.1.2) with that obtained from the five-dimensional Einstein metric using (9.1.1),
working up to quadratic order in the near boundary expansion. Even though the re-
lationship between the five-dimensional and ten-dimensional Einstein metrics is ex-
tremely complicated (involving derivative field redefinitions), the expressions (9.1.1) and
(9.1.2) indeed agree.

Entanglement entropy has also been computed for flavour brane solutions (used to
describe flavours in the dual field theory), using both probe branes and backreacted
(smeared) solutions. For probe branes, one can calculate the backreaction of the probe
branes onto the lower-dimensional Einstein metric using Kaluza-Klein holography, as
in Chapter 8, and show that this gives an equivalent answer to that obtained using (9.1.2).
Entanglement entropy for backreacted smeared solutions has previously been com-
puted using (9.1.2). In Section 9.6 we show that the same answer is obtained by extract-
ing the lower-dimensional Einstein metric using Kaluza-Klein holography and applying
(9.1.1), again confirming the matching between (9.1.1) and (9.1.2).

Having established the agreement between (9.1.1) and (9.1.2) in a number of examples,
we give general arguments for why the formulae agree in Section 9.7, building on the
approach of [172]. In particular, assuming that the replica trick may be used, we can
express entanglement in terms of partition functions for replica spaces. The latter can
be computed holographically to leading order using the onshell action and therefore the
equality of (9.1.1) and (9.1.2) is essentially inherited from the equality of ten-dimensional
and five-dimensional onshell actions.

In Section 9.7 we also give an alternative argument for the origin of (9.1.1) and (9.1.2), using
the replica trick approach of [172] in combination with old results of Gibbons and Hawk-
ing on gravitational instanton symmetries [271]. The latter suggests that for generic en-
tangling regions there may be additional contributions to the holographic entanglement
entropy (even at leading order) if the circle direction used in the replica trick is non-
trivially fibered over the boundary of the entangling region. In practice one does not
usually consider entangling regions such that the circle direction is non-trivially fibered
but it would nonetheless be interesting to explore this situation further.

We conclude in Section 9.8 by discussing the implications of our results for top-down
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holography and spacetime reconstruction. Extracting field theory data from a top-down
solution is in general very subtle and computationally involved: one has to expand the
ten-dimensional equations of motion perturbatively, and then use non-linear field re-
definitions to obtain the effective five-dimensional equations of motion. Given the ef-
fective five-dimensional equations of motion and the asymptotic expansions of the five-
dimensional fields, one can then read off field theory data using holographic renormal-
ization [24, 25]. We should note that these steps are required even when one calculates
quantities in the conformal vacuum: indeed, non-linear field redefinitions between ten-
dimensional and five-dimensional fields were first introduced in [37] for the computa-

tion of three point functions in N' = 4 SYM.

The lower-dimensional metric is a particularly important quantity for holography, as it
relates to the dual energy momentum tensor. One must identify the lower-dimensional
metric to compute one point functions and higher correlation functions of the stress
energy tensor in the dual theory. The latter are in turn used in many contexts, including
discussions of a theorems and also of energy correlations, following [272]. Yet, as we
review in Section 9.5, the relation between the lower-dimensional metric and the ten-
dimensional metric is very complicated. The matching of (9.1.1) and (9.1.2) implies simple
constraints relating the two metrics which can be used to check Kaluza-Klein hologra-
phy calculations and perhaps even to deduce the lower-dimensional metric (see Section

9.6 for an example).

There has been a great deal of interest in relating entanglement to the reconstruction
of the holographic spacetime. Since (9.1.2) relates the entanglement entropy to minimal
surfaces in the top-down geometry, entanglement implicitly knows about the compact
part of the geometry. It would be interesting to explore further how entanglement can
be used to understand the global structure of the ten-dimensional geometry.

9.2 Entanglement Entropy for AdS; x S°

We begin by reviewing the computation of entanglement entropy for a strip on the

boundary of AdS5 x S® from both ten-dimensional and five-dimensional perspectives.

Consider a strip A defined by x € [0, ] on the boundary of AdSs,
ds? = /}2 (dz,dz* + dp?) 9.2.1)

where z# = (¢, x,y, z), the conformal boundary is at p — 0, and we set the AdS radius to

one throughout for convenience.

To compute the entanglement entropy one calculates the area of a bulk codimension
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two minimal surface 3 with boundary 0% = 0A4,
1
S5 = — / d3¢+\/detys (9.2.2)
4G5 Jizjon—04)

where 73 is the induced metric on the minimal surface and &; (i = 1, 2, 3) are the world-
volume coordinates. Since the metric is static we work on a fixed-time slice t = ¢, and
the surface is thus given by ¥ = (o, z(&;),y(&i), 2(&:), p(&i)). By symmetry of the metric
and boundary conditions it is clear that the surface cannot have non-trivial dependence
on the y, z-directions, and (choosing static gauge to identify the & with a subset of the
spacetime coordinates) we can thus describe the minimal surface by an embedding of
the form = = x(p) or p = p(z), where it is implicit that the surface extends in the y, z-
directions. Taking z = x(p) for concreteness the induced metric on ¥ is
1

ds? , = 2 [dy? + dz* + (2 + 1) dp?] (9.2.3)

and one can thus easily compute the entanglement entropy as

o
5= 2 / dp P\ 41 (9.2.4)

2G5

where V5 is the regularised area of 0 A, py is the turning point of the surface, and § is the
UV cutoff.

Now consider the calculation of the entanglement entropy from the ten-dimensional
perspective, using the ten-dimensional (Einstein) metric for AdSs x S°,

L

p (dz,dz” + dp®) + d6* + cos®0dQ3 + sin®0de* (9.2.5)

2

dslo —
The proposed generalisation of the Ryu-Takayanagi prescription in this case is to calcu-
late the area of a codimension two minimal surface ¥, now in the full ten-dimensional

spacetime,

1
Sio = / d3¢+/detg (9.2.6)
4G10 Jizjon=04}

where 43 is the induced metric on the minimal surface and &; (i = 1, ..., 8) are the world-
volume coordinates.

Consider again the case of a strip on the boundary of the AdS; factor. In a similar fashion
to before we can describe the corresponding minimal surface by an embedding of the
form z = z(p,0,Q3,9), or p = p(x,0,903,¢), or = O(x, p, N3, p) etc., where we again
have chosen static gauge, have assumed no dependence on the y, z-directions, and are
working on a fixed-time slice t = t;. However, due to the S° factor one must refine
the boundary conditions to include the internal space. As before we take the boundary

condition that the surface ¥ is anchored on 94, and consider further the condition that &
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p z(p)

Figure 9.2.1: The entangling surface for a slab boundary region - the conformal boundary
is at p — 0 and the minimal surface is described by z(p). The minimal surface is a direct
product of a codimension two surface in anti-de Sitter with the five sphere (the latter
being indicated in red).

wraps the S% asymptotically. Alternative boundary conditions would describe different
quantities in the dual field theory - see discussions on generalised entanglement entropy
[207,208].

The boundary conditions respect the symmetries of the S, and together with the fact
that AdSs x S° is a product space it is clear by symmetry as before that the minimal
surface cannot depend non-trivially on the S coordinates. Thus the embedding s of the
form x = x(p) or p = p(z) as in the five-dimensional case, where it is now implicit that
it both extends in the y, z-directions and wraps the S°, see Figure 9.2.1. Taking = = z(p)
for concreteness as before the induced metric on ¥ is just:

1

2 [dy? + d2* + (2 + 1) dp®] + db? + cos?0dQ3 + sin®0dg? (9.2.7)

dszznd =
The entanglement entropy is thus easily calculated to be

VoVas [P0 d
Sio = 2Vs / pi;\/x/? 41 (9.2.8)
)

2Gho

which is identical to the 5-dimensional result since the Newton constants are related as
G5 = G10/ Vs5.

In the above example one hence obtains the same result for the entanglement entropy
when computed from both the ten and five dimensional perspectives. This example
had a particularly high level of symmetry, however, and it is not clear that the above

equivalence should carry over to less trivial cases.

The general problem one would like to study is the relationship between the entangle-
ment entropy as calculated in a given downstairs metric and the entanglement entropy
calculated in the uplifted solution, in cases where this uplift map is known or can be

computed. Certain Coulomb branch geometries, which we study first in the following
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section, provide a good example of such a scenario, admitting a known ten-dimensional
uplift which is not a simple product space, instead containing warp factors that depend
on both the holographic radial coordinate and a sphere coordinate.

9.3 Consistent Truncations of the Coulomb Branch

In this section we continue the discussion of Section 8.8.1 and study particular Coulomb
Branch solutions discussed in [45, 261] that admit consistent truncations to solutions of
five-dimensional gauged supergravity, comparing the entanglement entropy computed
from five and ten dimensions.

9.3.1 Solutions with SO(4) x SO(2) Symmetry

Let us discuss first Coulomb branch solutions which, from the ten-dimensional point
of view, correspond to D3-branes being uniformly distributed on a disc of radius ¢ in
the transverse space. These supergravity solutions hence preserve SO(4) x SO(2) of
the SO(6) symmetry in the AdS5 x S° solution. These Coulomb branch geometries ad-
mit consistent truncations to (a particular sector of) 5-dimensional gauged supergravity,

with action given by

_ 1 s (1 Lo o (8 (WY &
1_16ﬂG5/dx< 4R+2(8a) <8<8a 3W (9.3.1)

where « is a scalar field, W is the superpotential and g is the coupling constant. The five-

dimensional Einstein frame metric for the solutions was considered in Section 8.8.1 and

can be written as

d 2 2
ds® = \2uw? (dxl,d:v” + wf&) A6 — <1 + ;) , (9.3.2)

which clearly reduces to an AdSs metric for o = 0. (In the latter case the conformal

boundary is at w — o0.)

Consider again a strip on the boundary defined by = € [0,[]. As above we can describe
the minimal surface by an embedding of the form x = x(w) or w = w(x). Taking x =
z(w) the induced metric on the surface is easily calculated to be

1
ds? ;= Nw? [dy2 + d2* + <x’2 + w4)\6> dwz] (9.3.3)

where 2’ = dz/dw, and thus one finds

1
Videty = A [2” + —g (9.3.4)
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The entanglement entropy for the slab is thus

S_VQ/Ade?’w?’,/x/M L (9.3.5)
2G5 wo w4)\6 e

where wy is the turning point of the minimal surface and A is the UV cutoff.

The five-dimensional metric in (9.3.2) can be uplifted to the following ten-dimensional

Einstein frame metric [45, 261],
ds?y = A72B3ds? + ds%, (9.3.6)

where the warp factor A depends both on the holographic radial coordinate and on one
of the sphere coordinates, while ds% is a metric on a warped sphere. Explicit expressions
for these quantities are

A3 S ¢ = (1+U—2cos.29) (9.3.7)
A2 w? o
1
ds? = ¢ (C2d02 + cos? 0d3 + A sin? 9d<;52) ) (9.3.8)

Note that ¢, A — 1 as w — oo and thus the solution is indeed asymptotically AdS5 x S°.
To compute the entanglement entropy for the strip we now proceed as before, with the
additional boundary condition that the minimal surface wraps the S° asymptotically.

However, in the present case there are non-trivial warp factors that mix the holographic
radial coordinate w and the sphere coordinate 6. Thus, although we can continue to as-
sume the minimal surface has trivial dependence on €23 and ¢, we can no longer a priori
assume that the minimal surface has trivial dependence on §. We thus may assume an
embedding of the form = = z(w, 0), or w = w(z, ) or § = §(z,w). Choosing z = z(w, §)
(as the boundary conditions will be clearest in this choice) one calculates the induced
metric to be

ds?., = C(w? {aly2 +d2? + (m’2 +— ) dpz] + 2Cw?z idpdf (9.3.9)
n w )\6
2 6

(1 + #2w?)d6? + Cog O 40, + )\gsinﬁedgﬁ

where & = dx/df. One thus finds that the ten-dimensional entanglement functional is
1
S = d®x+/dety (9.3.10)
4Gho
where
1/2

V/dety = /detgq, cos*@sinf\3w? [(pQ:B’Q + > (1+ #%w?) — 22 w? (9.3.11)

w2 \6
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Notice that all factors of ¢, which depend on the sphere coordinate #, cancel out and the
spherical prefactors combine to become y/detgq,. The only additional dependence on
the spherical coordinates thus comes through the fact that z(w, ) depends on 6

s ]
V/dety = \/detgq, cos®dsindA>w? \/wzaz’2 + % +t 26 (9.3.12)

One can immediately make an interesting observation. The equations of motion admit
the solution & = 0, since the action is quadratic in & and 6 does not appear explicitly in
the non-trivial square root part of the action functional. For solutions in which & = 0,
the entanglement entropy is thus

(9.3.13)

A
S = VZVSs/ dw\3wy 22 +

N 4G10 wo ’LU4)\6

i.e. identical to (9.3.5) since G5 = G19/Vsgs.

Although one can thus consistently set & = 0 to obtain a solution to the ten-dimensional
equation of motion, it remains to show that this is indeed the minimal solution. This can
be done using the radial Hamiltonian formalism as follows. One first assumes a given
f-independent solution of the equations of motion and then considers #-dependent
perturbations to this background. By computing the Hamiltonian one then shows that
these perturbations lead to a larger Hamiltonian and thus the minimal solution (at least
perturbatively) is indeed the one that is independent of §. The independence of the

minimal surface on the compact coordinates is a point we will return to in Section 9.5.2.

9.3.2 Other Coulomb Branch Solutions

Similar conclusions can be reached for other consistent truncations of Coulomb branch
solutions with different symmetries. In [45,261] they also consider solutions with SO(3) x
SO(3) and SO(5) symmetry in addition to the SO(4) x SO(2) solution considered above,
corresponding to various symmetric distributions of D3-branes. The SO(3) x SO(3) case
has the following 10d metric

2 ~
ds2) = Cw?A (dxi + 1%) + Alg (¢2d6? + cos?0d023 + Nsin®9a33) (9.3.14)
A3 % (9315)

while the SO(5) case has the following 10d metric

2 2 3
2 Cw 2 dw A 2 192 2 2
dle = ? (d.:UM + w4A6> + ? (C d9 + COS 9dQ4) (9316)
A-2/3 % (9.3.17)
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In both cases the definitions of A and ( are as before, and the expression for A shows
the relationship between the ten-dimensional and five-dimensional metrics c.f. (9.3.6).
Given what has been deduced from the SO(4) x SO(2) case previously, it is immediate
that the same equivalence will occur in these cases, since the factors of ¢ cancel in the
determinant and indeed one can explicitly check that the powers of A come out the same

in the two cases.

We will continue the discussion of entanglement entropy for more general Coulomb
branch solutions in Section 9.5.

9.4 Consistent Truncations with Massive Vector Fields

In this section we consider the entanglement entropy for particular backgrounds which
admit consistent truncations with massive vector fields, as discussed in [273]. Consider
again type IIB supergravity but now with the metric, the dilaton ®, the 5-form F5, and
the 3-form H = dB switched on. Our conventions for the action in Einstein frame are

1
I =
167G

1
e ®H o HABC — —F(%) (9.4.1)

1
10 — = AgF
/d v/ —g10 {R 5042010 — o 5

where as usual we need to impose in addition the self-duality constraint on Fs.

Now consider the following ansatz for the ten-dimensional fields

ds3y = e_§(4U+V)ds%J + e2UdszBKE + 2V p? (94.2)
B=AAn+ 6w (9.4.3)
Fs = 47UV (1 + x)voly, (9.4.4)

where M is the 5-dimensional spacetime with metric ds%, and volume form vol ;. Fur-
thermore, dsQBKE + n? is a Sasaki-Einstein metric c.f. the representation of S% as a U(1)
fibration over CP2. The scalars U, V and ® are taken to be functions on M, as is the one-
form A. Expressions for the quantities § and w will not be important in what follows but

may be found in [273].

Reducing the field equations over the internal space, one obtains equations of motion
which may in turn be derived from the following 5-dimensional action for the fields
(957 U7 V> q)a A)

1
I = / P/ —gs [R F2de U0 geButv _ go=10v 55,2 (9.4.5)
G5
15 1 1
— S (00)? = S(9R)2 = LTI, et hi g g

where F' = dA, u = 2(U — V) and v = ;+(4U + V). It was shown in [273] that this
reduction is consistent i.e. any solution of the resulting five-dimensional equations of
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motion can be uplifted to a solution of type IIB supergravity using the map (9.4.2)-(9.4.4).

Note that from the reduced action (9.4.5) one finds that the mass of the vector field A
around the AdS; background is m? = 8, showing these solutions are indeed associated
with massive vector fields. As is clear from (9.4.2)-(9.4.3) however, this vector field does
not appear in the ten-dimensional metric but instead appears in the ten-dimensional
two-form field and thus it does not directly contribute to the ten-dimensional entan-
glement entropy.

We can immediately compute the ten-dimensional entanglement entropy, which as be-

fore is given by

Sio = 1 / d®¢+\/detyg (9.4.6)
4G1o Jizjon=04}

where implicitly we work with the metric in Einstein frame. One can now immediately
obtain the ten-dimensional entanglement entropy for an arbitrary entangling region,
only assuming that we again work on a fixed time slice and that the entangling surface
wraps the internal space asymptotically. Since the warp factors in the metric do not de-
pend at all on the internal directions the entangling surface will therefore also wrap the
internal space deep in the bulk. Since the entangling surface is consequently codimen-

sion two with respect to the five-dimensional spacetime M one trivially obtains

4
2

Vs = (e 30U 3 (203 (e2V)2 /7 wolgg = /75 volsg (9.4.7)

where volgg is the volume form on the internal space, and thus it is immediate that the
entanglement entropy as computed from ten dimensions will be equivalent to the five-
dimensional entanglement entropy.

A particular example of interest in this solution class is given by backgrounds with non-
relativistic scaling symmetries, in particular the Schrédinger backgrounds discussed
in [273]. These are deformations of AdS that have a metric that can be written in the
following form

2

dr
dsi; = —b*r**(dz™)? + T + 72 (—da~dzt + da® + dy?) (9.4.8)
where 2T are lightcone coordinates, z is the dynamical exponent and b is a parameter

that characterizes the deformation from AdSs. This metric is a solution to the equations

of motion one obtains from the following action

m2

1 2AmAm) (9.4.9)

1
= [ dP*2dry/=g ( R — 2A — > Fp F™ —
167G pys / vy < 1

where the vector field solution is Ay o 77, provided that A = —(D + 1)(D + 2)/2 and
m? = z(z + D).

One can check that the metric (9.4.8) for z = 2 (and D = 2) together with U = V =
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® = 0 and A; = br? is a solution to the equations of motion one derives from (9.4.5)
- indeed, (9.4.5) reduces to (9.4.9) under these conditions, where in the present case
m? = 8 as expected. Checking explicitly the equivalence of the ten-dimensional and
five-dimensional entanglement entropies is trivial in this case since all the warp factors
in (9.4.2) evaluate to one and thus the metric is a simple product space. Note that an
identical analysis can be performed for consistent truncations that have vector fields
with mass m? = 24 found in [273], and the equivalence between the ten-dimensional

and five-dimensional entanglement entropy carries over in the same way in such cases.

9.5 Kaluza-Klein Holography

A generic ten dimensional supergravity solution which is asymptotic to AdSs x S° can-
not be expressed as the uplift of a five dimensional supergravity solution. However, in
the vicinity of the conformal boundary the ten-dimensional solution can always be ex-
pressed as a perturbation of AdSs x S°. Dual field theory data can be expressed in terms
of these perturbations using the method of Kaluza-Klein holography [24,25] as discussed

in Section 8.5.1. We briefly review here the main features relevant to the present work.

Let us express the AdSs x S° metric as

1

ds? = g9 pdatda® = =

(dp* + da*dz,) + dQ3 (9.5.1)
with the five form flux being

F=F°= NAdSs + Mgs (9.5.2)

where 7 denotes the volume form. The Einstein metric of a solution of the type IIB

equations which is a deformation of AdSs x S° can therefore be expressed as

9AB = 9ap + has. (9.5.3)

The metric fluctuation can always be decomposed in terms of spherical harmonics on

the sphere. The metric fluctuations are decomposed as

hn = 3 Bh, YT (9.5.4)
hma = Y (BRY +0l,D.YT);
My = (6" Vly + 6 DY + X DDy Y )

hg = ZWIYI

where Y/ are scalar harmonics, Y,/* are vector harmonics and Y(itb) are symmetric trace-
less tensor harmonics; D, denotes the covariant derivative. We will not need explicit

forms for the spherical harmonics in what follows but note that the defining equations
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are

oy! = Ayl A =—k(k+4) k=0,1,2,-- (9.5.5)
oy = ABYlr A =—(k+4k-1)  k=1,2,--

OVl = Al A= (P ak-2) k=23

where 0 is the D’Alambertian and D*Y,/» = D“Y({;b) = 0. The spherical harmonic labels
denote both the degree of the harmonic and additional quantum numbers, i.e. charges

under the Cartan of SO(6).

The fluctuations are not all independent, as some of the modes are diffeomorphic to
each other or to the background. To derive the spectrum around AdS it is usual to im-

pose a gauge fixing condition such as the de Donder-Lorentz gauge
D"hgpy = D®ham = 0 (9.5.6)

which sets to zero bl , 1)» and x!. The remaining modes h! , Blv ¢! and 7! are then re-
lated to tensor, vector and scalar fields in five dimensions. Although this gauge choice is
very convenient for deriving the spectrum, it can be less useful when analysing a generic
solution, as typically such solutions will not naturally be expressed in this gauge. Instead
of gauge fixing the symmetry, one can instead derive gauge invariant combinations of
the fluctuations; the latter are the five-dimensional fields [24, 25].

Working to linear order in the perturbations the five-dimensional Einstein metric g;,,, =

99nm + Hmy is related to the ten-dimensional metric perturbations given above as

1
Hpn =h0  + gwogg,m, (9.5.7)

i.e. it depends only on the zero mode of the tensor perturbation and the breathing mode
on the sphere. The origin of the second term is the Weyl rescaling needed to bring the
five dimensional metric into Einstein frame. This was the main Kaluza-Klein holography
result used in Section 8.5 to calculate the entanglement entropy contribution of probe
branes. In the present chapter we also wish to go to higher order however.

Working to quadratic order in the perturbations, the expression for the five-dimensional
metric in terms of the ten-dimensional metric perturbations is considerably more com-
plicated and indeed it has not been worked out in generality. At quadratic order the

schematic form of the appropriately gauge-invariant metric perturbation is

1
e gﬂogfnn + haymn (9.5.8)

where h(3),,, is quadratic in perturbations.

For example, for modes associated with the scalar spherical harmonics the quadratic
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contributions are [24]
h = fz,z(k:) 1AI(XIIAzl + 1D x'Dnx?t) (9.5.9)
(2)mn - 2 mn 2 m n 9.
ipl T ipIET | iplpy I il i1 ipIil o _ GI Gl
+ Db Bl + Db R + B DAL+ Db Dbl + b0, — bmbn>

where

A 1
b = b — 5 Dmx’ (9.5.10)

h{nn = h{rm - Dmb{z - Dnbvln

are gauge invariant combinations at linear order in the fluctuations. Note that if we work
in de Donder-Lorentz gauge 2y, = 0.

It is important however to note that A,,,, while appropriately gauge invariant with re-
spect to the ten-dimensional symmetries and transforming as a five-dimensional met-
ric, is still not the five-dimensional Einstein metric fluctuation. The combination A,

satisfies an Einstein equation

where L is the usual linearized Einstein operator and the effective stress energy tensor
is T(2)mn- This effective stress energy tensor is quadratic in the fluctuations but involves
derivative interactions. For example, terms quadratic in the fields 7! have the general

structure

Tymn =, (a1DmDp Dy’ Do DPD " + by Dy Dy’ D DP - - -) (9.5.12)
I

with certain coefficients (az,bs,---). The effective five-dimensional action does not
contain derivative interactions, and therefore the five-dimensional fields must be re-
lated to ten-dimensional fields by non-linear field redefinitions, as first noted in [37]. In
particular the five-dimensional Einstein metric perturbation H,,,, is related to the metric

fluctuation h,,, as

Hppn = hon + Y (Ar Dy Dy’ Dy DP’ + By Dy’ Dy’ + -+ ) (9.5.13)
1

where again the coefficients (Ay, By, - - - ) are computable. Thus the explicit form of the
five-dimensional Einstein metric is extremely complicated at quadratic order since it
involves infinite sums with coefficients (Ay, By, - - - ) which are very arduous to compute;

see [24] for explicit expressions.
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9.5.1 General Coulomb Branch solutions

As an example of solutions which can be understood using Kaluza-Klein holography, we
consider general Coulomb branch solutions i.e. solutions that do not necessarily admit

a consistent truncation. The metric for such solutions takes the following form,
ds® = H(y)flﬂdazuda:“ + H(y)"?dy;dy’ (9.5.14)

where x,, are the brane directions and y; are transverse directions, and H(y) is a har-
monic function on RS, Near the conformal boundary the harmonic function takes the

form
L4 CLIYI
H=="[1 e
=l EE DD (9.5.15)
E>2
where we have written
dyidy' = dr® + r*dQ? (9.5.16)

while Y/ are scalar harmonics of degree k on S® and al are coefficients defining the
brane distribution. Implicitly we have taken the decoupling limit of the brane solution,

i.e. dropped the constant term in the harmonic function.

We can now express the Coulomb branch metric asymptotically as a perturbation of
AdSs x S°. The background asymptotes to

L2
ds? = ¢4 pdatdz® = I3 dm#dx“ + = —dr® + L2d0? (9.5.17)

To match with earlier conventions we set L2 = 1 (the curvature radius can be reinstated

in final formulae if required). Near the conformal boundary

9AB = 9gap + has (9.5.18)

where working to linear order in the coefficients a! we can read off

= — Z i 277W, (9.519)
=
Iy
— @Yy |
h?”?" - Z 27ﬂk+2 )
k>2
Y o
hab = Z 274k gab
k>2
Hence the non-zero perturbations are
I
1 _ 9a

= TT’I“ (9.5.20)
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and , ;
ag I g

T opk—2 = 5 kt2 (9.5.21)

I _
by, =
for harmonics of degree k£ > 2.

These perturbations are consistent with the diagonalised equations of motion at linear
order found in [36]. Let
7! = 10kes’ (9.5.22)

where € is a small parameter and & is the degree of the associated spherical harmonic
with £ > 2. The equation of motion for sl is

Os! = k(k —4)s! (9.5.23)

where [ is the d’Alambertian in AdSs.

The supergravity field equations at linear order then imply that such perturbations are

necessarily accompanied by

4 6k
1 1 1 I o
Wl = ehly, = ¢ <(k 1 PmDnys’ = s gmn> (9.5.24)

4 2k
= e DmnDps’ — =" (k—1)s'gg

If one switches on only these modes at linear order, as in the Coulomb branch solu-
tions, other metric perturbations are induced at order ¢? or higher. In other words,
other ten-dimensional perturbations can be induced by expanding the field equations
to quadratic order in € but these perturbations are not present at linear order. Compar-

ing with (9.5.20) we find that
I

es’ = (9.5.25)

which indeed satisfies (9.5.23).

For later use, let us note that if s/ depends only on the radial coordinate, p, then
I o1 L1y 1 I 1 I
D,D,s" = (8ps + ;aps ) D,D,s" = —;nwjaps (9.5.26)
are the only non-vanishing components of D,, D,,s’. Moreover, one can show that
p*(D,D,s" + 0" D,D,s') = p28§sl — 3p0,s’ = k(k —4)s’ (9.5.27)

for onshell s/ depending only on the radial coordinate.

The general map between five-dimensional fields (and equations of motion) and ten-
dimensional fluctuations was worked out to quadratic order in € in [24]. In particular,

working in de Donder-Lorentz gauge, the map between the five-dimensional Einstein
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metric perturbation H,,, and ten-dimensional fields to quadratic order is

1
Hppn = 10, + gwogfnn + E0(2)mn (9.5.28)
where h9,,, is the ten-dimensional metric perturbation associated with the trivial har-
monic (to order €2), ¥ is the trace of the metric perturbation on the S° associated with
the trivial harmonic (to order ¢2)! and

Oymn = Y 2(k) (A;DpDps'DPDys’ + Brs' Dy Dys’ (9.5.29)
I
+D1(Dps")(DPs") g + Er(s')ginn)

where the coefficients (Ay, Br, Dy, E1) depend on the degree of the harmonic. Explicit
values for the coefficients in the case of k = 2 were given in [24],

Ey=—. (9.5.30)

Restricting to the fields depending only on the radial coordinate and working onshell
we find that

I
Ty = D 2(k) [(16A1 + D1)(0,8")* + (8k(k — 4)Ar + 431)%@31

I (s")?
H(Br + k(b = 4)(k(k = )47 + Br) = ] (9.5.31)

E 1y2 st 1 (s")?
o@u = Ow Y 2(k)|(Ar+ Dr)(0ps") —31;6,)3 +E17
I

We should note however that the field redefinition (9.5.29) gives the reduced metric in a
specific gauge: we can always make a diffeomorphism &, which is quadratic in s’ such
that

6Hpmn = Dinén + Dpm. (9.5.32)

In the case of interest, such a diffeomorphism must respect the Poincaré invariance and
hence

&m = Dy <Z 2(k)Fy(s" )2> (9.5.33)

I
with F being arbitrary. The effect of such a diffeomorphism is to shift the coefficients
arising in (9.5.31), but the form of the expression remains unchanged. (A natural way
to fix the gauge would be to impose a Fefferman-Graham gauge on the resulting five-
dimensional metric but this condition was not imposed in [24]).

We also know from [24] that we can express the terms to quadratic order in 7%, which

"Note that 7° vanishes at linear order in the Coulomb branch solutions.
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we denote as 7T?2) as
ly =Y 2(k) (Ji(s')? + Li(Dps")(D™s")) (9.5.34)
7

where the coefficients (Jr, L) can be determined explicitly from the ten-dimensional
field equations at quadratic order. For k£ = 2 these coefficients are

Jo = =72 Ly =8. (9.5.35)

Note that the coefficients (A;, By, Dy, Er, Jr, L1) were not calculated for general values
of k in [24].

9.5.2 Entanglement Entropy

Consider a solution which can be expressed as a perturbation of AdSs x S° and which
preserves full Poincaré invariance of the dual field theory. Then the metric can be writ-
ten as

ds? = (9% + hmn)dz™dz™ + (g% + hap)dy®dy® (9.5.36)

where the metric perturbations depend only on the radial coordinate p and on the sphere
coordinates y*. Now consider the entanglement entropy for a slab region in the dual
field theory, with the slab being defined as the region —I < x < [; the slab is assumed to
be longitudinal to the the y and z directions.

We can compute the entanglement entropy from the ten-dimensional metric by find-
ing an eight-dimensional minimal surface on a fixed time slice for which the boundary
conditions are x — %l as p — 0, with the surface wrapping the whole five sphere. From

symmetry the minimal surface is specified by the function
z(p, y*). (9.5.37)

We can equivalently express the minimal surface as p(x,y*). Moreover, working with
the leading order metric (which depends only on p) this function is clearly independent
of the spherical coordinates. Thus the entangling surface in the perturbed background
can be expressed as

z(p,y*) = wo(p) + =1(py*) + -+ (9.5.38)

where implicitly z;(p, y*) is linear in the metric perturbations and the ellipses denote

higher order corrections.

The induced metric on the entangling surface is

Yap = 9ABOat D52 (9.5.39)
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With the static gauge fixing used above the induced metric is therefore

Yij = Yij + GeaOiz0jT (9.5.40)
Yia = g:ca:aixaax
Yab = Yab+ OuxOpx

where 2 = (p,y, z) are the non-compact coordinates of the entangling surface. Impos-
ing the further condition that z is independent of y and z we find that

Yyy = Gyy Yoz = Jzx Yop = Gpp + gxx(ap$)2 Ypa = gx:capfaax (9.5.41)

and therefore the determinant of the induced metric is given by

VY = /Oyy9z=9pp1 | det <gab(1 + gﬁ(ﬁpxﬁ) + gmaax@b:E). (9.5.42)

Ypp

The entanglement entropy functional is then

S

= d3zd® ) 9.543
4G10/ sl ( :

9.5.2.1 Linear Order

For an entangling surface lying near the conformal boundary, so that the metric can be
expressed as a perturbation of AdS; x S°, the leading contribution to the entanglement
entropy is that of a surface in AdSs x S°. Now consider the contribution to the entan-
glement entropy to linear order in the metric perturbations. Since x is independent of
the spherical coordinates y* to leading order, the term 9,z0,x appearing in (9.5.42) is
at least quadratic in the metric perturbation and can be neglected at this order, so the

entanglement entropy is simply

1
5= 1w / d%dsy\/gyygzz(gpp + o2 (9pm)?)/det(gap), (9.5.44)

where implicitly we work only to linear order in the metric perturbations. However,
since we integrate over the five sphere only zero mode spherical harmonics can con-
tribute at linear order and therefore we can substitute

1
Gmn = o0 + O Gap = 9% (1 + gwo). (9.5.45)

Moreover, we can also express the embedding function in terms of scalar spherical har-

monics
2(p,y") = wo(p) + 2l ()Y (y") + - (9.5.46)
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and again only the zero mode can contribute at this order. Let us denote

Z(p) = zo(p) + 21 (p), (9.5.47)

i.e. the embedding function is to this order only dependent on the radial coordinate p.

The entanglement entropy integral then factorises as

! . 1
S = 10w / d5y\/@ / d3w\/9yy9zz(gpp+gm(8px)2)(1+§7r0) (9.5.48)

! - 1

where we use
1 - Vs

G Gs

and Vs is the volume of the five sphere.

(9.5.49)

Now let us compare to the entanglement entropy computed directly from the five-

dimensional Einstein metric gJ,,,. This is very similar to the expression above:

1 [, :
S=1a. / @21/ 95,9295, + 93 (0,7)?). (9.5.50)

If we now recall that (up to linear order)

0

v
Gron = G + P + 3G (9.5.51)

we find that the ten-dimensional and five-dimensional expressions precisely agree.

An alternative derivation of this result can be given using the fact that the change in the

entanglement entropy is (c.f. Chapter 8)

1
08 = oo / Prd®y/7°T*Phap (9.5.52)
10

where Typ is the energy momentum tensor of the original minimal surface (with in-
duced metric 7°) and hp is the change in the background metric. Using the explicit

form of the energy momentum tensor we then find that

1
5 = %G / dgxdsyﬁ@mbhaﬁggyyhyy+gmhzz (9.5.53)
10

+ PP (hpp + hm(api’)Q))-

As above the integration over the five sphere picks out the zero modes in the harmonic
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expansions of the metric perturbations, resulting in

1
0SS = 8G/d3x\/f? (7T0—I—goyyhgy+g°zzh22—i—vo’)p(hgp—i-hgx(@pif)) (9.5.54)
5
1 o 0zz 0 B
= SCTYE)/Cliil'\/f? (g yyHyy + g H,, +~ PP(pr + Hxx(apl')2))

where H,,, is the five-dimensional Einstein metric perturbation to linear order, see

(9.5.7). The latter expression is exactly equivalent to

1
68 = — / d3x\/A°T™ Hypp (9.5.55)
8Gs

where T™" is the energy momentum tensor of the minimal surface in five-dimensional
anti-de Sitter, thus demonstrating the equivalence between the five-dimensional and

ten-dimensional computations.

9.5.2.2 Quadratic Order

Now let us consider the entanglement entropy to quadratic order in the metric pertur-
bations. Since the embedding function is independent of the sphere coordinates to at
least quadratic order (c.f. (9.5.47)), the expression (9.5.44) is still valid. Moreover, if we
expand the embedding as

w(p.y") = 20(p) + ex(p) + S b)Y () + -+ (95.56)
I

we can see that again only the zero mode of the second order term can contribute after
integration over the five sphere. Thus z is also independent of the sphere coordinates
to this order, and using recursion we see that x depends only on the radial coordinates

to all orders in the expansion.

Thus the entanglement entropy computed from ten dimensions is

1
S Tem / A0y [ 0,9:+(9pp + G22(0)?)v/Aet (g0, (9.5.57)

1
= /d3xd5y\/det’yij\/det(gab)>
4G1g

where v;; is the non-compact part of the induced metric and implicitly « is now taken
to depend only on p.

To show the equivalence between (9.5.57) and (9.5.50) we need to know the explicit map
between the five-dimensional Einstein metric and the ten-dimensional metric fluctua-
tions to quadratic order. Since this map is not known in full generality, we will focus on
the case of general Coulomb branch solutions, using the expressions for perturbations
given in Section 9.5.1.
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We can use the standard identities for expanding determinants to write

1 1 1
Vdet(gap) = 1/det(g2,) (1 +5ha + g(hg)2 - Zh“"hab + - ) (9.5.58)

where
hab __ _oac obdh (9 5 59)
=9 9 bd - ..

Now using the expressions given in Section 9.5.1

hg=e> (10ks )Y+ mlyVi+--o (9.5.60)
1 I

where we will need only the constant harmonic term at quadratic order, 7r‘()2), which is
given in (9.5.34). Similarly

hhay = 206> (krs'Y ) (kys?Y7) + O(e?) (9.5.61)
1J
and thus to order ¢?
1
det(gep) = 4/det(g2,) <1 + be Z kstyt + 56271'?2) (9.5.62)
I

15
+ ?62 IZJ: krs'k s’V +...

Here the ellipses denote terms of ¢* and higher, as well as terms at order €2 which are

linear in spherical harmonics (and hence integrate to zero over the five sphere).

The non-compact components of the metric can be expressed as

Imn = 9;7)171 +e Z h{l)mnyl + 62 Z h{2)mnyl +o (9563)
I I

I
where h(Q)mn

dimensional supergravity equations at quadratic order in ¢, see [24], but will not be

is quadratic in s. The explicit form of this can be determined by the ten-

needed here. The non-compact part of the induced metric inherits an analogous ex-
pansion in powers of ¢

Yij =+ €Vyis + @i+ (9.5.64)
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where
W= 98t 9aa 00’ (9.5.65)
Ty = (ZXWMf+%mA&fx@f»YQ-uﬁgaw@nn+&Mn@wx
I

I ol
27(1) iY
i

Vii = (Z(h(IZ)z’j + hfz)m(aiﬂfo)(aﬂo))yl> + 922(0i2°05 () + 9 (2) 0j2°)
I
+92:0i7(1) 05T (1;

I I
> oY
I

(In the case of interest we have already shown that the embedding function depends
only on the p coordinate but we write the above expressions more generally.)

Expanding out the induced metric determinant then gives

\/det(viz) \/det () (1 + = )i+ e 7(2) ) (9.5.66)
+~%if—fwwy+m
) T(1yi 4 () 1)

where

Y =7 w1 =7 e (9.5.67)

Substituting (9.5.62) and (9.5.66) into (9.5.57) and integrating over the five-sphere we then
obtain to linear order in e

1 -
S Ten /d%\/W(l + ey 9201 () (9.5.68)

i.e. all terms linear in metric perturbations vanish since they are associated with degree
k > 2 spherical harmonics which integrate to zero over the sphere. Since the five-
dimensional Einstein metric is unchanged to this order, the entangling surface is also
unchangedie. z(;) = 0.

Dropping terms involving z(;), the contributions to the entanglement entropy functional
at order € are

_ 3
0S = 4G5 d’z+/det(y ( Zkz 1)2 + 3ks’) (9.5.69)

| . 1 1,
+3 Z )O0)? =7 22 2R W + 570 +27T<2>>
I
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where we define z(k) as the spherical harmonic normalisation
/ d°yy/detgo, Y'Y = 2(k)6" Vss. (9.5.70)

The corresponding expression for the contribution to the five-dimensional entangle-

ment entropy at quadratic order is

2 .
0S = 4€G d?’x\/det ( 2)2 + H(Q)x$(6 X )(&x") + 81x08i$(2)> (9.5.71)
5

where H(g),, is the quadratic correction to the five-dimensional Einstein metric and

implicitly indices are raised with v/. Let us split H )., as

1 o

where 0(3),,,, defines the field redefinition and is quadratic in s, while 7r( 5 Is also quadratic

in s.

To match (9.5.69) and (9.5.71) one requires that

Tl + U(z)m(aiwo)(azfc") = (9.5.73)

1 1
5Zkz +3k3 —i—ZZz l)z 522 1)23

I 1

To interpret this relationship, it is useful to consider first the case of an infinite strip. For
an infinite strip, the entangling surface in AdS is described by constant z° and extends
throughout the bulk. In this case the entangling surface extends beyond the asymp-
totic region in which the geometry can be expressed as a perturbation of AdS; x S%, but
nonetheless one can match the integrands for the five-dimensional and ten-dimensional
entanglement entropy in the asymptotic region by setting 2° to be constant in (9.5.73).

In the case of an infinite strip 2° is constant and dropping these terms gives

i i L, 1ij
oloy = > 2(k) <5ksf(h{1)i + 3ks™) + (h(m) Qh(lghfl)ij) , (9.5.74)
I
where now indices are raised by 7° = ¢°, i.e. the hyperbolic metric. This expression

reduces to

ol =D (z6j(f;2 (=8p%(9,5")2 + k(15 — k)ps' 9,5 + k2(k — 7)(s))?)  (9.5.75)
I

However, using (9.5.31) in Section 9.5.1, one can show that for perturbations s/ which



9.5. Kaluza-Klein Holography 159

depend only on the radial coordinate

Olayg = Y 2(k) [(18As +3D1)p*(9,s")* + (8k(k — 4)As + 2Br)ps’9,s" (9.5.76)
I
+(3Er + k(k — 4)(k(k — 4)A; + Bp))(sh)?]

where the coefficients (Ay, By, Dy, E) for k = 2 are given in (9.5.30). Taking into account
an appropriate choice of diffeomorphism Fj, defined in (9.5.33), this indeed matches
(9.5.75).

For general k the coefficients (Ar, By, Dy, Er) were not computed in [24]. Nonetheless,
it is apparent that (9.5.76) has the same structure as (9.5.75) and we can argue as follows
that these expressions agree, mode by mode, even without knowing the explicit expres-
sions for the coefficients. We have already shown that the ten-dimensional and five-
dimensional entanglement entropies agree for Coulomb branch solutions which admit
consistent truncations. For such solutions (9.5.75) agrees with the result that one gets
from direction reduction (9.5.76). Moreover, the matching between (9.5.75) and (9.5.76)
arises mode by mode, as the fields s’ associated with spherical harmonics of different
rank k have different functional dependence on the radial coordinate, see (9.5.25), and
cannot cancel each other.

Since the agreement between (9.5.75) and (9.5.76) holds for all consistent truncations
with different symmetry groups and different profiles for the scalar fields, this implies
that the coefficients of the terms (9,s7)?, s10,s! and (s7)? must match between the left
and right hand sides of (9.5.75). However, since these coefficients match for all solutions
with consistent truncations, they also match for solutions which do not admit consis-
tent truncations and therefore the matching of five-dimensional and ten-dimensional
entanglement entropy holds for entangling surfaces in all Coulomb branch solutions,
up to quadratic order in the expansion parameter. The same argument can be used for
strip entangling regions, i.e. (9.5.73), and indeed for generic shape entangling regions.

9.5.3 Summary and Interpretation

Let us summarise what has been proven in this section. We considered solutions of ten-
dimensional type IIB supergravity which respect the Poincaré invariance of the dual field
theory; the Einstein frame metric in ten dimensions is therefore of the form

ds* = gpp(0,y*)dp* + gy (p, y*)datdz” + gap(p, y*)dy®dy’, (9.5.77)

where we choose a gauge in which g,, = 0. We also assumed that the geometry is
asymptotic to AdSs x S° so thatas p — 0

1 1
Gpp = ﬁ G — ?”uv Jab — 9o (9.5.78)
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VN
v

z(p)

Near boundary region

Interior region

Figure 9.5.1: We consider entangling surfaces which are contained within the near
boundary region where the Fefferman-Graham expansion of the metric may be used. At
each point on the three-dimensional Ryu-Takayanagi minimal surface (shown in blue),
there is a five-dimensional compact space (shown in red) which is topologically a five
sphere.

where g9, is the metric on the unit S°.

We then computed the entanglement entropy for a strip region in the dual field the-
ory by finding a codimension two minimal surface on a surface of constant time which
asymptotically wraps the five sphere. Working in the region near the conformal bound-
ary in which all metric coefficients can be expanded perturbatively in a Fefferman-
Graham expansion in the basis of spherical harmonics, we showed that such an en-
tangling surface depends only on the radial coordinate p to all perturbative orders, i.e.
it is described by z(p) with the width of the strip being [ on the conformal boundary
p— 0.

As an immediate consequence of the minimal surface being described by z(p), the in-
duced metric 7,3 on the minimal surface factorises

Yop = Gpp + Gaa ($/)2 Yyy = Gyy Yzz = Gzz Yab = Yab- (9.5.79)

The eight-dimensional minimal surface is therefore topologically a product of a three-
dimensional surface and a five-sphere, see Figure 9.5.1. It is nonetheless non-trivial to
show that the area of this minimal surface gives the entanglement entropy computed

from the five-dimensional perspective.

The induced metric depends explicitly on both the radial coordinate and the spherical
coordinates, so one cannot trivially integrate over the spherical coordinates. In addition,
the relationship between the five-dimensional Einstein metric g>,,, occurring in the Ryu-

Takayanagi formula and the ten-dimensional Einstein metric is extremely complicated,
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involving derivative field redefinitions.

The induced metric on the co-dimensional two Ryu-Takayanagi surface is

2

Vop = Gop T 0@ b =gb, AL =gl (9.5.80)

Working up to quadratic order in the perturbation relative to AdS x S%, i.e. to order
(hap)?ingap = 9%+ hap, we showed that the ten-dimensional entanglement entropy

1
S = Tem / Brd®y/y (9.5.81)

indeed agrees with the five-dimensional Ryu-Takayanagi computation

— L 3 5
S = e /d x5 (9.5.82)

when we take into account the reduction map. More precisely, the Ryu-Takayanagi inte-
grand matches the top-down integrand once the latter is integrated over the five-sphere:
the volume form of the Ryu-Takayanagi minimal surface matches the volume form of
the top-down minimal surface, once the latter is integrated over the spherical coordi-
nates.

Before leaving this section, we should mention another related test of the top-down en-
tanglement entropy formula using Kaluza-Klein holography. Entanglement entropy for
asymptotically AdS3 x S® geometries corresponding to 1/4 and 1/8 BPS geometries asso-
ciated with black hole microstates was computed in [206]. The entanglement entropy
was computed using both the top-down prescription, i.e. codimension two minimal
surfaces in six dimensions, and by applying the Ryu-Takayanagi formula to the three-
dimensional Einstein metric extracted using Kaluza-Klein holography. The results were
in agreement, working up to quadratic order in perturbations around AdS; x S3, as in

the asymptotically AdSs x S° case analysed above.

9.6 Unquenched Flavour Solutions

Another example for studying top-down entanglement entropy is provided by unquench-
ed flavour solutions, i.e. systems of flavour branes in which the backreaction of the
branes onto the metric has been computed, working perturbatively in the ratio of flavours

to colors.

The computation of the backreaction is most tractable when the branes are smeared
over transverse directions. In particular, [238,274] discuss the case of the massless D3/D7
system in which probe D7 branes are smeared over the transverse S? space. The system
is type IIB supergravity coupled to D7-brane sources, and [238, 274] takes the following
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ansatz for the Einstein frame metric in the supersymmetric (zero temperature) case
ds3y = h™2dz,da? + h2 [F2dg® + S?dsyp + F2(dr + Axp)?] (9.6.1)

where the functions h(p), S(e), F(p) only depend on the radial coordinate p, and the
five-dimensional Sasaki-Einstein manifold X? is written as a U(1) fibration over a 4d
Kahler-Einstein base. For X = S° the KE base is C P?.

To compute the entanglement entropy for a strip in the z-direction from 10d we follow
the usual procedure. By symmetry the embedding is given by z = z(p) and the induced
metric on the embedding surface is

ds? = W72 [dy? + d2° + 2%do®] + h2 [F2do? + S%dsk p + F2(d7 + Axp)?],  (962)

where 2/ = dz/dp. Note that the minimal surface wraps the entire internal space.

One thus finds that the entanglement entropy functional is

_ L[5 s
S = 1Co /d xd’y+/ detryg (9.6.3)

where

\/detyg = h%FS‘L\/ 22 + hF?y/detgys. (9.6.4)

Since this determinant factorises we can immediately integrate over the internal space

g Vxo / Brhz FS*/ 22 + hF? (9.6.5)

4Gy

where the integration is over (g, y, z) and we define

Vys = /d5y\/detgx5. (9.6.6)

to obtain

Explicit expressions for the metric functions were calculated in [238, 274] working per-

turbatively in the number of flavours,

o=

S = o2e?(1+6 (1/6+ 0, — 0))5 ; (9.6.7)
F = a’%eg(lJre*(g*—9))%(1+e*(1/6+@*—@))_ ;

dh 3
T = —Q.a/ e (1+ € (1/6 4 0« — 0)) .

Wl

Here o, is a scale that is introduced for convenience; Q. is proportional to the number
of colors and €, = Qfe®* is the small expansion parameter: Q) is proportional to the
number of flavours and @, is the value of the dilaton at g,.

The equation for dh/dp can be integrated up to express h(p) in terms of incomplete

gamma functions, with integration constant being determined by the requirement that
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the metric is asymptotically anti-de Sitter. Using the explicit expressions above and ex-

panding in €, one finds

5 5 5
1 1 1 _
QF , Q@ . QI(19+480—480) 5, 3y (9.6.8)

+ €x + *
442 32v/2 1536+/2

Note that to order ¢, this expression is independent of the radial coordinate.

higip =

Now let us turn to the calculation of the entanglement entropy from the five-dimensional
perspective. Let us first note that it is clear that the five-dimensional Einstein metric
cannot be identified as just the non-compact part of the above metric, i.e.

ds? = h™ 2dx,dat + h2 F2dg?. (9.6.9)

Using the latter metric the computation of the entanglement entropy from five dimen-

sions would be

S = é d3z+/detys (9.6.10)
5

where

V/detys = h=i\/22 + hF2. (9.6.11)

This does not agree with the ten-dimensional result; the latter contains also an addi-

tional factor h1S*F which as we showed above depends on the radial coordinate p.

9.6.1 Linear Order

To extract the correct five-dimensional Einstein metric we can again use Kaluza-Klein
holography. Working to zeroth order in €* the metric is

2 ! V C C
dS%o = \/%GQQda:udx“ + ;2 do* + \/57 [ds%(E + (dr + AKE)Q] ) (9.6.12)
By rescaling the coordinates one can pull out an overall factor as
ds?y = ‘/;7 [e*dz, di" + do® + dskp + (dT + AkEg)?] (9.6.13)
where Jo
2va!
Ty=—F=2 (9.6.14)
H /Qc H

For computational convenience, and to match the conventions of earlier sections, we
will set \/Q./2 = Vo' = 1; these factors can be reinstated if required. The leading order
metric is therefore the produce of AdSs (in domain wall coordinates) with the Sasaki-

Einstein space.
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Now let
S = 5°(1+469); F=F°(1+6F); h = h°(1 + 6h), (9.6.15)

where the superscript refers to the value in the AdS; x S% background and the pertur-
bations are expressed as power series in the parameter ¢,. The explicit forms for the

perturbations are

1 1
1) = €| —+ = 9.6.16
S = ( L ) ;. (9.6.16)
1 1
O0F = e, — 4+ =
€ ( 8 6 g)) + -
1
Sh = (18 - g( )) + -
The metric can as before be written as
9AB = gap + has (9.6.17)
where
2 1 3 2
1 1
—  p20 N R
e e*< 36+3( ))mw+
1
hoo= = 20F + iéh +0F? — gahQ + 0hoF (9.6.19)
U
TN
while along the compact space
hapdy®dy’ = hpdst g + her(dT + Agp)? (9.6.20)
with ) ) .
hxp = 26S + §5h +065% — §5h2 +0héS = et (9.6.21)

and h,, = h,,. Here the ellipses denote terms of order €2 and higher.

As in previous sections, the metric perturbations can be expressed in the complete basis
of harmonics. For the metric perturbations in the non-compact directions, this expan-

sion involves only the constant harmonic, i.e.
Bonn = 2. (9.6.22)

since (9.6.18)-(9.6.19) are independent of the compact space coordinates. Now consider
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the perturbations along the compact space. The trace of the metric perturbation

hg = 9°hay = dhip + her (9.6.23)
is independent of the compact space coordinates, and therefore the expansion of the

trace in harmonics involves only the constant harmonic

1
h = = VCRE (9.6.24)

We will discuss the decomposition of the traceless part into harmonics below.

To linear order in the metric perturbations the correction to the five-dimensional Ein-
stein metric is

1
Hppn = 10, + gﬂog;;n (9.6.25)

and therefore to linear order in e,

1 1
Hyw = € <18 * 5(0* - 9)> ey + Hyp = O(c}) (9.6.26)

This defines the five-dimensional Einstein metric to linear order.

We already showed that the entanglement entropy for a strip computed in the ten-
dimensional metric gap = ¢%p + hap is always equivalent, to linear order in the per-
turbations, to the entanglement entropy computed using the five-dimensional Einstein

metric g2, = 9%, + Hmn. This general result implies that (9.6.5) is indeed equivalent to

1 3
5= 4G5 /d C[:\/951/952\/9?;) + 92, (2')? (9.6.27)

at linear order in the perturbations. One can show the equivalence directly using the

identifications

wloo

g, = hiF5S3n,, ¢, =h3Fsss, (9.6.28)
to linear order in e,.
9.6.2 Non-Linear Order

The traceless part of the metric perturbation on the compact space is

h hor Ah,. 4k
hapy dy™dy® = (ng _ 5) ds3p + ( o §E> (dr + Agp)? (9.6.29)

Working to linear order in the perturbations

1 2
h(ab)dy“dyb = <30€* + - ) ds%p + (156* + - ) (dr 4+ Agp)? (9.6.30)
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We can now project this onto harmonics,

by = 3 (¢Ity({;b) + 9l DY+ X DDy Y ) . (9.6.31)
For example
I
/ Dy DY TdQ = 4T <A5 - 1> 2(k)xF, (9.6.32)
where
ay! = Aly! (9.6.33)

and df2 is the volume element on the Sasaki-Einstein, with z(k) the harmonic normal-
isation. While %4y does not depend on the Sasaki-Einstein coordinates, all individual
harmonics depend on the coordinates and k) is therefore decomposed into an infinite

series of harmonics, as one would have anticipated, given the smearing.

As in Section 9.5, the perturbations associated with non-trivial harmonics do not con-
tribute to the entanglement entropy at linear order, but they do contribute at non-linear
order. Unfortunately the non-linear relation between the five-dimensional Einstein
metric and the ten-dimensional metric is not known for general perturbations in which
#'t, v and ! are non-zero and therefore we cannot check the equivalence of five-

dimensional and ten-dimensional entanglement entropy to non-linear order.

It is interesting to note, however, that the ten-dimensional entanglement entropy (9.6.5)
can be expressed in five-dimensional form (9.6.27) provided that one makes the identi-
fications (9.6.28). This suggests that the five-dimensional Einstein metric at non-linear
order is simply

ds® = h3 F385 (hF2dg? + ny,dada”) . (9.6.34)

One could explore whether this is indeed the correct expression for the five-dimensional
Einstein metric by checking whether it gives the expected forms for e.g. one point func-

tion and higher correlation functions of the holographic stress energy tensor.

Finally, we should note that very similar analysis should be applicable to smeared solu-
tions in other dimensions including [202]; one would need to set up Kaluza-Klein holog-
raphy for ABJM to explore this case.

9.7 General Case

In this section we consider ten-dimensional asymptotically AdS; x S° type IIB solutions
which respect the Poincaré invariance of the dual field theory. The ten-dimensional
Einstein metric therefore takes the form

ds?® = gppdp* + gupdz’dz” + 2g,adpdy® + gapdy®dy® (9.71)
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where g,,, o 1, and all metric components depend on (p,y®). For simplicity let us
focus on the case in which the SO(6) symmetry is broken to SO(5), so that the metric
depends only on p and a single angular coordinate 6 (examples of such supergravity
solutions would be D3-brane Coulomb branch solutions in which all branes lie along a

line).

Suppose we make a coordinate redefinition (p,0) — (r,?) to bring the metric into the

following form
ds® = 2B (ar? 4 A0 gt dx,,) 4+ 2A(r, 9)drdd + gog(r, 0)d9? + gga(r,9)dQga, (9.7.2)
with r being the radial coordinate of the five-dimensional metric in Einstein frame
dsg =dr? + eQA(T)dm”dxu. (9.7.3)

For consistent truncations, we know the explicit form of the map between five and ten-
dimensional solutions, i.e. the explicit form of B(r, ) etc. In the vicinity of the confor-
mal boundary one can use Kaluza-Klein holography to work out the map as a power

series in the radial coordinate.

Deep in the interior of a general such spacetime we do not know the explicit form of
the map, but such a map must exist. Note however that the causal structures of the
five-dimensional Einstein metric and the ten-dimensional Einstein metric do not nec-
essarily agree: even in consistent truncations, the former can be singular while the lat-
ter is smooth. The choice of a specific ten-dimensional radial coordinate adapted to
the five-dimensional Einstein metric corresponds to identifying the RG scale of the dual
field theory. The five-dimensional Einstein metric would in general be supported by the
stress energy tensor associated with the entire tower of Kaluza-Klein modes.

Next consider the simplest possible entangling surface in this geometry, correspond-
ing to the half plane entangling region z > 0 in the dual field theory. On symmetry
grounds, the bulk entangling surfaces are codimension two surfaces = = 0 at constant
time. Agreement between the ten-dimensional and five-dimensional entanglement en-

tropies requires
1 1
Prdy /v = — / d? 974
1Gro / T = g6 | TV (3.74)

which in turn requires that

1
/drdﬂezB+2A (62391919 — AQ) 2 \/detggqs = 7T3/dT€2A. (9.7.5)

In this chapter we have effectively checked that this relation holds in all cases in which
we can independently calculate the five-dimensional Einstein metric. In cases where
the five-dimensional Einstein metric is not known, one may be able to deduce the five-

dimensional Einstein metric by insisting that this expression hold.
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Y 2V

Figure 9.7.1: The half space entangling region x > 0, with boundary the y-axis. The co-

ordinate 7 is the polar coordinate in the plane of x and the Euclidean time z°.

9.71 Relation to Lewkowycz-Maldacena Derivation

In this section we will explain the origin of the top-down entanglement entropy formula,
using a similar approach to Lewkowycz-Maldacena in [172].

The entropy associated with a given density matrix p can be computed using the replica
trick as
S = —ndy, [log Z(n) —nlog Z(1)],_, (9.7.6)

where
Z(n) = Tr(p"). (9.7.7)

Here Z(1) can be computed by considering (Euclidean) evolution on a circle, i.e.

To+27
p=Pexp <—/ ’ dTH(T)> (9.7.8)

70

where H is the Hamiltonian and the periodicity of the 7 direction is 2. Z(n) is then
computed by considering the evolution over a circle of n times the length of the original

circle.

In the context of thermal density matrices the circle direction is Euclidean time. For
entanglement entropy, the appropriate circle direction is that enclosing the boundary of
the entangling region, see the example shown in Figure 9.7.1. The well-known CHM map
relates certain thermal entropies to entanglement entropies in conformal field theories
[1871.

To compute the entanglement entropy holographically (to leading order in 1/N), one
considers a dual spacetime whose Euclidean onshell action gives minus log Z(1). The
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replica holographic dual is constructed by considering a boundary theory in which the
circle has period n times the length of the original circle. Then log Z(n) is minus the
action Ig(n) for a smooth solution of the bulk field equations in which the circle has a
periodicity of n times the original periodicity. Hence we can use holography to rewrite
(9.7.6) as

S =noy [Ip(n) —nlg(1)],_, (9.7.9)

The second term in (9.7.9) is associated with the solution at n = 1 but with the circle
having periodicity of n times the original length; this solution has a conical singularity

but the contribution of the conical singularity to the onshell action is not included.

In [172] the main focus was implicitly asymptotically anti-de Sitter geometries, i.e. solu-
tions of lower-dimensional gauged supergravity theories, in which the bulk actions are
Einstein gravity coupled to matter fields. However, the general arguments given in [172]
apply equally to any holographic dual and therefore, in particular, apply to solutions of
type IIB supergravity in ten dimensions which asymptote to AdSs x S°.

In cases where a consistent truncation exists, one obtains the same result for working
out the onshell (Einstein frame) action from ten dimensions using the Euclidean con-
tinuation of (9.4.1)

S 10 L
I = 167G1o / d g {R 2.5;F<5>+ (9.7.10)

as one does using the five-dimensional Euclidean action

1
167I'G5

Ip = — /d%\/;5 [R(gs) +---] (9.7.11)
where the ellipses denote the matter contributions to the consistent truncation. In
cases for which no consistent truncation exists, it remains true that the onshell ac-
tion computed from ten dimensions, by construction, gives the same result as the five-
dimensional onshell action. However, when no consistent truncation exist, the ellipses
in (9.7.11) include the complete tower of Kaluza-Klein modes.

We now need to argue that (9.7.9) localises on a minimal surface and is given by

A A

= = 9.712
4G9 4Gs ( )

where A is the area of the Ryu-Takayanagi surface and A is the area of the codimension

two minimal surface in ten dimensions.

Let us first give an argument following the approach of [172]. Let M,, be the regular bulk
geometry corresponding to 7 being periodic with period 27n and let M; be the geome-
try with a conical singularity. Note that the conical singularity extends to the conformal
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boundary, in contrast to the black hole setup discussed in [172] in which it was localised

in the interior of the bulk geometry.

Now the argument given in [172] goes as follows. Consider a smooth offshell configura-
tion with geometry M,, which regularises the conical singularity of M;. Away from the
fixed point surface the geometry of M, agrees with that of M; and M,, is chosen such
that the offshell configuration differs by order (n — 1) from a solution of the equations of
motion. Let I(n) be the onshell action of the configuration with geometry M,,. Since
the offshell configuration can always be viewed as a first order variation of an onshell
configuration (working perturbatively in the expansion parameter (n — 1)), its action is
equivalent to Ig(n) up to quadratic order in (n — 1) and therefore we can replace Ig(n)
by Ir(n) in (9.7.9),

S =nd, |Ig(n) — nlg(1) (9.713)

n=1
Since the geometries only differ at the fixed point set, it is then apparent that this ex-
pression localises on the fixed point set. Moreover, the contribution is extensive in the
area of the codimension two fixed point set and is proportional to the integral over the
cone directions

/ d*x\/gR ~ 47 (1 — n). (9.7.14)

Thus we can write

__A 2 _ A
S = 167Gn (—n@n/d :n\/g??,)nl T (9.7.15)

where Gy is the Newton constant.

This general argument clearly does not depend on the spacetime asymptotics, and is
thus equally applicable to asymptotically AdS and asymptotically AdS x S geometries.
The overall constant of proportionality obtained in (9.7.15) can always be fixed by exploit-
ing the CHM map, relating spherical region entanglement entropy to hyperbolic black
hole entropy. The latter is given by the standard expression, the area of the horizon (in
the Einstein frame metric) divided by 4G .

Starting with (9.7.13) we can give a different argument that this expression localises on
fixed point sets of the vector 9, using the work of Gibbons and Hawking [271]. We con-
sider the case in which 0; is a Killing vector both on the boundary and in the bulk?. Since

T is a circle symmetry we can always write the metric locally as
ds® = V(dr 4+ w)* + Vlds% (9.7.16)

where the scalar V and the one form w take values on the base space B, which is the

space of non-trivial orbits of the circle symmetry. The fibering is trivial if the one form

“Throughout this chapter we have assumed Poincaré invariance of the dual field theory. In the case of
the half space entangling region shown in Figure 9.7.1 this guarantees that 9, is indeed a Killing vector.
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w is globally exact; we have implicitly assumed this above. By construction the onshell

Euclidean action can be expressed as an integral over B,

Ig = / drd?'z\/gL = B, / dP 2Vt /gL (9.7.17)
B

where (3, is the periodicity of 7, /g5 is the base metric determinant and £ is the onshell

Lagrangian.

The circle symmetry £ = 0, has fixed points wherever V' = 0. The action of the sym-
metry is generated by the antisymmetric matrix Dy, K y}; such matrices have even rank,
i.e. rank (2,4...) (the zero rank case would imply that the Killing vector is zero and acts
trivially). When Dy, K ) has rank 2k the action of the symmetry leaves fixed a (D — 2k)-
dimensional submanifold. Note that when w is globally exact the only possible fixed

point sets are of dimension (D — 2).

Gibbons and Hawking showed in [271] that for four-dimensional Einstein gravity the on-
shell action (9.7.17) can be expressed as the divergence of a Noether current J*® associated

with a dilation symmetry,

Igp = ﬁT/ dP e\ /ggDsJ* = BT/ dP 25, J° (9.7.18)
B 5]

B

and hence the action localises on the (D — 2)-dimensional boundary 0B of the base

space.

The boundary 0B consists of (D — 2)-dimensional boundaries surrounding each fixed
point together with the spatial boundary at infinity (if B is non-compact). When 7 is
the imaginary time, contributions from infinity are associated with conserved charges

(mass M etc) while contributions from the fixed point sets give the entropy S,
Ig=BM+-—8 (9.7.19)

where the ellipses denote contributions from additional conserved charges.
The entropy S includes not only the usual area terms but additional contributions asso-
ciated with a scalar potential ¢ dual to the one-form w, see [271]

dip = V? %3 dw (9.7.20)

where the dual is computed on the base space B. In four dimensions the fixed point sets
are either two-dimensional bolts, characterised by their self-intersection Y, or zero-

dimensional nuts, characterised by relatively prime integers (p, ¢). The entropy contri-
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butions are then given by

A 532 Bz Y
= — T Y T — 9.7.21
4Gy + 167Gy bz: vy + 167Gy Z pq ( :

olts nuts

where the scalar potential ¢ is invariant over a bolt.

The scalar potential contributions are zero if w is globally exact, and then the entropy
reduces to the usual form

_ A
4Gy

with A the sum of the areas of (D — 2)-dimensional fixed point sets. The expressions

S (9.7.22)

(9.7.18) and (9.7.19) are believed to apply to Einstein gravity coupled to matter in all di-
mensions although explicit expressions for the terms in the entropy depending on the

one-form w are not known in general dimensions.

In the case at hand, the circle direction is not the imaginary time but the approach of [271]
can still be applied, provided that the circle direction is a symmetry. Thus the onshell

action can be expressed as

Ip=03:Y ®uQu—S (9.7.23)

where @, and ), are conjugate potential and conserved charge pairs, respectively, and
S is again associated with fixed point sets of the circle symmetry. By construction we
choose M,, to be such that the charge terms cancel between the two terms in (9.7.13)

leaving
S =[nop(n—1)jp=18 =S8, (9.7.24)

i.e. the entanglement entropy is equal to the geometric entropy, which is given by (9.7.22)
when the fibration in (9.7.16) is trivial.

Note that the derivation using (9.7.18) relies on 0, being a Killing vector. While 7 is pe-
riodic, it is not necessarily a symmetry direction even for generic entangling regions on
flat spatial hypersurfaces of constant time. For example, consider the spherical entan-
gling region w = R in a four-dimensional quantum field theory in the flat background

ds* = (dz°)? + dw? + w?(dh* + sin® 0dp?) (9.7.25)

where 2 is the imaginary time. By changing coordinates as

w=R+WcosT 20 = wsinT (9.7.26)

to
ds® = di® + wdr?® + (R 4 W cos 7)*(df? + sin? d¢?) (9.7.27)

we note that the boundary of the entangling region is at @ = 0, with 9; having a dimen-
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sion two fixed point set at w = 0. Here 7 is the circle direction used in the replica trick,
but it is not a symmetry. In most previous discussions of holographic entanglement, the
circle direction 7 was trivially fibered but not necessarily a symmetry.

On the other hand, the approach of (9.7.18) raises the interesting possibility that there
may in general be additional leading order contributions to the holographic entangle-
ment entropy, beyond the area of the extremal surface. Suppose that the following
metric describes the geometry near the boundary of an entangling region (in a three-

dimensional field theory)
ds® = di? + 02 (dr + a(w)de)? + b(w)de?, (9.7.28)

with b(0) # 0. Here 0; is a Killing vector with a two-sphere fixed point set at w = 0, which
is interpreted as the boundary of the entangling region. Note that for suitable choices of

(a(w),b(w)) one can obtain (9.7.28) as a limit of the Euclidean Kerr-de Sitter metric.

Given the boundary metric (9.7.28) in the vicinity of the entangling region boundary, one

can then reconstruct the asymptotic expansion of the 4-dimensional bulk metric

dp?* 1
ds? = 0 4 S gadatda! (9.7.29)
p p
with
gardz®dzt = diw? + 0 (dr + a(w)de)? + b(w)dp? + O(p?) (9.7.30)

where terms at order p? can be computed from the curvature of the boundary metric,
see [43]. Thus, the fixed point set of 0. is extended to a two-dimensional surface in the
bulk. Following the logic above, the associated entanglement entropy should depend
not just not on the area of this surface but also on the non-trivial fibration of this cir-
cle direction over the surface. From (9.7.29) one can deduce that the potential (9.7.20)

satisifes
w? d

dip = ?%dp +.n (9.7.31)
and hence the potential ¢ is indeed constant on the surface defined by w(p) with @ — 0
as p — 0. Integration of this equation to find the potential and hence apply the formula
(9.7.21) would however require the full bulk reconstruction and we postpone this analysis

for future work.

9.8 Conclusions

In this chapter we have presented evidence that the entanglement entropy computed
from top-down (9.1.2) is equivalent to that computed using the Ryu-Takanagi formula
(9.1.1); we showed that the formulae agree in a wide range of examples and used gen-
eral arguments based on the replica trick. Both formulae, (9.1.1) and (9.1.2), are applica-
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ble to time independent situations. It would be interesting to generalise the analysis of
this chapter to the covariant holographic entanglement entropy [186] and, in particular,
to understand whether contributions associated with non-trivial fibration of the circle

coordinate over the entangling region boundary can indeed arise.

We have emphasised that the relationship between the ten-dimensional solution and
the lower-dimensional asymptotically AdS solution is in general very complicated. To
calculate quantities related to the dual stress energy tensor, one needs to extract the
asymptotic form of the lower-dimensional metric, which is related to the upstairs met-
ric by derivative field redefinitions. It is computationally complex to extract the required
field redefinitions. The agreement between (9.1.1) and (9.1.2) imposes constraints on the
field redefinitions which can be used both to check Kaluza-Klein holography calcula-
tions and, in symmetric situations, to infer the lower-dimensional fields, without going
through the entire Kaluza-Klein holography procedure.

In this chapter we have focussed primarily on backgrounds which are asymptotic to
AdSg41x X but the general arguments of Section 9.8 are equally applicable to any gauge/
gravity duality for which the conformal boundary is timelike and the bulk theory is de-
scribed by Einstein gravity. Thus in particular the top-down entanglement entropy (9.1.2)
is applicable to top-down realisations of Lifshitz and Schrédinger (with one example
of the latter being given in Section 9.4). The formula (9.1.2) is also applicable to non-
conformal brane dualities [21], in the regimes where supergravity is a valid description.

Our results have implications for the long standing question of how the compact part of
the bulk spacetime is reconstructed from field theory data: entanglement entropy tells
us about minimal surfaces in the top-down geometry. One could use these surfaces to
explore how global features of the top-down geometry are reconstructed.
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cHAPTER 10

Concluding Remarks

Gauge/gravity duality is an extremely active research area due to its capacity for provid-
ing new insight into a number of fundamental questions in physics, as well as its broad
range of application. A large part of the appeal is that the framework provides novel and
simpler methods for studying strongly coupled field theories (which are inaccessible
via traditional perturbative methods) by translating the problem into its corresponding
gravitational dual. We have seen many examples of this in the preceding pages, learn-
ing about graphene, QCD, and field theory entanglement by performing comparatively
simple computations in higher-dimensional classical gravity theories. Of course, one
can also utilise the correspondence in the reverse direction, and there has been con-
siderable work along these lines to further our understanding of black holes, quantum
gravity and string theory by studying the dual field theory (see for example the recent
review [275] and references therein). Consequently, the development of the field has
led to an increasingly cross-disciplinary approach within theoretical physics due to the
discovery of these surprising connections; for example, that the theory of black holes
can be used to study superconductors, creating discourse between relativists and con-

densed matter physicists.

Duality is not a new concept of course, and in a sense the history of theoretical physics
can largely be interpreted as a series of unifications, bringing together seemingly dis-
parate concepts under the light of a new perspective. Dualities in string theory and
N = 4SYM, such as S-duality and T-duality (see e.g. [5]), were also known to exist before
the advent of the AdS/CFT correspondence, and relate the theories to themselves under
a particular transformation of parameters. The unique attribute of gauge/gravity duality
is that, as well as relating significantly different physical theories to each other (theo-
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ries with and without gravity, and with different numbers of spacetime dimensions), it
is in fact a general idea rather than being tied to any specific equivalence - this has al-
lowed a formal framework to be constructed that thus really applies to a whole class of
equivalences, as we discussed in Chapter 3. The scope of that framework is still growing
today, and similar dictionaries either have been or are being developed to incorporate
other cases of holographic dualities, such as the dS/CFT correspondence [276], holo-
graphic cosmology [277], Lifshitz holography [278] (and the recent review [279]), and the
fluid/gravity correspondence [280].

There is still much work to be done on the subject matters studied in this thesis. In Part
IT we focussed on holographic studies of flavour physics, where we stated that by this
we mean systems that include matter degrees of freedom, such as quarks, in addition
to gauge fields. This is thus a very broad area of research. The study of holographic
graphene in Chapter 5 is itself part of a wider programme on using top-down probe
brane models to study condensed matter systems - other problems that have been stud-
ied include the quantum Hall effect (e.g. [263,281]) and the Kondo effect (e.g. [282]). There
has also been further research on using D5-probe brane models to study graphene (see
e.g. [283,284]), but there are still many aspects and scenarios to consider, though the ex-
pectation is that such models are unlikely to ever give quantitatively correct answers as
discussed in Chapter 5 - nevertheless, such models can make useful qualitative predic-

tions about systems that can hopefully be engineered experimentally.

The Dynamic AdS/QCD model used in Chapter 6 has also found application to a range
of problems within QCD as discussed previously. The model has produced predictions
that are within 10% agreement to lattice or experiment, but there still remains a lot to
be explored. For example, a potential avenue of research that we have begun exploring
is to extend the model to describe theories that possess asymptotic safety rather than
asymptotic freedom, with the coupling running to a non-trivial fixed point in the UV.
One can use the flows in asymptotically safe theories such as those described in [285] to
generate the anomalous dimensions that are used as input in the Dynamic AdS/QCD
model. For example, one could explore the effect this has on the meson spectra as
one increases the value of the coupling at the fixed point. Our discussion in Chapter
6 showed that furthermore there might sometimes be inherent limitations to the scope
of the model; we showed for example that Regge slopes could be incorporated via soft
walls, but that this comes at the cost of a peculiar running of the quark mass in the IR,
and that perhaps stringy descriptions must ultimately be used to satisfyingly capture
this aspect of QCD. One could envisage the same being true for other problems within
QCD, and that perhaps future top-down or more sophisticated bottom-up models will

be required in the attempt to construct a more complete gravity dual.

Part I1I then investigated the subject of holographic entanglement entropy, first study-
ing the entanglement contribution of probe branes in Chapter 8, before naturally leading
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onto a discussion of entanglement entropy in top-down models in general in Chapter
9. We presented a new method for computing the flavour contribution to the entan-
glement entropy for any top-down probe brane system using Kaluza-Klein holography.
We demonstrated the method explicitly for the D3/D7 system at finite mass and den-
sity, but it could in principle be applied to any number of interesting systems with rele-
vance to condensed matter physics and wider afield; top-down models of the quantum
Hall effect or the Kondo effect, probe brane systems at finite temperature, ABJM theory
with flavours etc. The scope for further research along these particular lines is large.
The result that entanglement entropy can be computed from minimal surfaces in the
top-down geometry naturally leads to the idea that entanglement might be key in un-
derstanding how the compact part of the bulk is reconstructed from field theory data;
this is a future avenue of open research, as the question is not understood at present
but has important implications for holography, and thus transitively for all applications
of holography. This is another element in the growing chain of connections between
entanglement and geometry discussed throughout Part III, which is a relatively new re-
search programme that still requires considerable work to fully unravel the way these
two concepts are related (see for example the recent review [286]). The potential conse-
quences of this unexpected relationship are extremely far reaching however, and these
questions excite physicists of all persuasions, from practical to philosophical in motiva-
tion; it thus appears highly likely that research into them will continue for some time.
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