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The construction of a confidence set can be applied in many problems. In this study, we
are focusing on comparison and classification problems. For comparison problem, we can
construct a confidence set for equivalence test and upper confidence bounds on several
samples by three methods: using the theorem from Liu et al. (2009), F statistic and
Studentized range statistic. For classification problem, we would like to classify a new
case into its true class, based on some measurements. Five classification methods have
been studied. They are logistic regression, classification tree, Bayesian method, support
vector machine and the new confidence set method. The new method constructs a
confidence set for the true class for a new case by inverting the acceptance sets. The
advantage of this method is that the probability of correct classification is not less than
1 —a. The methods are illustrated specifically with the well-known Iris data, seeds data
and applied to a data set for classifying patients as normal, having fibrosis or having
cirrhosis based on some measurements on blood samples. The total misclassification

error and sensitivity (true positive rate) are used for comparing the methods.
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Chapter 1

Introduction

The construction of confidence set can be applied in many problems. The aim of this
study is to develop efficient statistical methods using confidence set. In this study, we are
focusing on comparison and classification problems. In the medical research, when devel-
oping a new drug or new treatment, the active-controlled clinical trial is used to enable
the comparison of several treatments. Development of the new comparison statistical
methods is an active research area (cf. Wellek, 2010). We can construct a confidence
set for equivalence test by inverting technique. We are focusing in detailed in Chapter
2: Some Important Methods of Statistical Inference. Moreover, the intersection-union
test can be applied with the construction of a confidence set in this problem. We also
illustrate the construction of the upper confidence bounds on several samples by three
methods: using the theorem from Liu et al. (2009), F statistic and Studentized range
statistic in Chapter 3: Construction of the Upper Confidence Bounds on the Range of
Means, and Chapter 4: on the Maximum Difference Between Two Regression Lines.
For classification problem in Chapter 5, we would like to classify a new case into its
true class, based on some measurements. Five classification methods have been stud-
ied. They are logistic regression, classification tree, Bayesian method, support vector
machine and the new confidence set method. The new confidence set method constructs
a confidence set for the true class for a new case by inverting the acceptance sets. The
advantage of this method is that the probability of correct classification is not less than

1—oa.

The first chapter, introduction, is composed of the statement of the problem and in-

troduction to the following chapters in this thesis.

The second chapter, some important methods of statistical inference, focuses on three

topics:

e the intersection-union test
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e construction of a confidence set by inverting a family of acceptance sets

e construction of an acceptance set by inverting a confidence set.

Each topic is composed of the mathematical proof and examples. The last part of the
second topic, construction of a confidence set by inverting a family of acceptance sets,
presents the comparison among the confidence sets from several methods which are con-

structed in this topic.

In the third chapter, the upper confidence bounds on the range of £ means are con-

structed by three methods:

e the theorem from Liu et al. (2009)
e the F-statistic

e the studentized range statistic.

Firstly, the theorem from Liu et al. (2009) is used to construct the upper confidence
bounds. Then the upper confidence bounds are constructed with two examples: k = 2
and k£ > 3. Secondly, the F-statistic is used to construct the upper confidence bounds.
The mathematical proof is provided with three examples: k = 2, k = 3 and k > 3. The
last method, the studentized range statistic is used to construct the upper confidence
bounds. The mathematical proof is provided with three examples: k = 2, k = 3 and
k > 3. The last section presents the comparison of the upper confidence bounds on sev-
eral methods when o is known. For any given o, the F-statistic and studentized range
statistic are changed in this situation. Then the Chi-squared statistic and the range
statistic are the suitable adapted methods for this case. Moreover, the effects of sample
sizes, unbalanced sample sizes and confidence levels on the upper confidence bounds are

assessed.

In the fourth chapter, the upper confidence bounds on the maximum difference be-
tween two regression lines, y = Bo1 + S11x and y = B2 + S22 when o is known, are
constructed by two methods: by the theorem from Liu et al. (2009) and by Chi-squared
statistic. The construction using a theorem, which is mentioned in the previous chapter,
depends on several upper confidence bounds that will be computed by two methods: 1)
by general confidence bounds and ii) by the normal distribution method. The last sec-
tion of this chapter provides some examples for comparing the upper confidence bounds

from those methods.

In the fifth chapter, a confidence set is applied for classification problem. We propose
the construction of a confidence set as a new alternative method for this problem. This

method also use the theorem 2.2.1 in Chapter 2 for constructing a confidence set. The
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advantage of this method is that the probability of correct classification is not less than
1 — . Five classification methods for classification into two classes and three classes

have been studied. They are

new confidence set method

classification tree

logistic regression

Bayesian method

support vector machine.

Moreover, three real data examples: the data of Cirrhosis patients from a hospital, the
well known iris data and seeds data are used for illustrating and comparing these five
classification methods. The total misclassification error and sensitivity (true positive

rate) are used for comparing the methods.

In the last chapter, conclusions and future work is conclude the whole study and also

suggest some points that can be further study.






Chapter 2

Some Important Methods of

Statistical Inference

The construction of a confidence set in our study needs some statistical methods to
support the methodology. Then, three methods of statistical inference have been con-

sidered. There are:

e The intersection-union test,
e Construction of a confidence set by inverting acceptance sets,

e Construction of an acceptance set from a confidence set.

2.1 Intersection Union Test

Since the test of equivalence is a special case of the intersection-union test, Berger and
Hsu (1996) applied the intersection-union test to equivalence problems using the follow-

ing theorem (Berger, 1982).

Theorem 2.1.1. Let Y have distribution function f(y;€) with an unknown parameter
0 in the the parameter space © with ©; subsets, i € A, where A is an index set. The

hypotheses for the intersection-union test are

H0:9€U®i versus Hazﬂéﬂ@f,
iEN ien

where the individual hypotheses are

Hyi:0€0O; versus Hy:0€05, €A
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Let R; be a size « rejection region for testing individual hypotheses, Hp; versus Hyg;.
Then R = (;c\ Ri is a size o rejection region for testing overall hypotheses, Hy versus
H,.

Proof. Given 0 € |, ©;, so 0 € ©;, for at least one iy € A. The size of the test is

1EN
P{YGﬂRiQGU@i}:P{YGﬂRZ’HGGZ‘O}<P{Y€RZ‘O‘9€®Z’O}:O&.
1EN 1EA 1EA

O]

Example 2.1.1. Two Samples

Let two samples (X711, X12,...,X1,) and (X271, X292, ..., Xoy,) be the observations from
two treatments which are independent and identically distributed as normal distribu-
tions with an equal variance o2 and means being 6; and 6, respectively. The hypotheses

for equivalence testing are

Hy: 161 — 6] > ¢ versus H,: 0, — 0] <e.

These can be written in the intersection-union test form as
2 2
HO:GEU@i Versus Ha:HEm@f,
i=1 i=1

where

( )1 —00 < ) <00, —o0<by< o0, a? >0},
( )10 —0; >¢, 0 >0},
Of = {(61,02,0%):01— 0, <e, o° >0},
( )0 — 0y < —¢, 0% >0},
( )

:01—92>—€, O'2>0}.
The individual hypotheses are

Hy :0 € 0, versus H, : 0 € 06§

and
Hys : 0 € ©9 versus Hy : 6 € 65.
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Let R; be a size a rejection region for testing individual hypotheses, Hy; against Hg;.
The rejection region R; is given by
(Tl 7?2*8)
V1/n+1/m

i (w1 —71) 2+ 3T (22, —T2)?
n+m—2

< _tn+m—27o¢7

and the rejection region R» is given by

(T1—T2+¢)
V1/n+1/m
\/E?:l (21;—T1)2+ > 10 4 (w2 —T2)?

n+m—2

> tn+m—2,a-

Individual test 1:
The individual hypotheses are

Hy : 0 € ©¢ versus H, : 6 € 6f.

Hy; will be rejected if and only if

(51 75275)
/1/n+1/m
\/Z;L:l(ﬂﬁli—El)Q-FZZil($2v:—52)2

n+m—2

< _tn+m—2,o¢~

Proof. The size of the test is

(Tl 75275)

p v o2 /n+o2/m
\/Z?Zl(3611'—51)24-2?;1(3621'—52)2

< —tprm—2,a 0 — 02> ¢

o2(n+m—2)
[ (F1=To—e)=(01—02—)+(61—02—¢)
\/02/n+02/m
\/Z?:l(x“ifl)Q*Z?;(wm*@)Q < + 2, 1 2 ¢
02(n+m—2)
Z 4 (Obe)

- p Vo2 /n+o?/m

X?L{»mf?
(n+m—2)

< _tn+m—2,a 91 — 92 —e>0 (2.1)

A
< P{—2 < —tpymonalth — 0y —>0 (2.2)
X?H»'mfZ
\/ (n+m—2)
Z
= P

< _tn+m72,a
2
X7L+m72
LV (n+m—2)
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where Z ~ N(0,1). The inequality of (2.2) holds because the probability in (2.1) is

maximised when (6; — 02 — €) = 0. Hence, the size of the individual test 1 is a. O

Individual test 2:
The individual hypotheses are

Hgs : 0 € ©9 versus Hgo: 0 € ©5.

Hyy will be rejected if and only if

(T1—T2+¢)
V1/n+1/m

T (X1—T1)2 4> (22 —T2)?
n+m—2

> tn+m—2,a-

Proof is similar to individual test 1.
Overall test:

The overall hypotheses are

2 2
H(]:QEU@Z' versus Ha:0€m@f.
i=1 1=1

Then Hy will be rejected by the intersection-union test if and only if

(5175275)
V1/n+1/m
\/Zlél(wu—fl)z-i-zyél(wzi—fz)Q

n+m—2

< _tn—l—m—Z,a

and
(T1—T2+e)

NO
\/ S (@1 —T1)2 43 (22— T2)?

> tn+m72,a

n+m—2

with the size of the test being .

We give a proof below to show that the size of the test is exactly «.

Proof. The size of the test is

@1 —Ta—e)—(01 =03 —¢)+(61 —bp—¢)
P \/0’2/2n+o-2/m < _tn+m_27a and
\/Xn+m72
mm=) (2.3)
(T3 —To+e)=(0) —0g+¢)+(0y —bo+e)
\/0'2/n+02/m

2
Xn+m72
(n+m—2)

> tntm—2,a ’91 - 92’ > €
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If o is close to zero and 61 — 0 — ¢ is zero, (2.3) will be

VA
= P{———=< _tn+m—2,o¢
X?z+m72
(n+m—2)
= a7
where Z ~ N(0,1). Hence, the size of the test is exactly a. O

Example 2.1.2. Three Samples

Let three samples, (le Xio,... ,Xlnl), (Xgl, Xoo, ... ,Xgnz), and (X31, X3o,... ,X3n3),
be the observations from three treatments, which are independent and identically dis-
tributed as normal distributions with an equal variance, 2, and means being 61, 6, and

03 respectively. The hypotheses we are interested in are

Hy: max |0; — 0| >¢ versus H,: max |0; —0;] <e.
1<i<j<3 1<i<j<3

These can be written in the intersection-union test form as

Hy:0¢ U Oy versus H,:0¢ m CHN
1<i<j<3 1<i<j<3

where

0 - (91702703702)7

O = {(01,02,03,0%) : —00 < b <00, —00< by <00, —o0<b3<o00, a>0},
@ij = {(91,€2,03,02):\Qi—ﬁjIZE, 02>0}, 1 <<y <3,
Of = {(61,02,03,0%) :10; —0;| <e, 0 >0}, 1<i<j<3.

Individual test:

The individual hypotheses are
Hy:|0; —0;|>¢ Versus H,:10; — 65| <e.

The tests are given above as two groups equivalence test. Hence, Ho,; will be rejected if

and only if

(Ti—Tj—¢)
V1/ni+1/n;
n; njv < _tTLZ+TL]72,a
\/Zkll(fﬂik—wi)2+2kj_1(fvjk—$j)2

n¢+n]’72
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and
(Ti—Tj+e)

A/ l/nﬁ-l/nj
\/ S (k)2 (g T)°

n;+n; —2

> tnz +n;—2,a

which is of size a.

Overall test:

The overall hypotheses are

Hy:0¢ U O;j versus H,:0¢ m @fj.
1<i<j<3 1<i<j<3

Then Hy will be rejected by the intersection-union test if and only if

(Ti—%j—¢)

\V1/ni+1/n;

B n; < lnitn;—2a
(A n; — —
SIS Yy (@i =T)2 42, L (2 —T5)?
TLi—l-TLj—Q
and
(T;—Z;4€)

. \/l/ni—i-l/nj
min

min_ —
L<i<y<3 \/ S (i) 20 (=)
ni+nj—2

> tni—&-nj—Z,ay

which is of size a.

We give a proof below to show the exact size of the test is a.

Proof. The size of the test is

(E,L'ffj75)7(97;79]~7€)+(9i79j75)

o2 /n;+02/n;
P { maxi<j<;<3 </ - ’

- < —tn;+n;—2,a and
Xni+nj72
(E,L-—E]-+5)—(9i—9j+5)+(9i—9j+5)
. \/02/ni+o'2/nj
ming <i<;<3 \/

/ > tytn;—2.0|MaxXi<icj<s [0 — 0] > €
Xni+nj—2

(2.4)

If o is close to zero, 61 — 02 =, and 0; — 035 = /2, (2.4) will be
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2— 2
713 28/ 52 723 (2 — ;
21340 /o2 /nito Y /o2 /na+0? /ng
2 2 <_tni+nj72,cx
n1+n2 2 7L1+7L3 2 n2+n372
(n1+n2 2) (n1+n3-2) (ng+n3—2)
P
Z Z Zye
12+oo 213+00 , 223+oo >tni+nj—2,a
n1+n2 2 n1+n372 ) Xn2+n372
(n1+"2 2) (n1+n3*2) (ng+nz—2) )
Z13— Zog—
= P 13 0 , 223 o) <_tni+nj—2,a
n1+n2 2 n1+n3—2 Xn2+n3—2
(n1+n2 2) (n1+n3*2) (ng+n3—2)
= P n1+n2 2«
Xn1+n2 2
(n1+n2— 2)
= Oé7
where Z;; ~ N(0,1). Hence, the size of the test is exactly a. O

Example 2.1.3. Two regression lines

According to Liu (2010), consider the equivalence between two regression lines,

my (x,B1) = Bor + Bz and ma (x, B2) = Bo2 + P2,

for x € [a,b], with 31 and B2 being the parameter vectors respectively. The intersection-
union test can be used for this equivalence problem by setting the hypotheses as

Hy: rg[a)i} |mi(z, B1) — ma(x,B2)] > 6

versus

H, : max |m(z,B1) — ma(z,B2)| < 0,

z€[a,b]

where § is a given positive constant.

Let
0 = (ﬁ17ﬁ2702)7
O = { ﬁ17/827 ) : ﬁl S R27 ﬁZ S R27 02 > 0}7
0, = { B1,B2,0%) : xfélﬁ)li)] [mi(z, B1) — ma(z, B2)] > 6, 0 > 0} ;
0f = {(81.82.0%) s mane (2. 1) — i, Ba)] < 6. o> o},

z€la,b]

0 — {ﬂl,ﬁz, . min [my (e, Br) — ma(z, Ba)] < —3, 02>o},

(B1,B2,0%) : min_[my(z,B1) — ma(z, B2)] > —6, 0° > O} .

z€[a,b]
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Individual test 1:
The individual hypotheses 1 are

Hy : 0 € ©4 versus Hgy @ 0 € 6.
These can be further written in the intersection-union test form as

n:0e0 =[] O Versus Hy:0€0f= (] ©f,

z€la,b] z€la,b]
where
0 = (Blalg2aa2)7
01 = {(B1.2.0% 5 g (o, B0) — ma(o )] 2 5, 0> 0},

@1w = {(Bl?/@2702) : [ml(wvﬂl) - m2($7ﬂ2)] > 57 02 > 0}7 WS [(L, b]a
. = {(B1,B2.0%) : [mi(z,B1) — ma(z,B2)] <6, 0> >0}, x € [a,b].

The individual hypotheses 1z are
Hpip : mi(z,B1) — ma(x,B2) >  versus Hgip : mi(x,81) — ma(x, B2) < 6,
which can be written as
Hpi, : 0 € O1, versus Hyi:0 € 07,

Hyi, will be rejected if and only if

' B — ' Bs + ty,a&\/mT[(XlTXI)—l + (X' X)) Yz < 4.

Proof. The size of the test is

P{(ET,él - iliTB2 +tu,a§'\/mT[(X1TX1) (Xg X2) }iE < (5‘:2 ,@1 — & ,32 > 5}

_ "B —2"B2—6 —ty,a:cT,Bl—wT,Bz—520
\/.'BT[ XlTXl (XQTXQ)_I].’D
= (@781 —2"Ba) - (Tﬁl_wTﬁz)+(wT61_$Tﬁ2_§)<—tu,awTﬂl—wTﬂ2—520
\/SBT XlTX1) —|— (XQTX2)71]€B
_ (@1 2"z —9) < tyalzTBr—&TBa— 620 (2.5)
JST (XlTXl) + (XQTX2)71]$
< T< tua|:c,31—az,82—5>0} (2.6)

= P{T < —tua}

= a7
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where T}, ~ t,,. The inequality of (2.6) holds because the probability in (2.5) is maximised

when (2781 — 2T B2 — §) = 0. Hence, the size of the individual test 1z is a. O

Then, the individual hypothesis 1, Hg;, will be rejected by the intersection-union test if
and only if

rél[a)l()} {:L'T,[;l — By + tV7a6\/mT[(X1TX1)—1 + (XQTXQ)_I].'I:} < 9,

which is of size «.

Individual test 2:
The individual hypotheses 2 are

Hy : 0 € ©5 versus Hyo @ 0 € 65.
These can be further written in the intersection-union test form as

Hpp:0€0y= [ On Versus Hyp:0€05= (] 05,

z€la,b] z€la,b]
where
0 = (;61752>0—2)7
02 = {(B1.82.0%) ¢ i (o, Bh) — malo )] < 5. 0% > 0},

®2x = {(617/3270—2) : [ml(xaﬂl) —’I?’Lg(l',,@z)] < _67 02 > 0}7 MRS [avb]a
(2:x = {(617/3270-2) : [ml(xaﬂl) _m2(x7182)] > _67 02 > 0}7 T € [(I,b].

The individual tests 2x are
Hyoy : my(z,B1) — ma(x,B2) < —0  versus  Hgop : mi(x, B1) — ma(z, B2) > —9,
which can be written as
Hpop : 0 € Og, versus Hgo: : 0 € ©5,..

Hyo, will be rejected if and only if

:BT,él — .’BTB2 — tVVOZ@'\/.’BT[(XlTXl)_I + (XQTXQ)_l].’E > — 5
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Proof. The size of the test is

P {mTﬁl —x" B2 — tu,a&\/mT[(XlTxl)—l + (X7 X)) e > —6‘mTﬁ1 e _5}

- P{ 2By —2"Ba+5 >tha

&\/wT[(XlTXl)*l + (X" X))

'8 —axTB2+6< 0}

- p { (@81 — 2T B2) — (781 — 2T B2) + (781 — T B2 + ) .

&\/mT[(XlTXl)*l + (X2TXo) "z

B —2"B2+46< 0}

- P {T,, + (@B —2"Bs +9) >tyaleTBr— 2 B +0< 0} (2.7)
6/27 (X2 X0) " + (X7 X0) Ve

< P {Ty >tyaleTBr —2TBs +6 < o} (2.8)

= P{Ty >tua}

= .

where T,, ~ t,,. The inequality of (2.8) holds because the probability in (2.7) is maximised
when (7 B; — 782 + §) = 0. Hence, the size of the individual test 2z is a. O

Then, the individual hypothesis 2, Hpq, will be rejected by the intersection-union test if
and only if

m[if})] {iﬁTﬁAl — 2" B - tv,a&\/xT[(XlTXl)*l + (XQTX2)1]95} > =0,
z€la,

which is of size «.

Overall test:

The overall hypothesis, Hy, will be rejected by the intersection-union test if and only if

m[a% {mTﬁl — "B, + t,,7a&\/mT[(X1TX1)*1 + (XQTXg)l]m} )
z€|a,

and

m[lrz] {.’ET,Bl — CUTB2 — tl,,a&\/a:T[(XlTXl)_l + (XQTXQ)_I]CC} > — 5,
rc|a,

which is of size «.

2.2 Construction of a Confidence Set by Inverting Accep-

tance Sets

The confidence set can be applied to an equivalence problem if the confidence set of the

difference is close to zero or less than some given positive value. A confidence set can be
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constructed by inverting a family of acceptance sets as given by the following theorem
(cf. Lehmann, 1986).

Theorem 2.2.1. Let Y have distribution function f(y;#) with an unknown parameter
0 in parameter space ©. For each 6y € O, let A(fy) be an acceptance set of size « for
testing Hy : 0 = 0g, that is,

PgO{Y S A(eo)} >1—a.
For each Y, we can construct a C(Y) as
CY)={cO:Y € A(6)}.

Then this is a confidence set for 8 of confidence level 1 — a.

Proof. We have
Py {Y € A(6p)} > 1 —« for any 6y € O.

Then
P90{90 S C(Y)} = PgO{Y S A(@o)} >1—a«a for any 0y € @,

that is, C'(Y') is an 1 — « level confidence set for 6. O

Example 2.2.1. Suppose an observation Y is taken from normal distribution with mean
f and variance 1. For null hypothesis Hy : 8 = 0y, construct the following family of ac-

ceptance sets of size « in three cases: 6y > 0, 6y = 0 and 6y < 0.
Case 1: A(6p) for Hy : @ = 6y where 6y > 0 is
A(lp) ={Y : Y — 0y > —Z,}.
Case 2: A(6p) for Hy : 0 = 0y where 6y = 0 is
Abo) ={Y : Y| < Zos2}-
Case 3: A(6p) for Hy : 0 = 6y where 0y < 0 is

A(Bo) = {Y 1Y — by < Za).
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Proof. The sizes of the test for each case of 8 are
Case 1: 6 >0

Case 2: 0 =0

Case 3: 0 <0

where Z ~ N(0,1).

Po{Y € A(bo)} =

P@O{Y S A(Go)}

Py Y € A(bo)} =

= P{Z>-2Z,}

= 1-—aq,

= Po{lY] < Zojp}

PQO{Y — 00 > —Za}

= Pp{—Zaj2 <Y < Zyp2}
= P{_Za/2 <Z< Zoz/?}

= 1—q«, and

= P{Z< Z,}

= 1—aq,

PQO{Y — 90 < Za}

O

Using the family of acceptance sets above, we can construct a confidence set by inverting

the acceptance sets as

oY) =

U
U

{00
{00
{00
{60

LY € A(6p)}

Y — 0y > —Z, and 90>0}
Y| < Zy and 6 =0}
Y — 0y < Z, and 90<0}.

From figure (2.1), the confidence set can be divided into 5 cases of Y: Y > Z,,
~Zopp <Y < —ZyandY < —Z, 5.

Zo <Y < Zojoy —Za <Y < Za,

If
If
If
If
If

Y > Zoz/?a

Zo <Y < Zypo,
—Zo <Y < Z,,
“La/2 <Y < _Zou

Y < _Zoz/Qa

Q
o

(
Y

Q Q

cly

(
(

Q
=

)
)
(¥)
)
)

{00
{0o
{6o

{60:0< 6y <Y +Zy}
{60:0<6y <Y +Z}
Y —Za<00<Y+Zy = (Y —
Y — Zy <0y <0} = (Y — Zy,0].
Y — Zy < by <0} = (Y = Za,0).

= (0,Y + Zy).
= [0,Y + Zy).

Za Y + Z,).
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/

/

=i Y-8<7"

M1 < 2% /

—B=-7"

FIGURE 2.1: The relationship between confidence set and acceptance sets

We give a direct proof below to show that C(Y') has a confidence level 1 — .

Proof. The confidence level of the confidence set is

P{OcCY)}) = PO<O<Y +Z, and Y > Zo )}
+P{0<O0<Y +Z, and Z, <Y < Z,)5}
+PY-Z,<0<Y+Z, and —Z,<Y < Z,}
+P{Y -Z,<0<0 and — a/2<Y§—Za}
+ P{Y —Z, <0 <0 and Y < ~Z,)5}.

If 6 >0,

P{oeCY)} = P0<O<Y+Z, and Y > Z, )5}

+ P{O<O0<Y+7Z, and Z, <Y < Z,)5}
+P{Y-Z,<0<Y+Z, and —Z,<Y < Z,}

= P{Y > Zopp} + P{Za <Y < Zopp} + P{-Zo <Y < Za}

= P{Y >-Z,}
= P{Z+60>-Z,}
> P{Z>~Z.}

1—aqa,

(2.9)
(2.10)

where Z ~ N(0,1). The inequality of (2.10) holds because the probability in (2.9) is

minimised when § — 0.
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If0=0,

P{OcCY) = PO<O<Y +Zy and Zo <Y < Zy 0}
+PY-Z,<0<Y+Z, and —Z,<Y < Z,}
+ P{Y —Z,<0<0 and —Z,p <Y < ~Z,}
= P{Zoa <Y < Zyp} + P{-Za <Y < Zo} + P{~Z,p <Y < —Z,}
= P{~Z, <Y < Z,p}
= P{~Z,2<Z+0<Zy}
= P{~Zy <Z < Zyp}

= 1-a.

If6 <0,

P{oecCY) = PY—-Z,<0<Y+Z, and —Z,<Y < Z,}
+P{Y-Z,<0<0 and — a/2<Y§—Za}
+ P{Y —Zy,<0<0 and Y < —Z,)5}
= P{~Za <Y < Za} 4+ P{~Z0py <Y < ~Za} + PIY < ~Zo )5}

= P{Y <Z,}

= P{Z+0<Z,)} (2.11)
> P{Z < Za} (2.12)
= 1-—aq.

The inequality of (2.12) holds because the probability in (2.11) is minimised when 6 —
0.

We have proved that P{# € C(Y')} > 1— . Therefore, C(Y) is an 1 —« level confidence
set for 6. O

Example 2.2.2. Suppose observation Y distributes as some distribution with unknown
parameter 6 in parameter space O, Y ~ f(y,0), § € ©. For each §y € R, we can

construct an acceptance set for

Ho . 0:00
Versus H, : 0+#86,.
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According to Uusipaikka (2008), a likelihood ratio test can be used to construct an

acceptance set of size « as

B ~ f(y;00) .

_ . L(0o;y) }
B {Y' maxgeco f(y;0) =

_ {y: Lfoiy) } (213
L(0;y)

The equality in equation (2.13) holds because the maximum likelihood estimator, 6,
give the maximum of the likelihood function, L(6,y), among other parameter values in

parameter space.

We can construct an 1 — « level confidence set of 8 using theorem 2.2.1 as

Cc(Y)= {90 : LL((QHEL;J)) > c} .

We can calculate the value of ¢ using the fact that C(Y') is an 1 — « level confidence set

as

_ L(6o;y) .
PlocC(Y)) — P{L(é;y) > }

- P{lnL(gP;y) Zln(C)}
L(0;y)
= P{r(fo;y) > In(c)}

= 1-oq.

We know that the approximate distribution of —2r(6;y) is x? distribution with a number

of parameter(s), ¢, as a degrees of freedom. Therefore,

2
In(c) = — X;’a

c = exp{—xg’a}
= 5 .

Theorem 2.2.2. This theorem, partitioning principle (cf. Bretz et al., 2011), is the

generalization of the theorem 2.2.1 by Lehmann (1986). Let 6 denote an unknown

parameter in parameter space © of data Y distribution and © = | J._, ©;, where A is an

1ENA
index set. Let A(O;) be an acceptance set of size a for testing Hy : 6 € ©;, that is,

PY € A©)} > 1 a.
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For each Y, we can construct a confidence set C(Y') as

cy)y= |J e

i:YGA(@i)

Then this is a confidence set for 8 of confidence level 1 — a.

Proof. Given 6 € O, for some 0;, C ©,

Pfocc(Y) = Psoe |J o
i:YEA(@i)
> Pp{Y € A(©i)}

> 1—aq,

that is, C'(Y) is an 1 — « level confidence set for 6. O

Example 2.2.3. Suppose an observation Y is taken from normal distribution with mean
0 and variance 1. We are interested in the confidence set for |0|. For each |0] = 6y, let
A(Og,) be an acceptance set of size « for testing Hy : 6 € Oy,, where Oy, = {0 : |0] = 6y}
and 6y > 0, of the form

A(©u) = {Y : Y] > c(b)}.

From Theorem 2.2.2, a corresponding confidence set from the acceptance sets above is

given by

cy) = |J e
1:Y€A(©;)
= {60:Y € A(Og,)}

= {90 : ‘Y‘ > 0(90)}
= {90 : 90 < C_l(‘YD}.

We can calculate the function c(-) and ¢~!(-) using the fact that Pp,{Y € A(Oy,)} =
1—a,

Py {Y € A(©g,)} = Py, {|Y]| > c(bo)}
= Py {|Z+0| > c(bo)}
= 1—Py{|Z+0| <c(bo)}
= 1= Fy{|Z +10]| < c(6o)}
= 1— Py, {|Z+ 00| <c(bo)}
= 1— Py {—c(bo) —bo < Z < (o) —bo}
= 1—[®(c(o) — Op) — P(—c(bo) — o),
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where Z ~ N(0,1). Hence, we have

(I)(C(Q()) — 90) — (I)(—C(Ho) — 90) = Q. (2.14)

Using equation (2.14) and 6y = ¢ 'c(fp), we can compute function c¢~1(-) by
d(w — cHw)) — &(—w — ¢ H(w)) —a=0. (2.15)

For any given value w, we can calculate ¢! (w) using equation (2.15) as figure 2.2.

FIGURE 2.2: The relationship between given value w and ¢~*(w)

Example 2.2.4. Let a simple linear regression model be Y = 6y + 61z + ¢, where ¢ ~

N(0,02). Y is a vector of n observations from random variable Y, Y = (Y1, Y5, ..., Y,,)%.

1 Tl
1 x5

X is a design matrix size n x 2 given by X = | = |. 0 is a vector of parameters 6
1 z,

6
and91,9:<0
0

> , and mg is a given number,
1

mo = 0y + 012p.

For hypotheses
Hy:xg =ty versus H, :xg # tg,

construct the following A;(tp) as an acceptance set for each ¢y € R,

Al(to) =<Y: B0 + O1to — mo <c,p,
g/ (1,0)(XTX)~L(1, t0)T
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where ég, 6, and & are parameter estimation of 6y, #; and o. Since A;(tp) is an 1 — «
o +61t0—mq

&/ (Lto)(XTX)~1(1,t0)T

Then we can construct an 1 — « upper confidence set for x¢ by inverting the family of

acceptance set and has a t distribution, the value of ¢ is t,_2 4.

acceptance sets as

Cl(Y) = {to 'Y € Al(to)}

0o + O1to — mo
= tO N - < tn—?,a
o/ (1,t0)(XTX)~1(1,20)T

= {to : éo + élt[) — tn_27a6\/(1,t0)(XTX)_1(1,t0)T < mo} .

Construct another acceptance set of size a, Aa(tp), for each ty € R,

s 6o + H1to — mo —c
As(to) = {Y : 6/ (1, t0)(XTX)~1(1,t9)T g } .

We can construct an 1—a lower confidence set for zg by inverting the family of acceptance

sets as

CQ(Y) = {to Y € Az(to)}

0o + O1to — mo
= to : " = — T > _tn—Q,a
6+/(1,t0)(XTX)~1(1,t0)

= {to : é() + élt() + tnfla@'\/(l,to)(XTX)fl(l,to)T > mo} .

According to the two 1 — « level confidence sets above, we can construct a new 1 — 2«
level confidence set C(Y) = {xg € C1(Y) N C2(Y)}. We can prove that the confidence
level is 1 — 2a by two different methods: the set property and the two-sided test.

Proof. Using the set property, we know that

Pa:g {wo € Cl(Y)} >1—«
and

Pa:o {:IZ() S CQ(Y)} >1—a.

Then,

Pro{zo € C1(Y)NCo(Y)}
Pro{z0 € C1(Y)} + Py {zo € Co(Y)} — Py {mo € C1(Y) U C2(Y)}
= Pp{ro € Ci(Y)} + Py {xo € Co(Y)} -1 (2.16)
l-a)+(1-a)—-1
1- 2«

(
)

v
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The equality of (2.16) holds because the upper bound of C(Y) is always more than the
lower bound of C5(Y") and so C1(Y)UC2(Y) = R which implies P,, {zo € C1(Y)U Ca(Y)} =
P, {xo € R} = 1. Then this confidence set has a confidence level 1 — 2a. O

Proof. Using a two-sided test, the 1 — 2« acceptance set A(6p) is

ABo) = |y s — ot Orto —mo < tnga and ——t0t 01t —mo > —thga
O'\/(l, tO)(XTX)_l(L tO)T U\/(la tO)(XTX)_l(lv tO)T

From Theorem 2.2.2, the confidence set C'(Y) can be produced as

0o + O1to — 0o + O1to —
o) = o : o+ 01t — my <ty sa and o + G1to —myg s
0“—\/(1’t0)(XTX)—1(17t0)T &\/(17t0)(XTX)_1(17t0)T
0o + 1t —
= to: —th—2,a < 0+ %ito — Mo <tn-2a
/(1 t0) (XTX)~L(1, )T
Then this confidence set has a confidence level 1 — 2. O

Example 2.2.5. Suppose an observation Y is taken from a normal distribution with
mean ¢ and variance 1. © is a parameter space, which is divided into three subsets of
parameter, O = (—00,0), ©2 = {0} and O3 = (0, 00), for three hypotheses.
Hypotheses 1:

Hy : 0 € ©p versus Hgyp : 0 ¢ ©

Using the intersection-union principle, the hypotheses can be written as

Ho - U Hopy versus H,: ﬂ H,py,
€O, €O,

where

Hpin @ =X A€,
H,i\ 97&)\,/\661.

Construct the following A()\) as an acceptance set of size « for individual testing Hyi

versus Hgi),
AN ={Y Y - A< Z,}.

Then an acceptance set of size «a, A(01), for Hyy versus H,; can be constructed as
A(©1) = U A(N)
AEO,
= {Y:Y - néax{)\} < Zu}
1
= {Y:Y-0<Z,}
= {Y:Y<Z,}
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Proof. The size of the individual test is

P{Y € A(\)}

P{Y - X< Z,}
P{Z < Z,}
1—oa.

O
Below is a direct proof that the size of the overall test is a.
Proof. The size of the overall test is
P{Y € A(@l)} = PQO{Y < Za}, for 0y € O
= PQO{(Y — 90) + 6y < Za}, for 6y € ©4 (2.17)
> P{Z+4+0< Z,} (2.18)

1—a.

The inequality of (2.18) holds because the probability in (2.17) is minimised when 6§y —
0~. Then P{Y € A(©1)} > 1 — «, and A(O;) is an acceptance set of size a. O

Hypotheses 2:

Hpy : 0 € ©y versus Hgo: 0 ¢ Og

Construct the following A(©2) as an acceptance set of size « for testing Hog versus H,o,

A(@2) = {Y : |Y] < Zoyo}.

Proof. The size of the test is

PIY € A©y)} =

PQO{Y : ’Y’ < Za/2}7 for 6y € ©9

= PgO{Y:’Y—i-eQ‘ <Za/2}, for 0y € ©9
= P{lZ] < Zo2}

= 1-a.

Hence, A(O3) is an acceptance set of size a.

Hypotheses 3:

Hps : 0 € ©3 versus Hgs: 0 ¢ Og

Using the intersection-union principle, the hypotheses can be written as

Hos : | J Hosn
AEO3

versus

H,z - m Hg3y,
AEO3



Chapter 2 Some Important Methods of Statistical Inference 25

where

Hpzyn @ 0=X, A€ O3
Ha3)\ : 9#)\,)\6@3.

Construct the following A(\) as an acceptance set for testing Hoysy versus Hys),
AN ={Y:Y -A>—-Z,}.
Then an acceptance set of size o, A(O3), for Hys versus H,3 can be constructed as

A©s) = |J AW

AEO3
= {Y:Y - n(})in{)\} > —Za}
3
— (VY >-Z.).

Proof. The size of the individual test is

P{Y e AN} = P{Y—-\A>-Z,}
= P{Z>-Z,}

= 1-oq.

O
Below is a direct proof that the size of the overall test is a.
Proof. The size of the overall test is
P{Y € A(©3)} = Py {Y >—-Z,}, for by € O3
= Pgo{(y — (90) + 6y > —Za}, for 6y € O3 (2.19)
> P{Z+0>—-Z,} (2.20)

= 1-a.

The inequality of (2.20) holds because the probability in (2.19) is minimised when 6§y —
0F. Then P{Y € A(©3)} > 1 — a, and A(O3) is an acceptance set of size . O

Using the family of acceptance sets above, we can construct a confidence set by inverting

the acceptance sets as

cy)y= |J e

i:YEA(@i)

From figure (2.3), the confidence set can be divided into 5 cases for different sets of Y



26 Chapter 2 Some Important Methods of Statistical Inference

@ 4
f2
L S —— ==& J
—— - — —— — — Zﬂ -— -
> O
_________ v
§ommm e _ 2T
(?_
| | T T

FI1GURE 2.3: The relationship between confidence set and acceptance set

Y > Zopzs Za <Y < Zojoy —Za <Y < Zoy —Zajg <Y < —Zo and Y < —Z 5.

Q

= O3 = (0,00).

= O3U0BO3 =[0,00).
O1UBO2UBO3 = (—o0,00).
= 0;UBy = (—00,0].

= 0 = (—00,0).

If Y > Z,)2,

It Zoa <Y < Zop,
I —Zpy<Y < Za,
U —Zop <Y < —Za,
Y < —Zap,

Q

Q

/Q/\/g\/-\/-\
S>3>5S5 5
I

We give a direct proof below to show that C(Y') has a confidence level 1 — .

Proof. The confidence level of C(Y') is

P{oeC(Y)} = P{0e(0, 00) and Y > Z, )5}
+ P{0 €0, o0) and Z, <Y < Z,)5}
+ P{O € (—o0, 00) and — Z, <Y < Z,}
+ P{f € (—o0, 0] and —Z,), <Y < —Z,}
+ P{0 € (—00, 0) and Y < —Z, 5}
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If o >0,

P{oeC(Y)} = P{0e(0, 00) and Y > Z,)5}
+ P{0 €0, o0) and Z, <Y < Z,)5}
+ P{O € (—o0, 00) and — Z, <Y < Z,}
= P{Y > Z,0} +P{Z0a Y < Zypo} + P{—Z0a <Y < Za}

= P{Y >-Z,}

= P{Z+0>-Z,} (2.21)
> P{Z>-Z,} (2.22)
= 1l—oa.

The inequality of (2.22) holds because the probability in (2.21) is minimised when 6 —
0.

If 6 = 0,

P{oeC(Y)} = P{0€l0, 00) and Z, <Y < Z, )5}
+ P{f € (-0, o) and —Z, <Y < Z,}
+ P{(—00, 0] and —Z,)p <Y < —Z,}
= P{Zo <Y < Zypob + P{-Za <Y < Zo} + P{~Zopy <Y < —Zo}
= P{~Z, <Y < Z,}
= P{~Zop<Z+0<Zy}
= P{~Zy <Z < Zyp}

= 1-—a.
If 6 <0,

P{eC(Y)} = P{fe(—o0, o0) and —Z, <Y < Z,}
+ P{(—00, 0] and —Z,/ <Y < —Z,}
+ P{(~00, 0) and Y < —Z,)5}
= P{-Zoa<Y <Zy} +P{~Zy)s <Y < ~Zo} + P{Y < —Z, )5}

= P{Y <Z,}

= P{Z+0<Z,} (2.23)
> P{Z < Z,} (2.24)
= 1—a.

The inequality of (2.24) holds because the probability in (2.23) is minimised when 6 —
0.
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We have proved that P{6 € C(Y)} > 1 — .. Therefore, C(Y) is a confidence set for 0

of confidence level 1 — a. ]

Example 2.2.6. This example is an generalization of the example 2.2.5. Suppose an
observation Y is taken from normal distribution with mean 6 and variance 1. © is a
parameter space, which is divided into three subsets of parameter, ©; = (—o0, —J),
©9 = [0, 4] and ©3 = (4, 00), for three hypotheses.
Hypotheses 1:

Hp:0 € ©1 versus H, : 6 ¢ O

Using the intersection-union principle, the hypotheses can be written as

Ho - U Hopy versus H,: ﬂ Ha1y,
AEO, AEO,

where

Hyn Q:ZA,,XEE@l
Hyy : 04X\ A€ O

Construct the following A()\) as an acceptance set of size a for individual testing Hoq)

versus H,q),
AN ={Y Y - A< Z,}.

Then an acceptance set of size a, A(O1), for Hpy versus H,; can be constructed as

a@) = U Am
AEO;
= {Y:Y - I%&X{)\} < Za}

= {Y:Y - (=0) < Z,).

Proof. The size of the individual test is

P{Y e AN} = P{Y —-A<Z.)}
= P{Z < Z,}

= 1—-a.

Below is a direct proof that the size of the overall test is a.
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Proof. The size of the overall test is

P{Y € A(@l)} = P@O{Y +6< Za}, for 6y € ©4
Pgo{(Y — 90) + 60+ < Za}, for 6y € ©1

= Py {Z+ (6o +6) < Zy}, for by € O, (2.25)
> P{Z+0<Z,)} (2.26)
= 1—oa.

The inequality of (2.26) holds because the probability in (2.25) is minimised when 6y —
—0~. Then P{Y € A(©1)} > 1 — «, and A(©;) is an acceptance set of size . O

Hypotheses 2:
Hys : 6 € Oy versus Hgo: 0 ¢ O

Construct the following A(©3) as an acceptance set of size « for testing Hog versus H,o,
AOg) ={Y : =6 —a(0) <Y < +a(d)},

where a(9) is a function of §. We can calculate a(d) from the fact that P{Y € A(O3)} =

1—a,

P{Y € A(©2)}

Py {—0—a(d) <Y <d+a(d)}, forbye Oy

= Pp{-0—a(d) <Z+0 <é+a(0)} (2.27)
> P{-d—-a(d)<Z—-0<0+a(0)} (2.28)
= P{—a(d) < Z <20+ a(d)}

= B(26 + a(0)) — ®(—a(0)). (2.29)

The inequality in (2.28) holds because the probability in (2.27) is minimised when 6y is
—d or §. In this case, we give 0y = —9.
For any given ¢, we can calculate a(d) using equation (2.29) equals to 1 — « as in the
figure(2.4). Then we have A(©3) which is an acceptance set of size a.
Hypotheses 3:

Hps : 0 € ©3 versus Hgs:0 ¢ Oy

Using the intersection-union principle, the hypotheses can be written as

H()g! U Hog)\ versus Hagi m Hag,\,
PYSICH AEO3

where

Hysy 9:>\,)\€@3
Hg3\ : 9#)\,)\6@3.



30 Chapter 2 Some Important Methods of Statistical Inference

20
1

Z(c.f2)

19

a(s)
18

17

Z(e)

16

15

00 05 10 15 20

FIGURE 2.4: The relationship between given ¢ and a(9)

Construct the following A(\) as an acceptance set of size « for testing Hosy versus Hgsy,
AN ={Y:Y - A>—-Z,}.
Then an acceptance set of size o, A(O3), for Hys versus H,3 is

A03) = |J AW
AEO3
= {Y Y — Héin{)\} > —Za}

= {Y:Y=0>—Z,}

Proof. The size of the individual test is

P{Y e AN} = P{Y-\A>-Z,}
= P{Z>-Z,}

= 1-oq.

Below is a direct proof that the size of the overall test is a.

Proof. The size of the overall test is

P{Y S A(@g)} = PQO{Y -0 > —Za}, for 0y € O3
= Py {(Y = 60) + 00— 6> —Zs}, for b€ O3 (2.30)
> P{Z+0>—Zu} (2.31)

= 1-a.

The inequality of (2.31) holds because the probability in (2.30) is minimised when 6y —
5%, Then A(O3) is an acceptance set of size a. O
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Using the family of acceptance sets above, we can construct a confidence set by inverting

the acceptance sets above as

cy)y= |J e
i:YGA(@i)
YTV —— 00000
5-7" ol e e,
g 547"

8

FIGURE 2.5: The relationship between confidence set and acceptance set

From figure (2.5),the confidence set can be divided into 5 cases for different sets of Y
Y>6+a(d),0—Za <Y <d+a(d), —0+2Zy, <Y <0—Zy, —6—a(d) <Y < =6+ Z,
and Y < —§ — a(9), where ®(25 + a(d)) — ®(—a(d)) =1— a.

If Y >0+ a(d), CY) = O3 =(4,00)

If 6-Z,<Y<d+a(d), CY) = 02U03=][-§00)
If —0+2,<Y<6-2Z,, CY) = 03=(—00,00).

If —6—ald)<Y <0+ Za, C(Y) = 61Uy = (—00,0]
If Y < -6 —a(9), C(Y) = 01 =(—00,-9)

We give a direct proof below to show that C(Y') has a confidence level 1 — a.

Proof. The confidence level of C(Y') is

P{oecC(Y)} = P{0e(d, oo) and Y >+ a(d)}
+ P{€[—0, 00) and 0 —Z, <Y <d+a(d)}
L P{e[-0, 0 and — 6+ Zo <Y <6 Zo)
+ P{e(—o0, 0] and —d—a(d) <Y < -0+ 2Z,}
+ P{f € (—o00, —6) and Y < —6—a(d)}.
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If 0 >0,
P{eC(Y)} = P{6e(d, o) and Y >3+ a(d)}

+ P{fc[-0, o0) and § —Z, <Y <d+a(d)}
= P{Y>6+a(0)}+P{6—Z, <Y <d+a(d)}
= P{Y>d-2.}
= P{Y € A(©3)}
> 1—o.

If 6 € [-4, ¢,

P{eC(Y)} = P{0e[-6, o0) and 6§ —Z, <Y <d+a(d)}
Y P06 6 and — 0+ Za<Y <6— Za}
+ P{e(—o0, 0] and —d—a(d) <Y < -0+ Z,}
= P{0—-Z, <Y <d+a(0)}+P{-0+2, <Y <6—-Z,}
+ P{-0—a(0) <Y < =0+ Z,}
= P{-0—-a(0) <Y <d+a(d)}
= P{Y € A(©2)}

> 1—a.
If 0 < -4,

P{eC(Y)} = P{0e (-0, d] and —d—a(d) <Y < -0+ Z,}
+ P{ € (—00, —0) and Y < -0 —a(d)}
= P{-0—-a(d) <Y <=6+ 2Z,} +P{Y <-6—a(d)}
P{Y < =6+ Z,}
P{Y € A(©y)}

> 1—a.

We have proved that P{6 € C(Y)} > 1 — .. Therefore, C(Y) is a confidence set for 0

of confidence level 1 — v . ]

Example 2.2.7. Suppose an observation Y is taken from normal distribution with mean
0 and variance 1. According to Berger and Hsu (1996), they suggested an 1 — « level
confidence interval [(Y —c¢)~, (Y +¢)™], where (Y —¢)~ is the minimum of 0 and (Y —¢),

and (Y + ¢)7" is the maximum of 0 and (Y + ¢). We can calculate the value of ¢ using
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the fact that P{8 e C(Y)} =1 —a.

P{H elY —c), (Y + c)ﬂ}

= P{{9 elY —c) ,0)}N{0 € (—oo,(Y—i—c)ﬂ}}
= P{0e[(Y —c) 00} +P{Oe (00, (Y +) T} = P{{f €[(Y —)",00)} U{# € (00, (Y + )
= P{leY —c,o0)andY —c <0} +P{f# €[0,00) and Y —c > 0}

+P{f € (—00,Y +cJand Y + ¢ >0} + P{f € (—00,0] and Y + ¢ <0} — 1

= P{Y —c<fandY —c<0}+P{§>0and Y —c >0}
+P{Y+c>0and Y +c>0}+P{§<0and Y +¢c<0} -1
= PlY<O+candY <c}+P{#>0and Y > ¢}
+P{Y >0 —candY > —c}+P{#<0and Y < —c} — 1

The equality in equation (2.32), P{{0 € [[Y —¢)",00)} U{0 € (—o0, (Y +¢)"]|}}

holds because (Y — ¢)~ is always less than or equal to (Y —¢)*.

L

Let (2.33) equal to K (). K() can be divided into three cases: 6§ < 0, § = 0 and

6> 0.

If6 <0,

Ifo=0,

Then K(0)

P{Y <O+c}+P{Y >—-c}+P{Y <—c}-1

P{Y —6 <c¢}
P{Z < ¢}
d(c).

1—a gives ¢ > Z,.

PlY <c}+P{Y >c}+P{Y > —c}+P{Y <—c} -1
1+1-1
= 1.

(2
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If o >0,

K@) = P{Y<c}+P{Y>c}+P{Y>0—c}—1
= P{Y-0>—¢}
= P{Z>—c}

1—®(—c).

D(c).

Then K(0) > 1—« gives ¢ > Z,.

Therefore, the ¢ value for the 1 — « level confidence interval [(Y —¢)™, (Y +¢)*] is more

than or equal to Z,.

2.2.1 Comparing the Confidence Sets
Suppose we are interested in an unknown parameter 6 of observation Y, which is taken
from a normal distribution with mean 6 and variance 1. From the above examples, we

can construct a confidence set, C(Y'), for 6 in four different ways.

e The usual 2-sided confidence interval for 0

C(Y) = [Y - Za/27 Y + Za/Q}

e The confidence set from Example 2.2.3

e The confidence set from Example 2.2.1

If Y > Zojo, C(Y) = {0:0<0y <Y +Z} = (0,Y + Zy).
U Za<Y <Zyp COF) = {0:0<0<Y+2Z) = [0,Y+2Z,).
If  —Zoa<Y <Za, C) = {00:Y—Z0a<0<Y+2Zs} = (Y—Za,Y + Zy).
U ~Zyy <Y <—Za, C(Y) = {60:Y — Zo <y <0} = (Y — Z,0).
If Y <—Zys  OF) = {60:Y —Za < <0} = (Y — Za,0).

e The confidence interval from Berger and Hsu (1996) from Example 2.2.7
CYV)=[y-9 v+

From the figure 2.6, the C(Y) from Example 2.2.1 and Example 2.2.7 are almost the

same except the C(Y) from Example 2.2.7 always includes zero in the confidence set.
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FIGURE 2.6: Comparing the confidence intervals from four methods

It is clear that, when Y is small, the C(Y) = [0, ¢ *(]Y])] from Example 2.2.3 is the
smallest confidence set, then the C(Y) from Example 2.2.1, Example 2.2.7, and the usual
2-sided confidence interval is the largest confidence set respectively. When Y is a little
bigger, the confidence intervals from Example 2.2.1, Example 2.2.7 and the usual 2-sided
confidence interval are shift to positive . When Y is much more bigger, the usual 2-
sided confidence interval is the smallest confidence set. However, if we are interested in
the size of theta, |6, the confidence set C(Y) = [0, ¢ !(|Y])] from Example 2.2.3 is the

smallest confidence set for |6|.

2.3 Construction of an Acceptance Set from a Confidence
Set

From the previous section we can construct a confidence set by inverting the family
of acceptance sets, in this section we are going to construct an acceptance set from a
confidence set. Berger and Hsu (1996) constructed a test for hypotheses Hp : 6 € ©g
versus H, : 0 ¢ ©¢ using an 100(1 — )% confidence set for 6, C(Y'), as the following

theorem.

Theorem 2.3.1. Let Y have distribution function f(y;#) with an unknown parameter
6 in parameter space ©. Given C(Y) is an 1 — a level confidence set for § and ©¢ C O,

then the acceptance set defined as
ABo) = {Y : ©N C(Y) # ¢}

is of size « for testing Hy : 8 € ©g, where ¢ is an empty set.
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Proof. Given 6y € ©¢, then

Py {Y € A(©p)}

AV (|

Y

Py {©oNC(Y) # ¢}

1= Py {0NCY) = ¢}

1— Py, {6 ¢ C(Y)} (2.34)
Py, {00 € C(Y)}

1—oa.

The inequality in equation (2.34) holds because ©gNC(Y') = ¢ can imply that 6 ¢ C(Y).
In contrast, § ¢ C(Y) cannot imply that ©oNC(Y) = ¢. Consequently, Pp{©oNC(Y) =
¢} is less than or equal to Pyp{6 ¢ C(Y)}. Hence, A(Op) is an acceptance set of size «

for testing Hy : 60 € ©g.

O]

Example 2.3.1. Suppose an observation Y is taken from normal distribution with mean

0 and variance 1. We are interested to test

Ho‘@’Z(S

Versus Hy:|0] <.

Using the intersection-union principle, the hypotheses can be written as

2
Hys:0 €| 0ss
=1

where

@ p—
0; =
O =

c
10 —

Oy =
C
2% =

The individual hypotheses 1 are

Hys: 0 e @15

2
Versus Hu5:0 € U 55,
i=1

R

{0:10| >6}, 6>0
{0:6>6}, 6>0
{0:0<6}, 6>0

{0:6< -6}, 6>0
{0:0>—6}, 6>0.

versus Hg5: 0 € 6.

We can construct a size a rejection region for Hyis as

Ris={Y Y —-56<—2.}.
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The individual hypotheses 2 are
Hpos : 0 € O95 versus Hgos : 0 € ©5.
We can construct a size a rejection region for Hygs as
Ros ={Y :Y +0 > Z,}.

Then we can construct a size « test for overall hypotheses as

Rs={Y:Y—-0<—Zyand Y +6 > Z,}.
Then the acceptance set of size « for testing Hos is

ABs)={Y: Y >0—-Zyor Y <=0+ Z,}.

For each §, we have A(©y) as an acceptance set of size « for testing Hyps. Using Theorem

2.2.2, we can construct a confidence set for 6 as

CHY) = U Os
0:YE€A(Os)
= ©5,; Om=min{d:Y € A(65)}

= (=00, =0m] U [6m,00); 0, =min{d: Y € A(Og)}.

Because in this example one Oy is a subset of another O4, the confidence set we have
constructed would be the biggest set of ©5. Then the §,, is probably close to zero, and

so the confidence set is (—o0, 00).

From the confidence set above, we can construct a size a test for Hy : 0 € O, as

A*(©g) = {Y:00NC*(Y) # ¢}

= (—00,00).

From above confidence set, the acceptance set we have constructed is (—oo,00). Ac-
cording to this example, if the subsets of parameter are not mutually exclusive sets, an
acceptance set we constructed may sometimes become (—oo,00). Then the corollary

below can help us to avoid that situation.

Example 2.3.2. According to Liu (2010), consider the equivalence between two regres-

sion lines,
my (x,81) = Bor + Pz and ma (z, B2) = Po2 + P2z,

for z € [a, b], with 81 and B2 being the parameter vectors respectively. We can construct
a confidence set for the difference between the two regression lines using the following

theorem.
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Theorem 2.3.2. Let Up(Y1, Y2, z) be a pointwise upper confidence limit of m; (z, 81) —

ma (x, B2) with 1 — « confidence level for each z € [a, b, that is,

P{m1 (m,ﬁl) — My (."L‘,,éz) < Up(Yl,Yg,m)} >1l—« Va € [a, b].

Then
P { max {m1 (x,B81) — ma (x,B2)} < max Up(Yl,YQ,x)} >1-—a.

z€[a,b z€[a,b
Proof. Let z* € [a,b] and

my (x*, B1) — ma (2%, B2) = max {my (z,B1) — ma (v,B2)},

z€la,b]
then
P{ml (‘r*7ﬁ1) — m2 (l'*,ﬁ2) S Up(}/17Y27x*)}
= P{ Iél[a%)] {m1 (z,B1) —ma(z,B2)} < Up<Y1,Y2,$*)}
< P{ m[a>l<)] {m1 (x,B1) —ma(x,B2)} < m[a)zi] Up(YhYzaﬂU)}
x€|a, xE|a,
= P {0 a) — o Ba) < s U0, Yarm) o € o]
z€la,
> 1—a.
We have
P{ max, {m1 (z,B1) —ma (x,B2)} < ma Up(Yl,Yz,fﬂ)} >1-a
x€|a, rc|a,
and

P{ max {m; (z,B1) — ma (z,B2)} > min Lp(Yl,Yg,m)}

z€la,b] x€lab

= P { max {m (z,31) — ma (x,B32)} < — min Lp(Yl,Yg,x)} >1—a.

x€[a,b] x€[a,b]

From theorem 2.3.2, we can construct a confidence set as

P {;élﬁ}l()] {(m1 (z,B1) — m2 (z,B2)),— (m1 (x,B1) — ma (x,B2))}

< max( max Up(Y7,Ys,2),— min Lp(Yl,Yg,:z:)>}

z€[a,b]} z€a,b]

= P{ max_|my (z,81) — ma (z,B2) | < max (max Up(Y1,Y2,2),— min L,(Y1,Ys, )

z€la,b] z€la,b] z€a,b]

v

1-—oa.

)}
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From Theorem 2.3.1, we can construct a size « test for hypotheses

Hy : max_|mi(z, B1) — ma(z,B2)| >0

z€[a,b]
versus
H, : max |mq(x,31) — ma(x,B2)| <0
z€[a,b]
as

R = {x: max(max Up(Y1,Y2,2), — min Lp(Yl,Yg,a:)> < 6}.

z€|a,b| z€[a,b]

Corollary 2.3.1. From Theorem 2.2.2, we can construct an 1 — « level confidence set
for parameter 0 of data Y distribution by inverting a family of acceptance sets of size «

for testing Hy : 6 € ©g. If we put more assumption ©; N ©; = ¢, where i # j, we get

cy)y= J e

i:YeA(@i)

From Theorem 2.3.1, we can construct an acceptance set of size « for testing Hy : § € ©;,

using above confidence set,

A*(©;,) = {Y:0;,,nC*(Y) # ¢}
— [Y:Y € A®O,))
- A(Gio)'

Then the acceptance set we have constructed, A*(©;), is the same as A(O;),the accep-
tance set for construct above confidence set, C*(Y).
It can be concluded that if the confidence set comes from Corollary 2.3.1, an acceptance

set we get will be the same as the one given for constructing the confidence set.

Example 2.3.3. From example 2.2.3 we have a confidence sets for 6 at 1 — a confidence
level,
CY)={b0p:00 <" ([Y])},

which reach an extra assumption of Corollary 2.3.1, ©;N0; = ¢, where i # j. According

to Theorem 2.3.1, we can construct a size « test for

Hy:|0) >0 versus Hg:|0] <0,
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where § is a given positive constant.The acceptance set for Hy : § € ©g, where Oy =

(—o00, —d] U [§, 00), is given by

A©) = {Y:00NC(Y) # ¢}
= {Y : {(—00, =8| U[8,00)} N (= (Y ]), e (IY]) # ¢}
= {Y:éselo,c ' (Y])}
= {Y:s<c (YD)}
= {Y:|Y|>c(d)}.

An acceptance set we have constructed here is the same as the one given for constructing

the confidence set in example 2.2.3.

We give a direct proof below to show that the size of the test is a.

Proof. The size of the test is

P{cY|Y]) <6l >6} = P{cH(|Y])—60+6—-06<06>6} (2.35)
< P{c(JY]) -6 <00 > 6} (2.36)
= P{c(|Y]) <00 >}
= 1—P{c YY) > 0160 > 6}
< 1—(1-a) (2.37)

I
e

The inequality of (2.36) holds because the probability in (2.35) is maximised when 6 = 6.
The inequality of (2.37) holds because {6 : ¢ *(]Y]) > 6} is an 1 — a confidence set.

Hence, the size of the test is a. ]

Example 2.3.4. Using the confidence interval from example 2.2.7, we can construct an
acceptance set for hypotheses, Hy : 0 € Og versus Hy : 0 ¢ ©g by Theorem 2.3.1. We

have

If Y<-—-¢ C)=1[(Y-c
If —c<Y<e, CY)=[Y-c
If Y > e, C(Y) = [0,(Y +¢)].

From Theorem 2.3.1, we can construct an acceptance set of size o, A(Qy), for hypotheses,

Hy:0 €0y versus H, : 0 ¢ Oy,
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]

FI1GURE 2.7: The relationship between confidence set and acceptance set

as

A(©g) ={Y : 0N C(Y) # ¢}

From figure 2.7, the acceptance set can be divided into three cases: ©¢ = (—o0,0),
©p = {0} and ©¢ = (0, 0).

If ©g=(—00,0), A(©g) = {Y :y <6+ c}.
If  ©,={0}, A©) = {Y:yeR).
If @0 = (0, OO), A(@o) = {Y Yy > 90 — C}.

We give a direct proof below to show that the size of the test is a.

Proof. The sizes of the test for each ©¢ are

case 1: ©p = (—00,0), Py {Y € A(O¢)}

P@O{Y < Oy + C}
P90 {Y — 9() § C}
P{Z < Z,} (2.38)

v

1-a.
case 2: ©g = {0}, Py {Y € A(©g)} = P{Y eR} = 1.
case 3: ©g = (0, 00), Py {Y € A(©g)} = Py {Y > 00— c}
= Py {Y -6y > —c}
> P{Z>-Z.) (2.39)

= 1-a.



42 Chapter 2 Some Important Methods of Statistical Inference

The inequality in equation (2.38) and equation (2.39) hold because we know that ¢ >
Za,and so P{Z < ¢} > P{Z < Z,}. Therefore, A(Oq) is an acceptance set of size a for
testing Hy : 6 € ©g versus Hy : 0 ¢ Oy. O

2.4 Conclusion

In this chapter, we focus on three methods of statistical inference. The first method,
intersection-union test allows us to construct a group of acceptance sets for further
constructing a confidence set in the second method, the construction of a confidence set
by inverting acceptance sets, as in example 2.2.5. Moreover, we also can construct an
acceptance set from a confidence set in the last method. In the rest of this thesis, the
construction of a confidence set will be used in different problems, the upper confidence
bounds on the range of k means and on the maximum difference between two regression

lines in Chapter 3, Chapter 4, and applied for classification problem in Chapter 5.



Chapter 3

Construction of the Upper
Confidence Bounds on the Range

of Means

The construction of a confidence set can be used in some equivalence problems in the
previous Chapter. In this chapter, the upper confidence bounds on the range of k means
are the next problem that we are considered. We propose the construction of upper
confidence bounds by three methods: using the theorem from Liu et al. (2009), using
the F-statistic and using the studentized range statistic. Firstly, the theorem from
Liu et al. (2009) is used to construct the upper confidence bounds. Then the upper
confidence bounds are constructed with two examples: k = 2 and k > 3. Secondly,
the F-statistic is used to construct the upper confidence bounds. The mathematical
proof is provided with three examples: k& = 2, k = 3 and k£ > 3. The last method,
the studentized range statistic is used to construct the upper confidence bounds. The
mathematical proof is provided with three examples: £k = 2, k = 3 and & > 3. The
last section presents the comparison of the upper confidence bounds on several methods
when o is known. For any given o, the F-statistic and studentized range statistic are
changed in this situation. Then the Chi-squared statistic and the range statistic are the
suitable adapted methods for this case. Moreover, the effects of sample sizes, unbalanced

sample sizes and confidence levels on the upper confidence bounds are assessed.

3.1 Using the Theorem from Liu et al. (2009)

According to the theorem from Liu et al. (2009), given several (1 — «) upper confidence
bounds for several parameters in parameter space. Then the upper confidence bounds
on the maximum parameters can be computed by the theorem. Moreover, the data

is not require to be normality or equal variance for this method. The requirement is

43
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only the upper confidence bound for each parameter 6. Note that this method cannot

|1 —pio]
g

compute the upper confidence bound of if o is unknown. However, it can be use

for calculating the upper confidence bound of |1 — p2| whether o is known or unknown.

Theorem 3.1.1. Let Uy(X) is an (1 — a) upper confidence bound for parameter 6, in

parameter space O, that is

Pi0y < U\(X)}>1—a, 0,ce.

P ) < X > 1 —
{m < maxUi( >}— @,

where A is an index set.

Proof. Let 03 is the maximum of 6y € ©. Then,

P {max9>\ < maXUA(X)}

AEA AEA

AEA

> P{oy < UI(X)}

= P{Gf\ < maxU)\(X)}

= 1—a.

Example 3.1.1. Two Samples

Let two samples (X117, X12,...,X1,) and (Xo1, X99,..., X2,) be the observations from
two treatments which are independent and identically distributed as normal distributions
with a known equal variance o2 and means being p; and pg respectively. To construct

the upper confidence bounds on |u; — pg|/o, theorem 3.1.1 is used. We know that

[ — p2] = max {(u1 — p2), —(p1 — p2)}

The upper confidence bounds and the lower confidence bounds of pu; — po are

_ _ 202
Popr—p2 < X1 —Xo+Za\| — ¢ 2>21—0q,
n

and

_ _ 202
Popr—pe > X1 —Xo—Zog\|— 21—
n
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The lower confidence bounds can be written as

_ _ 202
P (1 —p2) < — (X1 —Xo)+ 2y o >1—a.

Using theorem 3.1.1, we have

_ _ 202
P |M1_/~L2| S ’Xl—X2’+Za T 21—04.
— X - X 2
P{mlxm .5 ﬂ+%vf}21_w
o o n

Hence, the upper confidence bounds on |u; — ps|/o is

Then,

|X1;X2| + Zy %
Example 3.1.2. k£ Samples
Let k samples (X171, X12,. .., X1n), (Xo1, X22,..., Xon), -+, (X1, Xk2, ..., Xgn) be the
observations from k treatments which are independent and identically distributed as
normal distributions with a known equal variance ¢ and means being 1, pio,..., i
s —pj)

respectively. To construct the upper confidence bounds on max;<; j<x =, theorem

3.1.1 is used. From example 3.1.1 we know that
— X1 —-X 2
P{mlfm o 1% ﬂ+%vf}21_w
o o n

N Xi—X;
P{’HZ H]| < ‘ ! J‘+ZOé }Zl—a, i,j=12,.. k.

Then

5

o - o

Using theorem 3.1.1, we have

oy X — X. 2
P{maxwg max |l]|+Za\/7}21—a.
1<i,j<k o 1<i,j<k o n

Hence, the upper confidence bounds on maxi<; j<k |pi — p5|/0 is

X —X; 2
max M + Za\/>.
1<4,5<k o n
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3.2 Using the F Statistic

According to Scheffe’s method for all-pairwise comparison (cf. Hsu, 1996), Let X;1, Xj2, ..., Xin, ~
N(ui,02), i=1,2,....,k and

(k= D)TUYE (/) (K - X )20
e (N — k)t Zle S (X — Xi)2/02 Fyp1,N—k;r, (3.1)

with a non-central parameter, 7, where

> -
n==E= and N:;ni.
1=

Given B(F') be an upper confidence bound for maxi<; j<g @ Then

P{ max Lii#ﬂ < B(F)} =1-qa.
1<i,j<k o

Example 3.2.1. Two Samples

Let two samples (X117, X12,...,X1n) and (Xo1, X99, ..., X2,) be the observations from
two treatments which are independent and identically distributed as normal distribu-
tions with an equal variance o2 and means being ;1 and po respectively. The F-statistic

is used for constructing the upper confidence bounds on |u; — p2|/o.

Consider the numerator of F' in equation (3.1) for £ = 2, a non-central parameter,

T, is calculated,

_ 2
n _ > o \2 2
Uz{z("i/")(Xi—X--) } ~ XL 2 (=P ))

=1
_ X2
- . H1tp H1tnp
152 { (= 21522 )2 (g — #1522 )2}
= X2
ta {7
2

Since B(F') is an upper confidence bound for maxi<; j<x @, then, for k = 2,

P{”“_”Q’ < B(F)} = 1-qa

g

(o
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1—P{B—1<"“_“Q|> > F} —1-a.
o
p{F < B! <M>} -«
g

Let (@) be §, then the last equation becomes

Hence,

P{F < BY8)} = a (3.2)

where F' ~ F1 N_g.n62 - For any given 6, we know F1 N . mé2 - Then we can compute
N=255- N=275-

B~1(8) which makes the probability in equation (3.2) equal to a. In figure 3.1, then
function B~1(8) is plotted for k = 2, where a = 0.05 and n = 20.

50
1

g
20 40
|

20
1

10

FIGURE 3.1: The relationship between given value § and B~1(9) from the F statistic
method for k = 2

Example 3.2.2. Three Samples

Let Three samples (X11, X12, ..., X1n), (Xo21, Xo2,..., Xop) and (X31, X32,..., X3,) be
the observations from three treatments which are independent and identically distributed
as normal distributions with an equal variance o? and means being ji, pe and ps
respectively. The F statistic is used for constructing the upper confidence bounds on
maxi<; ;<3 M That is

g

P{ max i = < B(F)}zla.
1<4,5<3 g

where F' ~ F5 y_3.;. Then we have
P{F < B! < max M)} < a. (3.3)

1<4,j<3 o

For maximised the probability in equation (3.3) to «, the 7* is calculated by minimising
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7. Consider the numerator of F' in equation (3.1) for £ = 3, a non-central parameter, 7,

is calculated,

3
- o \2 2
{Z(nz/n)(Xz - X)) } ~ X2;7"2{(ul—m)2+(u2—u“)2+(u3—u.‘)2}

=1

ql\')‘ :\

2
= X +pgt ot +uo+
2,1 {(/1«1*“1 #32 H3Y2 | (pyp— B2 H32 32 4 (g M1 H32 K3 )2}

o2

_ 2
Xos o2y {3(83+13+13) (i1 +ruz+is)2 }
2
X2;7-

)

To calculate 7%, 7 is minimised by given (w1 /0, pa/o, us3/o) = (—06/2,0,8/2) (cf. Bofinger
et al., 1993). Then we get

k
% Z(ni/ﬁ)(fz’ —z.)~ X2.n62)
=1

and
P{F < BY8)} = a (3.4)

where F' ~ F, N 3,062 - For any given §, we have F, N 3,062 - Then we can compute
) ’T 9 ’ 72

B~1(8) which makes probability in equation (3.4) equal to . In figure 3.2, then function

B~Y(6) is plotted for k = 3, where a = 0.05 and n = 20.

F statistics k=3

g

00 05 10 15 20 25 30

FIGURE 3.2: The relationship between given value § and B~1(d) from the F statistic
method for k =3

Example 3.2.3. k£ Samples

Let k samples (X117, X12,..., X1n), (Xo1, Xo2,..., Xon), -+, (X1, X2,y ..., Xgn) be the
observations from k treatments which are independent and identically distributed as
normal distributions with an equal variance ¢ and means being pi, po,..., i re-

spectively. The F statistic is used for constructing the upper confidence bounds on
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maxj < j<k ml;i'%' That is

P{ max i = < B(F)}Zl—oz.

1<i4,5<k o -

Then we have

P{F < B! < max M)} <a. (3.5)
1<ij<k O

For maximised the probability in equation (3.5) to a, the 7* is calculated by minimising
7. To calculate 7%, 7 is minimised by given (u1 /o, us/0o, ..., ux /o) = (=9/2,0,...,0,0/2)
(cf. Bofinger et al., 1993). Consider the numerator of F' in equation (3.1) for k > 3, a

non-central parameter, 7%, is calculated,

_ k

n (¥ v )2 2

o? Z;(nl/n)(XZ X~ Xk—l;(ﬁ A (L = R )2 (L g — )2
1=

e M= =
2
- kal;%
2
= Xk—l;T*'
Then we get
_ ok
n N =32 2
? Z(nl/n)(ml - ) ~ Xk‘—l ng2
=1 T2
and
P{F < B8} <o, (3.6)
where F' ~ F »s2 - For any given §, we have F »s2 - Then we can compute
k—1,N—k; 282 V8 ’ k—1,N—k; 282 p

B~1(8) which makes probability in equation (3.6) equal to . In figure 3.3, then function
B~Y(6) is plotted for k = 5, where a = 0.05 and n = 20.

F statistics k=5

00 05 10 15 20 25 30

FIGURE 3.3: The relationship between given value § and B~1(d) from the F statistic
method for k =5
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3.3 Using the Studentized Range Statistic

This method is applied from the studentized range or Tukey’s technique (Miller 1980,
Hochberg and Tamhane 2011, Hsu 1996).

3.3.1 The Studentized Range or Tukey’s Technique

Let X;1, Xio, .., Xin ~ N(ui,02),i = 1,2,....,k. The studentized range technique pro-

vides a 1 — « simultaneous confidence interval for all p; — p;, 1 < 4,5 < k which are

given by
> > o SD .,

Hi — My S XrL — X] + qk,k(n—l)% for all ¢ ;é 7 (37)

where
k -
SD — Zi:l Z?:1(Xil — X;)? X = Zlnzl X
k(n —1) o n

and g k(n—1) is an upper « point of the studentized range distribution with k£ and k(n—1)

degrees of freedom. The null hypothesis we are interested in is

Hg:lulz,ugz...:,uk:u

or

Ho: i —py =0, i#J.

Hy will be rejected if and only if at least one interval of (3.7) not containing zero. This

rejection can be written in the term of

max VS g (3.8)

V(X — X;)|

max ————=—"" > Q) j(n_1)

Hi:,uj:#}

‘ x/ﬁ()gru) _ x/ﬁ()gj—u) ‘
X

o

> s —
1<i,j<k V/SD?/o? Qi k(n—1)|Hi = Hj = 1

max ————=2— > g%
1<i;j<k \/SD?/o? q"”’k(”_l)}
maxlgigk Zz — minlgigk Zz

> qp 3.9
V/5D?/o? qk’k("_l)} o
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where Z;, Zy ~ N(0,1). Equation (3.9) is equal to a because the studentized range
distribution is the distribution of the range of k standard normal variables divided by
/X2 /v variable with degrees of freedom v = k(n — 1). O

From the proof above, we can develop the R code for computing the critical value of the

Studentized range distribution using the numerical calculation below. Given

2 n;
5= \/5022 = o2k — 1)1 D (X — Xi)2

i=1 v=1

maxi<;<k Z; — MiNj<;<k Z;
H(e) = P == == <c
© { \/SD?/c? }
_ p { maxi<ij<k Z; — Minj<;<g Z; < c}
S

= P< max Z; — min Z; < cs
1<i<k 1<i<k

= / fs(s)P { max Z; — min Z; < cs} ds
0

1<i<k 1<i<k
where f(s) is the distribution function of y2/v and given by

2(,0/2)1)/2811—16—1)52/2
I'(v/2)

fs(s) = , v="Fk(n—1). (3.10)



52  Chapter 3 Construction of the Upper Confidence Bounds on the Range of Means

Then we focus on the probability,

P{max Z; — min Z; <cs}

1<i<k 1<i<k

= P{ min Z; = 27y, max Z; — 71 < cs}
1<i<k 1<i<k

+ P{ min Z; = Zo, Iax Zi— o < cs}
1<i<k 1<:i<

+ ...
+ P{ mm Z; =2y, max Z; — L < cs}
1<i< 1<i<k
= k-P{man VAR maXZi—Zl<cs}
1<i< 1<i<k

= k-P{Z <min(Zsy,...,Z), max(Za,...,Z) < Z1 + cs}
= k:/ &(z1)P {z1 < min(Zs, ..., Zx), max(Za,...,Z) < z1 +cs}dz

o0
= k‘/ d(z21)P{z1 < Zy<z1+ces, 21 <Zg<z1+4¢cs,.., 21 < Zp <z +cshdz
—0o0

= k‘/ gb(zl)P {Zl < Z2 < z1+ CS}k_l dzl

= k[ s o+ es) — 9(a1)) dan

Then
H(c) = k/O fs(s)/ #(z1) [P(21 + cs) — QZ)(Zl)]kil dzids =1 —«

is used for writing the R code to compute the critical value ¢ of the studentized range
distribution. However, the R code for the quantile of studentized range distribution is

existed as qtukey in package Stats.

3.3.2 Construct the Upper Confidence Bounds Using the Studentized
Range Statistic

Then we can construct the upper confidence bounds on max;<; j<k i “ lwizp) using the

studentized range method. Let X;1, Xjo, ..., Xin ~ N(ps,0%),i = 1,2,. k‘. Given B(R)

be an 1 — o upper confidence bound on maxi<; j< s “J| , which R is

max; < j<k [vV(Xi — Xj)|
VIV =) YE S (X, - X0)?

R=

Then

P{maX1<i,j<k‘(Mi — )| < B(R)} >1—-a.

o

Example 3.3.1. Two Samples
Let two samples (X11, X12,...,X1n) and (Xo1, Xo9, ..., Xo,) be the observations from
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two treatments which are independent and identically distributed as normal distributions
with an equal variance o2 and means being ji; and jio respectively. The studentized range
statistic is used for constructing the upper confidence bounds on |3 —p2|/o. Since B(R)

is an upper confidence bound for maxi<; j<x M, then

P{"“_“Q‘ < B(R)} =1-a

g

p{B—1<|M1_M2|) < R} — 1—-a

o

1P{B_1(|Ml_u2|> > R} - 1—a.
o

pln <o () -,

Given § = 1212l 7, 7, ~ N(0,1) and

Hence,

g

s= |02 (k(n = 1)1 30D (K — X2,

i=1 v=1

Then

p V(X — Xz)| __ < B! (“‘1_“2|>
\/(N — k) U L (X — Xi)? 7

- el s (252 < (2.

= P{|Zy— Z,+/nd| < B(5)s}

= P{-BY&)s < Z1 —Zy++/ns < B 1(5)s}

= /OOO fs(s)P{=B7Y(8)s < Z1 —Zy++/né < B~ Y(d)s}ds

Z1— Za 1

_ = i_—ls_n — (B7Y&)s — v/n s
- | fs(S)P{ s (B0 - Vi) < < - (B70) \ch)}d

5 <
_ /Ooo £i(5) [@ <\2 (-B~'(8)s — \/ﬁé)> ) (\}5 (B~1(6)s \/aa)ﬂds (3.11)

)

where fs(s) is the distribution function of x2/v and given by equation (3.10). For any
given §, we can compute B~!(§) which makes the probability in equation (3.11) equals
to . In figure 3.4, then function B~1(6) is plotted for a = 0.05 and n = 20.

Example 3.3.2. Three Samples
Let Three Samples (X117 X12, e ,Xln), (Xgl, XQQ, ey Xgn) and (Xgl, X32, e ,Xgn) be

the observations from three treatments which are independent and identically distributed
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Studentised Range k=2

(
-]

10

05
L

00

00 05 10 15 20 25 30

FIGURE 3.4: The relationship between given value 6 and B~1(§) from the studentized
range statistic method for k=2

as normal distributions with an equal variance o? and means being i, o and usz re-

spectively. The studentized range statistic is used for constructing the upper confidence

bounds on maxj<i,j<3 ’Ni - Mj‘/o" Given § = maxi<;,j<3 IMZ;‘”', Zl,ZQ,Zg ~ N(O, 1),

and
3 n;
s= 02N = k)" D> (X — X))2.
=1 v=1
Then
p max;<; j<3 vV1(X; — Xj) < g1 < max | i — Mj|)
- : o2 1<i,j<3
O R Y (X - X w0

— P{\/ﬁ<1£3§3&;&> < B—l(d)s}
_ /Ooofs(s)P{\/ﬁ< max X_XJ> < Bl(é)s}ds (3.12)

1<4,j<3 o

/Ooofs(s)Pm{\/ﬁ( max M) < 31(5)3}(13, (3.13)

IN

1<i,j<3 o

where fs(s) is the distribution function of x2/v given in equation (3.10). The inequality
of (3.13) holds because the integrand in (3.12) is maximised when p = p* (cf. Bofinger
et al., 1993), where

/L* = (/.Ll/O', .u2/0-7 /L3/O-7 ) = (_5/2? 0, 5/2)
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Then we focus on the probability,

1<4,5<3 1<4,5<3
_ Pﬂ {\/>X1 \/HXQ \/>X3 \/>X1 1(5)8}
g ag
+P {ﬁX? < VnXi VnXs ﬁX2+Bl(5)s}
g g g g
P {\/ﬁX3 VX1 /nXs < \/5X3+B-1<5)S}
g g ag g
= P/J«* {Zl—\/Qﬁ(S < Zo, Z3+ —— fé < 7 f(s B (5) }
+P,s {Z2 < Zy— \ga Zs + */255 < ZQ+B—1(5)3}
+P*{Z3+f5 < Zl—*/?,Zz < Zs+\€5+B '(8)s }
no no
— / ¢(z1)P, {m—f Zy < 1—\g + B (5)}
PM* {Zl—ﬂ Zg—‘r\/gé < z —Q N (5)S}d21
-+ (ﬁ(ZQ)PM* {22 < Zl—\/zﬁé < 2+ B 1(5)8}
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/ ¢ Z1 { f(s Z2 § Z1 — Q _1(5)8} .
PM* {2’1 — fé S Z3 < zZ1 — \/ﬁ(g + Bi 8} dZ1
—i—/_oo &(22) Py {zQ—i—ﬁ < 7Z; < z2—|—\/§6—|—B_1(5)3}-

) 0
PN* {22—\/5 S Zg < 22—\/54‘31(5)8}6122

+/OO ¢(23) P {z5 +vnd < Z1 < z3+vnd+ B 1(8)s} -

P*{z;g+\/ﬁ<S < Zy < 3+Q (5)s}d23

/ o) [0t = Vo2 4 B0)s) — o - Y0

f6+B <>> o(1 — )] don
/ o+ Y20 4 B(5)s) - o) [¢<22+”>]

0ea = 5%+ B 0)s) — ol = Yy

+ /_oo ¢(23) [¢(Z3 ++/né + B_l(é)s) — ¢(z3 + \/ﬁé)] .

0+ 5+ B70)s) — ol + 5| dan

For any given §, we can compute B~!(§) which makes probability in equation (3.13)
equal to a. In figure 3.5, then function B~1(9) is plotted for a = 0.05 and n = 20.

Studentised Range k=3

T T T T T T
00 05 10 15 20 25 30

FIGURE 3.5: The relationship between given value § and B~!(§) from the studentized
range statistic method for k=3
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Example 3.3.3. £ Samples

Let k samples (X171, X12,- .-, X1n), (Xo1, X22, .-+, Xon) ooy (Xk1, Xk2, - - -, Xk ) be the ob-
servations from k treatments which are independent and identically distributed as nor-
mal distributions with an equal variance o2 and means being p1, j2,...,;t, respectively.
The studentized range statistic is used for constructing the upper confidence bounds on

: Hi—Hj
maxi<; j<k |t — fj|/o. Given § = max;<; j< | - ]l, Z1,Z9, ... Zy, ~ N(0,1), and

k ng
s= |02V = k) > (X — Xp)2.
i=1 v=1
Then
p maxi<; j<k \/’E(X,L — X]) < Bil < max |Mi - Mj|>
VO =B T, T (X — K0 sk o

= P{\/ﬁ< max X_XJ> < B_l(é)s}

1<i,j<k o

= [T rop{va( me SR < 5o (3.14)

1<ij<k O

< [T rne (Vi ((me, ZEEY < osbas (3.15)

1<ij<k O

where fs(s) is the distribution function of x2/v given in equation (3.10). The inequality
of (3.15) holds because the integrand in (3.14) is maximised when p = p* (cf. Bofinger
et al., 1993), where

w = (p1/o,p2/o,...;u3/o,) =(=6/2,0,...,0,0/2).
Then we focus on the probability,

X, - X .
P« {\/ﬁ<1£3')§(k0) < B (5)8}

_ p#*{ min Xi = X1, VA

1<i,j<k

_ _ X, — X
+Pu*{ min X; = Xo, \/ﬁ< max Z2> < B_1(5)5}
1<i,j<k i
+ ...

+PN*{ min X; = X, \/ﬁ< max Z)

1<i,j<k 1<i,j<k o

X X X X
PM*{\/Z_ L < \/ﬁa 2\/2 bo< \/z 1+B1(5)s}

IN
Sy
L
S
~—
[V2)
N——

X X X X

+PH* {\/ﬁ 2 S \/ﬁ 17"'7 \/ﬁ k S \/ﬁ 2 +B_1(5>8}
(o g (o (o

+...

.

\/ﬁXk < \/ﬁXl,..., \/ﬁXk,1 < \/ﬁXk—I-B_l((S)S}
g g g

g
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= P/ﬁ{ZI_@(S < 2o Zk+f6 < Z- \[5 _1(5)8}

+(k-2)13m{z2 < Zl—\/g‘;,zg,, Zk—i—fé < ZQ+B—1(5)3}
Py ZIH-\/?(S < 1—\/27;5,22, yZk—1 < ZIH-\F(S (5)5}
_ /_Zgb(zl)PM zl\/j‘s < 7 < ﬁﬁ —1(5)5}'
P, {Z1—25 < Zz < zl—‘/?JrB—l(d)s}
PM*{zl—;MS < Zk+‘/§5 < _‘/55+B—1(5) }dz1
—I-/OO P(22) Py {22 < Z1—\/§5 < +B_1(5)5}
P,:zzg < Zy < z+ B7(8)s}
P, {z2 < Zk+?n5 < »+B 1(6)3} dzs
+ _OO ¢(2k) Pur {zﬁ‘éﬁé < Zl—@é < k+‘/§5+B‘1(5> }
P {zk+\/§5 < Zy < +€5+Bl(5) }dzg
Py {Zk—l—\/gé < Zp1 < z +\/;+Bl(5) }dzk
_ _OO 6(21) P {zl \/255 < 7 \m (5)S}H

PM*{zlf\/ﬁé < Zp < z1—nd+ B! )s}dzl

+(k — 2) Oogb(ZQ)P {22+ﬂ Z1 < z2+\/§5+B1(5)s}-

5 < 7 < 22—;+B1(5)s}dz2
+/ Oz P {2 + /8 < Z1 < 2o+ s+ BN (8)s) -

5 s k—2
P {zk + ﬂ < Zy < zp+ L (5)5} dz;,
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99

/ (1) [ 21— \fd “1(0)s) — p(z1 — \/ﬁé)] k_2.

2

[¢(z1 — Vb + B~ <>> $(z1 — v/nb)] dz

k- 2/ 6(2) [¢<22+f25+3 (6)s) — ¢<2+\”>]
[6(z2 + B7(8)s) — $(22)]" -

{¢<Z2—+B {9) — olea — B0
+/OO<1> ¢z, + v/nb + B7(5)s) — ¢z + v/nd)]

) ne 1k
ot Yy 4 B0~ o+ Y| an

For any given §, we can compute B~}
equal to . In figure 3.6, then function B~
n = 20.

Studentised Range k=5

00 05 10 15 20 25 30

FI1GURE 3.6: The relationship between given value § and B~
range statistic method for k=5

1(8) from the studentized

(6) which makes probability in equation (3.15)
L(6) is plotted for k = 5, a = 0.05 and
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3.4 Comparison of the Upper Confidence Bounds from
Several Methods

The method in section 3.1 cannot give an upper confidence bound for Wlaiz‘ if o is
unknown. Hence, for comparing the upper confidence bounds among three methods, in
sections 3.1 - 3.3, we consider the situation of known o, and without loss of generality,
assume o0 = 1. When o is given, the F statistic method changes the F distribution
to Chi-squared distribution. Then the Chi-squared distribution is used in the second
method instead of the F distribution. The studentized range statistic method is also
changed to the range statistic when o is known. Then the range statistic is used in the

third method instead of the studentized range statistic.

Example 3.4.1. Two Samples

Let two samples (X117, X12,...,X1n) and (Xo1, X929, ..., X2,) be the observations from
two treatments which are independent and identically distributed as normal distributions
with a known equal variance 02 = 1 and means being 1 and o respectively. The upper

confidence bounds on |u1 — p2|/o from three methods, in section 3.1 - 3.3, are computed,

|1 — o] < ’X1—X2!+Za\/§7
g o n

il pr <n231<)‘a X.>2>
o 2 ’

IN

g

i — 114
o

IN

gi ((VPIX: = X

5 .
For any given § = |X; — X3|/0, we can compute the upper confidence bounds on |y —
2| /o. However, the upper confidence bounds from the Chi-squared statistic method is

exactly the same as the one from the range statistic method. In figure 3.7, three upper

confidence bounds is plotted for any given &, where a = 0.05 and n = 20.

3.5

—— Stud. Range
- Chisq statistic
"""" Theorem

3.0
I

B(5)
15 20 25
1 |

1.0

05
I

0.0

00 05 10 15 20 25 3.0

F1GURE 3.7: The upper confidence bounds from three different methods for k = 2
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From figure 3.7, the upper confidence bounds from the first method, in section 3.1, are
always above the other methods especially when § is very small. Hence, we can conclude
that for k£ = 2 case, The upper confidence bounds from the Chi-squared statistic method
and the range statistic method are better than the method in section 3.1. However, the

upper confidence bounds from these three methods are almost the same when ¢ is large.

Example 3.4.2. Three Samples
Let Three samples (X117 X12, e ,Xln), (Xgl, XQQ, Ceey Xgn) and (Xgl, X32, e ,Xgn) be
the observations from three treatments which are independent and identically distributed

as normal distributions with a known equal variance o

= 1 and means being p1, po
and pi3 respectively. The upper confidence bounds on maxi<; j<3 |p; — pt5]/0 from three

methods, in section 3.1 - 3.3, are computed,

. X. — X 2
max LZ il < max 7‘ ! il + Z%/ —,
1<4,j<3 o 1<i,j<3 o n

B X X2
e il (nzz_lm—x.) /<3—1>>7
1<i,j<3 o - o2
max Li_’uj' < BR<max Vil Xi - J|>
1<4,5<3 o 1<i,j<3 o
Given
T — X2
= u7
o
To — T3
= ’(}7
— O- —
and AN R U+ v.
o

Upper Bound

FI1GURE 3.8: The upper confidence bounds from three different methods for k = 3

For any given u and v, we can compute the upper confidence bounds on maxi<; j<3 |@; —
wj|/o. In figure 3.8, the three upper confidence bounds are plotted for any given u and
v, where a = 0.05 and n = 20. The different colours represent the different upper con-

fidence bounds. The black colour shows the upper confidence bounds from the range
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Minimum Peints of Upper Bounds, n =20 & = 0.05

© Range statistic

© Chisq statistic
© Theorem

F1GURE 3.9: The minimum of the upper confidence bounds from three different meth-
ods for k =3

statistic method. The red colour shows the upper confidence bounds from the Chi-
squared statistic method. The blue colour shows the upper confidence bounds from the
method in section 3.1. Figure 3.9 presents the minimum point of the upper confidence
bounds from three methods. We can see that no point from the method in section 3.1
is the minimum of the bounds. Hence, this method always provides the largest upper
confidence bounds compared with other methods. The Chi-squared statistic method
in red dots is presented the most area of the graph. That is the Chi-squared statistic
method provides most of the minimum upper confidence bounds in this given region
-3 <u,v<3.

Example 3.4.3. Different Sample Sizes

The effect of sample sizes, n = 5,20,100 and 1000, is evaluated. Let X;1, X;o, ..., Xin ~
N(ui,0?), i =1,2,3, ng = nyg = ng = n and 02 = 1. The upper confidence bounds
on maxi<; <3|t — pj|/o from three methods: the range statistic, the Chi-squared
statistic and the method in section 3.1, are computed for any given u and v as in
example 3.4.2. The figure 3.10, 3.11, 3.12 and 3.13 show the methods which provide the
minimum point of the upper confidence bounds for different sample sizes: n = 5,20, 100
and 1000, on the (u,v) plots. The different colour dots present the different methods
for computing the upper confidence bounds. The first plot from all figures show the
minimum point among three methods. We can see that the Chi-squared statistic method
provides the most minimum points in this given region —3 < w,v < 3 whether n is
changed or not. The upper right plot for each figure presents the Chi-squared statistic
versus the range statistic methods, and the lower left plots present the Chi-squared
statistic method versus the method in section 3.1, which provide the minimum point
of the upper confidence bounds. From these three plots, the difference of sample sizes
does not much effect to any methods. However, the lower right plots, which present the

range statistic method versus the method in section 3.1, show the effect of sample sizes



Chapter 3 Construction of the Upper Confidence Bounds on the Range of Means 63

to the difference between the upper confidence bounds from two methods. The yellow
colour dots reveal that the difference between the upper confidence bounds from the
range statistic method and the method in section 3.1 is less than 0.001. It is clear that
when the sample size is increased, the upper confidence bounds from these two methods

are closer in this given region —3 < u,v < 3.

Minimum Points of Upper Bounds, n =5 .= 0.05 Minimum Points: Chi-sq & Range, n =5 a. = 0.05

Ficure 3.10: Comparison of the upper confidence bounds for k =3, n =5

Minimum Points of Upper Bounds, n=20 .= 0.05 Minimum Points: Chi-sq & Range, =20 . = 0.05

F1GURE 3.11: Comparison of the upper confidence bounds for k = 3, n = 20

Example 3.4.4. Different Confidence Levels

The effect of confidence levels, a = 0.01, 0.05,0.10 and 0.20, is evaluated. Let X;1, X9, ..., Xin ~
N(ui,0?), i =1,2,3, n; = ng =n3 =n = 20 and 02 = 1. The upper confidence bounds

on maxi<; j<3 |fi — | /o from three methods: the range statistic, the Chi-squared statis-

tic and the method in section 3.1, are computed for any given v and v as example 3.4.2.

The figure 3.14 shows the methods which provide the minimum point of the upper con-
fidence bounds for different confidence levels, o = 0.01,0.05,0.10 and 0.20, on the (u,v)
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Minimum Points of Upper Bounds, n = 100 o = 0.05 Minimum Points: Chi-sq & Range, n =100 «. = 0.05

FIGURE 3.12: Comparison of the upper confidence bounds for £ = 3, n = 100

Minimum Points of Upper Bounds, n = 1000 «. = 0.05 Minimum Points: Chi-sg & Range, n = 1000 o = 0.05

Minimum Points: Chi-sq & Theorem, n=1000 c. = 0.0!  Minimum Points: Range & Theorem, n = 1000 o. = 0.0¢

FI1GURE 3.13: Comparison of the upper confidence bounds for k£ = 3, n = 1000

plots. The different colour dots present the different methods for computing the upper
confidence bounds. From those four plots, the difference of confidence levels does not
much effect to the methods which provide the minimum point of the upper confidence

bounds in this given region —3 < u,v < 3.

Example 3.4.5. Unbalanced Sample Sizes

In this study, the effect of unbalanced sample sizes is evaluated for only two sample
groups, kK = 2. For k > 2, a complicated numerical computation is required. Let
Xi1, Xi2y ooy Xin, ~ N(ui,0?), i = 1,2 and 02 = 1. The range statistic method cannot
construct the upper confidence bounds for unbalanced sample sizes. Then the upper
confidence bounds on |p; — p2|/o from two methods: the Chi-squared statistic and the
method in section 3.1, are computed. Given §* = |2 — 23|/0. The figure 3.15 shows
the upper confidence bounds for different unbalance sample sizes, n : ng = 10 : 10,10 :

20,10 : 50 and 10 : 100. The red colour line shows the upper confidence bounds from
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Minimum Points of Upper Bounds, n =20 . = 0.01 Minimum Points of Upper Bounds, n= 20 o = 0.05

Minimum Points of Upper Bounds, n =20 &. = 0.1 Minimum Points of Upper Bounds, n =20 .= 0.2

F1GURE 3.14: Comparison of the upper confidence bounds for different o

the Chi-squared statistic method, and the blue colour line shows the upper confidence
bounds from the method in section 3.1. From those four plots, the different unbalanced
sample sizes does not effect to the methods which provide the minimum upper confidence
bounds. That is the upper confidence bounds from the Chi-squared statistic are always
lower than the ones from the theorem for £ = 2. However, the sample size effects on the

upper confidence bounds, which are smaller when sample size is increased.

Compare Upper Bounds,n1=10,n2=10 Compare Upper Bounds, n1 =10, n2 = 20

B(s)
B(s)
I

00 05 10 15 20 25 3.0 35

00 05 10 15 20 25 30 35

Compare Upper Bounds, n1 =10, n2 = 50 Compare Upper Bounds, n1 =10, n2 = 100

B(s)
B(s)
I

00 05 10 15 20 25 30 35

00 05 10 15 20 25 30 35

T T T T T T T T T T T T
00 05 10 15 20 25 30 00 05 10 15 20 25 30

FIGURE 3.15: Comparison of the upper confidence bounds for unbalanced sample sizes

3.5 Conclusion

In this chapter, we propose the construction of upper confidence bounds on the range of
k means by three methods: using the theorem from Liu et al. (2009), using the F-statistic

and using the studentized range statistic. The first method, using the theorem from Liu
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f @ if o is unknown.

et al. (2009), cannot compute the upper confidence bound o
However, it can be use for calculating the upper confidence bound of |1 — pe| whether
o is known or unknown, and the data is not necessary to be normal distribution for
any situation. The other two methods, using the F-statistic and using the studentized
range statistic, the data needs to be normal distribution, but ¢ is not necessary for
computation. However, if ¢ is know, the F-statistic and studentized range statistic are
changed in this situation. Then the Chi-squared statistic and the range statistic are the
suitable adapted methods for this case. For k = 2, we can conclude that, The upper
confidence bounds from the Chi-squared statistic method and the range statistic method
are better than the first method. However, the upper confidence bounds from these three
methods are almost the same when 9§ is large. It is also the same for k = 3 in the given
region —3 < wu,v < 3, the upper confidence bounds from the Chi-squared statistic
method and the range statistic method are better than the first method. There is no
effects of sample sizes, unbalanced sample sizes and confidence levels on the minimum
point of upper confidence bounds among three methods. However, when the sample size
is increased, the upper confidence bounds from the range statistic method and the first
method are closer. Moreover, the increasing of the sample size effects on the smaller
upper confidence bounds. Then, we are moving to the next problem in next Chapter,
the construction of upper confidence bounds on the maximum difference between two

regression lines.



Chapter 4

Construction of the Upper
Confidence Bounds on the
Maximum Difference Between

Two Regression Lines

The construction of upper confidence bounds on the range of k means was discussed in
the previous Chapter. In this chapter, the upper confidence bounds on the maximum
difference between two regression lines, y = Bo1 + SB11x and y = B2 + Biox, are the
next problem that we have considered. We propose the construction of upper confidence
bounds by two methods: by the theorem 3.1.1 from Liu et al. (2009) and by the Chi-
squared statistic. The construction using the first method, which is mentioned in the
previous chapter, depends on several upper confidence bounds that will be computed
by two methods in this study: general confidence bounds and the normal distribution
method. The last section provides some examples for comparing the upper confidence
bounds from those methods. All examples will be presented as two regression lines from
two different sample groups. As in the previous Chapter, the theorem 3.1.1 from Liu

@ if o is unknown. Hence,

et al. (2009) cannot give an upper confidence bound for
we consider the situation of known o for all the examples in this Chapter to compare
the upper confidence bounds on

|(Bo1 + Br1z) — (Boz + Bi2z)|

max .
z€[a,b] o

In each example, 6 from the data set is assumed to be the known o.

67
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4.1 Using the Theorem from Liu et al. (2009)

According to the theorem 3.1.1 from Liu et al. (2009), given several (1 — «) upper
confidence bounds for several parameters in parameter space. Then the upper confidence

bound on
mex, |(Bo1 + B117) — (Boz + P127)|

can be computed, by theorem 3.1.1 in previous chapter, using the upper confidence
bound on
|(Bo1 + B11x) — (Boz + Praz)| for each given x € [a, b].

This upper confidence bound for each given x € [a, b] will be computed by two methods:

by general confidence bounds and by the normal distribution method.

4.1.1 by General Confidence Bounds

To compute the upper confidence bound on max,e(qp) |(Bo1 + B112) — (Bo2 + f122)| using
the theorem 3.1.1, we need the upper confidence bound for each z. In this part, the
upper confidence bounds are computed by general confidence bounds. When ¢ is known,
we know that the (1 — a)) upper confidence bound of (8o1 + S112) — (Boz + Piaz) is

P {(501 + B11z) — (Boz + Bi2x) < (Bor + i) — (Boz + Pioz) + Z%0V :UTAx} =1-a.
(4.1)
The (1 — «) lower confidence bound of (Bp1 + S11x) — (Bo2 + Bi2x) is

P{(Bo1 + Buw) = (B2 + Braw) = (Byu + ) — (Boz + fho) — Z°0VaTAa} = 1-a,
or equivalently

P {— [(Bo1 + Br1z) — (Boz + B127)] < — | (Bo1 + Bux) — (Boz + 51256)} + Z%v 95TA93} =1-q,
(4.2)

where A = (X{X;)™! + (XTX3)~!. Equation (4.1), equation (4.2) and the theorem

3.1.1 are used to construct the upper confidence bound of |(Bo1 + f112) — (Bo2 + S122)],

that is

P{|(Bon + Bu) = (Boz + Braz)] < (Bor + ) — (Bon + Biaw)| + 2°0VaTAz} > 1-a.
(4.3)
Here we get the upper confidence bound of |(8o1 + S112) — (Boz + S122)| for each x. Then

we can construct the upper confidence bound on max,¢(, 4 |[(Bo1 + B117) — (Boz + Bi27)|
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using equation (4.3) and theorem 3.1.1:

P{ maX] |(Bor + Br1z) — (Boz + Br2x)| < ;&%} [!(551 + Buz) — (Boz + frax)| + Z%V OCTAHT} } > 1—a.

z€la,
} > 1«

That is

ax
z€la,b] o z€|a,b| o

P { e [Bo1 4 Bu2) = (Boo + Bow)] [\(661 +0nw) = (Bor + o)l | o e

Hence, the upper confidence bound of maxgcq 5 [(Bo1 + f112) — (Boz + fi2)| /0 is

- [\(661 + fiuw) = (oo + o) ZQ@] |

z€la,b] o

4.1.2 by the Normal Distribution Method

To compute the upper confidence bound on max,e(q4 [(Bo1 + B117) — (Boz + Br27)|/0
using the theorem 3.1.1, we need the upper confidence bound for each x. In this part,

the upper confidence bounds are computed by the normal distribution method. Let

x!' = (L), x"By = (Bor + Buiz), X" By = (Boz + Braw) , and given B(|x" By —x" B,/ /0)
be an 1 — a upper confidence bound on |x” 3, — x”3,|/c for each given x. That is

P{b@ﬁl ~x"B| _ <|xT61 —ﬂ@r)} .

o o
Let d = x'B; — x'By/0, w? = xT Ax and

XTﬁl - XTﬂ2

o

~ N(d,w?).

Then we can compute function B~1(-) by inverting technique,

» { X8, - x"Bal _ (IxTﬁl - xw)}

g o

_ P{Bl(d) < |XTlél _XTlé2|}
- o
= 1_p{31(d)>’XTBl_XTB2}
- o
_ 1—P{ B_l(d)_dgsz_l(d)_d} (4.4)
w w
1
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where Z ~ N(0,1). Equation (4.4) holds because (x” 8, —x”8,) /o distributes as normal
distribution with mean d = (x* 8, —x?3,)/0 and variance w? = x* Ax. Then the 1 —«a

upper confidence bound for each x can be computed. For each x we have

p{M<B<M>}:1—a. (4.5)

g (o2

Then the 1 — a upper confidence bound on max,¢q IxT B, — xTB,|/c is constructed

using equation (4.5) and theorem 3.1.1:

Ta _ T Ta _ JTA
p{max x"8, —x"Ba _ maxB(M)} .
z€la,b] o z€[a,b] o

4.2 Using the Chi-squared Statistic

Liu et al. (2007) proposed the method for constructing the upper confidence bound on
the maximum difference between two regression lines for = € [a, b] using the Chi-squared
statistic. Given & = |3, —3,|/0, then C = (8,—B5)TA~1(8,—B,)/0? has a Chi-squared
distribution with 2 degrees of freedom and non-centrality parameter 7 = 67 A~148. Let
U(a) be the non-centrality parameter of X%,U(a) such that a is an 1 — « upper point of

X%,U(a) random variable. Then, the 1 — « confidence interval for 7 is [0, U(C)] as follows

P{r<uU(C)} = P{U'(r)<C}
_ P{U_I(T) < X%,r}
= P {Uﬁl(T) < X§7U[U‘1(T)}}

= 1-oq.

According to Liu et al. (2007), the 1 — « upper confidence bound for max,¢cp |(x7 8, —

xTB,)|/o for a given R is

TER o2

max( /XTAX) U ((,é1 —B,)TAYB, — BQ)) _

Then, the upper confidence bound on the maximum difference between two regression

lines, max e, 4 |(x7' B) —x7By)| /0, for a given [a, b] is

max < /XTAX) U ((B1 —B,)TAYB, — Bz)) _

z€[a,b] o2
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4.3 Some Examples for Comparing the Upper Confidence

Bounds from Several Methods

Example 4.3.1. The data set of growth rates at different vitamin B dosage levels
between male and female chicks from Kleinbaum et al. (2008) is plotted in Figure 4.1.
All the methods from the previous sections are used to compute the upper confidence
bounds on the maximum different between male and female regression lines at different
a, a = 0.01,0.05,0.10,0.20. Given = € [0.301,1.505] be an area of interested, which
is the range of vitamin B dosage levels in the data set. Table 4.1 shows the 1 — «
upper confidence bounds from several methods at different «. From the table, the upper
confidence bounds from method 4.2 at all confidence levels are the minimum bounds
for this data set. Moreover, the upper confidence bounds from method 4.1.1 and 4.1.2
are different in the third decimal place, that is for this data set method 4.1.1 and 4.1.2

present close upper confidence bounds.

40

Male

Male regression line

® Female

-= Female regression line

Growth Rate

Vitamin B dosage levels

FIGURE 4.1: The data points and fitted regression lines of growth rates at different
vitamin B dosage levels

a=001 =00 =010 «o=0.20
Method 4.1.1 1.974 1.554 1.330 1.059
Method 4.1.2 1.973 1.552 1.326 1.048
Method 4.2 1.818 1.339 1.065 0.686

TABLE 4.1: The 1 — « upper confidence bounds from several methods at different «
for example 4.3.1
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Example 4.3.2. The data set of systolic blood pressure at different age between male
and female from Kleinbaum et al. (2008) is plotted in Figure 4.2. All the methods
from the previous sections are used to compute the upper confidence bounds on the
maximum difference between male and female regression lines at different o, o =
0.01,0.05,0.10,0.20. Given = € [17,70] be an area of interested, which is the range
of age in the data set. Table 4.2 shows the 1 — o upper confidence bounds from several
methods at different ««. From the table, the upper confidence bounds from method 4.1.1
and 4.1.2 are not different in the third decimal place, and they are the minimum bounds
for this data set.

Male
—— Male regression line
x Female

- .
r~ — |~—-- Femaleregressionline - g

ey

Systolic Blood Pressure

Age

FIGURE 4.2: The data points and fitted regression lines of systolic blood pressure at
different age

a=001 a=005 a=010 «o=0.20
Method 4.1.1 and 4.1.2 2.819 2.459 2.267 2.034
Method 4.2 4.495 4.133 3.940 3.706

TABLE 4.2: The 1 — « upper confidence bounds from several methods at different «
for example 4.3.2
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Example 4.3.3. The data set of drug concentration at different shelf-life time be-
tween batch 2 and 3 from Ruberg and Stegeman (1991) is plotted in Figure 4.3. All
the methods from the previous sections are used to compute the upper confidence
bounds on the maximum different between batch 2 and 3 regression lines at differ-
ent o, « = 0.01,0.05,0.10,0.20. Given z € [0.022,3.077] be an area of interested, which
is the range of time in the data set. Table 4.3 shows the 1 — « upper confidence bounds
from several methods at different «v. From the table, the upper confidence bounds from
method 4.1.1 and 4.1.2 are not different in the third decimal place, and they are the

minimum bounds for this data set.

Batch 2

100
|

—— Batch 2 regression line
» Batch 3

-= Batch 3 regression line

Concentration

98

a7

00 05 10 15 20 25 30

Time

FIGURE 4.3: The data points and fitted regression lines of drug concentration at dif-
ferent shelf-life time

a=001 a=005 a=010 a=0.20
Method 4.1.1 and 4.1.2 7.890 7.021 6.558 5.996
Method 4.2 10.040 9.166 8.700 8.135

TABLE 4.3: The 1 — « upper confidence bounds from several methods at different «
for example 4.3.3
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Between T'wo Regression Lines

Furthermore, the difference of the area of interested, = € [a,b], is considered. In figure
4.4, the upper confidence bounds at different areas of interested by method 4.2 for ex-
ample 4.3.3 at confidence level a = 0.05 is plotted. The dash line presents the upper
confidence bounds over = € [a,b] at different a € [—2,4], but b = 3.077 is fixed. The
dot line presents the upper confidence bounds over x € [a, b] at different b € [—2, 4], but
a = 0.022 is fixed. The graph shows that the upper confidence bound is changed when
an area of interested, [a,b], is changed. Consider the horizontal part of dash line, the
upper confidence bound is not changed when a is changed. It can be implied that at this

area, the upper confidence bound is depended on b which is fixed at 3.077. The expla-
nation of the horizontal part of dot line is the same as dash line, the upper confidence

bound is not changed when b is changed. It can be implied that at this area, the upper
confidence bound is depended on a which is fixed at 0.022.

12

;
Method 4 2
\

/
---- Changeofa
"

/
Change of b
\

10
1

Upper confidence bound

8

FIGURE 4.4: The upper confidence bounds at different areas of interested by method
4.2 for example 4.3.3
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In figure 4.5, the upper confidence bounds at different areas of interested, x € [a, b], by
method 4.1.1 and 4.1.2 for example 4.3.3 at confidence level o = 0.05 are plotted. The
dash line presents the upper confidence bounds over = € [a,b] at different a € [—5,4],
but b = 3.077 is fixed. The dot curve and solid curve present the upper confidence
bounds over x € [a, b] at different b € [—5, 4], but a = 0.022 is fixed from method 4.1.1
and 4.1.2 respectively. The graph shows that the upper confidence bounds is changed
when an area of interested, [a, b], is changed. Consider the horizontal part of dash line,
the upper confidence bound is not changed when a is changed. It can be implied that
at this area, the upper confidence bound is depended on b which is fixed at 3.077. The
explanation of the horizontal part of dot line and solid line are the same as dash line,
the upper confidence bound is not changed when b is changed. It can be implied that
at this area of the graph, the upper confidence bound is depended on a which is fixed
at 0.022.

Change of a

Change of b with Method 4.1.1

Change of b with Method 4.1.2

Upper confidence bound
5
1

FIGURE 4.5: The upper confidence bounds at different areas of interested by method
4.1.1 and 4.1.2 for example 4.3.3

4.4 Conclusion

In this chapter, we propose the construction of upper confidence bounds on the maximum
difference between two regression lines by two methods: by the theorem 3.1.1 from Liu
et al. (2009) and by the Chi-squared statistic. The construction using the first method

depends on several upper confidence bounds that can be computed by several methods.

|(Bo1+B112)—(Bo2+P12)|

This method cannot compute the upper confidence bound of max;¢(, ) >

if o is unknown. However, it can be use for calculating the upper confidence bound of
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maxye(qp | (Bo1 + B117) — (Boz + Br2z)| whether o is known or unknown. In conclusion,
the three examples show that the minimum of the upper confidence bound for each
example is computed from different methods. In the first example, method 4.2 provides
the minimum upper confidence bound. For the last two examples the minimum upper
confidence bounds are calculated by method 4.1.1 and 4.1.2. Hence, we cannot conclude
that which method is the best method which provides the minimum upper confidence
bound. Moreover, all three methods depend on the area of interested, [a, b]. The change
of this area has an effect on the upper confidence bound as in figure 4.4 and 4.5. Then,

we are moving to the classification problem in the next Chapter.



Chapter 5

Classification Methods

In this Chapter, a confidence set is applied for classification problem. To classify a
patient in term of whether he or she has a disease, based on some diagnostic measure-
ments, is an important problem of statistical classification. We propose the construction
of a confidence set as an alternative method for this problem. This method also use the
theorem 2.2.1 in Chapter 2 for constructing a confidence set. Five classification methods

for classification into two classes and three classes have been studied. They are

new confidence set method

classification tree

logistic regression

Bayesian method

support vector machine.

We have some measurements among two groups of patient, normal and disease groups.
Then a new patient is coming with those measurements have been measured. We would
like to classify this new patient whether he or she has a disease. The methods in this
chapter will help us to deal with this problem. Moreover, The methods are illustrated

specifically with the well known Iris data and some other examples.

5.1 Confidence set method

We have some measurements among several groups of interested. Then these measure-
ments for a new case has been measured. We would like to classify this new case to
its true group, for example, to classify new patient whether he or she has a disease.

The new confidence set method constructs a confidence set for the true class for a new

7
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case by inverting the acceptance sets. The result from this method can be one-class,
multi-classes or no-class. The advantage of this method is that the probability of correct

classification is not less than 1-alpha.

One measurement for two classes

Let X;; be a measurement for the 4t patient in group i for i = 0,1, j = 1,...,n; and
Xity ooy Xing ~ N(p, 022). We would like to classify a new patient with that measurement,
Y, to the true group, 6. Let A(6y) be an acceptance set of size « for testing Hyp : 6 = 0,
the true class of a new patient is the normal or non-disease group, and A(f;) be an
acceptance set of size a for testing Hy : 6 = 1, the true class of a new patient is the

disease group. The A(fy) is given by

Y — X,
A(by) = {Y Xl tngl,a/Q} ;

' 604/ 1+ 1/710

where Xo = nio 2721 Xoj and 69 = \/ 1 2521 (Xoj — X0)2. The A(6;) is given by

no—1

D Xl|
Al0) =Y : ————— <ty 1. ,
( 1) { Al /1 1/77,1 1—1, /2

where Xl = %Z?il le and 5’1 = \/ﬁ Z?il(le — X1>2.

Proof. The sizes of the test for each case of 6 are

Y — X
Py {Y € A0 P, —————— < th—1l.a
90{ ( 0)} 6o {ffo 1+1/n0 o—1l,a/2
’Y;#o _ XUU—#UV 1+ 1/no
= P@g . z <tn071 /2
e ’
0/%0
Z|
= P{\/UO <tn0—1,a/2
= P{|T| <tpy—1,a2}

= l-«o
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and
Y — X,
Py {Y € A6 = P —— <1y, —1a
011 (01)} b, {UH i 1—1,a/2
’Y;/h N Xlg_l/«1|/ /1+1/n1
= P91 ! t <tn —1,a/2
N o
1 1
Z|
= P{\/ﬁ < tn1,17a/2
= P{|T‘ <tn1—1,o¢/2}

= 11—«

where Z ~ N(0,1), wo ~ x2,_1/(no — 1) and wy ~ x2 _;/(n1 — 1). Hence, the sizes of
both tests are a. O

Using theorem 2.2.1, we can construct a C(Y') as
CY)={0e€O:Y € A()}, with © = {0,1}.

Then this is a confidence set for the true class, 6, of confidence level 1 — a.

Multiple measurements for multiple classes

Let Xj;; be the k measurements vector for the 4t patient in group i for i = 1,2,...,p,
j=1,..,n; and X1, ...y Xin; ~ N(pi,%;). We would like to classify a new patient
with the measurements Y to the true group, 6. Let A(6;) be an acceptance set of size
« for testing Hy : 0 =i. The A(6;) is given by

mw:{YhJjﬁmw—XfmﬂY—&%:;%}

where A;l =_1 Yo (Xa — X;)(Xa — X3)T.

n;—1

Proof. According to the following theorem from Anderson (2003),

Theorem 5.1.1. let V is distributed as N (1, ), nS is distributed as >."'_; Zq Z,” with
Zy,...,Zy are independent and identically distributed as N(0,%) and T? = V'S~V

Then,
°\[n-p+1
W) s

non-central F' distribution with u”¥~!u non-central parameter. If p = 0, the distribu-

tion will be central F'.
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The sizes of the test for each case of 6 is

aw) = {
{
.
1{

where n = n; — 1, nS = A; and using theorem 5.1.1. Hence, the size of the test is . [

LMDy e Ta Ly %) < floa
Y p(l—i—l/ni)(Y X)) AT(Y Xz)<fp7ni_p}

_ T _
n; —p Y - X; -1 Y - X; ey
AT ——
P ( u+1m@> ’ < u+1mg)<ﬁm“p

T _
ni —p Y — X; A\ Y-X; o
p(ni1)< (Hl/m)) (n1> < (1+1/ni)>< rmer

Y :
. T2
v ot T

).<

p (ni—1)

Using theorem 2.2.1, we can construct a C'(Y') as
CY)={0coO:Y e AO)}, ©={1,2,...,p}.

Then this is a confidence set for the true class, 6, of confidence level 1 — a.
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5.2 Classification Tree

Classification tree is a simple method to use as primary data inspection (Crawley, 2003).
Moreover, this method presents clear diagram result which shows some variables inter-
action. This method can be divided into three steps (Martinez and Martinez, 2008):

e Growing the tree,
e Pruning the tree,

e Choosing the tree.

Growing the tree

Binary recursive partitioning technique is used in this step. Start with the root of the
tree, which is all cases are in one node. Then, the best split is investigated by the most

decreasing of the node impurity I(¢). The impurity of node ¢ is calculated as

/4

I(t) = [ [ P(6 = ilt),

i=1
where P(6 = i|t) is the probability of belonging to class i, § = 4, in node ¢,

. Ny
PO =ilt) = —,
(0=l =
where ny; is the number of cases in node ¢ which belong to class 7, and n; is the total
number of cases in node t. Then, repeat split until all terminal nodes has only one class

(ny = ng). At the end of this step, we will get the largest tree, Tp—1 or Tnaz-

Pruning the tree

When the tree is growing until all terminal nodes have only one class , it might be over
fitted. Then, we need this step to reduce the complexity. Pruning the tree bases on the
risk, R(t), which is composed of misclassification rate and a cost for complexity. Start
with the largest tree, Tx—1 or Tz, gk (t) of subtree T}, is calculated for all internal nodes

bas R(t) — R(Tyy)

_ , (5.1)
T3] — 1

gk(t) =

where R(T}) is the summation of the risk of terminal node in branch 7} of node ¢ in
subtree T}, and |T}| is the number of terminal node in internal node ¢. The risk of node ¢,

R(t), the probability of misclassification for node ¢, r(¢) and the probability of belonging
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to node t, P(t) are calculated by

R(t) = r(t)P(t)
rit) = 1-— max P(9]t)
P(t) = zp: P(0,t)

0=1

Then, the weakest link, ¢7 in subtree T}, is investigated using equation 5.1

gr(t") = min {gr(t)}.

The branch that has the weakest link is pruned off as

Thopr =Tj — Ty

Repeat this step until only the root node is left.

Choosing the tree

After we grow the tree to the largest tree, and prune the tree to smallest root. We needs
to choose the best tree. There are several methods for choosing the tree (Martinez
and Martinez, 2008). An independent test sample method has been studied. Firstly,
randomly partition the data into Liyee, Legse. Grow a largest tree, 17, using Lyye.. Then,
prune the tree to set the sequence of subtree, Tj,. take L.qs to each subtree and calculate

the estimate of the misclassification rate, M (Ty), as

N 1
M(Tk) = nease an]qse’
]

case case

ij

belong to group j, 6 = j, but classified to group 7. Find the minimum misclassification

where, n is number of observation in Lggse, and n is the number of observation

rate as
Then, find the smallest tree such that misclassification rate is less than Mmin+SE(Mmin),
max(M (T})) < Muin + SE(Mpnin).

The T} tree is the best tree. Then this tree is to be used to classify a new case.
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5.3 Logistic Regression

Logistic Regression is a classification method using conditional probability for predicting
a new data. The dependent variable is the probability that the data is belong to a
particular group that is constrained from zero to one. The advantage of this method
is the odds ratio for the model predictor can be estimated (Hilbe, 2009; Hosmer et al.,
2013).

One measurement for two classes

Let X;; be a measurement for the 4t case in group i for i = 0,1, j = 1,...,n;. We would
like to classify a new case with that measurement to the true group, #. The binary
logistic regression is used for classify a new case. The logit function is the link function

of this generalized linear regression model as:

PO=1X)
6(60+51X)
P(O=1|X) =

1 4+ e(BotprX) "

Then the cut point probability is applied for classifying a new case.

Multiple measurements for multiple classes

Let X;; be a vector of measurements for the 4t case in group i for i = 1,2,...,p,
7 =1,...,n;. We would like to classify a new case with the measurements Y to the true
group, 6 € {1,2,...,p}. According to Faraway (2006), Let P;; is the probability of case

7 belongs to class i as
Py = P0;=1),

p
0, Py = 1, (5.2)
=1

and Y;; be the number of observations falling into categories ¢ for group or individual j
(for individual j in this study, Y;; = 1 or 0 and n; = Y ¢»_, ¥;; = 1). The Y;;, conditional

on n; follow a multinomial distribution:

nj!

yl] y2] yp]
oy Dy By By
Y15:Y25:---Ypj*

P(Y1j = w15, Yoj = Y255 -y Ypj = Ypj) =
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The logit function is the link function of p — 1 models as:

i = lO.gP’L] :131XJ7 1= 2337"'7]9
1
P; = exp(in) i=2,3,..,p

L+ 370 o exp(nij)’

where (3; is the linear coordinator parameters for group ¢ of the predictors. According

to equation (5.2) Pj; can be computed as

Py = 1-) Py

L+ 370 exp(is)

After parameter estimation procedure, the models can be used for predicting a new case
with the probability of belonging to each class. Then these p models will be used for

classifying a new case.
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5.4 Bayesian method

The Bayesian method is used for classifying a new case in this section. For this method,
the posterior probabilities is used to classify a new case. The advantage is the decision
boundary from the Bayesian method is computed from the boundary that gives the

minimum missclassification error (Martinez and Martinez, 2008).

One measurement for two classes

Let X;; be a measurement for the 4t case in group i for i = 0,1, j = 1,...,n; and
Xity oy Xin;, ~ N(pi,02). We would like to classify a new case with that measurement

to the true group, 6. Given the posterior probability of P(6|X) for § =0 and § = 1 are

P(X|0 = 0)P(6 = 0)
P(X)

(542)(no/N)
P(X)

P(X|0 =1)P(6 =1)
P(X)

(22 (ny /N)

P(X)

PO =0X) =

and P(0 =1]X)

Using this method, a new case will be classifified to class i if and only if
P(0;|X) > P(6;|X); i,j=0,1, i#j.

The decision boundary can be computed by finding X™*, which results in equal posterior

probability of two classes as equation below,

PO =0|X = X*) = P(6 = 1|X = X*).

Multiple measurements for multiple classes

Let X;; be a vector of measurements for the 4t case in group i for i = 1,2,...,p,
j=1,..,n; and X1, .oy Xin; ~ N(4,2;). We would like to classify a new case with
the measurements Y to the true group, 6. Given the posterior probability, P(6|X), for
=i, i=1,2,...,p are

P(X|0 =i)P(6 =)
P(X)

PO =i|X) =
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Using this method, a new case with the measurements Y will be classifified to class ¢ if
and only if
PO;|Y) > P(6;Y); i,5=1,....,p, i#].
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5.5 Support vector machine

Support vector machines technique was initially developed for binary classification us-
ing linear separator. The optimum hyperplane between two classes is used for class
separation by maximized margin. However, for higher dimensional and the non-linear
separable data, kernel techniques are used for adjusting the data to be appropriated for

linear separator or classifier, [ (Cortes and Vapnik, 1993).

In this research, multiple binary linear classifiers, [’s, using the one-versus-rest clas-
sifier technique is the method for classifying a new case. Given we have a p classes data

set. Then, the number of classifiers is p, which are i*" class versus the rest;

i, = (1%class) vs. (all classes except 1%class)
lo = (2™class) vs. ( all classes except 2"¢class)
I, = (p™class) vs. (all classes except i'"class).

according to Flach (2012), the margin of linear classifier is the distance between the
decision boundary and the closest examples. These nearest examples are called support
vectors. The support vector machine boundary is a linear combination of the support
vectors. Let margin be defined as ¢(X)$(X), where ¢(X) = +1 if example is in the
interesting class, and ¢(X) = —1 if example is not in the interesting class. This margin
is positive when the prediction is correct, and negative for incorrect prediction. §(X)
is indicating score to determine how likely the case is in the interesting class. Given
3(X) =W - X —t, where t is the adjustable decision threshold. Then, the example in
the interesting class will have the margin as W - X — ¢ > 0, and the example in the
non-interesting class will have the margin as —(W - X —¢) > 0. Let m™ be the smallest
margin of any example in the interesting class, and m™ be the smallest margin of any
example in the non-interesting class. Then, we would like to have the maximum of the

summation of m™ and m~. The t is re-adjusted for equal m™* and m™.

The nearest examples to the decision boundary are supports vectors, which the dis-
tance between the decision boundary and the nearest examples along W is m. we define
the margin as m/||W||. We are free to re-adjust ¢, ||W|| and m, then assume m = 1.
The margin is maximised using the method of Lagrange multipliers to minimise ||V

as

1
W*, t* = argmin|[W||?
wi 2
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with constrain optimisation to

If our data is not linear separable data, the constrain W - X; —t > 1 will not be satisfied.
Then the slack variable ¢; is add to each samples to allow them to be in the margin or
in the wrong side of decision boundary. This term is called margin error. Then, the

constrains are change to

W-X;,—t>1—¢,€6>0 1<1<n

and the sum of all slack variables is add to the objective function to minimise as

1 n
W* t*, ef = argmin=||W||* + CZQ-,
b€ 2 i=1
where C is user defined parameter: higher C' means higher penalty for margin error,
and lower C will have more margin error to get large margin. This call soft margin

optimisation problem.

Moreover, for higher dimensional and the non-linear separable data, kernel techniques

are used for adjusting the data to be appropriated for hyperplane classifier.
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5.6 Examples

Three real data examples: the data of cirrhosis patients from a hospital, the well known
iris data and seeds data are used for illustrating and comparing those five classification
methods. The total misclassification error and sensitivity (true positive rate) are used

for comparing the methods.

5.6.1 Evaluation Criteria
Total misclassification error (TME)

Total misclassification error (TME) is the number of total incorrect classified divided by

the total number of cases as

TME — number of incorrect (:lassﬂied7

Zf:l g

where n; is the total number of cases in class i and Y ©_; n; is the total number of cases.

Sensitivity or true positive rate (SEN)
Sensitivity or true positive rate (SEN) is the number of correct classified in specific class
divided by the total number of cases in that class as

SEN; = number of correct classified in class z"

ng

5.6.2 Cirrhosis data

The cirrhosis data set of three classes: normal, fibrosis or cirrhosis, with 14 measurements
on blood samples (A-M,U), is from a hospital. The data of 12,842 cases is randomly
divided in to two sets, S1,.59. The first set, Sy, with 5,000 cases is for constructing the
five classification methods, and the second set, Sy with 7,842 cases acts as new cases for

evaluation of the methods.

Confidence set method

For confidence set method, using theorem 5.1.1 and theorem 2.2.1 with the S; data
set to classify new 7,842 cases in Sy by R program shows the result in the Table 5.1.
The result from this method will be a confidence set for the true class, which can be
{0},{1},{2},{0,1},{1,2},{0,2},{0, 1,2} and ¢, empty set. Some new cases, which fall
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in ¢ is reclassified by Bayesian method for this study. The reclassification presents in
the Table 5.2 does not decrease the probability of correct classification, which is not less

than 1 — a.

TABLE 5.1: result from the new confidence set method on cirrhosis data
Observed Confidence set result

Class {0y {1} {2F {01} {12} {02} {012} ¢
Normal (0) 145 0 288 0 30 1179 4194 180
Fibrosis (1) 0 0 8 0 5 7 225 6
Cirrhosis 2) 3 0 528 0 74 118 681 171

TABLE 5.2: result from the new confidence set method with reclassification
Observed Confidence set result

Class {oy {1y {2} {o1} {12} {02} {0,1,2} ¢
Normal (0) 252 0 361 0 30 1179 4194 0
0

0

Fibrosis (1) 0 0 14 0 5 7 225
Cirrhosis (2) 32 0 670 0 74 118 681

Classification tree

The tree() function of package tree in R program was used to construct tree model
using 5,000 cases in S;. The classification tree diagram composed of only 4 measure-
ments: A, C, E, F as in figure 5.1. Then, this tree was applied to classify 7,842 new

cases in Sy. The result presents in Table 5.3.

E<1485
A<B25 A <2875
- - FF <1025 C=B05
E<2p675
0 2 i

0 0

FIGURE 5.1: classification tree diagram for classifying a new case for cirrhosis data
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TABLE 5.3: result from classification tree on cirrhosis data

Observed Classified class
Class Normal(0) Fibrosis(1) Cirrhosis(2)
Normal (0) 5569 0 447
Fibrosis (1) 213 0 38
Cirrhosis (2) 568 0 1007

Logistic regression

The multinom() function of package nnet in R program was used to construct multiple
logistic regression model using 5,000 cases in S;. The multiple logistic regression model
composed of 13 measurements: A, B, C, D, E, F, G, I, J, K, L, M, U. Only one measure-
ment, H, was removed by backward elimination method. Then, this model was applied

to classify 7,842 new cases in S3. The result presents in Table 5.4.

TABLE 5.4: result from multiple logistic regression on cirrhosis data

Observed Classified class
Class Normal(0) Fibrosis(1) Cirrhosis(2)
Normal (0) 5830 0 186
Fibrosis (1) 231 1 19
Cirrhosis (2) 706 5 864

Bayesian method

The naiveBayes () function of package 1071 in R program was used to construct Bayes’
classifier using 5,000 cases in S7. Backward elimination was the method for variable
selection with the smallest total misclassification error. The Bayes’ classifier composed
of 11 measurements: A, B, D, E, F, G, I, J, K, M, U. Three measurements, L, C and
H, was removed. Then, this model was applied to classify 7,842 new cases in Se. The

result presents in Table 5.5.

TABLE 5.5: result from Bayesian method on cirrhosis data

Observed Classified class
Class Normal(0) Fibrosis(1) Cirrhosis(2)
Normal (0) 5729 29 253
Fibrosis (1) 236 2 13
Cirrhosis (2) 850 15 710

Support vector machine

The svm () function of package e1071 in R program was used to construct support vector

machine using 5,000 cases in S7. Transform data using the kernel function was selected
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with the smallest total misclassification error. The support vector machine with radial
kernel function and v = 0.2 was the best model for this method. Then, this model was

applied to classify 7,842 new cases in S3. The result presents in Table 5.6.

TABLE 5.6: result from support vector machine on cirrhosis data

Observed Classified class
Class Normal(0) Fibrosis(1) Cirrhosis(2)
Normal (0) 5868 1 147
Fibrosis (1) 209 8 34
Cirrhosis (2) 580 3 992

Comparison of classification methods

TABLE 5.7: Total misclassification error (TME) and sensitivity for cirrhosis data

Sensitivity
TME Fibrosis  Cirrhosis
Multinomial logistic regression 0.1169  0.0040 0.5486
Classification tree 0.1343  0.0000 0.6394
Bayesian method 0.1816  0.0199 0.4406
Support vector machine 0.0986  0.0319 0.6298
Confidence set method 0.0597  0.0000 0.3352

Confidence set method (reclassification) 0.0566  0.0000 0.4254

Total misclassification error (TME) and sensitivity from five classification methods for
cirrhosis data is present in Table 5.7. For this data, the new confidence set method
provides the smallest total misclassification error, and also controls the probability of
correct classified. Support vactor machine technique gives the highest sensitivity for
both fibrosis and cirrhosis classes. The new confidence set method shows the lowest
sensitivity because the result of multi-classes is not include in correct classified for some
cases, which cannot be clearly classified into one single class. As a result, the probability

of correct classified was controlled.
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5.6.3 Iris data

The Fisher’s Iris data set is a classified multivariate data of three species (three classes)
of Iris: [ris setosa, Iris virginica and Iris versicolor 50 samples each, with four measure-
ments: the length and the width of the sepals and petals, in centimetres (Fisher, 1936).

Figure 5.2 shows four boxplot of four measurements for each class. Five classification

SepalLength SepalWidth
= ! e 4 !
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n | B=— —_ & . E, ]
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Iris-setosa  Iris-versicolor  Iris-virginica Iris-setosa  Iris-versicolor  Iris-virginica
PetalLength PetalWidth
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N
|

o . === i [
— e——) —
= T T T % T T

Iris-setosa  Iris-versicolor  Iris~virginica Iris-setosa  Iris-versicolor  Iris-virginica

F1GURE 5.2: The boxplot of four measurements for each class of Iris data

methods were applied to classify a new case by using leave one out method for evalua-
tion. Leave one out method is taken one case out for testing as a new case, and the rest

for constructing the five classification methods.

Confidence set method

TABLE 5.8: the number of result from the new confidence set method

{oy {13 {2} {01} {12} {02} {012} ¢

Iris-setosa(0) 45 0 0 0 0 0 0 5
Iris-vesicolor(1) 0 38 0 0 10 0 0 2
Iris-virginica (2) 0 0 40 0 7 0 0 3

Table 5.8 presents the number of result from the new confidence set method. The
result from this method will be a confidence set for the true class, which can be
{0}, {1},{2},{0,1},{1,2},{0,2},{0,1,2} and ¢, empty set. Some new cases, which fall
in ¢ is reclassified by Bayesian method for this study. The reclassification presents in
the Table 5.9 does not decrease the probability of correct classification, which is not less
than 1 — a.
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TABLE 5.9: the number of result from the new confidence set method with reclassified
by Bayesian method

{1y {2t {3y {12} {23} {13} {123} ¢

Iris-setosa(1) 50 0 0 0 0 0 0 0
Iris-vesicolor(2) 0 40 O 0 10 0 0 0
Iris-virginica (3) 0 0 45 0 7 0 0 0

Classification tree

The tree() function of package tree in R program was used to construct tree model
using 149 cases (one case was taken out for test). The classification tree diagram com-
posed of two measurements: the length and the width of petals as in figure 5.3. Then,
this tree was applied to a cases that was taken out. We repeated for all 150 cases. The

result presents in Table 5.10.

PetalLength < 2.45
T

PetalWidth < 1.75

Iris-setosa

PetalLength < 4 .95 PetallLength < 4 .95
Sepallenfi <515 1 Iris-virginica Iris-virginica
Iris-versicolor  Iris-versicolor Iris-virginica

FIGURE 5.3: classification tree diagram for classifying a new case for iris data

TABLE 5.10: result from classification tree on iris data

Observed Classified class
Class Iris-setosa  Iris-vesicolor Iris-virginica
Iris-setosa 50 0 0
Iris-vesicolor 0 47 3
Iris-virginica 0 2 48

Logistic regression

The multinom() function of package nnet in R program was used to construct multiple
logistic regression model using 149 cases (one case was taken out for test). The multiple
logistic regression model composed of three measurements: the width of sepals, the

length and the width of petals. Only one measurement, the length of sepals, was removed
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by backward elimination method. Then, this model was applied to a cases that was taken
out. We repeated for all 150 cases. The result presents in Table 5.11, which is the same

result as using classification tree.

TABLE 5.11: result from multiple logistic regression on iris data

Observed Classified class
Class Iris-setosa  Iris-vesicolor Iris-virginica
Iris-setosa 50 0 0
Iris-vesicolor 0 47 3
Iris-virginica 0 2 48

Bayesian method

The naiveBayes () function of package e1071 in R program was used to construct Bayes’
classifier using 149 cases (one case was taken out for test). Backward elimination was
the method for variable selection with the smallest total misclassification error. The
Bayes’ classifier composed of two measurements: the length and the width of petals.
Two measurements, the length and the width of sepals, was removed. Then, this model
was applied to classify a cases that was taken out. We repeated for all 150 cases. The

result presents in Table 5.12.

TABLE 5.12: result from Bayesian method on iris data

Observed Classified class
Class Iris-setosa  Iris-vesicolor Iris-virginica
Iris-setosa 50 0 0
Iris-vesicolor 0 47 3
Iris-virginica 0 1 49

Support vector machine

The svm() function of package e1071 in R program was used to construct support vector
machine using 149 cases (one case was taken out for test). Transform data using the
kernel function was selected with the smallest total misclassification error. The support
vector machine with radial kernel function and v = 6 was the best model for this method.
Then, this model was applied to classify a cases that was taken out. We repeated for all
150 cases. The result presents in Table 5.13. This method presents 100% correction for

this iris data.
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TABLE 5.13: result from support vector machine on iris data

Observed Classified class
Class Iris-setosa  Iris-vesicolor Iris-virginica
Iris-setosa 50 0 0
Iris-vesicolor 0 50 0
Iris-virginica 0 0 50

TABLE 5.14: Total misclassification error (TME) and sensitivity for Iris data

TME —— Senmsitivity
Iris-setosa  Iris-vesicolor Iris-virginica

Multinomial logistic regression 0.0333 1 0.94 0.96
Classification tree 0.0333 1 0.94 0.96
Bayesian method 0.0267 1 0.94 0.98
Support vector machine 0 1 1 1

Confidence set method 0.0667 0.90 0.76 0.80
Confidence set method (reclassification) 0 1 0.80 0.90

Comparison of classification methods

Total misclassification error (TME) and sensitivity from five classification methods for
iris data is present in Table 5.14. For this data, the new confidence set method with
reclassification provides the zero total misclassification error. Support vactor machine
technique gives 100% correct classified for this data. The new confidence set method
shows the lowest sensitivity because the result of multi-classes is not include in correct
classified for some cases, which cannot be clearly classified into one single class. As a

result, the probability of correct classified was controlled.
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5.6.4 Seeds data

The seeds data set is a classified multivariate data of three varieties (three classes) of
wheat: Kama, Rosa and Canadian 70 samples each, with seven measurements of internal
kernel structure:

e area A,

e perimeter P,

e compactness C,

e length of kernel,

e width of kernel,

e asymmetry coefficient,

e length of kernel groove.

The five classification methods were applied to classify a new case by using leave one

out method for evaluation.

Confidence set method

TABLE 5.15: the number of result from the new confidence set method

{1y {2y {3 {12} {23} {13} {1.23} ¢

Kama (1) 5 0 1 3 0 5 0 5
Rosa (2) 2 62 0 3 0 0 0 3
Canadian (3) 2 0 49 0 0 16 0 3

Table 5.15 presents the number of result from the new confidence set method. The
result from this method will be a confidence set for the true class, which can be
{1}, {2}, {3},{1,2},{2,3},{1,3},{1, 2,3} and ¢, empty set. Some new cases, which fall
ing is reclassified by Bayesian method for this study. The reclassification presents in the
Table 5.16 does not decrease the probability of correct classification, which is not less

than 1 — a.

TABLE 5.16: the number of result from the new confidence set method with reclassified
by Bayesian method

{1y {2y {3y {12} {23} {13} {123} ¢
Kama (1) 59 1 2 3 0 5 0 0
Rosa (2) 3 64 O 3 0 0 0 0
Canadian (3) 2 0 52 0 0 16 0 0
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Classification tree

The tree() function of package tree in R program was used to construct tree model
using 209 cases (one case was taken out for test). The classification tree diagram com-
posed of three measurements: length of kernel groove, area A and asymmetry coefficient
as in figure 5.4. Then, this tree was applied to a cases that was taken out. We repeated

for all 210 cases. The result presents in Table 5.17.

kgroove < 5.5755
I

A=<1341 asymcoef < 2.054
2 2
asymcoef < 4168 kwidth 5 3.4645
kgroove 4.“‘9‘!< 12'?1 ) :|3 1 1

1 3 L

FIGURE 5.4: classification tree diagram for classifying a new case for seeds data

TABLE _5.17: result from classification tree on seeds data

Observed Classified class
Class Kama Rosa Canadian
Kama 64 1 5
Rosa 2 68 0
Canadian 6 0 64

Logistic regression

The multinom() function of package nnet in R program was used to construct multiple
logistic regression model using 209 cases (one case was taken out for test). The multiple
logistic regression model composed of four measurements: length of kernel, length of
kernel groove, area A and asymmetry coefficient. Three measurements, perimeter P,
compactness C and the width of kernel, were removed by backward elimination method.
Then, this model was applied to a cases that was taken out. We repeated for all 210

cases. The result presents in Table 5.18.
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TABLE 5.18: result from multiple logistic regression on seeds data

Observed Classified class
Class Kama Rosa Canadian
Kama 67 1 2
Rosa 0 70 0
Canadian 3 0 67

Bayesian method

The naiveBayes () function of package e1071 in R program was used to construct Bayes’
classifier using 209 cases (one case was taken out for test). Backward elimination was the
method for variable selection with the smallest total misclassification error. The Bayes’
classifier composed of five measurements: perimeter P, compactness C, the length of
kernel,asymmetry coefficient and length of kernel groove. Two measurements, the width
of kernel and area A, was removed. Then, this model was applied to classify a cases

that was taken out. We repeated for all 210 cases. The result presents in Table 5.19.

TABLE 5.19: result from Bayesian method on seeds data

Observed Classified class
Class Kama Rosa Canadian
Kama 60 3 7
Rosa 2 68 0
Canadian 3 0 67

Support vector machine

The svm() function of package e1071 in R program was used to construct support vector
machine using 209 cases (one case was taken out for test). Transform data using the
kernel function was selected with the smallest total misclassification error. The support
vector machine with radial kernel function and v = 3 was the best model for this method.
Then, this model was applied to classify a cases that was taken out. We repeated for all

210 cases. The result presents in Table 5.20.

TABLE 5.20: result from support vector machine on seeds data

Observed Classified class
Class Kama Rosa Canadian

Kama 65 1 4

Rosa 5 65 0

Canadian 4 0 66
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Comparison of classification methods

TABLE 5.21: Total misclassification error (TME) and sensitivity for seeds data

Sensitivity
TME Kama Rosa Canadian

Multinomial logistic regression 0.0286 0.9571 1 0.9571
Classification tree 0.0667 0.9143 0.9714 0.9143
Bayesian method 0.0714 0.8571 0.9714 0.9571
Support vector machine 0.0667 0.9286 0.9286 0.9429
Confidence set method 0.0762  0.80 0.8857 0.70

Confidence set method (reclassification) 0.0381 0.8429 0.9143 0.7429

Total misclassification error (TME) and sensitivity from five classification methods for
seeds data is present in Table 5.21 For this data, logistic regression provides the smallest
total misclassification error and also the highest sensitivity for all three classes. The new
confidence set method shows the lowest sensitivity because the result of multi-classes is
not include in correct classified for some cases, which cannot be clearly classified into

one single class. As a result, the probability of correct classified was controlled.

5.7 Conclusion

In this Chapter, we have proposed a new confidence set method for classification prob-
lem, which can control the probability of correct classified. We have briefly reviewed
four classical classification methods. Classification tree method is a simple method for
initial variables selection, also observing variables interaction. Logistic regression is one
of the popular method for classification because the odds ratio can be calculated from
this method. Support vector machine use kernel technique to adjust the explanatory
variables. Bayesian method can minimize the missclassification error, but can not con-
trol it. For important problem, such as, classifying patients, we need suitable methods
which can provide the most accurate result. The new confidence set method is the only
one method in this study that can controls the probability of correct classified. More-
over, when some cases cannot be classified into one specific class with good confidence,

this method provides a set of class(es), which indicates that further evaluation is requires.

The three real data examples; the data of cirrhosis patients from a hospital, the well
known iris data and seeds data are used for comparing between those five classifica-
tion methods. The total misclassification error and sensitivity (true positive rate) are
used for illustrating and comparing the methods. Support vector machine and logistic
regression show the low misclassification error with high sensitivity. However, the confi-
dence set method also shows the low total misclassification error as this method controls
probability of correct classified. Some cases which got the empty set, ¢, result can be

reclassified with other methods. The final result does not decrease the probability of
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correct classification. For some important problem, such as, classifying patients, we need
suitable methods which can provide the most accurate result. The new confidence set
method controls the probability of correct classified. Moreover, when some cases cannot
be classified into one specific class with good confidence, this method provides a set of

class(es), which indicates that further medical evaluation is required.






Chapter 6

Conclusions and Future Work

6.1 Conclusions

The construction of confidence set can be applied in many problems. In this study,
we are focusing on comparison and classification problems. We can construct a confi-
dence set for equivalence test by inverting technique. The intersection-union test can
be applied with the construction of a confidence set in this problem. We also illustrate
the construction of the upper confidence bounds on several samples by three methods:
using the theorem from Liu et al. (2009), F statistic and Studentized range statistic.
The first method, using the theorem from Liu et al. (2009), cannot compute the upper
confidence bound of @ if o is unknown. However, it can be use for calculating the
upper confidence bound of |1 — po| whether o is known or unknown, and the data does
not need to be normal distribution for any situation. The other two methods, using
the F-statistic and using the studentized range statistic, the data needs to be normal

distribution, but ¢ is not necessary for computation.

For classification problem, we would like to classify a new case into its true class, based
on some measurements. Five classification methods have been studied. They are logis-
tic regression, classification tree, Bayesian method, support vector machine and the new
confidence set method. The new method constructs a confidence set for the true class for
a new case by inverting the acceptance sets. The advantage of this method is that the
probability of correct classification is not less than 1 —«. For important problem of clas-
sifying patients, we need suitable methods which can provide the most accurate result.
The new confidence set method controls the probability of correct classified. Moreover,
when some cases cannot be classified into one specific class with good confidence, this
method provides a set of class(es), which indicates that further information or futher

medical evaluation for patient is required.

103



104 Chapter 6 Conclusions and Future Work

The suggestion for using each classification method depends on the purpose of the clas-
sifying. The new confidence set method can control the probability of correct classi-
fication. This method is suitable for the classification that needs more accuracy, such
as, diagnostic problem for patients in hospital. When the classified is questionable, we
cannot make a classification with confidence. However, some situation we just needs to
make some decision. Most of the methods in this study can be used for this purpose.
Classification tree present the diagram result, which reviews the important variables and
some variable interaction. Logistic regression can compute the odds ratio of belonging
to each class. Bayesian method give the minimum error result based on computational
method. Support vector machine has the kernel technique and adjustable parameters

this make the method more flexible.

6.2 Future Work

The construction of upper confidence bonds on the range of means still have a lot of
points for further study. The first method, using the theorem from Liu et al. (2009),
cannot compute the upper confidence bound of @ if o is unknown. This is an
interesting topic to be studied when ¢ is unknown. The other two methods, using the
F-statistic and using the studentized range statistic, the data needs to be normal distri-
bution. The further study of these two methods when the data is not normal distribution
is needed. All methods also require to assume the equal variance in all groups. Then,
the situation that the equal variance is not assume is also another point to consider.
Moreover, the effect of unbalance sample sizes for more than two samples groups when
we construct the upper confidence bonds on the range of means requires a further more

study with a complicated numerical computation.

The construction of upper confidence bonds on the maximum difference between two
regression lines, we have illustrated only for two groups of data (two regression lines).

Then, the study of several regression lines still be required.

When the new confidence set method for classification is used in this study, it requires
that the data is distributed as normal distribution because of the construction of the
acceptance sets. The extended study can be focused on the data which is not distributed
as normal distributions. Moreover, the limitation of this study is that most of the com-
putation needs some complex codding. Then, It can be the further study to develop the

package bases on each method to be more user friendly package.
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