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AUTOMORPHISMS OF RANDOM RECURSIVE TREES

by David Matthews

A Viswanath random Fibonacci sequence Viswanath random Fibonacci sequence is de-
fined by fo = fi =1and f, = +f,—1+ fn_2 for n > 1, where addition and subtraction

are chosen by flipping a fair coin. Viswanath showed

1 as.

| fr] 7 225 1.13198824 . ...

The number V = 1.13198824 ... has subsequently become known as Viswanath’s con-

stant.

A random recursive tree is a nested family of rooted trees {t,},en where each t, is a
rooted tree on n vertices and t,41 is obtained from t, by adding a new vertex via an

edge to a vertex of ¢,, chosen uniformly at random.

The symmetry of a rooted tree t is encoded by Aut(t), the automorphism group of t.
MacArthur and Anderson identified what they call “an intriguing relationship” between
random Fibonacci sequences and the automorphism group of random recursive trees

that we investigate in this thesis.
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Chapter 1

Introduction

MacArthur and Anderson identify what they call “an intriguing relationship” in [MAO06]
between random Fibonacci sequences and random recursive trees. This relationship
provides the motivation for this thesis. In Section 1.1 we define the random Fibonacci
sequence and we go on to define random recursive trees in Section 1.2. In Section 1.3
we bring these together and state MacArthur and Anderson’s findings. We end this
Chapter with Section 1.4 in which we state our main results and give a brief overview
of this thesis.

Notation. Throughout this document we write

R” :={zx eR:2 >0}
RZ:={z €R:z >0}

For clarity we will write N for the positive integers and define Ny := N U {0}. Define
[n] :=={1,2,...,n}.

We adopt the standard notation, S,,, for the symmetric group on n elements .

Suppose that {X,,} is a sequence of real-valued random variables and X € R. We write
X, 2% X if X, converges to X almost surely [Bill3].

1.1 Random Fibonacci sequences

The Fibonacci sequence is probably the most famous sequence in mathematics. It is
defined by go = g1 := 1 and ¢, := gn_1 + gn_o for n > 2. Each element of Fibonacci’s

sequence is known as a Fibonacci number.

Recently a variant of Fibonacci’s sequence called the random Fibonacci sequences have

excited a great deal of interest [Vis00, SKO01, ET99]. A random Fibonacci sequence is

1



2 Chapter 1 Introduction

defined by fo = f1 := 1 and subsequently by the recursion

fn = *afn1 % Bfn2, (1.1.1)

where «, 8 € R and addition and subtraction are chosen according to some probability
distribution for n > 2.

In [Vis00], Viswanath investigated the behaviour of the absolute value |f,| with o =
8 =1 and where each plus and minus is chosen independently with probability % Since

| fr| is either |frn—1| 4+ |frn—2| or ||fn=1] — | fn—2]|| it is enough to consider the recurrence

fn = :tfn—l + fn—27

where addition and subtraction are chosen with probability % We call these sequences
the Viswanath random Fibonacci sequences. We may rewrite a Viswanath random Fi-

bonacci sequence in terms of a random matrix product as follows:

()= (0 ) ()

More rigorously we define two matrices,

AZ(O 1) andB:<0 1).
11 1 -1

Let p denote the probability distribution that chooses A or B with probability % Then,

(f’}nl ) — M, (M, o... M ( 1 )

where M,, 1M, _o...M; is a product of independent identically distributed random
matrices; each chosen from {A, B} with distribution u. The problem of calculating
the limiting value of | fn|% can thus be written in terms of the random matrix product
MM, ... M.

One consequence of the Fiirstenberg-Kesten Theorem [FK60] is that given such a pair

of matrices and a measure u, there exists a constant A such that,
1 a.s.
ﬁ log HMnMnfl .. M1|| )

where ||M;|| is the usual 2-norm of a matrix (see [Mey00]). The constant A is called
a Lyapunov Ezponent. The interested reader should see [KR68] for a definition and

discussion of Lyapunov exponents.

Viswanath used machinery from the theory of random matrix products developed by
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Furstenberg and Kesten in [FK60] together with an ingenious application of a Stern-
Brocot tree (defined in [GPK94]) to prove,

1 as.

|l 255 1.13198824 . ..
The number ¥V = 1.13198824 ... has subsequently become known as Viswanath’s con-
stant [ET99]. In [Vis00] Viswanath’s constant is calculated by evaluating an integral.

No closed form solution of this integral is known hence, more precisely, Viswanath proves
that V is in the interval [1.13198824,1.13198825).

In [ET99], Embree and Trefethen generalise the work done by Viswanath. They inves-

tigate the 1-parameter family of random Fibonacci sequences given by the recurrence,

fn = fnfl + Bfnf%

for 3 € R and where addition and subtraction are both chosen with probability

3
Embree and Trefethen [ET99], conjectured the following:

i) If 0 < B < 0.702582 then there exists some constant Cz € R such that
B
1 as.
|fn| w22y Oﬁ'
ii) If 0.702585 < B < oo then there exists some constant Cz € R such that
B
1
|fn|g =2 Cﬁ'

(iii) There exists a threshold value g* € (0.702582,0.702585) such that the correspond-
ing random Fibonacci sequence neither grows exponentially nor decays exponen-

tially.

Besides random matrix products random Fibonacci sequences appear in many areas of
mathematics. For example, we can think of A and B as Mobius transformations of
the complex plane. In this case f, corresponds to a random composition of Mobius
transformations. In addition we can think of A and B acting on the integer lattice
[KN10]. In this case the random matrix product f,, corresponds to a random walk on

the integer lattice.

1.2 Random graph theory

The theory of random graphs began in 1959 with Erd6s and Rényi’s seminal paper
[ER5H9]. Between the 1960s and the 1990s the majority of graph theory focused on Erdds-

Rényi random graphs, characterised by a binomial degree distribution, and completely
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reqular graphs in which all vertices have the same degree. The invention and subsequent
prevalence of the World Wide Web in the 1990s together with greater computational
power contributed to a renewed interest in the study of random graphs under the guise
of network science [WS98, AB00, BAJ00O, AB02].

Graphs have been devised as null models for phenomena as diverse as the Internet
[AJB99], the World Wide Web [AHO00], actor collaboration [BA99], scientific collab-
oration [New01], ecological and cellular activity [JBAT06, BO04], scientific citations
[LIM™07], power systems [Hol06] and protein interactions [WS98]. Whilst these real-
world networks are certainly not regular, neither can they be modelled by an Erdés-Rényi
random graph [WS98].

Astonishingly, almost all of the networks we mentioned above share three characteristics
[BAJ0OO, WS98|:

(i) low average path length,
(ii) high cluster coefficient and

(iii) a degree distribution that approximately follows an inverse power law.

The Barabdsi-Albert and the Watts and Strogatz models are defined in [BAJO00] and
[WS98] respectively. An interesting refinement of the Barabdasi-Albert graph model was
proposed by Bollobés in [BBCRO03].

Barabasi-Albert random graphs have a degree distribution that follows an inverse power
law and exhibit low average path length [BAJ00]. Watts and Strogatz random graphs
have a low average path length and a high cluster coefficient [WS98]. The Barabdsi-
Albert and the Watts and Strogatz models are dynamic, i.e. they change over time like
many real-world networks. The Barabasi-Albert model features preferential attachment
where as the graph grows new vertices are more likely to be attached to an existing
vertex with a high degree than to a vertex with a low degree. This “rich get richer”

phenomena is well known in real-world networks [BAJO0O].

1.2.1 Automorphisms of random graphs

It is a Theorem of Cameron [CT04] that almost all graphs have no non-trivial auto-
morphisms. That is, the proportion of graphs on n vertices which have a non-trivial
automorphism tends to zero as n — oo. In fact this is true for both labelled and
unlabelled graphs. On the other hand MacArthur, Sadnchez-Garcia and Anderson cal-
culated the order of the automorphism group of many real-world networks and found

automorphism groups of a large order (relative to the number of vertices) [MSGAO0S].
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MacArthur, Sdnchez-Garcia and Anderson suggested that real-world networks that grow
by the addition of vertices and edges under preferential attachment are naturally tree-
like in [MSGAOS]. If real-world networks are indeed tree-like then one could understand

properties of real-world networks by understanding properties of random trees.

Random characteristics of graphs such as degree distribution, clustering coefficient and
average path length have been well studied, for example see [BAJOO] and [WS98]. In
this thesis we will investigate symmetry (characterised by the automorphism group) of

a family of random graph models called random recursive trees.

1.2.2 Random recursive trees

The second part of the “intriguing relationship” identified by MacArthur and Anderson

are the random recursive trees, which we define in this section.

For definitions and description of rooted graphs, rooted trees and rooted forests the reader
should see [Bol13]. Definition 1.2.1 (rooted automorphism) is a natural extension of the
standard definition of a rooted tree automorphism. Definitions in the latter part of this
section including attachement tree and tree multiplicity are taken from the theory of
Hopf algebras of rooted trees [Hof03].

This section is particularly important because we define three functions that are central
to this thesis. The first is Definition 1.2.2 (root permutation function) which counts the
rooted automorphisms that permute branches around the root vertex. The second key
function is Definition 1.2.3 (weight function) which acts as the attachment parameter in
the growth of random attachment trees. We take the definition of the weight function
directly from [RTVO07]. The final function of note, Definition 1.2.8 (tree multipilicity),
is a standard combinatorial function used by Connes, Kreimer and others in the study
of Hopf algebras of rooted trees [CK00, CK99, Hof03].

A rooted graph G is a triple G = (r,V, E) with vertex set V, edge set E and a single
specified vertex r called the root. If it is not immediately obvious which rooted graph
we are talking about we write V(G), E(G) and r(G) for the vertex set, the edge set and
the root of G respectively.

Given a pair of vertices v, w € V we write (v, w) for the edge with termini v and w. For

succinctness we write |G| := |V (G)| for the number of vertices in any rooted graph G .

A rooted tree t is a connected rooted graph that admits no cycles. A rooted forest f is

the disjoint union of rooted trees.

Let R,, denote the set of all rooted trees on n vertices and define,

R = U Ry.

neN
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A study of rooted trees as geometric objects necessarily involves the study of their

symmetries described by their automorphism group.

Definition 1.2.1 (rooted automorphism). Let ¢i,to,...,t; be rooted trees that are

pairwise non-isomorphic. Suppose f is the disjoint union of «; copies of ¢; for i =

1,2,3,..., k. Label these disjoint rooted trees t1,1,21.2, ..., t1,a1, 12,15 - - - s 12,00 - - - > Ll 15 - - o Ehycry, -

Each rooted tree t; j = (75, Vi, Eij). A map a: V(f) = V(f) is an rooted automor-
phism of f if and only if

e a(r;;) =ry ;v for some i,7" € [k] and j € [o4] and j' € [ay]. And

e (v,w) € E(f) if and only if (a(v),a(w)) € E(f).
We write f = f’ if there exists a rooted tree isomorphism a : V(f) — V(f’) and we say
that f is isomorphic to f'.

It is well known that the set of rooted automorphisms (together with binary operation
composition of maps) of f form a group [Boll3] called the automorphism group, denoted

Aut(f). We denote the order of the automorphism group

¢(f) = |Aut(f)]. (1.2.1)

More precisely then, R,, consists of isomorphism classes of rooted trees with n vertices.
For example R; has one element, namely the rooted tree on one vertex and no edges
which we denote o . In Figure 1.1 we depict R1 URe UR3 U Ry4.

Suppose f is the rooted forest described in Definition 1.2.1. Let t = (r,V, E) be the
rooted tree with vertices V(t) = V(f) U {r} and edges
k «;
E@)=ENulJ | Ueriy)

i=1 \j=1

We have built ¢ by taking f, adding a new vertex declared to be the root vertex r(t)

and joining 7(¢) via an edge to the root of every connected component of f. We write,
ti= BT t92, .. t0%) (1.2.2)

This notation is also used in [CK98] and [Bro04] .

Definition 1.2.2. We define the root permutation function A : R — N by

A(t) =] (ea)) (1.2.3)

=1

where t = BY(t,...,t&m) .
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/\

Figure 1.1: R1{ URo UR3UR4. We have indicated the root vertex of each tree
by shading it black. As we can see |[Ri| =1, |[Re| =1, |R3| = 2 and |R4| = 4.

Suppose t = (r,V,E) € Rand t' = (+',\ V'E') e R. If r =7/ and V' = V U {w} and
E' = EU{(v,w)} for some v € V we write ¢ < t. In this case we say that ¢ can be
obtained from ¢ by adding a single edge incident to v € V and an additional vertex w.
For example suppose t is the unique rooted tree on 1 vertex and t’ is the unique rooted

tree on 2 vertices shown in Figure 1.1. Then ¢ <1 #’. This notation is taken from [Hof03].

Definition 1.2.3 (weight function). A weight function w : N — R satisfies w(i) > 0 for
all e € N.

For any pair u,v € V let d(u,v) denote the usual graph distance. There is a natural
orientation on every rooted tree. Suppose t = (r,V, E) is a rooted tree. Given an edge
(v,w) € E without loss of generality suppose d(r,v)+1 = d(r,w). Orient each edge from
v to w. In other words each edge is oriented away from the root vertex. The outdegree
out(v,t) of a vertex v € V (¢) is defined to be

out(v,t) :=[{w €V : (v,w) € E and d(r,v) + 1 = d(r,w)}|.

The orientation on the graph draws a natural parallel with phylogenetic trees hence it is
common to use the following terminology. Suppose (v,w) € E and d(r,v) + 1 = d(r,w).
We say that v is the parent of w and w is the child of v. The set Ch, of all vertices w
such that w is the child of v is called the children of v.

Definition 1.2.4 (attachment tree). Suppose w : N — R is a weight function. An

attachment tree {t,}nen is a sequence of rooted trees,

o=t Aty q---dt, < ...
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constructed as follows: At time n = 1 begin with the rooted tree t; = o. At each

subsequent time n € N a vertex u,—1 € V(t,—1) is chosen with probability

y— — wlout(un_1,tn-1))
ZvEV(tn_l) w(out(v, ty—1))

The rooted tree t,, is constructed by attaching a new vertex to v,_1.

We remark that if {¢,},en is an attachment tree then |t,| = n for all n € N. Two
attachment trees {t,}nen and {¢), },en are considered the same and called isomorphic
if t,, = ¢!, for all n € N. We denote the set of all (isomorphism classes of) attachment

trees with weight function w by Ty.

Example 1.2.5. (i) A random plane recursive tree is the attachment tree determined
by weight function w(n) = n+1 for all n € N [KRL0O] .We can think of the children
of each vertex ordered (clockwise), and new vertices inserted at any place in this
ordering. In particular if out(v,t,—1) = d then there are d + 1 possible places to
add a new vertex. In total a plane tree with n vertices has 2n — 1 such places and

each of these places is chosen uniformly at random.

(ii) A random recursive trees is the attachment tree determined by weight function

w(n) = 1 for all n € N. We can think of each new vertex being attached to a

vertex chosen uniformly at random from the existing vertices.

Random recursive trees will be our primary objects of study in this thesis. A random
recursive tree is also called a Yule Tree, after British mathematician George Udny Yule
who investigated it (and other random attachment schemes) much earlier than Barabési

and others.

Let {tn}nen be a random recursive tree and X, ;({t,}nen) be the number of vertices
with outdegree (> 0) in ¢,. In [Jan05], Janson used a Pdlya urn model (see [MahO8])

to prove the following two Theorems.

Theorem 1.2.6. [Jan05, Theorem 1.1]. Let i € Ny and {¢, }nen be a random recursive

tree. Then,
Xn,i a.s.

n

2—(i+1) .

Thus the degree distribution in a random recursive tree follows an inverse power law.
Let Y,,; be the number of vertices of outdegree ¢ > 0 in a random plane recursive tree

on n vertices.
Theorem 1.2.7. [Jan05, Theorem 1.3]. Let i € Ng. Then,

n G+ 1)(i+2)(i+3)
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Suppose {t;}ien is an attachment tree and fix n € N. The n-sapling {t;}"_; is the nested
sequence of rooted trees,
{tilicy =0 <ty <--- <ty

These n-saplings capture the growth of an attachment tree up to and including time
n. Two n-saplings {t;}"; and {t/}}' | are considered the same and called isomorphic
if t; = ¢, for all i € [n]. We denote the set of (isomorphism classes of) n-saplings with

weight function w by 7y, for each n € N.

Define a family of maps ¢y, : Tywn — Ry by

On ({ti}ins) = tn

i.e. the map ¢, simply “forgets” the random recursive structure.

Definition 1.2.8. Suppose t € R,,. Define the tree multiplicity,

K@) = {1 € T 0 dtabi) = £ (1.2.4)

The tree multiplicity, also known as The “Connes-Moscovici weight” [BK99], is defined

in [Bro00] and [Sta72, Sect. 22] and is a standard combinatorial function.

1.3 Random recursive trees and random Fibonacci sequences
In [MAO6], after careful numerical calculation, MacArthur and Anderson remark that it
is possible that ((tn)le 22V, given {t, }nen € T

Suppose t € R. In Section 2.1.2 we define two subgroups,
E(t),C(t) < Aut(t)
called the elementary and the non-elementary subgroups respectively such that
[Aut(t)] = [E@)]IC@)].

This begs the question: does the order of either the elementary or the non-elementary

subgroup dominate the other in terms of order? MacArthur further predicted that

1

1E(t)]» 225V, and

1

C(tn)lm =1

given {tn }nen € Tg-
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We remark that there exists {¢, }nen € T such that

Hm C(tn)n # V.

n—oo

For example, consider the random recursive tree {t, },cn where each ¢,, consists only of a

root vertex adjacent to n — 1 vertices. In this case Aut(t,) = S,_1 since ((¢,) = (n—1)!
for all n € N.

Remark 1.3.1. As an aside, the author is not aware of any existing calculation of the
expected order (or the almost sure order) of the automorphism group of either the Watts

and Strogatz model or the Barabasi-Albert model for random graphs.

1.4 Results

In Chapter 2 we investigate a geometric decomposition of the automorphism group of a
rooted tree into its constituent subgroups. This geometric decomposition turns out to

be extraordinarily useful.

In Chapter 3 we use the geometric decomposition to show that we can calculate the
limiting order of the automorphism group in terms of the relative abundance of particular
subgraphs. We prove that a random recursive tree can be modelled by a family of
continuous-time Markov chains called Crump-Mode-Jagers (C-M-J) processes. We use
the powerful machinery of Branching Processes and the geometric decomposition to

prove our first major result, namely Theorem 1.

1 as.

Theorem 1. Let {t,}nen € T3 and L € R be such that, |C(t,)|» —> L. Then L > 1.

In Chapter 4 we describe in more detail the C-M-J processes that correspond to attach-

ment trees. We apply the machinery of C-M-J processes to prove Theorem 2. Define

,7 K(t)log(A(?))
W = exp (Z (]t|—|—1)'> )

teER

Theorem 2. Let {t,, }nen € Ti- Then,

Cltn)m 255 W (1.4.1)

In Chapter 5 we exploit a bijection between the symmetric group on n elements and
(n+ 1)-saplings. We give results relating to random permutations and use the bijection
to derive results about random recursive trees. We use the cycle indicator polynomial

to prove Theorem 3.
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Theorem 3. W # V.
In particular, the “intriguing relationship” remarked on by MacArthur and Anderson in
[MAO6] does not exist.

In Chapter 6 we use a generating function argument to prove Theorem 4. We show
that the expected value of the automorphism group of a random recursive tree grows

exponentially.

Theorem 4. The expected order, by, of the automorphism group of a tree t € T, is

k k
by, = \}g <1 +2\/§> — (1 _2*/§> . (1.4.2)

We remark that the righthand side of Equation 1.4.2 is redolent of the classical Fibonacci

sequence.






Chapter 2
Background

In Chapter 1 we introduced the elementary and the non-elementary subgroups of the
automorphism group. In this chapter we will define these subgroups and explain their
significance. In addition we will describe two Markov processes, first defined in [RTV07],

that we will use to calculate the limiting behaviour of attachment trees in Chapters 3-5.

In [MSGAO08] MacArthur, Sanchez-Garcia and Anderson define a geometric decomposi-
tion of the automorphism group of any graph. In Section 2.1 we adapt this definition to
describe a rooted geometric decomposition for the automorphism group of rooted forests.
This geometric decomposition turns out to be extraordinarily useful; in Chapter 3 we
use it to show that we can calculate the limiting order of the automorphism group of
a rooted tree in terms of the relative abundance of particular subgraphs. The rooted
geometric decomposition also enables us to define the elementary and non-elementary

subgroups.

The two Markov processes that Rudas, Téth and Valké define in [RTV07] are formulated
in terms of rooted ordered trees rather than attachment trees. Growth of rooted ordered
trees is captured by the notion of historical orderings. In Section 2.2 we define a rooted
ordered tree and historical orderings of rooted ordered trees. In Section 2.3 we introduce
a discrete Markov process and a continuous-time Markov process that model the growth
of rooted ordered trees. We finish this chapter with the statement of Theorem 2.3.3
(Theorem 1 in [RT08]) which gives the limiting distribution of outdegree and induced

rooted ordered trees.

There is no new material in this Chapter. The decomposition of ((¢) given in Remark
2.1.1 is given in [SB13], the definition of the rooted geometric decomposition is an ele-
mentary adaptation of the geometric decomposition given in [MSGAO0S8]. The elementary
and non-elementary subgroups were first suggested by MacArthur. The background, def-
initions, theorems and examples in Section 2.2 and 2.3 can be found in [RTV07] and
[RT08].

13



14 Chapter 2 Background

In Chapter 3 we will prove that the set of historical orderings of rooted ordered trees on
n vertices is in bijection with 7, . Furthermore, we will show that Theorem 2.3.3 can

be applied to attachment trees in a straightforward way.

2.1 The automorphism group of a rooted forest

In Section 1.3 we remarked that there is a natural way to split the automorphism group
into two subgroups: the elementary subgroup E(t) and the non-elementary subgroup C(t).
In this section we provide the necessary background for and define £(t) and C(t). We be-
gin this Section by setting up notation. In Remark 2.1.1 we see that () can be expressed
in terms of the root permutation function A(t). In Section 2.1.1 we adapt MacArthur,
Sénchez-Garcia and Anderson’s [MSGAO8] geometric decomposition for rooted forests
and in Section 2.1.2 we use this new decomposition define the elementary and complex
subgroups.

Suppose f = |];c;ti is a rooted forest and V' C V/(f). Suppose f' = ||;c;t; is the
induced graph on V’. Each connected component t;- is an induced subtree of some t;.
Let r(t;) € V(t}) be the vertex that lies on the unique shortest path from v to r(¢;) for
all v' € V(t}). The induced rooted forest f' of f on V' is the induced graph | |

V' where each t’; is rooted at 7(t}).

/
jeth on

Suppose t = (r,V, E) is a rooted tree and v € V. Define t|, to be the induced rooted
tree on the set of vertices w € V such that v lies on the (unique) shortest path from w

to r and d(r,w) > d(r,v). We say that ¢, is the progeny of t at v.

Given rooted tree t = (r, V, E) we write B~ (t) for the induced rooted forest on V — {r}.
We write B~ (¢) = 1 and B"(1) = e. For example, let f and ¢ be as in the statement of
Definition 1.2.1, then f = B~ (t). Given a rooted tree t € R,

BT (B™(t)) =t =B (B"(t)).

In [Jor69] Jordan observed that the automorphism group of a graph is determined by
the automorphism group of its connected components and used this to characterise the

class of groups that arise from automorphism groups of rooted forests.

Suppose f is a rooted forest that consists of two non-isomorphic rooted trees ¢; and
to. Every automorphism of f is obtained via an automorphism of ¢; along with an
automorphism of t,. Now suppose f1 is a rooted forest that consists of mq copies of
t1. Automorphism of f are obtained by automorphisms of individual copies of 1 in
addition to a permutation of those copies. Putting this together, let rooted forest f be
as in Definition 1.2.1. Then,

Aut(f) = (Aut(ty) 1 Sa;) % - X (Aut(tp) 1 Sa,) - (2.1.1)
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Equation 2.1.1 adapted for unrooted graphs can be found in [Har69].
Suppose t = BT (f). It is clear that Aut(t) = Aut(f).

Remark 2.1.1. The order of the automorphism group of a rooted tree can be given in

terms of the root permutation function as follows.

Suppose t = BT (¢{",...,t%m). Then, Aut(t) = (Aut(t1)1Sa,) X -+ X (Aut(tm) ! Sa,,) -

Hence,
m

¢(t) = T (). (2.1.2)

i=1

Furthermore, ((t) = [[,ey ) A(t») by induction.

2.1.1 The rooted geometric decomposition

In [MSGAO8] MacArthur, Sanchez-Garcia and Anderson prove that there exists a ge-
ometric decomposition of the automorphism group of a graph into a direct product of
geometric factors. In this section we adapt their geometric decomposition for rooted

forests.

Suppose that S, acts on a set X and that o € S,,. We define the support of o to be the

collection of elements of X that are not fixed by o. We write

supp(o) = {z € X : o(x) # x}

Two permutations are said to be disjoint if their supports are non-intersecting. Two
sets of permutations P and @Q are support-disjoint if every pair of permutations o € P

and 7 € @ have disjoint supports.

Let f be a rooted forest and S be a minimal set of generators for Aut(f). Partition S
into m support-disjoint subsets S1USsU- - -US,,, such that each S; cannot be partitioned
into smaller support-disjoint subsets. Let H; be the subgroup of Aut(f) generated by
S;. Following MacArthur, Sdnchez-Garcia and Anderson we say that each H; is a rooted

geometric factor of Aut(f).

Since S generates Aut(f) and any pair H; and H; (where i # j) commute there is a

direct product decomposition,
Aut(f) =2 Hy X Hy X --- X Hp, (2.1.3)

that we call the rooted geometric decomposition. In [MSGAO8, Proposition 2.1] MacArthur,
Sénchez-Garcia and Anderson prove that the geometric decomposition is well-defined,
i.e. it does not depend on the choice of generating set and the geometric factors can-

not themselves be written as K x L with K and L support-disjoint subgroups. We
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remark that [MSGAO8, Proposition 2.1] applies to any finite permutation group, not
just automorphism groups of graphs. In particular the rooted geometric decomposition
is well-defined.

Following MacArthur, Sdnchez-Garcia and Anderson we define a rooted symmetric motif

to be the induced rooted forest on the support of a rooted geometric factor H.

L

Figure 2.1: A rooted tree t € R. We have indicated the root by shading r(t)
black.

Example 2.1.2. Consider the rooted tree t in Figure 2.1. Let,
X1 ={(z,9),(y,2)}, and Xo ={(1,2)(a1,a2)(b1,b2), (2,3)(az, as)(bz, b3), (a1,b1)}
Clearly X; U Xy generate Aut(t). Since
supp(X1) = {z,y, 2} and supp(X2) = {1,2,3, a1, as,as, by, be, b3},

X1 and Xy are support-disjoint. Neither X; or Xo can be partitioned into smaller
support-disjoint subsets. Since X7 generates the symmetric group Ss and Xo generates
S 153,

Aut(t) = S3 x (S21.53)

is the rooted geometric decomposition of Aut(t).

The induced rooted forest on the red vertices {z,y, 2z} € V(t) is the rooted symmetric
motif corresponding to the rooted geometric factor S5 < Aut(t). The induced rooted
forest on the orange vertices {1, 2,3, a1, a2, as, b1, ba, b3} € V() is the rooted symmetric

motif corresponding to the rooted geometric factor Sg 1 .S3 < Aut(t).
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2.1.2 The elementary and non-elementary subgroups

A (n,k)-star is a rooted tree consisting of a root vertex that is adjacent to exactly k
paths of length n and no other vertices for some n, k € N. For succinctness we will refer

to (1, k)-stars simply as k-stars.

Suppose t is a rooted tree and, via the rooted geometric decomposition, Aut(t) =
[, H;. Let G; be the rooted symmetric motif corresponding to H; for each i € [m].

We partition [m] into two sets as follows,
A={ie[m|:H;=B (s)} B:=[m|]-A4
where s is a (n, k)-star. We define the elementary subgroup of Aut(t) to be,
e@) =] H
€A
and the non-elementary subgroup,
cit) =[] H-
i€B

Loosely speaking the elementary subgroup captures the contribution to the automor-
phism group coming from (n, k)-stars and the non-elementary subgroup captures the
contribution to the automorphism group coming from more complicated induced rooted

forests.

2.2 Rooted ordered trees

In this section we will define and investigate a family of trees called rooted ordered trees
which will allow us to define two Markov processes in Section 2.3. There is no new
material in this section; it closely follows Section 1.1 and 1.3 of [RT08]. In Section
2.2.1 we investigate the growth of rooted ordered trees via historical orderings which
we can think of like n-saplings. We go on, in Section 2.2.2, and use the weight function

w : N — R” to define the historical sequence of weights for a rooted ordered tree.

Definition 2.2.1. [RTV07, Ner81].

N = |_| N"
n=0
where N° := {0} .

A typical element x € N has the form = = (x1,x9,...,2,) where x1,...,2, € N.
Suppose © = (x1,22,...2,) € N and y = (y1,y2,..-yx) € N. We write zy for the
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concatenation

xy = (1,22, Tns Y1, Y2, - - -Yp) € N. (2.2.1)

Suppose t is a rooted tree. We arbitrarily assign a total order <, to Ch, for every

v € V(t). Suppose Ch, = {w1,ws,...,w,...} and
Wy <y W2 <y - <y Wk

then we say that w; is the i** child of v.

Definition 2.2.2. (rooted ordered tree) A rooted ordered tree G = (r,V,E, <,l) is a
rooted tree together with a family of total orderings, <:= {<,}vev, on each set of
children Ch, and a labelling [ : V' — A. This labelling is defined by I(r) := () and then

recursively by,
l(w;) == 1(v)i

(with the concatenation given by Equation 2.2.1) whenever w; is the ith child of v.

Remark 2.2.3. The vertices of a rooted ordered tree are thus labelled by elements of
N as follows: () denotes the root of the rooted ordered tree. The first child of the root
vertex is labelled 1, the second child 2, the third child 3 and so on. In general the vertex
labelled (z1, 2, ... x,) is the z!* child of the z!* | child of the ... of the z!" child of the

root vertex.

We denote the set of all rooted ordered trees on n vertices G,,. We have drawn G4 in

Figure 2.2.
0 0 0 0 0
1N N N | |
o @ 6 @O @ @ @O (1) (1)
\ \ / A\ |
(2,1) (1,1) (1,1) (1,2) (1,1)

(1,1,1)

Figure 2.2: We have listed all elements of G;. We remark that |G| = 5.

Define

g: Ugn

neN
Since G,, contains a finite number of rooted labelled trees for each n € N the set G is

countable.

Remark 2.2.4. Following [RTV07] we identify a rooted ordered tree with the set of

labels of its vertices since this contains all the necessary information about its edges.
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We shall therefore abuse notation and write € G for a vertex x of a rooted ordered
tree G.

2.2.1 Historical orderings

Let G € G. An ordering s = (s1,. .., 5|g|) of the vertices of G is called historical if
{81,...,82'} eg

for each 1 < i < |G|. The set of all historical orderings of G € G is denoted S(G)

[RTVO07).

Figure 2.3: A rooted ordered tree G € G such that G has ver-
tices {0, (1),(2),(1,1),(1,2)}.  There are three distinct historical order-
ings for G which are (0,(1),(1,1),(2),(2,1)), (0,(1),(2),(1,1),(2,1)), and
(0,(1),(2),(2,1),(1,1)).

We denote the set of historical orderings of rooted ordered trees on n vertices, SG,. For

a fixed rooted ordered tree G € G and s € S(G), the sequence of rooted ordered trees,
G(S, Z) = {81, ceey SZ'}

for i =1,2,...,|G| is called the evolution of G in the historical ordering s. We should
think of the evolution of G analogously to the n-saplings defined in Section 1.2.2.

Remark 2.2.5. [Section 2.1][RTV07] A sequence s = {s1,...,s|q} with each s; € NV'is

a historical ordering of a rooted ordered tree G if and only if

(H1) s1 =0 and sg = (1),

(H2) if s; = (21, %2,...,Tm) then there exists k < j such that s, = (x1,22,...,Zm-1),

and
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(H3) if s; = (z1,22,...,%m) and z,, > 2 then there exists £ < j such that s, =

(.Tl,.%'g,... sy Ly, — 1).

2.2.2 Weight function

Suppose w : N — R~ is a weight function. The total weight of a rooted ordered tree is

Wu(G) =Y wlout(x,G)).
z€G
Fix a historical ordering s = (s1, ..., 5/g) for some G € G. Define the historical sequence

of total weights to be
Ww(G,s,1) := Wy (G(s,1))

for each 1 <i < |G| [RTVO7].

Example 2.2.6.

Wa(G) =Y w(out(z,G))

zeG

221

zeG

= |al.

Thus for a fixed historical ordering s = (s1,..., S‘G|), the historical sequence of total

weights is given by Wg(G, s,i) =i for each 1 < i < |G]|.

Given the historical sequence of total weights it makes sense to define a historical se-
quence of weights for each vertex in a rooted ordered tree. Suppose s = (s1, s2,. .. ,3|G|)
is a historical ordering of the vertices of a rooted ordered tree G and the parent of vertex

si is p(s;) for each i = 2,3,...,|G|. The weights of each vertex s; are given by
U/(G, S, Z) = w(OUt(p(si)a G(S,i - 1))

for each 2 <i < |G| [RTV07]. For example, w(G, s,i) =1 for all 2 <i < |G|.

2.3 Two models of randomly growing trees

Rudas, Téth and Valké define a continuous and a discrete model of randomly growing
trees in [RTV07] that we will describe in this section. The parameter of these models
is the weight function. To ensure the continuous model is well-defined Rudas, T6th and

Valké place a restriction on the weight function that we give in Section 2.3.1.
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(1),(2),(1,1)
(3570 [

0 0 0 0 0
n 2 6 O (2) 2) (1)

NN N

(2,1) (1,1) (1,1) (1,2) (1,1

(1,1,1)

Figure 2.4: We have listed all elements of SG4 above the rooted ordered tree
for which they are a historical ordering. For example, there is precisely one his-
torical labelling of the rooted ordered tree on the far left namely {(1), (2), (3)}.
We remark that |SG4| = 6.

We do not give the definitions of elementary concepts from branching processes and
Markov chains such as point processes, jump chains, pure birth processes, holding times,

Jump times and jump processes. We recommend [Nor98] for a reference.

The most important result of this Section is Theorem 2.3.3 part (ii) (Theorem 1 in
[RT08]) which gives the limiting distribution of induced subtrees of a randomly growing
rooted ordered tree. In Chapter 3 we will adapt Theorem 2.3.3 for random recursive

trees (see Proposition 3.2.1).

Rudas, Téth and Valké [RTV07], define a discrete time Markov chain Y4 on the count-
able space G with initial state Y9 (0) = {0}. If, for n > 0 we have Y% (n) = G then for a
vertex = € V(G) let k = out(x, G) + 1. The transition probabilities are:

w(out(z, G))
> yeqw (out(y, G))

P(Vi(n+1)=GU{ak}) =

So at each step a new vertex is attached via an edge to exactly one existing vertex.
Suppose p : n +— V4 (n)(w) is a path of process Y% (n) such that if, for n > 0, we have
Ve (n)(w) = Gy, then

Gny1 = GpU{zpk,}

where z, € V(G,) and k, = out(z,,G,) + 1. Rudas, Téth and Valké [RTVO07] go
on to define a continuous Markov process )V, (7),cr with state space G (identified with
certain subsets of A/ as in Remark 2.2.4). The initial distribution Y,,(0) = 0. Again
suppose that G € G, fix some vertex x € G and let k = out(z,G) + 1. If Yy (1) = G
then the process may jump to G U {zk} with rate w(out(z,G)). This means that each
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existing vertex x € Y, (7) “gives birth” to a child vertex with rate w(out(z, Yy (7)))

independently of other vertices.

2.3.1 A restriction on the weight function

In order that Y, (7) is well-defined Rudas, Téth and Valké [RTV07], put a restriction

on the weight function w that we will define in this section.

Let X,,(7) be the Markovian pure birth process defined by X,,(0) = 0 and birth rates
P(Xy(r+dr) =k+ 1| Xy(1) = k) = w(k)dr + o(d7).

The holding times Hi,Hs,... are independent exponentially distributed random vari-
ables of parameters w(0),w(1),w(2),... and with jump chain Y;, = n for every n € N
[Nor98]. Let Jy 1, Jw,2, ... be the jump times associated with X, (7).

We associate a point process &, = (&w1,&w,2,--.) With X, (7) in the usual way. We
define &, ; = Jy,; for each ¢ € N. In this case the &,-measure, &,(7) := &,([0, 7]) is given
by

§u(T) = out(d, Vu (7)),

which is the random number of individuals born up to time 7.

Suppose that p,, is the density of the point process &, . Then,

PN = [V pulrrar
0
is the Laplace transform of py,.

Let A\, :=inf{\ > 0: pyy(A\) < oco}. Throughout the remainder of this thesis we impose

the following condition on the weight function:

lm pw(A) > 1. 2.3.1
Jme P (A) > (2.3.1)

Zw

Rudas, Téth and Valké prove that the equation p,(\) = 1 has a unique root for all
A € R. We denote this unique root Aj,.

Example 2.3.1. Suppose that X (¢) is the Markovian pure birth process with X5(0) =
0 and birth rates (j; : ¢ > 0). Rudas and Téth [RT08, Section 1.2.2] remark that

co n—1 .

Z::I:[O)\—FjZ
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Suppose that X (t) is the Markovian pure birth process with X3(0) = 0 and birth rates
ji = 1. Then,

by the theory of geometric series. Therefore A% = 1. We remark that Az = 0, hence w
satisfies Condition 2.3.1.

Recall that given a rooted tree t € R we denote the induced subtree rooted at v € V()
by t,,. Analogously we write G|, for the induced rooted ordered subtree of G rooted at
x € G. Furthermore, we write )|, (7) for the induced subtree of J(7) rooted at z i.e the

set of descendants of z (including z) born before and including time 7.

Definition 2.3.2. [RTV07]. Given a weight function w satisfying condition 2.3.1, k € N
and G € G, define

Pu(k) = i H,\* +w (2.3.2)
G|—2
A% w(G, i+ 2)
= . 2.3.
mw(G) e%(:c) N5+ W H N+ Wo(G, s,i+ 1) (2:33)

We are now ready to state a theorem from [RT08].

Theorem 2.3.3. [RT08, Theorem 1] Let w be a weight function that satisfies Condition
2.3.1. The following limits hold almost surely:

(i) For any fixed k € N,

m {z € V() : out(z, V(7)) = k}| _
i V(7] Pu(k)-
(ii) Fix G € G, then

lim Hz € Vu(T) : yw(T)ix = G}
75500 |V (T)]

= mw(Q).
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Example 2.3.4. This example is a subcase of those dealt with by Rudas and Té6th in
[RTV07] who deal with a linear weight function in [RT08, Section 2.2]. Suppose k € N
and G € G. Then,

(i) By Example 2.3.1 X% = 1. Hence,

k—1

1 1
(k) = —— -
palk) =177 1l 777
=0
1y
21\ 2
1
_2k+1'

(ii) By Example 2.2.6 Wg(G) = |G| and Wg(G, s,i) =i for all G € G, s € S(G) and
i € [|G]]. Therefore,
|G| -2

1 1
(@)= Y e I o
«e56) 1+ |G| Pl 1+ (i+1)

1
R IR(EEY

s€S(G)

for any G € G.



Chapter 3

Two models of random

attachment trees

In Chapter 2 we investigated two Markov processes first defined in [RTV07] that model
the growth of rooted ordered trees. This growth is captured formally in the notion of
historical sequences. Rudas, Téth and Valké [RTV07] used these models to investigate

the limiting properties of historical orderings of rooted ordered trees.

In this chapter we will construct a bijection B : §G,, = Ty nt+1 and show that we may
adapt Theorem 2.3.3 for random attachment trees. We use this to prove our first major
result which is Theorem 1. We remark that although bijection B is obvious it is our

own work and not from the literature.

In order to construct B : 8G,, = Tyn+1, in Section 3.1 we show that every n-sapling
{ti}?_, can be associated with a vertex sequence, v ({t;}!_;), that encodes the vertices
chosen for attachment in the construction of {¢;}1 ;. We use this to construct B. Then,
in Section 3.2 we prove that Y7 is a model for random attachment trees with weight

function w.

The rooted geometric decomposition of the automorphism group of a tree described in
Section 2.1 allows us to calculate the automorphism group of a tree via the abundance
of particular rooted subtrees called rooted symmetric motifs introduced in Section 2.1.1.
In Section 3.2 we put this together with Theorem 2.3.3 adapted for random recursive

trees to prove our first major result; namely Theorem 1.

The vertex sequence associated with a m-sapling is just a subtle variant on a Priifer
sequence (see [AZHE10] or [Boll3] for a definition). The existence of bijection B is

obvious and its construction elementary. The proof of Theorem 1 is also straightforward.

25
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3.1 Correspondence between saplings and historical se-

quences

In this section we will prove that there exists a correspondence between n-saplings and
historical orderings of rooted ordered trees. This enables us to adapt Theorem 2.3.3 for

random recursive trees.

Suppose {tp}nen € Tw. We recursively define a sequence {l,}ncn of labellings I, :
V(tn) — [n] by l1(e) = 1 and subsequently

ln(v) _ ln_l(v) ifve V(tn_l)

n otherwise

This gives an immediate correspondence between n-saplings {¢;}" ; and the rooted tree
t,, together with the labelling [,,.

For example suppose t1, to, t3 are the rooted trees shown in Figure 3.1. We represent the
random attachment tree ¢; < to <1 t3 by the rooted tree and labelling shown in Figure
3.2.

Figure 3.1: Rooted trees t; € Rq, to € Ro and t3 € Rg.
1
2
3

Figure 3.2: The labelled rooted tree that corresponds to t1 <1ty < t3 € Ty 3.

Every n-sapling can be associated with a sequence

v ({ti}iey) = (v2,v3, ..., 0p).
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where v; = l,(u;—1), i.e. the label of the vertex chosen for attachment at time i. For
example the 5-sapling {t;}?_; € Tus in Figure 3.3 has vertex sequence v({t;}>_;) =
(1,1,2,3). Suppose that v ({t;}! ;) is a vertex sequence and fix some k € N. Define
di({ti}_;) to be the number of occurrences of k in v ({¢;}1'_;). Suppose v € V(t,) and
ln(v) = k. Then,

out(v, ) = du({t; )

for all k € [n].

Figure 3.3: The 5-sapling {¢;}?_; € Tws5. The associated vertex sequence is
v({ti}?:1> - (17 1,2, 3)

In Figure 2.4 we noted that |SG4| = 6. Since we also have |7, 4| = 6 this points to a
correspondence. In this section we will show that there exists a bijection between T,

and §G, by constructing two functions,

g: 7:u,n — Sgn
h:8G, — Tuwn
that we will show to be inverse.
Fix a n-sapling {t;}7"; € Ty and let v ({t;}1-1) = (v2,v3,...,vy,). Define a function

Gn @ [n] = N by setting g,,(1) := 0, then recursively

gn(i) = gn(vi)dvi({tj}j':l)
fori=2,3,4,...,n.

Now we define a map g : Ty, = SG), as follows:

g({ti}znzl) = (gn(l)’gn(Q)v’gn(n)) (3'1'1)
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for any {t;}1" 1 € Twmn-

Lemma 3.1.1. Suppose {t;}!' | € Ty n. Then g({t;}}'_;) is a historical ordering for a
rooted ordered tree G € G,.

Proof. Since g : Tyn — N, by Proposition 2.2.5 it is enough to check conditions (H1) -
(H3). Let v ({t;}}~) = (v2,v2,...,vy,). By the construction of map g we have s; = g, (j).

Condition (H1) is trivially satisfied. Suppose s; = (21,22,...,2p) and m > 1. There
exists a vertex v € V(t,) labelled [,(v) = j. By the construction of the vertex sequence

associated with a n-sapling the parent w € V(¢,) of v is labelled 1, (w) = v;.

By the construction of the historical ordering (see Section 2.2.1) 55 = gn(j)du, ({ti}gzl),

hence s,, = (71,%2,...,Zm—1). Condition (H2) is satisfied since v; € [j — 1].

Suppose s; = (z1,...,2m) and , > 1. Since s; = g (j)do, ({t:}]_;) we have d,,, ({t;}]_,) =
Tm > 1. Since dy,; ({ti}]_;) = out(v;,t;) > 1, there exists a non-empty set K such that
for all k € K we have k < j and v}, = v;. Let k = max{k € K}. By the construction of

historical sequences we have s; = (x1,...,Zm—1,Zm — 1), hence (H3) is satisfied. O

Definition 3.1.2 (ancestor function). Suppose that z = (z1,22,...,2,) € N. We
define the ancestor function anc : N'\{0} — N as follows:

0 ifm=1
anc(z) =
(1,22, -, Tm—1) otherwise
Suppose that sg = (s1, S2,. .., Sy) is a historical ordering of a rooted ordered tree G € G.
Define a further function,
iL(Sl) = 1.
for all i € [n]. Define h(s) := (v2,vs, . ..,v,) where each v; = h (anc (s;)) for 2 < i < n.

Lemma 3.1.3. Suppose s € SG,,. Then there exists {¢;}I' ; € Ty n such that
h(s) = v ({ti}i) -

Proof. Suppose s = (s1,...,s,). It is enough to prove that v; = h (anc (s;)) € [i — 1] for
i=2,...,n. By (H2), if s; = (z1,22,...,%m) and m > 1 then there exists k € [i — 1]

such that s; = (x1,x2,...,2m-1). We note that in this case sy = anc (s;). Hence,

h (anc (s;))
(sk)

Vi

[
= =
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Theorem 3.1.4. 7, , and S§G,, are in bijection.

Proof. We prove the lemma by showing that g and h defined above are inverse. Suppose
{ti}7_, € Twn and that v ({t;}1') = (v2,v3,v4, ... ,vy) is the associated vertex sequence

and g ({t;}]~,) = s where s = (s1,..., ).

We begin by remarking that at time ¢ in the construction of the n-sapling v; is the label
of the parent of vertex i. Hence d,, ({tj}§:1) > 1 and

anc (gn (v;)do, ({tj}é-:l)) = gn(vi) (3.1.2)

for i = 2,3,...n. By Lemma 3.1.1 there exists s = (s1,52,...,8,) € SG, such that
g(tn) = s. By the definition of g we have s; = §,(i) for i = 2,3,...,n (see Equation
3.1.1). Therefore, h (§,(i)) =i and in particular

h(gn (vi)) = v; (3.1.3)

for i = 2,3,...,n. Putting Equation 3.1.2 and Equation 3.1.3 together we get

h (anc (G (7)) = b (anc (G (vi)dy, ({t;}i21)))
= h (Gn (vi))

:U’i

for i = 2,3,...,n. The result follows. O

Let 8 : G, = R, be the function defined by
B(r,V,E,<,1) == (r,V, E).

Informally we say that 8 “forgets” the ordered labelling of a rooted ordered tree.

Proposition 3.1.5. Suppose that {t;}!' ; € Ty and s = g ({t;};) . Let G be a rooted

ordered tree with a historical sequence s. Then,

Proof. Letl,, : V(t,) — [n] be the labelling given in Definition 1.2.4 and suppose V (t,,) =
{w1,ws, ..., w,} where [,,(w;) =i for all i € [n]. Let v ({t;}I"1) = (v2,v3,...,v,) be the

associated vertex sequence.

Suppose s = (s1,82,...,5,) and [ : V(G) — N is the labelling of G given in Definition
2.2.2. Let V(G) = {x1,...,2,} and s; = l(x;) for all i € [n].
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Suppose a : V(t,) = V(G) is the map defined by a(w;) = z; for all i € [n]. We claim

that a is a rooted isomorphism. Note that a(w;) = 21 = ) as required.

To prove this claim let (w;, w;) € V (t,) and without loss of generality ¢ < j. Then w; is
the parent of w;. Hence,

a(w;) = Ty,
Since s = g({t:}1L,),
5j = Gn(vj)d; ({t;}j=1) and s; = Ga(v))
This is the case if and only if (z;,z;) € V(B8(G)). O

Corollary 3.1.6 (to Theorem 3.1.4). Fix a rooted tree t € R,

YooY 1=K(@)

G=B-1(t) s€S(G)

Corollary 3.1.6 says that for a given rooted tree t € R,,, the tree multiplicity, K (¢), is the
number of possible historical orderings of rooted ordered trees that, when we “forget”

the ordering (under map ), correspond to ¢.

3.2 Network motifs

Commonly occurring subgraphs of real-world networks such as (n, k)-stars are known
as network motifs and have been described as the building blocks of many real-world
networks [MSOI*02].

In Section 2.1 we discovered that induced subgraphs contribute to the automorphism
group of the whole rooted tree via the rooted geometric decomposition. In this section
we will calculate the almost sure value of the contribution to the automorphism group

of a particular subtree and prove Theorem 1.

Suppose yfé is the discrete time Markov chain described in Section 2.3 and let G, =
Va(n). Subsequently, at time n + 1, a new vertex w,k, is attached to x, € V(G,)
(here k,, = out(z,) + 1) to build G,41 = G, U{zpky,}. In particular s = (s1,s2,...,5p)
is a historical ordering of G, and s’ = (s},s5,...,5),5,,1) given by s1 = s{ = 0,
s; = 8, = wi_1kj—1 for all i € [n] and s, | = {x,k,} is a historical ordering of Gy41.
We remark that,

P()}g(n +1) = GnU{znkn}) = P(S;H-l = Tnkn)

which is just the probability that vertex x,, € V(G,,) is chosen at time n + 1.
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Initially 8 (V%) = e. Let t,, = B(Gy) and tp41 = B(Gpi1). Suppose h(s) = (v2,vs, ..., vp),
then h(s') = (vo,v3,...,Une1, fz(xn)) In particular ¢, is built from ¢, by attaching a

new vertex to h(x,) with probability

w(out(zy, Gp))
>y, W (out(y, Gn))

P (S;H_l = xnkn) =

Hence P(B (V4 (n+1)) =t) = P(ty41 =t : {t;}ien € Tw) and we say that V< is a model

for random attachment trees.

Suppose ), is the continuous-time Markov process defined in Section 2.3. The jump

chain (Yy n)nen, associated with ), is a discrete time Markov chain distributed like yff}.

Suppose that {t,}neny € Tw. Let X, be the number of vertices v € V(t,) such that
out(v, t,) = k for k € N. Fix some rooted tree t € R. Let Z,; be the number of induced

subtrees of {t, }nen isomorphic to t.

Proposition 3.2.1. Fix t € R. Then,

Xn,k a.s.

— pu(k) (3.2.1)
Zn,t a.s.
s > m(@) (3.2.2)
G=p"1(1)

for all £ > 0.

In the next example we put together Proposition 3.2.1 with Example 2.3.4.

Example 3.2.2. Suppose {¢;};en € Ti. Then,

(i)
Xnk as. o-(kt1)
n

for all £ > 0. This is Janson’s Theorem (Theorem 1.2.6). Hence we can think of
Theorem 2.3.3 Part (i) as a generalisation of Janson’s Theorem. This demonstrates

the power of the continuous random tree method.

(ii) Fix t € R. Then,

by Corollary 3.1.6.

Theorem 3.2.3 (continuous mapping theorem [Bil13]). Let X € R and suppose that
{X,} is a sequence of real-valued random variables. Let f : R — R be a continuous

function. Then,
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(i) Xn =2 X = f(X,) 25 f(X).

(ii) Given any finite collection { X!}, {X2},...,{X™} of sequences of random variables
that almost surely converge to X', X2, ..., X™ respectively, then
m m
SEEE S
i=1 i=1

for every m € N.

We define the tree factorial by e! := 1 and then recursively by,

k
the= [t J] t:!
=1

where t is a root vertex adjacent to a rooted forest f = |_|f:1 t;. The notation ¢! is taken

from [But08]. In Figure 3.4 we calculate the tree factorial for some examples.
/T\!:AL Vs l=8 ! 1=24 | =12
| /\
Figure 3.4: Examples of tree factorials

Lemma 3.2.4. [But08]. Suppose t € R,,. Then,

K(t) =

= 5w (3.2.3)

ANVA

Figure 3.5: Two rooted trees s € Ry and s’ € R3.

Proof. (Proof of Theorem 1) Suppose {t,}nen € Ty is a random recursive tree and fix
the rooted trees s € R7 and s’ € R3 shown in Figure 3.5. Let Z;, be the number of

induced subtrees of t,, isomorphic to s.

7!
~ 63.8
= 10.

K(s)
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By Example 3.2.2,

<Zn"> as, (Isfl(f)l)' (3.2.4)

10

= (3.2.5)

Let H(t,) < Aut(t,) be the group that acts on every induced subtree of ¢,, isomorphic
to s by swapping the two copies of s’. Clearly |H(t,)| = 2%*". By Theorem 3.2.3

1 H(t, . Zsn
lim log (| (ta)]) = lim log(2)—=
n—o00 n n— 00 n
K(s)

= log(2) 2
)y

~ 10log(2)

]

almost surely. Since exponentiation is a continuous function, |H (t,)|n
H(t,) <C(t,) so |H(tn)| < |C(tn)| for all n € N.

25 9% Clearly

All that is left to complete this proof is the rather obvious remark that 2% > 1. O






Chapter 4

Existence of limit

In [RTV07] Rudas, Téth and Valké show that a family of graphs called rooted ordered
trees can be modelled as a family of continuous-time Markov chains called Crump-
Mode-Jagers (C-M-J) processes. Rudas, Téth and Valké used results from the theory
of C-M-J processes, notably those from [Ner81], to calculate local properties of rooted
ordered trees such as degree distribution and the abundance of particular subtrees in
terms of behaviour at the root vertex. We apply these theorems to random recursive

trees.

In this chapter we give a rudimentary introduction to branching processes but the inter-
ested reader should see [Ner81] for more details on C-M-J general branching processes.
We end this chapter with the proof of Theorem 2.

In Section 4.1 we define supercritical Malthusian branching processes following [Ner81].
We give the necessary background to and state Theorem 4.1.2 (Theorem 3.1 in [Ner81])
which gives the ratio of supercritical Malthusian branching processes counted by two
characteristics. In Section 4.2 we use an elementary application of Theorem 4.1.2 to
prove there exists L € R such that ((tn)% 2%, L (see Lemma 4.2.2). We end this
section by proving L = W (see Theorem 2).

4.1 Branching processes

A random branching process consists of points that we call individuals. We call the
collection of these individuals the population. Initially the population consists of a
single individual called the original individual. The makeup of the population changes

over time. Each individual reproduces like a random point process &.

We label the individuals in the population by A (see Definition 2.2.1). For example we
write * = (21,...,7,) € N for the individual that is the 2 child of the z!* | child

35
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of the ... of the xﬁh child of the original individual. The basic probability space for a
C-M-J branching process is the product space,

(97871@) = H (Qwalgwapx)
zeN

where all of the (£, B;,P;) are identical. On each space (£, B;,P;) we define point
processes &, that are distributed like &.

Define v := E(&). We say that v is the intensity measure of £ and we write,

We say that v(7) is the reproduction function and we make the following assumptions:

(C1) The reproduction function v(7) is not (as a measure) concentrated on any lattice
{0, h,2h,...}. For further details see [Ner81].

(C2) There exists a Malthusian parameter »~. € (0,00), i.e. a finite positive solution of

/ e Tv(dr) =1
0

(C3) The first moment of e~ **v(dt) is finite, i.e.

the equation:

[e.e]
/ ue” "v(du) < oo.
0

A processes that satisfies conditions (C2) and (C3) is called a supercritical Malthusian

process [Ner81].

Let v,, be the measure on [0, 00) defined by,

v, (1) = /OT e "v(ds) (4.1.1)

where 4. is the Malthusian parameter associated with the reproduction function.

Suppose that in addition to a point process ¢ there exists a product-measurable, sep-
arable, non-negative random process ¢ : Q x R — R. Loosely speaking ¢(7) assigns a

value or score to a typical individual at age 7. For simplicity we assume that
o(r)=01if 7 <O0.
Let o, be the birth time of the individual z. Following Nerman [Ner81], define

Zf = Z o(T — 03)

zeN
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and we say that {Zf}’TERZ is a general branching process with characteristic ¢.
Example 4.1.1. (i)

Define
1 if0 <7 <aand

P(7) = (4.1.2)

0 otherwise

then Z¥ counts the number of individuals alive at time 7 whose ages are less than a.

(ii) Define,
1 ifr>0

X(T) = (4.1.3)
0 otherwise

then ZX counts the number of individuals alive at time 7.

Suppose that ¢ is a characteristic. We write,
mg =k (e 22).

We add two further assumptions. The first is an assumption on the random point

process § and the second is an assumption on the random process ¢(7).

(C4) Suppose ¢ satisfies condition (C1) — (C3). Then there exists » < » such that

v, (00) < o0.

(C5) Suppose ¢ : Q x R — R is a product-measurable, separable, non-negative random

process. There exists » < ». such that

V =supe 7o(1)

TER

has finite expectation.

Theorem 4.1.2. [Ner81, Theorem 3.1] Consider a supercritical Malthusian branching
process £ which satisfies conditions (C1)-(C4), counted by two random characteristics
¢ and ¢ that satisfy condition (C5). Then, on {Z¢¥ — oo}

Z? 1 mfé
lim

ro0 792 2

almost surely.

Rudas, T6th and Valké prove that the general branching process &, that corresponds
to the continuous-time model of an attachment tree satisfies conditions (C1) - (C4)
[RTV07.
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4.2 An application of Theorem 2.3.3

Rudas, Téth and Valké [RTV07] remark that the continuous-time random tree Y, (7)
has the same distribution as the time evolution of the continuous-time branching process
with point process &, (given in Section 2.3.1). In particular, that general branching
satisfies conditions (C1) - (C4). Furthermore the Malthusian parameter associated with
the point process &, is A}, [RTV07]. For example, the Malthusian parameter associated

with a random recursive tree is ». = 1.

Suppose &, is the continuous point process that corresponds to the continuous-time

attachment tree ), (7). Let x be as in Equation 4.1.3 respectively. Then,

{25} rerz = [Yu(7)|

is a general branching processes with characteristic x. For a given random characteristic
¢, [Ner81]

ml, = °°€_T 7)))dr.
L= [T eTEGOLM)

Define a new characteristic,

o(r) = log (A(B (Vg(7)))) if >0 and (4.2.1)
0 otherwise.

Lemma 4.2.1. Let 8 :  x R — R be the random process defined in Equation 4.2.1 and
&z be the point process that corresponds to Vg (7). There exists » < 1 such that

V =supe 76(7)
TER

has finite expectation.

Proof. We define a new random characteristic,

Br) = log (out (0, Yz (m))!) if 7> 0 and

0 otherwise.
Since 6(7) < 0(7) for all 7 € R it is enough to prove that

W :=supe "70(r)
TER

has finite expectation.

The holding times Hi, Ho,..., of Xz are exponentially distributed random variables

with parameter A = 1.
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We remark that since W = 0 if 7 < 0 we need only consider the case 7 > 0. In particular

e~ "7 is a monotonically decreasing function for 7 > 0 and 0 < » < 1. Therefore,

supe”70(1)
TER

occurs at jump time .J; for some k € NU {co}. Let ay := 6(J;) for all £ € N. We have
shown that,

supe “T0(t) = sup e *ray < oo,
TeER keN

for some k € NU {oo}.

Lemma 4.2.2. Let {t,}nen € Ti. There exists a limit L € (0, 00) such that

1 a.s.

C(tp)m —> L.

Proof. Let 6 be the random process defined in Equation 4.2.1 and x be the random
process defined in Equation 4.1.3.

Rudas, Téth and Valké prove that x satisfies condition (C5) [RTV07]. By Lemma 4.2.1
6 satisfies condition (C5). Therefore, by Theorem 4.1.2 and Remark 2.1.1,

/0 e TEO(Vy(1)))dt = lim ——— |y 3 Z )9 Va (T (4.2.2)
1

= lim ——— Z log(A (Vg (T) o) (4.2.3)

= Vel 2=

iy B CDs(),

lim N (4.2.4)

almost surely. Since Vg is a model for random recursive trees,

log (((tn)%> 22, /000 e TE(0(Vz(1)))dt < .

Given a rooted tree s € R and a rooted ordered tree GG define the indicator function

~ 1 ifs=¢ YG)

0 otherwise.

The proof of Theorem 2 relies on the decomposition of {(t) in terms of the root permu-

tation function given in Remark 2.1.1.
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Proof of Theorem 2. By Remark 2.1.1,

log(¢(Va(7))) _ - 50 |Z S log(A() T (Var(7)p0) (4.2.5)

Valr) Z 2
for all 7 € R. In particular,
1
lim ———log(¢(Va(r))) = log(A())I* (Vi () o)
o0 [V (7)) 5% Walr é%gg '
Hence,

lim ——log(CVa() = lim  sip 3 S log(A(s)F(Va(r))-

700 | V(7)) = ser Jsl<oo Vo (T 25 5
We remark that for a fixed s € R
: 1 2 (s) log(A(s))
lim —— log(A(s))I° (Vg =
A, e & T MNT (i) = =0
almost surely. Hence, by Theorem 3.2.3,
| . K (s) log(A(s))
lim ———  sup log(A(s)I*(Vg(T)10) =  sup —_—
=00 | Vg (7)] SCR’|S|<OOSEZS’UE)/ZU~J(T) SCR,|S|<o0 (g (Is| +1)!
_ 3 K og(As)
= (Is| + 1)!

almost surely. Putting this together with Equation 4.2.5 we see that,

lim 28¢0(1) _ g~ Ks) log(Als))

e Va2 (sl + D)

almost surely. Hence, by Theorem 3.2.3,

= (Is| + 1)!

The result follows since Vg (7) is a model for a random recursive tree. O

We remark that,

Z Z K(t)log(A(t) 0404 log(2) N log(6) N 9log(2) + 10g(24).

| | |
iy |t\ +1)! 4 5! 6!
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Exponentiating we see that

log(2 log(6 9log(2 log(24
s op (KEL  10) 91s() g0
4! 5! 6!
1 1 9 1
- HQJGHQEQLL@
~ 1.05854

In this way it is possible to get a numerical estimate for the limiting order of the auto-
morphism group of a random recursive tree. We remark that since 1.05854... < V we

have not proved Theorem 3.






Chapter 5

Automorphisms of random

recursive trees

In Chapter 4 we proved that, given {t,}nen € T, C(tn) —=3 W. In this chapter we will
achieve our long term goal of proving W # V), hence the intriguing relationship that

MacArthur and Anderson identify in [MAO6] is simply a coincidence.

We denote the subset of permutations that act on V' (¢) by permuting copies of s, Aut®(¢).
and we write (°(¢) := |Aut®(¢)|. Suppose {t,}nen € Ti. In Section 5.4 and 5.5 respec-

tively we show that there exist constants £1 and Ls respectively such that

. ° 1 . s 1
lim ¢*(ta)" > £1 and lim I ¢ > Lo

n—oo
SER\e
with probability 1. For the proof of Theorem 3 we simply note that V < £1Ls < W.

In Section 5.2 and 5.5 we define a standard combinatorial map T: Sn = Twn+1 and a

novel map j : S, — R respectively, such that the following triangle commutes:

Sn (5.0.1)

.

ﬂv,n—i—lkm) R.

In Section 5.3 we use the algebraic machinery of the cycle indicator polynomial to express

w in terms of an integral (see Proposition 5.3.7). In Section 5.4 we

limy, 0
calculate this integral using a novel family of polynomials called recursively exponential
polynomials which allows us to calculate £1. In Section 5.5 we calculate Lo and we end

this section by proving Theorem 3.

Before be begin the chapter proper we introduce further notation.
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Notation. Throughout this chapter we fix a rooted tree s € R.

Fix k € N. We define,
REE = {t e R, :t =Bt (s"t52,... tom))
and R®F := Unen R*F. Define an indicator function,

ko ift=BT(sk t32,... tom
Is’k(t) — ( 2 m )
1 otherwise.

for all kK > 1. Define a further indicator function

- 1 if t = BT(s91,t52, ..., tom
Is(t) _ ( 2 m )
0 otherwise.

5.1 Limiting contribution of k-stars

Let Aut®*(t) < Aut®(t) be the group that acts on ¢ by permuting copies of s whenever
ti, = BY(s%,19%, ... %), In particular,

Aut&k(t) = H S[s,k(tiv)7
veV

and we write (**(t) := ‘Auts’k(t)} for any rooted tree t € R.

Lemma 5.1.1. Let {{;};en € T3 and fix k € N. Then,

" (e + L)t (5:.1.1)

tER®K

Proof. We remark that for any rooted tree t € R,

tog(¢h (1)) _ 108 [Ty 1,0
n n
> vev log ‘SI"’“(tw)‘
n

_ Saevlog (1°(t))

ZveV(tn) ZSGR"’“ fs(tw) log(k!)
n
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for all kK > 1. The result follows by Example 3.2.2. O

K(t)log(k!)
(Jt[+1)!
between (n + 1)-saplings and the symmetric group S,.

In order to calculate ), e in the next section we will exploit a bijection

5.2 A correspondence between (n + 1)-saplings and S,

In this section we will construct three standard maps: T,T\ and T. For a more thorough

investigation of these maps thge interested reader should see [Pit95].

Let T(o) = {t;}"*. In Proposition 5.2.3 and Proposition 5.2.4 we will prove that o has
cycle type a = (a1, a9, ...,ay) if and only if ¢, consists of a root vertex r adjacent to

a rooted forest f = | |, sk of rooted trees such that
a; = |{k € K : |sg| =1i}]. (5.2.1)
for all i € [n]. Define,
n
jlo) = Zlog(ai!).
i=1
In Proposition 5.2.5 we prove that j(c) is an upper bound for log(A(T(c))).

In addition to permuting the vertices of a tree, the symmetric group has a deeper

connection with random recursive trees hinted at by the observation
| Twmns1] = |Sn| = n!

We begin this section by constructing an explicit bijection between 7y, 41 and S, via
a class of nested sequences of permutations called consistent random permutations for
each n € N.

Consider a sequence of permutations, {o,,}”, _; such that:

(i) each permutation oy, € S, and

(ii) if oy, is written as a product of cycles then o,,—; is derived by the deletion of
element m from the cycle of which it is a part. For example, if o7 = (1)(542)(673)
then o = (1)(542)(63). If o7 = (7)(542)(613) then o = (542)(613).

We call these sequences consistent random permutations. As we remarked in the intro-

duction to this sectThe set of all consistent permutations of length n is denoted >,,.

Definition 5.2.1. [Pit95]
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(i) There is a bijection T : %, — S,, given by T({ai}?zl) =0op.

(ii) Thereis a bijection T" : ¥y, = Ty ny1. Explicitly we have T'({o;}1 1) = (v2,v3....,Vn41)

where vo = 1 and subsequently,
1 if 0(i) = i

Vi+1 = (522)
oi(i)+1 otherwise

fori =2,3,...,n.

Suppose {ti}?jll € Twn+1 and let L1 @ V(tn41) — [n + 1] be the labelling of ¢,
given in Section 3.1. Define a new labelling 1], . : V(tp41) — {0,1,...,n} defined by
I, 1(v) :==l,(v) — 1 for any vertex v € V(tn41).

Suppose the vertex sequence v({ti}?ill) = (v2,v3,...,Un41) so that the label of the

vertex u attached to at time ¢ € {2,3,...,n+ 1} is lp+1(u) = v;. We define the lower

vertex sequence,
V,({ti}?ill) = (yla Y2,. .. 7yn)

where y;_1 = l[(v;) fori = 2,3,...,n+1. In particular y;_1 = v;—1fori =2,3,...,n+1.
Suppose vertex v € V(t,41) and I}, (v) = i for some i € [n—1]. The parent w € V(t,11)
of v is labelled ], ; (w) = ;.

Definition 5.2.2. [Pit95] The inverse map 7! : Twmn+1 — Xy is defined by o1(1) =1,
then recursively for ¢ < j by

. j if 0j1(i) = y;
0j(1) = ‘ '
oj—1(1) otherwise, and
) j ify; =0
0j(j) = T
Yj otherwise
for j =2,3,...,n.
1 2
3 4 ) 6

Figure 5.1: The random recursive tree T'((1), (1)(2), (3,1)(2), (3,4,1)(2),(3,4,1)(5,2),
(3,4,1)(5,6,2)).
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Define a third bijection T: Sn = Twnt+1 by,
T(o) :=T(T"}(0))
for all o € S,,.

If it is not immediately obvious which permutation we are talking about then we write
a;(o) for the number of i-cycles in 0. We write S2 for the set of permutations o € S,

such that ¢ has cycle type a .

Proposition 5.2.3. Let 0 € S, and T(0) = {t;}"4. Suppose t,41 consists of a root
vertex r adjacent to a rooted forest f = | |, oz sk of rooted trees. Then o has cycle type
(a1,as,...,a,) where each a; is given by Equation 5.2.1.

Proof. Let the lower vertex sequence, v/ ({tl ?jll) = (Y1,%2, -+ Yn)-

Fix k € K and suppose V (s;) = {x1, 22, ...,2,} for some p € [n]. Throughout this proof

we will abuse notation and write x; = I, (z;) for all i € [p]. Without loss of generality

suppose that z; < z3 < --- < . Since s € R there is a root vertex r(sy). Clearly
x1 = r(s)) and the parent vertex of 1 is 7(t,41). Since I, 1 (7(tp41)) =0, Yz, = 0. The
rooted tree si is connected so y,, € V(sg) for i = 2,3,...,p. In particular y,, > 0 for
1=2,3,...,p.

Let {0;}}, € ¥, be such that T({ai}?zl) = 0. By Definition 5.2.2 o,,(x1) = 1.
Suppose j € [p — 1] and i < j. Then, by Definition 5.2.2,

Oz ('TZ) = Oz;+1 (SUZ) == O'Ij+1—1(xi)‘

Therefore it is enough to consider oy, (z;) for j € {2,3,...,p} and i < j. We have

02, (€j) = Ya; and,

T ifop. (%) =Yg,
ou; (i) = ’ 2 (1) = b, (5.2.3)

Ou;_y (Ti) otherwise,

by Definition 5.2.2. Clearly then, o, (z;) € {x1,22,...,2;} for all j € [p] and z; < x;.

We claim that {z1,22,...,2;} is a cycle in oy, for all j € [p].

We will prove the claim by induction. We have o, (z1) = 1 which is a cycle of length

1 in o4;. Suppose, for the inductive hypothesis, that (c1,¢2,...,¢5) is a cycle in oz, and
that each ¢; € {x1,29,...,2;}.
Note that y,,_, is the label of the parent of vertex z;,1 hence, y,, , € {#1,...,7;}. Sup-

pose, without loss of generality, that y.;,, = ¢1. Then, by Equation 5.2.3, (Zj41,c1,02,. ..

is a cycle in oy, ;. O

N
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Proposition 5.2.4 is the converse to Proposition 5.2.3.

Proposition 5.2.4. Suppose o € S? and T(0) = {t:;}"*1. Then t,41 consists of a
root vertex r adjacent to a rooted forest f = | |,c sx of rooted trees. Then a; satisfies
Equation 5.2.1 for all ¢ € [n].

Proof. Let v ({tz};‘ill) = (va,...,Up+1) and suppose C = (c1,¢2,...,¢p) is an r-cycle in
o. Let X = {x1,z9,...,z,} with each z; € [n] ordered so that 1 < x3 < --- < x, and
each ¢; € X is distinct.

Suppose f({ai}?zl) = oo and 1 < p < r. By the construction of a consistent permu-
tation Cp = (ciy, Ciy, - -+, ¢i,) 18 a cycle in the permutations o4, 04, +1,.-,04,.,-1. In

particular o, (z1) = 21 so by Definition 5.2.1 v;, 41 = 1.

Since Cj, is a cycle we have v;,11 € X for p = 2,3,...,r. Since cycles are disjoint,
viy1 € X if and only if i € X \{z1}.

Since each v; is the parent of the vertex w, where [,,+1(w) = ¢ the result follows. O
We have begun building the machinery required to define j : S,, — R such that triangle
5.0.1 commutes.

Proposition 5.2.5. Fix n € N. Suppose o € S,, has cycle type (ai,aq,...,a,) and
T(c) = {t;}7%]. Then,

log(A(trer)) < (o). (5.2.4
Proof. Suppose t,11 = B1(s{",s5?,...,5%m) and
m
aj=>» > a (5.2.5)
k=1siER;

for j =2,3,...,|t|— 1. By Proposition 5.2.4 T(¢) has cycle type (a1,as, ... ,ay). There-

fore,
n
jlo) = Zlog(aj!)
i=1
m
> Zlog(ai!)
i=1
since for all positive integers p,q € N we have p! + ¢! < (p+ ¢)!. O

Under the hypotheses given in the statement of Proposition 5.2.5 j(o) is an upper bound
for 1og(A(tns1))-
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Fix n € N and k € [n]. Define,

Su=F.— {5 € S, : 0 has cycle type (k,az,...,a,)}.

Proposition 5.2.6. Fix k € N. Then,

K(t)log(k!) log(k!)
Z;k S ;_k z (5.2.6)

teRn+1 o n

Proof. Suppose ¢ € S, and T\(a) = {ti}?;rll. Then t,,1 consists of a root vertex r
adjacent to a rooted forest f = ||,.;s; of rooted trees. By Proposition 5.2.3 and
Proposition 5.2.4 a;(c) = k if and only if k = |{i € I : s; = e}|. Hence

H{ti}:’jll € 77417TL+1 tlp1 = B+(.kvt32> T ’tg’lm)}‘ -

a1=k
sa ‘

and the result follows from Definition 1.2.8. OJ

Fix n € N and i,k € [n]. Let X5* be the number of permutations o € S, such that
a;(0) = k. In other words X5* is the number of permutations o € S, with precisely &

cycles of length i. Then, Sglzk’ = X} ¥ for all n € N and k € [n].

Example 5.2.7. The first non-zero values of Xf;k are as follows,

Xit=1
X3t =1
X2 =1
X370 =1
X =2
X3t =3
X3t =3

5.3 The cycle indicator polynomial

In this section we will build the algebraic machinery necessary to calculate the righthand
side of Equation 5.2.6. In particular we will use a well-known algebraic formulation of

the symmetric group called the cycle indicator polynomial.

We begin this section with the necessary definitions and background information. We
state Theorem 5.3.4 (Theorem 1.3.3 in [Sta86]) in which lays the power of the cycle
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indicator polynomial. In addition we prove Proposition 5.3.5 which is a standard appli-
cation of this theorem. In Section 5.3.1 we define a 1-parameter family of generating

functions, Hy(z), that we will use to calculate the limiting behaviour of ¢ (tn)%
Suppose that a permutation o € S,, has cycle type (ai,...,a,). Write

type(o) ._ a1 a2 an
z =22y 2y

and define the cycle indicator polynomial

O'ESn
We define 7 := 1.
Example 5.3.1.
Zo=1
Z1=mn
L s
ZQ = 5(21 + ZQ)
1
Zy = g(zi)’ + 32122 + 223)
1
Zy = E(zil + 62529 + 82123 + 325 + 624).
Define,
Sp = Sp/ ~

where two elements o, 7 € S, are equivalent by ~ if they belong to the same conjugacy

class (i.e. they have the same cycle type). Write [o] € S,, for the conjugacy class

representative of o € S,,. If o has cycle type (a1,as,...,a,) then the conjugacy class
[o] has order |[o]| = [[i", # [Sta86]. Define a family of monomials,
ZV (21, z) = o]|2 L 20
Then,
1
Zn(21,. o) = — Z ZIN (21, ... ). (5.3.1)
[oc]€SR

Proposition 5.3.2. Suppose o € S2. Then,

k
iZ[o—](zla"wzn) =

ozk " z1=0 i
1 Z=1 for j>1 0 otherwise.

I[o]] a1! ifa; =k

Proof. We split this proof into 3 cases.
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Case 1 (k < a1). Then,

T e, ) = ol R
o4"" e (a; — k)7L 2 "
Hence
8’“ ai.
—— 7 (2, ... = |[o]| ——— 01 7F192 1%
azf n (217 7Zn) 2120 |[U]| (al - k)'
z;=1 for j>1
=0.
Case 2 (k > a1). Then,
ak
(TZIfZT[LG](Zl? s 2n) =0
Case 3 (k= a1). Then,
‘lkzgal(zl, vzn) = |[0]] @252 ... 28,
0¥
hence
ak
——ZIV (21, .. zn) = |[o]|as!192 ... 1%
8Z]f 21=0
z;=1 for j>1
= |[o]]ar!
O
Corollary 5.3.3. Fix k € [n]. Then,
ok 1
R - |
B Zn(21, 22, ..., 2Zn) - = Z, k! (5.3.2)
z;j=1 for j>1 cesi1=k
Proof. Let i,k € N. By Equation 5.3.1,
o oF 1
i -2 - [o]
azlen(zl, ceyZp) = &Zlf n! Z ZN 21,00y 2n)
[o]€Sh
_ 1 k!
= > K
aeS,Zl:’“
by Proposition 5.3.2 and since the derivative is linear. O

The cycle indicator polynomial is a particularly elegant and useful formulation of the

symmetric group because of the following theorem.
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Theorem 5.3.4. (This is Theorem 1.3.3 in [Sta86].)

x? 3
ZZTL(217227- . -,zn),f[]n = exp (le + 22? —+ Z3§ -+ .. ) X
n>0

Using a standard application of Theorem 5.3.4 we can extend the statement of Corollary
5.3.3 as follows.

Proposition 5.3.5.

ki 1 e
(9sz2 (215 oy 2n)z" :%(1_36)@ <L)

21=0
zj=1 for j>1
Proof. By Theorem 5.3.4,
ok z? 3
kZZ 2y 2n) 2" = 5k P <2133+222+Z33+--->
Zi n>0 7
ki N 72 . 3 .
ik exXp | z1T Z9 B z3 3
Hence,
8’“ xkl xz—l xz‘—i—l
— Zn(z21, .oy zn)x” = —ce T
825’,2 n(17 77L) Zk XP + Z—1+'L—|—1+
n>0 21=0
z;=1 for j>1

5.3.1 A family of generating functions

The most important result in this section is Theorem in which we show that for a random
recursive tree the limiting value of ((¢,) can be expressed in terms of the generating
function Hy(z).

Fix n € N and k € [n]. Define a family of constants,

ka = Z k!

O'ESZle

If k > n we define ¢, ;, := 0 and we define ¢y := 0. We remark that S@1=F is the set of

ar=k| _ _1)] k
S 1= ‘ n'ZJ km are know

permutations o € S, with k fixed points.
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as the recontres numbers[Riol2]. Hence,

(-1

2GR

Cnk = n!

Define a 1-parameter family of exponential generating functions,

Cpn—2,kT"
Hy(z) := Z nT

n>k+2

_1)i-k
Let X := Z;Z,? % By the “ratio test”;

_1\n—1—k
ZL'(TL — 1) (X + ((nl_)w)
n—00 (n+1)X

o1 x2™ /(0 +1)!
n—00 Cn,27kwn/n!

hence the radius of convergence of Hy(z), pur = 1. To determine convergence in the

case r = 1 we remark that,

Cn—2k
Hy(1)= ) T

n>k+2
DI o) (i
- n(n—1) i) )
n>k+2 n(n—1) j=k (G = k)
Since 0 < E?;,f (%) < 1 for all n € N, Hi(1) converges absolutely by the “direct

comparison test”.

We have now developed all of the necessary machinery to state the primary theorem of

this section.

Theorem 5.3.6. Fix k € N and suppose {t, }nen € Ti. Then,

log (¢*4(t0) s, Jo8(KY) 1
k! '

n
Proof. By Lemma 5.1.1,

log(("k(tn)) as., Z K(t')log(k!)

/ |
n e )
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By Proposition 5.2.6,

O]

Suppose F(x) = ano Sna™ is a formal power series. The standard definition of the

formal derivative F'(x) := 37 o “=*a™ can be found, for example, in [Sta86]. We
define G (z) := H;(z) and Fy(x) := G} (z). By Corollary 5.3.3,

k
Cn kT
Fi(z) = Z nn|

ok . s
n>0 =71 z;=1 for j>1

Since the radius of convergence of ppy , = 1, the radii of convergence of Fj,(z) and Gr(x)
k

zhe”

satisfy prr =1 and pg, = 1 respectively. By Proposition 5.3.5, Fj(z) = = ).

It is now that we unleash the awesome power of Theorem 5.3.4.

Proposition 5.3.7. Suppose {t,}nen € Ti. Then,

log (C**(tn)) as. log( k:'//

5.4 Recursively exponential polynomials

dyda:. (5.3.3)

In Proposition 5.3.7 we proved that lim,

ok
log(i ) can be calculated by evaluating

an integral. In this section we develop an algebraic toolbox necessary to calculate the
this integral (the right-hand side of Equation 5.3.3) using a novel family of polynomials

called recursively exponential polynomials. We end this section by calculating £;.
For succinctness, given a polynomial p(x), we define

0
L pla) = p(a).
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Given such a polynomial p(z), consider [ e *p(z)dz. Integrating by parts we see that,

d
/exp(x)dx =—e “p(x)+ /exdxp(x)dm
and by iterating this argument we see that

d7

i~ i
7>0

/e_zp(x)dx =—e " —p(x) | . (5.4.1)

Definition 5.4.1. (Recursively exponential polynomials). Define a family {px(z)}ren

of polynomials in one variable by pj(z) := 1, then recursively by

prt1(z) =1+ zpi(z +Zipk
7>0

Example 5.4.2. The first few recursively exponential polynomials are,

k—1
() pe(0) = Y
=0
(i k'zzl > o o+t
7>0

Before we prove Proposition 5.4.3 it is necessary to introduce another new family of poly-
nomials, gx(x) := prs1(x) — pr(x), that we call difference polynomials. We immediately

remark that

ar(z) = 1+ zpx(z +prk
7>1

=14 z(pr—1(x) + qr—1( +§d]pk 1(z) + g1 ()
J=Z

= zqx(z +ZdJQk )+ 1+ apg(z +Z@pk
7>1 j>1

= zqi(x) + Z (5.4.2)

j>0
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for all £ € N. For each differernce polnomial we write gx(x) = Z?:o Miz® for some

constants A\, ; € N.

Lemma 5.4.4. Fix k € N. Then,
k!
)‘k,i =
1!

for all i < k and A;; = 0 otherwise.

Proof. We use induction on k. For the base case we remark that ¢;(z) =z + 1.

We begin with the case ¢ € N and then consider the case i = 0. So suppose qi(z) =
Zf:o %x“ for k=14,7+1,...,K. By Equation 5.4.2 and then the inductive hypothesis,
K—i

i+ 7)!
AK+1i = AK,i-1+ (Z.']))\K,i—i-j

i+ )
= Ak,i-1+ p ) AK itj

for each i € [k].

Now consider the case ¢ = 0. By the inductive hypothesis,

K
AK+1,0 = Zj!)\K,j
j=0
K .

|
=0 7

= K +1!

and the result follows. O
Proof. (of Proposition 5.4.3)

(i) We prove this by induction on k. For the base case we note that pi(z) = 1.
Suppose, for the inductive hypothesis, pg(0) = Zf:_ol i for k=1,2,..., K. We
remark that pg11(0) — px(0) = gx(0). By the inductive hypothesis, px11(0) =
g (0) + K 1il Tt follows immediately from Lemma 5.4.4 that ¢x(0) = K,

hence

K-1
pr1(0) = K!+ ) il
1=0
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as required.

(ii) We remark that

k:'zk:j':zcz;pk(:c)‘ +1
=0 §>0 z=1
= pr+1(1) — pi(1)
= q1(1)
Z’“: k!
1!

=0

by Lemma 5.4.4.

O
Definition 5.4.5 (exponential integral). [Vau08]. We define the exponential integral
00 e—t
Ei(z) := / —dt.
.t
which should be interpreted in the sense of Cauchy principal value.
By integrating by parts we get,
/Ei(a;)dx =z Ei(z) —e* 4+ C. (5.4.3)
Therefore,
/Ei(l —z)dr=e"" - (1-2)Ei(l—2)+C (5.4.4)

by substitution.
Lemma 5.4.6. Suppose k € N. Then,

Ei(l1 —z)

Ei(1)

(&

Gi(x) = e (pr(x)) - —p(0) +

We prove Lemma 5.4.6 by induction on k. Before we prove Lemma 5.4.6 we prove the

base case k = 1.

Lemma 5.4.7.

T oye Y _ o Ei(l —z) Ei(1)
/0 Wdy = 76 p1(0) + P

Proof. First note that
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now we use integration by parts to see that

/(;’f‘f__i)dm: "”El(i_m) _ i/Ei(l ~ 2)dz.

By Equation 5.4.4 we get

[ e,

:Ei(l—x) _e_z_Ei(l—x)+1
e e

and the result follows. O

Proof. (of Lemma 5.4.6) Suppose, for the inductive hypothesis, that

e " e (1 ~ Ei(l — =)
[ e = e ey - 2

forn=1,2,...,k—1 > 0. Integrating by parts and applying Equations 5.4.1 and 5.4.4

we see that

/(Zki o=/ <$<k—1>) o

=z <El(1x) - ewpk—1(f€)> - / B~ 2) 4y e "pg-1(z)dz

e e
Ei(l — x
:(e)—em xpp—1(x ‘|‘Z pkl +1
j>0
Ei(l — =z _
_ (6 )_ezpk(x)

where the last equality follows from Definition 5.4.1. Furthermore,

/0 ' (ylnf:) dy = [e‘y(pn(y)) - El(le_y)}:

Ei(1)

_ Ei(1 —z)

—e "pp(z) — + pi(0).

Corollary 5.4.8. For all k € N,

i) = = | et =1 | + S (i1 - 2) ~ Bi(1) = apul0) + psa(0).




Chapter 5 Automorphisms of random recursive trees 59

Proof. For all k € N,

By Equation 5.4.1,

-z -z &’
/ e pp(x)de = —e " [ ) —7() (5.4.5)
7>0
and, by Equation 5.4.4,
El(l — IZ:) 1 1—2 .
——de =~ (""" - (1-2)Ei(l —x)). (5.4.6)
e e
The result follows. O]

We finally have enough algebraic machinery to prove Theorem 5.4.9.

Theorem 5.4.9. Suppose that {t,},en is a random recursive tree. Then,

1

C*(tn)m == (B
k>2

where v, =1 — %Z?:o% for k > 2.

Proof. By Theorem 5.3.6,

log §"k’(tn) as, log(k!)

Hi(1
n k! k(1)
for any k € N. By Corollary 5.4.8,
-1 g 1 Ei(1) Ei(1)
Hp(1) = — : — S [ —= —pr(0) ) - 0
0= S g | (B m@) - EE o

1 = 1
= pr+1(0) — px(0) — - <k! -+ 1>
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by Proposition 5.4.8 Part (iii). By Proposition 5.4.8 Part (i), px(0)

k € N. Hence,

=0 =0 =0
k—1
1 1
=k!'——[&! —+1
e ( ; 7! + )
1 1
— k1252
Suppose {tn}nen € Ti- Then, by Theorem 5.3.6,
1 ok 1 |
OgC (tn) 2) Hk(l) Og(k)
n k!
1Ll
=log(k) | 1—-~ -

We used Mathematica [Woll6] to calculate,

1000 1 k 1
log(k!) [ 1— =3 = | ~0.10480730877 ...
2 s (11233

i=0
Hence, by the Continuous Mapping Theorem (Theorem 3.2.3),

1000
1 .’k %% =
lim kZQg (tn)n ~ 1.11049660678 =: £,

= Yl for all

(5.4.7)

almost surely. In this way it is possible to get a numerical estimate for the limiting order

for the subgroup of the automorphism group of a random recursive tree coming from

k-stars. We remark that since £1 < V we have not (yet) proved Theorem 3.

5.5 Proof of Theorem 3

In this section we will calculate a lower bound, L, for [] ez, ¢ (tn)% At the end of

this section we prove that £1Ls >V (Viswanath’s constant) thus proving Theorem 3.

Following Pitman [Pit95] we put a measure of ¥, as follows. Initially o1(1) = 1. At

time n > 1,
) 1
HD(Un(n) ::]) - -

n
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for any j € [n]. This corresponds, under T, to the symmetric group equipt with the

uniform measure which we denote S&.

Fix o € S, and suppose C' = (c1,¢9,...,¢) is a r-cycle of 0. Let Xog ={r e N:x =
¢; for some i € [r]} . Order X¢ = {x1,x9,...,2,} so that 1 < x93 < -+ < z,. Define a
map ¢ : X¢ — [r] by ¢(z;) := 1 for each i € [r].

Define a function f|c :Si = Twr by
T\c(0) = (v,...,vr)

where v; = ((0g,(z;)) for i =2,3,...,r and T({Ui}?zl) = 0. Suppose o € S),. Then,
1
P (Uzj(.l‘j) = azi|axj(xj) € {x1,22,... ,:Uj}) = ;
for any pair j € [r] and i € [j]. In particular f|g 0 Sh = T
Example 5.5.1. The permutation o = (3,4,1)(5,6,2) corresponds, under the map f,
to the attachment tree {t;}7_, shown in Figure 5.1. Label the cycles of o as follows,
Cy = (3,4,1) and Cy = (5,6,2).
Then,
T‘Cl (U) = (L 1) and T‘C2 (J> = (17 1)

which is the attachment tree shown in Figure 5.2.

2 3

Figure 5.2: A representation of random recursive tree with vertex sequence

(1,1).

Recall from Section 3.1 that ¢, : Ty, — R, is the map that simply “forgets” the

random recursive structure of a n-sapling. We have shown that:

Lemma 5.5.2. Fix r € N and a rooted tree s € R, and suppose C is a r-cycle of o € S,,.

Under the uniform distribution on S,

P (6n (Tlc()) = 5) = (f—(sf)!

Let 0 € S,,. We write C*(o) for the number of cycles C' of o such that

dci (Tle(o)) =
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Suppose ¢ has cycle type a. By Lemma 5.5.2,

P(C3(0) = ay) = <(TK_(51))!>W‘

Define,

Example 5.5.3. We calculate Ai-“ for i < 4. For all k > 1,

AV =1
A =1

e <1>k—1
2
- ()
Let 0 € S. We write C7 (o) for the number of i-cycles, C, of o, such that
dcr (Tle(o)) =
Define S! C S, to be the set of permutations o € S,, such that
Ci(o) = a;.

In other words under the bijection T the subset S¢ corresponds to all random recursive
trees consisting of a root vertex attached to a rooted forest such that every rooted
tree in that rooted forest on i vertices is isomorphic. Define X2* to be the number of

permutations o € S! with precisely k cycles of length i. Note that,

Cik _ yik gk
Xik = Xk Ak

Figure 5.3: A rooted tree s € R. We remark that s = ¢3((1,1)), depicted in
Figure 5.2. Further, C*(c) = 2 where o = T~ !({0;}%_,) is as in Example 5.1.
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Given a permutation ¢ such that T (o) = {t;}]!, we have
log(A(tn+1)) Z log(C*(o (5.5.1)

SER

Suppose o € Sy,. Let j : S, — R be the function defined by,

= 3" log(C*(0))

SER

Recall from the introduction to this Chapter that calculating such a function j is integral

to achieving our long term aim of proving Theorem 3.

Lemma 5.5.4.

n

zk
og) > 3% nlj%z

n>01>1 k=2

Proof. By Equation 5.5.1,

> K()log(At) = Y > log(C(0)))

tERn11 €S TER

= 33 S log (G (o))

o€Sy i=1 s€ER;

3% S log (o)

i=1 o€Sy, sER;

>33 log(Ci(o)

i=1 geS} s€ER;

= Z Z log(a;!)

i=1 geS}

= EH: 2”’: X 10g(k!).

i=1 k=2

The result follows.

)

)

(5.5.2)

O]

In Lemma 5.5.5 we simplify the righthand side of inequality 5.5.2 in order that we might

more easily approximate it using a computer. In [Sta86] Stanley proves the number Xk

of permutations o € S,, such that a; = k is

—.—k‘J

i,k |
X =n Z Z]j‘ )

7=0
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Lemma 5.5.5. Fix i,k € N. Then,

Z X,Z{k _ Z ZZ] 20 ng'
n>ik (n+2)! m>0 (i(k+m)+1)(i(k+m+1)+1)
Proof. For every i > 1,
n_k . —1)J —1)J m  (—=1)J
> R LZX:J CL_ i (“j)’ X0 % 4+t 2.j=0 (ﬁj)!
= (n+1)(n+2) = 75! (tk+1)(itk+2)  (ik+2)(ik+3) (ik +i)(ik+i+1)
—1 J _1 j
. Tl S5

(z‘(k:+1)+1)(z'(k+1)+2)+"'+(z‘(k:+1)+z)( (kz—i—l)—i—i—l—l)
Z? O(Jl)l
(i(k+2)+ 1) (k:+2)+2)

_l’_

for any k > 2. Since 21]2[:0 (n+1)1(n+2) = %ié we have,

& B-A+1
ZA:(n+1)(n+2) T (A+1)(B+2)

for any A, B € N. In particular,

7—kJ
1 (_1]_ ZZJ 0 451
Z(n+1 n+ 2) Z i7 5! _Z(z‘(k+m)+1)(z‘(k+]m+1)+1)‘

n>ik )( 7=0 m>0

Corollary 5.5.6. For e NM e Nand 2< K €N,

I K M ’LAkZJ 0(_371*
log(W)ZZZZ i(k+m)+1)(i(k+m+1)+1)

i=1 k=2m 0

Proof. Let M =I(K 4+ M + 1) — 1. By the proof of Lemma 5.5.5,

f: k+§1) Xk log(k!)
ot (n+2)!
" log(k!)
(n +2)!

XLk log(k:')
(n + 2)!

I K M JOW
ZZZ i(k4+m) + )((k:—i—m—i—l )+ 1)

W ||M~
M-~ T
Mx

3
I
<)
.
I
N
=
||

2

(]
M

3
Y4

01

[\

1 k>2

AN
5}
e
E



Chapter 5 Automorphisms of random recursive trees 65

We used Mathematica [Woll6] to calculate,

4 6 400 Ak (=1’
7 ]:0 7/]]!
~ 0.0195308138. ..
;kZsz::o (i(k+m)+1)(E(k+m+1)+1)

= log (£2)

Proof. (of Theorem 3.) Note that

L1Lo = 1.132398696 . . .

By Corollary 5.5.6 V < £L1L£2 < W and the result follows. O






Chapter 6
Expectation

Whilst the expected order of the automorphism group of certain families of rooted trees
such as labelled rooted trees are known [Yul2], there are no analogous formulae for other
important families of trees. In this chapter we calculate the expected order by of the
automorphism group of a k-sapling {ti}le € Tg for all k € N. Our primary tool for

proof in this chapter is generating functions.

The main result of this chapter is Theorem 4. We say that Theorem 4 is a Fibonacci-type
theorem because of the obvious similarity between Equation 1.4.2 and Binet’s formula
for Fibonacci numbers. Theorem 4 is particularly astonishing because although the
expected order of the automorphism group of a rooted labelled tree is known, it does

not have a closed form expression.

The key to proving Theorem 4 is Equation 3.2.3 which was derived by Hoffman in [Hof03]
and gives an easily manipulated expression for the expected order of the automorphism
group of a random recursive tree. Hoffman’s derivation of Equation 3.2.3 relies on his
observation that the set of rooted trees with a finite number of vertices satisfies the
definition of a partially ordered set with certain algebraic and combinatorial properties

called a sequentially differential poset which will be defined in Section 6.2.

Sequentially differential posets were first introduced by Stanley in [Sta90] as a gener-
alisation of another family of posets called differential posets which share many of the
same combinatorial properties. Applications of differential posets are numerous and in-
clude the study of Hopf Algebras [BLL12, Hof03], Markov processes [Ful09] and Young-
Fibonacci lattices. The combinatorics of differential posets first outlined in [Sta88a]
can be expressed elegantly in terms of generating functions whereas the combinatorics
of sequentially differential posets cannot and thus become much more complicated. In
Section 6.2 we show that the combinatorics of a family of sequentially differential posets
called sequentially increasing posets (to which the set of rooted trees with finitely many

vertices belongs) do admit a generating function description.
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6.1 A generating function approach

An involution o € Sy does not contain any permutation cycles of length > 2 so that it
consists exclusively of fixed points and transpositions with disjoint supports. The set of
all involutions of [k] is denoted Inv(k). For o € S, call i € [k] a weak excedance of o
if o(i) > i. Let Wex(o) be the set of weak excedances of 0. For o € Si and i € [k],
let 7(c,7) be the number of integers j € [k] such that j < i and o(j) < o(i). With the
definitions above Hoffman [Hof03] proved

ocwy= > 1] Oloi)+1). (6.1.1)

t€TE k1 o€lnv(k) icWex(o)

In this section we will define a generating function that describes Equation 6.1.1, hence

>, I

o€lnv(k) ie Wex(o)

we define

In Lemma 6.1 we will prove that the sequence {ej}r>0 can be defined in terms of a

simple recursion redolent of Fibonacci’s sequence.

Lemma 6.1. The sequence {ey}r>0 s given by the recursion

k(k—1)ex—

for k > 2 and has initial values eg = e; = 1.

Proof. Fix k € N and suppose that o € Inv(k). Either k is a fixed point or k is part of

a transposition.

Case 1. Suppose that k is a fixed point of o, then we can split o into a map that
sends k to k and a permutation 7 € ¥j_; which simply forgets k so that 7(i) = o (i) for
all i € [k — 1]. Since o(k) = k, k is a weak excedance of o. For all j € [k — 1] we have
j <kando(j) <k=o(k) hence n(o, k) =k — 1.

Now we will consider 7(o,%) for each i < k. It is clear that i € Wex(o) if and only if
i € Wex() for all i € [k —1]. Since 7(i) = o(i) for all i € [k — 1], n(7,7) = n(o,i) for all
i € [k — 1], hence

I[I e+ =wer+| I G+

iEWex(o) 1€Wex(r)

=k J] =i+

1€EWex(T)

We remark that o € Inv(k) if and only if 7 € Inv(k — 1), hence in this case e = kej_1.
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Case 2. Now suppose that k is part of a transposition, (j, k), for some j € [k — 1].
Define a new set [k —1]; := {1,2,...,j — 1,5+ 1,...,k — 1}. Again we split ¢ into
a map that sends j to k (and k to j) and a map p : [k — 1]; — [k — 1]; given by
p(i) = o(i) for all ¢ € [k —1];. In order to think of p as a permutation we define a
function f : [k —1]; — [k — 2] as follows:

, i ifi<j
f@)=1 . o
1—1 ifi>j.
This function is clearly a bijection. Define a new permutation p € Xp_o by p(i) :=
Fp(f(@).

Note that j € Wex(o) and k ¢ Wex(o) and that n(o,j) = j — 1. Again notice that
n(o, f~1(i)) = n(p,i) for all i € [k —2]. Since i € Wex(p) if and only if f~1(i) € Wex(o)
for alli € [k — 2],

I Gen+n=i| I G+
1€Wex (o) i€ Wex(p)

We remark that o € Inv(k) if and only if p € Inv(k — 2) hence in this case e = je_o
for a fixed j € [k — 1].

We combine Case 1 and Case 2 to see that

k—1
er = kep_1 + Zjek,Q (6.1.2)
j=1
k(k—1
=kep_1 + (2)6k2. (6.1.3)
By the definition of ey it is easy to see that eg = e; = 1. O

Equation 6.1.3 naturally lends itself to a generating function argument so we define the

epzh

exponential generating function F'(x) = k>0 - Following a standard generating
function type argument:
F(z) =1 ert” 6.1.4
(@)=1+z+) o (6.1.4)
k>2
k(k—1) zk
=1+z+) (k‘ekl + 2ek2) o (6.1.5)
k>2
22
=1+4+z+x(F(x)—1)+ —F(z). (6.1.6)
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Rearranging Equation 6.1.6 for F'(x) we see that the exponential generating function for

the recursion given in Equation 6.1.3 is

2

FO = a5y

(6.1.7)
Remark 6.1.1. The Fibonacci sequence, { fi}i>0, is given by fo = fi = 1 and subse-
quently fr = fx—1 + fy—2 for k > 2. Define the generating function G(x) := >, frak

and an elementary argument gives

1

G(z) = A—z-2)

There is an obvious similarity between F(x) and G(x). A closed form for the k™" term of
Fibonacci’s sequence, fi, can be calculated by a standard generating function argument

and yields the following result:

k k
fr = \}g (1 +2\/g> -~ (1 _2\@) , (6.1.8)

known as Binet’s formula.

In the proof of Theorem 4 we will adapt this standard argument to give a closed form

for the expected order of the automorphism group of a random recursive tree.

Proof of Theorem 4. The function f(x) = 2% + 2o — 2 has solutions ¢1 = —1 + /3 and

¢9 = —1 — /3, hence
-2

(¢1 —7)(P2 — )

By partial fractions then a Taylor expansion:

Fla) = —2 < ! ! > (6.1.9)

F(x) =

T \b -7 dp—u
1 .
- ¢1i¢>2 <1¢—1g1 - 1¢_2;2> (6.1.10)
. 2
:qjgﬁ_l@ (1_15:1) _¢?¢f¢2 (1_1(;) (6.1.11)
1 »
- ¢f¢—1 b2 kgoz”; B ¢f¢_2 b kzmz; (6.1.12)

_ ¢ -0t &
=2 < — z* (6.1.13)

k>0
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k-1, —k—1
We define b, = 7. By Equation 6.1.13 by = 2 (%) Since ¢t = (1++/3)/2
and ¢, = (1 —V/3)/2,

- 1 1+\/§ k+1 1_\/5 k+1
T3 2 2

Since ‘7}57k+1| = k! the result follows. O

6.2 Differential posets

In Section 6.1 we remarked that the set of rooted trees on a finite number of vertices
satisfies the axioms of a particular kind of partially ordered set called a differential poset.
In this section we give the formal definition of a differential poset and in Proposition 6.2.2
we use the machinery of differential posets to show that Theorem 4 can be generalised.

We begin, as ever, with a few definitions.

A poset P is called locally finite if for all x,y € P the interval [z, y] consists of finitely
many elements. Suppose that P is a poset with partial ordering =<, then we write z < y
for any x,y € P such that x < y and = # y. We say that y covers x if x < y and there
does not exist an element z € P such that < z < y. We also say that x is covered by
y. A poset P is said to be graded if P is equipped with a function p : P — N called the

rank function, such that p satisfies the following two properties:

o If z,y € P and z <y, then p(z) < p(y).

e If y covers z then p(y) = p(z) + 1.
If x € P and p(z) = i then we say that x has rank ¢ and we write P; for the set of
elements of P that have rank i.
Definition 6.2.1. [Sta90] Let r be a positive integer. A poset P is called r-differential
if it satisfies the following three conditions:
(S1) P is locally finite, graded and has a unique minimal element 0.

(S2) If x # y in P and there exist exactly k elements of P which are covered by both

x and y, then there are exactly k£ elements of P which cover both x and .

(S3) If x € P and x covers exactly k elements of P then z is covered by exactly k + r

elements of P.
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One of the easiest example of an r-differntial poset noted by Stanley [Sta90] is the Young
poset Y As a set Y consists of all Young tableauz (see [Sta86]) for all partitions of all
nonnegative integers. We say that A < p if A is contained in g ie,if A=X + o+ ...
and p = p1 + po + . .., where the A\;’s and p;’s are nonincreasing, then \; > u; for all 7.
Stanley [Sta90] proves that Y is I-differential.

A saturated chain is a sequence 1 < o < --- < x of elements of P such that each x;11
covers x;. The combinatorial properties of an r-differential poset P are determined by

counting the number «(0 — k) of saturated chains of the form
O=21 <22 <+ < T)

where 0 is the unique minimal element of P. The combinatorial results regarding sat-
urated chains of differential posets in [Sta88b] can be expressed succinctly in terms of

generating functions. In particular if P is an r-differential poset then

zk 1
Z a0 — k)ﬁ = exp (7’:1; + 27’:1;2> ,

k>0
hence there is a rigidity of sorts in this definition.

Stanley expanded the notion of a differential poset in [Sta90] to a larger family called
sequentially differential posets. Let r = {r;};>0 be a sequence of non-negative integers.
A sequentially r-differential poset P satisfies (S1), (S2) and the following modification
of (S3):

(S3) If x € P; and x covers exactly k elements of P then x is covered by exactly k + ;

elements of P.

For example, if r is the sequence defined by r; = r for all ¢ then a sequentially r-
differential poset is just an r-differential poset. Sequentially differential posets retain
many of the basic properties of differential posets. The combinatorics of sequentially
differential posets are also determined by counting saturated chains but these no longer
involve generating functions and thus become much more complicated [Sta90]. For
example, if P is a sequentially r-differential poset then there is an exponential generating

function for a(0 — n), namely

> a (0—>l<: = > II mea (6.2.1)

k>0 o€lnv(k) i€ Wex(o)

Hoffman proved in [Hof03] that the set of rooted trees on a finite number of vertices could
be regarded as a sequentially r-differential poset such that r; = ¢+ 1 for all ¢ € N. We
call such a poset a sequentially increasing differential poset. We remark that Equation

3.2.3 is an application of Equation 6.2.1. Theorem 4 can thus be generalised as follows:
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Proposition 6.2.2. If P is a sequentially increasing differential poset then there exists

a generating function for a(0 — k), namely

z* 1
kzzoa(o = K)oy = p—-It (6.2.2)
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