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1. Introduction

Following the discovery of the Higgs boson of the Standard
Model (SM), it remains an intriguing possibility that there are
more scalar bosons waiting to be discovered. Indeed, many ex-
tensions beyond the Standard Model include additional scalars,
whether electroweak SU(2); doublets in multi-Higgs doublet mod-
els or SU(2); singlets typically found for example in flavour mod-
els in order to break some family symmetry. Given this, it is im-
portant to catalogue the minima of potentials including several
scalars. In general this is a technically difficult task, which simpli-
fies somewhat for simple cases where the potential is controlled
by a large discrete symmetry.

In this paper we consider potentials of scalars which trans-
form as triplets under various non-Abelian discrete family symme-
tries. The potentials we consider therefore involve up to six scalar
SU(2); doublets or singlets. We follow a progressive method that
relies on considering which degrees of freedom become physical
as the symmetry of the potential decreases when adding terms.
We find a list of minima (not necessarily exhaustive) for poten-
tials with one and two scalar triplets of A4, S4, A(27), A(54),
and A(3n?) and A(6n2) with n > 3." These symmetries [1,2] are
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typically used in multi-Higgs doublet models [3-9] and as family
symmetries [10,11].

It is worth explaining the motivation for studying potentials
with one or two triplets invariant under these groups. For example,
in models in which the flavour group is broken to the largest pos-
sible subgroup in the neutrino sector, Z, x Z», called direct models,
the only discrete groups which are not excluded by measurements,
are members of the A(6n2) series n > 10, or of a closely related
series [10,12]. If the requirement of breaking to this maximal resid-
ual symmetry of Z, x Z, is weakened, groups of the A(3n2) series
are used in realistic models, with the flavour symmetry broken
differently in the various fermionic sectors, which requires sev-
eral scalar multiplets [13,14]. Further, if the flavour triplet is a
Higgs doublet, in supersymmetric models you would be required
to have two triplets. The same applies for extensions of the two
Higgs doublet model where each of the doublets is made into a
flavour triplet.

The explicit CP properties of all these potentials were anal-
ysed recently with invariant methods [15]. We start with potentials
of one triplet, many of which had been studied in [16,17], and
their minima found in [18] with a geometric method developed
in [19,20]. Minimisation methods are also reviewed in [21]. We
then consider the two triplet cases based on the results of the
one triplet cases. Minima related by symmetries of the potential
form sets of related Vacuum Expectation Values (VEVs) referred
to as orbits. When the symmetry of a potential is decreased by
adding terms, this has the effect of splitting larger orbits into sev-
eral smaller orbits. In addition, we mostly disregard the magnitude
of the VEVs and focus mainly on their alignments.
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We emphasize that while the one-triplet cases of A4, S4, A(27),
A(54) have been discussed previously in the literature, we not
only list them in the following for completeness, but also as il-
lustration of the splitting of orbits. Of the two-triplet cases only
A4 has been studied previously in the literature.

The layout of the remainder of the paper is as follows. We start
by going through the potentials with one triplet and list their min-
ima throughout Section 2, with A(6n?) and A(3n2) with n > 3
in Section 2.1, S4 in 2.2, A4 in 2.3, A(54) and A(27) in 2.4. We
use these results to then find minima for two triplet potentials in
Section 3, with A(6n?) and A(3n2) with n > 3 respectively in Sec-
tions 3.1 and 3.2, S4 and A4 in 3.3 and 3.4, A(54) and A(27) in
3.5 and 3.6. We conclude in Section 4.

2. Potentials and VEVs with one triplet

We use cycl. to denote the cyclic permutations, and h.c. to
indicate the hermitian conjugate. In addition to the discrete sym-
metries, the potentials of SU(2); singlets are invariant under ad-
ditional U(1) symmetries to eliminate tri-linear terms, making the
potentials similar to those for SU(2); doublets. As we assume the
VEVs of SU(2); doublets preserve U(1)en the analysis of VEVs
for singlets and doublets thus becomes interchangeable. For pre-
sentational simplicity we list the VEV directions in flavour space
for SU(2); singlets. We emphasize that our results are therefore
applicable to multi-Higgs potentials, as well as to the analogous
multi-flavon potentials with some additional symmetry (we note
the additional symmetry needs only to forbid tri-linear terms to
do this - often a Zy symmetry will suffice).

2.1. One triplet of A(3n?) or equivalently of A(6n?), withn > 3

The simplest potential we consider is that of one triplet of
A(3n?) with n > 3, which is the same as for one triplet of A(6n2)
with (n > 3). This potential wasn’t studied in [17,18], as the renor-
malisable potential is invariant under a continuous symmetry (this
potential has additional continuous symmetries, cf. Eq. (2.8)). For
SU(2); singlets ¢;, where i =1,2, 3 is a flavour index, the poten-
tial is

Va@n) (@) =Vaen2) (@) = Vo(p) (2.1)
2
Volp) =—m3 Y @ig™ +1 (Z ww*’) +5) (@ig™?. (22)

For electroweak SU(2); x U(1)y doublets H = (h1q, hag, h3)), the
respective version is

Vaanzy(H) =V z@gn2y (H) = Vo(H) (2.3)
Vo(H)=—m} > " high*™® +5 > " (high*®) (high*')
i, i,a,B
+ 3 [ hiah ™) ) + ra i by i) |
ijo.p
(24)

where the Greek letters denote the SU(2); indices. Note that for
n > 4, here, and later for two triplets, it does not matter if n/3
is integer or not. While the representation content of the A(3n?)
and A(6n?) groups changes, with the renormalisable potential not
having cubic couplings, no new couplings arise when n/3 is an
integer compared to when it is not.

Minima can be obtained analytically, and for my, # 0 the VEVs
belong to four classes. Each class contains many directions, which

are physically equivalent due to the internal symmetries of the po-
tentials. These classes of VEVs connected by the symmetry group
are also called orbits. As representatives one can take the following
directions (omitting for simplicity any possible phases for now)

0 1 1
0], 0| v, 1] vy, 1]vs (2.5)
0 0 0 1
where
2 2 2
m m m
vie ¥ i ¢ I __ ¢ (2.6)
2r +2s 4r + 2s 6r + 2s

When SU(2); doublets are considered, r is replaced with r; + ry.
There are regions of parameter space where each of these can be
the global minimum.

The potential in Eq. (2.2) can be split into two invariants with
parameters mg, and r, invariant under all of U(3), and the term
with parameter s, invariant under ((U(1) x U(1)) x S3) x U(1) =:
A(6002) x U(1) (the third U(1) was imposed to keep the potential
even and is not needed for SU(2); doublets).

VO = VU(3) + VA(GOOZ)XU(1)‘ (2.7)

The minima of Vys) all fall into one large orbit, represented e.g.
by (1,0,0), connected to other alignments by arbitrary unitary
transformations. The effect of the rest of the potential makes it
less symmetric and splits the big orbit into several orbits in which
the direction of the VEV becomes physical (but phases remain un-
physical).

The flavour symmetries of Vg (which relate each of the repre-
sentative VEVs to the rest of their respective orbits) are generated
by

010 0 0 1 e 0 0

00 1|,{o1 0], 0 e> 0],

100 100 0 0 e

_ (2.8)
e 0 0 1 0 0

01 o0 |,loe€er o0 |,

0 0 e ip 0 0 e

where «, 8, y are arbitrary phases, which we now consider explic-
itly in order to verify which are physical. Additionally, the poten-
tial is automatically invariant under canonical CP transformations,
which we denotes as CPg and is associated with a unit matrix in
flavour space (a 3 x 3 unit matrix in the case of one triplet) [15].
Note that the alignments in Eq. (2.5) all conserve canonical CP. The
orbits of alignments of this potential are, together with the repre-
sentatives which had been chosen above

el 0 0 1
0 ].le"]|,| O -0},
0 0 el 0
) ) (2.9)
el 1 el
el |, permut.} = | 1],1] € - |1
0 0 elf 1
This can be compared directly with Eq. (2.5).
2.2. One triplet of S4
The potential of one triplet of Sy is
Vs (@) = Vo(@) + Vsyxu) (@) (2.10)

with
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Vs,xum (@) =c [(gm P19 + cycl.) + h.c.] . (211)

Vs, (H) = Vo(H) +¢ Y [(hwh1ﬂh*3ah*3ﬂ + cycl.) n h.c.] ,
a.p

(2.12)

for SU(2); singlets and doublets respectively, and c is real as Sy
forces the invariant multiplying it to be real (in contrast to As).
The flavour symmetries of the S4 potential are generated by

010 0 0 1 eiaoo
001)],{o 10}, 0 e« o],
100 100 0 0 e

(213)
-1 0 0 1 0 0
o1 0o],{o -1 o
0 0 -1 0 0 -1

The potential is automatically invariant under canonical CP. The
elements of the orbits of the potential of one triplet of A(6n?),
Eq. (2.9), become the following orbits:

eln 1 ein 1
0 |—=1lo].|e|—|e? | withe e[0,m] (214)
0 0 0 0

and
eln 1
et | - | e®%” | with¢” €[0, 7] and 6’ € [0, 277]. (2.15)
o0 R

Essentially, phases that were unphysical for A(6n2) can become
physical. Minimizing just the phase-dependent part, Vs, «u1), with
respect to phases reveals the global minima

1 1 +1 1
o, {1].{ @ |.li],
0 1 w? 0

which were re-phased to match their appearance in [18]. The ap-
pearance of complex phases in the VEVs above does not mean that
CP is violated and in fact it is actually preserved by this potential.
While the CP transformation that contains only complex conju-
gation of the VEV (sometimes called canonical CP) is indeed not
preserved, combinations of canonical CP and other internal sym-
metries are preserved. This is sufficient for CP to be conserved in
physical processes, cf. [22]. The internal transformations playing
these roles in the case discussed here are

1 1

1] and -1
1 -1

(2.16)

(2.17)

for (£1, w, w?) and (1, i, 0), respectively.
An elegant method of eliminating these complications is via CP-
odd basis invariants, and such an analysis has been done in [23].

2.3. One triplet of A4

The potential of one triplet of A4 is an extension of the poten-
tial of one triplet of A(3n?) by a term that is invariant only under
Ay x U(1):

Vas (@) =Vo(@) + Vasxum (@), (218)

Vasxum (@)

*3 %3

=c(P1019°9" + 02020" 0" + 03039"20"2) + hc.,

(2.19)

Va(H) =Vo(H) + Y [c (mahiph*h™ +cyel.) +he,
¥
) (2.20)

respectively for SU(2); singlets and doublets, and ¢ can now be
complex (in contrast to S4). The full flavour-type symmetries of
the full potential V4, are generated by

010\ (e 0 0 -10 0
001])].lo ¢ of.l0o 1 0],
100 0 0 e 0 0 -1

(2.21)
1.0 0
0 -1 0
0 0 -1

In addition, the potential has a CP symmetry CP;3 generated e.g.
by a CP transformation associated with the flavour space matrix
[15]

10
X3=|0 0
010

(2.22)

Under these symmetries, the elements of the orbits of the potential
of one triplet of A(6n2), Eq. (2.9), fall into the following orbits:

eln 1 ein 1

0 |—=|o].[e?|—|e% | withe’ e[0,7], (223)
0 0 0 0

eln 1

et | > | " | with¢” €[0,]and 6’ € [0, 27]. (2.24)

in!
el@ eu‘)

Up to two phases can become physical, which can be deter-
mined by minimizing the parts of the potential that depend on
them, i.e. Va,xuq). For the alignment (1, e 0),

Vasumld, e’ 0)] = ce? 4 cre2, (2.25)

such that ¢’ = —Arg(c)/2 mod . For the alignment (1,el¢", ei®")
we get

¢",0"y=1(0,0), (57 /3,7/3), 2 /3,47 /3), (2.26)

meaning we have minima (1,1,1), (1,®, ®?) and (1, —w, —w?),
defining w = e2™1/3, An overall sign can be absorbed via rephasing,
such that one obtains the full list of possible global alignments
from [18] for one triplet of A4:

1 1 +1 1
ol.11].[ o |.|e¥ (2.27)
0 1 w? 0

2.4. One triplet of A(27), or, equivalently of A(54)

The potential of one triplet of A(27) and A(54) is an extension
of the A(3n2) by a term that is invariant under A(54)

Vaen (@) =Vass (@)
= Vo(p) + [d (gol 019*20* + cycl.) + h.c.] ., (2.28)

and the respective SU(2); doublet version is

Va@7(H) = Vasa(H)

= 20 p3p . .C.].
Vo(H) + ;ﬁ:[d(mahwh p —l—cycl)—i—hc]
(2.29)
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The potential in general violates CP explicitly. One may of course
impose a CP symmetry. In [18] the two types of CP-symmetry that
are normally considered consistent with the flavour-type symme-
try of the potential are analysed. The 12 CP symmetries listed
in [24] for A(27) are reduced to 6 in the context of A(54), e.g.
canonical CPg and the CP symmetry associated with X3 become
related. Of the 6 remaining, 3 restrict the phase of parameter d in
the potential, the other 3 enforce a relation between parameters,
such as 2s = (d + d*) if imposing CP symmetry associated with the
flavour matrix

1 1 1
Xa=— |1 o o? (2.30)
V3 1 0 w

The full flavour-type symmetries of this potential, are generated
by

010 0 0 1 el 0 0

00 1),{0 1 0}, O e* 0|,

1 00 1 00 0 0 e*“

(2.31)

o 0 0 1 0 O

01 01],{0 w O

0 0 w? 0 0 w?
The orbits of one triplet of A(6n2), Eq. (2.9) become

(1,0,0), (1,e",0), (1,e",e”"). (2.32)
The phases can now be physical. The phase-dependent part
VAaGaxu1) = [d ((ﬂl Pr19*2 9" + CyCI-) + h-C-] (2.33)

yields simply zero for the alignment (1,€%",0), thus ¢’ remains
unphysical and (1,1,0) is at least a local minimum of the po-
tential, as it was already a possible global minimum of Vg.
For (1,e",ei"), one obtains the alignments (1,1,1), (1,1, ®),
(1,w, ) (or equivalently (1,1, w?)). As for any value of Arg(d),
one of (1,1,1), (1,1, ), (1,1, ®?) makes VaGayxu1) negative,
we verify that (1,1, 0) is never a global minimum. We have thus
obtained the full list of global minima by [18]:

(1,0,0),(1,1,1), (1,1, ®), (1,1, 0?). (2.34)

With canonical CP (CPy), the last two VEVs are related whereas
with the type of CP with matrix X4 the last two VEVs in Eq. (2.34)
become part of the same orbit and also the first two VEVs in
Eq. (2.34) become part of the same orbit (separate from the last
two VEVs).

3. Potentials and some VEVs with two triplets

Potentials of two triplets have two sets of terms for each triplet
by themselves and also cross terms

V(p,¢)=V(p)+ V' (@) + Vg, ). (31)

In the cases we consider, the two triplets transform identically un-
der the symmetry, making V (¢) and V'(¢’) functionally identical.

The complete set of orbits for minima are known for the single
triplet cases above, and we can proceed to two triplet potentials
by analysing which degrees of freedom of V(¢) + V'(¢’) can be-
come physical when the symmetry of the potential is reduced (e.g.
by the cross-terms in V(¢, ¢’)). We omit the magnitudes of the
VEVs, which are in general different for the two triplets.

It is convenient to define

Vi(p,¢) =+ (Z (/)i(P*i) Y i’
j

i

+72 (ZW’*") > ¢
i J

+5 Z ((01(/)*1(/)1/ /*1)

+52 (010710302 + 02072030 + 939" 010 )

+i33 [((p1§0/*](pé§0*2 + cycl)

— (" 9100 + eyl . (32)

Vit H) = 37 [Frahiah ™ Rjgh' 7 + Fiahigh R h P |
ij,o.p

+ 0 [Farhiah hGsh P + Faghigh*ie k"7
ijap

+ Z I:gllhiozh*iah;ﬁh/*iﬂ +§lzhiah/*mh;ﬂh*iﬂ]
ia,p

+ " [Ba1(high™*hygh'*2 + cycl)
a.p
+ S22 (gh"*** hy g h*'P + cycl)]

+i531 Y _[(high' " *hysh*?F + cycl.)
a.p
— (W*1R b **P hyg 4 cycl)]

+i832 ) [(high™*hysh*1 + cycl)
.p
— (K% hagh"**P R} g + cycl)], (3.3)

Valg, @) =F1 (Z (Pi‘P*i) > e
j

i

+72 (Z somv’*“) > ¢
,. -

+5 Z (o9 gie' ). (34)

VaH, H) = 37 [Frahih ™ Rjgh P + Fiahig R hiF |
ij.a.p
+ 3 [fmh,-ah/*f“h;ﬁh*fﬁ +f22h,-ah*f“h;ﬁh’*iﬂ]
i,j.o.p
+3 [gnhiah*"“h;ﬁh/*"ﬂ +§12h;ah/*i“h§ﬁh*iﬁ] .
i,o,B
(3.5)
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3.1. Two triplets of A(6n%) withn > 3

The potentials of two triplets of A(6n?) are, using the defini-
tions of Vg and V, previously,

Vaen2) (@, 9") = Vo(p) + V(@) + Valp, ¢') (36)

VA(an)(H,H/):VO(H)+Vé(H/)—i-Vz(H,H/). (3.7)
The orbits for one triplet of A(6n%) are in Eq. (2.9), and we can ob-
tain minima for the two triplet case by combining any two mem-
bers of any orbit (not just the representatives), and then check
which phases are unphysical. The symmetries of the two triplet
potential are generated by simultaneous transformations of both
triplets under A(6002) and by separate U(1) phases acting on each
triplet,
eld 1

,and

as well as an overall canonical CP transformation. Accounting for
these, we get the following combinations of orbits:

(€',0,0), (¢, 0,0) — (1,0,0), (1,0,0) (3.9)
(,0,0), (0, ,0) - (1,0,0), 0,1,0) (3.10)
(€',0,0), ", e, 0)— (1,0,0), (1,1,0) (3.11)
(',0,0), (0,e™ ey - (1,0,0), (0,1, 1) (3.12)
€",0,0), €7, e ey - (1,0,0),(1,1,1) (313)
(', e%,0), (0, ey > (1,1,0), (0,1, 1) (3.14)
(", €%, 0), (e, e, 0) > (1,1,0), (1, , 0) (3.15)
(€, e, 0), (", e,e?) - (1,1,0), (1, 1) (3.16)
@, e e, (", e ey > (1,1,1), (1,e ey,  (317)

The phases can now be fixed by the minimisation of the phase-
dependent part Qf/the potential. We get for (1,1, 0), (1, e’fl, 0) and
for (1,1,0),(1,€'%,1) that ¢’ =0 for 1, > 0 and ¢’ =7 for r; <0,
i.e.

(1,1,0),(1,4£1,0) and (1,1, 0), (1, £1, 1) (3.18)

different sign choices are different orbits. For (1,1, 1), (1, €%, ei"),
we get for 1, < 1 the orbit

(1,1,1),(1,1,1) (319)
and for ry > 0 the orbits
(1,1,1), (1,0, w?) and (1,1, 1), (1, 0%, w). (3.20)
3.2. Two triplets of A(3n%) withn > 3

The potentials for two triplets of A(3n2) with n > 3 are
V@) (@, ) =Vo(@) + V(@) + Vilp, ¢), (321)
VA(3nz)(H,H’)=VO(H)+V(’J(H’)+V1(H,H’). (3.22)

The single triplet orbits of A(3n?) and A(6n?) were the same and
listed in Eq. (2.9). The difference to the previous potential lies in

the fact that the full symmetries of V5 (3p2) only allow for cyclic
permutations, i.e. only

1 1
11 1],
1 1

(3.23)

in addition to all phase symmetries arising from A(3n?) and
Eq. (3.8). This two triplet potential has no automatic CP symme-
try. Compared to A(6n?), several orbits split, but interchanging the
first and second triplet allow us to reduce the number of distinct
such orbits to (1,0,0), (1,1,0) and (1,0, 0), (1,0, 1). Besides Egs.
(3.9)-(3.14), Egs. (3.19), (3.20), and the two orbits above that arise
from splitting known orbits, two other new orbits can arise due to
the lacking CP symmetry, namely

(1,1,0), (1,e’,0) and (1,1,0), (1,e’, 1) (3.24)

with ¢’ = arctan(i,/53) a function of §3 and 7, in contrast to
the situation with a A(6n?) symmetry, where ¢’ =0, 7, depend-
ing on the value of 7,. The pair (1,1,0), (1,e’,0) and the pair
(1,1,0), (1, /¢, 1) have the same ¢’. When special CP symmetries
are imposed, then ¢’ can be forced to take special values again.

3.3. Two triplets of Sa

The potentials for two triplets of S4 are

Vs, (9. 9") = Vol(p) + Vo (@) + Va(p, ¢) + (3.25)
c [(<p1 019" + cycl.) + h.c.]
ol [((p{ @19 B3 ¢ cycl.) + h.c.]
[((pl(p 0B 3 4 cycl.) + h.c.] ,
V54(H,H/): Vo(H)—i—V(’](H/)—}-Vz(H,H/) (3.26)

3o p#3p
+a2:c[(hmhmh “h +cycl.)+h.c.]
+Z [( - /wh’*3"‘h/"‘3’3 +cycl.)+h.c.]
+ZC1

Zcz

For one triplet, the symmetry generators are in Eq. (2.13), and the
potential has an automatic CP symmetry. The single triplet orbits
are

[(hwh*mh’l S+ cycl.) + h.c.]
[

(h1ah’*3"‘h’1 ™38 ¢ cycl.) + h.c.] .

j:ei“ (_l)ke'ia (—1)’(6'.?[
{{ o ]t (—11)’el“% b A é"(_])kle:a- )
0 -1 K+l 510 -1 +l i
\(=D"e @i (C1)e (3.27)
_(_l)kela 0

{| oD |3 £ |,
wZ(_-l)k+leiot +ijel®
where the sign choices represent independent orbits. We combine

the single triplet orbits to obtain the two triplet orbit representa-
tives
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(1,0,0),(1,0,0) (3.28)
(1,0,0),(0,1,0) (3.29)
(1,0,0), (1,0,1) (3.30)
(1,0,0),(0,1,1) (3.31)
(1,0,0),(1,1,1) (3.32)
(1,0,0), (1,0*, w) (3.33)
(1,0,1), (1,0, %i) (3.34)
(1,0,1),(1,i,0) (3.35)
(1,0,1),(1,1,1) (3.36)
(1,0,1), (1, w?, +w) (3.37)
(1,1,1),(1,1,£1) (3.38)
(1,1,1), (1, 20, ») (3.39)
(1, 0% ), (1,0, o) (3.40)
(1,0, w), (1, —w, —»?) (3.41)
(1, 0%, ), (1,0, ®?) (3.42)
3.4. Two triplets of As
The potentials for two triplets of A4 are
Va, (@, @)= Volp) + V@) + Vilp, @) + (343)
+ [C (<p1<p1g0*3<p*3 + cycl.) + h.c.]
+ [C’ ((p{ 01 B9 4 cycl.) + h.c.]
+ [E (gm @0 p*39" " + cycl.) + h.c.] ,
VA4(H,H/)= VO(H)+V6(H/)+V1(H,H’) (3.44)

+3° [c (hm/n gh*3eps36 4 cycl.)
o.B

+c (h’mh’lﬁh’”‘3‘)‘11’*3‘3 + cycl.) + h.c.]

+3° [61 (hiah™>* 1y gl 3 + cycl)
a.p

+ G (iah' R gh™ 4 cycl) + h.c.] .

The symmetry generators for one triplet are in Eq. (2.21), and the
orbit representatives are

+ela (_1)keia (_])keia
ff o i vl (] oDl |,
0 (_1)k+lei01 a)2(_-l)k+lei0!
) (3.45)
_(_1)kelt)l 0
{| o=l |3 +e |
a)Z(_-l)k—Heiot :teiot-f-iﬁ
For two triplets we get
(1,0,0),(1,0,0) (3.46)
(1,0,0),(0,1,0) (3.47)

(1,0,0), (1,€™®", 0) (3.48)
(1,0,0), (0,1,€) (3.49)
(1,0,0), (¢'*,0,1) (3.50)
(1,0,0), (1,1, 1) (3.51)
(1,0,0). (1, w, %) (3.52)
(1,%,0), (1, £, 0) (3.53)
(1,e',0), (0,1, ) (3.54)
(1,€%,0), €,0,1) (3.55)
(1,€*,0),(1,%£1,1) (3.56)
1,e*,0), (1, 2w, w?) (3.57)
(1,1,1), (1,1, £1) (3.58)
(1,1,1), (1, w, +0?) (3.59)
(1, 0, 0%, (1,0, +&?) (3.60)

where o and o’ are fixed by the respective one-triplet parts of the
two-triplet potential, as in Eq. (2.25). Note that (1, 0, 0), (ei"", 1,0)
as well as (1,0,0), (0,e®, 1) and (1,0,0), (1,0, e®), are part of
the above orbits due to the separate rephasing symmetries of each
triplet.

3.5. Two triplets of A(54)

The potentials for two triplets of A(54) are
Vaca (@, ) =Vo(p) + Vi@ + Valp, ¢) (3.61)
+ [d (¢1¢1<p*2¢*3 + cycl.) + h.c.]

+ [d/ (goﬁ @9 23 4 cycl.) + h.c.]
+d; [(<p1 @™ * + cycl.)

+ ((m QB 4 cycl.)] +h.c.,

Vaeay(H, H) =Vo(H) + Vo(H') + V2 (H, H')

+ ; [d (h1ah1ﬂh*2ah*3ﬁ + cycl.)

(3.62)

+d' (Right gh2H % + cyel.) + ]
+>° [&n (h1ah™2hy 51 % 4 cycl)
a.B
+dia(high 3B, g + cycl) + he
+ 3 [dn (e ™ i g2 4 cyel
ap
+diz(hiah 22, 4™ + cycl) + h.c.].

This potential has no automatic CP symmetries. We can write
Vass) (@, 9) =V a@en) (@) + Vi g2 (@) + Vaia (@)
+ V(54 (@)
+ Ve a@n2) (@, @)+ Ve asa (@, ¢).

(3.63)
(3.64)
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The orbits of VEVs for one triplet are

wkeld wkeld
{I o |,perm},{| o'el® |,perm.},
0 w2k+216i01
wkeia a)keia (3'65)
{ wlel ,perm.}, { wlei® , perm.}.

a)2k+2l+1 eioz w2k+21+26iot

In addition to the direct sum of the generators in Eq. (2.31), the
potential is invariant under separate phase symmetries for each
triplet, as in Eq. (3.8). By combining single triplet orbits and then
eliminating unphysical degrees of freedom we get

(1,0,0), (1,0, 0) (3.66)
(1,0,0), (0,1,0) (3.67)
(1,0,0), (1,1, 1) (3.68)
(1,0,0), (1,1, ®) (3.69)
(1,0,0), (1,1, w?) (3.70)
(1’ ], wi)’ (wk’—k’ a)l/_l, a)2k’+21’—2k—21+i’) (3.71)

where the last case has several orbits labelled by i and i’. We note
that phase differences between the two triplets are physical.

3.6. Two triplets of A(27)

The potentials for two triplets of A(27) are

Vaen(@.¢)=Vo(@) + V(@) + Vi(@.¢") (3.72)
+ [d ((p1g01<p*2§0*3 + cycl.) + h.c.]

+ [d/ ((p @l 2y "3 +cyc1.) +h.c.]

+ [ (01919720 + cyel) +he

+ [ (wlwp 2 4 cycl.) + h.c.],

Vaen(H,H)=VoH) + Vy(H) + Vi(H,H) +
+3 [d (hmm s 236 4 cycl.)
a.p

(3.73)

+ d (Mighi gh 20 P 4 cycl.) + h.c.]

+ 3 [dn (e ™ i gh 3 4 cyel
o.p

+ a12(h1ah/*3ah/1ﬁh*2ﬁ +cycl) + h.c.]

+3 [a21 (™ 1y 512 4 cycl)
o.p

+ dap (heh 2R gh*3 4 cycl) + h.c.].

The one triplet VEVs for A(27) are the same as for A(54), so the
VEV pairs generated by our method are similar to the case of two
triplets of A(54). There is however the permutation generator that
is missing in A(27), and therefore several orbits split with respect
to A(54). In addition to Egs. (3.66)-(3.71), we get independent or-
bits:

(1,0,0), (1,1, ®) (3.74)
(1,0,0), (1, w, 1) (3.75)
(1,0,0), (1,1, 0% (3.76)
(1,0,0), (1,®*, 1). (3.77)

4. Conclusions

In this paper we have analysed the minima of scalar poten-
tials for multi-Higgs models, where the scalars are arranged as
either one triplet or two triplets of the discrete symmetries A(3n2)
and A(6n?) with n=2 (A4, S4), n=3 (AQ27), A(54)) and n > 3.
We have found the minima with a technique where we consider
by steps the symmetry of parts of the potential and progressively
add terms that reduce the symmetry, minimizing them in turn.
We have identified cases where phases are physical. This does not
guarantee that such cases spontaneously violate CP (such cases
are known e.g. in As). Whether the minima spontaneously vi-
olate CP or not is a non-trivial issue, which is discussed in a
separate work [23]. The results in this paper should be useful
for both multi-Higgs models involving electroweak doublets and
multi-flavon models involving electroweak singlets, where in both
cases the fields transform as triplets under some non-Abelian dis-
crete symmetry.
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