UNIVERSITY OF SOUTHAMPTON

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING

Electronics and Computer Science

Analysis of Symmetric Patterns in Images

by

Jaime Lomeli Rodriguez

Jury Supervisor

Dr. Krystian Mikolajczyk Prof. Mark S. Nixon
Dr. Jonathon Hare

Thesis for the degree of Doctor of Philosophy

November 2017


mailto:jaime.lomeli.rodriguez@gmail.com




UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING

Electronics and Computer Science

Doctor of Philosophy

ANALYSIS OF SYMMETRIC PATTERNS IN IMAGES

by Jaime Lomeli Rodriguez

The computational detection of symmetry is of large importance not only to model
human vision, but to leverage the structural information it carries. Due to the complexity
of the problem, researchers tackle automated symmetry detection as a search rather than

a model-based approach in most of the cases.

The detection of symmetry has found several applications including segmentation, gait
analysis, interest-point detection, saliency models and human pose tracking amongst
others. Despite the variety of approaches, the detection of symmetry is still an open area
of research. In this thesis, symmetry perception and detection algorithms are directly

related to Marr’s stages of vision.

Feature-based symmetry detection methods tend to over-perform other approaches, nev-
ertheless, they are computationally demanding. These are reliant on the presence of
matched pairs of features, therefore they benefit from the abundance of such points;
this implies that a trade-off between performance and computation time must be found.
Here, the detection of large sets of features and the computation time for feature based

symmetry detection algorithms are addressed.

A new procedure for feature based symmetry detection is introduced. We make use of the
efficient binary descriptors, allowing for a drastic reduction on the computation times.
Moreover, we use a density-based approach to detect axes of symmetry in the parameter

space; this augments resolution and provides more flexibility for the detection.

Two new feature detection methods are presented. The Locally Contrasting Keypoints
(LOCKY) is a novel blob-detector aimed at reducing computation times. The detection
is achieved with an innovative non-deterministic low-level operator called the Brightness
Clustering Transform (BCT). The BCT can be thought as a coarse-to-fine search through
scale spaces for the true derivative of the image; it also mimics trans-saccadic perception
of human vision. LOCKY shows good robustness to image transformations included in
the Oxford affine-covariant regions dataset, and is amongst the fastest affine-covariant

feature detectors.
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Unsupervised representation learning enables computers to learn visual cues from un-
labelled data, obviating the need for hand-crafted feature models. The second feature
detector is a novel technique to find rotation-invariant structures using an unsupervised
representation learning strategy. This is accomplished by mapping image-patches into a
rotation-invariant space built with the Bessel-Fourier moments. We analyse this space in
terms of the symmetry of features and categorise them into three groups, non-symmetric,
symmetric and composite-symmetric. Feature-maps are created by comparing patches in
an image against the feature models, non-maxima suppression is performed afterwards.
The detected features show very competitive results on repeatability tests compared with
state of the art detectors. Moreover our approach can recognise multiple structures there-
fore, the user can substantially increase the amount of detected features in a controlled

manner.

Using the methods presented in this thesis, symmetry detection computation times are
drastically reduced by approximately ten-fold compared to other state of the art ap-
proaches. The use unsupervised learning for the rotation-invariant detection of struc-
tures, also yields an improvement on the symmetry detection performance measured

against the state of the art.
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Chapter 1

Introduction

1.1 Context

HE perception of symmetry has long been studied. Since ancient times, symmetry
T has been deeply related to beauty. Along the way, philosophers and researchers
have found that symmetry means much more than visual appeal. Studies have proved
that symmetries are building-blocks of structured patterns, therefore, symmetry is an
important factor in the perception of shape. This would imply that symmetry is vital in

more complex visual tasks such as object recognition and segmentation.

Humans’ remarkable ability to discern symmetrical patterns in cluttered scenarios has
intrigued neuroscientists for many years. Researchers suggest that the perception of
mirror symmetry arises from symmetric neuronal interconnections between both hemi-
spheres of the brain [80]. It is also recognised that contour grouping could be assisted
by the presence of symmetry [90]. Treder gives a review on the perception of symmetry,
analysing how factors such as rotation or noise affect humans’ ability to recognise its

existence [97].

Symmetry has also attracted the attention of mathematicians and, more recently, com-
puter scientists. For instance, eyes can be landmarked and tracked using their round
shape as a cue. Eye tracking systems have several applications for finding points of high
saliency or attention [8]. Car license plates can be automatically detected by exploit-
ing their rectangular symmetric shape [44]|. Automatic Number Plate Recognition finds

applications like law-enforcement or location tracking.

Researchers also use symmetry to detect salient regions on images [46, 33]. Symmetry
can also be used to analyse gait [38|, such methods help to recognise people in low-
resolution recordings or when the individual’s face is not visible. Other applications for
the automated detection of symmetry include interest-point detection, grouping, human

pose tracking or image segmentation to name a few [67, 89, 37, 45, 82, 84].

Symmetry Lets define symmetry in a geometrical way. Consider the transformation

!/

S that maps a point p into a corresponding point p’ i.e. S : p — p’. And its inverse
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R R’
® °
/
[ B K ] Tl J [0
P P °, 0® o ,-
_ ® Y )
«——ax1s ® oo o aris
(a) «—Qaxris (©

(b)

Figure 1.1: Mirror-symmetry. A reflection across the axis keeps a figure unchanged.

transformation S’ which maps p’ back into p i.e. S’ : p’ + p. The successive applica-
tion of both these transformations to a point is an operation that preserves the structure

of space making it an automorphism i.e. p remains unchanged.

The transformation .S that takes p to the ‘opposite’ side of a straight line is a reflection.
This line is known as the azis of symmetry, p and p’ form a mirror-symmetric pair (figure
1.1a). In a similar manner, if S reflects a set of points R = {p; |i =0, 1, ..., A} across the
same axis into R’ = {p/|i = 0,1,..., A}, the union RUR’ forms a mirror-symmetric
group (figure 1.1b). An image (or an object) is mirror-symmetric if there is a reflection

S across an axis that leaves it unchanged (figure 1.1c).

In addition to the reflection, there are other transformations that preserve some objects
across the operation. An object that can be periodically rotated around a point, while
remaining unchanged, is known to be rotational-symmetric. An example of this is shown

in figure 1.6a.

In conclusion, a symmetric object is one that is invariant to some geometric transfor-
mation other than the identity transformation, and the transformations that leave such

objects unchanged are known as symmetries e.g. rotation, translation, reflection, scaling.

R R’
®
o ® o S
.'_ . . ..‘“ ,
LA =)
® o ® .
o o “«——QxI1lSs
«—Qaxis

Figure 1.2: Examples of glide-reflection symmetry. A reflection plus a translation across
the axis generates glide-reflection symmetric figures.
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Figure 1.3: In the words of Hermann Weyl, “Seldom is asymmetry merely the absence
of symmetry”. Asymmetry is a deviation from exact symmetry.

Symmetries can also be a combination of transformations. For instance, a reflection and
a translation across its axis is known as a glide-reflection symmetry; figure 1.2 illustrates
this.

Weyl defines symmetry as something like well-proportioned or well- balanced [106]. Sym-
metry becomes a more complex matter when objects begin to deviate from the perfect
symmetry described above. “Seldom is asymmetry merely the absence of symmetry.
Even in asymmetric designs one feels symmetry as the norm from which one deviates
under the influence of forces of non-formal character,” says Weyl when talking about the
inclination of occidental art to break strict symmetry, exemplifying with the Etruscan

painting of riders shown in figure 1.3.

Structural artefacts or deformations break exact symmetry, this phenomenon is fre-
quently found in real-world images. An example of this is pictured on the left side
of figure 1.4, where a glide-symmetric pattern is constructed from irregular tiles. Curved
axes of symmetry can also be a deviation from exact symmetry, as points are not reflected

across a straight line; this is shown on the right side of figure 1.4.

-4
‘I i
ﬁ-.. in ma B I‘

Figure 1.4: Deviation from exact glide-symmetry in an image of a mosaic pattern (left).
A curved axis of symmetry is also a deviation from exact symmetry.
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Locality In practice, images are bounded to the extent of a pixel matrix. Generally,
scenes are formed of simpler structural components and may contain an infinitely large
amount of combinations of them. For example, if we analyse the image in figure 1.5 as a
whole, its description would not be a viaduct, mountains, a train, etc.; instead, it would
be this specific collection of intensities. Changing the position of any of the objects in
the image would change the intensities in some regions, thus the description of the entire

image would change.

Figure 1.5: The importance of locality in computer vision.

On the other hand, if we consider the image to be composed of smaller local structural
elements or objects that are finite in extent, one can describe the image in a more flexible
manner. Locality refers to finite extensions of images or image-patches. The definition
of locality triggers the concept of scale, as image-patches of different sizes may present

the same structural characteristics.

(a) A snowflake. (b) Starfish.

Figure 1.6: The image of a snowflake with global symmetry. Starfish are non-rigid
objects, here each represents a local symmetry. Axes of mirror symmetry in red and,
centres of rotational symmetry in blue.

We refer as local symmetry to the symmetries that are present at the local level and,
global symmetry to the symmetries that span the entire space of an image. Figure 1.6
shows both local and global types of symmetry; the snowflake spans the whole image,

whilst the starfish are small portions of the image.



Chapter 1 Introduction 5

1.1.1 Three stages of vision

According to David Marr, visual processing is performed at three different stages. On
the top level there is a 3D model of the world that surrounds us. Breaking down this
3D model, there are textures and planes that constitute the 2.5D sketch. The bottom
stage of visual perception is the primal sketch: “The primal sketch consists of primitives
of the same general kind at different scales. .. but the primitives can be defined from an
image in a variety of ways, from the very concrete (a black ink mark) to the very abstract
(a cloud of dots)” [T1]. For ease of understanding and generalisation, we rename Marr’s

stages of vision:

e Low-level sketch: the primal sketch of vision. This encompasses low levels of image

processing like filtering and feature detection.

e Mid-level sketch: the 2.5D sketch. Shape and feature grouping, primal segmenta-

tion.

e High-level sketch: the 3D model. We know a model of the object and we can
understand it. We know what we are looking at and are able to retrieve more

information due to the known model.

Simple or complex, all visual cues may show any type of symmetry, or none. As objects
deviate from exact symmetry, the task of finding corresponding symmetric pairs of points
goes from row perception to grouping, requiring higher levels of cognition [97]. Perception

of symmetry can then be related to Marr’s stages of vision.

Low-level sketch Image-patches that present certain structural characteristics are
known as keypoints or features, and the process of finding them is known as feature
detection. For instance, it is possible to measure how similar an image-patch is to an

‘ideal corner’; image-patches that are similar to such model are considered as ‘corners’.

Feature detection is related to the lower levels of vision. It must either provide a measure
(covariance) or return the same result (invariance) after certain image transformations
including scale, rotation and noise amongst others. The term covariance was suggested
by Tuytelaars and Mikolajczyk [99], it is to be used when features change covariantly with
the image transformation. On the other hand, invariance refers to the fact that a measure
is not affected by the image transformation. In chapter 4, a new non-deterministic
feature detection method named the Locally Contrasting Keypoints detector (LOCKY)
is presented. LOCKY shows good robustness against image transformations, and is

amongst the fastest affine-covariant feature detectors.

Humans extract information from scenes as a series of snapshots known as fixations,

the rapid eye movements between fixations are known as saccades. There is a temporal
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memory that integrates fixations to form a single percept through various saccades [43].
This process is called trans-saccadic integration. LOCKY is based in a non-deterministic
algorithm that employs a voting scheme. Each vote is randomly initialised, then it
extracts information from the region being attended resembling eye fixations. When the

next vote is initialised, the algorithm changes the location of attention, this is a saccade.

Computer vision has taken great advantage from the development of powerful computers.
More complex and computationally demanding calculations are now possible to process
thus, computers can interpret large amounts of data to find repetitive patterns of different
forms. The field of Convolutional Neural Networks (CNN’s) has benefited from this fact,

and applications using such methods seem to constantly over-perform those that do not.

Many aspects of the CNN framework remain open for discussion, one of them is their
relation to the detection of features. Classic feature detection algorithms find specific
hand-crafted structures that can be categorised into general groups, edges, ridges, cor-
ners, blobs or regions, depending on the structure they represent. On the other hand
CNN training algorithms, better known as representation learning, take large sets of im-
ages to find patterns that are persistent throughout the data. The result of this training
process is a set of filters that are stacked on layers as a deep network, increasingly more
complex patterns are found on each layer. This allows for the extraction of statistically

more consistent features.

A feature can be any visual cue, namely, a corner, an edge, a ‘black ink mark’ or a
‘cloud of dots’. In chapter 5, a novel feature detection technique is introduced that fins
structures with rotation-invariance. This detector exploits the representation learning
strategy to find repetitive features of any kind. Features are analysed in terms of their
symmetry characteristics and categorised into non-symmetric, symmetric and composite-
symmetric groups. Feature detection is a search-space reduction in which a large amount
of information is discarded. Traditional feature detectors introduce a trade-off between
feature density and distinctiveness. Our approach circumvents this issue by allowing the

detection of any particular structure.

In a similar fashion, exact (or nearly exact) symmetry can be found with low levels of
attention. In real-world images, exact symmetry is far more often found in small regions
as symmetric image-patches than as global structures. The low-levels of symmetry can
be detected using correlation, spectral or other type of low-level image analysis without

previous segmentation.

Mid-level sketch Groups of features form more complex structures that conform the
mid-level sketch. These structures can be recognised as textures or other patterns. Mid-
levels of symmetry are features arranged in an approximately symmetrical manner, as
objects show some degree of deviation from exact symmetry. When there is enough

information on the image to determine whether an object is symmetric or not. This level
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of cognition allows the detection of symmetry in unseen objects that do not show perfect
left-right balance. Mid-level symmetry perception includes the detection of symmetries

in occluded or skewed objects.

The 2D projection of a deformable symmetric object does not show perfect balance, since
the deformed parts modify curvature and brightness. There is enough evidence suggest-
ing that the object could be symmetric after a certain transformation. Nonetheless, our
knowledge of deformable objects intervenes and suggests that symmetric objects can
modify certain characteristics while retaining an arrangement of symmetric (correspond-

ing) features.

The computational detection of mid-level symmetric structures requires the search for
corresponding regions in an image. The more complex nature of this level of symme-
try introduces problems like occlusions and noise. To deal with these problems, re-
searchers make use of feature detection, energy optimization or machine learning tech-

niques amongst others.

The detection of symmetry at this level is usually a computationally expensive process.
The feature based approaches have gained attention as they tend to over-perform other
algorithms, the idea was first introduced by Loy and Eklundh [66]. These methods rely
on the detection of features in images, these features are then described and compared
against each other to find correspondences. Geometrical information extracted from these
correspondences highlights probable axes of symmetry in the image. The abundance of
detected features benefits the process, this implies that a trade-off between performance

and computation time must be found.

This thesis explains a new set of techniques to reduce the computation time of feature
based symmetry detection. This is achieved by modifying or replacing some of the stages
involved in the process. Computation times are drastically shortened taking an average
of 0.59 seconds to process an image. Detection results for single and multiple, straight
and curved, reflection and glide-reflection symmetries are similar to the current state of
the art.

High-level sketch The high-level sketch of perception, involves deeper levels of knowl-
edge and processing of scenes. When the 2D projection of a 3D object does not contain
any information on the symmetry of an object at all, high-level cognition of symmetry
allows us to recognise symmetrical objects. For example, if a face is rotated by 90° in
the depth plane no signs of symmetry are present in the image, but our knowledge and

model of faces indicate the presence of symmetry.

Also, symmetrical arrangements of objects of different characteristics can be thought as
symmetry. Symmetrical arrangements of objects are detected after a longer process of

reasoning and recognition. Liu et al. suggest that the symmetric arrangement of a square



8 Chapter 1 Introduction

and a deforming square into a triangle is an ambiguity in mirror symmetry, real world
images of this shape ambiguity can be the mirror arrangement of two objects of the same

kind with different shape or characteristics [59].

No algorithm is recognized that uses a high-level of cognition for symmetry detection.
The reason for this could be that, generally, symmetry detection serves as a tool rather

than an objective in computer vision.

From symmetric primitives in the Low-level sketch to symmetrical 3D structures in the
High-level sketch, symmetry is embedded in every stage of vision. The computational
detection of symmetry is of great importance not only to model human vision, but
to leverage the structural information symmetry carries. Moreover, understanding the
structure of features could bridge the gap of knowledge that relates low-level image

processing and the higher order computer vision operations.

1.2 Contributions

This thesis addresses the slow computation times of the feature based symmetry detection
approach, to achieve this, a set of improvements to the method are introduced. These
improvements reduce computation times and augment resolution to maintain state of

the art performance.

Moreover, two new feature detectors are presented. The first uses a non-deterministic
approach to detect blobs and measure affinity. The second method relies on an in-depth
analysis of the relation between features and low-level symmetry. Such analysis conducts
to a generalised categorisation of visual primitives into non-symmetric, symmetric and

composite-symmetric groups, strengthening comprehension on the structure of features.

This thesis expands both, symmetry and feature detection literature in theoretical and
practical contexts with methods that compare with the state of the art. A condensed

list of contributions is shown below.

e Symmetry perception in human vision appears to be processed at both conscious
and sub-conscious instances [97]. We introduce a new categorisation of the per-
ception of symmetry into low, mid and high levels of cognition, these levels can be

directly related to Marr’s stages of vision.

e Feature based techniques tend to over-perform other symmetry detection strate-
gies [59]. This advantage in performance is obliterated by the time-consuming
procedure for feature based detection. We address this problem by improving or

replacing each of the steps on this method.
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e A novel non-deterministic feature detection technique named LOCKY is presented.
LOCKY is among the fastest affine-covariant approaches, showing good repeata-

bility scores [75] and presenting the best feature dispersion across the image.

e A derivation of the generalised complex image-moments is presented. The par-
ticular case when the radial functions are the Bessel functions of the first kind,
represents the Fourier transform in cylindrical coordinates. The coefficients of this

transform are known as the Bessel-Fourier moments [109].

e Bessel-Fourier moments describe structural properties of image-patches. From
these values, we categorise structures into three general groups, non-symmetric,
symmetric and composite-symmetric, providing a more complete alternative to the

usual corner, blob and region categorisation of features.

e A new technique to build feature-maps from a rotation-invariant space is presented.
This method uses the unsupervised representation learning procedure to learn fea-
ture models in a rotation-invariant space. Features detected with this technique
show very competitive average repeatability scores [75]. Moreover, this approach
can recognise multiple structures as features thus, the user can substantially in-

crease the amount of detected features in a controlled manner.

e Feature based symmetry detection is performed using the presented rotation-invariant
representation learning approach as the feature detection stage. This technique in-
crements the number of detected features while maintaining low computation times,
taking an average of 0.59s to process an image in a single threaded implementa-
tion. Detection results for single and multiple, straight and curved, reflection and

glide-reflection symmetries are similar to the current state of the art.

1.3 Publications

Parts of the work presented in this thesis have been published as,

e The Brightness Clustering Transform and Locally Contrasting Keypoints. In In-
ternational Conference on Computer Analysis of Images and Patterns, 362-373.

Springer, 2015. [61]. Best paper prize.

e An extension to the brightness clustering transform and locally contrasting key-
points. Machine Vision and Applications, 27(8), 1187-1196. Springer, 2016. [62].

e Learning Salient Structures for the Analysis of Symmetric Patterns. International

Conference on Image Analysis and Recognition, 286-295. Springer, 2017. [63].

e The Symmetry of Features: Unsupervised Learning of Rotation-Invariant Struc-

tures. Submitted to IEEE Transactions on Image Processing.
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1.4 Outline

The remaining of this thesis is structured as follows.

Chapter 2 shows a topical symmetry detection literature review. Algorithms for low and
mid levels of symmetry detection are discussed. The flow for feature based approaches is
explained in detail, and an introduction to the feature detection and description literature

is also presented.

Chapter 3 explains the new process for feature based symmetry detection. In this chapter,
the feature detection stage is considered as a black-box. A process for efficiently mirroring
binary descriptors is introduced. Other approaches use a discretised parameter-space, a

process to avoid such discretisation is described.

Chapter 4 introduces a blob detection algorithm that is easy to implement and is faster
than most of the currently available feature detectors. This detector is based in a non-
deterministic low-level operator named the Brightness Clustering Transform (BCT). The
new algorithm is called Locally Contrasting Keypoints (LOCKY). Showing good robust-
ness to image transformations included in the Oxford affine-covariant regions dataset,

LOCKY is amongst the fastest affine-covariant feature detectors.

Chapter 5 contains a deep analysis on the structure of features. This chapter begins
with an introduction to the image-moments framework. We derive the generalised com-
plex image-moment generating function from the Fourier transform in cylindrical coor-
dinates. Using the magnitude of complex image-moments, image-patches are mapped
into a rotation-invariant space where visually similar structures are close to each other.
We exploit this property to cluster large amounts of unlabelled visual cues to find repet-
itive model structures. A novel generic feature detection scheme that uses such model
structures is presented. Features detected with this innovative method are inherently

consistent, showing state of the art scores on Mikolajczyk’s repeatability test [75].

Chapter 6 shows symmetry detection results using the introduced method. These, and
the results obtained by other authors are compared. The computation times for different
stages of the algorithm are analysed. Result images with different types of symmetry are

presented.

Chapter 7 concludes the thesis and discusses new possible research directions.



Chapter 2

Related work

YMMETRY detection algorithms can be directly related to the symmetry levels of
S humans’ perception, usually requiring different approaches for their detection. Low-
level symmetry relates to spectral or transformation-driven methods and can achieve
feature detection; on the other hand, mid-level symmetry is related to matching, involving

the previous detection of features or segmentation.

Symmetry is a recurring cue in natural and artificial objects, although perfect left-right
balance is rarely found in such scenes. Imperfections break the assumption that symme-
try has a binary existence i.e. it either exists or it does not. A number of publications
treat symmetry as a continuous feature, the measure of symmetry expresses the value of

shape and provides a means to compare structures [112, 111, 113, 114].

Perhaps the most straight-forward method for detecting symmetry is applying a sym-
metric transformation to an image and then comparing it with the original. This could
be considered the brute-force approach, all the possible symmetric transforms, scales,
translations and rotations have to be tested to detect all symmetries. This approach
was implemented in various publications [48, 49, 17|. This solution is not only extremely
computationally expensive; it also lacks robustness to noise and occlusion, also it does

not provide with a good continuous measure of symmetry.

Some symmetry detection algorithms weigh the influence of brightness, gradient or local
phase; a measure of symmetry is given for a pixel at a certain scale (or a linear combina-
tion of measures at different scales). The Discrete Symmetry Transform (DST) [24] and
the Generalised Symmetry Transform (GST) [85], are early examples of such approach.

Loy and Zelinsky present an operator to find radially symmetric points of interest using
the gradient of an image [67|. This algorithm was extended to a multi-scale and rotation
invariant detector called the MUlti-scale Symmetry Transform (MUST) [45]. Sela and
Levine measure symmetry by finding co-circular edges [91|. Lin and Lin present an

algorithm to detect facial features using a masking scheme with gradient direction [55].

Salti et al. detect features with the progression of the wave equation [89]. Based on the
gradient of the image, points in between symmetric contours tend to be detected. Strong
responses are generated in resonating points, the resonance happens at different times in

the progression providing information about the scale of the features.

11



12 Chapter 2 Related work

Using the response of wavelet filters, Kovesi measures the phase congruency of composing
waves [47]. In some sense this is a left-to-right similarity measure independent of bright-
ness or contrast. Phase congruency is an alignment in the phase of sinusoidal functions
around a point. For instance, the functions sin(2t) and —sin(3t) are congruent around
t = 0 as both have phase equal to zero. A more in-depth discussion on this subject is

found in page 53.

Griffin and Lillholm show how symmetry can be detected with derivative of Gaussian
filters [35]. This approach maps the response of such filters into a parameter space that
accounts for the magnitude and the angle of the filtered region. Symmetric features
are robust against several image transformations. Hauagge and Snavely find symmetric

points of interest using the idea of self-similarities [37].

Lee et al. find autocorrelation across a frieze-expansion around a point in the image to
find rotational symmetry [51]. The autocorrelation of a function f(¢) is defined as the

correlation (denoted with the x operator) of a function with itself, shown in equation 2.1.

(f* D)7 /f F(t+)dt (2.1)

f(t) is the complex conjugate of f(t). Using the convolution property of the Fourier
Transform (FT), this operation can be expressed as a multiplication in the frequency

domain (equation 2.2).

FT{f « f} = F(v) - F(v). (2.2)

Here, F(v) is the Fourier transform of f(¢). This is efficiently calculated with the discrete
Fourier transform of the frieze-expansion. The condensed idea of Lee et al. , is to find

rotational periodicity of image-patches.

The locality of symmetry provides a more relaxed definition, an axis of symmetry can
be considered as an equidistant point from two or more of the boundaries of a shape.
This problem is known as ‘medial axis detection’ or ‘skeletonization’. Figure 2.1 shows

the shape of the capital letter ‘B’ and its medial axis.

Skeletonization was first introduced by Blum as a shape description technique [16]. Given
a binary shape, Blum’s algorithm finds all inscribed circles that touch the boundary
of the shape in at least two points. The centre of such circles are classified as part
of the medial axis. The operator responds to regions in the image that show local
symmetry. These local symmetries are also known as ‘ribbons’. A ribbon is a shape
generated by a translating geometric figure, known as ‘generator’, along a plane curve
i.e. the medial axis. After some preprocessing, segmentation, edge detection or other,

modern skeletonization methods find corresponding contours that create local reflection
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symmetry in grayscale or colour images. These algorithms find higher levels of symmetry

compared with Blum’s technique.

Such methods find applications in areas like segmentation [96, 98|, shape abstraction
[25], object detection [93], or text-line detection in natural scenes [115]. This is achieved
using a range of different approaches. For example, Levinshtein et al. first segments the
image using super-pixels to estimate closed contours by finding region boundaries, and

then group such segments [54].

Figure 2.1: The medial axis of the letter ‘B’.

Widynski et al. tackle the problem with spatial tracking by following contours and group-
ing them [107]. Shen et al. treat skeletonization as a classification and regression problem
[93]. Using a deep convolutional network their method determines whether a pixel be-
longs to a skeleton or not, the scale of the skeleton is approximated with additional side
output layers. A purely deep neural network approach was recently introduced by Funk
and Liu [32]. Their neural network generates symmetry heatmaps that mimic human
labelled ground truth data.

Skeletonization constrains the detection of more intricate structures from the very def-
inition of ‘ribbon’. The skeleton shown in figure 2.1 shows how small perturbations on
the objects boundaries result in undesired skeleton ramifications. Such evident problem

is one of the main focus of research in medial-axis detection.

Figure 2.2 shows the results obtained by some modern skeletonization algorithms. Local-
ity of the extracted axes is useful for object segmentation in images with clear ribbon-like
structures ¢.e. the top row. However, this advantage turns into a shortcoming in sym-
metric structures with more intricate textures i.e. the middle row. Skeletonization has
improved over the years, nonetheless, the long-standing issue of undesired skeleton ram-

ification is still a limitation.

Boundaries of structures with multiple parts and the boundaries of such parts, are dif-
ficult to deal with when thinking about symmetry as ribbons. Using a more straight

forward definition, feature based detectors consider a region as symmetric when it shows
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multiple well-organised local visual similarities. This allows for relaxation of different
assumptions. For instance, local cues (i.e. features) are independent from each other,
providing a means to deal with occlusions. Moreover, invariance and robustness of feature

detectors provide a good basis for a less constrained symmetry detection.

Figure 2.2: Modern skeletonization algorithms operating in real-world images. From
left to right [54, 56, 98, 107, 73]. This image was taken from [73].

2.1 Feature based symmetry detection

The feature based approaches have gained attention as they tend to over-perform other
algorithms in detecting symmetry. The idea was first introduced by Loy and Eklundh
[66]. These methods rely on the detection of features in images, these features are then
described and compared against each other to find correspondences. This reduces the
search space and eliminates intermediate distortions that could disrupt the detection
of symmetry. Geometrical information extracted from the correspondences highlights

probable axes of symmetry in the image.

For example, Wang et al. present an algorithm that searches for corresponding edges to
find symmetric patterns [105, 104]. The process extracts edges with the Canny detector,
the edges are described using linear algebra methods. Chertok and Keller make use of
several feature detectors and a spectral matching scheme to find corresponding structures
[19]. Atadjanov and Lee detect contour features and use histograms of curvature to

compare them to each other [6]. Other feature based approaches are presented in [52, 79].
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2.1.1 Feature detection

The problem of finding features has been addressed with a wide range of solutions. Marr
and Hildreth argue in the Theory of Edge Detection [70], that the most satisfactory oper-
ator to detect edges is the Laplacian of Gaussian (LoG) filter as edges are zero-crossings
on the second derivative of a function; moreover, blobs are local-extrema when filtering
with the LoG. Harris and Stephens presented a combined corner and edge detection al-
gorithm [36]. Finding these primitives is directly related to image filtering and therefore
to Fourier analysis, also, primal sketches can be directly related to the primary visual
cortex (V1) of the brain.

Feature detection is one of the most basic operations in computer vision, it is a relatively
fast process with timings usually varying in the range of the milliseconds in single-
threaded implementations in modern computers. Many state-of-the-art applications in
areas like pose estimation, image retrieval [42, 116, 58|, texture description [20], keypoint
prediction [64], visual content analysis [10] and scene labelling [29] to name a few, benefit

from the detection of features in images.

The area of feature detection is vast, including algorithms for the detection of corners,
blobs and regions. The Harris corner detector is perhaps the most well known feature
detector, based on the eigenvalues of the second order moment matrix; corners can be
detected with rotation invariance [36]. In need of faster algorithms other solutions have
been proposed. By comparing intensities within a circular area, the SUSAN corner
detector improves computation times over the Harris detector [94]. SUSAN is not very
accurate for telling edges and corners apart, for this reason it is also used as an edge
detector. The FAST detector compares intensities of approximately equidistant pixels
from a centre i.e. a circle around the pixel being analysed (the AST measure); if N
contiguous pixels are brighter or darker than the centre pixel (plus a threshold), this
point is a potential corner [87]. To make such intensity comparisons more efficiently,
FAST uses a decision tree classifier. More recently, AGAST introduced a decision tree
for classifying pixels based on the AST measure much more efficiently than FAST [68].
To measure the scale of features, BRISK uses a multi-scale AGAST detector [53]. BRISK
fits a quadratic function through multiple layers of an image pyramid using a FAST score,

and finds maxima across the scale.

Blob detection is another of the popular ideas for feature detection. Convolution is in
a certain way a localized comparison between two functions, convolving an image with
a LoG filter (or its difference of Gaussian approximation) yields a blob detector [70].
Theoretically, performing this operation extracts the value of a smoothed version of
the second derivative of the image, providing information about its brightness curvature.
This information can also be obtained by analysing the eigenvalues of the Hessian matrix
or its determinant [57], a fast approach to calculate these values using integral images was

presented in [12]. Another blob detection method that takes advantage of integral images
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is CenSurE (also known as the STAR detector), it works by calculating an approximation

of the LoG at every pixel in the image [2].

Other approaches detect regions. The Maximally Stable Extremal Regions (MSER)
works by thresholding the brightness and measuring the area of the connected binary
regions [72]. When the area of a connected binary component does not vary much after
a large variation in the threshold, it is considered an MSER region. Other methods for
extracting regions are the super-pixels, these algorithms relay on energy optimization
techniques [31, 100, 102, 1]. MSER regions, super-pixels and some symmetric-features
are a few examples of non-convolutional feature detection. The blob detector introduced

in chapter 4, is a recent instance of such non-convolutional techniques.

Tuytelaars and Mikolajczyk present a comprehensive survey on distinct methods for
feature detection [99]. Their review includes a discussion on ‘ideal’ characteristics of fea-
tures, it is recognised that repeatability is perhaps their most important trait. Features
must be consistently detected despite several image transformations such as brightness,

rotation, scaling and affinity.

With the intention of extracting information about affine transformations of the image,
Mikolajczyk and Schmid introduced an iterative affine normalisation process over regions
detected with the Harris or, the determinant of Hessian detectors [74]. This process
generates a set of ellipses that contain information about affinity. MSER detector and

the technique introduced in chapter 4 also generate ellipses around points of interest.

Alcantarilla et al. introduced a technique named KAZE [4]. The KAZE detector finds
local-maxima in the determinant of Hessian response through non-lineal scale-spaces.

An accelerated version of this approach was presented in [5].

Other methods make use of Machine Learning techniques to learn measures robust to
image transformations. The Temporally Invariant Learned DEtector (TILDE), learns a
regressor that is robust to strong changes in illumination [101]. Richardson and Olson

optimize convolutional filters to perform stereo visual odometry [86].

2.1.2 Feature description

After the extraction of features, a more detailed representation of the image-patch sur-
rounding such point is needed; perhaps the most widely used description algorithm is
SIFT [65]. After calculating the dominant orientation and a scale, SIFT takes a squared
area around the feature and measures the direction of the gradient within smaller squared
regions known as bins; this approach is known as Histogram of Oriented Gradients
(HOG). SURF [12] is another example of the HOG based descriptors.
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More recently a new set of efficient algorithms for description was introduced. Based
on the comparison of intensities around a feature to produce a binary string, these ap-
proaches are denominated binary descriptors [39]. The main difference between the
presented solutions is the pattern used to make the comparisons. ORB [88] finds un-
correlated patterns to improve on the randomly generated comparisons performed by
BRIEF [18]. With a slightly more complex strategy, BRISK makes comparisons through
different scales by smoothing the image with different Gaussian kernels [53]. In a sim-
ilar fashion, FREAK compares intensities across scales by using a pattern inspired by
the human retina [3]. Balntas et al. use an offline procedure to learn a robust binary

descriptor optimised for each image-patch, this approach is named BOLD [9].

For a successful feature description, orientation must be normalised. Calculating the
dominant orientation of a feature is a task usually performed in the detection stage using
gradient estimation, the second-order moments or some other technique. Descriptors
contain considerably more local information than the detector, BRISK and FREAK

exploit this fact and calculate the orientation directly on the description stage.

The main advantage of binary over non-binary descriptors is that, a binary string can be
compared very efficiently to another using the Hamming distance with an XOR operation
and a bit count. Showing comparable performance results, binary descriptors can be

much faster and consume much less memory resources than the standard approaches
SIFT or SURF [39].

2.1.3 Mirror matching

The main objective of feature description, is to find corresponding regions across multiple
images. Symmetry detection is not much different, mirrored versions of a region must be
found across the same image. The naive approach to feature based symmetry detection
is to detect, describe and match features across both, the original and a mirrored version

of the image.
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Figure 2.3: Different binary descriptor sampling patterns.
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Figure 2.4: The process to find symmetric pairs of features in images. This image was
taken from [66].

As suggested by Loy and Eklundh [66], it is possible to only find features and describe
them in the original image to obtain the same results. Knowing the order in which the
descriptor was constructed, one can modify the placement of the descriptor string to

represent the same feature in a mirrored space.

Mirrored descriptors are compared against the non-mirrored versions to find local similar-
ities. This method provides robustness against occlusions of symmetric regions. Figure
2.4 depicts the process of finding features, normalising orientation and mirroring to find

symmetric pairs.

2.1.4 Parameter space

After finding corresponding regions in an image, it is necessary to extract information
from such matches to find axes of symmetry. The Hough transform is a method that
uses a voting process to find structures in images. For instance, the red line in figure 2.5
can be described by two parameters, its deviation angle ¢ form the horizontal axis, and

its perpendicular distance r to the origin.

voted edge

(0,0

Figure 2.5: The Hough transform of a line.
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Figure 2.6: A straight line is a point in the parameter-space, whilst curved lines form
contours.

In the Hough transform, ¢ is the gradient and r is the perpendicular distance to the centre
of the image. Each pixel casts a vote in an accumulator matrix, the location of such vote
is chosen from a discrete set of ranges depending on the values of the parameters. In the
symmetric parameter-space two matched features vote for an axis of symmetry, such axis
is perpendicular to the straight line that joins a pair of matched features. In chapter 3

a deeper explanation about the symmetry parameter-space is presented.

Figure 2.6 shows the accumulator matrix for both a straight and a curved line. The
straight line can be recognised as a single point in the line parameter-space, while curved
lines are smooth contours. In a similar fashion, a symmetric pair of matched features

carries information about the axis of symmetry it supports.

In the original implementation, Loy and Eklundh weight the influence of every matched
pair of features in the parameter-space. Penalising features of small scale and, distant and
misaligned matches, their approach finds significant straight axes of reflection symmetry
(figure 2.7). Lee and Liu [52] exploit the misalignment of matches and generate a third

parameter to distinguish glide-reflection from pure reflection symmetry.

2.2 Conclusion

The conceptualization of symmetry as having different levels of complexity, explains
the variety of approaches to solve its automated detection. Despite such abundance,
symmetry detection is comparatively slow against other algorithms in computer vision,

making it less attractive for implementation.
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Figure 2.7: Loy and Eklundh’s process for symmetry detection. This image was taken
from [66].

Non feature based symmetry detectors are widely disrupted by textured structures. On
the other hand, feature based detectors are inherently robust and perhaps assisted by
such structures. These methods use multiple stages to find corresponding regions on an
image. The first of them is the reduction of the search space by the means of feature
detection. A drastic reduction of the search space may result in under-sampling (small
numbers of detected features), and consequently cause false-positives or false-negatives.
In contrast, large numbers of features benefit the detection of symmetry, however, this
translates into slower computation times. For this reason, a tread-off between the number

of detected features and the computation time must be found.

There are two main problems to tackle in feature based symmetry detection: the de-
tection of large amounts of features and, the computational efficient ways to process
them.



Chapter 3

A fast approach for feature-based sym-

metry detection

EATURE based symmetry detection is computationally demanding. To achieve faster
F computation times, it is necessary to make every step of the process more efficient
while maintaining the strengths that make symmetry detection operational and robust.
Figure 3.1 recapitulates the steps for feature based symmetry detection. In this chapter
the efficiency of feature description, mirroring and parameter-space analysis is addressed.

A final regression step introduced in [52] is also shown in this chapter.

Detection > Description > Descriptor
mirroring
Symmetry ) Parameter
axes detection | space < Matching

Figure 3.1: Flowchart for feature based symmetry detection.

3.1 Feature detection

The majority of the feature based schemes make use of a single feature detector. Lee and
Liu use a feature detector in multiple transformed versions of the image [52|. They also
discuss that abundance of detected features is a key factor for the successful detection of
symmetry. To detect more features, Chertok and Keller also make use of multiple feature
detectors [19]. For now, we will consider feature detection as a black-box that takes an
image and outputs features p; = (x4, ys, ¢, si), where (z;,y;) represents the location, ¢;

the rotation and, s; the scale of the it" feature.

3.2 Mirror binary descriptors

The usual strategy for the description stage amongst symmetry detectors is SIFT [66, 79].

Binary descriptors are considerably faster to calculate while providing similar accuracy

21
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results [39]. We use a BRISK [53] descriptor with 57 samples and 512 comparisons
b={b,|p=0,1,...,511}, each comparison between two samples around a feature can

be represented with a single bit value.

The traditional BRISK pattern is slightly modified, we make the pattern symmetric
across the orientation of the feature and index it in such a way that b, is the mirror
pairing of bs11—, across the feature orientation. Figure 3.2 shows the modified pattern,

the black arrow denotes the feature orientation.

The 512 comparisons in the symmetric descriptor are stored as an array of bytes with
512/8 = 64 elements. To mirror the descriptors, each byte is efficiently bit-swapped
using a look-up table; for instance, the mirror version of the byte 0xB2 = 0b10110010 is
0x4D = 0b01001101. Then, the order of the array is reversed; this process is shown in
figure 3.3.

The Hamming distance between two binary descriptors A(b;, b;), can be calculated with
an XOR and a bit-count. A matching pair p;; = (p;, p;) exists if the Hamming distance

between the descriptors of p; and p; is less than a threshold .e. |

3pij < A(bi,bj) < BRISKipresh- (3.1)

Figure 3.2: Comparisons made across the BRISK pattern are indexed in a symmetric
manner along the orientation of the feature (denoted with a black arrow).
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Figure 3.3: The symmetric arrangement of the BRISK descriptor allows for a very
efficient mirroring. This is achieved by bit-swapping bytes with a look-up table and
reversing the order of the array.

3.3 Parameter space

A parameter-space is created from the information provided by successful matches i.e. point
pairs p; and p; whose Hamming distance is less than BRISK;presn. We use a two-
dimensional parameter-space with coordinates (¢pqzs, rz-j) calculated with equations 3.2,
3.3 and 3.4 (figure 3.4). In this 2D parameter-space, pure reflection symmetry axes are
single points whilst curved reflection axes are smooth contours (figure 3.5). For the con-
struction of the parameter-space, only the location and the orientation of the features is

accounted for, the scale is disregarded i.e. p; = (zi, yi, ¢i)-

(T, ye)

voted axis of symmetry

Figure 3.4: The symmetry parameter-space. Every matched pair of features
pi; = (Pi,P;), is mapped to a point in the parameter-space with coordinates (¢agis, 7i5)-

/

twis < T} As we only care

The angle in equation 3.2 is defined in the range {—7 < ¢
for the angle of the axis and not the direction in which it points, we use equation 3.3 to
re-bound this parameter in {0 < ¢gzis < m}. The second coordinate of the parameter-
space is the perpendicular distance between the axis and the centre of the image with
coordinates (., yc)-

Puzis = @ (3.2)

iLm's if 0 S ¢izzis
. (3.3)
Loo+m i @l . <0

aris aris

Tij = (W - Z’c> Sin((é:zxis) - (wy] - yc) COS((ZS:lwiS)- (34)

(ba:m's =
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3.3.1 Density-based symmetry axes detection

In other approaches, each sample casts a vote in an accumulator matrix. This accumu-
lator matrix is a discrete approximation of a density map of the parameter-space, where
points of local-maxima represent axes of symmetry. To be able to detect such points, the
accumulator matrix has to be smoothed and then a non-maxima suppression algorithm
is used. The set of successful matches that generated a point of high-density represents
an axis of symmetry, this procedure is appropriate for straight axes as these are single
points in the parameter-space. Curved axes of symmetry are contours in the parameter-
space; therefore the single-point detection approach is no longer suitable (figure 3.5). We

consider now an axis of symmetry to be a dense cloud of points in the parameter-space.
We use a density-based clustering algorithm called DBSCAN to detect dense clouds of
points [28]. Consider the following classification:

e Core point: if there are at least MinPts points within an e distance of a point,

such point is considered as a core.

e Directly reachable point: a point is directly reachable from a core point if they are

within an e distance from each other.

e Density reachable point: two points are density reachable if there is a path of

directly reachable core points that connects them.

e Outliers: all points that are not directly reachable from a core point and are not

core points themselves, are considered as outliers.

o3
, J &
mi ‘1 J
P

.
H

y,

r‘o

S,
~N;

Figure 3.5: The difference between straight and curved axes of symmetry in the
parameter-space. Straight axes are single points in the parameter-space, whilst curved
axes are contours.
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Figure 3.6: Multiple axes detection example. On the top-left all successful matching
pairs are shown. Three regions of high density of points are detected in the normalised
parameter-space that represent axes of symmetry, blue, green and red (top-right and
bottom-left). Outliers are discarded by DBSCAN, these are marked with black in
top-right. Optimal axes are extracted from the clustered points and shown in the
bottom-right.

DBSCAN works by visiting a sample and expand through other density-reachable points.
A cluster is complete when there are no more density reachable points from its bound-
aries, all samples that have been labelled to belong to a cluster are not revisited; this
reduces the complexity of the algorithm from O(n?) to O(nlog(n)) (in the best case sce-
nario). DBSCAN takes two parameters, e indicates how densely clustered are the points

and, MinPts indicates the minimum number points for a cluster to exist.

Figure 3.6 shows clustering results for the multiple axes detection task, matched features
before and after clustering are also shown. The parameter-space is normalised in the
range {0 < @gzis < 1, —1 < r;; < 1} as the clustering relies on the Euclidean distance of
the points.

This algorithm does not need to know the number of clusters to be found and it accounts
for outliers. These two are the most important traits that aid the proper detection of
symmetry. The number of symmetric objects in an image is usually unknown, DBSCAN
allows the detection of multiple axes without added computation time. For the single-
axis detection task, only the cluster with the largest number of samples is considered.

The rejection of outliers de-noises the clusters, improving the quality of the axes.
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DBSCAN divides the set of all successful matches p;; (denoted as P), into L clusters R,
forl =1,..., L, that represent the axes and, an extra subset O representing the outliers.

The next condition is met,

OUR{URyU---UR =P. (3.5)

3.4 Optimal axes
In this section the elements of R; need to be indexed, now denoted as p;jq fora = 1,2,..., A;
where A is the cardinality of R;.

Optimal axes of symmetry are found with a polynomial regression on the middle points

of all p;j .« € Ry, calculated with equation 3.6; this process was introduced in [52].

T+,
pij,a,x T
= | e (3.6)
Pij.ay wH
The polynomial regression of degree d is shown in equation 3.7.
(5] (1 . 2 ooopd ] ] [ ]
Pij 1y Pij 1,2 pz],l,x pz],l,x 4o 20
Pij.2,y L Pij2z pzzj,2,:r T ng,z,x q1 21
) 1 . 2. ... pd
_pZJ7A7y_ L Pij,Ax pzj,A,a: pzy,A,x_ _Qd_ _ZA_
In matrix notation,
y = Xq + z. (3.8)

The vector q contains the coefficients of the polynomial of degree d that best describes
the data. z is the error between the samples and the regressed model. In the sense of
the least squares, equation 3.8 is solved for q using equation 3.9. Equation 3.9 holds true

only if X has at least d 4+ 1 linearly independent rows.
q=(XTX)"1xTy. (3.9)

To calculate the regression in different angles o we rotate the middle points using equation
3.10. Each polynomial regression is performed for d = 1,2, 3,4,5 and o = 0°,45°,90°, 135°.

Pij,ax,0 _ COS(U) —sin(a) Pij,a,x . (310)

Pija,y,0 sin(o)  cos(0) | |Pijay
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Out of the twenty axes regressions, we consider as optimal the one with the smallest
root-mean-square error i.e. the smallest value of ||z||. Figure 3.6 shows the optimal axes

from the clusters detected in an image of a flower.

3.5 Conclusion

State of the art symmetry detectors use description methods like SIFT [79], contour
curvature histograms [6], or affine-invariant contour features [104], to name a few. Such
operations involve time consuming memory access and processing of long floating-point
vectors. For instance, SIFT uses 128 floating-point values for a total of 128 x 3 = 384
bytes; on the other hand our symmetric BRISK descriptor has only 512/8 = 64 bytes, and
uses bitwise logical operators. This provides a significant reduction of the computation
time (discussed in chapter 6). Calculation of the Hamming distance and memory access
times can be further improved depending on the architecture being used e.g. 32 or 64
bits.

Moreover, the detection of axes in the parameter space with a density-based approach
provides three main advantages with a single solution: multiple axes detection, curved

and straight axes detection and, it accounts for outliers.

The forthcoming chapters make two proposals for the feature detection stage. The first
addresses the rapid detection of features to reduce computation times, and the second

tackles the detection of multiple classes of features with a single method.






Chapter 4

Locally contrasting keypoints

IN this chapter a new non-deterministic algorithm for affine-covariant blob detection is
introduced, we show how it compares to other modern feature detectors. A variant to
the approach is also presented that better detects larger structures. The main advantages
of the new approach over other detectors are, computation speed and the dispersion of

features across the image. Figure 4.1 shows the detected features on a real-world image.

This novel method has two main components. The image is first transformed into a
feature map using a non-deterministic voting process named the Brightness Clustering
Transform (BCT). The BCT benefits from the use of integral images to perform a fast
search through different scale spaces. Information from the maps is then extracted,
the detected features are called the Locally Contrasting Keypoints (LOCKY). LOCKY
features capture information about the scale and affine transformations, and are up to
three times faster to detect than the MSER regions.

Figure 4.1: LOCKY (blue) and LOCKY-S (yellow) blobs detected on an image of
daisies.

Feature detectors are called invariant to some transformations, Tuytelaars and Mikolajczyk
suggest the term should be covariant when they change covariantly with the image trans-
formation [99]. Mikolajczyk et al. [74] present an affine-covariant solution that, based on
the second order moments of the regions surrounding the detected points, the features
are affine-normalised; their solution is robust and elegant but very slow. MSER is also
affine-covariant, it improves the computation time over Mikolajczyk’s work, although it
lacks robustness against blurring and noise. The use of affine features is related to the

intention of making detectors robust to perspective changes. Human vision is extremely

29
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resilient to image transformations like blurring, rotation and scaling, and also to changes
in perspective. Although perspective transformations are different from affine transfor-
mations, affine-covariant feature detectors are good approximations due to their local

nature.

Integral image Our approach uses integral images to speed up the process of blob
detection. The integral image as presented by Viola and Jones, is a very useful tool to
calculate the sum of rectangular areas of pixels in only three operations disregarding the
size of the rectangles; it is widely used because it allows to make calculations at different
scales without added computational cost [103]. Equation 4.1, shows the definition of the
integral of the image function f(z,y). The recurrences in equations 4.2 and 4.3 allow
the calculation of ss(x,y) in one pass over the image (s(x,y) is the cumulative row sum,
s(z,—1) =0 and ss(—1,y) =0).

SS(JI,y) = Z f(xlvy/)‘ (41)

8($7y) :s(x,y—1)+f(x,y). (42)
ss(x,y) = ss(z — 1,y) + s(z,y). (4.3)

4.1 The brightness clustering transform

Most of the complex human visual activities require alternations between eye fixations
and significantly rapid eye movements known as saccades. The information humans
extract from a scene is a series of snapshots (fixations), however, we perceive scenes as
single views [43]. There exist a temporal memory which integrates those snapshots into
one memory image, preserving the extracted information from the fixations; such process

is known as trans-saccadic integration.

The BCT is a non-deterministic algorithm that employs a voting scheme using rectangles
on the integral image space. Each vote is randomly initialised, then it extracts infor-
mation from the region being attended resembling eye fixations. When the next vote is

initialised, the algorithm changes the location of attention, this is a saccade.

4.1.1 Blob detection

The BCT begins with an accumulator matrix of the same size as the input image (the
output memory image). A vote means incrementing the value of an element in the

accumulator matrix by one; each vote is obtained in three steps. First, a rectangle with
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- D Region 1 (initial size)

|:| Region 3 (only iteration on the left)

T T T T S N

X Voted pixel
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Figure 4.2: A squared vote on the left and a rectangular vote on the right. Iy in blue,
I, in green and Iy in red. The subregions of every step are marked as ¢; with the same
colour as the step they belong to.

random position and size is initialised within the image. For finding blobs, we select the
width and height of the rectangle to be a power of two i.e. width = 2“ and height = 2"
{u,v € N}. The second step is to divide the rectangle in four smaller sub-regions, the
sub-region with the biggest sum of intensities is now considered to be the initial rectangle;
the sum is calculated using the integral image. Consider the rectangle Iy where t = 0
for the initial position and size, and its subregions tg, t1, t2 and t3; the next region will
have an initial rectangle I;11. The second step is repeated until I; has either width = 2
or height = 2.

I;+1 = argmax Z f(z,y), i=0,1,2,3. (4.4)
bi ZT,YEL;

Suppose the last I; is situated in (xf,y), has width = wy and height = hy; in the third
step, the pixel in loc = (round(xy 4+ wy/2),round(ys + hy/2)) is voted. This sequence
of steps is graphically presented in figure 4.2, algorithm 1 shows the pseudocode for the
BCT. After a user-defined number of votes (denoted with V'), the accumulator matrix
is smoothed with a small Gaussian kernel with ¢ = 2 and then normalised. Smoothing
removes the effects of noise in the voting process and helps to find the true shape of the
extracted blobs.

The BCT can be thought as a coarse-to-fine search through scale spaces for local maxima
of the image. Consider the first-derivative Haar-like wavelets in figure 4.3. Within the
rectangle in question, choose the white side if the response to such filter is positive, or
the black side if it is negative. The intersection of the two selected areas (one for each
wavelet) yields the highest sum of pixel brightness; this is also the direction of the image
gradient. Thus, by selecting the subregion ¢; with the highest sum of intensities, we are
selecting the subregion that gradient points to. Every sub-division of a rectangle is in
the next smaller octave and thus, the votes start at a big scale and refine until they get

to the smallest scale possible on the image.
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N

Figure 4.3: First derivative Haar-like wavelets, useful to rapidly approximate the gra-
dient of the image. The ¢; with the highest sum of intensities is the subregion that

gradient points to.

The use of rectangles benefits affine locality; for example, a horizontal rectangle discards
some information in the y axis and operates in the same scale in the x axis, this allows
an improvement on the detection of oval blobs. Suppose a vote lies in (zf,ys) with an
initial rectangle in (xg, o), another vote will most likely lie in (x¢ + 1,yy) if a rectangle
of the same size is set in (zg + 1,%0). This property clusters votes around the centre of

blobs, consequently the shape of the blobs is extracted.

Amounts ranging from 5 x 10% to 1 x 10° votes suffice to extract blobs in a 1024 x 768

image. We also noted that amounts as small as 2 x 10 votes can extract most of the

Algorithm 1 BCT.
integ = calculate integral of the input image
accum = initialise accumulator matrix

for (vote =1to V) do

First Step:

Init region I:
u = rand(rangeMin, rangeMazx)
v = rand(rangeMin, rangeMax)
width = 2%
height = 2°
x = rand (0, imWidth — width)
y = rand(0,imH eight — height)

Second Step:
while (width > 2 & height > 2) do

divide I in 4 subregions ¢g, t1,t2 and ¢3
lmaz = max-brightness(io, t1, t2,t3) (use integ)
I = tyee  this implies:

width = width/2

height = height /2

xT=x,,,.

y = yLma,rc
end while

Third Step:
loc = (z + width/2,y + height/2)
accuml[loc] = accumlloc] 4+ 1

end for
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Algorithm 2 BCT-S.
Modified Second Step:
for (div = 0; div < 3; div + +) do

divide I in 4 subregions ¢g, t1,t2 and ¢3
Lmaz — max-brightness(co, t1, t2,t3) (use integ)
I = tymge  this implies:

width = width/2

height = height /2

end for

Modified Third Step:
accum|[imas] = accum|imaz| + 1

significant blobs on the same image. The most commonly used values for the width and
height of the rectangles range from 23 to 27; this range may be modified depending on

the size of the image and the size of the blobs to be extracted.

So far the bright blobs are extracted by finding the sub-regions with the biggest sum of

pixels; if we want to find dark blobs we could either modify equation 4.4 to be

I;,1 = argmin Z f(z,y), i=0,1,2,3, (4.5)

L
v T,YEL;

or, find the bright blobs of the inverted image i.e. considering the image is an 8-bits

representation, we do f’(z,y) = 255 — f(x,y).

Continuing the voting process while the width and the height are greater than two,
concentrates the votes in a compact manner around locally contrasting regions. This
compactness achieves good shape description of small regions, therefore the detection of

larger features in images with higher resolution is difficult.

Sometimes fine features are desired, when this is not the case the second and third
steps can be modified to be able to detect larger features. An extension of the BCT for
extracting larger structures (BCT-S) is described in algorithm 2. In the second step,
instead of iterating the rectangle reduction until either the width or the hight equal two,
the reduction is only performed three times (rangeMin > 2). On the third step, all
the pixels within the last ¢4, region are voted. This is the equivalent to running the
algorithm at multiple scales. Figure 4.4 shows the detected features using the BCT and
the BCT-S.



34 Chapter 4 Locally contrasting keypoints

Figure 4.4: LOCKY features on the left (extracted using the regular BCT), and
LOCKY-S features on the right (extracted using the BCT-S). The BCT-S promotes
the detection of larger structures in the image.

4.1.2 Ridge detection

Ridges are one-dimensional blobs, the BCT can be modified to extract these features.
Half of the votes are obtained with the width set constant and equal to two, and the
height again set to a power of two; this time, the rectangles are only divided in two
parts along the height. The other half of the votes are obtained in the same manner, but

setting the height to be constant and equal to two and varying only the width.

Figure 4.5 shows the difference between blob and ridge detection using the BCT. This
operator yields a new fast ridge detector that can be used for applications like matching,

extraction or segmentation.

Figure 4.5: The BCT can be modified to create ridge maps (right). Blobs are small
regions (middle), while ridges are contour-like structures.

4.1.3 Operator invariance

The scale invariance of the BCT, is related to the size of the initial rectangles; as the
voting process goes on, the centres of the blobs are found. The random aspect ratio of
the rectangles helps to disperse the votes near the centre of the features and not only

cluster them at the exact centre.
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Changes in illumination are considered as multiplicative noise. We modify equation 4.4

as follows.
Iip1 = argmax Y g(z,9)f(2,y). (4.6)

»
v T,YEL;

Here, g(x,y) is the illumination function. If the illumination function can be considered
to be approximately constant i.e. g(x,y) &~ ¢ in the region covered by Iy, then g can be
extracted from the equation and we see that the operator is invariant to approximately

constant changes in illumination.

From the same logic we obtain that the BCT is invariant to noise with zero-mean distri-

butions as it cancels itself in the sub-regions ;.

4.2 Locally contrasting keypoints

The Locally Contrasting Keypoints (LOCKY) are blob features extracted directly from
the accumulator matrix of the BCT. After the normalisation process, the accumulator
matrix is thresholded; the set of all the connected components in the binary image, are
the detected blobs. Figure 4.6 describes the process for detecting the LOCKY blobs in

an image.

Fitting an ellipse with the same second order moments as the connected components is a
fast way of extracting information from them. With a 2 x M matrix (M > 1) containing
the coordinates (z,, ym) of the pixels in a connected component; the mean is the centre

of the feature (equation 4.8).

M
Ym) — (Has f1y)) (T Ym) — (szﬂy))T- (4.7)
M
(Ha» py) = M - mz_:l Ty Ym)- (4.8)

The eigenvalues of the sample covariance matrix Q (equation 4.7) represent the size of
the axes of the ellipse with the same second order moments; the eigenvectors define the
direction of the axes. In practice, the eigenvalues of Q are scaled up by a factor of five

to enlarge the size of the features.

This step is similar to the ellipses of the MSER Regions. The advantages of this method
are that one can detect the scale of the features by the size of the axes and, it is also

possible to extract information about affine transformations and rotation of the blobs.
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Accumulator matrix

Ellipses with the same § | Detected features &
second order moments

Figure 4.6: The process for extracting the LOCKY features begins with the transfor-
mation of the image into a blob map using the BCT (blue) or the BCT-S (yellow).
The accumulator matrix is thresholded and the set of connected components is then
extracted. The LOCKY features are the ellipses with the same second order moments
as the connected binary components.

4.2.1 Time complexity analysis

The time complexity of the algorithm is mainly dependent on two stages:

e The BCT or the BCTS. The BCT requires the computation of the integral image,
this is achieved in 2X operations where X is the number of pixels in the image.
Each iteration of a vote involves nine value accesses on the integral image, four
sums, eight subtractions and, four comparisons. The BCT has linear complexity
on V. The regular BCT reduces the rectangles to a minimum size and aggregates
only one pixel in the accumulator matrix. On the other hand, the BCTS reduces the
rectangles three times and aggregates a number of pixels depending on rangeMin
and rangeMax. After the voting process, the accumulator matrix is smoothed
with a small Gaussian kernel; convolution is of linear complexity on X. The time

complexity of this stage is then O(X).

e The extraction of features from the accumulator matrix. Dealing with one con-
nected component at a time, its labelling and the ellipse fitting step can be com-

puted in linear time on X.

The complexity of LOCKY is therefore O(X). Other algorithms perform an extensive
search through scale-spaces at every pixel using convolutions or other methods. MSER
on the other hand, does not use convolution, its operation relies on the detection of
connected binary components at several thresholds of the image. On the original imple-

mentation, this is achieved by using a union-find data structure with path compression;
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this approach is known to have O(Xa(X)) complexity, where a(X) is the inverse Ack-
ermann function. Nistér and Stewénius present an implementation of MSER that runs

in linear time by working with only one connected component at a time [78].

4.3 Detection results

The Oxford affine-covariant regions dataset [75], presents a good challenge for feature
detection and it is widely used for evaluation; eight sequences composed of six images
each with increasing image transformations including decreasing illumination, change
in perspective, blurring, jpeg compression and a mix of scale and rotation (figure 4.7).
We use the measure of repeatability defined in the same paper to compare LOCKY and
LOCKY-S with both, affine-covariant and non affine-covariant detectors.

In the affine-covariant group we use as comparison the Harris-Affine and Hessian-Affine
detectors [74] and MSER [72|. In the non affine-covariant group, we use the BRISK
detector [53], the SURF (fast-Hessian) detector [13] and, the STAR detector [2]. LOCKY-
1 uses 1 x 10° rectangles of size ranging from 23 to 2° and a threshold of 12%; LOCKY-2
uses 1 x 10° rectangles of the same characteristics. Both LOCKY-1 and LOCKY-2 use
the regular BCT; LOCKY-S uses the same settings as LOCKY-1 with the only difference
that it uses the BCT-S to extract the features.

The measure of repeatability consists of projecting the detected features to the same
basis as the original image (the first image of the sequence) using an homography ma-
trix; comparing correspondences of features and measuring how well the region detected
on the images overlap. For more information on this measure see [75]. We use the cor-
respondences with 40% overlap. To be able to compare LOCKY and LOCKY-S with
non-affine-covariant detectors we “disable” the measure by using a circle with a radius
equal to half the size of the major axis of the ellipses, these results are shown in figure 4.9.

Since the detection of the LOCKY features is based in a non-deterministic transform,

Figure 4.7: The first images of the sequences in the Oxford affine-covariant regions
dataset [75].
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’ Detector H Time (ms) ‘ Type ‘ Affine ‘ Disp. ‘
SURF [13] 95.1 Blobs | X | 12.95
BRISK [53] 20.5 Corners X 10.42

STAR [2] 15.1 Blobs | X | 12.57
LOCKY-1 21.0 Blobs v 1.26
LOCKY-2 100.6 Blobs v 1.65
LOCKY-S 22.0 Blobs v 1.04
MSER [72] 68.5 Regions v 8.67
Hessian-Affine [74] 126.8 Blobs v 19.03
Harris-Affine [74] 179.1 Corners v 16.16

Table 4.1: The average computation time for a set of 127 images, expressed in millisec-
onds. The images were converted to grayscale with 1024 x 768 pixels. The dispersion
index shows how scattered the features are across the image (calculated with equation
4.11 averaged over the same set of 127 images, the lower the index the more evenly-
distributed).

every run matches different features; the repeatability results of LOCKY-1, LOCKY-2
and LOCKY-S include the mean and variance over 100 runs of the test (examples of the

detected features are shown in figure 4.8).

Repeatability results for LOCKY demonstrate its robustness against blurring and changes
in brightness i.e. the repeatability score is kept approximately constant throughout these
image transformations. Moreover, LOCKY seems to perform better in images with
smaller rectilinear structures such as the wall sequence. The decay of repeatability across

image transformations seems similar, sometimes better than other detectors.

The timing results shown in table 4.1, were obtained using the OpenCV implementations
of the algorithms (using mex files in MATLAB) with a 2 GHz i7 processor!2. Note that
BRISK uses a multi-scale version of the AGAST detector which is a faster implementation
of the FAST detector; LOCKY and LOCKY-S have similar timings while being able to

provide information on affine transformations of the features.

In 2008, Tuytelaars and Mikolajczyk suggested that the density of features should reflect
the information content of the image [99]. This is a useful property for tasks such as object
detection; nevertheless, for tasks such as navigation or landmark matching, occlusion can
become a big problem if features cluster on regions of the image [118]. Spacial dispersion
of features and the use of other evaluation measures were addressed in [39]. A measure of
statistical dispersion is a non-negative real value that is zero when all samples are equal,
and increases as the data becomes more varied e.g. variance, coefficient of variation or

entropy.

The value D presented in table 4.1, is obtained by dividing the image into B = 100
non-overlapping bins. We count the number of features that lie in each bin as a two-

dimensional histogram of locations. If the location of a feature is represented with a two

'Harris-Affine and Hessian-Affine from http://www.robots.ox.ac.uk/~vgg/research/affine
2Code for LOCKY is made publicly available in https://github.com/jimmylomro/locky
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Figure 4.8: LOCKY-S features in yellow and MSER regions in green, on the second
(left) and fifth (right) images of the graffiti sequence. The detected features change
covariantly with the change in perspective.

dimensional vector p; = (x;, ;) having P features, the count of features in each bin (a

region called T'y) is represented by Cj, (equation 4.9).
P
Cp =Y ap(pi), (4.9)
i=1

1 when p; C I'y,
ap(pi) = (4.10)
0 otherwise.

The index D is calculated as

_ XL (BG - N)*

D
N

(4.11)

D is the normalised variance across all Cp’s, thus the smaller the value of D the more
sparse are the features. Capturing the same information, this measure is in some sense
an ‘inverse’ of the entropy. Spectral energy is usually not evenly distributed within
an image, this happens more commonly in natural scenarios. When features cluster in
certain regions of an image, it can be understood that locality is not successfully achieved.
That is, more features tend to be detected in regions with higher spectral energy; this
could be the result of normalisation or thresholding processes, as a consequence, features
in regions with less energy are lost. Therefore, small values of the dispersion index

indicate that features are detected independently from the spectral energy distribution.
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Figure 4.9: The repeatability test presented in [75]. Figures on the left column present
the results of the repeatability test with no affine-covariance (features are circles); the
right column shows the figures with the results using affine-covariance (features are
ellipses). LOCKY-1 uses 1 x 10° rectangles of size ranging from 23 to 2° and a threshold
of 12%; LOCKY-2 uses 1 x 10 rectangles of the same characteristics.
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4.4 Conclusion

A new algorithm was presented that (via a novel non-deterministic low level operator),
can detect blobs and extract information about image transformations including affine
changes in very small amounts of time. The most time consuming step is the BCT, mem-
ory accesses and operations are independent through each vote, making the BCT suitable
for parallelisation. From the results we conclude that non-deterministic algorithms can

help accelerate the search through different scale spaces.

LOCKY and LOCKY-S provide a good alternative for fast feature detection, timing re-
sults show that the presented algorithm is amongst the fastest feature detectors available
and provides a trade-off between run-time and performance. On average, the LOCKY
approach can deliver good performance: competes with those techniques already avail-
able and with its own advantages, namely speed and sparseness. LOCKY detector might
appear better on rectilinear structures (the wall) than on objects (the boat), this can be

investigated further.

While LOCKY uses only rectangles as the shape for the search of blobs, the use of differ-
ent polygons (using rotated integral images) can be an advantage in terms of precision on
the detection although it could cause an increment in the running time. The detection of
ridges is shown as a potential application and can also be extended and used for feature
detection. A texture is a repetitive pattern, therefore, two votes will progress in a similar
manner if both are wholly contained in a single texture; the BCT can be extended for

fast analysis of textures.

Features detected using the BCT-S tend to be more congruent with what we recognise
as individual objects while those detected with the BCT are smaller (see the image of
oranges in figure 4.4). Timings and sparseness results indicate that LOCKY is a good

alternative for several applications including landmark selection and image matching.



Chapter 5

Spectral analysis of image-patches

OMPUTER vision has taken great advantage from the development of powerful com-
C puters. More complex and computationally demanding calculations are now pos-
sible to process thus, computers can interpret large amounts of data to find repetitive
patterns of different forms. The field of Convolutional Neural Networks (CNNs) has ben-
efited from this fact, and applications using such methods seem to constantly outperform
those that do not. Many aspects of the CNN framework remain open for discussion, one

of them is their relation to the detection of features.

Many state-of-the-art implementations in areas like pose estimation, image retrieval,
texture description, keypoint prediction, visual content analysis and scene labelling [116,
20, 64, 10, 29|, still use detectors like MSER, Difference of Gaussians, Hessian-affine or,
a simple dense sampling of the image 72, 74, 60]. Feature detection is a popular open

area of research with new algorithms being constantly presented [86, 101].

The objective of feature detection is to find repeatable features disregarding image trans-
formations such as scale, rotation, brightness or noise. Some applications are able to relax
some assumptions thus, invariance to some of these transformations can be obviated. For
example, Richardson and Olson present a stereo visual odometry system that uses ma-
chine learning to construct convolutional filters [86]. Features detected with these filters

are not rotation invariant.

Figure 5.1: Edge-like structures detected with rotation-invariance. Feature models are
learnt using a clustering algorithm on the magnitude of the BF moments.

Recently, algorithms for visual content analysis and image retrieval have started build-

ing global descriptors from the neural activations of a CNN [7, 58|. This is in a certain

43
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manner, encoding detection and description in a single step. There are then three gen-
eral ideas for feature detection: the classic feature detection scheme (corners, edges,
blobs, etc.) which provides rotation invariance, the CNN approach, and the naive dense

sampling of an image.

While classic feature detection algorithms find specific hand-crafted structures, CNN
training methods (also known as representation learning) take large sets of images to find
patterns that persist throughout the data. Since Hinton et al. [40] introduced the idea of
representation learning, several algorithms have been presented for such dimensionality
reduction. Some of these algorithms impose orthogonality amongst feature represen-
tations (PCA), and some others maximise sparseness allowing models to be correlated

while maintaining distinctiveness.

As discussed by Bengio et al. [15], this area has developed two lines. The first one is
based on the neural network model, in which auto-encoders are used to directly learn
repetitive structures. The second is based on building probabilistic models, local-maxima
in the probability density function of the data are model structures. Methods with the
neural network model use supervised learning to train deep architectures all layers at
once. In contrast, the latter approach uses unsupervised learning to learn patterns one

layer at a time.

The scheme for unsupervised representation learning can be depicted as a three step
process: the first step is the random extraction of image patches from unlabelled data,
the second step is to pre-process the information and, use an unsupervised learning
algorithm to learn the representations as a last step. When these representations are
learnt directly from images i.e. the first layer which maps the image into a feature space,
the result is a set of translated and rotated filters that resemble Gabor filters [21].

In this chapter, we introduce a novel feature detection technique that lets the computer
learn rotation-invariant model structures using a probabilistic model. This scheme allows
the statistical advantage of representation learning to be used as a generic feature detec-
tor. As a pre-processing stage, patches are mapped into a rotation-invariant space using
the image moments framework. The Bessel-Fourier (BF) moments are proven to cap-
ture detailed information, outperforming other moment generating functions [108|. The
magnitude of the BF moments is rotation-invariant, this property is used to take patches
from the pixel domain to a rotation-invariant space where visually similar structures are

close to each other.

We analyse the magnitude of the BF moments in terms of the symmetry of features and
categorise them into three symmetry groups: non-symmetric, symmetric and composite-
symmetric. This new categorisation spans a wide range of structures, allowing for more

flexibility than the usual categorisation i.e. corners, edges, blobs, etc.
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To learn the representations, patches in the rotation-invariant space are clustered using
K-means. The resulting learned centroids are edge-like structures in a rotation-invariant
space (figure 5.1). Using a non-linear distance measure, patches are compared against

one or many of the centroids to create feature-maps.

The abundance of detected features is a key factor for many applications, some tech-
niques are forced to use different detectors [116], detect features on transformed versions
of the image [52], or use weaker responses. This approach allows for the creation of
an arbitrary number of feature-maps with a single technique. One can pick different
structures to be recognised as features when a denser sampling of the image is needed,
detecting a rough average estimate of 1500 features per map. The repeatability test pre-
sented by Mikolajczyk et al. [75] measures persistence of detected features across image
transformations, the method presented here shows very competitive scores on such test

compared to other state-of-the-art approaches.

The outline of this chapter is as follows. The image moments framework is introduced, the
generalized complex moments generating function is derived from the Fourier transform
of a 2D function in cylindrical coordinates. An analysis on the symmetry of features
in terms of the magnitude and phase of their BF moments is shown. The process for
building the rotation-invariant model structures is then presented. Repeatability results
are shown, the new approach is compared against other state-of-the-art feature detectors

including LOCKY (chapter 4). We close with a small discussion on the new approach.

5.1 Image Moments

In mathematics and in physics, a moment is a measure that combines a physical quantity
(e.g. electric charge, mass, probability density, brightness, etc.) and a distance. The n*”
order moment of a punctual particle, and thus the simplest representation of a moment
is

¢ =2V f, (5.1)

where f is the physical quantity being measured and zP is the distance function (also
known as kernel, moment generating function or moment function). When dealing with
particles in higher dimensional spaces, the physical quantity can take the form of a

function: -
Gp = / 2P f(x)dx. (5.2)

—0o0
In Computer Vision, the study of images using this framework is known as image moment
analysis or just image moments. The physical quantity being measured is the brightness

of pixels and the mathematical analysis is bounded to the space of the image.
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Image moments are coefficients of a generalised Fourier series using different basis func-
tions e.g. compare equations 5.2 and 5.5. Using complete sets of orthogonal basis func-
tions allows a complete description of an image, because of this, information about its
structure can be extracted. A Fourier series is the decomposition of a function as a linear
combination of orthogonal basis functions; for example, the basis functions of the Fourier

series in equation 5.3 are sine and cosine waves.

fl@)y= )" Ape™. (5.3)

In a generalised manner,

f(z) = / > B(v)du (5.4)
Solving for F'(v),

Flv) = / &2 () do. (5.5)

Equation 5.5 is the one-dimensional Fourier transform, it is a function describing the

coefficients of a Fourier series also known as the power spectrum.

Research in image moments is well developed; since Hu published his paper Visual Pat-
tern Recognition by Moment Invariants in 1962, the approach appealed to the community
finding applications such as pattern recognition, orientation estimation and image com-
pression amongst others [41]. The field of image moment analysis has developed much,
since Hu’s moment invariants derived from geometric moments, many generalisations
and alternative moment functions have been researched aiming to find a more compact

and complete representation of images.

5.1.1 Geometric moments

Mukundan shows a derivation of the geometric moments from the Fourier transform
[77]. In their simplest representation, image moments are the two-dimensional version of
equation 5.2 bounded to the region I where the image f(x,y) is defined. These moment

kernels are also known as Cartesian moments or reqular moments.
Cpg = / /1 2Pyl f(x, y)dzdy. (5.6)

Equation 5.6 shows how to calculate the (p + ¢)** order geometric moment. The dis-
tance function xzPy? is combined with the intensity image function f(x,y) to calculate
the moments. Transformations such as translation, rotation or changes in scale have

a direct influence over the measure. For some applications this fact is irrelevant; this
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is not the case for many others that involve pattern recognition, where invariance to

transformations is needed.

5.1.2 Central moments and moment invariants

The interpretation of image moments can be deduced from equation 5.6. For instance,
the zero-th order moment (o is merely the integral of the intensities of the image; the
first order moments (1 ¢ and (o 1 represent a linear balance around the x and y axes. The

intensity centroid of the image (zo,yo) (the mean) can be calculated with equation 5.7.
1
"o ol (5.7)
|  Coo |Coa

Changes in location can be accounted for by subtracting the location of the intensity

centroid as shown in equation 5.8.

Hp,q = //(ﬂf —20)"(y — y0)? f(z, y)dzdy. (5.8)

1

These location-normalised moments are known as central moments. From equation 5.7

and 5.8, 10,0 = Co,0 and 1,0 = po,1 = 0. The second order central moments represent

the variance, similarly central moments can be normalised with respect to scale with

equation 5.9. Other scale-normalisation schemes exist [14, 83].
Hp,q

e = prar2) 2
0,0

(5.9)

Moment rotation invariants impose a slightly more complicated problem. Given the

[x/] _ [cés(g) _sm(e)] [x] ' (5.10)
Yy sin(0) cos(0) | |y

By linearity, rotated moments can be directly obtained; for example,

rotation matrix,

G0 (M> Co,0 — sin(20)¢1,1 + (1 = 29)) Coz|
Al = (sm(26 ) C2,0 + cos(20)Ci 1 — (%@9)) Co,2 ) (5.11)
C(/),2 -<1Ls29)> Coo + sin(20)Cr1 + <1+cos (20) >C02

From equation 5.11, Cé,o + C(/),g = (2,0 + Co,2 which is a term independent from ¢ and is

therefore rotation invariant.
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5.1.3 Complex moments

In general, all image moments that use complex kernels are referred to as complex mo-
ments. In a more particular scene, the complex radial moments are functions represented
in polar coordinates in the form of equation 5.12. From here on we will refer to complex

radial moments simply as complex moments.

o0 2m
m,n — Tm n —imd ) . .
Y, /0 /0 n(r)e f(r,0)rdodr (5.12)

The magnitude of complex moments is rotation invariant as the operation creates isotropic
kernels; on the contrary, their phase is rotation covariant. The exponential term in equa-
tion 5.12 creates sinusoidal waves around the origin in the direction of 8 whilst equation

5.13, creates them in the x and y directions.

The major advantage of complex moments over geometric moments is that, their polar
nature makes them a useful tool to obtain information about rotational characteristics
of images; on the other hand, there exists a loss of information during the discretisation

process.

5.1.4 Bessel-Fourier moments

Consider the two-dimensional continuous function f(z,y) and its Fourier transform

F(v,v) = // e 2mivrtvy) £ (0 4 dady. (5.13)
x = rcos(0), v = pcos(7),
y = rsin(0), v = psin(7y), (5.14)
r=+/x2+y2, p=Vuv2+v2
0 = arctan(y/x), v = arctan(v/v).

Equation 5.15 is a multi-pole expansion of an image in cylindrical coordinates.

Fr,0)= " fm(r)e™, (5.15)

m=—0oQ0

where,
1 2m )
fn(r) == [ f(r,0)e™do. (5.16)
27 0
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Substituting equation 5.15 in 5.13 we obtain the intermediate form,

F(u,v) = // e~ 2milvatry) Z Frn (7)™ dzdy. (5.17)

m=—00

Using the relations in equation 5.14 the cylindrical form of the Fourier transform is,

F(p,'y):/o / e~ 2mirpeos(0—7) Z fm(r)eimerdrde. (5.18)

m=—00

Changing the order of summation and making ¢ = 6 — ~,

Pl = 3 [ e | [

e‘2ﬂirpcos($)eim¢d¢] rdr. (5.19)
m=—00 -7
It is pertinent now to introduce the Bessel functions. These functions are the solutions
y(x) to Bessel’s differential equation,

2 d’y dy

2 2 _

There exist many representations for the Bessel equations; we use the integral form of
the Bessel functions of the first kind (figure 5.2),

Im(2mrp) = 1277/ e~ 2mirpeos(9) gimé g, (5.21)

—T

Figure 5.2: Bessel functions of the first kind for m = 0,1, 2, 3, 4.

Bessel functions are arguably the most frequently used higher transcendental functions
[11]. When « is integer, these functions are also known as cylindrical harmonics. These
equations are importantly related to differential equations of potential, wave motion or

diffusion in cylindrical or spherical coordinates.
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Substituting equation 5.21 in 5.19,

F(p,v) =27 Z (—i)me™ [/ fm(r)Im (27 p)rdr | ; (5.22)

and making,
—27r/ Jn () I, (277 p)rdr, (5.23)
Fu(p) = (=)™ Honp), (5.24)

> Fu(p)e™. (5.25)

m=—0oQ

The function H,,(p) is known as the Hankel transform, this function describes the ex-
panding waves around the origin. Equation 5.25 shows the Fourier transform in cylin-
drical coordinates. This is a complete representation of the function f(r,8) with F,(p)
being its power spectrum. The variable p represents the expanding behaviour of the

function, and  describes its rotational characteristics.

If we substitute equation 5.16 in equation 5.23 we obtain,

2m
/ / (27 p)e” " £ (1, 0)rdrdd. (5.26)

Choosing p = Am.n/2r,

2T
,M_/'/ i nnr)e™ ™ £ (r, 0)rdrdo. (5.27)

Where A, , is the nt" zero of the m! order Bessel function of the first kind. The set
of moments in equation 5.27 is a special case of the definition of complex moments in

equation 5.12, where
Tm,n(r) = Jm()\m,nr)‘ (5.28)

Equation 5.27 is a more specific representation of the BF moments as presented in [109].
Equation 5.25 is continuous in p. The rotational repetition m has to be a natural number,
otherwise the term Jm()\m,nr)e_ime would be discontinuous. The set of all B, ,, are the
coefficients of the Fourier-Bessel series in equation 5.25. The real part of the intrinsic

kernel of some BF moments are shown in figure 5.3.
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Figure 5.3: Real part of the kernels of the BF moments for m = 1,2,...,8 (rows), and
n=0,1,2,3 (columns).

5.1.5 Other image moment functions

To minimise the redundancy of information every moment contains, it is important to use
orthogonal sets of functions. The set of BF moments is both complete and orthogonal.
Of course, this is not the only complete set of orthogonal moments; for instance, the
Legendre moments [95] are a set defined in Cartesian coordinates. The Zernike moments

[95] are a complete set of orthogonal moments where,

(k=|nl)
Tm,n(r) = Rm,n("") = Z (—1)8 (k _ 8)' ,rk—QS

k—2s+|n k—2s—|n ’
=0 s!( 2] ')!< 2] ')! (5.29)

EeN; 0<|n|<k; m—|n|iseven.

BF and Zernike moments are orthogonal in the continuous domain, when discretising the
functions orthogonality is lost. There are sets of discrete orthogonal moments, some ex-
amples of this kind are the Krawtchouk [110], the Chebyshev |76] and the Hahn moments
[117]; these moments allow the extraction of more accurate information due to their dis-
crete nature although, they are defined in the Cartesian plane and rotation invariants

would have to be constructed.

5.2 The symmetry of features

Interacting in an intricate manner, frequency components are the building-blocks that
construct structure and are values difficult to understand. Interpretation of image mo-

ments is a long standing subject of discussion in the community. As lower order moments
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are simple, higher order moments are difficult to understand. Instead of comparing mo-
ments with physical properties, we analyse their meaning in terms of the structures they
build together.

It is widely known that some image moments vanish when the image being analysed
is symmetric. Some researchers have taken advantage of this property to detect the
number of folds in a symmetric image [92]. The absence or presence (zero or non-
zero magnitude) of moments, implies that certain frequency components disappear when
symmetry is present. Also, phase-congruency characteristics are present in symmetric
image-patches. In this section we present the relation between image moments and
the symmetry of features. Based on this analysis, symmetrical image-patches can be
created. We categorise image-patches into three symmetry-groups based on different

characteristics of their power spectrum.

5.2.1 Non-periodic 2D symmetries

Many characterisations of symmetry exist, Weyl provides a good basis for the study of
mathematical and computational symmetry [106]. The description of symmetry that
Dickinson proposes, is used to extract information from images and ease the under-
standing of shape [26]. Griffin presented a compact characterisation of the possible non-
periodic image symmetries, these are shown in table 5.1 [34]. Here we use the notation

S instead of J to avoid confusion with the notation of the Bessel functions.

’ Group ‘ Description.

So The only automorphisms is the identity transformation.
Sik | k rotations around a common center (k > 2).

Sa | k mirrors (intersecting at a point if £ > 1).

Ss Unchanging in one direction.
Sy Unchanging in one direction with a line of reflection in the same direction.
Ss Infinite rotations around a point (S5 = 5] o).

Se | k anti-mirrors (intersecting at a point if k£ > 1).
S79r | k anti-rotations and k rotations around a point.
Sgok | k anti-mirrors and k mirrors intersecting at a point.
So Unchanging in one direction with a line of anti-reflection in the same direc-

tion.
S10 The image can be translated in one direction with a matching proportional
change in intensity.

S11 S1p with a line of reflection in the same direction.
S12 S1p with a line of centres of 180 ° anti-rotations in the same direction.
Ssiope | A non-flat plane.

Seonst | A constant function.

Table 5.1: Non-periodic symmetries of image-patches as presented in [34].
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Some of these symmetries have a relation with periodic-symmetries and also amongst
each other. S is a special case of S;; when k > 1, S19 and S1; are also periodic-

symmetries and, S3 and Sy are also part of Sy i, Sgiope is in Sg2, etc.

5.2.2 Phase congruency in cylindrical coordinates

As shown in section 5.1, image-patches can be represented as a linear sum of basis filters.
In the case of the BF moments, they represent the spectral density of the image-patch in
cylindrical coordinates. Relations between the frequency components of the series create
structure, for example, presence or absence of some components may create symmetric
patterns. Moreover, alignment in the symmetry axis of moment functions can create

symmetrical structures, such alignment is known as phase-congruency.

Kovesi introduced the term phase-congruency and used it to detect mirror and anti-
mirror symmetry (S and S ) [47]. Consider the one-dimensional case, odd-symmetric
functions such as sin(t) are anti-mirror symmetric with the axis being ¢t = 0; if all
coefficients a,, equal 0 in the Fourier series in equation 5.30, f(¢) will be anti-mirror
symmetric at ¢ = 0. For the mirror symmetric case, we have to consider even-symmetric
functions such as cos(t); in this case, if the coefficients b, equal 0, f(¢) will be mirror
symmetric at ¢ = 0. Figure 5.4 shows a graphical example of the phase patterns that

create symmetry in 1D.

10 =%+

m=1

<amcos(mt) + bmsz’n(mt)> . (5.30)

(a) Even-congruent waves creating a mirror sym-  (b) Odd-congruent waves creating an anti-mirror
metric function. symmetric function.

Figure 5.4: Phase-congruency, these phase patterns create symmetry around ¢ = 0.

In general, two sinusoidal functions f(t) and g(t) are even-congruent around ¢t = tg if

and only if,
Lty = gty =0 (5.31)
ar! \) T g9\t = '

Similarly, two sinusoidal functions are odd-congruent around ¢ = ¢, if and only if,

f(ts) - g(ts) =0. (5.32)
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The symmetry is broken if the frequency components are not phase-congruent. Kovesi
uses wavelets to calculate local phase; to extend this idea to two dimensions, he uses the
same wavelet at the same point in different directions. Phase congruency can be consid-
ered as an alignment in the symmetry axis of the frequency components. In a similar
fashion, 2D filters in cylindrical coordinates can show phase congruency; if there exists
an alignment on the axis of mirror or anti-mirror symmetry, the rotational-frequency

components are said to be even or odd phase-congruent. This example is illustrated in

(a) re(B1,0) (b) re(Ba,o) (c) re(Ba,0) + im(Ba,o)

figure 5.5.

(d) re(B1,0) + re(Ba,0) (e) re(Bas,0)+re(B2,0)+im(B2,o) (f) re(Bi,0)+re(Bz2,0)+im(Bz,o)

Figure 5.5: BF moment kernels creating symmetry. The operator re() denotes the real
part of the filter, and im() the imaginary part. If a mirror axis (red) of two functions
is aligned, the sum of the two functions creates mirror symmetry along the aligned axis
(d). In a similar manner if an anti-mirror axis (green) is aligned, the sum of these two
functions creates anti-mirror symmetry (e). On the other hand, if no axis is aligned,
symmetry will be corrupted (f).

5.2.3 Creating symmetry

There exists an intrinsic relation between the notion of shape, symmetry, and structure
in general [26]. Table 5.1 lists all recognised non-periodic image symmetries as pre-
sented by Griffin [34]. Such structures are generated by different rotational frequency

characteristics, namely the magnitude and phase of BF moments.

It is well known that some moments in the rotational direction (index m in By, ), dis-

appear (have zero magnitude) when there is symmetry present. Consider the rotation
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symmetric case 51, moments have non-zero magnitude only when m is an integer multi-
ple of the number of symmetry axes k; in any other case, moments have zero magnitude.
Table 5.2 shows the conditions for the rest of the symmetry cases. In accordance with
Kovesi, we distinguish even or odd phase congruency as an alignment between the axes
of symmetry or anti-symmetry of two or more functions. It is possible to depict three
major groups of structures (A fourth group and an exception are discussed in section

5.6, synthetically generated images are shown in figure 5.6):

e The non-symmetric group is characterised by Sy where all By, ,, may have non-zero

magnitude.

e The symmetric group encloses Sy, S2x and Sg, B,n may have non-zero mag-
nitude when m = ak {a € N,k > 1}. For instance Sj3 in figure 5.6, in this case

k = 3, therefore By, , may take non-zero magnitude when m = 3,6, 9, etc.

e The composite-symmetric group with S7 o5, and Ss o, moments B,, ,, in this group
may have non-zero magnitude when m = (2a + 1)k {a € N}. Consider Sg 7 in figure

5.6, here k = 1 hence, moments may take non-zero magnitude when m = 1, 3, 5, etc.

’ Group ‘ Description.

So At least two frequency components with no common prime factors, required
not to be phase-congruent.

Stk All integer multiples of k, required not to be phase-congruent.

So k All integer multiples of k, required to be even-congruent.
53 5271.

Sy S2.0.

S5 Zero frequency components.

Se.r | All integer multiples of &, required to be odd-congruent.

S7or | Odd multiples of k. Both types of congruency at the same angle are required.

Ssor | Odd multiples of k, odd-congruency required.
So Sg2.
Sslope S8,2-
Sconst | All frequency components which intrinsic kernel does not integrate to zero.

Table 5.2: Existence and phase conditions for image moment functions to create sym-
metric patterns.
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Figure 5.6: Synthetically generated symmetry. Different symmetries reconstructed from
randomly generated B,, , moments complying with the conditions stated in table 5.2.
Axes of mirror and anti-mirror symmetry in red and green respectively, a blue star
denotes the centre of rotation symmetry. Beneath, the magnitude of the BF moments
used to generate each image for m = 1,2,...,8, and n = 0,1,2,3 (normalised to
black = 0, and white = 1). Three distinct groups of symmetry characterised by non-
zero magnitude of certain moments are recognised.
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5.3 Unsupervised learning to find structures in a rotation

invariant space.

Finding the analytical solution to B, , for any given function is mathematically com-
plex and requires deep knowledge on the matter (see section 5.3.3). Using the idea for
unsupervised representation learning, the manual selection of structures can be obviated
by clustering samples in a rotation-invariant space created from the magnitude of the

BF moments.

The resulting centroids of this process are used as feature models to compare patches
in an image, allowing the detection of arbitrary shapes as features. The feature models
are generally rotation-invariant representations of edge-like structures (figure 5.1). The
detected features show very competitive results on the repeatability test presented in
[75] compared to other state-of-the-art detectors. Moreover this approach can recognise
multiple structures as features thus, the user can substantially increase the amount of

detected features in a controlled manner.

5.3.1 A rotation-invariant space

The magnitude of the BF moments provides a rich rotation-invariant descriptor that may
be used for comparison with other patches. When m = 0, BF moments are not invariant
to changes in brightness; we use {m =1,2,...,M; n=0,1,..., N — 1}. The complex
magnitude of the B,, , is used to map a patch into an M x N-dimensional vector noted

as dg.

The elements of the vector d,, are the magnitude of the coefficients of the FT in cylindrical
coordinates. This vector is therefore the power spectrum in the region bounded by the
variables M and N. The energy of the patch in this region of the spectrum does not
vary with changes in brightness, on the other hand, changes in contrast affect the energy

of the signal. To avoid these variations, vectors d, are normalised using equation 5.33.

Q.

d, = !I =, (5.33)

Q.

ol

Where d, are the un-normalised vectors. In practice, we set dy = 0 (all elements equal
0) when HazH < Eipresn to avoid highlighting regions of low energy or division by 0 in

its case. In a general sense, the energy of a signal f(t) is

E = /_OO |£()]dt. (5.34)
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Equation 5.35 shows Parseval’s theorem for one dimension, it extends to multiple di-
mensions and means that the energy of the signal is preserved throughout the FT i.e. it
is a unitary transform. In a certain manner, normalising the magnitude of the Fourier

coefficients is equivalent to normalising the variance of the patch.

/OO |f(t)|?dt = /OO |F(v)|?dv. (5.35)

—00

In the frequency domain, the energy of a signal within a range of the spectrum can be
calculated by reducing the integration range. The vectors d, contain the power-spectrum
of the image patches, therefore the energy of the image patch in the range delimited by
M and N is

Eq=) |Bnal* = /s (5.36)

m,n

The variable Fypyesn represents the minimum acceptable energy, in the region bounded
by M and N, for an image-patch to be considered. Because of this, Eipresn is highly
dependent on the variables M and N; as these values increase Fypesn should increase as
well. The mathematics for analytically calculating this value are complex as they involve
integrating Bessel functions (see section 5.3.3). For practical implementation we opt for

empirically chosen values that return an approximate desired number of detections.

The vectors d, are non-negative unit-vectors (i.e. ||d;|| = 1 with all non-negative dimen-
sions). Hence, the normalisation process maps these vectors on a Quadrantal Spherical
Triangle (figure 5.9). Patches that are visually similar are close to each other in this

space.

5.3.2 An approach to detect low-level symmetry

Normalising the energy in a closed range lets us understand the rotation invariant space
in more depth. Convolving an image with eight By, , kernels with m =1,2,...,8 and
n = 0, each pixel is represented by a vector d, of eight elements. After the normalisation
process, the vector d,, of each pixel brings out the energy distribution in that region of the
image. This process can be seen in figure 5.8, at the bottom image after the normalisation

process the eight-fold rotational symmetric patches are highlighted.

Using non-maxima suppression on the normalised maps, it is possible to detect features of
the desired amount of rotational repetitions; this is shown in figure 5.7, where eight-fold
(top) and five-fold (bottom) rotational patches are detected. This process is simple but
not very useful as not many real-world images show high-quality rotational symmetric
features. Although the normalisation is performed within a region of the spectrum, the
detection relies only on the dominance of energy at a certain frequency (only one element
of the vector dy).
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S i

Figure 5.7: Detecting symmetric image-patches using the presented framework.

5.3.3 Manual selection of feature models

In section 5.2, it was shown that the interactions between BF moments are the building
blocks of structure. The process shown in section 5.3.2 does not take this into account. To
be able to find more complex structures it is necessary to look at the higher-dimensional
rotation-invariant space. For completeness we show the BF moment generating function

again.

27 e’}
Bpp = / / Jm()\m,nr)e*imef(r, O)rdrdo. (5.37)
o Jo

The BF moments of a function can be analytically found. For example, a step edge can

be written in its polar form as

1 0<f<m
f(r,0) = {0 <r<1}. (5.38)
0 T<0<27
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Figure 5.8: The flow for mapping the image into a rotation-invariant space. The image
is convolved with a set of BF filters. The complex magnitude of this operation is then
normalised.
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Substituting equation 5.38 in 5.37 and changing the integration order,

1 T )
Bm,n = / TJm()\m,nT) (/ €_Zm9d0> dr, (539)
0 0

T imd 0 when m is even,
/ e 00 = (5.40)
0 —2i/m when m is odd.

Substituting equation 5.40 in 5.39,

Bon = — TIm (Am,nr)dr. (5.41)

Equation 5.41 holds only when m is odd, for all even values of m, By, ,, = 0, an edge is
a composite-symmetric structure of the type Sgo (k = 1). This agrees with the theory
presented in section 5.2.3, where it is shown that symmetries of this kind have non-zero
moments only when m = (2a + 1)k {a € N} i.e. m is odd. The case m = 0 will be

discussed in section 5.6.

To solve equation 5.41, we can use the Bessel function representation in equation 5.42.

s mnr m—+2s
Amn) z% m+s|8'< : ) . (5.42)
s=

= —2i - (_1>S /1 )\m,nr m+2s
Bm,n Z sl Jy ( ) rdr. (543)

And integrating,

_ i)™ (=1)° Amn)*
Binn = ; (2)25 (2s+m+1)(m + s)!'s!’ (5.44)

Equation 5.44 decays rapidly with s, therefore a few values are sufficient to derive an
appropriate approximation of B,, 5. In this manner it is possible to analytically find the
location of any given structure in the rotation-invariant space. This process is difficult
and requires deep understanding on the subject of feature detection. In the next section

we show a method to avoid these complex calculations.
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5.3.4 Learning repetitive structures

The probability density function (PDF) of the normalised rotation-invariant descriptors
unveils persistence of features. Centres of clustering algorithms tend to converge approx-
imately to local-maxima on the PDF of a discrete random variable. These local-maxima

represent repeatable features.

K-means is arguably the most well-known clustering algorithm, it is easy to implement
and performs well under certain initialisation conditions. As discussed in [81], initial-
isation of the centres can be an issue, as different strategies lead to different results.
Due to the nature of the data we are trying to cluster, the random partition method is
arguably the best suited. The process begins by randomly assigning each sample to one
of the C clusters, and then calculating the initial location of the centres with the average
location of all the members of each cluster. This places the centres near the middle of

the distribution and then they move to local-maxima of the PDF.

We cluster the d, (section 5.3.1) of 5 x 10° randomly extracted patches from a subset
of 500 also randomly selected images from the Caltech101 dataset [30]. If a patch meets
the condition ||Elx|| < Eipresn it is substituted by another randomly selected patch until
this condition is not met. In this application, K-means usually converges after around
8 iterations. The learnt centres are known as feature models and take the notation w,
where ¢ refers to the index of the learnt centre. For visualisation, a rank-3 approximation

of the training data and the learnt centroids is obtained, this is shown in figure 5.9.

Figure 5.9: A rank-3 approximation on the normalised vectors d,. in blue and the learnt
centres w, in red on a unitary quadrantal spherical triangle.

To visualize what the centres w, represent, we randomly construct another large set of
patches and compare them to the centres using the distance measure in equation 5.45.
Figure 5.10 shows some of the closest patches to the centres. Features belonging to the

three symmetry groups are presents amongst the learnt structures. For example, features
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in the symmetric group can be seen in F1, B8 or F8. Examples of composite-symmetric
features are found in C4, C3 or G3. Both types of structures can be recognised in their
majority as centred edges of different characteristics. On the other hand, non-symmetric
features are present in E8 or H1; these structures are generally present in the form of noisy
patches or translated edges. This property was discussed in [21], where it is shown that
different feature representation learning methods produce localised filters that resemble
Gabor filters.

5.4 Feature detection

Taking advantage of the rotation-invariance provided by the presented method, it is
possible to use this scheme as a generic feature detection algorithm. Consider every
possible patch of size w X w on an image, each is mapped into the rotation-invariant
space and normalised using the framework presented above. We use now the notation
d;, to indicate the normalised rotation-invariant vector of the patch with coordinates

(z,y) in the image.

Feature detection is usually a similarity measure between a patch and a model struc-
ture. To compare the vectors d,, to the centres w,. it is necessary to define a distance
measure. Ideally, patches that are visually equal should lie at the same point in the
rotation-invariant space. This assumption is a hard restriction as usually images present
transformations like noise, blurring, or small changes in perspective. For this reason, our
distance measure has to be smooth and decay in a non-linear manner when distancing
the feature model. We use the inner product weighted with a Gaussian function shown

in equation 5.45 (figure 5.11).

Dy(z,y) = e 7 ({deyrwe) —1)* (5.45)

As the magnitude of both vectors d,, and w. is unitary, the inner product (d,,, we)
is always in the range [0,1]. The variable 7 controls similarity tolerance, the bigger the
value the lower the tolerance. The value of 7 is highly dependent on M and N. This
process creates C feature maps D.(x,y) in which non-maxima suppression can be used to
find features. Figure 5.12 shows three feature maps created and the respective features
found after non-maxima suppression. Points of interest found in different feature maps
are said to be of different class. In this example we fixed the size of the kernels, to detect
features at multiple scales we build an image pyramid and detect the features at different

octaves.

Parameters for the algorithm must be set to suit the application. The parameters M and
N are the amount of moments to be extracted from every patch, in this implementation

we use M = 8 and N = 4; although in our experiments we used various settings, smaller



64

Chapter 5 Spectral analysis of image-patches

Figure 5.10: The nine closest patches to each of the learnt centroids. The three sym-
metry groups are present, the non-symmetric group usually captures noisy patches or
translated edges (H7, H8 or D5), the symmetric group has a good response on roof edges
of varying width (B1, E2 or B8) and, the composite-symmetric group which tends to
highlight step and ramp edges (A4, D2 or E4). The centroids are brightness normalised
for easier visualization.
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values than M = 8 and N = 1 appear to be insufficient. As shown in equations 5.34 and
5.35, the variance of a function and its energy are equivalent. If a function is differentiable
in a region, its variance in such region is finite and thus its energy. This implies that its
spectral energy decays as it approaches infinity, therefore a good approximation can be
obtained from a finite number of BF-moments. We choose these values as they appear
to provide enough discrimination between features without over-fitting or generating too

many noisy feature-models.

The energy threshold Ejyp,.esp, controls the strength of the features to be detected, a small
value will trigger weaker responses (see section 5.3.1). In this implementation we use
an empirically chosen value Eyp,esn = 5. This generates an approximately between 1500

and 2000 features per feature class in a 1024 x 680 image.

Choosing the number of clusters C is a difficult subject and an area of research on
itself [50]. Representation learning algorithms for CNNs usually suggest a value of C
“as large as compute resources will allow” [22], learning directly from pixel intensities
these features must be abundant enough to cover all rotations of all feature models; our
approach covers all rotations in a single model. Due to the feature detection application,
this parameter should relate then to the amount of structures to detect as features; to
obtain the results shown here, we train the centroids using C' = 64 and use only 32 of the
centroids for the detection (top half of figure 5.10). Training 64 centroids does not seem
to over-fit the data, but some of them seem to capture similar information. Randomly
choosing 32 of the centroids discards some redundancy whilst keeping a good coverage

of information.

The similarity tolerance controlled by 7 has a large effect on the distinctiveness among
feature classes. Small values of this parameter tend to make feature maps similar to each
other. Large values reduce the similarity tolerance and thus repeatability is substantially
affected, we set 7 = 1000. Added to this parameter a threshold Dy esn, = 0.5 is used in
the non-maxima suppression to avoid distorted features, although this parameter could
be obviated by fine tuning the value of 7. This value of 7 was chosen empirically, a larger
value generates too much redundancy in the detected features, a smaller value impairs
the detection.

Figure 5.11: The function D.(z,y) measures the distance in a non-linear manner be-
tween the vector d, , and the ' feature model.
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Figure 5.12: Using the learnt centroids we create feature maps D.(z,y) (three middle
images), from an original image (left). Features are detected by applying non-maxima
suppression on the maps. Each of the different feature classes is a different colour on
the image at the right.

5.4.1 Time complexity analysis

The time complexity of the feature detector is dependent on various parameters. This

can be divided into three stages:

e Map every pixel into the rotation-invariant space. This stage of the algorithm
performs 2 x M x N convolutions of size w x w with non-separable kernels, the
reason for the factor 2 is that the kernels are complex. Plus the normalisation
process, which is a factor of the dimensionality of the vectors d; i.e. M x N. The
complexity of this stage is O((aw? + 8)MNX), where X is the number of pixels

in the image and, o and (8 are constants.

e Creation of the rotation-invariant feature maps. Omnce the vectors d, have been
calculated, each pixel is compared against each of the centres w.. This operation
is also dependent on the dimensionality of d;, thus the complexity of this stage is

O(eM NCX) where C is the number of feature maps and € is some constant.

e Non-maxima suppression. These algorithms have a linear complexity on the num-

ber of pixels X.

Considering w x w, M, N and C are given constants, the total complexity of the entire
process is linear on the number of pixels i.e. O(X). For the parameters specified and
using 16 x 16 kernels (figure 5.13), the detection runs in an average of 294 milliseconds per
feature map in a single threaded implementation with an Intel i5 processor at 1.6GHz
(calculated over a set of 64 images of size 960 x 720). While the time complexity of
approach is linear, the number of operations per pixel is much larger than other methods
like LOCKY (chapter 4) or MSER. This is compensated by the fact that this technique
acts as multiple feature detectors combined in a single framework, whilst other detectors

find a single class of features.
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m-—

Figure 5.13: The 16 x 16 Bessel-Fourier kernels used for the detection of features. Real
part of the kernels shown on the left, imaginary part on the right

5.5 Results

The repeatability measure introduced by Mikolajczyk et al. measures consistency of fea-
ture detectors across image deformations |75]. The test consists in detecting features
in both the original image and a transformed version, then the detected features are
mapped to the original space using a homography matrix to measure how well they over-
lap. In our comparison, features with 40% error or less are considered. We use the bikes,
boat, graffiti, trees and ubc sequences from the Oxford affine-covariant regions dataset
[75]; these sequences contain six images each with increasing blurring, perspective, jpeg
compression, scale and rotation transformations. We also use the iguazu sequence intro-
duced by Alcantarilla et al. [4], which presents increasing noise across images; and the
semper and rome sequences presenting pure rotation transformations [39]. Figure 5.14

shows images from some of these sequences.

We compare our approach against various feature detectors available to the community,
KAZE [4], SURF [12], LOCKY-S [62], BRISK [53|, CenSurE [2| (marked as ‘STAR’),

Figure 5.14: The first and sixth images of the boat, graffiti and semper sequences.
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Figure 5.15: Results of the repeatability test presented in [75]. Our approach (marked
as ‘ours’) is compared against against benchmark and state-of-the-art detectors. On
average, the detector presented here is among the best performers in such test. The
error bars signify the standard deviation across the repeatability of all 32 feature classes.
Scale transformations seem to impose a more complex challenge as they change the
intrinsic structure of features, on all other image deformations our approach performs
consistently well.

Harris and Hessian affine [74] and MSER [72]. For KAZE! and LOCKY-S? we use
the code provided by the authors. For SURF and BRISK we use the implementations
provided in MATLAB, and for CenSurE the OpenCV code. CenSurE is known as the
STAR detector in OpenCV, from hereafter we will use the latter name. KAZE and
SURF both use four octaves with four intra-octave sub-levels, BRISK uses four octaves,
STAR uses the default parameters provided in the library, LOCKY-S uses the parameters

as presented in [62], our approach® detects features from 32 feature-maps at six scales

"https://github.com/pablofdezalc/kaze (ver. 1.8.0)
Zhttps://github.com/jimmylomro/locky
30ur code is publicly available at https://github.com/jimmylomro/own
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Figure 5.16: Every feature class is measured for repeatability. The results for repeata-
bility (left on each group) and, the number of correspondences found in every feature
class are shown (right on each group). Some features seem to perform better than
others, the best average performer is highlighted with a thicker plot. The different
symmetry groups are shown in different colours, non-symmetric features in blue, sym-
metric features in red and composite-symmetric features in green.

spanning 1.5 octaves always using 16 x 16 BF kernels (shown in figure 5.13). The results
of our technique show the mean repeatability and standard deviation of all 32 feature
classes, these results are shown in figure 5.15. These settings generate approximately
1500 to 2000 features per image, our algorithm detects the same amount on average over

the 32 feature classes.

On average, our algorithm compares very well with the other detectors. Some features
tend to perform better than others, the repeatability results of each of the 32 feature
classes are shown in figure 5.16; the best average performer is highlighted with a thicker

line this corresponds to the feature class E4 (figure 5.10). The main advantage of our
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approach is that the user can choose the number of feature classes to use, allowing a
denser sampling of the image. This advantage is well reflected by the number of corre-
spondences (number of preserved features) across image transformations, providing an
idea on the amount of features that every map provides. The number of correspondences
found for every feature class is also shown in figure 5.16. The total number of detected

features across all 32 classes in a 1024 x 680 image is on average 62, 430.

Figure 5.16 portrays the difference in performance for the different symmetry groups.
Shown in blue are the non-symmetric features; using the coordinates of figure 5.10, these
are Al, E1, H1, A2, B2, F2, H2, A3, D3, F3, H3, D4, G4 and H4. The symmetric features
are shown in red, these are B1, C1, F1, E2, C2 and E3. And in green the composite-
symmetric features, these are D1, D2 G2, B3, C3, G3, A4, B4, C4, E4 and F4. The
composite-symmetric group tends to produce many more features than the other two
groups, and their repeatability is usually higher. The symmetric features produce the
fewest number of features whilst maintaining high repeatability scores. This may be due

to there being many more step-edge pixels than roof-edge pixels.

5.6 Conclusion

We have presented a method that uses unsupervised learning to perform rotation-invariant
detection structures, allowing the use of machine learning for generic feature detection.
Our approach learns filters that show strong response on edge-like structures, a property
that has been highlighted by representation learning algorithms. Showing very com-
petitive repeatability scores on average, the use of any of the feature classes is a good
performing detector. Moreover, our method allows the user to to choose the number
of model structures thus, the user can substantially increase the amount of detected
features in a controlled manner. This property could be exploited by tracking, texture

recognition, image retrieval or other feature detection dependent algorithms.

Further research could be developed on a neural network based on our approach. We
have shown how to train a single unit to create feature-maps from a rotation-invariant
space, many of these units could be stacked in a multilayer architecture to build a

rotation-invariant deep predictor.

The only recognised exception to the symmetry groups are Sg; and Sz ;. In theory
these structures belong to the symmetric group, nonetheless as k = 1, all BF moments
may have non-zero magnitude. The difference between these and Sy lies on phase-
congruency. A fourth symmetry group can be identified whose members are S5 and
Sconst, we label it as the infinite-symmetric group. The analysis of these particular cases
is still open for research. Furthermore, the phase of the BF moments is shown to contain
crucial information. A method to consider such information could yield a more consistent

detector as noisy features could be discriminated.
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Symmetry detection results

! | \HE implementation of symmetry detection using the feature detectors presented in
chapters 4 and 5, is shown here. Discussion on the advantages and disadvantages

of both approaches is also presented in this chapter.

The true positive rate and the number of false positives are calculated to compare our
approach to [66] and [52]. Detected axes of symmetry are compared to ground-truth
annotated images. Using LOCKY as the feature detection strategy yields the short-
est computation times. Results obtained using the detection of learnt structures are

consistently coherent with human annotations.

6.1 LOCKY

Figure 6.1 shows the implementation of LOCKY as the feature detection strategy for
symmetry detection. The parameters used are the same as LOCKY-1, i.e. 10° iterations
with size range 22 to 2° and a 12% threshold. The matching uses a minimum hamming
distance of 120 and, DBSCAN uses € = 0.22 and MinPts = 10. Results of such experi-
ment are shown in figure 6.2. Axes are successfully found on images with large or clearly

evident symmetric structures.

Figure 6.1: The implementation of LOCKY for symmetry detection. Features have
good dispersion, covering the whole extent of images.
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successful clustered symmetry
matches DBSCAN matches axes

Figure 6.2: Symmetry results using LOCKY. All successful matches (left) are mapped
into the parameter-space (mid-left). LOCKY produces many outlier matches, the clus-
tering strategy in the parameter-space is robust enough to detect the correct axes.
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Figure 6.3 shows two representative fail cases. Symmetric structures are smaller in the
top row, the lack of symmetric matches supporting the axes causes the algorithm to fail.
The axes to detect are many in the bottom row, again the parameter-space is poorly
sampled and not all axes are detected. Intuitively, the detection could be improved in

both scenarios using either of the following strategies:

e Accepting weaker matches. This increases the number of points in the parameter
space, but it also introduces many more outliers. These outliers could cause false-

positive detections or curve the detected axes.

e Increase the number of detected features. In a general sense, lowering the threshold
of a feature detector results in noisy detections with poor localisation or other
artefacts. Also, the matching process has O(P?) complexity where P is the number
of detected features (see figure 6.7). This could potentially make the matching the

slowest process of symmetry detection.

successful clustered symmetry
matches DBSCAN matches axes
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Figure 6.3: Symmetry detection fail cases using LOCKY. Smaller structures are more
difficult to recognise. Also, images with many axes of symmetry need many more
matching pairs to be detected. In both cases, the detection of symmetry would benefit
from larger amounts of detected features.
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6.2 Unsupervised learning to find structures in a rotation-

invariant space

The implementation using the learnt structures as the feature detection technique is

shown in figure 6.4.

It is possible to reduce one degree of freedom if the scale of all detected features is the
same. Features can be detected at a single scale or, the scale of all detections at different

scales can be fixed. The earlier approach yields a smaller number of detected features,

while the latter eliminates distinctiveness amongst features, potentially causing noisy

lisATIONIN FEATURE-MAPS

matches.

Figure 6.4: Use of the learnt structures for symmetry detection. Abundant sets of
features provide a better sampling of the parameter-space.

The unsupervised learning for the rotation-invariant detection of structures eliminates
the problem of small numbers of features, as each feature-map is a different detector.
This allows the detection of features at a single scale. The image is rescaled so that
mazx(width, height) = 500 pixels and, a kernel size of 16 x 16 for the BF-moment filters is
used. This generates between 500 and 1000 features per feature-map. Other parameters
for this implementation are: M =8, N =1, C' =10, Eipresn, = 5 and 7 = 0.6.

To find symmetric pairs, only features of the same class are compared. Consider the
total number of detected features P as a sum of the number of features detected in each
class P.. The number of descriptor comparisons when only matching features of the same
class is PO2 + P2+ '—|-P(2;_1- Whilst still quadratic, the number of operations performed

is smaller than P?. This reduces the computation time of the matching process.

Traditional feature detectors produce a set of points that belong to the same type of
structure i.e. the same feature class. Several strategies can be implemented to partition
such set into smaller subsets of points, for instance, the DoG detector could partition
detections depending on the sign of the filtering response. Using the learnt structures, it

is possible to partition the set into C' feature classes, where C' is a user defined parameter.
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The complexity of a brute-force matching is O(P?) where P is the number of features.
The partition P = Y, P. makes the complexity of the brute-force matching O(}, P?).
By the law of cosines d? = a? + b% — 2abcos(ab) and its extension to polygons [23], the

inequality 6.1 is always true.
P?>3 P2 (6.1)
C

In the best case scenario P. = 1V ¢, where there are as many feature classes as there are
features, the complexity is O(C'). On the other hand, when all features belong to the same
class the complexity is O(P?). Therefore, the complexity of the brute-force matching
remains O(P?). Instead of partitioning the set of detected features, we consider each
class as a separate detector. For instance, if few features are needed, only one feature
map is computed; and to extract more features we increment the number of feature
classes used, whilst the number of detected features per class P, remains constant for
each class. Thus, the number of features P, equals some constant, which is a linear factor
of the best case scenario, in which the time complexity is O(C'), and C is the number of
feature classes used. In this manner, the use of the learnt structures for detection reduces
the complexity for the matching stage with a more flexible way of increasing the total
number of detected features. This comes at the cost of a more time consuming detection

stage.

Some of the results obtained using the learnt structures as the feature detection stage are
presented in figure 6.5. Symmetric structures that were not detected using LOCKY are
now detected. The parameter space shows clearer dense clouds of points, this is result of
the detection and matching strategies. The better sampling of the image increases the
probabilities of the axes to be detected, whilst matching only features of the same class

maintains reduced computation times.

Two fail cases are shown in figure 6.6. In the bottom, there is a very small number of
symmetric matches. The complex random pattern (dry grass) causes the descriptors to be
much different from each other thus, the majority of them are considered unsuccessful
matches. On the top, detection fails because of two different reasons: the intricate
patterns is different on every petal, and the background has simpler structures. The
combination of these conditions creates clusters of outliers that have as many symmetric
matches as the actual axes of symmetry, generating both false-positive and false-negative

detections.
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successful clustered symmetry
matches DBSCAN matches axes
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Figure 6.5: The abundance of features enhances the detection of smaller symmetrical
structures, even with multiple axes. The number of detected features is large even in
low textured images (second row from the top).
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successful clustered symmetry
matches DBSCAN matches axes

Figure 6.6: Symmetry detection fail cases using the learnt structures. Highly textured
regions with no apparent order disrupt the detection.

6.3 Comparison

For a more comprehensive comparison, timings of the new method are compared with
other approaches. Having a considerably larger amount of features, the computation
time is expected to grow. The rotation-invariant detection of features from the learnt
structures is in general a slow process. Table 6.1 shows the average detection times
calculated on a set 127 images rescaled with max(width, height) = 500. To benchmark
the detection of features we also use the Difference of Gaussians (DoG) detection strategy
of SIFT [65]. For this experiment, the settings used for LOCKY and the learnt structures
those shown in sections 6.1 and 6.2 respectively. The parameters used by the DoG are

the ones in the original implementation.

Method Timing (ms)
DoG 105
LOCKY-1 21

Learnt structures | 194 (19.4/map)

Table 6.1: Feature detection times on rescaled images.

Figure 6.7 demonstrates that scaling the number of features using multiple features
classes, is better than the use of a single feature class. The total number of detected
features is plotted against the computation time of the matching stage. Moreover, the
use of binary descriptors also reduces the computation time. Times plotted in blue use
128 dimensions floating point descriptors for each feature i.e. SIF'T description, red plots

are the binary descriptors i.e. BRISK. Dashed lines indicate all features are compared



78 Chapter 6 Symmetry detection results

to each other (single feature class), continuous lines indicate only features of the same

class are compared against each other (multiple feature classes).

In this experiment we extracted features from a total of 64 images using the learnt
structures, and use BRISK and SIFT to extract descriptors from the detections. For the
single feature class we use the accumulated of all features and match all-to-all, for the
multiple feature classes we match only features of the same class. The values on the x
axis are generated with the average number of features generated across all 64 images,
i.e. for the dashed lines this is P and for the solid lines this is ) |, P, (each circle marker

is an increment of ¢, section 6.2).
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Figure 6.7: Comparison between the matching time of traditional descriptors (blue)
and binary descriptors (red). Timings using a single feature class (match all-to-all)
and multiple feature classes (match only features of the same class) are shown. The
matching stage becomes tractable when only features of the same class are compared
against each other.

For a quantitative comparison, we use the true positive rate of the detections on the
64 images of the symmetry detection PAMI2012 dataset [52]. The true positive rate is
defined as the number of detected axes divided by the total number of human-annotated
ground-truth axes. To obtain such results, the output axes of the algorithms are visually
compared against the ground-truth. If a detected axis captures a symmetric object that
is annotated in the ground-truth, the axis is marked as a true-positive. We also use the
number of false-positives, these are the detections by the algorithms that do not have a
corresponding ground-truth annotation. Results of this experiment are shown in table

6.2. Results using DoG, LOCKY and learnt structures for feature detection! are shown.

The settings for LOCKY and the learnt structures used to obtain the results in table
6.2 are those shown in sections 6.1 and 6.2 respectively. The settings used for the DoG

!Code available at https://github.com/jimmylomro/symmetry
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detector are those presented by Lowe in the original implementation [65]. Our approach
compares to the state-of-the-art using only 6% of the computation time. We provide
result images commonly used in the symmetry detection literature below, this is to give
the reader a means to visually compare our results with those obtained by other authors.

Figure 6.8 shows our results alongside ground truth annotations from [59]. Figure 6.9

compares our results with those obtained in [59].

Method Symmetry True Positive Rate (# False Positives) Timings

Straight Straight Curved Curved mean(std)
Glide Glide secs

proposed 81%(6) 10%(7) 62%(5) 40%(6) | 0.332(0.06)

(DoG)

proposed 71%(8) 33%(9) 50%(7) 40%(7) 0.094(0.03)

(LOCKY)

proposed 91%(4) 80%(6) 83%(6) T70%(7) 0.59(0.26)

(learnt)

Lee [52] 867%(3) 80%(3) 83%(3) 60%(4) | 9.7(10.3)

Loy [66] 91%(9) 7%(46) 0%(38) 0%(26) | 6.1(9.4)

Table 6.2: Results comparing our approach to those showed by Lee and Liu in [52].
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I Y 1 e ey A AR ) L

Figure 6.8: Human annotated ground truth [59] (left), compared to the symmetry
detection results using LOCKY, DoG and, learnt structures as the feature detection
strategies (left to right). The axes of symmetry are better sampled (blue dots) with the
learnt structures method, such detections are closer to the ground truth.
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Figure 6.9: Results obtained by Lee [52] (left), compared against detections with the
proposed method. Results obtained using LOCKY, DoG and learnt structures shown
from left to right.
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6.4 Results

The results in this section were obtained using the learnt structures as the feature de-

tection stage.

Straight and curved reflection symmetries with single and multiple axes are shown in
figure 6.10. Red dots are the features supporting the axes, blue dots are the middle
points of the matching pairs. The large amounts of detected features aid the detection of
multiple axes in an image, e.g. the starfish. Also, plentiful sets of features are detected

even in low textured images, e.g. the footprints image.

Increasing the matching threshold BRIS Kypyesh, generates more outliers in the param-
eter space, at the same time, it increases the probability of detecting cluttered axes.
Robustness of DBSCAN for outliers lessens these negative effects. This is the case of the

lizard and the caterpillar images.

Figure 6.10: Straight and curved reflection axes detection using the learnt structures
as the detection strategy.
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Reflection and glide-reflection symmetries are usually not mutually exclusive. For in-
stance, repetitive patterns with a translation generate both reflection and glide-reflection
symmetry at the same time e.g. the leafs image in figure 6.10. Misalignment along the

axis differentiates these cases, some examples are present in figure 6.11.

Repetitive patterns that show glide-reflection symmetry encompass multiple axes i.e. the
translation is periodic. In straight axes, this is not evident as all axes are aligned e.g. the
beads necklace image. On the other hand curved glide-symmetries deviate such axes,
this can be seen in the image of footprints in figure 6.11. Misaligned lines of blue dots
voting for different axes are recognisable. In extreme cases, this can cause false-positive

detections.
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Figure 6.11: Straight and curved glide-reflection axes detection using the learnt struc-
tures as the detection strategy.
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Wallpaper patterns present several axes of symmetry and are usually low-textured, yield-
ing a more complex task (figure 6.12). The abundance of features is important to densely
sample the parameter space, our technique is particularly good in such images. With
thousands of detected features, the probability of matching pairs to exist is larger thus,

all axes are densely sampled and detected.
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Figure 6.12: Detection results on wallpaper patterns using the learnt structures as the
detection strategy.
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Figure 6.13 shows four representative fail cases. The spine and the snake show very
abrupt deformations, in such images it is difficult to outline the stage at which the
algorithm fails. Accepting weaker matches could be beneficial to overcome image defor-
mations, although too many outliers could cause false-positive detections as is the case
in the left-most image. The smaller axis on the top-left corner of the middle-right image,
is in fact a true-positive that could be easily overlooked by humans. Simple structures
that create such symmetries are often the case of failure, as these create many outliers

in the parameter space.

Figure 6.13: Miscellaneous fail cases using the learnt structures as the detection strat-
egy.






Chapter 7

Conclusions and future work

7.1 Conclusions

The distinction between cognition levels of symmetry shown in chapter 1, improves the

understanding of the different approaches for the automated detection of symmetry.

The feature based methods provide a good alternative to deal with image transformations
and artefacts. Such approaches are usually computationally expensive, making them less
attractive for implementation. The work shown in this thesis, proves that symmetry

detection can be a rapid task.

Feature detection allows the reduction of a search space, where features are representative
areas in the image. Feature based symmetry detection takes advantage of this to find
similar regions in images. In chapter 3, three major speed issues with feature-based
methods were highlighted: feature description, descriptor mirroring and parameter-space

analysis.

The use of binary descriptors for symmetry, largely improves the speed of the process
(figure 6.7). Additionally, only comparing features of the same class drastically reduces
the computation time of the matching stage. Overall the time complexity of the sym-
metry detection algorithm is linear on the number of pixels in the image, but quadratic
on the number of successful matches. This is due to the complexity of DBSCAN. The
analysis of the parameter-space presented in this thesis avoids its discretisation, allowing
the detection of curved axes of reflection and glide-reflection symmetries. Percentages in

table 6.2, reflect the advantage of using such approach.

Chapters 4 and 5, show two new proposals for feature detection. LOCKY is one of the
fastest affine-covariant blob detectors (table 4.1). The non-deterministic nature of the
BCT impacts the repeatability results in a negative manner, nonetheless, LOCKY shows
competitive scores compared with the state of the art (figure 4.9). Although symmetry
detection is fastest when LOCKY is used as the feature detection stage (section 6.1),
the relatively limited amounts of features impairs the detection, reducing the number of

true-positives.

Using unsupervised learning to perform rotation-invariant detection of structures, enables

the search for inherently repetitive patterns. This is evidenced by the repeatability results

87
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shown in figure 5.15. This new feature detection method also introduces an alternative to
the manual selection of model structures. In this manner, it is possible to substantially
increase the number of detected features (figure 5.16). The large amounts of features
benefit the detection of symmetry obtaining state of the art results compared to other

approaches (table 6.2).

Implementing these enhancements to the feature based approach, a large improvement
in computation time is achieved. Yet many issues remain to be solved in the area of
automated symmetry detection. Feature based symmetry detection has multiple stages,
when one of these stages fails the entire process fails. The images in figure 6.13 portray
such cases. The following section describes possible alternatives and research directions

relevant to the symmetry and feature detection areas.

Visual cues are formed by the complex interactions of multiple forming waves, we have
explained this by means of the Fourier transform in cylindrical coordinates in chapter 5.
The classification of low-level primitives into non-symmetric, symmetric and composite-

symmetric groups is a step forward on the understanding of structure.

7.2 Future work

As low-levels of symmetry are usually related to the detection of features, the interactions
between composing waves should be researched in more depth. Symmetric structures
arise when there is phase congruency, but the lack of it does not diminish the presence
of characteristic structures. Feature and symmetry detection could benefit from the use

of phase information to find more specific patterns.

Our strategy for feature based symmetry detection makes use of the line parameters ¢gz;s
and 7; (chapter 3). Curved axes of symmetry may be better described by a different
set of parameters. The technique could also be used for rotational symmetry [66], the

parameter space for this application should also be investigated.

The use of neural networks for skeletonization highlights the potential of this approach
for the detection of symmetry [32, 93]. These methods extract low levels of symmetry,
their use for the detection of mid levels of symmetry remains unresearched. Also, these
algorithms rely on human-annotated data which is highly appreciation and application

dependent.

The method presented in chapter 5 can be extended in several aspects. Our approach
trains models from data directly extracted from images, stacking these units in a mul-
tilayer architecture could yield a rotation-invariant deep predictor. Rotation-invariant

CNN frameworks have been proposed before and can be thoroughly extended [69, 27].
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Our technique can be parallelised to run in a graphics processing unit, this could dras-
tically increase the speed of the detection. The computation time of the symmetry de-
tection also improves with a faster feature detection. A real-time detection of symmetry

could unlock its application in different areas.

The calculation of Eypesn in chapter 5 could be simplified if the gain of the filters (the
BF kernels) is normalised. Further analysis is needed to understand how incrementing

the variables M and N affect the calculation of signal energy in such range.

Another possible avenue is to investigate the intrinsic relation between feature detection
and description. Detection of features aims to find general kinds of structures that are
similar to each other, whilst descriptors are ideally unique labels. Bessel-Fourier moments
are a complete and orthogonal set of basis functions, this means that a large-enough set
of moments can uniquely describe an image-patch. This thesis has shown that clustering
the magnitude of a few BF moments creates generic models of similar structures. A
possible reason for this might be that low-frequency components are general descriptors

whilst higher frequency components are more specific.

Closing the gap between feature detection and description could lead to a more unified
symmetry operator. As explained in section 5.3.1, every pixel in the image is mapped into
an M x N-dimensional rotation-invariant space. If this representation is specific enough
to uniquely describe patterns, the symmetry detection could be directly performed at
this stage, obviating the need for feature description and matching. In this manner, the
operator would use all pixels in the image without the need to reduce the search space

with feature detection.
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