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ABSTRACT

FACULTY OF SOCIAL, HUMAN AND MATHEMATICAL SCIENCES

MATHEMATICAL SCIENCES

Doctor of Philosophy

COLLECTIVE SCATTERING OF SUBWAVELENGTH RESONATORS IN

METAMATERIAL SYSTEMS

by Derek Wesley Watson

In this thesis, we model the electromagnetic (EM) interactions between plasmonic res-

onators and an incident EM field. By capturing the fundamental physics of each res-

onator, such as its resonance frequency and radiative decay rate, the dynamics of the

EM interactions can be modeled by a linear set of equations. The system’s eigenmodes

exhibit characteristic line shifts and linewidths that may be subradiant or superradiant.

For simple resonator systems, we approximate each resonator as a point electric dipole.

Nanorods and nanobars, are such resonators where the magnetization can be assumed

to be negligible. However, closely spaced parallel electric dipoles can exhibit EM prop-

erties similar to higher order multipoles, e.g., electric quadrupoles. We show how, in an

original way, simple systems comprising closely spaced parallel pairs of electric dipoles

can be approximated as electric quadrupole and magnetic dipole resonators. When the

resonators are close, their finite-size and geometry is important to the EM interactions,

and we show how we cope with these important factors in our model.

We analyze in detail a nanorod configuration comprising pairs of plasmonic nanorods –

a toroidal metamolecule, and show how the elusive toroidal dipole moment appears as

a radiative eigenmode. In this original work, we find that the radiative interactions in

the toroidal metamolecule can be qualitatively represented by our point electric dipole

approximation and finite-size resonator model. The results demonstrate how the toroidal

dipole moment is subradiant and difficult to excite by incident light. By means of

breaking the geometric symmetry of the metamolecule, we show the toroidal mode can

be excited by linearly polarized light and that it appears as a Fano resonance dip in the

forward scattered light. We provide simple optimization protocols for maximizing the

toroidal dipole mode excitation. This opens up possibilities for simplified control and

driving of metamaterial arrays consisting of toroidal dipole unit-cell resonators.
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Chapter 1

Introduction

1.1 An introduction to metamaterials

1.1.1 What are metamaterials?

‘Metamaterials’ are artificial media which, through design, exhibit electromagnetic (EM)

functions not observed in natural materials. The constituent components of the metama-

terial are circuit element resonators distributed about a periodic array, whose spacings

are much smaller than the wavelength of the incident light. It is through the design

of these ‘subwavelength spaced resonators’ that metamaterials realize their properties.

This is in contrast to natural materials, whose EM properties depend on their atomic

and molecular structure.

1.1.2 A brief history motivating further study

The explicit concept of metamaterials in optical physics arguably began with Veselago

in 1967, who demonstrated theoretically the concept of left-handed metamaterials [3].

These materials have simultaneously negative permittivity and permeability, therefore

a negative index of refraction. The physical realization of left-handed metamaterials

was not achieved until 1999 when Sir John Pendry proposed two oppositely facing,

discontinuous, metallic loops (split ring resonators (SRRs)) as a means of achieving

negative permeability [4, 5]. This was followed in 2000 when Smith et. al., demonstrated

the concept experimentally [6, 7].

Advances in manufacturing techniques, e.g., lithography [8, 9, 10] and seeded growth

processes [11, 12], have allowed experimentalists to produce a wide range of nanoscale

resonators designed to invoke specific EM responses. This has led to novel functionalities

such as perfect absorption [13] and optical magnetism [14]; with applications ranging

1



2 Chapter 1 Introduction

from cloaking [15, 16, 17] to perfect lenses [18, 19, 20]. These advanced manufacturing

methods, together with the diversity of applications, has resulted in metamaterials be-

coming a burgeoning field for experimentalists attempting to realize functioning devices

and theorists to explain the complex interactions of the resonators.

1.1.3 Planar metamaterials

Though there have been great advances in manufacturing methods, fabricating 3-dimen-

sional materials remains extremely difficult [21]. In planar metamaterial arrays, all the

resonators are in one plane, comprising either a single layer or a small number of ‘stacked’

layers. These planar arrays are much more readily fabricated than 3-dimensional mate-

rials. Because of the 2-dimensional nature of the planar arrays, the propagation phase

shift of the EM field is small, consequently the metamaterial’s bulk properties such as

permittivity and permeability are not always the primary focus for researchers. Even so,

there is still active theoretical research deriving macroscopic material parameters from

single nanoscale resonators [22, 23].

A different approach to modeling the metamaterial is to study the light-matter inter-

actions of the resonators. This is because the scattering of light from the resonators

(sometimes referred to as ‘optical antennas’) in planar arrays have the ability to pro-

duce strong interactions. These strong interactions cause changes in the array’s optical

properties such as scattering amplitude and phase shift. The resonance of these prop-

erties often occur at wavelengths similar to that of the incident light [24], i.e., much

larger than the resonators or their separations, thus are much more readily accessible to

experimentalists.

In planar metamaterials, it is not only the electric field that couples to the resonators,

the magnetic field can also couple [25, 26]. This allows the impedance of the material to

be matched with that of free space, thereby creating high energy transmit arrays with

little to no reflection. In Reference 26, a material simulation comprising three stacked

planar arrays with subwavelength plasmonic and dielectric components demonstrated

a beam deflector and flat lens with high transmission. The nano resonators acted as

inductors and capacitors at optical frequencies, precisely in the regime that we study in

this thesis.

In addition to the response of each resonator to the incident EM field, resonators also

respond to the scattered EM fields from other resonators. This coupling between res-

onators results in different eigenmodes of response that may exhibit decay rates that

are much stronger (superradiant) or weaker (subradiant) than the decay rates of the

individual resonators. Under prescribed conditions, these response eigenmodes can de-

structively interfere and manifest as Fano resonances in the transmitted field [27, 28, 29].

Typically, Fano resonances have a narrow linewidth resonance making them useful in
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Figure 1.1: Fedotov et. al.’s planar array design showing the transmission spec-
trum for the ASRR array and concentric ring array. The metamolecule designs
and 88 metamolecule array are shown as insets [32].

applications such as plasmonic rulers [30] which rely on the line shift occurring when

two plasmonic nanoparticles approach each other, and biosensors [31] which rely on the

detection of surface plasmon resonances.

In Reference 32, Fedetov et. al., conducted an experiment on two different planar arrays,

each showed a Fano resonance in the transmission spectrum. The demonstration of this

collective line collapse is fundamental for lasing spacers which are fueled by coherent

plasmonic oscillations. One planar material comprised a regular array of 88 antisym-

metric split ring resonators (ASRRs), the second comprised a regular array of 88 pairs

of concentric rings, see Figure 1.1. Both planar materials were illuminated with an

EM field in the microwave regime normal to the plane. The individual metamolecules

(two paired ASRRs and two concentric rings) show antisymmetric current oscillations

corresponding to magnetic dipole modes perpendicular to the planar array that could

not couple to the illuminating magnetic field [33]. The concentric rings’ magnetic dipole

moments canceled each other out because the inner and outer ring have antisymmetric

oscillations, hence dipole moments in opposite directions, and the planar array showed

only a weak total magnetic dipole moment. The ASRRs’ magnetic dipole moment was

reinforced by each arc. This resulted in strong interactions between the different ASRRs

and a coherent strong magnetic dipole response from the array.

Designing material structures to support Fano resonances at predetermined frequencies

is difficult. Not least due to the complex interactions of different modes that result in the

Fano resonance; but variations in the resonators comprising the material can affect the

line shifts and widths of the interacting modes also. Nanorods (rods whose lengths are

at most a few hundred nanometers long) can be consistently manufactured [34], making

them an attractive choice of resonator, and have been shown to support metamaterial

properties normally associated with more complex shaped resonators [35]. Also, along
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their longitudinal axis they are easily tunable, allowing one to more easily control the

dipole-like interactions by varying the length of the nanorod in addition to controlling the

inter-rod separations. Metamolecules can be easily formed from nanorods, yet another

reason researchers are drawn to them. Such structures have been shown by researchers to

support Fano resonances resulting from electric and magnetic dipole modes [36, 37]. The

Fano resonance is important because we show later how it appears in our metamolecule

design.

1.1.4 A brief point electric dipole and long thin rod comparison

Modeling the EM interactions of each resonator in any system is difficult. Strong inter-

actions can also result from the photons repeatedly scattering of the same resonator and

these interactions are difficult to account for. Simplifications often treat the array as an

infinite lattice [4, 6] and the resonators as point multipole sources [38]. Nanorods are

thus an attractive choice of resonator as they can readily be approximated as electric

dipoles when the relative separations are large.

z

y
r

E

B
p

(a)

-π 0 π

-π

0

π(b)
kx = 2ka

ky

kz

(c)

ky
-π 0 π

-π

0

π

Figure 1.2: The electric field magnitude |Ẽ| = |E|/E0 in the plane x = 2a
from an oscillating point electric dipole and a nanorod with length H = λ/2
and radius a = λ/20, where the wavelength λ = 859 nm. We show: (a) the
location and orientation of the point electric dipole moment p (and center of
the nanorod) and the electric E field direction and propagation vector r (the
magnetic field B points into the page); (b) the electric field magnitude |Ẽ| of
the point electric dipole; and (c) the electric field magnitude |Ẽ| of the nanorod.
The factor E0 is a normalization constant.

When subject to an incident EM field the rod is polarized, resulting in the disc at one

end becoming positively charged, and the disc at the opposite end negatively charged.

This causes the rod to act like a physical electric dipole.
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In Figure 1.2, we show the electric field magnitude |E| (for a point electric dipole and a

nanorod) in the plane x = 2a, where a denotes the radius of the nanorod. For a single

point electric dipole source at the origin, |E| is maximum at the dipole location, rapidly

falling off as the distance from the dipole increases (ky > |π/2|), see Figure 1.2(a).

The nanorod can be approximated by a collection of atomic electric dipoles distributed

throughout the volume of the rod. This causes the near field of the nanorod to behave

notably different from that of a point electric dipole; compare, for example, Figure 1.2(b)

and (c). For the point electric dipole, the maximum of |E| is limited to a small area

in the center of the plane. For the nanorod, |E| is distributed over a wider area, in

particular at the ends of the nanorod. However, at an observation point opposite the

center of the nanorod, |E| is much less than at the ends of the rod and significantly

less than the equivalent point of the electric dipole. Even at ky ' |π/2|, there is still

a noticeable electric field magnitude for the nanorod, but not for the point electric

dipole. Figure 1.2 highlights why one must be careful modeling nanorods as point

electric dipoles, particularly when the observation point is close to the source and the

near fields dominate.

1.2 Toroidal metamaterials

1.2.1 A brief introduction to the toroidal dipole

The standard literature on electrodynamics, when discussing the EM multipole expan-

sion, deal with electric and magnetic multipoles [39, 40, 41], the dipole terms of which

are associated with longitudinal and transverse currents, respectively. In the longwave-

length limit, contributions from the radial currents are considered relativistic [40, 42]

and omitted from the multipole expansion. However, it is precisely these oscillating

radial currents that are responsible for the toroidal dipole [42, 43].

The static toroidal dipole, also known as an anapole, was first considered by Zel’dovich

in 1957 [44]. The notion of the toroidal dipole was eventually extended to the dynamic

case, where it generated a whole family of radiating toroidal multipoles [42, 43, 45, 46].

The toroidal dipole is produced by currents circulating on the surface of an imaginary

torus along its meridians [47], see Figure 1.3.

1.2.2 Metamaterials that exhibit an enhanced toroidal response

In natural materials, the toroidal response is weak and usually masked by conventional

EM effects. Recently, however, materials that exhibit an enhanced toroidal response,

toroidal metamaterials, have generated much interest due to predicted backward waves
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J

J

J

J

m

t

Figure 1.3: A toroidal dipole moment t (red) is formed from the poloidal cur-
rents J (yellow) on the surface meridians of a torus. The direction of the mag-
netic flux is shown in blue.

and negative refractive indices in such systems [48, 49]. The first recorded observation

of an isolated toroidal resonance was in 2010 [50], by Kaelberer et. al.

Kaelberer’s metamaterial design comprised an array of toroidal unit cells arranged to

form a metamaterial slab, see Figure 1.4. The slab itself is approximately λ/10, where λ

is the wavelength of the incident light in the microwave regime. Each unit cell comprised

four split ring (wire) resonators (SRRs) embedded in a dielectric slab. The rings are

arranged as diametrically opposite pairs about a common inversion center C. Each pair

can be rotated into the position of the other pair through a rotation of π/2 about C. The

SRRs form effective current loops on the surface of an imaginary torus. For example,

compare the current loops in Figure 1.3 and the SRRs in Figure 1.4(a). The splits in

each of the SRRs are identical, however, within each diametrically opposite pair, one

SRR has the slit on the top, the other on the bottom. Their slab is formed by translating

the unit cells along the y and z axes.

(a) (b)

Figure 1.4: Kaelberer et. al.’s design for a toroidal metamaterial slab [50]. In (a)
we show the unit cell toroidal molecule, in (b) the 8×176×165 mm metamaterial
slab.
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To model the EM interactions, Kaelberer et. al., initially employed a three dimensional

(finite element method) Maxwell’s equation solver, with a driving EM field comprising

linearly polarized light in the range 14.5–17.0 GHz (microwave) incident on the molecule.

The scattered multipole powers were calculated from the densities of the induced elec-

trical currents. Two resonance frequencies were identified at approximately: 16.1 GHz;

and 15.4 GHz. At the former, the magnetic dipole moment radiated much more strongly

than other electric or toroidal moments, and manifests as a peak in reflection and dip in

transmission. At the latter, reflection peaks and transmission dips were also identified.

However, here electric and magnetic multipole moments were not resonant and the qual-

ity factor was high. The resonance was attributed to the toroidal dipole moment which

scattered more strongly than the other multipole moments. The high quality factor is

attributed to the weak free space coupling of the toroidal dipole mode and its strong

confinement.

Kaelberer et. al.’s simulation results were supported experimentally with a 22×22 array

of toroidal unit cells. Transmission and reflection properties of the slab were measured

and provided good agreement with the simulations. Where they found small discrep-

ancies in resonance frequencies, these were readily attributed to small discrepancies in

manufacturing. Both the simulation and experimental results provide credible evidence

of resonant responses only attributable to toroidal dipole excitations.

Various metamaterial designs have since been utilized experimentally to promote a

toroidal dipole response in the microwave and optical part of the spectrum: circular aper-

tures in a metallic screen [51]; asymmetric split rings[52]; split rings [50, 53]; and double

bars [54]. In numerical simulations, other resonator configurations [55, 56, 57, 58, 59]

have also shown notable toroidal dipole responses. Each design comprises diametrically

opposite effective current loops about a common inversion center. It is this inversion cen-

ter that gives the metamolecule its toroidal response rather than other more symmetric

responses.

1.2.3 Motivation for further study of toroidal metamaterials

Thus far, the theoretical understanding of the toroidal dipole response in resonator sys-

tems has been limited and the conditions under which the toroidal moment may be

excited on the microscopic level have not been well known. In this thesis, we show

theoretically how a simple structure formed by interacting subwavelength nanorods can

support a collective excitation eigenmode that corresponds to a radiating toroidal mo-

ment. We show how the nanorods may be approximated as point electric dipole sources

in the first instance and later accounting for the geometry of the resonators. We will

study the transmission resonance of the toroidal dipole mode, and show that the mode is

subradiant which could be important, e.g., for the applications of the toroidal moments

in nonlinear optics [60, 61] and in surface plasmon sensors [62].
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1.3 Electromagnetism for metamaterials

Maxwell’s equations provide the fundamental laws of electromagnetism which all EM

fields must satisfy. They are derived in many text books, see, e.g., References 39, 63,

64. Here, we provide the briefest of introductions, without any formal derivations, to

Maxwell’s equations and the other equations that relate the electromagnetic properties

of materials to electromagnetic fields. In their macroscopic form, Maxwell’s equations

relate the: electric displacement D; magnetic flux B; electric field E; and magnetic

field H, to the free charge and current densities, ρf and Jf, respectively. Maxwell’s

macroscopic equations of electromagnetism allow the rapidly varying microscopic fields

to be averaged over distances larger than the structure of the material. This averaging

allows the fundamental interactions between the charged particles and the EM fields to

be neglected. In SI units, Maxwell’s macroscopic equations are [39]:

∇·D = ρf , (1.1)

∇·B = 0 , (1.2)

∇×E = −∂B

∂t
, (1.3)

∇×H = Jf +
∂D

∂t
. (1.4)

Equation (1.1), is Gauss’s law and states that the free electric charge is the source of the

electric displacement D. The equivalent law for magnetism, equation (1.2) states that

there are no magnetic monopoles contributing to the magnetic flux. Maxwell-Faraday’s

equation, equation (1.3), states that a changing magnetic flux induces a rotating electric

field E. Finally, Ampere’s law, with Maxwell’s correction, states that a changing electric

displacement field induces a rotating magnetic H field. In the static limit, Ampere’s law

says that a rotating magnetic field is equal to the free current density enclosed by the

current loop.

In addition to the free charge and current densities (ρf,Jf), there are also bound charge

and current densities (ρ,J). The total charge and current (ρtot, Jtot) comprises both

the free and bound densities [39]

ρtot = ρf + ρ , (1.5)

Jtot = Jf + J . (1.6)

The bound charge and current densities, through conservation of charge, are linked via

the continuity equation [39]

∇·J +
∂ρ

∂t
= 0 . (1.7)

Auxiliary equations further relate the electric displacement and magnetic field to the

electric field and magnetic induction via the polarization density P and magnetization
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density M [39],

D = ε0E + P , (1.8)

H =
1

µ0
B−M . (1.9)

Here, the quantities ε0 and µ0 are the permittivity and permeability, respectively, of free

space. The densities P and M are measures of electric and magnetic dipole moments,

respectively, aligning along the direction of the field.

1.3.1 Point multipole sources

The solutions to Maxwell’s equations depend on the source material and its charge and

current configuration. For all but the simplest of sources, these solutions are complicated

at best and most often insoluble. An approximate solution is based on the electromag-

netic multipole expansion, which allows the EM fields to be analyzed using moments of

increasing complexity. Because the lower order multipoles dominate the expansion, the

detailed structure of the resonator can be ignored.

In the majority of classical texts [39, 40, 65] treating the EM multipole expansion, the

treatment is limited to the electric and magnetic multipole moments. Inconsistencies

that appear in the expansions are often considered relativistic or due to retardation [39,

66]. The resulting electric p and magnetic m dipole moments at r from charge (ρ) and

current (J) densities, respectively, at r′ are,

p(r) =

∫
d3r′ r′ρ(r′) , (1.10)

m(r) =
1

2

∫
d3r′

[
r′ × J(r′)

]
. (1.11)

Both p and m are well known, however, to fully parametrize the EM field the toroidal

multipole class is also required [42, 43, 45, 46]. The toroidal dipole moment t is defined

as [43]

t(r) =
1

10

∫
d3r′

[
r′(r′·J(r′)− 2r′2J(r′)

]
. (1.12)

All three dipole moments share similar far field radiation patterns [49, 57]. The power,

P , radiated through a sphere centered on each of an electric, magnetic and toroidal
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+q

−q

p

m

J

t

(a) (b) (c)

(d)

Figure 1.5: Representation of: (a) an electric dipole; (b) a magnetic dipole; and
(c) a toroidal dipole. In (d), we show a typical dipole radiation plot for each of
the dipole orientation vectors in (a–c).

dipole is [49]

PE1 =
ω4

6πε0c3
|p|2

[
1− (r̂· p̂)2

]
, (1.13)

PM1 =
ω4

6πε0c3
|m|2

[
1− (r̂· m̂)2

]
, (1.14)

PT1 =
ω6

6πε0c5
|t|2
[
1− (r̂· t̂)2

]
, (1.15)

where r̂, p̂, etc, are unit vectors, ω is the resonance frequency and the subscripts ‘E1’,

‘M1’, and ‘T1’, denote the electric, magnetic and toroidal dipole contributions, respec-

tively. What distinguishes each of the radiation patterns are the dipole moments p, m,

and t. In Figure 1.5, we show a typical dipole radiation pattern at some location r.

When r̂ is in the same direction as the dipole orientation vector there is no radiated

power. When r̂ and the dipole orientation vector are perpendicular the radiated power

is maximum. Both the electric and magnetic dipole radiated powers depend on ω4.

The toroidal dipole, however, depends on ω6, more usually associated with electric and

magnetic quadrupole radiation.

When we go beyond the dipole approximation, the radiation patterns become increas-

ingly complicated. We show later, in Chapter 3, that an electric quadrupole moment is

of the same order of magnitude as the magnetic dipole. We also show that the electric

quadrupole is formed by two antisymmetrically excited electric dipoles. The radiation

pattern, however, is vastly different from the electric dipole radiation. In Figure 1.6, we

show the radiation pattern for two possible electric quadrupole moments. The electric



Chapter 1 Introduction 11

p

−p

p

−p

(a)

(b)

Figure 1.6: Electric quadrupole radiation patterns from two antisymmetric
electric dipoles p. We show: (a) two axial; and (b) two lateral, antisymmetric
electric dipoles.

quadrupole radiation depends on ω6, the same order of magnitude as the toroidal dipole

radiation.

1.4 Introduction to plasmonics

In this introduction we have already touched on the importance of plasmonic resonance.

We now elaborate and give a brief introduction to what plasmonics and plasmonic res-

onances are. At the atomic level, the interior of metals comprise fixed positive nuclei

about which a free electron gas is free to move. The interaction between an external

EM field and a metal’s free electrons is the study of plasmonics. When an EM field is

incident on a metallic particle (plasmonic resonator), the optical energy couples with

the EM waves propagating along the resonator’s surface. The electric component of

the incident field interacts with the free charges within the resonator, causing them to

oscillate. The combined surface waves and charge oscillations are referred to as surface

plasmons [67]. The resonance frequency (or frequencies) of these charge oscillations

depends on the geometry of the resonator [68, 69]. Nanospheres, for example, have a

single resonance frequency. Nanorods and nanowires, however, have distinct resonance

frequencies associated with scattering along the longitudinal axis and the transverse

axis [70]. The resonance frequency can also be influenced by the resonator size and its

surrounding media [68, 71, 72, 73].
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The polarization and magnetization of a material are closely linked to the material’s

permittivity ε and permeability µ. In most materials µ ' µ0. However, ε depends

strongly on the frequency of the incident field. The relative permittivity (εr) for noble

metals such as gold and silver, is often modeled using the free electron Drude-Somerfield

model [35, 62, 74, 75]. The Drude model is particularly useful in determining such

properties of a particle as its scattering and absorption cross sections. We utilize the

scattering cross section of cylindrical particles and the Drude model, later in Appendix F,

to determine the resonance frequency of gold nanorods. The Drude model we utilize

is [62],

εr =
ε

ε0
= ε∞ −

ω2
p

ω(ω + iΓD)
. (1.16)

Here: ε∞ is a dimensionless parameter resulting from a residual polarization at high

frequencies (in models that neglect any residual polarization, ε∞ = 1); ω is the frequency

of the incident EM field; ωp is the plasma frequency of the metal, which determines the

minimum frequency EM waves will propagate inside the metal; and ΓD is the relaxation

time of the electron collisions.

The parameters ε∞, ωp, and ΓD are different for each metal and are empirically obtained.

Typical parameters for gold are [76, 77, 78], ωp = (2π)2200 THz, and ΓD = (2π)17 THz;

and for silver [74, 76, 77], ωp = (2π)2176 THz, and ΓD = (2π)4.8 THz. In Figure 1.7,

we show the relative permittivity for both gold and silver. When there is no residual

polarization, for both gold and silver, at large frequencies the EM field propagates inside

the medium with no absorption, and εr → 1, see Figure 1.7(a). At low frequencies, the

EM field is reflected and at very low frequencies, absorption occurs. When residual

polarization is accounted for (ε∞ 6= 1) at high frequencies Re(εr) ' ε∞. The frequency

at which EM waves propagate inside the medium reduces to: ω ≈ 750(2π) THz for

silver and ω ≈ 1000(2π) THz for gold. Below ω = 500(2π) THz, both gold and silver

are absorbing.

1.5 Structure of thesis

In this thesis, we develop a theoretical model to analyze a toroidal metamolecule com-

prising nanorods. In the first instance, the nanorods are approximated as point electric

dipoles. Secondly, we account for the finite-size and geometry of the rods. We reach

the analysis of the toroidal metamolecule by firstly introducing the general model de-

scribing the EM interactions, then introduce the different interacting resonators in pairs,

analyzing each stage in detail.

In Chapter 2, we review the general model for an ensemble of interacting closely spaced

resonators, leading to a linear equation of motion for a single dynamic variable. The

model is derived in detail in Reference 79. Additionally, we review the point electric
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Figure 1.7: The complex valued relative permittivity εr of gold and silver as
a function of frequency ω. In (a) we use the parameter ε∞ = 1, for both gold
and silver. In (b) we use ε∞ = 9.5 for gold and ε∞ = 5 for silver. In both (a)
and (b), we show: Im(εr) for gold and silver in solid blue and blue dashed-
triangle, respectively; and Re(εr) for gold and silver in red dashed-square and
red dashed-circle, respectively.

and magnetic dipole approximation of the resonators’ scattered EM fields and their

interaction with an incident EM field and those scattered by other resonators, also

introduced in Reference 79.

Chapter 3 presents original work, whereby the point electric and magnetic dipole ap-

proximation is extended to include the electric quadrupole. We obtain an analytical

expression for the radiative emission rate of a point electric quadrupole before show-

ing how the point electric quadrupole source interacts with other electric quadrupoles

and electric and magnetic dipoles. In Chapter 3.2, we analyze different systems of

N = 2 point electric dipole emitters and show how a simple parallel pair of point elec-

tric dipoles can be approximated by a single resonator with both magnetic dipole and

electric quadrupole moments. We then analyze in detail the interactions between N = 2

resonators with both magnetic dipole and electric quadrupole moments, and compare

them to the equivalent system of 2N electric dipole resonators.

In Chapter 4, original work is presented whereby a model to account for the finite-size

and geometry of each resonator is introduced. We then compare our finite-size model to

the equivalent point multipole approximation of the preceding chapters. The key feature

of Chapters 3 and 4 is the analysis of the interacting resonators in the geometry that is

used later to model a toroidal dipole metamolecule.

In Chapter 5 we present original work analyzing a toroidal dipole metamaterial. In

Chapter 5.2, we first review the EM multipole expansion to show the toroidal dipole

moment formulation. In Chapter 5.3, a toroidal metamolecule comprising a finite num-

ber of individual plasmonic nanorods is modeled. We do this using the point electric

dipole approximation [first introduced in Chapter 2], and the finite-size rod model intro-

duced in Chapter 4. We optimize the toroidal response of a metamolecule and determine
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the conditions under which the toroidal response may be driven by linearly polarized

light.

The thesis conclusions and future direction of studies are included in Chapter 6.



Chapter 2

General electromagnetic

interactions in discrete resonator

systems

In this thesis, we regard a metamaterial as an array of resonators separated by distances

less than the wavelength of the incident light. In this chapter, we introduce the basic

formalism used to analyze the interaction of an EM field to closely spaced resonators.

The formalism is derived in detail in Reference 79. Here, we review how each of N

resonators can be described by a single dynamic variable. This then leads to a linear

equation of motion, describing how the polarization and magnetization sources within

a resonator interact with the scattered EM field from each of the N resonators and an

incident EM field. The general dynamics of the metamaterial system are introduced

in Section 2.1. In Section 2.2, we provide an overview of the point electric and mag-

netic dipole approximation of the scattered EM fields and their interactions with the

resonators.

2.1 Dynamics of metamaterial systems

In the general model of circuit resonator interactions with EM fields, we assume that the

charge and current sources are initially driven by an incident electric displacement field

Din(r, t), and magnetic induction Bin(r, t), with frequency Ω0. The electric Esc,j(r, t)

and magnetic Hsc,j(r, t) fields scattered by resonator j, are a result of its oscillating

polarization Pj(r, t) and magnetization Mj(r, t) sources. In general, the electric and

magnetic fields are related to the electric displacement and magnetic induction through

15



16 Chapter 2 General electromagnetic interactions in discrete resonator systems

the auxiliary equations

D(r, t) = ε0E(r, t) + P(r, t) , (2.1)

H(r, t) =
1

µ0
B(r, t)−M(r, t) . (2.2)

When analyzing the EM fields and resonators, we adopt the rotating wave approximation

where the dynamics is dominated by Ω0. In the rest of this thesis, all the EM field

and resonator amplitudes refer to the slowly-varying versions of the positive frequency

components of the corresponding variables, where the rapid oscillations e−iΩ0t due to

the dominant laser frequency have been factored out. The scattered EM fields are then

given by [79]

Esc,j(r) =
k3

4πε0

∫
d3r′

[
G(r− r′)·Pj(r

′, t) +
1

c
G×(r− r′)·Mj(r

′, t)

]
, (2.3)

Hsc,j(r) =
k3

4π

∫
d3r′

[
G(r− r′)·Mj(r

′, t)− cG×(r− r′)·Pj(r
′, t)

]
, (2.4)

where k = Ω/c. Explicit expressions for the radiation kernels are [79]

G(r) = i

[
2

3
Ih

(1)
0 (kr) +

(
rr

r2
− I

3

)
h

(1)
2 (kr)

]
− 4π

3
Iδ(kr) , (2.5)

G×(r) =
i

k
∇× eikr

kr
I . (2.6)

Here: the dyadic rr, is the outer product of r with itself; I is the identity matrix; and

h
(1)
n (x) are spherical Hankel functions of the first kind, of order n, defined by

h
(1)
0 (x) = −ie

ix

x
, (2.7)

h
(1)
2 (x) = i

[
1

x
+ i

3

x2
− 3

x3

]
eix , (2.8)

see Appendix B also. The radiation kernel G(r− r′) determines the electric (magnetic)

field at r, from polarization (magnetization) sources at r′ [39]. Similarly, the cross

kernel G×(r − r′) determines the electric (magnetic) field at r, from magnetization

(polarization) sources at r′ [39]. In the dipole approximation discussed in Section 2.2,

equations (2.3) and (2.4) are readily recognized as those of oscillating dipoles [39].

Equations (2.3) and (2.4) give the total scattered EM fields as functions of the polar-

ization and magnetization densities. In general, for sources other than point resonators,

the scattered field equations are not readily solved for Pj(r, t) and Mj(r, t). When res-

onators are separated by distances less than, or of the order of a wavelength, a strongly

coupled system results.
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2.1.1 Interacting resonators

In Reference 79, a general theory was formulated to derive a coupled set of linear equa-

tions for the EM fields and strongly coupled resonators. The state of current oscillation

in each resonator j is described by a single dynamic variable with units of charge Qj(t)

and its rate of change Ij(t), the current. The current oscillations within the jth resonator

behave like an LC circuit with resonance frequency ωj ,

ωj =
1√
LjCj

, (2.9)

where Cj and Lj are an effective self-capacitance and self-inductance, respectively. The

polarization and magnetization of a resonator can be obtained from Qj(t) and Ij(t) [79]

Pj(r, t) = Qj(t)pj(r) , (2.10)

Mj(r, t) = Ij(t)wj(r) . (2.11)

The charge profile function pj(r) and the current profile function wj(r), in equations (2.10)

and (2.11), may be considered independent of time. The geometry of individual res-

onators determines the form of the respective profile functions. The polarization and

magnetization densities are related to the charge and current densities of the resonators

by [79]

ρj(r, t) = −∇·Pj(r, t) , (2.12)

Jj(r, t) =
∂

∂t

[
Pj(r, t)

]
+∇×Mj(r, t) . (2.13)

The charge and current densities within each resonator are initially driven by the incident

EM fields Din(r, t) and Bin(r, t). The incident electric displacement and magnetic flux,

with polarization vector êin, are:

Din(r) = Dinêine
ikin·r , (2.14)

Bin(r) = Bin

[
k̂in × êin

]
eikin·r , (2.15)

where k̂in is the propagation vector of the incident EM field. The total EM fields

external to resonator j [Eext,j(r) and Hext,j(r)] comprise the incident field and those

fields scattered from all other resonators,

Eext,j(r) =
1

ε0
Din(r) +

∑
i 6=j

Esc,i(r) , (2.16)

Hext,j(r) =
1

µ0
Bin(r) +

∑
i 6=j

Hsc,i(r) . (2.17)
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The total driving of the charge and current oscillations within the resonator is provided

by the external EM fields, equations (2.16) and (2.17), aligned along the direction of

the source [79], providing a net electromagnetic force (emf), Eext,j and flux, Φext,j . We

define the external emf and flux as [79]

Eext,j =
1√
ωjLj

∫
d3r pj(r)·Eext,j(r) , (2.18)

Φext,j =
µ0√
ωjLj

∫
d3rwj(r)·Hext,j(r) . (2.19)

The emf and flux can be decomposed into contributions from the incident and scattered

EM fields,

Eext,j = Ein,j +
∑
i 6=j

Esc
i,j , (2.20)

Φext,j = Φin,j +
∑
i 6=j

Φsc
i,j . (2.21)

Here: the emf and flux resulting from the driving by the incident EM field is Ein,j

and Φin,j , respectively; and the driving of resonator j by the scattered EM fields from

resonator i are the emf Esc
i,j and flux Φsc

i,j . The total driving of a resonator can be

summarized by the external driving Fext,j , the sum of the incident Fin,j and the scattered

Fsc,j driving contributions, respectively, where [79]

Fext,j = Fin, + Fsc,j = Fin,j +
∑
i 6=j

Cij , (2.22)

where the components

Fin,j =
i√
2

[
Ein,j + iωjΦin,j

]
, (2.23)[

C
]
i 6=j

=
i√
2

∑
i 6=j

[
Esc
i,j + iωjΦ

sc
i,j

]
. (2.24)

2.1.2 Normal modes

In order to express the coupled equations for the EM fields and resonators we introduce

the slowly varying normal mode oscillator amplitudes [79] bj(t),

bj(t) =
1√
2ωj

[
Qj(t)√
Cj

+ i
φj(t)√
Lj

]
. (2.25)

Here, the generalized coordinate for the current excitation in the resonator j is the

charge Qj(t) and φj(t) represents its conjugate momentum. In the rotating wave ap-

proximation, the conjugate momentum is linearly proportional to the current [79]. The
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dynamic variable in equation (2.25) can be used to describe a general resonator with

both polarization and magnetization sources.

The normal mode amplitudes bj(t) describe the current oscillations of the resonator.

These current oscillations are subject to radiative damping due to their own emitted

radiation. The driving of bj(t) is achieved through the external fields and resulting emf

and flux. The equations of motion for Q and φ, Q̇ and φ̇ = E, together with the scattered

fields from other resonators result in a linear system of equations for bj(t). For a system

which comprises N resonators, these read as [79]

ḃ = Cb + Fin , (2.26)

where b is a column vector of N normal oscillator variables

b =


b1

b2
...

bN

 , (2.27)

ḃ its rate of change, and Fin is a column vector formed by equation (2.23). The matrix

C describes the interactions between the resonator’s self-generated EM fields (diagonal

elements) and those scattered fields from different resonators [off-diagonal elements; the

interaction terms in equation (2.24)] [79].

As we show in Section 2.2, and later in Chapters 3 and 4, the solutions to equation (2.24)

become increasingly complicated and difficult to solve as the complexity of even simple

resonators increases. The diagonal elements of C contain the resonance frequency shift

and total decay rate Γj [79],

[
C
]
j,j

= −i(ωj − Ω0)− Γj
2

. (2.28)

The total decay rate Γ is a superposition of the resonator’s radiative emission rate and

ohmic losses. Although generally the emitters can have different resonance frequencies,

in this chapter, for simplicity we focus on the case of equal frequencies, i.e., ωj = ω0,

for all j. Later, in Chapter 5, where we explain how we account for the difference in

resonance frequency and decay rate between resonators

2.1.3 Collective eigenmodes

In the present section, we introduce the eigenmode analysis of a general N resonator

system when the EM scattered fields from the polarization and magnetization densities

of the resonators are known.
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The incident EM field driving the charge and current oscillations is tuned to the reso-

nance frequency ω0, i.e., Ω0 = ω0. Each resonator scatters light due to its polarization

and magnetization densities that result from the charge and current oscillations, respec-

tively. The light can multiply scatter between different resonators as well as causing

recurrent scattering. Strong multiple scattering results in collective excitation modes of

the system. The collective modes of current oscillation within the system are described

by the eigenvectors vn of the interaction matrix C. The corresponding eigenvalues ξn

have real and imaginary parts, corresponding to the decay rate and resonance frequency

shift of the mode,

ξn = −γn
2
− i(Ωn − Ω0) . (2.29)

The number of resonators N , determines the number of collective modes. The collec-

tive eigenmodes can then exhibit different resonance frequencies and linewidths and line

shifts [79, 80, 81, 82]. The different modes may have superradiant or subradiant charac-

teristics. The former occurs when the emitted radiation is enhanced by the interactions

of the resonators (γn > Γ). The latter occurs when the radiation is suppressed and

confined to the metamaterial (γn < Γ).

2.2 Point electric and magnetic dipole approximation

The general model of interacting resonators summarized above and introduced formally

in Reference 79, is applicable to any type of circuit element resonators. In practice,

however, the EM scattered fields are not readily solved for Pj(r, t) and Mj(r, t), and

some approximations to the intrinsic structure of the resonators is required. When the

size of the resonator is much less than the wavelength λ0 (of the incident EM field),

the resonators’ scattered EM fields are often approximated as those of point multipole

sources. For split ring resonators, the scattered EM fields are dominated by electric

and magnetic dipole radiation. This motivated the formal theory of the point electric

and magnetic dipole approximation, introduced Reference 79, which we review in this

section. Later, in Chapter 3, we introduce an electric quadrupole approximation and

in Chapter 4, we account for the finite-size of the resonators. These extension to the

formalism allow one to model more general resonator and emitter systems.

2.2.1 Radiating point dipoles

The electric Esc,j(r) and magnetic Hsc,j(r) fields scattered from the jth resonator lo-

cated at r′ due to its polarization and magnetization sources follow from equations (2.3)
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and (2.4) with the polarization density equation (2.10) and magnetization density equa-

tion (2.11),

Esc,j(r) =
Qjk

3

4πε0

∫
d3r′G(r− r′)·pj(r′) +

Ijk
3

4πε0c

∫
d3r′G×(r− r′)·wj(r

′) , (2.30)

Hsc,j(r) =
Ijk

3

4π

∫
d3r′G×(r− r′)·wj(r

′)− Qjck
3

4π

∫
d3r′G×(r− r′)·pj(r′) . (2.31)

In the electric and magnetic dipole approximation, the mode functions, pj(r) = pd
j (r)

and wj(r), respectively, are defined as [79]

pd
j (r) = Hjd̂jδ(r− rj) , (2.32)

wj(r) = AM,jm̂jδ(r− rj) . (2.33)

Here, the proportionality constant Hj has units of length and the unit vector d̂j indi-

cates the orientation of the electric dipole, whilst AM,j has units of area and m̂j indicates

the orientation of the magnetic dipole. The radiation kernels G(r) and G×(r), in equa-

tions (2.30) and (2.31), act directly on the dipole moments, equations (2.32) and (2.33).

The interaction of the resonator with its self-generated EM fields causes radiative damp-

ing to occur. When contributions from the radiation cross kernel G×(r) are ignored,

the lowest order contributions from the radiation kernel G(r) provide the expression

for dipole radiation. The radiation rates of the electric and magnetic dipoles of the jth

resonator are ΓE1,j and ΓM1,j , respectively, where [79]

ΓE1,j =
CjH

2
j ω

4
j

6πε0c3
, (2.34)

ΓM1,j =
µ0A

2
M,jω

4
j

6πLjc3
. (2.35)

We account for nonradiative losses by adding the phenomenological decay rate ΓO,j .

For simple gold or silver resonators, ΓO,j can be estimated by applying the Drude model

of permittivity with specific material parameters to the scattered cross section of the

resonators, see e.g., Appendix F. The total decay rate is then the sum of the radiative

emission rate and ohmic losses. In the dipole approximation the total decay rate Γj

is [79]

Γj = ΓE1,j + ΓM1,j + ΓO,j . (2.36)

The amplitudes of the EM fields scattered by the electric and magnetic dipoles are

proportional to their corresponding radiative emission rates ΓE1,j and ΓM1,j . We write
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the EM fields due to the point electric and magnetic dipole sources as [79]

Esc,j(r) = bj
3

2

√
k3

12πε0

[√
ΓE1,jG(r− rj)· d̂j − i

√
ΓM1,jG×(r− rj)· m̂j

]
, (2.37)

Hsc,j(r) = −ibj
3

2

√
k3

12πµ0

[√
ΓM1,jG(r− rj)· m̂j − i

√
ΓE1,jG×(r− rj)· d̂j

]
. (2.38)

2.2.2 Interacting point dipoles

The incident EM field, equations (2.14) and (2.15), driving the charge oscillations

within a resonator resulting in the emf EE1
in,j and flux ΦM1

in,j , follow from equations (2.18)

and (2.19) [79]:

EE1
in,j =

1

ε0
√
ωjLj

∫
d3r pd

j (r)·Din(r, t) , (2.39)

ΦM1
in,j =

1√
ωjLj

∫
d3rwj(r)·Bin(r, t) . (2.40)

The scattered electric field from the jth resonator driving the polarization source oscil-

lations within resonator i 6= j, result in the emf [79] Esc,E1
i,j

E
sc,E1
i 6=j =

√
ΓE1,iΓE1,j [GE1]i 6=j

bj√
2

. (2.41)

The matrix GE1 determines how the geometrical properties and orientations of the res-

onators influence the scattered electric field contributions to the emf. The diagonal

elements of GE1 are zero, the off-diagonal elements, with point electric dipole sources,

are [
GE1

]
i 6=j =

3

2
d̂i·G(ri − rj)· d̂j . (2.42)

In a similar manner, the scattered magnetic field from the jth resonator driving the

magnetization source oscillations within resonator i 6= j, results in the flux [79] Φsc,M1
i,j ,

where

Φsc,M1
i 6=j =

i

ωj

√
ΓM1,iΓM1,j [GM1]i 6=j

bj√
2

. (2.43)

The matrix GM1 is the magnetic counterpart of equation (2.42). The diagonal elements

of GM1 are zero, the off-diagonal elements, for point magnetic dipole sources, are

[GM1]i 6=j =
3

2
m̂i·G(ri − rj)· m̂j . (2.44)

The driving of the polarization (magnetization) sources within the jth resonator by the

magnetic (electric) field scattered by resonator i result in additional contributions to the

emf and flux. We call this type of driving “cross driving”. In the dipole approximation

the cross driving contributions to the emf and flux are [79], Esc,X1
i 6=j and Φsc,X1

i 6=j , respectively,
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where

E
sc,X1
i 6=j = −i

√
ΓE1,iΓM1,j [GX1]i 6=j

bj√
2

, (2.45)

Φsc,X1
i 6=j = − 1

ωj

√
ΓM1,iΓE1,j [GX1]Ti 6=j

bj√
2

. (2.46)

The matrix, GX1, and its transpose, GTX1, are the cross driving counterparts of equa-

tions (2.42) and (2.44), the off-diagonal elements are

[GX1]i 6=j =
3

2
m̂i·G×(ri − rj)· d̂j . (2.47)

In the point dipole approximation, the interactions between the resonators depend ex-

clusively upon the orientation and relative positions of the point sources. The coupling

matrix C is

C = ∆− 1

2
Υ +

1

2

[
iCE1 + iCM1 + CX1 + CTX1

]
, (2.48)

where

CE1 = Υ
1/2
E1 GE1Υ

1/2
E1 , (2.49a)

CM1 = Υ
1/2
M1GM1Υ

1/2
M1 , (2.49b)

CX1 = Υ
1/2
M1GX1Υ

1/2
E1 . (2.49c)

The diagonal elements of C contain the detuning of the incident EM field from the res-

onator’s resonance frequency ωj , and the resonator’s total decay rate Γj . The detuning

is described by the diagonal matrix ∆, where [79]

[
∆
]
j,j
≡ −i(ωj − Ω0) , (2.50)

and the decay rate by the diagonal matrix Υ, with

[
Υ
]
j,j

= ΓE1,j + ΓM1,j + ΓO,j . (2.51)

The radiative decay rates of each resonator are contained in the diagonal matrices ΥE1

and ΥM1, where,

[
ΥE1

]
j,j

= ΓE1,j , (2.52)[
ΥM1

]
j,j

= ΓM1,j . (2.53)

In principle, when one knows the resonance frequency of the resonator and the decay

rates ΓE1,j , ΓM1,j and ΓO,j , then the scattered fields equations (2.37) and (2.38) are

readily solved. In practice, however, the resonance frequency and decay rates are not

readily available, and one must make approximations depending on the geometry and

material of the resonators. In Appendix F, we utilize the Drude model, briefly introduced
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in Chapter 1, in a novel way to calculate the resonance frequency and relative decay rate

ΓE1/ΓO for gold nanorods.

2.3 Summary

The point dipole approximation reviewed above is suitable for general resonator systems

which possess both electric and magnetic dipole sources. In the form presented, the point

dipole approximation has previously been successfully applied to the studies of collective

effects in planar resonator arrays, e.g., the transmission properties [80, 81] and the

development of an electron-beam-driven light source from the collective response [83].

One can, in principle, tailor the dipole approximation to more accurately account for the

geometry of the resonators. Such approximations may include sources which possess only

one of electric or magnetic dipole moments; achieved above by simply setting, ΓM1,j ≡
0 and ΓE1,j ≡ 0, respectively. Additionally, one may include higher order multipole

moments. In Chapter 3, we extend the point dipole approximation, with original work,

whereby the point electric quadrupole approximation is also included in the resonators’

scattered EM fields. We show how simple 2N point electric dipole resonator systems

can be approximated by N point magnetic dipole and electric quadrupole resonators.

Additionally, in Chapter 4, we will show how the model can account for the finite-size

and geometry of the resonators. In Chapter 5, we use the model introduced above and

the original work contained in Chapter 4 to model a toroidal metamolecule comprising

plasmonic nanorods.



Chapter 3

Interacting point multipole

resonators

In Chapter 2, we reviewed the general model for interacting resonators and the point

electric and magnetic dipole approximation of the scattered EM fields. The point dipole

approximation works well for simple resonator systems. However, as the complexity of

even simple systems increases one may have to incorporate higher order multipoles to

explain the complex interactions of the simple resonators. Additionally, one may wish

to simplify more complex resonator systems that are more appropriately modeled with

higher order multipoles. In this chapter, we present original work whereby the point

electric quadrupole contribution to each resonator is formulated. In Section 3.1, we

introduce the formalism for the electric quadrupole contributions. In Section 3.2 we

analyze in detail different point multipole resonator systems. Some concluding remarks

are included in Section 3.3.

3.1 Point electric quadrupole approximation

The electric quadrupole moments can produce non trivial interacting terms with electric

dipoles, magnetic dipoles and other electric quadrupoles. As we show later, the electric

quadrupole radiative decay is of the same order of magnitude as the magnetic dipole,

as such the magnetic dipole and electric quadrupole contributions to the EM scattered

fields are not easily decoupled. In the remainder of this chapter, we make frequent

reference to the equations and model reviewed in Chapter 2.

Equation (2.48) describes the interaction between point electric and magnetic dipole

sources. When electric quadrupole sources are also included, we extend equation (2.48)

to include the interactions between the electric and magnetic dipoles with electric

25
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quadrupoles, and the electric quadrupole–electric quadrupole interactions,

C = ∆− 1

2
Υ +

1

2

[
iCE1 + iCM1 + CX1 + CTX1

+ iCE2 + iCX2e + iCTX2e + CX2m + CTX2m

]
. (3.1)

The diagonal elements of equation (3.1) contain the detuning ∆ [see equation (2.50)],

and the total decay rate Υ for the resonator

[
Υ
]
j,j

= ΓE1,j + ΓM1,j + ΓE2,j + ΓO,j . (3.2)

Here, ΓE2 denotes the electric quadrupole radiative emission rate, the derivation of which

is a major focus of this chapter. The electric and magnetic dipole emission rates are

ΓE1 and ΓM1, respectively, see equations (2.34) and (2.35). The matrices for electric

and magnetic dipole interactions, CE1, CM1, and CX1 are given in equation (2.49). The

additional interaction terms are similarly defined,

CE2 = Υ
1/2
E2 GE2Υ

1/2
E2 , (3.3a)

CX2e = Υ
1/2
E1 GX2eΥ

1/2
E2 , (3.3b)

CX2m = Υ
1/2
M1GX2mΥ

1/2
E2 , (3.3c)

and describe: electric quadrupole–electric quadrupole; electric quadrupole–electric dipole;

and electric quadrupole–magnetic dipole interactions, respectively. The transpose matri-

ces, CTX2e and CTX2m are, respectively, the electric dipole–electric quadrupole and magnetic

dipole–electric quadrupole interactions. Explicit expressions for: GE2; GX2e; and GX2m

are given in equations (3.41), (3.45), and (3.49), respectively, and are derived in this

chapter.

The electric dipole and magnetic dipole radiative emission rates are contained in the

diagonal matrices ΥE1 and ΥM1, respectively, see equations (2.52) and (2.53). The

electric quadrupole radiative emission rate is contained in the equivalent diagonal matrix

ΥE2, where [
ΥE2

]
j,j

= ΓE2,j . (3.4)

Because we adopt the point multipole approximation, the interactions between res-

onators depend exclusively on the orientations and relative positions of the point sources.

Still, equation (3.1) is complicated, however, we may model a range of resonator systems

in a relatively simple manner. An electric dipole only approximation is achieved by set-

ting, in equation (3.1), ΓM1,j ≡ ΓE2,j ≡ 0. Similarly, we can model magnetic dipole only

interactions or electric quadrupole interactions, or some combination.
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3.1.1 Interacting point electric quadrupoles

The scattered EM fields for a general polarization source are given by the first and

second integrals of equations (2.30) and (2.31), respectively. In the point multipole

approximation, the charge distribution comprises contributions from the electric multi-

pole moments. In a similar manner, the polarization density also contains contributions

from the different multipole moments, and we can expand Pj(r, t) to include the electric

quadrupole term pq
j (r),

Pj(r, t) = Qj(t)pj(r) ,

= Qj(t)
[
pd
j (r) + pq

j (r) + . . .
]

. (3.5)

While pd
j (r) is a vector quantity, pq

j (r) is a tensor. The index α of the Cartesian

component of the electric quadrupole contribution of the jth resonator is pq
α,j(r), where

we define [63]

pq
α,j(r) = −

∑
β

Aαβ,j
∂

∂rβ
δ(r− rj) . (3.6)

Here, Aαβ,j is symmetric and traceless with dimensions of area, and the indices α, β

refer to the Cartesian coordinates x, y, z and the summation is over β. The exact form

of Aαβ,j depends on the geometry of the resonator.

The scattered electric EE2,j(r) and magnetic HE2,j(r) fields due to the quadrupole mo-

ment located at r′ are derived from the first terms, respectively, in equations (2.3)

and (2.4). Here, the spatial profile of the polarization density in equation (2.10) has

Cartesian component α defined in equation (3.6), and we find the Cartesian components

ν of EE2,j(r) and HE2,j(r) are;

EE2,ν,j(r) =
Qjk

3

4πε0

∑
α

∫
d3r′Gνα(r− r′)pq

α,j(r
′) , (3.7)

HE2,ν,j(r) = −cQjk
3

4π

∑
α

∫
d3r′G×,να(r− r′)pq

α,j(r
′) . (3.8)

The radiation kernels Gνα(r) and G×,να(r) are the tensor components (ν, α = x, y, z) of

the radiation kernels defined in equations (2.5) and (2.6), respectively.

While in the electric and magnetic dipole limit the radiation kernels act directly on

the moments pd
j (r) and wj(r), respectively, the quadrupole EM fields, equations (3.7)

and (3.8), are more complicated due to the derivative in pq
α,j(r). After integrating by
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parts equations (3.7) and (3.8), the EM field components ν are

EE2,ν,j(r) =
Qjk

3

4πε0

∑
α,β

∂

∂rβ
Gνα(r− rj)Aαβ,j , (3.9)

HE2,ν,j(r) = −cQjk
3

4π

∑
α,β

∂

∂rβ
G×,να(r− rj)Aαβ,j . (3.10)

The derivatives of the radiation kernel G(r) and cross kernel G×(r), with respect to the

Cartesian coordinate rµ=x,y,z are given in Appendix D, see equations (D.1) and (D.2).

In Reference 39, the EM fields of an oscillating electric quadrupole source in Cartesian

coordinates are given only in the radiation zone. Equations (3.9) and (3.10) are the

full EM field equations evaluated at r (in Cartesian coordinates), for an oscillating

electric quadrupole source located at r′. The EM fields are determined by contracting

equations (D.1) and (D.2), acting on the quadrupole moment Aαβ,j .

In the electric dipole approximation, it is a relatively simple exercise to expand the

radiation kernel, in powers of kr, to obtain an expression for the electric dipole radiative

decay rate. For the electric quadrupole, there is no simple expansion for equation (D.1).

In order to determine an expression for the electric quadrupole (and other higher order

multipoles) self interaction strength and radiative emission rate, we find it convenient

to compare standard formulae for the multipole radiated power [39, 63] to the [rate of

change of] energy of an oscillator.

In general, the radiated power P may be calculated from the intensity of the radiated

EM field, and its flux through a spherical surface in the region kr � 1. The total

power is a superposition of all the multipole radiated powers: PE1; PM1; PE2; etc, where

the subscripts E1, M1, and E2 denote the electric dipole, magnetic dipole and electric

quadrupole contributions, respectively.

The radiated power can be obtained by integrating [39]

dP

dΩ
= lim

r→∞
r2r̂·

[
E(r)×H(r)

]
, (3.11)

over a spherical surface, where dΩ is the solid angle element, and r̂ the vector normal

to the surface. In the radiation zone, the fields Erad(r) and Hrad(r) vary as 1/r, and

together with r̂, form a right handed triad. The magnitudes of the EM fields in the

radiation zone are simply related, |Erad(r)| = cµ0|Hrad(r)|, and Faraday’s law implies;

r̂×Erad(r) = cµ0Hrad(r). The angular distribution of power is more simply written, by

taking the real part of equation (3.11),

dP

dΩ
=

r2

cµ0
|Erad(r)|2 . (3.12)
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The EM fields in the radiation zone for electric quadrupoles are much simpler than their

full field equations; equations (3.9) and (3.10). In the limit kr � 1 we adopt the notation

of Reference 39, and define a quadrupole vector component, of the jth resonator qj(r̂),

where

[qj(r̂)]α =

3∑
β=1

qαβ,j r̂β,j . (3.13)

Here, α, β refer to the Cartesian components, r̂ is the unit vector in the direction of r,

and qαβ,j is the electric quadrupole moment tensor, defined as [63]

qαβ,j =
1

2

∫
d3r rαrβρj(r, t) . (3.14)

The charge density ρj(r, t) in equation (3.14) is defined in equation (2.12). The electric

Erad,E2,j(r) and magnetic Hrad,E2,j(r) radiated fields from the jth electric quadrupole

are [39]

Erad,E2,j(r) = i
k3

4πε0

eikr

r
r̂×

[
r̂× qj(r̂)

]
, (3.15)

Hrad,E2,j(r) = i
ck3

4π

eikr

r
r̂× qj(r̂) , (3.16)

where r = |r− rj |. The electric quadrupole contribution to the power PE2 is [63]

dPE2,j

dΩ
=
µ0c

3k6

16π2
|̂r× qj(r̂)|2 . (3.17)

The electric quadrupole radiated power PE2,j , is the integral of equation (3.17) over all

angles [63]. We find [63] [see Appendix D.2],

PE2,j =
µ0c

3k6

20π

∑
α,β

[
qαβ,jqαβ,j −

1

3
qαα,jqββ,j

]
, (3.18)

The quadrupole moment tensors, qαβ,j and Aαβ,j , and the dynamic variable bj(t) of the

jth resonator are related through the charge density ρj(r, t). The electric quadrupole

component of the charge density, from equations (2.12) and (3.6) is

ρ(r, t) = Qj(t)
∑
αβ,j

∂

∂rα

[
Aαβ,j

∂

∂rβ
δ(r− rj)

]
, (3.19)

where the summation is over the Cartesian coordinates (α, β = x, y, z). Substituting

equation (3.19) into equation (3.14),

qαβ,j =
1

2
Qj(t)

∫
d3r rµrν

∂

∂rα

[
Aαβ,j

∂

∂rβ
δ(r− rj)

]
. (3.20)
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Integration of equation (3.20), by parts twice yields

qαβ,j =
1

2
Qj(t)

∫
d3r

[
∂

∂rα

∂

∂rβ
rµrν

]
Aαβ,jδ(r− rj) . (3.21)

The term in parenthesis in equation (3.21), simplifies considerably because the deriva-

tives result in Kronecker δ functions,

∂

∂rα

∂

∂rβ
rµrν =

∂

∂rα
[δβµrν + δβνrµ] = δανδβµ + δαµδβν = 2 . (3.22)

The remaining integral is easily evaluated because of the δ function. Writing the charge

Qj(t) in terms of the dynamic variable bj(t) [see equation (2.25)], we finally have the

relationship between qαβ,j , bj(t) and Aαβ,j ;

qαβ,j =

√
ωjCj

2
bj(t)Aαβ,j . (3.23)

The energy Uj of an isolated oscillator, from its Hamiltonian, is analogous to that of an

LC circuit [79]

Uj(t) = ωj |bj |2 . (3.24)

The electric quadrupole radiated power PE2,j of the oscillator, is the rate of change of

equation (3.24),

PE2,j = −dUj
dt

= ωjΓE2,j |bj |2 . (3.25)

Here, ωj is the resonance frequency and ΓE2,j the decay rate of the electric quadrupole.

Comparing equations (3.18) and (3.25), we obtain the rate at which a resonator radiates

energy in the point electric quadrupole approximation as

ΓE2,j =
CjA

2
E,jω

6
j

20πε0c5
, (3.26)

where we define

A2
E,j =

∑
α,β

[
Aαβ,jAαβ,j −

1

3
Aαα,jAββ,j

]
, (3.27)

as an effective area of the electric quadrupole. Again, the indices α, β refer to the

Cartesian components of the quadrupole moment and repeated indices are summed

over.

With the radiative emission rates of the electric quadrupole equation (3.26), and the

electric and magnetic dipoles equations (2.34) and (2.35), respectively, we can express

the normal mode oscillator amplitudes equation (2.25) in terms of the contributing

multipole moments

bj(t) =

√
k3

12πε0

[
Qj

Hj√
ΓE1,j

+ kQj

√
3

5

AE,j√
ΓE2,

+ i
Ij
c

AM,j√
ΓM1,j

]
. (3.28)
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The real part of equation (3.28) comprises the electric dipole and electric quadrupole

contributions. The imaginary part corresponds to the magnetic dipole contribution.

In the point multipole approximation, the radiative emission rates of the magnetic dipole

and the electric quadrupole both depend on their respective effective cross sectional areas

AM,j and AE,j , see equations (2.35) and (3.26), respectively. For simplicity, we assume

that the magnetic dipole and electric quadrupole have the same resonance frequency ωj

[equation (2.9)]. Comparing equations (2.35) and (3.26), we find ΓM1,j and ΓE2,j are of

the same order of magnitude, their relative radiation emission rates are

ΓE2,j

ΓM1,j
=

3

10

A2
E,j

A2
M,j

. (3.29)

In Section 2.2, the amplitudes of the scattered EM fields were proportional to the

electric dipole and magnetic dipole radiative emission rates. Here, the full electric

quadrupole EM field amplitudes, equations (3.9) and (3.10), are proportional to the

electric quadrupole decay rate ΓE2,j . We write the scaled EM fields of the jth electric

quadrupole source as

EE2,ν,j(r) = bj

√
℘0

ε0

∑
α,β

∂

∂krβ
Gνα(r− rj)Âαβ,j , (3.30)

HE2,ν,j(r) = −bj
√
℘0

µ0

∑
α,β

∂

∂krβ
G×,να(r− rj)Âαβ,j , (3.31)

where the constant ℘0 is defined as

℘0 =
5k3

8π
ΓE2,j , (3.32)

and Âαβ,j is a tensor which defines the charge configuration of the quadrupole moment

Âαβ,j =
Aαβ,j
AE,j

. (3.33)

The jth electric quadrupole is also driven by the external electric fields Eext,j(r), result-

ing in the induced emf EE2
ext,j , with

EE2
ext,j =

1√
ωjLj

∑
ν

∫
d3r pq

ν,j(r)Eext,ν,j(r) . (3.34)

Here, the mode function pq
ν,j(r) is defined in equation (3.6). For point electric quadrupole

sources, the jth electric quadrupole moment Aαβ,j interacts with the gradient of the

external electric field,

EE2
ext,j =

1√
ωjLj

∑
αβ

Aαβ,j

[
∂

∂rβ
Eext,α,j(r)

]
. (3.35)
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The external electric field [equation (2.16)] comprises the incident electric field and the

different multipole scattered fields. These different contributions to the external electric

field driving the electric quadrupole source allow us to decompose the resulting emf into

different components;

EE2
ext,j = EE2

in,j +
∑
i 6=j

[
E

sc,X2e
i,j + E

sc,X2m
i,j + E

sc,E2
i,j + . . .

]
. (3.36)

In equation (3.36), the incident EM field contribution to the electric quadrupole emf

follows from equation (3.35), with the incident displacement field equation (2.14)

EE2
in,j =

1√
ωjLj

∑
αβ

Aαβ,j

[
∂

∂rβ
Ein,α,j(r)

]
. (3.37)

The contributions Esc,X2e
i,j and E

sc,X2m
i,j are due to the interactions of electric and magnetic

dipoles, respectively, with electric quadrupoles. We discuss these contributions in detail

later. Here, we provide the electric quadrupole driven contribution to the emf from two

interacting electric quadrupoles, E
sc,E2
i,j , the counterpart to the emf from two electric

dipoles [see equation (2.41)]. With the definition of the emf, equation (3.34), we have

E
sc,E2
i,j = − 1√

ωjLj

Qjk
3

4πε0

∑
ν

∫
d3r

[∑
η

Aνη,i
∂

∂rη
δ(r− ri)

]

×

∑
αβ

∂

∂rβ
Gνα(r− rj)Aαβ,j

 . (3.38)

The first term in parenthesis in equation (3.38) is the mode function pq
ν,i(r) of the ith

electric quadrupole [see equation (3.6)]. The second term in parenthesis is the scattered

electric field from the jth electric quadrupole, EE2,ν,j(r) [see equation (3.9)]. Integration

of equation (3.38) by parts, we have

E
sc,E2
i,j =

1√
ωjLj

Qjk
3

4πε0

∑
ν

∫
d3r Aνη,iδ(r− ri)

∑
ηαβ

[
∂

∂rη

∂

∂rβ
Gνα(ri − rj)

]
Aαβ,j . (3.39)

The integral in equation (3.39) is readily carried out over the δ function. The second

derivatives of the radiation kernel with respect to the Cartesian coordinate rµ=x,y,z are

given in equations (D.3) and (D.4), see Appendix D. The electric quadrupole moment

Aαβ,j , in equation (3.39), and the decay rate ΓE2,j are related through the effective

area AE,j appearing in both equations (3.26) and (3.33). This allows us to write equa-

tion (3.39) more compactly as

E
sc,E2
i,j =

√
ΓE2,iΓE2,j [GE2]i,j

bj√
2

. (3.40)
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The matrix GE2 is the contribution to CE2 in equation (3.3a), with off-diagonal compo-

nents

[GE2]i,j =
15

4

∑
ν,η,α,β

Âνη,i
∂2

∂krη∂krβ
Gνα(ri − rj)Âαβ,j . (3.41)

Equation (3.41) is, in general, complicated, however, as we show later in Section 3.2.3, for

simple point quadrupole systems, equation (3.41) simplifies considerably. The coupling

matrix C for interacting electric quadrupoles only is

C = ∆− 1

2
Υ +

i

2
CE2 , (3.42)

where CE2 is given in equation (3.3a). The diagonal elements of C contain the detuning

∆ and total decay rate Υ. Equation (2.50) gives the detuning, the decay rates in the

electric quadrupole approximation are

[
Υ
]
j,j

= ΓE2,j + ΓO,j . (3.43)

3.1.2 Interacting point electric and magnetic dipoles and electric

quadrupoles

In Section 3.1, we discussed the interactions between two point electric quadrupoles.

In principle, the scattered EM fields from an electric or magnetic dipole may drive the

electric quadrupole current oscillations and vice versa. There may also be driving of the

electric (magnetic) dipole current oscillations by the scattered EM fields from a magnetic

(electric) dipole. The cross driving between electric and magnetic dipoles was discussed

in Section 2.2. In this section, we introduce the cross coupling of the electric quadrupole

to the electric and magnetic dipoles. The magnetic dipole-electric quadrupole interac-

tions are of particular importance because their individual contributions are not easily

decoupled as they can be of the same order of magnitude, see e.g., equation (3.29).

3.1.2.1 Electric dipole-electric quadrupole interactions

The electric field scattered by an electric dipole is given by the first integral in equa-

tion (2.37) and the electric field scattered by an electric quadrupole in equation (3.30).

These scattered electric fields drive the charge oscillations in external electric quadrupole

and electric dipole sources, respectively, giving rise to the cross driving emf Esc,X2e
i,j , where

E
sc,X2e
i,j =

[√
ΓE2,iΓE1,j [GX2e]i,j +

√
ΓE1,iΓE2,j [GX2e]

T
i,j

]
bj√

2
. (3.44)
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The matrix GX2e (and its transpose GTX2e) have zero diagonal elements; the off-diagonal

elements are defined by

[
GX2e

]
i,j

=

√
15

2

∑
ν,η,α

Âνη,i
∂

∂krη
Gνα(ri − rj)d̂α,j . (3.45)

The interactions between an electric quadrupole (electric dipole) with the EM fields from

an electric dipole (electric quadrupole) are described by GX2e (and its transpose GTX2e).

The derivatives of the radiation kernel are given in equation (D.1) [see Appendix D].

The interaction matrix CX2e (and its transpose CTX2e) in the equation of motion, equa-

tion (2.26), for the cross driving of electric dipoles and electric quadrupoles (and vice

versa) are given in equation (3.3b). The components of CX2e and CTX2e are related to

E
sc,X2e
i,j by [

CX2e

]
i,j

=
√

ΓE2,iΓE1,j

[
GX2e

]
i,j

. (3.46)

3.1.2.2 Magnetic dipole-electric quadrupole interactions

The electric field from an oscillating magnetic dipole is given by the second integral in

equation (2.37), and the magnetic field from an electric quadrupole in equation (3.31).

These scattered EM fields drive the external electric quadrupole and magnetic dipole

sources, respectively, resulting in an emf Esc,X2m
i,j and flux Φsc,X2m

i,j

E
sc,X2m
i,j =−

√
ΓE2,iΓM1,j [GX2m]i,j

bj√
2

, (3.47)

Φsc,X2m
i,j =− 1

ωj

√
ΓE2,iΓM1,j

[
GX2m

]T
i,j

bj√
2

. (3.48)

The terms in CX2m then follow as in the previous section, where the off-diagonal elements

of GX2m are given by

[
GX2m

]
i,j

=

√
15

2

∑
ν,η,α

Âνη,i
∂

∂krη
G×,να(ri − rj)m̂α,j , (3.49)

where the derivatives of the cross kernel are given in equation (D.2) [see Appendix D],

and [
CX2m

]
i,j

= −
√

ΓE2,iΓM1,j

[
GX2m

]
i,j

. (3.50)

For simple interacting electric quadrupole-magnetic dipole systems, equation (3.50) sim-

plifies considerably, as we show later in Section 3.2.3.
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3.2 Examples of simple systems of interacting point emit-

ters

In this section, we analyze in detail different point multipole resonator systems. We

utilize the point dipole model reviewed in Section 2.2 and the electric quadrupole ex-

tension introduced in Section 3.1. Because we deal with point multipole resonators, we

assume there is no variation in the different multipole radiative emission rates between

resonators. That is: ΓO,j = ΓO; ΓE1,j = ΓE1; ΓM1,j = ΓM1; and ΓE2,j = ΓE2, for all j.

Additionally, we assume that individual point electric dipoles have resonance frequency

ωj = ω0, for all j. We show later how we determine the resonance frequency of magnetic

dipole and electric quadrupole resonators.

In order to illustrate and test the point-emitter formalism, we introduce models for the

interactions between effective point emitters that not only possess electric and magnetic

dipoles, but also the electric quadrupole, developed in Section 3.1. After analyzing

the elementary case of two point electric dipoles, we consider systems comprising two

parallel pairs of point electric dipoles. When a parallel pair is symmetrically excited,

it may be approximated by a single effective point emitter possessing an electric dipole

located at the center of the two dipoles. For an antisymmetrically excited pair we use a

single effective point emitter possessing both a magnetic dipole and electric quadrupole

located at the center of the two dipoles. We denote the decay rates of the effective

point emitters by γ
(1)
s,a for a symmetrically and antisymmetrically excited pair of dipoles,

respectively, that depend on the separation of the dipoles within the pair.

3.2.1 Two parallel point electric dipoles

In general, the Cartesian coordinates of a two resonator system are

r1 =
1

2

s1

y1

0

 , r2 =
1

2

s2

y2

0

 . (3.51)

As the first example to illustrate our model, we take two parallel electric dipoles, see, e.g.,

Figure 3.1, and specifically set s1 = s2 = 0 and |y1 − y2| = l, i.e., r1 = −r2 = [0, l/2, 0].

The decay rate of an electric dipole,

Γ(1) = ΓO + ΓE1 , (3.52)

depends on the rate of dipole radiation and nonradiative losses that we set to ΓE1 =

0.83Γ(1) and ΓO = 0.17Γ(1), respectively; we justify these choices later, in Chapter 4 and

Appendix F. The superscript (1) is used to denote properties relating to discrete electric

dipole interactions.
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(a) (b)Hd̂1

Hd̂2

l

Hd̂1

−Hd̂2

l

Figure 3.1: Geometry of two interacting point electric dipoles (black dots) with
magnitude H and orientation vectors d1 and d2 (solid black arrows), separated
by a distance l. In (a) we show the symmetric and in (b) the antisymmetric
excitation.

When the driving field is tuned to the resonance frequency of the point electric dipoles,

Ω0 = ω0, the coupling matrix in the equation of motion [equation (3.1), with ΓM1 ≡
ΓE2 ≡ 0], of a pair of electric dipoles is,

C =

 −Γ(1)

2
i
3

4
ΓE1GE1(r12)

i
3

4
ΓE1GE1(−r12) −Γ(1)

2

 , (3.53)

where Γ(1) = ΓO + ΓE1 [see equation (3.52)], r12 = r2 − r1, and GE1(r12) = GE1(−r12),

from equation (2.5)

GE1(r12) =
i

3

[
2h

(1)
0 (kl)− h(1)

2 (kl)
]

. (3.54)

Equation (3.53) has two eigenmodes of current oscillation: a symmetric mode (denoted

by a subscript ‘s’), where both dipoles’ current oscillations are in phase, i.e., d̂1 = d̂2,

see Figure 3.1(a); and an antisymmetric mode (denoted by a subscript ‘a’), where the

current oscillations of the dipoles are out of phase, i.e., d̂1 = −d̂2, see Figure 3.1(b).

The eigenvectors (v
(1)
n ) and corresponding eigenvalues (ξ

(1)
n ) of the two modes of current

oscillation are

v(1)
s =

1√
2

[
1

1

]
and v(1)

a =
1√
2

[
1

−1

]
. (3.55)

and

ξ(1)
a,s = −Γ(1)

2
± i3

4
ΓE1GE1(r12) , (3.56)

respectively. The eigenvalues ξ
(1)
a,s determine the mode resonance frequency shifts δω

(1)
a,s =

−(Ωa,s − Ω0) = Im(ξ
(1)
a,s ), and mode decay rates γ

(1)
a,s = −2Re(ξ

(1)
a,s ), see equation (2.29).

This example is important because the antisymmetric mode decay rate (γ
(1)
a ), and line

shift (δω
(1)
a ), can be used to estimate the total decay rate and resonance frequency of

a single resonator possessing both magnetic dipole and electric quadrupole moments,

as we show in our next example. Similarly, the symmetric mode decay rate γ
(1)
s and

line shift δω
(1)
s are used to estimate the total decay rate and resonance frequency of the

effective electric dipole resonator obtained from two symmetrically excited point electric

dipoles.
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0 π/2 π 3π/2 2π

0

1

2

kl

γ
(1)
n

Γ(1)

0 π/2 π 3π/2 2π

-2

0

2(a) (b)

kl

δω
(1)
n

Γ(1)

Figure 3.2: The radiative resonance linewidths (a) and line shifts (b) for the
collective antisymmetric (blue dashed line) and symmetric (red solid line) eigen-
modes, as a function of the separation parameter l, for two parallel point electric
dipole resonators. The radiative losses of each dipole are ΓE1 = 0.83Γ(1), the
ohmic losses are ΓO = 0.17Γ(1).

In Figure 3.2 we show the radiative resonance linewidths and line shifts for the collective

antisymmetric and symmetric eigenmodes. As the separation because small l → 0, the

linewidth of the antisymmetric mode approaches the ohmic loss rate (γ
(1)
a → ΓO) and

is subradiant, the symmetric mode linewidth approaches γ
(1)
s → 1.8Γ(1) and is superra-

diant. At approximately kl ≈ π (where k = 2π/λ0), the symmetric and antisymmetric

modes become subradiant and superradiant, respectively. The line shifts of two modes

are symmetric about Ω0. At kl ≈ π/4, the line shifts diverge with δω
(1)
s red shifted, and

δω
(1)
a blue shifted, from Ω0.

3.2.2 Effective point emitter for a pair of out-of-phase electric dipoles

Two closely-spaced parallel electric dipoles have eigenmodes that represent in-phase and

out-of-phase excitations, equation (3.55). The in-phase oscillations of a pair of dipoles

can be approximated by a single electric dipole point emitter. For the antisymmetric,

out-of-phase oscillations the total electric dipole is weak, but the pair exhibits nonvan-

ishing electric quadrupole and magnetic dipole moments, see Figure 3.3. We, therefore,

approximate a pair of closely-spaced, parallel out-of-phase point electric dipoles by a sin-

gle point emitter, possessing both a magnetic dipole and an electric quadrupole moment,

located between the two electric dipoles.

We write the decay rate of a point emitter corresponding to the pair of out-of-phase

electric dipoles as

γ(1)
a = ΓO + ΓM1 + ΓE2 , (3.57)

where the antisymmetric collective mode linewidth γ
(1)
a of two parallel electric dipoles

can be calculated and is shown in Figure 3.2. Using this formula, we may then derive

analytical expressions for ΓM1 and ΓE2.
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Also shown in Figure 3.2, is the antisymmetric collective mode line shit δω
(1)
a . The

resonance frequency of the magnetic dipole and electric quadrupole resonator Ω
(1)
a , is

related to the line shift of the antisymmetric mode of two parallel electric dipoles by

Ω(1)
a = (Ω0 − δω(1)

a ) . (3.58)

Hd̂

−Hd̂

l m̂

Figure 3.3: Visualization of the effective magnetic dipole moment [pointing
into the page] and electric quadrupole moment, both located at the center of
the blue cross, formed by two parallel antisymmetrically excited point electric
dipoles (black dots), with magnitude H and orientation vectors ±d̂ (solid red
arrows), separated by a distance l.

3.2.2.1 Magnetic dipole moment of two parallel electric dipoles

In Section 2.2 and Reference 79, the magnetic dipole moment arose solely due to the

magnetization Mj(r, t). Here, we assume the resonator comprises two electric dipoles

with location vectors r±,j = [xj ,±lj/2, zj ], where lj � λ0, with linear charge and current

oscillations along their axes. An effective magnetization MP,j(r, t) is present due to the

polarization of the two parallel electric dipoles, where

MP,j(r, t) = Ij(t)w̄j(r) . (3.59)

Here, w̄j(r) is the effective current profile function; also considered to be independent

of time. The scattered EM fields due to the effective magnetic source located at r′,

follow from the EM fields, equations (2.3) and (2.4), with the effective magnetization

equation (3.59).

In the point magnetic dipole approximation, the spatial profile function w̄j(r) of the

effective magnetization is approximated as a δ function at the origin

w̄j(r) =
1

2

∫
d3r r×

[
p+,j(r) + p−,j(r)

]
≈ AM,jm̂jδ(r− rj) . (3.60)

The rate at which this magnetic dipole radiates is ΓM1, as before [see equation (2.35)].

The effective area AM,j , of the point magnetic dipole [see Figure 3.3] may be approxi-

mated by evaluating equation (3.60) with p±,j(r) = ±Hd̂δ(r− r±,j). We find the point

magnetic dipole moment, of the jth pair of antisymmetrically excited point electric



Chapter 3 Interacting point multipole resonators 39

dipoles, has an effective area

AM,j =
ljHj

2
. (3.61)

The magnetic dipole decay rate is dependent upon the magnitude of the electric dipoles

Hj which comprise the pair, and their separation lj , i.e., their effective cross sectional

area. It is immediately obvious from equation (3.61) that the magnetic dipole radiative

emission rate disappears as the separation becomes small.

If the two electric dipoles are not extremely close to each other, the resonance frequency

of the antisymmetric mode is close to that of a single isolated electric dipole. We use the

same resonance frequency [equation (2.9)] in both equations (2.34) and (2.35), together

with the effective area of the magnetic dipole equation (3.61), to find the ratio of the

two emission rates is approximately given by

ΓM1 =
π2l2j
λ2

ΓE1 . (3.62)

3.2.2.2 Electric quadrupole moment of two parallel electric dipoles

The effective area of the point electric quadrupole is obtained from a pair of out-of-

phase point electric dipoles. We compare equation (3.14) [using the charge density of

the electric dipoles, i.e., ρj(r, t) = −Q∇·pd
j (r)], with equation (3.21), to obtain the

effective area

Aαβ,j = −
∑
±

∫
d3r′ rαrβ

∂

∂rj
pd,±
j (r′) , (3.63)

where r′ = r − rj and the summation is over each of the ± orientated electric dipoles.

Integrating equation (3.63) by parts results in Kronecker δ functions, see e.g., equa-

tion (3.22), and we find

Aαβ,j =
∑
±

∫
d3r

[
rβp

d,±
α,j (r) + rαp

d,±
β,j (r)

]
, (3.64)

For an electric dipole pair whose separation is along the y axis, i.e., y = l (see Fig-

ure 3.3), the orientation vectors d̂±j of the electric dipoles are oppositely orientated and

perpendicular to ŷ, i.e., d̂±j = ±ŷ⊥. By symmetry all elements of the tensor Aαβ,j are

zero, with the exception of Ayd̂,j = Ad̂y,j . For example, let the electric dipoles be aligned

along the x axis. Then, two antisymmetrically excited point electric dipoles located at

r±,j = [xj , yj ± lj/2, zj ], have mode functions pd,±
j (r) = ±Hjx̂δ(r− r±,j). The nonzero

components of equation (3.64) are

Ayx,j = Axy,j =

∫
d3r

[
ryp

d,+
x,j (r)− rypd,−

x,j (r)
]

,

= 2Hj

∫
d3r

[
ryδ(r− r+,j)

]
, (3.65)
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because the product ryδ(r−r±,j) is even in ry. The integral in equation (3.65) is carried

out over the δ function, summing over the indices α, β in equation (3.27) provides the

effective area of our point electric quadrupole

AE,j =
√

2ljHj . (3.66)

The electric quadrupole radiative emission rate also depends on the amplitudes of the

point electric dipoles and their separation. If the electric dipoles are symmetrically

excited, then one may readily verify the point electric quadrupole moment vanishes.

In the examples in this section, the radiative emission rates of the magnetic dipole

and the electric quadrupole both depend the effective area of a pair of parallel electric

dipoles. We assume that the resonance frequencies of the magnetic dipole and electric

quadrupole moments of the jth source are ωj , [equation (2.9)]. The relative decay rate

of the magnetic dipole and electric quadrupole, equation (3.29), depends on the effective

areas, AM,j and AE,j , equations (3.61) and (3.66), respectively. We find the relative

radiation rates for our example are

ΓE2 =
12

5
ΓM1 . (3.67)

The radiative emission rate of an isolated point electric quadrupole may be related to the

point electric dipole through equation (3.62). Equations (3.62) and (3.67) provide first

approximations of the relative radiative emission rates of a pair of antisymmetrically

excited electric dipoles. However, as we show in Chapter 4.2, this approximation is not

accurate, particularly when the finite-size of the resonator is accounted for.

3.2.3 Two interacting pairs of point electric dipoles

In this section, we introduce two different N = 4 point electric dipole systems, each

comprising two pairs of parallel electric dipoles. We later compare the interactions of

four point electric dipoles to similar systems comprising two effective electric dipoles and

separately two resonators with both magnetic dipole and electric quadrupole moments.

The regular structure of many metamaterial systems prompts the choice of two geome-

tries. The systems we consider comprise four electric dipoles arranged such that they

form: two horizontal parallel pairs, see, e.g., Figure 3.4(a); and two perpendicular par-

allel pairs, see, e.g., Figure 3.9(a). The separation between parallel electric dipoles is

l.

When there are four discrete electric dipoles, the coupling matrix equation (3.53), in-

creases to a 4 × 4 matrix. There are four collective eigenmodes of current oscillation.

We classify the modes as: antisymmetric electric dipoles (E1a); antisymmetric magnetic
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dipole–electric quadrupoles (M1E2a); symmetric electric dipoles (E1s); and symmetric

magnetic dipole–electric quadrupoles (M1E2s). In the E1a and E1s modes each parallel

pair of resonators forms an effective electric dipole. However, in the E1a mode the differ-

ent parallel pairs’ current oscillations are out of phase, and in the E1s mode they are in

phase. In the M1E2a and M1E2s modes, the different parallel pairs’ current oscillations

form effective magnetic dipoles. In the M1E2a mode the two parallel pairs are out of

phase, in the M1E2s mode they are in phase. For the two geometries we consider, the

modes: E1a; M1E2a; E1s; and M1E2s, are shown in Figures 3.4 and 3.9, for horizontal

pairs and perpendicular pairs of electric dipoles, respectively.

In the remainder of this chapter, we will directly compare the E1a and E1s modes of the

four point electric dipoles [denoted by a superscript (1)] to an effective electric dipole

model [denoted by a superscript (2s)]. We also compare the M1E2a and M1E2s modes of

the four point electric dipoles [also denoted by a superscript (1)] to an effective magnetic

dipole-electric quadrupole model [denoted by a superscript (2a)].

3.2.3.1 Description of electric dipoles by two multipole point emitters

In general, the jth pair of parallel electric dipoles are located at r±,j = [xj , yj ± l/2, zj ].
When the separation l, between parallel electric dipoles is small, the jth pair may be

approximated by a single resonator located at rj = [xj , yj , zj ]. The type of resonator

approximating each pair of electric dipoles depends on how each pair is excited, i.e.,

symmetrically or antisymmetrically excited.

When each parallel pair of electric dipoles are symmetrically excited [see, e.g., Fig-

ure 3.4(a) and 3.4(c), and Figure 3.9(a) and 3.9(c)], each pair may be approximated

by a single resonator with a point electric dipole moment, located at the center of each

pair. We introduced the interactions between two point electric dipoles in Section 3.2.1.

We may use similar analysis to model the symmetric (E1s and E1a) collective modes

of two interacting pairs of electric dipoles. The coupling matrix in this case is given

by equation (3.53); with Γ(1) → γ
(1)
s and the driving field is tuned to the resonance

frequency of the symmetrically excited pair of point electric dipoles, i.e, Ω0 = Ω
(1)
s . The

eigenvectors of the effective electric dipole interaction matrix are

v
(2s)
E1s =

1√
2

[
1

1

]
and v

(2s)
E1a =

1√
2

[
1

−1

]
, (3.68)

with corresponding eigenvalues ξ
(2s)
E1s and ξ

(2s)
E1a , where

ξ
(2s)
E1s,E1a = −γ

(1)
s

2
± 3

4
ΓE1GE1(r12) . (3.69)
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Here, GE1(r12) is defined in equation (2.42), and the argument r12 depends on the

locations of the effective electric dipoles.

On the other hand, we argued in Section 3.2.2 how a pair of antisymmetrically excited

point electric dipoles can be approximated by a single point emitter posessing both mag-

netic dipole and electric quadrupole moments, see Figure 3.4(b,d) and Figure 3.9(b,d).

For two point emitters located at r1 and r2, with both magnetic dipole and electric

quadrupole moments (driven at the resonance frequency of the point electric dipole, i.e.,

Ω0 = ω0), the interaction matrix, C, is

C = ∆′ − 1

2
Υ +

1

2

[
iCM1 + iCE2 + CX2 + CTX2

]
. (3.70)

Similar to our example of two electric dipoles, the contributing matrices in equation (3.70)

are also 2×2. However, the off-diagonals elements of C are more complicated, and there

are subtle differences in the diagonal elements. The total decay rate of each resonator

is γ
(1)
a , given in equation (3.57). In general, the resonance frequency Ω

(1)
a 6= ω0 [see

equation (3.58)], thus ∆′ is not trivial and contains a frequency shift. The matrix con-

tributions to C are then

∆′ =

[
iδω

(1)
a 0

0 iδω
(1)
a

]
, (3.71)

Υ =

[
γ

(1)
a 0

0 γ
(1)
a

]
, (3.72)

CM1 =ΓM1

[
0 GM1(r12)

GM1(r12) 0

]
, (3.73)

CE2 =ΓE2

[
0 GE2(r12)

GE2(r12) 0

]
, (3.74)

CX2 =
√

ΓM1ΓE2

[
0 GX2(r12)

GX2(r12) 0

]
, (3.75)

where GM1(r12), GE2(r12) and GX2(r12) depend exclusively on the orientations and

locations of the magnetic dipoles and electric quadrupoles and we have utilized the

symmetry property of the matrices, e.g., [CM1]i,j = [CM1]j,i, etc, and again, r12 = r2−r1.

The eigenvectors v
(2a)
n of equation (3.70) are independent of the resonator locations, and

correspond to symmetric and antisymmetric oscillations,

v
(2a)
M1E2s =

1√
2

[
1

1

]
and v

(2a)
M1E2a =

1√
2

[
1

−1

]
. (3.76)

However, the eigenvalues (ξ
(2a)
n ) of equation (3.70) depend on both the orientations and

locations of the resonators. In the following section, we analyze in detail the point
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magnetic dipole and electric quadrupole interacting systems, utilizing the geometries

introduced in Figures 3.4 and 3.9.

3.2.3.2 Two horizontal pairs of point electric dipoles

When the point electric dipoles are arranged in horizontal pairs, the Cartesian coordi-

nations of each electric dipole are

r1,2 =
1

2

 s±l
0

 , r3,4 =
1

2

−s±l
0

 . (3.77)

(a)

(b)

(c)

(d)

Hd̂1

Hd̂2

Hd̂3

Hd̂4 s

l

x̂

ŷ
ẑ

Hd̂1

Hd̂2

Hd̂3

Hd̂4

Hd̂1

Hd̂2

Hd̂3

Hd̂4

Hd̂1

Hd̂2

Hd̂3

Hd̂4

Figure 3.4: Schematic illustration of the eigenmodes of two horizontal pairs of
parallel electric dipoles. The red arrows indicate the electric dipole orientation
vectors, the blue loops with blue arrows effective magnetic dipole moments. The
separation between parallel pairs is l and the position of the dipole on an axis
perpendicular to the y-axis is determined by s. We show the mode classifica-
tions: (a) E1a; (b) M1E2a; (c) E1s; and (d) M1E2s. In (a) the three black
wave lines represent the interactions of one electric dipole with the other three
electric dipoles. In (b) the single black wave line represents the interaction of
two resonators with effective magnetic dipole and electric quadrupole moments.

In Figure 3.4(a) and 3.4(c), we show the E1a and E1s modes of two horizontal pairs of

point electric dipoles. The E1a and E1s modes can be approximated by two effective
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electric dipoles located at the center of each pair. In Figure 3.4(b) and 3.4(d), we show

the antisymmetric excitation of the parallel pairs of electric dipoles, i.e., the M1E2a and

M1E2s modes, respectively. We demonstrated in Section 3.2.2, that each antisymmetri-

cally excited pair can be approximated by a single resonator with both a point magnetic

dipole and point electric quadrupole moment. The resonators with magnetic dipole and

electric quadrupole moments, (and the effective electric dipole resonators) are located

at r1 = −r2 = [s/2, 0, 0].

The interaction terms: GM1(r12); GE2(r12); and GX2(r12), in equations (3.73)–(3.75),

are given by

GM1(r12) =
i

2

[
2h

(1)
0 (ks)− h(1)

2 (ks)
]

, (3.78)

GE2(r12) = −i5
2

[
16

35
h

(1)
4 (ks)− 3

7
h

(1)
2 (ks) +

2

5
h

(1)
0 (ks)

]
, (3.79)

GX2(r12) = −
√

15

2
h

(1)
2 (ks) , (3.80)

respectively. In this example, the eigenmodes correspond to antisymmetric excitations

(m̂1 = −m̂2, and Âαβ,1 = −Âαβ,2), see Figure 3.4(b), and symmetric excitations of

the resonators (m̂1 = m̂2, and Âαβ,1 = Âαβ,2), see Figure 3.4(d). These eigenmodes are

represented by the eigenvectors v
(2a)
M1E2a and v

(2a)
M1E2s, respectively, given in equation (3.76).

The eigenvalues ξ
(2a)
M1E2a and ξ

(2a)
M1E2s, of equation (3.75) with equations (3.78)–(3.80), are

complicated and include contributions from h
(1)
4 (ks), h

(1)
2 (ks), and h

(1)
0 (ks). In the

leading order expansion of the spherical Hankel functions, the real and imaginary parts

of ξ
(2a)
M1E2a and ξ

(2a)
M1E2s are dominated by h

(1)
0 (ks) and h

(1)
4 (ks), respectively. Specifically,

we find:

γ
(2a)
M1E2a = Re

(
ξ

(2a)
M1E2a

)
≈− γ

(1)
a

2
+

1

2

[
ΓM1 + ΓE2

]
, (3.81a)

γ
(2a)
M1E2s = Re

(
ξ

(2a)
M1E2s

)
≈− γ

(1)
a

2
− 1

2

[
ΓM1 + ΓE2

]
, (3.81b)

δω
(2a)
M1E2a = Im

(
ξ

(2a)
M1E2a

)
≈ δω(1)

a −
240

(ks)5
ΓE2 , (3.81c)

δω
(2a)
M1E2s = Im

(
ξ

(2a)
M1E2s

)
≈ δω(1)

a +
240

(ks)5
ΓE2 . (3.81d)

Here, we have the antisymmetric collective mode decay rate γ
(2a)
M1E2a is subradiant ap-

proaching ΓO, while the symmetric excitation is superradiant with γ
(2a)
M1E2s approaching

2γ
(1)
a . When the resonators are close together, the line shifts of the collective modes

are dominated by ΓE2 and quickly diverge, with δω
(2a)
M1E2a red shifted, and δω

(2a)
M1E2s blue

shifted, from δω
(1)
a .

In Figures 3.5 and 3.6, we show how the collective mode linewidths and line shifts,

respectively, for the N = 4 interacting point electric dipoles vary with the separation of
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Figure 3.5: The radiative resonance linewidth γ
(1,2s,2a)
n for the collective eigen-

modes as a function of the separation of dipoles within each pair l, for two
horizontal pairs of point electric dipoles, with: (a) and (b) ks = 2π/3; and (c)

and (d) ks = 2π. We show the linewidth γ
(1)
n in the N = 4 point electric dipole

model, with the different modes shown as: E1a–red solid line (a) and (c); E1s–
blue dashed line (a) and (c); M1E2a–red solid line (b) and (d); and M1E2s–blue

dashed line (b) and (d). We show the linewidth γ
(2s)
n in the N = 2 effective elec-

tric dipole resonator model: antisymmetric (E1a) excitations–magenta dash cir-
cles (a) and (c); and symmetric (E1s) excitations–black dash squares (a) and (c).

The linewidth γ
(2a)
n in the N = 2 effective magnetic dipole–electric quadrupole

resonator model: antisymmetric (M1E2a) excitations–magenta dash circles (b)
and (d); and symmetric (M1E2s) excitations–black dash squares (b) and (d).
The radiative losses of each electric dipole are ΓE1 = 0.83Γ(1), the ohmic losses
are ΓO = 0.17Γ(1).

dipoles within each pair l, when ks = 2π/3 and ks = 2π. Also, in Figures 3.5 and 3.6,

we show the collective mode linewidths and line shifts for the effective N = 2 interacting

(magnetic dipole and electric quadrupole, and electric dipole) point multipole resonators.

When l is varied, the line widths γ
(2s,2a)
n of the N = 2 effective resonators closely

approximate the corresponding linewidths γ
(1)
n of the N = 4 point electric dipoles; both

when ks = 2π/3 and ks = 2π. When s is small [ks = 2π/3, see Figure 3.5(a) and 3.5(b)],

the E1s mode is always superradiant, while both the E1a and M1E2a modes are always

subradiant. When s is small, the M1E2s mode exhibits both superradiant and subradiant

behavior. For large kl & π/2, we have superradiant behavior γ
(1)
M1E2s > Γ(1) and kl . π/2,

subradiant behavior; γ
(1)
M1E2s < Γ(1). The maximum (minimum) linewidths of the M1E2s
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Figure 3.6: The radiative resonance line shift δω
(1,2s,2a)
n for the collective eigen-

modes as a function of the separation parameter l, for two horizontal pairs of
point electric dipoles, with: (a) and (b) ks = 2π/3; and (c) and (d) ks = 2π.
For plot descriptions, see Figure 3.5 caption.

(E1s) modes (when ks = 2π/3) occur at kl ' 5π/4, with γ
(1)
M1E2s ' 2Γ(1) [γ

(1)
E1s ' 1.1Γ(1)].

When s is large [ks = 2π, see Figure 3.5(c) and 3.5(d)], all the linewidths exhibit both

superradiant and subradiant behavior. The E1s and E1a modes are superradiant for

kl . π and subradiant for kl & π. Conversely, the M1E2a and M1E2s modes are

subradiant for kl . π and superradiant for kl & π.

While the collective mode linewidths resulting from the effective resonator interactions

qualitatively match those of the electric dipole interactions as l varies at both large

and small s, the corresponding line shifts show greater variations. In particular, when

ks = 2π/3, see Figure 3.6(a) and 3.6(b), the collective line shifts δω
(2a)
M1E2a and δω

(2a)
M1E2s

begin to deviate from the corresponding line shifts δω
(1)
M1E2a and δω

(1)
M1E2s, when kl ' π/4.

When kl ' π/4, all the collective mode line shifts begin to significantly diverge as l

reduces further. In contrast, the E1a and E1s line shifts of the point electric dipole model

qualitatively agree with the corresponding shifts of the effective multipole resonator

model. When s is large and l is varied, there is no significant difference in the line shifts,

even when l is large. As we reduce the separation l, the line shifts δω
(1)
E1a and δω

(1)
E1s are

red shifted from Ω0, see Figure 3.6(a) and 3.6(c). In contrast, δω
(1)
M1E2a and δω

(1)
M1E2s are

blue shifted, see Figure 3.6(b) and 3.6(d).
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Figure 3.7: The radiative resonance linewidth γ
(1,2s,2a)
n for the collective eigen-

modes as a function of the separation parameter s, for two horizontal pairs of
point electric dipoles, with: (a) and (b) kl = π/4; and (c) and (d) kl = 2π. For
plot descriptions, see Figure 3.5 caption.

In Figures 3.7 and 3.8, we show how the collective mode linewidths and line shifts,

respectively, for the N = 4 interacting point electric dipoles vary with the parameter

s, when kl = π/4 and kl = 2π. Also, in Figures 3.7 and 3.8, we show the collective

mode linewidths and line shifts for the effective N = 2 interacting (magnetic dipole and

electric quadrupole, and electric dipole) point multipole resonators.

As s varies, both when kl = π/4 and kl = 2π, the linewidths of the collective E1a and

E1s modes of four electric dipoles qualitatively agree with the corresponding linewidths

of the effective electric dipoles (γ
(2s)
n ' γ(1)

s ). The linewidth γ
(1)
E1s is always superradiant:

when l is small, γ
(1)
E1s ' 3.2Γ(1) as s approaches zero, and γ

(1)
E1s ' 1.6Γ(1) as ks ' 2π; and

when l is large, we find γ
(1)
E1s ' 2Γ(1) as s approaches zero, and γ

(1)
E1s ' Γ(1).

When l is small, the M1E2a and M1E2s collective mode linewidths are always subradiant,

and there is no significant difference in the different models, see Figure 3.7(b). The

maximum linewidth here is when s approaches zero and γ
(1)
M1E2s = γ

(2a)
M1E2s ' 0.4Γ(1).

The minimum is also when s approaches zero and γ
(1)
M1E2s = γ

(2a)
M1E2s ' ΓO. Here, also,

the radiative decay of effective magnetic dipole–electric quadrupole resonator is minimal,

γ
(1)
a ≈ ΓO, see Figure 3.2.
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Figure 3.8: The radiative resonance line shift δω
(1,2s,2a)
n for the collective eigen-

modes as a function of the separation parameter s, for two horizontal pairs of
point electric dipoles, with: (a) and (b) kl = π/4; and (c) and (d) kl = 2π. For
plot descriptions, see Figure 3.6 caption.

When l is large, the M1E2s is superradiant for small s, only becoming subradiant when

ks & π. Here, the radiative decay of the magnetic dipole–electric quadrupole resonator

is large, γ
(1)
a ' γ(1)

s ' Γ(1), see Figure 3.2. At ks ' 3π/4, the collective mode linewidths

of the effective magnetic dipole–electric quadrupole model deviate from those of the

electric dipole model as s increases, see Figure 3.7(d).

In Figure 3.8, we show the line shifts of the different collective modes as s varies. The

line shifts δω
(2s)
E1a and δω

(2s)
E1s , show no significant deviation from the E1a and E1s modes,

even at small s and kl = π/4. In contrast, the line shifts δω
(2a)
M1E2a and δω

(2a)
M1E2s begin to

deviated from the M1E2a and M1E2s line shifts when ks ' π/2 (when kl = π/4), and

ks ' π (when kl = 2π). When s becomes small, the line shifts δω
(2s)
E1s and δω

(2a)
M1E2s are

blue shifted from Ω0 and δω
(2s)
E1a and δω

(2a)
M1E2a are red shifted.
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3.2.3.3 Two perpendicular pairs of point electric dipoles

Our second example is two perpendicular pairs of point electric dipoles. The Cartesian

coordinates of each electric dipole are

r1,2 =


s

± l
2

0

 , r3,4 =


0

± l
2
s

 . (3.82)

In Figure 3.9(a) and 3.9(c), we show the E1a and E1s modes, respectively. In Fig-

ure 3.9(b) and 3.9(d), we show the M1E2a and M1E2s modes, respectively. The lo-

cations vectors of the effective resonators with both point magnetic dipole and point

electric quadrupole sources [and effective electric dipole sources] are r1 = [s, 0, 0] and

r2 = [0, 0, s].

(a) (b)

(c) (d)

Hd̂1

Hd̂2

Hd̂3

Hd̂4

ss

l

x̂

ŷ

ẑ

Hd̂1

Hd̂2

Hd̂3

Hd̂4

Hd̂1

Hd̂2

Hd̂3

Hd̂4
Hd̂1

Hd̂2

Hd̂3

Hd̂4

Figure 3.9: A representation of the eigenmodes of four perpendicular electric
dipoles. The red arrows indicate the electric dipole orientation vectors, the blue
arrows effective magnetic dipole moments. The separation between parallel
pairs is l and the position of the dipole on an axis perpendicular to the y-axis
is determined by s. We show the mode classifications: E1a (a); M1E2a (b);
E1s (c); and M1E2s (d). In (b) the three black wave lines represent the inter-
actions of one electric dipole with the other three electric dipoles. In (c) the
single black wave line represent the interaction between single resonators with
effective magnetic dipole and electric quadrupole moments.



50 Chapter 3 Interacting point multipole resonators

In this example, the magnetic dipole orientation vectors m̂1,2 and the unit vector k̂

form an orthonormal set, i.e., m̂1 = ±k̂ × m̂2, corresponding to symmetric (+) and

antisymmetric (−) oscillations, see Figure 3.9(d), and 3.9(b), respectively. Similarly,

the electric quadrupole unit tensors, for the symmetric (+) and antisymmetric (−)

excitations are

Â1 =

0 1 0

1 0 0

0 0 0

 and Â2 = ±

0 0 0

0 0 1

0 1 0

 . (3.83)

These oscillations are represented through the eigenvectors v
(2a)
M1E2s and v

(2a)
M1E2s, respec-

tively, see equation (3.76). The interaction terms: GM1(r12); GE2(r12); and GX2(r12),

in equations (3.73)–(3.75), respectively, in this case are given by

GM1(r12) = i
3

4
h

(1)
2 (
√

2ks) , (3.84)

GE2(r12) = i
20

28

[
h

(1)
4 (
√

2ks)− 3

4
h

(1)
2 (
√

2ks)

]
, (3.85)

GX2(r12) = −
√

15

4
h

(1)
2 (
√

2ks) . (3.86)

The eigenvalues (ξ
(2a)
M1E2a and ξ

(2a)
M1E2s) of equation (3.75), with equations (3.84)–(3.86)

are complex, involving contributions from h
(1)
4 (
√

2ks) and h
(1)
2 (
√

2ks). For analytical

expressions of ξ
(2a)
M1E2a and ξ

(2a)
M1E2s, we again consider the leading order expansions of

the spherical Hankel functions. In this limit Im(ξ
(2a)
n ) is dominated by h

(1)
4 (
√

2ks) and

Re(ξ
(2a)
n ) by h

(1)
2 (
√

2ks). Specifically, we find

δω
(2a)
M1E2a = Im

(
ξ

(2a)
M1E2a

)
≈ δω(1)

a +
1125

(
√

2ks)5
ΓE2 , (3.87a)

δω
(2a)
M1E2s = Im

(
ξ

(2a)
M1E2s

)
≈ δω(1)

a −
1125

(
√

2ks)5
ΓE2 , (3.87b)

γ
(2a)
M1E2a = Re

(
ξ

(2a)
M1E2a

)
≈− γ

(1)
a

2
+

[
ΓM1

10
+

ΓE2

28
+

√
15

4

√
ΓM1ΓE2

]
(
√

2ks)2 , (3.87c)

γ
(2a)
M1E2s = Re

(
ξ

(2a)
M1E2s

)
≈− γ

(1)
a

2
−
[

ΓM1

10
+

ΓE2

28
−
√

15

4

√
ΓM1ΓE2

]
(
√

2ks)2 . (3.87d)

When the dipoles are close and perpendicular, they interact only weakly, γ
(2a)
M1E2a ≈

γ
(2a)
M1E2s ≈ γ

(1)
a . The resonance line shifts of the modes diverge as ks → 0 and are

dominated by ΓE2, with δω
(2a)
M1E2a blue shifted and δω

(2a)
M1E2s red shifted from δω

(1)
a . When

s is fixed and we vary the separation l between electric dipoles, the resonance frequency

line shifts are again dominated by δω
(1)
a .

When we vary the parameter l for perpendicular pairs of resonators, we find the collective

mode linewidths and line shifts behave similar to those collective mode widths and shifts

of horizontal pairs. We show plots in Appendix E (for ease of reading) showing how
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the collective mode linewidths and line shifts, respectively, for the N = 4 interacting

point electric dipoles vary with the parameter l, when ks = 2π/3 and ks = 2π, for two

perpendicular pairs. These are shown in Figures E.1 and E.2, respectively, where we also

show the linewidths and line shifts resulting from N = 2 interacting effective (electric

dipoles and magnetic dipole and electric quadrupole) point multipole resonators.

When ks = 2π/5, and l is varied, the linewidths of all the collective modes of perpen-

dicular pairs, closely resemble the linewidths of the corresponding horizontal pairs, see

Figures 3.5(c) and 3.5(d), and Figures E.1(a) and E.1(b). There is no significant differ-

ence in the line widths between the two different models, even when s is small. Both the

E1a and E1s modes exhibit superradiant behavior when kl . π and subradiant behavior

for π . kl . 2π. The M1E2a and M1E2s modes also exhibit different radiative behavior,

superradiant for π . kl . 2π and subradiant for kl . π.

The collective mode decay rates of two pairs of perpendicular electric dipoles exhibit

similar characteristics to those of two horizontal pairs of electric dipoles, only when the

horizontal pairs have large separations s. In contrast, the line shifts of the perpendicular

pairs have very similar characteristics to horizontal pairs, both when s is large and when

s is small see Figures 3.6 and E.2. When ks = 2π/3, the line shifts δω
(2a)
M1E2a and δω

(2a)
M1E2s

begin to deviate from δω
(1)
M1E2a and δω

(1)
M1E2s at kl ' π/2. As the separation parameter s

increases, the influence of l on the line shift significantly decreases. Like the horizontal

pairs, the line shifts of the E1a and E1s modes are red shifted from Ω0 and the M1E2a

and M1E2s modes blue shifted, when l is varied.

In Figure 3.10, we show how the linewidths vary with the parameter s, when kl = π/4

and kl = 2π, for N = 4 interacting point perpendicular electric dipoles. We also show

in Figure 3.10 the corresponding linewidths for the N = 2 effective (electric dipole and

magnetic dipole and electric quadrupole) point multipole resonators. These linewidths

notably differ from the corresponding horizontal collective mode linewidths.

When we vary s, the perpendicular dipoles collective mode linewidths exhibit different

characteristic behavior to those of horizontal dipoles. When kl = π/4, and s varies, the

collective mode linewidths of the effective multipole model provides a good approxima-

tion of the corresponding point electric dipole model linewidths. Both the E1a and E1s

modes only exhibit superradiant behavior when l is small, with γ
(1)
E1a and γ

(1)
E1s oscillating

about 1.5Γ(1), see Figure 3.10(a). Conversely, the M1E2a and M1E2s modes only exhibit

subradiant behavior, γ
(1)
M1E2a ' γ

(1)
M1E2s ' 0.5Γ(1), see Figure 3.10(b). When l = λ0, the

collective modes of the electric dipole model exhibit both superradiant and subradiant

behaviour, now γ
(1)
E1a and γ

(1)
E1s oscillate about Γ(1), see Figure 3.10(c). The N = 2 effec-

tive point electric dipole collective mode linewidths effectively approximate the N = 4

point electric dipole collective mode linewidths throughout the range of s. In contrast,

the N = 2 effective magnetic dipole and electric quadrupole resonator collective mode
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Figure 3.10: The radiative resonance linewidth γ for the collective eigenmodes
as a function of the separation parameter s, for two perpendicular pairs of point
electric dipoles, with: (a) and (b) kl = π/4; and (c) and (d) kl = 2π. For plot
descriptions, see Figure 3.5 caption.

linewidths deviate from the N = 4 electric dipoles even when ks � π/2. Here, also

γ
(1)
M1E2a and γ

(1)
M1E2s oscillation about Γ(1).

While the linewidths for perpendicular pairs have different characteristics from the hor-

izontal pairs, the corresponding line shifts are very similar. We show the line shifts for

perpendicular pairs in Appendix E, see Figure E.3. The line shifts δω
(2s)
E1a and δω

(2s)
E1s

closely resemble those of δω
(1)
E1a and δω

(1)
E1s, throughout s, both when kl = π/4 and when

kl = 2π. When s varies the E1s line shift is blue shifted from Ω0 and the E1a mode is

red shifted.

The line shifts δω
(2a)
M1E2a and δω

(2a)
M1E2s begin to deviate from δω

(1)
M1E2a and δω

(1)
M1E2s at

ks ' 3π0/4, when kl = π/4 and kl = 2π. However, δω
(2a)
M1E2a and δω

(2a)
M1E2s deviate much

faster when kl = 2π. The M1E2a mode is blue shifted from Ω0 and the M1E2s mode

red shifted.
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3.2.4 The response of an effective point emitter model to external

fields

In this section, we compare the response of the four point electric dipole system with that

of the effective two point emitter model under external driving, when we approximate the

effective point emitter model with only one eigenmode. We consider the antisymmetric

excitations, in which case the point emitter model exhibits the magnetic dipole and

electric quadrupole moments. The driven dipoles radiate and induce excitations in the

nearby dipoles, resulting in a strongly coupled system.

We solve the equation of motion, equation (2.26), in a steady-state (ḃ = 0) for horizontal

pairs of electric dipoles. We focus on the case when the external EM field drives one

pair of dipoles only and propagates in the direction normal to the pair. For simplicity,

we assume that the field perfectly couples to the antisymmetric excitation of the pair.

In the point electric dipole system, we drive the pair 12, formed by the dipoles n = 1, 2.

The driving by incident fields, Fin in equation (2.26), takes the form

Fin =
F0√

2


1

−1

0

0

 . (3.88)

We only take the antisymmetric mode for the N = 2 effective point emitter system that

exhibits magnetic dipole and electric quadrupole moments. The incident driving takes

the form

Fin = F0

[
1

0

]
. (3.89)

The coupling matrix C in equation (2.26) is non-Hermitian, but we can define an occu-

pation measure for a particular eigenmode vn in an excitation b by

On(b) ≡
∣∣vTnb

∣∣2 . (3.90)

For the four electric dipoles, we project the excitation onto the basis

v
(±)
12 =

1√
2


1

±1

0

0

 , v
(±)
34 =

1√
2


0

0

1

±1

 . (3.91)
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Figure 3.11: The excitation spectra of the antisymmetric modes of the electric
dipole pairs (a,c) 1 and 2; (b,d) 3 and 4, as a function of the detuning of the
incident frequency Ω from the resonance frequency ω0 of a single point electric
dipole. The resonance is at −(ω0 − Ω) ' 0.25Γ(1). The full four point electric
dipole model (blue solid line) and the corresponding effective two-point-emitter
model, exhibiting magnetic dipole and electric quadrupole moments (red dashed
line). In (a,b) ks = 4π/3 and kl = π/3, (c,d) ks = 8π/11 and kl = 8π/7.

Here, the superscript (±) indicates symmetric/antisymmetric excitations of the dipole

pair. In the effective two-emitter model we use the basis

v
(−)
1 =

[
1

0

]
, v

(−)
2 =

[
0

1

]
. (3.92)

In Figure 3.11, we show the excitation spectra of the antisymmetric modes for the two

models. For our choice of the driving in equation (3.88), the symmetric excitations of

the electric dipoles are negligible. We find that, despite the inclusion of only one mode,

the effective model agrees with the four-dipole case, provided that neither s nor l is too

small. For small s the geometry of the configuration starts becoming important, while

for small l, the contribution of the symmetric excitations would need to be included.

For ks = 4π/3 and kl = π/3 (a,b), the effective model underestimates the excitation of

the non-driven pair, while for ks = 8π/9 and kl = 4π/9 (c,d) the agreement is better.
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3.3 Summary

In this chapter, we have extended and built upon the work of Chapter 2. Not just

by including the electric quadrupole in the description of the normal mode oscillator

b(t), but also showing how simple systems comprising only point electric dipoles can

be approximated by other higher order multipoles. In particular, we have shown how

two antisymmetrically excited electric dipoles create an effective current loop, and can

be modeled as a single resonator with both a magnetic dipole and electric quadrupole

moment.

This effective current loop is important for our later work in Chapter 5, where we wish

to create a system of effective current loops, and an effective toroidal dipole. Here, we

have shown how simple point multipole systems interact. Each system has collective

modes of oscillation, the number of which is determined by the number of interacting

resonators. In our work analyzing two pairs of parallel electric dipoles, we have shown

that the collective modes comprise symmetric and antisymmetric oscillating pairs. This

is important because it shows exactly how diametrically opposite or perpendicular pairs

can oscillate antisymmetrically, as they must if we wish to form effective current loops on

an imaginary torus. The collective modes can be superradiant or subradiant. In certain

configurations, some modes can exhibit one or the other, depending upon the choice in

separation parameters. This is important to know, because it is often the subradiant

modes that are the most interesting as they are difficult to excite. Understanding, the

conditions under which superradiance and subradiance occurs is particularly beneficial

to experimentalists in the design of their experiments.





Chapter 4

Interacting plasmonic nanorods

In Chapter 2, we described the general model for the EM interactions between plasmonic

resonators, and reviewed the point dipole approximation. In Chapter 3, we produced

original work introducing the point electric quadrupole approximation to our resonator,

and its interactions with other point electric quadrupoles and electric and magnetic

dipoles. When the resonators themselves are much smaller than the length of the in-

cident light, and the separation between the resonators is large, a point multipole ap-

proximation is often sufficient to model the EM interactions. In metamaterial systems

the separation between resonators, especially nearest neighbor resonators, is also much

less than the incident light wavelength. The finite-size of the resonators can significantly

affect the interactions. In this chapter, we introduce a model which accounts for the res-

onators’ finite-size. We approximate individual resonators as cylinders (nanorods), with

H ≪ λ0

2a

Figure 4.1: Geometry of a single nanorod with length H and radius a. The
wavelength of the incident light is λ0.

radius a and length Hj , see Figure 4.1. In Section 4.1, we introduce the formalism for

interacting plasmonic nanorods. In Section 4.2, we analyze simple systems comprising

the nanorods and compare the results to the equivalent point multipole approximation

of Chapters 2 and 3. Some concluding remarks are included in Section 4.3.

4.1 Finite-size resonator model

In the previous chapters, we approximated individual resonators as a series of point EM

multipole sources. Specifically, we developed a general point multipole model up to, and

57
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including, the electric quadrupole interactions. In this section, we extend the formalism

of Section 2.1, and determine the polarization and magnetization densities to solve the

scattered EM fields taking into account the finite-size and geometry of the resonator.

For simplicity, the charge and current oscillations are assumed to be linear along the axis

of the nanorod. For single, discrete, nanorods the magnetization is negligible Mj(r, t) '
0. The scattered EM fields of single nanorods, are thus determined by the corresponding

polarization sources Pj(r, t) within the nanorod alone resulting in accumulation of charge

on the ends of the nanorod. In the point dipole approximation reviewed in Section 2.2,

a single nanorod may be approximated as a single point electric dipole only, the electric

quadrupole moment of the cylinder is also zero.

The point electric quadrupole interactions introduced in Section 3.1 assumed two par-

allel antisymmetrically excited electric dipoles. When each nanorod is approximated

as an electric dipole, a pair of antisymmetrically excited nanorods separated by a dis-

tance lj � λ0, see Figure 4.2, has similar characteristics as the electric quadrupole,

see Figure 3.3. Whilst the magnetization of single nanorods is negligible, two parallel

antisymmetrically excited nanorods possess an effective magnetization that gives rise to

an effective magnetic dipole moment. The effective electric quadrupole and magnetic

dipole interactions of closely spaced pairs of nanorods also cannot be readily decoupled

and can be non trivial.

H ≪ λ0

2a

l

Figure 4.2: Schematic diagram of two antisymmetrically excited nanorods of
radius a and length H � λ0, separated by a distance l, which posses both
magnetic dipole and electric quadrupole moments. The arrows indicate the
orientation of the electric dipoles comprising each nanorod.

Analogous to the point multipole approximation, pairs of nanorods scatter EM fields that

may drive the polarization sources within single nanorods, and vice versa. However, as

in Section 3.2, we only consider the interactions between single nanorods and pairs of

nanorods, separately.

4.1.1 Single discrete nanorod interactions

In the present section, the interactions between single nanorods are considered. Be-

cause the charge and current oscillations are assumed to be linear along the cylinder’s
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axis, the magnetization of a single cylinder is negligible Mj(r, t) ' 0. The scattered

EM fields, equations (2.3) and (2.4), are hence determined by the polarization density

equation (2.10) within each nanorod alone. The polarization density of the jth nanorod

is a uniform distribution of atomic point electric dipoles throughout the volume of the

nanorod. For a single nanorod centered at the origin and aligned along the z axis, i.e.,

d̂j = ẑ, the spatial profile distribution of the polarization density is

pj(r) =
1

πa2
ẑΘ(a− ρ)Θ(Hj/2− z)Θ(Hj/2 + z) . (4.1)

The scattered electric field Esc,j(r) of a single nanorod due to polarization sources alone

is given in equation (2.30), where the integral is taken over the volume of the cylinder

centered at rj . Analytical solutions to equation (2.30) for finite-size cylinders exist

in the far field, where they behave like those of point electric dipoles. The near and

intermediate fields however, with spatial contributions which vary as 1/r3 and 1/r2,

respectively, are much more complex. The full field solution to equation (2.30) must be

integrated numerically, taking into account the finite thickness of the nanorods. The

amplitude of the full EM fields from nanorods are proportional to the decay rate of

a single nanorod ΓE1 [in Appendix F, we describe how we estimate the radiative and

ohmic decay rates of isolated gold nanorods].

d3r

d3r′

Figure 4.3: Schematic of the interaction between two nanorods which comprise
a uniform distribution of electric dipoles (arrows) aligned along the axis of the
cylinder.

The polarization sources within the jth nanorod are driven by the external emf Eext,j .

The incident emf Ein,j follows from equation (2.18), with the incident EM field equa-

tion (2.14), integrated over the volume of the nanorod. The emf Esc
i,j resulting from

the scattered EM fields from nanorod j driving the oscillations within nanorod i is

given in equation (2.41). For single discrete interacting nanorods, the counterpart of

equation (2.42) is Gd, with elements

[
Gd

]
i,j

=
3

2

∫
d3r d3r′

pi(r)

Hi
·G(r− r′)· pj(r

′)

Hj
. (4.2)

The integral in equation (4.2) is taken over the volume of the nanorod located at r and

the volume of the nanorod located at r′, see, e.g., Figure 4.3.
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4.1.2 Magnetic interactions between pairs of nanorods

In this section, we calculate the magnetic interactions between different pairs of parallel

nanorods. We use the analogy introduced in Chapter 3.2.2, where two antisymmetrically

excited electric dipoles possessed an effective magnetic dipole and electric quadrupole

moment. We extend the formalism of Chapter 3.2.2.1 to account for the finite-size and

geometry of the pair of nanorods and the associated magnetic interactions of antisym-

metrically excited nanorods. The electric quadrupole interactions are discussed later.

We assume that the jth pair comprises two symmetric parallel nanorods with radii a and

lengths Hj , separated by a distance lj , see Figure 4.2. The jth pair of nanorods is located

at rj . Each ± nanorod comprising the pair has its center located at r±,j = [xj , yj ±
l/2, zj ]. Additionally, we assume the individual nanorods are described by the model

introduced in Section 4.1.1. When the jth nanorod pair are antisymmetrically excited,

there is an effective current circulation about rj resulting in an effective magnetic dipole

moment and an effective electric quadrupole moment centered at rj . The spatial profile

of the effective magnetization, accounting for the finite-size of the nanorods comprising

the pair, is

w̄j(r) =
1

2

∫
d3r r×

[
p+,j(r) + p−,j(r)

]
. (4.3)

The integral in equation (4.3) must be evaluated over the volume of each ± nanorod.

The EM fields due to the effective magnetization are given by the second and first

integrals in equations (2.30) and (2.31), respectively. The full field solutions must be

integrated numerically, taking into account the geometry, finite-size and separation of

both nanorods.

The effective magnetization within the pair of nanorods is driven by the external flux

Φext,j . The incident flux Φin,j follows from equation (2.19), with the incident EM field

equation (2.15), integrated over the volume of both nanorods. The flux Φsc
i,j resulting

from the EM interactions between different pairs of nanorods is given in equation (2.43).

The finite-size counterpart of equation (2.44) is Gw, with components

[
Gw

]
i,j

=
3

2

∫
d3r d3r′

w̄i(r)

AM,i
·G(r− r′)· w̄j(r

′)

AM,j
. (4.4)

The integral in equation (4.4) must integrated numerically over the pair of nanorods

centered at r′ and the pair at r.

4.1.3 Electric interactions between pairs of nanorods

In addition to the EM fields scattered by the effective magnetization, the pair of rods

also scatter EM fields from the polarization sources within the pair. The dipole fields of
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antisymmetrically excited nanorods is negligible. However, the antisymmetric excitation

produces an electric quadrupole field which is not trivial.

Equations (3.7) and (3.8) give the EM scattered by an electric quadrupole. For a pair

of finite-size nanorods, the integrals are evaluated numerically over the volume of both

nanorods comprising the pair. The driving of the charge oscillations within the jth pair

of nanorods is provided by the emf, equation (2.18). The incident emf is obtained from

equation (3.37), integrated over the volume of both nanorods. The emf Esc
i,j , a result

of different pairs of nanorods interacting, is given in equation (3.40). The finite-size

counterpart of equation (3.41) is the matrix Gp. The off-diagonal elements are given by

[
Gp

]
i,j

=
∑
να

∫
d3r d3r′

pq
ν,i(r)

AE,i
Gνα(r− r′)

pq
α,j(r

′)

AE,j
, (4.5)

The integral in equation (4.5) must be integrated over the pair of rods centered at r′

and the pair of rods centered at r.

4.1.4 Magnetic-electric interactions between pairs of nanorods

In this section, we briefly describe the cross coupling between the magnetic moments of

a pair of antisymmetrically excited parallel nanorods and their corresponding electric

moments. The emf and flux resulting from point magnetic dipoles and point electric

quadrupoles interacting are given in equations (3.47) and (3.48). The finite-size coun-

terpart of the equation (3.45) appearing in the Esc
i,j and Φsc

i,j is GX2, with elements

[
GX2

]
i,j

=
3

2

∑
να

∫
d3r d3r′

pq
ν,i(r)

AE,i
Gνα× (r− r′)

w̄α,j(r
′)

AM,j
, (4.6)

The integrals in equation (4.6) must be integrated over the pair of rods centered at r′

and the pair of rods centered at r.

4.2 Interacting nanorods

In Chapters 2.2 and 3.1, and Section 4.1, we have developed a formalism to model the

interactions between different resonators. In our finite-size model, we approximated

the resonators as nanorods. To accurately compare the different approaches and pro-

vide valuable insight for experimentalist, we must choose our resonance frequencies and

radiative and ohmic decay rates with care.

In Appendix F, we calculate the resonance frequency ω0 and relative decay rate ΓO/ΓE1

as a function of the nanorod length for a single finite-size gold nanorod. We use formulae

for resonant light scattering from metal particles developed in Reference 84, where the
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nonradiative losses are incorporated in the analysis by the Drude model. We choose the

parameters for the gold nanorods such that the length H0 = 1.5λp ' 209 nm and radius

a = λp/5 ' 27.9 nm, where λp denotes the plasma wavelength of gold (see Appendix F).

This yeilds H0 ' 0.243λ0 and a ' 0.0324λ0, where λ0 = 2πc/ω0 ' 859 nm denotes the

resonance wavelength of the nanorod. We use these as the dimensions of our nanorods

throughout the remainder of this chapter (in the following chapter, we also use these

properties). The corresponding decay rates are ΓE1 ' 0.83Γ(1) and ΓO ' 0.17Γ(1), see

Figure F.1 and Appendix F. Again, the (1) indicates the decay rate is that of a single

nanorod. The choice of these parameters ensures that the decay rates are only weakly

sensitive to small changes in the length of the nanorod.

In this section, we model the EM interactions of nanorods accounting for their finite-

size and geometry. We utilize the model introduced in Section 4.1 for the interactions

between discrete nanorods and pairs of nanorods. We compare the EM interactions of

the finite-size nanorods (and pairs of nanorods), to the corresponding point multipole

resonator interactions.

Before we analyze the EM interactions of finite size nanorods, we firstly calculate the

magnetic dipole and electric quadrupole radiative emission rate of a pair of noninteract-

ing antisymmetrically excited parallel nanorods. The electric dipole radiative emission

rate of a single isolated gold nanorod was calculated in Appendix F.

For interacting nanorods, we initially introduce a single pair of parallel nanorods. We

investigate how changes to the asymmetry of two nanorods affect the resonance shifts

and widths, relative to two parallel point electric dipoles. We use the collective antisym-

metric mode of oscillation to estimate the radiative emission rate of a pair of interacting

antisymmetrically excited nanorods. We then compare this to our estimated radiative

emission rate of the earlier introduced noninteracting pair, using the geometries intro-

duced in Section 3.2, namely Figures 3.4(a) and 3.9(a).

The collective mode resonance frequency shifts and linewidths of the nanorod model

[Section 4.1.1] are compared to those of the point electric dipole model. We then in-

vestigate how the relative line shift and linewidth deviations of two interacting pairs of

nanorods [Sections 4.1.2–4.1.4] compare to the corresponding point multipole resonators.

4.2.1 Radiative emission of two parallel nanorods

In the present section, we determine the electric and magnetic radiative emission rates

of a pair of antisymmetrically excited nanorods, taking into account their finite-size and

geometry. The radiation emitted from each isolated gold nanorod comprising the pair is

discussed in Appendix F. Each nanorod has the geometry introduced at the beginning

of this chapter, namely radius a = λp/5 and height H = 1.5λp, and characteristic decay

rate ΓE1. Here, we compare the power radiated by spherical multipole moments to the
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power radiated by a general isolated resonator to obtain the magnetic dipole and electric

quadrupole radiative emission rates of a pair of finite-size nanorods.

The total power PT radiated by spherical multipoles is [39]

PT =
2

ε0ck2

∑
lm

[∣∣∣Λ(E)
lm

∣∣∣2 +
∣∣∣Λ(M)

lm

∣∣∣2] . (4.7)

The moments Λ
(E)
lm and Λ

(M)
lm are the spherical electric and magnetic multipole moments,

respectively. Explicit expressions for these read [39]

Λ
(E)
lm = − ik2√

l(l + 1)

∫
d3r jl(kr)Y

∗
lm ×

[
ikr · J + c(2 + r· ∇)ρ

]
, (4.8)

Λ
(M)
lm =

ik2√
l(l + 1)

∫
d3r

[
r× J

]
· ∇
[
jl(kr)Y

∗
lm

]
, (4.9)

where jl(kr) are the spherical Bessel functions of order l, and Ylm(θ, φ) are the spherical

harmonics with complex conjugate Yl,−m(θ, φ) = (−1)−mY ∗lm(θ, φ). The expression for

the spherical multipole moments, equations (4.8) and (4.9), are exact expressions for

arbitrary source sizes and geometries. In the long wavelength limit (kr � 1), the

spherical Bessel function is expanded to leading order resulting in the familiar point

multipole moments [39, 63], see Appendix C. The total radiated power is, again, the

superposition of all multipole radiated powers. Conservation of energy ensures the total

power is not affected by interference in the angular distribution of the power. For finite-

size nanorods with charge and current densities given by equations (2.12) and (2.13),

the spherical multipole moments must be integrated numerically over both nanorods.

Firstly, we use the electric dipole radiative emission rate ΓE1, estimated in Appendix F,

in order to determine the polarization density PE1(r, t) of an isolated nanorod that

produces the electric dipole radiated power PE1,j , where

PE1,j = ωjΓE1|bj |2 . (4.10)

The polarization density, PE1(r, t), is related to ρ and J through equations (2.12)

and (2.13), respectively. We define the polarization of the ± parallel nanorods, compris-

ing the pair, to be ±PE1(r, t), i.e., antisymmetrically excited.

We then obtain the magnetic dipole and electric quadrupole contributions, PM1 and PE2,

respectively, in the total radiated power equation (4.7). Comparing the corresponding

power contributions of an isolated resonator, PM1,j = ωjΓM1|bj(t)|2 and equation (3.25),

respectively, the decay rates ΓM1 and ΓE2, of a pair of parallel antisymmetrically excited

nanorods are estimated.

In Figure 4.4, we show the relative magnetic dipole and electric quadrupole radiative

emission rates as a function of the separation between the nanorods. The maximum
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Figure 4.4: The relative radiative emission rates of two parallel oppositely
orientated nanorods as a function of their separation parameter l. We show:
(a) the magnetic dipole decay rate; and (b) the electric quadrupole decay rate.
ΓE1 = (2π)85 THz is the radiative emission rate of our single reference nanorod
in isolation.

decay rates are ΓM1/ΓE1 ≈ 2.7 and ΓE2/ΓE1 ≈ 0.97, occurring at kl ≈ 4π/3 and kl ≈
6π/5, respectively. These radiative emission rates notably differ from those estimated

by the point multipole approach, where we find the corresponding decay rates to be

ΓM1/ΓE1 ≈ 4.4 and ΓE2/ΓE1 ≈ 3.5.

4.2.2 Two nanorod systems

For the interactions between two nanorods, we choose their locations to be r1 = −r2 =

[0, l/2, 0]. As in the case of two point electric dipoles, there are two eigenmodes of current

oscillation: a symmetric mode, where both nanorods current oscillations are in phase

(again denoted by a subscript ‘s’); and an antisymmetric mode (denoted by a subscript

‘a’), where the current oscillations of the rods are out of phase. In Figure 4.5, we show

the radiative resonance linewidths and line shifts for the collective eigenmodes of two

parallel nanorods and two parallel point electric dipoles. As the separation becomes

small kl < π/2, the line shift of the point electric dipole model begins to deviate from

the line shift of the finite-size resonator model. Here, the line shift for the finite-size

model is Ω
(1)
a − Ω0 = −(Ω

(1)
s − Ω0) ≈ 2.5Γ(1). For kl < π/2, the line shift of the point

electric dipole model antisymmetric mode is blue shifted from Ω0, and the symmetric

mode red shifted.

When kl ≈ 2π/3, the decay rates of the point multipole approximation are: γ
(1)
a ≈

0.7Γ(1) (subradiant); and γ
(1)
s ≈ 1.3Γ(1) (superradiant). The finite-size model shows

decay rates: γ
(1)
a ≈ 0.8Γ(1); and γ

(1)
s ≈ 1.2Γ(1). As the separation becomes small

kl ≈ π/6, the antisymmetric linewidths approach the ohmic loss rate, γ
(1)
a ≈ 0.2Γ(1) and

the symmetric mode linewidths become more superradiant γ
(1)
s ≈ 1.8Γ(1).
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Figure 4.5: The radiative resonance linewidths and line shifts for the collective
antisymmetric (a) and symmetric (b) eigenmodes, as a function of their sepa-
ration parameter l, for two parallel rods. We show the line shift in the point
electric dipole model (blue dashed line) and finite-size model (red solid line),
the linewidth in the point electric dipole model (light shading about the blue
dashed line), and the linewidth in the finite-size model (dark shading about
the red solid line). The finite-size rods have lengths H = 0.243λ0 and radii
a = 0.0324λ0. The radiative losses of each nanorod are ΓE1 = 0.83Γ(1), the
ohmic losses are ΓO = 0.17Γ(1).

4.2.2.1 Effects of different geometries

Here, we study how different nanorod orientations affect the validity of the point elec-

tric dipole approximation. We analyze how the orientations and displacements of the

(a)

l s

(b)

θ

l

Figure 4.6: Schematic diagram of the different geometries for two interacting
nanorods and two interacting point electric dipole resonators located at the
center each nanorod.

nanorods affect the collective mode resonance frequency shifts and decay rates. We

consider the following systems: two parallel nanorods; two parallel but off-set nanorods

[see Figure 4.6(a)]; and two nanorods tilted, such that their orientation vectors make an

angle θ [ see Figure 4.6(b)].

In Figure 4.7, we show how the radiative linewidths and line shifts for the different two

nanorod systems vary with the parameter l. The systems we consider are two parallel

symmetric point electric dipoles, and the two nanorod systems shown in Figure 4.6.

At large separations, there is no significant effect on collective symmetric or antisym-

metric mode linewidths. The linewidths γ
(1)
a,s of the systems with broken symmetry
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Figure 4.7: We show the radiative resonance linewidths and line shifts as a
function of the parameter l for two interacting nanorods, when the symmetry

between the nanorods is broken. We show: (a) the radiative linewidth γ
(1)
s of

the symmetric mode; (b) the linewidth γ
(1)
a of the antisymmetric mode; (c) the

line shift δω
(1)
s of the symmetric mode; and (d) the line shift δω

(1)
a of the an-

tisymmetric mode. In (a–d) the lines represent the linewidths and line shifts
of the: red solid line, two parallel point electric dipole; blue square dash, two
parallel nanorods with off-set ks = π/2 [see Figure 4.6(a)]; and magenta circle
dash, two parallel nanorods with orientation vectors making the angle θ = π/6
[see Figure 4.6(b)].

[Figure 4.6] begin to deviate when kl ' 3π/4. Though the linewidths show deviations,

when the rods are off-set by ks = π/2, the greatest deviation is at kl ' π/4 and is

only approximately 11 % of the corresponding linewidth of two parallel point electric

dipoles. When the nanorods are angled, θ = π/6, the greatest deviation is again when

kl ' π/4, and is only approximately 9 % of the corresponding linewidth of two parallel

point electric dipoles.

The line shifts of the two nanorod systems do not begin to show significant deviations

from the point electric dipole model until kl ' π/2. However, the line shift devia-

tions here begin to deviate significantly. Interestingly, the two nanorod systems; off-set

nanorods or angled nanorods, show the same collective mode line shifts when kl & π/4.

Only when kl . π/4 do the two line shifts begin to show deviations from each other.
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Here, the angled nanorods begins to deviate following the trend of the corresponding

point electric dipole line shift.
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Figure 4.8: The radiative resonance linewidths and line shifts as a function
of the metamolecule parameter l, with ks = 2π, for two pairs of horizontal
nanorods and point electric dipoles, see Figure 3.4. For the nanorod parameters
and plot descriptions see Figure 4.5 caption.

4.2.3 Four nanorod systems

In this section, we consider four nanorod systems comprising two parallel pairs of

nanorods. We utilize the geometries introduced in Section 3.2, two horizontal pairs

and two perpendicular pairs of nanorods, see Figures 3.4(a) and 3.9(a). When the rods

are arranged as horizontal pairs [see Figure 3.4(a)], the Cartesian coordinates of the

center of each nanorod are give in equation (3.77), and equation (3.82) when arranged

as perpendicular pairs. We analyze the EM interactions employing the models devel-

oped in Section 4.1, for single nanorod interactions (also employed in Section 4.2.2),

and interacting pairs of nanorods using the models introduced in Sections 4.1.2–4.1.4.

The collective mode resonance frequency shifts and linewidths are compared to the

corresponding shifts and widths of the point electric dipole approximation, in a similar

manner to Section 4.2.2. We analyze the EM interactions using different approximations

for the radiative emission rates ΓM1 and ΓE2. In the point multipole approximation, an-

alytical expressions were obtained for ΓM1 and ΓE2 and applied in Section 3.2. Here,
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we use the radiative emission rates of a pair of noninteracting nanorods calculated in

Section 4.2.1, see Figure 4.4. We also use the radiative emission rate of a pair of anti-

symmetrically excited nanorods γ
(1)
a , and point electric dipole resonators estimated in

Section 4.2.2, see Figure 4.5.
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Figure 4.9: The radiative resonance linewidths and line shifts as a function
of the metamolecule parameter l, with ks = 2π, for two perpendicular pairs of
nanorods and point electric dipoles, see Figure 3.9. For the nanorod parameters
and plot descriptions see Figure 4.5 caption.

In Figures 4.8 and 4.9, we show the resonance linewidths and line shifts of the point

electric dipole approximation and those of four interacting nanorods [Section 4.1.1].

The geometry of the nanorods are horizontal and perpendicular pairs, respectively, see

Figures 3.4 and 3.9, where the arrows are representative of the collective modes in the

nanorod system also. Both horizontal and perpendicular nanorod systems exhibit similar

behavior. The line shift of the point electric dipole approximation begins to deviate from

the nanorod model when the separation between parallel pairs of rods is kl ' π/2. Here,

the E1s mode is superradiant with γ
(1)
E1s ' 1.8Γ(1), for both horizontal and perpendicular

pairs. The E1a mode is also superradiant with γ
(1)
E1a ' 1.2Γ(1) for horizontal pairs and

γ
(1)
E1a ' 1.1Γ(1) for perpendicular pairs.

Conversely, the M1E2a and M1E2s modes are subradiant with γ
(1)
M1E2a ' 0.4Γ(1) and

γ
(1)
M1E2s ' 0.7Γ(1), for horizontal pairs and γ

(1)
M1E2a ' 0.5Γ(1) and γ

(1)
M1E2s ' 0.6Γ(1) for

perpendicular pairs. Both superradiant and subradiant behavior is exhibited by the
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Figure 4.10: The radiative resonance linewidths γ
(1,2s,2a)
n and line shifts

δω
(1,2s,2a)
n for the collective eigenmodes as a function of the separation param-

eter l, when ks = 2π, for two horizontal pairs of nanorods. We show: (a) the
linewidth of the E1a and E1s collective excitation modes of the point electric
dipole model and the symmetric (E1s) and antisymmetric (E1a) collective modes
of symmetrically excited pairs of nanorods; (b) the linewidth of the M1E2a
and M1E2s collective excitation modes of the point electric dipole model and
the symmetric (M1E2s) and antisymmetric (M1E2a) collective modes of anti-
symmetrically excited pairs of nanorods; (c) the line shift of the E1a and E1s
collective excitation modes of the point electric dipole model and the symmet-
ric (E1s) and antisymmetric (E1a) collective modes of symmetrically excited
pairs of nanorods; and (d) the line shift of the M1E2a and M1E2s collective
excitation modes of the point electric dipole model and the symmetric (M1E2s)
and antisymmetric (M1E2a) collective modes of antisymmetrically excited pairs
of nanorods. The different lines represent: red solid line (a) and (c), the E1a
mode; red solid line (b) and (d), the M1E2a mode; blue dash line (a) and (c),
the E1s mode; blue dash line (b) and (d), the M1E2s mode; magenta dash

circle (a) and (c), γ
(2s)
E1a and δω

(2s)
E1a; magenta dash circle (b) and (d), γ

(2a)
M1E2s

and δω
(2a)
M1E2s; black dash square (a) and (c), γ

(2s)
E1a and δω

(2s)
E1a; and black dash

square (b) and (d), γ
(2a)
M1E2s and δω

(2a)
M1E2s. The radiative losses of each electric

dipole are ΓE1 = 0.83Γ(1), the ohmic losses are ΓO = 0.17Γ(1).

E1a and M1E2s modes. At kl ' 3π/2, the E1a mode is subradiant, with γ
(1)
E1a '

0.8Γ(1) (horizontal pairs) and γ
(1)
E1a ' 0.6Γ(1) (perpendicular pairs), whilst the M1E2s

mode is superradiant with γ
(1)
M1E2s ' 1.5Γ(1) (horizontal pairs) and γ

(1)
M1E2s ' 1.2Γ(1)
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Figure 4.11: The radiative resonance linewidths γ
(1,2s,2a)
n and line shifts

δω
(1,2s,2a)
n for the collective eigenmodes as a function of the separation parameter

l, when ks = 2π, for two perpendicular pairs of nanorods. For plot descriptions,
see Figure 4.11 caption.

In Figures 4.10 and 4.11, we show how the radiative linewidths and line shifts of the

collective modes of oscillation of the N = 2 effective interacting pairs of nanorods vary

with the parameter l, and compare the linewidths and line shifts to the corresponding

modes of N = 4 interacting point electric dipoles. In Figure 4.10, we show the line

widths and line shifts for horizontal pairs, see Figure 3.4. In Figure 4.11, we show the

line widths and line shifts for perpendicular pairs, see Figure 3.9.

For both horizontal and perpendicular pairs, the line widths resulting from the N = 4

point electric dipole interactions qualitatively agree with those of the N = 2 interacting

pairs of nanorods, even when l is small. The line shifts of the E1a and E1s modes of

horizontal pairs of point electric dipoles show negligible differences from the correspond-

ing line shifts δω
(2s)
E1a and δω

(2s)
E1s , of symmetrically excited pairs of nanorods, for kl & π/4

with ks = 2π. However, for kl . π/2, the point electric dipole model line shifts begin

to blue shift from the nanorod model. The line shifts of the M1E2a and M1E2s modes

show similar characteristics, however, at kl ' π/2, δω
(1)
M1E2a and δω

(1)
M1E2s red shift from

corresponding line shifts of the antisymmetrically excited pair of nanorods model.
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For antisymmetrically excited pairs of horizontal nanorods, for kl & π/4, the line shift

δω
(2a)
M1E2a underestimates δω

(1)
M1E2a by approximately 0.1Γ(1). In a similar manner, the line

shift δω
(2a)
M1E2s overestimates δω

(1)
M1E2s by approximately 0.1Γ(1). Also, the line shifts of

the point electric dipole model are approximately equal, i.e., δω
(1)
M1E2a ' δω

(1)
M1E2s, while

|δω(2a)
M1E2a−δω

(2a)
M1E2s| ' 0.2Γ(1). For perpendicular pairs of nanorods, the line shifts δω

(1)
E1a

and δω
(2s)
E1a are approximately equal for kl & π/2. The line shift δω

(2s)
E1s begins to red shift

from δω
(1)
E1s at kl ' 3π/2.

4.3 Summary

In this chapter, we have shown how we can model plasmonic nanorods, accounting

for their finite-size and geometry. In particular, we have determined how interacting

discrete nanorods can be approximated as interacting point electric dipoles, particularly

when their separation is greater than kl = π/2. Showing that we may approximate our

nanorods as electric dipoles is of particular importance, because it allows us to utilize

the results of Chapter 3 and create an effective current loop from two antisymmetrically

excited nanorods also. This is a key result that we use, later in Chapter 5.

We used parallel pairs of nanorods as building blocks to construct other systems, namely:

two horizontal pairs; and two perpendicular pairs, of parallel nanorods. By analyz-

ing these systems, we have determined how they exhibit collective modes that corre-

spond to effective electric dipoles interacting and effective magnetic dipoles and electric

quadrupoles interacting. These systems are also greatly important for our work in Chap-

ter 5, as it is precisely a combination of these systems that we will use to construct a

toroidal metamolecule.

We have also gone as far as to approximate each pair of nanorods as a single effective

resonator, and determined the magnetic dipole and electric quadrupole radiative emis-

sion rates of this resonator. While the point multipole resonator model in Chapter 3

worked well in such cases, the finite-size model is not as effective. We find it is much

better to proceed in Chapter 5 with single discretely interacting nanorods, i.e., electric

dipole interactions.





Chapter 5

Toroidal dipole excitations from

interacting plasmonic nanorods

5.1 Introduction

In Chapter 2, we reviewed the general model of closely spaced interacting resonators, and

the point electric and magnetic dipole approximation of the scattered EM fields. Later,

in Chapter 4, we introduced a novel method to account for the finite-size and geometry of

a particular class of resonator, nanorods. In Chapter 4, we also compared the finite-size

model of interacting nanorods to the equivalent point electric dipole approximation. We

investigated a single pair of parallel nanorods, showing how they can form an effective

current loop, and two pairs of horizontal and perpendicular pairs of nanorods. These

system choices become clear when we combine them into a single toroidal metamolecule.

Thus far, the theoretical understanding of the toroidal dipole response in resonator sys-

tems has been limited and the conditions under which the toroidal moment may be

excited on the microscopic level have not been well known. In this chapter, we show

theoretically how a simple structure formed by interacting plasmonic nanorods can sup-

port a collective excitation eigenmode that corresponds to a radiating toroidal moment.

The toroidal mode is subradiant which could be important for the applications of the

toroidal moments in nonlinear optics [60, 61] and in surface plasmon sensors [62]. We

analyze the light-induced interactions between the closely-spaced plasmonic nanorods

using a finite-size rod model as well as a model where the metamolecule is represented

by a simple arrangement of point electric dipole emitters. We find that the point dipole

model provides an accurate description of the radiative properties, except at very short

interrod separations.

The generally weak coupling of the toroidal dipoles to external radiation fields makes

it difficult to excite the toroidal mode. The structural symmetry of the mode inhibits

73
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the coupling to EM field modes that do not possess a similar ‘vortex-like’ symmetry.

We show how a simple linearly-polarized incident light beam, however, can drive the

toroidal dipole excitation when the geometric symmetry of the metamolecule is broken.

The method is related to the double-resonator configuration introduced in Reference 54

and we provide simple optimization protocols for maximizing the toroidal dipole mode

excitation. The emergence of the toroidal dipole excitation is shown in the forward scat-

tered light as a Fano resonance, indicating a destructive interference between the broad-

resonance electric dipole and narrow-resonance toroidal dipole modes. Using linearly

polarized beams for the excitation of the toroidal dipole mode can be especially benefi-

cial in driving and controlling large metamaterial arrays of toroidal unit-cell resonators,

since the coupling in this case is independent of the array or the beam symmetries.

We begin this chapter by presenting a formal mathematical derivation of the toroidal

dipole. Later, in Section 5.3, we investigate a toroidal metamolecule comprising plas-

monic nanorods. We use the general model introduced in Chapter 2 and the point

electric dipole approximation and discrete interacting nanorod models introduced in

Chapters 2.2 and 4.1.1, respectively, to carry out the analysis. In Section 5.3.2, we

show how the toroidal dipole response may be driven by linearly polarized light. Some

concluding remarks are included in Section 5.4.

5.2 Mathematical formulation of the toroidal dipole

In Appendix C, we show a complete spherical multipole expansion of the EM fields

E and B in terms of the multipole moments Λ
(E)
lm and Λ

(M)
lm . The magnetic multipole

moment Λ
(M)
lm is shown to arise solely due to the transverse currents (∇×J). The electric

multipole moments Λ
(E)
lm , in their exact form, however, have contributions from radial

(r·J) and longitudinal (∇ρ) currents. The exact expression for Λ
(E)
lm for arbitrary source

sizes and geometries is

Λ
(E)
lm = − ik2

ε0cl(l + 1)

∫
d3r Y ∗lm(θ, φ)

[
ikjl(kr)r · J(r) + cρ(r)

∂

∂r

[
rjl(kr)

]]
. (5.1)

Here, again, jl(kr) are spherical Bessel functions of order l, and Ylm(θ, φ) are spherical

harmonics of order lm. When the size a of the source is small, the long wavelength

approximation (ka � 1) is the approach taken by many texts [39, 40, 63]. In this

approach, the radial contribution to Λ
(E)
lm is neglected; as it is of the order (ka)2 lesser

than the longitudinal contribution, see Appendix C.

When we look beyond the longwave limit, we can no longer ignore the radial current

contribution, and Λ
(E)
lm becomes a much more complicated expression. This contribution

has been the subject of various publications on the formalism of toroidal multipoles [43,

45, 46, 47]. Reference 43, in particular, provides a complete formalism for all (electric
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(charge), magnetic and toroidal) multipole moments. The completely parametrized

charge and current densities in References 43 and 46, involve complicated expressions

involving vector spherical harmonics and Clebsh Gordon coefficients which detract from

the brief introduction to toroidal dipoles required in this thesis. Here, to introduce the

formalism for the toroidal dipole, we follow the approach presented in the discussion of

Reference 46. This approach can be extended to determine the higher order toroidal

multipoles.

To see how the radial currents affect Λ
(E)
lm , we consider the current and charge contribu-

tions separately. We rewrite equation (5.1) in the form

Λ
(E)
lm = − ik2

ε0cl(l + 1)

[
I

(1)
lm + I

(2)
lm

]
, (5.2)

where I
(1)
lm and I

(2)
lm are

I
(1)
lm = ik

∫
d3r Y ∗lm(θ, φ)jl(kr)

[
r·J(r)

]
, (5.3)

I
(2)
lm = c

∫
d3r Y ∗lm(θ, φ)ρ(r)

∂

∂r

[
rjl(kr)

]
, (5.4)

respectively. Equations (5.3) and (5.4), closely resemble the form factors for the charge

and toroidal multipole moments, Qlm and Tlm, respectively, in Reference 49. However,

I
(1)
lm alone, for l = 1,m = 0,±1, does not provide the usually attributed toroidal dipole

moment. To see the complete form of the toroidal dipole moment, we consider the l = 1

term, and take the full form of j1(kr),

j1(kr) =
sin kr

(kr)2
− cos kr

kr
. (5.5)

Expanding j1(kr) as a Taylor series, then

j1(kr) =
kr

3
− (kr)3

30
+ . . . , (5.6)

and
∂

∂r

[
rj1(kr)

]
=

2kr

3
− 4(kr)3

30
+ . . . . (5.7)

Consider the l = 1, m = 0 component of equation (5.3). With the spherical harmonic

Y ∗10(θ, φ) [see equation (B.18b)], and equation (5.6), we have,

I
(1)
10 = i

k2

3

√
3

4π

∫
d3r z

[
r · J(r)

]
+O(k4) . (5.8)
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Similarly, substituting equation (5.7) into equation (5.4), we have

I
(2)
10 = ck

2

3

√
3

4π

∫
d3r

[
1− 2

10
(kr)2

]
ρ(r)z +O(k5) ,

= c
k

2π

√
4π

3
pz − ck3 4

30

√
3

4π

∫
d3r ρ(r)zr2 . (5.9)

In the first term of equation (5.9), we have recovered the Q10 component of the spherical

electric dipole moment and its Cartesian component pz, see equation (C.39). The second

term, however, cannot be associated with the electric dipole moment [46]. Using the

continuity equation (∇·J = iωρ), and the fact that ω = kc, we obtain

I
(2)
10 = c

k

2π

√
4π

3
pz + ik2 4

30

√
3

4π

∫
d3r

[
∇·J(r)

]
zr2 . (5.10)

Integration by parts on the
[
∇·J

]
zr2 term in equation (5.10) [using the vector identity

equation (C.27)], we obtain

I
(2)
10 = c

k

2π

√
4π

3
pz − ik2 4

30

√
3

4π

∫
d3r J(r)·

[
2zr + r2

]
,

= c
k

2π

√
4π

3
pz − ik2 4

30

√
3

4π

∫
d3r

[
2z
[
r·J(r)

]
+ Jzr

2
]

. (5.11)

Finally, we substitute equations (5.8) and (5.11) into equation (5.2), we have

Λ
(E)
10 = − ik2

4πε0c

√
4π

3

[
ckpz + ik2tz

]
, (5.12)

where

tz =
1

10

∫
d3r

[
z
[
r·J(r)

]
− 2Jzr

2
]

, (5.13)

is the Cartesian component z, of the toroidal dipole moment t. The Cartesian form of

t, is more commonly defined as

t =
1

10

∫
d3r

[
r
(
r·J(r)

)
− 2Jr2

]
. (5.14)

Equation (5.12) can be written in the equivalent form

Λ
(E)
10 = −i k2

4πε0c

[
kcQ10 + ik2T10

]
, (5.15)

where Q10 is the l = 1,m = 0 component of the spherical electrostatic multipole moment

[see equation (C.39)], and T10 is the equivalent component of the spherical multipole

moment

T10 =
1

10

√
4π

3

∫
d3r

[
z
[
r·J(r)

]
− 2Jzr

2
]

. (5.16)
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The generalization to equation (5.15) is [46]

Λ
(E)
lm = −i k2

4πε0c

[
kcQlm + ik2Tlm

]
. (5.17)

Where, Tlm are the complete spherical toroidal multipole moments, see Reference 43.

Systems which exhibit toroidal moments are solenoidal tori, defined by their major and

minor radii, carrying poloidal currents (see e.g. Figure 1.3). If the system is not doubly

wound there are no magnetic moments, additionally if the system is not charged, there

are no electric moments. Within the torus, however, the magnetic field is not zero and

there exists a toroidal dipole moment given by equation (5.14) which is perpendicular

to the azimuthal plane.

5.3 Toroidal metamolecule

The remainder of this chapter presents original work on a toroidal metamolecule. In

this section, the models developed in Chapter 2.2 for point electric dipole interactions,

and Chapter 4.1.1 for finite-size nanorod interactions are employed to demonstrate how

a toroidal metamolecule may exhibit a toroidal dipole response and how we may drive

that response with linearly polarized light.

We introduce a toroidal metamolecule that generally comprises N nanorods distributed

over two layers. Each layer has Nθ = N/2 emitters orientated radially outwards from

the central axis of the metamolecule and equally spaced in the azimuthal direction. The

second layer of emitters, identical to the first, is positioned a distance 2y above the first

layer. The orientation of both layers is such that there are Nθ pairs of parallel emitters.

In general, the symmetry of the metamolecule is therefore CN
2
h, a combination of N/2

rotations about the N/2-fold symmetry axis CN
2

and the reflection in a horizontal plane

σh (a plane perpendicular to the principal axis of rotation).

In Cartesian coordinates the orientation vectors of the nanorods are d̂j = x̂ cos θj +

ẑ sin θj . The density of the metamolecule is determined by ∆θ = θj+1− θj . As ∆θ → 0,

the metamolecule approaches a torus. We showed in Chapter 3.2.1, that a pair of paral-

lel antisymmetrically excited electric dipoles forms an effective current loop (magnetic

dipole moment). Therefore, in principle, antisymmetrically excited parallel pairs of elec-

tric dipoles, orientated radially outwards about the axis of a torus, approximates the

quasi-vortex configuration of magnetic dipoles, i.e., a toroidal dipole.

In the present section, for simplicity, the radiative properties of a toroidal metamolecule

comprising N = 8 nanorods, where ∆θ = π/2, are analyzed. In Chapter 4, we ana-

lyzed in detail the interactions of discrete point electric dipole resonators and finite-size

nanorods for different N = 2 and N = 4 resonator systems. Here, we perform a similar
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analysis of our N = 8 nanorod (and equivalent point electric dipole) toroidal meta-

molecule. Although an eigenmode of such a metamolecule only approximately describes

a toroidal dipole, the characteristic properties of the resonator interactions and the

toroidal dipole excitation by an incident field are already evident. As the density of

the structure increases, the analysis can be easily extrapolated to account for the in-

creased number of resonators as illustrated in the toroidal mode excitation shown in

Figure 5.6(a–b).

We first study a symmetric toroidal metamolecule (where all the nanorods are of equal

length) and then break the geometric symmetry of the metamolecule in order to excite

the toroidal mode using a simple light beam. In the symmetric metamolecule, we iden-

tify the associated collective modes of current oscillation and compare the resonance

linewidths and line shifts obtained both in the point dipole approximation and in the

finite-size resonator models. Finally, we determine how the toroidal dipole response

of a toroidal metamolecule with some inherent asymmetry may be driven by linearly

polarized light.

5.3.1 Symmetric toroidal metamolecule

A schematic illustration showing the arrangement and labeling system for the nanorods

is shown in Figure 5.1. In Cartesian coordinates the locations of the point dipole and

2a

13

4

Hj

2

5sj

2y

7

8

6

x̂

ẑ

ŷ

Figure 5.1: Toroidal dipole mode of an eight symmetric rod metamolecule. The
shading of the nanorods indicates those nanorods in a shared plane, the arrows
indicate the phase of current oscillation. The radial position of the center of an
individual nanorod is sj . The separation between parallel layers is 2y.



Chapter 5 Toroidal dipole excitations from interacting plasmonic nanorods 79

the centers of the nanorods are,

r1,5 =

s1,5

±y
0

 , r2,6 =

 0

±y
s2,6

 , r3,7 =

−s3,7

±y
0

 , r4,8 =

 0

±y
−s4,8

 . (5.18)

In a symmetric system then sj = s (for all j). Because the nanorods are symmetric (as

in Chapter 4), the radiative emission rate, ohmic loss rate and total decay rate of each

nanorod are identical, i.e., ΓE1,j = ΓE1 ,ΓO,j = ΓO and Γj = Γ. In this chapter (and the

remainder of the thesis), we consider only the interaction between point electric dipoles

and single discrete nanorods, hence, for clarity we omit the superscript (1) that was used

for such systems in Chapter 3 and 4.

We continue to simplify the comparisons between the point dipole approximation and

the finite-size model by assuming that their radiative as well as ohmic decay rates are

equal. We use the resonance frequency ω0 and relative decay rate ΓO/ΓE1 calculated

in Appendix F for different rod lengths. We choose the nanorods of the symmetric

metamolecule to have lengths H0 = λ0/4 and radii a = λ0/30, and use these dimensions

as those of a reference nanorod (we have analyzed N = 2 and N = 4 systems of these

nanorods in Chapter 4). This corresponds to a radiative emission rate ΓE1 = 0.83Γ and

ΓO = 0.17Γ, see Figure F.1 and Appendix F. The corresponding resonance wavelength

of the nanorod is λ0 = 859 nm. We also assume, initially, that the incident light is tuned

to the resonance frequency of the nanorods, i.e., Ω0 = ω0, driving the charge oscillations

within the nanorods.

In our metamolecule (Figure 5.1), there are N = 8 collective modes of oscillation. The

different modes may have superradiant or subradiant characteristics. The classification

of the different eigenmodes of the toroidal metamolecule comprising symmetric nanorods

is shown in Figure 5.2. Here, we find it intuitive to describe the collective modes in terms

of EM multipoles. In Table 5.1, we list the character table for the symmetry group Cnh

(for n = 4) [85], where the eigenmodes are related to the corresponding Mulliken sym-

bols [86], commonly used in group theory to denote degenerate and symmetric properties

of the point group.

The two modes depicted in Figures 5.2(a) and 5.2(b) are doubly degenerate and sym-

metric with respect to σh. They correspond to vertical and horizontal electric dipole

(E1) modes, respectively. In the E1 modes the responsive nanorods oscillate in phase

and there is an effective electric dipole. Each of the E1 modes is a rotation of the other,

consequently they experience the same resonance frequency shift and decay rate. In a

similar manner to the E1 modes, Figures 5.2(c) and 5.2(d) are also doubly degenerate,

but are antisymmetric with respect to σh. These modes depict vertical and horizontal

magnetic dipole modes (M1), respectively. In Chapter 3, we showed that these modes

also depict electric quadrupoles, in this chapter, for clarity, we designate these modes as
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.2: Representation of the eigenmodes of a symmetric eight-rod meta-
molecule. The red arrows represent the electric dipole moments and the blue
arrows effective magnetic dipole moments. The modes are classified as: (a) verti-
cal and (b) horizontal electric dipole (E1) modes; (c) vertical and (d) horizontal
magnetic dipole (M1) modes; (e) a magnetic quadrupole (M2) mode; (f) an
electric quadrupole (E2) mode; (g) a symmetric (sy) mode; and (h) the toroidal
dipole (t) mode. For shading and axis properties, see Figure 5.1.

magnetic only. In the M1 modes, pairs of responsive nanorods oscillate out of phase, and

the metamolecule forms an effective magnetic dipole. The M1 modes are also rotations

of each other, thus experience the same resonance frequency shift and decay rate.

C4h E a C4 C2 C3
4 i b S3 c

4 σh S c
4

A (sy) 1 1 1 1 1 1 1 1
B (E2) 1 −1 1 −1 1 −1 1 −1
E (E1) 2 0 −2 0 2 0 −2 0
A′ (t) 1 1 1 1 −1 −1 −1 −1
B′ (M2) 1 −1 1 −1 −1 1 −1 1
E′ (M1) 2 0 −2 0 −2 0 2 0

aIdentity; bInversion; cImproper rotation Sn = Cnσh

Table 5.1: Character table of Cnh, for n = 4. The terms in parentheses are
our physical multipole designation, see Figure 5.2, for the equivalent Mulliken
symbols [86] .

The remaining modes are all independent. Figure 5.2(e) corresponds to a magnetic

quadrupole (M2) mode. Each parallel pair of emitters oscillates out-of-phase, and four

independent effective magnetic dipoles form. The M2 mode is antisymmetric with re-

spect to rotation and σh. Figure 5.2(f) depicts an electric quadrupole (E2) mode. In this

mode parallel pairs of emitters oscillate in phase with each other, but out of phase with

their diametrically opposite parallel pair. Four independent effective dipoles combine

to form an effective electric quadrupole. The E2 mode is antisymmetric with respect

to rotation, but symmetric with respect to σh. Figure 5.2(g) is the symmetric mode,

where all nanorods oscillate in phase. This mode is symmetric with respect to rotation

and σh. The toroidal dipole mode, which is symmetric with respect to rotation, but
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antisymmetric with respect to σh, is shown in Figures 5.2(h) and 5.1. In this mode,

parallel pairs of emitters oscillate out of phase in such a way that the effective magnetic

dipoles form a circular loop. The orientations of the nanorods lead to the orientation

vectors for their corresponding electric dipole moments: d̂1,7 = x̂; d̂2,8 = ẑ; d̂3,5 = −x̂;

and d̂4,6 = −ẑ.
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Figure 5.3: The radiative resonance linewidths and line shifts for the collec-
tive electric dipole (E1) and magnetic dipole (M1) excitation eigenmodes, as a
function of the metamolecule parameters s and y. We show the line shift in
the point dipole model (blue dashed line) and finite-size model (red solid line),
the linewidth in the point dipole model (light shading about the blue dashed
line), and the linewidth in the finite-size model (dark shading about the red
solid line). In (a) the E1 mode, and in (c) the M1 mode, are shown as functions
of the radial position s, with layer position ky = π/3. In (b) the E1 mode, and
in (d) the M1 mode, are shown as functions of the layer position y, with radial
position ks = π/2. The nanorods have lengths H0 = λ0/4 and radii a = λ0/30.
The radiative losses of each nanorod are ΓE1 = 0.83Γ, the ohmic losses are
ΓO = 0.17Γ.

We calculate the collective eigenmodes of the dynamic system described by equation (2.26),

using the point electric dipole approximation and the finite-size nanorod model discussed

in Chapters 2.2 and 4.1.1, respectively. In Figures 5.3–5.5 the line shifts and the corre-

sponding resonance linewidths are shown, for the collective modes, as functions of the

metamolecule varying parameters s and y (in the former the layer spacing is fixed at

ky = 2π/3 and in the latter the radial spacing is fixed at ks = π/2). These modes are

depicted in Figures 5.2(a–g) respectively.
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Figure 5.4: The radiative resonance linewidths and line shifts for the collective
magnetic quadrupole (M2) and electric quadrupole (E2) excitation eigenmodes,
as a function of the metamolecule parameters s and y. In (a) the M2 mode,
and in (c) the E2 mode, are shown as functions of the radial position s. In (b)
the M2, and in (d) the E2 mode, are shown as functions of the layer position y.
For the rod parameters and plot descriptions see Figure 5.3 caption.

We find that the point electric dipole model qualitatively agrees with the finite-size

model. The agreement becomes very good for larger rod separations. The toroidal dipole

mode and the symmetric mode are subradiant for all parameter values we considered.

This is also true for the magnetic quadrupole mode, M2, except for some specific values

of the rod positions. The toroidal dipole mode is always the most subradiant mode,

indicating a very weak coupling to external light fields. Magnetic dipole and electric

quadrupole modes can generally exhibit both superradiant or subradiant characteristics

depending on the precise details of the metamolecule’s construction, while the electric

dipole modes are almost always superradiant.

Specifically, for small radial separation ks = π/3 (and the layer separation is fixed at

ky = π/3), the superradiant modes, E1 and M1 [Figures 5.3(b) and 5.4(a)], have decay

rates γE1 ≈ 1.8Γ and γM1 ≈ 1.15Γ. The toroidal dipole mode has γt ≈ 0.3Γ. When

ks ≈ π/2, the E2 mode also becomes superradiant (γE2 ≈ 1.25Γ), whilst the decay

rates of the E1 and M1 modes reduce to γE1 ≈ 1.5Γ and γ≈M1Γ, respectively. Even for

the larger separation the toroidal dipole mode is still strongly subradiant (γt ≈ 0.4Γ at

ks ≈ π/2 and γt ≈ 0.6Γ at ks ≈ π). For large radial positions, ks ≈ π, only the E1
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and E2 modes are superradiant (γE1 ≈ 1.2Γ and γE2 ≈ 1.65Γ, respectively) and the M2

mode becomes subradiant (γM1 ≈ 0.75Γ).

When we reduce the layer spacing to ky < π/8, with the radial separation fixed at ks =

π/2, several of the modes become subradiant, except the E1 and E2 modes (γE1 ≈ 1.6Γ

and γE2 ≈ 2.2Γ at ky ≈ π/8). The toroidal dipole decay rate at ky ≈ π/8 is reduced to

γt ≈ 0.25Γ from γt ≈ 0.45Γ at ky ≈ π/3.

Figures 5.3–5.5 also display the resonance line shifts of the modes, δωn = −(Ωn − Ω0).

As the radial separation becomes large, these asymptotically approach a constant. This

is due to the large separations resulting in the relatively close parallel pairs of nanorods

interacting independently as dipoles. The M2 mode has the largest shift with δωM2 ≈
0.3Γ. The line shift of the toroidal dipole and E1 modes are small δωt ≈ 0.1Γ and

δωE1 ≈ 0.05Γ. As the separation becomes small, ks < π/2, the line shifts of the finite-

size model begins to deviate from those calculated in the point dipole approximation.

At this range the total length of the metamolecule is 0.75λ0 and finite lengths of the

nanorods become increasingly important to their interactions.

When the layer spacing parameter y is varied there is a more pronounced deviation in

line shifts for small y. The line shift of the point dipole model begins to deviate when

y ≈ 2λ0/15. Here, the total width of the metamolecule is λ0/6, and the nanorods’ finite

radii begin to affect their interactions. In the region shown for y in Figures 5.3–5.5, the

line shifts of the different modes do not approach constant values.

5.3.2 Driving the toroidal dipole response

A natural method of driving the toroidal dipole response in a toroidal metamolecule is

to use radially polarized light. In the paraxial approximation, an incident displacement

field Din(r, t) = Din(ρ, y, t)(cosφ ẑ + sinφ x̂), can be estimated in terms of complex

vectors ê+ and ê−, where ê± = ∓(ẑ± ix̂)/
√

2, by

Din(r, t) =
Din(ρ, y, t)√

2

[
eiφê− − e−iφê+

]
. (5.19)

Equation (5.19) is a superposition of Laguerre-Gaussian beams with one unit of angular

momentum which can couple directly to the toroidal dipole mode. Employing radi-

ally polarized light, the toroidal dipole response may be driven in a symmetric toroidal

metamolecule. When linearly polarized light is shone on the symmetric toroidal meta-

molecule the toroidal dipole response is suppressed; the dominant responses driven are

the E1 responses.

Here, we analyze in detail how a toroidal dipole mode can also be excited using lin-

early polarized light and provide a simple protocol how to optimize the toroidal dipole
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Figure 5.5: The radiative resonance linewidths and line shifts for the collective
symmetric and toroidal dipole excitation eigenmodes, as a function of the meta-
molecule parameters s and y. In (a) the symmetric mode, and (c) the toroidal
dipole mode are shown as a function of the radial position s. In (b) the sym-
metric mode and (d) the toroidal dipole mode are shown as a function of the
layer position y. For the rod parameters and plot descriptions see Figure 5.3
caption.

excitation. Linear polarization has an advantage that it is readily available in an ex-

periment and can easily be employed to drive toroidal dipole modes in large arrays of

metamolecules, independently of the symmetry of the array or the beam.

Rather than spatially varying the light field to alter the excitation of individual nanorods

(as done in the case of radial polarization), we alter the responses of individual nanorods

to linearly polarized light by tailoring the length of the nanorods. Introducing the asym-

metry in the rod lengths, according to Figure F.1(b), shifts the resonance frequencies

and introduces a geometric asymmetry in the metamolecule. A similar principle was

phenomenologically introduced in Reference 54, where asymmetric pairs of nanobars

were experimentally employed to produce a toroidal dipole response.

To see how the nanorods should be altered, we consider an incident linearly polarized

light wave tuned to the resonance frequency Ω0 = ω0 of our reference nanorod. The

length of each rod j is then changed by δHj , whilst the radius is fixed. For sufficiently

small δHj , the alteration shifts the nanorod’s resonance frequency by δωj in proportion

to δHj , as we demonstrate using the Drude model in Appendix F, see Figure F.1. In
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this section, we will derive the pattern of rod length asymmetries required for linearly

polarized light to excite a toroidal dipole response in the limit that the incident field

is far detuned from resonance of any individual nanorod, i.e., δωj � Γj . In this limit,

interactions between nanorods can be neglected. We demonstrate how this scheme

functions with smaller asymmetries in the presence of interactions in Appendix G.

We assume that the two layers are separated by a distance much less than a wavelength,

hence the phase difference of the incident field between layers is negligible. In order

to couple the field to all nanorods, we choose the polarization of the incident field to

be such that it bisects the angle created by two adjacent nanorods in the same plane,

as depicted in Figure 5.6. For a symmetric metamolecule, a field propagating into the

plane of the metamolecule induces an emf [described by equation (2.18)] driving each

nanorod j with an amplitude Fsym,j , where

Fsym,j = F0 cos θje
ikyj , (5.20)

here F0 is the driving amplitude of a rod oriented parallel to the incident field polar-

ization, and yj is the position coordinate of rod j along the incident field’s propagation

direction. The strength of interaction between the driving field and a nanorod varies

with the angle θj between the nanorod and polarization of the incident light. Because

the emf induced by the incident field along a rod is proportional to its length, the asym-

metry in rod lengths perturbs the driving strength of each rod j in proportion to δHj ,

so that the rod driving is

Fj = (F0 + δFj) cos θj , (5.21)

where δFj ∝ δHj is the change in driving amplitude rod j would experience if it were

parallel to the incident field.

Under these circumstances, when δωj � Γj , interactions between resonators can also be

ignored (i.e., δωj � Cij for i 6= j) in the dynamics of nanorod j, and

ḃj ≈ iδωjbj + (F0 + δFj) cos θj . (5.22)

Thus, to lowest order in δHj , nanorod j has the steady-state response to the incident

field

bj ' i
cos θj
δωj

F0 . (5.23)

Therefore, in the noninteracting limit, one could engineer the response of a metamolecule

simply by adjusting the resonance frequencies of its individual nanorods.

In a toroidal dipole excitation, all resonators in the layer +y oscillate radially outward

(inward) in phase with each other, whilst those resonators in the layer −y oscillate

radially inward (outward) in phase. Such an excitation corresponds to the toroidal dipole

eigenmode of the completely symmetric metamolecule and a quasi-vortex of magnetic
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dipoles. This is indicated by the arrows in Figure 5.1. To obtain this excitation profile,

equation (5.23) suggests that the rod lengths should be modified such that

δHj =


δH0 cos θj for j = 1, . . . ,

N

2

−δH0 cos θj for j =
N

2
+ 1, . . . , N

, (5.24)

where δH0 is a reference change in rod length, and we have assumed that δH0 is suffi-

ciently small that δωj ∝ δHj . Although this profile of rod lengths was arrived at in a

regime where interactions are neglected, we show that a similar distribution of lengths

can also be effective in producing a toroidal dipole from a linearly polarized light wave

driving in Appendix G. We illustrate the dependence of a nanorod’s length, and hence

resonance frequency, on its position within the metamolecule for the cases of N = 16

and N = 8 nanorods in Figure 5.6.
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Figure 5.6: The excitation of the toroidal dipole mode by linearly polarized
light. The length of the arrows indicate the rod lengths which, together with
the angle θ each rod makes with the polarization of the incident light, ensures
each rod is equally excited. The arrow direction indicates the state of the current
oscillation within each nanorod. In (a) the top layer and (b) the bottom layer
of the more general N = 16 case is shown. In (c) the top layer and (d) the
bottom layer of the N = 8 case is shown. The N = 8 case is considered in the
numerical simulation.

For a toroidal metamolecule which comprises eight nanorods, only two distinct lengths

(resonance frequencies) are required in order to produce a toroidal dipole excitation from

linearly polarized light. This equates to a difference in nanorod length ∓δH about a
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mean rod length H0. We define Hl,s = H0 ± δH with H1,2,7,8 = Hl and H3,4,5,6 = Hs,

such that each parallel pair of nanorods comprises a long and short rod, see Figures 5.6(c)

and 5.6(d), whose center’s are located at sj = s. The polarization vector of the incident

field, equation (2.14), that will excite the toroidal dipole mode is êin = (x̂+ ẑ)/
√

2. The

eigenmodes and line shifts and widths for a symmetric toroidal metamolecule comprising

nanorods with length H0 were discussed in Section 5.3.1. When the radial position of the

reference rod is fixed, e.g., sl = λ0/3, and some asymmetry in rod length is introduced,

the response of the metamolecule becomes a function of the relative rod lengths Hs/Hl.

The asymmetry discussed in this section is designed to promote the toroidal dipole

response. Choosing different asymmetries, one may, in principle, excite any of the modes

associated with the symmetric toroidal metamolecule [see Figure 5.2]. For example, we

excite the M1 mode with an incident plane wave, also with polarization vector ein =

(x̂ + ẑ)/
√

2, by choosing Hs = H1,2,3,4 and Hl = H5,6,7,8.

5.3.3 Excitations of the toroidal dipole mode

The eigenmodes in Figure 5.2 are those of a symmetric toroidal metamolecule. When

analyzing the amplitudes of the eigenmodes, of an asymmetric metamolecule, we do so

using the symmetric metamolecule basis. The coupling matrix C is decomposed as

C = Csym + A , (5.25)

where Csym is the coupling between nanorods whose lengths are the mean rod length

H0. The matrix A contains the detail on asymmetry. The variation of the resonance

frequencies between the nanorods generally suppresses the light-mediated interactions

in the metamolecule [87]. For the point dipole model, we define this as a diagonal

matrix whose elements are the resonance frequency shifts of the different nanorods, see

Appendix G. In the finite-size nanorod model, in addition to the resonance frequency

shifts in the diagonals, the off-diagonal elements give the difference in the finite-size

nanorod interactions of a symmetric system and an asymmetric system, see Appendix G.

The amplitude of the different modes may be analyzed by expanding the vector of

dynamic variables b(t) as

b(t) =
∑
n

cn(t)vn , (5.26)

where cn(t) is the amplitude of the eigenmode vn of Csym. We denote the toroidal

dipole amplitude as ct. In the absence of any asymmetry, the only modes driven by

linearly polarized light are the E1 modes. When the asymmetry depicted in Figure 5.6

is introduced to the metamolecule, the toroidal dipole mode (in addition to the E1

modes) is also driven.
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Figure 5.7: The intensity of the collective toroidal dipole excitation as a func-
tion of the ratio of rod lengths Hs/Hl. The centers of the longer nanorods
are located at ksl = 2π/3 and the layer position is ky = π/5. We show the
point dipole model (blue dashed lines) and finite-size model (red solid lines).
The nanorod mean length and radius are those of the reference nanorod. The
radiative emission rate in (a) is ΓE1 = 0.83Γ. In (b) there are no ohmic losses.

In Figure 5.7 we show the maximum intensity of the toroidal dipole mode as a func-

tion of the asymmetry between the cylindrical nanorods, for the point electric dipole

approximation and for the finite-size model, when the metamolecule is driven at the res-

onance of the toroidal mode of the symmetric metamolecule. If there are no ohmic losses

the finite-size model shows a maximum intensity when Hs/Hl ≈ 0.8, and the intensity

here of the point dipole model is approximately four times that of the finite-size model.

As the asymmetry between the nanorods increases, the intensity of both the finite-size

model and the point dipole approximation decreases.

When ohmic losses are accounted for, the maximum intensity is when Hs/Hl ≈ 0.75

before decreasing. The incorporation of losses significantly affects the point electric

dipole approximation, the maximum intensity is approximately 50 % less than when no

losses were present. Conversely, the effect on the finite-size model is negligible.
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Figure 5.8: The relative amplitude of the collective toroidal dipole excitation
as a function of the ratio of rod lengths when driven on the toroidal dipole
resonance. The parameters as in Figure 5.7.
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In Figure 5.8, the relative occupation of the toroidal dipole mode is shown as a function

of the ratio of nanorod lengths. Although we consider a non-unitary, open system, the

eigenmodes have periodic boundary conditions and in the studied cases form a well-

behaving orthonormal pseudo-basis. We define the overlap between an eigenmode vn

with an excitation b by

On(b) ≡ |vTnb|2∑
n |vTnb|2 , (5.27)

where the summation runs over all the eigenmodes. In both cases, when losses are

present and when they are neglected, the relative occupation of the point electric dipole

approximation over-estimates the finite-size model. In the absence of ohmic losses, the

relative occupation of the point dipole model saturates at Hs/Hl ≈ 0.8, where the total

excitation of the metamolecule is in the toroidal dipole mode. In the finite-size model

when ΓO = 0, saturation occurs when Hs/Hl ≈ 0.7 and the relative occupation is

approximately 0.8. When losses are present, the relative occupation at the maximum

intensity of the toroidal dipole excitation (Hs/Hl ≈ 0.75) is 0.95 for the point electric

dipole approximation. The finite-size model here shows a relative occupation of 0.75.

In the absence of asymmetry between the nanorods Hs/Hl = 1, both the intensity

plots in Figure 5.7, and the relative occupation plots Figure 5.8, show that there is no

toroidal dipole excitation. However, even a small asymmetry in rod lengths produces a

toroidal dipole excitation. Although the intensity of the toroidal mode excitation can

be maximized at a relatively small value of the nanorod asymmetry, the fidelity of the

toroidal dipole mode keeps increasing when the asymmetry is increased.

5.3.4 Scattered light intensity in the far field

It is also interesting to study the scattered light from a toroidal metamolecule in the

far-field response. We again assume that the incident field propagating normal to the

plane of the metamolecule excites the current oscillations in the nanorods. We calculate

the collective excitations of the metamolecule by including all the radiative interactions

between the nanorods. In Figure 5.9 we show the intensity of the scattered light in the

forward direction (without the incident field contribution) from: a symmetric toroidal

metamolecule; a toroidal metamolecule with the asymmetry designed to promote the

toroidal dipole response; and a toroidal metamolecule designed to promote the M1 re-

sponse. Two cases are displayed corresponding to two layer separations y.

In the symmetric case only the E1 collective modes are excited, displaying broad res-

onances. For large y, the E1 resonance is close to the resonance frequency, ω0 of our

reference nanorod, for small y the resonance is blue-shifted.

In the asymmetric case H1,2,7,8 = Hl and H3,4,5,6 = Hs (asymmetry promoting the

toroidal dipole response), the light excites the E1 modes and the toroidal dipole mode.
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Figure 5.9: The scattered light intensity in the forward direction I, as a func-
tion of the detuning of the incident light from the resonance frequency ω0 of
our reference nanorod. We show the responses of: a symmetric toroidal meta-
molecule (a); a toroidal metamolecule with asymmetry promoting a toroidal
response (b); and a toroidal metamolecule with asymmetry promoting the M1
response (c). The radial position of the nanorods ks = 2π/3, the layer po-
sition ky = π/10 (black dashed lines) and ky = π/5 (magenta solid line),
Hs/Hl = 0.75, and ΓE = 0.83Γ. The intensity dip in (b) indicates a Fano res-
onance due to the interference between the E1 and toroidal dipole modes. The
calculations are performed in the point dipole approximation.

A destructive interference between the broad-resonance E1 and the narrow-resonance

toroidal modes produces a Fano resonance [88]. For the case of a large layer separa-

tion y, the Fano resonance clearly shows up as a dip in the spectrum of the scattered

light intensity at the resonance of the toroidal dipole mode, indicating suppressed for-

ward scattering. This is because a toroidal dipole excitation on a plane normal to the

propagation direction does not contribute to the far-field radiation.

In the asymmetric case H1,2,3,4 = Hl and H5,6,7,8 = Hs (asymmetry promoting the M1

response), the light excites the E1 modes and the M1 mode. There is again a destructive

interference between the E1 and M1 modes. Though in this case, the Fano resonance is

much weaker.

The interference of the Fano resonance has an analogy in atomic physics in the inter-

ference of bright and dark modes in the electromagnetically-induced transparency [89].

Here, the subradiant toroidal mode (t) (and the M1 mode) acts as a dark radiative mode

and the superradiant electric dipole mode (E1) as a bright mode. In the excitation of the

E1 mode the different scattering paths, →E1, →E1→t→E1, etc., destructively interfere

at the Fano resonance peak. The Fano resonances may also appear in other complex

metamolecules, such as in oligomers [90], or as a result of a collective behavior of the

metamaterial array [81]. The existence of more than one subradiant mode in a toroidal

metamolecule and the possibility to employ collective effects in ensembles of toroidal

metamolecules is particularly promising for tunable control of the resonances [81] and

for sensing applications.
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Our simple model of the radiative intensity provides a qualitative description of the Fano

resonance of the toroidal dipole mode in the forward-scattered far-field spectrum. For 2D

metamaterial arrays of asymmetric split-ring metamolecules, the point dipole radiation

model provides a good qualitative agreement with the experimental findings due to weak

higher-order multipole radiation of individual split-ring arcs [80]. In the studied cases

of the resonances of individual nanorods, higher-order multipole radiation is similarly

weak. Comparisons between multipole expansions and complete field calculations were

performed in Reference 57 between the far-field radiation patterns of toroidal dipole

resonances in a noninteracting resonator system.

5.4 Summary

This chapter is the culmination of the thesis, drawing on the work in the preceding

chapters and using those results in a novel way to model our toroidal dipole. We the-

oretically studied light-induced interactions in a toroidal metamolecule that comprised

closely-spaced, strongly-coupled plasmonic nanorods. The interactions lead to collective

excitation eigenmodes that exhibit collective resonance frequencies, linewidths and line

shifts. When the nanorod pairs are pointing radially outwards, one of the collective

eigenmodes is identified as a toroidal dipole mode. We provided simple criteria to opti-

mize a structural asymmetry of the metamolecule that allows a strong excitation of the

toroidal dipole mode by a simple, linearly-polarized, light beam. By analyzing a specific

eight-rod case, we have shown how even small asymmetries lead to a large proportion

of the total excitation to be found in the toroidal dipole mode.

By comparing the point dipole approximation to a finite-size resonator model, we have

shown that the point dipole approximation is sufficient to model interacting nanorods

for large inter-rod separations, providing accurate descriptions when the layer and radial

separations satisfy ky & π/3 and ks & π/2. For more closely-spaced rods the nanorods’

finite length and thickness become increasingly important.





Chapter 6

Conclusions and future work

6.1 Summary

In this thesis, we have analyzed the EM interactions of plasmonic resonators with an

incident EM field and the EM fields scattered by the resonators’ themselves. We have

shown how, through careful design of the resonators, normally subradiant collective

modes can be excited over the more dominant superradiant collective modes. In par-

ticular, we have shown how we excite the toroidal dipole collective mode in a toroidal

metamolecule. Also, we have shown how the toroidal excitation is achieved with read-

ily available linearly-polarized light, and that the toroidal excitation shows as a Fano

resonance in the forward scattered light.

We developed two complementary models to analyze the interactions of the resonators:

a point multipole model; and a finite-size model accounting for the geometry and size

of individual resonators. Firstly, in Chapter 2, we reviewed the general model of closely

spaced resonators interacting with themselves and an incident EM field. Additionally,

we reviewed the point electric and magnetic dipole approximation of the resonators’

scattered EM fields.

In Chapter 3, we introduced the electric quadrupole contribution to the point multipole

approximation of a resonator, and its interactions with other multipole moments. Ad-

ditionally, we showed how simple electric dipole systems can be approximated by higher

order multipoles. We analyzed in detail systems comprising parallel electric dipoles, and

found that under certain conditions these can be closely approximated by interacting

magnetic dipoles and electric quadrupoles.

In Chapter 4, we approximated the resonators in our systems as nanorods and showed

that when the separation between nanorods is large, they can be approximated as point

electric dipoles. We developed a model that accounted for the finite-size of the resonators

when the separations were small. By using the analogy of electric dipoles, we were able to
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show that closely spaced parallel nanorods also exhibited an effective current circulation,

hence an effective magnetic dipole and electric quadrupole moment.

In Chapter 5, we presented novel work analyzing a toroidal metamolecule comprising

closely spaced, strongly-coupled, plasmonic nanorods. The nanorods themselves can be

approximated as single point electric dipoles when the relative separation is large enough,

ks > π/2. The metamolecule exhibits a number collective modes of oscillation depending

on the number of resonators. When arranged in the toroidal structure investigated,

the most subradiant mode exhibited is the toroidal dipole mode. We have provided

optimization protocols for the structural asymmetry of the nanorods that will allow the

toroidal dipole mode to be strongly excited by linearly polarized light which is readily

available to experimentalists. Though our toroidal metamolecule comprised only eight

nanorods, the model used may be easily extrapolated to account for greater numbers of

nanorods.

6.2 Future work

In this thesis, we have developed a model that has been utilized to analyze the in-

teractions of the resonators comprising a toroidal metamolecule. When the relative

separations of the resonators are large, the individual nanorods can be approximated as

point electric dipole resonators, neglecting the resonators’ finite-sizes. When the sep-

arations become small, the finite-size can no longer be ignored. We can readily scale

our model to analyze an ensemble of N toroidal metamolecules, each comprising N ′ res-

onators. Our point electric dipole model will have an (NN ′)× (NN ′) coupling matrix,

with NN ′ collective modes. The mode corresponding to each metamolecule oscillating

in the toroidal dipole mode must then be carefully identified and analyzed.

In Chapter 3, we showed how two parallel antisymmetrically excited electric dipoles can

be approximated as a single resonator with both magnetic dipole and electric quadrupole

moments. In our example of a toroidal metamolecule in Chapter 5, we employed N = 8

nanorods arranged in parallel pairs, and utilized the point electric dipole approxima-

tion to carry out the analysis. A next step, is to extend the work of Chapter 3, and

approximate each parallel pair of electric dipoles as a single resonator with a magnetic

dipole moment and electric quadrupole moment. Rather than an 8 × 8 coupling ma-

trix, we would then have an 4× 4 coupling matrix. One may then compare the electric

dipole approximation to the magnetic dipole and electric quadrupole approximation and

determine the validity of both models.

For an ensemble of toroidal metamolecules, a natural progression is to approximate

the toroidal metamolecule as a single resonator with a point toroidal dipole source.

The coupling matrix for an ensemble of toroidal metamolecules, in our model, is then

an N × N matrix of N interacting point toroidal dipole resonators (rather than the
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(NN ′)×(NN ′) matrix in the electric dipole approximation); a significant simplification.

To reach this model of interacting point toroidal dipole sources, one must first develop

the theoretical model. This will include how the scattered EM fields from toroidal

dipole sources drive the charge and current sources of other multipole sources, including:

electric dipoles; magnetic dipoles; electric quadrupoles; and toroidal dipoles. The self

interaction of toroidal dipole sources will result in the radiative emission rate of the

toroidal dipole [ΓT1,j , in our notation], and an analytical expression for this must be

determined.

The computational efficiency of our model lends itself to large ensembles of resonators.

When current programs, e.g., Comsol, are employed to model the interactions between

resonators. Maxwell’s equations must be solved for each resonator and typically some

finite difference solver is then used for an ensemble. Each additional resonator increases

the degree of freedom. Our model can capture the fundamental physics, such as reso-

nance frequency and radiative decay rate, of the resonators while retaining its efficiency

and allowing the formulation of optimization protocols useful for the design of experi-

ments. The insights gained can provide information and explanations for experimental-

ists.





Appendix A

Common symbols

Symbol Description SI Units Page

B Magnetic induction T 8

b Dynamic variable C s F−1/2 18

C Capacitance F 17

C Coupling matrix s−1 19

D Electric displacement field C m−2 8

E Electric field V m−1 8

E Emf V 18

ε Permittivity F m−1 9

εr Relative permittivity n/a 12

ε∞ Bound electron permittivity n/a 12

Γ, γ Decay rate s−1 19,20

H Magnetic field A m−1 8

I Current Q s−1 17

J Current density A m−2 8

Jf Free current density Am−2 8

Jtot Total current density A m−2 8

L Inductance H 17

λ wavelength m 20

M Magnetization A m−1 9

m Magnetic dipole moment m2 9

µ Permeability H m−1 9

ω Angular frequency Rads s−1 10

ωp Plasma frequency Rads s−1 12

P Polarization C m−2 8
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Symbol Description SI Units Page

P Radiated power W m−2 9

p Electric dipole moment m 9

Φ Magnetic flux A m 18

φ Conjugate momentum C H1/2 F−1/2 18

Q Charge C 17

r location vector n/a 9

ρ Charge density C m−3 8

ρf Free charge density Cm−3 8

ρtot Total charge density C m−3 8

t Toroidal dipole moment m3 9

v Eigenvector n/a 20

ξ Eigenvalue n/a 20

Table A.1: List of symbols, their SI units where appropriate, and page number
where the symbol is first introduced. For the SI unit abbreviation see Table A.2.

SI unit Abbreviation

Ampere A (C s−1)

Coulomb C

Farad F (A s V−1)

Henry H (kg m2 s−2 A−2)

Hertz Hz

Joule J (kg m2 s−2)

Kilogram kg

Metre m

Ohm Ω

Radian rads

Second s

Tesla T (V s m−2)

Volt V (kg m2 C−1 s−2)

Watt J s−1

Weber Wb (V s)

Table A.2: SI unit abbreviations.



Appendix B

Special functions

In this appendix, we collate the special functions used throughout this thesis for easy

reference.

B.1 Bessel functions

Bessel functions Jn(x) = (−1)mJ−n(x) are linearly independent solutions to Bessel’s

differential equation,
d2R

dx2
+

1

x

dR

dx
+

[
1− n2

x2

]
R = 0 , (B.1)

in the region x ≥ 0 for integer values of n. An associated solution is the Neumann

function Nn(x),

Nn(x) =
Jn(x) cosnx− J−n(x)

sinnπ
. (B.2)

The integral representation of Jn(x) is [91]

Jn(x) =
1

2π

∫ 2π

0
dψ ei(x sinψ−nψ) . (B.3)

Hankel functions H
(1)
n (x) and H

(2)
n (x), of the first and second kind respectively, are

related to the Bessel and Neumann functions by

H(1)
n (x) = Jn(x) + iNn(x) , (B.4)

H(2)
n (x) = Jn(x)− iNn(x) . (B.5)

H
(1)
n (x) behaves asymptotically like an outgoing wave, while H

(2)
n (x) behaves asymptot-

ically like on incoming wave.
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B.2 Spherical Bessel functions

Real valued spherical Bessel jn(x) and spherical Neumann nn(x) functions are defined

by

jn(x) =

√
π

2x
Jn+ 1

2
(x) , (B.6)

nn(x) =

√
π

2x
Nn+ 1

2
(x) . (B.7)

Explicit formulae for jn(x) and nn(x) are

jn(x) = (−1)nxn
(

1

x

d

dx

)n sin(x)

x
, (B.8)

nn(x) = −(−1)nxn
(

1

x

d

dx

)n cos(x)

x
. (B.9)

For small arguments

lim
x→0

jn(x) =
xn

(2n+ 1)!!
, (B.10)

lim
x→0

nn(x) = −(2n− 1)!!

xn+1
. (B.11)

Spherical Hankel functions of the first h
(1)
n (x), and second h

(2)
n (x) kind are defined as

h(1)
n (x) = jn(x) + inn(x) , (B.12)

h(2)
n (x) = jn(x)− inn(x) . (B.13)

The first few h
(1,2)
n (x) are

h
(1,2)
0 (x) = ∓ie

ix

x
, (B.14a)

h
(1,2)
1 (x) = ∓

[
1 +

i

x

]
eix

x
, (B.14b)

h
(1,2)
2 (x) = ±i

[
1 +

3i

x
− 3

x2

]
eix

x
, (B.14c)

h
(1,2)
3 (x) = ±

[
1 +

6i

x
− 15

x2
− 15i

x3

]
eix

x
, (B.14d)

h
(1,2)
4 (x) = ∓i

[
1 +

10i

x
− 45

x2
− 105i

x3
+

105

x4

]
eix

x
. (B.14e)

A simple relationship between spherical Hankel functions n ≥ 1 is

2n+ 1

x
h(1,2)
n (x) = h

(1,2)
n+1 (x) + h

(1,2)
n−1 (x) . (B.15)
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B.3 Spherical harmonics

Spherical harmonics Ylm(θ, φ), with complex conjugate Y ∗lm(θ, φ) = (−1)−mYl,−m(θ, φ),

are eigenfunctions of the eigenvalue problem

1

sin θ

∂

∂θ

(
sin θ

∂Y

∂θ

)
+

1

sin2 θ

∂2Y

∂θ2
= −l(l + 1)Y , (B.16)

defined on the sphere with the boundary conditions that Ylm(θ, φ) be finite and single

valued. The spherical harmonics can be written in terms of the associated Legendre

polynomials as

Ylm(θ, φ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Pml (cos θ)eimφ m ≥ 0 . (B.17)

The first few scalar spherical harmonics Ylm(θ, φ) (in Cartesian coordinates) are,

Y00 =
1√
4π

, (B.18a)

Y10 =

√
3

4π

z

r
, (B.18b)

Y1±1 =∓
√

3

8π

x± iy
r

, (B.18c)

Y20 =

√
5

16π

3z2 − r2

r2
, (B.18d)

Y2±1 =±
√

15

8π

z(z ± iy)

r2
, (B.18e)

Y2±2 =

√
15

32π

(x± iy)2

r2
. (B.18f)





Appendix C

Spherical multipole expansion

In this appendix, we obtain a spherical multipole decomposition of the dynamic EM

fields E(r, t) and B(r, t), external to the source charge and current distributions ρ(r, t)

and J(r, t), respectively. Formal derivations can be found in many texts, see, e.g.,

Reference 39, 40, 63. In addition, Gray [92, 93] provides an excellent treatment of the

spherical multipole expansion in the longwave limit using Debye potentials. Here, we

provide a brief overview in order to supplement the main text of the thesis.

We assume all sources, and the EM fields they produce, vary harmonically in time

with frequency ω = k/c (e.g., E(r, t) = E(r)e−iωt). The microscopic form of Maxwell’s

equations are [63];

∇·E =
ρ

ε0
, (C.1)

∇×E = −∂B

∂t
, (C.2)

∇·B = 0 , (C.3)

∇×B = µ0J +
1

c2

∂E

∂t
, (C.4)

where ε0 and µ0 are the permittivity and permeability, respectively, of free space and

c = (ε0µ0)−1/2 is the speed of light in a vacuum. The fields and their sources are

connected through the inhomogeneous Helmholtz wave equations. Taking the curl of

equation (C.2) and inserting equation (C.4) (and vice versa), the vector inhomegeneous

Helmholtz wave equations for E and B, are [39, 63]

(
∇2 + k2

)
E =

1

ε0
∇ρ+ µ0

∂J

∂t
, (C.5)(

∇2 + k2
)
B = −µ0∇× J . (C.6)
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The radial components of the time harmonic electric field and magnetic flux, r·E and

r·B, both satisfy equations (C.5) and (C.6), resulting in [63]

(∇2 + k2)r·E =
1

ε0

[
2ρ+ r· ∇ρ

]
− iωµ0r·J , (C.7)

(∇2 + k2)r·B = −µ0r· ∇ × J , (C.8)

where we have used the vector identity (for some vector field F),

r· (∇2F) = ∇2(r·F)− 2∇·F , (C.9)

and Gauss’s law [equation (C.1)]. The solutions to equations (C.7) and (C.8) are the

radial components [63]

r·E =
1

ε0c

∫
d3r′G0(r, r′)

[
ik(r′·J(r′)− c(2 + r′· ∇′)ρ(r′)

]
, (C.10)

r·B = µ0

∫
d3r′G0(r, r′)

[
r′· ∇′ × J(r′)

]
, (C.11)

where G0(r, r′) is the outgoing free space Green’s function [63]

G0(r, r′) =
eik|r−r

′|

|r− r′| , (C.12)

a solution to the inhomogeneous Helmholtz equation

(∇2 + k2)
eik|r−r

′|

|r− r′| = −4πδ(r− r′) . (C.13)

The spherical expansion of equation (C.12) in the region r′ < r is [63]

eik|r−r
′|

|r− r′| = ik

∞∑
l=0

l∑
m=−l

jl(kr
′)h

(1)
l (kr)Y ∗lm(θ′, φ′)Ylm(θ, φ) , (C.14)

where: jl(kr) and h
(1)
l (kr) are spherical Bessel and Hankel (first kind) functions, respec-

tively, of order l; and Ylm(θ, φ) are the spherical harmonics of order lm, see Appendix B.

Equations (C.10) and (C.11) are valid anywhere in space [92] and may be expanded in

spherical harmonics [92]

r·E = (r·E)lmh
(1)
l (kr)Ylm(θ, φ) , (C.15)

r·B = (r·B)lmh
(1)
l (kr)Ylm(θ, φ) . (C.16)

The expansion coefficients (r·E)lm and (r·B)lm are closely related to the charge and

current densities. To visualize this, and determine the EM fields E and B in source

free regions, we introduce the expansion coefficients Λ(E) and Λ(M) (these are sometimes

referred to as Debye potentials [92]). The superscripts (E) and (M) are so called because,
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as we show later, they arise due electric and magnetic multipole moments, respectively.

Maxwell’s equations in source free regions reduce to [63]

E =
ic

k
∇×B and B = − i

k
∇×E , (C.17)

with ∇·E = ∇·B = 0. These source free equations are satisfied by [63, 92]

E = LΛ(M) +
i

k
∇× LΛ(E) , (C.18)

cB = LΛ(E) − i

k
∇× LΛ(M) , (C.19)

where L = −ir×∇ is the angular momentum operator, with operator identities

∇·L = 0 and ∇× (∇× L) = −∇2L . (C.20)

The Debye potentials Λ(E) and Λ(M) are required to satisfy the homogeneous Helmholtz

scalar wave equation [63], i.e., (∇2 + k2)Λ(E,M) = 0. Thus, Λ(E,M) must be expandable

as sums of elementary outgoing solutions [92], i.e.,

Λ(E,M) =

∞∑
l=0

l∑
m=−1

Λ
(E,M)
lm h

(1)
l (kr)Ylm(θ, φ) . (C.21)

Taking the dot product of r with equations (C.18) and (C.19), we see that the radial

components of the EM fields are due to the ∇×L terms, because r·L = 0 and r· ∇×L =

iL2, where L2 ≡ L2
x + L2

y + L2
z. The radial components are thus [63]

r·E = −1

k
L2Λ(E) and r· cB =

1

k
L2Λ(M) . (C.22)

Using the relationship L2Ylm(θ, φ) = l(l + 1)Ylm(θ, φ), then [66]

Λ
(E)
lm = − k

l(l + 1)
(r·E)lm , (C.23)

Λ
(M)
lm =

k

l(l + 1)
(r· cB)lm . (C.24)

The moments Λ
(E)
lm and Λ

(M)
lm are called the spherical electric and magnetic multipole

moments, respectively [39, 63]. They are commonly written [63]

Λ
(E)
lm = − ik2

ε0cl(l + 1)

∫
d3r jl(kr)Y

∗
lm(θ, φ)

[
ikr · J(r) + c(2 + r· ∇)ρ(r)

]
, (C.25)

Λ
(M)
lm =

ick2µ0

l(l + 1)

∫
d3r

[
r× J(r)

]
· ∇
[
jl(kr)Y

∗
lm(θ, φ)

]
. (C.26)

There are different, but equivalent, ways of writing the integrals in equations (C.25)

and (C.26), see, for example, Reference 63 for different expressions of Λ
(M)
lm . In the
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form presented in equation (C.26), the operator ∇ acts on the product jl(kr)Y
∗
lm(θ, φ),

this is useful for easily determining the lth order spherical magnetic multipole moment

in terms of r × J(r). In equation (C.25), however, the operator ∇ acts on ρ. A more

useful, equivalent, expression for Λ
(E)
lm is obtained through integration by parts and using

Gauss’s theorem. We use the identity

∇· (fF) = f(∇·F) + F· (∇f) , (C.27)

for some vector F and scalar function f , to write

Λ
(E)
lm = − ik2

ε0cl(l + 1)

∫
d3r Y ∗lm(θ, φ)

[
ikjl(kr)r · J(r) + cρ(r)

∂

∂r

[
rjl(kr)

]]
. (C.28)

The complete E and B fields in spherical multipole form are thus [63]

E =
∞∑
l=0

l∑
m=−1

[
Λ

(M)
lm Lh

(1)
l (kr)Ylm(θ, φ) +

i

k
Λ

(E)
lm ∇× Lh

(1)
l (kr)Ylm(θ, φ)

]
, (C.29)

cB =
∞∑
l=0

l∑
m=−1

[
Λ

(E)
lm Lh

(1)
l (kr)Ylm(θ, φ)− i

k
Λ

(M)
lm ∇× Lh

(1)
l (kr)Ylm(θ, φ)

]
. (C.30)

C.1 Longwave length limit

Traditionally, in texts treating the spherical multipole expansion, the long wavelength

limit (where the size a of the source is small (ka � 1)) is applied to equations (C.26)

and (C.28). In the long wavelength limit, the spherical Bessel function takes the form

lim
kr→0

jl(kr) =
(kr)l

(2l + 1)!!
. (C.31)

The magnetic multipole moment approaches

lim
ka→0

Λ
(M)
lm =

ickl+2µ0

l(2l + 1)!!
Mlm , (C.32)

where Mlm is the magnetostatic multipole moment defined as

Mlm =
1

l + 1

∫
d3r

[
r× J(r)

]
· ∇
[
rlY ∗lm(θ, φ)

]
. (C.33)

The form of equation (C.33) allows one to immediately see that the l = 0 term of the

magnetostatic multipole moments vanishes. The magnetic dipole (l = 1) is the leading

order term of equation (C.33). The distinct l = 1,m = 0,±1 terms of equation (C.33)
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are

M10 =
1

2

√
3

4π

∫
d3r

[
r× J(r)

]
z =

√
3

4π
mz , (C.34)

M1,±1 = ∓1

2

√
3

8π

∫
d3r

[
r× J(r)

]
(x∓ iy) = ∓

√
3

4π
(mx ∓ imy) , (C.35)

where mx, my and mz are the Cartesian components of the magnetic dipole moment m,

normally defined as [39]

m =
1

2

∫
d3r r× J(r) . (C.36)

In the longwave length limit, the continuity equation (∇·J = iωρ) shows us J/a ∼
ckρ =⇒ kr·J/(cρ) ∼ (ka)2. Thus the first term in equation (C.28) is a factor of

(ka)2 lesser than the second term. Hence, in many texts [39, 40, 63], the first term in

equation (C.28) is neglected and

lim
ka→0

Λ
(E)
lm = − ikl+2

4πε0(2l − 1)!!
Qlm , (C.37)

where Qlm is the electrostatic multipole moment defined by [63]

Qlm =
4π

(2l + 1)

∫
d3r ρ(r)rlY ∗lm(θ, φ) . (C.38)

The Cartesian components of the electric dipole (l = 1,m = 0,±1) term are given by

Q10 =

√
4π

3

∫
d3r ρ(r)z =

√
4π

3
pz , (C.39)

Q1,±1 = ∓
√

4π

6

∫
d3rρ(r)(x∓ iy) = ∓

√
4π

6
(px ∓ ipy) , (C.40)

where px, py and pz are the Cartesian components of the electric dipole moment p,

p =

∫
d3r rρ(r) . (C.41)





Appendix D

Electric quadrupole supporting

calculations

In Chapter 3, we calculated the EM fields scattered from a point electric quadrupole

source, and the interaction between these scattered EM fields and other: electric quad-

rupoles; electric dipoles; and magnetic dipoles. The scattered EM fields and the resulting

emf and flux terms contain derivatives of the radiation kernel and cross kernel, equa-

tions (2.5) and (2.6). In this Appendix, we give the first derivatives of G(r) and G×(r)

and the second derivatives of G(r).

D.1 Radiation kernel and cross kernel derivatives

The scattered electric EE2,j and magnetic HE2,j fields from the jth electric quadrupole

are given in equations (3.9) and (3.10). These equations contain rank three tensors

which are the gradients of G(r) and G×(r). Explicitly, these rank three tensors are

∂

∂rµ
G(r) = i

[[
1

5

rµ
r

I +
1

5

rr̂µ + r̂µr

r
− rµ

r

rr

r2

]
h

(1)
3 (kr)

−
[

12

15

rµ
r

I− 1

5

rr̂µ + r̂µr

r

]
h

(1)
1 (kr)

]
, (D.1)

∂

∂rµ
G×(r) =

1

r2

[
rη r̂ν (rµ + rν + rη)− rν(r̂η (rµ + rν + rη)

]
h

(1)
2 (kr)

− 1

r

[
r̂ν r̂η − r̂η r̂ν

]
h

(1)
1 (kr) . (D.2)

Here: rµ is Cartesian component µ = x, y, z of the vector r; rr is the outer product of

r with itself; I is the identity matrix; and r̂µr is the outer product of the unit vector r̂µ

in the Cartesian direction µ = x, y, z with the vector r; and h
(1)
n (kr) are the jth order

spherical Hankel functions of the first kind, see equation (B.14).
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The interaction between two separate electric quadrupoles i and j results in an effective

emf Esc,E2
i,j , see equations (3.39)–(3.41). Equation (3.41) describes the interaction matrix

GE2 whose off-diagonal elements are the interactions between two electric quadrupoles,

taking into account their relative locations and orientations only. GE2 is a contraction

of the quadrupole moment tensors Âαβ,m and Âµν,n and a rank four tensor. The rank

four tensor contains second order derivatives of G(r), these can be written

∂2

∂rµ∂rµ

∣∣∣∣
rµ=rµ

G(r) = i

{[
r2
µ

r4
rr− 1

7r2

(
rr + r2

µI− 4r̂µr̂µ − 2 [rµrν + rνrµ]
)

+
1

35
(I + 2r̂µr̂µ)

]
h

(1)
4 (kr)−

[
1

7r2

[
rr + 2 (rµrν + rνrµ)

+ r2
µI + 3rµrµ

]
+

5

21
(I + 4r̂µr̂µ)

]
h

(1)
2 )kr)

− 4

15
[I + 2r̂µr̂µ]h

(1)
0 (kr)

}
, (D.3)

∂2

∂rµ∂rν

∣∣∣∣
rµ 6=rν

G(r) = i

{[
rµrν
r4

rr− 1

7r2
[rµ (rr̂ν + r̂νr) + rν (rr̂µ + r̂µr) + rµrνI]

+
1

35
(r̂µr̂ν + r̂ν r̂µ)

]
h

(1)
4 (kr)−

[
1

7r2

(
rµ [rr̂ν + r̂νr]

+ rν [rr̂µ + r̂µr− 6rµI]
)
− 2

21
(r̂µr̂ν + r̂ν r̂µ)

]
h

(1)
2 (kr)

+
1

15
[̂rµr̂ν + r̂ν r̂µ]h

(1)
0 (kr)

}
. (D.4)

The associated spherical Hankel functions h
(1)
n (kr) are, again, defined in equations (B.14).

D.2 Electric quadrupole radiated power

In Section 3.1, we obtain an expression for the electric quadrupole radiative emission

rate ΓE2,j , by calculating the radiated power PE2, see equations (3.17) and (3.18). To

arrive at equation (3.18), we had to evaluate the integral of |̂r× qj(r̂)|2, over all angles.

To do so, we note the Cartesian coordinate identity [63]

|̂r× qj(r̂)|2 =
∑
αβη

qαβ,j r̂βq
∗
αη,j r̂η −

∑
αβην

r̂αqαβ,j r̂β r̂ηq
∗
ην,j r̂ν . (D.5)
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The different r̂α’s are direction cosines which obey the identities [63]∫
dΩ r̂β r̂η =

4π

3
δβη , (D.6)∫

dΩ r̂αr̂β r̂η r̂ν =
4π

15

[
δαβδην + δαηδβν + δανδβη

]
. (D.7)

Evaluation of the integrals in equations (D.6) and (D.7), and summing over the Cartesian

indices x, y and z, hence arrive at equation (3.18).





Appendix E

Two perpendicular pairs of point

electric dipoles, supplementary

figures

In this appendix, we provide additional figures showing the collective mode linewidths

and line shifts of two perpendicular pairs of parallel electric dipoles (see Figure 3.9) and

their corresponding effective point multipoles. The plots are included here for reference

in order to aid the flow of the main text. In Figures E.1 and E.2, we vary the parameter

l, when ks = 2π/5 and ks = 2π. In Figure E.3, we vary the parameter s when kl = π/4

and kl = 2π.
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Figure E.1: The radiative resonance linewidth γ for the collective eigenmodes
as a function of the separation parameter l, for two perpendicular pairs of point
electric dipoles, with: (a) and (b) ks = 2π/5; and (c) and (d) ks = 2π. We show

the linewidth γ
(1)
n in the N = 4 point electric dipole model, with the different

modes shown as: E1a–red solid line (a) and (c); E1s–blue dashed line (a) and (c);
M1E2a–red solid line (b) and (d); and M1E2s–blue dashed line (b) and (d). We

show the linewidth γ
(2s)
n in the N = 2 effective electric dipole resonator model:

antisymmetric (E1a) excitations–magenta dash circles (a) and (c); and symmet-

ric (E1s) excitations–black dash squares (a) and (c). The linewidth γ
(2a)
n in the

N = 2 effective magnetic dipole–electric quadrupole resonator model: antisym-
metric (M1E2a) excitations–magenta dash circles (b) and (d); and symmetric
(M1E2s) excitations–black dash squares (b) and (d). The radiative losses of
each electric dipole are ΓE1 = 0.83Γ(1), the ohmic losses are ΓO = 0.17Γ(1).
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Figure E.2: The radiative resonance line shift δω for the collective eigenmodes
as a function of the separation parameter l, for two perpendicular pairs of point
electric dipoles, with: (a) and (b) ks = 2π/5; and (c) and (d) ks = 2π. For plot
descriptions, see Figure E.1 caption.
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Figure E.3: The radiative resonance line shift δω for the collective eigenmodes
as a function of the separation parameter l, for two perpendicular pairs of point
electric dipoles, with: (a) and (b) kl = π/4; and (c) and (d) kl = 2π. For plot
descriptions, see Figure E.1 caption.



Appendix F

Scattering using the Drude model

In this Appendix, we consider the scattering and polarizability of small metallic nanorods

in order to estimate the resonance frequency, as well as the radiative and ohmic decay

rates of a single nanorod. In Chapter 1, we introduced the Drude model of the relative

permittivity εr for a free electron gas [75]

εr(ω) = ε∞ −
ω2
p

ω(ω + iΓD)
, (F.1)

where ε∞ is the permittivity at infinite frequencies, ωp is the plasma frequency and ΓD

is the decay rate of current oscillations within the material. The scattering cross section

of a small particle is dependent upon its polarizability α [75] and the wavelength λ of

the incident field

σsc =
8π3

3λ4
|α|2 . (F.2)

The polarizability depends on the physical characteristics of the particle, including its

volume V0 and geometry, which is introduced through the depolarization factor L [75].

In the Rayleigh approximation, the polarizability is

αi = V0
εr − 1

1 + Li(εr − 1)
, i = x, y, z . (F.3)

The depolarization factor for a cylinder (with radius a and height H) aligned along the

z axis is [94, 95]

Lx = Ly =
1

2
√

1 + κ2
and Lz = 1− 1√

1 + κ2
, (F.4)

where κ = 2a/H is the aspect ratio of the cylinder. The curve produced by the scattering

cross section equation (F.2), has two Lorentzian profiles with two independent resonance

frequencies. There is a resonance representing the longitudinal polarizability αz with

depolarization factor Lz, and a separate resonance for the radial polarizability αx = αy

with depolarization factors Lx = Ly.
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Figure F.1: The ohmic losses, resonance frequency and relative radiative decay
rate as a function of the rod length for a gold nanorod with radius a = λp/5.
We show: (a) the ohmic losses ΓO; (b) the resonance frequency ω0; and (c) the
relative radiative decay rate ΓO/ΓE1.

For gold, the Drude parameters are [76, 77, 78]: ε∞ = 9.5; ωp = (2π)2200 THz; and

ΓD = (2π)17 THz. In the Rayleigh approximation the full width at half maximum

(FWHM) of the scattering cross section equation (F.2) is approximately independent of

the length of the rod and gives the value of the ohmic loss rate ΓO. In Figures F.1(a)

and F.1(b) we show ΓO and resonance frequency ω0 for a gold nanorod with radius

a = λp/5, where λp = 2πc/ωp ' 139 nm. We find ΓO ' ΓD ' (2π)17 THz.

For larger particles, the Rayleigh approximation is insufficient and retardation effects

must be considered. Mie’s formulation accounts for this retardation for spherical par-

ticles. In Reference 84, a generalization of Mie’s polarizability is obtained for non-

spheroidal particles that has been used successfully to model the scattering of metallic

nanoparticles. The approximate ratio of ohmic losses to the radiative decay rate is

ΓO

ΓE1
= −Im

(
3λ3

0

4π3a2H(εr − 1)

)
,

=
6ΓDω

2
pc

3

a2Hω2
0

[
ω2

0Γ2
D(ε∞ − 1) +

(
ω2

0(ε∞ − 1)− ω2
p

)2] . (F.5)

In Figure F.1(c), we show the relative decay rates as a function of the rod length. For

shorter rods H < λp, the ohmic losses are dominant. For longer rods the radiative

emission rate is dominant. For λp < H < 3λp the radiative decay rate is approximately

constant, ΓE1 ≈ 5ΓO. In Chapters 3–5 we model the interactions between nanorods

as point electric dipoles and as finite-size nanorods using this value. In Sections 5.3.2

and 5.3.3 where the length of the nanorod is important, the resonance frequency of each

nanorod is assumed to depend upon the length of the rod as shown in Figure F.1.



Appendix G

Asymmetric coupling of collective

modes

In Chapter 5.3.3, we showed how linearly polarized light could drive a toroidal dipole

response in a metamolecule whose constituent rods vary in resonance frequency. We

found an optimal variation in the limit that the resonance frequency shifts were much

larger than the rod linewidths, and interactions between individual rods can be neglected.

In this Appendix, we show how this scheme also works in the presence of interactions.

Describing the evolution of the system in terms of collective eigenmodes of a symmetric

metamolecule, we see how the introduced asymmetry couples collective metamolecule

modes. We will see that a judicious combination of rod lengths can strongly couple

an electric dipole mode (driven by the incident linearly polarized light) to the toroidal

dipole mode (which is invisible to the incident field without rod asymmetries).

Formally, the evolution of the resonator excitations can be expressed in terms of the

driven system of equations, equation (2.26). When all rods are of equal length Hj = H0,

the coupling matrix C = Csym, and we denote the driving of the resonators as Fsym,

with elements Fsym,j , given in equation (5.20). As discussed in Section 5.3.1, this sym-

metric metamolecule has eigenmodes of oscillation (labeled by index n) corresponding

to eigenvectors vn of Csym and eigenvalues ξn = −iδωn − γn/2, where δωn is the shift of

the collective mode resonance frequency from the reference Ω0, and γn is the collective

decay rate, equation (2.29). Generally, any metamolecule excitation b can be expressed

as

b =
∑
n

cn(t)vn = Sc , (G.1)

where S is a matrix whose nth column is the eigenvector vn of Csym, and c ≡ (c1, . . . , cn)T .

The electric dipole excitation vE1 directly driven by the incident field, and the toroidal

dipole vt are eigenmodes of the symmetric metamolecule. When the two layers of

nanorods are separated by much less than a wavelength, the incident field drives only
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one of the two modes where the adjacent electric dipoles oscillate symmetrically, leaving

all of the other modes, including the toroidal dipole unexcited.

Here, we generalize the treatment of Section 5.3.2, which dealt with the limit of non-

interacting nanorods, to show how introducing an asymmetry into the rod lengths can

lead to the excitation of a toroidal dipole. Perturbing the lengths of each rod j by

δHj during the fabrication, alters the coupling matrix C. As discussed in Section 5.3.2,

the primary consequence of altering the rod lengths is that each rod has its resonance

frequency shifted by δωj proportional to δHj , as indicated in Figure F.1. Additionally,

changing rod lengths impacts the interactions between metamolecules. We denote the

deviation of the coupling matrix from that of the symmetric system as

A ≡ C− Csym . (G.2)

From equation (2.26), the amplitude of each cn in the expansion of equation (G.1) obeys

ċ =
[
Λ + S−1AS

]
c + f + δf , (G.3)

where f ≡ S−1Fsym is the vector of driving amplitudes for each individual mode, and Λ

is the diagonal matrix of eigenvalues of Csym. Changing the lengths of the nanorods also

alters the driving by δf ≡ S−1δF, where δFj = δFj cos θj is the change in driving ampli-

tude experienced by nanorod j, and δFj is the change in driving amplitude a nanorod

would experience if it were oriented along the incident field polarization, as discussed in

Section 5.3.2. Essentially, altering the lengths of the nanorods induces coupling between

the eigenmodes via the asymmetry matrix S−1AS. At the same time, whilst a linearly

polarized incident field only drives electric dipole modes in the symmetric metamolecule,

a non-zero δf introduced by the asymmetry permits other modes to be driven directly

by the incident field.

As in Section 5.3.2, our goal in altering the lengths is to find a perturbation that permits

the excitation of the toroidal dipole mode, while reducing the contribution of other

collective modes. In particular, consider the steady-state excitation induced by a field

resonant on the toroidal dipole of the symmetric system

c = −
[
Λ + iδωt + S−1AS

]−1
(f + δf) ,

where the subscript ‘t’ refers to the toroidal dipole mode. Since altering the lengths of

the nanorods induces coupling between the modes, one can produce a toroidal dipole

excitation by introducing a coupling between the toroidal dipole mode and other modes

in the metamolecule, in particular the electric dipole mode. In general, one would

obtain the optimal excitation of the toroidal dipole by optimizing the nanorod length

perturbations δHj . The general optimization procedure would account for changes in



Appendix G Asymmetric coupling of collective modes 121

interactions between resonators produced by the asymmetry as well as the interactions

that are present in the symmetric metamolecule.

Here, we illustrate how the lengths of the nanorods would be chosen when the only

effect of δHj is to produce changes in resonance frequencies δωj = χδHj and individual

nanorod decay rates δΓj = νδHj in proportion to δHj for some constants χ and ν. In this

case, the matrix A = diag (−iδω1 − δΓ1/2, . . . ,−iδωN − δΓN/2). We will also assume

the separation between rod layers is much less than a wavelength so that each layer

experiences an identical driving. In these limits, we ask the question: what conditions

would have to be satisfied to have the steady-state response of the metamolecule to be

purely in the toroidal dipole mode? From there, we deduce a combination of δHj , that

could yield a toroidal dipole response. Consider an excitation of the form b = c0vt at

time t = t0, entirely in the toroidal dipole mode. Then, from equations (2.26), (5.20)

and (5.21), we have, for each nanorod j,

dbj
dt

∣∣∣∣
t=t0

= −c0
γt

2
vt(j)− ic0(χ− iν)δHjvt(j) + (F0 + δFj) cos θj . (G.4)

From equation (G.4), we see that if γt is negligible (i.e., γt � δωj , Γ), the toroidal

excitation is in the steady state when for each nanorod j, δHj solves

ic0(χ− iν)δHjvt(j) = (F0 + δFj) cos θj . (G.5)

As in Section 5.3.2, where we considered non-interacting metamolecules, to lowest order

in δHj , the asymmetry in nanorod lengths needed to generate a toroidal dipole is given

by equation (5.24).

Thus, when the collective decay rate γt � δωj , and we have neglected how the asym-

metry of rod lengths alters interactions between the nanorods, the asymmetry of equa-

tion (5.24) would yield a toroidal dipole amplitude

c0 = −i
√
N

F0

(χ− iν)δH0
.

This is remarkably similar in form to the toroidal dipole amplitude one would obtain if

one neglected all interactions between nanorods, as done in Section 5.3.2. In accounting

for interactions, we no longer need to assume that δωj � Γ. One does, however, need

to drive the metamolecule with a field resonant on the toroidal dipole mode of the

symmetric metamolecule, rather than resonant with a single nanorod.
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