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S1. Homogenization
In this supplementary section we detail the mathematical steps taken to homogenize equations
(2.10). The starting point is to observe that there are two very different length scales present Lx,
the macro-scale, and Ly the micro-scale. Any order 1 change on the length scale Lx will result in
a change of size ε on the scale Ly . We can formalise this by assuming that all dependent variables
are a function of both the small scale y and the large scale x. In addition we follow Lee and
Mei [1] and write the arbitrary field f as f(x) = f(x+ u(x),y), where u is the displacement
vector. Expanding the spatial derivative using the chain rule we obtain

∇= ε−1∇y + [(∇xu)∇y +∇x] . (S1.1)

Here ∇x is the gradient operator on the macro-scale and ∇y is the gradient opperator on the
micro-scale. The term (∇xu)∇y in equation (S1.1) comes from the distortion of the medium
due to elastic deformations. Using equation (S1.1) we can write the strain as e(v) = ε−1ey(v) +

ex(v) + eu(v) where

ex(v) = (∇xv) + (∇xv)
T , (S1.2)

ey(v) = (∇yv) + (∇yv)
T , (S1.3)

eu(v) = [(∇xu)∇yv] + [(∇xu)∇yv]
T . (S1.4)

The final, nonlinear strain term comes from the nonlinear derivative in equation (S1.1). We make
the expansions

um =

∞∑
k=0

εkumk , us =

∞∑
k=0

εkusk, va =

∞∑
k=0

εkvak, pw =

∞∑
k=0

εkpwk , pa =

∞∑
k=0

εkpak. (S1.5)

In order to account for the moving geometry we perturb the surface normals [2,3]

n̂α = n̂α0 + εnα1 +O(ε2) (S1.6)

where α= {ms, am, as}. We will consider the precise form of n1 at a later stage.

(a) Expansion O(ε−2)
We substitute equations (S1.5) and (S1.6) into equations (2.10) and collecting terms of O(ε−2) we
obtain

∇y · σm0 = 0 y ∈Bm (S1.7a)

σm0 = ey(u
m
0 ) +

ν

1− 2ν
∇y · um0 I, y ∈Bm, (S1.7b)

∇2
yp
w
0 = 0, y ∈Bm, (S1.7c)

in the mixed phase,

∇yp
a
0 = 0, y ∈Ba, (S1.7d)

in the air phase, and

2∑
i=1

(
τ̂ i · ey(us0) · êj

)2
= 0, y ∈ ∂Bs, (S1.7e)
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∫
∂Bas,j

n̂as0 · σ
s,j
0 dy +

∫
∂Bms,j

n̂ms0 · σs,j0 dy= 0, (S1.7f )

in the solid. The leading order boundary conditions are

n̂ms0 ·∇yp
w
0 = 0, y ∈ ∂Bms, (S1.7g)

n̂am0 ·∇yp
w
0 = 0, y ∈ ∂Bam, (S1.7h)

um0 − us0 = λsn̂ms0 · ex(um0 )
(
I − n̂ms0 n̂ms0

)
, x∈ ∂Bms, (S1.7i)

n̂ms0 · σm0 = n̂ms0 · σs0, y ∈ ∂Bms, (S1.7j)

n̂am0 · σm0 = 0, y ∈ ∂Bam, (S1.7k)

n̂as0 · σs0 = 0, y ∈ ∂Bas. (S1.7l)

Equations (S1.7) have solution σm0 = 0, σs0 = 0, um0 =um0 (x, t), pw0 = pw0 (x, t), p
a
0 = pa0(x, t) and,

hence

vα0 =
∂uα0
∂t

, (S1.8)

for α= {m, s}. Physically this tells us that the dominant part of the displacement vectors,
velocities and pressures are constant on the mico-scale. From this point on we shall write the
leading order displacement and velocities in terms of the mixed phase displacement, i.e., um0 and
∂um0
∂t .

(b) Expansion O(ε−1)
Collecting terms at O(ε−1) and using results from O(ε−2) we obtain three independent problems
for um1 , pw1 and va0 . The problem for va0 is

∇y · σa2 −∇yp
a
1 =∇xp

a
0 + gwδ3ê3, y ∈Ba, (S1.9a)

σa2 = δ1ey(v
a
0), y ∈Ba, (S1.9b)

∇y · va0 = 0, y ∈Ba, (S1.9c)

va0 =
∂um0
∂t

, y ∈ ∂Bas ∪ ∂Bam, (S1.9d)

with solution

va0 =
∂um0
∂t

+
1

δ1

3∑
k=1

ζkêk ·
(
∇xp

a
0 + gwδ3ê3

)
, pa1 =

3∑
k=1

ωak êk ·
(
∇xp

a
0 + gwδ3ê3

)
, (S1.10)

where ζk and ωak satisfy the cell problem

∇2
yζk −∇yω

a
k = êk, y ∈Ba, (S1.11a)

∇y · ζk = 0, y ∈Ba, (S1.11b)

ζk = 0, y ∈ ∂Bas ∪ ∂Bam. (S1.11c)

This is the standard first order problem for single phase Darcy flow. The problem for pw1 is

∇2
yp
w
1 = 0, y ∈Bm, (S1.12a)

n̂ms0 ·∇yp
w
1 + n̂ms0 ·

(
∇xp

w
0 + gwê3

)
= 0, y ∈ ∂Bms, (S1.12b)
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n̂am0 ·∇yp
w
1 + n̂am0 ·

(
∇xp

w
0 + gwê3

)
= 0, y ∈ ∂Bam, (S1.12c)

with solution

pw1 =

3∑
k=1

ωwk êk ·
(
∇xp

w
0 + gwê3

)
, (S1.13)

where ωwk satisfies the cell problem

∇2
yω

w
k = 0, y ∈Bm, (S1.14a)

n̂ms0 ·∇yω
w
k + n̂ms0 · êk = 0, y ∈ ∂Bms, (S1.14b)

n̂am0 ·∇yω
w
k + n̂am0 · êk = 0, y ∈ ∂Bam. (S1.14c)

Again this problem is recognizable from diffusion problems. The problem for um1 is

∇y · σm1 = 0, y ∈Bm, (S1.15a)

σm1 = ey(u
m
1 ) + ex(u

m
0 ) +

ν

1− 2ν

(
∇y · um1 +∇x · um0

)
I, y ∈Bm, (S1.15b)

2∑
i=1

(
τ̂ i · ey(us1) · êj + τ̂ i · ex(um0 ) · êj

)2
= 0, y ∈ ∂Bs, (S1.15c)

∫
∂Bms,j

[
n̂ms0 · σm1 − n̂ms0 pw0

]
dy −

∫
∂Bas,j

n̂as0 pa0 dy= 0, (S1.15d)

with boundary conditions

n̂am0 · σm1 − n̂am0 pw0 =−n̂am0 (pa0 − pc), y ∈ ∂Bam, (S1.15e)

um1 − us1 = λsn̂ms0 ·
[
ey(u

m
1 ) + ex(u

m
0 )
] (
I − n̂ms0 n̂ms0

)
, y ∈ ∂Bms. (S1.15f )

This is a coupled system of equations for the displacement of the mixed and solid phases.
Integrating equation (S1.15a) over Bm and applying the divergence theorem we obtain

∫
∂Bam

n̂am0
(
pa0 − pw0 − pc

)
dy +

∑
j

∫
∂Bms,j

n̂ms0 pw0 dy +
∑
j

∫
∂Bas,j

n̂as0 pa0 dy= 0, (S1.16)

which, by using ∂Ba = ∂Bam ∪
∑
j ∂Bas,j , ∂Bm = ∂Bam ∪

∑
j ∂Bms,j and noting that the

integral of a surface normal round a closed loop is zero, we can write as

∫
∂Bam

n̂am0 pc dy= 0. (S1.17)

This condition can be interpreted as an statement of mechanical equilibrium. It states that the total
force on the disconnected particles must be zero. We note that this is the total force on all solid
particles not on an individual solid particle. There are several ways in which this condition can
be met, these are illustrated in figure 2. The first way this condition can be met is simply if there
is no air present in the soil, see figure 2A. Secondly, if the solid particle surface is completely
wetted then the air–mixed phase interface will form a closed surface. Hence, the integral in
equation (S1.17) will be automatically zero, see figure 2B. Finally, if the air–mixed phase interface
is naturally arranged such that all contributions from the capillary pressure cancel out, see figure
2C.

This theory describes perturbations about a steady state, hence, for any real geometry we
would expect that this condition is naturally met. However, from a practical point of view this
theory could be applied to a geometry obtained via imaging. It is likely that, due to imaging
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artifacts, this condition will not be satisfied. Hence, in order to ensure that the cell problems
obtained from equations (S1.15) have a solution we rewrite equation (S1.15e) as

n̂am0 · σm1 − n̂am0 pw0 =−n̂am0 pa0 + n̂am0 pc − 1

||∂Bam||

∫
∂Bam

n̂am0 pc dy y ∈ ∂Bam, (S1.18)

where for an arbitrary domain ξ we define

||ξ||=
∫
ξ
1 dy. (S1.19)

This introduces the normalized error

E =
1

||∂Bam||

∫
∂Bam

n̂am0 dy. (S1.20)

We note that if the error defined by equation (S1.20) is zero then we also have∫
∂Bas,j

n̂as0 dy= 0

∫
∂Bms,j

n̂ms0 dy= 0. (S1.21)

Hence, we find equations (S1.15) have the solution

um1 =

3∑
p=1,q=1

κupqêp · ex(um0 ) · êq + κp
(
pw0 + pc − pa0

)
, (S1.22)

us1 =

3∑
p=1,q=1

γupqêp · ex(u
m
0 ) · êq + γp

(
pw0 + pc − pa0

)
, (S1.23)

where κupq and γupq satisfy

∇y · αupq = 0, y ∈Bm, (S1.24a)

αupq = ey(κ
u
pq) +

ν

1− 2ν

(
∇y · κupq

)
I, y ∈Bm, (S1.24b)

2∑
i=1

[
τ̂ i · ey(γupq) · êj + τ̂ i ·

1

2
(êpêq + êqêp) · êj

]2
= 0, y ∈ ∂Bs, (S1.24c)

∫
∂Bms,j

n̂ms0 · αupq|j dy= 0, (S1.24d)

κupq − γupq = λsn̂ms0

[
ey(κ

u
pq) + êpêq

] [
I − n̂ms0 n̂ms0

]
, y ∈ ∂Bms, (S1.24e)

n̂am0 ·
[
αupq + êpêq +

ν

1− 2ν

êp · êq
2

]
= 0, y ∈ ∂Bam, (S1.24f )

and κp and γp satisfy

∇y · αp = 0, y ∈Bm, (S1.25a)

αp = ey(κ
p) +

ν

1− 2ν

(
∇y · κp

)
I, y ∈Bm, (S1.25b)

2∑
i=1

(
τ̂ i · ey(γp) · êj

)2
= 0, y ∈ ∂Bs, (S1.25c)

∫
∂Bms,j

n̂ms0 · αp dy= 0, (S1.25d)

κp − γp = λsn̂ms0 ey(κ
p)
[
I − n̂ms0 n̂ms0

]
, y ∈ ∂Bms, (S1.25e)
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n̂am0 · αp = n̂am0 −E, y ∈ ∂Bam, (S1.25f )

where we have added the normalised error to equation (S1.25f ) to ensure that the cell problem
(S1.25) is well posed. Finally, we obtain the velocity expansion at O(ε−1):

vα1 =
∂uα1
∂t

+
∂um0
∂t
·
[
∇yu

α
1 +∇xu

α
0

]
, (S1.26)

for α= {m, s, a, w}; we will use equation (S1.26) at O(ε0). Equations (S1.11), (S1.14), (S1.24)
and (S1.25) capture the effect of the micro-scale geometry. This information will be used at
higher order to obtain an averaged set of equations which describe the poro-elastic material as
a continuum.

(c) Expansion O(ε0)
Expanding the relevant equations to O(ε0) we obtain

∇y · σm2 +
[
∇x +

(
∇xu

m
0

)
·∇y

]
· σm1 −∇yp

w
1 −∇xp

w
0

= gw [φ+ δ2(1− φ)] ê3,
y ∈Bm, (S1.27a)

∇y · vm1 +∇x ·
∂um0
∂t

=∇y ·
{[

∇x +
(
∇xu

m
0

)
·∇y

]
pw1 +∇yp

w
2

}
+

[
∇x +

(
∇xu

m
0

)
·∇y

]
·
(
∇xp

w
0 +∇yp

w
1 + gwê3

)
,

y ∈Bm, (S1.27b)

σm2 = ey(u
m
2 ) + ex(u

m
1 ) + eu(u

m
1 )

+
ν

1− 2ν

(
∇y · um2 +

[
∇x +

(
∇xu

m
0

)
·∇y

]
· um1

)
I,

y ∈Bm, (S1.27c)

∇y · va1 +
[
∇x +

(
∇xu

m
0

)
·∇y

]
· va0 = 0, y ∈Ba, (S1.27d)∫

∂Bms,j

[
n̂ms0 · σs,j2 + nms1 · σs,j1

]
dy+

∫
∂Bms,j

nms0 (y ·∇x)σ
s,j
1 dy

+

∫
∂Bas,j

[
n̂as0 · σ

s,j
2 + nas1 · σ

s,j
1

]
dy+

∫
∂Bas,j

nas0 (y ·∇x)σ
s,j
1 dy

=−gwδ4
∫
Bs,j

dyê3,

(S1.27e)

the additional terms in equation (S1.27e) come from the multiple scales expansion of the integral
constraint [4]. We also expand the relevant boundary conditions

n̂am0 · {∇yp
w
2 + [∇x + (∇xu

m
0 ) ·∇y] p

w
1 }

+nam1 · {∇yp
w
1 +∇xp

w
0 }= 0,

y ∈ ∂Bam, (S1.27f )

n̂ms0 · {∇yp
w
2 + [∇x + (∇xu

m
0 ) ·∇y] p

w
1 }

+nms1 · {∇yp
w
1 +∇xp

w
0 }= 0,

y ∈ ∂Bms, (S1.27g)

n̂ms0 ·
[
σs2 − σm2

]
+ nms1 ·

[
σs1 − σm1

]
+ n̂ms0 pw1 + nms1 pw0 = 0, y ∈ ∂Bms, (S1.27h)

n̂am0 · [σa2 − σm2 ]− n̂am0 [pa1 − pw1 ]
−nam1 · σm1 − nam1 [pa0 − pw0 − pc] = 0

, y ∈ ∂Bam, (S1.27i)

n̂as0 ·
[
σa2 − σs2

]
− n̂as0 pa1 + nas0 ·

[
σa1 − σs1

]
− nas1 pa0 = 0, y ∈ ∂Bas, (S1.27j)

vm1 − va1 =−λan̂am0
[◦
ey(u

m
1 ) +

◦
ex(u

m
0 )
] [
I − n̂am0 n̂am0

]
, y ∈ ∂Bam, (S1.27k)

vm1 − vs1 = λsn̂ms0

[◦
ey(u

m
1 ) +

◦
ex(u

m
0 )
] [
I − n̂ms0 n̂ms0

]
, y ∈ ∂Bms, (S1.27l)

vs1 = v
a
1 , y ∈ ∂Bas. (S1.27m)

To obtain the macroscopic equations averaged over the micro-scale we integrate equations
(S1.27a), (S1.27b) and (S1.27d) in turn. We start with equation (S1.27b) as this offers the least
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algabric complexity whilst allowing us to introduce the tools needed to obtain the remaining
equations. Integrating equation (S1.27b) over Bm we find

∫
Bm

[
∇y · vm1 +∇x ·

∂um0
∂t

]
dy=

∫
Bm

∇y ·
{[

∇x +
(
∇xu

m
0

)
·∇y

]
pw1 +∇yp

w
2

}
dy

+

∫
Bm

[
∇x +

(
∇xu

m
0

)
·∇y

]
·
(
∇xp

w
0 +∇yp

w
1 + gwê3

)
dy.

(S1.28)
We first deal with the right hand side; by applying the divergence theorem to the first integral we
can rewrite equation (S1.28) as

∫
Bm

[
∇y · vm1 +∇x ·

∂um0
∂t

]
dy=

∑
j

∫
∂Bms,j

n̂ms0 ·
{[

∇x +
(
∇xu

m
0

)
·∇y

]
· pw1 +∇yp

w
2

}
dy

−
∫
∂Bam

n̂am0 ·
{[

∇x +
(
∇xu

m
0

)
·∇y

]
· pw1 +∇yp

w
2

}
dy

+

∫
Bm

∇x ·
(
∇xp

w
0 +∇yp

w
1 + gwê3

)
dy +

∫
Bm

[(
∇xu

m
0

)
·∇y

]
pw1 dy.

(S1.29)
Using equation (S1.27g) in the first integral on the right hand side, equation (S1.27f ) in the second
integral on the right hand side and the transport theorem on the third integral on the right hand
side we find

∫
Bm

[
∇y · vm1 +∇x ·

∂um0
∂t

]
dy=−

∑
j

∫
∂Bms,j

[
nms1 +

(
∇xr

ms) · n̂ms0

]
· J dy

+

∫
∂Bam

[
nam1 +

(
∇xr

am) · n̂am0 ]
· J dy +∇x ·

∫
Bm

J dy +

∫
Bm

[(
∇xu

m
0

)
·∇y

]
pw1 dy,

(S1.30)
where rα = y|∂Bα

for α= {ms, am} and

J =∇xp
w
0 +∇yp

w
1 + gwê3. (S1.31)

To proceed we consider the representation of nα1 and (∇xr
α) · n̂α0 in more detail. We will show

that the terms induced through application of the transport theorem exactly cancel the additional
terms which come from the surface normal expansion. In other words, the additional terms which
come from the boundary expansion will be equal and opposite to those which come from the
domain expansion. We represent the mixed phase using the level set function χm which is zero
on the mixed phase boundary, χm(rα) = 0. Hence, by differentiating χm the surface normals can
be written as

n̂α =
ε−1∇yχ

m +∇xχ
m

|ε−1∇yχm +∇xχm|

∣∣∣∣
y∈∂Bα

≈ n̂α0 + εnα1 , (S1.32)

where

n̂α0 =
∇yχ

m

|∇yχm|

∣∣∣∣
y∈∂Bα

, n̂α1 =

(
∇xχ

m

|∇yχm|
− n̂α0

n̂α0 ·∇xχ
m

|∇yχm|

) ∣∣∣∣
y∈∂Bα

. (S1.33)

Differentiating χm on the long space scale at the boundaries and dividing by |∇yχ
m|we find

∇xχ
m

|∇yχm|
+ (∇xr

α) · ∇yχ
m

|∇yχm|
= 0, (S1.34)

which we can write as
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∇xχ
m

|∇yχm|

∣∣∣∣
∂Bms

=−(∇xr
ms) · n̂ms0 ,

∇xχ
m

|∇yχm|

∣∣∣∣
∂Bam

= (∇xr
am) · n̂am0 , (S1.35)

using equations (S1.33) and (S1.35) in equation (S1.30) we obtain the identity

∫
∂Bα

[
nα1 +

(
∇xr

α) · n̂α0 ] · J dy=−
∫
∂Bα

n̂α0 ·∇xχ
m

|∇yχm|
n̂α0 · J dy (S1.36)

or, using equation (S1.12c) for α= am or (S1.12b) for α=ms we find

∫
∂Bα

[
nα1 +

(
∇xr

α) · n̂α0 ] · J dy= 0. (S1.37)

Hence, by applying the same procedure to the left hand side of equation (S1.28), we can rewrite
equation (S1.30) in index notation as

||Bm||
∂2um0j
∂t∂xj

+Aupq
∂

∂t

[
∂um0p
∂xq

+
∂um0q
∂xp

]
+Ap

∂

∂t

(
pc + pw0 − pa0

)
+
∂um0i
∂t

{
Auipq

[
∂um0p
∂xq

+
∂um0q
∂xp

]
+Api

(
pc + pw0 − pa0

)}
=

[
∂

∂xj
Kw
jk +

∂um0i
∂xj

γwijk

] [
∂pw0
∂xk

+ gwδk3

]
,

(S1.38)

where

Kw
ij =

∫
Bm

δij +
∂ωj
∂yi

dy, Aupq =

∫
Bm

∇y · κupq dy, Ap =

∫
Bm

∇y · κp dy,

γwijk =

∫
Bm

∂2ωwk
∂yi∂yj

dy, Auipq =
∫
Bm

∂

∂yi
∇y · κupq dy, Api =

∫
Bm

∂

∂yi
∇y · κp dy.

(S1.39)
Integrating equation (S1.27a) over Bm and adding equation (S1.9a) integrated over Ba and
equation (S1.27e) we obtain

∫
Bm

[
∇y ·

(
σm2 − pw1 I

)
+∇x ·

(
σm1 − pw0 I

)]
dy +

∫
Bm

[(
∇xu

m
0

)
·∇y

]
σm1 dy

+

∫
Ba

[
∇y ·

(
σa2 − pa1I

)
−∇xp

a
0

]
dy

+
∑
j

{∫
∂Bms,j

[
n̂ms0 · σs,j2 + nms1 · σs,j1

]
dy +

∫
∂Bas,j

[
n̂as0 · σ

s,j
2 + nas1 · σ

s,j
1

]
dy

}
= gwê3

{∫
Bm

[φ+ δ2(1− φ)] dy +

∫
Ba

δ3 dy +

∫
Bs

δ4 dy

}
.

(S1.40)
Applying the divergence and transport theorems we find
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∑
j

∫
∂Bms,j

{
n̂ms0 ·

(
σm2 − pw1 I

)
−
[(
∇xr

ms) · n̂ms0

]
·
(
σm1 − pw0 I

)}
dy

−
∫
∂Bam

{
n̂am0 ·

(
σm2 − pw1 I

)
−
[(
∇xr

am) · n̂am0 ]
·
(
σm1 − pw0 I

)}
dy

+∇x ·
∫
Bm

(
σm1 − pw0 I

)
dy +

∫
Bm

[(
∇xu

m
0

)
·∇y

]
σm1 dy −∇x

∫
Ba

pa0 dy

+

∫
∂Bam

{
n̂am0 ·

(
σa2 − pa1I

)
−
[(
∇xr

am) · n̂am0 ]
pa0
}
dy

+
∑
j

∫
∂Bas,j

{
n̂as0 ·

(
σa2 − pa1I

)
−
[(
∇xr

as) · n̂as0 ] pa0} dy
+
∑
j

{∫
∂Bms,j

[
n̂ms0 · σs,j2 + nms1 · σs,j1

]
dy +

∫
∂Bas,j

[
n̂as0 · σ

s,j
2 + nas1 · σ

s,j
1

]
dy

}
= gwê3 {||Bm|| [φ+ δ2(1− φ)] + ||Ba||δ3 + ||Bs||δ4} .

(S1.41)
By representing the air and mixed phase domains through a level set function and using equations
(S1.27h), (S1.27i), (S1.27j) and (S1.15e), we obtain the simplified expression

∇x ·
∫
Bm

(
σm1 − pw0 I

)
dy +

∫
Bm

[(
∇xu

m
0

)
·∇y

]
σm1 dy −∇x

∫
Ba

pa0 dy

+∇x ·
∫
∂Bms

(
yn̂ms0

) (
σm1 − pw0 I

)
dy−∇x

∫
∂Bas

(
yn̂as0

)
pa0 dy

= gwê3 {||Bm|| [φ+ δ2(1− φ)] + ||Ba||δ3 + ||Bs||δ4}

(S1.42)

which, using equation (S1.22), can be written in component notation as

[
∂

∂xi
Cuijkl +

∂um0p
∂xi
Huijklp

] [
∂um0k
∂xl

+
∂um0l
∂xk

]
+

[
∂

∂xi
Cpij +

∂um0p
∂xi
Hpijp

]
(pw0 + pc − pa0)

− ∂

∂xi

[(
||Bm||δij−

∫
∂Bms

n̂ms0j yi dy

)
pw0 +

(
||Ba||δij−

∫
∂Bas

n̂as0jyi dy

)
pa0

]
= geff ê3,

(S1.43)
where

Cuijkl =

∫
Bm

[
∂κukli
∂yj

+
∂κuklj
∂yi

+ δikδjl +
ν

1− 2ν

(
δijδkl +∇y · κuklδij

)]
dy

−
∫
∂Bms

yin̂
ms
0q

[
∂κuklq
∂yj

+
∂κuklj
∂yq

+ δqkδjl +
ν

1− 2ν

(
δqjδkl +∇y · κuklδqj

)]
dy,

(S1.44a)

Huijklp =
∫
Bm

∂

∂yp

[
∂κukli
∂yj

+
∂κuklj
∂yi

+
ν

1− 2ν
∇y · κuklδij

]
dy, (S1.44b)

Cpij =

∫
Bm

[
∂κpi
∂yj

+
∂κpj
∂yi

+
ν

1− 2ν
∇y · κpδij

]
dy

−
∫
∂Bms

yin̂
ms
0q

[
∂κpq
∂yj

+
∂κpj
∂yq

+
ν

1− 2ν
∇y · κpδqj

]
dy,

(S1.44c)

Hpijp =
∫
Bm

∂

∂yp

[
∂κpi
∂yj

+
∂κpj
∂yi

+
ν

1− 2ν
∇y · κpδij

]
dy, (S1.44d)

and

geff = gw {||Bm|| [φ+ δ2(1− φ)] + ||Ba||δ3 + ||Bs||δ4} . (S1.44e)
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Finally we integrate equation (S1.27d) over Ba∫
Ba

[
∇x · va0 +∇y · va1 +

[(
∇xu

m
0

)
·∇y

]
· va0

]
dy= 0. (S1.45)

As before we apply the divergence and transport theorems to obtain

∑
j

∫
∂Bas,j

{
n̂as0 · vs1 −

[(
∇xr

as) · n̂as0 ] · ∂um0∂t
}
dy

+

∫
∂Bam

{
n̂am0 · vm1 −

[(
∇xr

am) · n̂am0 ]
· ∂u

m
0

∂t

}
dy

+∇x ·
∫
Ba

va0 dy +

∫
Ba

[(
∇xu

m
0

)
·∇y

]
· va0 dy= 0,

(S1.46)

by defining the air boundary ∂Ba = ∂Bas,j ∪ ∂Bam ∀j we can rewrite this as∑
j

∫
∂Bas,j

n̂as0 · vs1 dy +

∫
∂Bam

n̂am0 · vm1 dy −
∫
∂Ba

[(
∇xr

a) · n̂a0] · ∂um0∂t dy

+∇x ·
∫
Ba

va0 dy +

∫
Ba

[(
∇xu

m
0

)
·∇y

]
· va0 dy= 0.

(S1.47)

We note that the integral of n̂a0 around a closed surface is zero, hence, for the integral of n̂a to be
zero round a closed surface the integral of na1 must also be zero. Hence, we can write

∑
j

∫
∂Bas,j

n̂as0 · vs1 dy +

∫
∂Bam

n̂am0 · vm1 dy +∇x ·
∫
Ba

va0 dy +

∫
Ba

[(
∇xu

m
0

)
·∇y

]
· va0 dy= 0.

(S1.48)

Using equations (S1.22) and (S1.23), we can write

||Ba||
∂2um0j
∂t∂xj

+Bupq
∂

∂t

[
∂um0p
∂xq

+
∂um0q
∂xp

]
+Bp

∂

∂t

(
pc + pw0 − pa0

)
+
∂um0i
∂t

{
Buipq

[
∂um0p
∂xq

+
∂um0q
∂xp

]
+ Bpi

(
pc + pw0 − pa0

)}
=−

[
∂

∂xj
Ka
jk +

∂um0i
∂xj
Kaijk

] [
∂pa0
∂xk

+ gwδ3δk3

]
,

(S1.49)

where

Ka
ij =

1

δ1

∫
Ba

ζi · êj dy, (S1.50a)

Kaijk =
1

δ1

∫
Ba

∂ζkj
∂yi

dy, (S1.50b)

Bupq =

∫
∂Bam

n̂am0 · κupq dy +
∑
j

∫
∂Bas,j

n̂am0 · γupq dy, (S1.50c)

Buipq =
∫
∂Bam

∂

∂yi
n̂am0 · κupq dy +

∑
j

∫
∂Bas,j

∂

∂yi
n̂am0 · γupq dy, (S1.50d)

Bp =

∫
∂Bam

n̂am0 · κp dy +
∑
j

∫
∂Bas,j

n̂am0 · γp dy, (S1.50e)

Bpi =
∫
∂Bam

∂

∂yi

(
n̂am0 · κp

)
dy +

∑
j

∫
Γas,j

∂

∂yi

(
n̂am0 · γp

)
dy. (S1.50f )

(S1.50g)
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In summary we have found three averaged equations (S1.38), (S1.43) and (S1.49) for pa0 , pw0
and um0 . These equations are parametrised by 16 tensor and scalar quantities (S1.39), (S1.44)
and (S1.50) based on the 4 cell problems (S1.11), (S1.14), (S1.24) and (S1.25) In addition the
relative effect of gravity on each phase is captured through 3 parameters based on the micro-scale
geometry.
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