S1. Homogenization

In this supplementary section we detail the mathematical steps taken to homogenize equations
(2.10). The starting point is to observe that there are two very different length scales present L.,
the macro-scale, and L, the micro-scale. Any order 1 change on the length scale L, will result in
a change of size € on the scale L. We can formalise this by assuming that all dependent variables
are a function of both the small scale y and the large scale x. In addition we follow Lee and
Mei [1] and write the arbitrary field f as f(z)= f(x + u(x), y), where u is the displacement
vector. Expanding the spatial derivative using the chain rule we obtain

V=¢'V,+[(Veu) Vy + Va]. (S1.1)

Here V; is the gradient operator on the macro-scale and V, is the gradient opperator on the
micro-scale. The term (Viu) Vy in equation (S1.1) comes from the distortion of the medium

due to elastic deformations. Using equation (S1.1) we can write the strain as e(v) = ¢ ley(v) +
ez (v) + ey (v) where

ex(v) = (Vav) + (Vav) ", (S1.2)

ey(v) = (Vo) + (Vyo)" | (513)

eu(v) = [(Veu) Vyv] + [(Veu) Vyo] L. (S1.4)

The final, nonlinear strain term comes from the nonlinear derivative in equation (S1.1). We make
the expansions

o0 oo oo o0 o0
WoStup, w =S dup ot =3 Fef A =Y it 619)
k=0 k=0 k=0 k=0 k=0
In order to account for the moving geometry we perturb the surface normals [2,3]

A% =Ag + enf + O(c?) (S1.6)

where o = {ms, am, as}. We will consider the precise form of n; at a later stage.

(a) Expansion O(e™?)

We substitute equations (S1.5) and (51.6) into equations (2.10) and collecting terms of 0(672) we
obtain

Vy-05' =0 YEBm (S1.7a)

of =ey(uf") + 1 _”21/ vy ull, Y€ By, (S1.7b)

Vol =0, Y€ B, (S1.7¢)
in the mixed phase,

Vyp =0, y € Ba, (S1.7d)
in the air phase, and

22: (7 - ey(ud) - &;)° =0, y € 0B, (S1.7¢)

i=1
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J ﬁ85-08’jdy+J g - og? dy=0, (SL.7)
B‘Bas,j a‘Bms,j

in the solid. The leading order boundary conditions are

ng” - Vypg =0, Y € OBms, (S1.79)
ng" - Vypy =0, y € 0Bam, (S1.7h)
up' —uy =Ang" - ex(up') (I — 0o ng'), x € 0Bms, (S1.7i)
ng” -0 =ng” - 0p, Y € B, (S1.7j)
ng" - og' =0, y € 0Bam, (S1.7k)
75" - 05 =0, y € 0Bas. (S1.71)

Equations (S1.7) have solution 0" =0, 05 =0, uj' =ug' (x,t), py =pg (x,1t), py = pg(x,t) and,
hence

oug
ot ’
for a ={m,s}. Physically this tells us that the dominant part of the displacement vectors,
velocities and pressures are constant on the mico-scale. From this point on we shall write the
leading order displacement and velocities in terms of the mixed phase displacement, i.e., uj" and
ouy’
ot *

a
Vo =

(S1.8)

(b) Expansion O(e 1)

Collecting terms at O(¢ 1) and using results from O(e~2) we obtain three independent problems
for ul*, p{’ and v§. The problem for v is

Vy .05 — Vypl =Vapi + 9" 03é3, y € Ba, (S1.9a)

o5 = 61ey(v5), y € By, (S1.9b)

Vy - vg =0, Yy € Bg, (S1.9¢)
m

vl = aaito, Y € OBas UdBam, (51.9d)

with solution

3 3
v = 82‘—? + % Crew - (Vapl + gV 03e3), pi=> wiep- (Vap) +g"d3e3), (S1.10)
k=1 k=1
where ¢, and wj, satisfy the cell problem
Vole — Vywi = éy, y € By, (S1.11a)
Vy € =0, y € B, (S1.11b)
¢ =0, Y E€IBas U0DBam. (S1.11c)

This is the standard first order problem for single phase Darcy flow. The problem for p}’ is

Vopi =0, y € By, (S1.124)
70" - Vypt + 00" - (Vaph + g¥e3) =0, Y € 0Bms, (S1.12b)
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g - Vypt + 0™ - (Vapy + gVes) =0, y € 0Bam, (S1.12¢)

with solution

P = i wiler - (Vaps +9"es), (51.13)
k=1
where wj satisfies the cell problem
Vawy =0, Yy EBm, (S1.14a)
not - Vywy + 00" - e =0, Y € 0Bms, (S1.14b)
Ay Vywy + Ry e =0, Y € OBam. (S1.14¢)

Again this problem is recognizable from diffusion problems. The problem for u7" is

Vy- ol =0, Y € Bm, (S1.15a)

o' =ey(ul") + ex(ug') + ﬁ (Vy-ul"+Va-ui') 1, Y € Bm, (S1.15b)
2 2

Z (Ti-ey(ul)-&j + 7 ex(ug’) - &;)" =0, y € 0Bs, (S1.15¢)

i=1

J [ - o — ARpd] dy J A6 dy =0, (51.154)
OB ms,j 0Bas,j

with boundary conditions
ﬁgm . O_{n _ ﬁgmpg) _ _ﬁgm (pg _ pC)7 y € 0Bam, (51.15¢)
ul' —uf = XA ey (ul") + ex(ug")] (I —np°ng'), Y € OBms. (S1.15f)

This is a coupled system of equations for the displacement of the mixed and solid phases.
Integrating equation (S1.15a) over B, and applying the divergence theorem we obtain

ngps dy + J i pl dy= 0, (51.16)

ms,j 7 as,j

ﬂam ai wi C d + J
JB%M 0 (po Po P) Y ; o

which, by using 0B, = 90Bam U Zj 0Bgs,j, OBm =0Bam U Zj 0%Bs,; and noting that the
integral of a surface normal round a closed loop is zero, we can write as

J ng"'p” dy =0. (S1.17)
a%am

This condition can be interpreted as an statement of mechanical equilibrium. It states that the total
force on the disconnected particles must be zero. We note that this is the total force on all solid
particles not on an individual solid particle. There are several ways in which this condition can
be met, these are illustrated in figure 2. The first way this condition can be met is simply if there
is no air present in the soil, see figure 2A. Secondly, if the solid particle surface is completely
wetted then the air-mixed phase interface will form a closed surface. Hence, the integral in
equation (S1.17) will be automatically zero, see figure 2B. Finally, if the air-mixed phase interface
is naturally arranged such that all contributions from the capillary pressure cancel out, see figure
2C.

This theory describes perturbations about a steady state, hence, for any real geometry we
would expect that this condition is naturally met. However, from a practical point of view this
theory could be applied to a geometry obtained via imaging. It is likely that, due to imaging
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artifacts, this condition will not be satisfied. Hence, in order to ensure that the cell problems
obtained from equations (S1.15) have a solution we rewrite equation (51.15¢) as

1
Aot gl = a4 | ATty y€0Ban, (6L18)
[10Baml| Joms.,,,
where for an arbitrary domain £ we define
€] =L 1dy. (51.19)
This introduces the normalized error
E:#J ng™" dy. (51.20)
[[0Baml| Jom.,,,

We note that if the error defined by equation (51.20) is zero then we also have

J Al dy =0 J A dy = 0. (S1.21)
6%“] a%msj

Hence, we find equations (51.15) have the solution

3
Z paep - ea(ug') - &q + ¥ (p§ +p° — pG) , (51.22)
3
Z pa€p - ex(ug’) - éq +~" (p +p° — i) , (S1.23)
where K, and v;,, satisfy
Vy - ap, =0, Yy E€Bm, (S1.24a)
apg =ey(kpg) + T4 _VZV (Vy - Kpg) I, Y€ B, (S1.24b)
2 1 2
> [T cey(Vpg) &5+ T 5 (épéq +eqép) éj] =0, y € 0B, (S1.24c¢)
=1
J ny"’ - apgli dy =0, (51.244)
OB s,
Kpg — Ypg =X 70" [ey(Kpq) + épéq] [T — g ng™ ], Y € 0Bms, (S1.24¢)
g {aﬁq Cepegt Ve eq] —0, y € 0Bam, (S1.24f)
1-2v 2
and x? and ~P satisfy
Vy-af =0, Yy € Bm, (S1.25a)
af =ey(KP) + 1 _”2V (Vy - wP) T, yEBm, (S1.25b)
2 2
> (Ficey(P) - €5)" =0, y € 0B, (51.25¢)
=1
J ng’ - of dy=0, (51.254)
OB ms,j
kP — ’yp = Asﬁ(r)nsey( ) [I ’flgwngls] s Y € 0Bms, (51.25¢)
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ng" o =nf™ — E, Yy € 0Bam, (51.25f)

where we have added the normalised error to equation (S1.25f) to ensure that the cell problem
(S1.25) is well posed. Finally, we obtain the velocity expansion at O(¢~1):
ouf  oug'

1=+ 5 [Vyul + Vaui], (S1.26)
for a={m,s,a,w}; we will use equation (51.26) at O(¢"). Equations (S1.11), (S1.14), (S1.24)
and (51.25) capture the effect of the micro-scale geometry. This information will be used at
higher order to obtain an averaged set of equations which describe the poro-elastic material as
a continuum.

v

(c) Expansion O(¢")

Expanding the relevant equations to O(e”) we obtain

Vy- 03 + Vo + (Vaul') - Vy] o' — Vypl’ — Vap

=g" ¢+ 62(1 — ¢)] &3, Yy EBm, (S1.27a)
oug’

Yy € Bm, (S1.27h)
+ [Vot (Voul) - Vy] - (Vapl + Vypt +9“e3),

m m m m
o3 = ey(uy') + ez (ul") + eu(ul”)
Y 72/ o m e m m RS %m, (5127C)
+1 5, (Vy-ud' + [Vo + (Vaug') - Vy| - ui’) 1,
Vy vl + [Ve+ (Vaug') - Vy] -0 =0, y € By, (S1.274d)
J [ﬁans A O';’j + n?’lns . Gi7ji| dy+ n6n8 (y . Vm)U?j dy
a%msy_]‘ a%m,s,j
+ [ﬁge 'USJ + nrlls _O_T,J] dy+ ngs (y . Va:) O_T;J dy (S1.27¢)
9Bas,j 0B as,j
=—9"04 dyes,

8,7
the additional terms in equation (S1.27¢) come from the multiple scales expansion of the integral
constraint [4]. We also expand the relevant boundary conditions

g™ {Vypy + Va2 + (Vaug') - Vy|pi'}

+ni™ - {Vypi’ + Vapg'} =0,

ng" - {Vypy + [V + (Vaug') - Vylpt'}
+n* - {Vyp! + Vapy } =0,

Y € 0Bam, (51.27f)

Yy € OBms, (51.279)

ng'’ - [US - 072’”} +n* [a’f — U’ln] + 00" pY +n"py =0, y € 0Bms, (S1.27h)

Ag™ - (o — o) — A§™ [pf — pY] Y OB (51270
—nf™ o~ ™ [pf gl —p =0 o B

7§ - [0f — 03] — ng°pt +ng® - [of — o] — ni®pf =0, Y €0Bas, (S127))
P — v = _XIRE™ [8y(u’1”) + ém(u()”)] [ - ndmag™] Y€ IBam, (S1.27K)
T — vl = ATADS [éy(u’f“) + Em(u{)”)] [T - af=nl], Y EBrms, (S1.27))
v] =of, y € 0Bas. (S1.27m)

To obtain the macroscopic equations averaged over the micro-scale we integrate equations
(S1.27a), (S1.27b) and (S1.27d) in turn. We start with equation (S1.27b) as this offers the least
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algabric complexity whilst allowing us to introduce the tools needed to obtain the remaining
equations. Integrating equation (S1.27b) over B, we find

a’m
J [Vy-va”+vx~%] dy:J Vy {[Ve + (Vaug') - Vy] pi’ + Vyps'} dy
B

+I (Va4 (Vaug') - Vy] - (Vapi + Vypt' +g¥e3) dy.
B

m

(51.28)
We first deal with the right hand side; by applying the divergence theorem to the first integral we
can rewrite equation (51.28) as

6 m
J {Vy-vinJrVw : %} dy:ZL) 70" - {[Va + (Veug') - Vy] - pl + Vypy'} dy
B - Bons. i
—Jow,...,

—Jm ™ [V + (Vaug') - Vy] - pt’ + Vyps'} dy

+ - Vi (Vapy + Vypi + g es) dy + J [(Vaug") - Vy] pi’ dy.
B
(51.29)

Using equation (S51.27g) in the first integral on the right hand side, equation (S1.27f) in the second
integral on the right hand side and the transport theorem on the third integral on the right hand
side we find

m QEEL — ms ms AMS
et = LR

+J [ntlzm + (eram) .ﬁgm} ,de + Vm J'
0Bam

Jdy + J [(Voull') - 9] p¥ dy,
B

B (51.30)
where 7% = y|gp, for o ={ms,am} and

J=Vap§ + Vypl +gVeés. (51.31)

To proceed we consider the representation of n{ and (V,r®) - i in more detail. We will show
that the terms induced through application of the transport theorem exactly cancel the additional
terms which come from the surface normal expansion. In other words, the additional terms which
come from the boundary expansion will be equal and opposite to those which come from the
domain expansion. We represent the mixed phase using the level set function x™ which is zero
on the mixed phase boundary, x" (r*) = 0. Hence, by differentiating x" the surface normals can
be written as

o 6—1va’rn, +wam

~ O [e%
n- =_— XNy + eng, (51.32)
e~ 1V yx™ + Vaox™| yedB ., !
where
R Vyx™ R Vax™ ang - Vax™
Rf = X , n%:( L ) (S1.33)
IVyx |yeaga |Vyx™| |Vyx™| yEOB,

Differentiating x"™ on the long space scale at the boundaries and dividing by | Vx| we find

Vax™
[Vyx™|

VyX’H'L

+(Ver®) 25— =
(Vo) 19 ]

0, (S1.34)

which we can write as
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Vax™
[Vyx™|

. Vo™
= _(Va:"'ms) : HBnS, sz
OB, [Vyx™|

=(Vr®™)-ng", (51.35)
OB am

using equations (51.33) and (S1.35) in equation (51.30) we obtain the identity

J [n§ + (Var®) - 7] .de:fj 20 VaX" o g4y (S1.36)
9%, o8, |Vyx™|
or, using equation (S1.12¢) for o = am or (51.12b) for a = ms we find

Ja [n{ + (V2r®) -ng] - Jdy=0. (51.37)
B

Hence, by applying the same procedure to the left hand side of equation (S1.28), we can rewrite
equation (S1.30) in index notation as

o*ul 9 [Ougy,  Ougy 9
J u Y P q AP () W a
1Bl 50, + A5 | Ba, amp] + A5 (P w0 = h)
aug’f u au& aug:l P C w a S]. 38
o Aipg O0zq " Ozp A" = i) o
0 ougy opg .
— | K% 0% W 0 w
{895]- ik + 8:1,‘]' ’Y”k:| |:8:L‘k + g 5k3:| ’
where
w aw] u u D P
Kij = B 0ij + Ay; dy, Apg= Vy - Kpg dy, AT = ® Vy -k dy,
m ? m m
9w i) 9
woo_ k u o u D _ p
- d y = —V,- d 0 — kP dy.
Tigk J%m ay0y; Y Aing ng dyi Vy kg dy, A J Oy, Vy KT dy
(S1.39)

Integrating equation (51.27a) over B, and adding equation (51.94) integrated over B, and
equation (S1.27¢) we obtain

|y (90 @8 = D)+ Vo = D))yt [ (Vo) - 9] of" dy

+L [Vy - (0% —piT) — Vapj| dy
Jrz J [ﬁgw -Gg’j +n"? ~Jf’j] dy+J

a
[ﬁgs . 0_;,] +n1115 . Gi%]:| dy
j OB s, j 0B as,;

:gwés{J% 04020 dy+ | daay+ [ 54dy}.

(51.40)
Applying the divergence and transport theorems we find

H
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SR B D) [(Ter™) ) (o D)}

- JasB g™ - (03" = pi'T) = [(Var™) -2f™] - (of" = pi'T)} dy

+Vy - f (7" —po'I) dy + J [(Vzug') - Vy] o' dy — Va J Pl dy
B m Ba

[(Var™™) - 25™] pi} dy

[(Var®) 76" pi} dy

" (o —piI) -
oB
D3 L
j as,j
Tl o oo
OB s, j 0Bas,j

=g"e3{l|Bml|[¢ + d2(1 — ¢)] + [|Balld3 + ||Bs|[04} -

(0§ —piI) —

037 +nf* ot dy}

(51.41)
By representing the air and mixed phase domains through a level set function and using equations
(S1.27h), (51.27i), (S1.27j) and (S1.15¢), we obtain the simplified expression

VI.J (o1 — p¥T) dy+J [(qu$)-vy]o?dy—vmj 28 dy

+Vs - J (yno™®) (01" —po'I) dy—Vaz L} (y7n6°) po dy
=g"e3{||Bml||[¢ + 62(1 — ¢)] + [|Ballds + ||Bs|d4}

(S1.42)

which, using equation (51.22), can be written in component notation as

0 oug), Uop 81},679 6u6’ll 3] P Jug, Uop D w c a
{8:10 Cijrl + o, /Hljklp:| {&wl +ka + 63:10 t 5, i Hiip| (PO + P —p0)

0 . N .
e KHBmH% no; Yi dy> po + (HBaHéij_ nG; Yi dy) pg] =g es,
(S1.43)
where

ms as

Orjy . Ok
e = L%m [aij ol b+ g

(61J6kl + Vy K’klazj):|
R Okl Okl
- L)% Yifiog [ 14 L+ ddj1 +1 5,

(51135161 +Vy- ”kléqj)] dy,

0y; Oyq
(S1.44q)
8 | oKy,  Okpp v
- J 9 | Pk TRl v, k45| dy, S1.44b
ijkip . O [ Dy, B, 1o, Vv ki | dy ( )
okP OrKY
€= an [ay?Jraszr [T
m J b onr (S1.44c)
~ms Kq J v p
_ . Zta oy J LY g, kP d
L)%ms YiN0g By, + £ + 1_o, vy ¥ qJ:| Y,
5] aﬁp 8K‘,p
P _ v 1 J
’Hz]p J%m o [ayj + i + 72 ——Vy K 5” dy, (S1.444)
and
g = " {11l 16+ 62(1 — &)] + ||Ballds +[[Bs]164} (51.44c)
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Finally we integrate equation (S1.27d) over B,

J% [V 05+ Vy vl + [(Vzug') - Vy] - 5] dy=0. (S1.45)

As before we apply the divergence and transport theorems to obtain

>

m
{agr ot = [(9ar) i) % a

7 a%as,j
L om m amy sam1  OuUQ S1.46
+ ng -’vl—[(Vm'r )~n0 ]— dy (51.46)
9B, ot
+V, - Jm v dy + J [(Vzu(') - Vy] - v dy =0,
‘B(L gB(l/

by defining the air boundary 084 = 0B 45, ; U 0Bam ¥j we can rewrite this as

S| ag ety
J

ny™ o dy—J [(Vﬂ‘a) fzg] ——dy
0By,

%, ot

am

(S1.47)

+Vg- J v§ dy + J [(Vzug') - Vy] - v dy =0.
We note that the integral of n§ around a closed surface is zero, hence, for the integral of 1 to be
zero round a closed surface the integral of n{ must also be zero. Hence, we can write

3|

ﬁ88~vfdy+J

j a%as,j 6%(1.771. ‘Ba (Ba
(S1.48)
Using equations (S1.22) and (S1.23), we can write
*ug) o [Oug, — Oufy 0
— 4 g P q BPZ (¢ W a
1Ball F0e, + Pra gy {axq azy | T8 ge W w0 —0)
Oufy [ pu [Ou0p  Oubg)|  pp e w_ a S1.49
+ ot ipq qu"ra? +Bz (p + po —po) ( . )
0 _a  OUuli . a opg w
=— | —K¢ L 0.
L’)xj ik + Bz Kijk Dz, +g 0303,
where
go -1 J ¢ e dy (S1.50a)
Y e, T ’
a 1 8ij
ik =5, J%a P dy, (51.50b)
u ~am u ~am u
Bpg = J gy - Kpgdy + Z J o Vpg Y, (51.50¢)
OBam G Y0Bas
Bh=| g+ | gy, (51.50)
0B i — Jow..,; OYi
BP = J ng" kP dy + > J AL P dy, (S1.50¢)
OB am G J0Bas
5 :J O (R wP) dy + ZJ O (7g™ . ") dy. (S1.50)
! a%arn ayl ] Fas.j ayl

(S1.50%)

Ag7 oy + Ve | oy | [(Veud) -9, efdy =0,

10000000 V 208 4 0014 Buo-BuysiandAieioseforeds



In summary we have found three averaged equations (S1.38), (S51.43) and (S1.49) for p§, py
and ug'. These equations are parametrised by 16 tensor and scalar quantities (51.39), (51.44)
and (51.50) based on the 4 cell problems (S1.11), (51.14), (51.24) and (51.25) In addition the
relative effect of gravity on each phase is captured through 3 parameters based on the micro-scale
geometry.
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